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Abstract

Let By, for p > 1 and o > —1 be the Besov type space of holomorphic functions on the
unit disk D. Given ¢, a holomorphic self map of D, we show the composition operator C, is
an isometry on B, , if and only if the weighted composition operator W ., is an isometry
on the weighted Bergman space A2. We then characterize isometries among composition
operators in B, , in terms of their Nevanlinna type counting function. Finally, we find that
the only isometries among composition operators on B, ,, except on By, are induced by
rotations. This extends known results by Martin, Vukotic and by Allen, Heller and Pons on

certain Besov spaces.



Acknowledgments

I would like to thank my advisor, Dr. Maria Tjani, for the patient guidance, encouragement
and advice she has provided throughout my time as her student. I have been blessed to
have an advisor who cared so much about me and my work. I want to thank the rest of my
committee, Dr. John Akeroyd and Dr. Daniel Luecking, for their time and commitment.
I would also like to thank Dr. Lance Miller and Dr. Andy Raich for their guidance and
support while I applied for jobs and prepared for interviews.

I must express my gratitude to my mother, Charla Behan, and grandma, Pat Rhodes for
their continued support and encouragement. Thank you to Jay and Julie St. Clair, Keith
and Sonya Wilkins, Les and Dian Jordan, and Scott and Jill Fields for making me part of
your family and treating me as your daughter. Thank you Mindy Grusing, Kristy Wisdom
McPeak and Lindy Roberts for your guidance and for helping me keep things in perspective.
Thank you Taekwondo family for keeping me grounded and entertained. I would not have
made it this far without ALL of you.

Much thanks to Mary Powers and staff at the Mathematics department at the University of
Arkansas. Special thanks to the University of Arkansas Mathematics department and SREB
for funding my education.

Finally, T would like to thank all of my students for challenging me and motivating me to

become a better teacher and mathematician.



Dedication

I dedicate my dissertation to Afton Clevenger and my father, Keith Wilkins.

Afton Jade I am so proud of the woman you have become. You are kind, beautiful, brilliant
and talented! I look forward to seeing what God has planed for your life. The skies the
limit, kid.

Dad, thank you for showing me how my heavenly Father views me. Thank you for being my

rock that I can always count on.



Table of Contents

Introduction

Banach Spaces of Holomorphic Functions

Composition Operators on Banach spaces of Holomorphic Functions

Isometries

4.1 General Isometries . . . . . . .

4.2 Isometries among Composition Operators: Known results . . . . . . . . . ..

4.3 Isometries of Banach spaces among composition operators . . . . . .. . ..

References

16

23

23

26

32

47



1 Introduction

Let ¢ be a holomorphic self map of the unit disc D in the complex plane C and let f € H(D),
the space of holomorphic functions in D. Then the composition operator, C,, is the operator
that maps f +— f o, that is

Cof = foep.

Composition operators were originally studied in the context of the Hardy space, H?>.
The Hardy space is the space of functions of square summable power series coefficients. In
1925 Littlewood proved a subordination principle. In terms of composition operators the
subordination principle implied that composition operators on the Hardy space are bounded.
Research on composition operators on spaces of holomorphic functions is fairly recent, dating
back to the mid 1960’s. A driving force in the study of a concrete operator on spaces of
holomorphic functions is seeing how properties of the symbol affects properties of the operator
such as boundedness, compactness, closed-range and isometries.

Let X be a normed linear space with norm || - || x. An operator T on X is an isometry if

for each f € X,
1T fllx = I.fllx-

Stefan Banach was the first to study isometries on specific Banach spaces such as on C(D),
the space of continuous functions on a compact metric space D, see [3].

General isometries have been studied on H*°, the space of bounded holomorphic functions
on D, the weighted Bergman spaces, the Bloch space, and Besov spaces (see [5], [9], [13], [14],
[15]). Isometries among composition operators have been studied on H?, H*, the Dirichlet
space, the Bloch space, the space of BMOA and on Besov spaces (see [1], [4], [6], [16]-[20],
[29])-

This thesis focuses on the isometries on the Besov type spaces. Given p > 1 and a > —1,



the Besov type space, B, o, is the space of holomomorphic functions such that

11,0 = / PP — [2P)dA() < oo

This is equivalent to f’ belonging on the weighted Bergman space AP. The Dirichlet space,
the Besov spaces, and the weighted Bergman spaces are all Besov type spaces.

In Chapter 2 we discuss the weighted Bergman spaces, the Besov type spaces, the Hardy
space, the Bloch type spaces and BMOA. These are all Banach spaces of holomorphic func-
tions. We give properties of these spaces that we will need in later chapters.

Composition operators are not always bounded on B, ,. Givenp > 1, > -l and w € D,

the Nevanlinna type counting function for B, is

Npa(w,0) = D & ()P 21— [21)
p(z)=w
where it is understood that if w is not in the range of ¢, then N, ,(w, ) = 0. It has been
used to determine bounded, compact and closed range composition operators, see [25].

In chapter 3 we recall a non univalent change of variables formula involving the counting
function for B, ,, that is similar to the well known change of variables formula involving the
Nevanlinna function and is essential to this work, see Proposition 3.2. We also recall the
definition, a property of Besov type Carleson measures and a characterization of bounded
composition operators on B, , using Carleson measures, see Theorems 3.1 and 3.2. We
finally see that composition operators are always bounded on the Bloch space, in fact they
are contractions if ¢(0) = 0.

Chapter 4 consists of three sections. In section 4.1 we discuss what is known on general
isometries on C'(D), on H*, on weighted Bergman spaces, on Bloch type spaces and on Besov
spaces. In section 4.2 we discuss what is known on isometries among composition operators
on H?, on Bloch type spaces, on BMOA and on Besov spaces. Motivated by Allen, Heller

and Pons paper [1], we classify isometric composition operators acting on Besov type spaces.



In all known cases of isometries among composition operators, if C, is an isometry then
©(0) = 0.

Our first result in section 4.3 is Theorem 4.1, where we unify the proofs of all known
results and extend them to any Banach space satisfying some very general conditions.

Theorem 4.1 Let X be a Banach space of holomorphic functions containing the constant

functions and Aut(D). Moreover assume that for all f € X, ||fl|x = |f(0)]+]||f||sx and for
any constant c, ||f + c||sx = ||f||lsx. Then C, is an isometry on X if and only if ¢(0) =0
and for all f € X

1 o llsx = II.fllsx-

We conclude that on all such Banach spaces, if ¢ is a unit disk automorphism then the only
isometries are the rotations, see Proposition 4.1.

The weighted composition operator, Wy, , is defined by Wy, ,f = ¢ f o ¢ for ¢ € H(D),

and ¢ a holomorphic self map of . In Theorem 4.2 we show that under general conditions
on a Banach space, whose norm is determined from a seminorm, we can use equality of the
seminorm to determine isometries in just operators that are unimodular constant multiples
of composition operators.
Theorem 4.2 Let X be a Banach space of holomorphic functions containing the constant
functions and Aut(D). Assume that for all f € X, || fllx = |f(0)| + | fllsx and ||f + c||sx =
| fllsx, for each constant c. Moreover, assume that Wy, is an isometry on X. Then
Wy o llsx = IIfllsx for all f € X if and only if (=) = ¥(0) for all 2 € D, [$:(0)] = 1 and
©(0) = 0.

In Theorem 4.3 we show that C,, is an isometry on B, , if and only if ¢(0) = 0 and W,
is an isometry on the weighted Bergman space A2. As a consequence of Kolaski’s theorem,

see Corollary 4.3 we have that isometries are full maps, that is the Lesbesgue measure area

of D\p(D) is 0.



The Dirichlet space is a Besov type space with p = 2 and a = 0. Martin and Vukotic
in [17] characterized isometries on the Dirichlet space D and showed that a composition
operators is an isometry on D if and only if ¢ is a univalent full map that fixes the origin.
This is equivalent to ¢(0) = 0 and Nag(w, p) = 1 almost everywhere.

In Theorems 4.6 and 4.7 we characterize isometries in B, , in terms of their Nevanlinna type
counting function.

Theorem 4.6, Theorem 4.7 Let p > 1, o > —1. Then C, is an isometry on By, if and
only if ©(0) =0 and for almost every w € D, N, o(w, ) = (1 — |w[*)*.

In Theorems 4.4, 4.5 and in Proposition 4.5, we partially solve the problem of isometries

on B, ,. In Theorems 4.8 and 4.9 we find all isometries among composition operators on

B, ..
Theorem 4.8, Theorem 4.9 Ifp > 1, a > —1, except p = 2, a = 0, then C,, is an isometry
on By, if and only if ¢ is a rotation.

Our last result is the corollary below.
Corollary 4.7 Let p > 1, a > —1, except p = 2, « = 0. Then, ¢(0) = 0 and for almost
every w € D, N, o(w, @) = (1 — |w]?)* if and only if ¢ is a rotation.

If A and B are two quantities that depend on a holomorphic function f on D, we say

that A is equivalent to B and write A < B if there exists constants ¢;, co > 0 such that

ClA S B S CQA.

We say that a complex valued function h(w), w € D is little o of 1 and write o(1), if as

w — 0, h(w) — 0.



2 Banach Spaces of Holomorphic Functions

Let H(D) denote the space of holomorphic functions on D. It is a complete metric space
with the topology it inherits from C(D), see [7, Chapter VII Corollary 2.3|; that is, every
Cauchy sequence in H (D), converges uniformly on compact subsets of D to a holomorphic
function on . A Banach space is a normed linear space that is complete with respect to the
metric defined by its norm. In this chapter we define and give properties of Banach spaces

of holomorphic functions that we will need in later chapters.

0

Definition 2.1 A Mdbius Transformation is a function of the form eay(z) where

for X € D and z € D.

These are the conformal automorphisms of D denoted by Aut(ID). Two simple calculations

show that 04;1 = a) and

/ o 1— ‘)‘|2
i (z)| = m
Also,
1 ()2 = EZPOUZED g0 — 2. 1)

11— Az
Let A denote area measure on D normalized by the condition A(D) = 1.

Definition 2.2 Let « > —1. Define a positive Borel measure dA, on D by dA,(z) =
(1= [2[*)*dA(2).

Definition 2.3 Let « > —1, p > 1. The Bergman space, AP, consist of all holomorphic



functions on D such that

I = [ If(2)|pdAa(2)); o

Theorem 2.1 Suppose f € AP where p > 1 and o > —1. Then

(%

1/ 1]z
[f(2)] < N
(1—=1[z) >

for all z € D.

Proof: Let f € AP, fix p > 1 and a > —1. Using polar coordinates we see that

1l = / FP(L — |22)7dA()

|
- /01{/0 yf(rei9)|p(1—r2)%d9} z

Hardy’s Convexity Theorem (Theorem 1.5 from [12]) states that integrals of the form

2
/0 F(re) 6

are increasing functions of r for 0 < r < 1. Therefore for each 0 < r < 1

1 21 0
_ 2 p
- / Fre®)[Pdo.

Multiply both sides above with (o + 1)r(1 — r?)®, and integrate with respect to r to get

@y [op-rra < S LT eepn - el o

2 J,
1 p 2\«
= 5 [Irera-prase.

[FO) <




Hence,

[FO) < [1fllaz (2)

and the conclusion is proved if z = 0.

Next fix zp € D\ {0} and define

1|2 ]
(1 — 220>2 '

PG = foan(a)- |

Then by (1)

IE = (Oé+1)/D!F(Z)!p(1—IZ\Q)“dA(Z)

= (o 1) [ 1P [g o - Paac)
R A e N = 8

= (a+1)/D|f(azo(Z))|p(1—Iazo(Z)|2)“|a;0(2)|2dA(Z)-

By making the change of variables ( = a,,(2) we see that

|FIE, = / FOPA — [¢2)*dA(C)

= ||f||€;g

2+

Thus F and f have the same norm. Notice that F(0) = f(20)(1 —|2]?) » and from (2) we



know that |F(0)| < || f|| az. Therefore,

2+«

[f(20)I(1 = Jz0l*) 7 < |1y

Hence,

T
o) < —Ma
P ey

Theorem 2.2 Let p > 1 and o > —1. Then the Bergman space AP s a Banach space.

Proof: Let (f,) be a Cauchy sequence in A?. Then (f,) is Cauchy in L2 := LP((1 —
|2|2)*dA(z)), which is a Banach space, see [22, Theorem 3.11]. Therefore (f,) converges to
some function g € L2, that is || f,, — g||;z — 0. By Theorem 2.1 we know that for all z € D

and all natural numbers m, n,

Fa(2) = fnl2)] < 1In = Imllag
(1|25

For each fixed r and for all |z| < r,

1 1

24a °

- <
(1—z)5 (1=

Therefore (f,,) is uniformly Cauchy on compact subsets of D. We conclude that there exist an
f € H(D) such that f, — f uniformly on compact subsets of D. Now since || f, — g||;z — 0
by [22, Theorem 3.12], there exists a subsequence (f,, ) such that f, — ¢ uniformly on
compact subsets of D. Thus g is holomorphic and f = g. Hence ||f, — f||az — 0 and A? is

a Banach space. O

Definition 2.4 Let p > 1 and o > —1. The Besov type space B, o s the space of holomor-



phic functions f on D such that

1115, = /D [ ()P (1= ]2*)* dA(2) < oo (3)

The following is a norm in B, 4:

[fllp.a = 1£(0)] + {/D [f P (1= 2 dA(Z)}p : (4)

Note that B, , 5 is the Besov space, By is the Dirichlet space with an equivalent norm.
Below we describe the growth of a function in B, ,. By Proposition 4.27 in Zhu [26] we know
that for any holomorphic function f € D

1@ -0 = — [ St L it KO PYTIRS

a+1 w(1 — zw)ot?

Then by Holder’s Inequalities

16 =101 < o [ g 44
< o [ CRE

- (1 — Jwf?)r+e i
= C|lf|lz,. (/Du_m‘aqufx(w) :

1,1 _
Whereg—i—a—l.

_ _ _ a—p+2
Lett=¢g+aandc=aq+q—a—2. Thenc-p%l.

By Lemma 3.10 in [26] we have the following.



e Assume p > 1 and a = p — 2. Then ¢ =0 and

s ([ i caaw))

1 q
Il s (1o =) )

£ (2) = £(0)]

IN

IN

e Assume p>1and —1 <a <p—2. Then ¢ < 0 and

is bounded above and below on D. So for all z € D

£ (2) = FO) < Clfl5,.0- (6)

e Assume p > 1 and a > p — 2. Then ¢ > 0 and

10501 < . ([ 1 = Uﬂ]“”' dd(w))
< Cllfls,. @

(1 - |Z!)

Proposition 2.1 Let p > 1, a > —1. If (fn), f € Bpo and ||fn — fllpa — 0 then f,
converges to f uniformly on compact subsets of . Moreover, if -1 < a <p—2, f, = f

uniformly on D.

Proof: Since | f, — fllpo — 0 we have, f,(0) — f(0) and || f, — fl||p,. — 0. First, let

a = p— 2. For each fixed r € (0,1), for |z| < r and by (5)

1a(2) = 1) = 0 + FO) < Cllfu = Tls,, (log 1 _1|z,2)q

10



N———
Q=

1
< Cll= Sl (1087

So f, — f uniformly on compact subsets of D.
Next for —1 < a < p — 2. Clearly f, converges uniformly on I to f by (6).

Lastly, for a > p — 2, for each fixed r € (0, 1), for |z| < r, and by (7)

1
[fu(2) = f(2) = [u(0) + FO] < Cfn = fllB,.a e
(1—1]z?) >
1
< Ol Py s
(1-r)7
Thus f, — f — 0 on compact subsets of . O

A proof similar to the one in Proposition 2.1 gives the following.

Corollary 2.1 Let p > 1, and a > —1, (f,) € By If (fn) is a Cauchy sequence in B,

then (fn) is uniformly Cauchy on compact sets.

Theorem 2.3 Let1 <p < oo, « > —1. Then the Besov type space B, is a Banach space.

Proof: Let (f,) be a Cauchy sequence in B, ,. Then (f;) is Cauchy in AP, which is a

(o2

Banach space by Theorem 2.2. Therefore, f/ converges to some function g € AP, that is
£, = gllag = 0.

Since f,, is Cauchy in B, ,, and by Corollary 2.1 f,, is uniformly Cauchy on compact subsets
of D, there exists a holomorphic function f on D such that f, — f uniformly on compact
subsets of D. Hence f — f’ uniformly on compact subsets of D.

By [22, Theorem 3.12] and since || f; — g||a» — 0, there exists a subsequence of f; such that
f!'— ¢ uniformly on compact subsets of D. Therefore f and g must be the same function.
That is g = f" and g is holomorphic. Hence || f;, — f'||az — 0 and || f,, — f||B,. — 0.

Also from Corollary 2.1, f,, converges to f uniformly on compact sets of D. Choose {0} to

11



be the compact subset. Then |f,,(0) — f(0)] — 0. Therefore,

[ = fllp.o = 1£n(0) = FO)| + [ fo = fllB, 0 = 0O

and B, , is complete and therefore a Banach space. 0
Below is Theorem 4.28 in [26] that gives a characterization of weighted Bergman spaces in

terms of the first derivative.

Theorem 2.4 Suppose 3 > —1, p > 1 and f € H(D). Then f € A} if and only if
(1= 1[2))f'(2) € LP(dAg). Moreover, if f € A} then

1Lz = 1)+ 111 = [21) ' (2) | r(aan)-

Proposition 2.2 Ifp > 1, a > p — 1 then B,, = Al_ with equivalent norms; that is, if

a—p

€ B, then
f p7
”fHBp,a - HfHAp

a—p :

Proof: Let f € B,, and 8 = a —p. Then

1, = [ IFEPa-Praae
= [ @I =P 0 - 2PraAc).

Therefore, f € B,, if and only if (1 — |2|?)f’ € LP(dAg). Applying Theorem 2.4 we have

[ € By, ifand only if f € A?_ | and the equivalency of the norms. O

a—p)

Theorem 2.5 For o > —1, p > 1, B, is a Mobius invariant Banach space if and only if

a=p-—2.
Proof: The space By, is Mdbius invariant if and only if ||f o ax[lp, = [ fIl5,, for all
A e D.

12



Note that

Ifoanlls,, = /Dl(f o ay)'(2)["(1 — |2[*)"dA(2)

P,

= /le’(ax(Z))lpla&(Z)lp(l—|Z|2)‘“dA(Z)

Thus, making the change of variables w = «,(z) and by (1) we have

Ifoaxls,, = /D|f’(w)|”!a&(ax(w))|p(1—!aA(w)|2|°‘!a&(w)\2dA(w)
= /If )‘p(l—\w\z)ala&(w)\“!a&(w)\sz(w)

e — e @
- /D|f( (L= o) s dAw).

If o = p — 2 then it is clear that B, , is Mdbius invariant.

If  # p—2 and B,, was Mobius invariant then

/D () P(L— [w]?)® (1~ oy (w)[**?) dA(w) = 0.

for all f € B, ,. Apply the above for the function f(z) = z to get

1
a+1’

[ =Pyl raaw) = [ - Py -

Therefore,

[ 00 Ay = :
w) = .
|1 — hw|2a—2pt4 a+1(1—|\?2)ert2
Let ¢ = a — 2p + 2. By examining the three possible cases in Lemma 3.10 in [26], we ar-

rive at a contradiction. Therefore if o # p—2, B, , is not a Mébius invariant Banach space. [

13



Definition 2.5 The Hardy Space, H?, is the space of holomorphic functions

f(z) = Z anz"
n=0

with square-summable power series coefficients, that is

oo
1F N2 =) lan]” < o0.
n=0

Notice f € H? if and only if f € By ;. That is H> = By as sets but they are equipped with

different norms.

Theorem 2.6 Littlewood-Paley Identity For each f € H(D),

1% = ) + / (=) log = dA(2).

|22

It is known, see for example Theorem 17.11 in [22], that if f € H? then the radial boundary

values of f,

f(¢) := lim f(r¢)

r—1

exists almost everywhere. Let dm = % denote the normalized Lebesgue measure on the unit

circle T. By [22, Theorem 17.1].

1] = / F(Odm(C) (s)

Definition 2.6 Let o > 0. The Bloch type space B, is the space of holomorphic functions
f on D such that

1 fll5. = Sup |F(2)](1 = |2[*)* < o0.

14



For each a > 0, the space B, is a Banach space with norm

I = 17O+ 1 F s

see [28, Proposition 1]. The Bloch space, denoted by B, is the space B, with o = 1. It
is a Mobius invariant Banach space. That is, if f € B then f o ¢ € B for all Mobius

transformations . In fact

[foarls = igg!(fo&x)’(Z)\(l—\ZP)

= sup | (en(2)[|4(2)|(1 — |2])
= igg | f'(an(2))](1 = ‘OO\(Z)F)
= sup|f'(w)|(1 — [w]?)

webD

= /15

Rubel and Timoney in [21] showed that the Bloch space is the largest Mébius invariant
Banach space in the following sense. Let X be a linear space of holomorphic functions with a
semi norm || - || x such that fop € X and ||foy||x = ||f||. for all f € X and have a non-zero
linear functional L that is decent (that is L extends to a continuous linear functional on the

space of holomorphic functions on D). Then X must be a subspace of the Bloch space.

Definition 2.7 The space BMOA consists of the holomorphic functions f € H? such that
[l =sup|[foar—f(A)]2 < oo
AeD
The norm in the space of BMOA is

I lBrr0a = [£O)] + [ £l

It is also a M&bius invariant Banach space, see [26, Chapter 9].

15



3 Composition Operators on Banach spaces of Holomorphic Functions

In this chapter we define and give properties of the composition operator. It is always
bounded on H? and on B. We recall the Besov type space Carleson measures and the

characterization of bounded composition operators on B, ,.

Definition 3.1 Let ¢ be a holomorphic self map of the unit disc D in the complex plane C
and let f be a function in a space of holomorphic functions. Then the composition operator,

C

», 15 the operator that maps f to f o, that is C,f = f o .

Proposition 3.1 C, is a one to one linear operator on any space of holomorphic functions.

Proof: Let f,g € H(D) then

Co(f+9) = (f+g)op

= fop+gop. (9)

Andifa e C

Colaf) = afoyp
= a(fop)

= a(Ccpf)

Thus C, is a linear operator. Moreover, if C,f = C,g then f oy = go ¢ and therefore
flo@) = 9lem). Now since ¢ is holomorphic and D is open, ¢(ID) is open by the Open
Mapping Theorem. Two holomorphic functions that are equal on an open set are equal by
the Identity Principle, thus f = g and C,, is one to one. O
Littlewood in 1925 proved that composition operators on H? are bounded.

Theorem (Littlewood’s Subordination Principle) Suppose that ¢ is a holomorphic self map

of D, with (0) = 0. Then for each f € H* and C,f € H?, ||Cyfllr2 < || f | m2-

16



For each bounded Borel subset E' of T let m, denote the pull back measure of m; that is

my(E) =m(¢ ' (E)). Then for each f € H?,

/T F(O)Pdmy(¢) = / 1 0 () Pdmi(¢). (10)

Definition 3.2 Letp > 1, a > —1 and w € D. The counting function for B, is

= Y PP -2

e(z)=w

If w is not in (D) then N, ,(w,p) = 0.
The proof of the proposition below is similar to the proof of the proposition in section 10.3

in [23].

Proposition 3.2 If g is a non-negative measurable function on D and ¢ is a holomorphic

self map of D, then

/Dg(sO(Z))ISO’(Z)Ip(l— [2[*)* dA(2) = /Dg(w)Np,a(w,sO) dA(w).

Proof: Let g be a non-negative measurable function on D. Let Z C C be the set where
¢ vanishes. That is Z = {z € D : ¢/(z) = 0}. Then Z is an at most countable set and

D\Z is a finite or countable union of a collection of semi-closed polar rectangles. That is

D\Z = UneA R,.
Notice that for all n, ¢ is univalent on R,. Then ¢ : R, — ¢(R,) is one to one and onto.
So the inverse of p|g, exists, ¥, = (¢|r,) : ¢(R,) = R,. Now applying the usual change of

variables, we have

/ G (P~ |22)° dAGz) = / G (P21 = |21 (=) dA(z)
_ / o SN2 @) dAw)

17



- / 9(0) X () [ () P21 — [t (w)]2)" dA(w)

where y,, is the characteristic function of p(R,). Now summing both sides on n we obtain

/Dg(sO(Z))Iso’(z)lp(l—IZI )" dA(z) / {an (W) P21 = [¢n(w)] )“} dA(w)

For w € p(D)\¢(Z) the points in the inverse image ¢~ '{w} have multiplicity one. So the
term above in braces is N, ,(w, ¢) almost everywhere on ¢(ID). Similarly if w ¢ p(D) then

the term in braces and N, , are both zero. Thus

/g(w(Z))lw’(Z)l”(l — 2" dA(z) = /g(w) D IEEP =12 dA(w).
D D (5w

©

U

The counting function is useful in the following change of variables. Let f € B, ,, p > 1 and

a > —1. Then by Proposition 3.2

1Cf B, = /!(fow)’(Z)\p(l = [2*)* dA(2)
= [P I = P dAe)
= /If NPl ()P (1 = [21)]'(2)|* dA(2)
= [ 1@ Nyalw.¢) dAw) ()
The composition operator C,, is bounded on certain Besov type spaces B, ,. But they are not
always bounded on all Besov type spaces. Carleson measures have been used to characterize

properties of composition operators such as compactness and boundedness in many settings.

They can be used to characterize bounded composition operators on B, ,, see [25].

Definition 3.3 Let u be a positive measure on D. Then p is a (Bpa,p) Carleson measure
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if there exist a constant A > 0 such that for all f € B},
[ 17l dutw) < Al
By Lemma 3.10 (b) in [26]

B e
5wy A0

for ¢ >0 and t > —1.

LetzE]D),/\EID),5>an2—1and

(1— [A[2)T 15
11— \zf0

Brs(z) =

Then by (12)

18xs()5,,. = /D|5&,5(2)Ip(1—|2|2)“ dA(z)

= PP Ryt

~ 5?’)\|p(1 _ |/\|2)6p+p7a72 .

< C.

Let 8 € [0,27) and h € (0,1). The Carleson type set S(h,0) is:

S(h,0) ={z€D:|z—e’ <h}.

(12)
(13)
1—[z]%)e
s 240
1
(1 _ |/\|2>6p+p—2—a
(14)

The following theorem characterizes Carleson measures on B,,. It extends and unifies

Theorem 13 in [2] to Besov type spaces, and Carleson measures in Hardy and Bergman

spaces.

Theorem 3.1 Letp>1,a > —1 and § > O‘TTQ -1
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Then the following are equivalent
1. pis a (Bpa,p) Carleson measure.

2. There exists a constant A > 0 so that

u(S(h,0)) < An*?

for all § € [0,27) and for all h € (0,1).

3. There exists a constant B > 0 so that for all A\ € D

/ (1 o |)\|2)6p+p—a—2
D

11— Aw|op+p dp(w) < B

Proof: First suppose that (1) above holds. Let 85 € B, be as in (13). Then, by (14),
statement (3) of the theorem easily follows. Now suppose that (3) holds. Given h € (0,1)

and 6 € R, let A = (1 — h)e®. Then for all w € S(h,0)

-2 1
>

1 — w2 = 5k

Therefore by (3) and since 1 — || = h,

o 2\ép+p—a—2
B > [0 ()
b |1 — Aot

dp+p

1-— /\ 2 2 Sptp
> [ (GER) T as e )
sthoy \|1 — Aw|

an(S(h.0))

> const.

and (2) follows. Finally suppose that (2) holds. Let Ey(z) = {w eD:z—wl< 1_T|Z‘}

Then if z = |z]e?, Ei(z) C S(2(1 — |2]),#). Therefore as in the proof of Theorem 13 of [2],
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if f € Bya

/le'(Z)l” dp(z) < 9/1@ [/ (w)[P(1 = Jw])u(S2(1 — |w],0))) dA(w)
< [1r@P (- Py daw),
and statement (1) of the theorem follows. O
By (11) and Theorem 3.1 we obtain the following.
Theorem 3.2 Letp>1, a>—1 and > "“TTQ — 1. Then the following are equilvalent.
1. The composition operator C, is a bounded operator on B, ,.

2. There exists a constant B > 0 such that

D )
U By N [0 'll), d w S B .
)\e]g/m) |1 — )\w";p-l-p D, ( 90) ( )

3. The measure Ny, o(w,p) dA(w) is a p-Carleson measure.

We know that composition operators are not always bounded on B,, ,. However, composition

operators are always bounded on the Bloch space as shown below.

Theorem 3.3 If ¢(0) = 0 then C,, is a contraction on B, that is for all f € B

1C fIF < £

Proof: Applying the Schwarz-Pick lemma to line (15) below we have

IC I = [f (O] + I Ce flls

= [f(O)+sup|(fo ©) (2)I(1 = |2
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= |f(0)] + sup |f () (2)I(1 = |2[*)
< [f(0)| + Sup |f'((2)|(1 = |e(2)]?)

< L)1+ sup /()| (1~ fwf?)

1/l

Thus C,, is a contraction on B.
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4 Isometries
4.1 General Isometries

An isometry from one metric space to another is a distance preserving map between them.
The isometries of the complex plane C form the Fuclidean group. They are rotations, trans-
lations, reflections, and glide reflections and have the form ez + a, and €z + a, € R and
aeC.

Let X be normed linear space. A linear operator 7' : X — X is an isometry if for all
fe X Nl = 11111

Let D be a compact metric space. The space of continuous real valued functions defined

on D is denoted by C'(D). It is a Banach space with the sup norm, that is if f € C(D) then

|| flloc = sup | f(2)] -
teD

Stefan Banach was the first to study isometries on specific Banach spaces such as C'(D),
[P and LP[0,1]. In particular Banach gave the following characterization of the onto linear
isometries of C(D), see [3], [13].

Theorem (Banach) Let D be a compact metric space. If T is an onto isometry of C(D),
then there exists a real valued function h on D with |h(t)] = 1 for allt € D and ¢ a

homeomorphism of D onto itself such that for all f € C(D)

The Banach space of bounded holomorphic functions D with the sup norm is denoted by
H*. Below is the characterization of the onto linear isometries of H* given by deLeeuw,
Rudin and Wermer.

Theorem (deLeeuw, Rudin, Wermer) A linear operator T on H* is an onto linear isometry
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if and only if there exists 0 € R and p € D such that for all f € H*®

T(f)(2) = e’ (foay)(2), teD.

The following is the characterization that Kolaski gave for the isometries of the weighted
Bergman spaces. It is Theorem 1 in [15] p 911.

Theorem (Kolaski) Let 1 <p < oo, p# 2 and o > —1.

1. If T : A2 — AP s a linear isometry and if T'1 is denoted by 1, then there is a

holomorphic map ¢ taking D onto a dense subset of D such that

(Tf)(2) = Wy o f(2) = 9(2) - f(0(2)), (16)

for all f € AP For every bounded Borel function h on D then

/D (h o p(2)| ()P dAa(z) = / h(z) dAa(2). (17)

2. If ¢ is a holomorphic map of D into D and if » € AP satisfies (17) for every continuous

function h on D then (16) defines an isometry of AP,

3. If the linear isometry T is onto AL, then ¢ € Aut(D). Conversely, if ¢ € Aut(D) and

if v € AP is related to ¢ by (17), then (16) defines an isometry of AY onto AP.

A holomorphic self map of D is called a full map if the Lebesgue area measure of D\p(D) = 0.
As the authors in [1] point out, Kolaski proved that if 7" is a linear isometry then ¢ is a full
map.

Below is the characterization of the onto linear isometries of B given by Cima and Wogen in
[5].

Theorem (Cima, Wogen) If T is an onto isometry of B then there exists § € R and ¢ €
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Aut(D) such that
Tf(z) =" (fou(z) = f(p(0), =z€D.

Let n > 2 and f € B,,_2. A new norm on B, , » that is equivalent to || f||,,—2 is the

following

|vn:§ju“4km|%(@Uﬁ%@ﬂl—vmW*mﬂa)ﬂ

see [27].

Let I denote the identity operator on B, , 5. Given a natural number %k define

ZkBp,p—2 = {Zkf fe Bp,p—2}-

Define recursively operators I, : A}, — Z*B, , 2 by

fmﬂ@>=[ffmwu

and

I(f) = LT (f))

for each integer k > 1. Below is the characterization of the linear isometries of B, ,_» that
Hornor and Jamison gave in [14].

Theorem (Hornor, Jamison) Let p > 1, p # 2 and n > 2. Let T : B,, o — B,, 2 be
an isometry. Then there exists a permutation © of the set {0,1,2,...,n — 1}, unimodular
complex numbers u;, a function g € AZP_Q and a holomorphic function ¢ on I and onto a

dense subset of D such that

=l ) () 470
TH) =3 ST g 1Y o

for all z € D and for all f € By, .
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Moreover,

/D (h o O)glP(2)(1 - |22 2dA(z) = / B(2)(1 — |2[2)™2dA()

for every bounded Borel function h on D. Conversely, given a collection w; of unimodular

p

np—2, the formula above

constants, a permutation ™ of {0,1,...,n—1} and an isometry U of A

defines an isometry on B, .

4.2 Isometries among Composition Operators: Known results

The characterization of isometries among composition operators has been studied on many
different spaces. Among these are the Hardy space, the Bergman space, the Bloch space,
the space of BMOA and certain Besov spaces.

A holomorphic self-map ¢ of D is said to be inner if |p(¢)| = 1 for almost every ¢ in the
unit circle.

In 1968 Nordgren classified all isometries among composition operators on the Hardy Space
H? (see [20]), also Martin and Vukotic in [18].

Theorem A The composition operator, C,, is an isometry in H* if and only if ¢(0) = 0

and @ is an inner function.

Proof: First, assume C,, is an isometry on H2. Then, ||Cyz|/ g2 = ||z||z2 and by (8)

16 n(©) = [ icPam(@).

Therefore,

/T L [p(O)Pdm(¢) = 0.

Since ¢ is a self map of D we conclude that |p(¢)| = 1 for almost every ¢ € T and ¢ is an

inner function. As we will see in Theorem 4.1, p(0) = 0.
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Next, assume that ¢ is an inner function and that ¢(0) = 0. Then by (10) and [20, Lemma

1] dm,(¢) = dm(¢) and C,, is an isometry on H>. O

Remark 4.1 Note that by the proof of Theorem A, C,, is an isometry on H? if and only if
©(0) =0 and [|¢]lp> = 1.

Martin and Vukotic also characterized the isometries of the Dirichlet among composition
operators in [17].

Theorem B A composition operator C, that acts on D is an isometry if and only if ¢ is a
univalent full map of D that fizes the origin.

Colonna determined the isometries among composition operators in B as follows (see [6,
Theorem 5]).

Theorem (Colonna) A holomorphic self map ¢ of D induces an isometric composition op-
erator on B if and only if p(0) =0 and ||¢||g = 1.

Moreover, Martin and Vukotic determined the isometries among composition operators in 3
as follows (see [19, Theorem 1.1]). The hyperbolic derivative of ¢ is

oy (L= EPPE)
e

and let 75(2) = |¢*(2)|.

Theorem (Martin, Vukotic) Let ¢ be a holomorphic self map of D. Then C,, is an isometry
on B if and only if p(0) = 0 and either ¢ is a rotation, or for each A € D there exists a
sequence (z,) € D such that |z,| — 1, ¢(2,) = A and |p*(2,)| — 1.

The following is immediate by Colonna’s theorem; moreover it is implicit in the proof of the
theorem by Martin and Vukotic although it is not mentioned there. We give below a direct

proof; part of the proof is similar to the one by Martin and Vukotic.

Theorem C Let ¢ be a holomorphic self map of D. Then, C, is an isometry on B if and
only if ¢(0) =0 and for each A € D, ||Coa,||p = 1.
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Proof: First, assume that ¢(0) = 0 and for each A € D, ||Cya,||p = 1. For each given

A € D there exists a sequence (z,) in D such that,

L < Joh(p(z))l 16 (L~ ) < 1,

or equivalently by (1)
1 2
1= = < (1= laa(e(za)]) 7p(2n) < 1. (18)

We conclude, by taking subsequences if necessary, that either there exists a sequence (z,) in

D such that |z, — 1 and (18) is valid or there exists zo € D with 2, — zo and

lim (1 — Jax((2n)[) 7p(20) = 1. (19)

n—o0

First, if z, — 29, then by (19) we obtain

(1 —Jax(e(z0)|*) Tp(20) = 1;

since 1 — |ax(¢(20)* < 1 and 7,(2p) < 1, we must have A\ = ¢(29) and 7,(z9) = 1. That is we

obtain equality in the Schwarz-Pick Lemma, and there exists § € R such that p(z2) = 2.

Next, if for a given A\ € D, there exists a sequence (z,) in D such that |z,|] — 1 and (18)

holds, we conclude that

nh_)II;O To(2n) =1 (20)

and

Tim Jay 0 p(z,)[ =0
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or

L Dl
w5 T= g ()

I

it follows that p(z,) — A.

We have proved that either ¢ is a disk rotation or for each A € I there exists a sequence
(2n) € D such that |z,| = 1, ¢(z,) = A and (20) holds. We will show that C, is an isometry
on B.

First, suppose that ¢(z) = ez, for some § € R. If f € B, then

1CofII = lp(0)] +sup f'(e?2)] (1= |21) = [I£]]

therefore rotations are isometries on B.

Next, suppose that for each A € D there exists a sequence (z,) € D such that |z,|] — 1,
©(z,) — A and (20) holds. It is enough to prove that if f € B with ||f||z = 1 then
|C»f|ls =1, see Proposition 4.2 below. Let f € B with ||f||g = 1. Then, either

(a) there exists w € D such that

(@) (1 = |w]*) =1 (21)

or

(b) there exists a sequence (w,) in D such that |w,| — 1 and
| (wn)] (1 = Jwa|*) = 1. (22)

Let h(z) := |f'(2)| (1 — |z|*). Suppose that (a) holds. Then there exists a sequence (z,) € D

such that |z,| = 1, ¢(z,) — w and (20) holds. Therefore, by (21) and since the function h
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is continuous at w, h(y(z,)) 7p(2,) — 1 or

|(f o) (z)|(1 = [2a]*) = 1,

and ||C,f||s > 1. By Theorem 3.3 we obtain ||C,f||z = 1 for each f € B with ||f||z = 1,
and C,, is an isometry on B. Finally, suppose that (b) holds. Fix 0 < r < 1. By (22), there
exists a natural number ng such that h(w,,) > (r 4+ 1)/2. By our assumption, there exists
a sequence (z,) € D such that |z,| — 1, ¢(2,) = w,, and (20) holds. Therefore since h is

continuous at wy,, h(p(z,)) 7p(2,) = h(wy,) or

|(f 0 0) (z)I(L = |2a]*) = h(wn,) -

We conclude that there exists a natural number m such that

(F o @) (1= o) > hluwng) —+5
r+1 1-—7r
- T3 T3

We have shown that for each 0 < r < 1 there exists a natural number m such that |(f o
©) (2m)|(1 = |zm|*) > r. Therefore ||C,f||s > 1 and by Theorem 3.3 we obtain ||C, f||s =1
for each f € B with ||f||s = 1. We have shown that C,, is an isometry on B.

Conversely, if C,, is an isometry on B then as we will see in Proposition 4.2 below, ¢(0) = 0.

If A € D, then by (1)

llaxlls = sup oA ()] (1= [2*) = 1 = Jax(2)[* = 1.

Therefore ||C,au[p = 1. O

Zorboska in [29] characterized the isometries on all Bloch type spaces B, a # 1.
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Theorem D Let ¢ be a holomorphic self map of D and let o« > 0, a # 1. Then Cy, is an

wsometry on By, if and only if ¢ is a rotation.

Remark 4.2 FEzamining the proof of Theorem D we see that C, is an isometry on B, if
and only if |||, = 1 and ©(0) = 0. Notice that this was the case in H?, see Remark 4.1

and Colonna’s Theorem in B.

[sometries among composition operators on the space of BMOA is given by Laitila in the
following theorem in [16].

Theorem E The following are equivalent.
L ICofll« = | fl« for all f € BMOA.
2. ||y o ¢lls =1 for all w € D.

3. The map ¢ satisfies the following property:
for every w € D, there is a sequence a,, in D such that ¢(z,) — w and ||¢a, |2 — 1, as

n — 00, where Q) = Qp(a,) © P © Oy, forn € N,

In [18] Martin and Vukotic proved the following theorem about the weighted Bergman spaces.

Theorem F Letp > 1 and o > —1. A composition operator C, is an isometry of AP if and

only if v is a rotation.
Recently, in 2014 Allen, Heller and Pons studied composition operators that are isometries
on the Besov space in [1]. Let n,(w) denote the cardinality of the set p~'{w}.

Theorem G
1. Let1 <p<2. Then C, is an isometry on B, if and only if ¢ is a rotation of the disk.

2. Let p > 2 and suppose that n, = 1 almost everywhere in some neighborhood of the

origin. Then C, is an isometry on B, if and only if ¢ is a rotation of the disk.
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4.3 Isometries of Banach spaces among composition operators

If C, is an isometry on H?, B,, By, A2, BMOA, then ¢(0) = 0, see section 4.2 and [1,
Lemma 3.4]. Below we show that under some very general conditions on a Banach space
X, the isometries among composition operators fix the origin. In particular, this theorem

unifies the proofs of all such known results.

Theorem 4.1 Let X be a Banach space of holomorphic functions containing the constant
functions and Aut(D). Moreover assume that for all f € X, ||fllx = |f(0)|+]||f||sx and for
any constant c, ||f + c||sx = ||f||lsx. Then C, is an isometry on X if and only if ¢(0) =0
and for all f € X

1 o ellsx = Ilfl]sx- (23)

Proof: First, assume that C,, is an isometry on X and let A = ¢(0). We conclude that

lan o pllsx + Al = [laxow = Allsx + (Al
= [laxop = Allx
= [[Cplan = NIx
= flax = Allx
= flax = Allsx

= laallsx - (24)

By (24) and using one more time that C, is an isometry, we conclude that

A+ [laallsx = llaallx = [ICoanllx

= llaxowllx
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= llaxoollsx

= lenflsx = [A] (25)

and A = ¢(0) = 0. It is now clear that (23) holds.

Conversely, if we assume that ¢(0) = 0 and || f o ¢||sx = || f||sx for all f € X then

1Cafllx = [F(eO)] + [ fllox
= |FO) + [ fllsx
= 7l

and C, is an isometry on X. 0
The weighted composition operator, Wy, ,,, is defined by Wy, . f = ¢(f o) for ¢ € H(D), and
¢ an holomorphic self map of D.

Next we extend the result of the theorem above to isometries among weighted composi-
tion operators; we derive a necessary and sufficient condition that guarantees equality of

seminorms of f and Wy, . f.

Theorem 4.2 Let X be a Banach space of holomorphic functions containing the constant
functions and Aut(D). Assume that for all f € X, || fllx = |f(0)| + | fllsx and ||f + c||sx =
| fllsx, for each constant c. Moreover, assume that Wy, is an isometry on X. Then
Wy ofllsx = [|fllsx for all f € X if and only if 1(2) = ¥(0) for all z € D, |(0)] =1 and
(0) = 0.

Proof: The sufficiency of the conditions for the equality of the semi norms follows easily
by Theorem 4.1. For the necessity, if Wy, , is an isometry and ||Wy . f||sx = || f]|sx for all
f € X then [¢(0)||f(¢(0))| = |f(0)] for all f € X. Applying this for the functions 1 and

f(z) = z we see that |[¢(0)] = 1 and ¢(0) = 0 respectively. Next, note that by assumption
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Mlx = 11lx +1

= |[2llsx +1
= [[2[x —2+1
= 2[[flx -1 (26)

and ||1||x = 1. Since Wy, is an isometry, ||Wy ,1||x = ||1||x =1 and

L=1llx = ll¢llx + (0]
= [l = (0)]lsx +[¥(0)]
= [l =20)llx + [L(0)]- (27)

Therefore [1(0)| = 1 if and only if ¢(z) = 1(0) for all z € D and the conclusion follows. [
The only Mobius transformations on D fixing the origin are disk rotations. Therefore the

following is an immediate corollary of Theorem 4.1.

Proposition 4.1 Let X be a Banach space of holomorphic functions containing the constant
functions and Aut(D). Let ¢ € Aut(D) and assume that ||f||x = |f(0)|+ ||f|lsx and for any
constant ¢, ||f + cllsx = ||fllsx. Then C, is an isometry on X if and only if ¢ is a disk

rotation.

Corollary 4.1 Let o > —1, p > 1 and ¢ €Aut(D). Then C, is an isometry on By, if and

only if ¢ s a rotation.

Proposition 4.2 Let X be a Banach space of holomorphic functions containing the identity
fori(z) = z, z € D. Then the range of C, contains a univalent map if and only if ¢ is

univalent.
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Proof: First, assume there exists g € X univalent and f € X such that C,(f) = g. Let

21, 22 € D be such that ¢(z1) = ¢(22). Then

9(21) = Cpf(21) = fle(21)) = flw(z2)) = Cpf(22) = g(22) -

Since g is univalent, we conclude that z; = 2z, and thusly ¢ is univalent.
Next, assume that ¢ is univalent. Then, since X contains the constants and ¢ = Cz, ¢ is
a univalent map on the range of C,. U

The following is an immediate corollary of the above proposition.
Corollary 4.2 Let o > —1, p > 1. If C, is onto on B, . then ¢ is univalent.

In [1, Lemma 3.4] the authors show that if C, is an isometry on B, ,_ o then W, is an
isometry on Ag_z. Next we show that the isometries among the composition operators C,,
on all Besov type spaces are precisely the weighted composition operators with symbols ¢

and ¢’ on weighted Bergman spaces.

Theorem 4.3 Let 1 < p < oo and o > —1. Then C,, is an isometry on B, o if and only if

©(0) =0 and Wy, is an isometry on AP.

Proof: First, assume that C,, is an isometry on B, ,. Then by Theorem 4.1 ¢(0) = 0 and

for each g € By, ||C9llp.a = |19]|p,a or

[P Gra -1 dae) = [ 19@Pa - :Prdac). (28)

For each f € AP, pick g € B, o such that f = ¢’. Then by (28) we have ||Wyr o, f||ar = || f|| a2
and we conclude that W, , is an isometry on AP.

Next if W, , is an isometry on AP then for all f € AP
LI P (= PdAG) = [ 11GP0 = B aAG).
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Since g € B, if and only if ¢’ € AP, we conclude that (28) is valid for all g € B, and C,
is an isometry on B, ,. 0

The following is an immediate corollary of the proposition above and Kolaski’s theorem.

Corollary 4.3 Let 1 < p < 00, p # 2, and o > —1. If C, is an isometry on By, then
©(0) =0 and ¢ is a full map of D.

Proposition 4.3 Let p > 1 and o > —1. Then all rotations induce isometries on B, .

Proof: Let § € R and ¢(2) = €z be a rotation in the unit disk. Then if f € B,,, by (4)

and Corollary 4.3 and applying a change of variables, we have

ICo 2. = 1F(2(0)] + / PP ()P~ |2P)* dA(2)
= 17(0)] + / F(E)P(L— [2P)* dA(2)

— 17(0)] + / P @)1 — ) dA(w).
— Iz

Thus rotations are isometries on B, ,. [

Proposition 4.4 Let 1 <p <2, -1 <a <p-—2. If C, is an isometry on B,, then ¢ is

univalent on D.

Proof: By Corollary 4.3, ¢(0) = 0 and 7,(2) > 1 almost everywhere on ID. Therefore by

Schwarz’s Lemma and the Schwarz-Pick Lemma,

[/ ()7 (1= [21)* = (1= |o(2) )™ [¢' (=) . (29)
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Then since C, is an isometry, by (29) and Proposition 3.2

lellpe =gl = [ 1P (1= |2F)" dAG)
> [P I EPA)
= [y aw) daw)
> (= ) da(w

= |I2ll5a; (30)

p?a,

therefore

el = / (1 [w]?) dA(w) = / (1~ JwP)* () dA(w) (31)

and 7,(w) = 1 for almost every w € D. Equivalently ¢ is a univalent full map of D. By the

proof of the main Theorem in [17] we conclude that ¢ is univalent on D. U

Theorem 4.4 Let1l <p <2, -1 <a<p—2. Then, C, is an isometry on B, , if and only

if @ 1s a rotation.

Proof: TFix1<p<2and —1 < a <p—2. By Corollary 4.3 and Proposition 4.4, if C,
is an isometry on B,, then ¢ is univalent full map on I that fixes the origin. Now the

calculation in (30) is valid and implies that

[ / ()P (1— [2)* dA(2)
- / (1 Jwl)*n,(w) dA(w)
- / (1 [p(=)P)* | () dAG:). (32)
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Let h(z) denote the function below:

[/ ()21 = |2 = (1=l (2)[)* - (33)

Then by (29), h(z) > 0 for all z € D and by (32)

/D h(2)dA(z) = 0 :

we conclude that h(z) = 0 for almost all z € D, that is
[0 ()21 = [2*)* = (1 = | (2)]*)~
By the Schwarz-Pick Lemma we obtain
[ (P21 = )" = (1= [e(2))P2 (1= |2+
and
(1= lo(2)[)* P2 > (1= [)*P*2, (34)

for almost all z € D. Since a < p — 2, this implies that |z| < |p(2)|. And since ¢(0) = 0, by
Schwarz’s Lemma, |p(2)| < |z|. Therefore we obtain equality in Schwarz’s Lemma and ¢ is

a rotation. By Proposition 4.3 disk rotations are isometries on B ,. O

Theorem 4.5 Ifp > 2 and o« > p — 2 and ¢ is univalent then, C, is an isometry on B,

if and only if p is a rotation.

Proof: Fix p > 2 and a > p — 2. Assume that C, is an isometry in B, ,. By Proposition

4.1, ¢(0) = 0 and by Corollary 4.3 the Lebesgue area measure of D\ ¢(ID) is 0. Since p > 2,
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a > p — 2 by both Schwarz’s Lemma and the Schwarz-Pick Lemma,

lellp, = / P (1 - |22)* dA(2)
- / P (1= 2272 (1= o) 772 |/ (=) dA(2)
< / (1= lo(2)P)2 (1 = [2)7 72 [/ ()2 dA(2)
< / (1— lp(2)2) |/ ()2 dA(2)
:/ (1 — [w]?)* dA(w)
(D)
_ /D(l—|w|2)adA(w):||zH§7a (35)

therefore we obtain equalities everywhere above and

/D (1= Jp(2)BP2 (1 — |22) 7+ | (2)2 dA(z) = / (1~ |o(2)2)7 |¢/(2)? dA(2)

Since aw — p + 2 > 0 we have for the function h(z) below,

M) = (L= el (1= )P - (L= [P ?)
= (=[P (= e 7 = (1= o))

> 0 (36)

By (35) we have
/D|90/(Z)|2h(z) dA(z) = 0.

Since ¢ is univalent ¢’ never vanishes. Thus h(z) = 0 for almost every ¢ € D. By Proposition
4.3 disk rotations are isometries in B, ,. O

Let A%(No . (w, ¢)dA(w)) denote the space of holomorphic functions f on D with
1, = [ £ Vo, )dACw) < oo
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Below we classify isometries on Bs, in terms of Nevanlinna type counting functions. It

extends the main result in [17] and part of the proof is similar to it.

Theorem 4.6 Let o > —1. Then, C, is an isometry on By, if and only if ¢(0) = 0 and

for almost every w € D,

Noalw,g) = 37 (1= ]2 = (1 - [wf)". (37)

o(z)=w

Proof: First, assume that C,, is an isometry on By ,. By Theorem 4.3 this is equivalent to

©(0) = 0 and W, being an isometry on AZ. Then for all h € A2 we have

[P I G (1= )7 dA) = [ 0GP (- 2Py dace);

and by Proposition 3.2 for g = |h|* we obtain

/\h 2 Ny (w0, ) dA(w /\h 22)" dA(2). (39)

By (38), h € A2 if and only if h € A*(Nyo(w, p)dA(w)) and in fact [|h]|az = ||h||n,... Using
the polarization identities in A%, and in A%*(Ny,(w,p))dA(w) and for functions f,g € A2

(see [10, Lemma 3.3]), we obtain
| £)310) Moo ) dAGw) = [ Flu)ale] (1= )" dA():
by using f(z) = 2™ and g(z) = 2", m,n =0, 1,2, ... we see that for all polynomials p(z, %)
[ #e2) Mol ) dA(w) = [ p(2.2) (1= P dAG),
By the Stone-Weierstrass Theorem (see [10, Theorem 2.40], for all h € C(D)

/Dh(z) Ny o(w, p) dA(w) = /Dh(z) (1—|z[))* dA(2) .
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By the Riesz Representation Theorem (see [22, Theorem 2.14]) we conclude that (37) holds
for almost every w € D. By Theorem 4.1 and (38) the sufficiency of the above condition is
clear. 0

By Theorem 4.1 and the main result in [17] we obtain the following.

Corollary 4.4 The composition operator C, is an isometry on Bay if and only if ¢ is a

univalent full map that fixes the origin.

If C, is an isometry on B;, and o > 0 then by Theorem 4.6 and for almost every w € D,

0 < (1—|wl** <n,(w). So we obtain the following corollary.

Corollary 4.5 Let o > 0. If C,, is an isometry on By, then ¢(0) = 0 and ¢ is a full map
of D.

Corollary 4.6 Let —1 < o < 0 and ¢ a non constant self map of . Then, C, is an

isometry on Bs, if and only if ¢ is a rotation.

Proof: First, assume that C, is an isometry on By ,. By Schwarz’s lemma if z € I then ,

(1—|2*)® > (1 — |p(2)|*)*. Hence by Theorem 4.6 and for almost all w € D

(1= [w)* = Noa(w, @) = (1 = [w]*)*n,(w).

We conclude n,(w) < 1. Pick w € D with n,(w) = 1 and such that (37) holds. We obtain
equality in Schwarz’s lemma and ¢ has to be a rotation. By Proposition 4.3 disk rotations
are isometries. O

Below we extend Theorem 4.6, include all indices p > 1 to a@ > —1.

Theorem 4.7 Let p > 1, p # 2. Then C,, is an isometry on B, if and only if ¢(0) =0

and for almost every w € D, N, o(w, ) = (1 — |w|?)*.
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Proof: First, assume that C,, is an isometry on B, ,; by Theorem 4.3 this is equivalent to
©(0) = 0 and W, being an isometry on A2. By (17) and for all bounded Borel functions

h we have

/Dh(sO(Z))Iso’(Z)\p(l—\ZI2)" dA(z) Z/Dh(Z)(l—IZIQ)” dA(z);

by Proposition 3.2 we obtain

AmwNm< 0) dA(w) = Amau—v%wmw» (39)

If A is a continuous function on D with compact support then it is a bounded Borel function.
Therefore (39) holds for all continuous function on D with compact support and by the Riesz

Representation Theorem, (see [22, Theorem 2.14]), we conclude that for almost every w € D,

Nyolw, ) = (1 — |w|?)* By (11) the sufficiency of the above condition is obvious. O

Proposition 4.5 Letp > 1, a > —1 except p =2, a = 0 and let p be a self map of D with

¢'(0) # 0. Then, C, is an isometry on By, if and only if ¢ is a rotation.

Proof: Since ¢/'(0) # 0, ¢ is univalent in a small disk A in D centered at 0. Then by

Theorem 4.6, Theorem 4.7, and assuming that C,, is an isometry on B.

D,as
/ (1 JuP)" / (w0, ) dA(w)
(A) w(A)

By making non-univalent change of variables as in Proposition 3.2 in both integrals of the

above equation we obtain

[ @R = lpR) aae) = [ 1P 1= 1R aAe).
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equivalently

/A|90’(Z)I2 (A= Tle))* = ¢ ()77 (1 = |2]*)") dA(2) =

It is clear that the integrand above is non-negative, therefore for almost every z € A,

& (P72 (1= [2)* = (1 = o))" (40)

Pick a sequence (z,) € A such that (40) holds for each z, and such that z, converges to
0. By Corollary 4.3, ¢(0) = 0 and we conclude that |¢'(0)| = 1. By Schwarz’s lemma ¢ is a

rotation. The converse is clear. [l

In the proof below we use an argument in Proposition 2.5 in [24].

Theorem 4.8 Let a > —1, a # 0 and ¢ a non constant self map of D. Then, C, is an

isometry on Bs, if and only if ¢ is a rotation.

Proof: First let a > 0 and assume that C,, is an isometry on B, ,. Then, by Theorem 4.6,

©(0) = 0 and for almost all w € D

> A=z = (1) (41)

p(z)=w
Since ¢ is non constant, there exists a natural number n such that ¢ (0) = 0 for j =
0,1,...,n—1but o™ (0) # 0. Moreover there exists an holomorphic and univalent function g
in a small disk A centered at 0 such that g(0) = 0 and ¢(z) = g(z)" for all z € A. Moreover
g(A) contains a disk A’ centered at 0. Given w € A’| let wy, wy, ..., w, denote the n-th roots

of w that is w} = w, for j =1,2,...,n. Then g Hw;) € o~ Hw), j=1,2,...,n and by (41)
(1 - fwf?) >Z (1=l (wy)H)]" - (42)
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Note that

g (w) =[(g7)'(0) + o(1) Jw = |

for w sufficiently near 0. By (42) we conclude that

Al > 3 [(1 - =5 +o<1>|2>|wj|2]

J=1

= [0 g o]

or equivalently that

1 1 2 1
@ +o(1)|?) Jw|» — |w]* > n> —1
and therefore
=t o(1) ) [wl? = nd —1
ne 0 wln > na —
g'(0)

for w near 0. Therefore by taking limits as w approaches 0 we get n = 1 and ¢ is univalent
near 0 and ¢’(0) # 0. By Proposition 4.5 ¢ must be a disk rotation. By Proposition 4.3 disk

rotations are isometries. If —1 < a < 0, then Corollary 4.6 applies. 0
Example 4.1 C.z is an isometry in H* but is not an isometry in By ;.

Let p(z) = 2% Then ¢(0) = 0 and if |z| = 1 then |z|*> = 1. We have ¢ is an inner function
and fixes the origin. Therefore by Theorem A, C.2 is an isometry on H?. By Theorem 4.8,

C.2 is not an isometry in By ;.

Remark 4.3 Note that By = H? but the isometries in H?> among composition operators
are all the inner functions fizing the origin, while the isometries in the By norm are only

the disk rotations.
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Proposition 4.6 Let ¢ be an holomorphic full map of D such that ©(0) = 0 and for all

zeD, |¢(2)] <1. Then ¢ is locally univalent at 0, that is, ©'(0) # 0.

Proof: Suppose that ¢/(0) = 0. Then by Schwarz’s lemma applied to ¢’ we see that

|¢'(2)] < |z| for all z € D. Therefore,

o) = | / 2/ (t2) di]

1
< I / (t2)] dt
0

1

< |z / tdt

0
_ 2P
2
1

< - 43

< ! (13)
and clearly ¢ cannot be a full map, and ¢'(0) # 0. O

Below we extend Theorem 4.4, Theorem 4.5, and Theorem 4.8 to include all indices p > 1.

Theorem 4.9 Ifp > 1, p# 2, and o > —1 then C, is an isometry on B, if and only if ¢

18 a rotation.

Proof: Assume that C, is an isometry on B, ,. By Corollary 4.3, ¢(0) = 0. By Theorem

4.7, C, is an isometry on B, , if and only if for almost every w € D

Npalw,0) = Y 1 P2 (1= |2 = (1= [w])*. (44)

p(z)=w

By Schwarz’s lemma |¢'(0)] < 1, and if |¢'(0)] = 1 then ¢ is a rotation. So we may
assume that |¢/(0)] < 1.

First, let a = 0. We will show that ¢’(0) # 0. If p > 2, then by (44) and the continuity of
¢, for every z € D, |¢/(z)] < 1. Therefore by Proposition 4.6, ¢’(0) # 0. Next, if 1 <p < 2

then by (44) and the continuity of ¢’ we obtain that for all z € D, |¢/(2)| > 1, in particular
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¢©'(0) # 0. Now by Proposition 4.5, ¢ is a rotation.

Next, let o # 0. If |¢/(2)] < 1 for all z € D then by Proposition 4.6, ¢'(0) # 0 and
again by Proposition 4.5, ¢ is a rotation. On the other hand, if there exists a € D such that
|¢'(a)] > 1 then, since |¢’'(0)| < 1, there exists zy € D such that |¢'(zy)| = 1. Therefore
¢ is also univalent in a small disk A with center z5. By (44), the continuity of ¢’ and an

argument similar to the one for the the derivation of (40) we conclude that for every z € A

[/ ()72 (1= 12" = (1= |o(2)[*);

if z = 2y then

(1= [z0l*)™ = (1 = leo(z0)|*)*

and by Schwarz’s lemma ¢ is a rotation. That rotations are isometries in any Besov type
space follows by Proposition 4.3 and the theorem is proved. 0
Let ¢ be a holomorphic self map of D with ¢(0) = 0. Martin and Vukotic’s main result in
[17] implies that for almost every w € D, Nag(w, ) = (1 — |w|?)® = 1 if and only if ¢ is a
univalent full map. By Theorem 4.6 and Theorem 4.9 and for all other indices we have the

following.

Corollary 4.7 Let p > 1, a > —1, except p = 2, « = 0. Then, ¢(0) = 0 and for almost

every w € D, N, o(w, @) = (1 — [w]?)* if and only if ¢ is a rotation.
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