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Abstract

We define a family of functions, called s-multiplicity for each s > 0, that interpolates
between Hilbert-Samuel multiplicity and Hilbert-Kunz multiplicity by comparing powers of
ideals to the Frobenius powers of ideals. The function is continuous in s, and its value is
equal to Hilbert-Samuel multiplicity for small values of s and is equal to Hilbert-Kunz
multiplicity for large values of s. We prove that it has an associativity formula generalizing
the associativity formulas for Hilbert-Samuel and Hilbert-Kunz multiplicity. We also define
a family of closures, called s-closures, such that if two ideals have the same s-closure then
they have the same s-multiplicity, and the converse holds under mild conditions. We
describe methods for computing the F-threshold, the s-multiplicity, and the s-closure of

monomial ideals in toric rings using the geometry of the cone defining the ring.
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1 Introduction

Hilbert-Samuel multiplicity gives us information about the asymptotic behavior of the
powers of an ideal. Given a local ring (R, m) and an m-primary ideal I of R, one studies
the modules R/I™ for n € N. In particular, one considers the Hilbert function
n— AR/I"), where \(M) is the length of the R-module M. The Hilbert function is
eventually polynomial, i.e. there exists a polynomial P(n) with rational coefficients such
that P(n) = A(R/I") for n > 0. We call P(n) the Hilbert-Samuel polynomial of I. The
degree of P(n) is equal to the dimension of R, and furthermore the leading coefficient of
P(n) is of the form %, where e(]) is a positive integer and d = dim R. This number e(])
is called the Hilbert-Samuel multiplicity of I.

We can compute the Hilbert-Samuel multiplicity as a limit, which allows us to use

some analytic methods in its study. For a d-dimensional local ring (R, m) and m-primary

ideal I of R, the Hilbert-Samuel multiplicity of I is

e(I) = tim S ALY

n—oo nd

Hilbert-Samuel multiplicity is also relevant in the study of integral closure. If (R, m) is
a local ring and I and J are m-primary ideals that have the same integral closure, then 1
and J have the same Hilbert-Samuel multiplicity. On the other hand, a theorem of Rees
states that under mild conditions, if I C J and e(I) = e(J), then I and J have the same
integral closure.

When we work in a local ring (R, m) with positive characteristic p, we can define a
similar number attached to an m-primary ideal I using the Frobenius powers instead of the

ordinary powers. In particular, we can study the Hilbert-Kunz multiplicity of an ideal I,

defined by
MR/IP]

e—r00 ped ’

where d is the dimension of the ring and I'?) is the ideal generated by the p°-th powers of
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the generators of I. The Hilbert-Kunz multiplicity is related to tight closure, as defined by
Hochster and Huneke [4], similarly to how Hilbert-Samuel multiplicity is related to integral
closure. Precisely, if I and J are m-primary ideals in a local ring (R, m) that have the same
tight closure, then they have the same Hilbert-Kunz multiplicity, and the converse holds
under mild conditions.

In this thesis we define a parameterized family of multiplicities that interpolate
between Hilbert-Samuel and Hilbert-Kunz multiplicities. This family is parameterized by a

positive real number s, and we call it the s-multiplicity.

Definition 1.0.1 (Definitions 3.3.2 and 3.5.1). Let (R, m) be a local ring of characteristic
p > 0 and of dimension d, and let I be an m-primary ideal of R. For each real number
s > 0, the s-multiplicity of I is

)\(R/(ﬂsp"ﬂ + ][pﬂ))
s(I):= 1 ,
(& ( ) eggo p‘id,Hs(d)

where H,(d) LZJ: %)i (4) (s — i)

=0

We establish many properties of the function ez (/), the most important of which are
summarized below, and which show that the s-multiplicity is a good choice of interpolation

between Hilbert-Samuel and Hilbert-Kunz multiplicity.

Theorem 1.0.2. Let (R, m) be a local ring of characteristic p > 0 and of dimension d, and

let I be an m-primary ideal of R.

1. (Theorem 3.3.1) The s-multiplicity es(I) exists for all s > 0.

2. (Corollary 3.5.2) For s <1, es(I) =e(I), and for s > d, es(I) = egr(I).

3. (Corollary 3.5.2) If R is reqular, then es(m) =1 for all s.

4. (Corollary 3.5.4) For each s, es(I) has an associativity formula generalizing the ones

for Hilbert-Samuel and Hilbert-Kunz multiplicity.
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5. (Corollary 3.5.3) es(I) is Lipschitz continuous in s.

The first four parts of this theorem show that the s-multiplicity fulfills the properties
that we would want out of a function designed to translate between the Hilbert-Samuel and
Hilbert-Kunz multiplicities. Since we define the s-multiplicity using a limit, Item 1 is
necessary in order for us to know that the function we're studying is well-defined. Its proof
is fairly technical, though Lemma 3.2.1, which details the generators of finite length
modules, is of independent interest. Item 2 shows that the s-multiplicity does indeed
interpolate between the Hilbert-Samuel and Hilbert-Kunz multiplicities, capturing both of
their behaviors at different points on its domain. Item 3 shows that the s-multiplicity
behaves like the Hilbert-Samuel and Hilbert-Kunz multiplicities when computing it at the
maximal ideal in a regular local ring, while Item 4 often reduces the problem of computing
the s-multiplicity to the domain case, just as the associativity formulas for the other
multiplicities do.

Item 5 deals with the intermediate values of s between those described in Item 2. It
shows that the behavior of the s-multiplicity, as a function of s, cannot be too pathological.
In fact, the derivative with respect to s exists almost everywhere and is bounded. This
result is essential to establishing the associativity formula mentioned above.

Understanding the way in which the s-multiplicity interpolates between the
Hilbert-Samuel and Hilbert-Kunz multiplicities requires understanding how ordinary
powers and Frobenius powers of ideals interact with each other. The F-threshold is a
number attached to a pair of ideals I and J in a ring of positive characteristic. Roughly
speaking, the F-threshold of I with respect to J is the infimum of those numbers s such
that 1°7° C JP] for all sufficiently large e. When the ring is regular local, the F-threshold
with respect to the maximal ideal is equal to another measure called the F-pure threshold,
which in turn is related to the log canonical threshold, the latter two of which can be used
to describe the singularities of the geometry of the ring.

It naturally arises that we wish to consider a dual notion to the F-threshold, that is,



the supremum of those numbers s such that JPT C I°P° for all sufficiently large e. In this
thesis, we call this number the F-limbus, and prove some properties of it that help us
understand the s-multiplicity.

As mentioned previously, the Hilbert-Samuel multiplicity is related to integral closure
in the following way: Suppose I and J are m-primary ideals in a local ring (R, m). If
I =J, then e(I) = e(J), where I indicates the integral closure of I. Similarly, if I* = J*,
then ey (/) = ey (J), where I* indicates the tight closure of I. We construct a family of
closures, called s-closures, by combining the definitions of integral and tight closures. We
use the notation I to denote the s-closure of I, and define it as follows An element x € R
is in the weak s-closure of I, denoted IV, if there exists an element ¢ € R, not in any
minimal prime, such that cz?® € 1Tl 4 IP] for all sufficiently large e. We define the

w.clg

s-closure of I to be the ideal at which the increasing chain I C [ weels C (I W'Cls) cC...
stabilizes.

The s-closure translates between integral closure and tight closure as s increases. In
particular, I°" = and I = I* when s is large. If s < &, then I D [ In addition,
there are often infinitely many distinct s-closures between integral closure and tight

closure. Our main result related to s-closures is the following theorem, which describes

precisely the relationship between s-multiplicity and s-closure.

Theorem 1.0.3 (Theorem 4.2.1). If I and J are m-primary ideals in a local ring (R, m) of
characteristic p > 0 and 1% = J% then e (I) = e,(J). Furthermore, if I C J and R is an

F'-finite complete domain, the converse holds.

In the final section of this thesis, we provide efficient methods of computing the
F-threshold, F-limbus, s-multiplicities, and s-closures for monomials ideals in affine
semigroup rings. In each case, we use the geometry of the cone defining the semigroup to
realize these numbers as ratios of lengths or volumes in Euclidean space.

Some results of in this thesis have appeared in the literature as the author’s paper [12].



2 Rings of Positive Characteristic

Of primary concern for us are ideals and modules over rings of characteristic p, where p > 0
is a positive prime number. If x,y € R and R is a ring of characteristic p, we have that

(z +y)? = aP + yP, since p divides (?) for 1 <4 < p — 1. In particular, this means the
Frobenius endomorphism F : R — R, defined by F(x) = 2P, is a ring homomorphism, and

that (z + y)? = 27 + y?, where ¢ = p° for any e € N.

2.1 FROBENIUS POWERS OF IDEALS

In a ring of positive characteristic one often considers a new type of function on ideals that

behaves like ordinary powers in certain ways but has distinct properties of its own.

Definition 2.1.1. Let [ be an ideal of a ring R of characteristic p, and let ¢ = p° for some
e € N. The ideal 19 := (f7| f € I) is called the q-th Frobenius power (or q-th bracket

power) of 1.

At first glance, it is unclear why the number ¢ in Definition 2.1.1 should depend on the

characteristic of R. However, this dependence is quite important.
Proposition 2.1.2. Let I be an ideal of a ring R. For anyn € N, nl- 1" C (f"| f € I).

Proof. Let f1,..., f, € I. By the inclusion-exclusion principle,

(f1+"'+fn)n: Z <a1 n CL) fl.'.fsn

> aj=n
. n a a
—alf £t Y (a a) oL o
izlzqizn 1y---5Un

0 I B L ]

1<tz Y a;=n
CL,L'1 =(li2 =0



Each term after the first in the sum above is of the form

which shows that n!- fi--- f, € (f"| f € I). O

Corollary 2.1.3. Let I be an ideal of a ring R and let n € N. If n! is invertible in R then
(frlfel)=1"

Proof. The inclusion “C” is obvious. By Proposition 2.1.2, I" C & - (n!- 1) C (f"| f € I),

which proves the other direction. O

Corollary 2.1.3 shows that defining a “bracket power” only returns the ordinary powers
in the case that R contains a field of characteristic 0. On the other hand, working in rings
of positive characteristic and taking bracket powers with powers of the characteristic allows

us to simplify the description and computation of them significantly.

Proposition 2.1.4. Let I be an ideal of a ring R of characteristic p, and let ¢ be a power

of p. If I = (f1,..., fn) for some fi € R, then 14 = (..., f9).

Proof. Clearly, (f{,...,f?) C I4. For the other inclusion, let f € I. There exist

r1,...,m, € Rsuch that f =r{f; +--- 4+ r,f,. Therefore

fq:(rlfl—l—+Tnfn)q:7ﬂ§f{]++Tgfg€(ffvfg>

Hence 19 C (f2,... f9). O

The ideals 7@ and 17 are very different in general. For example, if I = (z,y) C k[, 1],
where k is a field of characteristic 3, then I = (2%, 2%y, zy?, 3°) but 1P = (23, 4%).
Nevertheless, we will often exploit various containment relationships between ordinary and

bracket powers.



Lemma 2.1.5. Let [ = (f1,..., fm) be an ideal of a ring R of characteristic p > 0. For

every power q of p, I™e~D+1 C [la C J9.

Proof. The inclusion 119 C I? is immediate. For the other inclusion, the ideal "™~ D+1 ig
generated by elements of the form f"* --- f% with Y a; = m(q — 1) + 1. Therefore a; > ¢

for some 4, and so fi --- fom € [, O
Bracket powers and ordinary powers of ideals also interact in predicable ways.

Lemma 2.1.6. Let I be an ideal of a ring R of characterstic p > 0. For every n € N, and

q a power of p, (I”)[q] = (I[‘ﬂ)n.

Proof. Let f1,..., f be a set of generators for /. We have that

(") = ((ffl---f%’”)” D> =n> = ((ff)“l---(f%)“m [ =n> = ()" O

Also, bracket powers interact with each other analogously to ordinary powers. We use

the notation F'¢ for the eth iterate of the function F.

Lemma 2.1.7. Let I be an ideal of a ring R of characterstic p > 0. For every pair of

powers q,q" of p, ([[q])[q/} — Jlaa7,

Proof. Let ¢ = p® and ¢ = p®. We have that !9 = F¢(I)R, and therefore
(Ilhld] = F'(Fe(I)R)R = Fet¢' (I)R = 1149 O

2.2 p °-LINEAR MAPS

The fact that the Frobenius map and its iterates are ring homomorphisms means that we
can consider R as a module over itself with an action induced by the Frobenius map. To
make notation easier, we write the module with the new action as F°R, where e € N. As a
set, we write F*R = {Ffx | x € R}, and as an additive group it is isomorphic to R. That

is, for x,y € R, we have that Ffx + Ffy = F¢(x + y).



The distinctive property of FER is the action of R upon it. To be precise, for z € R
and Ffy € F°R, we have that x - Fy = F¢(2""y). The bracket powers defined in the
previous section can be characterized using this new structure as well. If [ is an ideal of R,
then I - F°R = FeIPl,

A common technique when studying rings of postive characteristic is to study maps,
i.e. R-module homomorphisms, into and out of F¢R. Of particular interest to us will be

the p~¢-linear maps.

Definition 2.2.1. Let R be a ring of positive characteristic, and let e € N. We call an

R-module homomorphism ¢ : FYR — R a p~¢-linear map.

The p~¢ linear maps on R have certain basic but useful properties that we use in a

later section.

Lemma 2.2.2. Let R be a ring of characteristicp >0, e € N, x,y € R, I and J be ideals

of R, and ¢ : FYR — R be a p—°-linear map. The following hold.
Loz o(Foy) = o(Fe(a?"y)).
2. [+ (Fed) = o(FE(I¥1)).
3. If I C J¥I, then p(F°I) C J.
Proof. The first item combines the definition of the R-action on F¢R with the condition

that ¢ be an R-module homomorphism:

z-p(Foy) = oz - Fiy) = o(Fi(ay)).

The second item is similar, once we note that the additivity of ¢ is also guaranteed since it



is an R-module homomorphism. If I = (fi,..., f,n) and J = (g1, ..., 9n), then

I-o(FSJ) = Zfz-so (Ff (Z gz-R)) = Zsa (Ff (Z ffegiR>>
= (Ff (Z > f%ﬂ)) = o(Fe(1¥1)).

i=1 j=1

The third item is a consequence of the second:
P(FCT) C p(FEJ) = ] o(FER) C J. =

2.3 THE F-THRESHOLD

An immediate consequence of Lemma 2.1.5 is the fact that for any power ¢ of p, if I C v/J,
then there exists some n such that 1™ C J9. Conversely, if J C v/, then there exists some
n such that J4 C ™. These relationships inspire the definition of two numerical values
relating I and J together. The following definition was proposed by Mustata, Takagi, and
Watanabe, and the existence of the limit was proved by De Stefani, Nunez-Betancourt, and

Pérez.

Definition 2.3.1. ([7]) Let I and J be ideals of a ring R with characteristic p > 0. For ¢ a
power of p, let v7(q) = sup {n eN|I"Z J[Q]}. The F'-threshold of I with respect to J,

o ; - vi(9)
when it exists, is given by ¢’ (I) := lim :
g—oo

Theorem 2.3.2. ([1]) Suppose I and J are as in Definition 2.3.1. The F-threshold ¢’ (I)

exists.

For us, the primary application of the F-threshold will be the following observation: if

s > ¢’(I), then for all ¢ sufficiently large, 17571 C Jld,

Example 2.3.3. Let R = k[z1,..., x4}, let I = (z7*,...,25"), a; > 0 and let

J= (b, ..., 2%), b; > 0. For q a power of p = char(k), J9 = (z2 .. ,xgbd), and for



neN, I" = (2 .- 2h4% | n; € N, Y n; = n). Now I" € J if and only if there exist n;

with > n; = n and for each i, n;a; < qb;, i.e. n; < [gb;/a;] — 1. Therefore,

Hence,

J : =1 | a '
Nn=1 _\ 2
Rl St B
Example 2.3.4. Let R = k[z,y, z,w|/(zy — zw), and let [ = (x,y, z,w). If q is a power of
p = char(k), then we claim that [2¢~' C I9). The ideal 1?~! is generated by elements of

bzew?, with a + b+ ¢+ d = 2q — 1. Without loss of generality we can assume

the form z%y
that a < b and ¢ < d. Since a+ b+ ¢+ d = 2¢ — 1, we must have that either a + d > q or

b+c>q. lfa+d > q, then

xaybzc,wd _ yb—aza+cwa+d c I[q}

If b+ ¢ > q, then

ZL’abede _ xa—l—cyb-l—cwd—c c ][q}

Therefore 1241 C Jld,

Now we claim that 297 'y9~! ¢ I9. We can give R an N?-graded ring structure by
setting degx = deg z = (1,0) and degy = degw = (0,1). Under this grading, ' is a
homogeneous ideal generated by elements of degree (¢,0) and (0, q). Therefore, any element
of I is a sum of terms of degree (¢, u) with either ¢t > q or u > ¢q. Hence 27 'y9~!, which is
homogeneous of degree (¢ — 1,¢q — 1), is not an element of 719, Therefore 1242 ¢ 19,

I
We have now shown that v/(q) = 2¢ — 2, and therefore ¢!(I) = lim vi(9)

q—o0 q

= 2.

Example 2.3.5. Let n > 1 and R = klz,y, 2]/(zy — 2"1), let I = (2°2,22%) and

J = (2°2*). We claim that ¢/(I) = max{2, 222} Let ¢ be a power of p and set

10



_ 3n+5
N = max{2q, fn+5 1}
(N—i) yi+a(N— 4N AN=3i £ come

Fix a generator of IV, which is of the form z°* )=z
0 <i< N. Since N > 2q, we have that 4N — 3i > N > 2q. Set j € N the greatest integer

such that 4N — 3i — (n + 1)j > 2¢. In this case we have that

M+N+j>M+N+££1%;ﬁ—1

n+1
_4iln+1)+(n+5)N —-3i—2¢—(n+1)
B n+1
- 4iln+1)—=3i+Bn+5)g—2¢— (n+1)
- n+1
_idn+1)+3(n+1)g— (n+1)
N n+1

> 3q — 1.

Since 41 + N + j is an integer strictly greater than 3¢ — 1, it is at least 3¢. Therefore, we
have that 4+N AN=3i — pAi+N+jyi AN=3i=(n+1)j ¢ (334,20) = Jl4. Hence
IN C (2%1220) = Jl and so v{(q) < N — 1.

Now consider the ideal IV~!. We have that either N = 2q or N = f?’n”—j;q} Suppose

N = 2q. We may give R an N-graded ring structure by setting degx = 0, degy =n + 1,

and deg z = 1. Given this grading, J¥ = (2%1229) is generated by an element of degree 2q.

However, the ideal IV=' contains z°™~Y2N=1 an element of degree 2¢ — 1. Therefore
IN-t g Jld.
Now suppose that N = [%cﬂ we may give R an N-graded ring structure by setting

degz =n+1, degy = 0, and deg z = 1. Given this grading, JI9 = (2392%9) is generated by
an element of degree 3q(n + 1) + 2¢ = (3n + 5)q. However, the ideal IV~! contains

aN=124N=1 “an element of degree

MA6XN—D:%n+@<F?j;4—J)<(n+®-?j§q:@n+@q

Therefore IN= ¢ Jjla,

11



Hence we have shown that v/ (q) = max{2q, [2*t3¢]} — 1, and therefore

n+5 q
/(1) = max{2, [2242]}.

Some basic properties of F-thresholds are summarized in the following result.

Proposition 2.3.6. Let I,1',J,.J be ideals of a ring R of characteristic p > 0. The
following hold.

(i) If I Z /J then ¢’ (I) = oo, and if J = R then ¢’ (I) = —co.
(i) If I C v/ J # R then 0 < ¢/ (I) < .
(iii) If I C1' and J D J', then ¢’ (1) < 7' (I').

(iv) If S is an R-algebra, then ¢’°(1S) < ¢/(I). If futhermore S is faithfully flat over R,
then equality holds.

(v) If W is a multiplicative system of R such that W N Uyeas(ry i) P = 0 for infinitely
many powers q of p, then ¢’ (I) = cW_lJ(W_II).

(vi) If I' is a reduction of I, then ¢’ (I) = ¢’ (I").
(vii) If I" C J4 and I has a reduction generated by m elements, then ¢’ (I) < o

~ - n J n-dim R
(viii) If (R,m) is a local ring and I™ C J9 then ¢/ (I) < e

Proof. Throughout, let ¢ stand for a power of p.

For part (i), note that if I Z v/J, then v{(q) = oo for all ¢ and so c;(I) = co. If J = R

then v7(q) = —oco for all ¢ and so ¢/(I) = —c0.

For part (ii), for all ¢, 0 < v{(g) and so ¢/(I) > 0. The proof of the existence of ¢/(I)

in [1, Theorem 3.4] shows also that ¢’/(I) < oo in this case.

For part (iii), the inequality v{(¢) < v}/ (¢) is immediate for all ¢ from the definition,
and so ¢/(I) < (1)

12



For part (iv), note that if I™ C J9, then (IS)" = I"S C JlS C (JS)l, so
v (q) < v{(q) for all . Suppose S is faithfully flat over R and (1.9)" C (JS)l4. By the
flatness of S we have that

IS+ (S 1+ gl
0= Jo@ - gaw ©R S

and by the faithful flatness of S we have that (I" + J)/Jl4 = 0, hence I C Jl4. Thus
vi(q) < vig(q) for all q.

For part (v), let ¢ be such that W N U, pumysian P = 0. 1 (W)™ C (W), then
there exists w € W such that wI™ C JW4. Since w is not a zerodivisor on R/J[q], I C Jl,
Hence v{(q) < v}V "17(g), and so ¢’ (I) < V(W ~LI). Part (iv) gives the other inequality.

For part (vi), let w be the reduction number of I with respect to I’. We have that
[ @tite ]“’(I’)”IJ/ (@+1 C Jld. Combining this with part (iii), we have that
vi(q) < vi(q) < v{(q) +w. Dividing all terms by ¢ and taking the limit as ¢ goes to
infinity gives the result.

For part (vii), first note that by part (vi) we may assume that I is generated by m

elements. Second, by Lemma 2.1.5, for any power ¢’ of p we have that J™(¢~D+! C fla'],

and then by Lemma 2.1.6, we have that
Jrim(@’=1+1) _ <]m(f/—1)+1>n C <[[q’]>n - ([")[q’} C Jlad'l

Therefore v (qq') < n(m(¢ —1)+1) — 1.
For part (viii), the extension R C S = R[X]ug[x] is faithfully flat. Since S has infinite
residue field, IS has a reduction generated by at most dim .S = dim R elements. Therefore,

the conclusion follows by parts (iv) and (vii). O
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2.4 THE F-LIMBUS

A sort of dual notion to the F-threshold can be obtained by reversing the noncontainment
condition in Theorem 2.3.2. So far, this limit does not appear in the literature, and so its
existence and basic properties will be proved below. In particular, the proof if its existence

is very similar to the proof of the existence of the F-threshold in [1].

Definition 2.4.1. Let [ and J be ideals of a ring R with characteristic p > 0. For g a
power of p, let uf(g) = inf {n eN|Jld g I”}. The F-limbus of I with respect to J, when

J
it exists, is given by b7(I) := lim ol (q)

q—o0 q

Theorem 2.4.2. Suppose I and J are as in Definition 2.4.1. The F-limbus b”(I) emists.

Proof. Tt J € /I, then ph(q) = 1 for all ¢ and so b’(I) = 0. If I = R, then pu}(q) = oo for
all ¢, and so b’(I) = co. Suppose that J C /I # R. Let ¢ and ¢’ be powers of p. We have

/ / , d] ,
that Jl471 = (J[‘”)[q] C ([“{(‘1 )_1> C J97(@)=4 and so wi(qq) > qui(q’) — q. Therefore,

J J / J AN 1 J N 1
q—00 q q—00 qq’ q—00 q q
J J N 1 J /
Hence lim inf “C% @) > lim sup M = lim sup M and so the limit defining b7 (1)
q—o0 q q'—0o0 q ¢ —o0 q
exists. ]

Example 2.4.3. Let R = k[zy,..., 24, let [ = (27",...,25"), a; > 0 and let
J = (2%, ..., 2%), b; > 0. For q a power of p = char(k), J = (z™,...,2%), and for n € N,
I" = (7™ -2 | n; € N> n; =n). Forany 1 < j <d, I?bj € I™ if and only if

qb; > na;, that is, n < % Hence JU9 C I™ if and only if n < minlgjgd{%}, and so

ui(q) = Lminlgjgd{%” + 1. Therefore, b?(I) = minlgjgd{%}.

Example 2.4.4. Let R = k[x,y, z,w]/(xy — zw), and let I = (x,y, z,w). We always have
that I'4 C 19, so uf(¢) > ¢+ 1. Giving R the standard grading, i.e. letting

degz = degy = deg z = degw = 1, the ideal I9t! is homogeneous of degree g + 1. Since I'9

14



is generated by homogeneous elements of degree ¢, it cannot be contained in 79!, and

therefore uf(q) = ¢ + 1. Hence b/ (I) = 1.

Example 2.4.5. Let n > 1 and R = k[z,y, 2]/(xy — 2"*1), let [ = (2°z, 22*) and

J = (2°2?). We claim that b’(I) = 1f. Let ¢ be a power of p, and let N € N. We have that

(x5z)t%qJ (xz )I_lqu — 1‘ 1qu+|.19qJ \.%gqj+4\_19‘ﬂ E ]ngQJJ’_ngqJ

Notice that 5L19qj + L q] <5- 19q+ 19q = 3q and ngqJ +4L%QJ < }—3q+ 4. 1—79q = 2.

Therefore,

Y

Jl = (31,20) C (pPlisaltLisal pligaltalisaly ¢ rligal+lisal

and hence 11 (q) > [13q] + [15¢) + 1.

Now let us give R the structure of an N-graded ring by setting degx = 3,
degy = 4n + 1, and deg z = 4. With this grading, I is a homogeneous ideal of degree 19
and J is a homogeneous ideal of degree 17. Therefore, J9 is an ideal of degree 17¢, and
hence is not contained in [ L%QJ“, which is an ideal of degree greater than 17q. Therefore
ph(e) < |3§al + L.

Since

17 1 10 7 I 1 17 17
— = lim — [ |—¢q| + +1 Slimﬂ‘]—(q)ghm— —q|+1]=—,
19  g¢—o0gq 19 19 g—=oc g g—o0 ¢ 19 19

we conclude that b7 (1) = 1.
The F-limbus behaves similarly to the F-threshold, and so we can prove many

analogous statements. Again, the most important property we use, which is implicit in the

definition, is that if s < b/(I), then for all sufficiently large ¢, J@ C I7s41,

Proposition 2.4.6. Let I,1',J,.J be ideals of a ring R of characteristic p > 0. The

following hold.
(i) If J Z V1, then b’ (I) =0, and if I = R then b’ (I) = 0.
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(i) If I CI' and J D J', then b’ (I) < b’ (I').

(iii) If S is an R-algebra, then b?5(1S) > b’ (I). If furthermore S is faithfully flat over R,

then equality holds.

(iv) If W is a multiplicative system of R such that W N UpeAss(R/I") p="0 foralln €N,
then b’ (I) = bW 7 (W~11).

(v) If I' is a reduction of I, then b’(I) = b’(I").
(vi) If JW C 1", then b7 (1) > 2.

Proof. Throught the proof, let ¢ stand for a power of p.

Part (i) is just the first two lines of the proof of Theorem 2.4.2.

For part (i), the inequality u7(q) < p# (q) is immediate for all ¢ from the definition,
and so b/ (1) < b7 (I').

For part (iii), note that if J14 C I", then (JS)4 = Jl§ C ["S = (IS)", so
uid(q) > pi(q) for all q. Suppose S is faithfully flat over R and (JS)4 C (IS)". By the
flatness of S we have that

9+ as)y  Jh+1m
N D TR

and by the faithful flatness of S we have that (J19 4 1™)/I" = 0, hence J9 C I". Thus
17 (q) = pig(q) for all g.

For part (iv), if (W=J)ld C (W='1)", then there exists w € W such that wJl4 C I
Since w is not a zerodivisor on R/I™, J@ C ™. Hence uf(q) > p%j{(q), and so
b/ (I) > bW (W), Part (iii) gives us the other inequality.

For part (v), let w be the reduction number of I with respect to I’. We have that
Jll C ri@-1 C ([')#1(@-1=w_ Combining this with part (ii), we have that
wi(q) —w < pi(q) < puf(q). Dividing all terms by ¢ and taking the limit as ¢ goes to

infinity gives the result.
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For part (vi), suppose ¢’ > q. We have then that J@1 = (Jld)le'/d C (f)ld'/dl C [nd'/a)

wi(d)

q/

and therefore pf(q') > an’_ Therefore, b7 (I) = limy o, > O

<3

The F-threshold and the F-limbus are related to each other under certain conditions in

the following way, assuming both of them are positive and finite.

Lemma 2.4.7. Let I and J be ideals of a ring R with characteristic p > 0. If
VI =T # 0 and I is in the Jacobson radical of R, then b’ (I) < ¢’(I).

Proof. For q a power of p, we have that [*/@+1 C jlal C [ui(@-1 f wl(q) —1>vi(q) +1,
then we have equality throughout and by Nakayama’s Lemma, ui(q) — 1 = v{(q) + 1.
Therefore, we have that 17 (q) — 1 < v{(g) + 1, and so dividing both sides of the inequality

by ¢ and taking the limit as ¢ goes to infinity, we prove the statement. O]

The F-threshold and the F-limbus measure which powers of one ideal contain, or are
contained in, the bracket powers of the other, at least asymptotically. Another way of
testing for whether two ideals are contained in one another is suggested by the proofs of
Propositions 2.3.6(iv) and 2.4.6(iii). To be precise, the condition I C .J is equivalent to the
condition I 4+ J = J. Thus, if s > ¢/(I), then IT*71 4+ Jld = Jldl for all large ¢, and for
s < b’(I), we have that IT*7 + Jld = 1541 Values of s in between the two values will give
ideals that seem to interpolate between I? and J!. In the next section we will exploit this
relationship to compare two more numerical measures attached to ideals: the

Hilbert-Samuel and the Hilbert-Kunz multiplicities.
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3 Multiplicities

In this section, we discuss two measures associated to an ideal of a commutative ring, and
then construct a framework that incorporates both of them. Throughout this and later
sections, if R is a ring and M is a module of R, by Ag(M) we mean the length of the M as

an R-module. When the ring R is understood we may write A(M) for Ag(M).

3.1 THE HILBERT-SAMUEL AND HILBERT-KUNZ MULTIPLICITIES

Hilbert-Samuel multiplicity is a numerical measure associated to an ideal [ in a
commutative ring R (of any characteristic) and an R-module M. There are multiple

equivalent definitions of Hilbert-Samuel multiplicity, and we will use the following.

Definition 3.1.1. Let (R, m) be a local ring of dimension d, I C R an m-primary ideal of
R, and M a finitely generated R-module. The Hilbert-Samuel multiplicity of M with

respect to I is defined to be

e(I; M) = lim di- AM/T"M)

n—oo nd

We often write e(I) for e(I; R).

Many properties of the Hilbert-Samuel multiplicity are well known. The properties

most important to us are the following:

If I and J are ideals that have the same integral closure, then e(I) = e(J).

e If ] C J and R is formally equidimensional, then the converse to the previous item

holds [10].

The Hilbert-Samuel multiplicity is always a positive integer.

o If (R, m) is regular, then e(m) = 1.
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e If R is formally equidimensional the converse to the previous item holds [8, Theorem

40.6].

When the ring R is of positive characteristic, we may construct a similar limit using

bracket powers instead of ordinary powers. Doing so gives us the Hilbert-Kunz multiplicity.

Definition 3.1.2. Let (R, m) be a local ring of dimension d, I C R an m-primary ideal of
R, and M a finitely generated R-module. The Hilbert-Kunz multiplicity of M with respect

to I is defined to be
MM /TP AS
epx(I; M) = lim L

e—00 ped

We often write ey (I) for egr(I; R).

The Hilbert-Kunz multiplicity has some properties similar to the Hilbert-Samuel

multiplicity.
e If I and J are ideals that have the same tight closure, then ey (I) = epk(J).

e If ] C J and R is complete and equidimensional then the converse to the previous

item holds [4, Theorem 8.17].

The Hilbert-Kunz multiplicity is a real number at least 1, though unlike the

Hilbert-Samuel multiplicity it need not be an integer.

However, like the Hilbert-Samuel multiplicity, if (R, m) is regular, then epx(m) = 1.

If R is unmixed then the converse to the previous statement holds [13, Theorem 1.5].

Out first goal is to define a function that behaves like the two multiplicities given here
and interpolates between them. Our first task in that direction will be to find a general
strategy for calculating, or at least bounding, the length of the R-modules in question.
Since all the rings we consider contain a field, this amounts to calculating a vector space

dimension.
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3.2 VECTOR SPACE GENERATORS OF FINITE LENGTH MODULES

In this section, we construct sets of generators for certain R-modules as vector spaces over
the residue field of R. By counting these generating sets, we get upper bounds on the

dimensions of the vector spaces. We begin with a technical lemma.

Lemma 3.2.1. Let (R, m, k) be a local ring containing its residue field, and let M be an
R-module of finite length. Let {x1,...,x;} be a set of generators for m and {ms,...,m,} a

set of generators for M. In this case,

(i) M is generated as a k-vector space by elements of the form a;lil X -xi’tmj, where

bi,....0 eNand1 <75 <n;and

(i) If I = (f1,..., fm) is an m-primary ideal of R then M is generated as a k-vector
space by elements of the form fi'* --- femgm;, where aq,...,am € N, 1< j <n, and g

is a generator of R/1 as a k-vector space.

Proof. (i) By definition, M is generated as a k-vector space by elements of the form rm;
with r € R and 1 < 5 < n. For each such r, we have that r = v + 2221 r;x; for some v € k
and r; € R, since R = k& m as a k-vector space. For each i, we may write

r; = v; + Z?Zl rijx; with v; € k and r;; € R, and so

t
r=uv-+ E V;T; + E Tij iy .
i=1

1<i,j<t

We may repeat this process until every term either has a coefficient of the x;’s which is an
element of k£ or has a degree in the x;’s large enough that the term annihilates M and so
may be removed.
(ii) By part (i), M is generated as a k-vector space by terms of the form
an. L famght . abmy with ag, b, € N Fix a set of k-vector space generators {g;} of R/I.

Suppose that we have an element o = f{* .- foma® ... gbtm, € M with 2% -2 ¢ {g;}.

20



There exist ¢; € k such that x{f . -mi’t — > :¢igi € 1, and so there exist r1,--- , 7, € R such

that a:lil N > i¢igi = Y ey refe. Therefore,

m
_ al Am ay ap+1 A,
Oé—E :Cil fmglm]+§ fl Uy fmremJ
/=1

i

/

We know by part (i) that rym; is a k-linear combination of terms of the form xli,l x -xftmj/,

and so we have that o is a k-linear combination of terms of the form fi" --- f%mg;m; and
fll e fﬁgmx?/l .- -x:;mj/ with >, a;, =14, a,. Continuing in this way, we may write a as

a k-linear combination of terms either of the form fi" --- f%mg;m; for some ¢ or of the form

A famgbt b with 30, a; arbitrarily large. Since I™ annihilates M for some n, we

may throw out all the terms of the second kind, which finishes the proof. O

Bounding the lengths of the ideals we are concerned with will involve some

combinatorial calculations. For convenience we introduce some notation.

Definition 3.2.2. For positive integers d and m and real number r, we set S7'(r) to be the
number of monomials in d variables with degree less than r and with degree in each

variable less than m.

Certain properties of the numbers S7'(r) are easy to see. First, if r > 0, then
S (r) = min{m, [r]}. Second, for d > 1, we have that S7'(r) = 3.7 S, (r — 4). Indeed,
if we denote one of the variables by x, then for i =0,1,...,m — 1, there are SJ* | (r — 1)
monomials with degree in = exactly i, degree less than r, and degree in each variable less
than m.

We occasionally use a combinatorial description of the numbers S (r), which is
established in the following lemma. This result appeared in a more general form as [11,

Lemma 2.5], though the method of proof was different.
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Lemma 3.2.3. For positive integers d and m and real number r,

Si(r) = i(—l)i(cj) <M - iﬂ;— 1+ d)_

Proof. The number of monomials in d variables, of degree less than r, where each of a
given set of ¢ variables has degree at least m is the number of monomials in d variables of

[71=im=1+4) " Thus the total number of monomials in d

degree less than r — im, that is, (

variables of degree less than r with degree in each variable less than m is
d .
[r]—1+d o (d\ ([r] —im—1—d
_ 1)
() e ()
by the inclusion-exclusion principle. O

Our next lemma is a technical result on the behavior of the numbers SJ*(r) as m and r

grow.

Lemma 3.2.4. If f,g : N — R are functions such that f(n) — g(n) < cen+ o(n) for some

ceR, f(n) > g(n) forn>>0, and u is a positive integer, then

S/ () = S§Mo(m) _ 4

<u* ‘e

lim sup
nd
n—oo

Proof. We proceed by induction on d. Suppose d = 1, and let n € N large enough that

f(n) > g(n). If un < g(n) we have that S{"(f(n)) — Si"(g(n)) = 0, and if un > g(n) then

St (f(n) = 51"(g(n)) < [f(n)] = [9(n)] < f(n) — g(n) + 1.

Therefore

< lim sup f(n) —g(n) +1 <e.

i sup S 0) = S (g(m)

n—00 n N—00 n
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Now if d > 1,

un—1

S§"(f(n) = 8" (9(n)) = Y (S§(f(n) = i) = Sy (g(n) — i)

=0

< un (S (f(n) = in) = Sy (g(n) —in))

where 17,, is the value of ¢+ with 1 <7 < wun — 1 that maximizes the expression

Sy (f(n) —i) — Sy (g(n) —i). By induction,

Si"(f(n)) — Si"(g(n)) un (S (f(n) —in) — Si" (9(n) — in))

lim sup y <lim sup y
n—o0 n n—00 n
o Sg”y (f(n) —in) — 55" (g(n) — in)
=u - limsup y
n—00 n
<u-ut%c=u"""e. ]

3.3 THE MurtIPLICITY-LIKE FUNCTION hy(I, J; M)

We are ready to consider a limit which combines aspects of the limits defining the
Hilbert-Samuel and Hilbert-Kunz multiplicities. The idea is to take the colengths of a sum
of ideals, one of which corresponds to the increasing Frobenius powers of an ideal J, and
one of which corresponds to a subsequence of the powers of another ideal I. This
subsequence will be determined by a real number s. We require that both of these ideals be
primary to the maximal ideal of the ring they belong to so that at the extreme values of
the parameter s one of the two ideals will dominate the other. This guarantees that in the
extremal cases we will get a limit related to either the Hilbert-Samuel multiplicity of I or

the Hilbert-Kunz multiplicity of J.

Theorem 3.3.1. Let (R, m) be a local ring of dimension d and characteristic p > 0, I and
J be m-primary ideals of R, M be a finitely generated R-module, and s > 0. The following

limit exists.
(M 4 g M)
lim

e—00 ped
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Proof. If d = 0, then for large enough e, "7l 4 JPl = 0 and so the limit is simply A(R).

Suppose that d > 1. If k is not infinite, we may replace R by S = R[X|ngx]. For any

R-module N, we have Ag(N) = A\g(IN ®g 5), and so we may assume without loss of

generality that the ring R has infinite residue field. Futhermore, since completion is a

faithfully flat operation, we may assume R is complete and hence contains its residue field.

Let K be a reduction of I generated by d elements fi,..., f; € R, and let w be the

reduction number of I with respect to K, x1,...,x; € R be a set of generators for the

maximal ideal m, and mq,...,m, € M be a set of generators of M. Let ¢, ¢ be varying

powers of p.

If ¢ > “’T“l, then for sufficiently large ¢ we have that

<Kfsq’1 + J[q’]>[q} C <[[sq’1 + J[q’}>[q] C [lsdaly jldd C glsdal-w jld'd C (K[sq’kd*l + J[t/])

Therefore,

M

A M <\ M <\
(KTsal=d=1 4 gl oy | = “\ (109l - Jled) M ) = 7\ (grsal 4 gla)ldl

by [6, Theorem 1.8]. Hence

M

100 <(quq _|_J[qq] M) hﬂ}i}fq <([{sq’ql +J[q’q])M

lim sup —A

< li 1 A M
im —
a—o0 ¢ (Kfsﬂ + Jla') [ pr Klsd'1-d-1 4 J[q/])[q}

1 ((Kfsﬂ ~d-1 g gla) )

= lim —\
(KTsd'T + J[q’]) M

Let /
(K[sqq —d—1 + J[q/]) ] M (K[q]) [sq']—d—1 M

)

Q: g

(KTsaT 4 g ar ((K[‘ﬂ)“‘” + J[q’ql) M A (K)ot
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If we divide the first and last terms of this inequality by ¢?, then the limit as ¢ — oo exists
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1qu . fgdq

As an R-module, @) is generated by elements of the form f Mg, Where

Y vi=][s¢] —d—1and 1 < o <n. Therefore, by Lemma 3.2.1, ) can be generated as a

Y1q+21 Ydq+z2d
fi R i gm, where b;, y;, z; € N,

k-vector space by elements of the form
Y. ¥i=[s¢'] —d—1, and g is a k-vector space generator of R/K. Letting ¢; = y; + [2:/q]
and a; = z; — q|2:i/q], we have that ¢;q + a; = y;q + z; and a; < ¢, and so ) can be

generated as a k-vector space by elements of the form f{9t ... fsqurad

gm, where
ai,bi,c; €Ny a; < q, >, ¢;>[sq]| —d—1, g is a k-vector space generator of R/K, and
1 <o <n. Let v e Nsuch that K¥ C J. If Y. ¢; > s5¢' or ¢; > vq' for some i, then the

product above vanishes in (). Therefore
MQ) < ¢*- (Ssq,(sq') - Ssql(sq’ —d— 1)> “AMR/K) - n.

From this we have that

I Ly M fmint L M
lﬂgpﬁ (ITsal + JaYM ) et g\ (ITsal + Jldl) M

= 1zllilolp (q/q)d (](sq/q} + J[q/q])M - %ggol (q,q)d (](Sqllﬂ T J[qlq])M
0 (S (s4) = Sy (sq' —d—1)) - A(B/K) -
< lim ——
(Siiq/(sq’) — 82 (s¢ — d — 1)) ‘MR/K) -n
(¢") '

Since this holds for all ¢ > 0, and by Lemma 3.2.4,

li 1)\ M lim inf 1)\ M
PP M\ (sl gy ar ) R @M\ (s T4y M

(S (s) = 837 (50 —d = 1)) - A(R/E)

<lim sup <0
q'—o0 (q/)d
Thus the limit exists and the theorem is proved. O

25



With the limit shown to exist we are ready to define our multiplicity-like function.

Definition 3.3.2. Let (R, m) be a local ring of dimension d and characteristic p > 0, I and

J be m-primary ideals of R, and M be a finitely generated R-module. For s > 0, we set

MM /(TP T 4 g M
hs(I,J; M) = lim (1 i ) )

e—00 ped

We often write hy(I, J) for hs(I,J; R), hs(I; M) for hs(I,1; M), hs(I) for hs(I; R), and
hs(M) for hy(m; M). If we wish to emphasize the ring R, we write hZ(I, J; M) or a

similarly decorated variant.

We next establish some properties of hs(I, J; M). We use the next result repeatedly

throughout the thesis, often without explicit reference.

Proposition 3.3.3. Let (R, m) be a local ring of dimension d and characteristic p > 0, I
and J be m-primary ideals of R, and M be a finitely generated R-module. The following

statements hold.
(i) ho(I,J; M) < min{3ye(l; M), e (J; M)}.
(i1) If dim M < d then hs(I,J; M) = 0.

(111) If s > s then hy(I,J; M) > he(I,J; M).

(i) If I' and J' are ideals of R such that I C I' and J C J', then
ho(I', J'; M) < ho(I, J; M).

(v) If I' is an ideal of R with the same integral closure as I, then
hs(I', J; M) = hg(I, J; M).

(vi) If J' is an ideal of R with the same tight closure as J, then hy(I,J'; M) = hs(I,J; M).

Proof. Throughout the proof, let ¢ stand for a power of p.

26



(i) For all ¢ we have that Isa! + Jld O [lsdl hence

XM/ (ITs9l o Jldy g XM /Tl pr d d
lim (M +J7) )<lim (A/ ).(scﬂ :S—e(];M).

g—00 qe g0 [sq]® qe d!

Furthermore, for all ¢ we have that I171 + Jld O Jld hence

M/ (ITsq] CIAYYs M/ J4 M
lim )\( /( +77) >< lim —)\( /g )

q—00 qd T g—o0 qd

= GHK(J; M)

(ii) By [6, Lemma 1.2], egx(J; M) = 0 for any M with dim M < d, and so part (i)
gives us the result.

(iii) For all ¢ we have that I [sal - jld > ls'al 4 jldl hence
A(M/(I"9) + Jlayar) < A(M/(IW n J[q])M) .
(iv) For all ¢ we have that I'"*7 + /14 > [lsal 1 jla] hence
A/ (4 M) < (M (T 4 T A

(v) It suffices to prove the case where I’ = I, the integral closure of I. If s > 0, then we

have that, by part (iv) and [5, Proposition 11.2.1],

< lsq]
_ 1 (T 4+l
0 < ho(I,J; M) = ho(T, J; M) = lim, ;%m)

—[sq] d
. 1 I S —

T g—o0 qd

(vi) It suffices to prove the case where J = J*, the tight closure of J. We have that, by
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part (iv) and [4, Theorem 8.17],

0<hyI,J;M)—hs(I,J M)

[sq] N *\ [q]
— lim — <ﬂ> = iA((J ) > =enx(J) —eux(J)=0. O

q—00 qd ITsdl + Jlal T g—oo qd Jlal

We will see in the next section that for small values of s, the function hs(Z, J; M) is
related to the Hilbert-Samuel multiplicity, and for large values it is related to the
Hilbert-Kunz multiplicity. What happens for values in between these two extremes,
however, is mostly unknown. The following result shows that the behavior of this function

cannot be too pathological.

Theorem 3.3.4. Let (R, m) be a local ring of characteristic p >0, I and J be m-primary
ideals of R, and M be a finitely generated R-module. The function hs(I,J; M) is Lipschitz

continuous.

Proof. Let 6 > 0. The function hy(I, J; M) is increasing by Proposition 3.3.3(iii), so we
need only bound hgys(1,J; M) — hs(1,J; M) above in terms of 4.

Let d =dim R. If d =0, then hg (I, J; M) = hs(I,J; M) = A(M), so 0 is a Lipschitz
constant for hy(I,J; M). Suppose d > 1. We may assume that R/m is infinite, and so we
may assume that [ is generated by d elements by replacing it with a minimal reduction by

Proposition 3.3.3(v). Let I = (f1,..., fa), let m = (x1,...,24), let v € N such that 1" C J,

and let mq, ..., m, be a set of generators for M. Let ¢ stand for a power of p. We have that
1
hors(I, J; M) = hy(1,J; M) = lim — (A(M/(IT6090 4 gy Ay — X(M /(170 4 T4 M)
q—o0 ¢
1 (ITsal 4 Jlady Mg
= lim —A
g—00 g (IT(s+0)al 4 Jlal) Mf

ITsa pr
q—00 ¢ ([f(s+5)q1 + J[q])M N ITsal M

The quotient module in the last line is generated as a k-vector space by elements of the
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form fy"*--- fi4gme, where Y. a; > sq, g is a k-vector space generator of R/I, and
1 < o <n. However, if > . a; > (s+ 6)q or a; > vq for some ¢, then the corresponding

product vanishes. Therefore,

ITsal pp ) )
M e gre ) < (0 + 0)0) = S26a) - AR/D) -

and so, by Lemma 3.2.4,

hars(I, J; M) — hy(I,J; M) < limsup (S4((s 4 8)q) — S59(sq)) - M(R/I) - n

q—00 q
<§- v NR/T) -n
Hence v?~1 - A\(R/I) - n is a Lipschitz constant for hy(I,.J; M). O

Our most important application of Theorem 3.3.4 is the next result, which proves that
hs(1,J; M) is additive on short exact sequences. A direct consequence of this will be the

associativity formula for h.

Theorem 3.3.5. Let (R, m) be a local ring of characteristic p >0 and I and J be
m-primary ideals of R. If 0 — M' — M — M" — 0 is a short exact sequence of finitely
generated R-modules, then hs(1,J; M) = hgs(I,J; M) + hs(I, J; M").

Proof. Let d = dim R, let m be the minimal number of generators of I, and let ¢ and ¢’ be
powers of p. We have that IT(+m/@ad’l 4 jlad'l C (Ifs‘ﬂ + J[q})[q/] C [1s94'l 4 jlad'l Therefore,

by [6, Theorem 1.6], we have that

\ M’
ITsaq'l + Jlaa']) (ITsad'l + J laa N\ M
( )

A M + A M
(ITsal + J[q])[q M’ (ITsal 4 J[q]) T g
M nd—1 M nd—1
/\(([fﬂﬂ + J[q])[q']M) +O((d)" ) = /\<([[(8+m/Q)qq’1 + J[qq’})M> +O0((d) ).
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Dividing by (¢¢')? and taking the limit as ¢’ — oo, we obtain that
ha(L,J; M) + hy(1, J; M") < hypmya(I, J; M) .

This holds for all ¢, and so hs(I, J; M") + hs(I, J; M") < hs(I,J; M) since by Theorem
3.3.4, hg(I,J; M) is continuous in s.
For the other inequality, note that for any ¢, the sequence

M’ M M

(ﬂsrﬂ + J[q})]\/[/ - ([fStﬂ + j[q])M - (ﬂsrﬂ + J[q})]\/[// —0

is exact, whence

)\ M/ )\ M// > )\ M
([fStﬂ + J[q])]\/[/ . ([fszﬂ + J[q})M" - (ﬂszﬂ + J[q})M )

Therefore hy(1,J; M') + hs(1, J; M") > he(I, J; M). O

The additivity of hs(I, J; M) on short exact sequences is exactly what we need to prove
the associativity formula for h. This proof follows the proof in [8, Theorem 23.5] for the

associativity formula for Hilbert-Samuel multiplicity.

Theorem 3.3.6 (The associativity formula). Let (R, m) be a local ring of characteristic
p >0, I and J be m-primary ideals of R, and M be a finitely generated R-module. We have

that

WL T M) = Y hEP(I(R/p), J(R/p)) Ar, (M),

peAssh R

where Assh R = {p € Spec R | dim R/p = dim R}.

Proof. We proceed by induction on (M) =3 s g Ar,(M,). If o(M) =0, then
dim M < dim R and so h2(I, J; M) = 0.

Now suppose that o(M) > 1 and fix q € Assh R such that A (M,;) > 1. We have that
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q=(0:p x) for some x € M and so we have an exact sequence
0—R/q— M — M/Rx — 0.

We have that o(M/Rx) = o(M) — 1 and so by induction,

W, J;M/Rx) = Y hEP(I(R/p), J(R/p)) Ar,((M/Rz),)
peAssh R

= > hEPUI(R/p), J(R/P)) Ar, (My) — REA(I(R/q), T (R/q)).
peAssh R
Therefore, it suffices to show that hf (I, J; R/q) = hf'/q(I(R/q), J(R/q)) since then by
Theorem 3.3.5 we will have the desired formula. This, however, is an easy computation.

Letting ¢ stand for a power of p, we have that

1 R/q
R . — -
hi (1, J; R/q) —qliglo qd)‘R((][sql + J[Q])R/q)

o1 R/q _ 1 R/q
— lim —Ap/q = hB(I(R/q), J(R/q)). O
/ <<I(R/q>) ) (I(R/q),J(R/q))

g—o0 g [sq] + (J(R/q))[q]

To finish out this section, we notice that the function hg(1, J; M) is closely related to

the F-threshold and the F-limbus from the previous section.

Lemma 3.3.7. Let (R, m) be a local ring of dimension d and characteristic p > 0, I and J

be m-primary ideals of R, and M be a finitely generated R-module.
1. If s <b/(I) then hy(I,J; M) = Ste(I; M).
2. If s > /(1) then hy(I,J; M) = egx(J; M).

Proof. Let g stand for a power of p.
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If s < b’(I), then for infinitely many ¢, J19 C IT59]. Therefore

MM/ (ITs9l = Jlapr
hs(I,J; M) = lim ( /( +J7) )

q—00 qd
— lim M — lim )\(M/ﬂsq]M) ([sq])? _e(l; M)s?
_q—>oo qd _q—>oo ("Sq“)d qd = dl .

If s > ¢/(I), then for infinitely many ¢, 11*?1 C Jl4I. Therefore

A(M /(1141 + J) M A(M/ 9 M
hs(1,J; M) = lim (M y M) —hm#_eHK(JSM).
q—0o0 q q—00 q
The continuity of hy(I,J; M) gives the cases s = b/(I) and s = ¢/ (I). O

3.4 THE NORMALIZING FACTOR H(d)

One of the most important and useful properties of the Hilbert-Samuel and Hilbert-Kunz
multiplicities are their behavior in regular rings. In particular, if (R, m) is a regular local
ring, then e(m) = egx(m) = 1. In order to properly define a function that interpolates
between these two multiplicities, we need to understand the behavior of hs(m) when (R, m)

is a regular local ring.

Proposition 3.4.1. If k is a field of characteristic p > 0 and R = k[[z1,...,x4]], then

Proof. Let m = (z1,...,24). If d =0, then m = 0, and so
hs(R)=1= E}iJO(—l)i(?) (s — )% If d > 1, then for any power ¢ of p,
kl[z1, ..., 24)]/(m* + mld) is generated as a k-vector space by all monomials in the z;

with degree less than sq and with the exponent on each z; less than ¢g. The number of such
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monomials is precisely S9(sq). Therefore, by Lemma 3.2.3 we have that

hs(m) = lim Sg;jQ)
(LR (e

This function will serve as a normalizing factor, and fills the same role that the factor
of d! does in the definition of Hilbert-Samuel multiplicity. We will want to use various

properties of this function, so here we define notation for it and prove some of them.

Definition 3.4.2. Let d € N and s € R. We set

Note that if s < 0, then H,(d) = 0.

Example 3.4.3. We begin our analysis of the functions H,(d) by computing several of

them. Note that we only show the values for s > 0.

Hs(0) =1
s f0<s<l1
H(1) =
1 ifs>1
)
152 ifo<s<l1

Ho(2) =i —(s—1)2 ifl1<s<2

1 if s >2
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(
s if0<s<1
1g3 —L(s—1)3 if1<s<?2
Hs(?)): 6 2
§8—3(s =1 +3(s—2)7° f2<s<3
1 ifs>3
\

Certain properties of H,(d) are suggested by the above examples, and are confirmed in

the next lemma.
Lemma 3.4.4. The functions Hs(d) have the following properties.
(i) If d > 1, then H(d) = [0 Hi(d —1)dt.
(11) Hs(d) is nondecreasing.
(111) Hs(d) is a Lipschitz continuous function of s on the interval (0, 00).
(iv) If s > d, then H,(d) =
(v) If 0 < s < 1, then H,(d) = s?/d!.

Proof. (i) This is clear for d = 1, so suppose that d > 2. Let ¢ and ¢’ be varying powers of

p. We have that

S4 (sqq') SS9 (sqq’ — i)

H.(d) = lim = lim
( ) q—00 (qq’)d q—00 (qq)
r_q / .
< lim ngzo Sati(sqq — qi)
q—0 ( ar

14 s — Z/ q¢)aq)
- TS
Since the above holds for all ¢/, we have that

q -1

d) < lim — seifg(d—1) d—1)dt.
M) < Jim 3 Hd =)= [ 1)
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A similar argument, only using the inequality

qq' -1 q
> S8 (sqd —i) > q ) SiT (saq' — qi)
=0 i=1

in the second line, shows that H,(d) > [ H,(d —1)dt.

(ii) This is by inspection for d = 0. For d > 1, let § > 0, so by induction
Hors(d) — Ha(d) = / Hooo(d— 1) — Ha(d — 1) dt > 0.
s—1

(iii) This is trivial for d = 0. For d > 1, we will actually show that the functions H,(d)
are Lipschitz continuous with Lipschitz constants at most 1 on the entire real line. This can

be seen for d = 1 by Example 3.4.3, so suppose d > 2, s € R, and 0 < § < 1. By induction,
Hors(d) — Ha(d) = / Hooo(d—1) — Ha(d — 1) dt < / 5dt =6
s—1 s—1

(iv) This statement is true for d = 0 by inspection. Assume that d > 1 and

Hs(d—1)=1for s >d—1. For s > d, we have that

Hs(d):/lHt(d—l)dt:/ Lde=1

and the result follows by induction.

(v) This is clear from the definition. O

3.5 s-MULTIPLICITY

With all the results from the previous sections in hand, we are ready to define our main

object of study in this section.

Definition 3.5.1. Let (R, m) be a local ring of characteristic p > 0, I and J be m-primary

ideals of R, M be a finitely generated R-module, and s > 0. The s-multiplicity of M with
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respect to the pair (I,.J) is defined to be

_ hs(I, J; M)

es(1,J; M) Ho(d)

We write es(1, J) for es(1, J; R), es(I; M) for es(I,1; M), es(I) for es(I; R), and es(M) for
es(m; M). If we wish to emphasize the ring R, we will write ef(I, J; M) or a similarly

decorated variant.

Many properties of the hy(I, J; M) immediately imply similar properties for the
s-multiplicity. Some of these properties are listed in the next three corollaries. The first
corollary makes explicit the interpolating properties of the s-multiplicity, while the second
contains some auxiliary results listed for completeness. The third is the associativity

formula for s-multiplicity.

Corollary 3.5.2. Let (R,m) be a local ring of dimension d and characteristic p >0, I and

J be m-primary ideals of R, and M be a finitely generated R-module.
(i) If s <min{1,b7(I)}, then e (I, J; M) = e(I; M).

(ii) If s > max{d,c’(I)}, then e,(I,J; M) = egr(J; M).

(iii) If R is a regular ring, then es(R) =1 for all s.

Proof. Statements (i) and (ii) simply combine Lemma 3.3.7 and Lemma 3.4.4. For
statement (iii), we may assume without loss of generality that R is complete with residue
field k, in which case R = k[[x1,. .., x4)]. The result then follows from Definition 3.5.1 and

Proposition 3.4.1. O

Corollary 3.5.3. Let (R,m) be a local ring of dimension d and characteristic p >0, I and
J be m-primary ideals of R, and M be a finitely generated R-module. The following
statements hold for all s > 0.

(i) es(I,J; M) is a Lipschitz continuous function of s.
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(”) 65(]7 J; M) S eHK<J; M)/Hs(d)
(i1i) If dim M < d then es(I,J; M) = 0.

(i) If I' and J' are m-primary ideals of R such that I C I' and J C J', then

es(I', J'; M) <es(I,J;M).

(v) If I' is an m-primary ideal of R with the same integral closure as I, then

es(I', J; M) = es(1,J; M).

(vi) If J' is an m-primary ideal of R with the same tight closure as J, then
es(1,J'; M) =es(1,J; M).

(vit) If 0 = M" — M — M" — 0 is a short exact sequence of finitely generated R-modules,

then es(1, JJ; M) =es(I,J; M') +es(L, J; M").

Proof. (i) We have that es(1, J; M) is constant, hence Lipschitz continuous, on

(0, min{1,57(I)}]. By Lemma 3.4.4, H,(d) is Lipschitz continuous and bounded away from
0 on [min{1,b’ (1)}, 00) and by Theorem 3.3.4, h,(I, J; M) is Lipschitz continuous, and so
es(I, J; M) is Lipschitz continuous on [min{1,b”(I)}, 00). Thus e,(I,J; M) is Lipschitz
continuous.

Parts (ii)-(vi) follow from Proposition 3.3.3. Part (vii) follows from Theorem 3.3.5. [
The following corollary now follows directly from Theorem 3.3.6.

Corollary 3.5.4 (Associativity formula for s-multiplicity). Let (R, m) be a local ring of
characteristic p > 0, I and J be m-primary ideals of R, and M be a finitely generated
R-module. We have that

eI, ;M) = > efP(I(R/p), J(R/p)) Ar,(M,)

peAssh R

where Assh R = {p € Spec R | dim R/p = dim R}.
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Proof. For any p € Assh R, dim R/p = d, and so

B I(R /). J(R/p)

e/P(I(R/p), J(R/p)) = H,(d)

By Theorem 3.3.6, we have that

WAL, ;M) =Y hIP(I(R/p), J(R/p)) Ak, (M,) .
peAssh R

Therefore, dividing each term of this equation by H(d) proves the result. O

An immediate application of Corollary 3.5.4 is the following result, which shows that
the s-multiplicity of a module is in many cases determined by the s-multiplicity of the ring

itself.

Proposition 3.5.5. Let (R,m) be a local ring of characteristic p > 0, let I and J be
m-primary ideals of R, and let M be a finitely generated R-module. If M, is free of constant

rank r for every p € Assh R, in particular if R is a domain, then es(1,J; M) = es(I,J) - 7.

Proof. By the associativity formula, we have that

(LT M) =y eEPI(R/p), J(R/P)) Mg, (M,)
pEAssh R

= 3 EPUI(R/P), J(R/p) 7 = (L, T) .

peAssh R

The problem of finding general bounds for the value of the s-multiplicity seems to be

difficult, but we have a few results along those lines.

Proposition 3.5.6. Let ¢ : (R,m) — (5,n) be a local homomorphism of local rings of
dimension d and characteristic p > 0 such that mS is n-primary, let [ and J be m-primary

ideals of R, and let M be a finitely generated R-module. In this case,

e2(IS,JS; M ®g S) < e®(I,J; M) - Ag(S/mS)
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and we have equality if ¢ is a flat ring homomorphism.

Proof. For any R-module N of finite length, we have that
As(N ®@g S) < Ar(N) - As(S/mS).

Thus, for any s > 0 and ¢ a power of p we have that

M ®g S _ M
AS(((_]S)[M + (JS)[q])(M Qr S)) N AS((NSQW + Jd)M OR S)

M
= ’\R(([fscﬂ T J[q])M> +As(S/mS).

Dividing both sides by ¢? and taking the limit as ¢ goes to infinity gives us that

h$(18,J8; M @r S) < hi (I, J; M) - As(S/mS),

and dividing both sides by H(d) gives us the result for s-multiplicity.
If ¢ is a flat ring homomorphism, then for any R-module N we have that

As(N ®gr S) = Ar(N) - As(S/mS) and so we have equality everywhere.

Corollary 3.5.7. If (R,m, k) be a local ring of characteristic p > 0 and I is an ideal

generated by a system of parameters in R, then es(I) < AN(R/I). Furthermore, equality

holds if R is Cohen-Macaulay.

Proof. We may assume that R is complete. Let d = dim R, let z1, ..., x4 be a system of

parameters generating I, and let S = k[[z1,...,24]] € R. Now by Proposition 3.5.6 and

Corollary 3.5.2(iii), e®(I) < eJ((w1,...,74)) Ar(R/I) = Ag(R/I). Furthermore, if R is

Cohen-Macaulay, then R is a free S-module, hence is flat over S, so equality holds.

39



4 Closures Related to s-Multiplicity

The s-multiplicity is related to closures, just as the Hilbert-Samuel and Hilbert-Kunz
multiplicities are. We see this already in the guise of Proposition 3.3.3 and Corollary 3.5.3
with respect to integral and tight closure. The natural question to ask at this point is
whether there are closures that are similarly related to the various s-multiplicities. In this
section we define these closures and show that in sufficiently nice rings, we get a strong
connection between the closure operators and the s-multiplicity. We use the notation R° to

stand for the complement of the union of the minimal primes of R.

4.1 THE s-CLOSURE

We can take a guess as to an appropriate kind of closure to relate to s-multiplicity by
looking at integral closure and tight closure. Integral closure, like Hilbert-Samuel

multiplicity, has many equivalent definitions, but the most relevant to us is the following.

Definition 4.1.1. Let I be an ideal of a ring R. An element z is in I, the integral closure

of I, if there exists ¢ € R° such that for infinitely many n € N, ca™ € I".

Tight closure has fewer common definitions, but has one that closely matches the form

of the previous definition.

Definition 4.1.2. Let I be an ideal of a ring R of positive characteristic p. An element
x € Risin I*, the tight closure of I, if there exists ¢ € R° such that for all sufficiently large

powers ¢ of p, cx? € I4,

Given these two definitions, it is natural for us to try to define a closure in a similar

way, using the sums of ideals that translate between 19 and I,

Definition 4.1.3. Let R be a ring of characteristic p > 0, I be an ideal of R, and s > 1 be
a real number. An element x € R is said to be in the weak s-closure of I if there exists
¢ € R° such that for all ¢ > 0, where ¢ is a power of p, cz? € I + [ld We denote the set

of all z in the weak s-closure of I by "<k,
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Remark 4.1.4. If [ is of positive height, then x € I""s if and only if there exists ¢ € R°
such that cx? € I + 114 for all ¢ > 1. To see this, suppose that there exists ¢ € R° and
¢’ such that ¢/z? € I1#71 4 Jld for ¢ > ¢'. Since I is of positive height, there exists

" e (I + 1191y N R°. Setting ¢ = ¢/¢”, we have that ¢ € R° and cx? € 11 4 19 for all

g>1.

For a given ideal I, I"“"s is clearly an ideal containing I. However, it is not clear that
the weak s-closure is idempotent; that is, it is not clear that (7 W~Cls)w'ds = [V If the ring
is noetherian, we can construct an idempotent operation out of the weak s-closure by

iterating the operation until the chain of ideals stabilizes.

Definition 4.1.5. Let R be a ring of characteristic p > 0, let I be an ideal of R, and let
s > 1 be a real number. The s-closure of I is defined to be the ideal at which the following

chain of ideals stabilizes:
w.clg
I g Iw.cl5 g (IW.C]S)W'CLS g <([W.C15)W'C15) g e

We denote this ideal by .

Notice that, for s = 1, the s-closure is integral closure, and for s > ¢/(I), the s-closure
is tight closure. Furthermore, if s < s’, then I D Il for all ideals I. Thus the s-closure
interpolates monotonically between integral closure and tight closure as s increases. One

should note that new closures do in fact arise.

Example 4.1.6. Let R = k[z,y], where k is a field of characteristic p > 0. If I = (23, 9?),

then )
(z,y)3 if s=1
Jls — 3,29 .3\ - 4
(22, 2%y% %) if 1 <s <3
(23, y%) if s> 3.
\

In particular, if 1 < s < %, then I =I* C I C T = (z,y)*.
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Example 4.1.6 demonstrates that in some cases, an ideal I will only have finitely many
distinct s-closures for various values of s; in fact, this will occur whenever R is local and [
is primary to the maximal ideal. However, even in regular rings there can be infinitely

many distinct s-closures.

Example 4.1.7. Let R = k[x,y], where k is a field of characteristic p > 0. Let
1 <s < s <2 Choose n € N such that n > 2/(s' — s), and let I = (2?",3?"). We have

that zl*"lyl*nl € %< gince for any power g of p,

5 2n + [snlq
2n

J22{1+§qJ > sq,

and so x> (zlsnlylsnl)a e (227 ?m)Isal However, x!s"1yls"l ¢ "<l since for any a € N,

if ¢ > a, then we have that

(sn+2)q

5 {ajt (S?ﬂqJ < a+ (sn+1)q <

2
= sq+ — < sq+ (s — s)g = 5'g
2n n n

and so z%y(xl*lylsn)a ¢ (20 42 [s'al Thus IV £ [ and hence I%% # I9 by
Theorem 4.2.1. Thus we find that there are infinitely many distinct s-closures on R, one

for every real number in the interval [1,2].

4.2 s-CLOSURE AND s-MULTIPLICITY

If I and I’ have the same integral closure, then e(I) = e(I’), while if I and I’ have the same
tight closure, then egg(I) = ey (I’). Our main theorem in this section is a similar result

for s-multiplicity and s-closure.

Theorem 4.2.1. Let (R, m) be a local ring of characteristic p > 0 and let I and J be
m-primary ideals of R with I C J. If J C I, then e,(J) = e,(I). If R is an F-finite
complete domain, then the converse holds and I = IV,

Proof. Let d = dim R. Suppose that € I}, so that there exists ¢ € R° such that for all
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q > 0, where ¢ is a power of p, we have that cx? € Il + [l C [9. Hence z is in the

integral closure of I and so hs((I,z),(I,z)) = hs(I,(I,z)) by Proposition 3.3.3(v). Now for

large ¢, ¢ annihilates % Let S = R/cR, so that for ¢ > 0,

[sq] lq] [sp°] [p°] [sq] [a]
AR<1 +(I,) )_)\S([ +(I,7) ®S)_)\S<(1S) +((L,2)8) )

ITsal + Jld] ITsal 4 Jlal (I1S)lsal + (1.S)ld]

So, since dim S =d — 1,

‘ 1 ](stﬂ +(],x)[Q]
he(I,1I)— he(I,(I,2z)) = lim —d)\R< Ilsal + Jld] )

1 ((15) fsal 4 (1, m)S)[q]>
As

(1S)lsal + (19)ldl

! 1 (15)1s4 + ((I,z)S)
o <qll>r£10 5) . (qliglo qd—l)\s( (]S)(Stﬂ + (]S)[q] ))

=0-(h3(1S,18) — h3(1S,(I,x)S)) = 0.

Therefore hy((1,2)) = hy(I) for any x € I™" hence hy(I¥"*) = h,(I). By induction,
hs (1) = hy(I), hence hy(J) = hy(I) and so es(J) = es(I).

Now suppose that R is an F-finite complete domain and x € R such that
es((I1,x)) = es(I). In this case hs((I,x)) = hs(I), and so hs(I, (I, x)) = hs(I,I), and

therefore

1 ITsal 4 (1, 2) 1
— lim — ) — lim — [sq] lay . .a
0_,}520 qd)\< Tl 4 [ ) qli%oqd/\(R/ ((I +1 ).RI)).

Let v € Homp (F,.R, R) be a nonzero p~!-linear map and let

(=) = (F( Pl Ly —), where f1,..., f, is a generating set for I. We have that

") (F* ((]fspﬂ + ][pq]) ‘R qu)) L2l C (F* ([(qu] 4 [[pq]))

'
¥ (F, (f{’*l o fT{:*l[fsz;ﬂ)) + Jldl.
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If ay,...,a, € Nwith a; +--- + a, > spq, then

Z{%J S S
p i—1 P

i=1

and so f7'- .. frotpiral € (Ns‘ﬂ)[p}. Therefore 1 (F, (ff_l <o frotplseal)) C Ts4) and so
¢ (F. ((ﬂ‘”"ﬂ + Iy aP1)) - z? C [lsal 4 glal,

that is,

© (F* ((ﬂwﬂ + ][pq]) ‘R Ipq)) C ((I[Stﬂ + _][q]) ‘R xq) '

Since this holds for all ¢, by [9, Theorem 5.5], we must have that
Nyo ((Ifs‘ﬂ + 1l g a:q) # 0, that is, there is some 0 # ¢ € R such that for all g,
cx? C 159 4 114 Therefore 2 € TV,
Thus we have that if R is an F-finite complete domain and hs((I,z)) = hs(I), then
x € I Therefore if hy(J) = hy(I) then J C I™-s C [9:. Furthermore, in this case, if

x € I then hy((I,z)) = hy(I) and hence x € IV, Therefore [ = [Vl O
This theorem shows that the s-multiplicity and the s-closures are intimately related.

Remark 4.2.2. The domain hypothesis in the backwards direction of Theorem 4.2.1 is
difficult to remove. In the case of both integral closure and tight closure, the relationship
with the corresponding multiplicity was established for domains first, and then afterward
expanded to the more general cases. These two arguments used different techniques. In the
case of integral closure and Hilbert-Samuel multiplicity, a different definition of the closure
was used which involves an “equation of integral dependence”, an object that we do not
have for s-closure. In the case of tight closure and Hilbert-Kunz multiplicity, the existence
of “stable test elements” for tight closure was relied upon, which again we do not have for

s-closure. So far, there is no clear way to replace the domain hypothesis with a weaker one.
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5 Toric Rings

In this section we will study the F-threshold, F-limbus, s-muliplicity, and s-closure in toric
rings, also called semigroup rings. These rings can be realized as subrings of Laurent
polynomial rings generated by monomials. When we study the s-multiplicity of these toric
rings we will complete the ring at the maximal homogneous ideal in order to work in the

local setting.

Definition 5.0.1. Let k be a field. By a toric ring of dimension d over k, or simply toric
ring, we will mean the ring k[S], where S = ¢V NZ4. Here oV is a cone in R? not containing
any line through the origin, and S inherits the semigroup structure of Z¢. Furthermore, we
will require that the cone 0¥ be rational, that is, ¢ = cone(vy, ..., v,) for some

V1, ..., U, € Z%, and of full dimension, that is, the R-span of 0" is all of R¢. We will denote
the monomial elements of k[S] by ¥ for v € S, and if ¢V = cone(vy, ..., v,), we may write

K[z, ... x'] for k[S].

The ideals of toric rings that are of most interest to us are the monomial ideals. For a
monomial ideal I C k[S], we let Exp I := {v € S | 2¥ € I} be the exponent set of I. Also of
interest to us will be the convex hull of I, also called the Newton polytope of I, which we
denote by Hull I and which is the convex hull of Exp I in R¢, that is, Hull I is the smallest
convex set in R? containing Exp /. We will also sometimes use the descriptions given in the

following lemma:

Lemma 5.0.2. Let [ = (z*,...,2") be a monomial ideal in the toric ring k[S], where
S =0 =cone(ty, ..., t,). We have that Exp I = {uy,...,u,} + S, and
Hull I = {Zz a;U; | a; € RZ()?Zi a; = 1} + O'v.

Proof. A monomial z" is in [ if and only if it is a multiple of z*¢ for some ¢, which occurs
precisely when there exists w € S such that ¥ = x%z" that is, v = u; + w € u; + 5. This

shows the first statement.
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For the second statement, if v € Hull I then there are elements vy, ..., v, € Exp I and
b; € R>( such that v = Zj bjv; and Zj b; = 1. Therefore, by the first part, for each j there
exists 1 <4; <n and w; € S such that v; = u;, + w;. Hence
V= Zj bj(Uz']. + ’LUj) = Zj bjui]. + Zj bjwj S {Zz a;U; | a; € Rzo, Zz a; = 1} +oV.

Now we claim that for each i, u; + ¢ C Hull I. First, take a cone generator ¢; of 0", let
a > 0, and consider u; + at;. Let f = o — [a]|. We have that u; + |«]t; € Exp I and

w; + [a|t; € Exp I, and therefore
U; + Oétj = (1 — ﬁ) (uz + LO&Jt]’) + B (UZ + [Oé—ltj) € Hull 1.

Now if w € 0" \ {0}, then there exist w; > 0 such that w =3 w;t;. Let W =3, w;, and

observe that

wW;U; W
ui+w:ui+2wjtj: JW—FZQUJtJ:ZW](UZ—i—WtJ)
] J J

J J

By the previous paragraph, each w; + Wt; € Hull I, and also ) ; % =1, and so
u; +w € Hull 1.
Now suppose that a; € R>o with ). a; =1 and w € ¢”, and consider v = ), a;u; + w.

For each i, let w; = w/a; if a; > 0 and w; = 0 if a; = 0. Now each w; € 0¥, and so by the

previous paragraph, v =) . a;u; + w =) . a;(u; +w;) € Hull I, H

Example 5.0.3. Consider the toric ring R = k[z, 2%y, z3y*]. We can visualize this ring
using the shaded cone in Figure 5.1. The lattice points in the shaded region to monomials
in R. For instance. the point (1,0) corresponds to the monomial x, the point (2,1)
corresponds to the monomial 22y, and the point (3,2) corresponds to the monomial z3y2.
Consider the monomial ideal I = (z*, z%y?, 2%y*). The generators of I correspond to

the points (4,0), (4,2), and (6,4) in Z%, which are the red dots in Figures 5.2 and 5.3.
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Figure 5.1
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Figure 5.2

Figure 5.2 illustrates Exp I. From every lattice point corresponding to a generator of I,
we draw a copy of the shaded cone from the first figure. The lattice pointsin the shaded
region of Figure 5.2 correspond to the monomials that are in I. Figure 5.3 illustrates
Hull I, which is the smallest convex set containing all the lattice points in Exp I.

Our next result is a lemma that describes Exp I™ and Exp 1% for monomial ideals in

toric rings and will be essential to the rest of the section.
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Figure 5.3

Lemma 5.0.4. Let R = k[S] be a positive characteristic toric ring of dimension d, where

S =0"NZ2 and I be an ideal of R generated by n monomials. For any m € N> and q a

power of p,
(m—+n)Hulll CExpI™+o¢" CmHulll and Expl¥+ 5" =¢Expl+o.

Proof. Let x*',... x"* be a set of monomial generators for I.
If v € (m+ n)HullI then there exist a; € R5( such that >, a; =1 and
ve (m+n)d, au;+o0’. Foreach 1 <i<n,letb =|(m+n)a;]. Since each u; € 0", we

have that (m + n)a;u; € byu; + 0¥, and so

7

vE (m—l—n)Zaiui—l—av QZbiui—l—av.

Since Y, b; > (m+n) >, a; —n > m, we have that x2:%% € I"™ and so v € Exp I"™ + ¢".
This shows the first inclusion in the first statement.
If v € ExpI™+ ¢”, then there exist a; € N such that v € Y. a;u; + 0" and ). a; = m.

Therefore v € m - Y, “u; + 0¥, and since ), % = 1, we have that ), “u; 4+ 0¥ C Hull 1.
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This shows that Exp I"™ + ¢V C mHull I.

For the second statement, we have that
Exp I 4+ ¢ = Exp(z®™, ..., 29 + oV = LJ(quZ +0) = qLJ(uZ +0')=qExpl+o’. O
5.1 THE F-THRESHOLD AND F-LIMBUS IN TORIC RINGS

The geometric way in which we may describe monomial ideals in toric rings gives us a
method for computing certain numerical invariants. In particular, we may use Lemma 5.0.4
to measure the F-threshold and F-limbus for two monomial ideals I and J in toric rings.
The theorem below was proved in [3, Theorem 3.3] for the F-threshold, though we include

a proof of our own.

Theorem 5.1.1. Let I and J be monomial ideals in a positive characteristic toric ring

R = k[S]. We have that
¢/(I)=inf{s | sHulll C Exp.J +0"}

and

b/(I) =sup{s | ExpJ C sHullI}.

Proof. Suppose s > ¢’(I), and let n be the size of a generating set for I. For ¢ > 0,

ITsal C Jld and so by Lemma 5.0.4,
([sq] +n)Hulll C ExpI'* +¢¥ C ExpJ¥ + 0" = ¢Exp J + 0.

Dividing the first and last terms in the inequality by q gives us that
[S‘ﬂ% Hull I C Exp J + ¢", and since this holds for all large ¢, we have that

sHulll C ExpJ +o".
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Now suppose that s Hull I C Exp J + ¢¥. For ¢ > 1, we have that
Exp I"*7 C [sq]| Hulll C sqHulll C ¢ (ExpJ +0") = ¢ExpJ + 0" = Exp JI9 4 ¢".

Therefore Exp I1#91 C (Exp Jll JV) NZ% = Exp J4, and hence 7% C J9. Therefore
s > c¢’(I). Hence ¢/(I) = inf{s | sHulll C ExpJ + ¢"}.

Similarly, suppose that s < b’ (I). For ¢ > 0, J4 C IT*d] and so

1
ExpJ C = (¢ExpJ +0’) C

. (Exp Jl 4 av) C (Exp Ilsal 4 O’V) C

[sq] Hull I.

|
| =
|

Since this holds for all large ¢, we have that Exp J C sHull I.

Now suppose that Exp J C sHullI. For ¢ > 1, we have that

Exp J9 C qExpJ + 0" C sqHullI C |sq| Hull I C Exp 4= 4 5,

which shows that J9 C [lsa/="  Therefore, for every ¢, u(q) > |sq] — n, and therefore
s < b/(I). Hence b’ (I) =sup{s | ExpJ C sHull [} . O

We begin by studying Examples 2.3.5 and 2.4.5 again in this context.

Example 5.1.2. We take R = k[z,y, z]/(xy — 2"™!), and note that we may identify R with
k[ X, Y, X'V with the ring map sending z — X, y — X Y"1 > ¥ realizing the
isomorphism. Under this identification we have that I = (%2, z2%) — (X°Y, XY*) and
J = (232?) — (X3Y?). We can represent this information in Figure 5.4, in which the red
points correspond to the monomial generators of I and the blue point corresponds to the
monomial generator of J. The dashed line indicates the boundary of Hull 1.

We can use the geometry in this figure to calculate the F-threshold using
Theorem 5.1.1. According to the theorem, the F-threshold is the minimum s such that
sHullI C ExpJ + ¢”. The current situation is simpler than the general one since J is

principal, which means that Exp J + ¢" is itself convex, which means we only need to find
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4

Figure 5.4

the minimum s that will send the points corresponding to the generators of I into
Exp J + ¢'. We illustrate the situation in Figure 5.5.

Drawing lines from the origin through the points (1,4) and (5, 1), which correspond to
the generators of I, we can find the points on those lines closest to the origin which lie in

Exp J + ¢¥. From this we can determine that 2 - (5,1) € Exp J + ¢" and

22 . (1,4) € Exp J 4 0¥, Thus the F-threshold of I with respect to J is the maximum of
these two values.

The calculation of the F-limbus is similar. In this calculation we need to find the
maximum s such that Exp J C sHull I. We illustrate this situation in Figure 5.6. In this
case we can draw a line through the origin and the point corresponding to the generator of
J and find where it intersects with Hull /. We can then take the sum of the coefficients of
(3,2) and divide by the sum of the coefficients of the intersection (ﬂ ﬁ) to obtain that

17017
b/ (1) =55 = 12.
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5.2 s-MuLrTIPLICITY IN TORIC RINGS

Next we consider the s-multiplicity of semigroup rings. Since we only defined the
s-multiplicity for local rings, we will consider the completion of a semigroup ring k[S] at its
unique maximal homogeneous ideal. The ring we obtain is the power series ring k[[S]] in
the monomials that generate k[S] as a k-algebra.

In this section we relate the s-multiplicity function for toric rings to certain volumes in
Euclidean space, and use this to compute the s-multiplicity for a few toric rings. See [2] for
a more general treatment of the correspondence between limits in positive characteristic

and volumes in real space.

Theorem 5.2.1. Let (R, m) = (k[[S]], (S)) be the completion of a normal toric ring of
dimension d over a field k of characteristic p > 0, where S = o' NZ%, and I and J be

m-primary monomial ideals of R. We have that
he(I,J) =vol(¢”\ (sHullTU (ExpJ +0")),

where vol(—) is the standard Euclidean volume in R,

Proof. Let q be a power of p, and let n be the size of a generating set for /. The length of

R/(I"571 4 Jlal} is precisely the size of the set
Vo={veS|a’¢ [dl +J[q]} ={veS|v¢ Exp I1%7] UEpr[q]}.
From Lemma 5.0.4, we have that

(0¥ \ ([sq] Hull I U gExp J +0"))NZ* C V, C (6" \ (([sq] +n)Hull I U qExp J +0¥)) N Z%
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Since the volume of ¢ \ (sHullI U Exp J + ¢") is equal to the volume of its interior,

vol (¢¥ \ (sHullI UExp J + ¢"))

q—0 q

d
(0’ \ (sHullTUExpJ + ")) N (éZ)

) 1 d
:qli}%oa (0 \ (sq Hull T U g Exp J + 0¥)) N Z¢|

1
< lim —[Vg|

q—0 q

< lim id (6" \ (([sq +n])Hull I UqExp J + ¢")) N Z¢|

q—00 (

S y 1 \?
= lim — (0" \ (([sq +n]/¢) HulIUExp J + ")) N | =Z
qg—o0 ( q

=vol (0¥ \ (sHull] UExp J + 0")),

1
and so we have equality throughout. Since h,(7, J) = lim —|V;][, the theorem is
q

q—00
proved. O
Theorem 5.2.1 allows us to calculate the s-multiplicity of toric rings. We compute two

examples.

Example 5.2.2 (A, Singularities). Let n € N, n > 1, and let
Ay = bl y. 2]} ey — 24) 2 KXY, XY

The geometry of this toric ring is illustrated in Figure 5.7 in the case n = 2, though our
calculations will be for general n. The shaded region corresponds to the cone ¢¥, and the
lattice points (1,0), (0,1), and (—=1,n + 1) correspond to X, Y, and X 'Y respectively.
We wish to calculate e4(A,,), so we need to calculate Hullm and Expm + 0¥ where
m = (X,Y, X 'Y"*1). These are illustrated in Figure 5.8.

There are three situations to consider: s < 1,1 <s <2 — n+r1, and s > 2 — #1 When

s <1, sHullm U Expm + ¢" is illustrated is Figure 5.9a, and from this we can compute
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Figure 5.7

4
3
2
1
0
-2 -1 0 1 2 3 -2 -1 0 1 2 3
Hullm Expm + ¢¥
Figure 5.8

hs(A,) = s? for s < 1.
Now suppose that 1 < s < 2 — ——. The picture now becomes Figure 5.9b. Calculating

the area of the unshaded region in ¢ gives

1
Ba(An) = =" (s 12 4 2(s — 1) + 1
n
when 1 < S < 2 — ﬁ
Now consider the case when s > 2 — ? In this case the picture becomes Figure 5.9¢
and so we compute hy(A,) =2 — — when s > 2 — 2. With this, we can write down the
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(If— s, 8(n+1) —n)
2 2
(—s,(n/+1)s) \ (=11

1 ) 1 (54_1! (571)(n+1)>
0 X 0 X

2 1 o0 o 2 -1 0 1 2
(a) (b)
Y
4

(o +1)
3 +1
2
O ARNED
0 X
2 1 0 1 2

(c)

Figure 5.9

s-multiplicity for the A, singularities.

.
2 if0<s<l1

— bl (5—1)242(s—1)+1
1s2—(s-1)2

: 1
lf1§8<2—n—+1

es(An) = < )
T ntl : 1
W;:IW 1f2_n_+1§8<2
2L it s> 2.

Example 5.2.3. Let k be a field, and consider the ring V,, = k[[z, zy, ..., zy"]]. The

geometry of this ring is illustrated in Figure 5.10 below; the shaded region corresponds to
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0" and for 0 < a < n, the lattice points (1, a) corresponds to the monomial zy®.
Letting m = (z, xy, ..., zy"), Figure 5.10 also illustrates Hullm and Expm + ¢”. Thus

Figure 5.11 illustrates s Hullm U Expm + ¢V for various values of s.

) Y Y
4 4 / 4 /
3 3 3
2 2 2
1 1 1
0 x 0 x 0 x
0 1 2 0 1 2 0 1 2
ol Hullm Expm + ¢’
Figure 5.10

Y Y
4 / 4 /
3 3 /
2 2 B
(s,n(s—1)) 1+1/n.1)
T 0 ! T 0 z
0 1 2 0 1 2
0<s<1 1<s<1+1/n s>1+1/n
Figure 5.11

With these figures we can calculate hy(V},) and eg(V},):

)
ne? ifo<s<1
(Vi) = —”72(5—1)2—1—71(5—1)—1-% if1<s<1+1/n
ntl ifs>1+1/n
\
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n f0<s<1

S S e S 0

$2-2(s—1)2
ea(V) = 2(s-1)
P 1 if 1+1/n<s<2
ntl if s > 2.

2
\

Example 5.2.4. The normalizing factors H,(d) can be easily visualized as areas in space

in the same manner. Indeed, since k[[xy, ..., 2z4]] is a toric ring, we simply apply the
construction above to calculate hy((x1,...,24)). For instance, when d = 2, we have
Figure 5.12.
Y Y Y
2 2 2
(s—1,1)
1 1 1
(0, s) (L,s—1)
0 &— x 0 T 0 x
o0k o 0 1 2 0 1 2
0<s<1 1<s<2 §>2
Ho(2) = 152 H(2) =157 — (s — 1) Ho(2) =1
Figure 5.12

5.3 s-CLOSURES IN TORIC RINGS

We can consider the various s-closures we defined earlier in the specific case of toric rings.
Toric rings are examples of graded rings, which have many good properties that we can
exploit. Our first result using these properties is Theorem 5.3.1, which shows that
homogeneous ideals have homogeneous s-closures. In the proof below, for a Z"-graded ring
R and an element ¢ = ., ¢;, where the degree of each ¢; is i € Z", we call

Supp(c) := {i € Z™ | ¢; # 0} the support of c. Furthermore, by the diameter of ¢ we mean

max {||i — ¢'||« | 7,7 € Supp(c)}, where for i = (i1,...,i,) € Z", ||i||cc = max;<s<y |ie].

Theorem 5.3.1. If R is a Z"-graded ring of positive characteristic, I is a homogeneous

ideal of R, and s > 1, then IV and I are homogeneous ideals. Furthermore, if
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x € IV there exists a nonzero homogeneous element ¢ such that cxd € 1191 4 19 for all

qg>0.

Proof. Let & =3 cpn a5 € IV, There exists 0 # ¢ = 37,5 ¢; € R such that

iezn
cx? € I3 4+ T4 for all ¢ > 0.

If ¢;z§ # 0 and cpxf, # 0 have the same degree, then i + ¢j =4’ + ¢j’, and so
i—i' =q(j' — 7). If in addition ¢ is greater than the diameter of ¢, we must have that
j =7 and i =i'. Therefore each nonzero homogeneous component of cz? is cix? for some
i,j. Since I is homogeneous, so is I'* + 19 and therefore for ¢ > 0, we have that
cix;’? e I'sal 4 114 This shows that each x; €1 wels and that for each ¢;, ¢;z? € 11591 4 [ld]
for ¢ > 0.

Since IV is homogeneous, so is (I W'CIS)W'CIS, and each time we take the weak s-closure

we preserve homogeneity. Since I is the directed union of homogeneous ideals, it is

homogeneous. O

Toric rings are naturally Z%-graded, since they are subrings of k[z3!, . .. ,xéﬁl]. This
grading is also called the monomial grading, since all the homogeneous elements of k[S] are
of the form az", where o € k and v € S. Just as there is a way to calculate the
F-threshold, F-limbus, and s-multiplicity of monomial ideals using the geometry associated
to the toric ring, there is also a way to calculate the s-closure of a monomial ideal in a toric
ring. This method uses the same construction as the one we use to calculate the
s-multiplicity in the previous section, but instead of calculating area, we find the lattice

points contained in the region we define.

Theorem 5.3.2. Let R = k[S] be a toric ring, where S = o NZ% and k is a field of
characteristic p > 0. If I is a monomial ideal of R, then I is a monomial ideal of R,

I = s and Exp I = Exp I U (s Hull I N Z4).

Proof. Let 2%, ..., 2" be a set of monomial generators for I. By Theorem 5.3.1, I is a

monomial ideal containing I.
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Let 2% be a monomial of R. If a € Exp I, then 2* € I C IV“"s. Suppose a € s Hull
and let ¢ =) _.b; € S. There exist ¢y,...,t, > 0such that ) .t;, =sand a € >, t;b; +0".
Thus, ag+c € > . (qt; + 1)b; + 07 C Y. [qt;| + 0. Therefore,
2¢(x?)1 = poate ¢ glalbe .. glatmlbn p C [2lat] C [Tsdl Hence 2@ € I™ C [,

Now suppose that 2 € IV, and let 2° € R such that x¢(x?)? = gate ¢ [lsal 4 [l for
q > 0. If z09t¢ ¢ Jl4 for infinitely many ¢, then there exists i such that for infinitely many
q, 297 € ((2%)) and therefore ag + ¢ € gb; + 0V. Hence, a € b; — (¢/q) + 0" for infinitely
many ¢ and so a € b; + ¢’ C ExpI.

Suppose now that z%4+¢ € 1541 for ¢ > 0. Thus for all sufficiently large ¢ there exist
a; € N such that Y . a; = [sq] and ag+c € >, a;b; + 0. Hence a € —¢/q+ Y, a;/q+ 0”.
Since ), a; = [sq], we have that ) . a;/q = [sq]/q > s, and so a € —c/q + sHullI. Since
this holds for all ¢ > 0, a € sHull .

The above two arguments show that Exp Il = Exp I U (s Hull I N Z<). Since

IV C T, we have that Hull ¥ C Hull T = Hull I, and so s Hull /¥ C sHull I.

Therefore,
Exp (1) = Exp I U (s Hull " 1 Z7)
= BExp /U (sHullI N Z%) U (s Hull I N Z%)
= BExpl U (sHullI N Z%)
= Exp(I™<h).
Therefore [V-<ls = (_lw'dS)W'Cls and so Vs = J¢s, O

Example 5.3.3. Let R = k[z,y] and I = (2*,y3). The red points in Figure 5.13 are the
points in Exp I, while the shaded regions are s Hull I for various values of s.

As we vary s, the lattice points that lie outside of Exp I but inside s Hull I are

13

15> the blue points in

additional monomials that belong to I°. For instance, when 1 < s <

Figure 5.13a correspond to the monomials in I \ I. Therefore, I = (z%, 23y, 2%, 9°).
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Similarly, when % <s< %, Figure 5.13b gives us that I = (2%, 2%y?,4*). When

17

7 17
6 <5< 1y

that [¢s = (2%, 4) = I, as shown in Figure 5.13d.

Figure 5.13c gives us that I = (2%, 2%y, 9?). Finally, when s >

17
127

Y Y
4 @ ) @ @ @ ) ) ) ) 6) 6) )
3 0\0 [6) [6) [6) ) o ) ) [6) [6) )
2 ® ® ® ) @ ® ® @
1 T\: @ e @
0 ® I O )
0 1 2 3 4 5 0 1 2 3 4 5
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Figure 5.13

In summmary, we have

Icls —

that

(

(2, %2, %)
(2%, 2%y, %)

(a*,y?) =1

\
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(! %y, 2%y y") = T

1<s<13/12
13/12 < s < 7/6
7/6 < s < 17/12

s> 17/12.

we have
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