University of Arkansas, Fayetteville
ScholarWorks @ UARK

Theses and Dissertations

7-2018
Good Stein Neighborhood Bases for Nonsmooth
Pseudoconvex Domains

Chizuko Iwaki
University of Arkansas, Fayetteville

Follow this and additional works at: http://scholarworks.uark.edu/etd
b Part of the Other Applied Mathematics Commons

Recommended Citation

Iwaki, Chizuko, "Good Stein Neighborhood Bases for Nonsmooth Pseudoconvex Domains" (2015). Theses and Dissertations. 1244.
http://scholarworks.uark.edu/etd/1244

This Dissertation is brought to you for free and open access by ScholarWorks@UARK. It has been accepted for inclusion in Theses and Dissertations by

an authorized administrator of ScholarWorks@UARK. For more information, please contact scholar@uark.edu, ccmiddle@uark.edu.


http://scholarworks.uark.edu?utm_source=scholarworks.uark.edu%2Fetd%2F1244&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarworks.uark.edu/etd?utm_source=scholarworks.uark.edu%2Fetd%2F1244&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarworks.uark.edu/etd?utm_source=scholarworks.uark.edu%2Fetd%2F1244&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/122?utm_source=scholarworks.uark.edu%2Fetd%2F1244&utm_medium=PDF&utm_campaign=PDFCoverPages
http://scholarworks.uark.edu/etd/1244?utm_source=scholarworks.uark.edu%2Fetd%2F1244&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:scholar@uark.edu,%20ccmiddle@uark.edu

Good Stein Neighborhood Bases for Nonsmooth Pseudoconvex Domains

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy in Mathematics

Chizuko Iwaki
University of Arkansas Fort Smith
Bachelor of Science in Mathematics, 2006
University of Arkansas
Master of Science in Mathematics, 2008

July 2015
University of Arkansas

This dissertation is approved for recommendation to the Graduate Council.

Dr. Phillip Harrington
Dissertation Director

Dr. Maria Tjani Dr. Andrew Raich
Committee Member Committee Member



Abstract
In 1979, Dufresnoy showed that the existence of a good Stein neighborhood base for {2 C C"
implies that one can solve the inhomogeneous Cauchy-Riemann equations in C*(£2), even

if the boundary of €2 is only Lipschitz. In my thesis, I will show sufficient conditions for the

existence of a good Stein neighborhood base on a Lipschitz domain satisfying Property (P).
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1 Introduction

A natural class of domains in several complex variables are pseudoconvex domains. Pseudo-
convex domains preserve some nice properties of holomorphic functions from one complex
variable. All convex domains are pseudoconvex, and all domains that are locally biholomor-
phic to convex domains are pseudoconvex. In addition, all domains that can be exhausted
from within by pseudoconvex domains are pseudoconvex, and the converse is also true. My
research was motivated by finding pseudoconvex domains that can be approximated from
outside by pseudoconvex domains. To do so, I need to find a good Stein neighborhood basis,
which is defined later. In this section, I introduce some background material including defini-
tions, theorems proved in the past, and motivations. First, we will define defining functions

which relate to the differentiability of the boundary of a domain.

Definition 1.1. Let Q be a C* domain in R” for £ > 1, and r be a C* function defined in
some open neighborhood U of a boundary point p such that Q N U = {z € U|r(z) < 0},
bQNU = {z € Ulr(z) = 0} and dr(z) # 0 on b N U. The function r is called a local

defining function. If U is an open neighborhood of €2, 7 is called a defining function.
Now let us define the operators 9 and 0.

Definition 1.2. Let z; = z; +4y; for 1 < j < n and f is a function defined on C". We use

the notations:

of 1 (af ,af)

0z 2\0z; oy,

dz; Oy

dr; oy

of _1(0f | of
: (o v 60)

oz

Moreover, if we denote dz; = dz; + idy; and dz; = dz; — idy;,



and

When we have a C? defining function r we can define a pseudoconvex domain as follows:

Definition 1.3. A bounded C? domain {2 is called pseudoconvex at a point p on the bound-

ary if
" 0% _
tit: >0
~ azlazj (p) ) =

Z?J

for all t = (t1,--- ,t,) € C" with 3 7, #;( 9 )(p) = 0 where r is a C? defining function for

Q.

If the above inequality is strictly greater for ¢t # 0, then € is called a strictly pseudoconvex
domain. The definition does not apply for Lipschitz domains, which are the main focus of

this thesis, so we need new tools to define pseudoconvexity on Lipschitz domains.

Definition 1.4. A bounded domain is called Lipschitz if locally the boundary of the domain

is the graph of a Lipschitz function.

The defining function associated with a Lipschitz domain is called a Lipschitz defining

function.

Definition 1.5. Let 2 be a bounded Lipschitz domain. r is a Lipschitz defining function
if 7 : C* = R, r < 0 inside of ©, and r > 0 outside of 2, and moreover, for some positive
constants C7 and (Y,

C) < |dr| < Cy a.e. on b€,
Lemma 1.1 from [18] states:

Lemma 1.6. Let Q) be a bounded Lipschitz domain in R™. Then there exists a Lipschitz

defining function r.



Now we can extend the definition of pseudoconvex domains to Lipschitz domains. To
do so, we need to define a plurisubharmonic function. First, we define an exhaustion and

subharmonic functions.

Definition 1.7. Let €2 be an open domain. A function ¢ : 2 — R is called an exhaustion

function for €2 if the closure of {z € Q|p(x) < ¢} for all real ¢ is compact.

Definition 1.8. Let € be an open set. A function p defined in €2 is subharmonic if for every
continuous function h on any compact set K C () that is harmonic inside of K, and satisfies

h > p on the boundary of K, we have p < h in K.

For zy € €2, choose a small R > 0 so that

D={zx+rwteC,|r| <R} CQ

Now we define a plurisubharmonic function.

Definition 1.9. A function p is called plurisubharmonic if for every z €  and w € C", the

function 7 — p(z 4+ Tw) is subharmonic on D for some R > 0.

Another way to characterize a plurisubharmonic function for a C? function is shown

below:

Theorem 1.10. A C? function p on  is plurisubharmonic if and only if for all z € Q

) _

forallt = (ty,--- ,t,) € C".

One can see Theorem 3.4.3 from [2], for the proof.
Finally, we can define pseudoconvexity on the domain which does not have a smooth

boundary.



Definition 1.11. An open domain §2 in C" is pseudoconvex if there exists a smooth strictly

plurisubharmonic exhaustion function ¢ on €.

One can compare this definition with Definition 1.3, which defines pseudoconvexity on a
bounded C? domain. The Theorem 3.4.11 [2] shows that these are equivalent definitions on
C? domains.

Theorem 3.4.10 in [2] states Oka’s Lemma:

Lemma 1.12. Let 2 be a pseudoconver domain in C". Then —logd is plurisubharmonic

on Q) for §(z) = dist(z,b9) .

Notice that this Lemma does not assume that the boundary of 2 is smooth. Thus, the
Lemma still applies on Lipschitz domains. In this thesis, we want to find pseudoconvex
domains that can be approximated from outside by pseudoconvex domains, which requires

the existence of Stein neighborhood basis.

Definition 1.13. A compact set K C C” is said to have a Stein neighborhood basis if

for any open domain V' containing K, there exists a pseudoconvex domain {2, such that

KcQ,cV.

Note that not all pseudoconvex domains have a Stein neighborhood basis; an example

would be a worm domain.

Definition 1.14. For 8 > 7, (25 is a smooth worm domain if
Qs = {(21,22) € C*||z1 + €820 < 1 = p(log |2[*)}

where 7 is smooth from R — R with the following properties:
1. n(x) > 0,7 is even and convex.

2. 7]71(0) = ]ﬁ—%7 where Iﬁ_g = [/8+ %’B _ g]



3. There exists an a > 0 such that n(z) > 1if 2 < —a or x > a.

4. ' (x) #0if n(z) = 1.

The worm domain is a smooth pseudoconvex domain but it does not have a Stein neigh-
borhood basis for 5 > X [5]. See also Theorem 6.4.3 in [2].

My motivation for finding the existence of a good Stein neighborhood basis is that one
can solve the inhomogeneous Cauchy-Riemann equations smoothly up to the boundary: for
every f with f = 0, there exists u such that du = f, where 0 is the Cauchy-Riemann
operator in several complex variables.

In Corollary 4.2.6 in [14], Hormander used solvability in L?(f2) to show the following

theorem.

Theorem 1.15. Let () be a pseudoconver domain in C". For every f € C’(O’Zj’q)(Q) with Of =0,

there exists u € C1)(2) such that ou = f.

In [6], Dufresnoy showed that the existence of a good Stein neighborhood basis for 2 € C"

implies that the Cauchy-Riemann equations are solvable in C*°(Q2) with u € CF7 q71)(Q)’ even
if the boundary of the domain is only Lipschitz.

Both works showed a similar result, and notice that neither requires any boundary
smoothness. In Theorem 4.2.2 in [14], Hormander used an exhaustion of € from inside,which
is why his result does not include the boundary. Dufresnoy used a neighborhood basis out-
side of 2, which is my motivation to build a neighborhood basis outside of the domain in

this thesis. Also, we need more than a just a existence of neighborhood base for Dufresnoy’s

result to hold. We will also need uniform H-convexity.

Definition 1.16. A compact set K C C" is said to be uniformly H-convex if there exists a
positive sequence {¢;} that converges to 0, ¢ > 1 and a sequence of pseudoconvex domains

Q; such that K C ; and ¢; < dist(K,C"\Q;)< cg; for j =1,2,--- [3].

Note that uniform H-convexity implies that {€2;} is a Stein Neighborhood Basis. Dufres-

noy’s result can be stated as follows:



Theorem 1.17. Uniform H-convexity implies that for all f € C’E’;q)((_l) where 0 < p < n,

1 < q<n withdf =0, there exists u € C(C;;q_l)(@) such that Ou = f.

In [17], Sahutoglu defined a stronger notion of Stein neighborhood basis:

Definition 1.18. The closure Q of a nonsmooth pseudoconvex domain € has a strong
Stein neighborhood basis if €2 has a defining function p and there exists ¢y > 0 such that

{z € C": p(z) < e} is pseudoconvex for 0 < e < ¢y .

We will show sufficient conditions for the existence of a strong Stein neighborhood basis.
Note that the existence of a strong Stein neighborhood basis implies uniform H-convexity.
Since Stein neighborhood bases also have applications to solve the 9—Neumann problem, let

us give some more definitions.

Definition 1.19. Let L?(2) denote the space of square integrable functions on Q and
L2

(p,q)

is defined by

() denote the space of (p, q)-forms whose coefficients are in L*(2). The norm L?(Q)

11 = [ 117y
Q
for f € L{, (Q) and dV = i"dzy ANdZy A -+ A dzn A dZy,.

Definition 1.20. We can write a (p, ¢)-form f as:

f= Z /fI,JdZI/\d7J7
l=p,|T|=q
where I = (iy,--- ,i,) and J = (j1,--- ,j,) are multiindicies. Here, " is the summation
over strictly increasing multiindices. Also, dz! = dz;, A--- Adz;, and dz’' = dz;, N+~ Ndz;,.
Then, Of can be defined by /
Of = 0frs Ndz' ndz’

1,J

which is (p, ¢ + 1)-form.

2

We use (,) to denote the inner product in L{, ;.



Definition 1.21. Let the adjoint of @ be the operator

O 1 LY, »(Q) = L7, . 1y().

(p,9)

We denote the domain for 9* as Dom(9*).

We say f € Dom(0*) if there exists a g € L%p,q_n(Q) such that for every ¢ € Dom(9) N

L2

(pq—1)(§2), we have (f, o) = (g,1). Notice that if we integrate this inner product by

parts, the boundary terms, which involves an inner product of normal component of f and
components of v, will vanish. Thus, any elements in Dom(0*) must satisfy a boundary
condition. The condition f € Dom(9*) is a Dirichlet condition for the normal component of

f. Let p be a C! defining function for Q. f must satisfy
0
" Frre o =0 on bQ for all I, K,
& &zk

where |I| =p and |K| =¢q— 1.

Definition 1.22. Define the box operator, O, ) : L%p’q)(Q) — L%p,q)(Q) as follows:

D(p,q) = a(fv,q—l)aikp,q) + 3E‘p,q+1)8(p,q).

Also, the domain of this box operator is defined as Dom(O,,) = {f € L? ,(Q)|f €

(p,9)

Dom(9p,4) N Dom(éz‘m)), Dpg) € Dom(é(*

p’q+1)) and 5zkp’q)f E Dom(g(p,qfl))}

In [13], Hérmander showed that [J is invertible on bounded pseudoconvex domains. The

operator, N, q) : L%pq

(@) = Dom(Up,q)) such that N, = UNyq = I is called the

0—Neumann operator.

Definition 1.23. We define the Fourier transform « of w as:

u(€) = /n e f(2)dx where - £ = zn:mjﬁj.
j=1



For any u € C§°(R"), the Sobolev norm is given by:

s aey = [ (1 I la(E) P

Thus, W, (R") can be defined as the completion of Cg°(R") with respect to the norm

ol ey

Moreover, let us restrict to the domain 2 C R™. Then

ullws @) = inf [U|lws, @)

where U € W (R") and U|g = u
In [19], Straube showed the following theorem.

Theorem 1.24. Let €2 be a smooth bounded pseudoconvex domain in C". For e > 0 let
Q. = {2 € C"dist (2,Q) < e}. Assume there is a function r(c) with 1 — r(e) = o(e?)
as € — 0% such that, for € small enough, there exists a pseudoconver domain Q. with
(e €2 C Q.

Then the 0-Neumann operators N, are continuous on W(%’q)(Q), for all s > 0 and 1 <

q<n.

This theorem uses a stronger condition to estimate the 9-Neumann operator.

In section 2, I will show the application to an operator called the tangential Cauchy-
Riemann complex 0, which is the Cauchy-Reimann operator restricted to the boundary.
The tangential Cauchy-Riemann equations in a pseudoconvex domain can help us in getting
information about the boundary values of holomorphic functions.

In [16], Michel and Shaw defined the following: Let © be a bounded domain in C".
Q) is strictly pseudoconvex with Lipschitz boundary 0f2 if there exists a Lipschitz defining
function p for , and there exists a constant ¢ > 0 such that p(z) — c|z|? is plurisubharmonic

in a neighborhood of 0f).



In section 3, I will show that if the defining function is only strictly plurisubharmonic
inside the domain, then under certain conditions, one can still find a strong Stein neighbor-
hood basis outside the domain. Since our functions may not be twice differential, we need

to use currents.

Definition 1.25. w € (7 () is a simple positive form if
w:ipwl /\El/\---/\wp/\@p

where each w; € CF(€2). [15]

Definition 1.26. We say for ¢ € C?, i09¢p > 0 in the sense of currents if [ —ipddw > 0

for all simple positive smooth compactly supported (n — 1,n — 1)-form w.

Notice that this is equivalent to [ i0p AOw > 0. This implies that i i00p Aw > 0. Thus
the Definition 1.26 still holds when ¢ is C? function. Moreover, we say 100 > iK90|z|* in

the sense of currents if i09(p — K|z|?) > 0 for some K > 0.

Theorem 1.27. Let Q be a bounded Lipschitz domain. Suppose for every p € 052, there

exists a neighborhood U, such that
1. 0Q N U, is the graph of a Lipschitz function with Lipschitz constant M > 0, and

2. there is a defining function p for Q such that i00p(z) > iK00|z|* on Q in the sense of

currents and

1

£ P2l < 0(2) < [p(2)]

hold on QN U, for some k> 1 and K > 0.

Under these assumptions, it follows that for every 3 > 1, there exists a constant Ng such
that if k and M satisfy Ng > kv/1+ M2 — 1 then there exists a neighborhood U of 0, and a

plurisubharmonic function X\ on U \ Q such that



1. A~ 6%, and
2. 100X 2 i6°7100|z|* in the sense of currents.

Definition 1.28. If G < I H for some constant I, independent of z, then we write H 2 G.

If G 2 H and H 2 G, then we write G ~ H.

Note that we can take M arbitrarily close to zero if we make U, small on C' domains. I
will show in section 4 conditions for the existence of a good Stein neighborhood basis for a
Lipschitz domain 2 C C" satisfying a special property, called Property (P), which is defined
below.

In [1], Catlin defined property (P) as follows:

Definition 1.29. The boundary of a smoothly bounded pseudoconvex domain €2 to satisfies
property (P) if for all M > 0, there exists a plurisubharmonic function ¢ in C*(£2) such

that for all z € b2 and for all t € C",

with 0 < ¢ < 1.
This implies the existence of a solution operator for du = f that is compact.

Definition 1.30. The operator T : H — K is compact if T" maps from a closed unit ball, in

‘H to a set in K, with compact closure.
Here is the main theorem of this thesis.

Theorem 1.31. Let ) be a bounded Lipschitz pseudoconvexr domain, which satisfies Property
(P). There exist constants V- > 1 and W > 0 such that if 1 < 8 <V and vV1+ M? <

1+ W(B —1)2, then there exists a neighborhood U of Q and a function X on U/ such that

1. A~ 6%, and

10



2. 100\ 2 i0°00|z|? in the sense of currents.

We will see we can take W ~ 0.03 (See Remark 4.3).

My result is analogous to Fornaess and Herbig’s result from [9] and [10]. They showed that
for a smooth bounded domain, the existence of a defining function that is plurisubharmonic
on 0f) implies for all n > 1 there exists a neighborhood V' of b2 and smooth defining function
r on V\Q such that 7" is strictly plurisubharmonic. This implies the existence of a strong
Stein neighborhood basis.

For my thesis, I show the existence of such a defining function by combining techniques
developed by Harrington. In 2008, he showed a similar result for C!' domains satisfying
Property (P) [12], and in [11], he built a good defining function inside € for all Lipschitz
pseudoconvex domains. First, I will build a function on a neighborhood inside and translate
the function outside. To do so, I will patch functions together inside of a little neighborhood
by taking the supremum over a finite collection of plurisubharmonic functions. Then I will

patch whole neighborhoods together around the boundary.

2 Application of 0

The 0, complex, also called the tangential Cauchy-Riemann complex, is the restriction of
the O complex to the boundary. The tangential Cauchy-Riemann equations in pseudoconvex
domains can give information about boundary values of holomorphic functions. 9, provides
information about boundary value of holomorphic function in the same way that 0 provides
information about holomorphic function. For more information, see Chapter 7 in [2]. In [18],

Shaw showed an application of 0 to solve 0,. First, let us define the space L%n q,l)(bQ)-

Definition 2.1. Let [79 = rH, + Or A H,, where r is a defining function, H; is a smooth

(p, q)-form and Hs is a smooth (p,q — 1)-form. Then,

AP4(b€2) = {the orthogonal complement of I77|5q in AP4(C")},

11



where AP7(C") is the set of (p, q)-forms.

Definition 2.2. Let L?*(b2) denote the space of square integrable functions on €2, and
L2

(p,q)(bQ) denote the space in AP(b§2) whose coefficients are in L?(bS2).

On Lipschitz domains, we define 0, as follows:

Definition 2.3. For any u € L7, ,,(09), if f € L{, (bQ2) and

(pg—1

/bQuA5¢:(—1)P+q/mfA¢ (2.1)

for every ¢ € CFY (C"), then Oyu = f.

For 1 < g < n — 2, if we substitute ¢ with d¢ for some smooth (n — p,n — g — 2)-form in
(2.1), we see that necessary condition to solve dyu = f is 0,f = 0 When ¢ = n — 1, more is
needed.

Lemma 3.2 from [18] can be modified to fit the assumptions of this thesis as follows:

Lemma 2.4. Let Q CC C" be a bounded pseudoconvex Lipschitz domain satisfying the
assumptions of Theorem 1.31. For any « € C@Q)(Q), such that Oo = 0 in €, there exists
u € CE’;q)(Q) with Ou = « in €.

Moreover, for any —3 < s < 1, the space C’E’;q)(Q)OKer(g) is dense in W(;q)(Q)ﬁKer(é)

in the W?

() (2) morm.

Proof. Let Q; = {z € C"|A\(2) < ¢;} where X is given by Theorem 1.31. Since A is strictly
plurisubharmonic, each €2; is strictly pseudoconvex in the sense of [16]. Thus, Q) has a Stein
neighborhood base since N;Q; = Q. By the result from Dufresnoy in [6], we can solve 0
smoothly up to the boundary. To prove the second part of the lemma, assume (2 is star-
shaped. Recall that a domain 2 is star-shaped if there exists a vantage point xy € €2 such

that if z € Q then the line segment [zg,2] C Q. We let 0 € Q be a vantage point. For

12



feWs, )N Ker(0), we can define:

fi(z) = (f*¢5]) <1j;>

for ¢s5, = 5]2%(;5(6%) where ¢(z) = ¢(|z|) and sufficiently small 9,.

Then f; € C>=(Q), df; — 0in Q and f; — f in L*(Q) by Theorem 7 in Appendix (c)[7].

Moreover, the space L*(R™) is a dense subspace of W*(R") for all s (See Property ii.
from page 302 of [8]). Now recall Definition 1.23. Since for the restricted domain Q C R™,
every element of W*(£2) can be extend to an element of W*(R"™), f; — f in W*(£2). Now if
Q) is not star-shaped, we let (; be a function supported in an open set U; so that U; N is
star-shaped. To patch the star-shaped neighborhoods together , we use a partition of unity
{¢G}Y,. Then we can find f; € C’(";q)(ﬂj) such that |0f;|lws=,) — 0 and f; — f in W*(Q).
Since each 2; is strictly pseudoconvex, if we use Corollary 1.3 from [16] for each €2;, we can

ﬁl’ld ’LL]' € W(an) (QJ) N COO

() (§27) such that Ou; = df; in ; and u; satisfies the estimate:

lusllws@,) < ClOf;llwsc,),
for some constant C. This estimate follows from Corollary 1.3 from [16]. If we call h; =

f; — uj, then h; € C’E’;q)(Q) N Ker(d) and h; — f in W, 0 (€2). O

Since Lemma 3.2 is the only place in [18] where a plurisubharmonic defining function
is needed, the proof of Proposition 3.5 from [18] can be adapted to prove the following

proposition.

Proposition 2.5. Let Q) be a bounded pseudoconvex Lipschitz domain with a Lipschitz defin-
ing function satisfying the assumptions of Theorem 1.31 in a neighborhood of Q. For every
f € Wi (C"), supported in O and —1 < s < 3, satisfying

/Qf Ng =0 for every g € C35 () Nker(9),

13



we can find u € W, ) (C") satisfying ou=f inC". [18]

If we can solve Qu = f, we can also solve d,. The main theorem from [18] can be similarly

adapted:

Theorem 2.6. Let ) be a bounded pseudoconvexr Lipschitz domain with a Lipschitz defining
function satisfying the assumptions of Theorem 1.31 in a neighborhood of Q. For every o €

L2

(p,nfl)(bQ)a satisfying

/ aN¢=0 for every ¢ € C_,0) (Q) N ker(0)
bO)

where 0 < p<n,g=n—1, we can find u € L%p,q)(bQ) satisfying Oyu = av in bS).

3 Lipschitz domains with strictly plurisubharmonic defining functions

In this section, we will prove Theorem 1.27. Let ) be a strictly pseudoconvex domain in
C",n > 2 and for any = € Q denote the distance from = to 9 by §(x) = dist(z, €2). Assume

for some K > 0 there exists a defining function p(z) satisfying
i00p(z) > iKA9|z|* on (3.1)

in the sense of currents. If 2 C R", let M > 0 and R > 0 be constants such that for all
p € 09, there exists B(p, R) N Q = {z € B(p,R) : Imz, < ¢(2,Rez,)} for some Lipschitz
function ¢ with Lipschitz constant M > 0. We will use 2’ to denote {z1,...2,-1}. Define
r(z) = Imz, — ¢(2',Rez,). Since §(z) is the closest distance to the boundary, d(z) <
lo(2', Rez,) — Imz,|. Let w € 0N satisfying 0(z) = |z — w|. Let a = ¢(z,Rez,) — Imz,,v =

o(Z,Rez,) — Imw,, and w = o — v = Imw,, — Imz,,. Since Imw,, = p(w’, Rew,,),

|v] = |p(Z', Rez,) — o(w', Rew,)| < M\/(Rezn —Rew,)? + |2/ —w'|? = M/ (6(2))? — w?.

14



So |v] < M+/(6(2))? — w?. If we square both sides we get v* < M?(6(2))* — M*w?. Since

w = a — v, we have (a — w)? + M?w? < M?(6(z))% Notice that the left hand side will reach

8]

SEWVER Thus, we get:

its minimum when w =

«
(0= o) + M
This is equivalent to ]alﬁ < 6(z). Thus, ﬁ\gp(z’,Rezn) — Imz,| < §(z). We have

provemn:

1
—mlw(z’, Rez,) —Imz,| < (2) < |p(2',Rez,) — Imz,|. (3.2)

Since p is a defining function we assume

1

L1p()] < 6(2) < ol (33)

for k > 1.

Lemma 3.1. If > 1 and m > 1, then

m? >1— B+ pBm (3.4)
and
5 [ B
mll1—-p+=] <1 (3.5)
m

Proof. Let f(x) = 2®. Then, f'(z) = B2#~! and f"(z) = B(8 — 1)z°~2. Since 8 > 1 and

x>0, f’(x) > 0. By linear approximation,

f@) = f(1)+ f()(z—1) =14z - p.

If we replace = with m, we have (3.4).

15



Likewise, if we replace x with %, we have
1 1
(3)z1+0(5) -5
m m

mP — BmP + pmPt < 1.

This implies that

If we factor out m”, (3.5) holds. O

We will construct a plurisubharmonic function A and compare it with 6°. For given

b>0,s <by1+ M? and € > 0, define z. = z — (0,...,0,ise), and p.(2) = p(z.).

Lemma 3.2. If z ¢ Q and 6(z) < be, then z. € Q. Moreover,
—p:(2) < —0(2) + kse (3.6)

and
se

Vel

Proof. We first show if z ¢ Q, z. € ). By definition of r(z), r(z.) = r(z) — se. By applying

—pe(2) > —0(2) + (3.7)

an inequality from (3.2), we get

r(z) —se < V14 M?5(z) — se.

This is equivalent to

r(z:) < V1+ M2§(z) — se. (3.8)

This shows that 7(z.) < 0 when §(z) < be. This imply that z. € Q.
Now we will show (3.6). By the definition above, —p.(2) = —p(2.). Since 2. € €, by
(3-3), —p(z:) < ko(z).

16



By (3.2),
ko(z:) < —kr(z:) = —k(r(z) — se).

Again, by (3.2),
—k(r(z) — se) < —kd(z) + kse < —0(2) + kse.

So (3.6) follows.
Similarly, by (3.3), —p(z:) > d(z.). By (3.2),

6(z:) > —r(z)

~V1+ M2
We have already shown in (3.8) that
—r(ze) > _5(2) s .
1+ M? 1+ M?

Then (3.7) follows.

In this section, we assume s = bv/1 + M?, so if z ¢ Q and 0(z) < be,
0(2) — kbevV' 1+ M2 < p(z) < 6(z) — be.

Notice that the upper bound and lower bound do not depend on p € 0f). For p € 012,

let U, be a neighborhood where
i00p(z) > iKd0|z|?

in the sense of currents. Let B(p,r,) C U, be a ball with radius r, centered at p. Let

Xp € C°(B(p,2)). On B(p, %), xp =1, when 0 < x, < 1.

17



Choosem>1andﬁ>1sothat%>mandseta:1,b:m2,c:%,

A= (ce)? = B(ce)’(ce — be),
B = B(c)’7!, and

C = Blce)’ M beV1 + M2 (k - ;) :
1+ M2

. - m mP l—ﬂ—&-ﬁ .
Notice that ﬁ - % > 0 by (3.4) and ﬁ - W > 0 by (3.5). Since % + 4>
Lgms = 30 3 >0
Assume k and M are sufficiently small so that
1 1 -5+ pBm
EV1+ M?—1< — 3.9
+ — 2mp 2mBmP (3.9)
and
/Y<;\/1+M2—1<L—i+L (3.10)
—2mpB  2m  2m? '
Finally we also assume
1 fn-p+2
WITIE 1< L _m=F+u] (3.11)

2mp 2mp

By applying the upper bound and lower bound of p., we will build a plurisubharmonic
function A, such that

Aep = A+ Bpep + O(Xp - 1)'

We need to show that A, is plurisubharmonic for small ¢ > 0, and

i00\., > iHeP~100]2|?, (3.12)

18



in sense of currents, for some constant H > 0. We can compute A, as
100\, = i00(A + Bp., + C(x, — 1)) = iBIdp. , + iCIDx,.
By (3.1) and since 90y, is C? function,
iBdp. , +iCIDy, > iBKOD|z|*> — iC.J8D|z|?* = i0d|z|>(BK — C.J)
for some constant J. This implies that by plugging in the values of B and C, we get

i00|=*(B — C.J) = 00|z B(ee)” K — bev/T+ M (k’ e M2> &

Thus,
5 5 1
00X > i00]2[28(ce) " [K — bev/T+ 17 (k - —> 7|
1+ M?
_ . _KBcB-1
One can check that for 0 < H < KB, if ¢ < (—b\/1+]\1/}12,8§3€1k+b6c5*1)J’ then (3.12)
holds.

Define L. = {z ¢ Q:ae < 0(2) < be} and L., = {z € B(p, 2)\Q : ae < (2) < be}. By
(3.7) when x =0,

A=A+ Bp.—C < A+ B(6(2) — be)) — C = A+ B(8(z) — kbev/1 + M?).
By (3.6),when x =1,
A\e = A+ Bp. > A+ B(0(2) — kbeV1 + M?2).
Notice that A.,, > A, on B(p—l,g) N 0B(p2, 5). So the function

Ae(z) = sup A p(2)

{peP:z€L. p}

19



is continuous on L., where P is finite index set so that { B(p, §)},ep covers 9. By Theorem
1.6.2 in [14] (see also Lemma 2.10 in [4]), A. is plurisubharmonic and satisfies (3.12).

Then we have an inequality
A+ Bp. —C < \. < A+ Bp..
This implies, by (3.6) and (3.7),
A+ B(6(2) — kbeV1+ M?) — C < \. < A+ B(6(2) — be).

By plugging in A, B, and C, we get

Ae > (ce)P — B(ce)’H(ce — be) + Blee)’H(0(2) — kbev'1 + M?)

_ -y e (e 1 >

B(ce)’ " bev1 + M? (k Ar
e o B0

N c ce

Vi +M2} . (3.13)

c

Moreover,

86

ce

Ae < (ce)? — Bles)’Hee — be) + B(ce)’ 1 (6(2) — be) = (ce)? {1 - [+ } . (3.14)

To use a patching argument, choose ¢ sufficiently small so that (3.12) holds and { B(p, 5 )pep}

covers L.,. Set ¢; = eom ™’ and we can check
ac; = C&j41,CE5 = A&j—1 = b€j+1 and ij = CEj_1.

Then, g = 8]6—’1 At § = bej = cgj_1, we need to show ., > A... By applying inequality

J

20



(3.13),

&ﬁlzquW{l—ﬂ+2wﬁfﬁql—2fﬁ Tiﬁﬁ}:@QAW{y+%§—2Mﬁ’T?ME

c CEj—1 c c

and by (3.14),
bﬁgj

CE;j

bﬁ} '

Ay < (eg5)” [1 - B+ ] = (cg)” {1 — B+

Note m = ZE’ = Ejs’l. We need to show

J

mP[1 4 2mpB — 2kmpBV1 + M2 > 1 — 3+ Bm,

but this follows from (3.9).

Similarly, at 0 = ae; = cgj41, we need to show . ., > A.,. Again, by (3.13),

b ; kb
Ao > (cep)[1— g+ 222 4 D fvuM?J

C CEj+1
2b 20k
:@qﬂﬁ{y+—ﬁ— ﬁV1+AP

Cc C

and by (3.14)

Ao, < (cgj)° {1—B+aﬁ€]} = (cg;)? [1—ﬁ+aﬁ}.

J A T
CE; c

= =L =% Then we need m?[1 — 8+ B(L)] < [1 +2mB —

Again, we check m =
€j+1

2kmpv1+ M?2|.

Again, this follows from (3.11).

Qo

Now we have

A > A, when 0 = bej = cgjy

€j—1

and

A > A, when 0 = ag; = cgjyy

€j+1
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so that the function

A= sup A(2)

{j:zEng}
is continuous on L = {z ¢ Q : §(z) < beg}. We use Theorem 1.6.2 in [14].

Since ae < § < be, % <e< g holds. This implies by (3.12) that
_ 1\ ! _
100N, > iH (g) 677100 2|2

So by Lemma 2.10 in [4],
81
100N > iH (%) 677190\ |%.

Furthermore, by (3.13),

c c

B
A> (C—(S) [1—B+276b+@—2kb6\/1+M2].

B
A > <%> [1—5+26m+ % — 2kBmvV1+ M?2].

Note that right hand side is positive by (3.10). Moreover, by (3.14),
B
v=(5) (o)
a c

A < (mé)P[1 — B+ pml.

and

We have now proven Theorem 1.27.
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4 Lipschitz domains satisfying property (P)

In this section, I will show conditions for the existence of a good Stein neighborhood basis for
a Lipschitz domain satisfying property (P), (See Definition 1.29) and prove Theorem 1.31.

As we defined in section 3, let p € 0 so that B(p, R) N Q) = {z € B(p,R) : Imz, <
©(Z',Rez,)} for some Lipschitz function ¢ with Lipschitz constant M > 0. Also, we will
use 2z’ to denote {z1,...2,-1} and r(2) = Imz, — ¢(z/,Rez,). We let 0.(z) = 0(z.) where
ze. =2z —(0,...,0,ise). Moreover, define L, = {z ¢ Q :ac < 6(z) <bs} and L., = {z €
B(p, 2)\Q : ae < 6(z) < be} for a and b to be chosen later.

First, we need to replace . with smooth function 55, such that —log (5; is plurisubhar-
monic and satisfies a related upper and lower bound. Then I will build a function A, that

is plurisubharmonic,

100\, 2 16700 2|

and provide the upper and lower bound of A, ,. As we did in section 3, I will use the patching
argument. First I will check the supremum of A, , over mathcal P is continuous to build A,
and make sure that A

e = Ay at 0 = ag; = cgjp and A, > A at & = beg; = cgjyq SO

that we can build .

Lemma 4.1. On L., for any § > s, there exists b sufficiently small and o € C>(Ley) such

that —logd. is plurisubharmonic and —&(z) + \/1-§fW < 0.(2) < —6(2) + 3

Proof. We know — log d. is plurisubharmonic and

se
—0(2) + —— < d.(2) < —6(2) + s¢ 4.1
(2) + s < 0(2) < =0(2) (4.1
where ae < § < be by Lemma 3.2. Let X = ———. By assumption, 0 < b < sX, for b

ViESTE
sufficiently small. For P and Q to be chosen later, we let —logde = —Plog(d.) * Ny + @
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where

CeRrT ifjz| <1
n(x) =
0 ifjz| > 1

for some constant C' > 0 and n,(z) = 7%77(%) for each v > 0. Theorem 7 (iii) in Appendix

C of [7] shows that for any R > 0, there exists v > 0 such that

—logd. < —logd. xny < —logd. + R

where the lower bound follows from the sub-mean value property for plurisubharmonic func-

tions. This implies
—Plogé. +Q < —logd. < —Plogd. + PR+ Q. (4.2)

Let P=%. If § > s, then for b sufficiently small,

il ®

b b

W] »

This is equivalent to

b b
(X - >x—-.

S S

If we multiply both sides by s3, we get
5(Xs—b) > s"(X5-1).

This implies that

7 (Xs— )P
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Then, there exists R > 0 so that

5 Xi-b  pp
_>—
sP (Xs—b)P6

(4.3)
If we multiply (4.3) by %, we get

. Yeg
e €s — be oPR
sPeP = (Xse —be)P

(4.4)

Notice that the left hand side of (4.4) is smaller than (S‘f_}‘; 7 since it is increasing in 6 when

§ > =15 — (. Thus,
€5 —10 se
>
(se =9)F = sPeP

(4.5)

holds. Likewise, the right hand side of (4.4) is larger than ; ;{S‘i’a‘; el since it is increasing

in § when § > @ = 0. Thus,

> 4.6
(Xs&t—&)Pe = (X&@:—bE)Pe (4.6)
holds. (4.4) (4.5), and (4.6) imply that there exists () such that
T TaeE——— —- 4.
Xse—0)P° = “le_g)P (4.7)
The lower bound on (4.7) implies that
—6 — (=6 +seX)Pe P9 <« —sP7eX (4.8)

holds. So we have

-5 — (_5 + L)PQ—PR—Q < — S¢€

V14 M2 1+ M?
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Thus, by (4.1),

S5 < Plgdi—PRQ
1+ M2~
So
—0 + _se o ellogde—PR-Q < §
14+ M2~ -

This implies that §. > —d + \/lfw Likewise, the upper bound on (4.7) implies that, (—d +

se)Pe @ < —§ + 3¢ holds. So, by (4.1), we can say

el1ogde—Q 5 4 3¢

This implies that 6. < —& + 3.

O

Let us replace 8, with d,, and s with § as given by Lemma 4.1 so that we can assume 9,
is smooth. For y defined in Section 3 and ¢ defined in 1.29, by applying the upper bound

and lower bound of d., we need to build a plurisubharmonic function A., on L., such that

Aep=A+ B+ g(6.)x + D¢ (4.9)
where
g(x) = Bl(w — se + ————=)""—27'|+ D
1+ M2

for some constants A, B, and D, which are defined later. We need to show that ., is

plurisubharmonic for small € > 0, and

100\, 2 16700 z|?. (4.10)
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When D = Dye?, we let

A= (cg)’[1 = B(-1+

and

2
B = B(ce)’(—ce + \/ﬁa — s¢)”.

Since i00\. , = i00(A + Bt + g(de)x + Dg), we rewrite id0\. , as

100\, = iBOOS_' +i00(g(6.)x) + i00D.

We want to show that this satisfies (4.10).

Since i99(—log d.) > 0, we can say

i00(—log 6.) = i0(—0-106.) = i(—6-1005. + 6-205. N D3.) > 0

This implies that

—i005. > —i6-106. A D6..

Now compute

~
[S))
<
%)
L

I

i0(—0-206.) = 6_2(—i006.) + 2i6-06. N 06..
If we apply (4.12), we get:

i00(0- 1) > 6-%(—i6.100. A 06.) + 2i6205. N 0. = 10205 N 5. > 0

Moreover, we can compute

(4.11)

(4.12)

i00(9(0:)x) = ig" (6c)xD0: A 90 + ig' (6c)xDDb + ig(02) 00X + iy (6:)(D6: A Dx + Db A D).
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Thus, (4.11) can be bounded below by:

iBOOS' +i00(g(0.)x) 4+ 100D¢ > iBS; 206, N 06, + ig"(6.)x9d. A D,

+1ig'(8.)x005. + ig(8.)00x + ig'(3.)(03. A Ox + DS. A dx) + iDII.

Note that ¢'(x) = B(x™2 — (v — s + \/wa)_Q) < 0 because se > == implies 72 <

(x —se + Jlfw)_? Using (4.12) again, then the lower bound become

i[BO2 4 ¢"(6.)x + ¢’ (6.)x0- (9. N DS.) +1ig(0.)00x +ig (0.) (0. A OX + I AOX) +iDAIp.

(4.13)
Let E = B2+ ¢"(6:)x + ¢'(0:)xd-" and F = ¢'(é.). E can be written as
B(673) = 2B6~3y + 2B(0. — s6 + ——— )3y + Bx0—3 — B0~ M (6. — 56 4+ ——o )2
(6=7) <X ( m)x X6; X0 ( 1+M2)
which can be simplified as follows:
E=B3*(1—x)+ (0. — se + 8—5)’3BX(1 + 6 se — 5g1L). (4.14)
V1 + M? 1+ M2
Since J. < —0 + s < —ae + se, we can find the lower bound of (4.14). Then we get:
E = B((s — a)e) (1 = X) + (- == — @)e) *Bx(1 + ((s — @) (s = ———)).
V14 M? V14 M?
By factoring out Be~3, we can say
E > Be3[(s—a)3(1 — —I—L—a_3 1+ s—a_ls—L .
> B (s = a) =0 + (= — ) (14 (5 - ) (s — =)

Now let P = (s—a)™® and Q = ( e — a) (14 (s —a)~'(s — o==)). Since s > a, both

=
+
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P and (@) are positive. If P > @),

E>Be?(Q(1—x)+Qx) = B Q.

tQ > P,
E > Be3(P(1 - x)+ Px) = B *P.

Thus, for fixed M, s, a,
E > Be*min{P, Q}

on L.,.

Since £ > 0, (4.13) equals

2

£ Ox N\ Ox +iDAI¢ +ig(6.)00x.

i(VES. + \/Eéx) A (VEDS. +

—1

F _ F
VB TR

Since

i(VEDS. + iéx) A (VEDS. + LE@X) >0,

vVE VE
5. = O(e), F =~ O(Be™?), and E 2 O(Be™3) with a strictly positive constant independent

of € and 6., (4.13) is greater than or equal to

JFP?

—zfax A Ox +ig(0.)00x + iDIIG + ig(5.)00x = O(Be™) +iDAI. (4.15)

Thus, we need D ~ ¢ 7' B ~ ¢ 1eft! = &8,

Property (P) implies that we can always pick ¢, independent of &, so that for some
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positive constant (G, independent of ¢,

O(Be™') +iDdd¢

\/W — se)%e ] + Dy’ 00¢

2s

\/W $)%%) + iDye?0d¢ > Ge®90|z|> (4.16)

in a neighborhood of 9. Since £°99|z|* > 6°00|z|* on L.,
00, > 5°00|:2

on L..

By (3.7) when x =0,
se -
Ap=A+Bé-'+D >A+B<—5z +—) +D. 417
By (3.6),when x = 1, we wish to show:

Aep = A+ Bo-" 4+ g(8.) + Do < A+ B(—6(2) + se) " + g(—0(z) + se). (4.18)

Notice that if we let h(xz) = 27!, B! + g(z) can be written as

Bh(x) + B(h(r — se + ——=) — h(x)) + D
This equals Bh(z — s¢ + 7255) + D. Also, B,D > 0 and h is a decreasing function for
x> 0. Hence Bo_' + g(d.) is decreasing if 0. — se + Jiae > 0

By replacing . with —§(2) + se, by (3.6) we can say B(—d(z) + se)™! + g(—0 + se) is

decreasing as well. Thus, if we can show 0, — se + \/lfw > 0, (4.18) is proven.
Let b= w(%ﬁ — fﬂc) where w = lfM — 5. Moreover, let ¢ = ¢w where 0 < ¢ < gﬂ <1,
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and b = bw. Then, b = g:éigg . Choose [ close enough to 1, so b is small enough as required

in Lemma 4.1. Since ¢ < 1, b= % < 1 and this implies b < w.

: é _ 2s 0 fe ) : 2se
Since ¢ < bon L.y, w = =% — s > ¢. This implies that —§ + =55 — s¢ > 0.

Now if we apply (3.7) with p. = —d. and k = 1, we get: d. — se > 0. Since ﬂfW > 0,

0 — s+ 25 > 0. Thus (4.18) holds.

So by (4.17) and (4.18),

A+ B(=6(z)+se) ' +g(—5+se) <A+ B (—5(2) + \/%) + D.

Notice that A ,, > A, on B(pi, 5) N OB(ps, 5). So the function

Aa(z) = sSup )\a,p(z)

{peP:z€L. p}

is continuous on L., where P is finite index set so that {B(p, §) },ep covers 9. By Theorem
1.6.2 in [14] (see also Lemma 2.10 in [4]), A. is plurisubharmonic and satisfies (4.10).

By applying (3.6) and (3.7) for p = —0 we get inequalities:

B B B

By 9(d:) =

se +D§ 2se +D: +D
0. 55—55%—@ —5+W—55 we — 0
Thus we have
A< A+ +2D
wWE — 0
and
A > A )
- +$€—(5

These imply that
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1+ M2 ¢ ce(we — 0) c c(we — §)

(4.19)

and
2s 5 2D, (—ce+ \/% — s¢)?
A (e 1-p(-1+ 22 %) _ =
= () [ b ( - cV1+ M? c) B P (ce)(—0 + s¢)
- 2D (w — ¢)?

= (c)’[1 — B(—2) = =0 C (420

e R e S IRTED

Let a = <. For ¢ sufficiently small, set &; = £(2)’ = £(£)7. We want A.,,, > A, at

0 =agj =cegjpp and A\, > A, at § = be; = cgj .

Let f(z) = x*ﬁ[l—ﬁ(%—l)—l—ﬁgz”w__ﬁ]. We know s > by/1 + M2, and f(c) = ¢ . Observe

that f’(c) =0 and

2s _
f//(C):l—B+2C(—C+m—S) 1<0

because this holds if 5 —1 > jﬁ This is equivalent to ¢ < (5/8%{“’ Thus, f has a local
maximum at c.

One can observe that

A< f (g) Pob

so that when § = aej, A, < f(a)(cag;)? and when 6 = be;, A, < f(b)(cbe;)".

We need to show

) < 10+ 6w - e (222 (+21)
and
fla) < f(e) + Bw — )P (Z’:j) . (4.22)
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Note that we can choose Dy sufficiently small so that (4.22) implies A\, ,, > A., at § = ag; =

€541

cejy1 because (4.20) implies

— _ )2
heyor 2 (el - B2 - 2Dy g L0 20

]

w—c (w—c)

= (=) "[f(O1L = B5) + 5

c(s—c)

] = f(c)2Do(ac;)”

c(s—c)

— eaey0) - > (P IEZN  peganuasy)” (43)

S —C

We can also choose Dy sufficiently small so that (4.21) implies A\.,_, > ., at § = be; =

cej—1 because (4.20) implies

w—c, 2Dy (w—c)?

Ao 2 ez L= B 2) = 5+ ]
= (cbe;) [ ()L = B——) + @f}fg‘_% Il = £(c)2Do(be;)”
— (s —w)

S—C

— (cbe,)PL(e) — P! (5 (w )1 ~ f(e)2D0(be))® (4.24)

Note that if we could show f(b) > f(a), then (4.21) implies (4.22).

First, we will show f(b) > f(a). Choose 0 < t < 1. so that ¢ = £ = t(%) and

a:—dew Then7b:w(5::

&Y and a = ¢ w(g = 2 ). Notice that we can rewrite f(x)
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Then if we substitute the values of a, b, and ¢, f(b) can be written as

(b) = +ﬁ(——1)<b_c)
B—1-— ﬂt 1 2ﬁ2tﬁ+l +5t2ﬁﬁ+11 52t25+1
B <B_t gﬁ ) (,§+11)
- (G725 t_><11)+/3§)_6 (G0+s-ravu-vrm),

Similarly, f(a) can be written as

- [0 (29 (25

_ [ﬁ(ﬁ— 1)’ (== 1))(6“))}/3
(8 +1)2 (5—1>(6+1—@t)
-1 i+ -1
8 [1_B< p+1 _1) (,&2 ﬂ_ﬁ""tz(ﬁillz +ﬁ(,8+1)+1>

B+1)2
:(tQ(ﬂ_l)(ﬁ_t(ﬁ 1))> ( 2+t — 1+t262—2t52+52>
B+ 1)(B+1—pt) PB-1)+i—(B+D) .

Thus, f(b) > f(a) can be written as

2((-1)-8) -1\ " 2 25
(FcheTy) (-t - -1
t—1+t3(6—-1)—p

(

(

1(B=-DEt-1)-1)\" i o
+t(t(ﬁ—1)—ﬁ)(1+5)> t+f—tB+(—-1)°6) >0

Note that since t + (1 — ) + (t — 1)?8? > 0, t + 8 — t28 + (¢t — 1)?8% > 0. Moreover, since
(t—1)f—1<0andt(f—1)—p <0,

2B 1) -8B -1\’
(<ﬁ+1><—1+(t—1>6>> >0
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Multiplying by

( / )(ﬁﬁﬁ—n—ﬁxﬁ—m)ﬁ
t+B -2+ (t—1)262) \(B+1)(=1+(t-1)3))

we get

(t(t + B — tﬂ) 2 t(l -1+ t? — (t — 1)262) > 0. (425)

1+p5—tp ) R R I ) [ (R I R S V)

If we write (4.25) in Taylor Series in 5 about § = 1, we get

_ 2 2log(—=L
((t —4;)3 T ?2)3 + 2t(t _g(zt_;)> B-=1)+0(B-1)°>0 (4.26)

Now we let X = =5, t = )?fl Notice that 0 < X < 1.

Lemma 4.2. log(z) — £ + 5= > 0 when 0 < z < 1.

Proof. Let f(x) = log(z) — £ + 5-. Since f(1) = 0 and f'(z) = % < 0, we can say
f(z) > 0. O
By Lemma 4.2, we have log(X) > & — 5%. This implies (4.26), so (4.25) holds for j3

sufficiently close to 1. Thus, we can conclude that f(b) > f(a) for 8 close to 1.

. o~ ~ \/ /8 7

Now we will show (4.21) holds. Let s = 5w then § = 27\1;1;7 Recall ¢ < ﬁ b <
1 — B 1-pe
vipae and b= 5=,
We can rewrite (4.21) as

b B B—1 \/12—%;\)42 — 25w
< (éw) — éw)(Gw) A A 4.27
F(8) < (@) + Bw — éu)(cuw) or ) (4.27)
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and recall that f(b) = (bw) °[1+ (L — 1) + BU2642)] 1 (4.27) is equivalent to

é—cb

- 1 B(l—2¢+¢%), __ 1—¢ 2 =21+ M?
bﬁ[1_5<5_1>+ i— b kcﬂ[HB( ‘ ><\/1+M2—25+5\/1+M2>'
(4.28)

This can be simplified as

prn_p(i_q) L B=setd), 1-¢ 92— o/TT 2
i 5<5 1)+ @ C [Hﬁ( : )(m_ze+am>]'
(4729)

Note that v1+4+ M? —2¢+¢V1+M? >0sincel —¢=¢+1—-2¢>0and é¢+1—2¢ <
VI M2(e+1) — 2
We will call K =1 8 (L~ 1) + 2252 Since ¢ = (45} for 0 < ¢ < 1, K can be

é—écb B+1

written as K = t_ﬁ_tzﬁ:“(t_l)zm. If we write K in Taylor series in 3 about f =1, we get:

K=(-1+ %) +(—4+ g +0(B—1)+ (-2 + % +4)(3 —1)% (4.30)

N8 -5
Similarly, (%) = <%) so that

1+8—t8 \"

<t2+t6—t25)
(18-t \7’
- (t2+t6—t26)

| 1+6—1t8 2 4+t8 -2\ (1 —=t)(t* +t6 —t2B) — (t — t?)
g [_ Og(t2+t6—t25)_5< I+ 6 tp )( (Z+ 15 - 26)? >]

0

op

When g =1,

(t21++té:i§6>ﬁ] - (QL—t) loe (?> ' <2it) (_1 +§t_t2)]'

0

op
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Therefore,

@_6:2;‘(2ft)[1og(?)+(2t ) (e

- 2= -+oe -1

(4.31)

Now we can calculate (%’)_BK — 1 by multiplying (4.30) and (4.31) and subtract 1. We will
get

(e (7 55) (220009

X <(—1+%)+(—4+§+t)(ﬁ—1)+(—2+%+t)(ﬁ—1)2) —1.

Thus,
AN 2t
&) K= 1= (=2(t 1)~ log (F-)(6 — 1) + 0(6 — 17 (4.32)
Since b— 1 = Bcc 165, and % B — ¢ — ¢f, we can rewrite K as
_ 2
P _ﬁ(i_1)+5(1 20:1—0)
c c—cb

_1_5(%_1> (1—B+é(1+B)).

Since (1 —1) > 0and 1 — 8+ ¢(1+ B) <0, we can say K > 1.
Moreover, since (é)*ﬁK > 0,

é[(g)—ﬁK — 1]+ 62[(2)‘5[( — 1] 428 —28¢ > —¢— & + 28 — 2j¢.
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Note that ¢ < §+1 < 1 implies —¢ > (%) and —¢? > (E)2 So

o 3 B—1 B—1\" B—1
—c—02+25—250>—(5+1)—<B+1) +25—26(ﬁ+1)

—(%)(H—%erwr%

B—1 26 4+26(6+1)
_<6+1>( B+1 )HB
_262+263—46+263+462+26_262+66
(B+1)? B+12 (B+1)?2

: 26°+65
Since § > 1, 50z 0.

Therefore,

N SN

cl(z)PK =1+ &[(5)"K = 1]+ 28— 26¢ > 0.

N SN

Now if we solve (4.29) for v/1 + M?, we will have an upper bound

Ty 28 — 250—1—26 [( )PK —1] (4.33)
(L) PR — 1]+ &) K — 1] + 26 — 28¢

When ¢ =t <%), the right hand side of (4.33) will be denoted as F'(8,t). Then

Fi.) = 28 — 286+ 232[(2) P K — 1] 30
A PK — 1)+ @[(2)PK — 1]+ 28 — 288 '

We need to find a critical point with respect to ¢. To do so we will rewrite F(5,t) in

o\ B
Taylor series. Replace (g) K — 1 with the right hand side of (4.32), and we will get

F(B,6) =1+ i(—2t +2t* + tlog (—1 + %))(B -1+ 0(B-1)* (4.35)

Let g(t) = =2t +2t* 4+ tlog (—

14 2). Since ¢'(t) > 0 near 0 g(¢) > 0 near 0. This implies
that F'(5,t) > 1
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Now we have (4.21). So the function

M) = sup A (2)

{j:zGLEj}

is continuous on L = {z ¢ 2 : 6(z) < beg}. We use Theorem 1.6.2 in [14].

Remark 4.3. If we choose V' small enough, we can take t ~ .158645 and W ~ 0.03049. Also,
one can observe that ¢'(t) < 0 near 1, ¢’'(t) = 0 on (0, 1). So there must be a critical point
in (0,1) when § & 1. Since t is a critical point of g(t), this W is the optimal value. Thus,

under this condition, F'(3,¢) > 1.
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