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ABSTRACT

Schauder estimates were a historical stepping stone for establishing uniqueness and
smoothness of solutions for certain classes of partial differential equations. Since that time,
they have remained an essential tool in the field. Roughly speaking, the estimates state
that the Holder continuity of the coefficient functions and inhomogeneous term implies the
Holder continuity of the solution and its derivatives. This document establishes pointwise

Schauder estimates for second order “parabolic” equations of the form

mi

Ouu(z,t) — > ai(x, )X Xju(x,t) = f(x,t)
ij=1
where Xi,...,X,,, generate the first layer of the Lie algebra stratification for a Carnot

group. The Schauder estimates are shown by means of Campanato spaces. These spaces
make the pointwise nature of the estimates possible by comparing solutions to their Taylor
polynomials. As a prerequisite device, a version of both the mean value theorem and Taylor

inequality are established with the parabolic distance incorporated.
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0.1 Introduction

Schauder estimates are an essential tool in regularity theory for partial differential equa-
tions. Roughly speaking the Schauder estimates state that given a solution to an inhomoge-
neous equation where the coefficients of the operator as well as the inhomogeneous term are
both Holder continuous, this regularity transmits through the operator to give Holder conti-
nuity of the derivatives of the solution. These estimates were the key to showing uniqueness
and smoothness of solutions for certain classes of equations [36].

Juliusz Schauder is credited for the proof in the case of second order linear elliptic equa-
tions given in [39] and [40]. Though Caccioppoli also had a similar result around the same
time, his work was not as detailed [11]. Holder continuity in the much simpler case of the
Laplacian is due to Hopf [30] a few years prior to Schauder’s result. Because of the usefulness
of the inequality, a common objective of showing these types of estimates for different types
of equations under more general conditions arose. As a result, many methods of proof have
emerged. Mentioned here are only a few most relevant to the work of this dissertation. A
more complete discussion on Holder estimates and regularity of solutions can be found in
[26, Chapter 6] for elliptic equations or [34, Chapter 4| for parabolic equations.

One method of deriving Schauder estimates depends on having a representation of a
fundamental solution, explicitly computing derivatives, and relying on methods of singular
integrals to get the results. This is demonstrated in [26, Chapter 6] as well as Chapter 1 of
this manuscript. Another method is by means of the Morrey-Campanato classes, which are
equivalent to the Holder spaces and can be seen in [24, Chapter 3| as well as [34, Chapter

4]. A third method is based on a scaling argument and approximation of solutions by Taylor
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polynomials. It can be found in [41, Section 1.7]. The proof for the Schauder estimates
given in this dissertation has aspects reminiscent of all these methods.

The main result of this paper is a generalization of the classic result in two ways. The
“pointwise” result requires only Holder continuity of the coefficients and inhomogeneous term
at a single point in order to get the Holder continuity of the solution and its derivatives at
that same point. This pointwise nature can be useful when the source term or coefficients
are not well behaved everywhere. It also allows an application to the study of nodal sets
[28]. The other generalization is the change from the Euclidean setting to the Carnot group
setting where derivatives are given by vector fields which may not necessarily commute.

Comparing the solution to its Taylor polynomial, a technique first popularized by Caf-
farelli in 1998 in his work on fully nonlinear equations [12], makes possible the pointwise
generalization of the estimate. Caffarelli’s approach was generalized to parabolic equations
by Wang in [43], and about a decade later, Han used this same method for proving pointwise
Schauder estimates for higher order parabolic and elliptic equations in [28] and [29]. His
interest was in the application to nodal sets. These results were extended by Capogna and
Han [15] to second order subelliptic linear equations over Carnot groups in 2003. The proof
contained in this dissertation follows the same method.

Global and local Schauder estimates have been explored in the group setting as well as
the more general case of Hormander type vector fields. Though this list is not exhaustive,
see [5], [7], [9], [10], [27], and [44] for more details. However, the pointwise result contained
here seems to be new.

The outline of the paper is as follows. In Chapter 1, the classical Schauder estimates for

elliptic equations is discussed. In Chapter 2, we begin with basic definitions related to Carnot
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groups before proving the Schauder estimates for the sublaplacian in this setting. Chapter
3 begins the transition to the parabolic setting. Definitions regarding the product space of
a group and the real line are made. The main tools such as group polynomials, Campanato
classes, and Sobolev spaces are defined, and several lemmas regarding these items are shown.
The proof of the main theorem (stated below) is given in Chapter 4.

Before stating the main result, the operator of interest is given by

(0.1) Ha=0,— ) aij(x,t)X:X;

1,j=1

where the vector fields Xj,..., X,,, generate the first layer of the Lie algebra stratification
for a Carnot group, and the matrix A = (a;;) is Holder continuous only at the origin.

Additionally there exist constants 1 < A\ < A < oo such that

mi

(0.2) Mg? < Z aij(z,1)&&; < A¢]* for any & € R™.

3,j=1

The operator is a non-divergence form similar to the heat equation, but it is not truly
parabolic as the title suggests since m; may be less than the dimension of the space.

Let @@ denote the homogeneous dimension of the group G and Sg’l denote the Sobolev
space containing two spatial derivatives and one time derivative. The exact definitions for

the Holder and Campanato classes can be found in Section 3.3.



THEOREM 0.1. For Q+2 < p < oo, let u € Sz’l(Ql) and Hau = f in Q1 with
f € LP(Q1). Assume, for some a € (0,1) and some integer d > 2, f € Cf; ,(0,0) and

aij € Cp 4 5(0,0). Then u € CZ, 4(0,0) and

[elle.a (0, 0) < Clllull 1o,y + If1lp a2 (0,0))

where C' = C(G,p,d, o, A) > 0.

Section 4.1 gives bounds for the heat kernel associated to the constant coefficient equation
as well as a few lemmas regarding polynomial expansions of solutions. These are essential for
the constant coefficient a-priori estimates shown in Section 4.2. These estimates give specific
information about the bounds of the Sobolev norm of solutions, which is then used to give
a basic version of the Schauder estimates for the constant coefficient equation as a quick
corollary. The corollary is vastly useful because it allows us to transmit information from
the polynomials approximating the inhomogeneous term to the polynomial approximating
the solution. The freezing technique is then employed to give a-priori estimates for the
non-constant coefficient equation, and a weak version of the Schauder estimates is shown.
(It is weak in the sense that we still assume some amount of regularity on solutions and
inhomogeneous term.) Finally, by comparing the solution to its first order Taylor polynomial

and successively applying the a-priori estimates, the final result is obtained.



CHAPTER 1

The Classical Schauder Estimates

In this chapter, the Schauder estimates for the Laplacian will be shown in detail following
the proof given in chapter 4 of [26]. These estimates can be used to get the same result for
the more general elliptic case. A description of this method is provided.

The symbols below will be used to notate Holder continuity on a bounded set 2 where

« is always taken to be in (0,1). By definition v € C%(Q2) is given by

[uonn — sup AT = 4l

z,y€Q |I’ - y|a
TFY

< 00,

and if z, € Q, we will say u is Holder continuous at z, if

[U]k,0.0 = Sup sup - < 0.
1Bl=k =.ven |z =yl
zFy

Recall the fundamental solution to Laplace’s equation,

—n(2_1n)wn |z —yl>™ n>2

%log|x—y| n=2
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The proof of the Schauder estimates depends very heavily on the following upper bounds

of the fundamental solution, which result from direct computation.
(1.1) DT (z —y)| < C(n, |B]) |z — y*" ¥ for |8 =0,1,2,...
We will also make extensive use of Green’s representation formula.

(12)  u(y) = /m <u%(w oY)~ Tz — y)%) ds + /Qr(:c ) Audz, ye Q.

Lemmas 1.1 and 1.3 are stated to be true for the Newtonian potential of f, which is
by definition I' x f. However, the lemmas also apply for solutions of Au = f with compact

support since this would result in a vanishing boundary integral in Green’s formula.

LEMMA 1.1. Suppose u is the Newtonian potential of f in 2, where f is bounded and

Hdélder continuous in 2. Then u € C%*(Q)) and for everyx € Q and i,5 =1,...,n,

(1.3) Diu(z) = /QDJ‘(:U —y)f(y)dy
and
(1.4) Diju(z) = g DTz —y)(f(y) — f(x))dy — f(z) ., Dil'(x — y)v;(y)dS,

where 2, contains 2 and supports the divergence theorem.

PROOF. While (1.3) seems obvious, it requires some work. The singularity in T" prevents
the use of the dominated convergence theorem, so begin by extending f to vanish outside of

Q and defining v(z) = [, D;I'(x — y) f(y)dy, which is well defined due to (1.1). Then take a
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cutoff function n(t) € C*(R) with the following properties: 0 <n <1,0<n <2, n(t) =0
for t <1, and n(t) =1 for t > 2.

For € > 0 let

o) = [ 16 = (21 ropay

and notice that u, = 0 when |z — y| < € and u. = v when |z — y| > €.

To show D;u. converges to v, look at the difference

AwK%D{Ww—wﬂ—n<Efﬁgﬂf@M4

/|x_y|<ze {DiF(fﬂ —y)—D(z —y)Din ('x ; y')} f(y)dy‘

[v(z) = Diuc(2)| =

2
< suplf| |Dil'(z — y)| + =|T'(z — y)|dy.
lz—y|<2e €
Finally,
% n > 2

|v(z) = Diue(x)| < suplf]
4e(1+log(2¢)) n=2

The right hand side converges to 0 as e — 0. And since u, and D;u, converge in €2 to v and
v respectively, the implication gives u € C'(Q) as well as the first conclusion.

The second part of the proof continues in a similar fashion. Continuing with v = D;u,

0= [ Dre-y) (”_yvf@m%

let

and differentiate.

Djve(z) = /QDj {Dif(l’ —y)n ('xe;y'ﬂ f(y)dy



= [ oy[pre = (E21)] G- renay

€

+/(z) /ﬂ D; {Dif(x —y)n (’x;y’)} dy

= / D; {Dif(x —y)n (u)} (f(y) = f(x))dy

€

1@ [ - (E20) iwpas,

da, €

The last equality follows from the divergence theorem.

Set g(x) = [, DiT(x — y)(f(y) — [(2))dy — f(x) [40, Dil'(x — y)v;(y)dS,. Then g(z)
is well defined by virtue of the bounds (1.1) and the Hélder continuity of f. Examining the

difference below will give the final conclusion.

o) = Dyt = | [ Dy{ 2= 1= ()] ) = oy
@) [ 1= (2] pre - pwas,

1 o{ore—n |- (B2} oo - s

< Ulee [ 1000 =) 1= () |-
D =)D () o yieay

< oo [ (12Tl + DTG =] ) b =iy

< OO )l (20°

for € < dist(x,08?). Consequently, the uniform convergence of D;v. to g(x) on compact

subsets and the convergence of v, to D;u in Q gives the equality (1.4). O
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REMARK 1.2. From the previous proof, it is easy to show that if u = I'x f, then Au = f.

To see this set Q, = Bg in (1.4), then for a sufficiently large R, one obtains

1
Au=——f(x vi(y)vi(y)dSy = f(x).
1) [ s, = @)

nwy, "1

Howewver, this solution is not unique. You can always add a harmonic function to u and have

another solution.

LEMMA 1.3. Let By = Bg(w,) and By = Bsg(z,) be concentric balls in R™. Suppose

f € C%(By), and suppose u is the Newtonian potential of f in By. Then u € C*%(B;) and
(1.5) sup | D?u| + R*[D*u]a,p, < C(sup |f| + R*[f]a5.)
Bl B2

where C'= C(n, a).

PROOF. Take z € By, formula (1.4) reads

Djju(z) = ; DyU(x —y)(f(y) — f(z))dy — f(x) . Dil'(x — y)v;(y)dS,.

Applying the bounds to the fundamental solution and using Holder continuity of f, gives

the estimate

Do) < L= [ ooy Lo [ s,
(1.6) < 27 f(@)] + = BR)[fla

< Ci(n, ) (1f (@) + [laa):
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Choose another point € By and use (1.4) again to get

Diju(z) = ; Dz —y)(f(y) — f(2))dy — f(T) . DT(z — y)v;(y)dS,.

To avoid singularities and examine the continuity of D?u, we write the difference in a

special way letting 6 = |z — z| and £ = J(z + 7).
Diju(z) — Diju(z) = f(x)[i + (f(x) — f(@) L2+ I3 + Lo + (f(2) — f(Z) 5 + Lo
where the integrals are given by

L o= ABuzmx—y»<mr@—y»w@M&n

I, = Dil'(z — y)v;(y)dS,,
8Ba

I; = Dyl'(z —y)(f(z) — f(y))dy,
Bs(§)

I = DTz —y)(f(y) — f(2))dy,
Bs ()

I; = / D;;I'(z — y)dy, and
B3 /Bs(§)

Iy - / (DT (x —y) — DyT(@ — ) (F(@ — f(y))dy.
B2/Bs(§)

The estimation of each is fairly straight forward. For I, take & between x and z. Then

|Dil'(z —y) — Dil'(Z — y)|

9B, |z — 7|

L] < |z — 7 as,

< lz—2z| | [DDI(&—y)|dS,
0B>

< fo-al [ fo-yl s,
0B2



IN
=
_3
8
|
it}
S
N

IA
Q
%
5
|
=

VAN VAN
S Q9
7~ N~/ N
T > >
~

Q

The last inequality follows from § < 2R.

L < /‘L&Nf—ww%
0B>

< (nwn)_lRl_"/ ds,
9Bs

IN

Cs.
For I3, we integrate over a slightly larger set.

|@|s!é 1Dt = )i~ 1)y
36/2\T

" —1 o _ —n _ ad

S(w)[ﬂ,A%mmw y[ "z — ylody
5 [0

CS (3?) [f]oz,x~

1, is handled in exactly the same fashion to give

|I4’ S 04 <%5) [f]oz,x-

IN

11
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Using integration by parts,

o= 1] Dre-yuas,
0B2/Bs(&)
< | Dil'(z — y)v;(y)dS,| + | DTz — y)v;(y)dsS,|
B> 0Bs5(&)
5 1-n
< gn—1 + (nwn) (5) / dSy
dBs
< (k.
Finally,
1] < |r— 1z |\DDyI(2 — y)||f(Z) — f(y)|dy
B2/Bs(§)
< o If(:’c)—fg)\d
ly—¢|>6 |x - y|n
1z —y|®
< ¢ faz/ ———dy
) g5 1T —y|**!
< (5) O
2 ly—€[>6
S Cﬁéa[f]a,:?:

since |7 —y| < 3/2|§ —y| < |2 -yl

Thus after collecting terms,

| Diju(z) — Diju(z)| < C"(B™|f(2)| + [flaw + [flag)lz — 2%,

where C’ is a constant depending only on n and «. Rewriting and taking the supremum

over By gives,

R [D*ua5, < C'(|f(2)] + R[fla,5.)-
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Combining this with (1.6) gives the conclusion. O

Now we consider solutions to Poisson’s equation Au = f. To make the equations more

compact, we introduce the following norms:

k

ko, = Z sup | D™u| + [DFu)q0
jZO ‘mé:j

lu
and

k
[k = D R sup [D"ul + R D o .
THEOREM 1.4. Let  be a domain in R™ where n > 2 and let u € C*(Q) and for any

two concentric balls (as in Lemma 1.3) By and By completely contained in 2, we have

(1.7) |uly.08, < Csup Jul + R*|flb.0.5,)
2
where C' depends only on n and .

PROOF. For © € By, decompose u as u(z) = v(x) + h(x) where v(z) is the newtonian

potential of f and A is a harmonic function. Gathering information we have on v;

sup|v] < CiR*sup|f| by Green’s formula.
B1 B

(1.8) sup|Dv| < CyRsup|f| by (1.1).
Bl Bl

D008, < Cs|floam by (1.3).

Together, these give the theorem for the case of v, the Newtonian potential.

Now, we examine h. By interior estimates of derivatives, see [26, Theorem 2.10] we have
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Rsup |Dh| 4+ R*|D?h|y , 5, < C(n)sup |h].
B1 Bs

And clearly,
(1.9) sup |2 < sup |u| + sup |v] < C(n)(sup [u| + R*sup|f]).
B B> Ba B> Bs

Finally, by (1.8) and (1.9) the conclusion is reached.

IN

’u‘é,a,Bl ’v|/2,a,Bl + |h’/2,a,Bl

< C(SEPIUHRQIJCIS,Q,BQ)-
2

O

With certain adaptations of the norms, we give a more general version of Theorem 1.4.

Let d, be the distance between = and 09 and d, , = min{d,,d,}. Now define

: | D*u(z) — DFu(y)]

[ulfag =) sup di|D™u| + sup diie p
=0 Iml=i m|=j |z =y
e z,yef)

and

1.0 = supd?] f(2)] + sup a2 LD = TWI,
o €N zyeQ |$ - y|a

THEOREM 1.5. (Interior Schauder Estimates for the Laplacian)

Suppose u € C*(Q) and f € C*(Q) satisfy Au = f in an open set Q of R™. Then
(1.10) [0l 00 < Clsup ful +1£1%0)

where C' depends only on n and «.
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PROOF. For z € O, set R = 3d,, By = Bg(x) and By = Bsg(z). Then it follows that
d.|Du| + d*|D*u| < 3Rsup|Du|+ (3R)?sup |D?u|
Bl Bl
< C(sup |ul + B[l 05, by (1.7)
By

2
< Clsuplul + 150 0).

Now we choose z,y € {2 such that d, < d,. Then

g2 |D2u($) - D2u(y)\

3R 24« D2 N
z,y |£L‘ — y|a ( ) [ u] ,B1

IA

+3*(3R)*(|D*u()] + [D*u(y)])
< C(sup |ul + R*|foq,5,) + 6sup dz| D*u()| by (1.7)
B> Q

< Cluplul + 1]50)

We will now allude to the proofs for the case of constant coefficient equations as well as
equations with Holder continuous coefficients.

To get the Schauder estimates for a constant coefficient second order elliptic equation,

n
ij=1

(for example Lou = ) /., aij0,,0,;u = f), a simple linear transformation of the matrix with
entries a;; is needed. Under this transformation, the operator is mapped to the Laplacian.
Keeping careful track of the effect of this transformation on both v and f as well as the
effect on the norms in Theorem 1.5, the same conclusion can be reached for the constant

coefficient equation. For details, see [26, Lemma 6.1].
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Consider now, L = 3 7', a;j(2)0y,0,,. Dealing with variable coefficients is usually done

by the freezing technique. Evaluating the coefficients at a specific point would give an
operator of the form L,. Writing L,u = L,u — Lu + Lu and regrouping the terms allows
for the use of the constant coefficient result as well as the conditions on the continuity of

the coefficient functions. This method also relies on interpolation inequalities of the Holder

norms and can be viewed in [26, Theorem 6.2].
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CHAPTER 2

Carnot Groups

2.1 Definitions and Examples

The setting for the sequel is a special type of Lie group with many structures allowing
computations to be done in a fashion similar to the Fuclidean setting. Most essential to the
proof of the Schauder estimates is the extensive use of the homogeneity of Carnot groups.
However, care must be taken in the development of ideas such as scaling and distance. This
introduction to Carnot groups aims to make these notions clear and precise while pointing
out some of the difficulties of working in these groups, the most obvious of which is the fact
that the derivatives do not necessarily commute.

Before commencing, let it be known that in this document all vector fields can be written
as linear combinators of standard partial derivatives with smooth coefficient functions. That
is

X = Zbk(x)axk where bi(x) € C*(R").

k=1

DEFINITION 2.1. A Carnot group G of step r > 1 is a connected and simply connected

nilpotent Lie group whose Lie algebra g admits a vector space decomposition into r layers.

g=V'oVig. ...V

having the properties that g is graded and generated by V'. Explicitly, [V, V7] = VIitl,

j=1,...,r—=1and [VI,V"]=0,5=1,...,r.
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Let m; = dim(V7) and let X;; denote a left-invariant basis of V7 where 1 < j < r and
1 <i < m;. The homogeneous dimension of G is defined as @ = >, _, kmy. For simplicity,
we will set X; = X; ;. We call {X;} the horizontal vector fields and call their span, denoted
HG, the horizontal bundle. We call {X; ;}o<;<, the vertical vector fields and refer to their
span, denoted V@, as the vertical bundle. Then g = HG & VG. In fact, the Lie algebra
spans the whole tangent space of the group (TG = g).

Because of the stratification of the Lie algebra, there is a natural dilation on g. If
X =3, X; where X;, € V¥, then the dilation can be defined by d,(X) = > _, s*Xj. It is
worth noting here that while dilation mappings are defined on the Lie algebra, the mapping
exp o d, o exp~! gives the dilation on the group G. However, the same notation, J,, will be
used for both maps.

Recall the definition of the exponential of a vector field, X. Fix a point p € G. Let y(¢) be
a curve such that v(0) = p and £7(t) = X,(). (The existence of such a curve is guaranteed
by the theorem of existence and uniqueness of systems of ordinary differential equations.)
The exponential map is defined as exp,(X) = (1), or more generally, exp,(tX) = ~(t).

For Lie groups, p is taken as the identity element, and the exponential map provides a

means of relating the Lie algebra to the group itself.

exp:g— G.

And in the special case of Carnot groups, the exponential map is an analytic diffeomor-
phism, and the Baker-Campbell-Hausdorff formula holds for all X and Y in g. For a proof

see [17, Theorem 1.2.1].
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The Baker-Campbell-Hausdorff formula (BCH) gives a more complete picture of how the
exponential map relates the algebra to the group. Take two vector fields in the Lie algebra,
X and Y. The BCH is given by explicitly solving for the vector field Z in the equation

exp(Z) = exp(X) - exp(Y).

Z = log(eap(X) - exp(Y))

1 1 1
(2.1) = X+Y 40V + S X Y] - S X Y]+

The formula continues with higher order commutators. For nilpotent Lie groups, it is clear

the summation will eventually terminate.

DEFINITION 2.2. Let {X1,..., X, } be a basis for a nilpotent Lie algebra g, and consider

a map

UV:R"—> G
U(sy,...,8,) =exp(s1Xy + ...+ 5, X,).

The coordinates given by the map ¥ are called exponential coordinates or canonical coordi-

nates of the first kind.

Canonical coordinates of the second kind are defined similarly by taking
U(s1,...,8,) = exp(s1X1) - - exp(s,Xp).

The foundation has now been laid to give a few examples of Carnot groups.
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EXAMPLE 2.3. The Heisenberg group, H", is a step 2 Carnot group whose underlying
manifold is R*"*1. Taking x, 2" € R*" and t,t' € R, the group operation is given by
(x,t) - (@'Y =(x+ 2/t +t +2 Z(:c;xnﬂ — T ,))-
i=1

The vector fields below form a left-invariant basis for the Lie algebra, h = V@ V2.

1 1
Xi =0, — ixnﬂat, Xign = 0On,,, + 5%& fori=1,....n

and T = 0,

The horizontal bundle is given by V' = span{Xj, ..., Xa,}, and the vertical bundle is then
V2 = span{T} leading to a homogeneous dimension of 2n + 2.
EXAMPLE 2.4. The Engel group, Kz, is an example of a step 3 Carnot group with a

homogeneous dimension of 7. See |17| and [18] for more information. This group has an

underlying manifold of R*, and the group operation is given by
x-a' = (21 + ), 2o+, 13+ G+ Az, 14+ 2 + Ay

where

1
Az = §(x1x'2 — Tox})

and

1 1
Ay = 5 (e — wel) + — (aeh — mah (w2 + 25) + 2a(a))?).

The Lie algebra can be graded as g = V! & V2 & V3 by letting V' = span{X;, Xo}, V2 =

span{ X3}, and V3 = span{X,}. Using the Baker-Campbell-Hausdorff formula, expressions
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for the vector fields can be found.

i) T3 1T
X =0, = 50 = (34557 O

2
I Xz
X2 - 8:B2 + ?a:ltg + 1_;8134
xr
XS - 8{[3 + _la;r4
2
X4 = 814

Notice that [ X1, Xo] = X3 and [ X1, X3] = Xy and all other commutators are trivial.

For demonstrative purposes, return to the first Heisenberg group, H'. This group is of
great interest and widely studied not only because of its appearance in applications but also
because there are only two 3 dimensional simply connected nilpotent Lie groups: H' and R3.

It is simple to check the left-invariance of the vector fields for H'. Let f(x,y,t) be a left

translation by (a,b,c).
flay,t) = (z+a,y+bt+c+1/2ay— b))
The differential is

(2.2) df =1 o 1 0

—b/2 a/2 1
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Consider first the vector field X; = 0, — (y/2)0; = 0 |- If we are to first take the X;

—y/2
derivative at a point p = (x,y,t) and then apply the left translation in the tangent space,

we get df - Xy = 0, + (=b/2 — y/2)0,. On the other hand, if we left translate the point and
then find the derivative at the translated point, we get X o f(z,y,t) = 9, + (—=b/2 —y/2)0;.
Therefore f,X; = X o f showing X, is left-invariant. The same can be done for the other
vector fields. A nice derivation of the vector fields is given in [14].

For H', the underlying manifold is R?, but X; and X, do not span all of the tangent
space. The commutator, T' = 0, recovers the missing direction. This group is said to satisfy
Hérmander’s condition. In fact, Carnot groups in general satisfy Hormander’s condition,
meaning that the basis of vector fields along with all of their commutators up to some finite
step will span the entire tangent space. This property is essential when considering Carnot
groups as sub-Riemannian manifolds because it ensures that any two points in the group
can be connected by a path that lies entirely in the span of V. This type of path is referred

to as a horizontal path. To be more precise, stated below is the fundamental theorem.

THEOREM 2.5. (Chow’s Theorem) If a smooth distribution satisfies Hérmander’s condi-
tion at some point p, then any point q which is sufficiently close to p can be joined to p by a

horizontal curve.

Because the L? energy required to travel only along directions in vertical bundle is infinite,
the horizontal vector fields give the so called “admissible" directions. Getting from one point
to another requires traveling along a horizontal curve, and Chow’s theorem alleviates any

concern that we might not be able to find an appropriate path. We will always be able to
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get there by moving along horizontal curves so long as the vector fields satisfy Hérmander’s
finite rank condition.

Carnot groups can also be viewed as sub-Riemannian manifolds, and it is always possible
to define ¢ a Riemannian metric with respect to which the V7 are mutually orthogonal.
A curve 7 : [0,1] — G is horizontal if the tangent vector 7/(¢) lies in V! for all . The

Carnot-Carathéodory distance (CC-distance) can now be defined.

DEFINITION 2.6. Let p,q € G.

1 mi 1/2
dcc(p> Q) = ll’lf/ (Z <’7/(t>7 Xz”y(t)>§ dt) )
0

=1

where the infimum is taken over all horizontal curves vy such that v(0) = p, v(1) = ¢ and

(-, ->g denotes the left invariant inner product on V' determined by the metric g.

Chow’s Theorem gives the existence of the horizontal curve, 7. Another consequence of
his work is that the CC-distance is finite for connected groups.

The CC-distance is not a true distance in that it lacks the triangle inequality. However
it does satisfy the quasi-triangle inequality meaning there exists a positive constant, A,

depending on the group G such that

dee(,y) < A(dee() + dec(y)).

We will also make use of the distance defined by the gauge norm. Let z;; be the coor-

dinates for a point x € G, then

roomi

(23) |JZ|2T! _ Z Z |xi,k|2rl/k~

k=1 i=1
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For z,y € G, we then let d(z,y) = |zy~!| as defined above.
The gauge distance is equivalent to the CC-distance but has the advantage of being a
Lipschitz function. We say they are equivalent due to the fact that there exists a constant,

a(G), dependent on the group such that
a" dee(w,y) < d(z,y) < adee(,y).

For a proof, as well as other properties of these metrics see [35].

2.2 Subelliptic Schauder Estimates

This section presents the proof of Schauder estimates by Chao-Jiang Xu [44]| for subel-
liptic operators of the form
_ 2
L= ; X2
We will keep the same notations from the preceding section on Carnot groups. However,
here the real smooth vector fields Xi,...X,, satisfy Hormander’s condition but have no
requirement related to the structure of commutators as was the case with Carnot groups.
It is by virtue of Rothschild and Stein’s theorems of lifting and approximation that
equations involving Hormander vector fields are able to be studied so effectively. Their
result roughly states that the manifold can be lifted to a free group and that the difference
between the lifted vector fields and the generators of a free nilpotent Lie algebra is almost

negligible [37]. This is such an important result that it is worth stating explicitly.

THEOREM 2.7. [37, Theorem 4]
Let Xq,...,X,, be vector fields on a manifold M of dimension m such that the commu-

tators of length < r span the tangent space at & € M. Then in terms of new variables,
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bty tma2s - - -5 b, there exist smooth functions Mg (w,t) defined in a neighborhood U of

€= (£,0) € M x R™"™ = M such that the vector fields {X},} given by

3 m P
2.4 X, =X A t)—
(2.4) k k+l%l i (w, )8151

are free up to step v at every point in U.

THEOREM 2.8. [37, Theorem 5|
Let X1,..., X, be vector fields on a manifold M, &, € M such that
(i) commutators of length < r span the tangent space, and
(ii) { X} is free up to step r at &,.
Choose {f(jk}, commutators of length < r, determining a system of canonical coordinates
(ujr) around & by exp(> ujkf(jk) €. Let N be the free Lie group of step r on n generators
and R its Lie algebra. Then there is a basis {Yj;} of R and neighborhoods V of &, € M and

U of 0 € N with the following properties. On'V x V consider the mapping to U

(2.5) 0(¢,@) = exp(d_uYin) €U,

where © = exp() uijjk)é. Then for each fized € the mapping
w — (@) = 0(€,0) = (u)

s a coordinate chart for V' centered at é
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In this coordinate system,
(2.6) Xe=Y.4+ Ry, k=1,....n,

where Ry, is a differential operator of local degree < 0.

In the proof of the Schauder estimates, we will let X, denote a commutator of length
j. Using a canonical system of coordinates, we obtain a C'*° diffeomorphism from a neigh-
borhood about x, V,, C M to a neighborhood of 0 in R" in the following way. If y € V, and
y = exp(Dd_ ujpX i)z, define the mapping by 0.(y) = u = (uj).

The distance function used will be given by the gauge norm.

d(w.y) = (3 fup) ",

which is locally equivalent to the CC-distance. The base of the tangent space on V., will be
denoted { X} (1 <j <, k<kj), thenn=> . k;

The proof is very similar to the Euclidean case, but we do not have an explicit formulation
of the fundamental solution resulting in the need for a few technical lemmas. For the sake

of brevity, these are given without proof.

LEMMA 2.9. [44, Lemma 1.3]
(i) For every compact set, K CC V,,, there exists a constant, C' such that if v € K and

o< %50, we have

(2.7) |B(z,20)| < C|B(x,0)|
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(1) Forx € K CC V,,,0<0 <d,, we have

d(x,y)® o
(28) /B(M Bla,d g =

LEMMA 2.10. [44, Lemma 1.4

(i) For x,y € V,, , we have
(29) [X'd(a,y)| < Cd(a,y)" .

(ii) For all K CC V,,, and K3 = {x € R"d(z,y) < 3¢,y € K} C V,,, there ezists

Ve CP(Ks), 0 <WU <1, U(x)=1 on K such that for all k,
(2.10) IXTw| < C(k)e .

LEMMA 2.11. [44, Lemma 3.1|

For n > 3, there exists a Green’s kernel G(x,y) for the operator, L, and

d(z,y)* V!
(2.11) [ X7G(@,y)| < Crimr—
|B(z,d(z,y))]
where differentiations are taken in x or y. Also,
(2.12) —G(z,y) > CM
' T B, d(z,y)|

near the diagonal of 0 x €).
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The existence of the Green’s kernel for this operator is due to Bony [4], and the bounds
can be found in [38].
The symbols below will be used to notate Holder continuity on a set {2 =V, where « is

always taken to be in (0,1). By definition

CH(Q) = ue C%Q); [ulag = sup |u(:v——uo(éy)| < 00

T#Y
and for £ € N,
CY(Q) = {u € CY(Q); XTu € CX(Q), for all |J| < |k|}.
Set
[ulioq = sup [ X u(z)|

zEN

|J|=k
and

[ulhan = sup [(X7u()]5 0.

As in the Euclidean case, the norms are given analogously by

k

Nl R e =D [ulfo0 + [iae-
§=0

LEMMA 2.12. Suppose u = [, G(x,y)f(y)dy, where f is bounded and integrable in Q.

Then u € C%(By) and for every x € By and i =1,...,m,

(2.13) Xou(r) = [ X7G(z —y)[f(y)dy

K
By
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where the superscript x means X; 1s acting on that variable, and
(2.14) | Xiulo,s, < CR|fo,B,-
PROOF. Let v = [, X7G(x —y)f(y)dy, and show it is well defined.

[ Xt — iy < 1flos [ K76t = pldy
By B

d(z,y)
< flos, / __d@y)
oz, | Bl (e, )

CR|flo.s, by (2.8).

dy by (2.11)

IN

This inequality also shows (2.14) so long as X;u(x) = fB1 XIG(z —y) f(y)dy, which will be
shown now.
Take a cutoff function n(t) € C*(R) with the following properties: 0 <1 < 1,0 <7 < 2,

n(t) =0 for t <1, and n(t) =1 for t > 2. For ¢ > 0 let

ue(z) = /B Gy () (9)dy,

where n.(z,y) = n (@) . Notice that u, = 0 when d(z,y) < €, ue = u when d(z,y) > e,

and u. € C'(By). To show X;u. converges to v, look at the difference and observe that

X2G(x — y) f(y)dy — Xou(x) = / L, X O =) f)iy

By

Using Lemma 2.10, we have that | X;n| < |néw] < CJe.

lv(z) — Xjue(z)] = | [(XiG (2, y) — G(x,y) Xind f(y)dy|

B(z,2¢)
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N

C
< flom / XG (e + S1G . )|y
B(xz,2€) €

< C¢|flop, by Lemma 2.11.

Concluding the proof, let ¢ — 0, then u. and X;u,. converge respectively to v and v in B;. [

LEMMA 2.13. Let f € C%(Q) with supp f C By, then u € C%(By) and for v € By we

have

(2.15) X Xpu(x) = | XEXTG(r,9)(f(y) — fa))dy + F(2) / G, y)dy

B1 BQ

fori,j=1,...,m, where G9(x,y) satisfies the estimate (2.11).

PROOF. By the uniqueness theorem for the operator, L, we have supp u = supp f. Take
6 € C*(By) with ¢(x) = 1 on By and [X7¢| < C;/RV. Then set G(x, y) = 6(2)G(x, 1)6(y),

and denote w(z) by the right hand side of (2.15).

For x € By,
wie) = [ XPX3Gl)(fw) ~ fa)dy+ 1) [ Gy
B Bs
and from Lemma 2.12,
Xju(z) = [ XIG(x,y)f(y)dy, and

Bo

Xyuo) = [ X7 (Glapnle) Fo)dy.
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Clearly Xj;u, € C*(B;) and Xju, — X;u in B;. Taking another derivative in z and using

the lifting and approximation theorems (Theorems 2.7 and 2.8), gives

/B XIX? (é(x,y)ne(% y)) fy)dy
[ xex; (Glanden) (o) = Sy
Hw) | XX (Gl ypnday)) dy

[ xex; (Glande) (o) = F(@)dy

+f(l‘)/B RyR} (é(%y)ne(ﬁc,y» dy.

Define G% = RIRIG, and now convergence of X;X;u, to w(z) will be shown.

w(z) = XiXjue(z)]

IN

IN

IN

X7 (Gl )1 =) 1£(y) = F(a)ldy

Bo

Hi@los [

B>

G (z,y)dy — R\R? (G(m, (e, y)) dy
C/B(m’%) | X7 X5 (é(af,y)(l — m)) |d(z,y)"[f(2)]2 5, dy

Hi@lom [

B(x,2¢)

By R) (Gl y)(1 = el ) ) Idy

d(z, y)°[f ()3 5
C —Ld
/B(m,2e) Y

|B(z, d(z,y)]

d(z,y)*
W [ A
| ( >|0B B(x,2¢) |B(‘Ta d(Iay)|

Ce|l 115 1

proving convergence and the lemma. 0
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THEOREM 2.14. Let f € C%(Q), with supp f C By, a >0, and u = [ G(z,y)f(y)dy.

Then u € CY*(By) and

(216> [u]éfa,Bl S C[f]i(,Bla

where C' is independent of u and R.

PROOF. Using Lemmas 2.13 and 2.11 and taking x € B;, we have

X Xpu(z)| < ClYs, /B d(z,y)*|B(z, d(z,y))| " dy

(2.17) < Clf)ip R

Choose another point € By, and set § = d(x,Z). Then take £ € B; such that

NS,

XiXju(w) = XiXju(z) = L+ I + Is + Iy + (f(z) — f(Z) s + f(T)]6
where the integrals are given by

I = X, X;G(z,y)(f(Z) — f(y))dy,
B(¢,9)

I = XiX;G(a,y)(f () = f(y)dy,
B(Eo)

I = / X X,G(z, ) (F(Z) — Fy))dy,
B1/B(§,0)

L = / (XX, G2, y) — XX, ) () — F(@))dy,
B1/B(¢,9)

I, = /G?(x,y)dy, and
Bo



L= [ (G - Gle)i
By
By the same argument used for (2.17), we have
D] + L] < C6°( 135, -

To estimate I3, consider first

I, = / X7 X7G(z,y)dy.
B1/B(£,9)

= / X?R)G(z,y)dy
B/B(Es)

o ¥ (S stnnictnn s,
OB(£,0) —

d(x,y)
Il < CiR+C / — g
Gl < GRYG | Ble.day)

2d(¢, y)
CiR + C! —_
e 2/63(5,5) ’B<€7%d(£7y>’
0B(&,6)|
|B(&, 3d(&,y)]

ds,

IN

ds,

IN

CiR+ C5%

IN

Cs.

Finally, this gives

|Is] < [(f(@) = f(@) 3] < C36°(f ] s, -

33
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To estimate Iy, let & € B(,(3/4)d), then use

X, X,G(T,y) — XX, (xy)|<2dxe|XkXXG(:z:y)\

k=1

to see
XXG z)\|d
L < /BQ/BME (& 9)I1f () — £(2)|dy

1

fly) — f(@)|
< 25/2/3 |B(x d(, y))|dy
d(z,y)~
= 25[f]a7B /32/3(575) ($7y)|B(:%’d(i"y)>|dy

Now y ¢ B(,0), hence

d(z,y) < C(d(z,%)+d(2,y))

IN

C(d(,y) +9))

< 5Cd(z,y).
Using this same type of triangle inequality, one can see that
1
B(z, 4—15) C B(&,0) and B(z,,2R) C B(%,3R).

Integrating over this larger set gives
d(&,y
Ll < 2601155, / BT

d
< OS5, (Ga) R )
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For the estimates of I5 and I, recall that G% satisfies the same bound (2.11) as the

Green’s kernel in Lemma 2.11.

@) — F@IE] < Co" X, / |B(z, d(z,y)|dy < C5[f1X

and in the same way for I we have

|f (@) L] < [flo,5.C

Summing the integrals, gives the conclusion. 0

The next theorem is given without proof because it follows in exactly the same way as

the proof of the Euclidean case (Theorem 1.4).

THEOREM 2.15. Let u(x) € C°(2) be a solution to Lu = f in Q where f € C%(2) and

supp [ C By. Then

(2.18) lulla5, < C(lulop, + B[ f1lo.0,5,)

where C' is independent of f and R.

Note that the version of the theorem stated above is slightly different than in [44, Theo-
rem 3.7]. Both proofs still use the decomposition of solutions into u = wu; +ugs where Lu; =0
and us = G x f. The difference is that Xu instead uses the hypoellipticity of the operator

(See [31]) to get bounds on u; and all its derivatives. Specifically, since 0 € C*, u; € C¥,



36

and

uo| 0. < Ck, X, K)|ur |10y =: Dy

for any compact set, K € (). This gives

(2.19) 1205, < D+ ClIf .05

where Dy, C are constants independent of f.

Xu’s version has the disadvantage of not making specific the dependence on v and R in
the constant, but has the advantage that the right hand side does not need to be on a larger
set.

In either case, we wish to now get rid of the compact support condition on f. To that
end, stated here without proof is a technical lemma, which is used in the construction of an

appropriate cut-off function to give the final result.
LEMMA 2.16. |44, Lemma 3.§|

Let ¢(t) be a non-negative bounded function on [T,,Ti] with 0 < T, < Ty. Assume that for

any T, <t < s < Ty we have

A
(2.20) o(t) < 06(s) + RO
with 0 <0 <1, and A, B, > 0. Then we have
2.21 )y < C A B
(2:21) o <L)

for all T, <t < s <Ty, where C(f3,0).



37

THEOREM 2.17. Let By = B(z,,tR) and Bs = B(x,, sR). Let f € C%(Q) and u € C°()

be a solution to Lu = f. Then for all xz, € €2 there exists R > 0 such that
(2.22) 1l 1350,5, < D+ Cll flloa.5, + C(Iflos + lulos) (s = )R) ™"

forall0 <t < s <1, where D, C' and C are independent of f.

PROOF. Taking for granted, the property of the quasi-distance, d(x,y), which says for

any small compact subset K C M, there exists a constant ¢ > 0 such that for any z,y € K,
1/r

Mo —y| <d(z,y) < clz -y

where r is the smallest length of the commutators needed to satisfy Hérmander’s condition.

This property allows us to see that
dp(0B,, By) > |Rs — Rt| > ¢ 'd(Rs, Rt)" > ¢ *((s — t)R)".
By use of Lemma 2.16, there exists a function ¢ € C5°(B;) such that () =1 on B; and

(2.23) > X Clos, + (s = )R) X2 5, < Cil(s —t)R)™™.
|J|=k

Applying Theorem 2.15 to (u on By, where

L(Cu) = C(Lu) — 320X, (Xpu) — (L)
j=1

gives the final conclusion. O
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CHAPTER 3

The Parabolic Setting

3.1 Parabolic Distance, Balls, and Cylinders

Throughout this paper, the relevant space is G x R, where z is reserved as a space
variable in G and t is thought of as a time variable in R. This is also a Carnot group
where time derivatives appear in the first layer of the stratification. However, homogeneity
considerations of the operator would dictate the time derivative should have weight 2, and
a different dilation mapping would be needed rather the natural one given previously. An
alternative viewpoint is the one given by Rothschild and Stein. In [37], they referred to
this situation (where the algebra is generated by a vector field in the second layer, X,, in
addition to the vector fields Xy, ..., X,,, in the first layer) as a type II stratified group.

This document mostly keeps to the viewpoint of separately dealing with G and R to get
results on the product space. Therefore we define a new dilation mapping 6. : GxR — G xR
given by

8 (z,t) = (64(z), s%t).

With that being said, the parabolic distance is defined.

DEFINITION 3.1. Let (z,t),(y,s) € G x R. The parabolic distance is

dy((,1), (y, 5)) = (d(z,y)* + [t — s|)"/.
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Because G is stratified, one can always find such a homogeneous norm d(x,y) and a
dilation mapping 0s(x) such that d(ds(x),0s(y)) = sd(x,y). Both the gauge distance and
CC-distance fulfill this requirement.

This is the appropriate distance for the dilation chosen since

Ay, (2, 1)) = (d(8,2)* + |t]) " = sd(a, 1)

as desired. For sake of simplicity, we will use |(x,t)(y, s)"!| to denote the parabolic distance
between the points (z,t) and (y, s), and |(x,t)| to be the parabolic distance between (z,t)
and the origin.

Using the quasi-triangle inequality for d(x,y) on the group (with constant A), the ana-

logue can be shown for d, with the same constant.

PROPOSITION 3.2. There exists a constant, A depending on the group, G, such that for

all points (x,t), (y, s),(z,7) € G X R the inequality holds.

(3.1) (2, 6)(y, )7 < A (|, ) (2, 7) 7+ (2, 7)(y, 5) ) -

PRrROOF. If we can show that

d(w,y)* + [t — s| < C (d(w,2)* + |t — 7| + d(z,9)* + |7 = s]),

then we are done since

dlz,y)?+t—s| < C(d(z,2)”+ |t — 7| +d(z,y) + |1 — 5|

< O(d(I,Z)2 + ‘t - Tl + 2\/d(.’[‘, 2)2 + |t - T|\/d(27y)2 + |T - S|
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+d(z,y)* + |7 — s])

2

= C (\/d(:v,z)2 + [t — 7| + Vd(z,y)? + |7 — s])

Taking the square root of both sides, would give the desired inequality

V(e gP =51 < VO (Valw. 97+ =1+ Valz.uP +17 —3]).
If A% > 1 in the quasi-triangle inequality for d(x,y), we get

d({l}, y>2 + |t - S| S A2d(l‘, 2)2 + |t - 7—| + AQd(Za y)2 + |T - S|
= A (d(z,2)* + |t — 7| +d(z,y)* + |7 — s|)

+(1— At — 7|+ (1 — A?)|7 — 5|

IN

A (d(z,2)* + [t — 7|+ d(z,y)* + |7 — s]) .

If A% < 1, we actually have a true triangle inequality by adding positive additional terms

(1 — A%)d(x,2)? and (1 — A%)d(z,y) to the right hand side. O

We also use the following form of reverse triangle inequality,

(3.2) (2, )] = Al(y, s)| < Al(z, t)(y, s)7"]-

DEFINITION 3.3. Choosing d(z, z) to be the gauge distance defined earlier, the set

Q,(x,t) = {(Z,T) St —7| < r?and d(z, 2) < 7"}
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15 known as the parabolic cylinder.

Let B,(z) denote the CC-ball on G, then it is easy to see that |Q,(x,t)| = 7972 |B1(0)|
where the measures indicated are Lebesgue measures. A simple computation gives | B,.(x)| =
|B1(0)|r?, and consequently |Q,(x,t)| = r%*2|B;(0)]. The Jacobian determinant of 6, : G —
G is simply 7%, so the calculation follows by a change of variable. See |2] for this calculation
and other properties of the CC-balls. Properties of the parabolic balls and parabolic cylinders
are nicely explained in [7].

Sometimes it is convenient to use the notation Q,(x,t) = B,.(z) x A,(t) where A, (t) =
{reR: |t—71]<r’}.

We can also define a parabolic ball to be the set

Bp((xwtO)vr) = {(yv S) : |($07t0)(y7 S)_1| < T}'

Its size is comparable to the parabolic cylinder, but they are not the same set.

3.2 Group Polynomials

In this section, definitions and terminology regarding group polynomials are given fol-
lowed by several results regarding Taylor polynomials. For more details see [21].
Let I € N and consider a multi-index, I = [(i1, k1), (i2, k2), - - ., (41, k)], where 1 < k; <r

and 1 <4 < kyy,,. Derivatives of a smooth function, f, defined in G will be denoted as

XIf = Xi17k1X’i2,]€2 s Xil,k’lf
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where the order of the derivative is |I| = 22:1 k;. Throughout this paper, we are only
concerned with derivatives appearing in the first layer of the stratification meaning the order

will simply be the number of vector fields applied to the function.

DEFINITION 3.4. A group polynomial on G x R is a function that can be expressed in

exponential coordinates as
P(x,t) = Z arpr’t?
1.8

_ (s  \k=1l..r
where I = (ijx)i=1 ", and B and aj g are real numbers, and

or equivalently,
P(z,t) =Y arg(x,t)’
d
where (z,t)* = z't# and |I| + 28 = d.
The homogeneous degree of the monomial z! is given by

T mp

1= ki,

k=1 j=1

and the homogeneous degree of (x,t)? is (as expected) d = |I]| 4+ 23. We will notate the set
of polynomials of homogeneous degree not exceeding d as Py. To avoid tedious language,

the homogeneous degree will simply be called the degree of the polynomial.

DEFINITION 3.5. If h € C§°(G xR) and k is a positive integer, then the kth order Taylor

polynomial Py of h at the origin is the unique polynomial of homogeneous order at most k
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such that

X'D!P.(0,0) = X' D!R(0,0)

for all |I| +20 < k.

We will need several results regarding Taylor polynomials and their remainders. The

upcoming three of which appear in [21, pp.33-35].

THEOREM 3.6. (Stratified Mean Value Theorem) Let G be stratified. There exists

constants ¢ > 0 and b > 0 such that for every f € C and for all x,y € G,

[f(zy) — f(@)] < cly| sup |X;f(zz)|

|21 <bly|
1<j<my

where X; is in the first layer of the stratification, and |- | is a homogeneous norm on G.

THEOREM 3.7. (Stratified Taylor Inequality) Let G be stratified. For each positive
integer k, there exists a constant c;, > 0 such that for every f € C* and for all x,y € G,

|f(zy) — Pe(y)| < cilyl® sup | X' f(zz) — X f(x)|

|2|<bky]
[I|=k

where P,(y) is the left Taylor Polynomial of f at x of homogeneous degree k and b is as in

the Stratified Mean Value Theorem.

COROLLARY 3.8. Ifk > 1, then there exists positive constants Cy and b (independent of

k) such that for every f € C*Y(G) and all z,y € G there holds

f(zy) = Po(y)] < Culyl™™" sup | X' f(z2)]

|z|<bk|y|
|I|=k+1

where P.(y) is the kth order left Taylor polynomial of f at the point x.
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Now results analogous to those above will be provided, incorporating the time derivatives
and the parabolic distance. To this end, we will first define some special classes of functions.
We will say that f € C%(Q) if f is continuous on the open set Q € G x R with respect to

the parabolic distance, and we define

Ci(Q):{f €C%Q): X;f €CQ) fori=1,...,m; and |f($itt)__7|{5§’ﬂ‘ < oo, t# T}.

For any positive integer k > 2, we define
CE) ={feCi™(): X;feCl'(Q) fori=1,...,my and D, f € CI*(Q)}.

Roughly speaking, a function in the set C*(Q) will have continuous derivatives up to
order k (with respect to the parabolic distance) as well as “half” derivatives in the ¢ variable
up to order k—1 in keeping with the idea that one time derivative is equivalent to two spatial

derivatives.

LEMMA 3.9. Suppose g € CH{(G x R), then for all (y,s) € G x R/(0,0) there exists a

positive constant C' such that

l9(y,s) —9(0,0)] < Cl(y,s)] sup |Xig(z,7)|).
[(z,7)|<bl(y,s)|
1,=1,....m1

PROOF. Notice first that |g(y,s) — g(0,0)[ < [g(y, s) — g(y,0)| + |g(y,0) — g(0,0)].
The first term can be estimated using the “half” derivative while the second term requires
the Stratified Mean Value Theorem. Together we get the following:

l9(y,s) — g(0,0)] < Cy|s|">+ Cly| sup [Xig(z,0)]

lz|<blyl
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where 0 < 7 < s.
Here |s| is referring to the Euclidean distance and |y| is any homogeneous norm on G.
Clearly, |s['/* < |(y,s)| and |y| < |(y, s)| giving
19(y,5) = 9(0,0)] < Cly,s)] sup |Xig(z,0)]

12| <blyl
Z7:1 7777 mi

Taking the appropriate supremum gives the conclusion. [l

Now we give a parabolic version of the Stratified Taylor Inequality.

THEOREM 3.10. Suppose G is stratified. For every positive integer k, there exists positive

constants C and b depending on k such that for all f € C*(GxR) and all (z,t), (y,s) € GxR,

[f(y:8) = Pu(y, s)| < Cil(y, )[*  sup  [X'Dif(z,7) — X' Dyf(0,0)]
(57| <BF|(w,9)

|1+2i=Fk

where Py(y, s) is the kth order Taylor polynomial about the origin.

PROOF. The method of proof is similar to the proof of the Stratified Taylor Inequality
in [21].
Fix a (y,s) € G x R and let g(z,t) = f(x,t) — Py(y,s). By definition of the Taylor

Polynomial for all |I| 4+ 21 < k,

By induction on n, we will show for all 0 <n <k

(3.3) X' Dg(y,s)| < Cul(y,s)"  sup  |XTDif(z,7) = X' D;f(0,0)|
|(2,7) | <B7 1 (3,9)]
\T|+21=F
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where |J| + 2p = k — n. The case n = k will give the conclusion.

To begin, we will see the case n = 0 is trivial since |J| + 2p = k and

X Dig(y,s)] = |X'D{f(y,s) — X D} Pi(y,s)|

< sup  |X'Dif(z,7) = X'D;f(0,0)].
Ny

Suppose (3.3) is true for n = k — 1, and consider the case n = k. Using Lemma 3.9, we

have

l9(y,s) —9(0,0)| = |g(y,s)|

< Cl(y,s)| sup |Xig(z,7)|

Using the n = k — 1 case,

9(y,s)| < Clly,s)[*  sup  [X'Dig(z,7)|
|(,7) <0 (y,5)]
|T[+21=k
= Ol(y,s)[* suwp |[X'Dif(z,7) — X D;f(0,0)].

(2,7 < (y,9)]
|I[+2i=Fk
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COROLLARY 3.11. Suppose G 1is stratified. For every positive integer k, there exists
positive constants C' and b depending on k such that for all f € C*2(G x R) and all
(x,t), (y,s) € G xR,

|f(y75> - Pk(y78)| < C|(y7 S)|k+1 sup |X]Dif(za7—)|

(2,7 <bI(y,5)]
[I|+21=k+1

where Py(y, s) is the kth order Taylor Polynomial about the origin.

PROOF. Simply apply Lemma 3.9 to Theorem 3.10. U

3.3 Campanato Spaces and Embeddings

The Pointwise Schauder estimates are proved by means of the Morrey-Campanato norms.
In this section we will establish the relationship between the Campanato classes and the
Folland-Stein Holder spaces.

First we will adapt the Folland-Stein Hoélder norm to include the parabolic distance as

llren = sup L@ = J(@ato)

(w0 2@oto) | (T, 1)(To, o) 71
(z,t)eQ

where () is an open set in G X R and 0 < o < 1.
f:Q — R is in the Holder Space I'*(Q2) if and only if for all (z,t) € € there exists a

constant C such that || f||re@y < C(f, 2, ) < 0o, and define

|f(l’,t) - f(yu S)|
1f]lra) = sup [f|+  sup &
® =7, o (@ 0)(y,5) L
(x,t),(y,5)€Q

where €2 is an open set in G x R and 0 < a < 1.
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k
| X'Dif(x,t) = X'Dif(y, )]
[ fllrsta) = sup |X'D,f|+ sup -
. ;uzz—j ' ()% (y,5) €0 (2, 0)(y, s)~H*
Q 1) +2i=k

We can also define the local Holder spaces.

Fa

loc

Q) ={f: Q= R|gf €eI'() for some ge C;(NQ)}.

We now give the definition of the Campanato Spaces and Morrey-Campanato norm as
in [21], and [15]. These classes are equivalent to the Hélder classes. Recall that P, refers to

the set of group polynomials of homogeneous degree less than or equal to d.

DEFINITION 3.12. Suppose Q is open in R" o >0,d €N, and 1 < p < oo. Then

C8 (w0, t,) is the set of all functions u € Ly, (Q1(2,,1,)) such that

1
[u]p,a,d(ajo,to): sup inf ¢

1/p
u — P|P(x, t)dxdt < 00.
0<r<1PePq (’Qr(xoy t,) N4 Q1 (o sto)NE | 1) )

If p = o0, the L* norm should be used in place of the L norm.

It is worth noting that if the polynomial P exists, then it is unique, and consequently,
when d = 0 the classical definition of the space of bounded mean oscillation is recovered in
that the constant, P, would be the average of u over Q,(z,,t,) N €.

While the above is only a semi-norm, we will define and make use of the following true

norm.

d

(3.4) Hqu,a,d (@0, o) = Z ’XIDiu(xovtON + [u]p,a,d(Tos Lo)-
|T]+21=0
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For the purposes of this paper, we will select (z,,t,) = (0,0), and all results will hold for

a general point by left invariance.
THEOREM 3.13. Suppose a > 0,1 < p < oo, andd € N. If f € C’gd(xo,to), then for all
k<a (|I|+2l=k), XIDLf is continuous in Q,(x,,t,) and XIDLf € T*7*(Q,(x,,1,)).

The proof given in |21, Proposition 5.17| is only for a stratified group, but it works just
the same for the parabolic setting because it relies only on the Mean Value Theorem and
Taylor inequality, which we have shown in the previous section. The original proof is actually
due to Krantz [32] and [33]. The case d = 0 will be shown here in a slightly different manner

below and depends on a geometric property of the cylinders.

DEFINITION 3.14. An open set ) € R"*! is said to have the the A-property if there exists

a constant A > 0 such that |Q,(x,t) N Q| > A|Q,(z,1)|.

REMARK 3.15. Parabolic cylinders satisfy the A-property. This is easy to see using the
fact that Carnot-Carathéodory balls have the analogous A-property [13|, meaning that there
exists a positive constant A" such that |B,.(x)NBgr(z,)| > A'|B.(x,)|. This geometric property

ensures there are no infinitely sharp cusps on the boundary. We see that

1Q: (1) N Qrlwnte)l = 1(Bila) x A1) N (Balwo) x Ar(t,))
= |(B.(2) N Ba(wo)) x (Ar(t) N Ag(t,))]
— [Bo(x) N Ba(w) 1A, (t) N Ax(t,)|
> ACIB(2)||A 1)
= AlB,(x) x A (1)

= A|Q(x,1)].
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PROPOSITION 3.16. If an open set Q € R"*! has the A-property, then C2,(Q) C I'*(Q2)).

PROOF. The proof is similar to the Euclidean case in [25] given the appropriate definition
of the A-property as above. Throughout this manuscript, diam(2) will be the diameter of
) with respect to the parabolic distance, and note that on compact sets, for every «, there
is a positive constant R, such that 0 < ar < R,. The average of u over a parabolic cylinder
will be

1
z,t),r — 5 dzdr = ——— , dzdr.
s ]ér(:c,t)lb(z T) = ‘QT(xvt” Qr(w,t)U(Z 7—) =T

Given this notation, we have u € Cy(€2) if and only if

][ (2, T) = Uz )| dzdr < Cr°P
Qr(z,t)NQ

for all (x,t) € Q and all 0 < r < min{R,,diam(Q)}. Now, we will fix r and R so that

0<r<R<min{R,,diam(Q)}, and see that

’u(l‘,t)ﬂ‘ - u(xvt)»R|p S O |:f ’u(z7 7—) - u(w,t)ﬂ'|pdzd7— + f ’U(Z, 7_) - u(ﬁ,t)»R|ded7_:|
Or(z,t)NQ Oy (z,t)NQ

|Qr(z,t) N Q) 1

|1Qr(, ) N QU [Qr(2,8) N Q| Jop@nne

|Q,(x,t) N Q|

<C {rap + lu(z,7) — u(x,t),R|pdsz]

<ol .

Using the A-property and |Qg(z,t) N Q| < |Qg(x,t)|, we have

Qn(z,) N Q| _ R
10, (z,6) N Q| = ArQ+2’
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and then
R Q+2
P
Uz t)r — Uty ,r| < C (?> R”.

Let R; =27'R and 0 < k < h. It follows that

h—1
(35) ’u(mvt)’Rh - u(zvt)’Rk’ S Z ‘u(x,t),Rl+1 - u(zvt)’Rl’ S CR??

I=k

and hence, {u(xyt)ka}keN is a Cauchy sequence. As k — 00, U(z4),r, — u(2,t) a.e. in Q, and

(3.5) gives
(3.6) u(z,t) — u(%t)»Rk| < CRj

implying that u is continuous.

In order to show that u € T'¢ .(Q2), we will now show that |u(z,t) — u(z,,t,)| < CR".

loc
Begin by choosing (z,,t,) € Q such that 0 < R = d,((z,t), (20, t,)) < 3min{R,, diam(Q)} .

We need only use (3.6) and estimate |u ) 2r — U(a, t,),2r] tO Obtain the result since
lu(z,t) — u(Zo, to)| < [, 1) — Uy 2r| + [Uat) 2R = Uizoto)2r] F |U(Tos to) = Uy t,).2R]-
Notice that [, 2r — Uz, t.).2R]

1/p 1/p
(f lu(z, ) — u(x7t)72R|szd7') + (][ lu(z,7) — “(a:o,to),2R|dedT) :
QQR(I,t)ﬂQ QQR(CCO,tD)ﬁQ

As before, we use the fact that u € C5;(€2) to get that

<C

[U(z,0),2R — W(aoto)2r| < CR®.
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REMARK 3.17. There is an important consequence of Theorem 3.13 as it relates to Taylor
polynomials. Suppose f € C5,(0,0) for a > d, then f is d times differentiable with Hélder
continuous derivatives. (The reverse also holds.) Let the Hélder exponent for the highest
order derwative be o, = o —d. This implies that we can take the dth order Taylor expansion
of f, and by Theorem 3.10, |f — Py| < Cr® . In other words, if « is large enough (or if
we know f is differentiable to some order d < «), we get that the Taylor expansion satisfies
the decay requirements of the Campanato space definition with o replaced with o, + d. This
point will be exploited later to give bounds on the derivatives of solutions and inhomogenous

terms.

3.4 Sobolev Spaces and Embeddings

The following notations and estimates will be used extensively throughout this paper.
In particular, the L? estimates are essential for the pointwise result. Whereas in the clas-
sical proof as well as the group case proof of the Schauder estimates, the LP estimates are
not necessary. We start by giving the well known results for the constant coefficient case,
then prove a version for the non-constant coefficient equations with only pointwise Holder

continuity assumed. Let us first define the relevant operators.

(37) HA == 6’t - Z CLij(SL’,t)XZ'Xj

ij=1
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Letting A = (aij)i j=1..m, denote the positive definite, symmetric m; x m; real-valued matrix.

Explicitly, there exists a constant, A, such that
mi

(3.8) ATNEP < ag(, )& < A[EP for any £ € S™TH CR™.
i=1

Also assume that a;; € I'“(0,0). The frozen operator is given by

(39) HA(O) = &g — Z aij(O, O)Xsz
i,7=1

Now the appropriate Sobolev spaces are defined.

DEFINITION 3.18. We say f is in the Sobolev space, SE’Z(Q), if and only if

k l
115ty = D NXT Fllin@) + D 1D fllir) < oo
I=0 Jj=0

The well known Sobolev embedding theorem still holds in the parabolic setting. This

result can be found in [20, Theorem 5.15] for groups. We give now a parabolic version.

THEOREM 3.19. Suppose Hau = f in Qy and f € LP(Q,). Forp > %42, Sp1(2,(0,0))

I'“(Q,(0,0)) where a = 2 — %2,

p

PROOF. The theorem is shown in [23| for solutions to H4(0)u = g. They actually show

that fora:Z—%,

[lullra(Qr) < Cllgllr(2r)-

Apply their result to

HA(O)U = HAU(O) — Hyu+ Hyu



= Z(aij(x, t) — aij(O, 0))XZXJU + f
ij=1
Then
|ul[re(Qy) < Cr || XaXjull e (Qr) + [ £l £o(a,)):

which is finite for fixed r under the conditions of the theorem.

Now we are ready to give the interior L” estimates.

LEMMA 3.20. [37, Theorem 18] Suppose f € L} (GXxR) and 1 < p < co. If Ha(0)u

loc

on G x R, then for any a,b € C(G x R)

(3.10) laullsz1gumy < CUIBFl|r6xm))

for some positive constant C' = C(p, G, a,b).
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=

Before moving to the case of variable coefficients where the coefficient functions are Holder

continuous only at a single point, we will localize the above lemma using the technique given

in [26]. This proof can also be found in |6, section 5.

LEMMA 3.21. If f € LP(Qy(z,t)) and Ha(O)u = f on Q,, then for any r > 0 the

following result holds with k = |I| + 21

2
(3.11) > M IXT Diul| o,y < ClJulliy@u @y + 11 Fllo(@or @)
k=0

for some positive constant C' = C(p, G, r,a;;(0,0)).
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The method of proof relies heavily on the existence of a test function with certain bounds

on its derivatives (for the construction see [6, Lemma 5|) as well as an interpolation inequality

[6, Theorem 12].

Through the coefficient freezing technique, we obtain the following lemma for the operator

with pointwise Holder continuous coefficients.

LEMMA 3.22. If f € LP(G x R) with compact support and Hau = f on G X R, then for

any r > 0 the following result holds

2
(3.12) > MIX ! Diullzno,) < Ofullzo@a) + 771 fl]27(020)
k=0

for some positive constant C' = C(p,G,r, A).

PROOF. Begin by first considering v with compact support

HA(O)U = HA(O)U— Hau+ Hau

mi
= Z(aij(O, 0) — aij(a:, t))XZXJU(I, t) + f
ij=1
Apply Lemma 3.20.

313)  [ullsz1 gy < C (Z sup |a;(0,0) — ai; (@, O)[|| X Xjul| L xr) + ||f||LP(GxR)>

T

ij=1

Choosing r small enough (say Cr* < 1/2), the second derivative term gets absorbed into

the left hand side giving

(3.14) lulls21(cxmy < Cllfllzr@xm)
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For functions without compact support, apply this equation to a product of a cutoff function

with a solution, u, and use the same localization argument as in Lemma 3.21. 0
By the Sobolev embedding (Theorem 3.19), we gain as a quick corollary, that v € I'“(Q,.)
with o = 2 — %, and so it is essentially bounded.

COROLLARY 3.23. If f € LP(Qy.(x,t)) and Hau = f on Q.(x,t), and additionally, if

Q+2
2

< p < o0, then for any r > 0

(3.15) ul|zoo (0 (at)) < Cl|ullr(Qon(at)) + 1 1]2r(Qor ()

for some positive constant C' = C(p, G, r).
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CHAPTER 4

The Pointwise Schauder Estimates

4.1 Preliminaries

In this chapter, we first explore the heat kernel for the group setting as well as the
existence and properties of a fundamental solution. For easy access, the operators of interest

as well as the necessary conditions on the coefficients are given here again.

my
(4.1) H:at_ZXZ?’
i=1
where X1, ..., X,,, generate the first layer of the Lie algebra stratification for a Carnot group,
and
(42) HA = 8t - Z aij($7t>Xin.
ij=1

Letting A = (aij)i j=1..m, denote the positive definite, symmetric m; x m; real-valued matrix,

the ellipticity condition states that for all (x,t) € G x R there exists a constant, A such that

mi1
(4.3) AP <) T agg; < AEP for any € € S™T CR™.

i=1
We will also make use of the frozen operator,

(44) HA(O) = at - i aij(O, O)Xsz

ij=1
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When establishing the a-priori estimates leading up to the Schauder estimates, the proofs
are done for the operator H. These proofs will also apply to H(0) by making use of a linear
transformation. This will be discussed in more detail in Section 4.3.

There is a rich history behind the study of fundamental solutions. Given here are only
a few results that are most relevant to the cause of this paper. In reference [3], the authors
prove uniform Gaussian estimates on the associated heat kernel of H and H4. The bounds
listed below are given in [3, Theorem 5.3|. Building on this work, the same authors later
constructed the fundamental solution, I', for the general operator, H4, under the additional
assumption that the enries of A are Holder continuous [1, Theorem 1.2]. In [8], these same
results were extended from the setting of stratified groups to the case of Hérmander vector
fields by means of the Rothschild and Stein lifting and approximation theorems (Theorems
2.7 and 2.8).

The subsequent theorem is essentially Theorems 1.1 and 1.2 of [1]. However, we only

need the result for the constant coefficient equation, H.

THEOREM 4.1. Consider the operator H given above. Then there exists a fundamental
solution I for H with the properties listed below.
(i) T is a continuous function away from the diagonal of RN x RNTL. Moreover, for every

fized ¢ € RN*L T(+;¢) € TE*(RN*/{¢}), and we have

loc

H(T(5¢)) =0 in R¥*/{C}.

(i) T'(x,t;y,s) = 0 for t < s. Moreover, there exists positive constants b and (for every



T > 0) a positive constant C' such that for 0 <t — s < T the following estimates hold:

(4.5) D(a. iy, s)] < C(t — 5)" ep (_b ((i(ixiys))2>)
and
(16) Dot < Cle =) @ ey (- (FEL5) )

The constants C and b depend on G, T, A, I, and |

(iii) For every f € C(RN*1), the function

we) = [ TEOAQ

belongs to the class T3t (RNTY)) and we have

Hw = f in RV
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The Gaussian bounds (4.5) for I'(x,t) = I'(x,¢;0,0) gives the following estimates for

(x,t) away from the singularity at the origin, which will be of great use in the next section.

1

= [EoP ['ﬂf{%p (= ("5™)]

Tz, t)] < C’t|Q/ze:cp<_b(d(L0)2>)




Observing the term in brackets is bounded for (z,t) # (0,0), we have

C
(4.7) Tl <

Similarly, for derivatives we have the estimate

2
IXTDIT (2, 8)] < Cle| @2 20y (_b(d(aﬁ‘O) )>

S T L

(2, £)|@FTIF2 | [¢|(@+FITT+20)/2 n

which gives

C

Inl
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Consider now the kth order Taylor polynomial (in the z and ¢ variables) of I'(z, t;y, s)

with center at the origin given by
Do biys) = 3 aX DIT((y,5) )’ tl
|I|+2i=k

Using the previous estimates, we see that

, jz|"]¢]f
(4.9) Te(z,t;y,8)] < Z Ck |(y, s)|@*HHT+2
|T|+21=k

Making the first use of the fundamental solution, we prove two lemmas regarding H

applied to polynomials. These two results appear in [15] for the sublaplacian as Lemma 3.7

and Lemma 3.8, respectively. Here those proofs are reproduced to ensure they are still valid

for the operator H.
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LEMMA 4.2. If Q is a group polynomial of degree d — 2, then we can always find a

polynomial P of degree d such that HP(z,t) = Q(z,t) in G x R.

PROOF. Let I' be the fundamental solution as before, and define

fat) = /Q o T 5))Qt, o)y

so that H f(z,t) = Q(x,t) in Q;. Consider the dth order Taylor polynomial P; of f centered
at the origin. We can express f as the Taylor polynomial plus some remainder term. f =
P; + Ry. We would like to show that HR; = 0 in Q; so that Hf = HP; = Q in Q; and
thus in all of G x R.

By definition, for f € C>°(GxR), we have X' D!P;(0,0) = X' D!f(0,0) for all |I|+2] < d.
This implies X! D!R4(0,0) = 0 for all |I| + 2] < d. Additionally, by degree consideration
XTDIHR4(0,0) = 0 for all |I] + 21 < d — 2 giving, HX!DIR;(0,0) = X' DLHR4(0,0)
=0for [I|+2l <d-2.

Now consider the expansion of f(x,t) = HRy(x,t) as Py_s(x,t) + Ry_o(x,t). Again, we
have that X D!f(0,0) = X' D!P;_,(0,0) for all |I|+2] < d—2. Consequently, X' D!R4(0,0) =

0 for all |I| +21 <d—2,and X'D!HRy =0 for all |I| +21 < d — 2.

) X'D!Py_5(0,0) for |I|+21<d—2
(4.10) X'DLf(0,0) =

X'DIRy_5(0,0) for |I|+20>d—2
However, by the expansion of f, we noted that X D!H R,(0,0) = 0 for all |I|+2] < d—2,
so in fact, X D!Py_5(0,0) = 0 for all [I| + 2] < d — 2. Then P;_5(0,0) has no terms with

degree less than or equal to d — 2, and P, 5 is in fact equal to zero.
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By virtue of Corollary 3.11, we see

F=Pial < cdlys)l™ sup  |X'DIf(z7)l

|(z,7)|<bl(y,s)l

|J|+2p=d—1
Making substitutions,
(4.11) Rio| < cal(y,s)|*r sup | X/DPHRy(z,7)|
()

X7DPH is an operator of order d+1, so P, is annihilated when the operator is applied giving
X’DIHR; = X’DIH(f — Py) = X'DYHf = X'DYQ =0
because Q is of degree d — 2 and X7 DY is of order d — 1. Equation (4.11) now reads

|Ry_s| = |HRy| <0.

LEMMA 4.3. Let u(z,t) € C*(Q1(0,0)) be a solution to Hu = 0 in Q, with |u] <1 on
0Q1. If we write u(x,t) = Zizl Pi(z,t)+ Ry(x,t) where the Py’s are the kth order terms of

the Taylor polynomial expansion at the origin and Ry is the remainder term, then for every

0<k<d 0<r<1, we have:
(i) HP(z,t) =0

(ii) Py has universally bounded coefficients for all 0 < k < d.

PROOF. By the argument given in the proof of Lemma 4.2, we know that HR; = 0.

Then Hu(z,t) = Zzzl HPy(z,t) = 0, which implies that for each k, HP;(z,t) = 0. Degree
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considerations rule out the possibility of any terms canceling to get zero.
To prove (ii), we need an interior estimate on derivatives and Bony’s maximum principle

proved in [4]. Derivative estimates (found in [16]) give

X" Dlu(e, )] < Cr* supJule, 1)
Qr(xmto)

for all 0 < r < 1 and all |I| + 2l = k. Let M be the supremum on Q,.(z,,%,), and the
maximum principle gives u(z,t) < M for all (z,t) € G x R giving a bound for | X! Dlu(x,t)|.

Consequently, the coefficients for P, are bounded. O
4.2 A-priori Estimates

LEMMA 4.4. Suppose [ € LP(Q1(0,0)) and p > 1+ % If for some constants v > 0,

a € (0,1), and some integer d > 2, [ satisfies
(4.12) 1£ 1l oo,y < At SR ol < 1,

then there exists a function u(z,t) € SP'(Q1) such that Hu = f(x,t) in Qi, and moreover

for k= |1|+ 21,

2
(4.13) S X Dl ) < Cyr ™ foratl v <1
k=0

where C' s a positive constant depending on Q, p, andd.
PROOF. The proof is in three steps. First, we will establish the existence of a solution.

During step 2, we will establish a particular estimate on this solution, which is vital to step

3 where we obtain (4.13).
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Without loss of generality, extend f to equal 0 outside of |(x,¢)| > 1. With I" being the

fundamental solution to H, we define

w(e,t) = / D((2, 1) (g, $)"1) (y, 5)dyds
[(y,s)|<1

and notice that Hw = f in Q; by Theorem 4.1 . By interior estimates given in Lemma 3.20,

Hstg’l(Ql) <C Hf”LP(Ql) < (7.
Using the dth order Taylor expansion of I' at the origin, we similarly define the function
d

oa,t) = / S (e, 5, 5)(y, 5)dyds.
[(y,9)I<1 1o

By Lemma 4.3, HI';, = 0, and since the ['y’s are smooth and bounded, there is no issue with
moving the derivatives inside the integral giving Hv = 0 provided v(z,t) is well defined. In

fact, we can show that |v(x,t)| < Cv in Q.

o(e,1)] < /( >|<1Z'F’”’ty’ I (v, 5)ldyds

IN

| ]2
Ch £ (y, s)|dyds
Z /|;y,s)|<1 |(ya 8>|Q+k

k=0

1
WU(% s)|dyds

k=0 i=0 27 (y,s)| <2701

(29| f(y. 5)|dyds.

IA

Q
Mg
8
\

k=0 i—0 Y27 <|(y,8)|<270H
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Integrating over the larger set and using Holder’s inequality ( % + ]% = 1) gives the estimation

desired.

o(a,t)] < CY

(Qi)Q+k’Q2*i+l ’1/p Hf(y7 S) ‘|Lp(|(y,5)|§2—i+1)

ol
Il
M 1

IN
Q

AN
Q
2
M&
N
“%
2
=

IN
Q
2

Let w = w —v. Then Hu = f. This establishes existence of a solution. To get u € 53,1

with the appropriate estimates, we will first show that |u(x,t)| < Cv|(z,t)|T for |(z,t)| <

o=

where D is a positive constant to be specified later.

Write u as u(x,t) = I} — I + I3 where

I = / P (e )y, 5)"") (g, 5)dyds,
|(y,8)|<D|(z,t)]|

d
b= / > Tulw,t;y,s)f(y, s)dyds, and
|(y,8)|<Dl(xt)] 1

d

Iy = / [F((w,t)(y, $)7) = Y Tl tiy,s)| f(y, s)dyds.
[(y,8)[>D|(z,t)|

k=0

We will show that each of these integrals is less than Cry|(x, t)[4Fe.

o< f (G 0)(9) )1 () dyds
|(y,8)[<DI(zt)]

/ C
B [(y,8)|<D|(z,t)]| |(Ia t) (yv S)_1|

A

g |f(y, s)|dyds.
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Using a change of variables and properties of the quasi-norm,

(27 =12 )y, )7 < All(y, )] + (2, )]) < ADI(z, )] + (2, 1)]) < K|(=,1)],

we get the needed estimate for a positive constant K depending on the group G by means

of a dyadic decomposition and Hoélder’s inequality.

C
| < / F(y, 5)|dedr
|(z,7)|<K|(z,t)] ’(2 T)\Q
1 1/1"

- Soff _) .

; K2-i|(a.0)|<|(z )| <K2- i+ ()] |(2,T)|9P 1 lzr(@ysen

oe) i d+a—24+9+2

<y 2 K|(z,t)| K|(z, )|\
- pr K|(z,t)| 2i-1 2i-1
S C’YZ d+oz| |d+a
< COyl(z, t)| .

The final line is obtained by noting the convergence of the geometric series. I, is handled

similarly.

L < / mey, I1f (s ) dyds
[(y,8)|<D]|(,t)

| k=0

IN
o

Clz|M]t]
|f(y,s)|dyds.
kz_: (ws)l<Dlen) 1Y 8)[OF
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Noticing that by binomial expansion |(z,t)[* > |z|!l|t|', where |I| + 2] = k gives,

b= oy | A 17w,y
— J\w.s)l<Di@n) (Y, 9)]
d 0o 1/p
x t)]k
< e/ ol ) Wl
;; D2-\(2, )| <|(y,s) < D21+ (a0)| |(Ys 8)|(@FTPP LP(Qpa-it1|(z,1))
d 00 ; Q+k 942 d+a—2+9t2
2! Dl(z,t)]\ * ([ D|(z,t)] R
< C t)|* —_— S A ZRE Y
= VZ’(Q;’ )| Z<D|(l’at)|> ( oi—1 i1
k=0 =0
< Oy Y@M ()|
=0
< Cryl(z, )|
d
|I3] < / D, t;y,8) = Y Uil tiy, )| f(y, 9)|dyds
|(,)|2 D] (w.0) ~

Using Corollary 3.11,

2€Q(0,b|(x,t)|)

|13 S/ Cl(z, )| sup  |X'DiI(y,s; 2, 7)||f(y, s)|dyds
\(4.5)=D|(@,0)]
[[[+2l=d+1

IN

/ Clle. O sup (7)) ) dyds
\(y,s)\ZDK;v,t)\ ZGQ(Ovax?t)D

Since |(z,7)| < b|(x,t)| and |(y,s)| > |(x,t)|, we have by the reverse quasi-triangle

inequality,

(2, 7) "y, 8)| = (1/A)(y, s)| = |(2,7)] = (D/A)|(z,8)] = bl(z,8)]) = C'|(=, 1)].
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Now we can see that choosing D > Ab (whose dependence is determined by G and d), will

give a positive constant C’ above.

Ll < (1) / (@, )0 £y, ) dyds

|(y,s)[=D|(z,t)]

J 1/p
Cl(a, )] ( / 1dyds) T
Z; 2-1D)|(x,t)|<|(y,8)|<2~+1D|(x,t)| Qi)

(2

IN

J

C’}/‘ (I, t) ‘dJra Z(2fi)d+a+Q

=0

Cy|(z, )|

IA

IN

In the previous analysis, J € N such that 271 D|(x,t)| <1 < 2/D|(z,t)|. Using proper-
ties of logs, one can see that J = [—loga(D|(x,t)])].

This completes step 2 of the proof. Before establishing the final conclusion, notice that
because we have |u(z,t)] < Cy|(z,t)|™* in Qi, we obtain |[ull 1o, 0y < C’Py](a:,t)]dm*%
by once again making use of dyadic decomposition.

Let u(x,t) = u(d,2,r*t). Applying the operator to u(z,t) gives, Hu(x,t) = r*Hu(z,t) =
r?f(z,t) on Q,. Now apply interior estimates (Lemma 3.21) to u(z,t) to get our final

conclusion.

||ﬂ(x,t)”s§,1(g o) = C(Ha(x?t)“LP(QT(O)) + ”Hﬂ(xﬂt)HLP(QT(O))> forallr <

r
2

< C(Hu(xat)“LP(Ql(O)) + 7 ||f(x7t)||LP(QT(O))) Jorall r <

dta+ 2

IN

Cyr
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The chain rule and a scaling argument completes the proof giving

2
Zrk | X" Dju(z,t ) < C’yr‘”w% for all r < 1.

k=0

Mzoce,

COROLLARY 4.5. Suppose f € LP(Q;), p > 1+ %, satisfies

||f||LP(QT) < ’W’d_Q—HH% forall r <1

for some positive constants v > 0, a € (0,1), and some integer d > 2. For any solution
u(x,t) € S (Q1) to Hu = f, there exists a polynomial Py of degree no greater than d with

HP; =0 such that
ju(e.1) = Pae. )] < O+ ull g (S for all (x,1) € Q

where C' > 0 1s a constant depending only on Q, G, p,d, A, and «.

PROOF. By Lemma 4.4, there exists v € S$>'(Q1) with Hv = f such that
o] < Crl( ) for all (x,1) € Qi

and

HU(I’ t) ||LP(QI) S 07-
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Note that H(u —v) = 0, by Lemma 4.3 we can write the dth order Taylor expansion of

u—vasu—v=PFP;+ R4 Moreover, using Corollary 3.11, we have a bound on R,.

|Ral < C|(z, )" sup  |X'Dj(u—w)]
(2, t)|< 5
|T|4+2i=d+1

Cl(z, )" sup |(u—v)]

3
[(z,)|<5

IN

IA

C|(x, t)|+ [Ju — v||Lp(Q3/4) by Corollary 3.23

IN

CO + llull o)) (2, )|

The conclusion is reached by virtue of the above estimate and the previously mentioned use

of Lemma 4.4.
lu— P4 = v+ Ra| < |v] + [Ra| < Coyl(a, )| + Coly + llull o, ) (2, 1)1

Since o < 1 and |(z, )] < 1, the smaller exponent gives the larger bound, and we reach the

conclusion,

lu— Py <C(y+ ||u||Lp(Ql)>|($at>|d+a-

4.3 Pointwise Schauder Estimates

We now turn our attention to equations of the following form:

(4.14) Hju(x,t) = Opu(z,t) — Zl a;j(z, ) X; X;u(z, t) = f(x,1)

ij=1
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where the matrix A = (a;;) satisfies for some o € (0,1) and 1 <A <A < o0

(415) Qi S FO‘(O, 0)

and

(4.16) MNP < Z aij(z, )€€ < A|E]? for any € € R™.
ij=1

Since A = (a;;(0,0)) is positive definite, we can find a matrix B € GL(m;) such that
BBT = A. The vector fields X; = Z;”:ll b;j X; for i = 1,...,my and all their commutators
will still generate the complete Lie algebra, and consequently, Lemma 4.4 and Corollary 4.5

from the previous section will still hold for solutions to the frozen operator,

HA(0)u = dyu(x,t) — Zl)?fu(x,t) = Ouu(z,t) — Zl a;;(0,0)X; X,u(z,t) = f(x,t).
i=1 ij=1

THEOREM 4.6. Let u € S'(Q1) be a solution to Hyu = f in Q, with f € LP(Q,) and
Q/2+1 < p < oo. Assume the following:

1. There exists a homogeneous polynomial Q of degree d — 2 such that
9t QF2

(4'17) Hf_QHLp(Q,,) < 'Yrd et

2. There exists a constant € (0, 1] such that

) ||U||Lp(gr)
(418) hriljélp m
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Then there exists a constant C' = C(G, A) such that

d+Qt2
(4.19) lullniony < € (Nullioon + QU g,) +7) 7%

for any 0 < r < 1. Moreover, there exists a homogeneous polynomial P of degree d such that

HA(0)P =Q,
(4.20) P2, 0] < C (Il ooy + 1Qlroy) +7) I DI
and

(4.21) o= Pl(z,2) < C (1ull ooy + Qo) +7) Iz, )[4

for any r < R. (R is a constant to be fived during the proof.)

Furthermore, for j = |I]| + 21,

2

j dta+9E2
(422) S X Dl = Pl g,y < € (Il + 1Qlg,) +7) 75
j=0

PrROOF. We will divide this proof into two steps. In the first step, we will show for a

fixed 0 < a1 < a,

U D
(4.23) C := sup lellzrion < 00,

+2
0<r<l pd=1+B+hon+ &2

provided 8 + ka;y < 1. Assumption 2 establishes the case &k = 0, which gives

oo,y < Cor®™ 957,
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The proof will proceed by showing the case k = 1 follows from this assumption. We also
assume o+ < 1. During the induction argument, the construction of the polynomial P will
begin, but additional arguments to complete the estimates on P and u — P will be needed.
That will be the second step of the proof.

We begin step one by recalling the LP estimates for the non-constant coefficient equation

in Lemma 3.22. For any 0 < r < 1/2,

2
S X Dbl o) < Cllull oany + 7 1L rcan)
j=0

1484912 ot Q2
(4.24) < C(Cor™ P57 4 2 (725 1@ v (,)))

_ Q+2 Q+2 Q+2
< C(Cor 5T 4 gp®ret 57 e 1@ 20(01))

_ Q+2
<C(Co+7v+ HQHLP(QI))Td P

Taking Ha(0) = 0, — >, ai5(0,0)X; X, we can use Lemma 4.2 to get a polynomial of
homogeneous degree d such that H4(0)P; = Q. Since @ is assumed to be homogeneous, we

can choose P; to be homogeneous as well. Observe that if we write Ha(u — P;) = qg, we get

an estimate on ¢;

¢ - f—HAP1+HA(O>P1—HA(O)P1
= [—Q+ (Ha(0) — Ha)(P1)

= f=Q+ Y (ay —ay(0,0)X,X;P.

ij=1
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Using the Holder continuity and the L estimates on H4(0)P; = @, we have

> s = ai(0,00) XX Pil o,y < Cr* I XiXsPill 1o,

ij=1

4.25 “Ar
(1.25) <0 (1 1Py + 1Qls(c,)

d—2+a+9t2
< C (1P ooy + 1@1o(ay ) 725

d—2

The factors of 7%, 79=2 come from the degrees of homogeneity of P; and () respectively.

Now the estimation of ¢ can follow.

my
9]0, = 19 = Qllinio + X ety = a5(0,0)XiX; Pilagq,
ij=1
ot @2 9t @2
< ' C (1Pl + 1@y, ) 7T
d—2+a+ 92
(4.26) < (74 1Pl + 1@l oy ) 77+

It is clear that (4.26) also holds for any ¢ replacing p where 1 < ¢ < p. Now apply L?

estimates to Hx(u — Py) = ¢.

2

Y X Dy = P)| e, £ C (H(U = P)llioiuy +7°

j=0

LP(Q27‘))

< Clullgoony + €' (IPillgoy +7 + 1Qll oy 7

g

d—2+a+9E2

_ Q2 9t QF2
< G 1 O (1P + 7+ 1@ oy ) 772

_ Q+2
(427) S C(Oo + Y + ||Q||LP(Q1) + HPlHLp(Ql))rd o P
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Now define F' = H4(0)(u — Py), so F' = Huy(0)(u — P1) — Ha(u — Py) + Ha(u — Py).

Explicitly,

F= Z (a5 (7, ) — ag;(0,0) Xi X;(u — Py) +

ij=1
and we can apply (4.26) and (4.27) to get an estimate on F' that satisfies the hypothesis of

Corollary 4.5. The first term will be dealt with in such a way that we can see from where

(1 comes.

Foranquith1+%<q<pwehave

S [l(ag . ) - a(0,0) XX, (u — P)l[zs(o,)

2,7=1

mi
_ Q+2
<0 ) Ilag(e,1) = ay 0, DI, 22 o)~ (Cot 7 + 1@l ooy + 1P| o, )24
ij=1

Now, we handle two cases. If p > 2(1 + %), take ¢ = p/2 > 1 —i—% so that pquq = p.
Therefore,

mi
Z [(aij(z,t) — ai;(0,0)) X X;(u — Pi)|[zeco,)
(4.28) L=l

3484y QF2
< C(Co+ 7+ 1Ql oy + 1Pl ogy)r*

Ifp<2(1+ %), take any ¢ where 1 4 % < g < p so that ;%qq > p. Then,

ij=1

mi mi p—q
> l(ai (. t) - aij (0, 0))l| 2t o, = C > @i, t) = aii(0,0))] 15 o)

ij=1

< Crlor %) (50)

q
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Hence,

mi
> @i, t) — ai;(0,0)) X, X;(u — Py)||Laco,)
i,j=1

_ alp=q) 4 Q+2
<C(Co+7+ ”QHLP(Ql) + ||P1||Lp(gl))Td ST

In either case, we have for any r < 1/2,

mi
> ll(ai(,t) = a;5(0,0)) X X, (u = P1)||zace,)
(4.29) wI=t
_ g+ QF2
<C(Co+7+ ||Q||LP(Q1) + ||P1||Lp(gl))7“d FHotenty

forsomea1:@Saandsomeqwithl+%<q<p.

And finally,
34 Btar+@t2
(4.30) ||F||LP(Q7.) < C(Co +7v+ ||Q”LP(Q1) + ||P1||Lp(gl))7”d e

Applying Corollary 4.5 with a; + § replacing a (which is acceptable since a; + f < 1)

and d — 1 replacing d, we obtain a polynomial P, of degree d — 1 such that
(4.31) [u— Py = Pol(w,t) < C(Cot 7+ 1Qll o) + 1Pl ooy + el oo )71,

Now we are in a position to see that P, is in fact identically 0 through the following

argument.

lu—PF,| = |u—P,— P+ P

< |lu—PF,— P+ P
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< CCo+7+ ||Q||LP(Q1) + ||P1||LP(Q1) + ||u||Lp(Ql)>|(I7t)’d_HalJrB + é|(x7t)|d

(432) < CCot v+ 1Ql iy + IPillzsay + el o)l O+,
Thus,

lta Q+2
(433) [lu — Poll ooy < CCot v+ 1Ql ogany + 1Pill ooy + il a5+ 52,

And since

||Po||LP(Qr) =[P, —u+ UHLP(QT) 5

HPOHLP(QT) < lu— POHLP(QT) + HUHLP(QT)

d—1+a Q+2
< CCo+v+ ||Q||LP(Q1) + ||P1||LP(Ql) + ||uHLP(Q1)>T et

d—1 Q+2
H+C I

_ Q+2
< O’l“d 148+ e

(4.34)

Thus, [|Pollrs0,) < Cr? which implies P, = 0. Looking back to equation (4.33), we see

Lp r — o Q + F] _I,. 6 d— “+a1 —‘,—ﬁ-f—iQ 2

Finally, this gives C'; < oo. Repeating the argument k times we obtain

Uu P .
(4.35) sup lellzr o < 00,

Q+2
0<r<1 Td71+ﬁ+ka1+ .
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as long as f + ka < 1. By induction, the C}’s are finite for all k£, and we can use this
fact to complete the construction of a polynomial P with the bounds in the theorem. First
notice that in the last step of iteration (from & to k4 1) there is a gain on the degree of the
polynomial obtained from d — 1 to d. To see this this, first notice that for some 0 < «, < 1,

14+ o, < B+ (k+ 1)a. For this value of k, we revisit (4.30) and see

Q+2

(4.36) 1F oo,y < C(Ck 7+ Qe + IPillagy)r* 5,

Applying Corollary 4.5 again gives a polynomial P, of degree d such that H4(0)P, = 0

and

(437) |u— Py = Pl(,t) < |C(Cr+7 + Qoo + 1Pall Loon) + 1l ooy | 1, )1

for all (z,t) € Q,. Set P = P, + P, so P is a homogeneous polynomial of degree d and

H4(0)P = Q.

REMARK 4.7. The degree of P is clear, but to see that P is in fact homogeneous, we first

write P as the sum of homogeneous polynomials and discover that only the homogeneous part

with degree d is nonzero. Let P = Z?:o P;, and recall (4.18) and (4.37), which state
(4.38) lu— P|(z,t) < C|(x,t)| "+
and

(4.39) ull 1o,y < Cpd— 1A+
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Then

= HPHLP(QT) < ||U_P”Lp(gr) + HUHLP(QT)

d
> P
j=0

Lr(Qr)

IA

(/ ’<x7t)’p(d+ao)dxdt)l/p + Crd_1+5+%

Q+2 - Q+2
OpdteotS2 | cpd=—146+9

IN

_ Q+2
< C?"d 1+5+ b

< =146+
Lr(Qr)

This implies ]5] for every j = 0,1,...,d. By homogeneity and a

change of variable, we obtain

4 Q+2
AT .

Lt (Ql)

and

< Cpd=ithl,

LP(Q1)

P

The last estimate ensures ]5j =0 unless j = d.

This completes step 1 of the proof. For the second step, we wish to remove the dependence
on P; and Cj in the constants bounding u and P. To this end, we prove estimates under
the additional assumption that 0 < R < 1 is small enough that

sup |ai;(z,t) — a;;(0,0)] <np < 1/2

R

for some small n > 0 to be chosen later in the proof. This assumption can be made without

loss of generality. The general case can be recovered by applying the transformation (z,t) —



(Rz, R?t) for a suitable R € (0,1). Let ¢y = u — P and

19l o,
dta+ 82"

0= su

0<r<R p

From step 1 (4.37), we know ¢ is finite.

HAw = HA(U—P)
= HAU—HA<O>P+HA(O)P—HAP

= [=Q+ Y (ay(x,1) — a;(0,0)) X, X,P.

ij=1
We apply LP estimates again and get for any r < R,

2

Y IX D o,y < CUR N agany + 72 1 = Qlliacasy + 72 I(HAO) = Ha)Pll1(o,,)

J=0

Q+2
<CO+v+ ||P||Lp(gl))7”d+wr P

Consider H4(0)y) = F written as F' = H4(0)y) — H1) + Hat or alternatively,

my

F = (ay(w,t) — a;(0,0)) Xi X0 + Hat).

ij=1

Then we see that

~ ot Qt2 “2taQt2
2 < OB +7 + IPlloo)r™ 7 + (4 [Pl 7]

LP(Qr)

oty Q2
(4.40) < Cld+v+ ||P||LP(Q1)) +(v+ ”PHLP(QI))]Td e,

80
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Using Corollary 4.5, there exists a polynomial P3 of degree d such that

(4.41)

ot Q2
1= Pollioeny < © (775 007+ 1Pllogo) +7 + 1Pl oo, + ||¢||LP<Q1)> P

By the same argument given for P, in step 1, P; =0, and

6 < C (08 + 00y + IPllg,) + 7+ 1P liooy + ¥l o(oy)) -

Choose n < 1/C' so that 1 — C'n is positive and

(1= Cmd < 0 (0 + D)+ 1PlLsga) + 7+ 1Plisay + ¥lisan) -

By designating a new constant C’ whose dependence is the same as the old constant C,

we have

(4.42) 6 < Cl(7 + HP”LP(QI) + ||77Z)||LP(Ql))'

Equivalently from the definition of §, for |(z,t)| < R

dta+ 9+2
||¢||LP(QT) < Cy+ ||P||LP(Q1) + ||77ZJ||LP(Q1))T ER

ot Q2

(4.43) < COr+ Nullgagoy + 1P oo™+,
and by (4.40)

” d—24a+2E2

(4.44) 12]] < e+l + 1Pl =5,

LP(Qr)
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This allows us to once again make use of Corollary 4.5 and get P of degree d such that
(4.45) = P < Oy + 1Pl ooy + Tl mgon)| (@ DI in Q.

But by the same argument used before, this new polynomial is zero as well, and

(4.46) 9] < COy+ 1Pl oy + ull o)) (@, )T in Qg

We are now in a position to establish the estimates for P and v — P. By the definition of

and using the fact that ||P[|,o,) < C|[P||1=(0,), we see

|P(z,t)] < u(z, )]+ |(u— P)(z,1)]

< Ju(@, 1)+ Cy + llull oy + 11Pllzee(en)l (@, 1)
And interior estimates (Corollary 3.23) imply that

(4.47) u(z, )] < Cly + 1@l ooy + lull o(oy)) M L

The implication follows as

[P )] < CO+ Qo + lulloga,) + €' (v + lull ooy + 11Pllz=(on)l(, )

< Clv+ ||Q||LP(Q1) + ||u||LP(Q1)) + C,/||P||L°°(Ql)|($7t)|d+a in Qg.
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Suppose P restricted in {(e;,e:) € G x R;|(ey, e;)] = 1} attains its maximum at (z,7).

Choose = = |(z,t)|z and t = |(z,t)|*7. By the homogeneity of P,
|P(x,t)| = [(z,8)|"P(2,7) = ||Pl[z>(an)| (=, )],

and we see that

1P| z=conl (@, )" < C(y + 1@l 1oy + Nl ogoyy) + C 1P|zl (2, )7 in Q.

Choosing (z,t) small enough, this implies

|P]|ze(01) < Oy + ||Q||LP(Q1) + ||u||LP(Q1))'

Equivalently,

[Pz, )] < C(vy+ HQ”LP(Ql) + ||U||Lp(gl))|($at)|d

establishing estimate (4.20). Using the same argument on (4.46), we get (4.21), and (4.19)

follows from these two results. The estimate (4.22) follows from the interior estimates.

THEOREM 4.8. For $ +1 < p < 0o, letu € S2H(Qu) be a solution to Hau = f in Q4
satisfying hypothesis (4.15) and (4.16) and f € LP(Qy). Assume d > 2 and that f and u

satisfy the following:

HUHLP(QT)

(4.48) lim sup o
r P

r—0
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and

”f”Lp(QT)

d—2+9£2

(4.49) lim sup

r—0 T

If for some | € N and a € (0,1), one has f € Cyy 5,,(0,0) and a;; € C3,(0,0), then

u € C% 4,,(0,0). Moreover,

(4.50)

d+l1 d—2+1

> X' Du(0,0)+ [tlscaart < C | ull oo,y + Y. XD F0,0)] + [flpaa—2+1
|T|+2h=0 | J|+2m=d—2

where C' = C(G,p,d,l,a, A) > 0.

PROOF. The proof is given by induction on [. If [ = 0, the result is given by Theorem
4.6. To see this, first we need to show that we can apply the theorem by showing there exists
a homogeneous polynomial @) of degree d — 2 such that ||f — Q||,, (o < 'yrd_2+a+%, The
hypothesis on u is immediate by taking 5 =1 in Theorem 4.6.

The assumption f € C7; ,(0,0) means that there exists a polynomial of degree d — 2,

@, such that

1 = Qllsioy < lpad—z 17257
LP(Qy) p.a,

and (4.49) gives [|f|l g,y < Cr2t %% This information actually tells us that @ is homo-

geneous of degree d — 2. If d = 2, there is nothing to show because () would be constant,
so take d > 2. (Additionally, notice that the d — 2 order Taylor expansion of f satisfies the
decay requirements. We choose () to be the Taylor polynomial centered at the origin so that

we can obtain the derivatives of f at the origin. See Remark 3.17.)



85

19l < If = Qllision + 1m0,

d—2+a+ 9F2 d—2+9+2
< Cilflpad—ar r+ Cyr P

Q
C[f]p,a,d—QTd_2+ :2 .

IN

Using the familiar trick of writing () as a sum of homogeneous polynomials of degree j, gives

Qt2 d—2 +2

Pt HQJ'”Lp(Ql) < C[f]p,a,d—ﬂ‘ T

for each j =0,1,2,...,d — 2. Now in

||Qj||LP(Q1) < C[f]na,d—?Td_Q_j?

the right hand side vanishes unless j = d — 2 leaving ) = Q4_2. Applying Theorem 4.6 with
v = C[flp.ad—2 gives the existence of P,;, a homogeneous polynomial of degree d such that

H4(0)P; = Qq—o with the following properties:

d+Qt2
(451) lull ooy < € (Illoy + 1Qa-2llr(y) + Ulpaa-2) 5,

(4.52) P < C (Il + 1Qu-2llinioy) + lpaa2) (@ DI

(453)  Ju=Pal < C (lulloy + 1Qu-2liigy + lpaa-s) Iz, )14, and
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2

0 QF2
(4.54) Z rl HXI(U - Pd)HLP(QT) <C (HU’”LP(Ql) + HQd—QHLP(Ql) + [f]pﬁa,d—2> rttet e
7]=0

Equation (4.53) gives u € C%, 4(0,0) and [u]oo,0q < C (HuHLp(QI) + HQdngLp(Ql) + [f]p@,d,g) )
Additionally, since we choose Qg2 to be the Taylor polynomial of f, [[Qu-2lps,) <
C|X'Drf(0,0)] for |J| + 2m = d — 2. We have

(4.55)

2

> IXTDPu(0,0)] + [Wsea < C [ Nulpmoy + >, X7 DEF0,0)] + [flpaa—s

|I|+2m=1 |J|+2k=d—2

On the left hand side, we were able to add the derivatives of u at the origin because the
assumption on u in fact implies that the the derivatives up to order d are zero.

The case | = 1 follows from Theorem 4.6 in much the same way. Begin by noticing that
the assumptions on f ensure the existence of homogeneous polynomials (Q4_» and (Q4_1 with

respective degrees d — 2 and d — 1 such that

1ot @t2
(4.56) If = Qaz = Quill oo,y < Clflpaa(0,0)r 5

To see this, we notice from the [ = 1 assuptions, that there exists a polynomial ) with

degree at most d — 1 such that

4ot Q2
(4.57) 1f = QHLP(QT) < [f]p,a,dflrd e

From the hypothesis, || f|[1,o,) < Crd=2 52

Write () as the sum of homogeneous polynomials () = Z;.l;é Qj,

Qoo < If =@l + 1fllro,
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d—1+at 92 d—2+9£2
< Cilflpad—1r v+ Cor v

Q
C[f]p,oa,d—lrdipr# .

VAN

Using the homogeneity and a change of variables,

j+Qt2 _9y Q2
TJ+ P HQJ'HLP(Ql) < C[.ﬂp,a,d—lrd S

for each 7 =0,1,2,...,d — 2. Now in the inequality

HQJ'”LP(QI) < C[f]p,a,dflrdﬁi%

the right hand side vanishes unless j =d —2 or j =d — 1 leaving () = Qg_1 + Qq_».
Similarly, the hypothesis on a;; gives the existence of a homogeneous polynomial ag) of

degree 1 such that

< Clajlpai (0,00 %" for i, j =1... my.

458 ‘
(4.58) o)

aij(x, t) — aij(O, O) — Cl(l)

)

From the [ = 0 case, we have the existence of a homogeneous polynomial P, of degree d

such that (4.20) and (4.21) hold and H4(0)P; = Qq—2. In particular, we get

(459) [P, < C (Il oy + 1 2lluoo,) + flpe—2(0,0)) (2, 0)

and

(460)  Ju—Pal(wt) < € (Nl ooy + 1l ooy + [Flpaa2(0,0)) [z, ).
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Let ¢ = u — Py, and write Ht) = Hau — Ha(0)Py + Hx(0)Py — HoPy. Then Hatp =

f=Qaa+ 370" (aij(x,t) — a;;(0,0)) X; X; Py, or alternatively,

Hyt) = f = Qu—z — Qa1 + Qa1 + Y _ (aij(,t) — a;;(0,0)) X, X, Py = f.

ij=1

Notice that Q = Qg1 + S (1)X X, P; is homogeneous of degree d — 1, and f — Q =

2,7=1 zg

f—=Qi2— Qi1+ Zzljlzl(aij (2,t) — a;;(0,0) — aS))Xz‘Xij

(4.61) |7-a

d—14a+9E2
iy S Taar(0.0) 4 O 1Pyl )5,

This holds for all » < 1. By (4.22), we have

(&
Wl _

lim su pltat

'r—>0

Now we can apply Theorem 4.6 with ¢, d + 1, f, and Q replacing u, d, f, and Q
respectively to get a homogeneous polynomial Py, of degree d+1 such that H4(0) Py = Q,

and

|Pd+1|<x7t) < C*|(J},t)|d+1 fOT all (:L‘7t) S Q1/2
0(.1) — Paa(. )] < Col(e. ) for all (2.1) € Quyo
where C. < C([flpaa—1 + [Vl 1a(g, ,) + 1Pl e (o) + HQHL o )). Using the expressions for
P(&1

¥ and Q, we have

C. < C([flpaar + lu = Pall oo, ) + 1 Fall o 0,) + [Qa-1ll 1o,
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We can eliminate P; by using (4.59) and (4.60) to notice that on Q,

1Pill oo 0,y < Clllull oo,y + 1Qa-2ll oo, + [flpaa—2)-

Then

Co < C([flpad—1 + [flpaa—2(0,0) + [[ull oo,y + 1Qa-2ll oo,y + 1Qa-1ll 1o (ay))-

Finally,
d—1
C. < O([flpaa + 1l ooy + D 1X7DEF(0,0)]).
| T|+2k=d—2
This completes the proof for [ = 1. 0J

THEOREM 4.9. For Q +2 < p < oo, let u € Sg’l(Ql) be a solution of Hau = f in
Q) C GXR with f € LP(Qy). Assume, for some o € (0,1) and integerd > 2, f € C’;‘Uz_Q(O, 0)

and a;; € C;&_Q(O, 0). Then u € CSO,J(O’ 0) and

(4.62) [ull o0 < Cllull oo,y + 11 llpad2)

where C' = C(G, p, cZ,l,a,A) > 0.

PROOF. Let P, be the 1st order Taylor polynomial expansion of v at the origin. We can

apply Theorem 3.10 and get

uz,t) = Pu(z,1)|
|(, )+ N

Cl(z,t)| sup | Xsu(z, 7) — X;u(0,0)]
|(z,7)| < (2,1)]
i=1,..., mi
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By Theorem 3.19, S21(Q) C I'i,.(Q) for o/ = 2 — %. Here we must account for the

derivative and get a = 1 — %, hence

||Xiu”1“a(gl/2) < CHUHSE,’I(QUQ)

IN

Cllull ooy + 11 zrar)

for all |(z,t)| < 1/2. The previous line is obtained by using the estimates of Lemma 3.22.

Observe by the definition of Taylor polynomial and Lemma 3.22, we also have

[P(0,0)] + Y 1X:Po(0,0)] < Cllull oy + 1/l n(an))-

=1

The goal now is to successively apply Theorems 4.6 and 4.8 with d = 2 and v = v — P,.
To see that the hypotheses of Theorem 4.6 are satisfied, first notice that Ha(u — P,) = f
because P, is of order 1 and is annihilated by H4. By the above arguments, we know that
lu — P| < Crite = C"rg_%. Using this and a dyadic decomposition, we can get that

[u = Pl 1o,y < Cr? for all r € (0,1).

Ju— P*HLP(QT)

IN

AN
(@)
<
ingL
o
=
~
S~—
T
hS]
Q
L
QL
8
QL
~~

VAN IN
(@} (@Y
3
s, Le
M 2
N .
1\3|H Eﬁ
N~ N—
e |
!
—~
| =
—
!
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IN
Q
ﬁw

Since % <1,

||U_P*||LP(QT) Cr?
1+4+92E2 = 144+ 942 =
r p r p

for some 3 chosen small enough. Since f € C5,(0,0), f € T'*(0,0) by Proposition 3.16, and
so |f| < Cr* on Q,. Then

Q+2
HfHLP(QT) <Crtt

This is exactly what is needed to satisfy hypotheses in Theorem 4.6. The conclusion
(4.63) lu = Pl < Cr*F5

gives enough of a decay gain to satisfy hypothesis on v — P, in Theorem 4.8 where d = 2.

We also need to satisfy the hypothesis on f. To do this, we once again use
1l oo,y < Crot s <Cre .

Now Theorem 4.8 reads that if f € C¢(0,0) and a;; € C5,(0,0), then u — P, € C%, ,,,(0,0).

Moreover,

2+l
> X DI (u—=P)0,0)] + [u— Plaazn < Cllu—Pullg, +
|I|+2h=1

l

(4.64) > XD £(0,0)] + [flpaa(0,0))

|J|4+2m=0

Let [ = d — 2 to get the final result. O
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