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Abstract

A Finite Element numerical method has been developed to simulate the fluid flow

over two dimensional and time dependent domains with rigid moving objects or

boundaries. This method falls under the general category of Arbitrary Lagrangian

Eulerian methods. In this method the global mesh is fixed and adaptations are made

locally in both space and time to describe interface movement. Therefore, the global

mesh is independent of interface movement, and the possibility of mesh entanglement

is eliminated.

During the simulations, very small elements or elements with very large aspect

ratios as compared with the elements of the fixed mesh may be generated to correctly

describe the position and shape of the interfaces, these elements are then combined

with the adjacent mesh elements which are much larger and used together in the

calculations. The question of how these large abrupt changes in the mesh affect the

accuracy of the calculations is examined through local truncation error analysis and

numerical experiments.
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The two-dimensional flow between two plates separating at a prescribed speed,

which admits an analytical solution, is used to verify and illustrate the results. It

is determined that the accuracy of the calculations is not adversely affected by the

large and abrupt changes in the size of the elements and that the convergence rate of

the method is of second order. The behavior of the local error next to the interfaces

is shown to be of the same order as in the rest of the computational domain.
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Chapter 1

Introduction

1.1 Motivation

The importance of Computational Fluid Dynamics (CFD) in engineering analysis

and design is no longer in question these days and has become a standard tool for

designers in all sorts of fields. When the models are based on finite element or

finite volume formulations, calculating in domains that are time dependent becomes

challenging due to the discrete nature of the methods which require a spatial dis-

cretization of a domain that changes shape with time. The practical difficulties are

not easy to overcome and can render the methodologies expensive and difficult to

use [1, 2]. In many areas of technological importance, models based on the finite

element method (FEM) are preferred because of their flexibility and the ease with

which they can be applied to domains with irregular geometry [3]. This work is

motivated by the need to simulate the processes encountered in internal combustion

engines when the fluid inside a cylinder interacts with the motion of a piston. The

goal is to generate an accurate and robust procedure to calculate in domains with

continuously changing geometry and incorporate it in the KIVA internal combustion
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Chapter 1. Introduction

simulator developed at Los Alamos National Laboratory [4,5]. A variety of numerical

methods have been developed to address these and other similar types of simulations

over the years, and the literature in the subject is quite extensive, a few representa-

tive references [1, 2, 6–9] can give a good summary of the work done. In this work

only ALE formulations based on the FEM are considered, other methods will not be

discussed except when necessary for comparison with the present formulation.

FEM models based on the ALE formulation have relied heavily on adaptive mesh

methods to discretize the evolving spatial domain geometry. This can have practical

disadvantages because the continuous mesh deformation often leads to a state where

the mesh has severely degraded and it can no longer be used, which is known as

mesh entanglement. At this point a new mesh must be generated and the dependent

variables must be interpolated from the old mesh to the new one; this process can

lead to instability and loss of accuracy [10, 11] and it extracts a significant cost to

the user. A certain amount of checks and measures can be introduced together

with criteria to have the code automatically make the decision to re-mesh, however

these are not always effective. In this work a local ALE-FEM method is considered

based on bilinear and trilinear isoparametric elements in two and three dimensions

respectively [12,13]. This method is very similar to the one introduced in [14] based

on triangular elements. It uses a fixed computational grid laid down over the totality

of the spatial domain considered over the entire simulation, denoted by ΩR. The

moving interfaces are defined independently using sets of marker points that define

them, and are superimposed over the mesh. At each time step in the simulation,

in that portion of the region containing fluid where the velocity and pressure will

be calculated, the mesh is locally adapted to fit the interfaces independently of the

adaptation used in the previous time step. As a result, the method requires no

interpolation and the mesh can never become entangled, but as can be expected

different types of difficulties arise; however, these are implementation problems that

once resolved are no longer an issue and have been addressed in [12,13].

2



Chapter 1. Introduction

1.2 Moving Boundaries in the Fluid Domain

In many engineering subjects, the numerical solution of moving boundary problems

in fluids is an important field of study. Though many different methods to deal with

their challenges have been introduced, this field of research is continually developing.

New numerical developments have made the simulations not only more accurate and

more applicable to a wider range of problems but also less computationally expensive

in some cases. According to all of these factors, developments of ALE (Arbitrary

Lagrangian Eulerian) methods used in research [15–18] have been boosted. The

ALE methods as a classification of FEA (Finite Element Analysis) formulations are

used to conquer the associated challenges of the analysis of the moving boundaries

problems. Two steps that are taken in these formulations. At each time step,

the beginning of the process is dealing with the moving boundaries motion in the

Lagrangian frame work. In the second step, the equations for the fluid domain are

solved in the Eulerian (stationary) framework using the geometry obtained form the

first step. These methods have been applied with moving mesh schemes in prior

research [19–22]. In these schemes, the mesh is attached to the moving boundary,

and the whole mesh is deformed during the simulation. According to the mesh

deformation, the mesh usually becomes dislocated past the point it could be used

in the simulation. At these situations, the simulating program must pause and re-

mesh, or by using a routine automate the process. These difficulties make moving

mesh schemes troublesome from a practical point of view. The newly developed ALE

method [12] eliminates these obstacles by calculating on a locally changing mesh, and

leaving the global mesh outside of this undeformed area.

As a result of the complexity of existing ALE methods based on adaptive meshing,

and the fact that the entire mesh changes with time, assessing their accuracy becomes

very difficult. Few attempts have been made to obtain accurate error measurements

and because the flow solvers are based on a projection formulation, the emphasis

3



Chapter 1. Introduction

is placed on achieving second order time accurate convergence rates [9, 11, 23]. In

[24,25] the accuracy was assessed by comparison with experimental data and previous

numerical simulations. One advantage of the present method is that it can be readily

applied to assess both the temporal and spatial errors and formal convergence studies

can be performed using cases with known analytical solution. This work concentrates

in the spatial discretization error, the time integration method is first order and the

size of the time step is chosen so as to not reduce the order of the spatial convergence

rate.

The discussion centers on the two and three-dimensional cases. The incompress-

ible Navier-Stokes equations are solved in two dimensions using the basic pressure

correction projection formulation [26] which is first order in time, and using equal

order interpolation for velocity and pressure. In the next chapter, the ALE-FEM

method is described; in chapter 3 the local mesh adaptation method is presented;

in chapter 4 the results of the local error analysis are given; in chapter 5 the bench-

mark problem of flow on a fluid layer between two parallel plates separating at a

prescribed speed is introduced and in chapter 6 the numerical results are presented

and discussed.

4



Chapter 2

Background Information

2.1 Governing Equations

Assuming that body forces are zero, the Navier-Stokes equations for viscous in-

compressible flow are written in non-dimensional vector form along with continuity

equation as

∂u

∂t
+ u · ∇u = −∇p+

1

Re
∇2u (2.1)

∇ · u = 0 (2.2)

Where u = (u i+v j+w k) ≡
3∑
i=1

uiei is the velocity;∇ = ( ∂
∂x

i+ ∂
∂y

j+ ∂
∂z

k) ≡
3∑
i=1

∂
∂xi

ei

is the gradient operator, t is time, p is the pressure and Re = UL
ν

is the Reynolds

number. U is a characteristic velocity, L is a characteristic length, ν is the kinematic

viscosity of the fluid, τ = L
U

is reference time, and P = ρU2 is the reference pressure.

Equations 2.1 and 2.2 are defined over the domain [0, T ]× Ω (t) where T is a real

number, and Ω (t) is a connected time dependent domain in R3 with a sufficiently

smooth boundary Γ (t). At time t0 = 0, Ω(t0) = Ω0 and the initial condition is

u(x, 0) = u0.

5



Chapter 2. Background Information

2.2 ALE Formulation Domain

Understanding of the domain and associated conditions used to set up a problem

correctly is essential to develop the ALE Finite Element Scheme.

V1 (t)

y (t)

x (t)

Ω

∏
1

Γ

Figure 2.1: Sketch of domain Ω with boundary Γ. Marker set Π1 defines the moving
interface (piston) with a velocity equal to V1 (t)

The boundary Γ consists of two types of conditions, Dirichlet and Neumann. The

Dirichlet boundary conditions specify a dependent variable value on that boundary,

ΓD. As an example, a Dirichlet boundary condition may specify a velocity or pres-

sure value at the boundary (ud = u or pd = p). On the other hand, the Neumann

boundary conditions specify gradients of a variable on the boundary, ΓN . Like ∂u
∂n

where ∂u
∂n

means the normal derivative of velocity u in the unit normal direction

vector to the boundary n. In Figure 2.1 the boundary Γ is composed of the Dirich-

let boundary conditions ΓD and the Neumann boundary conditions ΓN . The marker

sets Π1 contains the marker points that define the moving object or boundary during

the calculations. The marker set has specified velocity V1 (t) in Figure 2.1. Though

marker sets do not necessarily have to have specified velocity such as the case of

falling spheres in a fluid [24].

The figure 2.1 can also be used to illustrate the ALE process. In the problem

6



Chapter 2. Background Information

shown by figure 2.1, the marker Π1 is involved with the Lagrangian part of the

formulation. For instance, if there were equations that describe the motion of the

marker sets, these equations could be solved to find the updated velocity and location

of the marker sets. In the next step, the updated properties for the marker sets could

be applied as the known conditions for the Eulerian part of the calculation over the

rest of the domain Ω; Therefore, the Eulerian equations could be solved by using the

calculated values from the Lagrangian step and the domain boundary conditions ΓN

and ΓD. These steps are repeated during each time step of an ALE simulation.

2.3 Discretization using the Weak Formulation

By using the domain Ω, boundaries Γ, and marker sets Πi, the Navier-Stokes equa-

tions have to be discretized in a way to make them solvable by FEA. In order to do

this, the equation sets 2.1 and 2.2 must be contained in a connected domain Ω (t)

with sufficiently smooth boundaries Γ (t), where t ∈ [0, T ]. Denoting Ω (t) ≡ Ω t at

each time t, the space H1(Ω t) is defined as the space of functions defined in such

that the function and its first partial derivatives are square integrable in Ω t, and

the space L2(Ω t), which is shown as L2(Ω) ≡
{
f (x) |

∫
Ω

(f (x))2Ω <∞
}

[27], is

defined as the space of functions defined in Ω t that are square integrable in Ω t.

Finally, let Sk (t) =
{
xi, i = 1, nk/xi ∈ Ω̄ (t)

}
be finite sets points that define inter-

faces/boundaries contained in the reference domain that move within the domain

with prescribed velocity vk.

The weighted residuals formulation of equation 2.1 is stated as follows. At a

prescribed time t find a velocity field u(x, t) in H1(Ω t) among those functions u

that satisfy the Dirichlet boundary conditions, and a pressure field p(x, t) in L2(Ω t).∫

Ω

w ·
(
∇2u

)
dΩ =

∫

Γ

w · du
dn
dΓ−

∫

Ω

(∇w : ∇u) dΩ (2.3)

The weighted residuals formulation is stated as below by using the Gauss theorem,

7



Chapter 2. Background Information

equation 2.3, for the viscous term

∫

Ω t

{
w ·
[
∂u

∂t
+ (u · ∇)u +∇p

]
+

1

Re
(∇w : ∇u)

}
dΩ =

1

Re

∫

ΓN

w · du
dn
dΓ (2.4)

For all weighting functions, w = (wxi +wyj +wzk) ≡
3∑
i=1

wiei, in the space H1(Ω t)

that satisfy homogeneous Dirichlet boundary conditions in ΓD, and a pressure field,

p(x, t), in Q(Ω t) that satisfies

∫

Ω t

q∇ · u dΩ = 0 (2.5)

for all functions q(x, t) in Q(Ω t). Where Q(Ω t) = L2(Ω t)/R, the space “L2(Ω t)

modulo constants” [26].

In equation 2.4, the dyadic notation ∇w : ∇u ≡
3∑
i=1

3∑
j=1

∂ui
∂xj

∂wi

∂xj
has been used,

and the expression ∂u
∂n

denotes the normal derivative of the components of u at the

boundary.

The ALE formulation requires that at each time step a mapping be defined be-

tween the current domain configuration and a fixed reference domain (that can be

for example the initial configuration Ω0 or the computational reference domain ΩR)

where the problem is solved. This and other theoretical aspects of the method are

very well analyzed in [11,26,28].

The computational algorithm is defined in two steps:

1. The Lagrangian step consists in updating the position of the interfaces Sk (t)

from time t = tn to time t = tn+1 = tn+∆t according to the prescribed velocity

vk (t) of each interface. How this is done in this finite element algorithm is

explained in [12,13].

2. Solve the Navier-Stokes equations to find u(x, tn+1) and p(x, tn+1). This is

done using a first order in time projection method [29]. Let un(x) ≡ u(x, tn)

8



Chapter 2. Background Information

be known. At time t = tn+1 the velocity is decomposed as un+1 = u∗ + u′

where u∗ is an intermediate (viscous) velocity that does not satisfy continuity

and u′ is a correction (inviscid) that enforces continuity.

By using a forward difference to approximate the time derivative of the Navier-

Stokes equations, and treating convective terms explicitly, the discrete Navier-Stokes

equations 2.1 become

un+1 − un

∆t
+ u · ∇un = −∇pn+1 +

1

Re
∇2un+1 (2.6)

Intermediate velocity u∗ is used to define the velocity at tn+1, un+1, as

un+1 = u∗ +
(
un+1 − u∗

)
(2.7)

With equation 2.7, the forward difference equation 2.6 can now be written as

u∗ − un

∆t
+

un+1 − u∗

∆t
+ un · ∇un = −∇pn+1 +

1

Re
∇2un+1 (2.8)

Equation 2.8 represents a momentum equation with two distinct parts, viscous and

inviscid. The viscous part of the momentum equation is shown as

u∗ − un

∆t
+ un · ∇un = +

1

Re
∇2un+1 (2.9)

The remaining terms of equation 2.8 are

un+1 − u∗

∆t
= −∇pn+1 (2.10)

The divergence of equation 2.10 is

∇.un+1 −∇.u∗
∆t

= ∇.
(
−∇pn+1

)
(2.11)

Imposing the continuity equation for the (n+ 1) step, ∇.un+1 = 0, the pressure can

be solved as

∇2pn+1 =
1

∆t
∇.u∗ (2.12)

9



Chapter 2. Background Information

The pressure pn+1 is found using the pressure Poisson equation 2.12. Applying the

equation 2.10 and the pressure pn+1, the velocity at time tn+1 is

un+1 = u∗ −∆t∇pn+1 (2.13)

On the other hand, using the weak form, The intermediate velocity satisfies
∫

Ω t

{
w ·
[
∂u∗

∂t
+ (u · ∇)u

]
+

1

Re
∇w : ∇u

}
dΩ =

∫

Γt

w · ∂u

∂n
dΓ (2.14)

In the cases addressed here the line integral always vanishes, hence it will be

neglected in the rest of this paper. Also, in equation 2.14 the computation of the

time derivative term requires the application of the Reynolds transport theorem [30],

that is
∫

Ω t

w · ∂u∗

∂t
dΩ =

∂

∂t

∫

Ω t

w · u∗dΩ−
∫

Γt

(w · u)(vk · n) dΓ (2.15)

If the interface velocity is known, as is the case here, the integral over the interface

vanishes and equation 2.14 becomes

∂

∂t

∫

Ω t

w · u∗dΩ +

∫

Ω t

{
w · (u · ∇)u +

1

Re
∇w : ∇u

}
dΩ = 0 (2.16)

To simplify the expressions the fractional step formulation is written for the

x-component of velocity, u only, the equations for the other two components being

similar. Discretizing the time derivative using a first order backward Euler difference,

the intermediate velocity component u∗ is given by
∫

Ω tn+1

{
1

∆t
wu u

∗ +
1

Re
∇wu · ∇u∗

}
dΩ =

∫

Ω tn

{
wu(un · ∇)un +

1

∆t
wu u

n

}
dΩ (2.17)

The convective term is kept explicit, therefore the algorithm is subject to the CFL

stability condition, c ≤ 1, where c is the local Courant number.

The pressure is obtained from the solution to the pressure Poisson equation (PPE)
∫

Ω tn+1

∇q · ∇pn+1 dΩ = − 1

∆t

∫

Ω tn+1

q∇ · u∗dΩ (2.18)

10



Chapter 2. Background Information

And the final corrected velocity is obtained from

∫

Ω tn+1

wu u
n+1 dΩ =

∫

Ω tn+1

wu(u
∗ −∆t∇pn+1)dΩ (2.19)

The same process is repeated to obtain the y- and z-components of velocity.

The final Galerkin discretization is done using a combination of bilinear isopara-

metric rectangles and linear triangles in two dimensions and trilinear isoparametric

hexahedra, linear pyramids and isoparametric prismatic triangular cylinders in three

dimensions. The resulting systems of equations have been solved using a direct sky-

line solver [31], and stabilization has been achieved by means of a Petrov Galerkin

formulation of the SUPG type [27].

11



Chapter 3

Local Mesh Adaptation

The mesh adaptation process has been fully described in [12, 13]. Here we will

illustrate it briefly in two dimensions. Consider the situation depicted in Figure 3.1(a)

below, where a uniform mesh of 12 elements is intersected by a superimposed interface

Figure 3.1: Mesh adaptation in a rectangular domain with moving interface

(a) Rectangular domain discretized using 12 rectangular elements with an interface

superimposed. The region to the left side of the interface is assumed to contain

fluid, the region to the right of the interface will not enter the flow calculation

12



Chapter 3. Local Mesh Adaptation

and is labeled “not active”.

(b) The mesh locally adapted to the interface on the fluid side. 4 irregular quadri-

lateral elements and 2 triangular elements have been generated. The flow calcu-

lation on the right hand side will involve only nodes 1-13 and 16. The rest will

be inactive.

The adapted mesh is shown in Figure 3.1(b), where the active elements on the fluid

side are shown with a full line, there are two types of active elements adjacent to

the interface; linear triangles and isoparametric bilinear elements, it is also possible

to use higher order elements. In Figure 3.1(b) nodes 1-8 and 11 are fluid, nodes 9,

10, 12, 13 and 16 are on the interface and therefore have a prescribed velocity and

nodes 14, 15 and 17-20 are inactive.

The adaptation is not unique, the position of the nodes in the interface can be

chosen to some extent, but the final meshes will be always similar. Elements that

do not contain any nodes in the fluid are not assembled, and nodes that are not

active are treated as having prescribed homogeneous Dirichlet boundary conditions.

Because the interface velocity is known, the degrees of freedom lie strictly on nodes

in the fixed mesh.

The adaptation is fully automatic, and keeps the total number of nodes constant

throughout the simulation. At each time step, the velocity is calculated in the

adapted mesh using only the mesh nodes that lie in the fluid. For the next time

step, the adaptation is discarded and a new one is performed. It should be stressed

that the active degrees of freedom are strictly on mesh nodes that do not change

position. The nodes that are moved all lie on the interface.

13



Chapter 4

Error Analysis

The questions of stability, convergence and (lack of) satisfaction of the consistency

condition in the present algorithm are not an issue, these have already been prop-

erly answered [11, 26, 28]. It is also well known that the convergence rate in the

finite element spatial approximation of second order parabolic equations using linear

triangles and bilinear quadrilaterals is of second order [32, 33]; However, questions

have been raised about the local accuracy and the actual convergence rate of the

methodology used here to simulate the moving interfaces due to the interaction of

the mesh adaptation method and the numerical algorithm. The reason is that during

the calculation very small elements and elements with very large aspect ratios are

generated that are adjacent to the much larger elements of the fixed basic mesh.

This mixture of large and small elements is traditionally viewed as poor practice

that compromises the accuracy of the FEM calculations. In this chapter, the results

of a (admittedly limited) local truncation error analysis is presented to understand

the practical effect of this aspect of the method.

The approximation error has two main sources, one is the solution of the

convection-diffusion equation 2.9, and the second source of error is the solution of the

14



Chapter 4. Error Analysis

pressure Poisson equation 2.12. The second equation involves the gradients of the

intermediate velocity calculated in equation 2.17 as the forcing term, therefore error

in the solution of equation 2.9 affects the accuracy of the solution to equation 2.12.

4.1 Error in the Convection-Diffusion Equation

First the local error in the approximation of the convection diffusion equation

∂φ

∂t
+ u · ∇φ−D∇2φ = 0 (4.1)

where D = 1
Re

is considered. Bilinear quadrilateral elements are used on a non-

1 2

34

h

k

(a)

(xi−1, yj+1)

(xi−1, yj)

(xi−1, yj−1)

(xi, yj+1) (xi+1, yj+1)

(xi+1, yj)(xi, yj)

(xi+1, yj−1)(xi, yj−1)

k1

k2

h1 h2

(b)

1 2

3 4

Figure 4.1: (a) Nodal numbering in a bilinear element (b) Four elements assembly
around node (xi, yi) in an irregular rectangular mesh.

uniform mesh.

Figure 4.1(a) shows the nodal notation used for a single bilinear element and

figure 4.1(b) shows the notation in a general two-dimensional irregular rectangular

mesh.

φ is transport quantity.

Assume that the convective velocity field u = (u, v)T is known and constant.
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The weak weighted residuals formulation of equation 4.1 gives

∫

Ω t

{
w ·
[
∂φ

∂t
+ (u · ∇)φn

]
+D

(
∇w.∇φn+1

)}
dΩ = 0 (4.2)

Where w denotes the weighting functions.

The φ function is discretized over the space as:

φ (x, y, t) ∼=
n∑

i=1

Ni (x, y, t)φi (t) (4.3)

Where Ni are the shape functions over each element, and n is the number of nodes

in an element, in this two dimensional case n = 4. The weighting functions wi are

set to be equal to shape functions Ni. the final form of the equation 4.2 is

∫ ∆y

0

∫ ∆x

0

Ni

4∑

j=1

Nj
∂φj
∂t

dxdy

+

∫ ∆y

0

∫ ∆x

0

(
uNi

4∑

j=1

(
∂Nj

∂x
φnj

)
+ vNi

4∑

j=1

(
∂Nj

∂y
φnj

))
dxdy

+

∫ ∆y

0

∫ ∆x

0

D

(
∂Ni

∂x

4∑

j=1

(
∂Nj

∂x
φn+1
j

)
+
∂Ni

∂y

4∑

j=1

(
∂Nj

∂y
φn+1
j

))
dxdy = 0

(4.4)

The shape functions according to figure 4.1(a) are





N1 =
(

1− x

h

)(
1− y

k

)

N2 =
(x
h

)(
1− y

k

)

N3 =
(

1− x

h

)(y
k

)

N4 =
(x
h

)(y
k

)

(4.5)

The next task is to calculate the stiffness matrix of an element. By calculating the

stiffness matrices the equation 4.4 can be written as

S11
ij φ̇j + S22

ij φ
n
j + S33

ij φ
n
j + S44

ij φ
n+1
j + S55

ij φ
n+1
j = 0 (4.6)
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Where Smm are stiffness matrices calculated as

S11
ij = ∆x∆y

36




4 2 1 2

2 4 2 1

1 2 4 2

2 1 2 4




, S22
ij = u∆y

12




−2 2 1 −1

−2 2 1 −1

−1 1 2 −2

−1 1 2 −2




,

S33
ij = v∆x

12




−2 −1 1 2

−1 −2 2 1

−1 −2 2 1

−2 −1 1 2




, S44
ij = D ∆y

6∆x




2 −2 −1 1

−2 2 1 −1

−1 1 2 −2

1 −1 −2 2




, and

S55
ij = D ∆x

6∆y




2 1 −1 −2

1 2 −2 −1

−1 −2 2 1

−2 −1 1 2




The most commonly time integration algorithm normally referring to as the θ

method is used. It consists in approximating the time derivative by the backward

difference

φ̇ ∼= 1

∆t

(
φn+1 − φn

)
(4.7)

The parameter φ is then defined by

φ = θ φn+1 + (1− θ)φn (4.8)

in this analysis the relaxation parameter is θ = 1, and the result is φ = φn+1.

The element equations written for an element using the notation in figure 4.1(a)
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Chapter 4. Error Analysis

are used and ∆x = h and ∆y = k are replaced


hk

36∆t


4 2 1 2

2 4 2 1

1 2 4 2

2 1 2 4

 +
Dk

6h


2 −2 −1 1

−2 2 1 −1

−1 1 2 −2

1 −1 −2 2

 +
Dh

6k


2 1 −1 −2

1 2 −2 −1

−1 −2 2 1

−2 −1 1 2






φn+1

1

φn+1
2

φn+1
3

φn+1
4

 =


−
uk

12


−2 2 1 −1

−2 2 1 −1

−1 1 2 −2

−1 1 2 −2

−
vh

12


−2 −1 1 2

−1 −2 2 1

−1 −2 2 1

−2 −1 1 2

 +
hk

36∆t


4 2 1 2

2 4 2 1

1 2 4 2

2 1 2 4






φn1

φn2

φn3

φn4



(4.9)

The detailed two dimensional truncation error analysis of convection-diffusion equa-

tion can be found in Appendix B.1. Assembling the element equation contributions

to node (xi, yi) results in the difference equation (DE)

DE ≡ DEtime derivation +DEconvection +DEdiffusion (4.10)

where

DEtime derivation ≡

+
k1

36∆t

(
h1φ

n+1
i−1j−1 + 2 (h1 + h2)φn+1

i j−1 + h2φ
n+1
i+1j−1

)

− k1

36∆t

(
h1φ

n
i−1j−1 + 2 (h1 + h2)φnij−1 + h2φ

n
i+1j−1

)

+
(k1 + k2)

36∆t

(
2h1φ

n+1
i−1j + 4 (h1 + h2)φn+1

i j + 2h2φ
n+1
i+1j

)

−(k1 + k2)

36∆t

(
2h1φ

n
i−1j + 4 (h1 + h2)φnij + 2h2φ

n
i+1j

)

+
k2

36∆t

(
h1φ

n+1
i−1j+1 + 2 (h1 + h2)φn+1

i j+1 + h2φ
n+1
i+1j+1

)

− k2

36∆t

(
h1φ

n
i−1j+1 + 2 (h1 + h2)φnij+1 + h2φ

n
i+1j+1

)

(4.11)
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DEconvection ≡

+
vh1

12

(
2φnij+1 + φni−1j+1 − φni−1j−1 − 2φnij−1

)

+
vh2

12

(
φni+1j+1 + 2φnij+1 − 2φnij−1 − φni+1j−1

)

+
uk2

12

(
φni+1j+1 + 2φni+1j − 2φni−1j − φni−1j+1

)

+
uk1

12

(
2φni+1j + φni+1j−1 − φni−1j−1 − 2φni−1j

)

(4.12)

and

DEdiffusion ≡

+
D

6h1

(
k1

(
φn+1
i j−1 − φn+1

i−1j−1

)
+ 2 (k1 + k2)

(
φn+1
i j − φn+1

i−1j

)
+ k2

(
φn+1
i j+1 − φn+1

i−1j+1

))

+
D

6h2

(
k1

(
φn+1
i j−1 − φn+1

i+1j−1

)
+ 2 (k1 + k2)

(
φn+1
i j − φn+1

i+1j

)
+ k2

(
φn+1
i j+1 − φn+1

i+1j+1

))

+
D

6k1

(
h1

(
φn+1
i−1j − φn+1

i−1j−1

)
+ 2 (h1 + h2)

(
φn+1
i j − φn+1

i j−1

)
+ h2

(
φn+1
i+1j − φn+1

i+1j−1

))

+
D

6k2

(
h1

(
φn+1
i−1j − φn+1

i−1j+1

)
+ 2 (h1 + h2)

(
φn+1
i j − φn+1

i j+1

)
+ h2

(
φn+1
i+1j − φn+1

i+1j+1

))

(4.13)

A local truncation error analysis can show the deviation between an exact differ-

ential equation and its finite difference representation at a point in space and time.

There are more information about truncation error analysis in appendix A.

All the terms in DE are expanded in Taylor series about φn+1
i j . The DE about
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φn+1
i j is

DE =
(h1 + h2)(k1 + k2)

4
×





∂φ

∂t
−D

(
∂2φ

∂x2
+
∂2φ

∂x2

)
+ u

∂φ

∂x
+ v

∂φ

∂y

+
1

3

(
(h 2 − h1)

∂2φ

∂x∂t
+ (k2 − k1)

∂2φ

∂y∂t

)

+
1

3

(
(k2 − k1)

(
−∂

3φ

∂y3
− ∂3φ

∂x2∂y

)
+ (h2 − h1)

(
−∂

3φ

∂x3
− ∂3φ

∂x∂y2

))

+u

(
1

2
(h2 − h1)

∂2φ

∂x2
+

1

3
(k2 − k1)

∂2φ

∂x∂y

)

+v

(
1

2
(k2 − k1)

∂2φ

∂y2
+

1

3
(h2 − h1)

∂2φ

∂x∂y

)

+O(h2, k2, hk, h∆t, k∆t,∆t)





(4.14)

All terms on the right hand side of equation 4.14 are evaluated at (xi, yj, tn+1). Re-

writing the first order term of the truncation error as

1

3

(
(k2 − k1)

∂

∂y

(
∂φ

∂t
− ∂2φ

∂x2
− ∂2φ

∂y2
+ u

∂φ

∂x
+ v

∂φ

∂y

))
+
u

6
(h2 − h1)

∂2φ

∂x2

+
1

3

(
(h2 − h1)

∂

∂x

(
∂φ

∂t
− ∂2φ

∂x2
− ∂2φ

∂y2
+ u

∂φ

∂x
+ v

∂φ

∂y

))
+
v

6
(k2 − k1)

∂2φ

∂y2

the leading terms on the left must vanish hence the changes in the mesh introduce a

spatial first order local error (FOE) equal to

FOE =
1

6

(
u (h2 − h1)

(
∂2φ

∂x2

)n+1

i j

+ v (k2 − k1)

(
∂2φ

∂y2

)n+1

i j

)
(4.15)

This is of the form of an anisotropic artificial diffusion similar to that arising in

stabilizing formulations of the upwind type, and is readily eliminated by the addition

of an artificial balancing diffusion in the intersected elements [27], which restores the

local second order accuracy in the approximation.
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In three dimensions, the first order truncation error terms in the Taylor expansion

are

DE =
(h1 + h2) (k1 + k2) (l2 − l1)

8
×




1

3

(
(h2 − h1)

∂2φ

∂x∂t
+ (k2 − k1)

∂2φ

∂y∂t
+ (l2 − l1)

∂2φ

∂z∂t

)

+
1

3
D




(h2 − h1)

(
−∂

3φ

∂x3
− ∂3φ

∂x∂y2
− ∂3φ

∂x∂z2

)

+ (k2 − k1)

(
−∂

3φ

∂y3
− ∂3φ

∂x2∂y
− ∂3φ

∂y∂z2

)

+ (l2 − l1)

(
−∂

3φ

∂z3
− ∂3φ

∂y2∂z
− ∂3φ

∂x2∂z

)




+u

(
1

2
(h2 − h1)

∂2φ

∂x2
+

1

3
(k2 − k1)

∂2φ

∂x ∂y
+

1

3
(l2 − l1)

∂2φ

∂x ∂z

)

+v

(
1

2
(k2 − k1)

∂2φ

∂y2
+

1

3
(h2 − h1)

∂2φ

∂x ∂y
+

1

3
(l2 − l1)

∂2φ

∂y∂z

)

+w

(
1

2
(l2 − l1)

∂2φ

∂z2
+

1

3
(h2 − h1)

∂2φ

∂x ∂z
+

1

3
(k2 − k1)

∂2φ

∂y ∂z

)




(4.16)

where l1 and l2 are the different mesh sizes in the z-direction. The same manipulations

as in two dimensions show that the local first order error introduced by the mesh

changes is

FOE =
1

6




u (h2 − h1)

(
∂2φ

∂x2

)n+1

i j k

+v (k2 − k1)

(
∂2φ

∂y2

)n+1

i j k

+w (l2 − l1)

(
∂2φ

∂z2

)n+1

i j k




(4.17)

Therefore the approximation to the convection-diffusion equation requires a cor-

rection to eliminate the artificial diffusion introduced by the changes in the mesh.

This is readily accomplished by means of any of the procedures already known to
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eliminate artificial numerical diffusion, and can be implemented in a variety of ways.

In particular this correction is similar to the stabilization of SUPG type required for

highly convective flows. However, in the present case the additional error is strictly

localized next to the interfaces and does not have the global effect of a stabilized

Petrov-Galerkin formulation. Moreover, so far numerical experiments have shown

that this error is small in the sense that it only increases the relative error at nodes

adjacent to the boundary by two or three percent, but this conclusion is based on a

limited number of measurements.

Like the two dimensional analysis, the detailed three dimensional truncation error

analysis for convection-diffusion equation can be found in Appendix B.2.

4.2 Error in the Pressure Poisson Equation

The second source of approximation error in need of analysis is the solution of the

pressure Poisson equation

−∇2p = f (4.18)

where

f = − 1

∆t
∇ · u∗ (4.19)

Detailed two dimensional truncation error analysis of Poisson equation can be found

in Appendix C.1.

In the two-dimensional case, using the notation of Figure 4.1(a) the element
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equations are



k

6h




2 −2 −1 1

−2 2 1 −1

−1 1 2 −2

1 −1 −2 2




+
h

6k




2 1 −1 −2

1 2 −2 −1

−1 −2 2 1

−2 −1 1 2










p1

p2

p3

p4




=

hk

36




4 2 1 2

2 4 2 1

1 2 4 2

2 1 2 4







f1

f2

f3

f4




(4.20)

and assembling the difference equation for node (xi, yi) yields

DE ≡ 1

6h1

(k1 (pi j−1 − pi−1 j−1) + 2 (k1 + k2) (pi j − pi−1 j) + k2 (pi j+1 − pi−1 j+1))

+
1

6h2

(k1 (pi j−1 − pi+1 j−1) + 2 (k1 + k2) (pi j − pi+1 j) + k2 (pi j+1 − pi+1 j+1))

+
1

6k1

(h1 (pi−1 j − pi−1 j−1) + 2 (h1 + h2) (pi j − pi j−1) + h2 (pi+1 j − pi+1 j−1))

+
1

6k2

(h1 (pi−1 j − pi−1 j+1) + 2 (h1 + h2) (pi j − pi j+1) + h2 (pi+1 j − pi+1 j+1))

−




h1

36
(k1fi−1 j−1 + k2fi−1 j+1) +

h2

36
(k1fi+1 j−1 + k2fi+1 j+1)

+
k1 (h1 + h2)

18
fi j−1 +

h1 (k1 + k2)

18
fi−1 j +

h2 (k1 + k2)

18
fi+1 j

+
k2 (h1 + h2)

18
fi j+1 +

(k1 + k2) (h1 + h2)

9
fi j




= 0

(4.21)

The Taylor series expansion about pi j gives

DE =
(h1 + h2)(k1 + k2)

4
×




(
−∂

2p

∂x2
− ∂2p

∂x2
− f

)
+

1

3




(k2 − k1)

(
−∂

3p

∂y3
− ∂3p

∂x2∂y

)

+ (h2 − h1)

(
−∂

3p

∂y3
− ∂3p

∂x∂y2

)




−1

3
[(k2 − k1)fy + (h2 − h1)fx] +O(h2, k2, hk)




(4.22)
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Note that the leading first order term in the truncation error is equal to

1

3




(k2 − k1)
∂

∂y

(
−∂

2p

∂x2
− ∂2p

∂y2
− f

)

+(h2 − h1)
∂

∂x

(
−∂

2p

∂x2
− ∂2p

∂y2
− f

)


 ≡ 0 (4.23)

Provided that the finite element discretization of the right hand side is fully consis-

tent; Therefore, this error vanishes and the method is locally second order accurate

regardless of abrupt changes in the mesh. However, if the formulation is not fully

consistent, such as the case reduced integration is used to evaluate the pressure

gradients in , then a first order error is introduced.

In three dimensions the leading term in the truncation error takes the form

1

3




(k2 − k1)

(
− ∂3p

∂x2∂y
− ∂3p

∂y3
− ∂3p

∂y ∂z2

)

+(h2 − h1)

(
−∂

3p

∂x3
− ∂3p

∂x ∂y2
− ∂3p

∂x ∂z2

)

+(l2 − l1)

(
− ∂3p

∂x2∂z
− ∂3p

∂y2∂z
− ∂3p

∂z3

)




−1

3

(
(h2 − h1)

∂f

∂x
+ (k2 − k1)

∂f

∂y
+ (l2 − l1)

∂f

∂z

)
+O(h2, k2, l2)

(4.24)

Re-writing equation 4.24 gives

FOE =
1

3




(h2 − h1)
∂

∂x

(
−∂

2pijk
∂x2

− ∂2pijk
∂y2

− ∂2pijk
∂z2

− fijk
)

+ (k2 − k1)
∂

∂y

(
−∂

2pijk
∂x2

− ∂2pijk
∂y2

− ∂2pijk
∂z2

− fijk
)

+ (l2 − l1)
∂

∂z

(
−∂

2pijk
∂x2

− ∂2pijk
∂y2

− ∂2pijk
∂z2

− fijk
)



≡ 0 (4.25)

and as expected the same results as in two dimensions are true in three dimensions.

Detailed analysis for Poisson equation three dimensional truncation error can be

found in appendix C.2.
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Chapter 4. Error Analysis

The results presented in this chapter are easily confirmed through simple numeri-

cal examples and indicate that when very small elements or elements with very large

aspect ratios next to elements of a standard size are generated next to the moving

interfaces the accuracy of the calculations is not significantly affected. Errors in-

troduced in the solution of the convection diffusion equations are localized to the

immediate vicinity of the moving interface and can be corrected by existing tech-

niques which results in retaining full second order spatial accuracy in the solution

of the intermediate velocity; however, the effect of the correction has shown to have

only a marginal improvement in the accuracy. Consequently, the accuracy of the

calculations is either not affected by the appearance of very small elements or the

additional error introduced by the large ratio between the sizes of adjacent elements

is small.

In the implementation of the method, to avoid difficulties stemming from trun-

cation when the size of the intersection of an element turns out to be extremely

small, if the element area (in two dimensions) or the volume (in three dimensions)

turns out to be less than 0.1% of the size of the original intersected element the

small intersection is neglected. This precaution guarantees that the derivatives of

the shape functions do not differ by more than four orders of magnitude and prevents

truncation errors from becoming a problem.
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Chapter 5

Benchmark Problem

To validate the method and the results above and gain further insight into the behav-

ior of the method consider two-dimensional flow of a fluid layer between two parallel

plates moving away from each other with time [34]. This flow admits an analytical

similarity solution when the velocity at which the plates move has the prescribed

form shown below. The domain is a rectangular region of size 2L long by 2h(t) high

where x = 0 and y = 0 are symmetry planes. The problem set up is depicted in

Figure 5.1. Note that using symmetry only a quarter of the domain may be used in

the calculations, that is 0 ≤ x ≤ L, 0 ≤ y ≤ h(t).

Figure 5.1: Schematic of flow between separating parallel planes.
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Chapter 5. Benchmark Problem

The maximum allowed separation to be reached between the upper plate and the

x-axis is showed by H, and the initial position of the plate is denoted by y0 = h(0);

Therefore, the position , h (t), of the plate as a function of time is

h (t) = y0(1− αt)1/2 (5.1)

and the velocity of the plate is given by

w (t) =
d (h (t))

dt
=

−αy0

2(1− αt)1/2
(5.2)

and an analytical similarity solution exists [34] of the form

u∗ (x, t) =
αx

2 (1− αt)f
′ (η) (5.3)

v* (x, t) =
−αy0

2(1− αt)1/2
f (η) (5.4)

where η is the stretched vertical coordinate η = y
h(t)

, f ′ (η) is the derivative of f with

respect to η and

f (η) = η +
1

π
sin (πη) (5.5)

The value of α is obtained from α = −π2ν
2h20

where ν is the kinematic viscosity of the

fluid.

The solution for the pressure p is more involved [35] and is given by

p∗ =
ρ (L2 − x2)

2h2

[
v2(f ′)

2
+
(
v2 − v’

)
f ′ + v2 (η − f) f ′′ +

ν

h
v f ′′′

]
− p (L) (5.6)

where ρ is the fluid density.

In the purpose of this study, an artificial balancing diffusion introduced by change

in the mesh and equal to first order error in convection-diffusion equation is added

[27] in the intersected elements to a provided numerical simulation to restore the

local second order accuracy in the approximation. However, up to now numerical

experiments have shown that this error is small in the sense that it only increases

the relative error at nodes adjacent to the boundary by two or three percent, but

this conclusion is based on a limited number of measurements.
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Chapter 6

Numerical Solution to the

Benchmark Problem

The problem discussed above is now used to assess the accuracy of the ALE-FEM

numerical model under consideration. The computational domain and boundary

conditions are shown in figure 6.1

Figure 6.1: Domain and boundary conditions for the separating plates flow solved
over one quarter of the complete region

For the set of calculations that follows the density is set to ρ = 1 and the kinematic

viscosity is ν = 0.05. The maximum height is set as H = 1 and the width of one halve

of the region is set to L = 5. Using H as the characteristic length and a characteristic

velocity U = 1 this results in a Reynolds number Re = 20. The initial position of

the upper boundary is chosen at y0 = 0.4. The initial conditions and the boundary
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Chapter 6. Numerical Solution to the Benchmark Problem

conditions for the velocity at x = 5 are taken from the analytical solutions 5.3 and 5.4

and the interface position and velocity are given in equations 5.1 and 5.2.

The results of numerical simulations using the parameters given above and three

uniform finite element meshes are reported here. The first mesh contains 50 x 10

bilinear elements with ∆x = ∆ y = 0.1; the second mesh has 100 x 20 bilinear

elements and ∆x = ∆ y = 0.05; the third mesh has 200 x 40 bilinear elements

and ∆x = ∆ y = 0.025. Note that the meshes involve only rectangular elements,

therefore the analysis in chapter 4 applies directly to these simulations without any

kind of further approximation. For the first mesh the time step was chosen to be

∆ t = 0.005 , for the second mesh ∆ t = 0.00125 and for the third ∆ t = 0.0003125;

that is, the time step is divided by four every time the mesh is halved to account

for the fact that the time stepping scheme is only first order. Calculations were

performed for a total of 2 time units in each mesh, the top plate starts at y0 = 0.4

and ends at h (2) = 0.8038. Figure 6.2 shows the flow and pressure fields at the end

of the simulation when t = 2.

Figure 6.2: Flow and pressure fields for the benchmark problem at t = 2

Establishment of a meaningful comparison between the analytical and numerical

solutions can be somewhat tricky. The objective here is to present a realistic picture

of the accuracy of the method without claiming that the conclusions are absolute

but that this is a viable method that exhibits appropriate accuracy and rate of

convergence. To this purpose several decisions were made in an attempt to present
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Chapter 6. Numerical Solution to the Benchmark Problem

a clear picture of the behavior of the algorithm without becoming entangled in a

lengthy and overly detailed discussion. First the choice was made to calculate the

average relative error in the velocity magnitude and the pressure for all active nodes

located at x = 2.5, that is the vertical cross section located in the middle of the

domain. Hence, at each time step tn the average errors

EV (tn) =

(∑k
i=1

[
(u∗i − uai )2 + (v∗i − vai )2]
∑k

i=1

[
(u∗i )

2 + (v∗i )
2]

) 1
2

(6.1)

and

EP (tn) =

(∑k
i=1

[
(p∗i − pai )2]

∑k
i=1

[
(p∗i )

2]
) 1

2

(6.2)

are found. Here the star superscript denotes the analytical solution, the superscript a

denotes the approximate finite element solution and k is the number of nodes active

in the line x = 2.5 at time step tn.

The error as a function of time for the three meshes is shown in figures 6.3 and 6.4

Figure 6.3: Average relative error in the velocity magnitude

Figures 6.3 and 6.4 show that both the velocity magnitude and the pressure converge

as the size of the mesh spacing and time step decrease. The individual components of

the velocity show the same type of behavior. The pressure error shows an unexpected
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Chapter 6. Numerical Solution to the Benchmark Problem

Figure 6.4: Average relative error in the pressure

behavior at the first time step, where the error is very large and decays very rapidly

towards its average value; it also exhibits a sharp decay followed by a jump when the

interface crosses to a new element in the vertical direction. It has not been possible

for us to fully explain this behavior, measures can be taken to reduce and almost

eliminate these perturbations, but these modifications complicate the model and

are probably not effective for more general cases. The presence of a programming

error cannot be ruled out; another possibility is that this problem offers a sort of

“worst case scenario” in which all the nodes lying on the interface cross to a new

element at the same time therefore compounding the error. However, the jumps in

the error are not significant and are rapidly reduced when the mesh size is reduced;

the reduction in the error when first adding a new row of elements is more puzzling

though. Because these are incompressible flow calculations, any small perturbation

in the mass conservation can produce a large change in the pressure, this could be

what is observed here.

To get an idea of the rate at which convergence takes place, the average of the

above values over a time interval is considered, to obtain one value for each mesh

that can be thought of as representative of the error in the simulation. This was

done over the whole time interval 0 ≤ t ≤ 2 so the effect of the ends of the time
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Chapter 6. Numerical Solution to the Benchmark Problem

interval are included. The values for the error are given by (EV )j = 1
2

∫ 2

0
EV (t) dt

and (EP )j = 1
2

∫ 2

0
EP (t) dt, j = 1, 3 where j denotes each of the three meshes.

Figures 6.5 and 6.6 show the rates of convergence obtained for the velocity mag-

nitude and the pressure respectively, for the velocity the calculated convergence rate

is 2.05 and for the pressure 1.50.

Figure 6.5: Convergence rate for the velocity magnitude

Figure 6.6: Convergence rate for the pressure

The actual calculated values for the errors (EV )j and (EP )j are given in Table 1.
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Chapter 6. Numerical Solution to the Benchmark Problem

j hj (EV )j (EP )j
1 0.1 0.0140 0.0272
2 0.05 0.0029 0.0079
3 0.025 0.0008 0.0034

Table 6.1: Averaged error for expanding channel problem with uniform meshes

The above results with the criterion used here to measure the error show that the

finite element approximation to the velocity converges at a second order rate, and

that the average relative error in the approximation of the velocity is reasonably

small even for coarse meshes, as can be seen in figure 6.3 and table 6.1. Evidently,

if different kinds of averaging are chosen or if different time intervals are chosen to

average over, the results will be slightly different but always very similar. The same

conclusion is reached when different parameters are used in the example. Examina-

tion of the error at each node shows that the relative error in a velocity component

can be quite large depending on the location of the node and the magnitude of the

velocity component relative to the maximum magnitude of that component in the

whole domain; this can be the situation for the u component of velocity at nodes

next to the moving interface where the magnitude of this component is very small

compared to its maximum. However, this is not a deficiency of the present method

but a property of finite element approximations that produce an even distribution of

the error over the region [32]; the absolute error is relatively uniform and therefore

the relative error is large for values of the dependent variable that have a small abso-

lute magnitude. A simple example that illustrates this phenomenon is given by the

one dimensional equation d2φ
dx2

= 12x2, φ (0) = 0, φ (1) = 1 which has the solution

φ∗ = x4. The finite element solution using 10 linear elements produces a relative

error of 900% at x = 0.1 where φ∗ = 0.0001 and a relative error of 0.14% at x = 0.9

where φ∗ = 0.6561; but the absolute error at both points is 0.03 and is the smallest

error at the nodes. As the mesh is refined, the solution converges at the expected
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Chapter 6. Numerical Solution to the Benchmark Problem

second order rate, but the relative error at the first few nodes next to x = 0 remains

very large; in fact, using 20 linear elements in the same example yields an error of

1900% at x = 0.05.

The above discussion illustrates the difficulty in determining a criterion to assess

the error and the fact that measuring relative error may not be the best thing to do.

It underscores the need to examine the models from various different points of view

before reaching conclusions about their accuracy and general behavior.
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Chapter 7

Conclusions

To assess the accuracy of ALE finite element CFD simulations in situations that

involve time dependent domains can be a complicated task, especially because the

methods usually used in these cases are based on adaptive meshes that continuously

change with time. A new approach has been developed that utilizes a fixed mesh, and

applied to a two-dimensional flow with moving boundaries for which an analytical

solution is available where the accuracy of the simulations can be measured directly.

At the same time local truncation error analyses have been performed to assess the

effect that local changes in the mesh size have in the numerical approximations,

especially when these changes generate adjacent elements that have a two or three

orders of magnitude difference in area or volume. The conclusion is that the accuracy

of this new ALE-FEM method is not adversely affected by the abrupt mesh changes

and that it has second order spatial rate of convergence.
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Appendix A

Truncation Error

A.1 Trncation Error

Local truncation error represents the difference between an exact differential equation

and its Finite Difference representation at a point in space and time. Local truncation

error provides a basis for comparing local accuracies of various difference schemes.

As an example, the local truncation error of a forward in time and central in space

approach to equation

∂U

∂t
− ∂2U

∂x2
= 0 (A.1)

with

FD =
un+1
i − uni

∆t
− uni−1 − 2uni + uni+1

(∆x)2 = 0 (A.2)

where uij denotes the numerical approximation of exact value U at (xi, yj) is

LTE =
Un+1
i − Un

i

∆t
− Un

i−1 − 2Un
i + Un

i+1

(∆x)2 = 0 (A.3)
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Appendix A. Truncation Error

Using Taylor expansions, the expression for LTE is

LTE =

(
∂U

∂t
− ∂2U

∂x2

)n

i

+
∆t

2

(
∂2U

∂t2

)n

i

− (∆x)2

12

(
∂4U

∂x4

)n

i

+
(∆t)2

6

(
∂3U

∂t3

)n

i

− (∆x)4

360

(
∂4U

∂x6

)n

i

+ · · ·
(A.4)

As U is the solution to the differential equation

(
∂U

∂t
− ∂2U

∂x2

)n

i

= 0 (A.5)

the local truncation error is

LTE =
∆t

2

(
∂2U

∂t2

)n

i

− (∆x)2

12

(
∂4U

∂x4

)n

i

+ · · · (A.6)

A.2 Taylor Expansions

The general Taylor expansions used in this study are given as:

Two dimensional expansions are

φi+1j+1 = φij +
(

∆x(φij)x + ∆y(φij)y

)
+

1

2!

(
∆x2(φij)xx + 2∆x∆y(φij)xy + ∆y2(φij)yy

)

+
1

3!

(
∆x3(φij)xxx + 3∆x2∆y(φij)xxy + 3∆x∆y2(φij)xyy + ∆y3(φij)yyy

)

+O
(
∆x4, ∆x3∆y, ∆x2∆y2, ∆x∆y3, ∆y4

)
(A.7)

and

φi−1j−1 = φij −
(

∆x(φij)x + ∆y(φij)y

)
+

1

2!

(
∆x2(φij)xx + 2∆x∆y(φij)xy + ∆y2(φij)yy

)

− 1

3!

(
∆x3(φij)xxx + 3∆x2∆y(φij)xxy + 3∆x∆y2(φij)xyy + ∆y3(φij)yyy

)

+O
(
∆x4, ∆x3∆y, ∆x2∆y2, ∆x∆y3, ∆y4

)
(A.8)
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Three dimensional expansions are

φi−1j−1k−1 = φijk −
(
h1(φijk)x + k1(φijk)y + l1(φijk)z

)

+
1

2!


h1

2(φijk)xx + 2h1k1(φijk)xy + 2h1l1(φijk)xz

+k1
2(φijk)yy + 2k1l1(φijk)yz + l1

2(φijk)zz




− 1

3!




h1
3(φijk)xxx + 3h1

2k1(φijk)xxy + 3h1
2l1(φijk)xxz

+3h1k1
2(φijk)xyy + 6h1k1l1(φijk)xyz + 3h1l1

2(φijk)xzz

+k1
3(φijk)yyy + 3k1

2l1(φijk)yyz + 3k1l1
2(φijk)yzz + l1

3(φijk)zzz




(A.9)

and

φi+1j+1k+1 = φijk +
(
h2(φijk)x + k2(φijk)y + l2(φijk)z

)

+
1

2!


h2

2(φijk)xx + 2h2k2(φijk)xy + 2h2l2(φijk)xz

+k2
2(φijk)yy + 2k2l2(φijk)yz + l2

2(φijk)zz




+
1

3!




h2
3(φijk)xxx + 3h2

2k2(φijk)xxy + 3h2
2l2(φijk)xxz

+3h2k2
2(φijk)xyy + 6h2k2l2(φijk)xyz + 3h2l2

2(φijk)xzz

+k2
3(φijk)yyy + 3k2

2l2(φijk)yyz + 3k2l2
2(φijk)yzz + l2

3(φijk)zzz




(A.10)

These are general Taylor expansions. The rest of the Taylor expansions can be

calculated by using these equations and setting the proper value for ∆x,∆yor∆z

depends on the problem.
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Appendix B

Convection-Diffusion Truncation

Error Analysis

B.1 2-D Domain

Assume that the convective velocity field u = (u, v)T is known and constant.

The weak weighted residuals formulation of equation 4.1 gives

∫

Ω t

{
w ·
[
∂φ

∂t
+ (u · ∇)φn

]
+D

(
∇w.∇φn+1

)}
dΩ = 0 (B.1)

Where w denotes the weighting functions.

The φ is discretized over the space as:

φ (x, y, t) ∼=
n∑

i=1

Ni (x, y)φi (t) (B.2)

Where Ni are the shape functions over each element, and n is the number of nodes

in an element, in this two dimensional case n = 4. The weighting functions wi are
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Appendix B. Convection-Diffusion Truncation Error Analysis

set to be equal to shape functions Ni. the final form of the equation B.1 is

∫ ∆y

0

∫ ∆x

0

Ni

4∑

j=1

Nj
∂φj
∂t

dxdy

+

∫ ∆y

0

∫ ∆x

0

(
uNi

4∑

j=1

(
∂Nj

∂x
φnj

)
+ vNi

4∑

j=1

(
∂Nj

∂y
φnj

))
dxdy

+

∫ ∆y

0

∫ ∆x

0

D

(
∂Ni

∂x

4∑

j=1

(
∂Nj

∂x
φn+1
j

)
+
∂Ni

∂y

4∑

j=1

(
∂Nj

∂y
φn+1
j

))
dxdy = 0

(B.3)

Another representation of equation B.3 is

4∑

j=1

∫ ∆y

0

∫ ∆x

0

NiNj
∂φj
∂t

dxdy

+u
4∑

j=1

∫ ∆y

0

∫ ∆x

0

Ni
∂Nj

∂x
φnj dxdy + v

4∑

j=1

∫ ∆y

0

∫ ∆x

0

Ni
∂Nj

∂y
φnj dxdy

+D
4∑

j=1

∫ ∆y

0

∫ ∆x

0

∂Ni

∂x

∂Nj

∂x
φn+1
j dxdy +D

4∑

j=1

∫ ∆y

0

∫ ∆x

0

∂Ni

∂y

∂Nj

∂y
φn+1
j dxdy = 0

(B.4)

The shape functions according to figure 4.1(a) are





N1 =
(

1− x

h

)(
1− y

k

)

N2 =
(x
h

)(
1− y

k

)

N3 =
(

1− x

h

)(y
k

)

N4 =
(x
h

)(y
k

)

(B.5)

The next task is to calculate the stiffness matrix of an element. By calculating the

stiffness matrices the equation B.4 can be written as:

S11
ij φ̇j + S22

ij φ
n
j + S33

ij φ
n
j + S44

ij φ
n+1
j + S55

ij φ
n+1
j = 0 (B.6)
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Appendix B. Convection-Diffusion Truncation Error Analysis

Where Smm are stiffness matrices calculated as

S11
ij = ∆x∆y

36




4 2 1 2

2 4 2 1

1 2 4 2

2 1 2 4




, S22
ij = u∆y

12




−2 2 1 −1

−2 2 1 −1

−1 1 2 −2

−1 1 2 −2




,

S33
ij = v∆x

12




−2 −1 1 2

−1 −2 2 1

−1 −2 2 1

−2 −1 1 2




, S44
ij = D ∆y

6∆x




2 −2 −1 1

−2 2 1 −1

−1 1 2 −2

1 −1 −2 2




, and

S55
ij = D ∆x

6∆y




2 1 −1 −2

1 2 −2 −1

−1 −2 2 1

−2 −1 1 2




The most commonly time integration algorithm normally referring to as the θ

method is used. It consists in approximating the time derivative by the backward

difference

φ̇ ∼= 1

∆t

(
φn+1 − φn

)
(B.7)

The transport quantity, φ, is then defined by

φ = θ φn+1 + (1− θ)φn (B.8)

in this analysis the relaxation parameter is θ = 1 and, as a result, φ = φn+1.

The element equation written for the first element using the notation in figure
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Appendix B. Convection-Diffusion Truncation Error Analysis

4.1 is


h1k1

36∆t


4 2 1 2

2 4 2 1

1 2 4 2

2 1 2 4

 +
Dk1

6h1


2 −2 −1 1

−2 2 1 −1

−1 1 2 −2

1 −1 −2 2

 +
Dh1

6k1


2 1 −1 −2

1 2 −2 −1

−1 −2 2 1

−2 −1 1 2






φn+1
i−1j−1

φn+1
ij−1

φn+1
ij

φn+1
i−1j

 =


−
uk1

12


−2 2 1 −1

−2 2 1 −1

−1 1 2 −2

−1 1 2 −2

−
vh1

12


−2 −1 1 2

−1 −2 2 1

−1 −2 2 1

−2 −1 1 2

 +
h1k1

36∆t


4 2 1 2

2 4 2 1

1 2 4 2

2 1 2 4






φni−1j−1

φnij−1

φnij

φni−1j



(B.9)

for the second element the equation is


h2k1

36∆t


4 2 1 2

2 4 2 1

1 2 4 2

2 1 2 4

 +
Dk1

6h2


2 −2 −1 1

−2 2 1 −1

−1 1 2 −2

1 −1 −2 2

 +
Dh2

6k1


2 1 −1 −2

1 2 −2 −1

−1 −2 2 1

−2 −1 1 2






φn+1
ij−1

φn+1
i+1j−1

φn+1
i+1j

φn+1
ij

 =


−
uk1

12


−2 2 1 −1

−2 2 1 −1

−1 1 2 −2

−1 1 2 −2

−
vh2

12


−2 −1 1 2

−1 −2 2 1

−1 −2 2 1

−2 −1 1 2

 +
h2k1

36∆t


4 2 1 2

2 4 2 1

1 2 4 2

2 1 2 4






φnij−1

φni+1j−1

φni+1j

φnij



(B.10)

the equation for the third element is


h1k2

36∆t


4 2 1 2

2 4 2 1

1 2 4 2

2 1 2 4

 +
Dk2

6h1


2 −2 −1 1

−2 2 1 −1

−1 1 2 −2

1 −1 −2 2

 +
Dh1

6k2


2 1 −1 −2

1 2 −2 −1

−1 −2 2 1

−2 −1 1 2






φn+1
i−1j

φn+1
ij

φn+1
ij+1

φn+1
i−1j+1

 =


−
uk2

12


−2 2 1 −1

−2 2 1 −1

−1 1 2 −2

−1 1 2 −2

−
vh1

12


−2 −1 1 2

−1 −2 2 1

−1 −2 2 1

−2 −1 1 2

 +
h1k2

36∆t


4 2 1 2

2 4 2 1

1 2 4 2

2 1 2 4






φni−1j

φnij

φnij+1

φni−1j+1



(B.11)

and the equation for the final element is


h2k2

36∆t


4 2 1 2

2 4 2 1

1 2 4 2

2 1 2 4

 +
Dk2

6h2


2 −2 −1 1

−2 2 1 −1

−1 1 2 −2

1 −1 −2 2

 +
Dh2

6k2


2 1 −1 −2

1 2 −2 −1

−1 −2 2 1

−2 −1 1 2






φn+1
ij

φn+1
i+1j

φn+1
i+1j+1

φn+1
ij+1

 =


−
uk2

12


−2 2 1 −1

−2 2 1 −1

−1 1 2 −2

−1 1 2 −2

−
vh2

12


−2 −1 1 2

−1 −2 2 1

−1 −2 2 1

−2 −1 1 2

 +
h2k2

36∆t


4 2 1 2

2 4 2 1

1 2 4 2

2 1 2 4






φnij

φni+1j

φni+1j+1

φnij+1



(B.12)
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Appendix B. Convection-Diffusion Truncation Error Analysis

Assembling the element equation contributions to node (xi, yi) results in the differ-

ence equation (DE)

DE ≡ +
k1

36∆t

(
h1φ

n+1
i−1 j−1 + 2 (h1 + h2)φn+1

i j−1 + h2φ
n+1
i+1 j−1

)

− k1

36∆t

(
h1φ

n
i−1 j−1 + 2 (h1 + h2)φni j−1 + h2φ

n
i+1 j−1

)

+
(k1 + k2)

36∆t

(
2h1φ

n+1
i−1 j + 4 (h1 + h2)φn+1

i j + 2h2φ
n+1
i+1 j

)

−(k1 + k2)

36∆t

(
2h1φ

n
i−1 j + 4 (h1 + h2)φni j + 2h2φ

n
i+1 j

)

+
k2

36∆t

(
h1φ

n+1
i−1 j+1 + 2 (h1 + h2)φn+1

i j+1 + h2φ
n+1
i+1 j+1

)

− k2

36∆t

(
h1φ

n
i−1 j+1 + 2 (h1 + h2)φni j+1 + h2φ

n
i+1 j+1

)

+
vh1

12

(
2φnij+1 + φni−1j+1 − φni−1j−1 − 2φnij−1

)

+
vh2

12

(
φni+1j+1 + 2φnij+1 − 2φnij−1 − φni+1j−1

)

+
uk2

12

(
φni+1j+1 + 2φni+1j − 2φni−1j − φni−1j+1

)

+
uk1

12

(
2φni+1j + φni+1j−1 − φni−1j−1 − 2φni−1j

)

+
D

6h1

(
k1

(
φn+1
i j−1 − φn+1

i−1 j−1

)
+ 2 (k1 + k2)

(
φn+1
i j − φn+1

i−1 j

)
+ k2

(
φn+1
i j+1 − φn+1

i−1 j+1

))

+
D

6h2

(
k1

(
φn+1
i j−1 − φn+1

i+1 j−1

)
+ 2 (k1 + k2)

(
φn+1
i j − φn+1

i+1 j

)
+ k2

(
φn+1
i j+1 − φn+1

i+1 j+1

))

+
D

6k1

(
h1

(
φn+1
i−1 j − φn+1

i−1 j−1

)
+ 2 (h1 + h2)

(
φn+1
i j − φn+1

i j−1

)
+ h2

(
φn+1
i+1 j − φn+1

i+1 j−1

))

+
D

6k2

(
h1

(
φn+1
i−1 j − φn+1

i−1 j+1

)
+ 2 (h1 + h2)

(
φn+1
i j − φn+1

i j+1

)
+ h2

(
φn+1
i+1 j − φn+1

i+1 j+1

))

(B.13)

All the terms in DE are expanded in Taylor series about φn+1
i j . For example:

φi+1j+1 = φij +
(

∆x(φij)x + ∆y(φij)y

)
+

1

2!

(
∆x2(φij)xx + 2∆x∆y(φij)xy + ∆y2(φij)yy

)

+
1

3!

(
∆x3(φij)xxx + 3∆x2∆y(φij)xxy + 3∆x∆y2(φij)xyy + ∆y3(φij)yyy

)

+O
(
∆x4, ∆x3∆y, ∆x2∆y2, ∆x∆y3, ∆y4

)
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Appendix B. Convection-Diffusion Truncation Error Analysis

and

φi−1j−1 = φij −
(

∆x(φij)x + ∆y(φij)y

)
+

1

2!

(
∆x2(φij)xx + 2∆x∆y(φij)xy + ∆y2(φij)yy

)

− 1

3!

(
∆x3(φij)xxx + 3∆x2∆y(φij)xxy + 3∆x∆y2(φij)xyy + ∆y3(φij)yyy

)

+O
(
∆x4, ∆x3∆y, ∆x2∆y2, ∆x∆y3, ∆y4

)

The diffusion terms, convection terms, and time derivative terms in equation B.13

are shown respectively on the following pages. First, the diffusion parts have been

shown in two parts about φn+1
i j are

Dk2

6h1

(
−2φn+1

i−1j + 2φn+1
ij + φn+1

ij+1 − φn+1
i−1j+1

)

+
Dk2

6h2

(
2φn+1

ij − 2φn+1
i+1j − φn+1

i+1j+1 + φn+1
ij+1

)

+
Dk1

6h1

(
−φn+1

i−1j−1 + φn+1
ij−1 + 2φn+1

ij − 2φn+1
i−1j

)

+
Dk1

6h2

(
φn+1
ij−1 − φn+1

i+1j−1 − 2φn+1
i+1j + 2φn+1

ij

)
=

−D




−k2

2

(
φn+1
ij

)
x

+
k2

2

(
φn+1
ij

)
x
− k1

2

(
φn+1
ij

)
x

+
k1

2

(
φn+1
ij

)
x

+




k2h1

4

(
φn+1
ij

)
xx
− k2

2

6

(
φn+1
ij

)
xy

+
k2h2

4

(
φn+1
ij

)
xx

+
k2

2

6

(
φn+1
ij

)
xy

+
k1h1

4

(
φn+1
ij

)
xx

+
k1

2

6

(
φn+1
ij

)
xy

+
k1h2

4

(
φn+1
ij

)
xx
− k1

2

6

(
φn+1
ij

)
xy




+




−1

2

k2h1
2

3!

(
φn+1
ij

)
xxx

+
1

2

h1k2
2

3!

(
φn+1
ij

)
xxy
− 1

2

k2
3

3!

(
φn+1
ij

)
xyy

+
1

2

k2h2
2

3!

(
φn+1
ij

)
xxx

+
1

2

h2k2
2

3!

(
φn+1
ij

)
xxy

+
1

2

k2
3

3!

(
φn+1
ij

)
xyy

−1

2

k1h1
2

3!

(
φn+1
ij

)
xxx
− 1

2

h1k1
2

3!

(
φn+1
ij

)
xxy
− 1

2

k1
3

3!

(
φn+1
ij

)
xyy

+
1

2

k1h2
2

3!

(
φn+1
ij

)
xxx
− 1

2

h2k1
2

3!

(
φn+1
ij

)
xxy

+
1

2

k1
3

3!

(
φn+1
ij

)
xyy







(B.14)

49



Appendix B. Convection-Diffusion Truncation Error Analysis

and

Dh1

6k2

(
φn+1
i−1j + 2φn+1

ij − 2φn+1
ij+1 − φn+1

i−1j+1

)

+
Dh2

6k2

(
2φn+1

ij + φn+1
i+1j − φn+1

i+1j+1 − 2φn+1
ij+1

)

+
Dh1

6k1

(
−φn+1

i−1j−1 − 2φn+1
ij−1 + 2φn+1

ij + φn+1
i−1j

)

+
Dh2

6k1

(
−2φn+1

ij−1 − φn+1
i+1j−1 + φn+1

i+1j + 2φn+1
ij

)
=

−D




+
h1

2

(
φn+1
ij

)
y

+
h2

2

(
φn+1
ij

)
y
− h1

2

(
φn+1
ij

)
y
− h2

2

(
φn+1
ij

)
y

+




h1k2

4

(
φn+1
ij

)
yy
− h2

1

6

(
φn+1
ij

)
xy

+
h2k2

4

(
φn+1
ij

)
yy

+
h2

2

6

(
φn+1
ij

)
xy

+
h1k1

4

(
φn+1
ij

)
yy

+
h2

1

6

(
φn+1
ij

)
xy

+
h2k1

4

(
φn+1
ij

)
yy
− h2

2

6

(
φn+1
ij

)
xy




+




+
1

2

h1k
2
2

3!

(
φn+1
ij

)
yyy

+
1

2

h3
1

3!

(
φn+1
ij

)
xxy
− 1

2

h2
1k2

3!

(
φn+1
ij

)
xyy

+
1

2

h2k
2
2

3!

(
φn+1
ij

)
yyy

+
1

2

h3
2

3!

(
φn+1
ij

)
xxy

+
1

2

h2
2k2

3!

(
φn+1
ij

)
xyy

−1

2

h1k
2
1

3!

(
φn+1
ij

)
yyy
− 1

2

h3
1

3!

(
φn+1
ij

)
xxy
− 1

2

h2
1k1

3!

(
φn+1
ij

)
xyy

−1

2

h2k
2
1

3!

(
φn+1
ij

)
yyy
− 1

2

h3
2

3!

(
φn+1
ij

)
xxy

+
1

2

h2
2k1

3!

(
φn+1
ij

)
xyy







(B.15)

50



Appendix B. Convection-Diffusion Truncation Error Analysis

The summation of diffusion terms is

+
D

6h1

(
k1

(
φn+1
i j−1 − φn+1

i−1 j−1

)
+ 2 (k1 + k2)

(
φn+1
i j − φn+1

i−1 j

)
+ k2

(
φn+1
i j+1 − φn+1

i−1 j+1

))

+
D

6h2

(
k1

(
φn+1
i j−1 − φn+1

i+1 j−1

)
+ 2 (k1 + k2)

(
φn+1
i j − φn+1

i+1 j

)
+ k2

(
φn+1
i j+1 − φn+1

i+1 j+1

))

+
D

6k1

(
h1

(
φn+1
i−1 j − φn+1

i−1 j−1

)
+ 2 (h1 + h2)

(
φn+1
i j − φn+1

i j−1

)
+ h2

(
φn+1
i+1 j − φn+1

i+1 j−1

))

+
D

6k2

(
h1

(
φn+1
i−1 j − φn+1

i−1 j+1

)
+ 2 (h1 + h2)

(
φn+1
i j − φn+1

i j+1

)
+ h2

(
φn+1
i+1 j − φn+1

i+1 j+1

))
=

−D




+
h1

2

(
φn+1
ij

)
y

+
h2

2

(
φn+1
ij

)
y
− h1

2

(
φn+1
ij

)
y
− h2

2

(
φn+1
ij

)
y

−k2

2

(
φn+1
ij

)
x

+
k2

2

(
φn+1
ij

)
x
− k1

2

(
φn+1
ij

)
x

+
k1

2

(
φn+1
ij

)
x

+




h1k2

4

(
φn+1
ij

)
yy
− h2

1

6

(
φn+1
ij

)
xy

+
h2k2

4

(
φn+1
ij

)
yy

+
h2

2

6

(
φn+1
ij

)
xy

+
h1k1

4

(
φn+1
ij

)
yy

+
h2

1

6

(
φn+1
ij

)
xy

+
h2k1

4

(
φn+1
ij

)
yy
− h2

2

6

(
φn+1
ij

)
xy




+




k2h1

4

(
φn+1
ij

)
xx
− k2

2

6

(
φn+1
ij

)
xy

+
k2h2

4

(
φn+1
ij

)
xx

+
k2

2

6

(
φn+1
ij

)
xy

+
k1h1

4

(
φn+1
ij

)
xx

+
k1

2

6

(
φn+1
ij

)
xy

+
k1h2

4

(
φn+1
ij

)
xx
− k1

2

6

(
φn+1
ij

)
xy




+




+
1

2

h1k
2
2

3!

(
φn+1
ij

)
yyy

+
1

2

h3
1

3!

(
φn+1
ij

)
xxy
− 1

2

h2
1k2

3!

(
φn+1
ij

)
xyy

+
1

2

h2k
2
2

3!

(
φn+1
ij

)
yyy

+
1

2

h3
2

3!

(
φn+1
ij

)
xxy

+
1

2

h2
2k2

3!

(
φn+1
ij

)
xyy

−1

2

h1k
2
1

3!

(
φn+1
ij

)
yyy
− 1

2

h3
1

3!

(
φn+1
ij

)
xxy
− 1

2

h2
1k1

3!

(
φn+1
ij

)
xyy

−1

2

h2k
2
1

3!

(
φn+1
ij

)
yyy
− 1

2

h3
2

3!

(
φn+1
ij

)
xxy

+
1

2

h2
2k1

3!

(
φn+1
ij

)
xyy




+




−1

2

k2h1
2

3!

(
φn+1
ij

)
xxx

+
1

2

h1k2
2

3!

(
φn+1
ij

)
xxy
− 1

2

k2
3

3!

(
φn+1
ij

)
xyy

+
1

2

k2h2
2

3!

(
φn+1
ij

)
xxx

+
1

2

h2k2
2

3!

(
φn+1
ij

)
xxy

+
1

2

k2
3

3!

(
φn+1
ij

)
xyy

−1

2

k1h1
2

3!

(
φn+1
ij

)
xxx
− 1

2

h1k1
2

3!

(
φn+1
ij

)
xxy
− 1

2

k1
3

3!

(
φn+1
ij

)
xyy

+
1

2

k1h2
2

3!

(
φn+1
ij

)
xxx
− 1

2

h2k1
2

3!

(
φn+1
ij

)
xxy

+
1

2

k1
3

3!

(
φn+1
ij

)
xyy







(B.16)

51



Appendix B. Convection-Diffusion Truncation Error Analysis

After some mathematical manipulations the diffusion terms are

D

6h1

(
k1

(
φn+1
i j−1 − φn+1

i−1 j−1

)
+ 2 (k1 + k2)

(
φn+1
i j − φn+1

i−1 j

)
+ k2

(
φn+1
i j+1 − φn+1

i−1 j+1

))

+
D

6h2

(
k1

(
φn+1
i j−1 − φn+1

i+1 j−1

)
+ 2 (k1 + k2)

(
φn+1
i j − φn+1

i+1 j

)
+ k2

(
φn+1
i j+1 − φn+1

i+1 j+1

))

+
D

6k1

(
h1

(
φn+1
i−1 j − φn+1

i−1 j−1

)
+ 2 (h1 + h2)

(
φn+1
i j − φn+1

i j−1

)
+ h2

(
φn+1
i+1 j − φn+1

i+1 j−1

))

+
D

6k2

(
h1

(
φn+1
i−1 j − φn+1

i−1 j+1

)
+ 2 (h1 + h2)

(
φn+1
i j − φn+1

i j+1

)
+ h2

(
φn+1
i+1 j − φn+1

i+1 j+1

))
=

−D
4

(h1 + h2) (k1 + k2)
(
φn+1
ij

)
yy
− D

4
(h1 + h2) (k1 + k2)

(
φn+1
ij

)
xx

− D

2× 3!
(h1 + h2) (k1 + k2) (k2 − k1)

((
φn+1
ij

)
yyy

+
(
φn+1
ij

)
xxy

)

− D

2× 3!
(k1 + k2) (h1 + h2) (h2 − h1)

((
φn+1
ij

)
xxx

+
(
φn+1
ij

)
xyy

)

(B.17)

In the next step, all the terms in convection part of equation B.13 are expanded

in Taylor series about φn+1
i j

Convection part =
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the spatial Taylor expansion of equation B.18 about φni j is
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after some mathematical manipulations equation B.19 becomes
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In this step, all the terms are expanded about φn+1
i j by using temporal Taylor

expansion
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The convection part about φn+1
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Last part, all the terms of the time derivation part of equation B.13 are expanded

about φn+1
i j by using spatial and temporal Taylor expansion (φn+1

ij − φnij is shown by

∆φij).

First spatial expansion:
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Time derivative part =
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ij − φnij

∆t
+ 2

φn+1
i−1j − φni−1j

∆t

)

+
h2k1

36∆t

(
2
φn+1
ij−1 − φnij−1

∆t
+
φn+1
i+1j−1 − φni+1j−1

∆t
+ 2

φn+1
i+1j − φni+1j

∆t
+ 4

φn+1
ij − φnij

∆t

)
=

h1k2

36∆t




(9) ∆φij + (−3)h1(∆φij)x +
1

2!
(3)h1

2(∆φij)xx +
1

3!
(−3)h1

3(∆φij)xxx

+ (3) k2(∆φij)y +
1

2!
(3) k2

2(∆φij)yy +
1

3!
(3) k2

3(∆φij)yyy

+
1

2!
(−2)h1k2(∆φij)xy +

1

3!
(3)h1

2k2(∆φij)xxy +
1

3!
(−3)h1k2

2(∆φij)xyy




+
h2k2

36∆t




(9) ∆φij + (3)h2(∆φij)x +
1

2!
(3)h2

2(∆φij)xx +
1

3!
(3)h2

3(∆φij)xxx

+ (3) k2(∆φij)y +
1

2!
(3) k2

2(∆φij)yy +
1

3!
(3) k2

3(∆φij)yyy

+
1

2!
(2)h2k2(∆φij)xy +

1

3!
(3)h2

2k2(∆φij)xxy +
1

3!
(3)h2k2

2(∆φij)xyy




+
h1k1

36∆t




(9) ∆φij + (−3)h1(∆φij)x +
1

2!
(3)h1

2(∆φij)xx +
1

3!
(−3)h1

3(∆φij)xxx

+ (−3) k1(∆φij)y +
1

2!
(3) k1

2(∆φij)yy +
1

3!
(−3) k1

3(∆φij)yyy

+
1

2!
(2)h1k1(∆φij)xy +

1

3!
(−3)h1

2k1(∆φij)xxy +
1

3!
(−3)h1k1

2(∆φij)xyy




+
h2k1

36∆t




(9) ∆φij + (3)h2(∆φij)x +
1

2!
(3)h2

2(∆φij)xx +
1

3!
(3)h2

3(∆φij)xxx

+ (−3) k1(∆φij)y +
1

2!
(3) k1

2(∆φij)yy +
1

3!
(−3) k1

3(∆φij)yyy

+
1

2!
(−2)h2k1(∆φij)xy +

1

3!
(−3)h2

2k1(∆φij)xxy +
1

3!
(3)h2k1

2(∆φij)xyy




=

1

4∆t
(h1 + h2) (k1 + k2) ∆φij +

1

12∆t
(k1 + k2) (h2 − h1) (h2 + h1) (∆φij)x

+
1

12∆t
(h2 + h1) (k1 + k2) (k2 − k1) (∆φij)y

+
1

24∆t
(k1 + k2) (h2 + h1)

(
h2

1 − h1h2 + h2
2

)
(∆φij)xx +

1

36∆t

(
h2

2 − h2
1

) (
k2

2 − k2
1

)
(∆φij)xy

+
1

24∆t
(h2 + h1) (k1 + k2)

(
k2

1 − k1k2 + k2
2

)
(∆φij)yy + ...

(B.22)
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Next, the temporal expansion of equation B.22 could be found by using

∆φij
∆t

=
φn+1
i − φni

∆t
=
(
φn+1
ij

)
t
− ∆t

2

(
φn+1
ij

)
tt

+
∆t2

6

(
φn+1
ij

)
ttt

+O
(
∆t3
)

Therefore the equation B.22 is rewritten as:

Time derivation part =

1

4
(h1 + h2) (k1 + k2)

((
φn+1
i

)
t
− ∆t

2

(
φn+1
i

)
tt

+
∆t2

6

(
φn+1
i

)
ttt

+ ...

)

+
1

12
(k1 + k2) (h2 − h1) (h2 + h1)

((
φn+1
i

)
t
− ∆t

2

(
φn+1
i

)
tt

+
∆t2

6

(
φn+1
i

)
ttt

+ ...

)

x

+
1

12
(h2 + h1) (k1 + k2) (k2 − k1)

((
φn+1
i

)
t
− ∆t

2

(
φn+1
i

)
tt

+
∆t2

6

(
φn+1
i

)
ttt

+ ...

)

y

+
1

24
(k1 + k2) (h2 + h1)

(
h2

1
− h1h2 + h2

2

)((
φn+1
i

)
t
− ∆t

2

(
φn+1
i

)
tt

+
∆t2

6

(
φn+1
i

)
ttt

+ ...

)

xx

+
1

24
(h2 + h1) (k1 + k2)

(
k2

1
− k1k2 + k2

2

)((
φn+1
i

)
t
− ∆t

2

(
φn+1
i

)
tt

+
∆t2

6

(
φn+1
i

)
ttt

+ ...

)

yy

+
1

36

(
h2

2 − h2
1

) (
k2

2 − k2
1

)((
φn+1
i

)
t
− ∆t

2

(
φn+1
i

)
tt

+
∆t2

6

(
φn+1
i

)
ttt

+ ...

)

xy

=

1

4
(h1 + h2) (k1 + k2)×




((
φn+1
i

)
t
− ∆t

2

(
φn+1
i

)
tt

+
∆t2

6

(
φn+1
i

)
ttt
− ∆t3

24

(
φn+1
i

)
tttt

)

+
1

3
(h2 − h1)

((
φn+1
i

)
t
− ∆t

2

(
φn+1
i

)
tt

+
∆t2

6

(
φn+1
i

)
ttt
− ∆t3

24

(
φn+1
i

)
tttt

)

x

+
1

3
(k2 − k1)

((
φn+1
i

)
t
− ∆t

2

(
φn+1
i

)
tt

+
∆t2

6

(
φn+1
i

)
ttt
− ∆t3

24

(
φn+1
i

)
tttt

)

y

+
1

6

(
h2

1
− h1h2 + h2

2

)((
φn+1
i

)
t
− ∆t

2

(
φn+1
i

)
tt

+
∆t2

6

(
φn+1
i

)
ttt
− ∆t3

24

(
φn+1
i

)
tttt

)

xx

+
1

9
(h2 − h1) (k2 − k1)

((
φn+1
i

)
t
− ∆t

2

(
φn+1
i

)
tt

+
∆t2

6

(
φn+1
i

)
ttt
− ∆t3

24

(
φn+1
i

)
tttt

)

xy

+
1

6

(
k2

1
− k1k2 + k2

2

)((
φn+1
i

)
t
− ∆t

2

(
φn+1
i

)
tt

+
∆t2

6

(
φn+1
i

)
ttt
− ∆t3

24

(
φn+1
i

)
tttt

)

yy

+ ...




(B.23)

Now, by assembling diffusion, convection, and time derivative parts, equations
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B.17, B.21, and B.23 respectively, the DE about φn+1
i j is

DE =
(h1 + h2)(k1 + k2)

4
×





∂φ

∂t
−D

(
∂2φ

∂x2
+
∂2φ

∂x2

)
+ u

∂φ

∂x
+ v

∂φ

∂y

+
1

3

(
(h 2 − h1)

∂2φ

∂x∂t
+ (k2 − k1)

∂2φ

∂y∂t

)

+
1

3

(
(k2 − k1)

(
−∂

3φ

∂y3
− ∂3φ

∂x2∂y

)
+ (h2 − h1)

(
−∂

3φ

∂x3
− ∂3φ

∂x∂y2

))

+u

(
1

2
(h2 − h1)

∂2φ

∂x2
+

1

3
(k2 − k1)

∂2φ

∂x∂y

)

+v

(
1

2
(k2 − k1)

∂2φ

∂y2
+

1

3
(h2 − h1)

∂2φ

∂x∂y

)

+O(h2, k2, hk, h∆t, k∆t,∆t)





(B.24)

All terms on the right hand side of equation B.24 are evaluated at (xi, yj, tn+1).

Re-writing the first order term of the truncation error as

1

3

(
(k2 − k1)

∂

∂y

(
∂φ

∂t
− ∂2φ

∂x2
− ∂2φ

∂y2
+ u

∂φ

∂x
+ v

∂φ

∂y

))
+
u

6
(h2 − h1)

∂2φ

∂x2

+
1

3

(
(h2 − h1)

∂

∂x

(
∂φ

∂t
− ∂2φ

∂x2
− ∂2φ

∂y2
+ u

∂φ

∂x
+ v

∂φ

∂y

))
+
v

6
(k2 − k1)

∂2φ

∂y2

the leading terms on the left must vanish hence the changes in the mesh introduce a

spatial first order local error (FOE) equal to

FOE =
1

6

(
u (h2 − h1)

(
∂2φ

∂x2

)n+1

i j

+ v (k2 − k1)

(
∂2φ

∂y2

)n+1

i j

)
(B.25)

This is of the form of an anisotropic artificial diffusion similar to that arising in

stabilizing formulations of the upwind type, and is readily eliminated by the addition

of an artificial balancing diffusion in the intersected elements [27], which restores the

local second order accuracy in the approximation.
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B.2 3-D Domain

Like two dimensional error analysis, assume that the convective velocity field

u = (u, v, w)T is known and constant.

The weak weighted residuals formulation of equation 4.1 gives
∫

Ω t

{
w ·
[
∂φ

∂t
+ (u · ∇)φn

]
+D

(
∇w.∇φn+1

)}
dΩ = 0 (B.26)

Where w denotes the weighting functions.

The φ function is discretized over the space as:

φ (x, y, z, t) ∼=
n∑

i=1

Ni (x, y, z, t)φi (t) (B.27)

Where Ni are the shape functions over each element, and n is the number of nodes

in an element, in this three dimensional case n = 8. The weighting functions wi are

set to be equal to shape functions Ni. the final form of the equation 4.2 is

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

Ni

8∑

j=1

Nj
∂φj
∂t

dxdydz

+

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0




uNi

8∑

j=1

(
∂Nj

∂x
φnj

)

+vNi

8∑

j=1

(
∂Nj

∂y
φnj

)

+wNi

8∑

j=1

(
∂Nj

∂z
φnj

)




dxdydz

+

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

D




∂Ni

∂x

8∑

j=1

(
∂Nj

∂x
φn+1
j

)

+
∂Ni

∂y

8∑

j=1

(
∂Nj

∂y
φn+1
j

)

+
∂Ni

∂z

8∑

j=1

(
∂Nj

∂z
φn+1
j

)




dxdydz

(B.28)
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Another representation of equation B.28 is

8∑

j=1

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

NiNj
∂φj
∂t

dxdydz

+u
8∑

j=1

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

Ni
∂Nj

∂x
φnj dxdydz

+v
8∑

j=1

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

Ni
∂Nj

∂y
φnj dxdydz

+w
8∑

j=1

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

Ni
∂Nj

∂y
φnj dxdydz

+D
8∑

j=1

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

∂Ni

∂x

∂Nj

∂x
φn+1
j dxdydz

+D
8∑

j=1

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

∂Ni

∂y

∂Nj

∂y
φn+1
j dxdydz

+D
8∑

j=1

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

∂Ni

∂z

∂Nj

∂z
φn+1
j dxdydz = 0

(B.29)

The shape functions according to figure 4.1(a) are





N1 =
(

1− x

h

)(
1− y

k

)(
1− z

l

)

N2 =
(x
h

)(
1− y

k

)(
1− z

l

)

N3 =
(

1− x

h

)(y
k

)(
1− z

l

)

N4 =
(x
h

)(y
k

)(
1− z

l

)

N5 =
(

1− x

h

)(
1− y

k

)(z
l

)

N6 =
(x
h

)(
1− y

k

)(z
l

)

N7 =
(

1− x

h

)(y
k

)(z
l

)

N8 =
(x
h

)(y
k

)(z
l

)

(B.30)
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The next task is to calculate the stiffness matrix of an element. By calculating the

stiffness matrices the equation B.29 can be written as:

S11
ij φ̇j + S22

ij φ
n
j + S33

ij φ
n
j + S44

ij φ
n
j + S55

ij φ
n+1
j + S66

ij φ
n+1
j + S77

ij φ
n+1
j = 0 (B.31)

Where the individual Smm are given by

S11
ij =

∆x∆y∆z

63




8 4 4 2 4 2 2 1

4 8 2 4 2 4 1 2

4 2 8 4 2 1 4 2

2 4 4 8 1 2 2 4

4 2 2 1 8 4 4 2

2 4 1 2 4 8 2 4

2 1 4 2 4 2 8 4

1 2 2 4 2 4 4 8




S22
ij =

u∆y∆z

72




−4 4 −2 2 −2 2 −1 1

−4 4 −2 2 −2 2 −1 1

−2 2 −4 4 −1 1 −2 2

−2 2 −4 4 −1 1 −2 2

−2 2 −1 1 −4 4 −2 2

−2 2 −1 1 −4 4 −2 2

−1 1 −2 2 −2 2 −4 4

−1 1 −2 2 −2 2 −4 4



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S33
ij =

v∆x∆z

72




−4 −2 4 2 −2 −1 2 1

−2 −4 2 4 −1 −2 1 2

−4 −2 4 2 −2 −1 2 1

−2 −4 2 4 −1 −2 1 2

−2 −1 2 1 −4 −2 4 2

−1 −2 1 2 −2 −4 2 4

−2 −1 2 1 −4 −2 4 2

−1 −2 1 2 −2 −4 2 4




S44
ij =

w∆x∆y

72




−4 −2 −2 −1 4 2 2 1

−2 −4 −1 −2 2 4 1 2

−2 −1 −4 −2 2 1 4 2

−1 −2 −2 −4 1 2 2 4

−4 −2 −2 −1 4 2 2 1

−2 −4 −1 −2 2 4 1 2

−2 −1 −4 −2 2 1 4 2

−1 −2 −2 −4 1 2 2 4




S55
ij = D

∆y∆z

36∆x




4 −4 2 −2 2 −2 1 −1

−4 4 −2 2 −2 2 −1 1

2 −2 4 −4 1 −1 2 −2

−2 2 −4 4 −1 1 −2 2

2 −2 1 −1 4 −4 2 −2

−2 2 −1 1 −4 4 −2 2

1 −1 2 −2 2 −2 4 −4

−1 1 −2 2 −2 2 −4 4



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S66
ij = D

∆x∆z

36∆y




4 2 2 1 −4 −2 −2 −1

2 4 1 2 −2 −4 −1 −2

2 1 4 2 −2 −1 −4 −2

1 2 2 4 −1 −2 −2 −4

−4 −2 −2 −1 4 2 2 1

−2 −4 −1 −2 2 4 1 2

−2 −1 −4 −2 2 1 4 2

−1 −2 −2 −4 1 2 2 4




S77
ij = D

∆x∆y

36∆z




4 2 −4 −2 2 1 −2 −1

2 4 −2 −4 1 2 −1 −2

−4 −2 4 2 −2 −1 2 1

−2 −4 2 4 −1 −2 1 2

2 1 −2 −1 4 2 −4 −2

1 2 −1 −2 2 4 −2 −4

−2 −1 2 1 −4 −2 4 2

−1 −2 1 2 −2 −4 2 4




The most commonly time integration algorithm normally referring to as the θ

method is used. It consists in approximating the time derivative by the backward

difference

φ̇ ∼= 1

∆t

(
φn+1 − φn

)
(B.32)

The transport quantity φ is then defined by

φ = θ φn+1 + (1− θ)φn (B.33)

in this analysis the relaxation parameter is θ = 1 and, as a result, φ = φn+1.
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The nodes and dimension for the elements using the notation in figure 4.1 are

first element

nodes
[
φi−1j−1k−1 φij−1k−1 φi−1jk−1 φijk−1 φi−1j−1k φij−1k φi−1jk φijk

]

dimension[
h1 k1 l1

]

second element

nodes
[
φij−1k−1 φi+1j−1k−1 φijk−1 φi+1jk−1 φij−1k φi+1j−1k φijk φi+1jk

]

dimension[
h2 k1 l1

]

third element

nodes
[
φi−1jk−1 φijk−1 φi−1j+1k−1 φij+1k−1 φi−1jk φijk φi−1j+1k φij+1k

]

dimension[
h1 k2 l1

]

fourth element

nodes
[
φijk−1 φi+1jk−1 φij+1k−1 φi+1j+1k−1 φijk φi+1jk φij+1k φi+1j+1k

]

dimension[
h2 k2 l1

]

fifth element

nodes
[
φi−1j−1k φij−1k φi−1jk φijk φi−1j−1k+1 φij−1k+1 φi−1jk+1 φijk+1

]
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dimension[
h1 k1 l2

]

sixth element

nodes

[
φij−1k φi+1j−1k φijk φi+1jk φij−1k+1 φi+1j−1k+1 φijk+1 φi+1jk+1

]

dimension[
h2 k1 l2

]

seventh element

nodes

[
φi−1jk φijk φi−1j+1k φij+1k φi−1jk+1 φijk+1 φi−1j+1k+1 φij+1k+1

]

dimension[
h1 k2 l2

]

eighth element

nodes

[
φijk φi+1jk φij+1k φi+1j+1k φijk+1 φi+1jk+1 φij+1k+1 φi+1j+1k+1

]

dimension[
h2 k2 l2

]

Assembling the element equation contributions to node (xi, yi, zi), using equa-

tion B.31, results in the difference equation (DE). Like two dimensional error analysis,

differential equation is made up of three different components diffusion, convection,

and time derivative.

Diffusion component of convection-diffusion equation has three parts as the dif-

fusion part of equation B.31 is made up of three matrices S55
ij ,S66

ij , and S77
ij . Using
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these matrices, nodes, and dimensions for different neighbor elements of φijk, defines

the diffusion terms.

φxx component of diffusion terms =

D k2l1
36h1


−2φn+1

i−1jk−1 + 2φn+1
ijk−1 − φn+1

i−1j+1k−1 + φn+1
ij+1k−1

−4φn+1
i−1jk + 4φn+1

ijk − 2φn+1
i−1j+1k + 2φn+1

ij+1k




+D k2l1
36h2


 2φn+1

ijk−1 − 2φn+1
i+1jk−1 + φn+1

ij+1k−1 − φn+1
i+1j+1k−1

+4φn+1
ijk − 4φn+1

i+1jk + 2φn+1
ij+1k − 2φn+1

i+1j+1k




+D k1l1
36h1


−φ

n+1
i−1j−1k−1 + φn+1

ij−1k−1 − 2φn+1
i−1jk−1 + 2φn+1

ijk−1

−2φn+1
i−1j−1k + 2φn+1

ij−1k − 4φn+1
i−1jk + 4φn+1

ijk




+D k1l1
36h2


φn+1

ij−1k−1 − φn+1
i+1j−1k−1 + 2φn+1

ijk−1 − 2φn+1
i+1jk−1

+2φn+1
ij−1k − 2φn+1

i+1j−1k + 4φn+1
ijk − 4φn+1

i+1jk




+D k2l2
36h1


−4φn+1

i−1jk + 4φn+1
ijk − 2φn+1

i−1j+1k + 2φn+1
ij+1k

−2φn+1
i−1jk+1 + 2φn+1

ijk+1 − φn+1
i−1j+1k+1 + φn+1

ij+1k+1




+D k2l2
36h2


 4φn+1

ijk − 4φn+1
i+1jk + 2φn+1

ij+1k − 2φn+1
i+1j+1k

+2φn+1
ijk+1 − 2φn+1

i+1jk+1 + φn+1
ij+1k+1 − φn+1

i+1j+1k+1




+D k1l2
36h1


−2φn+1

i−1j−1k + 2φn+1
ij−1k − 4φn+1

i−1jk + 4φn+1
ijk

−φn+1
i−1j−1k+1 + φn+1

ij−1k+1 − 2φn+1
i−1jk+1 + 2φn+1

ijk+1




+D k1l2
36h2


 2φn+1

ij−1k − 2φn+1
i+1j−1k + 4φn+1

ijk − 4φn+1
i+1jk

+φn+1
ij−1k+1 − φn+1

i+1j−1k+1 + 2φn+1
ijk+1 − 2φn+1

i+1jk+1




(B.34)

65



Appendix B. Convection-Diffusion Truncation Error Analysis

The second component of diffusion part of equation B.31 is

φyy component of diffusion terms =

D
h1l1
36k2


−2φn+1

i−1jk−1 − 4φn+1
ijk−1 − 1φn+1

i−1j+1k−1 − 2φn+1
ij+1k−1

+2φn+1
i−1jk + 4φn+1

ijk + φn+1
i−1j+1k + 2φn+1

ij+1k




+D h2l1
36k2


−4φn+1

ijk−1 − 2φn+1
i+1jk−1 − 2φn+1

ij+1k−1 − φn+1
i+1j+1k−1

+4φn+1
ijk + 2φn+1

i+1jk + 2φn+1
ij+1k + φn+1

i+1j+1k




+D h1l1
36k1


−φ

n+1
i−1j−1k−1 − 2φn+1

ij−1k−1 − 2φn+1
i−1jk−1 − 4φn+1

ijk−1

+φn+1
i−1j−1k + 2φn+1

ij−1k + 2φn+1
i−1jk + 4φn+1

ijk




+D h2l1
36k1


−2φn+1

ij−1k−1 − φn+1
i+1j−1k−1 − 4φn+1

ijk−1 − 2φn+1
i+1jk−1

+2φn+1
ij−1k + φn+1

i+1j−1k + 4φn+1
ijk + 2φn+1

i+1jk




+D h1l2
36k2


 2φn+1

i−1jk + 4φn+1
ijk + φn+1

i−1j+1k + 2φn+1
ij+1k

−2φn+1
i−1jk+1 − 4φn+1

ijk+1 − φn+1
i−1j+1k+1 − 2φn+1

ij+1k+1




+D h2l2
36k2


 4φn+1

ijk + 2φn+1
i+1jk + 2φn+1

ij+1k + φn+1
i+1j+1k

−4φn+1
ijk+1 − 2φn+1

i+1jk+1 − 2φn+1
ij+1k+1 − φn+1

i+1j+1k+1




+D h1l2
36k1


φn+1

i−1j−1k + 2φn+1
ij−1k + 2φn+1

i−1jk + 4φn+1
ijk

−φn+1
i−1j−1k+1 − 2φn+1

ij−1k+1 − 2φn+1
i−1jk+1 − 4φn+1

ijk+1




+D h2l2
36k12


 2φn+1

ij−1k + φn+1
i+1j−1k + 4φn+1

ijk + 2φn+1
i+1jk

−2φn+1
ij−1k+1 − φn+1

i+1j−1k+1 − 4φn+1
ijk+1 − 2φn+1

i+1jk+1




(B.35)
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The last component of diffusion part is

φzz component of diffusion terms =

D
h1k2

36l1


φn+1

i−1jk−1 + 2φn+1
ijk−1 − φn+1

i−1j+1k−1 − 2φn+1
ij+1k−1

+2φn+1
i−1jk + 4φn+1

ijk − 2φn+1
i−1j+1k − 4φn+1

ij+1k




+D h2k2
36l1


 2φn+1

ijk−1 + φn+1
i+1jk−1 − 2φn+1

ij+1k−1 − φn+1
i+1j+1k−1

+4φn+1
ijk + 2φn+1

i+1jk − 4φn+1
ij+1k − 2φn+1

i+1j+1k




+D h1k1
36l1


−φ

n+1
i−1j−1k−1 − 2φn+1

ij−1k−1 + φn+1
i−1jk−1 + 2φn+1

ijk−1

−2φn+1
i−1j−1k − 4φn+1

ij−1k + 2φn+1
i−1jk + 4φn+1

ijk




+D h2k1
36l1


−2φn+1

ij−1k−1 − φn+1
i+1j−1k−1 + 2φn+1

ijk−1 + φn+1
i+1jk−1

−4φn+1
ij−1k − 2φn+1

i+1j−1k + 4φn+1
ijk + 2φn+1

i+1jk




+D h1k2
36l2


 2φn+1

i−1jk + 4φn+1
ijk − 2φn+1

i−1j+1k − 4φn+1
ij+1k

+φn+1
i−1jk+1 + 2φn+1

ijk+1 − φn+1
i−1j+1k+1 − 2φn+1

ij+1k+1




+D h2k2
36l2


 4φn+1

ijk + 2φn+1
i+1jk − 4φn+1

ij+1k − 2φn+1
i+1j+1k

+2φn+1
ijk+1 + φn+1

i+1jk+1 − 2φn+1
ij+1k+1 − φn+1

i+1j+1k+1




+D h1k1
36l2


−2φn+1

i−1j−1k − 4φn+1
ij−1k + 2φn+1

i−1jk + 4φn+1
ijk

−φn+1
i−1j−1k+1 − 2φn+1

ij−1k+1 + φn+1
i−1jk+1 + 2φn+1

ijk+1




+D h2k1
36l2


−4φn+1

ij−1k − 2φn+1
i+1j−1k + 4φn+1

ijk + 2φn+1
i+1jk

−2φn+1
ij−1k+1 − φn+1

i+1j−1k+1 + 2φn+1
ijk+1 + φn+1

i+1jk+1




(B.36)

In the next step, the convection terms are presented. As it is shown in equa-

tion B.31, the convection part has three components made up of three matrices

S22
ij ,S33

ij , and S44
ij .
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The first component is

φx component of convection part =

u
k2l1
72


−2φni−1jk−1 + 2φnijk−1 + φni−1j+1k−1 − φnij+1k−1

−4φni−1jk + 4φnijk + 2φni−1j+1k − 2φnij+1k




+u
k2l1
72


−2φnijk−1 + 2φni+1jk−1 + φnij+1k−1 − φni+1j+1k−1

−4φnijk + 4φni+1jk + 2φnij+1k − 2φni+1j+1k




+uk1l1
72


−φ

n
i−1j−1k−1 + φnij−1k−1 + 2φni−1jk−1 − 2φnijk−1

−2φni−1j−1k + 2φnij−1k + 4φni−1jk − 4φnijk




+uk1l1
72


−φ

n
ij−1k−1 + φni+1j−1k−1 + 2φnijk−1 − 2φni+1jk−1

−2φnij−1k + 2φni+1j−1k + 4φnijk − 4φni+1jk




+uk2l2
72


−4φni−1jk + 4φnijk + 2φni−1j+1k − 2φnij+1k

−2φni−1jk+1 + 2φnijk+1 + φni−1j+1k+1 − φnij+1k+1




+uk2l2
72


−4φnijk + 4φni+1jk + 2φnij+1k − 2φni+1j+1k

−2φnijk+1 + 2φni+1jk+1 + φnij+1k+1 − φni+1j+1k+1




+uk1l2
72


−2φni−1j−1k + 2φnij−1k + 4φni−1jk − 4φnijk

−φni−1j−1k+1 + φnij−1k+1 + 2φni−1jk+1 − 2φnijk+1




+uk1l2
72


−2φnij−1k + 2φni+1j−1k + 4φnijk − 4φni+1jk

−φnij−1k+1 + φni+1j−1k+1 + 2φnijk+1 − 2φni+1jk+1




(B.37)
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The second component of convection part of equation B.31 is

φy component of convection part =

v
h1l1
72


−φ

n
i−1jk−1 − 2φnijk−1 + 2φni−1j+1k−1 + φnij+1k−1

−2φni−1jk − 4φnijk + 4φni−1j+1k + 2φnij+1k




+v h2l1
72


−2φnijk−1 − φni+1jk−1 + φnij+1k−1 + 2φni+1j+1k−1

−4φnijk − 2φni+1jk + 2φnij+1k + 4φni+1j+1k




+v h1l1
72


−2φni−1j−1k−1 − φnij−1k−1 + φni−1jk−1 + 2φnijk−1

−4φni−1j−1k − 2φnij−1k + 2φni−1jk + 4φnijk




+v h2l1
72


−φ

n
ij−1k−1 − 2φni+1j−1k−1 + 2φnijk−1 + φni+1jk−1

−2φnij−1k − 4φni+1j−1k + 4φnijk + 2φni+1jk




+v h1l2
72


−2φni−1jk − 4φnijk + 4φni−1j+1k + 2φnij+1k

−φni−1jk+1 − 2φnijk+1 + 2φni−1j+1k+1 + φnij+1k+1




+v h2l2
72


−4φnijk − 2φni+1jk + 2φnij+1k + 4φni+1j+1k

−2φnijk+1 − φni+1jk+1 + φnij+1k+1 + 2φni+1j+1k+1




+v h1l2
72


−4φni−1j−1k − 2φnij−1k + 2φni−1jk + 4φnijk

−2φni−1j−1k+1 − φnij−1k+1 + φni−1jk+1 + 2φnijk+1




+v h2l2
72


−2φnij−1k − 4φni+1j−1k + 4φnijk + 2φni+1jk

−φnij−1k+1 − 2φni+1j−1k+1 + 2φnijk+1 + φni+1jk+1




(B.38)
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The final component of convection part is

φz component of convection part =

w
h1k2

72


−2φni−1jk−1 − 4φnijk−1 − 2φni−1j+1k−1 − φnij+1k−1

+2φni−1jk + 4φnijk + 2φni−1j+1k + φnij+1k




+w
h2k2

72


−4φnijk−1 − 2φni+1jk−1 − φnij+1k−1 − 2φni+1j+1k−1

+4φnijk + 2φni+1jk + φnij+1k + 2φni+1j+1k




+w h1k1
72


−2φni−1j−1k−1 − φnij−1k−1 − 2φni−1jk−1 − 4φnijk−1

+2φni−1j−1k + φnij−1k + 2φni−1jk + 4φnijk




+w h2k1
72


−φ

n
ij−1k−1 − 2φni+1j−1k−1 − 4φnijk−1 − 2φni+1jk−1

+φnij−1k + 2φni+1j−1k + 4φnijk + 2φni+1jk




+w h1k2
72


−2φni−1jk − 4φnijk − 2φni−1j+1k − φnij+1k

+2φni−1jk+1 + 4φnijk+1 + 2φni−1j+1k+1 + φnij+1k+1




+w h2k2
72


−4φnijk − 2φni+1jk − φnij+1k − 2φni+1j+1k

+4φnijk+1 + 2φni+1jk+1 + φnij+1k+1 + 2φni+1j+1k+1




+w h1k1
72


−2φni−1j−1k − φnij−1k − 2φni−1jk − 4φnijk

+2φni−1j−1k+1 + φnij−1k+1 + 2φni−1jk+1 + 4φnijk+1




+w h2k1
72


−φ

n
ij−1k − 2φni+1j−1k − 4φnijk − 2φni+1jk

+φnij−1k+1 + 2φni+1j−1k+1 + 4φnijk+1 + 2φni+1jk+1




(B.39)
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Finally, the time derivative component of differential equation is

Time derivative component of DE =

h1k2l1
216


 2φ̇i−1jk−1 + 4φ̇ijk−1 + φ̇i−1j+1k−1 + 2φ̇ij+1k−1

+4φ̇i−1jk + 8φ̇ijk + 2φ̇i−1j+1k + 4φ̇ij+1k




+
h2k2l1
216


 4φ̇ijk−1 + 2φ̇i+1jk−1 + 2φ̇ij+1k−1 + φ̇i+1j+1k−1

+8φ̇ijk + 4φ̇i+1jk + 4φ̇ij+1k + 2φ̇i+1j+1k




+
h1k1l1
216


 φ̇i−1j−1k−1 + 2φ̇ij−1k−1 + 2φ̇i−1jk−1 + 4φ̇ijk−1

+2φ̇i−1j−1k + 4φ̇ij−1k + 4φ̇i−1jk + 8φ̇ijk




+
h2k1l1
216


 2φ̇ij−1k−1 + φ̇i+1j−1k−1 + 4φ̇ijk−1 + 2φ̇i+1jk−1

+4φ̇ij−1k + 2φ̇i+1j−1k + 8φ̇ijk + 4φ̇i+1jk




+
h1k2l2
216


 4φ̇i−1jk + 8φ̇ijk + 2φ̇i−1j+1k + 4φ̇ij+1k

+2φ̇i−1jk+1 + 4φ̇ijk+1 + φ̇i−1j+1k+1 + 2φ̇ij+1k+1




+
h2k2l2
216


 8φ̇ijk + 4φ̇i+1jk + 4φ̇ij+1k + 2φ̇i+1j+1k

+4φ̇ijk+1 + 2φ̇i+1jk+1 + 2φ̇ij+1k+1 + φ̇i+1j+1k+1




+
h1k1l2
216


 2φ̇i−1j−1k + 4φ̇ij−1k + 4φ̇i−1jk + 8φ̇ijk

+φ̇i−1j−1k+1 + 2φ̇ij−1k+1 + 2φ̇i−1jk+1 + 4φ̇ijk+1




+
h2k1l2
216


 4φ̇ij−1k + 2φ̇i+1j−1k + 8φ̇ijk + 4φ̇i+1jk

+2φ̇ij−1k+1 + φ̇i+1j−1k+1 + 4φ̇ijk+1 + 2φ̇i+1jk+1




(B.40)

where φ̇ ∼= 1
∆t

(φn+1 − φn)
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All the terms in DE are expanded in Taylor series about φn+1
i j k . For example:

φi−1j−1k−1 = φijk −
(
h1(φijk)x + k1(φijk)y + l1(φijk)z

)

+
1

2!


h1

2(φijk)xx + 2h1k1(φijk)xy + 2h1l1(φijk)xz

+k1
2(φijk)yy + 2k1l1(φijk)yz + l1

2(φijk)zz




− 1
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3(φijk)xxx + 3h1
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
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and

φi+1j+1k+1 = φijk +
(
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
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


The diffusion terms, convection terms, and time derivation terms in equation B.31

are shown respectively on the following pages. First, the diffusion parts shown in

three parts about φn+1
i j k are

72



Appendix B. Convection-Diffusion Truncation Error Analysis

φxx component of diffusion terms =

D
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(B.41)

the second component of diffusion part is

φyy component of diffusion terms =

D
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(B.42)

Final component of diffusion part is
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φzz component of diffusion terms =

D
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(B.43)
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The summation of diffusion terms is

D
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(B.44)
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After some mathematical manipulations the diffusion terms are

Diffusion term =
1

8
(h1 + h2) (k1 + k2) (l1 + l2)×

D




−
(
φn+1
ijk

)
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−
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φn+1
ijk
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−
(
φn+1
ijk

)
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+
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3
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)
xxy

+
(
φn+1
ijk
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

(B.45)

76



Appendix B. Convection-Diffusion Truncation Error Analysis

In the next step, all the terms in convection part of equation B.31 are expanded

in Taylor series about φn+1
i j k

First part is

u
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(B.46)
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After some mathematical calculations the first part can be rewritten as

Convection part one =
1

8
(h1 + h2) (k1 + k2) (l1 + l2)×

u




(
φnijk
)
x

+
1

2
(h2 − h1)

(
φnijk
)
xx

+
1

3
(k2 − k1)

(
φnijk
)
xy

+
1

3
(l2 − l1)

(
φnijk
)
xz

+
1

6

(
h2

1 − h1h2 + h2
2

) (
φnijk
)
xxx

+
1

6
(h2 − h1) (k2 − k1)

(
φnijk
)
xxy

+
1

6
(h1 − h2) (l1 − l2)

(
φnijk
)
xxz

+
1

6

(
k2

1 − k1k2 + k2
2

) (
φnijk
)
xyy

+
1

9
(k1 − k2) (l1 − l2)

(
φnijk
)
xyz

+
1

6

(
l21 − l1l2 + l22

) (
φn+1
ijk

)
xzz




(B.47)

78



Appendix B. Convection-Diffusion Truncation Error Analysis

the second component of convection part is

Convection part two =
1

8
(h1 + h2) (k1 + k2) (l1 + l2)×

v
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the last component of convection part is

Convection part three =
1

8
(h1 + h2) (k1 + k2) (l1 + l2)×

w


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

(B.49)

the summation of all three components of convection part is

Convection part =
1

8
(h1 + h2) (k1 + k2) (l1 + l2)×



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


(B.50)

In this step, all the terms are expanded about φn+1
i j k by using temporal Taylor
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expansion

φnijk = φn+1
ijk −∆t

(
φn+1
ijk

)
t
+

∆t2

2

(
φn+1
ijk

)
tt

+O
(
∆t3
)

The convection part about φn+1
i j is

Convection part =
1

8
(h1 + h2) (k1 + k2) (l1 + l2)×


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(B.51)

Last part, all the components of the time derivation part of equation B.31 are

expanded about φn+1
i j k by using spatial and temporal Taylor expansion (φn+1

ij − φnij is

shown by ∆φij). First spatial expansion:
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Time derivative part =

h1k2l1
216
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(B.52)

after rearranging the equation B.52 becomes

Time derivative part =
1

8
(h1 + h2) (k1 + k2) (l1 + l2)×

(
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3
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+ · · ·
(B.53)

where φ̇ ∼= 1
∆t

(φn+1 − φn) = ∆φ
∆t

and

φ̇ijk =
∆φijk

∆t
=
φn+1
ijk − φnijk
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)
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The final form of equation B.53 is

Time derivative part =
1

8
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+ · · ·

(B.54)

Now, by assembling diffusion, convection, and time derivative parts, equations

B.45, B.51, and B.54 respectively, the three dimensional truncation error terms in

the Taylor expansion about φn+1
i j are
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(B.55)

where l1 and l2 are the different mesh sizes in the z-direction. The same manipulations

as in two dimensions show that the local first order error introduced by the mesh
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changes is

FOE =
1

6




u (h2 − h1)
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

(B.56)

Therefore the approximation to the convection diffusion equation requires a cor-

rection to eliminate the artificial diffusion introduced by the changes in the mesh.

This is readily accomplished by means of any of the procedures already known to

eliminate artificial numerical diffusion, and can be implemented in a variety of ways.

In particular this correction is similar to the stabilization of SUPG type required for

highly convective flows. However, in the present case the additional error is strictly

localized next to the interfaces and does not have the global effect of a stabilized

Petrov-Galerkin formulation. Moreover, so far numerical experiments have shown

that this error is small in the sense that it only increases the relative error at nodes

adjacent to the boundary by two or three percent, but this conclusion is based on a

limited number of measurements.
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Poisson Equation Truncation Error

Analysis

C.1 2-D Domain

The Poisson’s Equation is

−∇2p = f (C.1)

where

f = − 1

∆t
∇ · u∗ (C.2)

The weak weighted residuals formulation of equation 4.1 gives
∫

Ω

(∇w.∇p−wf) dΩ = 0 (C.3)

Where w denotes the weighting functions.

The p and f functions are discretized over the space as:

p (x, y) ∼=
n∑

i=1

Ni (x, y) pi f (x, y) ∼=
n∑

i=1

Ni (x, y) fi (C.4)
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Where Ni are the shape functions over each element, and n is the number of nodes

in an element, in this two dimensional case n = 4. The weighting functions wi are

set to be equal to shape functions Ni. the final form of the equation C.3 is

∫ ∆y

0

∫ ∆x
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−
∫ ∆y
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(C.5)

Another representation of equation C.5 is

4∑
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∫ ∆y

0

∫ ∆x

0
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(C.6)

The shape functions according to figure 4.1(a) are



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(

1− x

h

)(y
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(x
h

)(y
k

)

(C.7)

The next task is to calculate the stiffness matrix of an element. By calculating the

stiffness matrices the equation C.6 can be written as:

M11
ij pj +M22

ij pj +M33
ij fj = 0 (C.8)

Where Mmm are stiffness matrices calculated as
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M11
ij = ∆y

6∆x




2 −2 −1 1

−2 2 1 −1

−1 1 2 −2

1 −1 −2 2




, M22
ij = ∆x

6∆y




2 1 −1 −2

1 2 −2 −1

−1 −2 2 1

−2 −1 1 2




, and

M33
ij = −∆x∆y

36




4 2 1 2

2 4 2 1

1 2 4 2

2 1 2 4




The element equations are
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(C.9)
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second element
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third element
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(C.11)
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fourth element
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(C.12)

and assembling the difference equation for node (xi, yi) yields

DE ≡ k2

6h1

(−2pi−1j + 2pij + pij+1 − pi−1j+1) +
h1

6k2

(pi−1j + 2pij − 2pij+1 − pi−1j+1)

+
k2

6h2

(2pij − 2pi+1j − pi+1j+1 + pij+1) +
h2

6k2

(2pij + pi+1j − pi+1j+1 − 2pij+1)

+
k1

6h1

(−pi−1j−1 + pij−1 + 2pij − 2pi−1j) +
h1

6k1

(−pi−1j−1 − 2pij−1 + 2pij + pi−1j)

+
k1

6h2

(pij−1 − pi+1j−1 − 2pi+1j + 2pij) +
h2

6k1

(−2pij−1 − pi+1j−1 + pi+1j + 2pij)

−h1k2

36
(2fi−1j + 4fij + 2fij+1 + fi−1j+1)− h2k2

36
(4fij + 2fi+1j + fi+1j+1 + 2fij+1)

−h1k1

36
(fi−1j−1 + 2fij−1 + 4fij + 2fi−1j)−

h2k1

36
(2fij−1 + fi+1j−1 + 2fi+1j + 4fij) = 0

(C.13)

All the terms in DE are expanded in Taylor series about φn+1
i j . For example:

pi+1j+1 = pij +
(

∆x(pij)x + ∆y(pij)y

)
+

1

2!

(
∆x2(pij)xx + 2∆x∆y(pij)xy + ∆y2(pij)yy

)

+
1

3!

(
∆x3(pij)xxx + 3∆x2∆y(pij)xxy + 3∆x∆y2(pij)xyy + ∆y3(pij)yyy

)

+O
(
∆x4, ∆x3∆y, ∆x2∆y2, ∆x∆y3, ∆y4

)
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and

pi−1j−1 = pij −
(

∆x(pij)x + ∆y(pij)y

)
+

1

2!

(
∆x2(pij)xx + 2∆x∆y(pij)xy + ∆y2(pij)yy

)

− 1

3!

(
∆x3(pij)xxx + 3∆x2∆y(pij)xxy + 3∆x∆y2(pij)xyy + ∆y3(pij)yyy

)

+O
(
∆x4, ∆x3∆y, ∆x2∆y2, ∆x∆y3, ∆y4

)

The Taylor series expansion about pi j gives

DE =
(h1 + h2)(k1 + k2)

4
×




(
−∂

2p

∂x2
− ∂2p

∂x2
− f

)
+

1

3




(k2 − k1)

(
−∂

3p

∂y3
− ∂3p

∂x2∂y

)

+ (h2 − h1)

(
−∂

3p

∂y3
− ∂3p

∂x∂y2

)




−1

3
[(k2 − k1)fy + (h2 − h1)fx] +O(h2, k2, hk)




(C.14)

Note that the leading first order term in the truncation error is equal to

FOE =
1

3




(k2 − k1)
∂

∂y

(
−∂

2pij
∂x2

− ∂2pij
∂y2

− fij
)

+(h2 − h1)
∂

∂x

(
−∂

2pij
∂x2

− ∂2pij
∂y2

− fij
)


 ≡ 0 (C.15)

Provided that the finite element discretization of the right hand side is fully consis-

tent; Therefore, this error vanishes and the method is locally second order accurate

regardless of abrupt changes in the mesh. However, if the formulation is not fully

consistent, such as the case reduced integration is used to evaluate the pressure

gradients in , then a first order error is introduced.
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C.2 3-D Domain

The three dimensional Poisson’s Equation is

−∇2p = f (C.16)

where

f = − 1

∆t
∇ · u∗ (C.17)

The weak weighted residuals formulation of equation 4.1 gives

∫

Ω

(∇w.∇p−wf) dΩ = 0 (C.18)

Where w denotes the weighting functions.

The p and f functions are discretized over the space as:

p (x, y, z) ∼=
n∑

i=1

Ni (x, y, z) pi (C.19)

f (x, y, z) ∼=
n∑

i=1

Ni (x, y, z) fi (C.20)

Where Ni are the shape functions over each element, and n is the number of nodes

in an element, in this two dimensional case n = 8. The weighting functions wi are

set to be equal to shape functions Ni. the final form of the equation C.18 is

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

(
∂Ni

∂x

8∑

j=1

(
∂Nj

∂x
pj

)
+
∂Ni

∂y

8∑

j=1

(
∂Nj

∂y
pj

)
+
∂Ni

∂z

8∑

j=1

(
∂Nj

∂z
pj

))
dxdydz

−
∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

Ni

8∑

j=1

Njfjdxdydz = 0
(C.21)
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Another representation of equation C.21 is

8∑

j=1

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

∂Ni

∂x

∂Nj

∂x
pjdxdydz

+
8∑

j=1

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

∂Ni

∂y

∂Nj

∂y
pjdxdydz

+
8∑

j=1

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

∂Ni

∂z

∂Nj

∂z
pjdxdydz

−
8∑

j=1

∫ ∆z

0

∫ ∆y

0

∫ ∆x

0

NiNjfjdxdy = 0

(C.22)

The shape functions according to figure 4.1(a) are





N1 =
(

1− x

h

)(
1− y

k

)(
1− z

l

)

N2 =
(x
h

)(
1− y

k

)(
1− z

l

)

N3 =
(

1− x

h

)(y
k

)(
1− z

l

)

N4 =
(x
h

)(y
k

)(
1− z

l

)

N5 =
(

1− x

h

)(
1− y

k

)(z
l

)

N6 =
(x
h

)(
1− y

k

)(z
l

)

N7 =
(

1− x

h

)(y
k

)(z
l

)

N8 =
(x
h

)(y
k

)(z
l

)

(C.23)

The next task is to calculate the stiffness matrix of an element. By calculating the

stiffness matrices the equation C.22 can be written as:

M11
ij pj +M22

ij pj +M33
ij pj +M44

ij fj = 0 (C.24)

In this formula, Mmm are stiffness matrices given as
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M11
ij = kl

36h




4 −4 2 −2 2 −2 1 −1

−4 4 −2 2 −2 2 −1 1

2 −2 4 −4 1 −1 2 −2

−2 2 −4 4 −1 1 −2 2

2 −2 1 −1 4 −4 2 −2

−2 2 −1 1 −4 4 −2 2

1 −1 2 −2 2 −2 4 −4

−1 1 −2 2 −2 2 −4 4




,

M22
ij = hl

36k




4 2 −4 −2 2 1 −2 −1

2 4 −2 −4 1 2 −1 −2

−4 −2 4 2 −2 −1 2 1

−2 −4 2 4 −1 −2 1 2

2 1 −2 −1 4 2 −4 −2

1 2 −1 −2 2 4 −2 −4

−2 −1 2 1 −4 −2 4 2

−1 −2 1 2 −2 −4 2 4




,

M33
ij = hk

36l




4 2 2 1 −4 −2 −2 −1

2 4 1 2 −2 −4 −1 −2

2 1 4 2 −2 −1 −4 −2

1 2 2 4 −1 −2 −2 −4

−4 −2 −2 −1 4 2 2 1

−2 −4 −1 −2 2 4 1 2

−2 −1 −4 −2 2 1 4 2

−1 −2 −2 −4 1 2 2 4




, and

93



Appendix C. Poisson Equation Truncation Error Analysis

M44
ij = − hkl

216




8 4 4 2 4 2 2 1

4 8 2 4 2 4 1 2

4 2 8 4 2 1 4 2

2 4 4 8 1 2 2 4

4 2 2 1 8 4 4 2

2 4 1 2 4 8 2 4

2 1 4 2 4 2 8 4

1 2 2 4 2 4 4 8




The nodes and dimension for the elements using the notation in figure 4.1 are

first element

nodes

[
φi−1j−1k−1 φij−1k−1 φi−1jk−1 φijk−1 φi−1j−1k φij−1k φi−1jk φijk

]

dimension[
h1 k1 l1

]

second element

nodes

[
φij−1k−1 φi+1j−1k−1 φijk−1 φi+1jk−1 φij−1k φi+1j−1k φijk φi+1jk

]

dimension[
h2 k1 l1

]

third element

nodes

[
φi−1jk−1 φijk−1 φi−1j+1k−1 φij+1k−1 φi−1jk φijk φi−1j+1k φij+1k

]

dimension[
h1 k2 l1

]
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fourth element

nodes

[
φijk−1 φi+1jk−1 φij+1k−1 φi+1j+1k−1 φijk φi+1jk φij+1k φi+1j+1k

]

dimension[
h2 k2 l1

]

fifth element

nodes

[
φi−1j−1k φij−1k φi−1jk φijk φi−1j−1k+1 φij−1k+1 φi−1jk+1 φijk+1

]

dimension[
h1 k1 l2

]

sixth element

nodes

[
φij−1k φi+1j−1k φijk φi+1jk φij−1k+1 φi+1j−1k+1 φijk+1 φi+1jk+1

]

dimension[
h2 k1 l2

]

seventh element

nodes

[
φi−1jk φijk φi−1j+1k φij+1k φi−1jk+1 φijk+1 φi−1j+1k+1 φij+1k+1

]

dimension[
h1 k2 l2

]

eighth element

nodes

[
φijk φi+1jk φij+1k φi+1j+1k φijk+1 φi+1jk+1 φij+1k+1 φi+1j+1k+1

]
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dimension[
h2 k2 l2

]

assembling the difference equation for node (xi, yi) yields

DE ≡ DE1 +DE2 +DE3 +DE4 (C.25)

where

DE1 ≡
k2l1
36h1

(−2pi−1jk−1 + 2pijk−1 − pi−1j+1k−1 + pij+1k−1 − 4pi−1jk + 4pijk − 2pi−1j+1k + 2pij+1k)
(C.26)

+
k2l1
36h2

(+2pijk−1 − 2pi+1jk−1 + pij+1k−1 − pi+1j+1k−1 + 4pijk − 4pi+1jk + 2pij+1k − 2pi+1j+1k)

+
k1l1
36h1

(−pi−1j−1k−1 + pij−1k−1 − 2pi−1jk−1 + 2pijk−1 − 2pi−1j−1k + 2pij−1k − 4pi−1jk + 4pijk)

+
k1l1
36h2

(+pij−1k−1 − pi+1j−1k−1 + 2pijk−1 − 2pi+1jk−1 + 2pij−1k − 2pi+1j−1k + 4pijk − 4pi+1jk)

+
k2l2
36h1

(−4pi−1jk + 4pijk − 2pi−1j+1k + 2pij+1k − 2pi−1jk+1 + 2pijk+1 − pi−1j+1k+1 + pij+1k+1)

+
k2l2
36h2

(+4pijk − 4pi+1jk + 2pij+1k − 2pi+1j+1k + 2pijk+1 − 2pi+1jk+1 + pij+1k+1 − pi+1j+1k+1)

+
k1l2
36h1

(−2pi−1j−1k + 2pij−1k − 4pi−1jk + 4pijk − pi−1j−1k+1 + pij−1k+1 − 2pi−1jk+1 + 2pijk+1)

+
k1l2
36h2

(+2pij−1k − 2pi+1j−1k + 4pijk − 4pi+1jk + pij−1k+1 − pi+1j−1k+1 + 2pijk+1 − 2pi+1jk+1)

and
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DE2 ≡

+
h1l1
36k2

(pi−1jk−1 + 2pijk−1 − pi−1j+1k−1 − 2pij+1k−1 + 2pi−1jk + 4pijk − 2pi−1j+1k − 4pij+1k)
(C.27)

+
h2l1
36k2

(+2pijk−1 + pi+1jk−1 − 2pij+1k−1 − pi+1j+1k−1 + 4pijk + 2pi+1jk − 4pij+1k − 2pi+1j+1k)

+
h1l1
36k1

(−pi−1j−1k−1 − 2pij−1k−1 + pi−1jk−1 + 2pijk−1 − 2pi−1j−1k − 4pij−1k + 2pi−1jk + 4pijk)

+
h2l1
36k1

(−2pij−1k−1 − pi+1j−1k−1 + 2pijk−1 + pi+1jk−1 − 4pij−1k − 2pi+1j−1k + 4pijk + 2pi+1jk)

+
h1l2
36k2

(+2pi−1jk + 4pijk − 2pi−1j+1k − 4pij+1k + pi−1jk+1 + 2pijk+1 − pi−1j+1k+1 − 2pij+1k+1)

+
h2l2
36k2

(+4pijk + 2pi+1jk − 4pij+1k − 2pi+1j+1k + 2pijk+1 + pi+1jk+1 − 2pij+1k+1 − pi+1j+1k+1)

+
h1l2
36k1

(−2pi−1j−1k − 4pij−1k + 2pi−1jk + 4pijk − pi−1j−1k+1 − 2pij−1k+1 + pi−1jk+1 + 2pijk+1)

+
h2l2
36k1

(−4pij−1k − 2pi+1j−1k + 4pijk + 2pi+1jk − 2pij−1k+1 − pi+1j−1k+1 + 2pijk+1 + pi+1jk+1)

and

DE3 ≡

+
h1k2

36l1
(−2pi−1jk−1 − 4pijk−1 − pi−1j+1k−1 − 2pij+1k−1 + 2pi−1jk + 4pijk + pi−1j+1k + 2pij+1k)

(C.28)

+
h2k2

36l1
2 (−4pijk−1 − 2pi+1jk−1 − 2pij+1k−1 − pi+1j+1k−1 + 4pijk + 2pi+1jk + 2pij+1k + pi+1j+1k)

+
h1k1

36l1
(−pi−1j−1k−1 − 2pij−1k−1 − 2pi−1jk−1 − 4pijk−1 + pi−1j−1k + 2pij−1k + 2pi−1jk + 4pijk)

+
h2k1

36l1
(−2pij−1k−1 − pi+1j−1k−1 − 4pijk−1 − 2pi+1jk−1 + 2pij−1k + pi+1j−1k + 4pijk + 2pi+1jk)

+
h1k2

36l2
(+2pi−1jk + 4pijk + pi−1j+1k + 2pij+1k − 2pi−1jk+1 − 4pijk+1 − pi−1j+1k+1 − 2pij+1k+1)

+
h2k2

36l2
(+4pijk + 2pi+1jk + 2pij+1k + pi+1j+1k − 4pijk+1 − 2pi+1jk+1 − 2pij+1k+1 − pi+1j+1k+1)

+
h1k1

36l2
(+pi−1j−1k + 2pij−1k + 2pi−1jk + 4pijk − pi−1j−1k+1 − 2pij−1k+1 − 2pi−1jk+1 − 4pijk+1)

+
h2k1

36l2
(+2pij−1k + pi+1j−1k + 4pijk + 2pi+1jk − 2pij−1k+1 − pi+1j−1k+1 − 4pijk+1 − 2pi+1jk+1)
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finally

DE4 ≡

−h1k2l1
216

(+2fi−1jk−1 + 4fijk−1 + fi−1j+1k−1 + 2fij+1k−1 + 4fi−1jk + 8fijk + 2fi−1j+1k + 4fij+1k)
(C.29)

−h2k2l1
216

(+4fijk−1 + 2fi+1jk−1 + 2fij+1k−1 + fi+1j+1k−1 + 8fijk + 4fi+1jk + 4fij+1k + 2fi+1j+1k)

−h1k1l1
216

(+fi−1j−1k−1 + 2fij−1k−1 + 2fi−1jk−1 + 4fijk−1 + 2fi−1j−1k + 4fij−1k + 4fi−1jk + 8fijk)

−h2k1l1
216

(+2fij−1k−1 + fi+1j−1k−1 + 4fijk−1 + 2fi+1jk−1 + 4fij−1k + 2fi+1j−1k + 8fijk + 4fi+1jk)

−h1k2l2
216

(+4fi−1jk + 8fijk + 2fi−1j+1k + 4fij+1k + 2fi−1jk+1 + 4fijk+1 + fi−1j+1k+1 + 2fij+1k+1)

−h2k2l2
216

(+8fijk + 4fi+1jk + 4fij+1k + 2fi+1j+1k + 4fijk+1 + 2fi+1jk+1 + 2fij+1k+1 + fi+1j+1k+1)

−h1k1l2
216

(+2fi−1j−1k + 4fij−1k + 4fi−1jk + 8fijk + fi−1j−1k+1 + 2fij−1k+1 + 2fi−1jk+1 + 4fijk+1)

−h2k1l2
216

(+4fij−1k + 2fi+1j−1k + 8fijk + 4fi+1jk + 2fij−1k+1 + fi+1j−1k+1 + 4fijk+1 + 2fi+1jk+1)

All the terms in DE are expanded in Taylor series about φn+1
i j . For example:

pi+1j+1 = pij +
(

∆x(pij)x + ∆y(pij)y

)
+

1

2!

(
∆x2(pij)xx + 2∆x∆y(pij)xy + ∆y2(pij)yy

)

+
1

3!

(
∆x3(pij)xxx + 3∆x2∆y(pij)xxy + 3∆x∆y2(pij)xyy + ∆y3(pij)yyy

)

+O
(
∆x4, ∆x3∆y, ∆x2∆y2, ∆x∆y3, ∆y4

)

and

pi−1j−1 = pij −
(

∆x(pij)x + ∆y(pij)y

)
+

1

2!

(
∆x2(pij)xx + 2∆x∆y(pij)xy + ∆y2(pij)yy

)

− 1

3!

(
∆x3(pij)xxx + 3∆x2∆y(pij)xxy + 3∆x∆y2(pij)xyy + ∆y3(pij)yyy

)

+O
(
∆x4, ∆x3∆y, ∆x2∆y2, ∆x∆y3, ∆y4

)
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The Taylor series expansion about pi j gives

DE =
1

8
(k1 + k2) (l1 + l2) (h1 + h2)×




(
−(pijk)xx − (pijk)yy − (pijk)zz − (fijk)

)

+
1

3
(h2 − h1)

∂

∂x

(
−(pijk)xx − (pijk)yy − (pijk)zz − (fijk)

)

+
1

3
(k2 − k1)

∂

∂y

(
−(pijk)xx − (pijk)yy − (pijk)zz − (fijk)

)

+
1

3
(l2 − l1)

∂

∂z

(
−(pijk)xx − (pijk)yy − (pijk)zz − (fijk)

)




(C.30)

Note that the leading first order term in the truncation error is equal to

FOE =
1

3




(h2 − h1)
∂

∂x

(
−∂

2pijk
∂x2

− ∂2pijk
∂y2

− ∂2pijk
∂z2

− fijk
)

+ (k2 − k1)
∂

∂y

(
−∂

2pijk
∂x2

− ∂2pijk
∂y2

− ∂2pijk
∂z2

− fijk
)

+ (l2 − l1)
∂

∂z

(
−∂

2pijk
∂x2

− ∂2pijk
∂y2

− ∂2pijk
∂z2

− fijk
)



≡ 0 (C.31)

Provided that the finite element discretization of the right hand side is fully consis-

tent; Therefore, this error vanishes and the method is locally second order accurate

regardless of abrupt changes in the mesh. However, if the formulation is not fully

consistent, such as the case reduced integration is used to evaluate the pressure

gradients in , then a first order error is introduced.
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