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Abstract

The Hamiltonian path problem is a well-known NP-complete graph theory prob-
lem which is to determine whether or not it is possible to find a spanning path in a
graph. Some variations on this problem include the 1HP and 2HP problems, which
are to determine whether or not it is possible to find a Hamiltonian path in a graph
if one or two endpoints of the path are fixed, respectively. Both problems are also
NP-complete for graphs in general, though like the Hamiltonian path problem, they
are polynomially solvable on certain types of graphs. 2-trees are a specific type of
graph for which the 1HP, 2HP, and traditional Hamiltonian path problems are poly-
nomially solvable. It is known that 2-trees have a Hamiltonian cycle if and only if
they are 1-tough. However, the analogous statement for Hamiltonian paths does not
hold. We will structurally characterize 2HP on 2-trees, and then use these results to
structurally characterize 1HP and HP on 2-trees. We will define a family of 2-trees
such that any 2-tree has a Hamiltonian path if and only if it does not contain any

graph from that family as an induced graph.



Chapter 1
Introduction

In this chapter, we will review basic information regarding 2-trees and Hamiltonian
problems. In Section 1.1, we will review basic terminology and definitions and in
Section 1.2 we will provide basic results. In Chapter 2 we will introduce the new
definitions and techniques that will be used in this dissertation. Chapter 3 and 4
will have our main results regarding the Hamiltonian path problems on 2-trees, and

Chapter 5 will conclude the dissertation with future work.

1.1 Problem Description

The Hamiltonian path problem (HP) is to determine whether or not a given graph
has a Hamiltonian path, i.e., a spanning path in the graph. Two variations of this
problem, 1HP and 2HP, determine whether a given graph has a Hamiltonian path

fixing one or two given vertices, respectively, as endpoints.

The 1HP problem is known to be polynomially solvable on interval graphs, cographs,
and biconvex graphs. It is known to be NP-complete on chordal and comparability
graphs. The complexity of the 1THP problem is unknown on both permutation graphs
and convex graphs. The complexity of the 2HP problem is unknown on interval

graphs [2], though it is known to be polynomially solvable on cographs [3].

For k-trees, a subclass of chordal graphs, HP, 1HP, and 2HP problems are poly-
nomially solvable. They fall into the class of partial k-trees, graphs with treewidth

at most k. The Hamiltonian path problem is polynomially solvable on graphs with



bounded treewidth [T1], using FPT algorithms, or algorithms which are fixed param-
eter tractable. Since adding a pendant edge to a k-tree keeps the graph in the class of
partial k-trees, we can solve the 1HP and 2HP problems by adding a pendant edge to
a given path endpoint and running the Hamiltonian path algorithm for partial k-trees

on the resulting graph.

In [23], Renjith and Sadagopan give a linear-time algorithm for Hamiltonian paths
in 2-trees. They also discuss some structural qualities of 2-trees having a Hamilto-
nian path. Most of their results involve multiple algorithms and structures of a graph,
which is not a 2-tree, formed from the algorithms. In Chapter 4, we will take a differ-
ent approach, by using toughness properties and results from the 2HP problem to give
a list of forbidden induced sub-2-trees for which a 2-tree will not have a Hamiltonian
path.

In this dissertation, we will give structural conditions of 2-trees and forbidden in-
duced subgraphs for Hamiltonian paths not to exist in 1HP, 2HP, and the traditional

Hamiltonian path problem.

1.2 Basic Definitions and Results

Definition 1.2.1. A graph, G, is Hamiltonian if G contains a Hamiltonian cycle.
We will use the following notations for the 1HP and 2HP problems.

Definition 1.2.2. Given a graph G and x1 € V, an x;-Hamiltonian Path in G is

a Hamiltonian path which either begins or ends with xy.

Definition 1.2.3. Given a graph G and x1,xs € V, an (x,x; )-Hamiltonian Path

wn G is a Hamiltonian path between x1 and x-.
Our focus for these problems will be on 2-trees, which are k-trees for k = 2.
Definition 1.2.4. [2]] Define a k-tree as follows:

o K, the complete graph on k vertices, is a k-tree, and

o [fG is a k-tree, then the graph formed by adding a vertex adjacent to all vertices

i a k-clique in G is a k-tree.



Subgraphs of k-trees are called partial k-trees. A simplicial vertex is a vertex

whose neighbors form a clique. Simplicial vertices in a k-tree have degree k.

Notation 1.2.5. We will use the notation from [7] where S1(G) is the set of simplicial

vertices in G.

Definition 1.2.6. For any graph G = (V, E), and X C V, G| X], the graph induced
by X, has vertex set X, and edge set E' C E such that wv € E' iff wv € E and
u,v € X.

Notation 1.2.7. For any graph G = (V, E) and v € V, G — v denotes G|V — {v}].
Likewise, for S C 'V, G — S denotes G|V — 5.

In [24], Rose also characterizes k-trees as connected graphs which contain a k-
clique but no k + 2-clique, and such that every minimal z,y separator of G is a k-
clique. An z,y separator is a set S C V such that x and y lie in different components
of G- 5.

Stemming from Chvéatal’s conjecture that there exists a ¢y such that every ty-tough
graph is hamiltonian [10], many known results, including those from [7], regarding

Hamiltonian problems in k-trees involve toughness conditions.

Definition 1.2.8. For a graph G = (V,E) and S C V, let ¢(G — S) denote the
number of components in G — S. Then G is t-tough if |S| > t(c(G — S)) for all
cut-sets, S, i.e., S CV such that ¢(G —S) > 1. A set, S such that |S| = t(c(G—95))

15 called a tough set.
Definition 1.2.9. A graph G is 1-path-tough if |S| > (¢(G—S)—1) forall S C V.

The following theorem, originally stated by Chvétal in [10], is well known and can

be found in many graph theory textbooks.
Theorem 1.2.10. [10] If a graph G has a Hamiltonian cycle, then G is 1-tough.
Theorem 1.2.11. If G has a Hamiltonian path, then G is 1-path-tough.

Path tough has also been used in [12] to describe a graph, G, such that for any

nonempty S C V', G — S can be covered by at most |S| vertex disjoint paths.

Closely related to toughness, we will often use the scattering number of a graph

when proving that Hamiltonian paths do not exist in a graph.
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Definition 1.2.12. [7d] The scattering number of a graph G is

5(G) = max  AdG =5 —[s]}

Hence, if G is 1-tough, then s(G) < 0 and if G is 1-path-tough, then s(G) < 1.
Furthermore, if G is a graph for which s(G) > 2, then G does not have a Hamiltonian
path.

Additionally, for graphs with scattering number at least one, the scattering number

of a graph gives a well known lower bound for the path partition number of a graph.

Notation 1.2.13. PP(G) denotes the path partition number of a graph, G, the min-

imum number of vertex disjoint paths required to cover the vertices of G.
The path partition number has also been referred to as the path cover number.

Lemma 1.2.14. For any graph G,

PP(G) 2 max{e(G = U) = |U]}.

The related k-fixed endpoint path partition problem is to determine the minimum
number of vertex disjoint paths required to cover the vertices of G given that each
vertex in a set 1" of k vertices are each endpoints of a path. In [4], Baker gives the
following lower bound for the k-fixed endpoint path partition number of a graph G
with respect to 7' C V(G). This will be helpful when we look at 2HP.

Notation 1.2.15. PP(G;T) denotes the k-fized endpoint path partition number of a
graph G with respect to T C V(G).

Lemma 1.2.16 (Baker, 2013). [4] For any graph G and a set T C V(G),

PP(G;T) > max{e(G — U) — IS},

for S=U—T.

We will begin looking at the Hamiltonian path problems on 2-trees by looking at

the toughness conditions regarding Hamiltonian cycles in k-trees from [7].

Theorem 1.2.17 (Broersma, Xiong, Yoshimoto, 2005). [7] If G # K is a “*-tough
k-tree (k > 2), then G is Hamiltonian.



For k = 2, the above theorem proves that 1-toughness is also a sufficient condition
for 2-trees to have a Hamiltonian cycle. In their proof, the Broersma, Xiong, and
Yoshimoto also prove that there is a cycle which contains all of the edges, e = uw,
for which ¢(G — {u,v}) = 1. For 1-tough 2-trees, this is the only Hamiltonian cycle
in the graph. In Theorem [[.2.23] we will restate and prove Theorem for the
special case when k = 2.

Knowing that 1-toughness is a sufficient condition for a 2-tree to have a Hamil-
tonian cycle, it seemed natural to check if there was a similar 1-path-toughness con-
dition for 2-trees having Hamiltonian paths. For a cocomparability graph, G, G has
a Hamiltonian cycle iff it is 1-tough, and likewise, G has a Hamiltonian path iff it is
1-path-tough [13]. However, while 1-path-toughness is a necessary condition, it is not
a sufficient condition for a 2-tree to have a Hamiltonian path. We build an infinite
class of 1-path-tough 2-trees which do not contain a Hamiltonian path, as demon-
strated in Figure These 1-path-tough 2-trees will not be 1-tough, since clearly if
a l-path-tough 2-tree is also a 1-tough 2-tree, then it will have a Hamiltonian path
by Theorem [1.2.17] So, first we will discuss a few structural conditions to identify
2-trees which are and are not 1-tough. In [19], Markenzon, Justel, and Paciornik refer
to a 1-tough 2-tree as a simple-clique 2-tree or SC 2-tree, but we will refer to these

2-trees by their toughness condition.

Definition 1.2.18. The open neighborhood, Ng(v), of a vertex v, is the set of vertices
adjacent to v in G. We will drop the G, when the graph in question is clear. The
closed neighborhood of a vertex v is N[v] = N(v) U {v}.

Definition 1.2.19. We will say a vertez, v, is adjacent to an edge, uw, if v is
adjacent to both u and w. Furthermore, for any edge, e = uw, the closed neighbor-
hood of e, Ne], will be defined as N[e] = N[u] N N[w], and the open neighborhood
of e, N(e), will be defined as N(e) = N(u) N N(w).

Definition 1.2.20. A t-edge is an edge, e such that |[N(e)| = t.
Remark 1.2.21. A t-edge will be shared by t distinct induced K3’s, or triangles.

The following lemma and its proof are similar to that found in [23] with new

notation. We provide an additional proof here for clarity and completeness.

Lemma 1.2.22. Suppose G # K; is a 2-tree. If vy € E(G) is a t-edge then ¢(G —
{z,y}) =t.



Proof. We proceed by induction on |V (G)| = n. If n = 3, then G = Kj3. Furthermore,
all edges are 1-edges, and the claim is true. Suppose the claim is true for graphs with
n — 1 vertices. Now, consider G a 2-tree with |V(G)| = n. Then there exists a
simplicial vertex v, such that G’ = G — v is a 2-tree with |[V(G’)| = n — 1. Suppose
that v is adjacent to ww in G. If xy # ww,uv,vw, then zy € F(G’), and by the
induction hypothesis, if zy is a t-edge then ¢(G" — {z,y}) = t. Since v is adjacent to
u and w, then v is in the same component as u if x = w or y = w, and v is in the
same component as w if x = v or y = u. So, ¢(G —{z,y}) = ¢(G'—{x,y}) = t. If uw
is a t-edge in G', then ¢(G' — {u,w}) =t, and so in G, since uw is also adjacent to v,
then uw is a (¢ + 1)-edge. Additionally, ¢(G — {u,w}) =t + 1 as v is only adjacent
to v and w. In G, both uv and vw are 1-edges. Furthermore, ¢(G —{u,v}) = 1 since
(G —A{u,v}) = c(G" —{u}) =1, as G is a 2-tree and minimal separators of 2-trees
are 2-cliques. Likewise, ¢(G — {v,w}) = 1. O

Using our new terminology, we can restate Theorem with a structural con-
dition, as Theorem [1.2.23| below.

Theorem 1.2.23. If G # K is a 2-tree, then the following are equivalent:
1. G is 1-tough,
2. G contains no t-edges fort > 3, and

3. G is Hamiltonian.

Proof. (1) = (2)

We will prove the contrapositive. If G contains a t-edge, xy, for t > 3, then ¢(G —
{z,y}) =t >3>2=|{z,y}|, then G is not 1-tough.

(2) = (3)

We will prove, by induction on |V (G)| = n, that if G contains no t-edges for ¢ > 3,
then G contains a Hamiltonian cycle containing all of the 1-edges of G, and hence is
Hamiltonian. If n = 3, then G = K3. G only contains t-edges where t = 1 and G is
Hamiltonian with Hamiltonian cycle containing all 1-edges. Suppose that all 2-trees
with n — 1 vertices and only t-edges for ¢t < 2 are Hamiltonian with Hamiltonian cycle
containing all 1-edges. Now consider G a 2-tree with |V (G)| = n such that G contains
only t-edges for t < 2. Let v be a simplicial vertex of G, adjacent to uw € E(G).
Then by the induction hypothesis, G' = G — v is Hamiltonian and hence contains a

Hamiltonian cycle, C, containing all 1-edges. Furthermore, uw must be a 1-edge in

7



G’, since G contains no 3-edges. Therefore, replacing, uw in C' with (u,v,w) creates

a Hamiltonian cycle C’ in GG, containing all 1-edges.

(3) = (1) Theorem |1.2.10] O

From Theorem [1.2.23], if G is 2-tree which is not 1-tough, then G contains at least
one t-edge, xy, for t > 3. If G is 2-tree which is 1-path-tough, then by the lemma
below, G cannot contain a t-edge, xy, for t > 4. However, there are 2-trees which
are not 1-path-tough which do not contain a t-edge, xy, for ¢ > 4. Furthermore,
there are 1-path-tough 2-trees which do not contain a Hamiltonian path. So, for
Hamiltonian paths in 2-trees, we will not have a necessary and sufficient condition
using t-edges as in Theorem [[.2.23] In Theorem [£.1.15] we will prove necessary and
sufficient conditions for a 2-tree to have a Hamiltonian path, using induced subgraphs.
We could also restate (2) in Theorem using an induced subgraph condition
instead. If G is a 2-tree which contains a t-edge for t > 3, then GG contains an induced
Ky VvV 3K;.

Figure 1.1: Ky V3K

Lemma 1.2.24. If G is a 2-tree and contains a t-edge for t > 4, then G does not

contain a Hamiltonian path.

Proof. Let zy € E(G) be a t-edge for t > 4. Then, ¢(G—{z,y})—|{z,y} =t—2 > 2,
and G is not 1-path-tough. O]

Lemma 1.2.25. Suppose G is a 2-tree and contains a 3-edge, ab, such that ab is
adjacent to two simplicial vertices, vi and vo. Then G has a Hamiltonian path iff

G — vy has a Hamiltonian path with either a or b as an endpoint of the path.

Proof. <= Without loss of generality, assume G — v; has a Hamiltonian path, P,
which begins with a as an endpoint. Then (v, P) is a Hamiltonian path in G.
= Suppose G has a Hamiltonian path, P. Since ¢(G — {a,b}) = 3, then the

endpoints of the Hamiltonian path must lie in two of the three components. Hence

8



at least one of the simplicial vertices must be an endpoint of the path. Without loss
of generality, let v; be an endpoint of the path. Since v; is only adjacent to a and b,
then either a or b follows v; on the path. Since we cannot use v; again on the path,
then the rest of the path must be in G — vy, and hence P — v; is a Hamiltonian path

in G — v; which has either a or b as an endpoint. O]

From the above lemma, we can see that when a 2-tree contains a 3-edge, if there is
a Hamiltonian path, there will be endpoint restrictions. Because of this, in Chapter
3, we begin our investigation looking at the 2HP problem on 2-trees, to extend these

results to the the Hamiltonian path problem on 2-trees.

Definition 1.2.26. A pair of vertices, u,v are called false twins if N(u) = N(v).

Vertices, u,v are called twins if Nu] = Nv], i.e., the vertices are also adjacent.

Definition 1.2.27. Let P, be a path with n vertices. Then PX, the k™ power of P,,
18 a graph which has the same vertex set as P,, but has edges between any vertices

whose distance in P, is at most k.

Note that P? is a 2-tree. In particular, it is a special case of a 2-path graph.
Originally introduced in [22] and further characterized in [19], a 2-tree with exactly

two simplicial vertices is a 2-path graph.

u m U
Figure 1.2: A specific example of a 2-path: P2, with simplicial vertices u and v

Now consider G = PZ. We will form H from G by first adding a false twin of each
of the simplicial vertices of G. Then we will add a pair of simplicial vertices adjacent
to a 1-edge, ab, such that (N[a] U N[b]) N (N]e]U N[f]) = 0, for any 3-edge, ef, as in
Figure



Figure 1.3: Example of a 1-path tough graph with no Hamiltonian path: H was con-
structed by adding simplicial vertices to G = P127, shown in bold, such that
(N[a] UN[b)) N (N[e] UN[f]) =0, for any 3-edges, ab, ef.

This is an example of a 1-path-tough graph which does not have a Hamiltonian
path. The main idea, which will be formally proved in Chapter 4, for why there is no
Hamiltonian path comes from Lemma [1.2.25] and that based on the construction of
H, a Hamiltonian path in H would have three distinct endpoints. Furthermore, if we
construct H from G = P2 with larger n and add more pairs of simplicial vertices with
the same properties as before, then we can create an infinite class of 1-path-tough

graphs which do not contain a Hamiltonian path.

Definition 1.2.28. A graph G is Hamzilton-connected if there is a Hamiltonian

path between all pairs of vertices of G.

Theorem 1.2.29 (Kabela, preprint 2017). [17/ Let k > 3. Every k-tree of toughness

greater than § 1s Hamilton-connected.

The above theorem does not hold for £ = 2. While 1-tough 2-trees are Hamil-
tonian, and contain a Hamiltonian path, they are not Hamilton-connected. Further-
more, even for k = 3, equality does not hold in the above theorem. In [I7], Kabela
gives examples of 1-tough planar 3-trees which do not contain a Hamiltonian path.

Since 1-tough 2-trees are not Hamilton-connected, in Chapter 3, we will discuss
the 2HP problem on 1-tough 2-trees and which pairs of vertices will not be ends of
a Hamiltonian path. We will then use these results to characterize the rest of the
2-trees with fixed endpoints which do not contain a Hamiltonian path. In Chapter 4
and 5 we will extend the results from 2HP on 2-trees to the traditional Hamiltonian
path problem, and 1HP, respectively. In order to describe our results on 2HP, HP,
and 1HP, we will begin the next chapter with a new toughness definition and special
induced subgraphs of 2-trees which will help us define induced subgraphs which will

not contain a Hamiltonian path. We will also discuss the types of induced subgraphs,
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which do not contain a Hamiltonian path, and which will prevent a general chordal

graph from having a Hamiltonian path.
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Chapter 2
New Approach

Since toughness and t-edges alone will not be enough to characterize 2HP, HP, and
1HP on 2-trees, we will take a new approach for a characterization by looking at
induced subgraphs of 2-trees and by defining a new property regarding toughness.
In the next chapters, we will introduce families of 2-trees for which there do not
exist Hamiltonian paths, or Hamiltonian paths with specified fixed endpoints. We will
prove in Theorems [3.1.24] [3.2.10] [.1.15] and [£.2.12] that if a 2-tree contains a graph

from these families as an induced subgraph, the 2-tree will not have a Hamiltonian

path. In this chapter, we will define special types of 2-trees, which will be useful in
describing our families of graphs which do not contain Hamiltonian paths.

In general if a graph has an induced subgraph which is not Hamiltonian, we will not
know whether or not our graph is Hamiltonian. In Section 2.1 we will define a special
type of induced subgraph. If a graph has one of these induced subgraphs and is not
Hamiltonian, then our graph will not be Hamiltonian as well. In Section 2.2, we will
define specific 2-trees which will be the building blocks of our families of 2-trees in the
later chapters. In Section 2.3, we will we define our new toughness property which

will help us to prove graphs do not have Hamiltonian paths in later chapters.

2.1 Induced Subgraphs

In [15], Goodman and Hedetniemi prove that 2-connected graphs which do not contain
an induced K3 or N(1,0,0) are Hamiltonian. This is only a sufficient condition for
a 2-connected graph to be Hamiltonian, whereas we will prove both necessary and

sufficient conditions for Hamiltonian paths in 2-trees.

12



A\

(a) Ki3 (b) N(1,0,0)

Figure 2.1: A 2-connected graph not containing |2.1(a)| and |2.1(b)| as an induced subgraph

is Hamiltonian.

Since 2-trees are 2-connected, 2-trees which do not contain an induced Kj3 or
N(1,0,0) are Hamiltonian. Note that a 2-tree which contains a t-edge for ¢ > 3
will contain an induced K 3, so if we are looking at 2-trees which do not contain an
induced K 3, they will be 1-tough. However, we can also have 1-tough, and hence

Hamiltonian, 2-trees which contain an induced K 3 and an induced N(1,0,0), as in

Figure

(a) induced K 3 (b) induced N(1,0,0)

Figure 2.2: Example of a Hamiltonian 2-tree containing an induced K; 3 and N(1,0,0)
where the induced K 3 and N(1,0,0) are bolded

In general, a graph can be Hamiltonian even if it contains an induced subgraph
which is not Hamiltonian. For example, a cycle is Hamiltonian, but no induced sub-
graph of a cycle is Hamiltonian. Even for the class of 2-trees, a Hamiltonian 2-tree
can contain an induced subgraph which is not Hamiltonian, and so in this chapter
we will present sufficiency conditions for which an induced subgraph which is not

Hamiltonian will mean the chordal graph which contains it will not be Hamiltonian.

Consider the following 2-path, GG, where all vertices are adjacent to a degree seven

vertex.

13



Figure 2.3: A 2-path, G, for which all vertices are adjacent to a degree seven vertex

Then G[V(G) — v] below is an induced subgraph. Furthermore, G[V(G) — v] is

not Hamiltonian as it contains a cut-vertex, and hence is not 1-tough.

Figure 2.4: G[V(G) — v] corresponding to G in Figure 2.3

Definition 2.1.1. Let G be a k-tree. If H is an induced subgraph of G, which is also

a k-tree, then H will be called an induced sub-k-tree.

If we consider a 2-tree, G, which has an induced sub-2-tree, H, such that H does
not contain a Hamiltonian path, then G also does not contain a Hamiltonian path.
We will prove this below, though it is worthwhile to note that a parallel statement

will not hold for chordal graphs in general.

Consider the class of chordal partial 3-trees, ¥, which like 2-trees can be con-

structed recursively as follows:
1. Kyisin %, and

2. If Gisin ¥ , then the graph formed by adding a vertex adjacent to all vertices

in a 2-clique or a 3-clique in G is in %

Now consider G in Figure below. We can see that G € € by considering the
edge labelled 87, the ‘start’ and adding vertices to the graph in decreasing consecutive

order follows (2) in the recursive definition. Then G is Hamiltonian, with Hamiltonian

14



cycle (6, 5, 1, 8,2, 7, 4, 3, 6). However, we can find an induced subgraph of G which

remains in the class of €, which is not Hamiltonian.

6

o¢ 7

Figure 2.5: Hamiltonian G € €

The graph G[V(G) — 4] is a well known 1-tough graph which is not Hamiltonian
and furthermore, G[V(G) — 4] is an induced subgraph of G which is also in %

6

o »7

Figure 2.6: G[V(G) — 4] € € corresponding to G in Figure which is not Hamiltonian

A well known property of chordal graphs, which will help us distinguish between
types of induced subgraphs, is that the vertices of a chordal graph can be labelled
with a simplicial elimination ordering. A simplicial elimination ordering is also often

called a perfect elimination ordering.
Definition 2.1.2. A labelling (vy, ..., v,) is a simplicial elimination ordering of
a graph G, if v; is a simplicial vertex in G;_; where G = Gy and G; = G;_1 — v;.

Definition 2.1.3. Let H be an induced subgraph of G. H will be called an SEO-
induced subgraph if there exists a simplicial elimination ordering, (vy, ..., v,), of G,
such that H = G[{v;, vit1, ..., n }].

15



Lemma 2.1.4. Let G be a chordal graph with simplicial vertex v.

1. If G—v does not have a Hamiltonian path, then G does not have a Hamiltonian

path.

2. If G —v does not have a Hamiltonian cycle, then G does not have a Hamiltonian

cycle.

3. If G — v does not have an (x1, z5)-Hamiltonian path, then G does not have an

(21, x2)-Hamiltonian path.

Proof. (a) Suppose that G has a Hamiltonian path, P. If v is an endpoint of the P,
then P — v is a Hamiltonian path in G —v. Now suppose that v is preceded by u and
followed by w on P. Since v is simplicial, then v and w must be part of a clique, and
hence are adjacent. Thus, replacing uv,vw on P with uw yields a Hamiltonian path

in G — v. The proofs of (b) and (c) are similar. O

Corollary 2.1.5. Let G be a chordal graph. If G contains an SEO-induced subgraph
which does not contain a Hamiltonian path, then G does not contain a Hamiltonian
path.

Remark 2.1.6. Note that G[V(G)—4] in Figure[2.6 is not an SEO-induced subgraph
of G in Figure for any simplicial elimination ordering since the vertex labelled 4

18 not simplicial in G.

Proposition 2.1.7 (Proskurowski, 1980). [22] Given a k-tree ) and any k-clique B
of Q, @ can be constructed from B by the iterative method of Definition |1.2.4)

Remark 2.1.8. Labelling the base subgraph (n,...,n — k + 1), in Proposition
and successive simplicial vertices in the construction in decreasing consecutive order

will yield a simplicial elimination ordering.

Lemma 2.1.9. Let G be a k-tree. If H 1s any induced sub-k-tree of G, then H is an
SEO-induced subgraph of G.

Proof. We will induct on |V(H)| = m < |V(G)| = n. If m = k, then H is a k-
clique. Then from Proposition 2.1.7, the claim is true. Now suppose that for any
induced sub-k-tree with m — 1 vertices, that the claim is true. Now, suppose H is
an induced sub-k-tree of G such that |V (H)| = m. Let w be a simplicial vertex in
H. Then H — w is an induced sub-k-tree of G such that |V(H — w)| = m — 1. By

16



the induction hypothesis, there exists a simplicial elimination ordering, (vy,...,v,),
of G, such that H — w = G{vn—m+2, Un—m+3, ---, Un }]. If w is labelled v,_,,41, then
H = G{vn—m+1, Vn—m+2, Un—m+3, ---, Un }] is an SEO-induced subgraph with the same
labelling. If w is labelled v; # vp_m+1, then reduce by one all labels from v;;; to
Un—m+1 and relabel w as v,_,,4+1. Note that w cannot be adjacent to any vertices
with labels from v;1; to vp_m41 or w = v; would have degree more than k in G;_;,
contradicting that w is simplicial. So, the new labelling will still be a simplicial
elimination ordering and H = G[{vn_m11, Vn—m+2, Un—m+3, ---» Un }] is an SEO-induced

subgraph under the new labelling. O]

Corollary 2.1.10. Let H be a k-tree which does not contain a Hamiltonian path. If

H is an induced sub-k-tree of G, then G also does not contain a Hamiltonian path.

Corollary 2.1.11. Let H be a k-tree, with x1, x5 € V(G), which does not contain an
(x1, xo)-Hamiltonian path. If H is an induced sub-k-tree of G, then G also does not

contain an (x1,xe)-Hamiltonian path.

Corollary 2.1.12. If H is an induced sub-k-tree of G, then G can be constructed
from H by the iterative method of Definition |1.2.4).

2.2 Special Induced Sub-2-trees

In order to describe the sub-2-trees which we will later prove prevent 2-trees from
having a Hamiltonian path, we will use graph amalgamation on disjoint graphs to

create a connected graph as defined in the following definition.

Definition 2.2.1. Given two disjoint graphs Gy = (Vi, Ey) and Gy = (Va, Es), an
amalgamation, G, of G1 and G,, will be constructed by identifying x € Vi and y € Vs
such that if G = (V, E),

then V = (Vi —z)U (Vo —y) U {2}

and E ={ab: a,b# z,y and ab € E1UE}U{az : a # x,y and ax € FEy or ay € Ey}.
This will be called the the amalgamation of x and y, and z will be called

the (x,y)-amalgamated vertex.

Definition 2.2.2. A diamond graph is a K, with one edge removed. The 2-edge
of the diamond will be called the central edge.
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bo

Figure 2.7: D, a diamond graph

Definition 2.2.3. Let Dy = Dy((), the 0-split diamond, be a diamond graph with the
vertices on the central edge labelled co and ¢y, and the other two vertices with labels
to and by.

Given an s > 1 and R C {1,2, ..., s}, such that |R| = r, the s-split diamond with
respect to R is denoted Ds(R) and is formed from Ds_1(R—s) by adding csy1 adjacent
to

(a) ts_.cs and adding b, adjacent to cscsiq if s € R, and
(b) bycs and adding ts_, adjacent to cscsyq if s ¢ R

The vertices {cg, 1, ...., cs11} will be called central vertices, ¢y and cs,1 will be called
exterior central vertices, and the path the central vertices form will be called the
central path of the s-split diamond. The vertices {tg,t1,...,ts .} will be called

top vertices and {by, by, ..., b, } will be called bottom vertices.

Remark 2.2.4. We could create isomorphic graphs using different sets for R. For
example, if R ={s+1—1i:1€ R}. Then Ds(R) is isomorphic to Ds(R’).

Remark 2.2.5. The diamond graph is a 1-tough 2-tree, and since Di(R) and is
formed from Ds_1(R — s) by adding two simplicial vertices to Ds_1(R — s), such that
there are no t-edges for t > 3, then Ds(R) is a 1-tough 2-tree, Vs, R.

We can see an example of this recursion as follows. Consider the 4-split diamond,
D4({1,3,4}) below.
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Figure 2.8: Example of an s-split diamond : D4({1,3,4})

From D,({1,3,4}) we can create two different 5-split diamonds, D5({1,3,4}), and
Ds({1,3,4,5}), pictured below. In either case, we are adding two simplicial vertices
to create an additional diamond which shares an edge with the 4-split diamond, and

whose central edge extends the central path of the 4-split diamond.

Figure 2.10: Example of an s-split diamond : Ds5({1,3,4,5}) constructed from
D4({1,3,4})
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Definition 2.2.6. Let D} (Ry),....D7" (R,,) be disjoint sq, ..., Spm-split diamonds re-

spectively with |R;| = r;. Denote the central vertices of D', {c{,c},..,c, .1}, the top

vertices of D, {t,11,...,t. _, }, and the bottom vertices of D*, {bj,b},..,b.} . Then

an £-string of diamonds, for { = sy + s + ... + s, + m will be formed as follows:
1. Amalgamate ¢, | with et to form z; and call z;

the (D!, D*t1)—amalgamated vertez..
2. Then add exactly one of the following:

(a) A path between bl and bitt such that each vertex of the path is also adjacent

to z;, or

(b) A path between t! and t5™ such that each vertex of the path is also

S§;—T;

adjacent to z;
An l-string of diamonds will be denoted

D! (x1,0); D2 (22, 65); ... D;r:,;_l (1, lm-1); D"

s1) s27 1’7

where x; =t if there is a path between t. _. and tot a2, = b if there is a path between
bii and bytt, and (; is the length of that path.

The path formed from the central paths of the sq, ..., Sy, -split diamonds and the amal-
gamated vertices, (¢}, ...., C;I,zl, oy Zm—1, T o et 1) will be called the central path

of the £-string of diamonds.

Remark 2.2.7. The paths in (2a) and (2b) above are added so that an (-string of

diamonds is a 2-tree.

Figure 2.11: Example of an 8-string of diamonds, Dy;(¢,1); D5({1,3,4}); (¢,3); Do, with

amalgamated vertices shown as larger vertices

In this dissertation, we will be introducing families of forbidden induced sub-2-

trees, with and without fixed endpoints, such that if G is a 2-tree, which contains
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an induced sub-2-tree in the family, then GG will not have a Hamiltonian path. Note,
however, that these will be families of forbidden induced sub-2-trees, as was the case
in our example of a 1-path-tough graph which does not contain a Hamiltonian path
(See Figure . In that example, our base graph was P2, where we could create
an infinite family of such graphs just by increasing n. Similarly in our lists, we will
be able create infinite families of forbidden sub-2-trees, by increasing the number of
vertices in a graph and the distance between an endpoint of a Hamiltonian path and a
forbidden substructure. So, in order to create a primitive list of forbidden sub-2-trees,
for which a 2-tree not having a Hamiltonian path must contain, then we will perform

the following graph amalgamation.

Definition 2.2.8. Suppose G is a 2-tree with ab € E(G). Let H be a 2-path with
simplicial vertices x,y, such that x is adjacent to wv. Amalgamate G and H — x by
performing a vertex amalgamation of a and u and then b and v as in Definition|2.2.1.

This process will be called an amalgamation of a y-2-path with ab.

If, for a graph G, we have amalgamated a y-2-path with ab € E(G), it will be
represented with a single curve between y and a and y and b, where G[{a,b,y}] is
some 2-path. An example of an amalgamation of a y-2-path with t3¢? in Dy; (¢,1); Dy

is below.

Zl Cl

Figure 2.12: An amalgamation of a y—2-path with t3¢? in Do; (¢,1); Dy

Then Figures and below are both included in Figure 2.12] Also, if y is
an endpoint fixed for a Hamiltonian path, then neither graphs in Figures and
are induced subgraphs of one another.
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Figure 2.13: Specific example of a graph represented by Figure [2.12

Zl Cl

Figure 2.14: Specific example of a graph represented by Figure[2.12

2.3 A New Toughness Definition

We define a new toughness property which will be helpful in describing when there
will not be a Hamiltonian path between two vertices. This definition will also relate

to the /-strings of diamonds defined in the previous section.

Definition 2.3.1. A tough path from v, to v, is a path P = (vy,va,....,0,)
such that for all i,j € 1,...,n, with i < j and Sy, v; = {Vi, Viy1, --Vj—1,V5}, [Sv,w,| =
(G — Sy w;)-

Remark 2.3.2. If G is a I-tough graph then S, ., is a tough set.

22



Figure 2.15: Example of a tough path: (cg, c1,c2, ¢3, ¢4, ¢5,C6)

The following Lemma and proof are similar to a Lemma and proof for a toughness

inequality in [7].

Lemma 2.3.3. If v is a simplicial vertex in H and G = H — v, then ¢(H — S) >
c(G-=29).

Proof. If ¢(H—S) < ¢(G—19), then v is adjacent to at least two components of G—S.
But since v is simplicial, then N(v) is a clique, and hence all neighbors not in S lie

in the same component, a contradiction. O

Corollary 2.3.4. Let H be a k-tree and S C V(H) such that ¢(H — S) =t. If H is
an induced sub-k-tree of a k-tree G, then ¢(G — S) > t.

Proof. From Lemma [2.1.9] an induced sub-k-tree is an SEO-induced subgraph, so H

can be formed by iteratively removing simplicial vertices. O

Lemma 2.3.5. Let G be a 1-tough k-tree and H be an induced sub-k-tree of G. If P
1s a tough path in H, then P is a tough path in G.

Proof. Since P = (vq,vs,....,v,) is a tough path, then for all i,57 € 1,...,n, with
i < J, |Su;| = c(H — Sy,,,). From Corollary c(G — Suw;) > |Su0;|- But if
i,vjl = c(G — S’Uz’,vj)7
and hence P is a tough path in G. [

c(G — Suv;) > [Su |, then G is not 1-tough, so we must have |5,

Lemma 2.3.6. Let G be a 1-tough 2-tree. If there exists a tough set, U, such that

x1, 29 € U, then G does not have an (x1,x2)-Hamiltonian path.

Proof. Since U is a tough set, then |U| = ¢(G—U). Then ¢(G—U) —|U —{z1,22}| =
oG -U)— (U —-2) =¢G-U)—|U|+2 = 2. Hence, from Lemma [1.2.16]
PP(G;{x1,2z2}) > 2, and there cannot be a Hamiltonian path between z; and z5. [
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Lemma 2.3.7. The central path of an s-split diamond is a tough path.

Proof. We will proceed by induction on s. If s = 0, then we have the diamond graph
Dy with central path, (co, c1), and ¢(Dg — ¢p) = ¢(Dg — ¢1) = 1. Furthermore, since t
and by are both simplicial vertices and adjacent to cycy, then ¢(Dy —{co,c1} = 2, and
so the central path is a tough path. Suppose that the central path of an (s — 1)-split
diamond is a tough path. Now, consider Dy(R). If s € R then b, is simplicial, and
Dy(R) — {br,cs41} = Ds_1(R — s) is an s — 1-split diamond, and hence (cg, ¢y, ..., ¢5)
is a tough path in D,_1(R —s). From Lemmal[2.3.5] (co, c1, ..., ¢5) is also a tough path
in Dg(R). Furthermore, removing ¢, from Ds(R) —{c;, ¢it1, .., cs} for 0 < i < s will
increase the number of components of the graph by one, as b, and t,_, will be in the
same component of Dy(R) — {¢;, ¢ir1,..,Cs}, as they are both adjacent to cgy 1, but
different components of Ds(R) — {c¢;, ¢iy1, .., Cs, Cs11}, since b, is only adjacent cgcqyq.
Hence the central path of Dg(R) is a tough path. The proof is similar if s ¢ R. [

Lemma 2.3.8. The central path of an {-string of diamonds is a tough path.

Proof. We will proceed by induction on the number of amalgamated vertices, 7. If
j = 0, then the (-string of diamonds is an (I + 1)-split diamond, and by Lemma ,
the claim is true. Now suppose that when there are j — 1 amalgamated vertices that
the central path of an /-string of diamonds is a tough path. Now, consider an ¢-
string of diamonds, G = D! ; (z1,01); D2 ; (22, 02); ... (xj-1,€;—1); D? ; (x5, ¢;); DIH?

s17 527 557 Sj+1°

By the induction hypothesis, the central path, P = (c{, ..., c;j+1), of
D5 (w1, 60); D35 (w2, ba); oo (w21, €5-1); DI is a tough path in

B R S

D} (z1,01); D2 ; (22, 0a); s (Tj-1,j-1); ng. Also, by Lemma|2.3.7] the central path,

S17 S27

P = (™, .. ci,ﬁl), of DI*!, is a tough path in DJ*!. From Lemma [2.3.5,

Sj+17
(3 s Oy = 25) and (z; = att ,c’:il) are also tough paths in G. Let S, ; be

S
J

any consecutive subset of vertices from the tough path, P which ends with cgj. In

G—-5,., ngjl is in one component, with some additional vertices. Hence, the
b} SJ

combined path, (P, P' — z;), will be a tough path in G. m

Lemma 2.3.9. Let P = (v, g, ..., 0_1,0,) be a tough path in a 1-tough 2-tree, G.
If v,y is adjacent to viyy in G, for some 2 <i <n—1, then replacing (v;_1, v;, Viy1)

with (vi—1,v;41) forms a tough path P’.

Proof. Let C,,,, be the component of G — {v;_1,v;} which contains v;,1. Since v;_1 is

adjacent to v; 41, then v;_1 € N(v;v;41). If v;_jv;41 is a 1-edge, then v;_; is an isolated
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vertex in G[C

v U Vic10;] — iqq, and then ¢(G — {v;—1, v, v;41}) = 2, contradicting

that P is a tough path. So, v;_1v;41 must be a 2-edge, and ¢(G — {v;_1,v;11}) = 2.
Furthermore, since ¢(G — Sy, 0;) = [Svrw;| and (G — Sy, 0,,) = Sy, 01|, then
C(G - (S'Uk,'Uj - Ul)) - |S’L}k,’L)]' - U’L| D

Definition 2.3.10. A short tough path is a tough path P = (v1,v2, ..., 0p_1, V),
in a 2-tree, G, for which v;_1v;1 ¢ E(G) for any2 <i<n-—1.

Lemma 2.3.11. If P is a short tough path in a I1-tough 2-tree, G, then P is the

central path of an induced {-string of diamonds in G.

Proof. We will proceed by induction on the length, ., of the tough path. If Z=1,
then P = (vy,v2), and since G is a 1-tough 2-tree, then vjvs is a 2-edge in G. Hence,
G[N vy, vs]] is a diamond graph, and a 1-string of diamonds, with central path (vy, vs).
Suppose that the claim is true for tough paths of length . — 1. Now, suppose G’
is a 1-tough 2-tree with short tough path P’ = (vy,v9,...,v¢,ve:1) of length Z.
P" = (v1,v9,...,ug) is a short tough path of length of .Z — 1, and by the induction
hypothesis, P” is the central path of an induced f(-string of diamonds in G’. Let
H = DL ;(x1,01); D2 ; (22, 02); ... DI s (201, bin—1); D2 be the induced (-string of
diamonds, and t',b" be the top and bottom vertices, respectively, adjacent to vy in
Dy . Since H is an induced sub-2-tree, then H is an SEO-induced subgraph of G’,
and hence there is a labelling of the vertices of G’ such that G’ can be constructed
from H as in Definition by iteratively adding vertices {y1, vz, ...., yx} in order
of the labelling. Since P’ is a short tough path, then vy vy ¢ E(G') and so
Vo1 € {y1, Y2, o, Yk} If vy = y; such that i < j for any y; a neighbor of v,
then vy t' € E(G') or vg b € E(G'). Furthermore, vy, ve1 must be a 2-edge in
G’ and so there is another vertex, ' € {y1,ya, ...., yx } adjacent to v, ve,1, and this
forms an [ 4+ 1-string of diamonds. Now suppose v¢,1 = y; such that ¢ > j for at
least one y; a neighbor of ve. Let {y;,,9;,, ...y, } be the vertices that are adjacent
to v where j; < i. Adding the vertices in {y;,,v),,...,¥y;,, } followed by vy, as
in Definition forms a path (¢, y;,, Yjs, --r i Vrs1) O (U351, Yjos oo Yjpss V1)
where all vertices on the path are adjacent to ve. Furthermore, vy, ve, 1 must be a
2-edge in G’ and so there is another vertex, 2’ € {y1, s, ...., yx } adjacent to vy, vy,

and this forms an [ + 1-string of diamonds which is an induced subgraph of G'. [J

Lemma 2.3.12. Let
G = Dj; (t,01); D2 (Ra); (2, €2); -..; (Tm—2, bn—2); DT (Ryp—1); (t, l—1); DY
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Then there is a tough path from t} to t7', a tough path from c} to t3', and a tough

path from t} to .

Proof. G —{c},t},b}} is an (I — 1)-string of diamonds, and hence, by Lemma ,
the central path, P, is a (21, ¢]*)-tough path. Furthermore, by Lemma it is a
tough path in G. Let S, ,, be any consecutive subset of vertices from the tough path
which begins with 21, the (D', D?)-amalgamated vertex. Then, ¢}, ¢}, b}, and t2 are in
the same component of G — S, ,,, but since ¢} is only adjacent to ¢, by, and z;, then
removing t§ from G — S, ,, will add a component. Hence (t}, P) is a (£j, ¢f*)-tough
path. Similarly, there is a (¢}, t3')-tough path which uses the central path from ¢} to
Zm_1, the (D™ D™)-amalgamated vertex. Hence, there is a (z1, tJ')-tough path, P’
which uses the central path from 2; to z,1. Let S, be any consecutive subset of
vertices from the tough path P’ which begins with 2;. Then, ¢, t}, b}, and 2 are in

the same component of G — S/, but since ¢} is only adjacent to ¢}, b}, and z;, then

Z1,w)
removing ¢4 from G — 5., will add a component. Hence (tj, P') is a (I3, ')-tough
path. O

Figure 2.16: A general example of
G = D{; (t,41); D%, (R2); (2, €2); ....; DL (Rpp—1); (b, —1); D" in Lemma

Sm—1
where DEQ (Rg); (xg, 62); ceesd (xm_g,gm_g); Dglill (Rm—l) with z1 = C%

and z;,—1 = c;r:n__ll 41, 1s shown in gray to preserve generality
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Figure 2.17: Specific example of G in Lemma [2.3.12; Dy; (¢,1); D5({1,3,4}); (t,1); Do

Corollary 2.3.13. Let
G = Dg; (t,01); D2 (Ra); (2, 02); -.os (T2, bn—2); DI (Ry—1); (b, bn—1); Dt Then

there is a tough path from t} to bJ', a tough path from c} to b7, and a tough path from

1 m
ty to cf".

Figure 2.18: A general example of
G = Df; (t,01); D2,(Ry); (w2, 42); ...; DT L (Rpp—1); (b, ln—1); D" in Corol-

lary [2.3.13
where DEQ (RQ); (xg, gg); cees} (xm_z,gm_g); Dg’:nill (Rm—l) with z1 = C%

and z,—1 = CZ:,;_ll 41, is shown in gray to preserve generality

Corollary 2.3.14. Let
G = Dy; (t,01); D7, (Ra); (w2, £2); s (T2, bm—2); DI (Rin1); (t, bn1); D Then

Sm—1
G does not have a (t,t3"), (cb,t0), or (¢}, c*)-Hamiltonian path.
Corollary 2.3.15. Let
G = Dg; (t,01); DEQ(R2); (2, €2); s (Tm—2s lmn—2); DZZ;ﬁ(Rm_l); (0, €m—1); Dg*. Then

G does not have a (t,b7"), (¢}, bF"), or (t}, ¢*)-Hamiltonian path.
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In addition to tough paths, some 2-trees will not have a Hamiltonian path because
there exists a t-edge, ab, t > 2, and a component C' of G—{a, b}, such that G|[CU{a, b}]

does not have a Hamiltonian path. The following lemmas describe these cases.

Lemma 2.3.16. Let G be a 2-tree, and x1,29 € V(G). If there exists ab € E(G)
such that:

1. x1 and x5 lie in different components, C,,, C,,, respectively, of G — {a,b} and

2. In G[V(Cy,) U{a,b}] there is no (x1,a)-Hamiltonian path and no
(x1,b)-Hamiltonian path,

then G does not have an (x1,x2)-Hamiltonian path.

Figure 2.19: Graph G corresponding to Lemma [2.3.16| where the dotted section of the

graph represents any 2-tree to preserve generality

Proof. Suppose that G has an (z1, z2)-Hamiltonian path, P, but in G[V (C,,)U{a, b}]
there is no (1, a)-Hamiltonian path and no (zy, b)-Hamiltonian path. Then, P must
alternate between vertices from V(C,,) and V(C,,) using {a,b}, beginning with z;
and ending with xo. However, P cannot switch from vertices in V(C,,) to V(C,,)
and then back to V(C,,), as then a and b would be used in the path already, and
there would be no path back to C,,. So either:

(a) There is an z;-Hamiltonian path, Py, in C,, and an xo-Hamiltonian path, P, in
Cy,, and P = (Py,a,b, Py) or P = (Py,b,a,P,), or

(b) There is an z;-Hamiltonian path, P, in C,, and two paths, Py and Psy in C,,,
and P = (Pl,a,,Pgl,b7P22> or P= (Pl,b,Pm,a,ng), or

(c) There are two paths, Pj; and Pjp in C,,, and an xo- Hamiltonian path, P, in
CzQ, and P = (Pll,a, P12,b, PQ) or P= (Pll,b, Plg,a,Pg).
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In (a) and (c), P begins with an (z1,a) or (x1,b)-Hamiltonian path in G[V(C,,) U
{a,b}], a contradiction. In (b), there is an x;-Hamiltonian path, P, in C,, which
connects to either a or b. Since a is adjacent to b, then (P, a,b) and (P, b, a) are (z1,b)

and (x1, a)-Hamiltonian paths, respectively, in G[V (C,,)U{a, b}], a contradiction. [

Corollary 2.3.17. Let G be a 2-tree, and x1,xo € V(G). If there exists ab € E(G)
such that:

1. 1 and x5 lie in different components, C,,, C,,, respectively, of G —{a, b}, and

2. In G[V(C,,) U{a,b}] there is a tough path from zy to a and a tough path from

xr1 to b,
then G does not have an (x1, z3)-Hamiltonian path.

Lemma 2.3.18. Let G be a 2-tree, and x1,x5 € V(G). If there exist ab,cd € E(G)
such that:

1. xy and x4 lie in different components of G — {a,b} and G — {c,d}, and

2. In G —{a,b,c,d}, 1,25 lie in Cy,,C,,, respectively, such that in G[V(G) —
V(Cy,) — V(Cy,)] there are no (a,c), (a,d), (b,c), or (b,d)-Hamiltonian paths,

then G does not have an (x1,x2)-Hamiltonian path.

Figure 2.20: Graph G corresponding to Lemma [2.3.18] where the dotted section of the

graph represents any 2-tree to preserve generality

Proof. From [24], G[V(G) -V (C,,)] is a 2-tree. By Lemma|2.3.16} there is no Hamil-
tonian path between a and x5 in G[V(G) —V(C,,)] and there is no Hamiltonian path
between b and 5 in G[V(G)—V(C,,)]. Hence, Lemma[2.3.16] there is no Hamiltonian

path between x; and x. O
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Corollary 2.3.19. Let G be a 2-tree, and x1,x2 € V(G). If there ezist ab, cd € E(QG)
such that:

1. xy and x4 lie in different components of G — {a,b} and G — {c,d}, and

2. In G —{a,b,c,d}, x1,25 lie in Cy,,C,,, respectively, such that in G[V(G) —
V(Cyy) — V(Cy,)] there are tough paths from a to ¢, a to d, b to ¢, and b to d,

then G does not have an (x1, z5)-Hamiltonian path.

30



Chapter 3

2HP

Since the Hamiltonian path problem on 2-trees can be reduced to the 2HP problem on
2-trees, we will first prove results for 2HP on 2-trees to later extend to the Hamiltonian
path problem on 2-trees. Since we know that 1-tough 2-trees contain a Hamiltonian
path, we begin our investigation of 2HP with 1-tough 2-trees in Section 3.1. We
will begin this section by defining a family, .#!, of 1-tough 2-trees, with specified
vertices, x; and x5, which we will later prove contain no (z1,xs)-Hamiltonian path.
In Theorem [3.1.24] we will also prove that a 1-tough 2-tree which does not contain,
as an induced sub-2-tree, one of the graphs, with specified vertices, z; and x5, in .#1,
will have an (z1, z5)-Hamiltonian path.

We will then extend the results from Section 3.1 to the 2HP problem on 2-trees
with scattering number at most one, in Section 3.2. We will begin this section by
defining a family, .%2, of graphs, with specified vertices, x; and x5, which contains .Z1,
and for which we will later prove contain no (zi, z2)-Hamiltonian path. In Theorem
[3.2.10] we will also prove that a 2-tree with scattering number at most one, which
does not contain, as an induced sub-2-tree, one of the graphs, with specified vertices,

71 and @9, in Z 2, will have an (z;, T9)-Hamiltonian path.

3.1 2HP on 1-tough 2-trees
Definition 3.1.1. Define #' = {F,, F}, F!, F;, F}, F}} where:
(a) F! is constructed from Dy by:

(i) Adding a simplicial vertex adjacent to coty, and

31



(ii) Amalgamating an xo-2-path with toc;.

to
X2

1 = C C1

Figure 3.1: An example of F}

(b) F} is an (-string of diamonds,
Dl (xy,01); D2 ;s (29, 02); .5 ng;l s (Tm1,lm-1); DY, with v1 = &

517 527 1’

— M
and xo =3’ 4.

X X2

Figure 3.2: An example of F: D5({1,3,4,5}) with 21 = ¢} and 25 = ¢}

(c) Fl is constructed from
D} (Ry); (@1, 61); o5 (T2, b—2); DI (Rpyy1); (8, by ); DY, m > 2, where

Sm—1

T = ¢}, by amalgamating an xq9-2-path with t7c".
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Figure 3.3: A general example of F!:
D (R1); (x1,01); -5 (m—2, bm—2); DI (Ryp—1); (£, b —1); D"

Sm—1
1

m > 2, with an amalgamated x2-2-path and such that z1 = ¢;
where D;l (R1); (21,01); s (T2, b —2); D™ L (Rpp—1), with 21 = ¢}

Sm—1

and z;,—1 = cg'fn_}l 41, 1s shown in gray to preserve generality

Figure 3.4: An example of F!: D5({1,3,4,5});(t,1); Dy with an amalgamated x2-2-path

and such that z; = c(l)

(d) Fj is constructed from
Dy; (t,01); D2,(Ry); (22, €2); .o (T2, bn—2); DI (Rin—1); (t, bn—1); DY, m > 3,
by:
(1) Amalgamating an z1-2-path with tic}, and

(ii) Amalgamating an xo-2-path with t{ .

OR

F} is constructed from
Dy; (t,01); D2 (Ry); (22, £2); s (T2, ln—2); DT (Ryn—1); (b, €ra—1); DY,
m > 3, by:
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(1) Amalgamating an x-2-path with ticy, and

(i) Amalgamating an xo-2-path with by'cy".

Figure 3.5: A general example of F dl:
Dg; (t,61); D2, (R2); (22, £2); - (Tm—2, ln—2); DT~ (Rin—1); (¢, bm—1); D’

Sm—1

m > 3, with amalgamated x; and zs-2-paths
where DEQ(R2); (.%2,62); L (xm—27£m—2); Dl (Rm—l) with 21 = 0(2)

Sm—1

and z;,—1 = c?jll 41, is shown in gray to preserve generality
m—

Figure 3.6: An example of FC}: Dy; (t,1); D5({1,3,4,5}); (t,1); Dy with amalgamated 1
and x9-2-paths
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Figure 3.7: A general example of F C%:
Dg; (t,41); D2, (Ra); (w2, £2); -..s (Tm—2, lm—2); DT (Rin—1); (b, €m—1); D’
m > 3, with amalgamated x; and z9-2-paths
where D§2 (R2); (22,02); oo; (Tm—2, bm—2); Dsmn;ll(Rm_l) with 21 = ¢}

and z;,—1 = cg‘n__ll 41, 1s shown in gray to preserve generality

Figure 3.8: An example of F}: Dy;(t,1); D5({1,3,4,5}); (b,1); Dy with amalgamated z;
and xo-2-paths

e) Flis constructed from G = D}; (t,1); D2 by amalgamating an x,-2-path with ticg,
e 0 0 0%
amalgamating an xo-2-path with tict, and by adding a simplicial vertex adjacent

to th, t2.
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Figure 3.9: Example of F!, D{;(t,1); D3 with amalgamated z; and xa-2-paths and a

simplicial vertex adjacent to t,t3

(f) F} is constructed from G = Dy; (t,£); D§, for 1 > 2 by amalgamating an x,-2-path

with tich and amalgamating an xy-2-path with tic3.

T T2

bo U

Figure 3.10: An example of F}, D(l); (t,2); D% with amalgamated x; and x2-2-paths

Lemma 3.1.2. The graph F! does not have an (1, xs)-Hamiltonian path.

Proof. The paths (x1 = ¢o,t9) and (21 = cg, ¢1) are tough paths. Furthermore, x; and
x5 are in different components of F! — {ty, ¢;}, and hence, by Lemma [2.3.16| there is

no (z1, z2)-Hamiltonian path. O
Lemma 3.1.3. The graph F}' does not have an (1, xs)-Hamiltonian path.

Proof. From Lemma [2.3.8] there is a tough path from z1 = ¢f to zo = ¢" ;. Hence,
from Lemma [2.3.6] there is no (x1, z2)-Hamiltonian path. O

Lemma 3.1.4. The graph F! does not have an (x1,xs)-Hamiltonian path.
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Proof. From the proof of Lemma [2.3.12] there is a tough path from ¢} to ¢J'. From
Lemma [2.3.8, there is a tough path from ¢} to ¢". Furthermore, ¢} and z, are
in different components of F! — {t7",¢"} and hence, by Lemma [2.3.16] there is no

(z1 = ¢}, x2)-Hamiltonian path. O
Lemma 3.1.5. The graph F} does not have an (x1,z2)-Hamiltonian path.

Proof. If F} is constructed from
Dg; (t,01); D2 (Ry); (21, 62); oo (@1, bn—2); DT (Rin—2); (¢, bin—1); DY,

Sm—2
then from Lemma [2.3.12] there are tough paths from ¢§ to ¢{', from tj to ¢}*, and
from ¢ to ¢j. Likewise, if F)] is constructed from

Dg; (t,61); D3, (Ra); (1, L); ois (T, bn—2); DL (Rin—2); (b, €1 ); D

then from Corollary [2.3.13 there are tough paths from t} to b, from t} to ¢}, and
from ¢} to bf'. From Lemmal[2.3.8] there is a tough path from c} to ¢*. Furthermore,
if F} is constructed from

Dg; (t,01); DF (Ra); (21, £2); v (Tt bn2); DI (Rin2); (£, bn1); Dy

then z; and x5 are in different components of F} — {t},c}} and F} — {t7", ¢}, and
hence, by Lemma , there is no (1, z2)-Hamiltonian path. Likewise, if F}] is
constructed from

D57<t7€1)aD§1<R1>7('x17€2)1a(xmflag ) D7~ 1(Rm72);<b7€m71)'DgLa

Sm—2

then z; and xy are in different components of F} — {t{,c} and F} — {b7, ¢}, and
hence, by Lemma [2.3.18] there is no (z1, x2)-Hamiltonian path. H

Lemma 3.1.6. The graph F! does not have an (x1, xo)-Hamiltonian path.

Proof. The paths (£}, z1,t2), (cb, z1,¢2), (t3,21,¢3), and (c}, 21,t2) are tough paths.
Furthermore, 1 and x5 are in different components of F! — {t}, ci} and F} — {t2, #},
and hence, by Lemma [2.3.18] there is no (x;, z3)-Hamiltonian path. ]

Lemma 3.1.7. The graph F} does not have an (x1, x5)-Hamiltonian path.

Proof. The paths (¢}, 21,3), (3, 21,¢1), (83, 21,¢1), and (¢}, 21,t3) are tough paths.
Furthermore, 2, and z, are in different components of F} — {tg, cg} and F} —{t5, ci},
and hence, by Lemma [2.3.18] there is no (xy, z3)-Hamiltonian path. O

3.1.1 Paths in /-strings of diamonds

Definition 3.1.8. A forced edge, ¢ = uv, is an edge that must be used in the
Hamiltonian Path (if one exists). Incident forced edges form a forced path.
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Since G is a 2-tree, simplicial vertices have degree 2, and hence lie on a forced
path if they are not endpoints of the path. To simplify the graphs we are considering,
we use a reduction process on our graphs which contracts sections of the graph where
there is a forced path. This process is similar to that used when reducing a series-
parallel network of resistors. These series-parallel networks are partial 2-trees and
this reduction method has been used to find the resistance in the network. It has also
been used to find the probability that a communication network will work. In both

cases the edges are labelled with weights: resistance, and probabilities, respectively

.

Notation 3.1.9. Let (G, u,v) denote a 2-tree, G, withu,v € V(G), and let ST(G, u,v)

denote the set of simplicial vertices in G — {u,v}.

Definition 3.1.10. Given a I-tough 2-tree, G, such that G # K3, then the reduced
graph of (G,u,v), is formed using the following algorithm:

1. Let w € S;(G,u,v), and x,y the neighbors of w. If G —w # K, remove w and
turn the edge xy into a forced edge.

2. Repeat (1) for all w € S}(G,u,v). Define the resulting graph to be G7.

3. For i > 2, let S} = S7(GF_{,u,v) where Gi_, # Kj is the graph formed by
repeating (1) for G = Gf_, and for all w € ST(G}_,,u,v).

Repeat (3) for alli = 2,3, ..., j for j such that S} = () or G5 = K. This is the reduced
graph of (G, u,v).

For F the set of forced edges, let (H,u,v, F') denote the reduced graph of (G, u,v), for
G a 1-tough 2-tree.

Since simplicial vertices in 2-trees are not adjacent [7], when we remove the ver-
tices in each S}, regardless of order, we will end up with the same graph, unless
removing all vertices in S} results in K5. In this case, if we change the order of

removal of vertices, we will end up with different, but isomorphic graphs.

Furthermore, the reduction process removes all simplicial vertices other than the

two given endpoints, and hence the resulting graph is a 2-path.
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In order to describe a Hamiltonian path in a 2-path graph, we will use a specific

simpliical elimination ordering to create a labelling for our vertices.

Definition 3.1.11. Algorithm for labelling a 2-path:
Let H be a 2-path with simplicial vertices, {u,v}, with |V(H)| = n.

1. Label {u,v} with 1 and n. Remove vertez labelled 1.

2. Label the new simplicial vertex (not the one labelled n), consecutively and re-

move.
3. Repeat (2) until all that remains is a K.

4. Label the last K3 by starting with the original 2-path (labels intact) and removing
the vertex labelled n. Label the new simplicial vertex (which is not labelled) with

n — 1. Label the remaining vertex n — 2.

Remark 3.1.12. Since simplicial vertices in G — S1(G) are adjacent to vertices in
S1(G) [7], vertices that are consecutively labelled will be adjacent. Hence, following

the ordering in the labelling algorithm consecutively will yield a Hamiltonian path.

Definition 3.1.13. [22] A k—caterpillar, P, is a k-tree in which deletions of all

simplicial vertices results in a k-path.

Definition 3.1.14. Let (H, z1,xs, F') be the reduced graph of (G, z1,x2). The cater-
pillar representation, (H', x1,x2), of a graph (G,x1,xs) is created by adding |F|
simplicial vertices to (H, 1, xo, F'), making each vertex adjacent to exactly one forced

edge, and changing all forced edges back to reqular edges.

Remark 3.1.15. (H',z1,x2) could also have been constructed by removing one less
simplicial vertex from each of the forced edges in the reduced graph algorithm, though
it would be more difficult to define. Furthermore, since H is a 2-tree, then H' is also
a 2-tree and since the forced edges were changed back to regular edges, (H',x1,x2) is

an induced sub-2-tree of (G, x1,x2).

Remark 3.1.16. Since x; and x4 are simplicial in (H,x1,x9, F'), then they are inci-
dent to at most two forced edges, and hence in (H' x1,x5), they have degree at most

four.
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Lemma 3.1.17. Let G be a 1-tough 2-tree with x1,x9 € V(G). Let (H,x1,x2,F)
be the reduced graph of (G,x1,x2) and (H', x1,x9) the caterpillar representation of

(G,x1,x9). Then the following are equivalent:
1. G has an (xy, x2)-Hamiltonian path,
2. (H',x1,x2) has an (x1, x2)-Hamiltonian path, and
3. (H,x1,x9, F') has an (x1, z2)-Hamiltonian path which uses all of the edges in F.

Proof. (1)= (2)
Suppose (H',x1,x9) does not have an (x1,xs)-Hamiltonian path. Since (H',xq,x2)
is an induced sub-2-tree of (G, 1, x3), then by Corollary [2.1.10] G does not have an

(x1, x9)-Hamiltonian path.

(2) = (3)
Suppose (H',x1,x2) has an (z1, x2)-Hamiltonian path, P. Let v # x1, 25 be a sim-
plicial vertex with neighbors u and w. Then P = (z1,...,u,v,w,...,xs) or P =
(1, ...,w,v,u,...,x9). Furthermore, because H' is a 2-tree, then uww € FE(H'), and
from the reduction algorithm ww € F. Replacing (u, v, w) or (w,v,u) by (u,w) in P,
then P is a Hamiltonian path using exactly one forced edge. Repeating this process

for all S}(H',z1,x5), then P will be a Hamiltonian path in (H, 21, x9, F).

(3) = (1) Suppose (H, x1, z2, F') has an (21, x2)-Hamiltonian path, P, which uses
all of the edges in F. Consider zy € F. In (G, x1,x3), zy is incident to at least one
vertex, v, which is not in (H,z1,xq, F') so that ¢(G — {z,y}) = 2. Let C, be the
component of G — {x,y} which contains v. From [24], G[C, U zy] is a 2-tree, and
from Lemma [1.2.23] it is also 1-tough and so it contains a Hamiltonian cycle C. In
G[C, U xy], zy is a 1-edge and hence lies on C. Thus, there is a Hamiltonian path,
P’ in G[C, U zy] from z to y, and we can replace xy in P with P’. Repeating this
process for all f € F' will yield a Hamiltonian path in (G, zy, z3). O

Lemma 3.1.18. Let (H',x1,x5) the caterpillar representation of (G, xq,xs), where
G is a 1-tough 2-tree. If (H' x1,25) is a 2-path, then (H' z1,x2) has an (z1,x3)-

Hamiltonian path.

Proof. 1t (H', x1,x2) is a 2-path, then the caterpillar representation is the same as the

reduced graph, and hence the reduced graph does not have any forced edges. Thus,
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taking the specified simplicial ordering from Definition [3.1.11] in consecutive order
will yield a Hamiltonian path. ]

Lemma 3.1.19. Let (H',z1,x3) the caterpillar representation of (G, x1,xs), where
G is a 1-tough 2-tree. If (H',xy1,x2) has an (x1,x2)-Hamiltonian path, and xixs is

not a 1-edge in (H', x1,x3), then x1,x9 have degree at most three in (H' x1,x3).

Proof. Suppose that in (H', x1, z2), x1 has degree four. If xyx9 is a 2-edge in (H', x1, z3),
then (z1,x2) is a trivial tough path, and hence (H', z1, z5) does not have an (x1, z3)-
Hamiltonian path by Lemma[2.3.6] So, suppose z; is not adjacent to x5 in (H', 21, x2).
Then (H',x1, ) contains F! as an induced sub-2-tree, and hence does not have an
(x1, x2)-Hamiltonian path by Corollary Similarly if x5 has degree four. H

In Theorem [3.1.24] we will use the caterpillar representation of a 2-tree and the
paths through s-split diamonds and /-strings of diamonds in the lemmas below to

construct a path through any 2-tree which does not contain F} € Z1.

Lemma 3.1.20. Let Dy(R) be an s-split diamond. Then there is a unique (co,b,)-

Hamiltonian path and a unique (co,ts—,)-Hamiltonian path.

Figure 3.11: An example of a Hamiltonian path in an s-split diamond, D5({1, 3,4})

Proof. If s = 0 then both by and t; are adjacent to ¢y on the unique Hamiltonian
cycle, C. So, using the edges in C, there are unique (cg, by) and (co, to)-Hamiltonian
paths. Now, suppose that the claim is true for an (s — 1)-split diamond. Consider
Dy(R) an s-split diamond. Then ¢, is adjacent to a simplicial vertex, either to or by.
Without loss of generality, assume by is simplicial. Then (cg, by, ¢1) is a forced path
and Dg(R) — {cp,bo} is an (s — 1)-split diamond. By the induction hypothesis, there
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is a (¢1,b,) and (cq,ts_,)-Hamiltonian path, P and P’ respectively. Hence (¢, by, P)

and (cg, by, P’) are unique (co, b,) and (¢, ts—,) —Hamiltonian paths, respectively. [

Remark 3.1.21. The path created uses all of the edges, other than the central path,
except for c;_1t; if i € R, ¢;by if i ¢ R and i+ 1 ¢ R, in addition to avoiding csb, in

a (co, by)-Hamiltonian path, and csts_, in a (co, ts—)-Hamiltonian path.

Lemma 3.1.22. Let
G = D! (Ry);(x1,01); D2 (R); (22, 02); oy (T b ); DI (Ripqr) be an L-string of

Sm+1
diamonds with z; the (D', D"™™Y)-amalgamated vertex for all i. If y is the simplicial

m+1 gm+1
Tm+1? "Sm4+1—"Tm+1

then there is a unique (co,y)-Hamiltonian path.

WAAVAAWS
VAV

Figure 3.12: An example of a Hamiltonian path in an /{-string of diamonds:
Do (t, £1); Dos (b, 1); Do; (¢, £3); Do

vertex in {b } and neither t) # y nor by # y is simplicial for i > 1,

Proof. We proceed by induction on the number of amalgamated vertices, m. If m = 0,
then G is an s-split diamond, and by Lemma [3.1.20] the claim is true. Now, suppose
that for an /-string of diamonds with m — 1 amalgamated vertices, that the claim is
true. Now, let GG’ be an f-string of diamonds with m amalgamated vertices. Without
loss of generality, let #; = t. From Lemma , there is a (cf,t! _, )-path, P,

s1—T1
which covers all of the vertices in D} . Furthermore, in G’ — (D] —t! _. ), the path,
P, from t} _, to t is forced since the only other vertex adjacent to vertices on this
path is z;, which is not in G’ — (D}, —t! _. ). Also, G' — (D} — z) — (P’ —t§) is

a string of diamonds with m — 1 amalgamated vertices where ¢ is simplicial but no
other t} # y nor b} # y is simplicial for 7 > 1. By the induction hypothesis, there
is a unique (2; = 3, y)-Hamiltonian path, P”. Furthermore, since #2 is simplicial in
G' — (D! —z)— (P’ —t}), the path must begin with (¢, 3). Replacing (cj, t5) with
(2, P") in P” and preceding this path with P, yields a unique (c},y)-Hamiltonian
path.

0
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Remark 3.1.23. In addition to the unused edges from Lemma|3.1.20}, this path will

also avoid the edges chbly and cit}.

Theorem 3.1.24. If G is a 1-tough 2-tree with x1,xs € V(G), then the following are

equivalent:
1. G contains F' € F' as an induced sub-2-tree,

2. One of the following tough conditions hold:

(a) There exists a tough path from zy to x,

(b) There exists ab € E(G) such that x1 and xo lie in different components,
Cyy, Cuy, respectively of G — {a,b} and such that in G|V (C,,) U {a,b}]
there is a tough path from xq1 to a and a tough path from xy to b, or

(c) There exists ab, cd € E(G) such that 1 and xo lie in different components
of G —{a,b} and G —{c,d} and such that if x1 and x4 lie in components,
Cy,, Cuy, respectively of G — {a, b, c,d} where in G[V — V(Cy,) — V(Cy,)]
there are tough paths from a to ¢, a to d, b to ¢, and b to d.

3. G does not have an (1, x2) Hamiltonian path.
Proof. (1)=(2)

(A) If G contains F}, xity and x1c; are tough paths and z; and z, are in different

components of G — {tyc; }.
(B) If G contains [}, the central path is a tough path from zy = ¢} to zo = ¢ ;.

C) If G contains F!, there is a tough path from z; = ¢} to ¢ and to ¢ and z; = ¢}
c g 0 1 0 0

and xo are in different components of G — {t{, ¢]*}.

(D) If G contains F}, there is a tough path from ¢ to ¢f* and to ¢' and a tough path
from ¢} to ¢ and to ¢ and 1 and x5 are in different components of G — {t;, ¢} }
and of G — {tJ',¢"} OR there is a tough path from ¢} to ¢J* and to b and a
tough path from ¢} to ¢/* and to b7* and x; and x, are in different components
of G — {t},ct} and of G — {7, ¢}

(E) If G contains F!, there is a tough path from ¢} to ¢ and to ¢3 and a tough path

from #§ to ¢f and to t§ and z; and 5 are in different components of G — {t;, ¢} }
and of G — {t3,c%}.
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(F) If G contains F}, there is a tough path from ¢ to ¢} and to ¢3 and a tough path

from t} to ¢? and to 2 and z; and x4 are in different components of G — {t}, ¢} }
and of G — {3,3}.

(2)=0)

(a) Lemmal|2.3.6]
(b) Corollary
(c) Corollary [2.3.19

3)=()

Suppose G does not contain any F! € .Z! as an induced sub-2-tree. Let (H',x1, z5)

be the caterpillar representation of (G, 1, x2). Then (H’, zq,x2) does not contain

any of F! € Z! as an induced sub-2-tree. If (H', z1,x5) is a 2-path, then (H', xq, z3)

will have

an (x1,xs)-Hamiltonian path by Lemma [3.1.18] so we will assume that

(H',x1, 1) is not a 2-path. Also since (H',z1,13) does not contain any F! € Z! as

an induced sub-2-tree, then z; and x5 have degree two or three in (H', z1,x5). In the

following cases we will construct paths in (H', x, z5).

Case (A)

Suppose z; is a simplicial vertex in (H', z1,x9). Since (H', x1,25) is not a
2-path, there is at least one simplicial vertex, other than z; and z5. Let
v1 be the vertex with the smallest label from Definition |3.1.11) which is
adjacent to a simplicial vertex, s; # 1, xs. Using that same labelling, in
consecutive order, there is a path, P, from z; to y;, a vertex which is
labelled one less than vy. Since vy is adjacent to a simplicial vertex, then
there is a tough path which starts at v;. Let P4 be a maximal short tough
path beginning at z;. By Lemma [2.3.11] P, is the central path of an /-
string of diamonds,

D! (Ry); (w1, €1); DZ,(Rs); (w2, €2); ..o (Win—1, bn—1); D (Ry,). Without
loss of generality, suppose w; = t. Since (H', x1,x2) does not contain any
F! € Z' as an induced sub-2-tree, then xy # ¢ . and neither t{ #

nor b # w5 is simplicial for ¢ > 2.

(I) Suppose ¢} is adjacent to a simplicial vertex as well. Then, t2 # x4
and b2 # x, are not simplicial and continuing from P}, we can take
the path to v; = ¢} and continue the path as in Case B with z; =
v = cp.
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(IT) Suppose t} is not adjacent to a simplicial vertex. Then, continuing

from P/, we can take the path (t},v; = ¢}, s1 = b}, c}).

(a) If ¢} = 2; is an amalgamated vertex, and ¢; = 1, then removing

all of the visited vertices other than ¢] = z;, we will have an

[ — 1)-string of diamonds. If ¢; > 1, then b2 is not simplicial
0

and we will have an (I — 1)-string of diamonds with additional

vertices, left from the path of length ¢; between ¢§ and t3. In

either case, we can then extend P/ by using the path given in
Lemma [3.1.22] beginning at the amalgamated vertex, ci = z;.

We can continue the construction of the path as in Case (B)(II).

If ¢} = z; is not an amalgamated vertex, then R; # 0, so let
Ry = {q1,9,---,Gr }- Let ¢; be the first value such that ¢;_; #

(i)

If no such value exists, then ¢} ., = z is an amalgamated
vertex and bj is simplicial for all j € {1,...,51}. So there
is a forced path from ¢j to ¢} ; = 2z which uses all edges
cibr and ¢ 1by for 1 < k < s; + 1. By assumption, t[l)
is not adjacent to a simplicial vertex, so this path uses all
possible edges which could have a simplicial vertex adja-
cent in (H', x1,x2). Hence, replacing any edges of the path
which are adjacent to simplicial vertices in (H', z1, x5), with
the path through the simplicial vertex, we have a path in
(H',z1,x9). Furthermore, removing the visited vertices,
other than ¢} ,; = z, we will have an (I — (s; 4 1))-string
of diamonds if /; = 1 and if ¢; > 1, then we will have an
(I—(s1+1))-string of diamonds with additional vertices, left
from the path of length ¢; between tj and t7. In either case,
we can then extend P by using the path given in Lemma
beginning at the amalgamated vertex, cil 41 = 21
We can continue the construction of the path as in Case

(B)(1D).

If a g; exists, then bj is simplicial for 0 < g;_y — 1 = g;_o,

1

i+ Which uses

and hence there is a forced path from ¢} to ¢

all edges ciby and cpi1b; for 1 < k < ¢;_o. By assumption,
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t is not adjacent to a simplicial vertex, so this path uses
all possible edges which could have a simplicial vertex adja-
cent in (H', z1,x2). Hence, replacing any edges of the path
which are adjacent to simplicial vertices in (H', z1, x5), with
the path through the simplicial vertex, we have a path in
(H',z1,x9). Furthermore, removing the visited vertices,
other than C;H, and removing the visited vertices, other
than ¢, , we will have a 1-tough 2-tree with ¢ simpli-

cial, and we can continue this path by repeating Case (A)

1
qi—1"

with z; = ¢
Case (B) Suppose z; is not a simplicial vertex in (H',z1,x2). Then x; has degree
three and hence is adjacent to a simplicial vertex. Hence, z; lies on a tough
path. Let Pp be a maximal short tough path beginning at x;. By Lemma
2.3.11] Pg is the central path of an f-string of diamonds,
D, (Ry); (wy,61); D2, (Ry); (w2, €2); ...; (Wim—1, ln—1); DT (Ry,). Without
loss of generality, suppose wy; = t. Since (H',x1,25), ad (H', x1,x5) does
not contain any F, € .#' as an induced sub-2-tree, then x5 # ¢ ., and

neither t}) # x5 nor bf) # - is simplicial for ¢ > 1.

(I) If the ¢-string of diamonds contains no amalgamated vertices, then
we have an (I — 1)-split diamond, Dy, (R;). From Lemma [3.1.20]
there are (x1,b,, ) and (z1,ts, ) paths, Pg, and Pp,, respectively,
which cover all of the vertices in Dy, (R;). Note that since the (I—1)-
split diamond is an induced sub-2-tree, it is possible for 1-edges
of the (I — 1)-split diamond to be adjacent to simplicial vertices
in (H',z1,x9). Such edges would correspond to edges that would
need to be used in a path through the (I — 1)-split diamond. How-
ever, attaching simplicial vertices to any unused edges in the path
from Lemma [3.1.20] would form an induced sub-2-tree in .#'. And
so, for any edges of the (I — 1)-split diamond which are adjacent
to a simplicial vertex in (H’,z1,72) we can replace the edge on
Pp, or Pp, with the path through the simplicial vertex to form a
path, Pp, and Pp,, respectively, in (H' xy,25). If b, = x5, then
P}, is an (xq1,z5)-Hamiltonian path in (H' zq,29). If t5, . =

T, then Pp, is an (x1,x2)-Hamiltonian path in (H',z1,29). So
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now suppose that b, ,ts . # xo. Lety = b, if (H x1,29) —
{br,,cs;+1} leaves x; and x5 in different components, and y =t
if (H',x1,29) — {ts,,—r,,Cs;4+1} leaves x; and xs in different compo-
nents. Let P/ = Pp, ify =0, and P} = P, if y =1 Pl -y

is an (71, ¢, 41)-path and furthermore (H', x1,22) — (P —{y, s, 41})

Tm
Sm—Tm

Tm Sm—T"m*

is a 1-tough 2-tree. Additionally, cs, 11 is simplicial since if it weren'’t,
then Pp would not be maximal. So we can finish constructing
the Hamiltonian path by finding an (¢, 1, z9)-Hamiltonian path in
(H',w1,29) — (P, — {y, cs,11}) using Case (A).

(IT) Suppose the ¢-string of diamonds contains at least one amalgamated
vertex. Using the path in Lemma we have a path, Pj from
xy to y, where y = 0" if yp,_y =1 in
Dy, (Ra); (wi, £1); D3, (Ra); (w2, £2); v (Win—1, bin—1); D3 (Ryn), and
y=ty ., ify,1=0in
Dy, (R1); (wi, 61); D3, (Ra); (wa, £2); oo (Win—1, b1 ); D

Sm

(Ryn), such
that all vertices in the ¢-string of diamonds are covered. Note that
since the (-string of diamonds is an induced sub-2-tree, it is possible
for 1-edges of the /¢-string of diamonds to be adjacent to simplicial
vertices in (H', x1, z3), which would correspond to edges that would
need to be used in a path through the /-string of diamonds. How-
ever, attaching simplicial vertices to any unused edges in the path
from Lemmas B.1.200 and B.1.22 would form an induced sub-2-tree
in .#!. And so, for any edges of the (-string of diamonds which are
adjacent to a simplicial vertex in (H', z1, ) we can replace the edge
on Py with the path through the simplicial vertex to form a path,
Pl in (H',xy,25). If y = x4y, then Pj is an (xy,z2)-Hamiltonian
path in (H',z1,2;). If y # x5, then Pg —y is an (2, ¢ | )-path.
Furthermore, (H', zy,x2) — (Pg —{y, ¢}’ 11 }) is a 1-tough 2-tree and
¢yt 11 is simplicial since if it weren’t, then Pp would not be maximal.
So we can finish constructing the Hamiltonian path by finding an
(¢l .1, 2)-Hamiltonian path in (H', zy,22) — (P" —{y,c' . }) using
Case (A). u

Remark 3.1.25. In the cases when G is a 1-tough 2-tree, which do not contain an

(1, xo)-Hamiltonian path, we can partition G into two vertex disjoint paths with x;
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the end of one path and x4 the end of the other. We can do this by breaking the

Hamiltonian cycle in G into two paths.

3.2 2HP on 2-trees
Definition 3.2.1. Define 2 = {F', F2 F?, F2 F? F?} where:
(a) F? is a 2-tree with vertices x1, T2, and a 3-edge, ef, such that either:

(i) 1 and xo are in the same component of G — {e, f}, or

(ii) e € {z1,x2}.

Figure 3.13: General example of Fg such that x1 and z5 are in the same component
of G — {e, f}, and to preserve generality, the dotted section of the graph

represents any 2-tree with scattering number at most one

Figure 3.14: General example of F2 such that e € {21, 72} and to preserve generality, the

dotted section of the graph represents any 2-tree with scattering number at

most one

(b) F? is a 2-tree with vertices x1, T, which contains a 3-edge, ab, such that:
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(1) x1 and x5 are in different components of F? — {a,b},
(i) N(a)— {x1, 22} contains two simplicial vertices,
(iii) N(b) — {z1,x2} contains two simplicial vertices, and

(iv) In F? —{a,b} two of the simplicial vertices lie in the same component.

Figure 3.15: General example of Fb2 and to preserve generality, the dotted section of the

graph represents any 2-tree with scattering number at most one

(c) F? is a 2-tree with vertices 1, T2, which contains a 3-edge, ab, such that x; and
Ty are in different components of F* —{a,b} and N(a) — {x1, 2} contains three

sitmplicial vertices.

Figure 3.16: General example of F? and to preserve generality, the dotted section of the

graph represents any 2-tree with scattering number at most one

(d) F} is constructed from D} (Ry); (1,€1);....; DI (Rip—1); (t, bm—1); DY,
m > 2, by:
(i) Amalgamating an xo-2-path with tj'cl*, and
(11) Amalgamating an x-2-path with cjc;.
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Figure 3.17: A general example of Fg:
D{ (R1); (x1,41); D2, (Ra); (22, 2); .o DI (Rp—1); (£, €—1); D!

Sm—1
m > 2, with an x9-2-path amalgamated with ¢7'c!*, and z1-2-path amalga-
mated with cfch
where Dil (Rl); (331, 51); ng (RQ); (.%2, 62); cees} (aﬁm_g,gm_g); Dg?nill (Rm—l) is

shown in gray to preserve generality

Figure 3.18: Specific example of F7: Ds({1,3,4,5});(t,1); Dy with x1-2-path amalga-

mated with cjci and z9-2-path amalgamated with t2c?

(e) FZ is constructed from an (-string of diamonds, with ; = ¢}, by amalgamating

an xo-2-path with ¢! ¢l ;.
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Z2

sm+1

Figure 3.19: A general example of F2: D} (R1); (#1,41); ..; (#m—1, lm—1); D" (Rpm)
with an amalgamated x2-2-path and such that z; = c[l)
where D! (R1); (z1,01); ... (Tm—1,lm—1); D (R,,) is shown in gray to pre-

serve generality

)

X1

Figure 3.20: Specific example of F2: Ds5({1,3,4,5}) with 21 = cg and xo-2-path amalga-

mated with cscg

Lemma 3.2.2. The graph F? does not have an (xy,xs)-Hamiltonian path.

Proof. Since ef is a 3-edge, then ¢(G — {e, f}) = 3 and hence if G has a Hamiltonian
path, then the ends of the path must lie in two of the three components of G —{e, f}.
So, if z; and x5 are in the same component of G — {e, f}, then G does not have an
(21, z2)-Hamiltonian path. Similarly, if e € {x1, 25}, then x; or x5 is not in one of

the components of G — {e, f} and G does not have an (z1, z5)-Hamiltonian path. [
Lemma 3.2.3. The graph F? does not have an (x1,z2)-Hamiltonian path.

Proof. Let u be the simplicial vertex in N(ab) — {x1, 22}, v the simplicial vertex in
N(a) — {z1,x9,u}, and w the simplicial vertex in N(b) — {x1,z2,u}. Suppose that
G contains an (z1, x2)-Hamiltonian path, P. Since u,v and w are simplicial and not
endpoints of P, then P must contain (v,a,u,b, w). But since v and w are in the
same component of G — {a, b}, then 1 and x5 need to be in the same component of

G — {a, b}, a contradiction. O
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Lemma 3.2.4. The graph F? does not have an (1, xs)-Hamiltonian path.

Proof. Let u,v and w be the simplicial vertices in N(a) — {21, 22}, and suppose G
has an (xy, z5)-Hamiltonian path. Since u,v and w are not endpoints to the path,
then u,v and w must all be either preceded or followed by a. But that means that a

must be used at least twice on the Hamiltonian path, a contradiction. O
Lemma 3.2.5. The graph F3 does not have an (x1,z2)-Hamiltonian path.

Proof. Since ¢(H — cjcl) = 3, then if H has a Hamiltonian path, there must be
a Hamiltonian path in each of the components, and ¢} and ¢] must connect the
paths. Furthermore, if H has an (z1, x2)-Hamiltonian path, then the path must start
in the component of H — cjci which contains z; and end in the component which
contains z,. But that would mean that H has a (¢}, x3) or (c}, z2)-Hamiltonian path,
a contradiction to Lemma [3.1.4 O]

Lemma 3.2.6. The graph F? does not have an (1, xs)-Hamiltonian path.

Proof. Since c(H — ¢ ¢ ) = 3, then if H has a Hamiltonian path, there must be
a Hamiltonian path in each of the components, and ¢’ and ¢’ |, must connect the
paths. Furthermore, if H has an (¢}, zo)-Hamiltonian path, then the path must start

in the component of H —¢" ¢' .| which contains cg and end in the component which

m
Sm

contains . But that would mean that H has a (cj, ¢l ) or (¢f, ¢ ,,)-Hamiltonian

path, a contradiction to Lemma [3.1.3] O

Similar to the reduced graph of a 1-tough 2-tree with fixed endpoints, we will
create a reduced graph of a 2-tree with scattering number one and fixed points, in

order to more easily describe the paths in the 2-trees, as follows.

Definition 3.2.7. Given a 2-tree, G with s(G) = 1, then the reduced graph of

(G,u,v), is formed using the following algorithm:

1. For every 3-edge ab with components of G—{a,b}, CL, C?% C3  if GIC!, U{a,b}]
is 1-tough and does not contain u or v, then replace C¢, with a simplicial vertex

adjacent to ab.

2. Let w € S}(G,u,v), and x,y the neighbors of w. If xy is not a 3-edge, remove

w and turn the edge xy into a forced edge.

3. Repeat (2) for all w € S7(G,u,v). Define the resulting graph to be G7.
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4. Fori> 2, let Sf = S{(Gi_y,u,v) where G}_; is the graph formed by repeating
(2) for G = Gi_, and for all w € S} (GI_y,u,v).

Repeat (4) for all i = 2,3,...,j for j such that S; =0 or for all s € S}, N(s) is a
3-edge. This is the reduced graph of (G, u,v).
For F the set of forced edges, let (H,u,v, F') denote the reduced graph of (G,u,v), for

G a 2-tree containing at least one 3-edge.

Since simplicial vertices in 2-trees are not adjacent [7], when we remove the vertices

in each .S;, regardless of order, we will end up with the same graph.

Remark 3.2.8. When creating the reduced graph of a 2-tree with scattering number
one with no fized endpoints, ST(G,u,v) will be replaced by S1(G).

We will form the corresponding caterpillar representation of (G, u, v) as in Chapter
2.

Lemma 3.2.9. Let G be a 2-tree with x1,x2 € V(G) and s(G) = 1. Let (H, x1, %9, F)
be the reduced graph of (G, x1,x3), and (H',x1,25) the caterpillar representation of

(G, z1,x9). Then the following are equivalent:
1. G has an (x1, x2)-Hamiltonian path,
2. (H',x1,x2) has an (x1, x2)-Hamiltonian path, and
3. (H, 1,29, F) has an (xq, x2)-Hamiltonian path which uses all of the edges in F.

Proof. (1)= (2)
Suppose (H',x1,x2) does not have an (x1,x2)-Hamiltonian path. Since (H',xq,x2)
is an induced sub-2-tree of (G, x1, z3), then by Corollary [2.1.10] G does not have an

(21, z2)-Hamiltonian path.

(2) = (3)
Suppose (H',x1,x2) has an (z1, x2)-Hamiltonian path, P. Let v # x1, x5 be a sim-
plicial vertex with neighbors w and w. Then P = (zy,...,u,v,w,...,xs) or P =
(1, ...,w, v, U, ..., Tz). Furthermore, because H' is a 2-tree, then vw € E(H’), and
from the reduction algorithm ww € F'. Replacing (u,v,w) or (w,v,u) by (u,w) in P,
then P is a Hamiltonian path using exactly one forced edge. Repeating this process
for all ST(H', x1,25), then P will be a Hamiltonian path in (H,xy, 29, F).
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(3) = (1) Suppose (H,x1,29, F) has an (1, x2)-Hamiltonian path, P, which
uses all of the edges in F'. Let ab be a 3-edge in G with components of G — {a, b},
CL,C%. C3 where G[C, U {a,b}] and is 1-tough and does not contain x; or xs.
In (H, 1,79, F), C!, has been replaced by the simplicial vertex, v’,. Since G[C’, U
{a,b}] is 1-tough, then G[C’, U {a,b}| has a Hamiltonian cycle, C' using all 1-edges
in G[C%, U {a,b}|. Hence, since ab is a l-edge in G[C?, U {a,b}|, then there is an
(a,b)-Hamiltonian path P’ in G[C?, U {a,b}]. Since v, is on the interior of P in
(H,x1, 29, F), then we can replace (a,v’,,b) on P with P’. Now, consider zy € F.
In G, zy is incident to at least one vertex, v, which is not in (H,z,xs, F') so that
c¢(G—A{z,y}) = 2. Let C, be the component of G—{z,y} which contains v. From [24],
G[C, Uzy]| is a 2-tree, and from the reduction algorithm, G[C, U zy] must be 1-tough
and so it contains a Hamiltonian cycle C. In G[C, U zyl, xy is a 1-edge and hence
lies on C. Thus, there is a Hamiltonian path, P”, in G|C, U zy| from x to y, and we
can replace xy in P with P’. Repeating these processes for all f € F' and all 3-edges,
cd and all C?; such that G[C"; U {c, d}] is 1-tough, will yield an (z;,z;)-Hamiltonian
path in G. O]

Theorem 3.2.10. If G is a 2-tree with x,y € V(G), then G has an (z,y)-Hamiltonian
path iff s(G) <1 and (G, z,y) does not contain any F? € F2.

Proof. = If s(G) > 2, then G is not l-path-tough, and G does not contain a

Hamiltonian path.

1. If (G,z,y) = F?, then (G,z,y) does not have an (z,y)-Hamiltonian path by
Lemma [3.2.2| If (G, x,y) contains F? as an induced sub-2-tree, then (G, z,y)
does not have an (z,y)-Hamiltonian path by Corollary [2.1.11}

2. If (G,z,y) = FZ, then (G,x,y) does not have an (z,y)-Hamiltonian path by
Lemma [3.2.3| If (G, z,y) contains F? as an induced sub-2-tree, then (G, z,y)
does not have an (z,y)-Hamiltonian path by Corollary [2.1.11}

3. If (G,z,y) = F?2, then (G,x,y) does not have an (z,y)-Hamiltonian path by
Lemma [3.2.4] If (G, z,y) contains F? as an induced sub-2-tree, then (G, z,y)
does not have an (z,y)-Hamiltonian path by Corollary [2.1.11}

4. If (G,z,y) contains an F} € F!' C %2 then G does not have an (z,y)-
Hamiltonian path by Theorem and Corollary [2.1.11}
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pr—
Suppose G does not have an (z,y)-Hamiltonian path, but that s(G) < 1. Since
s(G) < 1, then G contains no t-edges for t > 4. We will proceed by induction on
the number of 3-edges, m. If m = 0, then by Theorem [3.1.24] (G, z,y) contains an
Fl e #' C .72, Suppose the claim is true for all graphs with (m — 1) 3-edges. Now
consider G a 2-tree with s(G) < 1 such that G does not have an (z,y)-Hamiltonian
path with m 3-edges. Let (H',z,y) be the caterpillar representation of G. Then
s(H') <1 and H' does not have an (x,y)-Hamiltonian path. Suppose H' does not
contain F?. Denote the 3-edges in H', S; = s;s} for all 1 < ¢ < m. Then the 3-
edges in H' can be ordered Si, 955, ....S,, so that for all 7, x and y are in different
components of H' — S;, in H' — Sy, x is in a different component than s; and s, for
all i, in H' — S,,, y is in a different component than s; and s, for all i, and such
that for all i € {1,2,...,m — 2}, s; and s;,5 are in different components of H — S; ;.
Let C} be the component of H' — S; which contains . Let Cy be the component
of H' — Sy which contains y. Let Hj be the graph constructed from G[C; U S;| by
adding a simplicial vertex, vy, adjacent to S;. Let H) be the graph constructed from
G[C5U S| by adding a simplicial vertex, vq, adjacent to Sy. Let S; = ab. If H{ has an
(x,a)-Hamiltonian path, P, then because v; is simplicial, then P ends with (b, vy, a).
Likewise, if H) has a (b, y)-Hamiltonian path, P’, then P’ begins with (b, vs,a). So,
in H', (P —{a,vy,b}, P') is an (z, y)-Hamiltonian path. Similarly if H{ has an (z, b)-
Hamiltonian path and H} has an (a, y)-Hamiltonian path. So, since H' does not have
an (z,y)-Hamiltonian path, either (1) H{ has neither an (x, a)-Hamiltonian path nor
an (z,b)-Hamiltonian path, or (2) H) has neither an (a,y)-Hamiltonian path nor an
(b, y)-Hamiltonian path, or (3) H| only has an (z, a)-Hamiltonian path while H} only
has an (a,y)-Hamiltonian path, or (4) H; only has an (x,b)-Hamiltonian path while
H! only has an (b, y)-Hamiltonian path.

1. If H{ does not have an (z,a)-Hamiltonian path, then by Theorem , then
(H{,x,a) contains an F! € F' C Z?. Likewise, if H| does not have an
(z,b)-Hamiltonian path, then by Theorem [3.1.24] then (H7,z,b) contains an
Fl € ' c #2. Note first that if there is an ef such that z and a lie in
different components of H; — {e, f}, then since a and b are adjacent, then either
b is in the same component as a in H] — {e, f}, or b € {e, f}. Also, if in
(H{,z,a), and similarly for (Hj,z,b), there is an ef such that x and a lies

in different components, C,, C,, respectively of H; — {e, f} and such that in
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GV (C,) U {e, f}] there is a tough path from z to e and a tough path from
x to f, then we have F! or F! with x = ¢}. In either case, y will be in the
same component as a, and hence (H', x,y) also contains F! or F!. Similarly, if
(H{,z,a) and/or (H{,z,b) contains Fj, I}, or F}, then (H', x,y) also contains
Fj, F} or FJ} Now, suppose that (H;,z,a) and (Hy,z,b) contain F}, so in H;
there is a tough path from z to a and a tough path from x to b. If the short tough
path from x to a contains the short tough path from z to b, then in (H’, z,y)
we have 2. Otherwise, we have z and y in different components of H' — {a, b}
and so we have F! or F! in (H',z,y), with z = ¢}. If (H},z,a) contains F}
with z; = a and (Hj,x,b) contains F! with z; = b, then (H', x,y) contains F?.
Now, suppose (H},z,a) contains F} or F! with z; = a and (Hj, z,b) contains
F! with 2y = b. The case when (H],x,b) contains F! or F! with z; = b and
(H{,z,a) contains F} with z; = a is similar. If the tough paths starting at a
and b do not intersect, then (H',x,y) contains F?. If ab is an edge of one of
the tough paths, then (H’,z,y) contains F7. If the tough paths starting at a
and b intersect, but ab is not an edge of one of the tough paths, then (H' z,y)

contains F' } or F.

. If H) does not have an (a,y)-Hamiltonian path, then by the induction hy-
pothesis, (Hj,y,a) contains an F? € Z?2. Likewise, if H) does not have an
(b, y)-Hamiltonian path, then by the induction hypothesis, (Hj,y,b) contains
an F? € F2. As above, if (H},y,a) or (Hj,y,b) contains an F! € #! C F?
then (H',z,y) contains an F? € 2. If (Hj,y,a) and/or (Hj,y,b) contains
F? or F?, then since x will be in the same component as a and/or b, respec-
tively, then (H', z,y) will also contain F? or F2. Similarly, if (H},y,a) and/or

(H},y,b) contains F? or F? (H', z,y) will also contain F7 or F?, respectively.

. Without loss of generality, assume H] only has an (z, b)-Hamiltonian path while
H) only has a (b,y)-Hamiltonian path. Then (H],z,a) and (Hj,y,a) contain
an [ € Z2. But since Hj has an (x, b)-Hamiltonian path while H} has a (b, y)-
Hamiltonian path, then (Hj,z,b) and (Hj,y,b) cannot contain an F? € %2
Then, (H},z,a) must contain F!, F}, F} and (H}, y, a) must contain F!, F}}, F},
or F2. If (H},z,a) and (H},y,a) both contain F}, then (H',z,y) contains F?.
If (Hj,x,a) and (H},y,a) both contain F!, then (H' x,y) contains Fj. If
(Hj,z,a) and (H},y,a) both contain F}!, then there is a tough path from z

to y and hence (H',z,y) also contains F}'. If one contains F}! and the other
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contains F! or F!, then we have F! in (H',z,y). If one contains F! and the
other contains F!, then we have F in (H',z,y). If (H},y,a) contains F? and
the other contains F! or F!, then we have F7 in (H',z,y). Lastly if (Hj,y,a)

contains F? and the other contains F}}, then we have F? in (H',z,y). O
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Chapter 4

Using 2HP to Characterize HP
and 1HP

As mentioned earlier in this dissertations, the Hamiltonian path problem on 2-trees
is closely related to 2HP on 2-trees, and will use the results from the previous chapter
on 2HP to prove necessary and sufficient conditions for which a 2-tree will not have a
Hamiltonian path in Theorem in section 4.1. We will begin as in the previous
chapter by defining a family, ¢, of 2-trees which will not have a Hamiltonian path.
In Theorem [4.1.15] we will prove that any 2-tree with scattering number at most one,
which does not contain one of the graphs in J# as an induced sub-2-tree, will have a
Hamiltonian path. In section 4.2, we will use the results from 2HP on 2-trees to prove
necessary and sufficient conditions for which a 2-tree with a specified vertex, xy, will
not have an z»-Hamiltonian path in Theorem [4.2.12] We will begin as in the previous
chapters by defining a family, .#, of 2-trees, with a specified vertex, xy, which will
not have an xp-Hamiltonian path. In Theorem we will prove that any 2-tree
with scattering number at most one, which does not contain one of the graphs in .%

as an induced sub-2-tree, will have an xo-Hamiltonian path.

4.1 Hamiltonian Path Problem

Definition 4.1.1. Define # ={H,, Hy,,H.,Hy, H., Hy, H,} where:

(a) H, is a 2-tree which contains three 3-edges, ab, cd, and ef, none of which are

incident, such that:

(i) cd and ef are in the same component of G — {a, b}
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(i1) ab and cd are in the same component of G — {e, f}

(7ii) ab and ef are in the same component of G — {c,d}

Figure 4.1: A general example of H, where the dotted section of the graph represents any

2-tree with scattering number at most one to preserve generality

Q
ESH

Figure 4.3: A specific example of H,

(b) Hy is a 2-tree which contains exactly two 3-edges, ab and cd, such that:

(i) ab is not incident to cd,
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(i) ab and cd are each adjacent to two simplicial vertices, and

(7ii) N(ab) contains two simplicial vertices.

Figure 4.4: A general example of H,. To preserve generality, the dotted section of the

graph represents any 2-tree with scattering number at most one.

(¢c) H. is a 2-tree which contains three 3-edges such that for one of the 3-edges, ef,:

(i) Two of the three components of G — {e, f} contain a 3-edge, and

(i) e is adjacent to three simplicial vertices which are all in different components

OfG_{eaf}'

Figure 4.5: A general example of H. where the dotted section of the graph represents any

2-tree with scattering number at most one to preserve generality

(d) Hy is constructed from
G = D (Ry); (21, 01); o3 (T2, bn—2); DI (R—1); (, bn1); D, m > 2, by -

(i) Amalgamating an xo-2-path with t7'cy,

(i) Adding a false twin, x}, of o, and
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(1ii) Adding a simplicial vertex adjacent to cjci.

Figure 4.6: A general example of Hy:
Dy, (Ry); (x1,61); D, (Ra); (w2, £2); o; DT (R —1); (#, b —1); DY

Sm—1

m > 2, with an x9-2-path amalgamated with t%c%, and a simplicial vertex
added to cjci

where D2 (Ry); (z2,02); ...; (Tm—2, bm—2); DL (Rpm—1) is shown in gray to

Sm—1

preserve generality

Figure 4.7: Specific example of Hy: D5({1,3,4});(¢,1); Dy with an x9-2-path amalga-

mated with t3c?, and a simplicial vertex added to cjct

(e) H, is constructed from G = D{; (t,0); D2, for 1> 2, by:

(i) Amalgamating an x-2-path with t}c},
(1i) Amalgamating an xo-2-path with t3c3,
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(iii) Adding a false twin, x', of x1, and
(iv) Adding a false twin, =4, of x.

bo U5

Figure 4.8: Specific example of H, with £ =2

(f) Hy is constructed from G = D}; (t,1); DZ, by:

(i) Amalgamating an x-2-path with t}c},
(ii) Amalgamating an xo-2-path with t3c3,
(iii) Adding a false twin, x|, of x1,

(iv) Adding a false twin, x4y, of xs, and

(v) Adding a simplicial vertex adjacent to tjt3.

bo U5

Figure 4.9: Example of Hy

(9) H, is constructed from
D§; (¢, 4y); D§2(Rg); (22,02); o (T2, bn—2); Dg:,;ll(Rm—l); (£, 1) DI m > 3,
by:
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(1) Amalgamating an x-2-path with tjc},
(i) Amalgamating an xo-2-path with t{ ey,
1) Adding a false twin, ©’, of 1, and
( ) g ) 1’ )

(iv) Adding a false twin, 4y, of 5.

OR

Hg is constructed from

Dy; (t, 61); D2, (Ra); (w2, £a); oo (T2, bin2); DT (Rin1); (0, bn1); DY, me > 3,
by:

(1) Amalgamating an x-2-path with tjc},

(i) Amalgamating an xo-2-path with by'cy,

(iii) Adding a false twin, x', of x1, and

(iv) Adding a false twin, 4y, of 5.

Figure 4.10: A general example of Hy:
Dg; (t,61); D2, (Ra); (w2, £2); ... DI (Ry—1); (¢, b1 ); D!
m > 3, with amalgamated x1 and zs-2-paths
where DEQ (R2); (z2,02); .o (Tm—2, bin—2); Dg’;‘nill(Rm_l) with 21 = ¢}

and z,—1 = 02:;11 41, is shown in gray to preserve generality
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Figure 4.11: Specific example of Hy: Dy;(t,1); D5({1,3,4}); (¢, 1); Dy by amalgamating
an x1-2-path with t(l)c(l), amalgamating an xs-2-path with t¢ic]", and adding

false twins, x), 2, of x1, 9

Figure 4.12: A general example of Hy:
D§; (t,61); D2, (Ra); (w2, £2); ... DI (Ryp—1); (b, brn—1); D!

Sm—1

m > 3, with amalgamated x1 and x9-2-paths.
where D2, (Ra); (2, £2); o (Tm—2, €m—2); DI Y (Rp—1) with 21 = ¢§

Sm—1

and z,—1 = 07;1’;11 41, is shown in gray to preserve generality
m—
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Figure 4.13: An example of Hy: Dy; (t,1); D5({1,3,4,5}); (b,1); Dy with amalgamated z
and xs9-2-paths

Note that in ¢, all graphs have at least two 3-edges. In this section we will be
discussing 2-trees which contain at least two 3-edges, but no t-edge for ¢t > 4. From
Lemma [1.2.24] if G is a 2-tree which contains a t-edge for ¢t > 4, then G does not
contain a Hamiltonian path. Furthermore, from Lemma if G is a 2-tree which
only contains t-edges for ¢ < 2, then G is 1-tough and hence contains a Hamiltonian

path. 2-trees with exactly one 3-edge and no t-edges for t > 4 have a Hamiltonian
path, by Lemma below.

Lemma 4.1.2. If G is a 2-tree which contains exactly one 3-edge and no t-edges for
t >4, then G has a Hamiltonian path.

Proof. Let ab be the 3-edge in G. Let C}, Cy, C3 be the components of G—{a, b}. From
[24], G[Cy U {a,b}] is a 2-tree, and since G contains no other 3-edges and no t-edges
for ¢t > 4, then it is also 1-tough. Hence, G[C1U{a, b}] contains a Hamiltonian cycle C'
which contains all 1-edges in G[C;U{a, b}]. Since ab is a 1-edge in G[C1U{a, b}], then
ab lies on C, so G[Cy U {a,b}] has an (a, b)-Hamiltonian path, P. G[C; U Cy U {a, b}]
is also a 1-tough 2-tree, so there is a b-Hamiltonian path, P’, in G[C; U Cy U {a, b}].
Taking P — a followed by P’ yields a Hamiltonian path in G. O

Lemma 4.1.3. Let G be a I-tough 2-tree with tough path P = (v1,v2, ..., Un_1, Uy).

If H is constructed by adding a simplicial vertex adjacent to v;v;y1 and a simplicial

verter adjacent to vjvjy1, 1 < j, then H does not contain a Hamiltonian path.
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Proof. Let Sy, .., = {vi,viq1,...,v5,vj41. Since P is a tough path, G — S, ..., =
S

Then ¢(H — Sy, 0;,1) = |Svi0;4.| +2 and hence s(H) > 2 and so H does not

have a Hamiltonian path. O]

i, Vj+1 |

Since in Theorem [£.1.15] we assume scattering number at most one, we do not
include in 2, %2, or ., graphs which have the properties of Lemma[4.1.3] However,
in the cases of Hyq, H., Hy, and H, if the x,-2-path, and likewise x;-2-path, that is
amalgamated to our graphs is a diamond with simplicial vertex xo, then the graph
produced will have scattering number at least two. In the future, we would like to
characterize the 2-trees which have scattering number two or more, such that we
could prove characterization theorems for HP, 1HP, and 2HP on 2-trees which rely

only on a forbidden family and do not include scattering number conditions.

Corollary 4.1.4. If H is constructed from an (-string of diamonds, by adding two
simplicial vertices, each adjacent to a different edge on the central path, then H does

not contain a Hamiltonian path.

to 1 '

bo

Figure 4.14: An example of Lemma Dy; (t,1); D5({1,3,4,5}); (¢,1); Dy with a sim-

plicial vertex added to c(l)zl and a simplicial vertex added to zc]"

Lemma 4.1.5. The graph H, does not have a Hamiltonian path.

Proof. Suppose G has a Hamiltonian path, P. By assumption, ¢(G — {a, b}) = 3, and
cd and ef are in the same component of G — {a,b}. Hence, at least one endpoint, z,
of P must lie in a different component of G — {a, b} than c¢d and ef. Likewise at least
one endpoint, 5, of P must lie in a different component of G — {¢, d} than ab and
ef, and at least one endpoint, z3 of P must lie in a different component of G — {e, f}

than ab and cd. But since z; is in a different component of G — {a, b} than cd and
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ef, then x is in the same component as ab in G — {c¢,d} and in G — {e, f}, and so
1 # To,x3. Similarly, zo # x3, and P must have three distinct endpoints. Hence G

does not have a Hamiltonian path. O]
Lemma 4.1.6. The graph H, does not have a Hamiltonian path.

Proof. Let ab and cd be the only two 3-edges in G. Let s!, be a simplicial vertex
adjacent to ab and s}, be a simplicial vertex adjacent to cd. Then G — {s},, s},} is a
1-tough 2-tree. Furthermore, since ab was adjacent to four simplicial vertices and ab
is not incident to cd, then in G —{s},, s!,}, a and b are each adjacent to two simplicial
vertices, none of which can be ¢ or d. Hence, (G—{sl,,s!,},a,c), (G—{sl,,sl,},a,d),
(G —{sk,,sl;},b,c), and (G — {s},, s, },b,d) all contain an induced forbidden sub-2-
tree F} € Z! from Chapter 2. Thus, G — {s!,,sl,} does not have an (a,c), (a,d),
(b, ¢), or (b, d)-Hamiltonian path. Hence, from Lemma [1.2.25 G does not contain a
Hamiltonian path. O

Lemma 4.1.7. The graph H. does not have a Hamiltonian path.

Proof. Let ab and cd be 3-edges which lie in different components of G — {e, f}, and
suppose that G contains a Hamiltonian path, P. Then ¢(G — {a,b}) = 3, and cd
and ef are in the same component of G — {a,b}. Hence, at least one endpoint of P
must lie in a different component of G — {a, b} than cd and ef. Likewise at least one
endpoint of P must lie in a different component of G — {¢,d} than ab and ef. Let
u, v, w be the simplicial vertices adjacent to e. None of u, v, w can be an endpoint of
P as they will either be in the same component of G — {a,b} and G — {c,d} as ef or
they will be one of {a,b,c,d}. Thus, on P, u,v,w must all be preceded or followed
by e. But then e must appear on P at least twice, and hence GG does not have a

Hamiltonian path. O
Lemma 4.1.8. The graph Hy does not have a Hamiltonian path.

Proof. Suppose x4, ), are adjacent to cd and x the simplicial vertex which was added
to G which was made adjacent cjci. Suppose cd = tJ'c*, and Sg is the set of all
vertices on the central path of G. Then, ¢(H — Sg) = |S¢|+ 1 and since x5 and 7, are
adjacent to t{'cy, then, ¢(H — (Sq U{t]'})) = |Sc U {ty'} + 2, and H has scattering
number at least two and does not have a Hamiltonian path. Otherwise, by Lemma
[1.2.25 H has a Hamiltonian path iff H—{z}, 25} has a (¢}, ¢), (c3, d), (i, ¢), or (¢}, d)-
Hamiltonian path. But no such path exists in H — {z/, 24} by Theorem [3.1.24] since
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(H_ {xllv x/2}’ C(l)a C)? (H - {x/h xIQ}v C(1)7 d)7 (H - {xlla .17/2}, 0%7 C), and (H - {x/h x/2}7 0(1)7 d)
have induced subtrees from F} € Z! or F! € .Z'. So H does not have a Hamiltonian

path. O
Lemma 4.1.9. The graph H,. does not have a Hamiltonian path.

Proof. Suppose z,x} are adjacent to ab and x4, x), are adjacent to cd. If ab = t{c},
cd = t3c2, and S = {t},c},t2,c2, 21}, then ¢(H — S) = 7 = |S| + 2 and hence H has
scattering number at least two and does not have a Hamiltonian path. Otherwise, by
Lemma [1.2.25] H has a Hamiltonian path iff H —{z/, 25} has a (a,c), (a,d), (b,c), or
(b, d)-Hamiltonian path. But no such path exists in H — {2/, z},} by Theorem [3.1.24]
since (H—{x}, 24}, a,¢), (H—{x], 25}, a,d), (H—{x),25},b,¢), and (H—{z!, z}},b,d)
have induced subtrees from F } € Z'. So H does not have a Hamiltonian path.

O

Lemma 4.1.10. The graph Hy does not have a Hamiltonian path.

Proof. Suppose z, ¥} are adjacent to ab and zs, ¥, are adjacent to cd. If ab = t{c},
cd = t3c2, and S = {t},c}, t2,c2 21}, then ¢(H — S) = 7 = |S| + 2 and hence H has
scattering number at least two and does not have a Hamiltonian path. Otherwise, by
Lemma [1.2.25] H has a Hamiltonian path iff H —{z/, 25} has a (a,c), (a,d), (b,c), or
(b, d)-Hamiltonian path. But no such path exists in H — {«/, 25} by Theorem [3.1.24]
since (H—{x), 24}, a,¢), (H—{x|,24},a,d), (H—{x),z5},b,¢), and (H—{z!, z}},b,d)
have induced subtrees from F! € #!. So H does not have a Hamiltonian path.

O

Lemma 4.1.11. The graph H, does not have a Hamiltonian path.

Proof. Suppose z1,2) are adjacent to ab and w9,z are adjacent to cd. Suppose
ab = tjcy and ed = e, and Sg is the set of all vertices on the central path of
G. Then, ¢(H — Sg) = |Sg| and since x; and z} are adjacent to tic}, To and )
are adjacent to tg'c, then, ¢(H — (Sg U {t5,t0'})) = |Se U {ts, t0'} + 2, and H has
scattering number at least two and does not have a Hamiltonian path. Otherwise, by
Lemma [1.2.25] H has a Hamiltonian path iff H —{z/, 25} has a (a,c), (a,d), (b,c), or
(b, d)-Hamiltonian path. But no such path exists in H — {/, 25} by Theorem [3.1.24]
since (H—{x}, 24}, a,¢), (H—{x], 25}, a,d), (H—{x),25},b,¢), and (H—{z!, z}},b,d)

have induced subtrees from F! € .#!. So H does not have a Hamiltonian path. [
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Similar to the reduced graph of a 2-tree with scattering number one with fixed
endpoints, we will create a reduced graph of a 2-tree with scattering number one,

without fixed endpoints, as follows.

Definition 4.1.12. Given a 2-tree, G with s(G) = 1, then the reduced graph of

G, is formed using the following algorithm.:

1. For every 3-edge ab with components of G—{a,b}, CL,, C? C3, if G|C!,U{a,b}]

is 1-tough then replace C'y with a simplicial vertex adjacent to ab.

2. Let w € S1(G), and x,y the neighbors of w. If xy is not a 3-edge, remove w

and turn the edge xy into a forced edge.
3. Repeat (2) for all w € S1(G). Define the resulting graph to be G;.

4. Fori > 2, let S; = S1(Gi—1) where G;_y is the graph formed by repeating (2)
for G = G;_y and for all w € S1(G;_1).

Repeat (4) for all i = 2,3,...,j for j such that S; = 0 or for all s € Sj, N(s) is a
3-edge. This is the reduced graph of G.
For F the set of forced edges, let (H, F') denote the reduced graph of G, for G a 2-tree

containing at least one 3-edge.

Since simplicial vertices in 2-trees are not adjacent [7], when we remove the vertices
in each S;, regardless of order, we will end up with the same graph.

We will form the corresponding caterpillar representation of G' as in Chapter 2.

Definition 4.1.13. Let G be a 2-tree with s(G) = 1 and (H,F) be the reduced
graph of G. The caterpillar representation, H', of G is created by adding |F|
simplicial vertices to (H, F'), making each vertex adjacent to exactly one forced edge,

and changing all forced edges back to reqular edges.

Lemma 4.1.14. Let G be a 2-tree with s(G) = 1, (H, F') be the reduced graph of G,

and H' the caterpillar representation of G. Then the following are equivalent:
1. G has a Hamiltonian path,
2. H' has a Hamiltonian path, and

3. (H,F) has a Hamiltonian path which uses all of the edges in F'.
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Proof. (1)= (2)
Suppose H' does not have a Hamiltonian path. Since H' is an induced sub-2-tree of
G, then by Corollary [2.1.10] G' does not have a Hamiltonian path.

(2) = (3)

Suppose H' has a Hamiltonian path, P. Let v be a simplicial vertex with neigh-
bors u and w, such that uw is not a 3-edge. Then P = (zy,...,u,v,w,...,x9) oOr
P = (z1,...,w,v,u,...,z3). Furthermore, because H' is a 2-tree, then ww € E(H’),
and from the reduction algorithm ww € F. Replacing (u,v,w) or (w,v,u) by (u,w)
in P, then P is a Hamiltonian path using exactly one forced edge. Repeating this
process for all s € S1¢(H'), such that s is not adjacent to a 3-edge, then P will be a
Hamiltonian path in (H, F).

(3) = (1) Suppose (H, F') has a Hamiltonian path, P, which uses all of the edges
in F. Let ab be a 3-edge in G with components of G — {a,b}, C},,C?, C3, where
G[C!, U{a,b}] is 1-tough. In (H, F), C!, has been replaced by the simplicial vertex,
v',. Since G[C?, U {a,b}] is 1-tough, then G[C’, U {a,b}| has a Hamiltonian cycle, C'
using all 1-edges in G[C’, U{a,b}]. Hence, since ab is a 1-edge in G[C’, U{a, b}], then
there is an (a, b)-Hamiltonian path P’ in G[C?, U {a,b}]. So, if v, is on the interior
of P in (H,F), then we can replace (a,v’, b) on P with P'. If v{, is an endpoint
of P in (H, F), then we can replace (v’,,b) or (v’ a) on P with P' —a or P — b,
respectively. Now, consider zy € F. In G, xy is incident to at least one vertex,
v, which is not in (H, F') so that ¢(G — {z,y}) = 2. Let C, be the component of
G —{x,y} which contains v. From [24], G[C, Uzy]| is a 2-tree, and from the reduction
algorithm, G[C, U xy| must be 1-tough and so it contains a Hamiltonian cycle C. In
G[C, U xy], zy is a 1-edge and hence lies on C. Thus, there is a Hamiltonian path,
P, in G[C, Uzy| from x to y, and we can replace xy in P with P’. Repeating these
processes for all f € F and all 3-edges, cd and all C?; such that G[C"; U {c,d}] is

1-tough, will yield a Hamiltonian path in G. [

Theorem 4.1.15. If G is a 2-tree, then G has a Hamiltonian path iff s(G) < 1 and

G does not contain any H € 7€ as an induced sub-2-tree.

Proof. —
If s(G) > 2, then G is not 1-path-tough, and G' does not contain a Hamiltonian
path.
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1. If G = H,, then G does not have a Hamiltonian path by Lemma [L.1.5 If G

contains H, as an induced sub-2-tree, then G does not have a Hamiltonian path

by Corollary [2.1.10}

2. If G = H,, then G does not have a Hamiltonian path by Lemma [£.1.6l If G

contains Hj, as an induced sub-2-tree, then G does not have a Hamiltonian path

by Corollary 2.1.10]

3. If G = H., then G does not have a Hamiltonian path by Lemma [4.1.7, If G

contains H,. as an induced sub-2-tree, then G does not have a Hamiltonian path

by Corollary [2.1.10]

4. If G = Hgy, then G does not have a Hamiltonian path by Lemma [4.1.8, If G

contains H,; as an induced sub-2-tree, then G does not have a Hamiltonian path

by Corollary [2.1.10]

5. If G = H,, then G does not have a Hamiltonian path by Lemma [£.1.9 If G

contains H, as an induced sub-2-tree, then G does not have a Hamiltonian path

by Corollary [2.1.10}

6. If G = Hy, then G does not have a Hamiltonian path by Lemma §4.1.10, If G

contains Hy as an induced sub-2-tree, then GG does not have a Hamiltonian path

by Corollary 2.1.10]

7. If G = Hy, then G does not have a Hamiltonian path by Lemma [4.1.11] If G

contains H, as an induced sub-2-tree, then G' does not have a Hamiltonian path

by Corollary [2.1.10}

p—
Suppose G does not have a Hamiltonian path, but that s(G) < 1. Since s(G) < 1,
then G contains no t-edges for ¢ > 4. If G contains m 3-edges for m < 1, then G
has a Hamiltonian path. So G has m 3-edges for m > 2. Let H’ be the caterpillar
representation of G. Then s(H') < 1 and H' does not have a Hamiltonian path
by Lemma Suppose that H' does not contain H,. Denote the 3-edges in H’,
S; = s;s) forall 1 < ¢ < m. Then the 3-edges in H' can be ordered Sy, Ss, ....S,, so that

/

in H' — 54, all s;, s} # s1, s} are in the same component, in H' —S,,, all s;, s, # s, s,

are in the same component, and such that for all i € {1,2,...,m—2}, s; and s;, are in

different components of H'—S;,1. From the reduction algorithm, S; and S,, are each
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adjacent to two simplicial vertices. Furthermore, since ¢(G — ;) = 3, then, if H' has
a Hamiltonian path, one of the simplicial vertices adjacent to S; must be an endpoint
of the path, and likewise, one of the simplicial vertices adjacent to S,, must be an
endpoint of the path. Without loss of generality, label one of the simplicial vertices
adjacent to Sy, x1, and one of the simplicial vertices adjacent to S,,, x2. So since H’
does not have a Hamiltonian path, then H’ does not have an (xi, zs)-Hamiltonian
path. So, by Theorem , (H',x1,25) must contain an F? € Z? as an induced
sub-2-tree. Also, since x; and z, are simplicial, then (H’,x;,z5) must contain F?,
F?, F? F2, F}, F! or F}. Adding a false twin of z; and x, and removing the labels,
we will get the forbidden induced sub-2-trees for H' without fixed endpoints. Using
this process on F} forms H,, on F! forms Hy, on F forms H,, on F? forms H,, and
on F? forms H2 For F7 and F?, we can leave x; and just remove the label, as the
x1 is amalgamated with a 3-edge and hence already forcing x; or the other simplicial

vertex as an end. Using this process on F; forms H3, and on F? forms H,, . O

4.2 1HP
Definition 4.2.1. Define 9 = {1,, Iy, 1., 14, 1., Is,1,, 11, I;, I;} where:

(a) 1, is a 2-tree with vertex x4, which contains two 3-edges, ab and cd, which are
not incident, such that:
(i) c¢d and xo are in the same component of G — {a,b}, and
(ii) ab and xo are in the same component of G — {c,d}, or

(iii) xo € {a,b,c,d}.

Figure 4.15: A general example of I, where the dotted section of the graph represents

any 2-tree with scattering number at most one to preserve generality
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(b) Iy is a 2-tree which contains exactly one 3-edge, ab, such that:
(i) N(ab) — x5 contains two simplicial vertices,
(i) N(a)— xo contains two simplicial vertices, and

(iii) N(b) — xo contains two simplicial vertices.

Figure 4.16: General example of I, where the dotted section of the graph represents any

2-tree with scattering number at most one to preserve generality

(c) I.is a 2-tree which contains at least two 3-edges such that for one of the 3-edges,
ef:

(i) One component of G — {e, f} contains a 3-edge, which is in a different
component of G — {e, f} than xs, and

(ii) e is adjacent to three simplicial vertices in G — 5.

Figure 4.17: General example of I, where the dotted section of the graph represents any

2-tree with scattering number at most one to preserve generality
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(d) 14 is constructed from an ¢ string of diamonds by adding a simplicial verter ad-

; 1.1 _ .m
jJacent to cgep and where xo = ¢! .

Figure 4.18: A general example of I;:
Dil (R1)§ (-le gl); ceeey (l’m_Q, Km—2); Dyt (Rm—1)§ (xm—lagm—l); D?,Ln (Rm)

Sm—1

with added simplicial vertex adjacent to céc%, where zo = ¢’ .1, and
where D;l (R1); (21, 01); s (Tm—2, bm—2); DT L (Rin—1); (=1, bm—1); D™ (Rpm),

Sm—1 m

is shown in gray to preserve generality

X2

Figure 4.19: Specific example of I;: D5({1,3,4,5}) with 2o = ¢}

(e) I. is constructed from D} (Ry); (@1, 41); .-.o; (Tm—2, lm—2); DI (Ry—1); (£, bin—1); D,
m > 2, by amalgamating an xs-2-path with t5'cl and adding a simplicial vertex

adjacent to cicl.
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Figure 4.20: A general example of I.:
D (R1); (1,01); -5 (m—2, bm—2); DI Y (Ry—1); (£, bn—1); D"

Sm—1
m > 2, with an amalgamated xo-2-path and an added simplicial vertex

adjacent to cje

where Dél (Rl); (xlagl); L (xm—27£m—2); Dl (Rm—l)a with 21 = C(%

Sm—1

and z,—1 = 02:;11 41, is shown in gray to preserve generality

Figure 4.21: Specific example of I.: Ds5({1,3,4,5});(¢t,1); Dy with an added simplicial

vertex adjacent to cjel and an xo-2-path amalgamated with t3c?

(f) Iy is constructed from
D3 (R): (20,0 o (e ) D3 (Rinca): (8 bt ): D > 2, with ey =

Sm—1

s, by amalgamating an xo-2-path with t3'cl and adding a false twin %y of 5.
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Figure 4.22: A general example of
Iy: DY (Ry); (21,60); o (m—2, bm—2); DI (Ri—1); (¢, bn—1); DF’

Sm—1

m > 2, with an amalgamated zs-2-path, such that x; = c(l), and
where D;l(Rl); (1,01); s (T2, bn—2); DY (R, 1), with 1 = c(l)

Sm—1
m—1

< 41+ s shown in gray to preserve generality

and z,—1 = ¢

Figure 4.23: Specific example of Iy: D5({1,3,4,5}); (t,1); Dy with z1 = ¢} and an z2-2-

path amalgamated with t3c?

(9) 1, is constructed from D§; (t,€); D3, for 1 > 2 by:

(1) Amalgamating an x-2-path with tjc},
ii) Amalgamating an xo-2-path with t2¢2, and
g 9 p 0¢1

(iii) Adding a false twin x| of x;.
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Figure 4.24: Example of I,

(h) I, is constructed from D{; (t,1); D2 by:

(1) Amalgamating an x-2-path with t}c},
(1i) Amalgamating an xo-2-path with t3c3,
i ing a false twin x} of x1, an
(iii) Adding a false twin o, of 71, and

(iv) Adding a simplicial vertex adjacent to t}t3.

bo b5

Figure 4.25: Example of Iy.

(i) I; is constructed from
D; (t,00); D2 (Ry); (21, £2); o (T, b—2); DT (Rip—2); (£, bi—1); D, m > 3,
by:
(i) Amalgamating an x-2-path with tic},

(ii) Amalgamating an xo-2-path with t§'cy*, and

7



(iii) Adding a false twin x| of x;.

OR
I; is constructed from
D{; (¢, 4y); Dgl(Rl); (x1,09); s (X1, bin—2); D;’:n__IQ(Rm,g); (b, ly—1); D, m > 3,
by:
(i) Amalgamating an x1-2-path with tjc},
(i) Amalgamating an xo-2-path with by'cl", and

(iii) Adding a false twin x} of x.

Figure 4.26: A general example of I;:
Di; (,61); D2, (Ra); (22, 02); +vvv (T2, bin—2); DT (Rip—1); (¢, bn—1); DY
m > 3, with amalgamated x; and zs-2-paths, and
where D§2 (R2); (x2,02); ...o; (Tm—2, bm—2); D;’:;ll (Rpm—1) with 2z, = c%

and z;,—1 = cgfn_}l 41 is shown in gray to preserve generality
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Figure 4.27: Specific example of I;: Dy; (t,1); D5({1,3,4,5}); (t,1); Dy with 21 = ¢} and

an z9-2-path amalgamated with t3c3

Figure 4.28: A general example of I;:
D¢; (¢, 41); DEQ(RQ); (22, 02); .c; (Tm—2, bm—2); Dgﬁ;_ll (Rm—1); (b, £ry—1); DY’
m > 3, with amalgamated z; and z9-2-paths, and
where DEQ (R2); (22, £2); s (Xm—2, b—2); D™ (Ryp—1) with 21 = 3

Sm—1

and 2,1 = ¢, _11 41, 1s shown in gray to preserve generality

m
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Figure 4.29: An example of I;: Do;(¢,1); D5({1,3,4,5}); (b,1); Dy with amalgamated z;
and xs9-2-paths

(j) 1; is constructed from Dy by:

(i) Adding a simplicial vertex adjacent to cyto,
(i) Amalgamating an x,-2-path with tycy, and

(iii) Adding a false twin, x|, or ;.

/
Xxl

Z
2 )

Figure 4.30: Example of I;

Lemma 4.2.2. The graph I, does not have an xo-Hamiltonian path.

Proof. Suppose G has an xo-Hamiltonian path, P. Since ¢(G — {a,b}) = 3, then the
one endpoint of P, x1, must be in one of the components of G — {a, b} that does not
contain cd and x5. Likewise, one endpoint of P, x3, must be in one of the components
of G — {¢,d} that does not contain ab and xs. Clearly, z1, x5 # xo. Additionally,
since xp is in a different component of G — {a,b} than cd, then it will be in the
same component as ab in G — {c,d}, and hence x; # x3. Thus, P has three distinct

endpoints, a contradiction. O
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Lemma 4.2.3. The graph I, does not have an xo-Hamiltonian path.

Proof. Let vi, v, be the simplicial vertices adjacent to ab. By Lemma G has
an ro-Hamiltonian path iff G — vy has an (a, z3)-Hamiltonian path or G — v; has a
(b, x9)-Hamiltonian path. However, (G — vy, a,z5) and (G — vy, b, z5) both contain
F! € 7! as an induced sub-2-tree, and hence by Theorem [3.1.24 G — v; does not
have an (a, x2)-Hamiltonian path or a (b, z5)-Hamiltonian path. Hence G does not

have an xo-Hamiltonian path. O]
Lemma 4.2.4. The graph I. does not have an xo-Hamiltonian path.

Proof. Let ab be the 3-edge which is in a different component of G — {e, f} than x,
and suppose that G has an zo-Hamiltonian path, P. Since ¢(G — {a,b}) = 3, then
the one endpoint of P, 1, must be in one of the components of G — {a, b} that does
not contain ef and x,. Let u, v, w # x5 be the simplicial vertices adjacent to e. None
of u,v,w can be an endpoint of P as they will either be in the same component of
G —{a,b} as ef or they will be one of {a,b}. Thus, on P, u,v, w must all be preceded
or followed by e. But then e must appear on P at least twice, and hence G does not

have an xo-Hamiltonian path. O]
Lemma 4.2.5. The graph I; does not have an xo-Hamiltonian path.

Proof. Let v be the simplicial vertex made adjacent to cjci. Since ¢, ¢, and ¢ 4
are all vertices on the central path, then in H — v, there are (¢, ¢ ;) and (¢, ¢ ,)-
tough paths. Hence in H — v, there does not exist a (cj, ¢ ;) or (cj, ¢ . i)-
Hamiltonian path. Thus, by Lemma [1.2.25 there is no z, = ¢’ |;-Hamiltonian
path in H. O

Lemma 4.2.6. The graph I. does not have an xo-Hamiltonian path.

Proof. Let vy, v} the simplicial vertices adjacent to cjcl. (H — vy, ¢}, x3) and (H —
v}, cl, ) have F} € Z! as an induced sub-2-tree, and hence by Theorem |3.1.24]
H — v} does not have a (c}, z2)-Hamiltonian path or a (c}, x;)-Hamiltonian path.

Thus, by Lemma [1.2.25] H does not have a xo-Hamiltonian path. O
Lemma 4.2.7. The graph Iy does not have an xo-Hamiltonian path.

Proof. Suppose x9, 74 is adjacent to ab. (H—x}, ¢}, a) and (H—1x}, ¢}, b) have F} € F!
or F! € 7! as an induced sub-2-tree, and hence by Theorem [3.1.24, H — z, does
not have a (¢}, a)-Hamiltonian path or a (¢}, b)-Hamiltonian path. Thus, by Lemma

1.2.25] H does not have an x5 = c¢j-Hamiltonian path. O
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Lemma 4.2.8. The graph I, does not have an xo-Hamiltonian path.

Proof. Suppose z1, 2 is adjacent to ab. (H — 2!, z9,a) and (H — z/,x5,b) have
Fy € F'or Fj € #' as an induced sub-2-tree, and hence by Theorem [3.1.24) H — 1
does not have an (x5, a)-Hamiltonian path or an (x5, b)-Hamiltonian path. Thus, by

Lemma [1.2.25, H does not have an x,-Hamiltonian path. ]
Lemma 4.2.9. The graph I, does not have an xo-Hamiltonian path.

Proof. Suppose w1,z is adjacent to ab. (H — x|, x2,a) and (H — 2, x2,b) have
F} € Z'or F! € ! as an induced sub-2-tree, and hence by Theorem [3.1.24) H — x}
does not have an (x2, a)-Hamiltonian path or an (x9, b)-Hamiltonian path. Thus, by

Lemma [1.2.25] H does not have an zo-Hamiltonian path. O
Lemma 4.2.10. The graph I; does not have an xo-Hamiltonian path.

Proof. Suppose z1,2 is adjacent to ab. (H — z!,z9,a) and (H — z!,22,b) have
Fle Z'or F} € ' as an induced sub-2-tree, and hence by Theorem [3.1.24) H —
does not have an (x2, a)-Hamiltonian path or an (xs, b)-Hamiltonian path. Thus, by

Lemma [1.2.25] H does not have an zo-Hamiltonian path. O
Lemma 4.2.11. The graph I; does not have an xo-Hamiltonian path.

Proof. Suppose x,x] is adjacent to ab. (H — x|, x3,a) and (H — x,x2,b) have
Fl e Z'or F} € #! as an induced sub-2-tree, and hence by Theorem [3.1.24) H — 2/
does not have an (x2, a)-Hamiltonian path or an (xs,b)-Hamiltonian path. Thus, by

Lemma [1.2.25[ H does not have an zo-Hamiltonian path. O]

Theorem 4.2.12. If G is a 2-tree with x5 € V(G), then (G, x2) has an xo-Hamiltonian
path iff s(G) <1 and G does not contain any I € . as an induced sub-2-tree.

Proof. = 1If s(G) > 2, then G is not l-path-tough, and G does not contain a

Hamiltonian path.

1. If (G, x9) = I,, then (G, z5) does not have an zo-Hamiltonian path by Lemma
4.2.2| If (G, x9) contains I, as an induced sub-2-tree, then (G, z3) does not have
an ro-Hamiltonian path by Corollary [2.1.11}]

2. If (G,x3) = I, then (G, z2) does not have an xo-Hamiltonian path by Lemma
4.2.3| If (G, z2) contains I, as an induced sub-2-tree, then (G, z3) does not have
an xo-Hamiltonian path by Corollary [2.1.11}
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10.

If (G,zy) = I, then (G, z3) does not have an xo-Hamiltonian path by Lemma
4.2.4] If (G, xz2) contains I, as an induced sub-2-tree, then (G, z2) does not have
an xo-Hamiltonian path by Corollary [2.1.11}

If (G, xq) = 14, then (G, x2) does not have an zy-Hamiltonian path by Lemma
4.2.5] If (G, x2) contains I as an induced sub-2-tree, then (G, x2) does not have
an xo-Hamiltonian path by Corollary [2.1.11}

If (G, xq) = I, then (G, x9) does not have an zo-Hamiltonian path by Lemma
4.2.6l If (G, x2) contains I, as an induced sub-2-tree, then (G, z5) does not have
an xo-Hamiltonian path by Corollary [2.1.11}

If (G, x9) = I, then (G, z2) does not have an z,-Hamiltonian path by Lemma
4.2.7, If (G, x2) contains Iy as an induced sub-2-tree, then (G, z2) does not have
an xo-Hamiltonian path by Corollary [2.1.11}

If (G,z2) = I, then (G, x2) does not have an xy-Hamiltonian path by Lemma
4.2.8 If (G, x2) contains I, as an induced sub-2-tree, then (G, x2) does not have
an xo-Hamiltonian path by Corollary [2.1.11}

If (G,z5) = I, then (G, z2) does not have an xo-Hamiltonian path by Lemma
4.2.90 If (G, x9) contains I}, as an induced sub-2-tree, then (G, z5) does not have
an ro-Hamiltonian path by Corollary [2.1.11}]

If (G,x9) = I;, then (G, z2) does not have an xo-Hamiltonian path by Lemma
4.2.10, If (G, xq) contains [; as an induced sub-2-tree, then (G, zs) does not
have an x,-Hamiltonian path by Corollary [2.1.11}

If (G, xq) = I;, then (G, x3) does not have an z,-Hamiltonian path by Lemma
4.2.11] If (G, z2) contains I; as an induced sub-2-tree, then (G, x2) does not
have an zo-Hamiltonian path by Corollary [2.1.11]

Suppose G does not have an zy-Hamiltonian path, but that s(G) < 1. Since

s(G) < 1, then G contains no t-edges for t > 4. If G contains m 3-edges for m = 0,
then G has an z,-Hamiltonian path. So G has m 3-edges for m > 1. Let H' be
the caterpillar representation of G. Then s(H’) < 1 and H' does not have a xo-
Hamiltonian path by Lemma [4.1.14, Suppose that (H’,z2) does not contain I,.
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Denote the 3-edges in H', S; = s;s, for all 1 <i < m. Then the 3-edges in H’ can be
ordered S, Sy, ....S,, so that in H' — S,,, x5 is in a different component than s; and

s; for all 4, in H' — Sy, all s;, s, # s1,s] are in the same component, in H' — S,,, all

/
i

Si, Sy # Sm, S, are in the same component, and such that for all ¢ € {1,2,...,m — 2},
s; and s;.o are in different components of H' — S; ;. From the reduction algorithm,
S1 is adjacent to two simplicial vertices. Furthermore, since ¢(G — S;) = 3, then, if
H' has an (z5)-Hamiltonian path, one of the simplicial vertices adjacent to S; must
be an endpoint of the path. Without loss of generality, label one of the simplicial
vertices adjacent to Sy, z1. So since H' does not have an (z9)-Hamiltonian path, then
H’ does not have an (z1, z2)-Hamiltonian path. So, by Theorem [3.2.10} (H’, z1,z2)
must contain an F? € .#? as an induced sub-2-tree. Also, since w5 is simplicial, then
(H',x1,25) must contain F, Iy}, F?, F;, F2, F}, F}, F;, F!, or F;. Adding a false
twin of x; and removing the label, we will get the forbidden induced sub-2-trees for
H' with one fixed endpoint. Using this process on F fl forms I;, on F} forms I,, on
F} forms I, on F! forms I, on F, forms I;, on F? forms I,, on F? forms I?, on
F? forms I2. For F? and F?, we can leave z; and just remove the label, as the x;
is amalgamated with a 3-edge and hence already forcing z; or the other simplicial

vertex as an end. Using this process on F3 forms I, and on F? forms I, . O
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Chapter 5
Conclusion

In Chapter 2, we introduced a new toughness condition and introduced a new ap-
proach for characterizing Hamiltonian problems on 2-trees by describing a forbidden
list of induced sub-2-trees for which 2-trees will not have Hamiltonian paths. While
the approach of defining a forbidden list of induced subgraphs will not work for graphs
in general, this approach will work for induced k-trees in a k-tree, as proved in Chap-
ter 2. In Chapter 3, we characterized 2HP on 1-tough 2-trees by giving necessary
and sufficient conditions for a 1-tough 2-tree with fixed vertices, x1,x2, to have an
(71, z2)-Hamiltonian using both toughness conditions and defining a family, .#! of
2-trees for which a 1-tough 2-tree containing a graph in .#! as an induced subgraph
will not have a Hamiltonian path. Additionally, in Chapter 3, we used the results for
2HP on 1-tough 2-trees to similarly characterize the 2-trees which are not 1-tough
as containing a 2-tree in a family, .#2, as an induced subgraph. Furthermore, we
used the results in Chapters 2 and 3 to characterize the Hamilonian path problem on
2-trees in Chapter 4 and 1HP on 2-trees in Chapter 5, by defining forbidden families
of 2-trees, 7 and .#, respectively.

In the future, it is possible that we could extend these methods on 2-trees to other
generalizations of the Hamiltonian path problem, like the Path Partition problem or
the k-Fixed Endpoint Path Partition problem. It is also possible that we could try
to extend these results to 3-trees or k-trees. Since adding a vertex adjacent to all
vertices in a 2-tree would form a 3-tree, our forbidden lists would be a starting point

for investigating these problems on 3-trees.
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