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Abstract

This thesis examines the history and some major results of the Gauss Circle Problem.
The goal of the Gauss Circle Problem is to determine the best bound for the error
between the number of lattice points inside a disk and that disk’s area, otherwise
known as the lattice point discrepancy. First we state some of the required definitions
and properties from Fourier analysis that will be used throughout. In particular, we
establish asymptotic results for oscillatory integrals and more specifically for Bessel
functions. After examining the geometrical method for precisely counting the number
of lattice points inside a disk of radius R, we use the Poisson Summation Formula and
the Bessel function results to prove initial bounds on the lattice point discrepancy.
We present two such results, employing a similar technique for both, and then apply
oscillatory integral asymptotics to extend this method and establish a lattice point

discrepancy result for strongly convex domains.
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X

Glossary of Notation

R The radius of a circle in R,
Dpg The disk of radius R in R2.
Ny(R) The number of lattice points inside a sphere of radius R in R?.
ro(k) The number of ways that the real number k can be represented

as a sum of two squares.
Xr(T) The characteristic function of the disk of radius R.
S The unit square centered at the origin.

x = (x1,79,...,24) Points in RY.

x’ The first d — 1 coordinates of x € R%.

| R] The integer part of the real number R.

o) The boundary of the region ).

RQ The dilation of 2 by R. i.e. RQ={Rz : x € Q}.
V2(f) Denotes the Hessian of f.

m(§2) The measure of the set €.



Chapter 1

Introduction

The problem of finding the best bound for the error, E(R), between the number of
lattice points inside a circle of radius R and its area, known as the Gauss Circle
Problem, remains unsolved. There is, however, a long history of incremental ad-
vancements and generalizations. Gauss first proved that E(R) < R, i.e. there is
some uniform constant ¢ > 0 so that |E(R)| < ¢R for sufficiently large R. The first
improvement, E(R) < R?3, was proved by Sierpinski in 1906 [7, Chapter 2, Sec-
tion 2.6.2]. Subsequent improvements on this exponent were made by many others,
including van der Corput (0.66...), Titchmarsh (0.652...), Nowak (0.648...), Iwaniec
(0.636...), and Huxley (0.6301...). Hardy and Landau contributed improvements, in-
cluding a proof that the exponent on the error can be no smaller than 1/2 [7, Chapter
2, Section 2.6.2]. The bound E(R) < RY?* for any € > 0 is conjectured, but no

proof has yet been published [4].

It is also natural to investigate analogues of the Gauss Circle Problem, as we do
here for strongly convex domains. The most obvious case is that of the sphere. While
improvements for circles are somewhat limited by current methods for working with
exponential sums, the sphere problem for dimensions d > 4 is much better understood

[6]. The problem is solved for d > 5 and for d = 2 and d = 3 remains a challenge [6],
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[13]. Other interesting variations include ellipsoids, conic sections and domains with
fractal boundary, like the Koch snowflake [3]. We restrict our focus to the disk and

strongly convex domains.

This thesis examines the history, major results, and some generalizations of the
Gauss Circle Problem; that is, the problem of finding the number of lattice points
inside a disk of radius R. Intuitively, the number of lattice points should be close to
the area of the disk. What we find, however, is that even for large radii the error or
lattice point discrepancy, E(R), between the number of lattice points and the area
of the disk is highly irregular. This irregularity results from those points near the
boundary of the disk. Away from the boundary we can associate to each lattice point
a unit square but near the boundary there are unit squares only partially contained
in the disk. For some integer radii R the only lattice points on the boundary are
(0, R), (0, —R),(R,0), and (—R,0). However, for some radii the number of lattice
points on the boundary exceeds four. This allows the number of lattice points in the
closed disk to significantly exceed the area of the disk if there are a large number
of ways to represent R as a sum of two squares. Lattice points may be included by
increasing the radius slightly without adding another full unit square to the area for

each included lattice point, in which case the error increases.

The lattice point discrepancies for radii ranging from 1 to 1000 are plotted in
Figure 1. The discrepancies, even for such a small sample size, oscillate between 0
and about 200 naturally leading us to consider an upper bound for the lattice point

discrepancy.

We begin in chapter two with a brief introduction to relevant definitions, prop-
erties, and theorems from Fourier analysis that will be used throughout. With these
foundations in place, we proceed in chapter three to derive geometrically the counting
formula that gives precisely the number of lattice points in a circle of radius R. This
formula has a natural extension to spheres in R?. Then we present a proof of Gauss’

original result that |E(R)| < R. This is clearly not the best bound for |E(R)|, but
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Figure 1.1: Lattice Point Discrepancies for Integer Radii from 1 to 1000
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the proof develops further the geometrical connection between the number of lattice
points inside a circle and that circle’s area. We end this section with the deeper
result that |EF(R)| < R?/3. Here we begin to use topics from Fourier analysis heavily,

including convolution, the Fourier transform, and the Poisson summation formula.

In chapter four we employ more sophisticated results from geometry and Fourier
analysis in order to examine the result for R dilates of strongly convex sets €2 contain-
ing the origin in R? with boundary (d + 2)—times continuously differentiable where

d is the dimension. We conclude in chapter five with a brief review of our results.



Chapter 2

Definitions and Key Concepts

In this chapter we introduce the reader to the following definitions, properties, lem-

mas, and theorems which are used throughout this paper.

2.1 Basics

Definition 1. The space of Schwartz functions on R?, denoted by S(R?), is the space
of all complez-valued C> functions f defined on RY for which

sup |20 f(z)| < oo
zER?

for all multi-indices o and 3. That is, S(R?) is the space of infinitely differentiable
functions that, along with all of their derivatives, decay at infinity faster than any

polynomial [10, Chapter 3, Section 1], [5, Chapter 2, Definition 2.2.1].

Schwartz functions, being so well-behaved at infinity, will be invaluable for us
in evaluating the behavior of the lattice point discrepancy at infinity. Though the
characteristic function, x g, of the disk of radius R lacks continuity on the boundary

of Dg, we will approximate yxr using Schwartz functions so that we may employ
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tools that would otherwise be unavailable to us. In particular, we will use a specific

type of Schwartz function called a bump function.

Definition 2. A function ¢ : RY — [0,1] is a bump function if it is both Schwartz
and compactly supported [8, Chapter 7, Example 7.6].

Definition 3. A family of functions {ps} with @5 : RY — R is an approzimate
identity if

(1) Jpa ps(x) do =1

(ii) There is a constant C' > 0 such that [z |@s(x)|dx < C for all 6 >0

(ii) lims o Jiy)se l@s(x)| dz =0 for each ¢ > 0

all hold [8, Chapter 7, Definition 7.21].
Definition 4. We call a function f : R® — R that is C* on R? a smooth function

[11, Chapter 2].

Our use of bump functions to smooth yg, by allowing us to apply the Fourier
transform, gives us access to the tools of Fourier analysis. Ultimately this toolbox,
including the Fourier Transform, convolution, and their properties, is what allows
us to repeatedly utilize the Poisson Summation Formula, which is one of the most

powerful results below.

Definition 5. For f € S(R?) the Fourier transform of f is defined by

F©) = [ f@e < dr

for € € R,

Note that if f € S(R?) then f € S(R?) [11, Chapter 6, Corollary 2.2].
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Property 6. If f € S(RY) and the Fourier transform is defined as above then the

Fourier inversion formula,

fla) = [, (e de
holds for all x € RY.

Definition 7. For f, g defined on R their convolution is defined by
(Feg)@)= [ fla—tig)ar

If f,9 € S(R), this integral converges. Similarly, the integral converges if f is com-

pactly supported and integrable and g is a bump function.

Property 8. We have

(i) f+geSR)

(ii) fxg=gxf

L — ~

(iit) (f *g)(&) = f(§)g(§)

forall f,g € S(R). If f is integrable and compactly supported and g is C* then the

derivative of f * g is

(fxg)(x) = (f*g)(x) = (f *g)(x)

and hence f x g is also C*. i.e. we can view convolution as a smoothing operation

[11, Chapter 5, Section 1], [8, Chapter 7, Section 5.

We now state the central result used in our estimates of the lattice point dis-
crepancy both for disks of radius R and for our generalization to strongly convex
domains. The Poisson Summation Formula is essential and, combined with the
properties of convolution above, is what allows us to profit from smoothing x g with

bump functions.
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Property 9. [Poisson Summation Formula] If f € S(R?), then

Y. f)= > fn).
nezZd nezd
Note that the formula can be stated with different conditions on f, but this

statement is sufficient for our purposes [10, Proposition 8.2].

In Chapter 4 our investigation shifts from disks to strongly convex domains, €.
Here in particular we employ the fact that the boundary of €2, denoted 012, is a
hypersurface. We will partition the boundary and use the implicit function theorem
in order to obtain our global results by first proving them locally on each part of the

partition.

Definition 10. We say that M is a hypersurface of class C* if for any ro € M
there exists an open set V. C R? and a real-valued C* function p defined on'V so that
g €V, |Vplx) >0 0on MNV and M NV ={xz €V : p(x) = 0} [10, Chapter 7,
Section 4].

Here &, and z;, denote the kth coordinates of the vectors £ = (&1, &, ..., &) and

x = (x1, %3, ..., q) Tespectively.

Definition 11. For a hypersurface Q@ C R? with C? defining function p so that
IVp| =1 on Q, the curvature form (or second fundamental form) of Q at x € § is

the quadratic form

9?p
Z 5k5jm(l’)

1<k,j<d

restricted to vectors Y i <g<q §k% tangent to Q) at x. By normalizing if necessary we

can always arrange that |Vp| =1 on the boundary [10, Chapter 8, Section 3].

Note that this normalization will decrease the regularity of p. If p is C* then
the normalization of p will be C*~!. Thus, if a normalization is necessary, the

hypersurface must have a defining function that is C?.
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Definition 12. We say Q C R? with C* boundary 0 for k > 2 is strongly convex
when the curvature form of Q) is strictly positive definite for all x € 09 [10, Chapter
8, Section §].

Theorem 13. [Implicit Function Theorem.]

Let E be an open subset of RY, let f: E — R be continuously differentiable, and let
y = (y1,-.-,ya) be a point in E such that f(y) =0 and %(y) # 0. Then there exists
an open subset U of Rt containing (y1,...,y4-1), an open subset V. C E containing

y, and a function ¢ : U — R such that o(y1, ..., Ys—1) = Y4, and

{(x1,...,xq) €V : fx1,...,2q) = 0}

= {(xlv"'axdfla('p(wla "'wxdfl)) : (mla"'vxdfl) € U}

In other words, we can parameterize {x € V : f(z) = 0} by (Y1, .., Ya—1) = Ya S0

we can view the set as a graph of a function over U. Moreover, ¢ is differentiable at
(Y15 s Ya—1) with

dp ~_of aof
aT/,j(Ql; s Yd—1) = _87%-@) Txd@)

for alll1 < j <d-—1, [12, Chapter 17, Theorem 17.8.1].

2.2 Bessel Functions and Asymptotics

Bessel functions, because of their similarity to Fourier transforms, naturally arise in
our calculations of Yz(n) in Chapter 3 Section 3.2. We present here a useful identity

and asymptotic result that will be used in that section.

Definition 14. The Bessel function J,,(r) of order m is

1

" or

2 .
Jm (?,.) / el sm(@)e—zm@ 4o
0

form e Z* [9].
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Lemma 15. Forr > 0 we can rewrite rJ,(r) as

rJi(r) = /0 "o do(o) do (2.1)

Proof. We begin, as suggested in [10, Chapter 8, Exercise 23|, by calculating two

identities,
a) Ji(r) = 5(Jo(r) = Ja(r))
b) Ji(r) = 5(Jo(r) + Ja(r))

which we will then use to get (2.1). For the first identity, using integration by parts,

calculate

1 2” ) A
(JO( ) E /0 zr sin(6) zrsm(G)e—ZzG) d6
1 2w
7 zr 51n(9 —27,9 do
47r /o )
1 r2r .
i zr sm(9 20 _—ib A6
47T /o € )
i /27r ; S]n ’LT sln(@) —1i6 de (2 2)
21 Jo :

By taking the derivative of J; with respect to r we have

d 1 2T . 1 2 L .
el irsin(0) ,—i6 do | = 7/ Y irsin(9) ,—1i0 A6
dr<27r/o ¢ ‘ > 2m Jo dr<e c )
1 2 L .
=5 /0 isin(f)esn® e gp
which is precisely (2.2). We are able to interchange differentiation and integration

above because we are integrating an exponential function, so continuity of the inte-

grand and its derivative is clear.
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For the second identity we calculate

2. o )
%(J()(T> + JQ(T)) r / ezrsm(&) + ezrsm(9)67229 do

~ 4r Jo
_ "
47

r

2 .
/ ezrsm(@)(l + 6—210) do
0

2r ) ) )
/ el s1n(0)€—19(619 + 6—10) do

~4r o

2m L. .
_ 2L/ COS(Q) el 5111(9)6—19 Ao
™ Jo
1 2w L 1 .
_ : 0 irsin(0) = —if do
27/0 ircos(f) e -¢
—i0 2m -
_ € 6z'rsin(@) i i /2 eirsin(e)( . 6—@'0) d6
1 0 2m Jo
1 2r )
_ 27/ ezrsln(ﬂ)e—ze do = Ji (’I")
™ Jo

which gives us the second identity. We then use the product rule to find the derivative

of rJi(r) and apply our identities to get

C;i(rjl(r)) = (r) + Ji(r)
= L (Jor) = ar)) + & (Jor) + )

= rJo(r)

So we have that the antiderivative of d%(rl]l (r)) is [y 0Jo(0) do, so that (2.1) holds.

>

Finally we present some asymptotic results for oscillatory integrals of the form
[ e%(x) dz with certain conditions on the phase function, ¢, and the amplitude
function, . We do not use these lemmas directly in our lattice point discrepancy
proof for strongly convex sets, 2. We need them in order to prove a preliminary
result, Theorem 25, which we will apply to 2. By establishing these results we
will have the machinery we need to approach the strongly convex domain problem

analogously to the disk problem.
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Lemma 16. If [()\) = [ €@ (z) dx is an oscillatory integral with ¢ and 1 smooth
real-valued functions and ¢'(x) # 0 for all z € supp (v), then

TS A

for any N € N. i.e. there exists a uniform constant ¢ > 0 so that |[I(\)] < cA™ for
any N € N and for X sufficiently large [5, Chapter 2, Section 2.6].

Proof. This proof follows that in [5, Chapter 2, 2.6.a]. First note that ¢'(x) # 0 for all
x € supp () means that ¢’ is either strictly positive or strictly negative on supp (v),
since ¢’ is also smooth. Hence ¢ is either monotonically decreasing or monotonically

increasing so we can change variables with u = ¢(z). Then du = ¢/(z) dx so we have

dr = (¢'(x))"' du and hence dz = (¢~ 1) (u) du. This substitution gives us

10) = [ (o™ )67 (w) du = [ W (w)du

with ¥(u) = (¢~ (u))(¢™!) (u), so ¥ inherits smoothness and compact support

from 1 and ¢. Consider the nth derivatives of e**. We know by properties of

exponential functions that e = (Ml) N%(e““). Making this replacement in I(\)

and integrating by parts we have

I(\) = (z)%)N jwv(ei’\“)\ll(u) du
1 AU = AU d
- o Fe” e ()]
1 d

e

where the third line follows because ¥ is compactly supported so W(u)e*** vanishes

at positive and negative infinity.

If we continue to integrate by parts N times we can write /(\) as

) = <<Z_,A1))N / ei’\udciN(\If(u)) du
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so that

1
1O < (v |

Since the integral above is finite we have |I(\)| < A7V, D]

ei’\“\I/(N)(u)‘ du.

Lemma 17. If I()\) = [pa €**@)(x) dx is an oscillatory integral with 1 smooth and

compactly supported and ¢ smooth with no critical points in the support of ¢, then

for any N € N.

Proof. We prove this lemma as in [9, Chapter 8, Proposition 4]. We begin by noting
the condition that ¢ has no critical points in the support of 1 is equivalent to ¢
having non-zero gradient on the support of ¥, |V¢(x)| # 0 for all z € supp(¢). So
we know that for any y € supp(¢) there exists a ball B(y) centered at y and a unit
vector £ so that £ - (V¢)(z) > ¢ > 0 for all € B(y) and some constant c.

To establish the claim we want to decompose () and consider the integral locally
on each of these balls. The support of ¢ is compact so it can be partitioned using
finitely many such balls where we denote the restriction of ¢ to the kth ball in the
partition by ¥;. Then each 1, is smooth and compactly supported. We can now

rewrite 1(\) as
= / M@ (1) d (2.3)

where the sum is over finitely many terms.

Now we must prove the claim for any arbitrary integral in this sum. By writing
the integral as an iterated integral we can apply the one-dimensional case for the
desired result. Consider the integral for some fixed k£ and take a local coordinate

system x1,...,x4 so that £ lies along the x; axis. We can now integrate first in
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and then in x5 etc., so we can write the integral as

/ei’\qb(x)iﬁk(a:) dr = /]Rd—l (/e”\d’(”’:1 """ Sy (1, ..., T4) dx1> dxy ...dxg

and apply Lemma 16 to the inner integral. Hence when we integrate in all variables
we have that | [ €@y (z) dz| < A7V for any N € N. If we repeat this process for
all terms in the sum (2.3) then [I(\)| < A7V as required. D]

Lemma 18. For the oscillatory integral 1(\) = f(f @) dax, if ¢ is real-valued and
smooth on (a,b) with |¢®)(x)] > ¢ > 1 for all x € (a,b) and for k € {1,2} then
fb irg(a ,S Ak when

(i) k=1 and ¢'(x) is monotonic on (a,b), or

(ii) k=2

Proof. This proof follows those in [9, Chapter 8, Proposition 2] and [10, Chapter 8,

Proposition 2.3]. First consider the case k = 1. We know ¢*?(®) can be written as

eM) = e 4 (¢?(®) which allows us to rewrite I()\) as
b1 d
T(\ / iAo(z) d
0 = [ e de

and integrate by parts. This gives us

1 .
I\ = —— (@)

i)\(b/(l‘) l;_/a gl dd (Z)\¢( )) d.

We can now apply our lower bound on |¢/(z)| so that

< / | (ig! ()
< Mcb
< a + X/b %W(l‘))*l dx
1 1| o d,, _
Sa‘i‘* A %(qﬁ(x)) "
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where the last line follows because ¢'(z) is monotonic, so --(¢/(x))~" is either non-
positive for every = € (a,b) or non-negative for every = € (a,b). Since the integral

converges, we have [I(\)| < A1

Now consider the case k = 2 and assume |¢"(z)| > ¢ > 1 for some real number
c. Since ¢"(x) is nonzero, we know by continuity that either ¢"(z) > ¢ on (a,b) or
¢"(x) < —con (a,b). Assume without loss of generality that ¢"(z) > ¢. This means
that ¢(x) is strictly increasing on (a,b). Hence, ¢/(z) = 0 for at most one z € [a, b].
If ¢'(x) is non-zero on [a,b] then the previous claim applies and we have a better
bound for |I(\)|. Here we consider the case ¢'(t) = 0 for some t € [a,b]. We assume
without loss of generality that ¢ € (a,b). If t = a or t = b, the same proof applies by

splitting [a, b] into two intervals rather than three, as we do below.

Take some § > 0 so that ¢t + 6,t — 9 € (a,b). We will fix ¢ later in the proof.

Using 0 we split (a,b) into three intervals so that

=5 5
/ ' @) dg = / t @) dy 4 " @) dg 4 ’ @) g
a a t—6 t+6

On (t — d,t 4 6) we calculate

t+6 t+6
/ @) do| < /
t — Ji—s

-5
On (a,t —¢) and (t + 0,b) the conditions on ¢'(x) for the k = 1 case are satisfied.

t+9

dz < dz < 20.
t—5

v

Since ¢'(x) is strictly increasing on (a,b), ¢'(t) = 0 and ¢”(x) > 1 for all x € (a,b)
we know |¢'(z)| > d for all x € (a,t — ) U (t+6,b). So, on (t+ 6,b) and (a,t — 9),

by the previous case we have

b
/ ez)\d)(x) dx
t+6

Applying our results from each interval we conclude that

t+0 .
<N and | [ ezwmdx’g(ax)—l.

T < (A8 420 + (A6) ™.
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If we take § = A™1/2 we can combine these terms to obtain
TN S 207 IAY2 o ~12 < \ 712
<]

Theorem 19. We have the following result for the asymptotics for an oscillatory
integral of the form I(\) = [*e**@y(z)dx as A tends to infinity. If ¢ and 1) are
C* and real-valued and |¢™ (z)| > ¢ > 0 for all x € (a,b) and k € {1,2} then

/Clbe“‘f’(”"’)w(a:) da ,SA—l/k[w(b)]+/ab|¢’(x)|d4

Proof. This proof follows the approach suggested in [9, Chapter 8]. We will rewrite
I()\) so that we may apply Lemma 18. First we denote F(x) = [*¢??(®) dt. Then
using the Fundamental Theorem of Calculus we can write I(\) = [° F'(z)y(z) dz.
Fix k =1 or k = 2. Integrate by parts so that

IO = /abF’(ac)w(:c) dz| = ’F(b)w(b)—/ab
_ ‘¢(b) / " 0 gy _ / ' Fla)y'(¢) de

< (o) [ ) dr

F(x)y'(x) dx’

/a " ot dt‘ +
SO+ | [P ) do

S0+ A [ do

where the last line follows because Lemma 18 applies to F(z). Factor out A% to

conclude that T(A) < A~k [yw(b)y + 2| (@) dx} »

Property 20. If ¢ and 1 are C*™ on R%, 1) has compact support, and det{V?¢} is

nonzero on the support of 1 then

S /\—d/2

‘ / 2@ (1) da
Rd
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This property and the following proof can be found in [10, Chapter 8, Proposition
2.5].

Proof. Denote I()\) = [ga €2*@)(x) dz. To estimate |I(\)| we will use the relation-
ship [I(N)|?> = I(M\)I()). Additionally, we assume without loss of generality that the
support of v is a sufficiently small ball of radius € > 0 where € will be chosen using
¢. Once we have proved the property for ¢ with sufficiently small support, we can
extend the result for ¢/ supported on any compact set by taking a partition of unity

so that supp (¢) = Uéwzl supp(1;) where each ¢; has sufficiently small support and
M is finite.

Consider |I()\)|? and apply the change of variables y = x + u. This gives us

TVIO) = [ [ e™e-eely(y)5(a) do dy

_ /R d /R d N6y (7 4 ) (2) dar du. (2.4)

Let U(z,u) = ¥(x + u)ip(z). Since ¥ is smooth and compactly supported, so is V.
Since u = y — x and both x and y are restricted to a ball of radius £, we must have

that |u| < 2e. Hence, the support of W is the ball of radius 2e.

We proceed by first proving the asymptotics for the inner integral in (2.4). We
will show that

[, e () da| S (Alul) ™ (2:5)
R

for every N > 0. To this end, consider the vector field L = %(G-V) and its transpose
L'(f) = 5tV - (af) where

Vel +u) = o))
V(0o + ) — o)

To simplify notation denote V,(¢(x +u) — ¢(z)) = b so that a = #

We will show that |b| ~ |u| for |u| < 2e by proving that [b] < |u| and [b] 2 |ul.

Since ¢ is smooth, clearly |b| < |u| for |u| < 2e. To show the other inequality expand
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b using a Taylor series centered at v = 0. This gives us

Ved( +u) = Vad(z) = Vad(2) + V?6(2) - u+ Rz, u) = Vad(2)
= V?¢(z) - u+ R(z,u) (2.6)
where R(z,u) is a remainder term with R(x,u) < |ul?. If we take € > 0 to be
sufficiently small, then |u| > |ul* and |V?¢(x) - u| 2 |ul, since det V¢ # 0 . Hence,
(2.6) gives us |b] > c|u| + e2|ul?* > 2max(cy, co)|u|, where ¢; and ¢, are positive

constants. Therefore, |b| ~ |ul.

Observe that |09b] < cql|u| for all o with ¢, a positive constant dependent on
«. We can combine this with |b| ~ |u| to write |0%a] < |u|™! for all a, using our
definition of a and differentiation rules. Recall that L(¥) = =tV - (a¥) so, for every
N € Z with N > 0, we have that

(LM (@, u))] < AT Hul ™Y < Aul) ™.

We can now apply this property to the left side of (2.5) using the invariance of

et =¢@)] ynder L. This gives us

Rd

/d LN(eiA[¢(z+u)—¢(w)])\p(x’ u) dx
R

/d M=l [N (3 4) da
R

< [ |greetw-s@)

< /.
< (Aluf)™.

dx

(SR TERY

Returning to (2.4), let N = 0in (2.5) to establish a bound for u near 0, and N = d+1

for u away from zero. We then have

ININ) = [TV <

/d LN (M= @N g (2 u) de| du
R

]Rd
< du
™~ Jre (14 A|u|)dH!
< A4

Taking the square root of |I(\)|? we conclude that |[(\)| < A~%2, D]
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Lemma 21. For xr the characteristic function of the disk in R? with radius R ,

_ R

]

A

[Xr(n)] [J27[n|R)| < RY?|n| 7272,

Proof. To show the equality, take the Fourier transform of y g evaluated at n,

/ 6727mz-n dx
Bgr

Without loss of generality, because the quantity above is rotationally invariant, as-

[Xr(n)] =

sume that n is aligned in the negative direction along the second axis with respect

to the usual basis ey, e5. Recall by Definition 14 that Jo(t) = & [77 (@) d9. We

make the replacement x - n = |n| - e - (rcos(f), rsin(f)) to get

R 27 . .
/ / 627r1r|n| sin(0) Ao r dr
0 0

R
= ’/ 21 Jo(2m|n|r) dr
0

[Xr(n)| =

Now applying the substitution u = 27r|n| we have
. 27 RIn| ¢
()l = | [ Ldo(u) du
0 Id

2nRInl (27|n|\ r
= — d
/0 (27r|n|> |n|J0<u) u‘

B 1 2w R|n| 7 J

B 27r|n|2/0 wo(u) u‘
21 R|n| R

= 2 = |y (2
et 27| R)| = 2l )

where the last line follows from Lemma 15.

Let A = 2w|n|r, ¢(x) = sin(z), and ¢ (z) = e . Then we can write I(\) =

L\ = JZTmesin@eiz gy = 27 M@y () dr.  Then |¢'(x)] = |cos(z)| and
|¢"(x)| = |sin(x)|. We know that | cos(z)| = |sin(z)| = % for z = %,3% 5% and T

We proceed as in [10, Chapter 8, Corollary 2.4] and [9]. Using these points to split

the interval [0, 27] into subintervals with [0, 27] = [0, Z]U 5, 2FJ U [3F, 2] U [2F, ] U

[, 2x], we know that |cosz| > % on [0, 2], [3, °7], and [F, 27], and |sinz| > %
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on [%,3%] and [Z* 2n]. Splitting I()) into five integrals over these subintervals we
have,

n/4 3m/4 5w/4

I\ = / MOy (z) dr + / e @y(z) dx + @ () da
0 w/4 3r/4
/4 2
+ MOy (z) da + M@y (z) da
5m/4 /4

=LA\ + L(A) + I(A) + Li(\) + Is(\).

First consider I;(\). Since the first derivative of the phase, ¢(x), is non-vanishing
on [0, 7/4], we can apply Theorem 19 with & = 1. This gives us some constant ¢; > 0

so that

ROV < X o/ 01+ [ @)l da]
w/4 .
et o [

<oA1+ 7/4

dx]

and hence |I;(A\)] < A7L. The first derivative of the phase is similarly non-vanishing

(A
nd [7”, 27] so a similar application of Theorem 19 shows that we also

S A tand [N S AL

on |

3m 1]
404
have |I3(\

Now consider I(A) and I,(A\). We know | cos(z)| = ¢'(x) is zero at a point inside
[Z,2%] and [2F, 7], but | sin(z)| = [¢”(z)| is non-zero at every point in these intervals.

So, we can apply Theorem 19 once more with £ = 2. For [, this gives us
12 3r/4 ,
RO < ead 2 [um/a)|+ [ (e e
) 3r/4 )
< e\ 7Y2 [‘613”/4‘ + / le™*| da:}
/4
< A V1 4+ 7/2)

and hence |I5()\)| < A7Y/2. Applying the same procedure to I4(\) we also have that
I4(>\) S )\71/2.
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Combining our estimates for all five integrals to estimate the decay of |I())]
requires us to take the slower decay estimate from I5(\) and I4(\) and sacrifice the
faster decay of I;(\), I3()\) and I5()\). We conclude that |I(\)| = [J1(\)] < A7V2
Returning to |[Xgr(n)| with the replacement A\ = 27|n|R, we have

()| £ 72l )2 S RY?n|

7]

as required. D]
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Chapter 3

First Results

The following claims and more succinct versions of the included proofs can be found

in [10, Chapter 8], upon which this chapter relies heavily.

3.1 Counting Formulae

Theorem 22. The number of lattice points inside a disk, Dg, of radius R centered

at the origin in R? is
|R]

Na(R) = Y 2|VR?=22| +1 (3.1)
»=—|R)

Proof. Recall that | R| denotes that largest natural number smaller than R, if R ¢ N,

and denotes R itself if ® € N. We begin by first counting the lattice points on the

x—axis. This is clearly 2| R] + 1, since there are exactly | R] lattice points on either

side of the origin. The remaining lattice points are directly below and above these

points. We construct the line perpendicular to the x—axis, intersecting at each lattice

point (n,0) inside the disk. This segment intersects the circle and together with the

radius forms a right triangle, allowing us to easily calculate the height of the segment.
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Thus, the number of lattice points inside the circle that fall directly above (n,0) is
{\/WJ By symmetry we have that the same number of lattice points also fall
directly below (n,0), so there are 2 {\/MJ +1 lattice points inside the disk along
the perpendicular line through (n,0). This process is illustrated in Figure 3.1. We

Figure 3.1: Method for finding the lattice points inside a circle using lines.

repeat this process and sum over all the lattice points in [— R, R], to obtain equation

(3.1). I

This method naturally extends to higher dimensions. In R? we calculate the
number of lattice points in Dy by adding the number of lattice points on intervals
within Dg. Essentially, we add the lattice points falling on one-dimensional circles
inside our two-dimensional disk. This suggests a natural relationship between the

number of lattice points inside a sphere in R? and its volume; we add the number of
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lattice points in each (n — 1)-sphere centered at (21,0, ...,0) with —|R] < x; < | R].
This gives us the recursive formula for Ny(R), the number of lattice points in a

d-dimensional sphere of radius R. We have

LR)
No(R)= > Noa(2|yR2-a3|)+1

z1=—|R]|

with Ni(R) = 2| R] + 1. For notational simplicity when the dimension is clear we
will omit the subscript and write N(R) for Ny(R).

3.2 Early Bounds

In this section we prove two early bounds for the lattice point discrepancy, |E(R)].
The initial result, that |F(R)| < R, was first proved by Gauss. We approximate
the area of the disk using cubes and then use geometry to bound this error. For
the second result we proceed in a similar fashion by sandwiching the characteristic

function of the disk between two continuous approximations.

Theorem 23. If N(R) denotes the number of lattice points inside the disk of radius
R in R? then

IN(R) — 7R < R.

Denote the disk of radius R by Dp = {z € R? : |z| < R} and denote the region
formed by unit squares, Q, centered at n € Z2N D by Dp = Upni<r, nez2 (@ +n).
The shifted unit squares that make up Dp, are almost disjoint, sharing only boundary
points, and each has unit area. Since each lattice point in Dg corresponds to exactly
one of these unit squares we know that m(Dg) = N(R). Figure 3.2 shows Dy and
the region Dg.
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Proof.

Figure 3.2: The region Dp containing all of the lattice points of Dy (see [10, Chapter
8, Figure 2]).

If we then take the disks Dg_,-1/2 and Dg,5-1/2 We can bound the area of Dg
as R tends to infinity using the area of these disks. Essentially, because the area of
disks in R? is easy to calculate, we will sandwich the boundary of Dpg between two
disks and use their areas to control the area of Dy as R tends to infinity. This is

illustrated in Figure 3.3.

The disk Dp_5-1/2 contains all of the unit squares inside Drp except those that
intersect the boundary of the disk Dg because the maximum distance between a
boundary point of Dy and a boundary point of Dy is 27%/2. Similarly, the disk
Dp 9-1/2 includes all of the squares inside Dr. Hence we have that Dp_g-12 C

Dy C Dpi9-1/2 and thus m(Dp_g-1/2) < m(Dg) < m(Dpy9-1/2). These areas are
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Figure 3.3: The region Dp, contained in D Rt and containing Dp_ 1 .
2

V2

simple to calculate:

12 2 1
(Dn-gri) = (R = 75) = (= R+ 3) and

12 s 2 1
m(Dryzr) = w( Aot ﬁ) =n(m NoRal )

So we have
im(Dg_o-172) — 7R S R and [m(Dgyy-12) — TR?| S R.
Therefore D, is trapped between Dp_9-1/2 and Dg 5-1/2 and we have

im(Dg) — 7R?| = [N(R) — 7R*| < R.

25
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Theorem 24. For the disk of radius R in R?

IN(R) — mR?| < R¥3. (3.2)

Proof. Take the characteristic function xg of Dg. To improve our estimate in Theo-
rem 23 we appeal to the Poisson Summation Formula, Property 9, which holds for all
Schwartz functions [10, Chapter 8, Section 2]. We cannot apply the formula directly
to xr however, because yg is not smooth, and hence not Schwartz. To smooth yg,
take a C° bump function ¢ : R? — R so that [z o dz = 1 and ¢ is supported in the
unit disk. Define ¢s(z) = 6 2p(x/d) and xrs = Xr * ps. We will fix the parameter
0 later in the proof. Because xr and ;s are non-negative ypgs is also non-negative.
We know ¢ is a Schwartz function, so the normalization ¢; is also Schwartz, and
because of our choice of ¢ the family {¢s} is an approximate identity. Then since
Xr is integrable, x g inherits smoothness from ¢z by Property 8 in Section 2.1, so
that xrs is C* and compactly supported [8, Chapter 7, Section 5]. We proceed by
applying the Poisson Summation Formula, Property 9, to Ns(R) = >_,cz Xrs(n).

Ns(R) = xrs(n) =D Xrs(n) = Xr*ps(n) =>_ Xr(n)@s(n)

neL neL neL neZ

The n = 0 term of this sum is

Xr(0)$s(0) :/ Xr(z)e 20 d:c/gog(x)e*%m'o A
{@:|z|<R}

_ d / d
(w2l <R} xa(w)dr [ os(e) de

2 R
_ / / rdrdd
0 0

= 1R?
Hence the n = 0 term is the volume of the disk of radius R. We now have

Ns(R) — nR* = ; Xr(n)@s(n) = ; Xr(n)$(dn),
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where the second equality follows because 6 2@(n/d) = @(dn), [11, Chapter 6, Propo-
sition 2.1]. It is convenient to estimate this sum by separating it into two sums, one

over a region around zero, and one over the remaining region away from zero,

Y Xr(m@(on) = > Xr(m)@(0n) + > Xr(n)p(on). (3-3)

n#0 0<|n|<3 In|>%
For the first sum we appeal to Lemma 21

_R

Id

~

Xr(n)| 1127 [n|R)| = O(RY?|n| /%), (3.4)

which is proved in Section 2.2. By our choice of ¢, we also have a good bound for

2(0m)].
2on)] < [ le@)lle 2 do < [ |p(@)|de S 1.

Hence, for the first sum in equation (3.3) we have

Z ‘)A(R(n)@((Sn)’SRl/Q Z ’n’f:s/z

0<|n|<t 0<|n|< i

< R1/2/ 2| 3/2 dx

{a::0<|l‘\<%}

T §
< RY? /2 (/1/ r3/2rdr>d9
0 0
T [
sre [ ( / Ve dr>d9
0 0

T 1/6
<r | )| g
0

0
< R\/? / o512 g
0

< RY251/2 (3.5)

For the second sum in equation (3.3) we apply a similar strategy, utilizing (3.4) and

the rapid decay of @ away from zero, which gives us |p(nd)| < (1 + [nd|)~t < |nd|™!
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for [n| > 3. We now estimate the sum
Z ‘XR 2(5n) ’ <R1/25 1 Z In|” 3/2\n| 1
|n|>(5 |n‘>5

S R1/25_1 ‘l’|_5/2 dr
{o:|o]>1}

< 31/25—1/27r [ drdo
o i

< 1%1/25-1/27r /°° r2 dr df

< RV2%5 / (—2r1/)| " do
1/5
< R1/25—151/2
< RY2571/2 (3.6)
We combine our estimates (3.5) and (3.6) to get
Ns(R) — nR* < RY2571/2, (3.7)

Note that because wR? is the n = 0 term of Ns(R), a sum of positive terms, N5(R) —

7R? is always positive.

Take z € Dg. Then z — y € Dgys whenever |y| < 4. So, xgr(z) < xris(z — )
for such a y. We also know that [s(y)dy = 1 and s is supported on the unit
disk so we have xr(z) < [ xris(z — y)ps(y) dy. By definition the right hand side of
this inequality is Xgryss(x), s0 Xr(%) < XRryos(x). Similarly, if x —y € Dgr_ss with
ly| < 0, then = € Dg and we have [ xgr_s(z —y)ps(y) dy < xr(x). So by definition
Xr-s6(%) < xr(z). Altogether, we have xg_ss(2) < xr(2) < Xrtss(z). This means
that Ns(R — 9) underestimates the number of lattice points in Dg, while Ns(R + 6)
overestimates the number of lattice points. We can find estimates bounding N(R)

from above and below by using this relation
Ns(R —0) —7mR? < N(R) — mR* < N5s(R + 6) — mR%. (3.8)
We apply (3.7) to Ns(R — ) to get

Ns(R—06) —m(R —06)® < (R —6)V26712 < RY?2571/2,
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Expanding the left hand side and rearranging terms we have
Ns(R—06) —wR? < RY257Y2 — 27 R + 62 < RY257Y2 + Ro

since 0% < R for § < R. A similar calculation gives us the same result for Ns(R+ )

so we have the estimates
INs(R — 6) — nR?| < RY?267Y2 + R§
and
INs(R+6) — nR?*| < RY?67 Y2 4 RS
which we can apply to (3.8). This gives us
IN(R) — nR?| < RY267Y/% + Ro. (3.9)
Previously, our only requirement for J was that % is large enough that @(nd)
decays rapidly for |n| > . We now choose § = R™'/3 so that R/25'/? = R4 to

optimize the bound in (3.9). We are able to specify this § because for R large, 1/

is large so we can still appeal to the rapid decay of p. Combine terms to obtain
IN(R) — nR?| S R*?

as required. <]
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Chapter 4

Generalization to Strongly Convex

Domains in R?

In this chapter we generalize the methods used for disks to strongly convex domains in
R?. The basic premise of smoothing the characteristic function, applying the Fourier
transform and then using the Poisson Summation Formula will again ultimately lead
to the main result. However, in order to apply this tactic we must first prove some
preliminary results for strongly convex domains in R?, requiring us to delve deeper

into the geometry of strongly convex domains.

4.1 Preliminaries

To prove the main theorem of this chapter we first need the following two results.

Theorem 25. Suppose ) is a bounded region so that M = 0 is a smooth hyper-

surface with non-vanishing Gaussian curvature at each point. Then

RO S (L +[e)~F. (4.1)
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Proof. The proof of this theorem follows the proof outlined in [10, Chapter 8, Corol-
lary 3.3]. Recall that we denote the dth coordinates of the vectors x and £ by x4 and

&4 respectively and we denote the first d — 1 components of each vector by 2’ and &'.

It is sufficient to consider [£| > 1, as the claim is clear for || bounded. Since
Q U 02 is compact, we can take a partition of unity so that yq = Z;V:o YiXq, with
N € N, where we have the following conditions: each v; is C"° and has compact
support, in particular vy is supported in the interior of Q(supp(¢p) C 2), and each
1; is supported in a neighborhood of the boundary.

Since supp(¢p) C €, we know that ¥oxq = o, and thus 1/)/0;2 — 10p. Then
because vy is C*° and compactly supported, we know 1)y is a Schwartz function, and
hence so is %. So g/bz) decays rapidly as |{| — 0o and we concern ourselves now with

the decay of % for j # 0.

To consider % for each j # 0 we need a convenient way to characterize {2 and
02 locally on the support of ;. So instead of using a global defining function for
the hypersurface 012, we will use, for each 1;, a local defining function for 9€2. To
this end, take a finite covering V' = U7_;V; of JQ so that 92 C V' and there is a
defining function p; for 0N defined on each V;. Without loss of generality, assume
for each j that supp(¢;) C V;. Were this not the case, we could simply take a finer
partition of unity to arrange it. For every j take the defining function p; : V; = R
of 0f) so that

pi(z) >0 ifzeV,;NQ
pi(z) =0 ifzeV;NoN

pi(x) <0 ifzeV;n(Q)e°

with p; € C°(V;). We can further arrange for |Vp;(z)| = 1 whenever p;(z) = 0, i.e.
whenever x € V; N 9dQ. Were this not the case we could take a new defining function
given by p;(z)/|Vp;(z)| so the defining function is normalized and still satisfies the

above conditions. If 9 were C* this normalization would result in a C*~! defining
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function. However, because 0f2 is C'™ there is no cost to this normalization.

Now consider 7;, V;, and p; for some fixed j # 0. We can assume, via an
appropriate translation and rotation if necessary, that 0 € supp(¢;), p;(0) = 0, and
Vp;(0) = eq where e4 is the unit vector (0,...,0,1). Then clearly dqp;(0) = 1 and
0;pj(0) = 0 for all 7 # d.

By the Implicit Function Theorem, shrinking the V; if necessary, there exists a
function p; : R! — R that is C* such that for every (2/,24) € V; N OQ we have
that x4 = ¢;(2’) and p;(2', p;(2")) = 0. This allows us to realize any z € 02N V; as
(@', @j(z")) = (2', 24), so within V; we have that € is given by x4 > ¢;(2’) and 0 is
given by x4 = ¢;(2’). Thus, we can characterize 2 NV} and 9Q NV} locally on each
V; as

QnvVv;,  ifzg > (),

NV, ifxg= ;).

We can now calculate 0;p;(2’) as follows

Oip;(a', i (")) =

9ipj (2, pj) + Oapj (2, ;) Osepj (2)
0; PJ( ])
8dp]<x/ ©;)

= 0ipj ()

so we know 0;p;(0) = 0 for all i # d, since 0;p;(0) = 0 for all i # d. Hence, we also
have that V,¢(2)]y—o = 0.

Consider % for 1 < 5 < N. With our change of coordinates and the change
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of variables given by x; = u + ¢;(x’) we have

%(5) = [ e P (4 iy (2, mg) da’ dag

d

e*2ﬂi(m/-£/+$d£d)¢j (x/, xq) dx’ dzg

/oo 6—27ri(x’~f'+fﬂd§d)¢j(;p/7 ;pd) dxg dx’
d—1 wj(z)
00

6727Ti(:6'-£'+(u+30j(Il))fd)wj (@', u+ ¢j(a") dudz’

d—1

S s

= 2mi(a €'+ (@)6a) </OO e~ 2T (2 u 4 i (') du) d
0

d—1

—a— 5

e~ 2@ e @Dy (2 €y) da!

d—1

where U;(z/,&) = [5° e 2dep; (2, u + ¢;(x’)) du. Now because the exponential
function is C*° and 1, is C*° and compactly supported for all 1 < 57 < N, we also

have that U;(2',&,) is C*° with compact support in 2.

In order to find the behavior of %(5) as || — oo we will consider two cases.
Because |V, ¢;(2')|s=0 = 0, and is otherwise positive, we can take a constant ¢ > 0
sufficiently small so that ¢|V, ;| < 1/2 on the support of ¢;, for all 1 < j < N.

With ¢ now fixed we can consider the two cases |{4| < ¢|¢'| and |4] > ¢|€'].
For the first region, |64 < ¢€'], let A = 2x|¢/| and ®(2/) = -8 — o, (a') 2.

Note that

2 g/
€]

§a

4

iND(x') = 2mil| ( — — ;") ) = —2mix’ - & — 2mi&ap;(2’)

—

is precisely the exponent in t;xa(£), so we can rewrite the Fourier transform as

Jaas X0 (!, &g) da’.
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By the reverse triangle inequality we have

z’ - ¢ £
V®(2)| = Vx/(— —;(a )’
S €a
= |7~ ) = T (o)
€l T
S &a
> (9o ()| = 7o (et
€ e
€l _
21— e Valeto )| =1-1/2=1/2.
The last inequality follows because Eﬁl“ < ¢ and we chose ¢ sufficiently small so that

|V (pj(x'))] < 1/2 on the support of ;. Since |V, ®(z')| is bounded away from

zero, by Lemma 17 in Section 2.2 we have that

i@ = [, O &) da!| S AT
e
Sler
for any K > 0.

Now consider the second case when [£4] > c|¢'|. We rewrite U;(2/,&,) and inte-
grate by parts so that

1 > d

2milq Jo  du

_ 1 ! / —2miuéy e
_m{—wj(x,u—l—go](x))e .

—I—/ 2l (9 ) (2] u 4 i ))du}

V(e q) = — e Py (o u + pi(af)) du

At infinity 1;(z’, u + ¢;(2’)) vanishes because 1; is compactly supported. Only the v =0

term remains and hence

V(0! ) = 5o |~ (@) + [ @) 'k (o)) dul]

This gives us V,(2/,&,) = ,&€4), where ﬁlj is C*° and compactly supported

27rz§d (

in 2/. Thus, U; contributes || ™! ~ [£]7! decay to %
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Take det{VZ2;}, the determinant of the Hessian matrix of ¢; with respect to
a’, on the support of ¢;. For simplicity, we omit the subscripts on p; and ¢; in
the following calculations. Using 0 = 0;p(2’, p(z’)) we calculate the second partial

derivatives for 1 <7,k <d — 1,

0 = Ox(0ip + OupOip) = Ok(0ip) + Ok(Dapd;p).
By the chain rule the first term is

Ok (0ip) = Ok0ip + 040;pOkp (4.2)
and by applying the product rule and then the chain rule the second term is

O (Dapdip) = 01001 (ap) + apdhdip = Dip|OkDap + I3pdhp] + Dapdidip. (4.3)
Combining (4.2) and (4.3) we have

0 = Op0;p + 040;pOrsp + 0ip[OkOup + 03 O] + OupOiOip. (4.4)

Since for j # d we know 0, vanishes and Jyp = 1 at 2’ = 0, only the first and
last terms in (4.4) are nonzero at 2’ = 0 and we have that 0,0;p = —0x0; at 2’ = 0.
Within a neighborhood of zero 02 has nonzero Gaussian curvature. Thus at 0 we
have that V2 p is diagonalizable with nonzero eigenvalues so that det{VZ2p;} # 0.
Since —V2,p = V2, at 0 we have det{—V?Z p} = det{VZp} so that det{V2,p;} # 0
in a neighborhood of the origin. So % decays like |¢|~“2" when |€4] > ¢|¢/|, since
W, decays like |¢|7! and the nonzero Hessian determinant of the phase ensures that
Jga—1 €72 EH05@0%) g’ decays like |§|_% as |£] — oo by Property 20 in Section
2.2. Hence

[Dixal)| = /R TS (o ) do!
d+1

_d=1 _dtl
Sl et Sl

Thus %(f) has arbitrarily fast decay like ||~ for any K > 0 on |&4] < c[¢/|

and decays like |¢|7“F on |&y| > ¢[¢/|. Since we can repeat this process for all Y, in
da+1

the partition of unity, |[Xq(&)| < (1+(£])" =2 . D
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Theorem 26. Suppose (2 is a bounded open convez set with 0 € Q and C? boundary
0. Then there is a constant i > 0 so that if R > 1 is sufficiently large and § <1
then x € RQ and |y| < 6 implies v +y € (R+ pd)(Q).

Proof. We proceed in this proof with the method suggested in [10, Chapter 8, Ex-
cercise 21]. Consider z +y € (R + ud)2 = {(R+ pnd)z : z € Q}, which is equivalent
to L +4Le(l+pd)={1+p)z:2zcQ} Relabeling § = 2i=42 andy=14
and taking ¢ sufficiently small allows us to reduce to the case R = 1 without loss of
generality. We must now show that there exists a constant ¢ > 0 independent of R
so that if # € Q and |§| < 0 then Z 4§ € (1 + 0u)Q. We assume that R = 1 and
proceed with x,y and 4.

Take any z € 9). Apply a local change of coordinates as in the proof of Theorem
25 that maps z to (0,0) € R4 xR so that Q is defined near (0,0) by x4 > (2) with
©(0) = 0and x4 = ¢(2') for z € 9. Because this local change of coordinates is given
by a rotation and translation, we can denote it by the transformation T'(y) = Ay + z,

where A is the rotation matrix and z is the point corresponding to the original origin.

To establish a condition for membership in T(2) consider any point t € T'((1 +

10)€2). This is equivalent to saying that = € Q. Applying the definition of 7!

1+5

we have

T-'(t) A7'(t-=2) —A—l( t—z )
L+pd 1+ pd 1+ pd)

Now we need to show that T (11:“)) is in T'(Q2). By applying the definition of T we

©o
have
A_1<t—z) _t—=z z:t+u527
1+ po 1+ po 1+ po

which is contained in 7'(€2) if tld+ 4t 2g = tdltr’“?d > g0<(1+u)6 + 2 )

First we assume x = 0. Our change of coordinates ensures that (2 is tangent to

the hyperplane x4 = 0 with the interior of 2 defined above the graph of ¢(x’). The
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convexity of € implies that since (2/, z4) is an interior point, we must have z; bounded
away from zero. If z; is not bounded away from zero but (2/, z4) is an interior point,
then either €2 is either not convex, or {2 is not tangent to the hyperplane z, = 0.
So we know there is some uniform constant ¢ > 0 such that z; > ¢ for (2/,z4) the
point corresponding to the original origin. Since we will take y so that |y| < § for

sufficiently small 6 we can write

Yat+ p0za  pdlzal — |yal

14+pd — 14 ud
>,uéc—(5
— 1+ po
_mo(e—3)
14l
>,u5(c—§)
— 1+ p

:;<1iié> o

when g is taken large enough so p > %

With p now fixed, recall that ¢ € C* with k > 2, so by applying Taylor’s Theorem

there exists a constant C' > 0 dependent on the second derivatives of ¢ so that
/ !/ 2
Y 4 poz

Y + poz’

TR <
S0<1+/M5>—C1+u5
C(5+u5|z’|>2

14 pé
52 + 2022/ + (u]2))?
(1+ po)? |

IN

IN

C

Since (6 — pd|z'|)? > 0 we know 62 + (ud|z'|)* > 2ud?|z’'| so we can simplify the
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inequality further to obtain
/ !/ 2 /1\2
(VI o (8 (8l
1+ p (1 + po)?
250,7(2
_ 90 ) d+ p6||
1+ pd 1+ po
c/ o )
—— 4.
<2<1+,u5 ’ (4.6)

where the last inequality follows by taking ¢ small enough so that 2C' (%) < &

5+/1,25‘Z/|2
146

We know such a ¢ exists because the limit as ¢ tends to zero of 2C ( ) is zero

and we have uniform upper bounds on |z|.

Combining our results from (4.5) and (4.6) we have

Yatplza (e pd (Y + pdE
1+ ué 1+ ué L+pd )’

2

and hence there is a g > 0 and 6 > 0 such that for y with |y| < § we have that
y € (14 pd). D]

We now address the case when = # 0. If the distance between z and 02 is greater
than 9§, the result is clear. So assume that x is d-close to the boundary. We take
our t € T((1 4+ ud)Q2) as before, but now we have t = T'(x) +y. The proof that

% > go(tlltr“j;/) is unchanged and the proof that gp(tlltfjgl) < (%) (%) for

appropriate ¢ follows similarly with [t| < |T'(z)| + |y| < 206.

4.2 Strongly Convex Domains

The previous section established the tools we need to generalize our process for the
lattice point discrepancy of disks in Theorem 24 to the lattice point discrepancy for
strongly convex domains (see Definitions 10, 11, and 12). We proceed in a similar
manner, using convolution to smooth the characteristic function of the domain in

order to use the Poisson Summation Formula.
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Theorem 27. Suppose Q is a strongly convex bounded domain in R® containing 0,

with C*? boundary 0. Then with Nr(Q)) denoting the number of lattice points
_ 2d
inside RS2, we have ‘NR(Q) — Rdm(Q)’ < R(d d+1)_

Proof. Let xq denote the characteristic function of {2 and yr denote the characteristic
function of RS2, which is defined as R = {Rx : z € Q}. Based on this definition it is
clear that xr(z) = xa(z/R). Analogously to our approach for the circle, we take a
C* function ¢ that is supported in the unit ball with [ ¢(x)dx = 1 and again define

ws(z) = 5*d<,0($/5). Denote xps = xr * ¢s and Nrs = > ,czd Xrs(1).

The Poisson Summation Formula (Property 9) applies again so that
Nrs= Y xrs(n) = D Xrs(n) = D Xe*@5(n) = > Xr(n)@s(n).
nezd nezs nezd nezd
First consider the n = 0 term. Note that @5(n) = $(dn) and Xr(n) = R¥Y(Rn), and
recall that [ p(z)dx = 1 so we have

)?R(O)@é(o) = /

XR(:I:)e*ZM”O dx/golg(x)e*%mo dr
RQ
= Xr(x) dx/<p(x) dx

RQ

= /Q Rixq(z) dz

= Rd/ Ldr = R'm(Q).
0
We can rewrite Ngs = Rm(Q) + 3,20 Xr,s(n) and, using Theorem 25, we have

[Xr(n)| = |[R'X(Rn)|
< RIRTE |
SR,
which we can apply to Xgs(n) to get

IXrs(n)| = [Xr(n)@s(n)] = [Xr(n)@(on)|
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We now use this estimate to consider the split sum

[Nrs = R'm(Q)] =) [Xro(m) = D [Xre(m)|+ > [Xrs(n)]. (4.7)

n#0 1<|n|<} +<Inl

For the first sum, with do denoting the surface measure of S%~!, the d — 1-sphere,

we have
. i) g dil
> Xrs() S D> R Inf
1<|n|<} 1<|n|<5
_ d
SR% et || %dac

d—1 d—3

< RT/ "1 T drdo
sd-1Jo

IITRY =
< R r5
~ r=0

—1 —1
SRz§6 7. (4.8)

For the second sum in (4.7) we use the rapid decay that @ inherits from ¢, which
gives us |@] < (14 |[nd])™" < |nd|~ for any ¢ > 0. Choose t = d/2 so that
S —dt1
S [Rrsm| S X R n| =% [no| 2
1<in) 1<in)

<RT§ 0 |

< R7 5 22| s
<R 5E50
< RTSE (4.9)

Hence, combining (4.8) and (4.9) we have

|Nrs — R'm(Q)| < R 55 (4.10)
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By Theorem 26 we know that if R is sufficiently large and 6 < 1, then x € RS2
and |y| < § imply that 2 —y € (R + ¢§)Q2 for some ¢ > 0. In particular, if y = 0
then for z € RQ there is a ¢ > 0 so that € (R + ¢d)2, hence RQ C (R + ¢d)Q.

This containment allows us to relate the characteristic functions of these dilates of
Q. Thus, xr(z) < Xrtes(T) < [ XRyes(® —Y)05(y) dYy = XRriess(7), and similarly

Xr—c56(7) < xr(z). So we have xr_cs5(x) < XrR(T) < XR1ess(T).
Taking the sum of these characteristic functions over all n € Z¢ we obtain
Nr_css < Nr < Npiess, so that

Nr_wss — R*m(Q) < Ng — R*m(Q) < Nryess — REm(Q). (4.11)

Applying our estimate in (4.10) to Ng_.s55 we have,

d—1

[Npess — (R—0)1m(Q)| S (R—8)7F 67,

and expanding the left hand side and rearranging yields

a—1

|Ni_wss — ROm(Q)| S RT 6T + RYS.

A similar calculation for Ng, .45 shows that Ngyess — RIm(Q) < R 65 + RS

d—1

and thus by taking absolute values in (4.11) we have [Ny — Rim(Q)| < R=T 6T +
R4-15. Choose § = R~ so that

_1)2 _
INp — RUm(Q)| < RF R¥&0 4 R-1R-

2 2
5 Rdd+1d + Rdd+1d S R(d*%)

as required. D]
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Chapter 5

Conclusion

In this thesis, we first explained how to geometrically count the number of lattice
points inside a disk of radius R. We then presented a proof of Gauss’ original result
that E(R) < R, with E(R) the error between the number of lattice point inside
the disk and its area. By appealing instead to Fourier analysis, we proved the first
improvement of this bound; E(R) < R?3. This established our basic protocol for
finding such bounds by smoothing characteristic functions so the Poisson Summation

Formula could be applied.

Our investigations of the disk naturally led to a generalization to strongly con-
vex domains in R?. In order to apply a similar tactic, we first showed that, for
0%) a hypersurface of class C'*° with everywhere non-vanishing Gaussian curvature,

Xl < (1+¢])

rem for strongly convex domains. Additionally, in order to bound the number of

_%, which we needed to apply in our proof of the main theo-

lattice points inside €2 by estimates above and below, we proved a geometric result
for strongly convex domains. Thus we were able to show, using a similar strategy
to that employed for the disk, that the error term for the number of lattice points

inside a strongly convex domain is ‘NR(Q) - Rdm(Q)‘ < R,
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