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Abstract

In this dissertation, we studies II-operators in different spaces using Clifford algebras.
This approach generalizes the II-operator theory on the complex plane to higher
dimensional spaces. It also allows us to investigate the existence of the solutions to
Beltrami equations in different spaces.

Motivated by the form of the Il-operator on the complex plane, we first construct a
II-operator on a general Clifford-Hilbert module. It is shown that this operator is an L2
isometry. Further, this can also be used for solving certain Beltrami equations when the
Hilbert space is the L? space of a measure space. This idea is applied to examples of some
conformally flat manifolds, the real projective space, cylinders, Hopf manifolds and
n-dimensional hyperbolic upper half space.

It is worth pointing out that the proof for the L? isometry of II-operator on the unit
sphere is different from the idea mentioned above. In that idea, it requires the Dirac
operator and its dual operator commute to prove the L? isometry of the II-operator.
However, this is no longer true for the spherical Dirac operator. Hence, we use the
spectrum of spherical Dirac operator to overcome this problem. Since the real projective
space can be defined as a projection from the unit sphere, II-operator theory in the real
projective space can be induced from the one on the unit sphere. Similarly, II-operator
theory on cylinders (Hopf manifolds) is derived from the one on n-dimensional Euclidean
space via a projection map.

Classical Clifford analysis is centered at the study of functions on n-dimensional
Euclidean space taking values in Clifford numbers. In contrast, Clifford analysis in higher
spin spaces is the study of functions on n-dimensional Euclidean space taking values in
arbitrary irreducible representations of the Spin group. At the end of this thesis, we
construct an L? isometric II-operator in higher spin spaces. Further, we provide an

Ahlfors-Beurling type inequality in higher spin spaces to conclude the thesis.
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1 Introduction

With the help of functional analytic methods, complex analysis has been used as a
powerful tool to study linear and nonlinear first order partial differential equations in the
complex plane. Some of the most important of these partial differential equations are
called the Beltrami equations. This is because of the fact that the theory of Beltrami

equations is connected with many problems in geometry and analysis, for instance,

e The general theory of linear and quasilinear elliptic system,

Problems of conformal mappings of Riemannian manifolds,

Related problems of conformal and almost complex structure on general Riemannian

manifolds,

The classical theory of uniformization and the theory of Teichmiiller spaces,

Problems in the conformally invariant string theories in theoretical physics.

More details about the applications of Beltrami equations can be found in [11].

In one dimensional complex analysis, the Beltrami equation is given by

oo _ou
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where = p(z) is a given complex function, and z € C. The solutions to this Beltrami

equation are also called quasiconformal mappings. If we let

w(z) =z + Tqh,



then we have
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Hence, the Beltrami equation is transformed to the fixed-point equation

w(z)(I + gh) = h.

Here Il is called the complex I1-operator (also known as the Beurling-Ahlfors transform),

defined as a complex partial derivative of Tq. Recall that

Theorem 1.1. (Banach Fized Point Theorem)[2}]
Let (X,d) be a non-empty complete metric space. A mapping T : X — X is called a
contraction mapping on X if there exists g € [0,1), such that d(T(z),T(y)) < qd(z,y).

*

Such T admits a unique fized-point x* in X, which means T'(z*) = x*.

Hence, by the Banach fixed-point theorem, the unique solution of the Beltrami

equation exists if ||| < po < where i is a constant. Indeed, this can be observed

||H (K

easily from the inequalities below.

()T + Taha) — p(2)(1 + Haho)|| = |[u(2)Ia(hy — ho)|| < ||plla]] - [lhy — hal|.

Therefore, the existence of the solution of the Beltrami equation turns to the estimate of

the complex II-operator, and many results have already been established, for instance,



9, 42].

From the description above, we notice that quasiconformal mapping is closely related
to Beltrami equations. Quasiconformal maps are special kind of complex homeomorphisms,
which are generalizations of the well known conformal maps. Conformal maps impose a
very strong condition on the differential (approximating linear map), whereas
quasiconformal maps relax this condition considerably. Indeed, every conformal map is also
a quasiconformal map. Quasiconformal maps retain many aspects of conformal maps.
They have many applications in areas of heat conduction, electrostatic potential and fluid
flow, and are also a valuable tool in the field of complex dynamics. However, the study of
quasiconformal maps can be extended to higher dimensions.

With the help of Clifford algebras, the classical Beltrami equation and I[I-operator with
some well known results can be generalized to higher dimensions. Abundant results in
Euclidean space have been found. For instance, in [26], Giirlebeck, Kéhler and Shapiro
considered a class of generalizations of the complex one-dimensional II-operator in spaces
of quaternion-valued functions depending on four real variables. In [25], Giirlebeck and
Kaéhler provide a hypercomplex generalization of the complex II-operator which turns out
to have most of the properties of its original in one dimensional complex analysis. Kéhler
studied Beltrami equations in the case of quaternions in [28]. This gave an overview of
possible generalizations of the complex Beltrami equation in the quaternionic case and
their properties. In [10], the authors studied the II-operator in Clifford analysis by the use
of two orthogonal bases of a Euclidean space. This allowed one to find expressions of the
jump of the generalized II-operator across the boundary of a domain. The case of the
[T-operator and the Beltrami equation on the n-sphere has also been discussed in [15] with
most useful properties inherited from the complex II-operator.

From the work of Il-operator theory mentioned above, we notice that II-operator is

usually defined as D*T', where D* is the dual of a Dirac type operator and 7' is an integral



operator constructed via the fundamental solution of the Dirac type operator D. More
importantly, if D and D* commute, then this gives a L? isometry property to our
[T-operator D*T'. This idea brings us to the definition of a II-operator on a general
Clifford-Hilbert module. Hence, we actually complete the work of constructing an isometric
[T-operator on a general Clifford-Hilbert module. Further, a Beltrami equation can also be
constructed here when the Hilbert space is L*(X) for some measure space X, and the norm
estimate of our isometric II-operator can solve this Beltrami equation. See more details in
Section 4.5. We apply this general setting to consider several practical examples on
conformally flat manifolds and hyperbolic upper half space in higher dimensions.

To generalize results to the unit sphere, we define two Il-operators related to the
conformally invariant spherical Dirac operator. The idea to consider the n-sphere is not
only motivated by being the classic example of a manifold and being invariant under the
conformal group, but also by the fact that in the case of n = 3 due to the recently proved
Poincaré conjecture there is a wide class of manifolds which are homeomorphic to the
3-sphere. This makes our results much more general and valid for any simply connected
closed 3-manifold. In particular, results on local and global homeomorphic solutions of the
spherical Beltrami equation carry over to such manifolds. The II-operator theory in
Euclidean space, many authors use the commutativity of Dirac operator and its dual
operator to prove the L? isometry property for the IT-operator. However, the spherical
Dirac operator D, and its dual operator no longer commute. Hence, we introduce the
spectrum technique for the spherical Dirac operator and Cauchy transform to overcome
this problem. More details can be found in our paper [15].

Conformally flat manifolds are manifolds with atlases whose transition maps are
Mobius transformations. Some can be parametrized by U/I" where U is a simply connected
subdomain of either S™ or R” and I'" is a Kleinian group acting discontinuously on U.

Examples of such manifolds treated here include the real projective space RP", cylinders



and Hopf manifolds S' x S™. More details for these conformally flat manifolds can be found
in [29, 30]. In our recent paper [16], we give the property of L? isometry to the IT-operator
and generalize the results in the the complex plane, Euclidean space ([25]) and on the unit
sphere ([15]) to the previous conformally flat manifolds through some projection maps.

Hyperbolic function theory in the upper half space is a modification of standard
Clifford analysis. It is based on the hyperbolic metric rather than the Euclidean one.
Abundant results related to the hyperbolic Dirac operator in the upper half space have
already been found. For instance, the expression of the hyperbolic Dirac operator, Cauchy
integral formula, Borel-Pompeiu formula, etc. We refer the reader to [19, 20, 31, 38] for
more details. In [16] , we introduce a Beltrami equation on the upper half space and a
hyperbolic IT-operator that keeps the property of L? isometry. This hyperbolic II-operator
inherits many properties from the one dimensional complex analysis case.

Clifford analysis in higher spin spaces is the study of functions on n-dimensional
Euclidean space taking values in arbitrary irreducible representations of the Spin group. It
is first studied by Bures et al. in 2002, where they construct Rarita-Schwinger operator as
the generalization of the Dirac operator in higher spin spaces. With the idea we provide for
the IT-operator on a general Clifford-Hilbert module, we can construct an L? isometric
[T-operator in higher spin spaces as well. As a result found during this work, an

Ahlfors-Beurling type inequality is also established.

1.1  DISSERTATION OUTLINE

This dissertation is organized as follows:

In Section 2, we introduce Clifford algebras with some well known properties; we then
introduce some real subgroups in real Clifford algebras, in particular, the special orthogonal
group and Spin group which is the double covering group of the special orthogonal group.

In Section 3, we introduce the Dirac operator on the Euclidean space and some



classical results, such as fundamental solutions, Cauchy’s integral formula, Cauchy’s
theorem and Borel-Pompeiu theorem. In order to construct the conformally invariant
spherical Dirac operator, Mobius transformations and Ahlfors-Vahlen matrices are
introduced. Then we use a Cayley transformation to induce the Dirac operator and those
integral formulas to the unit sphere.

Since the main topic of this thesis is constructing II-operators in different spaces, some
well known results of II-operator theory are introduced in section 4. We first give the
[T-operator on the 1-dimensional complex plane and its application to solve the complex
Beltrami equation. We also point out that the unique solution is a quasiconformal mapping
and an introduction of quasiconformal mappings is also provided. Then we extend the
results from the 1-dimensional case to higher dimensional spaces. In other words, the
[T-operator and the Beltrami equation on n + 1-dimensional space are introduced. We also
give the explanation for quasiconformal mappings related to the solutions of the Beltrami
equation. At the end of this section, we demonstrate the construction of a II-operator on
general Clifford-Hilbert modules.

Through sections 5-9, we investigate specific examples of constructing II-operators on
different spaces following the idea given at the end of previous section.

In section 5, we create two spherical II-operators. The first one is an L? isometry up to
isomorphism. We give the application to solve the first type of spherical Beltrami equation.
Then we create the second type of spherical II-operator with the idea given in Section 4.5.
This Il-operator is an L? isometric operator. Since DD, # D,D?, we use a spectrum
technique instead. At the end, we give the Beltrami equation and the condition to the
existence of the unique solution.

In section 6, we induce the II-operator from the unit sphere to the real projective
space. In [29], the real projective space is a conformally flat manifold defined by

RP™ = S"/{£1}. Hence we induce the generalized spherical Dirac operator to the real



projective space and create the IT-operator on RP™. When we prove the property of L?
isometry, we use a projection technique by deriving the spectrum of Dirac operator over
the real projective space via the spectrum of the Dirac operator over the sphere. Finally,
we also show how to use Ilgpr to solve the Beltrami equation on RP™.

In [29], the Dirac operators with their fundamental solutions are induced to cylinders
and Hopf manifolds. In section 7, we induce the II-operators to cylinders and Hopf
manifolds as well with similar arguments as in the previous section. The conditions to the
existence of the unique solutions of the Beltrami equations are also given.

The Dirac operator in the hyperbolic upper half space is defined with respect to the
hyperbolic metric given in [19, 20, 38]. Then we give the generalized hyperbolic Dirac
operator, some integral formulas and the construction of II-operator in upper half space in
Section 8. The proof of L? isometry of our Il-operator is also provided.

In the last section, we generalized the II-operator to higher spin spaces with respect to
the Rarita-Schwinger operator. This is the generalization of the Dirac operator on the
higher spin spaces. We also give a uniform estimation of the generalized Cauchy
transformation on the higher spin spaces, which is called an Ahlfors-Beurling type

Inequality.

2 Clifford Algebras

2.1 DEFINITIONS AND PROPERTIES

Clifford algebras are the algebras that form the basis of this thesis. They are naturally
associated with bilinear forms on vector spaces. A bilinear form can be considered as a

generalization of an inner product and is defined as follows:

Definition 2.1. Suppose V is a vector space over R. A bilinear form B is a map

B: VxV—R; (u,v)— Blu,v),

7



which is linear in both arguments:

B(auy + bug,v) = aB(uy, v) + bB(us,v);

B(u, avy + bug) = aBB(u,vy) 4+ bB(u, vs).

One can associate a matrix B = (a;;);; € R™*" to every bilinear form on an n-dimensional

vector space:

B(u,v) = i i ua;;v; = u’ B,

i=1 j=1
where u,v € V. If the matrix B is symmetric, the associated bilinear form is called
symmetric and if det(B) # 0, the associated form is called non-degenerate, i.e. for each

non-zero vector u € V' there exists a non-zero vector v € V' such that B(u,v) # 0.

Definition 2.2. If V' is a real vector space equipped with a symmetric, non-degenerate

bilinear form B, then (V| B) is called a non-degenerate orthogonal space.

Note that with a proper choice of a basis for V', every non-degenerate orthogonal space
can be reduced to a space RP? with p + ¢ = n = dim(V). (p, q) are called the signature of
the orthogonal space (V) B). The physical interpretation of the numbers p and ¢ are the
number of time-like and space-like dimensions respectively. This means that there exist a

basis {e1, -+ ,€p, €pt1, -, €prq} such that:

B(ei, ej) =0, if i # j;
Blei,e;) =1, if 1 <i<p;

Ble;,e;)=—1, if p+1<i<p+q.

For instance, the Minkowski space has signature (1,3) or (3,1), depending on the
convention, while the classical Euclidean space has signature (3,0). We always assume that

the basis is orthonormal. In other words, the associated matrix B is diagonal and of the



type B = diag(1,---,1,—1,--- ,—1). We are now in a position to give a definition for a
Clifford algebra. First, the most general definition is given. Afterwards, a more useful

definition that we will continue using throughout this thesis will be given.

Definition 2.3. Suppose that B is a non-degenerate bilinear form on a real vector space
V. The Clifford algebra CI(V, B) associated to the bilinear form B is a associative algebra
with unit 1 € R defined as

Cl(V,B) :=T(V)/I(V,B).

Here, T'(V') is the universal tensor-algebra

k
(V) =PRV)=RavVaVeV)aVeaVaV)a---,
keN

and (V) B) is the two-sided ideal generated by all elements of the form u ® u — B(u, u)1,

with uv € V.

From now on, we will drop the tensor symbol u ® v, i.e. we will simply write uv
instead. Moreover, we will also drop the unit because we only work with fields R and C.
Earlier, we showed that real non-degenerate orthogonal spaces can be classified according

to their signature and that generates a universal real Clifford algebra. After a proper

choice for a basis for V', CI(V, B) can be reduced to the Clifford algebra CI(R??, B, ,).

Lemma 2.1. For every (p,q) with p+q = n, a basis for CL(RP? B, ,) is given by the set

{17 €1, ,€6n, €12, ,Ep—_1n, """ 7612--%}7

where €;, ..., 15 a shorthand for e;, ---e;, .

If (V,B) = RP4, the associated Clifford algebra CI(RP?, B, ,) will be denoted by Cl, ,.

An alternative and much more useful definition for this Clifford algebra is the following:



Definition 2.4. For all (p,q) € N x N with p + ¢ = n, the algebra R, , is an associative
algebra (with unit) that is multiplicatively generated by the basis {ej,--- ,e,} satisfying

the following multiplication rules:

e;=1,if 1<i<p;
¢;=-1 ifp+t1<i<ptq
€;€; + €;€; = O, Zf 1 7& j
These are called the universal Clifford algebra for the space RP4 with dimg(Cl,,) = 2".

It is clear that a basis for the algebra is given by
Clyy = Span{es,..i, : 1 <iy < -+ < ep <n}.

Let k e Nand A = {iy,--- ,ix} C {1,--- ,n}, then every element of Cl,, is of the form
Z aseq with ay € R.If A =0, we let ey = 1. Elements of a Clifford algebra are called

A
Clifford numbers. We usually use Cl,, as a shorthand notation for Clj,. We also define the

following spaces:

Definition 2.5. For all 0 < k < n, we define the space czé’fg of k-vectors as:

CIH) .= Spang{es : |A| = k},

p.q

with Cl;,?g = R. In particular, the space of Clgg is called the space of vectors and the space

of Cl,(fg is called the space of bivectors. Hence, we have

Cl,, = SCI™)

10



The above decomposition can also be rewritten as

Clpy=Cl,, ®Cl,

2n—1

where Cl; . = @Clé?;), and Cl = @Cl,(,,q ). This tells us Cl,q is a Zy-graded algebra.

To conclude this section, we introduce some (anti-)involutions on Cl, ,. We first define
them on the basis elements, the action on arbitrary Clifford numbers follows by linear
extension.

1. The inversion on Cl, , is defined as é;,..;, := (—1)%e;,...;, .
2. The reversion on Cl, , is defined as €;,..;, = €, ...;; -
k(k+1)

3. The conjugation on Cl,, is defined as &;,..;, := €;,..;,, = (=1)" 2 €;,...,.

In the rest of this thesis, we only deal with Cl,, over R unless otherwise specified.

2.2 REAL SUBGROUPS OF REAL CLIFFORD ALGEBRAS

One of many applications of Clifford algebras Cl,, is the following: they can be used to
introduce some important groups which define double coverings of orthogonal group O(n)
and special orthogonal group SO(n). These groups are crucial in the study of the spinor

representations.

Definition 2.6. The orthogonal group O(n) is the group of linear transformations on R”

which leave the bilinear form invariant, i.e.,
{o € End(R™) : B(u,v) = B(p(u), p(v)),Vu,v € V} = {A e R : ATA = Id}.
An important subgroup of O(n) is the special orthogonal group

SO(n) ={A € 0(n): detA=1}.

11



Suppose a is a unit vector on the unit sphere S*~! ¢ R" and x € R”, if we consider aza, we
may decompose

ara = axa”& +ar, a= —ZTq + Zq, -

So, the action axa describes a reflection R, of x in the direction of a. These reflections are

the building blocks for the entire group O(n):

Theorem 2.2. (Cartan-Dieudonné)[23] Every element of O(n) is a composition of at
most n reflections with respect to hyperplanes in Cl,, i.e. For any ¢ € O(n), there exist

k<nanday,---,a; € S" !, such that

= Ray 0 Roy0 -0 Ry,

If k is even, then ¢ is a rotation and if k is odd then ¢ is an anti-rotation.

Hence, we are motivated to define

Pin(n) :={a=y,--y,: pENandy, -+ ,y, €S '}

where for a € Pin(n) we have axa = O,x for appropriate O, € O(n). Under Clifford

multiplication Pin(n) is a group. Further, we have a group homomorphism as follows.

0: Pin(n) — O(n); a— O,.

We also define

Spin(n) :={a € Pin(n) : for some ¢ €N, a =1y; - yzq}.

The Spin(n) group is a subgroup of Pin(n) and @ is also a group homomorphism from

Spin(n) to SO(n). Indeed, it can be shown that 6 is surjective with Kerf = {—1,1}.

12



Thus, Pin(n) and Spin(n) are double covers of O(n) and SO(n) respectively. See more
details in [36].

3 Clifford Analysis

Now we have established Clifford algebras and some of their properties, we are concerned

with defining a differential operator and performing analysis with Clifford algebras.

3.1 DIRAC OPERATORS AND CLIFFORD ANALYTICITY IN Cl,

We identify the Euclidean space R™"*! with the direct sum A’R™ @ A'R™ and Q € R"*! is a
domain with a sufficiently smooth boundary I' = 9€). Then functions f defined in 2 with

values in Cl,, are considered. These functions can be written as

f(z) = Z eafa(z), =€, fa(x) €R.

AC{e1,e2,...en}

Properties such as continuity, differentiability, integrability, and so on, which are ascribed
to f have to be possessed by all components fa(x), (A C {eq,ea,...,}). The spaces
C*(Q,Cl,), Ly,(9,Cl,) are defined as right Banach modules with the corresponding
traditional norms. In particular, the space Ls(£2,Cl,) is a right Hilbert module equipped

with a Cl,-valued sesquilinear form

{(u,v) :/va(n) dsy,,.

Furthermore, W;(Q,Cln), k € N,1 < p < oo denotes the Sobolev spaces as the right module

of all functionals whose derivatives belong to L,(£2,Cl,), with norm

I llwp@en = (32 321D falls qen) ™

A lali<k

13



The closure of the space of test functions C§°(€2,Cl,,) in the Wf—norm will be denoted by

Tk
4% (Q,Cl,).
Definition 3.1. Consider R™ as a subset of Cl,, and write z € R"™ as ¢ = x1€¢1 + -+ - + zp€p.

Then we define

n

D, = Z €Oz,

j=1
to be the Dirac operator for R", where 0, is the partial derivative with respect to z;.

52
Notice that D? = —A = Z 92" where A is the Laplacian in R™. This definition

suggests we should also cons1der the followmg two differential operators in Cl,

0= Oy + Z €0r, = €90sy + Dy;

D[) = 8900 Zej = JUO - Dx

which have the property DyDy = DDy = Apni1. Do and Dy are also called the generalized
Dirac operator and the conjugate generalized Dirac operator, respectively. In particular,

when n = 1, this is the one complex variable case. This tells us that the Dirac operator is
the generalization of the Cauchy-Riemann operator in analysis of one complex variable to

higher dimensions.

Definition 3.2. A Cl,-valued function f(z) defined on a domain € in R"*! is called left

monogenic if
n

D f(x) =3 et flx) =

i=1

Similarly, f is called a right monogenic function if it satisfies

x)D, = i@xif(x)e =

14



3.2 INTEGRAL FORMULAS AND FUNDAMENTAL SOLUTIONS FOR THE EUCLIDEAN

DirAC OPERATOR

In complex analysis, some of the most important properties of analytic functions are
Cauchy’s integral formula, Cauchy’s theorem and Borel-Pompeiu formula. Since analytic
functions can also be considered as solutions for the Cauchy-Riemann operator, as the
generalization of Cauchy-Riemann operator to higher dimensions, the Euclidean Dirac

operator also has such integral formulas.

Theorem 3.1. (Cauchy’s theorem) [18] Fix a domain  C R™ and Q C R with its
boundary 9 a C* hypersurface. Suppose f,g: Q — Cl, are C* and gD, = 0= D, f on
all of 2. Then

/a g(on(@)f(@)do(z) = 0

where n(x) is the outer normal vector and do(x) is the surface measure on OV.

Define G : R"\{0} — R™\{0} by G(x) : . Note that this function, considered

. T
11

as a function to Cl,, is left and right monogenic. Indeed, G(x — y) is the

EEE
fundamental solution of D,.

Theorem 3.2. (Cauchy’s Integral Formula) [18] Fix a domain 2 C R” and Q C R”
with its boundary 9 a C! hypersurface. Suppose f: Q — Cl,, is C' and D, f = 0 on all

of Q2. Then for y € €2, we have

fly) = /a Gle = () (@)do (o)

Wn—1

where w,,_; is the area of the (n — 1)-dimensional unit sphere S"~ .

In analogy to complex analysis, the Clifford analysis version of Cauchy’s integral

15



formula immediately gives one a great deal of results, such as the analyticity (interpreted
in the appropriate sense) of monogenic functions.

Now given f(x), a C! function defined in a neighborhood of a bounded domain €2, we
define its Cauchy transform by the convolution integral

ﬂﬁ@ﬂzliéG@—yﬁ@My

Wn,
Theorem 3.3. [27] Suppose f and Q are as above. Then for each x € §, it holds that

1

Wn—1

f(z) = Dﬁéam—vamm.

Here T is the generalization to Euclidean space of the Cauchy transform in the
complex plane, and it is the right inverse of D,, that is D, T = I. Also, the non-singular

boundary integral operator is given by

1

Wn—1

Faaf(x) =

/aU G(z —y)n(y) f(y)do(y).

We have the Borel-Pompeiu formula as follows.

Theorem 3.4. (Borel-Pompeiu formula)/[27] For f € C*(Q,Cl,), we have

f@) = —— [ Gle—y)nly) f)doly) + —

Wn—1 N Wn—1

/QG(SC —y)Dy f(y)dy.

In particular, if f € WE(Q,CL,), then

1

Wp—1

fx) =

/QG(CE —y)Dy f(y)dy.

16



Corollary 3.5. [27] Suppose f € C°(R™,Cl,,). Then the previous theorem says that
D.Tf=f TD.f =F.
In this sense, D and T are inverses of each other over C§°(R™,Cl,).

3.3 GENERALIZED DIRAC OPERATORS AND INTEGRAL FORMULAS

If we identify the Euclidean space R"*! with the direct sum R @ R", we can derive basic
results for the generalized Dirac operator, which are similar to the previous section. Let €2

be a bounded smooth domain in R"*! and f € C*(Q,Cl,), G(x —y) = ﬁ

is the

fundamental solution of Dy. Hence the Cauchy transform is defined as

Tof(x) = - /Q Glx — ) f(y)dy,

Wn

where T is the generalization to Euclidean space of the Cauchy transform in the complex
plane, and it is the right inverse of Dg, that is DyT = I. Also, the non-singular boundary

integral operator is given by

Foaf(z) = — /a Gla = () ()do ()

Wn
We have the Borel-Pompeiu formula as follows.
Theorem 3.6. For f € C*(Q,Cl,), we have

f@) = | Gl — ) wie) + - [ Gla=)Dof )y

Wn Joq

17



In particular, if f € WF(Q,Cl,), then

fle) =+ / G — y)Dof (y)dy.

Wn

Hence, Dy and T are inverse operators for function f € W¥(Q,Cl,), which says
D()T - TDQ - I

I‘ —_—
|l =yl

could define the conjugate of the Cauchy transform as follows:

Similarly the fundamental solution of Dy is G(z — y) = Using G(z — y) we

Tof (z) = wi / Gla =) f(y)dy.

which is the right inverse of D,. Also, the non-singular boundary integral operator is given
by

Foaf(z) = — /a Gla = pn(a) f(5)do ).

Wn

For f € WE(Q,Cl,), DoT =TDq = 1.

3.4 MOBIUS TRANSFORMATIONS AND AHLFORS-VAHLEN MATRICES

In analysis of one complex variable, a function f sending a region in R? = C into C is
conformal at z if it is complex analytic and has a non-zero derivative, f’(z) # 0 (we only
consider sense-preserving conformal mappings). The only conformal transformations of the
whole plane C are affine linear transformations: compositions of rotations, dilations and

translations. The Mobius mapping

az+b

1 d a,b,c,d € C, ad — bc # 0,

f(z) =

18



d
is affine linear when ¢ = 0; otherwise, it is conformal at each z € C except z = ——. The
c

Mobius mapping f sends C\{—g} onto C\{%} If we agree that f(—%i) = o0 and

f(o0) = %, then f becomes a (one-to-one) transformation of C U oo, the complex plane
compacting by the point at infinity. These transformations are called Mdbius
transformations of C U {oo}. Mobius transformations are compositions of rotations,
translations, dilations and inversions. Mdbius transformations send circles (and affine lines)
to circles (or affine lines). The derivative of a Mobius transformation is a composition of a
rotation and a dilation.

In the higher dimensional case, a conformal mapping preserves angles between
intersecting curves. Formally, a differomorphism ¢ : U — R" is said to be conformal if for
each x € U C R" and each u,v € TU,, the angle between u and v is preserved under D¢,
When the dimension n > 2, Liouville’s Theorem states that any smooth conformal
mapping on a domain of R™ can be expressed as compositions of translations, dilations,
orthogonal transformations and inversions: they are Mobius transformations. Ahlfors and
Vahlen find a connection between Mobius transformations and a particular matrix group,
when the dimension m > 2. They show that given a Mébius transformation on R™ U {co}

it can be expressed as y(z) = (ax + b)(cz + d)~' where a, b, ¢, d € Cl,, and satisfy the

following conditions:
1. a, b, ¢, d are all products of vectors in R";
2. ag, cci, l;c, da in R"™;
3. ad — bé = £1.

a
The associated matrix is called a Vahlen matriz of the Mdbius transformation

c d

y(x) of R™, see more details in [36]. All Vahlen matrices form a group under matrix

multiplication, the Vahlen group. Notice that
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y(z) = (ax + b)(cx +d)"' = ac™' + (b — ac™'d)(cx 4+ d) ™, this suggests that a conformal
transformation can be decomposed as compositions of translation, dilation, reflection and

inversion. This is called the Twasawa decomposition for the Mébius transformation y(x).

3.5 CONFORMAL INVARIANCE OF DIRAC OPERATORS

One important fact about the conformal mapping is that it preserves monogenic functions,
which also means the conformal invariance of the Dirac equation. This has been

established for many years, see [35, 39, 40].

Theorem 3.7. (Conformal invariance of Dirac equation)[27]
Assume f € CY(R",Cl,) and D,f(y) =0. Ify = M(z) = (ax + b)(cx +d)"' is a

Mobius transformation, then

cr+d
xmf(M(m)) = 0.

In other words, the kernel of the Dirac operator is invariant under Mébius transformations.

Further, we have intertwining operators for the Fuclidean Dirac operator, i.e., it is

conformally invariant.

Proposition 3.8. [35] If y = (ax + b)(cx + d)~', then we have

cr +d cr +d

Dy, f(y) = xm

W y f((ax+b)(cx+d)_1)

We just reviewed the first order conformally invariant differential operator in classical
Clifford analysis with some properties. Recall that, in harmonic analysis, as a second order
differential operator, the Laplacian A is also conformally invariant, and we already knew
that —A = D?2. Hence, we expect that D7 is conformally invariant as well for j > 2. This

has been confirmed and similar results on fundamental solutions and intertwining operators
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have also been established. First, let y = M (z) = (ax + b)(cx + d)~' be a Mdbius

transformation, we denote

T , n—ol
Gi(z) = W7 if k=20+1; Gp(x) = |[|z]| 2 if k=2l
d
Jp(M, x) = W, if k=241, Ju(M,z)=||cx +d|[", if k=2
cr+d . n+2l
J_k(M,(L') = W, Zf ]{3:2l+1, Jk(M,I') = HC(L"FdH N Zf k= 2I.

Then we have
Proposition 3.9. [35/(Intertwining operators for j-Dirac operator)
If y = M(z) = (ax + b)(cx + d)~! is a Mobius transformation, then
T (M, 2)Dif(y) = DLI(M, 2) (0 + b)(cx + d))
Notice that conformal invariance of the j-Dirac equation D7 f(z) = 0 can be deduced
from this easily.

Proposition 3.10. [35/(Fundamental solutions for D’)
The fundamental solution of DI is G;(z) (up to a multiplicative constant), where G;(x)

1s defined as above. However, when the dimension m is even, we require that j < m.

Notice that, for instance, when the dimension m is even and m = j, then the candidate

for the fundamental solution G,(z) is a constant, which can not be a fundamental solution.
3.6 CLIFFORD ANALYSIS ON THE UNIT SPHERE
On the unit n-sphere [32], the spherical Dirac operator D; is defined as follows:

n—1
2

Ds :ZE(P— )7
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n—1
where 2 € S, ' = — Z eie;Lij, and here the operators L; ; = x;0,, — x;0,, are called
i=1,5>i
the angular momentum operators. This D, is the conformally invariant differential operator
corresponding to D,. It can be derived from the Cayley transformation C': R® — ClI,,,

where
C(z) = (17 + 1)(T + eny1) ' = zs.

Here z € R™ and e, is a unit vector in R"™! orthogonal to R", and z, € S*. The Cayley

transformation is a Mobius transformation, then intertwining operators of D, are

J(C,z) = m,
|7 + enta |
and
J1(Cz) = T

Iz + ena|*+?

We have the following intertwining relations of D, and Dy as

J_1(C,z)D, = D, J(C, z).

—1 T—1y

It is well known that the fundamental solution of Dy is G4(x,y) = I T
Wp—1 || T —Y "

x,y € "L
Assume € is a bounded smooth domain in S"~! and f € C'(Q,Cl,). Similar as in the

Euclidean space, we can define a Cauchy transform with respect to D; as follows ([32]).

Tof(e) = [ Gulr sy = ——— [

Here, Ty, is also a right inverse for Dy, which is D,/T = I. Also, we have two non-singular
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boundary integral operators

Foaf(z) = /a Gl nla) f(5)do ).

Then the Borel-Pompeiu formula for Dy is stated as follows.

Theorem 3.11. (/32])(Borel-Pompeiu formula)
For f € C*(Q) N C(Q), we have

f(z) = /a Gl pn(o)(0)do(y) + / G.(, y) D, f (y)dy,

Q

wn other words, f = Fyaf +TaDsf. In particular, if f has compact support, then TD, = 1.

4 II-Operator in Euclidean Space and on General Clifford-Hilbert Modules

In this section, we will first recall some basic results for Beltrami equation and II-operator
on the complex plane. A geometric explanation for quasiconformal mappings is also
provided here. Then, we investigate these in higher dimensional Euclidean space. At the
end, we introduce our L? isometric IT-operator on a general Clifford-Hilbert module with
its application to a Beltrami equation defined over a Clifford-valued Hilbert space
L?(X,Cl,), where X is some measure space. This motivates the constructions of

[I-operator in the next several sections.

4.1 BELTRAMI EQUATION AND THE II-OPERATOR ON THE COMPLEX PLANE

The II-operator is one of the tools used to study smoothness of functions over Sobolev
spaces and to solve the Beltrami equation. In one dimensional complex analysis, the

Beltrami equation, is the partial differential equation given by

ow _ ow
oz Mox
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where z € C, w = w(z) is a complex function in some open set U C C with derivatives that
are locally L?, and pu = pu(z) is a given complex function in L>°(U), ||u|| < 1, called the
Beltrami coefficient. The solution of the Beltrami equation relies on a singular integral
operator defined on LP(C) for all 1 < p < oo, which is called the Beurling transform—the

complex [I-operator,

BENaG
foh(2) = 727 Hé—zH m'/mg—z)?df'

This singular integral operator is a conformally invariant operator and acts as an isometry
from L?(C) to L*(C). The Beltrami equation shares the same solution with the singular
integral equation h = q(z)(I + Ilg)h. By the Banach fixed point theory, h = u(2)(I + lg)h

has a unique solution when ||u|| < o < ———, where p is a constant. More details could be

1
T

found in the Introduction.

4.2  QUASICONFORMAL MAPS ON THE COMPLEX PLANE

In one dimensional complex analysis, a quasiconformal mapping is a generalized conformal
mapping and named by Ahlfors ([4]). It is a homeomorphism between plane domains,
which to first order maps small circles to small ellipses of bounded eccentricity. More
specifically, if we let f : €2y — €25 be a function between bounded plane domains in
complex space, f = u(z,y) + iv(x,y) is differentiable in the real sense, which means all the
partial derivatives ug, u,, vy, v, are continuous in an open subdomain U C 2. Let

20 = To + 1Yo, 20 € 21, and z € 1, 2 — zp, we have the formula

F(2) = f(20) + 0f(20)(2 — 20) + 0f (20)(Z — %) + 02 — 20).

Consider the function L(z — z9) = 0 (20)(z — 20) + 0f(20)(Z — Zg). The norm of L(z — z)

represents the distance between f(z) and f(zy) when z is sufficiently close to zy. Hence,
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L(z) = 0f(20)z + 0f (20)Z maps the distance between z and z, to the distance between f(z)
and f(z). Further, when the Jacobian J(z) = |0f(20)|> — |0f (z0)|> > 0, L is
sense-preserving, which means .J(zy) > 0 and |0 (20)| > |0f(20)|-
Let 0f(20) = |0f (20)|e'® = Ae™, Of (z0) = |0f(20)|e” = Be, and z = re?, then

_ B . . Bl .

L(Z) _ A(Z + ZE) _ Aez(a—i—g)r(ez(ﬂ—g) + %6_1(0_5))-
Thus if we let g(z) = Aei0=3) . 2, h(z) = Be? - z. Both maps g and h are simiply rotations.
Let L,(2) =24+ pz =1+ p)r +i(1 — p)y. It maps = to (1 + p)z and y to (1 — p)y, which
is an expansion in the z-direction and a compression in the y-direction. Therefore, we have

that

L(Z) =go LHMH e} h

If f satisfies the Beltrami equation 8—{ = ,ua—f
0z 0z

circle centered as z to an infinitesimal ellipse centered at f(z), and the ratio of the major

, it is easy to see, f maps an infinitesimal

axis to the minor axis of the infinitesimal ellipse is

L+ |u(z0)| _ 10f(20)] + [0 (20)]

R0 = TG0l ~ 105 Go) — 07 (ol

K #(20) is the ratio of the maximum stretch to the minimum stretch of an infinitesimal
circle around zy under f. Let f : ) — )y, if there exists a constant K > 1,

I}f = SUP,cq, [?f(z) < K, we call f K—quasiconformall.

4.3 II-OPERATOR IN EUCLIDEAN SPACE

It is well known that in complex analysis, the [I-operator can be realized as the

composition of J; and the Cauchy transform. Hence, the generalization of Il-operator in
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higher dimensional Euclidean space via Clifford algebra can be defined as follows.

Definition 4.1. The II-operator in Euclidean space R"*! is defined as
IT = DyT.

In [25, 26], we have an integral expression of II as follows.

Theorem 4.1. Assume f € W§(Q)(1 < p < 00), then we have

1 /(Tl—l)-F(Tl-l-l)i

= e O+

1 —
_Wn+1 1+ Zf(z)
The following are some well known properties for the Il-operator.

Theorem 4.2. ([25]) Suppose f € WF(Q)(1 < p < 00), then

1. Dollf = Dyf,

2. 1Dy f = Dof — DoFyaf,

3. Fpllf = (IL— TDy)].

4. Dollf — 11Dy f = DoFpaf.

The following is the decomposition of L*(€,Cl,), see more details in [25].

Theorem 4.3. (L*(,Cl,) Decomposition)
L*(Q,Cl,) = L*(Q,CL,) (| KerDo @ Do(Wy (9, CL)),

and

L*(Q,Cl,) = L*(Q,CL,) [ KerDo @ Do(Wy*(€2,CL)).
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Notice that

TI(L*(,Cl,) (| KerDo) = L*(,CL,) () KerDy,

TI(Do(Wy (92, Cly))) = Do(Wo™(2,Cl)).
Hence, IT-operator maps from L?(Q,Cl,) to L*(Q,Cl,).
One key property of the IT-operator is that it is an L? isometry. In other words,

Theorem 4.4. ([25]) For functions in L*(Q,Cl,), we have
IrI1 = 1.

To complete this section, we introduce the application of the II-operator to solve the
Beltrami equation. Let Q C R"* ¢:Q — Cl, and w : Q — Cl,, be a sufficiently smooth

function. The generalized Beltrami equation
Dow = qDow

has a solution w = Th + ¢, where ¢ is an arbitrary monogenic function. Substitute such w

into the Beltrami equation, we have the following

= ¢Do(¢ + Th) = q(Dy¢ + I1h).

Therefore, we transform the Beltrami equation into an integral equation h = ¢(Dy¢ + I1h).
1

By the Banach fixed point theorem, this equation has a unique solution if ||¢|| < m, see

[25] and the Introduction. This tells us that the existence of a unique solution to the

Beltrami equation depends on the norm estimate for II-operator. By [42], we have
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|TI|| o gnsry < (n 4 1)(p* — 1), where p* = maz(p,p/(p — 1)).

4.4 QUASICONFORMAL MAPPINGS AND BELTRAMI EQUATIONS IN HIGHER

DIMENSIONAL SPACES

Similarly as the case in C, we extend the case from the complex plane to the
(n+ ) dimensional space. Let f : 2 — )y be a paravector-valued function, that is
f= Z fies, where €,y C R*. We shall discuss the quasiconformal structure induced

i=0
by f(z) in the neighborhood of # = 0. By Taylor’s series expansion, for z — 0,

+sza’c1f +o([lz]*).

Let L(z) = Y i o %0z, f(0), then ||Z(\x/)|\ represents the distance between f(z) and f(0)

when x is sufficiently close to the origin. We have

=S wd ) = LED PED) p o ®) (DD
= S D)+ 7 Df(O))

If f is a solution of the Beltrami equation Df = ¢Df, where ¢ is a measurable function, we

defined
= v ML@)lmaz _ [IDLO)+[DFO) _ 1+ [lg(0)]
K(0) = —= — — ,
L(@)|[min IPFO = DO 1= 1la(0)]

Let x be on a sphere centered at 0 with radius ||z||. When 2z — 0, f maps the
infinitesimal sphere to an infinitesimal elliptical sphere centered at f(0) with radius
|L(2)||. The ratio of the maximum stretch to the minimum stretch of the ellipse around
f(0) is K £(0). Similarly we could define the K —quasiconformal of the paravector-valued
function f, if there exists a K > 1, such that }?f = sup l?f(z) <K.

zeq
From the argument above, we notice that every solution to the Beltrami equation is a
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quasiconformal mapping, the existence of solutions to the Beltrami equations becomes an

important topic for studying quasiconformal mapping.

4.5 II-OPERATOR ON CLIFFORD-HILBERT MODULES

In this section, we will provide a Il-operator defined on a general Clifford-Hilbert module.
This IT-operator also has an isometry property. It motivates the definitions of II-operators
in different conformally flat manifolds in the following several sections.

Let H be a real Hilbert space with inner product ( , ), then H ® Cl,, is a
Clifford-Hilbert module. More details for Clifford-Hilbert module can be found in [10, 34].
Let E be a dense subspace of H, and f,g € F¥® Cl,,. Suppose an operator D acts on

E ®Cl,, which also satisfies D*D = DD* where D* is the dual operator of D in the sense of

(Df,g) ={f.D"g).
Let T bs an operator acting on E ® Cl,,. It is called the inverse of D if it satisfies
DT'=TD=1.

Definition 4.2. The Il-operator on £ ® Cl,, is defined as

II=D"T.

On the unit sphere S”, the spherical IT operator is defined as I1, = D,T, [15]. By
Theorem 9 in [15], D} = —D,.

Recall that F is dense in H, so we can induce a Il-operator on H ® Cl,, immediately.
The Il-operator defined above also possesses an important property that it has in one

dimensional complex analysis. That is

Theorem 4.5. The operator 11 = D*T' is an isometric operator on H ® Cl,,.
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Proof.

(ILf,Ilg) = (D*T'f,D*Tg) =(Tf,DD*Tg)

= (I'f,D*DTg) =(DTf,DTg) = (f,9)-

We next show that our generalized II-operator can be used to solve certain Beltrami
equations. More specifically, if we let H be L?(X), where X is a measure space with a
measure 7. Hence, we can define a Beltrami equation over H ® Cl,, i.e., L*(X,Cl,) as

follows.

Df =qD"f,

where ¢ € L*>*(X,Cl,), which is defined similarly as in Euclidean space with the essential
supremum norm with respect to 1. By the substitution f = ¢ + Th where ¢ is a solution

for D¢ = 0, we transform the Beltrami equation in the following way.
D(¢p+Th)=h=qD*(¢p+Th) = q(D*¢ + 11h).
Hence, if h is the unique solution of the equation
h = q(D*¢ +11h),

f = ¢+ Th is the unique solution of the Beltrami equation. The Banach fixed point theory
1

tells us this equation has a unique solution if ||¢|| < go < T with g being a constant.

Hence, as in the classical case, the problems of the existence of the solution to the Beltrami

equation becomes the norm estimate of our II-operator.
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As special cases of this general Hilbert space approach, one has the L? isometry of the
usual [T-operator in one complex variable and the IT-operator in R" described in [10, 25, 26]
and elsewhere. The next sections describe the II-operator acting over L? spaces over other

manifolds.

5 Spherical [I-Type Operators

5.1 SPHERICAL II-TYPE OPERATOR WITH GENERALIZED SPHERICAL DIRAC

OPERATOR
Let {eg, €1, ,e,} be the standard orthogonal basis of R"™! with e = 1 and
e?=—1,i=1,--- ,n. We should use the generalized Dirac operator
0 - 0 0
Dy =ey— + ej— =¢ey=— + D,.
0 0 o, ; j O, 0 o,

The spherical Dirac operator D, on S™ is defined as follows.

EDO = Z 60€j($08$]. — l’jazo) — Z 61'6]'(132‘8%. — xjau) + Z(x]a%)
J=1 i=1,j>i j=0
Denote I'y = Z e0ej((200z, — ;04,)) — Z eiej((2i0x; — 7;0,,)). Hence,
j=1 i=1,j>i

Lo
r

D, = ﬁ(& +To) = &(D, + ),

where 7D, = E, and r = ||z||.

In particular, we have the conformally invariant spherical Dirac operator as follows,

D, = w(Ty — g), we S,
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- _ I —
Similarly, we have D, = &(D, + —0), and since Dy is also conformally invariant, we
r

have D, = w(Ty — %), where

Ty=— Z 0€j (200, — 10z,) — Z ei€j(ri0y; — 70y,).

j=1 i=1,j>i
Lemma 5.1.

Fow = nw — @FO,

[yw = nw — wly.
Proof. Since we have

Dyw = n + 2E, — wD,,

Dow = n + 2E, —wD,,
then we have

Lo = (WDy — E,)w = w(Dyw) — E, W = nw + Wk, — Dy = nw — wlg;

Tow = (wDy — E,)w = w(Dow) — E,w = nw — wE, — Dy = nw — wl.

Theorem 5.2.
Do = —wDg, Dyw = —wD;.

Proof. A straight forward calculation completes the proof. Indeed,

= w(nw —wl) — g = —ww(l — =) = —wDj

=
g

I

8
/,-1\

|
)1

g|

I

g

=

g

|
I
O F
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Dyw =w(Tw — gw) =wlw — = =w(nhw —wl) — = = —ww( — =) = —wD,.

Theorem 5.3. Since D, and D, are both conformally invariant, we have their

fundamental solutions as follows:

1 w—v
D,G(w—v)=Ds— =0(w — v),
( anlw—o "7 Y)
DG (w —v) ﬁi i =0(w —v)

T “wp [Jw — o

Proof. First, We assume w 7& v Since

|]w—v||2—z Zw +Zv —QZw]v]—Z ,v), by Dy = w(l —

=0
and T'(w, v) = wv — (w, v), We can have

= 272 Y (—wT + (w,v) — 1 4+ wi{w, v) + (1 +wo)(1 — (w,v)))](1 — (w,v)) 2"
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Similarly, by Dy = w(T — %) and I'(w, v) = wv — (w,v), we obtain that

FH;"%” — (T = 2w =)o = v]) 3
= 273 (@(T ~ S)w(l ~ (w,0)7F ~W(T = o1~ (w,v)) %)

— 273 ((nw — I'w — gw)w(l — (w,v))”

w3

( — @1 — (w,v)) " Fo+ gm(l — (w,v))"%)
= 275 (—T(1— (w,v)"3 —wT(1 — (w,v)) 3v+ 3(1 +wv)(1 — (w,v))"F)
(=501 = (w,v)" 2 (@v - (w,v)) - g(l — (w,v))"27 (1 = wo(w, v))
+5 1+ )L = (w,v))7F)
= 273 (—wv + (w,v) — 1 +Wo(w,v) + (1 4+ @0)(1 — (w,v)))](1 = (w,v))" 2"

= 0

-— W —=v

EG(w—v):DS—nzo, w # .
[w = vl

Since we have the fact that for z € R™™! ||x||* is weak differentiable if a > —n + 2
with weak derivative d,,||x||* = ax;||z||*2, the calculation above is also true in the
distribution sense. Therefore, D,G(w — v) and D,G(w — v) both have only support at the
origin, since they both have degree —n and the only distribution having degree —n in S*~!

is 0(z), this completes the proof. ]

Let © be a bounded smooth domain in S™ and f € C*(€,Cl,), we have the Cauchy

transforms for both D, and D,

Tof(w) = /Gs(w_v wn/Hw—UH" B

Taf(w /G w=v) /nw—vun
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Also, the non-singular boundary integral operators are given by

Foof(w) = /asz Gs(w —v)n(v) f(v)do(v),
Faof(w) = /{m Gs(w —v)n(v) f(v)do(v).

Then we have Borel-Pompeiu Theorem as follows.

Theorem 5.4. (Borel-Pompeiu Theorem)
For f € CY(Q,Cl,_1), we have

f(w) = /a Gl = 0n(o) [(0)do(v) + / Gulw — 0)Duf (v)do,

Q

in other words, f = Foaf + TaDsf. Similarly, f = Foof + ToD,f

f(w) = /8 = n(o)f(0)do(v) + / Golw = 0) D5/ (v)dv,

Q
If f is a function with compact support, then TD, =TD, = 1.

Since the conformally invariant spherical Laplace operator Ag has the fundamental
1 1
(n = 2)wn [lw —vf["=2

solution Hy(w —v) = — , see [32]. We have factorizations of Ay as

follows.

Theorem 5.5. A, = Dy(D, +w) = Dy(D, + ).
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Proof.

(Ds+w)W
= w(l =)l = vl +w(w —of?)F
— 2Pl - ()T (- pe TR
= (n—2uw2 % @o — (w,0)(1 ~ (w,0))"F ~ (0~ 2uw
= -2 R 2
=
I w—w

Hence, (DS + w)Hs(w — U) = ;W = Gs(w — U).

Similarly, (Ds +w)Hs(w — v) = Gs(w — v) by

) e
= (T = 5)(lw — )% + (o)
= 2Rl )T (- e
— (= 2w (i — (w1~ (w,0)F — (n—2)
S L e e L e
= IR

We also have the duality of D, as follows.

Theorem 5.6. D = —D,.
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Proof. Let f,g: € — Cl,_1 both have compact supports,

< Dsf,g>

<7~U(Fo—g)f,9>

< (Fo—g)f7w9>

<Tof,wg > —g < f,wg >

< f,Towg > —g < f,wg >

< f,(nw —wly)g > —g < f,wg >

n
< f, —E(FO — §)g >

< f,—Dsg > .

Definition 5.1. Define the generalized spherical II-type operator as

Hs,Of = (Ds + U))Tf

We have some properties of II; o as follows.

Proposition 5.7.

Proof.




From the proposition above, we can have decompositions of L?(Q,Cl,_1) as follows.

Theorem 5.8.
L*(Q,Clyy) = L*(Q,CL,) () Ker(D, — w) @ Ds(Wy (9, CL)),

L*(Q,Cl,—y) = L*(Q,CL,) (| KerD (D, + w)(Wy*(,Cl,)).

Notice that

I,0(L*(Q,ClL,) (| Ker(Ds — w) = L*(Q,Cl,) (| KerD,

I, 0D, (W, *(Q,Cl,)) = (Dy + w)(W,*(Q,CL,)).

Hence, T, operator is from L*(Q,Cl,) to L*(€2,Cl,). The proof is similar to Theorem 4.3.

Definition 5.2. We define the II} operator as
Iy f=D.Tf,
where T* f = /QGJ“(w —v) f(v)dv,
GH(w —v) = Gy(w —v) + wH,(w —v) = 267 (w — v),

and

1 w—v
(n—=2)(n — 4wy lw — v

GP(w —v) =

s

Notice that Ggg)(w — ) is actually the reproducing kernel of
D) = (D, — w)D,(D, + w) and the proof is similar as in [32)].
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Proposition 5.9.

I,o(L*(Q,CL,) (| KerD,) = L*(Q,ClL,)( ) Ker(D, —w),

Lo(D, +w)(Wy*(CL)) = D,(Wy™(2,CLy)).

Theorem 5.10. II, is an isometry on W(}’Q(Q,Cln) up to isomorphism.

Proof. Let f € L*(Q,Cl,), then

(IL f, 11} g)
= ((Ds+w)Tf,D,T*g)
= (Tf,(—=Dy +w)D,T"g)
= —(Tf,(Ds —w)D,T"g)
= —(Tf,Dy(Ds +w)T*g)

= (D,Tf,(Ds+w)T"g) = (f,9).

5.2 APPLICATION OF I,y TO THE SOLUTION OF A BELTRAMI EQUATION

We have a Beltrami equation related to Il as follows. Let {2 C S™ be a bounded, simply
connected domain with sufficiently smooth boundary, ¢ : 2 — Cl,, a measurable function.
Let f:Q — Cl, be a sufficiently smooth function. The spherical Beltrami equation is as

follows:

Dsf = Q(Ds + w)f
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By substitute f = ¢ + Th, where ¢ is an arbitrary left-monogenic function such that
D,¢ =0, we have

Dy(¢ +Th) = h = q(Ds +w)(¢ + Th) = (Ds + w)¢ + M, oh).
Therefore, the Beltrami equation is transformed into a singular integral equation as
h=q((Ds +w)¢ + s oh).

Similar argument could be found in introduction. By the Banach fixed point theorem, this

equation has a unique solution in the case where

1
lall < g0 < 7
M o

with gy being a constant. Hence, for the rest of this section, we will estimate the LP norm
of Il with p > 1.

Since Dy, = w(I' — 2) = w(wDy — E, — ) = Dy — wE, — 2w, then
oS (w) = (D + @)Tf(w) = (DT + (1 = B,)T = 5T)f(w).

It is easy to see that

0 w—v e_j_”(wj_vﬂﬁ €;
v)dv = v)dv + wp L f(v
o | ) | T o+ 2 p o),
since
0 w—v _e_j_n(Wj_Uj)ﬁ
dw; [|w —vl|* [w = ol|? 7
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and using Chapter IX § 7 in [41]

w— v e;
cos(r,w;)dS = w, —~
[ et =l

where S is a sufficiently small neighborhood of w on S™.

Hence, we have

_ 1 2632 —ny (w, —Uj)a”;‘}__zﬁp Z_j2
DT f(w) = w—n/n [w o[ f(v)dv + f(v)
B w_n/n |w — || Fv)dv + f(w)
1 Zw'?—nzw‘(u%_,u,) Ez
E,Tf(w) = | i€ Hw_iji el ) + Zw]e]f()
1 w—n<w,w— ”w v” T
_'EZ/n [w — MW f(v)dv + —f(v).

Therefore, we have an integral expression of Il as follows.

Theorem 5.11.

Hoof(w) = (DT +W(1— E,)T = 5T)f(w)

1 1—n—w? n T—(w,)w  w-—v
= _/S —f(v)dv—l—w—n/n : f(v)dv

wn Jsn - |lw =" w =l flw —of

- I [ e+ ()

W_n Sn Hw - UH”

Since

n

where Ty = Z €0€j(200z; — 1j0z,) — Z €i€j(2;0,; — 1;0,,). To estimate the L” norm

i=1,j>i
of Il o, we need the following result.

Wn—1
4

Theorem 5.12. Suppose p is a positive integer and p > 1, then ||T||» <
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Proof. Since

I, = I [ Gutw—o)strarpanr

I [ Gutw = 06w = o) f0)a P

([ 16w =@ [ 16w =olllwlran)de
< <win>p0f | [16.o = vlisolrande

= (el [ 1 160 = vldu)

< el [P 16— o
= (et [P

2

o)

I
E[-E[—-&|-
= )=

n

= (et fn

n

1 1
where p, ¢ > 1 are positive integers and — + — = 1, where
p 4q

1
C1 < }/Sn IGs(w = v)[ldv"| = |/Sn den\'

Due to the symmetry we can choose any fixed point w, hence we choose w = (1, 0,0, ...,0)

and v = (zo, 71, -+ , ) €S, ie. Z |2i||> = 1. Let v = cos feq + sin 6¢, where ( is a
i=0
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vector on n — 1-sphere, then we have dv™ = sin" ! 0d#,

n—1 T 1
_ 2—2/ s
0 1—0050)

= 277 2sm = 1(2Sin€COS€)n_ld9
; 2“9
= 1—d9
/Ocos 5
L, L TG
o ) n—1
2 T(5=+1)
I'(5

9 (n+1)/2 o
Since w, = ;(n—%, we have ||T]|z» < w4 !
Let G be the operator defined by
1 1

Gog(w) = —

dv, n >3,
(n — Dwn, Jor ||w—v||n—1g(“) v B=

and R, = [y o Gy is a Riesz transformation of gradient type (see [3]). Then we have,

Proposition 5.13. [3], The operator Ry is a LP operator and the LP norm is bounded by

iﬂ(L)lﬂB
22 p—1" 7

where B, = Cyrp + Cp, Caryp 15 the LP norm of the maximal truncated Hilbert

transformation on S, and C, = cot2;*, 5 —|— 2 =1.
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Hence,

— 1 1 w— v
ITo— / - F(0)do] oo
o Jo oot Tw—0]

7172
< (0= 1) I B0 s
Tl/2
= (n—1) = (L) B | f(0) | o (1)

2v/2'p—1

Recall that II,of = (Ds + w)Tf = (W(To — 2) + )T f =wlTf+ (1 - 2)wTf,

and by Theorem 5.12,

10 = DTl = 0= ) / oo W2l £ G =D e @)

By inequalities (1) and (2), we show that Il, is a bounded operator mapping from L?

space to itself, and

Tl/2

22

(E) B, + (5 1)

IT, —_—
Il P

Lpg(n—l)

Remark: The spherical II-type operator Il preserves most properties of the II
operator in Euclidean space and more importantly, it is a singular integral operator which
helps to solve the corresponding Beltrami equation. Unfortunately, it is also only an L?
isometry up to isomorphism as shown in Theorem 5.10 . In the next section, we will use
the spectrum theory of differential operators to claim that there is a spherical II-type

operator which is also an L? isometry.

5.3 EIGENVECTORS OF SPHERICAL DIRAC TYPE OPERATORS

In this section, we will investigate the spectrums of several spherical Dirac type operators
and the spherical Laplacian. During the investigation, we will point out there is a spherical

II-type operator which is an L? isometry.
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Since 'y =xDy — E,., it is easy to verify the fact that if p,, is a monogenic polynomial
and is homogeneous with degree m, that is Dy f,, = 0 and E, f,, = mf,,, then
Lofm = —mfm, s0 fm is an eigenvector of I'y with eigenvalue —m. Similarly, if Dyg,, = 0,
gm is an eigenvector of Iy with eigenvalue —m

Let Hj be the space of Cl,-valued harmonic polynomials homogeneous of degree k and
M,, be the Cl,-valued monogenic polynomials homogeneous of degree k, M, is the Clifford
involution of M. By an Almansi-Fischer decomposition [13] and [17],
Hy = My, @ 2M;_1. Hence, for for all harmonic functions with homogeneity of degree k,
there exist p € KerDy, and py_1 € KerDy such that hy = p; + Zpr_1. Then, it is easy to
get that Topr = —kpy and ToZpr—1 = (n + k)Zpr_1.

Let H,, denote the restriction to S™ of the space of Cl,-valued harmonic polynomials
with homogeneity of degree m. P, is the space of spherical Cl,-valued left monogenic
polynomials with homogeneity of degree —m and @),, is the space of spherical Cl,-valued

left monogenic polynomials with homogeneity of degree n +m, m = 0,1,2,.... Then we

have H,, = P, @ Q. ([8]). Tt is well known that L*(S™) Z H,, , it follows

Z P, @ Qm- If pn, € Py, since 'op,, = —mp,,, it is an eigenvector of I'y with
elgenvalue —m, and for ¢, € Q,,, it is an eigenvector of I'y with eigenvalue n + m.
Therefore, the spectrum of 'y is 0(I'g) = {—-m,m =1,2, ...} U{m+n,m=0,1,2,...},.
Since Dy = w(ly — g), the spectrum of Dy is 0(D,) = o(I'g) — 5, which is
{(—m—2m=0,1,2_.3U{m+2m=01,2 .}

As mentioned in the previous section DT = T D, = I, and we know that
Dg: P,, — @y, ([8]). Hence, we have T': Q,, — P,, and the spectrum of 7" is the

reciprocal of the spectrum of D,. It is

m =0,1,2,...}. Similar arguments apply for D,

o(T) = {7=,m=0,1,2,...
2
and 7, in fact o(D,) = o(D,) and o(T) = o(T).

Now with a similar strategy as in [8], we consider the operator D,T" which maps L?(S")
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to L?(S"). If u € C'(S™) then u € L*(S"). It follows that

=YY Y Y

m=0pm P, m=0 gm€Qm

where p,, and ¢, are eigenvectors of I'g. Further the eigenvectors p,, and ¢, can be chosen
so that within P,, they are mutually orthogonal. The same can be done for the eigenvectors

¢m- Moreover, as u € C1(S") then D, Tu € C°(S™) and so D, Tu € L*(S™). Consequently,

m=0 pm €Pnm, m=0 qgm€Qm
0o 1 0o o 1
= Dy —Qm, T D, —Dim
mZ:queQm m 5q n;meze;m -m 2p

and

— > 1 — > 1 —
1 DsTul[72 :Z(er ? > HDsquL2+Z(m)2 > ADepmlli2
m=0

0|3

m=0 mEQm 2 pm€EPnm
> 1 n > 1 n
= Y (—Pm+5) D> Al + D> (——) =m=35)" > lgnllr
= > D el + D> D Mamllee
m=0 py, EPp, m=0gm€Qm
= [lullz

The above proof shows

Theorem 5.14. DT is an L*(S") isometry.
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By the help of the spectrum of T', we have the L? norm estimate of the II, g, that is

M oullr2 < IIETUIIL2JrIIWIIBIITUIIL2

Z > ||pm||L2+Z > Mdmllz2)

m=0 pym EPp, m=0gm€Qm

4
(4 —)ullz2.

IN

4
Hence we have [[I;o|ze <1+ —.
n

By Theorem 5.2, A, = D,(D, +w) = (D, —w)Ds = Dy(D, +w) = (Ds — w)Ds.

Since Dy = w(T'y — g), D, =w(Ty — g), a straightforward calculation shows us that

n . n n> n
A= (o= 2wty - B = T34 (- nry - (2 - 1)

Since for 0 < r < 1, any harmonic function h,, € B(0,r) ={z € R": ||z|| < r} with

homogeneity degree m, we have h,, = fm + gm, where f,, € KerDy and g, € Dy, they are

both homogeneous with degree m (see Lemma 3 [21]). Consequently,

Auf = (=I5 + (n = Dl = (- = ZNfm = (=m* = m(n = 1) = (- = 5)fm.
and
Augon = (-T0" + (n = )To = (- = 5)gm = (= = mln = 1) = (- = 2))gm.
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Hence

n2
Ashy, = AS(fm +gm) = (_m2 - m(n - 1) - (Z

|
|3

) (fm + gm)

= (=m? = mln—1) = (5 = D)o

Since for any function u € L*(S") : Q — Cl,,, u = Z h.n, where h,, € H,,, it follows that

m=0
2

Ag has spectrum o(A;) = {—m?* —m(n —1) — (- - %) :m=0,1,2, ...}.

In order to preserve the property of isometry of the IT-operator on the sphere, we define
the isometric spherical II-operator as 1, as 1l ; = D,T, which is an isometry in L? space.
We can solve the Beltrami equation related to Il ; as follows.

Let 2 C S" be a bounded, simply connected domain with sufficiently smooth boundary,

and ¢q, f : Q@ — Cl,,_1, q is a measurable function, and f is sufficiently smooth. The

spherical Beltrami equation is as follows:

Dsf = qﬁsf

Substitute f = ¢ + T'h where ¢ is an arbitrary left-monogenic function such that D¢ = 0,
we have

Dy(¢+Th) = h = qDy(¢ + Th) = q(Ds¢ + 11, 1h).

Therefore, we transform the Beltrami equation to the integral equation
h = Q(ﬁs(b + Hs,lh)-

If h is the unique solution of the previous equation, then f = ¢ + Th is the unique solution

of the Beltrami equation. Similar argument could be found in Introduction. By the Banach
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fixed point theorem, the previous integral equation has a unique solution in the case of

1
lall < go <
[T 1

with gy being a constant. Hence, we can use the estimate of the L norm of II;; with

p > 1, where

T2 p n Wy_1
|| < (n—1)—=(——)?B, + ==
IMoslloe < (n = 1)7 2 (CE) 28, + 5%

Notice that the spherical II-operator constructed in this section does not satisfy some basic
identities as it does in the Euclidean space, see Theorem 4.2. In Euclidean space, these
identities rely on the fact that the Euclidean Dirac operator and its dual operator
commute. However, this is not true for the spherical Dirac operator, and hence, our

spherical II-operator no longer satisfies these identities.

6 II-Operators on Real Projective Space

Recall the construction of our Il-operator in the previous section, if we let X to be the real
projective space RP™ with the measure n by pushing forward the Lebesgue measure on S™.
Then, H = L?*(RP",R) becomes a real Hilbert space, and H ® Cl,, is a Clifford-Hilbert

module with the inner product

(f,9) = y fagdn(z),

where V' is a subset of real projective space with V7 inclosed and f, g : V' — Cl,,.
Therefore we can obtain the II-operator theory on real projective space as a special case of

Section 4. More details are as follows.
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6.1 DIRAC OPERATORS ON REAL PROJECTIVE SPACE

We know that the real projective space RP™ is defined as S"/I", where S" is the
n-dimensional unit sphere and I" = {#1}. This implies that [I-operator theory on real
projective space should be generalized from the I[I-operator theory on the unit sphere.
Notice that there is a projection map p : S* — RP", such that for each x € S,

p(£x) =2/, If Q is a subset of S, we denote p(+Q) = @'. Firstly we consider the bundle
E; by making the identification of (z, X) and (—x, X) where x € §" and X € Cl,,.

1 z—y

Now we change the generalized spherical Cauchy kernel Gg(z,y) = ——W,
Wn || — y||™

x,y € S” into a kernel which is invariant with respect to {£1}. We obtain a kernel
Grrp(7,y) = Gy(x,y) + Gs(—,y) for RP™ ([29]).

Suppose S is a suitably smooth hypersurface lying in the northern hemisphere of S™
and V is also a domain lying in the northern hemisphere sphere that S bounds a

subdomain W of V. If f : V — Cl, is a left spherical monogenic function and y € W, then

f(z) = / (Gale,y) + Cul—,9))n(y) f (y)do(y).

where w, is the surface area of S" and n(y) is the unit outer normal vector to S at x lying
in the tangent space of S™ at y. Now we use the projection map p : S* — RP"™ to note

that this projection map induces a function f': V' — E;. We have ([29])

£1@) = [ Garpla's)plnlo) ()0,

where 2’ = p(x), v = p(y), and S’ = p(S). This projection induces a measure ¢’ on S’ from
the measure o on S. Now we will assume the domain V' is such that —z € V for each

x € V', and the function f is two fold periodic, so that f(z) = f(—z) and S = —S. Now
the projection map p give rise to a well defined domain V' on RP™ and a well defined

function f’(2') : V' — Ej such that f'(z') = f(£x). As the function is spherical
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monogenic, which is D, f(z) = 0, we could induce a Dirac operator on RP™ and

Dgpp f'(2") = 0. In this case ([29]),

2f/() = [ Grry (& (@) f (/o' ().

Similarly, we have the conjugate of the Dirac operator Dgpr induced by Dy, and the kernel

of Dgpp is Grpp(z,y) = Gs(2,y) + Gs(—2,y).

Now we induce the Cauchy transform and its conjugate from S™ to RP" as follows.

!

Ty @) = | Garpla's )
T ) = | Gam@ ()i
Also, the non-singular boundary integral operator and its conjugate are given by
Faf (@) = [ Garpw'.s oo/ )5 ()i’
Fof @) = [ Gam @i dp(ny ) ()i’

/

Hence, the Borel-Pompeiu formula is stated as follows.

Theorem 6.1. For f' € CY(V',Cl,) N C(V'), we have

2f'(z") = / , Grpp (2,9 )dp(n(y)) f'(y')do' (y) + / Grpr(2',y") Drer f'(y)dy'.

!

In particular, if f' has compact support, then
2f'(2") = / GRPf (a, y/)DRPff/(y/)dy/7
Jrom which we could obtain T Dgpp = 21.
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Since the domain V' = —V, if we restrict it on the northern hemisphere, the Dirac
operator DRpln is locally homeomorphic to Ds. We project it on the domain V' on RP™

and we have

D /V G, ) f(y)dy = ().

Now, for the whole domain V', after projection on the domain V’on RP™, we obtain

Dary | (Gulay) + Gul-2.)J ()i =21'(a).

that is DrppT' = 2I. Similarly, we have DgprT = T Dgrpp = 21.

In the rest of this section, we will study the spectrums of our operators mpln and T
This will helps us to show that our IT-operator (defined in Section 3.2) also possesses the
L? isometry property. The Dirac operator Dgpp is induced by the spherical monogenic
functions. Since D,D:f = —D,D.f # —D,D,f = D:D,f (see [15]), we have
Dgpr Dy Py f' # Dj Pr Dgpy f" also. In order to prove the property of L? isometry we are
using the method of spectrum. Similar argument can be found on the spherical II-operator,
see [15].

Let H,, denote the space of Cl,-valued harmonic polynomials with homogeneity of
degree m restricted to S". It is well known that L*(S") = Y _, H,,, see [5]. Now we
consider a function f(x) which is defined on an open domain V' C S™ such that —z € V for
each x € V and f(z) = f(—=z). Such a function f could be projected on the real projective
space RP"™ by p(+x) = 2’. Since "~ _  hom(z) = f(z) = f(—x) =D~y ham(—2), we
should have f(z) =3">°_, hom(z). Then by the projection map we have
[y =320 hly,(2). Hence, L2(RP™) = >_>_, H}_ with the spinor bundle E;, where
H

om 1S Hay, projected on the real projective space.

Assume that P, is the space of spherical Cl,-valued left monogenic polynomials with

homogeneity of degree —m and @), is the space of spherical Cl,-valued left monogenic
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polynomials with homogeneity of degree n +m, m = 0,1, 2,.... We have already known
that H,, = P,, ® Q,, on S™ ([8]), that is for each h,,(z) € H,,(S™) there exists

pm(x) € Pnr(S™) and ¢, (z) € Q.n(S™) such that h,,(z) = pm(x) + gm(x). Hence

hm(—2) = pm(—2) + ¢n(—x). However, from the discussion given in the previous
paragraph, there are only even degree polynomials in the decomposition of L?(RP™) when
RP"™ has the spinor bundle F;. Therefore, by the projection map, we have a decomposition
on the real projective space as hj,, (z') = ph,, (') + ¢5,,(2"). In other words,

LARP™) =37 _ P}, ® Qh,,. As we know that Dy(Pay,) = Qam and Ds(Qam) = Pap, we
also have Dgpn(Py,,) = @b, and Dgpn(Q5,,) = Py,,. Hence Dgpn maps L*(RP") to itself,
similarly for mpln. Similar as the case on the unit sphere, we have the spectrum of the real

projective Dirac operator as follows.

o(Dgpp) = o(Dppr) = {—2m — g,m =0,1,2,..}U{2m + g,m =0,1,2,..}.

Since we previously mentioned that DrprT = T Dgpr = 21, and T': Q;, — P}, and

T: P — @, . The spectrums of 7" and its conjugation 7" on the real projective space are

2m+—72” T —2m——72“ T

6.2 CONSTRUCTION OF A II-OPERATOR ON THE REAL PROJECTIVE SPACE
We first give the definition for the II-operator on the real projective space as follows.

Definition 6.1. Define the Il-operator on the real projective space as

1 —
Hrpr = =(Dgppr)T.
1 2 1

Here, the constant % allows TIgpr to be L? isometric, we will see more details below.

Notice that Igpr maps L*(RP") to L*(RP"). Further, we can prove that Ilgps is an
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L?*-isometry on RP™ as follows.
Theorem 6.2. Ilgpn is an L*(RP™) isometry.

Proof. Hence, we assume the function v € C1(RP") C L*(RP"), since C*(RP") is dense in

L*(RP™). For such a function u, we have the decomposition

= Y 5t Y

m=0p), . €P; m=0 g5,,€Q4,,

Hence, with similar arguments as in [15], we have

1
HgDRPl"TUH%Z
= > [ 2 Y IDeppdhnlle + Y (——)7 D Deppphllre
m=0 Ty €Qhy, m=0 Pom €P5,
= 1 n
= Z(2m+%)2(2m+§)2 > 1Phwllze
m= Phm €P5,,
- 1 2 U2V /
+Y (=) 2m =) Y lghlle
2m — % 2
m=0 2 By €Q,
= > D bl D0 D Mdbmllze = [ullze.
m=0p),, €P;,, m=0 g3, €Q%,

We can also assign another bundle FE, to RP™ by identifying the pair (z, X') with
(—x,—X), where x € S"” and X € Cl,,. In this circumstance, the projection map p induces
a Cauchy kernel Grpy which is a antiperiodic with respect to I' = {£1}. Hence
Grpp (7' —y') = Gs(z,y) — Gs(—,y). In this case, a Clifford holomorphic function
f:V — Cl, satistying f(x) = — f(—x) will give a Clifford holomorphic function

f V! — Es. Similarly, we could induce another Cauchy transform and its conjugate from
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S™ to RP" as follows.

Tyl @) = [ Garsle' = /) )y
To!) = [ G =) )i

’

With similar arguments as for Drpr, we can define Dgpy on RP" with the bundle F», and
the II-operator is defined as Hgpy = %DRPQTLTVQI. Similar arguments for g pp shows that
lgpp also possesses the L? isometry property. It is worth pointing out that on the bundle
E, we only have odd degree eigenvectors for f(—x) = — f(z), hence the decomposition of f
is f = Z::() Hpi1 = z::() P2lm+1 @ Q/2m+1‘

With similar arguments as for Drpr, we can define Dgpp on RP"™ with the bundle FE,
and the IT-operator is defined as Ilgpp = %DRPQTLTV;, which is also induced from II,. Similar
arguments for g pp shows that g py also possesses the L? isometry property. It is worth

pointing out that on the bundle E5 we only have odd degree eigenvectors for
f(=x) = — f(x), hence the decomposition of fis f = " Hpi1 =D o Ponir @ Qs
6.3 THE BELTRAMI EQUATION ON THE REAL PROJECTIVE SPACE

In this section, we will demonstrate how to use our Il-operator Dgpp to determine the
existence of the solutions to the Beltrami equation on the real projective space.

Let V! C RP"™ be a bounded, simply connected domain with sufficiently smooth
boundary, and ¢, f’ : V/ — Ej, q is a measurable function, and f” is sufficiently smooth.

The Beltrami equation on the real projective space is as follows:
DRPl"f "= qDRPl"f "

By substituting ' = ¢ + %Th where ¢ is an arbitrary left-monogenic function such that
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Drpr¢ =0, we have
1 1 1 -
Dgpp (¢ + §Th) =h=q¢+ §T(¢ + §Th) = q(Drpp¢ + Ilgpph).
Hence we transformed the Beltrami equation into an integral equation
h = q(Drpp¢ + lrpph).

By the Banach fixed point theorem, the previous integral equation has a unique solution in

the case of

1
lgll < qo < —=——
[T pr |

with gy being a constant. Therefore, the problem of the existence of the solutions to the
Beltrami equation becomes the estimation of the L? norm of IIgpp with p > 1. Similar
argument could be found in the Introduction.

Since the domain V' = —V on S", this means if we restrict V' to the northern
hemisphere as V’, MT is locally homeomorphic to II,. Hence, if we project V' to V' on

RP", we have |[IIgpp||r = 3|/TL||z». This allows us to use the estimate of ||IL[|z» to obtain

1/2
( b )1/23 N Wn—1

p—1 P2y

1 T
Heppllze = 5 Hs]lzr < (n = 1)

< e

where B, = Cyrp + Cp, Cirp is the LP norm of the maximal truncated Hilbert

transformation on S, and C), = cot 5%, i + z% = 1. For more details, see [3, 15].

2p
7 1I-Operators on Cylinders and Hopf Manifolds

[T-operator theory on cylinders and Hopf manifolds are special cases of Section 4. We let X
to be the cylinders C} with the measure n by pushing forward the Lebesgue measure on

R™*! via the quotient map R""! — R"*!/Z* given in Section 6.1.1. Meanwhile,
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H = L*(Cy,R) is a real Hilbert space, and H ® Cl,, is a Clifford-Hilbert module with the

inner product

(f,9) = y fadn(),

where V' is a subset of cylinder C} with V" inclosed and f, g : V' — Cl,,. Therefore we can
construct the Il-operator theory on cylinders as demonstrated in Section 4.

Similarly, if we let X to be Hopf manifolds S' x S™ with the pushforward measure
obtained via the quotient map defined below in Section 6.2.1, and H = L*(S' x S™,R) is a
Hilbert space. Then we can build the II-operator theory on the Clifford-Hilbert module

H ® Cl,,. More details are given below.

7.1 II-OPERATORS ON CYLINDERS
7.1.1 Dirac Operator on the Cylinder

For integer k, 1 < k < n, we define the k-cylinder C}. to be the k-dimensional manifold

R /7ZF where ZF = Zey + Zey + ... + Zej_;. In particular, when k = n, C}, is the k-torus.
Each element in C} has the form mgeq + - - - mp_1e4_1 for mg, -+ ,my_1 € Z and it is
denoted by t. For each k the space R™™! is the universal covering space of the cylinder Cy.
Hence, there is a projection map p;, : R"™! — C.

Let U be a open subset of R**!. It is called k-fold periodic if for each z € U we also
have  +t € U. Hence, U’ = p(U) is an open subset of Cj,. Suppose that U C R"! is a
k-periodic open set. f(x) is a Clifford valued function defined on U. We say that f(x) is a
k-fold periodic function if we have f(x) = f(x +t) for each € U. Hence, the projection py
induces a well defined function f': U’ — Cl,, where f'(2') = f(x) for each 2/ € U’ and =
is arbitrary representative of p, '(z'). Moreover, any function f': U’ —s Cl,, lifts to an

k-fold periodic function f: U — Cl,, where U = p, ' (U").
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In ([30]) the spinor bundle over Cy is trivial on Cj x Cl,,. Other k spinor bundles £
over C} are given rise by making the identification (x, X') with
(x + m + n, (—1)motmit-+m X where [ is an integer and 0 < < k, m is in the lattice

7' = Zeg + Zey + ... + Ze;_q, and n is in the lattice Z*~! = Ze; + Zej i + ... + Zej_1.

Let G(x,y) = % be the fundamental solution of the Euclidean Dirac
xr—y|"

operator. Consider the series

cotgo(z,y) = Z Gz —y+m)
mezk
which converges on R"*1\ Z* for k < n — 1, see [29]. Then, the kernel of Dirac operator on
the cylinder Cj with the trivial bundle has the form coty o(z’, y') which is defined on
(Cr x Cy) \ diagonal(Cy,), where diagonal(Cy) = {(2/,2') : 2’ € Cy}. More generally, For
k <n—1and ! <k, the kernel coty,(z',y) of the Dirac operator on Cj with the bundle

EW is given rise by applying pi on

coty(x,y) = Z (—1)ymotmt-Ma Gy —y 4+ m+n).
meZk neZk-!

On the other hand, with the projection map py, we can induce the Dirac operator on R**!
to C), with the bundle E®W, which is denoted by D;. Similar argument applies for the
conjugation D, and its fundamental solution W. Furthermore, D;D; = D;D; = A\,
where A; is a spinorial Laplacian, see [29].

Suppose f: V — R satisfying f(z 4+ m + n) = (—=1)motmt-mi1 £(2) where
m € Z',n € ZF¥!. Then, f can be lifted by the projection map p;, to a function
oV — EO where V' = p, (V). If Dif' =0, f'is called an E® left Clifford monogenic
function.

Using the fundamental solutions of the Dirac operators, we can define the Cauchy

transform on different bundles. If f': V' — EW S’ is a surface lying in V' and bounding
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a subdomain W’'. Suppose ' € W', then

T @) = - [ cotuatal) 1 )y

Wn
el 1 T NNl /
T @) = — | @ )i

Wn

Also, the non-singular boundary integral operator and its conjugate are given by

Faf @) = - [ cotua(e',y)dp(n(@)r (v )do' (0

Fof @) = - [ St oo ) ()i’ o).

Hence, the Borel-Pompeiu formula is stated as follows.

Theorem 7.1. ( [30]) For f' € CY(V',Cl,) N C(V"), we have

f(') = i( / , cotr (', 4 )dp(n(y)) f'(y")do' (y') + 1 / /cotk,z(afCy’)sz’(y’)dy’)-

Wn Wn

Similar as the case in Euclidean space, for a function f’ with compact support, we have

DlTV/ = TV’DZ = I, and DZTV’ = TV/Dl = [ as well.

7.1.2  Construction and Applications of the I1-Operator on Cylinders

Now we define the II-operator on the cylinder as follows.

Definition 7.1. Define the II-operator on the cylinder as

I, = D/T.

Since II; is induced from the Il-operator in Euclidean space, we expect similar results

as in ([25]).
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Theorem 7.2. II; is an L*(Cy) isometry operator.
Proof. The proof is similar to the proof of Proposition 5 in [25]. O

In this section, we will use the norm estimation of the II-operator on the cylinder to
determine existence of the solution of Beltrami equation on the cylinder. First, we define
the Beltrami equation on the cylinder as follows.

Let V' C C} be a bounded, simply connected domain with sufficiently smooth
boundary, and ¢, f' : V' — EW_ q is a measurable function, and f’ is sufficiently smooth.

The Beltrami equation on the cylinder is as follows:
Dif' =qDif'.
It could be transformed to an integral equation
h = q(Dig + ;1)

by ' = ¢ + Th where ¢ is an arbitrary left-monogenic function such that D;¢ = 0. By the
Banach fixed point theorem, the previous integral equation has a unique solution in the

case of

1
lall < a0 < 7o
JITL |

with gy being a constant, we can use the estimate of the LP norm of II; with p > 1.
Suppose V = 2, V; = p, ' (V'), such that pp (Vi) = V', i =1,2,---. f:V; — Cl, is a

piecewise continuous function with compact support, and f can be induced to

f': V! — E. For the II-operator on R"™, we have |[II|| pgn+1y < (n+ 1)(p* — 1), where

p* = max(p,p/(p — 1)), see [42].

Recall that II; = Ecotq,k@ x, where “x” is the standard convolution. On each

subdomain V;, we have ||D; coty o *f'(2')||evi) = | DG * f(2)|| o) < (n+1)(p* — 1).

60



Hence for the domain V' = (J;=, Vi, we have
| Dy cotyro*f(z) ey = | DG * f(2)||zovy < (n+ 1)(p* — 1). Applying the projection py

on V', we could obtain

Theorem 7.3.

D" coty, o *f (2| ey < (n41)(p* — 1),

which shows ||IL]|zr(c,,) < (n+ 1)(p* — 1), where p* = maz(p,p/(p — 1)).

7.2 II-OPERATOR ON HOPF MANIFOLDS
7.2.1 Dirac operators on the Hopf Manifolds

A Hopf manifold is diffeomorphic to the conformally flat spin manifold U/T" = St x S",
where U = R™™1\ {0} and I = {2* : k € Z}. There exists a projection
pp : RPN\ {0} — S x S", such that py(2Fz) = 2.

Let V C R"™ be open, and if z € V, 282 € V. Hence pi(V) = V' C S' x S", which is
also open. A left Clifford holomorphic functions f : V' — Cl,, which satisfying
f(x) = f(2%x) could be lifted to a well defined function f’: V' — Cl, by the projective
map pg, where f'(z') = f(z) for each 2’ € V' and z is one of p;*(z').

The spinor bundle E over S! x S™ is constructed by identifying (z, X) with (2*z, X) for
k€ Z and x € R""\ {0}, X € Cl,. In [30], the Cauchy kernel for S! x S" is given as
follows. Let C'(z —y) = Cy(x — y) + 2272"Cy(x — y), where

iG a:—2k
k=0

Co — Z G(2 2%y HG(y),

k=-1

and G(z,y) =

ﬁ is the fundamental solution of the Euclidean Dirac operator.

Applying the projective map we obtain the Cauchy kernel C’(2’,y") for the Dirac operator
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on (S! x §") x (S! x S") \ diagonal(S* x S"), which is denoted by D’. A function f" defined
on V' C S! x S" is left monogenic if D'’ = 0.

Using the kernel of the Dirac operators D’, we can define the Cauchy transform on
St xS If f': V' — E, S is a surface lying in V’ and bounding a subdomain W".

Suppose =’ € W',

Tof @)= = | o =)
Tof() = [ C@=r )y,

Also, the non-singular boundary integral operator and its conjugate are given by

Faf(a) = - [ Ol = )ty ) ()i’

Wn
— 1 [
Fy f'(a') = — / C(a’ —y")dp(n(y) f'(y')do' (y').
And the Borel-Pompeiu formula is stated as follows.

Theorem 7.4. ([30]) For f' € CY(V',Cl,) N C(V'), we have

Fa) = ([ e =) F ) @) + | Ca —y)Duf)dy).

Wn S’ V!
7.2.2  Construction and Applications of the I1-Operator on Hopf Manifolds

Definition 7.2. Define the II-operator on the Hopf manifold as
'f =DTf.

Since IT’" is induced from the Il-operator in Euclidean space, we expect similar results

as in ([25]).
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Theorem 7.5. I’ is an L? isometry operator.
Proof. The proof is similar to Proposition 5 in [25]. O

Let V' C S' x S" be a bounded, simply connected domain with sufficiently smooth
boundary, and ¢, f' : V! — F, q is a measurable function, and f’ is sufficiently smooth.

The Beltrami equation on the Hopf manifold is as follows:
D'f' =qD'f.
Substitute f’ = ¢ + Th we have
D'(p+Th) =h=qD' (¢ +Th) =q(D'¢+ D'Th) = q(D'¢ + II'h).

Therefore, the Beltrami equation has a unique solution f’ = ¢+ Th where ¢ is an arbitrary

left-monogenic function such that D’'¢ = 0 and h is the solution of an integral equation
h = q(D'¢+ I'h).

By the Banach fixed point theorem, the previous integral equation has a unique solution in

the case of

1
lall < a0 < 577
[T

with gy being a constant, we can use the estimate of the LP norm of II; with p > 1. Similar
argument could be found in Introduction.

Suppose V' = [J:2, V; is the inverse image of V'’ under py, such that p,(V;) = V.
f Vi — Cl,, is a piecewise continuous function with compact support, and f could be
induced to f': V' — E. For the II-operator on R"!, we have

1TT|| Lo mnt1y < (0 + 1)(p* — 1), where p* = maz(p,p/(p — 1)), see [42].
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On each subdomain V;, we have ||D'C x f(x)||rev;) = || DG * f(2)||1o(v7), hence for the
domain V = ZV}, we have ||D'C * f(z)||oqry = | DG * f(2)|| ooy < (n+1)(p* — 1).

=1
Applying the projection py on V, we could obtain ||[D'C’ * f(z/)||reqy < (n+1)(p* — 1),

which shows that

Theorem 7.6.

| zo(s1xsm) < (n+1)(p" — 1), where p* = maz(p,p/(p — 1)).

8 A I[I-Operator on the Hyperbolic Upper Half Space

In this section, we let X to be the upper half space ]RT“I with the hyperbolic measure.
Then Hilbert space H = L>(R:"™"|R) becomes a real Hilbert space, and H ® Cl,, is a

Clifford-Hilbert module with the inner product

— dx"
/ fo9—— ey
where € is a subset of the upper half space with Q inclosed and f, g :  — Cl,,. Then the
[T-operator theory on the hyperbolic upper half space is actually a special case of Section 4,
which is demonstrated as follows.
8.1 HyYPERBOLIC DIRAC OPERATOR

Denote the upper half space Rﬁlfl = {xpeg + z161 - -+ + Tpey : x, > 0}. The Poincaré

half-space is a Riemannian manifold (R*!, ds?) with the Riemannian metric

(dod + dx? + ... + d2?)

ds® = 5
xn

The Clifford algebra Cl,, could be expressed as Cl,, = Cl,,_1 + Cl,,_1e,,. So if A € Cl,, there

exist unique elements B and C € Cl,,_1, such that A = B + Ce,. This gives rise to a pair of
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projection maps P and (), where
P:Cl, —Cl,_1,P(A) = B,

Q:Cl, —s Cluy,Q(A) = C.
We denote —e,Q(A)e, by Q'(A) € Cl,,_1. The modified Dirac operator is defined as

n —

Mf=Dof+ Loy,

Tn

where Dy = Z e;0,, is the Dirac operator on R"*1. Let Q C Rﬁ“, we say a function
i=0
f:Q — Cl, is hypermonogenic if M f(x) = 0 for each x € Q.

The conjugate of the modified Dirac operator is defined by

n—1

Mf=Dyf - Q'f,

n

where Dy = g0y, — Z e;0y,;, see [38].

=1

Theorem 8.1. M* = —M.

Proof. Let f,g € LR, Cl,) with compact support. From the decomposition that
A= P(A) + Q(A)en, we notice that |[fI2 = [[PF]2 + |QfI2, where

dx™

n—1
T

1712 = / @ f ()

defines the norm of f in the upper half space with hyperbolic metric. If we replace f that

in the previous identity with f + g, one can easily see that P(f) is orthogonal to Q(g)e,.
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More specifically,

On one hand, since we have

SN SN, -
Mfg Zez f ,g>:<26i%—nx—1€an6mg>,

then

n

n

o —n(?_‘da:”__ - dg dx B - —(n—-1), ,
- /{;f ;axz(elg)le - /{;f(lz:;elaxzxnl) []feng n dl’

n

On the other hand,

dz"™ dm

Le@feng) = —(n—1) / Qg = (n=1) [ Qe eun

Hence,

(Mf.g) = (3 egl -2

i=0

——e,Qfen, g>

n

= <f DOQ) (n_l)/f engd_+ TL—l /Qfen engdi

da:

— (f,—Dog) = (n—1) / PF-eus’r

= ([, —Eg)—(n—1)/911’_,1”-en(Pg+Qgen)a;i

n

Since e, Pg can be rewritten as +Pge,,, where “ £+ 7 depends on that n is even or odd. This
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can also be considered as Qhe,, for some function h € L*(R":™ Cl,). Hence, from (3), we

can see that Pf is orthogonal to e, Pg. Thus, the previous equation becomes

n

~(f,~Dug)—(n=1) | PF-eQuen

With a similar argument as above, the previous equation is equal to

— S dz"
— (f.=Dag) = (n-1) [ PTH@QFer e’
Q n
— — dz"
= (£ -Dag) = (=) [ FrenQoe,
Q L
— n—1 , —
= (fi=Dog + ——Q'g) = (f,—Mg).
Therefore, M* = —Dq + %Q’ = —M. Similarly, M = —M.
By straight forward calculation, we can obtain
— . = —1
MM f =MMf=Af—" E?f+m—n?§ﬂ

where A is the Laplace operator in R"*!. In the hyperbolic function theory, we define

hyperbolic harmonic function f : 2 — Cl,, as a solution of the equation

MMf(x)=0

for x € Q2. Let

(z—y)!
|z —yl|" Y|z — gl

@—y!
|z =yl |7 -yl

E(r,y) = F(x,y) =
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n—1

where 7 = Z x;e; — rpe,. Hence the Cauchy transform is defined as ([20])
i=0

Tof(y) = 20 / (B(z,9)f(x) - Flz,9)[(@))da"

Wn+1
Also, the non-singular boundary integral operator is given by

2n—1yn—1

Wn+1

Foof(y) = /8 (B y)n(@)f(2) = Fla.9)i(e) fla)) doo)

Hence, we have the Borel-Pompeiu Theorem as follows.

Theorem 8.2. [20] Let Q C R be a bounded region with smooth boundary in R’
Suppose f : QQ — Cl,, is a C* function on 2 with a continuous extension to the closure of

Q. Then for y € ), we have

fo) = T [ (Bl @) - Pyt o) doto)
I BV @) - Pl ) e

When f is a hypermonogenic function,

2n—1yn—1

Wn+1

f(v) /8 (B@)nla) (@) = Fla, i) f(o) do(o).
In particular, if f EV(z1 (9,Cl,), then
fly) = - E [ (Bt 1) - (o) 37,

wn+1

in other words, TTM = I. If we apply the hyperbolic Dirac operator M on both sides of the

68



equation, we can easily obtain MT = I.

8.2 (CONSTRUCTION OF THE HYPERBOLIC [I-OPERATOR

It is well known that in complex analysis, the II-operator can be realized as the
composition of d; and the Cauchy transform. As the generalization to higher dimension in

Clifford algebra, we have the IT-operator in R" defined as follows.

Definition 8.1. The hyperbolic TT-operator in R is defined as
I, = MT.

The following are some well known properties for the II,-operator.
Theorem 8.3. Suppose f GI/IO/;“ (Q) (1 <p<oo,k>1), then
1. MI,f = Mf{,
2. M [ =Mf—MPFsf,
3. Fpollyf = (I, — TM) {,
4. MII,f — M f = MFyqf.

The proof is a straight forward calculation.
The following decomposition of L?*(£2,Cl,) helps us to observe that the IT-operator
actually maps L*(Q,Cl,,) to L*(Q,Cl,).

Theorem 8.4. (Decomposition of L*(Q,Cl,))
L3(Q,Cl,) = L2(9,Cly) N KerM @ M(W,) (9,CL)),

and

L*(Q,Cl,) = L*(Q,Cl,) N KerM & M(W,} (2,Cl,)).
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The proof is similar to Theorem 1 in [25]. Notice that

I,(L*(Q,Cl,) N KerM) = L*(Q,Cl,) N KerM,

T, (M (W} (9,ClL)) = FE(WE (.CL).

Hence, IT;, maps L*(Q,Cl,) to L*(Q,Cl,).

One key property of the IT-operator is that it is an L? isometry, in other words,

Theorem 8.5. For functions in L*(Q,Cl,), we have

"Il = 1.

Proof. Let f € L*(Q,Cl,) with compact support,

(MTf,MTf)=—(Tf,MMTf) = —(Tf, MMTf)

= (MTf,MTf)=(f,[)

(U f, I f)

Here we use M = —M. ]

To complete this section, we give the example of the II,-operator solving the hyperbolic
Beltrami equation. Let Q2 C ]RTLI, q: 2 — Cl,, a bounded measurable function and

w : 2 — Cl, be a sufficiently smooth function. The generalized Beltrami equation

Mw=qgMw

could be transformed into an integral equation

h = q(M¢ + II,h)
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by substitute w = Th + ¢, where ¢ is an arbitrary hypermonogenic function as follows.
M(Th+ ¢) =h=qM(Th+ ¢) = q(M¢ + MTh) = q(M¢ + I1,,h).

By the Banach fixed point theory, this equation could have a unique solution if
1

lall < qo0 < m, with ¢ being a constant. With such unique fuction h, w = Th + ¢ is the
h

unique solution of the Hyperbolic Beltrami equation.

9 [I-Operator in Higher Spin Spaces

All our previous work is on classical Clifford analysis, which is centered around the study
of functions on R™ taking values in Clifford numbers. Several authors have been studying
generalizations of classical Clifford analysis techniques to the so-called higher spin spaces.
This concerns the study of higher spin operators acting on functions on R", taking values
in arbitrary irreducible representations of Spin(n). In Clifford analysis, these arbitrary
irreducible representations are traditionally defined in terms of polynomial spaces
satisfying certain differential equations. More specifically, the choices for the higher spin

spaces are the following.
e H;: k-homogeneous harmonic polynomial space,
e My k-homogeneous monogenic polynomial space.

The generalization of the Euclidean Dirac operator in higher spin space is called
Rarita-Schwinger operator. This was first studied systematically by Bures et al. ([6]) as the
first order conformally invariant differential operator in 2002. It has the following analytic

construction. Recall the Almansi-Fischer decomposition

Hi = My @ uMy_;.
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We define P as the projection map

Suppose U is a domain in R" = span{ey,--- ,e,}. Consider f : U x R" — Cl,,, such that
for each x € U, f(x,u) is a left monogenic polynomial homogeneous of degree k in u. The

Rarita-Schwinger operator is defined as follows

uD,

+ 1) Dy f(z,u),

where D, = >""" | €;0,, is the Dirac operator in variable z. We also have a right projection
Py, : Hj — My, and a right Rarita-Schwinger operator Ry, = D, P, See [6, 17].

Let Zy(u,v) be the reproducing kernel for M, in the sense that

fo) = /S  Zalw ) f(w)dS(w), for all f(u) € My.

Then the fundamental solution for Ry is given by

1 T TULT

Ek(x7u7v) = Zk<||$||27v)7

wncy |||

where ¢, = and w, is the surface area of the unit sphere S*!, see [6, 17].

n—2
n+2k—2
As the generalization of the Dirac operator, Rarita-Schwinger operator also has Stokes’

theorem as follows.

Theorem 9.1 ([17]). (Stokes’ theorem for Ry)

Let ' and Q be domains in R™ and suppose the closure of Q) lies in Q). Further suppose
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the closure of 0 is compact and 0N is piecewise smooth. Let f,g € C1 (Y, My,). Then

/Q (90, @) Ri £ (1, 0)) + (gl ), RiF (@) da”
- / (9@ u). dos f (1)),
o0

where do, = n(x)do(z), do(x) is the area element. (P(u), Q(w))y = [gu—1 P(u)Q(u)dS(u)

1s the inner product for any pair of Cl,-valued polynomials.

9.1 CONSTRUCTION OF THE HIGHER SPIN II-OPERATOR

The idea to construct a Il-operator in higher spin spaces is similar as in Section 4.5. Before
we give the definition of our II-operator in higher spin spaces, we need some preliminary
work and technical lemmas.

Assume 2 is a domain in R", with the fundamental solution for Rj, we can define an

integral operator as follows.

T5.0) = [ (Ao =y f@ade = [ [ B = ofendsd

This integral operator has been shown as the inverse of Ry (RyT = TRy, = Id) for
f(z,u) € C*(R", M}) with compact support in the variable z, see [17].
Let f(z,u), g(z,u) € C>(Q2, M) with compact support in the variable x. The inner

product is given by

(f,g) = / T, o w)uds™

Then we claim that
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Lemma 9.2.

i} _ — uD,

Proof. Let f(x,u), g(x,u) € C>®(Q, M},) with compact support in the variable x, where

) C R" is a domain. Then, from the Stokes’” Theorem for Ry, we can see that

/ (900 R (2, 0)) o™ = — / (90, @), Ruf (2, 0))uda™,
Q Q

since the integral over the boundary vanishes because of the compact support of f and ¢ in

variable z. Next, we consider

(f (2, 0), Reg(ar, ) = / (e ), Reg(, u))uda”

Q

= —/(f(x,U)Rk,g(%U))udx” = —/(R_kf(x,U),g(I,U))udx”
Q Q

= (—Rif.9).

This completes the proof. O

To prove our IT-operator is isometric for f(z,u) € L*(R", M},) with compact support in

the variable z, we need the following theorems and technique lemmas.

Theorem 9.3. [17]

J[[ e ), Bef ) = 100

for each f € C®(R™, My,) with compact support in varaible x.

Notice that Ry f(x,u) € C*°(R", My) if f € C*(R", M}) with compact support in the

variable x. Hence, the theorem above tells us that T'f € C*°(R", M) as well.
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Theorem 9.4. ([17]) R Tf = [ for f € C°(R", My) with compact support in the variable

T. 1.e.

R [[ (Bula = .0, 5o, 0)ds” = Fly.0)

From the proof of the previous theorem in [17], we observed the following fact, which is

critical in our argument for Theorem 9.6 below.

Lemma 9.5. D,Tf = f for f € C®(R", My,) with compact support in the variable x. i.e.

D, [ (Buta =~ you.0). flaw)ude” = f0.0).

Now, we are ready to give our L? isometric II-operator as follows.

R, T.

n+2k—2

Definition 9.1. The II-operator in higher spin spaces is defined by Il = /3~ 16

Note the constant in our definition allows the IT-operator to be isometric when acting

on each f(z,u) € L*(R", M) with compact support in the variable z.

Theorem 9.6. II is isometric for f(x,u) € L*(R™, My) with compact support in the

variable x.

Proof. Let f(z,u),g(z,u) € C°(R", M}) with compact support in the variable x, then we

have

3n+4k —6

The last identity comes from Lemma 9.2. Since Rj, = P.D, = Dyﬁk, the previous equation

is equal to

- / (Tf, P.D,D,B,Tg),dy" = — / (Tf, PiAy P Tg),dy" = — / (Tf, AP PTg),dy". (4)

n n
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Next, we will show the relation between P, and Pj. Recall that

UDU = _Ev + Z Fi,jeiej

1<i<j<n

where E, = Z?:l v;0,, 1s the Euler operator and I'; ; = v;0,, — v;0,, is the angular

momentum operator. Hence,

vD, =-E,— Y Tjjeie; =—vD, —2E,

1<i<j<n
Thus,
— vD —vD, — 2 2
Po=14+— " —=1+—— " =P +2-——"—.
S V) ot 2k — 2 ke ok — 2

Now we consider the term P,P,Tg in (4). Since g(z,u) € C®(R™, M) has compact
support in the variable z, Theorem 9.3 tells us that T'g € C*°(R", My) and P,Tg = Tg.

On the other hand, from the argument in page 5 in [17], we know that

Tg(y,v) = /n(Ek(x —y,u,v),g(z,u)),dx"

has degree 2 — k — m in the variable v. Hence

2E
P.P.T = P(-P4+2— ——" )T
P19 (y, v) (=Pt 2 - 5 )Ty, v)
9K, 3n + 4k — 6
- (- —= 7 R .
(= or =) T, v) = =5 To(y,v)

76



Therefore, equation (4) is equal to

_n+2k—2 /Rn<Tf7AyTg)vdy :_n+2k_2 /Rn<Tf7DyDyTg)vdy
3n+dk—6 [ 3n + 4k — 6

= T [ (TF D, D,Tg)dy" = =D, Tf, D, T
n+2k—2 /R”( f v Y g) Yy n+2k._2< Yy f Y g)
3n+4k —6

= avoa 9

The last equation comes from Lemma 9.5. Since C*(R", M}) with compact support is

dense in L*(R"™, M}). This completes the proof. O

To conclude this section, we give the example of the II-operator solving the higher spin
Beltrami equation. Let Q C R", q: 2 — M} a bounded measurable function and

w: ) — Mj be a sufficiently smooth function. The generalized Beltrami equation
Riw = qRjw

could be transformed into an integral equation by substitute w = Th + ¢. The integral
equation is

where ¢ is an arbitrary function such that Ry¢ = 0. By the Banach fixed point theory, this

1
equation could have a unique solution if ||¢g|| < go < m, with ¢ being a constant. Hence,

w = ¢ + Th is the solution to the Beltrami equation.

9.2 AHLFORS-BEURLING TYPE INEQUALITY

In 1950, Ahlfors and Buerling gave an inequality in [1], which states that

1 d\ 1 1
%/)(C—a‘ < (g X%

7



where X is a compact subset of the complex plane C and A is the two-dimensional
Lebesgue measure. This inequality provides an important tool to study rational
approximation [7, 22]. Putinar proved a generalization of the Ahlfors-Beurling Inequality in

[37], which states that

1/2| 1/2

o= [ 2 < il
21 Jo G — B 2\/_

where ¢ is a nonnegative function and ¢ € L*(C) N L>(C). This inequality gives an
estimate of Cauchy transformation in the complex plane. In 1998, Martin extended

Putinar’s result to higher dimensional spaces. His result gives a uniform estimates of

higher-dimensional Cauchy transforms, which states as follows:

G * f(2)] < an|l FI/ V) e,

where f € LY(R™ R) N L>*(R",R), z € R*™, and a,, is a constant depending on the subset
B" = {z € R", |z| <1} and K" = {z € R", |z["™! < z0}. For more details see [33].

Our goal is to generalize the Ahlfors-Beurling inequality to higher spin spaces, to give a
uniform estimate of the convolution type operator, which is a generalization of the Cauchy

transformation in higher spin spaces.

Theorem 9.7. Let f € L'(R", M) N L>®(R", My,), then for each fived y € R™, we have
|Ex * f(y,v)||o is bounded, where || f(x,v)], = fSn Flz,v)ds(v))2, and By, is the

fundamental solution of the Rarita-Schwinger operator Rj.
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Proof. Since

1By % fly o) = / 1By * fllody™
R?’L

Ll T—y (z — y)u(z —y) s () da
||Ek f”’U - || en Jon ||Z)3—y||nZk< ||J]—y||n ,U)f(flf, >d5< )d:U Hv
J (x—y)u(.r—y)v x,u)l||,ds(u)dx™
< [ ] |$_y||nz< e e ) o) ds(a)

B /n /n\/ ||J;_y||2n f(x7“)f(xa“))2/Sn(Zk(U,U)Zk(U,v)ds(v))st(u)dx”

B /n /n \/ ||£C _ yHQn f(x,u)f(x,u))ﬁ . ||Zk||d8(u)dx

Notice that || Z;|| < dimM(R™"1), similar proof can be in Proposition 5.27 in [2]. Let

C = dimM(R"*Y), then [, Zy(u,v)Zy(u,v)ds(v) < C - Area(S"). Then

c—— [ s UG s

w1 Jre [l —yl"

< ot /n, ! ([ S f st >>%</ 1ds(u))Fda”

w1 Jre [l —yl" sn

1
< C/ ——— || f(x,u) [ dx".
1 an ||I'—yHn_1H ( )H

1 1
Notice that / || f (7, u)||.dz" = / — |l f(z — y,u)|[dz", then let
re [lz —yll" re ||

Ks ={z e R, ||z|| <d}. We have

| e = v e
1
-/ 5<Han,I— sl =y lude” + [l e

/ o Hanf( — g, ) lud”,
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Let || f(z,u)||, = ¥(x), we can observe that

1 n 1 L.,
/Kg( -1 5n 1)||f( y,U)Hudl' S ||77/}||oo /K(;(”mHnl o 5n—1)dm : (*)

]|

Let © = (pcosB)ey + (psind)w, where w € S*,p > 0,0 < 0 < 7, the (%) is equal to

||?/)||oo/sn 1/ / — 5n )" Y(sinf)"2dpdfdo(w)
n—1
= oz . L[ simar—ra [0

" 1
/ (sinf)"~2df - "
0

n

J.

= [l

n—1

Since

1 T 1
V(K;s) = / / / L(sind)"*dpdfdo(w) = / (5ind)"~2d6 - =",
S§n—1 wn,1 0 n

the previous equation becomes

/K - Hanf( g )l < ([ |oe(n — )5V (K),

and

)| |uda” + / " ”nlnf( )|

IN

) |luda™ + / 1£( — g, 0)lluda™)
K¥

[9llz-
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Combining both equalities we obtain the following:

/R #Ilf(w =y ) [ludz” < 6" ([[Plloo(n — DV (Ks) + [[¥]]1)-

o
Notice the volume of subset V(K;) = §"V(B), where B is the unit ball in R"*!. Taking

K221 | PR
0 = (—=——-——)n, we finally have
Y@

| el = g s
R

o

n—1 1 n—1 n-1 1 n—1
< nV(B) =~ |[Yl[F[[dlles =nV(B) = [If7][flle -

Therefore, ||Ey * f(y,v)||z: is bounded by || f|lx and || f]|co-
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