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Abstract

This thesis proposes the application of multi-dimensional Amplitude-Modulation

Frequency-Modulation (AM-FM) methods to magnetic resonance images (MRI). The

basic goal is to provide a framework for exploring non-stationary characteristics of

structural and functional MRI (sMRI and fMRI).

First, we provide a comparison framework for the most popular AM-FM methods

using different filterbank configurations that includes Gabor, Equirriple and multi-

scale directional designs. We compare the performance and robustness to Gaussian

noise using synthetic FM image examples. We show that the multi-dimensional

quasi-local method (QLM) with an equiripple filterbank gave the best results in

terms of instantaneous frequency (IF) estimation.

We then apply the best performing AM-FM method to sMRI to compute the

3D IF features. We use a t-test on the IF magnitude for each voxel to find evi-

dence of significant differences between healthy controls and patients diagnosed with

schizophrenia (n=353) can be found in the IF.
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We also propose the use of the instantaneous phase (IP) as a new feature for

analyzing fMRI images. Using principal component analysis and independent com-

ponent analysis on the instantaneous phase from fMRI, we built spatial maps and

identified brain regions that are biologically coherent with the task performed by the

subject. This thesis provides the first application of AM-FM models to fMRI and

sMRI.
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Chapter 1

Introduction

Non-stationary image processing methods provide a powerful alternative to station-

ary approaches. Non-stationary analysis can provide significant new insight into the

basic signal characteristics. In this Master’s thesis, we explore non-stationarity ex-

hibited in functional magnetic resonance imaging (fMRI) and structural magnetic

resonance imaging (sMRI). It is known that MRI signals [3] and noise [4, 5] exhibit

strong non-stationary characteristics.

For one-dimensional signals, the short-time Fourier transform (STFT) is a stan-

dard tool for exploring non-stationary characteristics. More generally, one-dimensional

time-frequency analysis requires the use of the Wigner distribution and its derivatives

[6]. One-dimensional Wavelet transforms provide a specific time-frequency analysis

method [7, 6].

The Teager-Kaiser operator in [8, 9] provided an alternative method for studying

one-dimensional non-stationary signals based on the use of amplitude modulated

and frequency modulated (AM-FM) functions. This was further extended to two-

dimensional AM-FM representations for digital images in [10] and [11]. Moreover,

multi-dimensional FM modeling for non-stationary image structure was studied in
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Chapter 1. Introduction

[12]. Recently, Dr. Murray introduced the use of multi-scale AM-FM decompositions

in [13].

This introductory chapter is organized as follows. In sec. 1.1, we provide an

general description of acquisition and pre-processing of fMRI data. In sec. 1.2,

we provide an introduction to some of the basics of AM-FM models and AM-FM

demodulation.

1.1 Functional Magnetic Resonance Imaging

fMRI is a non-invasive technique that provides an image of brain function through

time [14]. This imaging technique gives information on blood oxygenation indirectly

related to neuronal activity. The blood oxygen level dependent (BOLD) contrast

changes trough time as a series of three dimensional images collected while the subject

may be receiving stimulus, performing a task or resting.

The MRI scanner induces a magnetic field that causes the protons to align their

spins. Then, by introducing a pulse of magnetic energy perpendicular to the main

magnetic field in the form of a radio frequency pulse (specific to the hydrogen atom

due to its high concentration in the human body), the spins absorb energy and be-

come excited [15]. The time it takes for the protons to return to their equilibrium

magnetization is an exponential decay process with time constant parameters called

transverse relaxation time, T2, and longitudinal relaxation time, T1. Also, the param-

eter T ∗2 is a time constant that characterizes the exponential decay of the signal, due

to spin-spin interactions (related to T2), magnetic field inhomogeneities (magnetic

field induced by the MRI machine), and susceptibility effects (physical property of

the brain). The rapid decay of the T ∗2 signal provides for a faster MRI scanning.

The time sampling interval, TR, is designed to be long enough so that gray matter
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Chapter 1. Introduction

tissue can fully recover in between pulses. Depending on the tissue of interest,

parameters can be tuned to enhance its contrast with surrounding tissue.

The MRI signal is acquired from two orthogonal detectors which are put in com-

plex form [16], where BOLD contrast is measured. The BOLD signal depends on

the magnetic properties of blood carrying oxygen to the neurons (oxygenated) and

residual blood after neurons have used the oxygen (de-oxygenated). Thus, BOLD

indirectly indicates neuronal activity.

1.1.1 fMRI preprocessing

Following scanning, the fMRI data is pre-processed to enhance data quality and allow

for improved statistical power. The pre-processing steps are performed using SPM 8

software as described in [17]. The basic steps include:

Step 1. Slice Timing

The slices are collected at different times and require synchronization to avoid

signal biases. Slice timing correction is performed using sinc function interpo-

lation.

Step 2. Realignment

Head motion during scanning, even in the order of millimeters, can still cause

significant artifacts. Motion correction is achieved realigning a time-series of

images acquired from the same subject using a least squares approach and a

6 parameter (rigid body) spatial transformation. Also, the fat chemical that

envelops the brain causes a shift in the resulting image and the susceptibility

map is not homogenous due to the air canals near the brain such as the audi-

tory and nasal canals. This correction is performed using an estimate of the

susceptibility map and reconstruction from the phase of the acquired image.

3



Chapter 1. Introduction

Step 3. Spatial Normalization

Spatial normalization involves image registration to the brain atlas to allow for

comparisons among different individuals.

Step 4. Smoothing

Spatial smoothing is applied for improving the signal-to-noise ratio (SNR) to

allow for better activation detection. Smoothing does not have a high impact on

frequency estimation because it is only reducing amplitude and not distorting

frequency content.

1.2 AM-FM demodulation methods

AM-FM demodulation methods are in constant growth and several applications have

been presented. The list of application includes fingerprint classification [18], image

segmentation [19, 20, 21], and ultrasound video analysis [22, 23, 24, 25], among

others.

The AM-FM representation for multi-dimensional signals provides an effective

model of non-stationary content [12]. For the AM-FM representation, a multi-

dimensional signal I(x) is expressed as a sum of AM-FM components using:

I(x) '
M∑
m=1

am(x) cos(ϕm(x)) (1.1)

where x represents a vector of spatio-temporal coordinates, I(x) : Rk → R maps the

voxel values for each coordinate x, M is the number of components, an > 0 denote the

instantaneous amplitude (IA) components, and ϕn denote the instantaneous phase

(IP) components. Slowly-varying (amplitude) characteristics are modeled using the

IA components. Significant changes in non-stationary frequency content are modeled

using the IP components.

4



Chapter 1. Introduction

Given the multidimensional signal I(x), the computation of the AM-FM com-

ponents involves the estimation of the instantaneous amplitude functions an(x), the

instantaneous phase functions ϕn(x), and the instantaneous frequency (IF) function

defined as the gradient of the instantaneous phase:

ωn(x) = ∇ϕ(x)

=

(
∂

∂x1
ϕn(x),

∂

∂x2
ϕn(x), . . . ,

∂

∂xk
ϕn(x)

)
.

1.2.1 Channel Component Analysis, Dominant Component

Analysis, and Multiscale AM-FM Analysis

In this section, we introduce the most popular methods for deriving AM-FM models.

In order of complexity, the simplest method is based on Channel Component Analysis

(CCA), followed by Dominant Component Analysis (DCA) [10], and multi-scale AM-

FM analysis [13].

CCA consists of the decomposition of the input signal into M components com-

ing from M channels. DCA constructs a single AM-FM component by using the

channel output with the highest IA estimate. The Multi-scale analysis applies DCA

to different frequency bands.

AM-FM models use AM-FM demodulation methods in order to estimate the

AM-FM functions IA and IP. With the exception of the quasi-local method (QLM),

all other methods require the computation of the extended analytic signal. For a

single AM-FM component, the extended analytic signal attempts to estimate a com-

plex exponential a(x) exp(jϕ(x)) from the real-valued input AM-FM component of

a(x) cos(ϕ(x)). In multiple-dimensions, the extended analytic signal representation

is approximated using three steps:

Step 1. Take the multidimensional Fast Fourier Transform of the input signal I(.).

5



Chapter 1. Introduction

F(ω) = FFTN(I(x))

Step 2. Remove half of the spectrum by setting the components to zero and dou-

bling the remaining components:

G(ω) =

0, if ω1 < 0

2F(ω), otherwise.

Step 3. Take the inverse FFT to estimate the complex signal approximation.

ÎAS(x) = IFFTN(G(ω))

Note that no signal information is lost trough the computation of the extended

analytic signal due to conjugate symmetry of the multidimensional Fourier Transform

(F(ω) = F∗(−ω)) in real-valued signals.

The extended analytic signal ÎAS is then processed through a filter-bank. This

procedure is outlined in Fig. 1.1, where the impulse responses of the filter-bank are

given by: h1, h2, . . . , hN . In the basic channel component analysis approach, the

outputs from each filter are used to estimate the AM-FM components. This approach

is clearly best if non-stationary components can be localized to specific bands that

is represented in the left figure of Fig. 1.1.

The assumption that the AM-FM components cannot be constrained to specific

frequency bands leads to DCA. In DCA, each AM-FM component an(x), ϕn(x) and

ωn(x) are computed at each voxel as shown in the right figure of Fig. 1.1. Then, the

goal of the filterbank is to provide a voxel-based separation of the different AM-FM

components. AM-FM components are extracted from different filters at each voxel.

In DCA, the dominant AM-FM component is selected by the channel that gives

the largest IA estimate. Due to the need to capture non-stationary behavior, the

6



Chapter 1. Introduction

dominant filter can vary from voxel to voxel. Formally, we have the dominant IA

determined using:

a(x) = max
n∈[1, M ]

{an(x)},

and the index of the maximum channel

κ(x) = argmax
n∈[1, M ]

{an(x)}

is then used in determining the instantaneous phase and instantaneous frequency

estimates using

ϕ(x) = ϕκ(x)(x), and

ω(x) = ∇ϕκ(x)(x).

The instantaneous frequency based on the QEA is estimated by:

ω̂1 = cos−1

[
ÎAS(x1 + 1, x2, x3, x4) + ÎAS(x1 − 1, x2, x3, x4)

2ÎAS(x)

]

ω̂2 = cos−1

[
ÎAS(x1, x2 + 1, x3, x4) + ÎAS(x1, x2 − 1, x3, x4)

2ÎAS(x)

]

ω̂3 = cos−1

[
ÎAS(x1, x2, x3 + 1, x4) + ÎAS(x1, x2, x3 − 1, x4)

2ÎAS(x)

]

ω̂4 = cos−1

[
ÎAS(x1, x2, x3, x4 + 1) + ÎAS(x1, x2, x3, x4 − 1)

2ÎAS(x)

]

An extension of DCA, called multi-scale analysis, was proposed by Dr. Murray in

his dissertation [13]. In multi-scale analysis, we simply apply dominant component

analysis over different collections of bandpass filters. The basic idea is to group

together the different channel filters based on frequency magnitude. Thus, we can

have low, medium, and high frequency scales. Furthermore, multi-scale analysis can

take advantage of combinations of scales.

7



Chapter 1. Introduction

Figure 1.1: AM-FM demodulation based on Dominant Component Analysis (DCA)
and the Quasi-Eigenfunction Approximation (QEA). The input is the extended an-
alytic signal denoted by I(ξ). The QEA is applied in correcting the instantaneous
amplitude. This correction can be error-prone since it depends on the estimate of
the IF.

The selection and design of an appropriate filter-bank can significantly affect

the resulting AM-FM decomposition. Ideally, filterbank design should reflect the

properties of the signals that are being analyzed. General-purpose Gabor-based

filter-banks were used in Pattichis et al. [21] and Havlicek et al. [26]. Separable,

flat-passband filters were used by Rodriguez in [24]. More recently, Dr. Murray [27]

implemented a dyadic, separable and multiscale filter-bank using equiripple filters.

Given the fact that the filter-bank can significantly impact the estimated AM-FM

components, in Chapter 3, I compare accuracy between estimates derived using both

Gabor and equiripple filter-bank designs.

8



Chapter 1. Introduction

1.2.2 Quasi-local n-dimensional demodulation

For the quasi-local method, estimation is based on products of samples of AM-FM

components. We begin by defining

g(ε1,ε2) = I(x+ ε1)I(x− ε2),

where (ε1, ε2 ≥ 0), and I(x) = a(x) cosϕ(x). Then, the instantaneous amplitude

can be estimated using

a(x) =
√

2ǧ(0,0)(x) (1.2)

where ǧ(ε1,ε2)(x) = hLP (x) ∗ g(ε1,ε2)(x) and hLP (x) is a low pass filter. The low-pass

filter is used for removing second-order, higher-frequency terms. For the purposes

of this research, the low-pass filter was designed using an equiripple design with

frequency cut-off set to π/10, a transition band of π/10, passband ripple at 0.017

dB, stop-band attenuation of 66.02 dB as described in [13, sec. 3.3].

Assuming that the instantaneous frequency satisfies ω(x) < π/2, it can then be

estimated using

ω(x) = cos−1

(
R(x) +

√
R2(x) + 8

4

)
(1.3)

where

R(x) =
2ǧ(1,1)(x)

ǧ(1,0)(x) + ǧ(0,1)(x)
. (1.4)

This operator is separable and applied to every dimension of the data. For π/2 <

ω(x) < π, the instantaneous frequency is estimated as proposed in [24]

ω(x) = π − cos−1

(
−R(x) +

√
R2(x) + 8

4

)
(1.5)

9



Chapter 1. Introduction

1.3 Motivation for Current Work

Classical MRI analysis methods either assume stationarity or ignore non-stationary

characteristics. The goal of this thesis is to apply AM-FM methods that are well-

suited for analysing non-stationary signals to functional and structural MRI.

AM-FM methods provide a rich representation which allows the analysis in terms

of the instantaneous amplitude, frequency, and phase for each voxel of the image.

AM-FM functions can adapt to significant signal changes.

The thesis will explore the application of AM-FM methods to model brain dy-

namics and signal coherence in MRI images, providing a new data representation

to compare between patients with mental diseases and healthy controls. The focus

of the thesis is on the statistical analysis and interpretation of AM-FM components

extracted from functional and structural MRI.

1.4 Thesis statement

The primary thesis of this dissertation is that the analysis of MRI data by AM-FM

methods can lead to new insights into the non-stationary characteristics of structural

and functional MRI.

First, we provide a comparison framework for the most popular AM-FM ap-

proaches to select an optimal method based on its performance in resistance to noise.

Second, we apply the best-performing AM-FM demodulation method to functional

and structural MRI where we explore its results with statistical tools. We compare

sMRI instantaneous frequency in a case-control study using two independent sample

t-test and logistic regression. Also, we use principal component analysis and inde-

pendent component analysis on the instantaneous phase to describe its properties on

10



Chapter 1. Introduction

fMRI.

1.5 Contributions

The main contributions of the present work include:

• An AM-FM analysis framework for comparing demodulation methods (QEA

and QLM) based on 3 filterbanks (Gabor, Equiriple and Multiscale directional).

• A statistical analysis of MRI signals using a time-frequency non-stationary

representation.

• An extended application of the instantaneous phase for detecting brain activity

in functional images, and the use of the instantaneous frequency for represent-

ing brain structure.

• Provide evidence of significant differences between patients and healthy-controls

given by AM-FM analysis that cannot be seen analyzing the raw data.

1.6 Thesis Overview

The thesis is organized into four parts. The first chapter presented a brief review

of MRI data acquisition and AM-FM methods. The second chapter summarizes the

classical methods used in brain activity detection and introduces the comparison

framework. The third chapter describes the application of AM-FM methods to MRI

and provides suggestions for differentiating between patients and healthy controls.

Chapter four provides a discussion of the results. Finally, in the last chapter we

provide our final conclusions based on the results and suggest future work.

11



Chapter 2

Detection of brain activity in

fMRI time-series

2.1 Introduction

Despite the development of several approaches, the detection of true brain activity

in fMRI scans remains an open problem. In this chapter, I summarize two of the

most popular approaches.

The first approach is based on massive univariate statistical inference using a

linear regression model. The BOLD signal is set as the response variable and task

designed responses are set as the explanatory variables. These designed responses

for each task are generated with the HRF convolved with a box-car (one for stimuli

presence). Then, the model is fit for each voxel independently [28].

It is important to consider the multiple correction problem since we used a sta-

tistical test for determining whether each voxel is linearly related of the designed

BOLD response or not. The probability of rejecting the null hypotheses H0 : β = 0

12
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when it is true (false rejection), increases with the number of tests. Thus, we may

have a large probability of making one or more false rejections of the true H0. The

most conservative way to correct the p-values is using Bonferroni p-value correction

for voxels inside the brain only.

Multivariate approaches can help model brain connectivity represented by tem-

poral correlations among spatially separated brain regions. A popular multivariate

method for fMRI is based on Independent Component Analysis (ICA). ICA has

been applied for the identification of various signal-types in the spatial or temporal

domain, second level analysis of fMRI data and for the analysis of complex-valued

fMRI data [29]. ICA can be applied without the need to have a-priori models for

brain activity and produce spatially independent components (component images)

or temporal independent components (component time courses).

In the remaining part of the Chapter, we introduce the use of the two most pop-

ular methods for brain analysis for fMRI data: linear regression analysis in Section

2.2 and independent component analysis (ICA) in Section 2.3. Also, we propose an

adaptation of the AM-FM analysis methods for analysing MRI images is given in

Section 2.4.

2.2 Linear Regression Analysis

Statistical Parametric Mapping (SPM) is a popular software tool to construct and

assess spatial statistical processes and test hypotheses about functional imaging data.

In SPM, we specify each voxel time series as the response variable and, in case of a

block design, the convolution of the stimulus function of experiment with the HRF

as predictor variable.

Then, the estimated coefficients for each voxel or so called β maps show regions of

13
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the brain in which the model respond to the predictors. SPM also provides T -values

resulting of hypothesis testing on β with the estimated standard deviation associated

with this coefficient. This allows a visual inspections of regions of the brain linearly

related to the stimuli and analysis with previous anatomic and functional knowledge

of brain.

Example T -maps are shown in Fig. (2.1). In the example, we have the fMRI scan

of 1 subject performing a visual and motor task [30]. The task consists of a flickering

checker board presented to the subject as a visual stimuli. This is presented for 15

seconds to the right side and it is followed by 5 seconds of rest to the subject. Next,

the same visual stimuli are presented to the left side of the visual field for 15 seconds

and finally 20 seconds rest to repeat of the same pattern four times. For simplicity,

we show the T -map using as explanatory variables the two designed BOLD response

that relates to each side stimuli. The T -map indicates with black values the voxels for

which the coefficients significantly different from zero. Notice that motor and visual

cortex are those with the highest T statistic. Since this is a univariate method and

each voxel is tested independently, we note sparse isolated regions on the T -map that

are not related to the stimuli. The main issue with this method is that we require

a prior model of brain behaviour and a model of the BOLD response which may

vary by subject. Furthermore, this is a massive univariate approach which requires

correction of the observed significance by the number of comparisons which is equal

to the number of intro-cranial voxels (∼ 30, 000).

On the other hand, as we shall discuss next, multivariate approaches such as

PCA and ICA work on whole images and can identify spatio-temporal patterns over

voxels without the need to specify priori information.

14
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(a) (b)

Figure 2.1: T -map that indicates the voxels that are active for which the coefficients
for the (a) left visual field task, and (b) the right visual field task. The fMRI images
depicts active pixels using low image intensity. Thus, darker pixels signify activation.

2.3 Independent Component Analysis

Independent component analysis is a multivariate method that separate a multivari-

ate signal into additive components that are statistically independent. ICA seems

to capture the essential structure of the data in many applications, including feature

extraction and blind signal separation [31]. ICA find this components assuming that

each observed signal is a linear mixture of n independent components.

In matrix form, we have X = AS where X are the observed signals, A is the

mixing matrix and S are the sources. Thus, the problem is to estimate A and S

from X such that each source in S is as independent as possible. From X = AS, we

have that each observation is represented as

xj = aj1s1 + aj2s2 + · · ·+ ajnsn. (2.1)

ICA cannot determine the variances of the independent components since any
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scalar multiplier in A can be cancelled by a division in S. Also, the method can not

determine the order of the independent components.

In addition, Gaussian sources are not separable in the ICA sense [32] because

any orthogonal transformation will have the exact same joint distribution and thus

we cannot estimate the mixing matrix A. To avoid this problem, we measure the

kurtosis [33] and the neg-entropy [34] to determine whether an R.V. exhibits a normal

distribution.

In order to estimate the sources, we first decorrelate the observation signals using

a whitening matrix W . Higher order dependence can be partially addressed through

rotations so as to minimize the dependence of the estimated sources. To minimize

dependence, estimation proceeds by estimating A, W that minimize mutual infor-

mation of the resulting source signals [35]. Similarly, A, W can be selected based on

minimizing neg-entropy or maximizing the output entropy [36] (INFOMAX) among

the sources. Alternatively, estimation can be performed using maximum likelihood

estimation [37] among others.

ICA has become a very popular tool for fMRI analysis [29], mainly due to the

consistency of its results with a priori biological knowledge regarding brain function.

The assumption of ICA on fMRI is that activated regions of the brain do not overlap

in time or space. Therefore, regions of the brain are independent sources that mix

linearly and generate the observed fMRI data [38]. Also, it has been shown that

fMRI noise is not Gaussian. In practice, most methods use the amplitude of the

complex fMRI signal where the Gaussian noise of the real and imaginary part is

transformed to Rician noise.

As an example, we apply ICA using the same data used in sec. 2.2 and show

results using the software tool Group ICA Of fMRI Toolbox (GIFT) [39]. In this case,

15 independent sources were selected. In Fig. 2.2, we only show the two components
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Figure 2.2: ICA components coherent with visuo-motor cortical regions and time
courses for both tasks that the patient perform.

that are relevant to the task. We notice activation regions that extend beyond the

visual and motor cortices. The results are consistent with the task and the Linear

Regression results of Fig. 2.1.

2.4 4-D AM-FM demodulation

To the best of our knowledge, this is the first application of AM-FM methods to

fMRI data. Furthermore, this is the first application of AM-FM models to 4D data

sets. The application requires the design of a four dimensional filter-bank. In this

application, we will consider the use of two AM-FM scales to avoid expensive com-

putation.
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The rest of this section is organized as follows. First, we provide details on

the development of a new quasi-local method in section 2.4.1. Then, we evaluate

performance on a synthetic example using three different filter-banks.

2.4.1 Generalized quasi-local one-dimensional demodulation

In this section, we propose a modification of the Quasi-local method to work with

arbitrary frequency bands. The standard quasi-local method constrains the signal

to either [0, π
2
] or [π

2
, π] and this constrains the design of the associated filter-bank.

Therefore, we propose this new method in order to allow for generic filter-bank

designs. Since the quasi-local approach is separable, we develop the one-dimensional

algorithm that is applied along each dimension.

Let the monocomponent modulated signal be f(x) = a(x) cosϕ(x), where a(x) is

the instantaneous amplitude and ϕ(x) is the instantaneous phase. Also, let ω(x) be

the instantaneous frequency of f(x) computed with

ω(x) = cos−1

(
±R(x) +

√
R2(x) + 8

4

)
where

R(x) =
2ǧ(1,1)(x)

ǧ(1,0)(x) + ǧ(0,1)(x)
,

g(ε1,ε2) = f(x+ ε1)f(x− ε2),

and ε1, ε2 ≥ 0.

Then we know from sec. 1.2.2 that the problem is divided into two cases: ω(x) <

π/2 and π/2 < ω(x) < π for which we either apply eq. (1.3) or eq. (1.5) respectively.

We use a low-pass and high-pass filter to get two versions of f(x) which are

f1(x) = hLP (x) ∗ f(x)

f2(x) = hHP (x) ∗ f(x)
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where hLP has a passband of 0 < ω < π/2, and hHP has a passband of π/2 < ω < π.

Now, we define

θ(R) =
R +
√
R2 + 8

4
(2.2)

where θ(R) is the argument of cos−1(.) in eq. (1.3) and θ(−R) becomes the argument

of cos−1(.) in eq. (1.5).

Now, note that

0 < cos−1(θ(R)) <
π

2

, and

π

2
< π − cos−1(θ(−R)) < π

Then R ∈ (−∞, 1] and −R ∈ [−1,+∞).

Now, I plot the values of θ(R) and θ(−R) in Fig. 2.3, where we observe that

θ(R) is monotonically increasing so 0 < θ(R) < 0.5 when R ∈ (−∞,−1]. Using eq.

(1.3) we can establish that 0 < ω(x) < π
3
. Therefore, we use eq. (1.3) to estimate

ω(x) (see proof in Appendix A).

Also, notice that θ(−R) is monotonically decreasing so 0 < θ(R) < 0.5 when

R ∈ [1,∞). Using eq. (1.5) we can establish that 2π
3
< ω(x) < π. Therefore, we use

eq. (1.5) to estimate ω(x) ( see proof in Appendix B). Thus, we can choose what

demodulation equation to use according to the computed value of R which is for

ω(x) ∈ [0, π
3
] ∪ [2/pi

3
, π]. Finally, DCA is applied to select between f1(x) and f2(x)

for ω(x) ∈ [π
3
, 2π

3
] is computed and merged with the previous outcome. This process

is outlined as a diagram block in Fig. 2.4.
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Figure 2.3: θ(R) and θ(−R) in the respective domain R.

2.4.2 Methods comparison

Filter banks

In order to have the most representative filter banks used for AM-FM demodulation

we test three filter bank designs: (i) non separable Gabor filter bank [40, 10], (ii)

separable filters designed by least squares optimization used in [24], (iii) and the

directional multiscale and multiresolution filter bank of [1]. The Gabor filter bank

is described in [10, sec. 4.4] and has been applied in [41, 42, 43]. The Gabor

filter bank has also been used in models of the human visual system (e.g. see [10,

sec. 2.2]). Separable filter banks designed based on least squares approximation

in [24, sec. 3.2.8.1] provides for a direct approach. The directional multiscale and

multiresolution filter-bank [2] provides an alternative approach.

In [2], the author states that a directional filter bank is made to support high

frequency components (representing directionality) of images, so, low frequency com-

ponents are handled poorly. Thus, in an effort to improve this problem, a multiresolu-

tion analysis is considered where low frequencies are partitioned with less directional
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Figure 2.4: Frequency Discrimination Algorithm (FDA) block diagram. Where de-
mod. 1 represents eq. (1.3), demod. 2 represents eq. (1.5), hLP and hHP are the
low pass and the high pass filter respectively.

bands (see Figure 2.5d). The second approach is also used in the Nonsubsampled

Contourlet Transform (NSCT) implemented in [1] which preserves the image size in

each scale. According to [1], the NSCT results with better frequency selectivity and

regularity when compared to the SCT.

Synthetic Frequency Modulation Images

We test the use of different filter-banks using two synthetic FM images. In particular,

we test demodulation using quadratic and cubic phase examples.

The first synthetic example is based on a chirp image using:

Ichirp(x1, x2) = cos

[
1

2N
(ax21 + bx22)

]
(2.3)
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(a) (b) (c) (d)

Figure 2.5: AM-FM analysis filter-banks. (a) Directional Filter Bank (DFB), each
band indexed from 0 to 7; (b) Block diagram of (c) Nonsubsampled directional
multiscale and multiresolution filterbank block diagram. [1] and (d) the Pyramidal
Directional Filter Bank (PDFB) with a multiresolution and multiscale decomposition
into octave bands and a directional decomposition by the DFB to each high-pass band
increasing the number of bands with the scale. Adapted from [2].

where N is the number of pixels by side of the square image. The instantaneous

frequency is set to vary from −π to π in each direction. The resulting synthetic

image is shown in Fig. 2.6a.

(a) (b)

Figure 2.6: (a) Ichirp with frequencies ω1,2 ∈ [0, π] (see eq. (2.3)) and (b) Icubic with
x0 = −6 and x1 = 6 (see eq. (2.4))
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The second synthetic example is generation using:

Icubic(x1, x2) = cos
(
x31 + x32 − ax1 − bx2

)
(2.4)

where, the instantaneous phase is ϕ(x) = (x31+x32+3ax1−3bx2), so the instantaneous

frequency is:

∇ϕ(x) = ω(x) = (
∂ϕ

∂x1
,
∂ϕ

∂x2
) = (3x21 + 3a, 3x22 − 3b).

We set a = −6 and b = 6 to achieve a maximum frequency to 0.3476 cycles/pixel as

shown in the image in Fig. 2.6b. All images are of size 512× 512 pixels.

Results

We measure the error in the instantaneous frequency using

error =
||ωt − ωest||2
||ωt||2

(2.5)

where ωt is the true value and ωest is the estimated value. We use the term normalized

error to refer to (2.5).

QLM estimation is not intended for use for very low or very high frequencies. We

thus examine the error in the normalized frequency interval of 0.01π ≤ |ω| ≤ 0.99π.

We also do not consider strong boundary artifacts by only measuring errors that are

at-least 5 pixels away from the boundary of the image. In other words we do not

consider the error in the upper, lower, left, and right edges of the image (see Fig.

2.7).

For final results in Fig. 2.8, we take the mean between the errors on Ichirp and

Icubic and report the error for each level of noise. The lowest error is given by the

equiriple filterbank using the QLM demodulation method. This is the method that

will be used for further analysis.
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Figure 2.7: A single line of pixels showing the instantaneous frequency magnitude
estimate for (a) QLM, and (b) QEA on Ichirp with gaussian noise.

(a) (b)

Figure 2.8: Normalized error comparisons for different filter-banks. (a) Filter-bank
comparison using QEA demodulation method, and (b) filterbank comparison us-
ing generalized QLM demodulation method. Error bars denote the minimum and
maximum error for 50 repetitions at the given noise level.
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Chapter 3

Preliminary results from AM-FM

analysis of functional and

structural MRI

In this chapter, we explore AM-FM demodulation applied to sMRI and fMRI. The

goal is to explore non-stationary behaviour in MRI using the extracted AM-FM

features.

The outline of this chapter is as follows. In sec. 3.1, we describe the method

for masking out data outside of the brain. In sec. 3.2, we explain our exploratory

analysis and discuss preliminary results.

3.1 Brain masking

There are voxels that fall outside of the brain and are not of interest for the study.

The boundary between intra-cranial voxels and background is fuzzy. In part, this is
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(a) (b) (c)

Figure 3.1: (a) Histogram of the fMRI data, (b) slice 14 of the mask and (c) masked
fMRI.

due to the smoothing in the pre-processing steps. Therefore, we require a threshold

to separate intra-cranial voxels from background.

A common method is to set the threshold to the mean value. The mean value

is usually a valid threshold since around half of the total number of voxels are out

of the brain. A more general approach for two dimensional images is proposed in

[44]. It suggests to take the histogram of the image, smooth it and find the local

minimum that discriminates the object from the background, assuming a bimodal

distribution (see Fig 3.1). We extend this idea to the four dimensional data (fMRI).

This approach provides a more general image segmentation for fMRI data not being

dependent on the number of voxels covered by the brain in the four-dimensional

data. In what follows, the analysis is applied only to voxels that are segmented as

inside the cranium. See Fig. 3.1.

3.2 Preliminary data analysis

First, we focus on fMRI data collected from an experiment designed to stimulate

visual and motor cortices, acquired with an echo planar sequence for a period of 3
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minutes and 40 seconds, which gives a total of 220 time points with TR set to 1

second. See [30] for complete detail about acquisition and pre-processing.

The experiment is composed of three different task sequences. First, the subject

is exposed only to a visual stimuli. Second, the subject performs to a motor task

(finger tapping). Third, the subject is exposed to a visual stimuli while performs a

motor task. We focus our study to the third sequence so the data set is reduced to

124 time points.

We compute IA, IF and IP estimations using QLM with an equiripple filter-

bank designed with 17 coefficients, 2 scales, maximum amplitude ripple of 0.02 in

the pass band, 0.2 maximum amplitude ripple in the rejection band and a 10%

frequency spacing for the transitions. For filtering, we design a separable filter of

17× 17× 17× 17 coefficients based on one 1D equiripple design as outlined earlier.

The original dataset is of size 53× 63× 46× 124. We discard the first 7 time points

as in [30] and constrain the analysis to 117 time points where the subject performs

a visual and motor task simultaneously.

For the exploration of the IF, IP and IA of the fMRI, we show a matrix plot that

allows visual inspection of relationships between these AM-FM features and BOLD

signals (see Fig. 3.2.a). From the plot, we notice that some values of the instanta-

neous frequency on time (IFt) are well-separated from the primary distribution and

appear to be outliers. A reconstruction of the location of these values in voxel space

indicates that the outlying values are primarily due to eye blinking and, thus, not

useful for our analysis. Blinking causes rapid changes in time and are not of interest.

In addition, the IP values close to −π and +π were found to be associated with

the boundary between the brain and the background. Thus, these points were also

removed. See Fig. 3.2.b for the data without blink eye effect and boundary effects.
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3.2.1 AM-FM Feature space

In order to explore AM-FM features and their relation to brain function, first, we

normalize the features to have zero mean and unit standard deviation across time.

Then, we define a feature matrix composed by the concatenation of all AM-FM

features along the time dimension, resulting in a matrix of 117×5 time points by the

number of voxels. Each feature has 117 time points that are concatenated to form

the feature space in the following order

[ω̂1, ω̂2, ω̂3, ω̂t, ϕ̂ξ].

Next, we reduce the number of time points using a Principal Component Analysis

(PCA) to 92 features that keeps 95% of the total variance. Finally, we take the PCA

components and display them as spatial maps. Visual inspection of each spatial map

reveals that one of these components highlights the areas of the visual and motor

cortices. Then, we examine the coefficients corresponding to this component and

find evidence that the IP feature is related to the task (See Fig. 3.3). Notice that

IP presents temporal coherence with the visuo-motor task given to the subject. This

motivates further exploration of the IP and it relation to brain activity since, based

on our observations,this is the most informative feature for task based fMRI.

3.2.2 Time-frequency Analysis on Resting fMRI

Resting-state fMRI is a functional scan of a resting subject and is usually performed

to detect abnormal activity in patients using a functional conectivity model [45]. For

instance, many studies on depression [46], autism [47], attention deficit hyperactivity

disorder [48] and schizophrenia [49] (among others) have used resting-state fMRI.

Several approaches have been proposed for the analysis of resting fMRI [50, 51, 52]

and a baseline study is proposed in [53], which, among other results, revealed strong
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effects of age and gender in the power spectrum of certain regions in the brain.

Moreover, frequency content has proven to be useful in the analysis of resting-state

fMRI [54, 55]. However, a time-frequency analysis such as AM-FM demodulation

has not been applied yet.

We therefore propose a scheme to process resting state fMRI with AM-FM func-

tions as follows: First, we compute the AM-FM decomposition for each subject

4-dimensional data, from which we extract the instantaneous frequency over time

(IFt) and instantaneous frequency over space (IFs =
√
IF 2

x + IF 2
y + IF 2

z ); then, I

create a bivariate histogram of IFt and IFs) with 20 bins for each feature and for

each patient.

Each histogram summarizes the behavior of a subject in resting state. Thus, we

would expect to find evidence of differences between patients and healthy controls

by a comparison of these bivariate histograms. We proceed to compare each bin

across groups to establish differences between patients and controls with a logistic

regression. The regression model is built using a case or control indicator function

as response and the bin proportion, age and gender as explanatory variables. Fig.

3.4 shows an example bivariate histogram for one healthy subject.

3.2.3 Instantaneous frequency analysis of sMRI

Structural MRI reveals brain anatomy (gray matter concentration) in higher spatial

resolution than functional MRI. A natural approach is to extract texture information

from gray matter concentration, which provides a description of the variation in

intensity, including spatial patterns imperceptible to the naked eye. Texture analysis

on MRI has proven successful for abnormality detection [56, 57]. Moreover, AM-FM

decomposition have also proven useful for the study of lesions in multiple sclerosis

patients [58].
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The gray matter concentration value is subject to scanner variability either in

multisite studies and even in the same scanner over time [59, 60]. On the other hand,

the patterns of intensity variation are more likely to be consistent across different

scanners with a consistent scanning protocol [61].

The strategy to compare between patients and healthy controls in the sMRI

setting will be to obtain the IFS for each voxel and use this information to test

between groups using voxel-wise two sample t-tests with family-wise error correction.

Notice the for sMRI IFt is not defined since no time information is available in

this case.
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Figure 3.2: Matrix plot of AM-FM features and BOLD fMRI for raw data (upper
plot) and after edge and eye blinking artifacts have been removed (lower plot).
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(a) (b)

Figure 3.3: (a) Manually selected Principal component showing coherence with brain
function using the feature space containing AM-FM functions and (b) coefficients of
the component corresponding to IP and expected response (HRF) of the BOLD
signal for the task exiciing the right visual and motor cortices.

(a) (b)

Figure 3.4: (a) Scatter plot of IFS and IFt and (b) bivariate histogram for one healthy
subject. A logarithm transformation was applied for the probability frequencies in
each bin to enhance visualization.
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Results

In the previous chapter, we suggested methods to analyze of AM-FM features of

applied task-related fMRI, resting-state fMRI and structural MRI (sMRI). The goals

were as follows:

Task fMRI: Identify brain regions that are biologically meaningful and whose tem-

poral activity is in response to task stimulus.

Resting state fMRI: Use AM-FM features to detect abnormal activity in patients,

as compared to healthy controls.

Structural MRI: Capture structural changes in gray-matter between patients and

healthy controls.

In the present chapter, we show results of each method and discuss the advantages

of applying this new form of data representation. First, we present the results of ana-

lyzing IP features from task-related fMRI. Then, we compare the bivariate histogram

representations from resting-state fMRI of schizophrenia patients and healthy con-

trols. Finally, we perform a mass univariate two sample test on the voxel-wise mod-
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(a) (b) (c)

Figure 4.1: Instantaneous phase of axial slice 11 (left) and slice 24 (right) to show
activation at visual and motor areas in the brain for a subject (a) in rest, (b) exciting
left side and (c) right side of the brain.

ulo of the instantaneous frequency between patients with schizophrenia and healthy

controls.

4.1 Task-related fMRI analysis

The patient performed a task that simultaneously excited visual and motor cortices

in the brain. The scanning protocol of this subject is described in section 3.2. The

data consist of a four dimensional hypercube of dimensions 53× 63× 46× 117.

In section 3.2, we concluded that the IP is the most informative AM-FM feature.

In the following, we further explore the properties of the instantaneous phase.

The IP responds to brain regions that are active, with a pattern in time that is

coherent with the theoretical HRF-convolved stimulus. A visual inspection of the

axial slices on the instantaneous phase in Fig. 4.1 shows it is sufficient to detect

activation of visual and motor areas in the brain. Here, we note that this activation

is not noticeable to the naked eye in the raw data.

The IP also reveals contrast in areas of the brain where we expect to show activity.

The response in these areas is captured in form of de-phasing from the rest of the
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(a) (b)

Figure 4.2: (a) Histogram of the instantaneous phase and (b) Histogram of the raw
fMRI data.

brain. Therefore, we propose the use of the IP for detecting task-activated brain

regions.

The distribution of the IP is highly kurtodic and has zero mean as shown in

Fig. 4.2(a). This makes the IP adequate for a spatial ICA decomposition using the

Infomax algorithm with sigmoid non-linearity and, thus, we exlpore independent IP

components. In contrast, the distribution of the original data presents more Gaussian

and sub-Gaussian features, like strong skewness and low kurtosis.

Next, we present the results of applying ICA to the IP feature (Fig. 4.3). Com-

pared to the activation maps with better clustering obtained from the use of ICA on

the original fMRI signal, ICA on IP provides maps of the visual and motor cortices,

and, particularly, less granularity.
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(a) (b)

Figure 4.3: Biologically relevant ICA on instantaneous phase components for (a) left
task and (b) right task.

4.2 Resting-state fMRI analysis

In this case, the data set consists of 369 subjects scanned while at rest. Among

them, 180 have been diagnosed with schizophrenia while 189 were healthy controls.

We compute the bivariate histogram of IFs vs IFt for each individual as previously

described in sec. 3.2.2. This provides a unique representation for each subject.

Then, we fit a logistic regression model for each bin of the bivariate histogram us-

ing the following explanatory variables: the proportion value of the bin, age, gender

and diagnosis as response variable. We also performed a backwards model selection

procedure with the interactions. Then, we evaluated each model and dropped in-

teraction terms that were not significant, i.e., with the significance level above 0.1.

In Fig. 4.4, we show the bins for which coefficients were significant at the p = 0.01

level after Bonferroni correction (0.01/400). The figure shows evidence of differences
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(a) (b)

Figure 4.4: (a) P-value map for each bin tested and (b) bins that passed Bonferroni
correction.

in certain, frequency bins, which we recommend as good features for automated

diagnosis (classification) in the future.

4.3 Structural MRI analysis

Here, the data set consists on sMRI from 353 subjects. Among them, 165 are diag-

nosed with schizophrenia and 188 are healthy controls. In order to identify regions

that are different between schizophrenic patients and healthy controls, we compare

the IF magnitude at each voxel using a two sample t-test (significance level of 0.01

after Bonferroni correction).

From the results in Fig. 4.5, we can observe which voxels have higher mean IF

magnitude in the patients, as compared to the healthy controls. This is evidence

that the IF magnitude over a small brain region can be used to differentiate cases of

schizophrenia from healthy controls (see Fig. 4.5).
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Chapter 4. Results

Figure 4.5: log10(p) thresholded at 5 with a T1 image as template.

38



Chapter 5

Conclusion and future work

In this chapter, we provide final conclusions based on the results from the previous

chapter and suggest future work.

5.1 Conclusion

In the thesis, the focus was to introduce the use of AM-FM analysis methods to MRI

images. For analyzing MRI images, we first proposed a comparison framework for

selecting the best combination of an AM-FM method and filterbank configuration. In

terms of the mean square error of the IF magnitude estimation from a synthetic FM

image. We found that the combination of the multi-dimensional quasi-local method

with an equiripple filter-bank gave most accurate and robust to noise estimation.

The application of the quasi-local method with an equiripple filterbank gave the

following results:

Structural MRI: The IF magnitude associated with gray matter concentration

showed that select, local regions of the brain exhibited significant difference
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between patients diagnosed with schizophrenia and healthy controls.

Resting fMRI: The joint-histogram of the IF spatial frequency magnitude (||(φx, φy)||)

and the IF-time frequency component (|φt|) provided for an effective charac-

terization of brain activity. We fit logistic regression for each bin proportion

value as a regressor along with age and gender showing evidence of abnormal

proportions for one bin in schizophrenia patients.

Task fMRI: The instantaneous phase (IP) showed response to brain activity by

identifying the regions that get out of phase compared to the rest of the brain.

AM-FM models has been applied in sMRI images for analysis of brain lesions

in [58], although, to the best of our knowledge, this thesis is the first approach of

AM-FM models to fMRI.

5.2 Future work

This section provides ideas for further research in this topic. Future work can address

the following issues:

• Implementation of reconstruction from IP and IA on fMRI after ignoring IP

values for low IA.

• Adaptive multi-scale AM-FM demodulation.

• Combination of ICA and IP can be studied as separation of multiplicative

sources.

• Filterbank design for multicomponent analysis.

• Use of ICA for separating multiple components from a single channel.
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Appendix A

Proof that ω(x) ∈ [0, π3 ] when

R ∈ [−∞,−1]

Recall from sec. 1.2.2 that ω(x) = cos−1 θ(R) and θ(R) =

[
R +
√
R2 + 8

4

]

First, notice that θ(R) is a monotonically increasing function.

Let x1 > x2, ∀x1, x2 ∈ R

x1 − x2 > 0 (A.1)√
x21 + 8−

√
x22 + 8 > 0 (A.2)

Now, adding eq. (A.1) and eq. (A.2)

x1 +
√
x21 + 8− x2 −

√
x22 + 8 > 0

θ(x1)− θ(x2) > 0
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Appendix A. Proof that ω(x) ∈ [0, π
3
] when R ∈ [−∞,−1]

Then:

−∞ < R < −1

θ(−∞) < θ(R) < θ(−1)

where

θ(−∞) = lim
R→−∞

[
R +
√
R2 + 8

4

]

= lim
R→−∞

[
R +
√
R2 + 8

4

]
× (R−

√
R2 + 8)

(R−
√
R2 + 8)

= lim
R→−∞

R2 − (R2 + 8)

4(R−
√
R2 + 8)

= lim
R→−∞

2√
R2 + 8−R

=
2√

(−∞)2 + 8− (−∞)

=
2

∞
= 0

θ(−1) =
−1 +

√
(−1)2 + 8

4

= 0.5

Therefore: 0 < θ(R) < 0.5 and according to eq. (1.3) 0 < ω(x) < π
3
.
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Appendix B

Proof that ω(x) ∈ [2π3 , π] when

R ∈ [1,∞]

Recall from sec. 1.2.2, that ω(x) = π − cos−1 θ(R) and θ(R) =

[
−R +

√
R2 + 8

4

]

First, notice that θ(R) is a monotonically decreasing function.

We have:

dθ(R)

dR
< 0

−1

4
+

R

4
√
R2 + 8

< 0

R√
R2 + 8

< 1

R <
√
R2 + 8

R2 < R2 + 8

0 < 8
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Appendix B. Proof that ω(x) ∈ [2π
3
, π] when R ∈ [1,∞]

Then:

1 < R <∞

and

θ(1) > θ(R) > θ(∞)

where

θ(∞) = lim
R→−∞

[
−R +

√
R2 + 8

4

]

= lim
R→−∞

[
−R +

√
R2 + 8

4

]
× (−R−

√
R2 + 8)

(−R−
√
R2 + 8)

= lim
R→−∞

R2 − (R2 + 8)

4(−R−
√
R2 + 8)

= lim
R→−∞

2√
R2 + 8 +R

=
2√

(∞)2 + 8 + (∞)

=
2

∞
= 0

θ(1) =
−1 +

√
(1)2 + 8

4

= 0.5

Therefore, 0 < θ(R) < 0.5 and according to eq. (1.5) 2π
3
< ω(x) < π.
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