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ABSTRACT

EMPIRICAL STUDIES ON INTEREST RATE
DERIVATIVES

by
Xudong Sun

Dr. Hongtao Yang, Examination Committee Chair
Associate Professor of Mathematics
University of Nevada, Las Vegas, USA

Interest rate models are the building blocks of financial market and the interest
rate derivatives market is the largest derivatives market in the world. In this dis-
sertation, we shall focus on numerical pricing of interest rate derivatives, estimating
model parameters by Kalman filter, and studying various models empirically.

We shall propose a front-fixing finite element method to price the American put
option under the quadratic term structure framework and compare it with a trinomial
tree method and common finite element method. Numerical test results show the
superiority of our front-fixing finite element method in the aspects of computing the
option and free boundary simultaneously with high accuracy. We shall also employ
the Kalman filter and its variant techniques to estimate parameters of the affine term
structure models as well as quadratic term structure models. Various comparisons
of different Kalman filter performance and both the in-sample fit and out-sample
fit for Monte Carlo simulations as well as real treasury yield data are presented.
In addition, we shall propose a general one-factor interest rate model and apply a
homotopy perturbation method to valuate bond prices. One of the attractive qualities
of the approximated solution of homotopy perturbation method is its fast speed of

achieving the same accuracy compared to the tree method.
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CHAPTER 1

INTRODUCTION

An interest rate derivative is a derivative whose underlying asset is the right to pay or
receive a notional amount of money at a given interest rate, for example, bonds and
their options, swaps, captions, and floors. The interest rate derivatives are popular
among investors with customized cash flow needs or specific views on the interest rate
movements. The interest rate derivatives market is the largest derivatives market in
the world. According to the quarterly report of the Office of the Comptroller of the
currency (OCC), derivative contracts remain concentrated in interest rate products,
which comprise 81% of total derivative notional amounts $236.8 trillion of the US
market in the second quarter of 2014. It is clearly important to model interest rate in
order to price and to understand these financial derivatives. In this dissertation, we
shall study various one-factor models of interest rates and their calibration by using
the observed market data.

This chapter is organized as follows. In §1.1, we introduce basic elements about the
interest rate derivatives. §1.2 presents the overview of two methodologies of pricing
interest rate contingent claims under a single factor framework and some popular and

extensively used single factor interest rate models among the researchers and market



practitioners. At the end, a outline of this dissertation is summarized in §1.4.
1.1 Bonds, Yields and Forward Rates

A bond is a contract, paid up front, which guarantees the holder a known amount
on a known date in the future. The known amount is referred as the principal value
or face value and the known date as the maturity date. The bond may also pay a
known cash dividend (called the coupon) at fixed times during the life of the contract.
If there is no dividend payment the bond is known as a zero-coupon bond or a
pure discount bond. The main purpose of issuing a bond is the raising of capital,
and the up-front premium that can be thought of as a loan to the government or
to the company that has issued the bond. The Securities and Financial Markets
Association (SIFMA) classifies the bond market into five sectors: government and
agency, corporate, municipal, mortgage backed, asset backed and collateralized debt
obligation, and funding.

The U.S. bond market is the largest and most active bond market in the world.
As of June 2014, the size of the outstanding U.S. bond market debt was $39.9 trillion.
The most important part of the bond market is the government bond market due to
its size and liquidity. Because of the inverse relation between bond prices and interest
rates, the bond market is often used to indicate change in interest.

Let B(t,T) denote the price of a zero-coupon bond at time ¢ that pays one dollar
at time T, i.e., B(T,T) = 1 for any T'. At time t, the yield to maturity y(¢, T") of zero-

coupon bond B(t,T) is the continuously compounded rate of return that increases



the bond price to one at time T". Then we have
B(t,T) = e~ T-Du(tT), (1.1)

The yield rates as a function of maturity 7" is also called the yield curve. We denote
r(t) the instantaneous risk-free interest rate that is also called short rate. The short

rate can be treated as a yield rate that has an extremely short maturity, i.e.,
=1 T).
r(t) = limy(t,T)

Let f(t,T1,T3) denote the forward rate that is agreed upon at time ¢ for a risk-free
loan starting at time 77 and ending at time 7,. The forward rate can be expressed

in terms of two bond prices, i.e.,

In B(¢,Ty) —In B(t, T
[, 1, Ty) = nB(t: 1) — I Bt 2)- (1.2)
T, =T

If 7Y = T5, we have the instantaneous forward rate at time ¢ for a loan starting at

time T for an infinitesimal period of time. We have

f&,T)=f(t,T,7).

Letting 7o = T and Ty — T in (1.2), we obtain

dln B(t,T) 1 0B(t,T)

J6T) = ——%7 " B{tT) oT

where the bond price is assumed to be differentiable. Equivalently, the bond price

can be expressed in terms of forward rates as

B(t,T) = e fm)dr



Thus by (1.1), we have

1 T
y(t.T) = =— [ [(t,7)dr,

which implies that

r(t) = f(t,t).

In summary, we have presented the definitions of zero-coupon bond, yield rates,
forward rates, and the short rates as well as the relations between any two of them.
Actually, the above relations show us the perfectly equivalent ways of expressing the
same information. For instance, if a complete term structure of forward rates is

known, we can compute the zero-coupon bond price and spot rate.

1.2 One-Factor Models of Interest Rates

This section is devoted to outline the approaches of single factor models of interest
rates and to review most popular and widely used models. All these models use one
single specific factor as the sole state variable to summarize all the information about
the term structure at any time. As a result, the price of any interest rate contingent
claim will be affected by only short term rate and the time to maturity. For instance,
at time t, the price of a zero-coupon bond maturing at time 7' (T > t) has the form

of
B(t,T) = B(t,T,r(t)).

There are two basic methodologies of pricing interest rate contingent claims under a
single factor framework being extensively used by researchers and market practition-
ers, namely the partial differential equation approach and the martingale approach.

4



The equivalency of these two approaches can be shown by the Feynman-Kac Theorem.

A brief review of these two approaches will be given in the following two subsections.

1.2.1 PDE approach of pricing interest rate derivatives

Let us assume that the dynamics of the short interest rates is governed by the diffusion

process
dr(t) = p(t,r(t))dt + o(t, r(t))dW (1), (1.3)

where W(t) is a one dimensional standard Brownian motion under the real-world
measure P, (-, ) and o(-, ) are given real valued functions that totally determine the
behavior of the short rate. Let V(¢) denote the value of an interest rate contingent
at time ¢. Resulting from the one factor assumption, V' (¢) depends on the short rate

r(t). We write
V(t)=V(t,T,r(t)). (1.4)

Applying Ito’s lemma to V (t), we have

8V oV 10%V

Substituting (1.3) into the above equation gives us

av (1) = ov ov 0(75,7“(25))82‘2/] N [8\/

= |5+t ) 5 + T Ea(t,r(t))] AW (t).

If we divide both sides by V(¢), then we have the instantaneous relative return on

the contingent claim:

Cifv—ét)) = pydt + oy dW (1), (1.5)



where

/W:V%[%#uwmmgéf&§@%§, (1.6)
oy = ﬁ [%—‘;a(t,r(t))] | (1.7)

Now, consider a portfolio consisted of x; units of the interest rate derivative Vi (t) =
V(t,T1,r(t)) and x5 units of the interest rate derivative V,(t) = V (¢, Ty, r(t)). The

portfolio value satisfies the following process:

P(t) = 21V (t) + 22Va (1),

As Vj and V5 are interest rate contingent claims, their prices have forms of (1.5), i.e.,

dVi(t)
= py, dt dW (t
Vl(t) Hv; At + oy, ( )7
dVa(t
2( ) = [I,V2dt + O'VQdW(t).

Va(t)

Therefore, the variations of the portfolio value are given by

dP(t) = 1dVi (1) + 22dVa(?)

= (x1pn Vi + Top, Va) db + (2101, Vi + 2201, Vo) AW (1).

In order to get a risk-neutral position, we need to choose x; and z5 to reduce the
volatility of dP(t) to 0. According to arbitrage-free theory, the return rate of the
portfolio has to be the same as the risk-free rate. Thus, the following system must

be satisfied:

z10y, Vi + 290y, Vo = 0,

T, Vi + Topiy, Vo = (21 V1 4 20 Vo)r.



The system has a non trivial solution if and only if

vy — T(t) vy — T(t)

O'V1 O'V2

)

which must hold for any 7} and 7,. So each side of the above equation must be

independent of the contingent claim and we denote it by

At r(t)) = =),

av
Here A(t,7(t)) is called the market risk premium. After substituting py and oy by
their definitions in (1.6) and (1.7), we end up with a second order parabolic partial
differential equation

% + (ut, 7 (£)) = A(t, 7 (1) (t, (1)) %—Z G ;(t)) %TZ —r)V =0 (L8)

We can conclude that all interest rate contingent claim in a no-arbitrage one factor
model must satisfy the fundamental equation (1.8). Different models have different
choices of input functions A(t,7(t)), u(t,7(t)) and o(t,7(t)), while different interest
rate contingent claims will satisfy the same type of partial differential equation with
different boundary conditions. For instances, if we consider V' as a zero-coupon bond
B(t,T) with maturity 7, then we have

aa—f + (u(t,r(t)) — A(t, r(t))o(t, r(t)))%—f + ot g(t)) a&f —r(t)B =0 (1.9)

with the final condition

B(T,T) = 1. (1.10)

If we consider V' as a call option on a zero-coupon bond B(t,T) with maturity date

Te < T, then we have



% + (u(t,r(t)) = A, r(t)o(t, r(t)))% + U(t’g@)) %S —r(t)C=0 (1.11)

with the final condition
C(Te) = (B(t,Te) — K)*

where K is the strike price.

Theoretically, we can price zero-coupon bond by solving the final value problem
(1.9)—(1.10) if the real valued functions pu(t,r(t)), o(t,r(t)) and A(¢,r(t)) are given.
Functions p(t,7(t)) and o(t,r(t)) can be specified by examining long-term statistical
properties of the short rate. However, specifying A(¢,7(t)) is harder due to its non-
observable property.

If we apply Feynman-Kac Theorem to equation (1.9), then we are able to express

the price of zero-coupon bond as an expectation:

B(t, T) _ EP [6_ ftT r(s)ds—% ftT AQ(s,r(s))ds—ftT )\(S,T’(S))dW(S)HFt] 7 (112)
where F, is the sigma-algebra generated by the past information of process W (t) up
to time ¢ under the P measure.

1.2.2 Martingale approach of pricing interest rate derivatives

The key concept of martingale approach is the equivalent martingale measure. Let
Q be the risk-neutral measure, under which all discounted security prices are mar-
tingales. Let us assume that the short rate r(¢) under the risk-neutral measure Q is

given by

dr(t) = a(t,r(t))dt + B(t, r(t))dWw e, (1.13)



where W2(t) is a standard Brownian motion under Q measure. Then at time ¢, the

price of a traded security V() is given by

V(t) = D(t)EY [%} , (1.14)

where D(t) = elo(5)ds For instance, the zero-coupon bond price is given by
B(t’ T) — E? |:€7 ftT r(S)ds:| )

The equivalency between PDE approach and martingale approach can be established
by the Feynman-Kac representation and Girsanov’s Theorem. Without loss of gen-
erality, let us consider the case of non-dividend paying security price V (¢) at time ¢,
which satisfies equation (1.14). According to the Feynman-Kac formula, V' (t) satisfies
the following PDE:

ov 1 0%V oV
ey + 55(1577“(75))% + a(t,r(t))E —r(t)V =0. (1.15)

Since V() satisfies both (1.8) and (1.15), we must have

o(t,r(t)) = Bt r(t)),

plt, r(t) — alt,r(t)

MO = )

We also have
AW (t) = dW2(t) — A(t)dt
by comparing (1.3) and (1.13). Further, by Girsanov’s Teorem, P-measure and Q-

measure are related by the formula

@ — o SO ASAW D)5 [y X2 (s)ds
dP



1.3 Review of Some Popular Models

In this section we will review in detail most well known and widely used one factor

interest rate models.

Merton (1973)

Merton was the pioneer to propose a general stochastic process as a model for short
rates. He assumed that the short rate process follows the stochastic differential equa-

tion:
dr(t) = pdt + odW (t), (1.16)
where p and o are constant. The explicit solution of SDE (1.16) is
t
r(t) =r(s)+ pt + a/ dW (s)
for t > s > 0. Thus the short rate r(¢) is normally distributed:
r(t)|Fs ~ N (r(s) + (t — s)p, (t — s)o?) .

According to equation (1.9), the zero-coupon bond price satisfies

with the final condition B(T,T) = 1, where the market risk premium X is assumed
constant. This partial differential equation can be solved explicitly and the solution
is

3,2

7'2([L—>\(T)
f—i_ 3

6

B(t,T) _ e—TT‘(t)_

10



where 7 = T —t is the time to maturity. Apparently, the bond price is an increasing
function of the time to maturity which is unrealistic because the bond price will blow
out when it has an infinite maturity date. From the bond price, one can easily obtain

the yield rate

_InB(,T)
T—1

(T—t)(p—=Aro) (T —t)°0"

=r(t) + 5 — 5

y(t,T) =
Vasicek (1977)

Vasicek assumed that the short rate process follows the Ornstein-Uhlenbeck process:
dr(t) = k(0 — r(t))dt + ocdW(t) (1.17)

where k, 6 and o are positive constants and W (¢) is a standard Brownian motion. In
this setting, when the short rate r(¢) goes apart from its long term level 8, r(¢) tends
to come back to 6 at a mean-reverting speed . Vasicek also makes an assumption

that the market risk premium A is constant. The solution of SDE (1.17) is
t
r(t) =0+ (r(s) — 0)e "= 4 a/ e =) W (u)

for t > s > 0, which implies that the short rate is normally distributed

2

g_(l . eQn(ts))) )

r(t)|Fs ~ N (9 + (r(s) — B)e "),

K
As a result of the normal distribution, Vasicek model suffers from the fact that the
interest rate can become negative, which is not only impractical but also incompatible

with no arbitrage theory.

The price of zero-coupon bond can be formulated in the following partial differ-

11



ential equation

0B OB 0%0°B
E—F(K(Q—T(t))—/\a‘)ﬁ%—?m =0

with the final condition B(T,T) = 1. The above partial differential equation can be

solved explicitly with the solution
B(t, T) — UT)r(t)+b(7)

where

1
— (p~TK 1
alr) = (e = 1),
o? 1 o o2 o o2
- (1 —27TK 0____ 1 —TK -
br) = (=) 4 (0= 22 = Ty — ) — (0= 22— D,
T=T—1

The yield rate is given by

y(t.T) = 2 (a(r)r(t) + b(r)).

T

Cox, Ingersoll, Ross (1985)

Cox, Ingersoll, and Ross (CIR) choose p(t,7(t)) the same as the one in Vasicek model
but they let o(t,r(t)) = o+/r(t) and the market risk premium \(¢,r(t)) = A/r(t).

Thus, the short rate process satisfies

dr(t) = k(0 — r(t))dt 4+ o+/r(t)dW (t) (1.18)

where , 0 and o are positive constants and W (t) is the standard Brownian motion.

The drift factor ensures mean reversion of the short rate towards the long run term

12



value 6 with speed of adjustment . The volatility factor, o/r(t) avoids the possi-
bility of negative interest rates and an interest rate of zero is also precluded if the

condition
260 > o

is met. Since the volatility is proportional to the interest rate, the volatility becomes
small when the interest rate is at a low level. As a consequence, when the interest
rate gets close to zero, its evolution is dominated by the drift factor, which drags the

interest rate upwards. The SDE (1.18) has a unique positive solution

t
r(t) = 0+ (r(s) — 0)e =) 4 gert=9) / ")/ (w)dW (u)
for t > s > 0. It has been shown that the short rate r(¢) has a distribution of

non-central chi-square, i.e.,
r(t)|Fs ~ x(a,b,c)

with b degrees of freedom and non-central parameter ¢, where

4kr(t)
a =
0-2(1 _ e*ﬁ(tfs))’
2K0
b - ?,
4re=rt=9)
CcC =

0-2(1 _ e—ﬁ(t—s)) ’

Consequently, the mean and variance of r(t) given r(s) are given by
E(r(t)|r(s)) = 0 + (r(s) — 8)e "t

and
0'2 0.2 9
V(T(t)]r(s)) = T(s)_(e—n(t—s) _ 6—25(15—5)) 4 62_ (1 _ e—n(t—s)) .
k K
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The zero-coupon bond price can be solved through PDE

OB OB ¢*0°B
e + (k(0 —r(t)) — Ao) o + W r(t)B = 0. (1.19)

with the boundary condition B(7T,T) = 1. The solution of the above PDE is in form

of
B(t,T) — 6&(7’)—[)(7‘)7‘

where

(y+r+N)T
o) = 2K0 In 2ve 7
o? (v+r+A)(m —1)+2y
2(em —1)
b = ,
= G e e -T2

7=V (K + )2+ 202

T=T—1.
The yield rate can be easily expressed in terms of a(7) and b(7)

y(t,T) = —a(r) + b(T)r.

Hull and White (1990)

One major shortcoming of the above time-invariant models is that these models can-
not be calibrated to effective yield curves. To overcome these imperfections, Hull and
White (1990) introduce a class of models that allow both u(t,r(t)) or/and o(t,r(t))

be to time-dependent. The most general Hull-White model follows

dr(t) = (0(t) — x(t)r(t))dt + o (t)r’ (t)dW (t)
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with risk premium
At,r) = A7

where X and v are non-negative parameters. The time varying functions 0(t), x(t) and
o(t) can be calibrate exactly to current market prices. The short rate, zero-coupon
bond price, and yield rate are not analytically obtainable anymore.

Under the Hull and White framework, if 3 is set to zero and x and ¢ are positive

constants, then we have the extended Vasicek model

dr(t) =k (ﬁ — r(t)) dt + adW(t).

K

The parameter s is considered as the adjustment speed and @ can be considered as
the time dependent reversion level. The parameter 6(¢) can be calibrated using the
initial term structure as

2

o(t) 0,t) + ry(0, 1) + g—ﬁu ey,

:a(

The zero-coupon bond price can be explicitly expresses as
B(t, T) — efa(t,T)fb(t,T)r
with

1
(1 - GK(T))a

K

b(7)

B(0,T)

a(t,T)=—1In ( B0.0

) —b(T —1)£(0,) + %b(T —1)2(1 — e ).

Here we have used the bond prices B(0,-) and the forward rates f(0,-) current term
structure which can be computed from the market data.

15



Hull and White have also developed trinomial tree method to calibrate the model
to market data (|33]). Nonetheless, the extended Vasicek model still suffers from

allowing for negative interest rates.

Black and Karasinski (1991)

Instead of modeling the short rates r(t), Black and Karasinski propose that In (r(¢))

follows the extended Hull-White model ([11]):

din (r(1)) = (0(t) — k(2) In (r(2)))dt + o (£)dW (1)

Black and Karasinski also suggested a binomial tree approach to calibrate the param-

eters fitting to the yield curve, the volatility curve.

The Quadratic Model

The Quadratic model is firstly studied by Beaglehole and Tammey [9]. It has been
studied in the context of both theoretical analysis and empirical test [1], [40], [41].
The one factor quadratic model is based on an Ornstein-Uhlenbeck state process X (t)

that follows

dX (1) = (a(t) — BH)X (1))dt + cdW (1)

where W (t) is a standard Brownian motion under the risk-neutral measure. Then

the short rate process r(t) is specified by

One property that the quadratic short rate model, Cox-Ingersoll-Ross model and
Black-Karasinski model share is the short rates are never negative. The quadratic

16



short rate model not only exhibits a nice analytic tractability but also is able to
capture the non-linearity of the time series and more flexible for model design. The
zero-coupon bond that can be expressed as a function of x(t) instead of r(t) satisfies
the following partial differential equation

OB OB 1, ,0*B 1,

with the final condition B(7,T) = 1 for any —oo < x < oo. It has been shown that

the bond price B(t,T) has the following form

B(t, T’ x) — eiA(tiT)fB(t:T)I*%C(t,T)zQ

?

where A(t,T), B(t,T), and C(t,T) are the solutions of the final value problem (4.10)-

(4.13). We shall study this model in detail in Chapter 2 and §4.2.

1.4 Dissertation Outline

The remainder of this dissertation is organized as follows. In Chapter 2 we shall
discuss the details of the quadratic interest rate model and develop three numerical
algorithms to evaluate American put option on zero-coupon bond. Chapter 3 is
devoted to parameter estimation of the models with constant parameters such as
the Vasicek model, the CIR model, and the quadratic model by using Kalman filter,
the extended Kalman filter, and the unscented Kalman filter techniques. We shall
also propose a special Kalman technique to efficiently estimate the parameters of
the quadratic model. In Chapter 4, we shall calibrate the time-dependent models
such as the Hull-White model, the extended CIR model, and the quadratic model

to the market data and compare these models’ performance of capturing yield rates’

17



movements. In Chapter 5, we shall propose a family of one factor models to restrict
the short rate in the range of (0,1), which makes more practical sense. We further
apply the homotopy perturbation method (HPM) to approximate the zero-coupon
bond prices and compare the performance of HPM and the trinomial tree method.

The conclusion remarks and future work are given in Chapter 6.
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CHAPTER 2

THE QUADRATIC MODEL

2.1 Introduction

Let X (t) be a mean-reverting process which is the solution of the following stochastic

differential equation:
dX(t) = (a(t) — B)X(t))dt + o(t)dW (), (2.1)

where W is a standard Brownian motion under the risk-neutral measure and «(t),
B(t) and o(t) are deterministic functions of . Then the quadratic model of the short

interest rate process r(t) is given by
r(t) = =X (t)% (2.2)

As for the Black-Karasinski model (|11|) and Cox-Ingersoll-Ross Model (|16]), the
short interest rates are never negative under the quadratic model. Besides, it has
more flexibility in term structure and can outperform affine models in explaining
historical bond price behavior in the United States (|1, 41]).

By It6’s formula, we have



Since process X (t) can take any real number as its value and function ((z) = 327 is not
invertible on (—o0, 00), we can not obtain a SDE for r(¢) by replacing X (¢) in terms
of r(t) in (2.3). It means that r(¢) can not be regarded as an independent variable
for the quadratic model, i.e., the prices of interest rate derivatives are functions

of X(t) instead of r(t). However, we can formally obtain the following SDE for

X(t) = /2r(t):

dr(t) = <2 )2 +V2a(t)\/r(t) — 26(t) )dt+\/_cr (/) dW (1).  (2.4)

When parameters are constant, this SDE becomes the double square root model

proposed by Longstaff ([43]):

dr(t) = (VZ — /() — 267“(75)) dt + v\/r(£)dW (¢), (2.5)

where K = —v/2a and v = v/20. Here v and § are corresponding to o and \ in [43].
It should be pointed out that o < 0 is assumed in [43].

It clearly follows from the above discussion that the interest rate process of the
quadratic model defined by (2.2) is not the solution of SDE (2.4). Indeed, SDE (2.4)
((2.5)) does not have a positive solution. Otherwise, process X (t) = /2r(t) will be a
positive solution of SDE (2.1), which is impossible since the solution of SDE (2.1) is
a Gaussian process. Beaglehole and Tenney pointed out in [9] that SDE (2.5) should
go with the additional condition: process r(t) is reflected whenever it reaches zero.
They have also shown numerically that the bond prices given by the formula in [43]
do not match the ones obtained by Monte Carlo simulations for the modified model.

However, as indicated in [9], it is not difficult to verify that the bond price formula
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in [43] with the parameters specified as above is the one under the quadratic model
in [35] after replacing /7 by 2/v/2 and r by 22/2.

A remedy for rescuing SDE (2.5) is to replace % in (2.5) by 9:

dr(t) = (5 — /() — 25r(t)> dt + v\/r(£)dW (t). (2.6)

Notice that it becomes the CIR model when x = 0. Therefore, as for the CIR model,

this SDE has positive solutions when

1
(5 > ZLI/Q.

This claim can be justified by examining the SED for X (¢) = 2/7(t):

dX (t) = (% ke 5X(t)> dt + vdW (t),

where

1
77:5—1V2.

When 1 > 0, the drift term goes to positive infinity as X (¢) — 07, which makes that
zero is not accessible. Unfortunately, no analytic formula is available for zero-coupon
bond prices under the dynamics (2.6) of interest rates. We shall study this model in
our future work.

The remaining of this chapter is organized as follows. In §2.2, a front-fxing finite
element method is considered to solve the free boundary value problem for American
put options on zero-coupon bond. In §2.3, we propose a new trinomial method for
both European and American options by transferring the SDE (2.1) into a SDE

without drift term. It should be pointed out that we does not need to change the
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paths of the tree to ensure positive probabilities. Lattice methods including binomial
and trinomial methods are more attractive to practitioners since they can be easily
implemented and are more flexible to compute option prices and hedge ratios at any
given point. In §2.4, we consider a finite element method to solve the variational
inequality problem for American put options. In the last section, §2.5, we give two
examples to to examine the convergence of the proposed methods in the previous

sections and compare the quadratic model with other the Hull-White model and the

CIR model.

2.2 A Front Fixing Finite Element Methods for Amer-
ican Put Options

In this section, we shall apply the front fixing finite element method to solve the free
boundary problem for American put options.
Consider the American put option on a 7T*-maturity zero-coupon bond. The

option expiration date is 7' (< T™), its exercise price is K, and its payoff function is
g(z,t) = max(K — P(x,t;77),0)

where P(z,t;T*) is the T* bond price at (z,t). The put price will be denoted by
p(z,t). Notice that the bond price P(x,t;T™*) goes to 0 as © — £o00, which means
that the option payoff g(z,t) approaches the exercise price is K as x — £o0. Since
the option can be exercised at any time up to its expiration date, there should be two
critical values i(t) and ¢o(t) at any time ¢ such that the put should be exercised

when z < ;(t) or © > pa(t). As usual, we can show that p(x,t) and ¢;(t) solve the
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following free boundary problem:

bt 5007+ (0lt) ~ BODR — 57 =0, @it <z < @aft)  (27)
plei(t),t) = g(pi(t),t), 0<t<T, i=1,2 (2.8)
Pe(i(t),t) = gu(@i(t),t), 0<t<T, i=1,2. (2.9)
px,T) = g(z,T), o1(T) <z < @a(T). (2.10)

Cousider the variable transforms

u(y7 T) = p(&?, t)'

Then the spatial domain is changed from ¢;(t) < z < @o(t) to 0 < y < 1. Problem

(2.7)-(2.10) becomes

w+Lu=0 0<y<l, 0<7<T, (2.11)
w(0,7) = f(0,75¢1,4), 0<7<T, (2.12)
u(l,7) = f(0,7:¢1,¢2), 0<7<T, (2.13)
uy(0,7) = f,(0,7391,¢), 0<7<T, (2.14)
uy(1,7) = fo (LT3, ¢2), 0<7<T, (2.15)
u(y,0) =uo(y), 0<y<1, (2.16)
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where

L= _a(wb ¢2)uyy + b(ya ) ¢17 77/12, @5/17 w;)uy + C(yv T; 77017 ¢2)u7

A¢:¢2_¢la

0.2

(l(l/}th) = W?
B — a — yAY' — oy
A !

b(y7 T ?/11; ¢27 ¢1>¢§) = 6y +
C<y7 T ¢17 w2> = % ((yAw>2 + QyA’l/} + w%) )
f(yﬁﬂbblbz) = g(yA@b + wa - T)>

uo(y) = f(y,0;91(0),42(0)).

To apply the finite element method, we shall integrate the natural boundary con-
ditions (2.14) and (2.15) into the variational problem and treat the essential boundary
conditions (2.12) and (2.13) as two nonlinear equations from which v, and 5 can be

solved. Define the bilinear form B as follows:

B(v,w; 7, 91,12) = a(tr, ¢2>(Uy,wy) + (b(y, 75 s, 1/’;)%7 w) + (c(y, 7591, 2)v, w),

where (-, -) denotes the inner product of L?(€2), the space of square integrable functions
on Q = (0,1). Let H'(Q2) be the usual Sobolev space, and let H~(Q) be its dual

space . Define
V=A{w:weLl*0,T;H (), w, € L*(0,T,L*Q)), wy(y,7)=f,(y,7)on 00} .

The variational form for problem (2.11)-(2.16) is: Find v € V and 1; € C([0,T]) N
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CY((0,T]) for i = 1,2 such that u(0) = up and for 0 <7 < T

(UT,CU) + B(U,U); T, ¢17¢2) = f(wa T, ¢17¢2)a vw € ‘/7 (217)
u(0,7) = f(0, 7541, ¢2), (2.18)
u(l,7) = f(0, 7511, 2) (2.19)

where

F(w;7,1,92) = G(1, 7391, 92)w(1, 7) — G(0, 751, 2)w(0, 7),

G(% T, 1, wz) = G(¢17 ¢2)fy(y77_§ Uy, 1/)2)-

LetII, : 0=y <y <...<yvy=land I, : 0 =19 < < ... <7y =T
be the partitions of [0,1] and [0,7], where M and N are positive integers. Then
h; = y; —y;—1 and k; = 7, — 7,1 are the lengths of the sub-intervals [y;_1,y;] and
(7,1, 7], respectively. Let Vj, be the piece-wise linear element subspace of V' with
respect to partition II,, where h = max;<j<n(h;). Denote the basis function of V}, by
w1, ws, ... ,wy such that w;(y;) = 0;; for j =0,1,...,N and i = 0,1,..., N, where
d;; is the Kronecker delta.

Values 1 (0) and 12(0) are determined according to the the optimal exercise, i.e.,
the following equation

P(x,T;T") = K.

Then uo(y) = f(y,0;11(0),12(0)) is known. Let

W =1(0), Yy =1e(0), wup = Zuo(yj)wj(y)-

Jj=0

The finite element approximation the the variational problem (2.17)—(2.19) by Crank-
Nicolson scheme in time is: For m = 1,2,..., N, find u}’ € V}, and " and 93" such
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that form=1,..., M

(0,up',w) + By, <u217%,w> =F <w,7‘m;w71n7%,¢?7%> , Yw eV, (2.20)
up (0) = f(0, Ts 1", ¥3"), (2.21)
up (1) = f(1, Ts 01", 93"), (2.22)
where
B (u,w) = B(u,w; 7,1, 01", 403", 0,97, 6:93"),
W uh"’b—i—uzl_l7 N Tm+Tm,1’ @ijf% _ w,m—l—%”_l’
2 M2 2 ! 2
i = T — Tty S = S 0 ;:71”_1, PR e ;:’m _
We can rewrite (2.20)—(2.22) in the matrix form:
(A + %kmBm) Um = (A - %kmBm> U+ kB (2.23)
up® = f(0, Tms 1", ¥3") (2.24)
(2.25)

uy = f(1, 7o; 1", ¥5")

where
A = (wj,wi)Nxn, Bm = (Bm(wj,wi))nxn, U™ = (ul’,...,uy),

Fu = (<G(0),0,..,0,Gu(D), Gonl) = G (w70} L 4.

To save computational time, we shall express B,,, as the linear combination of the

matrices independent of m. Indeed, we have by simple calculation

B,, = C%)B(l) + 2 B@) + B BB + C%)BM) + CS)B(@ + 07(75;)‘,47

m m
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where

R e e
A, =™ A, ’

1
(DA™, ) =A™y, o) = o (),

V) = a(yy,py), P =p8-

o =

N | —

BW = ((wy)j, (wy)i)nxw, B® = (5 (wy)js wi) wxns

B® = ((wy)j, wi) Nxn, BW = (?ngpwi)zva, B® = (Yjwj, Wi) NxN -

Notice that matrices A, B, ...  B® are independent of m. Once these matrices
are computed and stored, we can assemble B,, fast with least amount of work at
each time step. We regard U™ as an implicit function of 91" and 7' determined by
equation (2.23). Then we can treat (2.24) and (2.25) as a system of two nonlinear

equations for 7" and ¢5'. We can rewrite them as:

0

{mwm:uT—K+P<%T—wﬂw

which can be solved by Broyden method quickly.
To sum up, for a given tolerance ¢, our front-fixing finite element method can be

implemented as follows:

Algorithm 2.1. A front-fixing finite element method for American Puts

1. Compute matrices A, BY, B?) BG B®W and BO).

2. Form=1,2,...,M, do
— Let g =y i=1,2.
— Forj=1,2,...,do
« Build system (2.23).
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« Build system (2.23).
x Solve system (2.23) by Thomas Algorithm.

% Solve non-linear system (2.26) for the new approximations
of ¥" and ¥J".

x If the norm of the difference of the old and new approxima-
tions of 11" and 5" is less than or equal to €, then terminate

the loop.

End do
— Solve system (2.23) for a better approximation of U™.

End do

2.3 A Trinomial Method

In this section, we shall develop a trinomial method to compute the bond option price
at a given point (zo, fp). Consider an option on a T*-maturity zero-coupon bond. The

option expiration date is T (< T*) and its exercise price is K. The option payoff is
max(P(z,t;T") — K,0) for a call,

g(x,t) =
max(K — P(x,t;T"),0) for a put,

where P(x,t;T*) is the bond price.

Let

a(t) = exp ( /t 6(5)ds) b /t a(s)a(s)ds + zo. (2.27)
Then by Ito’s formula, the new process Y (t) = a(t) X (t) — b(t) follows
dY (t) = »()dW (t),

where v(t) = a(t)o(t). It should be pointed out that X (ty) = x¢ is corresponding to
Y (ty) = 0. For a given positive integer M, let k = (T — tg)/M be the step size in
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time. Denote by h the mesh size in spatial variable y. Let
Ym =mh, t,=tg+mk, m=0,1,2,... M.

Then we setup our tree for process Y (¢) by using nodes (y;, t,,,) for j = 0, £1, £2, ..., £m,
m=0,1,2,...,M. Let p,, p° , and p;. be the probabilities by which the tree branches
from node (y;,tm—1) to nodes (yj_1,tm), (Y5, tm), and (yj4+1,tm), respectively. Notice
that

Y<tm) - Y(tm—l) ~ V(tm—l)\/EZ

for some standard norm random variable Z. Matching the mean and variance, we

can obtain the system for p., p°  and p:

Pt P+ 0 = 1,
PmlYi—1 +P9nyj + Py = Yj,

Pmls 1 + Py + DY = Vi + kY (b)),

Solving this system, we get

- kY (tm-1) kY (tn-1)
—pt — AT/ o 1 _ 2 \vmel)
pm pm 2h2 Y pm h2

In order to ensure that p?, is nonnegative for given k, we need the following restriction
on h:

h > Yax VE,

where Ypax i the maximum value of ~(t) over [tg, T].

Let

E(y,t) =
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Then at time level ¢t = t,,, the x-coordinates for the nodes of the corresponding tree
for process X (t) are 7" = {(y;,t,) for j = 0,£1,£2,...,£m. Denote by V; the

approximation of the put value at node (z7',t,,). Let

‘/jM:g(ajéM,t]w), j:07:t17:t27,:tM

We have the following trinomial algorithms to compute V', the approximation of the

American and European prices at point (xg, to):

Algorithm 2.2. A trinomial method for American options

Form=M-1,...,1,0, do

o g = FAtm),
h2
® p?nzl_Qm;
1
- _ -+ — .
® Dn P 2qm7
e For j=—m,...,m, do
m L2
- Ty _§(xj) )
m 1 —y,/m+1 0 m+1 m+1
o = g RV B V)
J
— V™ = max (v, g(27", 1))
End do
End do
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Algorithm 2.3. A trinomial method for European options

Form=M-1,...,1,0, do

_ ky(tn)
® Qm— h2 9
o py,=1—qn;
_ 1
° P =py = 5 dm
e For j=—m,...,m, do
A ()"
1
m o — 1,/ m+1 0 m—+1 + 1y m+1\.
-V _m(pm‘/jl + o, VI ph V)
End do
End do

It is easy to see that this trinomial method is numerically stable. In fact, we have

the following stability estimates: for the American option,

max ‘V.m} < max | max ’Vjo} , max max g (xf.,tg)
—(M—m)<j<M-m' 7 ~M<j<M m<ESM —(M—)<j<M—¢

form=1,2,..., M, and for the European option

mas (V< max V)
—(M-m)<j<M-m —M<j<M

form=1,2,..., M.

Remark 2.1. It is well-known that American and European calls on zero-coupon
bonds have the same values when the interest rate process is always positive (see

[55]).
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2.4 A Finite Element Method for American Put Op-
tions

Let p(y,t) be the American put option price when the new process Y (t) takes value
y at time ¢. Here we have let tg = 0 and x = 0 for the definitions of a(t) and b(t) in

(2.27). Then p(y,t) is the solution of the following variational inequality problem:

1 1
P+ 51(E)pyy — 552(9,25)10 >0, yeR, 0<t<T,

ply,t) > g(&(y.1),t), ye R, 0<t<T,
(et 300~ 5E0:00 ) (000) ~ 60 000) =0, yE R 0t <T

p(y,T) =gy, T),T), y€R

We should mention that the above variational inequality problem can also be derived

by applying the variable substitution x = y;(—bt()t) to problem (2.7)—(2.10). As known

in §2.2, the option price is equal to its payoff when |z| is sufficiently large. Thus we

can pick a large negative number Y; and a large positive number Y5 such that
p(y,t) = gy, 1), 1), Yy<Yiory>Yy 0<t<T.
Let

u(y, ) =ply T = 1), plt) = 59(T 1),
F.1) = g€l T~ 1. T~ 1), Rly,t) = 26,7 1)

We can rewrite the above variational inequality problem over the bounded interval
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Q= Y2):

u — p(t)uy, + Ry, t)u >0, yeQ, 0<t<T, (2.28)
u(y,t) > f(y,t), yeQ, 0<t<T, (2.29)

(U’t - p<t>uyy + R(yat)u> (u<y7t> - f(y7t)) =0, ye Qv 0<t< Tv (230)

u(Yi,t) = f(Yi,b), 0<t<T, (2.31)
w(Ya,t) = f(Ya,t), 0<t<T, (2.32)
u(y,0) = f(y,0), y€Q. (2.33)

Let L*(Q2) be the space of square integrable functions on © and (-,-) be its inner

product. We denote H () the dual space of usual Sobolev space H'(Q). Let

U={v:veL*0,T;H(Q)),v € L*(0,T; L*(Q)),

and v = f a.e. on 0Q7,v > G a.e. in QT},
where Q7 = Q x (0,7") and 0Q7 = 92 x (0,T) N [Y1, Ya] x 0. Define the bilinear form

alt, u,v) = / " (uty (9 )0y 1) + Ry, D)l £)0(y, 8))dy

Yi

Then the variational problem for (2.28)-(2.33) is: Find u € U such that
(ug,v —u) + a(t,u,v —u) >0, ae te(0,7], Yveld (2.34)

Now we consider the finite element approximations to parabolic variational in-
equality (2.4). Let I, : Y1 = yo < 11 < ... < yy = Y, be a partition of [Y7, Ys]
for a given positive integer N and h = max;<j<n(y; — yj—1) < 1. Denote the linear

element space under the partition II, by Vj,. For another given positive integer M,

33



let k =T /M be the step size in time and t,, = mk for m =0,1,..., M. Let

U™ = {0 € Vi : 0(g0) = F(Yor ) v(y) = F (g b,

o(ys) = flyjotm),d = 1,2,..., N — 1}

Denote wj* the approximation of w(t,,,y) in U™ and define the following quantities:

m m—1
m—1 _ 1 mfé _ 1 m—1 m m _ Up — Uy
T2 —tm—ﬁT,uh —§(uh +up), druy =

Let u be the interpolant of f(y,0) in ™. The finite element approximation of (2.4)

is: Find uj' € U™ for m =1,2,..., M such that

(0rup', v —up') +a (tmfé,uhm 2v— uhm> >0, Yoeld™. (2.35)

Here the Crank-Nicholson scheme was used in time.
It is not difficulty to rewrite (2.35) into a linear complementarity problem as
follows:

A U™ > B,,, U™>F" (A,U™— B,) (U™ — F™) =0 (2.36)

form=1,..., M. We can easily verify that A,, is a tridiagonal M-matrix when £ is
sufficiently small. Thus, the above linear complimentary problem can solved efficiently
by the algorithm developed in([17]). Our numerical tests show that problem (2.36)

can be solved by this algorithm with less than 10 iterations when k& = h.
2.5 Numerical Examples

In this section, we shall give several numerical examples to examine the convergence
of the proposed methods in the previous sections and compare the quadratic model

with other the Hull-White model and the CIR model.
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Example 2.1. In this example, we want to test our numerical algorithms by assuming
that f(T") and g(T') are determined by the quadratic model with constant parameters.
Recall that A(0,7"), B(0,T) and C(0,T") can be computed by (4.14)—(4.16). We set
o = 0.06, 8 = 04, and @ = 0.16. Then the long-term expected value of z(t) is
a/B = 0.4. For x(0) = 0.4, we have the initial interest rate r(0) = z(0)?/2 = 0.08.
One-year American put options written on 5-year and 30-year bonds with face value
$100 will be considered. The option exercise prices are chosen to be 87% and 83% of
the current forward bond prices respectively.

In Figures 2.1-2.2, we display the L?-norm and H!'-norm of errors of American
option prices in finite element method and front-fixing finite element method. The
L?-errors and H'-errors are computed between two successive finite element approx-
imations of option prices against step size h in time. We also display the L? norm
of Y™ — ?™ with respect to the number of time steps m = 0,1,..., M for the early
exercise interest rate in Figures 2.3-2.4. We can observe that the both finite element
method and front fixing finite element method with Crank-Nicolson scheme converges
quadratically and linearly in the L?-norm and H'-norm as expected. For the early
exercise interest rate, the rate of convergence of finite element method is one, while
the rate of convergence of front fixing finite element method is greater than one in
L?-norm.

Next, we want to compare the L*-error of the front-fixing element method (FFEM)
with the usual finite element method (FEM). Tables 2.1-2.3 display the L?-errors for
today’s option prices and L2-errors for early exercise interest rate as compared with

the “exact values” computed by FFEM and FEM with 16000 time steps for the top
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and bottom numbers in each cell. We can see that the front fixing finite element
method provides more accurate and more stable results and converges more quickly
than the usual finite element method, especially for the early exercise interest rate.
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10 ! EEEE = 10"
» FEM » FEM : T
---4.33 % h? ---7.51 % h! *
10°°l| * FFEM e FFEM e
g —42.10 * h? 210724735  n09°
g ‘ S
| B
g1 g
3 8
& = -3
a 510
107t
-8 —4
10 - — _ 10 - = _
107° 10 107 107 10" 107
Mesh size h

Mesh size h

Figure 2.2: Convergence of American Option Price: T* = 30, K = 10

Example 2.2. In this example, we assume that the interest rate process r(t) evolves
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according to the two-factor CIR model as in [32, 69] (see [39]):

r(t) = a1 (t) + 2(1),

dx; = /{7,(9@ — ZL})dt + Uz\/x_dez(t>’ i=1,2,

Mesh size 7

T =30, K = 10

where k; is the speed of mean reversion, #; is the long term interest rate, o; is a

positive constant, Wi (t) and W(t) are two independent standard Brownian motion.

The zero-coupon bond price under this two-factor model is given by

P(’I“,t,T) = P1($1,t,T)P2($2,t,T),
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Table 2.1: L? errors for today’s option prices

o =0.06, a = 0.16, 3 = 0.4

T* =5, K =875

T* =30, K = $10

M FEM FFEM FEM FFEM
500 2.24 x 1077 4.29 x 107 2.35 x 1077 5.96 x 10~8
2.24 x 1077 4.98 x 107 2.34 x 1077 6.32 x 108
1000 5.58 x 107®% 832 x 10~10 5.75 x 1078 1.08 x 1078
5.61 x 1078 1.53 x 107° 5.75 x 1078 1.37 x 1078
2000 143 x10°% 1.73x10°% 1.50 x 108 1.45 x 1079
1.40 x 1078 4.04 x 10710 1.49 x 108 2.69 x 1079
4000  4.05x 1072  2.02x 10710 417%x 1079  1.81 x 10710
3.54 x 1079 874 x 101 3.78 x 1079 4.57 x 10710
8000 134 x 1077  3.04x 1071 1.35 x 1072 2.92 x 10710
9.12 x 1071 1.14 x 107! 9.26 x 1071 4.95 x 10~!!

Table 2.2: L? errors for early exercise interest rates

0 =0.06, « =0.16, § =0.4,T* =5 K = §75

left free boundary

right free boundary

M FEM FFEM FEM FFEM
500 2.19 x 1077 4.01 x 107 2.34 x 1077 3.12 x 108
2.20 x 1077 5.18 x 107* 2.34 x 1077 3.47 x 1078
1000 5.74x107%  6.48 x 10710 6.01 x 1078 5.42 x 107
5.75 x 1078 1.45 x 1079 6.02 x 1078 747 x 1079
2000 145 x10°% 191 x10°% 1.48 x 1078  6.82 x 10710
1.39 x 1078 354 x 10710 1.47 x 1078 1.47 x 1079
4000 4.17x 1077 246 x 10710 408 x 1079  1.82x 10710
3.59 x 1079 7.16 x 10~ 3.66 x 1079 248 x 10710
8000 136 x 1077  3.36 x 10710 1.35 x 1072 3.19 x 10710
8.97 x 10710 8.88 x 10712 9.56 x 10710 2,69 x 107!
where

Pi(xia L, T) = Az(T — t)@_Bi(T—t)Zi
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Table 2.3: L? errors for early exercise interest rates

o =0.06,a =0.16, 3 = 0.4, T* = 30, K = $10

left free boundary

right free boundary

M FEM FFEM FEM FFEM
500 224 %1077 429 x 1077 2.35x 107 5.96.27 x 107°
532 x 107 1.72x 107° 5.47 x 1074 8.41 x 107°
1000 2.66 x 107" 1.52 x 107° 2.72 x 1074 3.00 x 107°
2.66 x 107" 7.41 x 1076 2.73 x 107* 3.03 x 107°
2000 1.34x 107" 1.36x 107° 1.38 x 10~ 1.54 x 1077
1.33x107* 296 x 1076 1.37 x 1074 1.04 x 107°
4000  6.86 x 107°  1.25 x 107 7.06 x 107° 1.29 x 107°
6.62 x 107 1.07 x 107° 6.80 x 107° 3.28 x 107¢
8000  4.00 x 1075 1.37x 1075 4.09 x 107° 1.45 x 107°
3.32x107°  3.03x 1077 3.40 x 107° 8.34 x 1077
is the bond price when the short-term rate process is x;(t) and
a;e’m “ e — 1
Ai = ' ’ Bz = )
(7) (bi(eaﬂ — 1)+ ai) (1) bi(ew™ — 1) + a;

CLZ:(H?‘FZU?)%, blz(m+az)/2, cz:2/@91/012

The quadratic model is fitted to the two-factor CIR model as follows:

o =/ (0F1(0) + 7322(0)) /(21 (0)),

f(T) = \/0?901(0)31@)2 +0322(0)By(T)? /o,

g<T) - 10g(P(J}1(0)7 x2(0>a O; T)7

where z(0) = 1/2(z1(0) + 22(0)).

The bond face value is $100. The parameters for the TCIR model are given in

Table 2.4. For the first group of parameters, processes x(t) and xs(t) are always

positive since “;31 > 1/2 and “;—22 > 1/2, and for the second group of parameters,
1 2

since 151 > 1/2 and %282 < 1/2, process z1(t) is always positive, but processes w(t)
1 2
can be zero with a positive probability (|16]).
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Now we consider one-year American put options written on bonds with expiration
dates 5-year, 10-year, 15-year and 20-year. Their exercise prices are given as the
percentage of the current forward bond price: 87%, 88%, 89%, and 90%. We assume
that the initial term structure is determined by the tow-factor CIR model with con-
stant parameters, and then we calibrate quadratic model, extended CIR model, and
Hull-White model to the initial term structure. The comparison of the option prices
under all these models is presented in Figures 2.5-2.6. Both figures demonstrate that
all three models can accurately capture the put option price’s movements. When the
volatility and the mean reverting speed are small in Case I, the put option prices
under quadratic model, extended CIR model, and Hull-White model are very close to
the one under the tow-factor CIR model, especially for the ones with short expiration
dates. When the tow-factor CIR model has bigger volatility and mean reverting speed
in Case II, both the extended CIR model and Hull-White model tend to underesti-
mate the put option prices, while the quadratic model tend to overestimate the put
option prices. Nonetheless, all three models are able to capture the put option price

curve’s shapes.

Table 2.4: Parameters for the TCIR model
Group | o1 K1 01 | z1(0) | o9 Ko Oy | x2(0)
I 0.03 { 0.10 | 0.05 | 0.05 | 0.03 | 0.01 | 0.05 | 0.05
II 0.15]0.16 | 0.04 | 0.04 | 0.15 ] 0.10 | 0.05 | 0.05
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CHAPTER 3

PARAMETER ESTIMATION BY KALMAN
FILTER

3.1 Literature Review

Besides modeling the the term structure of interest rates, an extensive study has
been focusing on estimating the model parameters. Several prominent methods have
been developed to estimate the model parameters over the decades. The maximum
likelihood method is naturally employed with the time-series approach, the cross-
section approach or their combination (see [61, 14, 7, 2| and the references cited
therein).

The maximum likelihood estimation requires the state variable is observable and
the likelihood function is analytically known. The simulation-based maximum like-
lihood approach is developed by using the approximation of the likelihood function
when the state is observable ([60, 63]). Without the knowledge of the likelihood
function, we may use the available moments of the distribution, which results so call
the the quasi-maximum likelihood estimation ([12, 62, 23]). Moreover, Hansen [31]
proposes the Nobel prize winning method — generalized method of moments (GMM)

that reduces the reliance on distribution assumptions by matching the empirical mo-
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ments with the theoretical ones. Chan et al. apply GMM to a variety of continuous
models of the short-term riskless rate models [13]. Later, Ingram and Lee|34] and
Dai and Singleton [18] proposed the simulated method of moments (SMM) to time-
series estimation. As the name suggests, SMM minimizes the reliance on distribution
assumptions by matching the empirical moments with the simulated ones.

Another popular estimation technique is the efficient method of moments(EMM)
developed by Gallant and Tauchen|26]. The EMM is widely used to estimation term
structure models when maximum likelihood is unfeasible. For instance, by using
EMM, Andersen and Lund estimate the stochastic volatility models|3|, Dai and Sin-
gleton estimate the affine models[19], and Ahn et al. estimate the quadratic term
structure models[1]. Since the short interest rates are unobservable, the methods
based on the Kalman filter have been developed (see |24, 54, 27, 20, 4, 6] and refer-
ences cited therein). The observed variables are the interest rate derivatives such as
yield rates, bond prices, caps, and so on.

It would be beneficial to practitioners to know which estimation method pro-
duces the most accurate results. Zhou [70] compares the finite sample properties of
EMM, GMM, QMLE, and MLE for a square-root interest rate diffusion model by
Monte Carlo simulation and concludes that MLE achieves the most efficient estima-
tion method, QMLE is less efficient than MLE but it provides the best inference,
and EMM provide better inference than GMM and MLE in a high volatility scenario.
Duffee and Stanton [25] also study the finite-sample properties of MLE, EMM, and
Kalman filter methods for term structure models. They conclude that MLE works

well for simple models and produces strongly biased parameter estimates when the
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model includes some flexible specification terms. EMM performs poorly even in the
simplest term structure settings and the linearized Kalman filter is a tractable and
reasonably accurate estimation technique. According to the previous study results
and Duffee and Stanton’s recommendation, this dissertation adopts Kalman filter and

its variations to estimate term structure models.

3.2 The Kalman Filter For the Affine Models

3.2.1 The affine models

In affine models, the instantaneous interest rate r(t) is assumed to follow the stochastic

differential equation:
dr(t) = k(0 —r(t))dt + or”(t)dW (t) (3.1)

where W (t) is a Wiener process under the risk neutral measure and s, 6, and o are
positive parameters. We have the the Vasicek model and the CIR model for v = 0 and
v = %, respectively. Here parameter x can be interpreted as the speed of reversion
that characterizes the velocity at which r(t) evolves around its long term mean level
6.

Let P(r,t;T) be the T-bond price when the interest rate is r at time ¢. Then it

is the solution of the fundamental partial differential equation
L,
Pt+§a P.+k(@—-r)P,—rP=0, —co<zx<o0, 0<t<T

subject to the final condition

P(r,T;T) = 1.
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The favorable feature of the above model is that the yield is an affine function of
the short interest rate r(t). In fact, the zero coupon bond under affine models takes

the following form:
P(t, 7’!7 \Il) — e—a(T—t;‘Il)—b(T—t;‘If)T(t). (32)
where

U= (0,k0), v=vVK>+202 (3.3)

1 — =57
- for v =0,
K
b(r;¥) = 2er™ — 1) 1 (3.4)
for v = —,
27+ (k+7)(e7 = 1) 2
( o? o?
0 —— ) (1 —b(1;¥)) + —b*(r; V) for v = 0,
' 2k 4K
alr; ¥) = 2K0 2ye(1HR)7/2 1 (35)
— In for v = —,
| o 27+ (y+ k) (em — 1) 2

Let z(t,T) denote the time continuously compounded yield on a zero coupon bond

of maturity 7. Then we have

P T;V) _ a(T —t;0) + b(T — t; ¥)r(t) (3.6)

t.T) =
2t T) T —t T—1

3.2.2 The state-space formulation

To deal with the estimation problem, it is reasonable to assume that the yields
for different maturities are observed with measurement errors. Based on (3.6), n
yields can be represent as the following system for n bonds with different maturities

{Tl,TQ, cee 7Tn} at time ¢:

Z(t, Tl) (7;17:3 bgl;T§ V1 (t)
2(t, T 22 =2 Ut
CEEI LT =) N PO .
a(t,.Tn) b(t,.Tn) '
Z(t, T’n) —Ti:t —Ti;t J UN(t)
(1) A(b) B(t) vt

45



2(t) = A+ Br(t) + v(t) (3.8)

where v ~ A(0, R) with the covariance matrix R = diag(p?,..., p?).
The transition equations are slightly more complex. For the Vasicek Model, we

can solve the stochastic differential equation (3.1) to obtain
t
r(t) = 0(1 — e ") e =) (5) 4 / e "o dW (u)
for all 0 < s <t. Thus the transition equation for Vasicek Model is as follow:
T’(tz) = 9(1 — €_H(ti_ti_1)) —+ e_n(ti_ti_l)T’(ti_l) + E(ti)7 (39)
where
t;
e(t;) = / e =) g d 1y,
ti—1

It follows from the properties of Tto integral that

€; ‘ ft,;,l ~ N(O7ql>7

where
o —2k(ti—t;_1)
q; = Var [E(ti)|f.ti71:| = 2— (1 —e i—li—1 ) .
K
Hence
r(ti) | Fti—l ~ N(Mi7Qi)7 (310)
where

i = 6(1 — ein(tiitifln + 671{(%7%71)7' (ti,1> .
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However, the transition density in CIR model follows a non-central y-squared distri-
bution, which is rather difficult to handle. For the purpose of simulation, we use the
first two moments of the non-central y-squared distribution:

E [T(tz) | ‘Ei—l] = 9 + (T(ti_l) — 0)6_H(ti_ti_1), (311)

0.2

Var [r(ti) | .EH] =9

(1 — e ™ty (0 4 (2r(ti_q) — O)e ETt-0) - (3.12)
3.2.3 Kalman filter

In 1960, Rudolph Kalman published his famous paper [38] proposing a powerful linear
filtering technique named after him. The Kalman filter is a means that provides
an efficient recursive algorithm to estimate the state of a process and unobservable
parameters. The Kalman filter is an optimal estimator in a sense of minimizing the
mean of the squared error. The reason that Kalman filter is widely used in a lot of
areas such as tracking objects, economics and finance, navigation, computer vision,
and so on is that it supports estimations of past, present and future. A good Kalman
filter tutorial is presented by Terejanu in [65]. We only outline the general Kalman
filter algorithm here and skip all the details that can be found in [65]. The Model
implementations will be discussed in detail in the following sections.

Consider a stochastic linear system

T — Aﬂ?k,1 + Buk,1 + Wg—1, (313)

2 — ka + Vg, (314)

where the control input wu; is a known nonrandom variable, variable w; captures the

uncertainties of the model, and vy denotes the noise measurement. We assume that
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wy, ~ N (0,Qy) and v, ~ N (0, P) and that wy and wj, vy, and v;, and wy, and vy are
are uncorrelated.
The Kalman filter algorithm includes the following three steps:

Initralization:
Tojo = o With error covariance .
Model Forecast step:

Tgjp—1 = ATp_1p—1 + Bug_1,

Prjp—1 = APk—lUc—lAT + Qp—1.
Data Assimilation Step:

Tk = Tpjp—1 + Kg (Zk - chk\k—l) )
Ky, = Pk\k—lHT (Hpk\k—lH + R)_l )

Pyr = (I — K H) Pyt

where P; is the covariance of the state and K, is the Kalman gain.

To estimate the parameters in the model, Kalman filter is usually combined with
the MLE when the state vector dynamics is Gaussian with the normally distributed
noise or the QMLE when the state vector dynamics is not Gaussian or the noise is
not normally distributed.

The Kalman filter algorithm for the Vasicek and CIR models is described in detail

as follows.

Step 1: Initializing the state vector. First, we need to find the appropriate start-
ing values for recursion. The unconditional mean and variance of transition sys-
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tems are good choices. The unconditional mean, for both the CIR and Vasicek

models, has the following form:

7”0|0 =E [7"0] =0 (315)
The unconditional variance is
o2
o for the Vasicek model,
Pyjo = Var [r] = J’;e (3.16)
o for the CIR model.

Step 2: Forecasting the measurement equation. Assume that we have an op-
timal estimate ri—l\i—l =E [7’1’_1 ’ E—l] with ‘Pir—l\i—l = Var [ri—l | _’/E'i_l] at time
1 — 1. The conditional forecast of the measurement equation has the following

form:
ZW*l = E [Zz | E—l] = A —|— BE [7“1‘ | -E—l] = A —|— B?“Z',”i,l. (317)
The associated conditional variance is,

51 = Var[z | Fiy] = BVar[r; | Fia]B" + R= BPj, \B"+R.  (3.18)

Step 3: Updating the inference about the state vector. The observed true value
of the measurement system, z; gives us a sense of the error in the conditional

prediction, which can be denoted as

At the current point in the Kalman filter algorithm, this prediction error is used
to update our inference about the unobserved transition system. This updat-
ing takes the form of revising our conditional expectation with the underlying
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expression
rii = Blri | F] =Er | Fica] + KiG = riji-1 + KGG, (3.20)
where
K;=Var[r; | Fia]B"Var [z | Fia] ™' = Pf,_B"Pj,_, . (3.21)

is called the Kalman gain matrix. The gain matrix determines the weight given
to the new observation in the updated state system forecast. The conditional

variance of the stated system is also updated as follow:

= Var[r; | K| = (I — KiB)Pj,_;. (3.22)

z\z

Step 4: Constructing the likelihood function. The previous four steps have to
be repeated for each discrete time step in the data sample. In our test, we
use weekly US treasury yield data over a period of ten years. To actually
implement this algorithm to estimate the parameters, we initialize the state
vector using equation (3.15) and (3.16) and then iterate on equations (3.17) to
(3.22). At each step, we generate a measurement-system prediction error ¢; and
a prediction error variance Var [r; | Fi_1]. With the first two moments, we can
construct the log-likelihood function for Vasicek model and log-quasi-likelihood

function for the CIR model. It will have the following form

ann 2r) 1 N _
L(0) = —52 (In(det(By; ) + ¢ Pl 'G) - (3.23)
=1

In other words, Step 1 through Step 4 are used for the construction of a log-
likelihood function. To find the optimal parameters, we need to treat the above
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log-likelihood function as our objective function and use nonlinear numerical
optimization toolbox in MATLAB to find the maximum (or minimum of the

opposite of the likelihood function).
3.3 The Kalman Filter For the Quadratic Model

Recall that the instantaneous interest rate r(¢) for the quadratic model is assumed to

be given by (Chapter 2)

where the state variable x(t) that follows the stochastic differential equation:
dx(t) = k(t)(0(t) — x(t))dt + o(t)dW;. (3.24)

This SDE is identical to the one in Vasiceck Model, which means the state transition

equation should be the same too. We also have state transition equations as (3.9):

o(t) = 01— e ") e () + () (3.25)
E F
or

with the same definition of €(¢;). Unlike the Vasicek Model and CIR Model, the
yield-to-maturity of the quadratic model is a quadratic function of the state variable

instead of linear functions.

A6 T) = _In (P(;c(i);t, 7)) _ Le(t, T)x(t)* + bT(t,_Z;)x(t)d +a(t,T) (3.27)

where a(t,T), b(t,T), and c(t,T) are defined in (4.14)—(4.16).
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To estimation the parameters k, # and ¢ in the above model, we need to employ

the same assumption as we did for the Vasiceck Model and CIR Model that the

yields for the different maturities have measurement errors. Analog to equation (3.7),

n yields can be represent as the following system for n bonds with different maturities

[Tl, TQ, ° Tn] at time ¢:

a(t,Tl) b(t,Tl) C(t,Tl)

A6Th) (1 || o) ) or{f)
a(t, Ty T c(t, T2
an| | | [0
a t,.Tn b t,.Tn c t,.Tn .
o] [gm] [y | Lo
—_— ——
z(t) AQ BQ oQ vt

ie.,

2(t) = A9 4+ B9z, + C9? + v,

. (3.28)

(3.29)

where v ~ N (0, R) with the covariance matrix R = diag(p?, ..., p2). To deal with the

nonlinear measurement, we implement and compare three Kalman filter variations,

namely, the extended Kalman filter, unscented Kalman filter and Kalman filter for

the quadratic measurement function (3.29).

3.3.1 The extended Kalman filter

A natural way to apply Kalman filter to the nonlinear measurement function is to

linearize it at x/(¢) obtained from the forecast step, i.e.,

2(t) = A9 + B9x(t) + C9%(t)? + v,
— A9 4+ B (1) + C2 (27 (1))* + B2 (a(t) — 27 (1))

+ 207 (1) (x(t) — 27 (1)) + C2 (x(t) — 27 (£))” + v,
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~ A2 + B (1) + C2 (27 (1)) + B? (a(t) — 27 (1))
+ 20927 (t) (2(t) — 27 (1)) + vy
= A9 - C¢ (xf(t))2 + (B® + 209/ (t)) 2(t) + v,

= A+ Bx(t) + v,

where

A=A% —C?(2(1))®, B=B?+20%(1).

The above approximation together with (3.26) forms the following stochastic linear

system:

€T; = FE + Fl’i_l + €, (330)

We can apply the standard Kalman filter in §3.2.3 to estimate the parameters of the

system, which leads to the following extended Kalman filter algorithm:

Step 1: Initializing the state vector. The unconditional mean has the following

form:
1'0‘0 = E [l’o] = 6

The unconditional variance is

o2
Pijo = Var [xo] = o
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Step 2: Forecasting the measurement equation. With an optimal estimate z;_;;_; =
E[z;_1| | Fi—1] with PPy = Var [xi_1| | Fi—1] available at time i — 1, the con-

ditional forecast of the measurement equation has the following form:
Zi\i—l =F [Zi ’ E—l] ~ A + BE [JZL | E—l] =A + Bxi—1|7,’—1‘ (332)
The associated conditional variance is,

i1 = Var [z | Fioi] ~ BVar [x; | Fi B+ R = BPj;_ BT + R.

Step 3: Updating the inference about the state vector. The error in the con-

ditional prediction is
G =2z — Zili—1-

and the updating conditional expectation is defined as

zip =Bl | Fil = Elay | Fioa] + KiG = 21 + K@,
where the Kalman gain is

K; = Var[x; | Fi1)B"Var [z | Fi1] ' = P, B"Pj,_,.
The conditional variance of the stated system is updated as follow:
=Var[x; | /] = (I — K;B)P} i1

z\z

Step 4: Constructing the likelihood function. The log-likelihood function has
the following form

nN ln 2r) 1 ol _
‘C(e) = - 5 Z ln det z|z 1)) + CT i)i—1 1CZ) :
i=1
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We should point out that the main advantage of the extended Kalman filter is
that the estimation procedure is almost the same as the standard Kalman filter recur-
sion and is very easy to use, to understand and computationally efficient. However,
the extended Kalman filter has some limitations such as not working in considerable
nonlinearities, the differentiable requirement on state transition equation and mea-
surement equation and unstablity of computing Jacobian matrices for high dimension
problems. Fortunately, both the state transition equation and the measurement equa-
tion are first order and second order polynomials in the quadratic term structure and
we do not have to worry about their nonlinearity, differentiability and computation

of the Jacobian matrices.

3.3.2 The unscented Kalman filter

The unscented Kalman filter (UKF) was proposed by Julier and Uhlman in their
sensational paper[37]. Unlike the extended Kalman filter, the unscented Kalman fil-
ter does not linearize the measurement equation. Rather than approximation the
nonlinear measurement function z(¢) in equation (3.29), the unscented Kalman filter
approximates the conditional distribution of the state variable x(¢) using the un-
scented transformation [52|. The unscented transformation is a method of using the
statistical linearization technique that is used to linearize a nonlinear function of a
random variable through a linear regression between n points drawn from the prior
distribution of the random variable. The UKF is a derivative-free alternative to the
extended Kalman filter, thus it overcomes the extended Kalman filter’s limitations

such as the posterior mean and covariance could be corrupted due to the state distri-
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bution propagated analytically through the first-order linearization of the nonlinear
equations. Therefore, UKF is more accurate than Taylor series linearization [67]. In
[68], Wan and Van der Merwe employ UKF for nonlinear estimation and conclude
that UKF consistently achieves a better level of accuracy than EKF within a num-
ber of application domains including parameter estimation. Even though the UKF
is extensively used in the engineering literature, it has not been widely used in the
empirical asset pricing literature [15]. Among fewer papers that use UKF to esti-
mate the term structure models, Leippold and Wu estimate a series of multi-currency
quadratic models by using UKF [53], Nyholm and Rositsa also apply UKF to esti-
mate multi-factor quadratic models. Besides, unlike most other papers using standard
Kalman filter to estimate the affine term structure models, Christoffersen et al. con-
duct extensive study on showing that UKF outperforms the standard and extended
Kalman filter in parameter estimation and forecasting swap rates and caps for affine
term structure models with nonlinear instruments. In this section, we shall rely on
the unscented Kalman filter to estimate the quadratic interest rate models similar to
Leippold and Wu and Nyholm and Vido-Koleva.

To understand the unscented Kalman filter, we need to be clear about the un-
scented transform that is used to statistically linearize the nonlinear functions. Con-
sider an n— dimension random variable x with mean z and covariance P, is propa-
gated through a nonlinear function y = f(x). To calculate the mean and covariance of

y, we construct a matrix X of 2n + 1 sigma points y; with the corresponding weights
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w; as follows:

Xi=Z—(V(n+MNP,); i=n+1,n+2,...,2n,
A
Yo =T
c A 2
wo—n+)\+<1_0‘ +8),
1
w!t = w = 1=1,2,...,2n,

where A = o?(n + k) — n is a scaling parameter, o controls the spread of the sigma
points around z and is set to a small positive value, k is a secondary scaling parameter
that is usually set to 0, and [ incorporates prior knowledge of the distribution of x.
When the distribution of x; is Gaussian, we have § =2, k =3 —nor 0, and a = 1
for low dimensional problems. Here (y/(n + A)P,); denotes the ith row of the square

root of the matrix. It is easy to see that for any «, k, 3, we have:
2n
Y ow'i =7, (3.33)
i=0
2n 2n
dwlxi - )i — 1) =Y wi(xi —z)(xi — 1) = P (3.34)
i=0 =0

These sigma points are propagated through the nonlinear function

yi=f(xi) 1=0,1,...,2n

and the mean and covariance of y are approximated using a weight sample mean and
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covariance of the posterior sigma points:

2n
gy wly, (3.35)
=0
2n
Py (g —0)y — 0)- (3.36)
i=0

As discussed in [51], the approximations of the unscented transform are accurate
to the third order for Gaussian inputs for all nonlinearities and at least the second
order for non-Gaussian inputs. A simple comparison of EKF and UKF is show in
Figure 3.1 for a 2—dimensional system. The true mean and covariance propagation
using Monte-Carlo sampling are shown in the left; the results of EKF are shown in
the center and the right plots show the performance of the unscented transform with
5 sigma points. It is clear that the unscented transform does a better job than EKF
to approximate the mean and covariance of the nonlinear function y. The Unscented
Kalman Filter(UKF) is a straightforward extension of the Kalman filter incorporating
the unscented transform of (3.33), (3.34), (3.35) and (3.36). Notice that the transition
equation (3.26) in quadratic interest model is linear, we do not need to calculate z and
P, through equations (3.33) and (3.34). In another word, we can use the standard
Kalman filter for = and P,.

The algorithm of UKF for parameter estimation in system (3.26) and (3.31) is

formulated in the following algorithm:

Step 0: Calculating the weights. Since the weights are independent to the rest

steps, we should calculate the weight at the very beginning.




Step 1: Initializing the state vector. First, we also need to assign the uncondi-
tional mean and variance of transition systems starting values for recursion as
we did in the standard Kalman filter for Vasicek models since they share the

same transition equation.
Zojo :E[l’l} :E[l'l | fo] =40.

The unconditional variance for the Quadratic state variable is

0.2

Pijo = Var [x1] = Var [x1 | Fo) P

Step 2: Predicting state variable. After having an estimate x;_1;_1 = E [2;_1| | F;_1]
with Pﬁl\iq = Var [x;_1| | Fi_1] at time ¢ — 1, we can predict the state variable

and its covariance at time ¢ by

Tiji—1 = O+ Fay_q)_1,

Pl = FPix—l\i—lFl + Q.

(2

Step 3: Computing the 2n + 1 sigma points. With the state prediction, the sigma

29



points can be calculated as

X0 = Tifi—1-
Xi = Tili—1 + ( (n—l—)\)PZTZ_l)z, 1= 1,27...,71,

Xizxﬂi—l_( (Tl‘i‘/\) i )i» Z=n+1,n—|—2,,2n

ii—1

Step 4: Forecasting the measurement equation. The measurement forecasting
is updated by propagating the sigma points though the nonlinear measurement
function z(t) in equation (3.31). The conditional forecast of the measurement

equation has the following form:
2n
Zili—1 = szZ(Xz)
i=0
The associated conditional variance is
2n
-1 = Z wiz(xi) — ziji—1)[2(Xi) — zii—1]) + R.
i=0

Step 5: Updating the inference about the state vector. The observed true value
of the measurement system, z; gives us a sense of the error in the conditional

prediction, which can be denoted as
G=2z — Zili—1-

The Kalman gain matrix for UFK is defined as
2n
K = Z wy[Xi — CUz‘\z‘—IHZ(Xz') - Zi\z‘—l]/Pz'leefl
=0
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and the state variable is updated by
Ty = Tiji—1 + KG

with covariance

T __ DT N 7 o) /
= K; z'|z>1Ki'

ili i)i—1

Step 6: Constructing the likelihood function. Like the log-quasi-likelihood func-
tion in the CIR model, the log-quasi-likelihood function of the quadratic model

has the following form

£o)= "M LS n(aet(Pi_ ) + TP TG) . (83D

Again, to find the optimal parameters, we need to treat the above log-quasi-
likelihood function as our objective function and use nonlinear numerical opti-

mization toolbox in MATLAB to find the maximum (or minimum of the oppo-

site of the likelihood function).

3.3.3 The quadratic Kalman filter

Even though the unscented Kalman filter does a fine job estimating the parameters
in the quadratic model, we still hope to find a way to apply the standard Kalman
filter directly to the quadratic model since the nonlinear measurement equation is in a
relatively simple form of quadratic function. Monfort, Renne and Roussellet propose
the quadratic Kalman filter to the linear transition equation and quadratic measure-
ment equation in any dimension [57]; meanwhile we independently discover the same

technique in 1—dimension case. Here we shall demonstrate quadratic Kalman filter
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Figure 3.1: Comparison of the UT for mean and covariance propagation.
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estimator for 1—dimension problem that is formulated in (3.30) and (3.31). The basic
idea behind the quadratic Kalman filter is increasing the dimension of the transition
and measurement equations to reduce the nonlinearality in (3.31).

Equations (3.30) and (3.31) form the so-called linear-quadratic state-space model:

v, =E+Fri . +e,

zi:A+Bxi+Cx?+vi.

In order to reduce the above nonlinear system to a linear system, we regard z? as a

new state variable and let

Then the measurement equation can be expressed as a linear equation of Xj:

where D = [B C}. If we can find a linear transition equation for the new Variable
X;, then we can estimate the parameters by using the standard Kalman filter. It is

easy to get
v} =(E+Fr 1+ =FE*+2E+)Fr,_+ F?2? | +2E¢ + ¢ (3.39)
Thus the transition equation of X; satisfies
Xi=a+ X1 +n (3.40)

where



Now equations (3.40) and (3.38) form a linear state-space model, on which the stan-
dard Kalman filter could be applied. The following theorem shows the first two

conditional moments of Xj.

Theorem 3.1. The first two conditional moments of X; in the transition equation

(3.40) are given by

E [XZ | Xi—l] =+ ﬁXi—l (341)
Var [X; | Xi-1] = Pyji_1(Xi-1) (3.42)
where
~|2EF F?|0 iU 00(E 4+ Fri_y) Q(E + Faiy)? +2Q%|

Proof. Tt follows from transition equation (3.40) that

E[X;| Xi—1] = Eia]a+ 6 Xio1 + €]
=a+E;1[6:] X1

=+ ﬁXifl.

Since E;_;[e¥] = 0 when i is odd, the variance can be calculated according to equation

((3.39)).

Var;_,[z7] = Var;_1[(E? + 2Ex;_1 + F?z? ) 4+ (2F¢; + 2Fx;_16; + €7)]
= Var;_1[(2E + 2Fz;_1)eic; + €]
= 4(E + F")*Var;_i|e] + Var;_; €]
=4(E+F"))’Q +2Q.
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To find Var;_1[X;], we only need to compute Cov,_1[z;, x?] that equals

COVi,I[iUi, 1312] = COVifl[Ei, 2(E + F,I‘i,1>€i + 63]
= 2(E + Fx;_)Var;_i[e;, €] + Cov;_1[e;, €]
= 2(E + F,;1)Q + Eina[6]] — B[] Eina[€]]

Finally, the conditional covariance matrix

Varia X = 1 o0(B 4 Feiy) QUE+ Faa)?+2Q2]°

O

Next, we need to derive the first two unconditional moments of X; to initialize

Kalman filter.

Theorem 3.2. The unconditional expectation v and covariance matriz ¥ of X; are

given as follows:

n=(I-p0)"a (3.43)

Vec[Y] = (I, — B ® ) Vec[P* ()] (3.44)

where Vec|:| is the vectorization of a matriz, i.e., a linear transformation which

converts the matriz into a column vector and

ey |@ 2Q(E+V)
Pr) = \ooB+v) QUE? + W) + 202

V =[F,0lu
W = [2EF, F?)p.
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Proof. By applying the law of total expectation and Theorem 3.1, we have the un-

conditional mean p

p=lim E[X; | Xo]

11— 00

= lim B [Ey [Ea[- - iy [Xi]]]]

1—00

= hm EQ [El [Eg [ t Ei—2 [Oé + BXZ—l]H]

i—00

=lim(I+ B+ B>+ -+ 3 Ha+ faX,

1—00

=(I—-p)ta.

Next, the unconditional variance 3 can be derived by using we use law of total variance

as well as Theorem 3.1.

Var[X;] =E [Var;_1[X;]] + Var [E;_1[X;]]
=E [Pf;,_,(X;-1)] + Var [ + 6X;_4]
= z’Tzel (E[X;1]) + QVar[Xi,l]ﬁT

=P*(u) + BVar[X;_4]8"
Let ¢« — oo, we have the following matrix equation
2= P*(u) + p26"
whose solution can be expressed as follows

Vec[X] = (I — 8 ® 8)~ ' Vec[P*(u)]
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Now with the above two theorems, we can use the standard Kalman filter to esti-

mate parameters in the quadratic model. The corresponding algorithm is as follows.

Step 1: Initializing the state vector. We initialize the state vector by the un-

conditional mean and variance:

Xoo=E [(Xo] =n

Pijo = Var [Xo] = %
where p and ¥ are defined in Theorem 3.2.

Step 2: Forecasting the measurement equation. Suppose we have optimal es-
timate X;_1;_1 = E[X;_1| | Fi_1] with PPy, = Var [Xi_1| | Fi_1] available at
time ¢ — 1, then the conditional forecast of the measurement equation has the

following form:
Ziji-1 =E[% | Ficl) = A+ BE[X; | Fia]l = A+ BX;qpi-1.
The associated conditional variance is given by,

i1 = Var [z | Fioy] = BVar [X; | FiB"+R=2B ,L-Ti_lBT + R.

Step 3: Updating the inference about the state vector. The error between the

observed data and the conditional prediction is
G=2z — Zili—1
and the updating conditional expectation is defined as

E[X; | Bl =E[X; | Fia] + Ki§ = Xijio1 + K@,
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where the Kalman gain is
K; = Var[X; | .E_l]BTVar (2 | ~7'-i—1r1 = iTz‘—lBT iz\i—l_l'
The conditional variance of the stated system is updated as follows:

1 = Var[X; | 5] = (I — K;B) ii—1-

ili

Step 4: Constructing the likelihood function. The quasi-log-likelihood function

has the following form

nN In(27)

L(0) = 5

1 N
~ 5 2 (n(det (P 1)) + (' Pfiy'G)

i=1

As seen above, the quadratic Kalman filter algorithm is identical to the standard
Kalman filter algorithm once we convert the linear-quadratic state-space model to
linear state-space model. Since the X; is not normally distributed, we construct the
quasi-log-likelihood function using the first two moments rather than building the

log-likelihood function.

3.4 Numerical Results

3.4.1 Simulation results

This subsection is devoted to apply the above theoretical discussion of Kalman filter
to the Vasicek and CIR models, and the extended Kalman filter, unscented Kalman
filter and quadratic Kalman filter to quadratic model. We first place the one-factor
Vasicek, CIR and quadratic models into state-space form, then simulate various term

structure outcomes using known parameters, and further proceed to estimate the
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model parameters. This simulation procedure is intended to show how effective these
estimation techniques work in terms of identifying parameters. In particular, a se-

quence of steps are followed in the simulation:

1. The first step is to simulate the underlying state variable paths. The state vari-
ables are simulated from the discretized solution to their attendant stochastic
differential equations. In the estimation, we start with an arbitrary set of param-
eters for each term structure sample path and construct monthly observations
over a 10-year time horizon with maturities ranged from 1-month to 10-years.
Actually, to achieve a better approximation of the underlying stochastic pro-
cesses that govern the state variables, we simulate the state variables daily over
the 10-year period, but we only use the monthly observations in the data. Fi-
nally, to be consistent to our discussion in above sections, we assume that the
zero-coupon rates are observed with a normally distributed independent error

term.

2. We proceed to employ the multi-start optimization solver of MATLAB to find
the optimal parameter set. The actual optimization problem in our models does
not have constraints on the parameter values, but we impose the lower and
upper bound to make sure that the optimal parameter set found is reasonable;
for instance, we constraint 6 € [0, 1] in Vasicek model since 6 is the long term

interest rate and it does not make any sense it is negative or over 1.

3. We simulate a sample path for the term structure of interest rates and apply
the estimation algorithm 500 times. This may not be a sufficient number of
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simulations, but the procedure is rather time consuming and the results do

demonstrate the accuracy of the approach.

The following tables summarize the estimation results of application the Kalman
filter to the Vasicek and CIR models and the extended Kalman filter, unscented
Kalman filter and quadratic Kalman filter to the quadratic model. We compare the
true values (TV) and the mean estimate (ME) over the 500 simulations and the

standard deviation (SD) of the estimates are also shown in these tables.

Table 3.1: Parameter Estimation for the Vasicek and CIR Models

Model Vasicek CIR
Parameters | TV ME SD TV ME SD
0 0.06 | 0.06002 | 8.74 x 107* | 0.10 | 0.10 | 1.33 x107°
K 0.05| 0.05 0 0.10 | 0.10 |2.08x 107
o 0.02 | 0.02001 | 7.60 x 10~* | 0.025 | 0.02504 | 1.97 x 104

Table 3.2: Parameter Estimation for the Quadratic Model

Method EKF UKF QKF
Parameters | TV | ME SD ME SD ME SD

9 0.22 | 0.217 | 0.031 | 0.220 | 3.64 x 107 | 0.219 | 9.07 x 1073

K 0.2 | 0.196 | 0.028 | 0.200 | 3.45 x 1073 | 0.200 | 7.03 x 1073

o 0.1 | 0.098 | 0.022 | 0.100 | 3.79 x 1073 | 0.101 | 9.19 x 1073

Table 3.1 summarizes the estimation results of the Vasicek and CIR models by
Kalman filter. In both instances, 500 estimations were performed using 1-month, 3-

month, 6-month, 2-year, 5-year and 10-year zero rates. Table 3.1 shows that Kalman
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filter works well for the Vasicek and CIR models. In particular, it estimates the
parameter set closely to the mean-reversion, long term interest rate and volatility
parameters. Moreover, the standard errors are quite small.

Table 3.2 displays the results of three Kalman filter variations - EKF, UKF, and
QKF for the quadratic model. Tt shows that all three methods work well on estimating
parameters. However, EKF’s mean is less closed to the “true value” and it has a larger
standard errors compared to UKF and QKF in both relative and absolute terms.
Among these three estimation techniques, UKF’s performance is encouraging, and
the mean estimates of all parameters are extremely closed to the “true” values with
small standard errors. The special estimator—QKF also works very well. The mean
estimates of QKF is close to the “true value”. QKF outperforms EKF in identifying all
three parameters, although its performance is slightly inferior to UKF’s. Overall, we
may conclude that both UKF and QKF are reasonable and encouraging estimation

techniques for the quadratic interest rate model.

3.4.2 Actual results

In this section, we apply the proposed estimation techniques to U.S. Treasury zero-
coupon yield curve data ranging from January 1970 to December 2000. The sample
consists of monthly yield observations with maturities of 1,3, 6, 9, 12, 15, 18, 21,
24, 30, 36, 48, 60, 72, 84, 96, 108, and 120 months. These data are constructed by
Diebold and Li [22] based on end-of-month Center for Research Security Prices(CRSP)
government bond files. Figure 3.2 displays the evolution of the actual U.S. Treasury

zero-coupon yield curve and Table 3.3 gives the statistics of the data set. The zero-
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coupon rates incorporated into our estimation include six observations with 1-month,
6-month, 1-year, 2-year, 5-year, and 10-year terms to maturity. We shall assume these

zero-coupon rate data are observed with independent normally distributed errors.

n
J

—_
o
L

Yield (Percent)
fa]
L

Figure 3.2: U.S. Treasury Zero-coupon Yield Rate Curve

We follow the similar steps to find the optimal estimation of the parameter set as
ones in the simulation. However, instead of computing the standard deviations for
the estimates, we compute the standard errors from the Fisher information matrix.
In particular, if ¢ is used to denote the vector of standard errors for 3 parameters,

then we calculate each individual standard error as follows:

b= \Hy'

for i« = 1,2,3 where H is the Hessian matrix. Table 3.4 summarizes the estimation
results for the Vasicek and CIR models. The results of identifying parameters of
quadratic interest rate model estimated by EKF, UKF, and QKF are shown in Table
3.5. The results of estimation from the actual data are consistent to the results of

estimation from simulated data.
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Table 3.3: The Descriptive Statistics of U.S. Treasury Zero-
coupon Yield Rates from January 1980 to December 1989

Maturity Mean Std. dev. Minimum Maximum

l-month 0.0856  0.7903 0.1616 0.392

6-month 0.0927  0.7985 0.1648 0.0530
l-year  0.0952  0.6934 0.1582 0.0544
2-year  0.0982  0.6036 0.1565 0.0583
b-year  0.1021  0.4826 0.1582 0.0664
10-year 0.1040  0.4105 0.1494 0.0709

Table 3.4: The Estimated Parameters for the Vasicek and CIR Models

Vasicek CIR
Parameters
Estimate | Std. Error | Estimate | Std. Error
0 0.153 0.0074 0.153 0.0087
K 0.115 0.0110 0.010 0.0129
o 0.039 0.0033 0.104 0.0081

Table 3.5: The Estimated Parameters for the Quadratic Model

EKF UKF QKF
Parameters
Estimate | Std. Error | Estimate | Std. Error | Estimate | Std. Error
0 0.511 0.0073 0.510 0.0068 0.511 0.0156
K 0.119 0.0123 0.122 0.0120 0.123 0.0080
o 0.079 0.0062 0.076 0.0057 0.255 0.0050
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CHAPTER 4

EMPIRICAL TESTS

In this chapter, we use the empirical estimation results in §3.4.2 to compare a variety
of term structure models. We first compare the in-sample fit and out-sample forecast-
ing properties of the Vasicek, CIR, and quadratic models with constant parameters,
which has been extensively studies in literature. However, to our knowledge, there is
no empirical result of out-sample forecasting between constant parameter term struc-
ture models and time-dependent parameter models and among the time-dependent
parameter models, i.e. the extended models. We review and compare three models:
the extended Vasicek model, the extended CIR model, and the quadratic model with

time-dependent parameters.

4.1 Calibration of the Affine Models

In §3.2 |, we have considered the affine models with constant parameters. It is known
that the model with constant parameters can not capture the whole yield curve. To
overcome this drawback, one needs to allow one or more parameters to be time-

dependent. Here we only consider the simplest case that 6 is a function of time ¢, i.e.,
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the following model
dr(t) = k(0(t) — r(t))dt + or”(t)dW; (4.1)

under the risk-neutral measure. It is called the Hull-White model or the extended

CIR model when v =0 or v = % As usual, the zero-coupon bond is given by
P(t,T) = P(ry,t,T) = e~ D=0t (4.2)

where a(t,T) and b(t,T) are the solutions of differential equations

a(t,T) + kO(t)(t)b(t, T) — L= 2”02b(t,T)2 =0, 0<t<T, (4.3)
bi(t,T) — kb(t, T) —vo®b(t, T)* +1=0, 0<t<T, (4.4)
with the final conditions
a(T,T) =0, (4.5)
b(T,T) = 0. (4.6)

Since k and o are constant, we can obtain by solving equation (4.4) with the final
condition (4.6)

L (1—e ™) for the HW model,

b(t7 T) — 2(67(T—t)_1)
() (7T 1) 427 for the ECIR model,

where v = /k2 + 202

Now assume that we observe the short rate 7y and the yield curve y(7') at current
time (¢ = 0) for all maturities 7' € [0, 7], where T™* is a given positive number. By
(4.2), we have

=Ty(T)

e_a(ovT)_b(07T)T0 —e ,
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which leads to
a(0,T) =Ty(T) — b(0, T)r.
Next, we need the inverse problem to determine 6(t) and a(t,7") by equation (4.3),

the final condition (4.6) and the known function a(0, 7).

The Hull-White model: The inverse problem can solved analytically to get ([32])

_0a(0,t) 1 (0%a(0,t)
o0 = 200 4 - (Z55 40
ot 7) = a(0,7) — a(0.1) ~ e, 1) 20D 4 Ly 1y,
0,0\ [ o\
O A oo | 4
Js
The ECIR model: We have from (4.3)
T
/ 0(s)b(s,T)ds = —M, 0<t<T.
t /i

Letting ¢t = 0, we obtain the following integral equation for 6 (|16])

T
/e@w&ﬂ@:—“aﬂ,ongTf
0

K

This is a Volterra integral equation of the first kind. Differentiating the above equation

twice, we get the following Volterra integral equation of the second kind:

T 0%(s,T) 10%a(0,T)
- g = <T<T* .
6(T) + /0 6(s) BIE ds o 0<T<T (4.7)

By Theorem 3.1 of [42], equation (4.7) has a unique solution of 6(¢) if % and

92a(0,T)
T2

are continuous. As suggested in [69], the block-by-block method in section

7.6 of [42| can be used to solve this integral equation accurately and efficiently.
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To simplify the notation, we make the following substitutions before we outline

the block-by-block method. Let

_9%b(s,T) _ 19%(0,7)
K(s,T) = —37z f(T) = o
Then equation (4.7) can be rewritten as
T
6(T) +/ 0(s)K (s, T)ds = f(T), 0<T <T". (4.8)
0

Let the step size be h = T'/M and time partition be t,, = mh for m = 0,1,--- | M

with the half points t,, 442 =t +h/2 for m =0,1,--- ;M — 1. Denote 6,, the ap-
proximation of 6(¢,,). Then the block-by-block method can be formulated as follows:

form=0,1,---,M/2 — 1, compute 0y, 11 and by, 2 by

am62m+1 + bm02m+2 = Pm

(4.9)
Cm62m+1 + dm92m+2 =dm
where
h h
am =1+ §K<t2m+1> tom+1/2) + EK(tQmH’ tom+1),
by, = —EK(tzmH, tom+1/2),
4h
Cm = ?K(t2m+2>t2m+1)a
h
dy, =1+ §K(t2m+2; tam+2),
h h 2m
Pm = h(tomi1) + EK(t2m+17 tom)bam — OhAK (tam1,t0)60 — 3 Z Win i K (Tom1, i),
=0
2m

h
Gm = h(tami2) — 3 ; Wi, i K (Tomy2, i),
{wm,Oa Wm,1," " Wmm—1, wm,m} = {L 47 27 Ty 27 47 1}
The Simpson’s rule is applied to solve the numerical integration in the above block-

by-block method. System (4.9) has a unique solution when h is small enough. Fur-
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thermore, the error estimate has been shown in [42] that

max |0(t,,) — O] < Ch*

1<m<M

for sufficiently smooth functions K (t,s) and h(t) and some constant C independent

of h.

Remark 4.1. Recall that the bond price (4.2) can also be given in terms of the
forward rate f7:

P(t,T) = e~ I Jids,

Then we can determine the yield y(T') by the forward rate f(T) = fI:
A
WD) =5 [ )i

4.2 Calibration of the Quadratic Model

The calibration of the quadratic model (2.2) is to determine one or more time-
dependent parameters by the observed market data such as the current yield curve
(or forward rate curve), forward rate volatility curve, etc. Here we only consider the
simplest case: determine a(t) when ¢ and [ are known constants.

Since x(t) is the real independent variable, the T-maturity zero-coupon bond price
is a function of x = x(t) instead of r(t), denoted by P(x(t),¢;T). As usual, we know

that P(x,t;T) is the solution of the fundamental partial differential equation

1 1
P, + §o(t)2Pm + (a(t) — B(t)x) Py — 53:213 =0, —co<z<oo, 0<t<T
subject to the final condition
Pz, T;T) =1.
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[t is known that the bond price P(x,t;T) takes the following form:

P(LIZ‘, t, T) — efa(t,T)fb(t,T).’E*%C(t,T)ﬁQ )

Here a(t,T), b(t,T), and ¢(t,T) are the solution of the following final value problem

of a system of ordinary differential equations:

a;(t, T) — v (¢, T) + a(t)b(t, T) + ~(t)c(t, T) = 0, (4.10)
be(t,T) — (2v(t)c(t, T) 4+ () b(t, T) + a(t)e(t, T) = 0, (4.11)
c(t,T) — 2y(t)E(t,T) — 28(t)c(t, T) +1 =0, (4.12)
a(T,T) =b(T,T) = (T, T) = 0, (4.13)

for 0 <t < T, where y(t) = 10(t)2. When «, 3 and o are constant, we can solve the

above system to get ([35])

a(t,T) = e + 03 (h(7) (286" + c3) — 1) — %log(2uh(7)), (4.14)
b(t,T) = %(e‘” 1% h(r), (4.15)
c(t,T) = (e*7 —1) h(r), (4.16)
where
h(T): ((M_}_ﬁ)eQuT_{_#_ﬁ)*l’ T:T_tv H = 0-2_|_62’
1 /a? o? o ot - 2B+
=3( i) e T <
Let
b(0,T) + (0, T)zo = £(T), (4.17)
a(0,T7) + b(0,T)xo + %C(O, T)xd = g(T), (4.18)
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where f(7T) can be determined by the current term structure of sport or forward rate
volatilities and ¢g(7") can be determined by the current term structure of interest rates
or forward rates.

As pointed out in [35], constant o can be determined by o(0) = fr(0,0)/z(0),
where x(0) can be determined by the current interest rate r(0) and f(0,0) the current
forward-rate volatility. In order to determine constant parameters 3, we need to
know more information from the current term structure. Suppose f(7') in (4.17) and

gr7(0,0) in (4.18) are known. It follows from (4.10)—(4.13) that

5(0) = —w, 302(0) — a2 (0,0).

Thus, § can be solved by

~ 2977(0) — 2f77(0)xo — 0*(0)
B 2.1'0

3(0)

Once constants § = ((0) and o = 0(0) are determined, ¢(¢,7") can be analytically

solved from (4.12) and (4.13):
c(t,T) = (e*7 — 1) h(r),

where
T=T—t, p=+/o2+p3, h(T):<(/’L+B>€2NT+,LL_/8)_1.

With ¢(¢,T), br(0,T) and bp7(0,T) can be solved from (4.17). By using formula

(8.12) in [35], a(t) can be recovered as follows:

Oé(t) = (CT(O, t))1'5(CT<O, t)bTT(O, t) — CTT(O, t)bT(O, t))
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By Theorem 8.1 in [35], when the term structure of the forward rate f(¢,7) is known
at time ¢t with maturity 7', we have the following analytic formulas for a(t,7) and

b(t,T):

where

br(t,T) = —cp(0,T)z(0) + Ver(t, T)(2f(t,T) — o2¢c(t, T)),

ap(t.T) = 1 (bT(t,T)

=5 ot 7) + azc(t,T)) :

x2% 4 2z — wy?
2(1 + wx)

a(z,y, z,w) = %111(1 +zw) +
4.3 Forward Curve Representation

In last section, we calibrate the Hull-White, extended CIR, and quadratic models
to the current term structure. To determine 6(¢) in the Hull-White and extended
CIR models and «(t) in the quadratic model, we need to know the volatility o, the
speed of adjustment x in the Hull-White and extended CIR models and ( in the
quadratic model. Constant parameters o, xk or 3 can be determined by Kalman filter
and its variations. Besides the constant parameters, we need to provide the current
instantaneous interest rate and forward interest rate f(¢) observed from the current
term structure. However, not only the instantaneous interest rate cannot be observed
from the market, but also the treasury yield data described in Section 3.4 is not a
smooth function but a set of discrete points at any time ¢. So we need to construct a
smooth function of time ¢ to model the forward curve f(¢) and set the instantaneous
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interest rate r(t) = f(¢,t). The Nelson-Siegel-Svensson model is popular among
practitioners for modeling the yield curve. The model is first proposed by Nelson and
Siegel ([59]) and extended by Svensson (|64]). The Nelson-Siegel-Svensson model is
widely used by the central banks (|30]) and market practitioners ([29]) and extensively
studied in academia (|28, 21, 22]). We shall look into the original formulation of Nelson
and Siegel and the extension of Svensson.

Let fi(7) be the forward rate at time ¢ for maturity 7. The Nelson and Siegel

model for the forward rate curve is given by:

fi(T) = b1+ Baexp(—=T7/A) + BsAexp(—T7/A). (4.21)

The Nelson-Siegel forward rate curve can be viewed as a constant plus a polynomial
times an exponential decay term. The relationship between the yield curve y(7) and

the forward rate at time ¢ satisfies

o)== [ sis)as

Then the corresponding yield curve is

o(r) = oy [P OTETR yg | 1Z e T

T/A T/A —exp(=7/)
In the above equation, the yield y for a particular maturity is the sum of several
components. Now let us interpret these components. The parameter A controls the
exponential decay rate; small values of ) lead to fast decay and can better fit the curve
at short maturities, while large values of A slow the decay and can better fit the curve
at long maturities. 3 is independent of time to maturity, and it is often interpreted

as the long-term yield level, i.e. lim, . f(7) = §;. Constant (3, is weighted by an
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Figure 4.1: Factor loadings in Nelson-Siegel model with A = 5.

exponential decay function of time to maturity with unity for 7 = 0 and decaying
to zero as 7 growing. Hence it may be viewed as a short-term factor. The decay
function loading on (3 is zero at 7 = 0, increases and then decreases back to zero as
7 grows. It adds a hump to the curve and may be viewed as a medium-term factor.
Figure 4.1 displays the three factor loadings with A\ = 5. To guarantee the yield
obtained from Nelson-Siegel model is nonnegative, we add the following constraints
on the parameters

B1 >0, Bo+pPB3>0, A>0.

The Nelson-Siegel-Svensson model adds a second hump term to the Nelson-Siegel

model. The forward rate at time t for maturity is given by

fi(17) = B1 + Paexp(—7/A1) + BsArexp(—7 /A1) + Bara exp(—7/A2) (4.22)
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Accordingly, the Nelson-Siegel-Svensson yield curve is formulated as

B (1 —exp(—7/\1)
?J(T)—51+52: 7/ }
+ 05 L= eXTp/()\_lT/)\l) — exp(—T//\1)}
6 _1 - eip/&; /%) exp(—T/AQ)} . (1.23)

The two parameters Ao and 34 are analogous to A\; and (33 determining the decay rate
and the magnitude and direction of the second hump respectively. Hence, we need to

estimate six parameters: 31, B2, 03, B4, A1, and A9 subject to constraints
G1>0, Bi+06:>0, A >0 X >0.

Generally, the parameters of the models can be estimated by minimizing the difference
between the model rates y and observed rates y°. An optimization problem can be
stated as

mind - (y—y°)°
subject to the constraints given above.

Next, we shall estimate the parameters in Nelson-Siegel and Nelson-Siegel-Svensson
models by the treasury yield data described in Section 3.4.2. To solve the constraint
optimization problem, we again apply multi-start optimization solver of MATLAB to
find the optimal parameters in these two models.

We first estimate the parameters in Nelson-Siegel and Nelson-Siegel-Svensson
models on the observed yield at four dates: 3/31/1989, 7/31/1989/, 5/30/1997, and
8/31/1998 and then plot fitted yield curves together with with actual yields in Fig-
ure 4.2. Apparently, both the Nelson-Siegel model and Nelson-Siegel-Svensson model
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are capable of replicating a variety of yield curve shapes: upward sloping, downward
sloping, humped and inverted humped. However, both models have difficulties at
dispersed yield data. The root mean square error of in sample fit of NS and NSS
models is presented in Table 4.1. Overall, the error indicates a good fit and Nelson-

Siegel-Svesson model fits better than Nelson- Siegel model does. Thus we will use

Nelson-Siegel-Svesson model to fit current yield and forward curves.

Yeild Percentage
© © o
N

i

Yeild Percentage

Table 4.1: RMSE of In Sample Fit NS vs NSS

Date 3/31/1989 7/31/1989 5/30/1997 8/31/1998
NS 0.0568 0.0517 0.0437 0.0688
NSS  0.0256 0.0214 0.0157 0.0217

w

6
Maturity in Months

Yield Curve on 5/30/1997

O observed yield
—%—- NS yield

NSS

4 6 8 10
Maturity in Months

Yeild Percentage

Yeild Percentage

781

N
@

2 4 6 8
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Yield Curve on 8/31/1998
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—#%—- NS yield H
NSS

4 6
Maturity in Months

Figure 4.2: NS and NNS fitted yield curves

85



4.4 Calibration to the Current Term Structure

In this section, we shall calibrate the models in previous sections to the current term
structure. We assume the current date is 31 January 1990 with the current yield data
given in Table 4.2 and the past ten years’ (January 1980 to December 1989) yield
data are available. The parameter estimation results in Tables 3.4 and 3.5 are used to
compare the in-sample fit of the Vasicek, CIR, and quadratic models with constant
parameters. Then we also use these estimated parameters together with the current
yield data to calibrate the Hull-white, extended CIR, and quadratic models with
time-varying parameters. Furthermore, the out-of-sample forecasting performance of

all these models will be shown and compared in Tables 4.5 and 4.6.

Table 4.2: Observed yields on 31 January 1990

M 1 3 6 9 12 15 18 21 24
ro 7.648 37922 7.964 7.996 8.081 8.145 8.202 8&8.169 8&.103

M 30 36 48 60 72 84 96 108 120
r 8211 8172 8.220 8.250 8.303 8218 8.308 8.338 8.279

M: Maturities in months, r: spot rates in percentage.

Table 4.3: NSS estimation results on 31 January 1990

61 62 53 64 >\1 )\2
0.0775 0.0039 0.0141 —0.0162 17.5766 0.0438
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Figure 4.3 shows the models’ in-sample fit performances of recovering the observed
yield rates of four different dates. The left column figures compare the Vasicek model
and CIR model and the right column figures compare the quadratic model estimated
by extended Kalman filter, unscented Kalman filter, and quadratic Kalman filter.
Table 4.4 shows the in-sample fit root mean square errors of Vasicek model, CIR
model, and quadratic model from January 1980 to December 1989 with different
maturities. Table 4.4 demonstrates that all models in general fit the data well. Figure
4.3 shows that the quadratic model estimated by quadratic Kalman filter captures the
yield rate’s movements better than the rest models in randomly selected dates. Table
4.5 and 4.6 present and compare the out-of-sample within one year forecasting root
mean square errors of models with time-independent parameters and time-dependent
parameters respectively. Figure 4.4 shows the models’ in-sample fit performances
of forecasting the yield rates of three randomly selected dates in the same manner
as Figure 4.3. Figures 4.6 — 4.7 compare out-of-sample forecasting performance of
the time-dependent models to the corresponding time-independent models. Both
the time-dependent models and time-independent models generates very similar root
mean square errors and the time-dependent models do not have an obvious advantage

over the time-independent models in our testing period.
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Table 4.4: In-sample fit RMSE: January 1980 — December 1989

Maturity Vasicek CIR Quadratic

1-month 0.005 0.005 0.005
3-month 0.009 0.010 0.009
6-month 0.011 0.014 0.011
9-month 0.012 0.014 0.013
1-year 0.013 0.014 0.013
1.25-year 0.014 0.014 0.015
1.5-year 0.015 0.014 0.015
1.75-year 0.015 0.015 0.015
2-year 0.015 0.014 0.015
2.5-year 0.015 0.013 0.015
3-year 0.015 0.013 0.015
4-year 0.015 0.012 0.015
d-year 0.015 0.012 0.014
6-year 0.015 0.011 0.015
T-year 0.014 0.011 0.014
8-year 0.014 0.011 0.014
9-year 0.014 0.011 0.014
10-year 0.014 0.010 0.014
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Table 4.5: Out-of-sample forecasting RMSE: January 1990 — December 1991-1

Maturity Vasicek CIR Quadratic

1-month 0.003 0.007 0.006
3-month 0.003 0.010 0.010
6-month 0.003 0.011 0.012
9-month 0.002 0.011 0.013
1-year 0.002 0.011 0.014
1.25-year 0.002 0.012 0.015
1.5-year 0.002 0.011 0.016
1.75-year 0.002 0.011 0.016
2-year 0.001 0.010 0.015
2.5-year 0.001 0.009 0.016
3-year 0.001 0.008 0.016
4-year 0.002 0.007 0.015
d-year 0.002 0.005 0.015
6-year 0.003 0.004 0.015
T-year 0.004 0.003 0.015
8-year 0.004 0.002 0.014
9-year 0.005 0.002 0.014
10-year 0.006 0.003 0.014
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Table 4.6: Out-of-sample forecasting RMSE: January 1990 — December 199111

Maturity Hull-White Extended CIR Quadratic

1-month 0.004 0.010 0.003
3-month 0.005 0.009 0.003
6-month 0.005 0.006 0.004
9-month 0.005 0.007 0.004
1-year 0.007 0.006 0.003
1.25-year 0.006 0.008 0.005
1.5-year 0.010 0.007 0.005
1.75-year 0.009 0.006 0.005
2-year 0.008 0.006 0.004
2.5-year 0.005 0.007 0.005
3-year 0.005 0.006 0.006
4-year 0.005 0.005 0.006
d-year 0.006 0.007 0.007
6-year 0.006 0.008 0.007
T-year 0.007 0.009 0.004
8-year 0.007 0.010 0.005
9-year 0.008 0.011 0.006
10-year 0.010 0.009 0.006
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CHAPTER 5

A CLASS OF ONE-FACTOR MODELS

5.1 Introduction

Let X (t) follow the following Ornstein-Uhlenbeck process:

dX(t) = (¢(t) — ()X (1))dt + o (t)dW (1),

where ¢(t), ¥(t) and o(t) are some known functions of ¢ and W (t) is a standard
Brownian motion under the risk-neutral measure. Then a class of one-factor models

of the short interest rate process is given by

where ((z) is an invertible function ((z) on (—oo,+00). Especially, for {(z) = z
and ((z) = e, we have the Hull-White model (|32]) and the Black-Karasinski model
(J11]), respectively. It should be pointed out that ((x) can chosen to be a bounded

function from R = (—o00, +00) to (0, 1), for example,

1 2
((x) = 5 (1 + — arctan(:v)) or ((x)=
7r
In this way, the interest rates will not take unrealistic values greater than 1.
Let us consider a zero-coupon bond with face value $1 and maturity date 7. By

the Fundamental Theorem of Asset Pricing, the bond price P(x,t;T) is the solution
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of the following final value problem:

P+ %g(typm +(6(t) —Y()2)Ps — C(x)P =0, z€R, 0<t<T, (5.1)

Pz, T;T)=1, = €R,. (5.2)

5.2 Homotopy Perturbation Method

Homotopy perturbation method (HPM) is a popular technique to find an approxi-
mated series solutions of nonlinear problems. The homotopy perturbation method
was initially proposed by He [46, 47, 48]. The essential idea of this method is to
introduce a homotopy parameter p. When p = 0, we have a simple equation which
admits an analytic solution. As p grows to 1, the homotopy goes though a sequence of
deformations, the solution for each of which is close to the one at the previous stage
of deformation. When p = 1, the homotopy takes the original form of the equation
and the final stage of deformation gives the desired solution. One of the the most
attractive features of homotopy perturbation method is that a few perturbation terms
are sufficient to obtain a reasonably accurate solution.

To illustrate the basic idea of He’s homotopy perturbation method, we consider

the following nonlinear differential equation

Alu)— f(r)=0, reXx (5.3)
with boundary conditions
du
B — ) = r A
(w5) =0 rer (5.0

where A is a general differential operator, B is a boundary operator, u is a known
analytic function, and I" is the boundary of the domain Y. The operator A can be
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divided into linear part L and nonlinear part N. Therefore, equation 5.3 can be

rewritten as follows
L(u) + N(u) — f(r) =0. (5.5)
Consider the following homotopy w(r,p) : ¥ x [0, 1] — R:

H(w,p) = (1= p)[L(w) = L(uo)] + p[A(w) — f(r)] = 0, (5.6)

where r € I" and p € [0, 1] is an homotopy parameter, ug is an initial approximation
of 5.3, which satisfies the boundary conditions. It is apparent that equation (5.6)
becomes the original nonlinear equation (5.3) for p = 1, while it is the following

linear equation for p = 0:
H(w,0) = L(w) — L(ug) = 0. (5.7)

The changing process of p from 0 to 1 deforms H (w, p) from L(w) — L(uo) to A(w) —
f(r). In topology, L(w) — L(ug) and A(w) — f(r) are called homotopic. If the
embedding parameter p is considered as a “small parameter”, applying the classical
perturbation technique, we can assume the solution of equation (5.6) can be given by

the power series of p:
w = wy + pwy + pPws + -+ . (5.8)

Then the solution u of the original nonlinear equation can be obtained by letting
p—1:

w=limw=wy+w; +wsg+---
p—1

The convergence of the above series has been proved by He [49].

98



5.3 A HPM for bond prices

In this section, we apply a variable transformation to PDE (5.1). Let X(¢) be the

expected value of X (t), then X(t) := E{X(#)|X(0) = 0} and X satisfies the deter-

ministic process

dX -
= o) — (DX,
X(0)=0

The above ordinary differential equation can be easily solve and its solution is

(1) = A(t) /0 %dr

where A(t) = e~ Jo ¥(0dr,

Let us introduce a new state variable Y such that X (¢) = X (¢) + A(¢)Y (¢). The

interest rate r now becomes a function of y, i.e. r = f(X(t) + A(t)y). Following Ito’s

lemma, it is easy to justify that Y is a martingale that follows the process

o(t)
dYy = mdW,
Y (0) = 0.

The zero-coupon bond pricing problem becomes
P(y7 t’ T) — E {e_ ftT 7'(T,Y(T))d7' ‘Y(t) — y} )

By Feynman-Kac Theorem, zero-coupon bond price P(y,t,T) can be solve from the

the following partial differential equation:
1 (o)
P s NN P - P = O
+3(5) AP0
P(y, T,T)=1,Vy € R.
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h(y,t, T

Since the bond price P is always positive, we can express P(y,t,T) = e~ ) for

some function h(y,t,T). It is not difficult to see that h solves the following nonlinear

problem:
1 ro\2 9
ht+§(X) (hyy —hy) +r=0, z€eR, 0<t<T, (5.9)
My, T,T)=0, VyeR. (5.10)

The homotopy of the above problem with the embedding parameter ¢ is as follows:

oh 8h0 o 1 r0\2 2 8h0
a5 0 -n -5 (51D

Assume that the solution of equation (5.9) has a power series expansion of ¢:
h=ho+qhi +¢*hs + - - (5.12)

Substituting (5.12) into equation (5.11) and combining terms of the same power of g

gives:

Ohy  Oh
0. 7% Y% _
R T

8h1 1 /0\2 8h0 82h0 8h0
1,0 _ 1o Ohove .9
T o 2(>\> (<8y) 83/2) T

Oh 1 soN2 ([, 0h 0?h
5 =5 (3) (G -5 ).

ot 2\ dy dy

Oh 1 soN2 ([, 0h 0?h
5= (3) (G =55 ).

ds 2 \]\ dy dy

All the linear equations above can be solved, and we get all the solutions.

ho =0,
hl - R(y>ta T)a
1 /7 )
hy = 5 v(T) (Ryy(y,T, T)— Ry(y,7,T) ) dr,
t



hy = 411 /t ' [ / (e T)du < / - T)du) 2] ir

where

T

R(y,t,T):/ r(y, T)dT,

¢
o(r

0= (5)

E(y,u,T) = Ryyyy(yaua T) - QRyy(y,u, T)2 - QRy(y,u,T)Ryyy(y, u, T),

77(% u, T) = Ryyy(yv u, T) - 2Ry(y’ u, T)Ryy(ya u, T)
5.4 Examples

Case I. The Hull-White model. In this case, we have

X(t) = e_wt/o eV o(T)dr,
) = e+ [ o)

0

T T
R(y,t,T) :/ e VT (y+/0 ewuqﬁ(u)du) dr,

Ry(y7 t? T) = _(ein - eiwt)v

O'R(y,t,T)

oy =0, for >2.

Then we can obtain by simple calculation

<=

ha

T T
(e — e ¥y +/ (e_w/ ewqb(u)du) dr,
¢ 0
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where 7 =T — t. Therefore,
| ap— —apt
h:h0+h1+h2:E<€ — € )y

T T
+/ <€¢T/ €wu¢<u)du> dr + i(l _ e*%)T) _ %(1 _ eﬂ/rr) + 7,
t 0

which will give us the exact solution of Hull-White model if y is replaced in terms of
x.

Case II. The Black-Karasinski model (BKM). In this case, we have

r(y,t) = ",

T
Ryt 1) = [ 020,
t

O'R(y,t,T)

T
. = MN7)e® DMy qr - for i > 1.
dy’ /t

Then we can obtain

>
[\V]
|
| 9,
S~
®
[\~]
<
\]
| — |
—
S~
)
o
<
S
=
<
&
QU
I~y
|
VR
—
S~
®
<
S
=
<
E
A
N
~
N
ISH
=
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where

T
By, 7, T) = / U (wy(u, T, ) — 2 (wa(oe, T, ) — 2w (u, T, y)ws(u, T, ) du,
T T 2
h‘g(y7 7_7 T) = (/ €2¢u (”LU3 (U, T7 y) - 2?1)1 (u7 T7 y)w2(u7 T7 y)) du) )

T
wji(u, T, y) = / e Vsp(y,s)ds, j=1,2,3,4.
When v is also a constant, we have the following results by some tedious calculations:

At) = e ¥,
X() = S -
Wity

r(y,t) = eeiwty*'(b(l:;

)

T T
—YT (1—e )
My T) = [ e
t
o2 (T
ho(y,t,T) = 5 / 2T Ly, 1, T)dr,
t
0_4 T T T 2
hs(y,t, T) = I/ e / e IS (y, u, T)du + (/ ewulgb(y,u,T)du) dr,
t T T
where
YT (3T —D)+yy) VT (BT D) \ 2
B € v —c v O/
2Y, T, = - +
(¢ —yv)? (¢ —yib)?
e VT (y— — eV (y— —YT T
[e =0/D=UT (4 (T — g)) e T O==UT (4 gp(e? _y))}’
VT (@(¥T —1)tuy) VUGV 1)ty
I$(y,u,T) _C —° :
S ¢ —y
2e?/Y (14 (¢ — 1by)) ( e_wT(¢(e‘inl)+wy) e‘w"w(e‘i“l)wy))
— e —e
(¢ —yap)*

ee_wT(y_¢/1/))—21/)T (¢2 + 2¢¢(6'¢)T o y)) + ¢2 (2621ZJT _ 2€”¢Ty 4 yQ)
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VT (¥ T —1)+uy) VU (g 1) fuy) >
P

2e/? (e B —e

[ e TW=d/ T (4 (T — y)) — e " EmI=Vu (et — y))]

e/ e VT (y—¢ /) 20T ( 42 Wl
oo (6% + 200(e* — )

(2620 — 9268y ) V=0 =20

(¢ 4 20 (e¥" — y)) + p2(2e"" — 2e¥"y + ¢?)] .

Case III. ((x) = 1fex In this case, we have

X(t) = e‘wt/o eTo(T)dr

eX(M)+A()y

.t =1 + XAy,
T XAy
R(y,t,T) = /t i HX(T)H(T)ydT,
OR(y,t,T) _ T \(7)eX M+
dy ¢ L4 eXOHD0y
O?R(y,t,T) /T A(7)2eXO+HA0y (¢ X(T)+AM)y _ 1)d
ay2 B t (]. + GX(T)+>\(T)y)3
83R(y, t, T) - /T )\(T)SGX(T)+)‘(T)Z/ (62(X(T)+)\(T)y) _ 4€X(7)+>\(7)y + 1)
ayg t (1 + 6)_((7)+)\(7)y)3
O*R(y,t,T) _ /T A(7)4eX(M+AMy p( X(M)+Amy)
8y4 t (1 + €X )4

dr,

T,

dr,

dr,

p(z) = 2% —112% — 11z — 1.

Then we can obtain



X ¢ . 2
2 T T A\ (1)2eX(M+Awy (1 — X (w)+A(w)y T\ X (w)+A(w)y
ho = 7 eV (v) - ( >du (u)ei du dr,
2 ), , 1 4+ eX@+A(wy 1 F XAy
Case IV. ((z)=1(1+ 2arctan(z)). In this case,we have

(t) = et / e (),
0

r(y,t) = % <1 + 2 arctan(X (t) + )\(t)y)) ;

™

R(y,t,T) = % /t ' (1 + 2 arctan(X(7) + A(T)y>> dr,

OR(y,t,T) 1 /T NG g
oy Con )y 1HX(T) FAT)y)2
PRy, t,T) _ _E/T AT (X(7) + A(1)y) Ir
dy? T (L+(X(7) +Am)y)2)?
°R(y,t,T) _1 /T 6A(T)3(X (1) + A(T)y)* — 2A(7)? "
o3 ), (1+( (1 ’

MRy, t,T) 1 /T 24\ (1) X (1)
oy* 7 J;

Then we have

ERRN
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5.5 Numerical Tests

In this section, we shall test the numerical accuracy of the homotopy perturbation
method (HPM) compared to the binomial tree method (BIN). The parameters for
the three models (the Black-Karasinski model, Case IIT and Case IV) are ¢ = 0.04,
o = 0.06, 7o = 0.06, F = $100, and ¢ = —0.08, —0.16, —0.08, respectively. Table
5.1, 5.2, and 5.3 display the bond prices, yield rates and the errors between the two
methods for various maturities. Here the errors are the maximum absolute errors
for interest rates » = 0.01,0.02,...,0.2. The step size for the binomial method is
1.0e — 6. The results in the tables show that HPM with a few terms can produce very
accurate approximations of the bond prices. Hence, we may be able to estimate the
model parameters by combining the HPM with the Kalman filter method in Chapter

3, which will be our future work.

Table 5.1: Numerical Comparison for BKM

| Bond (5) vield (%)
Maturity
BIN HPM | Error (x1073) | BIN HPM | Error (x107%)

T =0.25|95.1312 | 95.1264 4.7126 19.9654 | 19.9853 1.9816
T =0.5 | 90.5150 | 90.5080 7.0095 19.9309 | 19.9463 1.5489

T =1 | 819864 | 81.9865 0.1208 19.8617 | 19.8616 0.0147

T =2 |674036 | 67.4044 0.7189 19.7236 | 19.7230 0.0533

T =5 |38.0718 | 38.0707 1.1170 19.3139 | 19.3145 0.0587
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Table 5.2: Numerical Comparison for Case I11

Maturity Bond ($) Yield (%)
BIN HPM | Error (x1073) | BIN HPM | Error (x107%)
T =0.25 | 95.1715 | 95.1670 4.4550 19.7959 | 19.8146 1.8724
T =0.5 |90.6672 | 90.6612 5.9979 19.5949 | 19.6081 1.3231
T=1 | 825288 | 82.5317 2.8300 19.2022 | 19.1988 0.3429
T=2 |69.1382 | 69.1459 7.6990 18.4531 | 18.4476 0.5568
T=5 |43.8846 | 43.8935 8.9027 16.4721 | 16.4681 0.4057
Table 5.3: Numerical Comparison for Case IV
Maturity Bond (%) Yield (%)
BIN HPM | Error (x1073) | BIN HPM | Error (x107%)
T =0.25 | 95.1437 | 95.1387 4.9908 19.9126 | 19.9336 2.0983
T =0.5 | 90.5623 | 90.5542 8.0189 19.8265 | 19.8442 1.7710
T =1 |821533 | 82.1497 3.5576 19.6583 | 19.6627 0.4331
T=2 1679269 | 67.9164 10.4833 19.3369 | 19.3446 0.7717
T=5 1|39.6953 | 39.6609 34.3502 18.4788 | 18.4961 1.7314
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CHAPTER 6

CONCLUSION

In this dissertation, we have studied a front-fixing finite element method for American
put option on zero-coupon bond under quadratic term structure model. We also
employed the efficient algorithm to solve the two-boundary complimentary system
resulting from discretizing the partial differential equations. The numerical results
are presented and compared to the ordinary finite element method as well as trinomial
tree approach. Our numerical results show that the front-fixing element method
outperform both the finite difference method and trinomial tree method in terms of
accurate approximations of early exercise interest rates.

Next, we have applied the Kalman filter to estimate the parameters in the affine
models and the CIR model while extended Kalman filter and unscented Kalman
filter were used to estimate the quadratic short rate model. Due to the second order
polynomial form of yield in the quadratic model, we have proposed a variation of
Kalman filter which reduces the non-linearity by increasing one more dimension.
Monte Carlo simulation results show that all these Kalman filter related estimators
did a fine job in estimating the parameters. We further calibrate both time invariant

Vasiceck model, CIR model and the quadratic model and the time varying parameters
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in extended Vasiceck model, extended CIR model and quadratic short rate model
with time-varying parameters to the Treasury zero-coupon yield data. Numerical
results show that models with time varying parameters did a better job of both
in-sample fitting and out-of-sample fitting than models with invariant parameters.
Among models with time-varying parameters, quadratic short rate model outperforms
the affine models due to its ability to capture the non-linearity in the data.

We also have studied a general one-factor model which allows that the short
rates only take realistic value in (0,1). Homotopy perturbation methods (HPM) are
employed to solve the partial differential equations resulting from the zero-coupon
bond pricing. The numerical accuracy of the HPM is compared to the binomial
approach for pricing zero-coupon bonds and yield rates under the artificial parameters.
The test results show that the accuracy of the HPM is very good. Our future work is to
combine the HPM and the unscented Kalman filter to estimate the model parameters

by fitting it with treasury yield data.
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