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Abstract

Replacing Black-Scholes’ driving process, Brownian motion, with fractional Brown-
ian motion allows for incorporation of a past dependency of stock prices but faces
a few major downfalls, including the occurrence of arbitrage when implemented in
the financial market. We present the development, testing, and implementation of
a simplified alternative to using fractional Brownian motion for pricing derivatives.
By relaxing the assumption of past independence of Brownian motion but retain-
ing the Markovian property, we are developing a competing model that retains
the mathematical simplicity of the standard Black-Scholes model but also has the
improved accuracy of allowing for past dependence. This is achieved by replacing
Black-Scholes’ underlying process, Brownian motion, with the Dobri¢-Ojeda process.
In the second half of the dissertation, we introduce a Dobri¢-Ojeda type stochastic
noise. This noise is intended to serve as an approximation for fractional noise in a
partial differential equation. We implement this Dobri¢-Ojeda noise in the stochas-
tic heat equation and compare the solution to the analogue with fractional noise.
As in option pricing, we aim to provide a more mathematically tractable alternative

to fractional noise with similar properties.



Chapter 1
Introduction

Under the Nobel prize-winning Black-Scholes model for pricing financial derivatives
[3], we assume that the underlying stock price (S):cjo,00) behaves according to the

stochastic differential equation (SDE)

with initial condition S(0) = Sy € R* and where (}):c(0,00) is a standard Brownian
motion process. The solution to this SDE is achieved using 1t6 calculus:

1
Sy = Spexp {O‘Wt + ut — 50%} )

Recall a few of the assumptions imposed by this model: the short-term interest
rate r is known and constant, there are no transaction costs, stock prices have con-
stant and known volatility ¢ and drift p, changes in stock price are log normally
distributed, and future stock prices are independent of past. The current study of
Option Pricing Theory largely consists of relaxing one or more of the assumptions
of the standard model and studying the result. Incorporating a stochastic volatil-
ity into the model relaxes the assumption that the underlying stock has constant
volatility as in, for example, Hull [15] and Heston [10]. A Black-Scholes model
that incorporates transaction costs was developed by Leland [20]. Incorporating a

jump-diffusion process instead of Brownian motion is one way to relax the Gaussian



property of log returns, as first considered by Merton [23]. Use of Brownian noise
in the stock price process imposes the assumption that the log increments in stock
price are independent over disjoint time intervals. One way to relax this assump-
tion is by using fractional Brownian motion in the SDE (1.1) in place of Brownian
motion.

Fractional Brownian motion, introduced by Mandelbrot and van Ness [22], is a
Wiener process generalized to incorporate time dependence through an additional
parameter, the Hurst index H, which measures the intensity of long-range depen-

dence.

Definition 1.0.1. Fractional Brownian motion is a real-valued Gaussian process
(Zu(t))tcpo,00), where H € (0,1), such that Zy(0) = 0 almost surely and

E[Zu(t)Zu(s)] = ${t*" + 7 — |t — s]*"}.

Note that when H = %, this is equivalent to a standard Brownian motion process.
For values of H > %, the increments of the process are positively correlated and the
closer H is to 1, the stronger long-memory the process exhibits. Conversely, if
H < %, the increments of fractional Brownian motion are negatively correlated. Hu
and Oksendal [13] and Sottinen [28] have replaced Brownian motion with fractional

Brownian motion in the Black-Scholes SDE:

Hu and Oksendal [13] achieve a solution to this differential equation using Wick

calculus:
1
S; = Spexp {JZH(t) + pt — 502152]{} :

One motivation for incorporating past dependency of stock prices is given by an
empirical study of daily returns from 1962 to 1987 [25], which shows the Hurst
index of the S&P 500 Index is approximately 0.61 with a 95% confidence interval
of (0.57,0.69). If the index price showed no past dependency, we would expect
the Hurst index to be 0.5. (Also see arguments that log returns have long-range

dependence in [21] and [26].) A major disadvantage, however, to this model is that
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it results in a non-semi-martingale stock price process. This allows for arbitrage in
the financial markets and it fails to admit an explicit hedging strategy through the
use of Wick calculus instead of Ito calculus. See, for example [28] and its references.

With these issues surrounding the use of fractional Brownian motion in mind,
we introduce and implement the “Dobri¢-Ojeda process”, as originally defined in
[6]. The Dobrié¢-Ojeda process is a temporally dependent Gaussian Markov process
with similar properties to those of fractional Brownian motion, and we propose
this process as an alternative to fractional Brownian motion in the Black-Scholes
stochastic differential equation (1.1). Following [6], we define the Dobri¢-Ojeda
process by first considering the fractional Gaussian field Z = (Zg(t))t,#)ec[0,00)x (0,1)
on a probability space (€2, F,P) defined by the covariance

amg H / / ’
B{Zu(t)Zur(5)} = —5—{[#1"7 + [s|"T — [t — 5|7},

where
—2/T(2H + 1) sin(rH)\/T'(2H' + 1) sin(r H')
amm = I'(—(H+ H'))cos (H' — H)%) cos (H+ H")%) for H+ H' #1
\/ (2H + 1)I'(3 — 2H) sin®*(7H) =: ag =: ax for H+ H' =
where T'(t) = [;7 «''e™"dx is the usual Gamma function. Existence of this field

was established in [7]. Note that when H = H', Zy is a fractional Brownian motion
process and when H = H' = %, Zy is a standard Brownian motion process. On this
field, for the case H + H' = 1, define the process

My = (Mu())icp.0) = (E(Zr (8)| 7)) o) (1.2)

where

Fl=0(Zy(r):0<r <),

As proved in Proposition 2.1.1 below, the process My () is a martingale with respect
to FH. This fact is stated without proof in [6]. The second moment of My (t) is
given by

E[MZ(t)] = cat®> ™, (1.3)



a?I'(3/2—H)
2HT(H+1/2)T'(3—2H

with independent increments and covariance E[Mpg (t) Mg (s)] = car (s At)

where ¢); = ) [6]. We will also show that My (t) is Gaussian centered

2-2H (goo
Proposition 2.1.2).

We use this process My(t) to capture some of the information of fractional
Brownian motion by projecting a fractional Brownian motion onto the fractional
Gaussian field Z.

We seek a process that approximates fractional Brownian motion and has the
form Wy (t)Mp(t), where Uy (t) is some deterministic coefficient. We find such
a coefficient for My to minimize the least-squares difference from Zp, given by
E(Zy(t) — Wy (t)Mg(t))?. Since this expectation is quadratic in Wy, the minimizing

WUy is given b
M E(Zur(6) My (1))
EMZ(E)

A closed form solution for Wy (t) is found in [6]:

\I/H<t) =

2HT(3 —2H)['(H +1/2
Uy(t) = (3 )I(H + /)tQH—l — cgt?H1,

anT(3/2 — H)

We can finally define the Dobri¢-Ojeda process (Vi (t))ic(o,00] a8
Vi (t) = Uy (t)My(t) (1.4)

where
Uy (t) = cqt*!

and
My (t) = E[Zg ()| F/],

where H+ H' = 1. Note that when H = %, the process Vi (t) is a Brownian motion.
To understand how closely the Dobri¢-Ojeda process Vg approximates fractional

Brownian motion Zy, consider the difference process

As proved in [6],
EY7(t) = dit*" = dyEZ2(1),

5



for (1/2 + H)T(3 — 2H)

T(3/2— H)

Therefore, for H > 1/4, Vi approximates Zy with a relative L? error of at most

d3, =1—-2H

32%. Moreover, for H € (0.4,1), which we expect to be reasonable in most markets,
Vi approximates Zy with a relative L? error of at most 12%. We expect that H
is approximately 0.6 in a typical market and rarely less than 0.4, as described and

cited above.

L L
0.4 0.6 08

Figure 1.1: Graph of dy.

One useful property of the Dobri¢-Ojeda process is that it has an It6 diffusion
representation and is a semi-martingale. See Proposition 2.2.1.

The major goal of the first half of this dissertation is to apply the Dobri¢-Ojeda
process as noise in the Black-Scholes SDE (1.1):

We emphasize that when H = 1/2 this is equivalent to the original Black-Scholes
SDE. The main advantage to the Dobri¢-Ojeda process, however, is its semi-martingale
property that allows for use of It6 calculus.

In order to price options, the next natural step is to describe a risk-neutral
measure for this model. This does not follow directly as in the Black-Scholes model
due to the 1/t term in the drift, as we illustrate in Proposition 3.1.1. This causes

explosion of the expectation of the process

exp (% /Ot ’yfds) (1.5)
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at 0. To remedy this issue, we define a modified Dobri¢-Ojeda process in which the
drift is O until time ¢ = € > 0. Under the modified Dobri¢-Ojeda process we achieve
a risk-neutral measure using Novikov’s condition [24]. In the case of a European

call option, we find a price formula under this risk-neutral measure:

TQH _ t2H

— d1> — Ke "I 9®(—d,),

where C' is a deterministic constant and as usual, T is the expiration, K is the strike

price, ® is the standard normal cumulative distribution function, and

In (%) —r(T —t) + 30°C? (—TQI;;ﬁH)
T2H _42H '
20

dy =

oC

Formal convergence of these e-measures to a risk-neutral measure for S; remains an
open problem.

We conclude the first half of this dissertation by discussing techniques for esti-
mating the Hurst index, H, and volatility, o, using historical prices of the under-
lying asset, following with a comparison of historical option prices computed using
Brownian motion, fractional Brownian motion, and the Dobri¢-Ojeda process in the
Black-Scholes SDE. We find that the model using the Dobri¢-Ojeda process does,
in fact, approximate the option price given using fractional Brownian motion when
the parameter H is similar. When using a smaller value for the Hurst index H,
however, the Dobri¢-Ojeda process appears to outperform the competing models.

The study of stochastic differential equations is a leading topic in current math-
ematics with countless applications to fields as disparate as physics, engineering,
biology, and finance. In Chapters 2-5, we study the Black-Scholes stochastic dif-
ferential equation (1.1), which incorporates derivatives with respect to time. The
Black-Scholes equation is an example of a stochastic ordinary differential equation.
It is called “ordinary” because the solution S; is a function of one parameter, time
t and it is called “stochastic” because randomness is introduced through the Brow-
nian motion process (W;):>o so that the process S; also depends on the outcome w

of the probability space (€2, F,P). We have shown that, by changing the driving
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process (W;)i>o to the Dobrié-Ojeda process (V})i>o, the solution S; is changed to
allow for past dependence and correlated log increments.
In the study of partial differential equations, a space parameter is incorporated

as well. For example, the heat equation

2

ou_ 0
describes the dissipation of heat on a surface as a function of time ¢ and position
x. Other examples of differential equations are the Navier-Stokes equation, which
models the motion of viscous fluids, Burgers’ equation, which is used to study traffic
flow and nonlinear acoustics, and the wave equation, which describes the movement
of waves such as sound waves and water waves. See, for instance, [8]. A stochastic
element can be introduced to these equations as well. For example, a stochastic
element added to the heat equation describes the temperature of a surface when a
random external heat source is applied. If this random external heat source is of a
Gaussian type, and this force behaves independently over disjoint sets in x and t,

then it is called white noise W and this heat equation is modeled as

ou  0%u :
a = @ + f(u)W (1.7)

Recall that the Brownian field is nowhere differentiable; finding a solution u(x,t)
to this equation in a straight-forward manner is a hopeless task. Instead, we seek a
“mild” solution of integral form, where, of the multiple methods studied, we consider
the integral with respect to stochastic noise as a Walsh integral, as developed by
John Walsh [29]. This method begins with defining a martingale measure, a process
(M¢(A))tefo,00),aep that for fixed ¢ is a measure on Borel sets B and for fixed A is a
martingale process. This martingale measure is then integrated against.

White noise is just one type of stochastic noise that can be applied to a differ-
ential equation. One area of current study is in implementing fractional noise, a
stochastic noise that behaves like Brownian motion in x and fractional Brownian
motion in £. Phenomena that are better suited to modeling by fractional noise than

white noise include cyclic economic time series, fluctuations in solids, water levels of



a river, and of course, the log returns of a stock [22]. Studying physical properties
of solutions to stochastic partial differential equations driven by fractional noise is
significantly more complicated than studying their white noise counterparts, since
the same Walsh integral approach relies on the use of It6 calculus which is not
compatible with fractional Brownian motion. This motivates our introduction of a
Dobri¢-Ojeda type noise to gain understanding of the physical properties of solu-
tions to equations with fractional noise while using a more mathematically tractable
approach.

We begin this study in Chapter 6 by defining a martingale measure that cor-
responds to the martingale process (Mg (t))icpo,00) defined in (1.2). This will allow
us to apply techniques of Walsh integration to define an integral with respect to a
Dobrié-Ojeda noise V. Next we apply this noise to the stochastic heat equation.

Intuitively, the heat equation (1.7) describes the distribution of heat along an
infinitely thin, infinitely long wire as it evolves over time. The wire has initial
temperature up(x) at every point x € R along the wire. A random external heat
source is applied to the wire with proportion f(u(z,t)) to the current temperature of
the wire at position x. This equation has been thoroughly studied, both in the case
of white noise and fractional noise. For white noise, see [29] and [18] for dimension
d =1 and [5] for dimension d > 1. For the stochastic heat equation with fractional
noise, see for example, [1], [11] and [12]. In the case of fractional noise, a solution to
the heat equation exists for H > 1/2. It is conjectured that a solution only exists
for H > 3/8 (see [12]), but both existence for 3/8 < H < 1/2 and non-existence
when H < 3/8 appear to remain unproven to date. The Hélder continuity of the
stochastic heat equation with this fractional noise is of order 1/4 in time and 1/2
in space, again only when H > 1/2 [14]. We explore the stochastic heat equation
with Dobri¢-Ojeda noise and compare our results with those of fractional noise.

We prove the existence and uniqueness of a mild solution to the stochastic heat
equation with a Dobri¢-Ojeda noise for H > 1/4. Note that the existence and
uniqueness of a solution to the stochastic heat equation with fractional noise is only
proven for H > 1/2. We also establish the Hélder continuity of the solution, which

exhibits similar properties to the Holder continuity of the solution to the stochastic
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heat equation driven by fractional Brownian noise. Table 1.1 shows the upper bound
for the order of Holder continuity of the solution to the stochastic heat equation with
Dobri¢-Ojeda noise. For example, the mild solution u(z,t) is Holder continuous of
any order up to 1/4 in time, for H > 1/2. See Theorems 7.3.7 and 7.3.12 in Chapter
7.

H | (1/4,1/2) [1/2,1)
Time | H—1/4  1/4
Space | 2H —1/2 1/2

Table 1.1: Holder continuity of the stochastic heat equation with Dobri¢-Ojeda

noise.

In the case H > 1/2 the orders of Holder continuity are the same with both Dobrié¢-
Ojeda and fractional noise. The solution to the stochastic heat equation with white
noise also has Holder continuity of order 1/4 in time and 1/2 in space. This shows
that incorporating a “nicer” noise, or H > 1/2, does not improve the orders of
continuity. For H < 1/2, we are not aware of an explicit result for the comparable
noise that is white in space and fractional in time.

We point out that the stochastic heat equation is related to the fashionable
Kardar-Parisi-Zhang (KPZ) equation [17]

% = Ah — |Vh|? + \W (t,z), (1.8)

which models growth interfaces such as the movement of galaxies or the clustering
of bacteria. The Hopf-Cole transformation, a type of logarithmic transformation,
connects the KPZ equation to the stochastic heat equation. This connection was

formalized by Martin Hairer [9], and this work was awarded a 2014 Fields medal.
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Chapter 2
The Dobri¢-Ojeda process

In this chapter we prove a few properties of the Dobri¢-Ojeda process, as defined in

Chapter 1.

2.1 Properties of My(t)

First note that the process My (t) is Gaussian for all ¢ > 0 because it is the condi-
tional expectation of a Gaussian process, Zy(t). The process My(t) also satisfies,
by definition, E[My(t)] = 0 and, by [6], E[M%(t)] = cyt* 2. The following propo-

sition is stated without proof in [6].
Proposition 2.1.1. The process My(t) is a martingale with respect to F1.

Proof. First we will show for t > 0, E[|Mg(t)|]] < oco. Since Mpy(t) is Gaussian

11



2

centered, with variance o2 = c;t?>~2, we have

B[ Mg (t)]]
=E[|Mp (t)[[Mu(t) = 0JP(Mu(t) = 0) + E[| My (8)[|[Mu(t) < OJP(Mu(t) <0)
:% (E[My (8)[ My (t) = 0] + E[— My (8)| Mu(t) < 0])

=E[Mpu(t)|Mp(t) = 0]

2 > 2 2
— —z?/20
= ze dzx
o2 /o

V2o
=7
Vet
==
_\/2CMt17H
=
<0Q.
(2.1)
Next we will show for 0 < s < t, E[My(t)|Ff] = My(s). By the Tower Rule and
by the definition of (Mpy(t)) (1.2), we have
E[My(t)|F!] =E [E(Zw (t)|F1)|FF]
Z (t)|FY
{ i | ] (2.2)
[ZH/ H/ 8)‘./_':9[{] +MH(S)

It remains to show that E [Zy/(t) — Zy:(s)|FX] = 0. Fix V € FH. Without loss of
generality, let V' = 1y, (wep) for some u < s and where B is a Borel set. Then
E[V(Zu(t) — Zp(s))]
=Kz, wepy (Zr(t) — Zp (s))] (2.3)
=E[1{z,wen 2 ()] = E[l{z, wepy Zn (5)]-

12



To simplify notation, let X = Zy(u) and Y = Zy/(t). Then

E[1z,weny Zm ()]

—E ]l{XeB}Y]
// yhxy(a,y) dydo
1 2 2 2
//yexp( {I—Q—l—y—Q— pxy]) dy dx (2.4)
27TO'Xa'y\/]_— ) Ox Oy Ox0y

2noxoy\/1 — p? /B ( 2(1 —p?) Ug{)
1 v 2pxy })
X exp| ———— |5 — dy dx.
/]Ry p< 2(1—=p?) {032/ oxov|) "
First, we compute the integral with respect to y:
/ Y exp L[ 2 dy
R 2(1 = p?) _U;Qf O0x0y
1 'y2 Qny p2$2 02232
= 5T oy | 3 d
/Rye}‘p ( 20— 2) 0% oxov 0% 20— p)e%)
R 2(1—p?) Loy ox 2(1 - p?ok

22 V1= 22 1 2
=exp ( re ) oy T Y exp ) [y — paym] dy
2(1 UX Uy\/l—i\/ﬁ (1 - Y

px POy T
— R S — A/ 1= p%V2 .
P (2(1 - pz)aﬁ) (A

13



Then

= e
exp
2roxoy\/1— p? JB )
1 y?  2pxy
x - _|¥_ dy d
/Ryexp< 2(1 = p?) {012/ oxor])
1 / ( x?
= exp
2roxoyy/1—p? JB
X oy 1— p2\/27rpayx dx
ox
ooy / ( 22 . 22 ) ]
= rexp | — x
Voo TP\ 21— et T 2(1— p2)ok
B Lol 2
= rexp | —— | dx
2ro% JB P 20%

E[XY] 1 , ( o’ ) ;
= T, ex — 5 X
0_3{ ox /_27'[' R €B p

E| XY
:%E [ﬂXeBX]

_ E[Zy(w)Zi (1)
ST RG] PaewesZal)]

:WE []IZH(u)eBZH(U)} .

Simﬂarly, E[]I{ZH(u)eB}ZH’(S)] = %E []lZH(u)EBZH(u)}' This shows E[V(ZH’ (t)_

Zu(s))] = 0 for all random variables V' € F¥ and so E [Zy/(t) — Zp (s)|FE] =

s

0. ]

Proposition 2.1.2. The martingale process (M (t))icjo,00) has independent incre-

ments and covariance E[Mpy(t) My (s)] = ear (s A )21

Proof. Assume without loss of generality that s < ¢. Then by Proposition 2.1.1 and

14



(1.3) above,
E[Mu(t)Mu(s)] =E [(Mu(t) = Mu(s)) + Mu(s)) Mu(s)]
(Mu(t) — Mpu(s))Mp(s)] +E [(Mu(s))?]
E [(My(t) — Mu(s)) Mg (s)| FH] + cars® 2
($)E [Mp(t) — My (s)|FF]] + ens®H (2.7)
=E [Mu(s)E [Mu(t)|F}'] = E [Mu(s)|F]] +eus® "
=E [My(s)(Mu(s) = Mu(s))] + cus®

Therefore,
E[My () My(s)] = e (s At)* 2 (2.8)

Finally, to prove independence of increments, we again assume that s <t and h > 0

is small:
E[(Mp(t+h) = Mu(t))(Mu(s + h) = Mu(s))]
=E [My(t +h)Mg(s +h)] = E[(Mg(t +h)Mg(s)] — E[Mg(t)Mg(s + h)]
+E[Mp(t)Mu(s)] (2.9)
=cur ((s + R)27H 272 (g p)? A 32’2H)
=0.
Since (Mg (t)) is Gaussian, this suffices to show (M (t)) has independent increments.

[

Next we will prove that the quadratic variation of the martingale process (My(t))
from 0 to t is given by c;,t>~2. First we will prove the following lemma, to be used

in the proof of Proposition 2.1.4 and later in Theorem 4.2.2.

Lemma 2.1.3. The following approximation holds for even moments of M, =
My (t):

(2k — D (ear(2 — 2H)E2HAL) " if H < 1)2
(2k — D (ear(2 = 2H)E2HAL)Y if H > 1)2,
where k > 1 and AMy, = M, — M,, .

E[(AM,,)*] < (2.10)

15



Proof. Using (1.3) and the Mean Value Theorem,

E[(AM,,)?] =E[M;] — 2E[M;, M, ,] + E[M,,_,]
=cpt? T OR[(AM,, + My, )M, ]+ cpt2= 2
=cpt; 2 = 2E[AM My, || — 2E[M;_ ]+ epti 7"
—cpt? 20y 272 4oyt (2.11)
=en (677 = 777)
cn(2—2H)E AL if H < 1/2

cn(2—2H) AL if H > 1/2.
Since the process (M;) is Gaussian, the result follows that for & > 1, as required. [

Proposition 2.1.4. Forn > 0, let t; = %, 1 = 0,...,n be a partition sequence of
[0,t] and My = Mg(t) as defined in (1.2). Then

n

Z (AMti)2 _ CMt272H

i=1

lim =0
n—oo

2

and

nh_}ngo Z (AM,,)? = cpt* 2 a.s.
i=1
where AM,, = M, — M, .

Proof. By the Triangle Inequality and the definition of a definite Riemann inte-
gral, it suffices to prove that the difference of the sample quadratic variation of M,
and cpt? 20 = ¢ (2 — 2H) Y0t At converges to 0 as n — oo. Using the

i=1"1

16



independent increments of M; as proved in Proposition 2.1.2, we have

n

D (AM,)? —cn(2—2H) Y AL

=1 =1 )
n n 2
i=1 i
:Z ZE [(AMti)2:| E [(AMtj)Q] —2cy(2—2H) Z ZE [(AMQ)2] t;_2HAt
i=1 j=1 pe
+ C?\/[(Q — 2H>2 Z Z tg_QHt}—QH(At)Q‘
i=1 j=1

(2.12)
By Lemma 2.1.3, this is bounded above by 0 for either H < 1/2 or H > 1/2. [

2.2 Properties of Vy(t)

Next, we show that the Dobri¢-Ojeda process has an Ito diffusion representation.

Proposition 2.2.1. There exists a Brownian motion process (Wy)ico,0) adapted to
the filtration (F)iepp,00) such that the Dobri¢-Ojeda process (Vi(t))iejo.0) is an It

diffusion process, satisfying the stochastic differential equation
AV (t) = CtH=12aW, + (2H — 1)tV (t)dt,

where C' = cyr\/cp(2 — 2H).

Proof. By Proposition 2.1.4, the quadratic variation of (My(t)) is given by [Myg, My, =
cyt* 2. Therefore by the Representation Theorem for Martingales (see [16]), we
have dMpy(t) = \/car(2 — 2H)tY/2~HaW,, where W, is a Brownian motion process

17



adapted to the filtration (F/")ep,0c). Therefore,

dVi(t) = d(Vu(t)Mu(t))
= U () dMy(t) + My (t)d g (t)
= Uy (t)/ear (2 = 2H) > HAW, + (U (8) " Vi (1)) d(cqt? 1)
= cg\/en (2 = 2H)PHHY 21 W, 4 e (t) ey (2H — 1)1 2dt
= co/en (2 = 2H)TV2AW, + (2H — 1)t~ Wy () dt.

Notice that this equation is well defined since Vi (t) is of the order t¥. O

Note that the martingale part of this representation has a similar form to the
Riemann-Liouville fractional integral Zy (t) = 77y [5(t — s)T=12dW, (see [2)),
but is non-anticipating and therefore It6 integrable while the fractional integral is
not. We consider that the drift term of the diffusion compensates for this difference
and works to imitate fractional Brownian motion while remaining a semi-martingale
process.

A closed-form equation for the quadratic variation of the Dobri¢-Ojeda process

immediately follows:

Proposition 2.2.2. The quadratic variation of (V;)icpp,00) 5 given by

02
V,V], = —t*"
[ 3 ]t 2H )
where C' = cyr\/cy(2 — 2H), as above.
Proof. By Proposition 2.2.1, we have
" am C? o
VVi=|[ C Trds = —t
vVl /0 Sy

18



Chapter 3

Option pricing with the

Dobri¢-Ojeda process

We replace Brownian motion with the Dobri¢-Ojeda process in the Black-Scholes

stochastic differential equation:

To simplify notation, we drop the subscript H from Vj(t). Note that when H =
1/2, we have a geometric Brownian motion process, so without loss of generality, we
assume H # 1/2. Using It6 calculus, we can solve for S; explicitly: Let Y; = In S;.
Then we have

v, 15 1S
5.2 62)

1
= pdt + odV, — 5an[V, Vi,

and thus by Proposition 2.2.2,

1
K:%+ut+avt—§a2[V,V]t

3.3)
1 02 (
_ Y t _ = 2—t2H
0+ K + O-‘/t 20 2H )
which implies
1 2 02 2H
St = S(] exp ,LLt + O"/t - 50' ﬁt . (34)

19



3.1 Risk-neutral measure

The next natural step towards a comprehensive model for derivative pricing is to
establish the existence of a risk-neutral measure. If we were to proceed as usual, we

would consider the discounted stock price
dZy = Zy(odV, + (n — r)dt),
where r is a constant deterministic interest rate. By Proposition 2.2.1, we have
dZ, = oCt" =12 Z, (AW, + ~,dt)
where
pw—r+o(2H —1)t7V,

N = oOtH—1/2

We seek an equivalent probability measure @ so that Z; is a Q-martingale. The

(3.5)

standard technique is to invoke Girsanov’s Theorem by showing ~; satisfies Novikov’s
Condition or Kazamaki’s Condition (see [16] or [27]). To date, this remains an open
problem as the usual techniques fail to work in this case. For example, we will show

that Novikov’s Condition fails to be satisfied in the following proposition.

Proposition 3.1.1. For 0 <t <T and for v, as defined in (3.5), we have

E [exp (é /Ot vgds)} = o0. (3.6)

,)/82 — A2S_1_2H‘/32 + ZABS—QH‘/S 4 BQSI_2H,

Proof. We have

where A and B are deterministic and constant. Therefore, by Jensen’s Inequality

20



and properties of V;, we have
1 t
E {exp <—/ ’y?ds)]
2 Jo
1t
> exp (]E —/ fyfds])
2 Jo

= exp

t t
/ A%”vads] +E E / 2ABS2HVSds}
0 0

t
+E [1 / stlwds]>
2 Jo
I I
=exp | E {—/ A2312HV52d3]> exp <E {—/ QABSQHVSCZS])
2 Jo 2 Jo (3.7)
t
X exp <IE F/ B2512Hd3})
2 Jo
I I
= exp (5/ A?s7172HE (V2] ds) exp <§/ 2ABs R V] ds)
0 0
1 t
X exp <—/ 32512Hd5>
2 Jo
= exp 1/l‘/AQ:slMc s*Hds ) exp B—2t2’2H
2 J M 2(2 — 2H)

AZCM t 1 32
— *d t272H
eXp( 2 / S)GXP(2<2—2H> >

=0Q.

]

The determination of a risk-neutral probability measure without using Girsanov’s
Theorem remains an open problem. In the meantime, to resolve this issue and find
a risk-neutral measure, we replace V; with V, defined to be slightly altered from
the diffusion process given in 2.2.1. Since the issue lies in the 1/t term of the drift,
we simply “turn off” the drift until some time ¢ > 0. We can proceed with the
standard techniques, as in [27], using the modified Dobrié¢-Ojeda process V¢ in the
stock price SDE.
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Definition 3.1.2. Let ¢ > 0. Define the Modified Dobrié-Ojeda process, (Vi)ico,00)»
by
dVy© = Ct12dW, + ey (2H — D2 M1 o) (t)dt,

where C' = cyr/cpy(2 —2H) and from this point forward we call My (t) = M, for

simplicity of notation.

The drift part of V; which causes (3.6) to explode at time ¢t = 0, is 0 until it
“turns on” at time t = € for any admissible ¢ > 0, as we will see in Proposition
3.1.7. We will proceed towards derivative pricing using the model driven by V,* and
define an option price. We begin by proving a few properties about V,°. First, we

will prove the existence of a process (V,°) that has this diffusion.
Proposition 3.1.3. There is a unique solution to 3.1.2.

Proof. By Definition 3.1.2, we have

t t
Ve=0C / sT=Y2 AW, 4 g (2H — 1) / T2 M1 (e ooy (5) ds. (3.8)
0 0

It remains to show that both integrals are well-defined. First, using Ito Isometry,

t 2
(C’/ sH=1/2 dWS)
0

For t < ¢, the second integral is 0. To show that the second integral is well-defined
for t > e, first note that when H = 1/2, the second term is 0. Thus, without loss of

2

¢
= 02/ s ds = 2C—t2H < 00. (3.9)
0

E
H

22



generality, assume H # 1/2. Then we have by Proposition 2.1.2,

t 2
(C@(QH— 1)/0 82H72M5]1[E’00)(S) ds) ]

t ot
=c%,(2H — 1)2/ / =222 (M, M,,] dso dsy
=c3,(2H — 1) / / 2H=22H-200 (51 A 89)* 2 dsy dsy
=2cpcy(2H — 1) / / =2 2H=2 2721 150 ds,
=2cprc5,(2H — 1)2/ S%H_Z/ dsg dsy

¢
fH 2(31 —€)ds;

E

(3.10)

=2cpch(2H — 1)3

=2cpcy(2H — 1)3

\r\

( 2H—-1 —ES%H 2) d81
1

=2cpcy(2H — 1)? —(t2H — My — L(tszl _ 621{1))

2 2H -1

A

<0oQ.

This suffices to show that there is a unique solution to V¢, as in Definition 3.1.2. [J

Proposition 3.1.4. The modified Dobri¢-Ojeda process (V)ico,00) Satisfies, for all
t>0,

1. E[VFf] =0 for alle >0 and

H .

ng ift <e

S 4 2C2(2H — 1) 50 (127 — M)

—1—20Mc\1,(2H —1)% (55
H

(
(t2A=1 — i1y if t > e.

2. E[(Ve)?] =

2H1

Proof. 1. For t < ¢, by Definition 3.1.2, we have

E[V<] =E [C /Ot st=1/2 dWS] =0 (3.11)
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since it’s the expectation of a square-integrable It6 integral. For t > €, because

the process (M;) is a martingale and thus has zero expectation, we have

t t
E[VS] =E {C/ sT=Y2 AW, + ey (2H — 1)/ ST 2 M1 o) (5) ds]
0 0

t t
=E {C/ st1=1/2 dWS] +E {c\p(2H — 1)/ ST 2 M1 e o0y (5) ds]
0 0

t
ey (2H — 1) / PHE (M1 ey (s) ds
0

—0.
(3.12)

2. For t < e, we have

E (V)] = %tw (3.13)

as in (3.9) above. For ¢ > ¢, as in (3.10) above, we have

E (V)]
[ t t 2
=K (C’/ sH=1/2 dWs + cg(2H — 1)/ 32H_2MS]1[€700)(3) ds) ]
0 0

t 2
—E (C / 12 dI/Vs) ]
0

t
+2Ccy(2H — 1)E U / HARGH=2 M e ooy (52) AW, dsgl
0 0

(c@(2H —1) /0 t S 2 M o) (5) ds>2] (3.14)

t2H+2CCQ 2H — 1)E [ / / B2 =2 1 AW, dsz]

+E

C’

1

€
+ QCMC\I,(QH — 1) (2[—[ (t2H 62 ) m(ﬁH—l o 62H1))

C? 1
:_tQH 2 2 OH —1)— t2H _ 2H
st +20% )5 )
1 € _ _
2 (2H — 1)? (ﬁ@w ) I 1)) |
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Note that the middle term can be computed using the same Martingale rep-

resentation as in the proof of Proposition 2.2.1:

{ / / AR ZH=2 AW, dSQ]
t
- / 317 [Ms2 / o dWSl} ds
€ 0

=v/cu 2—2H/ H2EU 1/”fdvv/ - 1”dVVsl} dso

sa At
=\/Ccu 2—2H/ 2H - 2/ du ds,

0
\/CMQ—QH/ HldSQ

o M<2_2H) 2H 2H
= Vi (t ).

Proposition 3.1.5. The quadratic variation of (V)icjo,00) 5 given by

€ € 02 2H
[V,V]t—ﬁt ;

where C' = cyr\/cp(2 — 2H), as above.

Proof. By Definition 3.1.2, we have

2
C7 on

t
[VE, Vé]t = /0 C2S2H71d5 = ﬁ

(3.15)

]

The modified Dobri¢-Ojeda process has the same quadratic variation as the origi-

nal Dobri¢-Ojeda process because while the drift component has been modified, only

the martingale part contributes to the quadratic variation.

Proposition 3.1.6. For H € (0,1) fized, the process (V)icp,0) as defined in Def-

inition 3.1.2 converges both in L* and almost surely to the original Dobrié-Ojeda

process (Vi)ie(0,00)-
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Proof. For € > 0, define the process (Nf)icp,00) by
N =V;— VS (3.16)
for all ¢ > 0. Then by Proposition 2.2.1, Definition 3.1.2, and the original definition
of the Dobri¢-Ojeda process (1.4),
dN{ = dV, — dV
= (2H — 1) (t7'V; — cot® P ML 00 (1)) dt

= (2H — 1)t (V, = Vil (1)) dt (3.17)
B { (2H — D)t~ WV,dt ift <e
0 if t > .
When t < ¢,
Nf=(2H —1) /Ot s 'V,ds. (3.18)

Therefore, by Proposition 2.1.2,

((QH— 1)/t _1Vds)2

=(2H — 1) //sl sy "B [V, V,,] dsyds;

E [(N})*] =E

=c2(2H — 1) / / =2 2H=2) (M, M,,] dsy dsy

—enc(2H — 1) / / -2 212 A 6 V221 ) s, (3.19)

—QCMC\I, (2H — 1 / / ng dSl

=2cpc5(2H — 1)2/ sH=1 s,
0
:2CMC?I,(2H — 1)2t2H
2H .

When t > ¢, dNf = 0 with initial condition E [(N:)Q} = we%’. Therefore,
for t > €, N¢ = Y2ucs QI H a1 thus

V2H
. 2e0¢% (2H — 1)? 2ep0¢% (2H — 1)?
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Finally, to prove L? convergence, we have

sup E[(Nf)?] < sup E[(N))?] + sup E[(N})’]

0<t<o0 0<t<e e<t<oo
2 2 (2H —1)? 2 2 (2H —1)?
— sup ( cmcy ( ) t2H> + sup ( ey ) 62H)
0<t<e 2H e<t<oo 2H
2emcy(2H — 1) Ly N 2% (2H —1)% Ly
- 2H ‘ 2H ‘
_4CMC?I,(2H — 1)2 oH
- 2H ‘
—0

(3.21)
as € — 0. Almost-sure convergence is straight-forward using the Dominated Con-

vergence Theorem:

¢ t
lim V) = lim (C/ sH=V2 AW, + ey (2H — 1)/ T2 ML 00 () d3>
0 0

e—0 e—0

t ¢
= C/ sH=V2 qW, + lir% cy(2H — 1)/ ST ML o0y (5) ds
0 - 0

t t 3.22
= C/ sHV2 AW, + cq(2H — 1)/ sHH2 ), liné]l[gﬁoo)(s) ds (3.22)
0 0 €—
t t
= c/ sT=12 AW, + ey (2H — 1)/ 2 M, ds
0 0
e Vi'
O
Now we define S;:
dS; = S;(odV + pdt). (3.23)

We will assume that the underlying stock price process follows (S§)ic(0,0), for some
small € > 0. By Definition 3.1.2, we can use Ito Calculus to solve: Let Y; = In.S;.
Then we have
sy, 450 _ 1Sy
S; 2 (57)? (3.24)

1
= Iudt + O'd‘/;e — 502d[V6, Ve]t,
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and thus by Proposition 3.1.5,

1
Y, =Yy + ut+ oV — 502[1/6, Ve,

1 ,C (3.25)
=Y, - ot
o+ ut+oVy 50 2Ht :
which implies
€ € 1 202 2H
Sy = Spexpq ut+ oV — 39 ﬁt . (3.26)

Since (V,)icpn,00) converges to (V;)iepo,00) almost surely, convergence of (Sf)icp,00) t0
(St)tel0,00), as in (3.4), immediately follows.
Define
Zf = By 'S;

L), (32)

:Soexp{(:u_r)t_'—o-‘/;e_z 2[_[

where B; = ¢" is the bond price process.

Then by Itd’s Lemma and by Definition 3.1.2, we have

dZ; =Z; (odV + (u — r)dt)
=75 (o(Ct"12dW, + o (2H — D2 M1 oo (t)dE) + (1 — 7)dt)
=Z; (cCt"12AW, + ( — 1 + oy (2H — D)2 M1 o) (1)) dt)
—7r+ UC\p(zH — 1)t2H_2Mt]1[e,oo) (t) dt)

—o 12 7¢ (th + &

o OtH—1/2
:UCtHA/zZte AW, + H=Tp-n n cy(2H — 1)Mt]l[e,oo)<t)tH—3/2 dat)
oC C
(3.28)
Let
v = AP 4 BT ) (2) (3.29)
where

p—r cy(2H — 1)
A= B=————-.
- and c

In order to employ Girsanov’s Theorem, we first verify Novikov’s Condition (see

(3.30)

[16]) for restricted values of e. This restriction is discussed following the proof.
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—1
Proposition 3.1.7. For v, as defined in (3.29) and for e > e?8*u T,
1 t
E {exp (—/ 2 ds)
2 Jo

Proof. By the Cauchy-Schwarz inequality, we have

- L
E |exp (5/ 73ds>}
0

< 00 (3.31)

forall0 <t <T.

1 t
=E |exp (5/ (As'/27H 4 BsT 32N o) (5))? ds)}
L 0
- Lt
=F |exp (5 / (A%s' 27 1 2ABs ™ M1 o) (5) + B> 3 M2 o) (5)) ds>]
L 0
r 1 t t
=E |exp (§A2/ s1—2H ds> exp <AB/ s_lMS]l[@oo)(s) ds)
L 0 0
(1

t
§B2/0 S2H_3Ms2]l[57oo)(8) ds)}
A22-2H b 1o [* onsy o
=e202M K |exp AB/ s Ml o)(s) ds | exp §B /s M1 o) (5) ds
0

0
A2t272H t 1/2
Sem (]E |:eXp (QAB/ SilMs]]-[e,oo)<S) d5>:|>
0

. 1/2
X (IE [exp (BZ/ s M2 e o) (5) ds)]) '

0

(3.32)

Note that we can use the moment generating function of the Gaussian random
variable f(f s M1 ) (s) ds to show that the first term is finite. To show that the

last term is finite, we use the Taylor expansion of f(z) = e and the Cauchy-Schwarz
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t
E |exp <B2/0 ST M2 1 o0y (5) ds)]

r t

=K exp (BQCM/ 82H738{§272H]1[5’00)(S> d8>:|
L 0

(2—2H

- B2
= exp (2 02]\}[_1 7’7233]1[62—”[,00) (7’) d?”)]
- 0

t2—2H

k
1”7233]1 [€2—2H o0) (T) d?“)

_k:(]

= (Bley)! e k
=S e ([ B

P (2 - 2H) k! 2-2H

0o (BQCM)k (2—2H 12—2H B 72 , ,
:Zm oo . 7”1 ...Tk, ]E[BTIBTIJ drl...drk

k=0 € €

0o (B2CM)k (2—2H (2—2H . 72

< —_— ce ce
st ; (2 — QH)kk' 2—-2H 2—2H " "k

1/k

< E[B*)* B [B*] dry ... dry

_ k
—  (B?em) /t2 . —2 2k 1/k
—1 o E [B*]"* d
+;(2—2H)kk! o BB
2-2 k
3 (Bt / L (2T N\
- (@ 2H)K \ Joon N '
_ k
143 2B Tk + 1)) / Yy
- 2 —2HRE \ Joow T

et ()

(2B2cp)* T (k + 1/2) (m (ﬁ))k

k!

> (QBQCM);F(k +1) <1n (E))k

i (2% (t)) |
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This series converges when

t
’232% In (-) <1, (3.34)
€
or when
—1 1
te?Bem < € < te*Benm . (3.35)
O

1
The right-hand inequality is irrelevant since te25°m > ¢ and we intend for € to

be small. The left-hand inequality, ¢ > teﬁ, has more important implications.
This restriction on e is significant for extreme H values but more reasonable for
H values close to 1/2, which corresponds to the H values we expect in a typical
market. For example, for H € (.21,.68), we need not require € to be any greater
than 10% of ¢. To further consider this restriction on e, set

—1

5(H) — e2BZey ,

as shown in Figure 3.1.

Figure 3.1: Graph of 6(H).

We do expect Theorem 3.1.7 to be satisfied for any € > 0 since intuitively, the Brow-
nian motion process B; behaves like v/t and the second term can be approximated

(non-rigorously) by
t
exp (BQCM/ st ds) < 00, (3.36)

however a rigorous proof of the theorem for any ¢ > 0 remains a work in progress.
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By Girsanov’s Theorem (again, see [16]), there exists a measure Q¢ equivalent

to our original measure P such that

the = th + ’}/tdt

(3.37)
= dW, + (A2 + BT3P ) (1)) dt
is a Q°-Brownian motion process. Therefore,
dZf = oCtT 12 ZE (AW, + (AP + BT3P M 1 o) (1)) dt) (3.38)
= oCtT- V2 Z5dW; |
is a Q°-Martingale process. Note that under the measure Q¢, we have
t 02
ze _ H=1/2 Jy17¢ g O pH .
L = Soexp {O‘C/O s We — 22 (3.39)
and similarly,
Sf = Spexprt+oC /t sH=12qpe — 2 Sk —— (3.40)
Lo 0 ° 2(2H) '
Finally,
t2H
Eq[S;] = Eqe {So exp {rt + UC/ A=172qpye — 202 ZHH = Spe™,  (3.41)
0

using Ito Isometry and the moment generating function. Therefore Q¢ is in fact a
risk-neutral measure. Let F(T) be the payoff of an option on an asset with price
(S§)tep,r) for some € > §(H)T at time T" > 0. Note that we assume the underlying
stock price follows (S5), NOT the original stock price process (S;). Define

E, = Eqe (B F|FH). (3.42)

Then by the Martingale Representation Theorem (see [27]), there exists an adapted
process (¢¢)iecpo,r) such that

For each € > §(H)T, we get a A-hedging portfolio given by (¢, ¥4)scpo,r), where ¢y is

the number of shares of the risky asset and i, = E}; — ¢ Z; is the number of shares
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of the bond at time ¢. It can be easily verified that the portfolio is self-financing
and replicating under the modified stock price process (S5). Then by the standard
no-arbitrage argument (see, for instance, [27]), the value of the option is equal to

the value of the portfolio at every time ¢ € [0, 7T, given by

Ft — ¢tS§ + tht

) (3.44)

Furthermore, we can find the corresponding Black-Scholes partial differential equa-

tion:

Proposition 3.1.8. Consider an option with underlying stock price (S)icjo,00) 05
defined in (3.23) that has payoff F' at time T > 0. For simplicity of notation, denote
x = S§. The value of the option at time t € [0,T] is given by the solution f(z,t) to
the the partial differential equation

1
rf(z,t) =raxf.(x,t) + fi + 50202t2H_1x2fm(33, t) (3.45)
with terminal condition f(x,T) = F.

Proof. The underlying stock price process (.S ):cjo,o0) Satisfies, by (3.23) and Defini-
tion 3.1.2,
dS¢ = a(t)Sedt + oCtH=125caw,, (3.46)
where a(t) = p+ ocg(2H — )27 2M 1 »)(t). Also note that the bond price
process satisfies dB; = rBydt. Then using [t0’s formula, we have
1
df(l‘, t) :fx(xa t>dStE + ft(xv t) + §fzx(x7 t)(dStE)Q
=f.(z,t) (a(t)Sidt + oCH2SEAW,) + fi(,t)
1
+ 50202#1{—1(5;)2 fua(z,t)dt (3.47)
=a(t)SE fo(x, t)dt + oCtTY2SE £, (2, )dW, + fi(, 1)
1
+ 502021521{*1(5‘;)2]”%(95, t)dt.
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Since the hedging portfolio (¢, ;) is self-financing and replicates the value of the

option at every time ¢ € [0, 7], we also have
df (z, 1) =¢udS; + YydBy
=, (a(t)Ssdt + oCt* 2 SEAW,) + byr Bydt (3.48)
=gy (t)SEdt + ppo CtH=2SEAW, + pyr Bydt
Setting these equations (3.47) and (3.48) equal gives
(cCtT1285 fo (2, t) — Gpo CHTH2SE) dW,

1
— (xa@)S: + B~ QOSiLulo ) = il 0) = SO CHHS Ll ))
(3.49)
Since the left hand side of this equation is a martingale process and the right hand

side is not, they must both be equal to zero almost surely. Therefore,

¢r = fo(z,1) (3.50)
and finally,
1
rf(x,t) =raf.(z,t)+ f; + 502021521171:62]‘}3;(1:, t) (3.51)
as required. O

It follows that the number of shares of the underlying stock in the replicating

portfolio (¢ )sejo,r] satisfies

~ Of(w,t)
Pr=—g (3.52)

3.2 Computation of a call option price

The payoff F' of a call option on a risky asset with price (S )¢cpo,r) that has strike

price K and expiration 7' is given by

F=(85— K)*. (3.53)
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Suppose also that we have a risk-free interest rate r. Therefore by (3.44) and (3.40),

we have

F, = BEq: (B F|F)
= BEq (B;'(S7 — K)*|F)

S5 *
= BEqg- | B;! st—f - K) Fi
t

T . T2H _2H +
_ e—r(T—t)EQE ((SEGT(Tt)JrO'Cft sH 1/2dws—%g202<27Ht> _ K) 7

(3.54)
Since Sf is measurable with respect to JF;, fix x = Sf. Then since ftT sH=12qWe is

independent of F/, we have

+
— T H-1/2gy7e_ 1202 ( T2 _2H
F, :eiT(Tit)EQe ((xer(T t)+oC [ s dWe—502C < 55 ) _K = Ste
(3.55)
. T _ . . . . . 2H _42H
Since [, s"71/2dW¢ is a centered Gaussian random variable with variance T———,

we have

2H _2H 2H ,2H +
Pvt — e—r(T—t)EQE ((IGT(Tt)+UC T 2Ht Z*%OQCQ(T 2Ht ) _ K) . Sf)

+
1 oo _ T2H _2H 1 2.2 T2H _2H 1 9
= e_T(T_t)—Q SfeT(T D+o0V g e hot 0 (P ) _ K| e 2%dz,
V4T J—oco

(3.56)

where Z is a standard normal random variable. We have

T2H _42H T2H _,2H
Steer(T—t)—i—aC 5T z—%5202< = ) CK>0 (357)
when
H H
In (%) — (T —t) + $52C? <%>

z>dy = , (3.58)

T2H _2H
oC ST
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and therefore

F— e _L / . (Se e Gy —K> e 3 dz

\/ﬂ

T2H _2H 1 T2H _2HN\
—T‘(T t_— / SEGT(T_t)—HTc 2H 0202( 2H )_5932 _ Ke_%ZQ dz
V2T d1

% —oCy/ TZHQHtQH) ey L [T 1,
dz — Ke e 27 dz
\/ 21 Ja, \/

:S,f

=S5 e 2V dy — Ke (T

Ver /dl_gc./ﬂfg;w

T2H _ 752H
=S | 0O\ 57— —di | - Ke " T (—dy).

(3.59)
We observe that when H = 1/2, this formula is consistent with the original Black-
Scholes call option price.
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Chapter 4
Parameter estimation techniques

In both the original Black-Scholes model, its analogue with fractional Brownian
motion, and now the model with the Dobri¢-Ojeda process as the driving noise for
the stock price process, we assume that the stock price parameters u, o, and H
(drift, volatility, and Hurst index, respectively) are constant for ¢t € [0,7]. In this
chapter we discuss two methods for estimating these parameters based on historical

stock price data.

4.1 Ratio method with Ergodic Theory

First, we examine a parameter estimation technique under the assumption that
Hy,, = Hye. We justify this assumption by noting that the processes (Zp(t)) and
(Vi (t)) behave similarly, with less than 12% relative error, as discussed in Chapter
1. Under this assumption, we can employ the stationary and ergodic properties of
the increments of fractional Brownian motion in a ratio method for estimating H,
as developed in [25].

Define the shift transformation 7 on a stochastic process {Y (t) }+>0 by (Yo1)(t) =
Y (t + At) — Y(At) for some small fixed At. Next define the sequence of random
variables { X, }mez+ by X, = Zgo7™, where Z(t) is a fractional Brownian motion
process. The shift 7 is invariant on the process Zy since (Zy o 7™)(t) = Zy(t +

mAt) — Zy(mAt) and fractional Brownian motion has stationary increments. Thus
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the sequence {X,,} is ergodic.

Therefore, by the ergodic theorem, the sum of increments of fractional Brownian
motion converge to their mean, 0, and the sum of squared increments of fractional
Brownian motion converge to their second moment. We will use this fact to estimate
the parameters u, o, and H.

Suppose that s; is the observed price of the underlying stock at time ¢; = *-,
for © = 0,...,n. Note that the time between each observation, At, is fixed. For
example, s; may be daily closing prices. Without loss of generality, assume that the
stock does not pay dividends during the interval [0, T]. Otherwise use the adjusted

,n. Then under the

stock price. Define the log returns y; = 1
assumption that the stock price follows a geometrlc fractlonal Brownian motion

process, set
1

Then we have

L Z t2H 2H B

() ()

2 2H n

-z (%) S~ (i - 1)

i=1

2HO’2 T . 9OH—-1
T on (5) ;’ (4.2)

2H n
%H_O-Q (Z) / $2H71 dx.
n n 0

_Ho? (TN 1 oy
n n 2H

2T2H

lo

n 2
—0 as n — oo.
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By using the ergodic property of (Zy(t)), we have
- Z (Zu(t:) — Zu(ti)) = E(Zu(t) — Zu(ty)) =0 (4.3)

and so

n

1 ¢ _ RN 1 1 o2(12H _ 2H
E;yi_uAt+ﬁiZI(zH(ti)—zH(ti_1))—522 (27— 21y 5 pAt. (4.4)

=1

Therefore we will estimate the drift u for n sufficiently large by

1 1<
= —= 45
oA Atn;y (4.5)

i=1

Q

Since it remains to estimate both the volatility ¢ and the Hurst index H, we will
use a ratio of second moments to estimate H first, as in [25]. Let

n

5SSy =~ Z — [IAL)? ‘i > (Zu(t) = Zy(tizn))® = o> (A1) (4.6)

i=1

and
L >
SSy = 1 L a(2At
T /2 ; <n32z‘—1 M >>
2z 4.7
~ T3 (Zalt) - Zu(tioa) o
=2

— 02(2At)2H

using the previously computed estimator fi. Then

SS, 1"
— - 4.8
55, (4) (48)
and so we will estimate the Hurst index H by
~ S5
H~H=1 — . 4.9
os (5o (49)

Finally, we can use 1 and H to estimate the volatility o:

. 1 1 N
0?6t = (At)mﬁ (y; — AL (4.10)

=1
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4.2 Parameter estimation using quadratic varia-
tion

Next we relax the assumption that the parameters of the Dobri¢-Ojeda model are
necessarily equal to the parameters of the fractional Brownian motion model, i.e.
that Hz, = Hye. We aim to estimate H and o using properties of the modified
Dobrié¢-Ojeda process. (The drift g plays no role in pricing an option so we omit its
estimation.) Unlike fractional Brownian motion, the modified Dobri¢-Ojeda process
is not ergodic so we cannot use the technique described in 4.1. Therefore, we propose

the use of quadratic variation to estimate parameters in this model.

4.2.1 Almost-sure convergence of the quadratic variation

First, recall the definition of quadratic variation:

Definition 4.2.1. Let f(t) be a function defined on the interval [to, T|. The quadratic

variation of f from time ty to time T, , [f, f]p, is defined as

n

wlfs flo = tim 3 (f(t;) = f(t;-1))° (4.11)
il &
where 11, = {to,t1,...,t,}, to < t1 < ... < t, =T and ||IL,|| = max;_1__,(t; —

tj_l) .

As shown in Propositions 2.2.2 and 3.1.5, the quadratic variation of both the orig-
inal Dobri¢-Ojeda process (Vg(t)) and the modified Dobri¢-Ojeda process (V5(t))
is given by .

I= E(TQH — 21,
We use the following theorem to construct a parameter estimation algorithm using
the quadratic variation of (V5(¢)). We will prove convergence in L? where the L?

norm, || - ||z is given by

[1XT]2 = VE[X?], (4.12)
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and also almost sure convergence, which will allow us to use another ratio method
to estimate the Hurst index, H. We require a sampling rate strictly greater than n

in order to ensure almost sure convergence.

Theorem 4.2.2. Let t; = %, i =g, ..., [n'T] Qg = w, be a sequence of

partitions of [ty, T] for some § > 0 and V; = Vg (t) as defined in (1.4). Then

[+

Jim D7 (AV)* =1l =0
1=120 9

and
[n'*9]

nhi& Z (AV,)2 =1 a.s.
=19

where AV, =V, — V...

Corollary 4.2.3. The sample quadratic variation of the modified Dobric-Ojeda pro-

cess (Vi) converges in L and almost surely to [ = S (T — 21).

Proof. As the only modification to the original Dobri¢-Ojeda process is in the drift
term and the drift term does not impact quadratic variation, the quadratic variation

remains unchanged. [

Now we define the log of the stock price process, X; = In(S5). Then we also have

convergence of the quadratic variation of X;:

Corollary 4.2.4. The sample quadratic variation of the log stock price process X;

converges in L? and almost surely to 02%(T2H — 20,

Proof. As in (3.26), we can write X, as

. .1,
Xt = ln(St) = [I/t + O'Vvt — 50’2Et2H (413)

and again, since the only difference between X; and V¢ is in the drift, the quadratic

variation is simply o21. O
We will utilize the following lemma in the proof of Theorem 4.2.2.
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Lemma 4.2.5. For

[n1+5)
r=c* ) efA (4.14)
i=io
where At = t; — t;_1, we have
lim I"=1 a.s.

n—oo
Proof. By the definition of a definite Riemann Integral, we have

[n1+)
AL (4.15)

=10

¢
]:/ %% =1ds = lim
0

n—oo

4.2.2 Proof of Theorem 4.2.2

Proof. Let m = |n'*°]. By the triangle inequality,

m

Z(A%z)Q -1

=10

m

Z(AV})Q —I"

=10

<

2

+ 17 =12
2

S AV, - TF

=10

i=io j=io

and so by Lemma 4.2.5, it suffices to show that

— 0. We have,

2
by (4.14),

We will need the approximations for M, given in Lemma 2.1.3. Similarly, we can
approximate AW, and (AU, )2

AV, = cq (207 — 257N m cq (2H — 1272 AL (4.16)

and
(AV,)? = % (2H — 1)t/ (AL)% (4.17)
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Then we have

m 2
Z(A‘/tz>2 - I
i=ig 9
- )
- z n
=E | ) (AV,)?| —2I'E |> (AV,)?| + 17
Li=t0 i=1g
—E Z Z (AVL)2(AV,)?| — 2I'E i(Ath
| i=ig j=io i=1iQ

Note that we can write (AV;,)? as

4 [*2.

(‘IjtiAMti + Awtthi71)2 — (quti)QMtQ_L_71 + QA\Ijtthifl\IjtiAMti + \Iji (AMti)Q,

so the last two terms give

m

> (AV,)?

=10

—2I'E + 2

=202y 2 ary <(A\Ifti)2E[MfH] +2AT, U, E[M, ,AM,]

Jj=to i=1g
m m

+ V2E[(AM,,)?) + C* Z Z i N

1=1g j=to
A =207 BHTIALY  (encd (2H — 1) (A

J=t0 =10

+on(2 = 2H) et AL + O TN e (A

i=io j=io

—ZZ (—2C%epcy (2H — 127283071 (A)? — 202713171 (At)?

J=to 1=1%0

+ C4t2H—1t2H—1(At)2)

S (2 e (2 — 1R AR O (A

J=to =10
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We will see that the first term of (4.20) converges and the second term,

=3 0N et (A, (4.21)

is canceled by another term. The first term of (4.18) is slightly less enjoyable to

compute:
YD E[AV)*(AV,))
1=ig j=10

=Y > E[(AV,)*M] | + 28T, M, U, AM, + T} (AM,,)’)
=10 j=10

(AW )M 4 280, My, W, AMy, + W7 (AM,;)?)]

=) ) E[(AV,)’M] - (AV,)’ M|+ 28T, M, U, AM, + U7 (AM,)?)
i=io j=io
+ 200, My, Uy AMy, - (AP M+ 28, My, Wy AM,, + U7 (AM,,)?)
+ U (AM,)? - ((AW,)2ME |+ 280, My, U, AMy; + U7 (AM;,)?)]
= Em: i E[(AW,)*MZ (AW, )2 M7+ 2(AV, )*ME AV, M, W, AM,,
i=io j=io
+ (A, ) ME T (AM)? + 2480, My, Wy AM,;, (A, )2 M7
+AAY, My, Uy AM AW, My, Wy AM,, 4 280, My, Wy AM, VF (AM,))?
+ W (AM,,)? (AWM + 207 (AM,,)? AW, M, W, AM,,
+ U5 (AM,,)* 07 (AM,,)?]
— f: zm: (AW )2 (AW, PEME ME]+ 2(AW, 2AW, W, E[MZ_ M, AM,]
i=io j=io
+ (AV, PP EIME (AM,,)°] + 240, U, (AW, )’E[M,,_,AM;, M} ]
+ AAT Uy, AV, Uy E[M,,  AM, M,  AM, )]
+ 200, U, WP E[M,;,_, AM;, (AM;,)’]
+ UL (AW, )’ E[(AM,,)° M|+ 297 AV, W, E[(AM,;,)* M;, ,AM, ]
+ W7 W7 E[(AM,,)*(AM,,)?]| .
(4.22)
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By symmetry, this is equal to

232 [(A\Ilti)Q(A\I/tj)QE[Mi_lej ]+ 2(AW,)2AW, W, E[M2 M, ,AM,]

i=ig 1<J
+ (A, )PP EIM? (AM,,)] + 24, U, (AW, )’E[M;, , AM, M} ]
+4AW, Wy AWy Wy B[M,,_ AMy My AM; |+ 2A0, W, U7 E[M;,_, AM,, (AM,,)?]
+ W7 (AW, )P E[(AM,,)* M ||+ 297 AW, W, E[(AM,;,)* My, , AM,]
_I_ \Ijiqjng[(AMtz)2(AMtJ)2]
+3 [(A\I/ti)‘*E[Mt‘tfl] +A(AT,, PO, EIME AM,)]

(4.23)

We generalize the cross terms as follows:
(AW, ) W BIMY_ (AM,)*7, (4.24)
for § =1,2,3,4. The only nonzero cross terms correspond to 5 = 0, 2, 4:

(AU, )'E[M,} |~ c;j(QH — DB (AN A = ey (2H — D) (AN
6(A\Dti)2\llfiE[Mf;il(AMti)Q] ~ 6cych (2H — 1)%(2 — 2H)t 7 3(At)?, and

UL E[(AM,,)*] ~ cyeq (2 — 2H)* 2 (AL)2.
(4.25)
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m
To see that each of these terms converges, we compute in general, > ¢/ % (A#;)K

for K > 2. Setting t; = “-, we have

m

th;H K At _ (Z)4Hzi4H—K

1=10 1=10

()" [+ S -

!

=10

i= i0+1
S {41{ K 4H—K dx}
:( ) [ (m4H—K+1_Z~éH—K+1)]
4H K+1
4H-K m\4H—K+1
o [ () (1 () )1
maH AH-K+1 | jpK-1 maH
- 4H-K 4H-K+1
P GO R S C)
T mK AH-K+1 \ jK-1 mE-1
- 4H-K 4H—K+1
o [ ) SN C))
LnuéJ K 4H-K+1 L”H‘SJ K-1 LTLH‘SJ K-1 :

This converges strictly faster than % for all K > 2. Note that if K =2 and 6 = 0,

it only converges at a rate of %

Next we generalize the ¢ < j terms:

E[Mg" M7 AM?* AM]
= E[Mtcjil ((Mtj—l

= E[Mt(fil«Mt - Mtz) + AMtz + Mti—l

J—1

Now we need cases:

46

Thus we sample at a rate strictly faster than

= My,) + M;,)** AME* AM?]

1

(4.26)
) AMEAM)



1. If g = 2 then ay = 0 and

]E[Mgi1((Mtj—1 - Mtz) + AMtz + Mti—1)2AMtLjB]
=E[M{ AM (M, — My,)* + AM] + M}
+ 2<Mtj71 - Mti)AMti + 2(Mtj71 - Mti)MtiA + 2AMtthi71)]
=E[M{ AM* (My, | — My,)* + M AM AM;
+ M AMPPME |+ 2ME AMP (M, — My, )AM,, (4.27)
+ QMS;AM;:?’(MWI — My,) M, | + 2ME AM AM,, M, ]
=E[M* AM® (M, — My,)?] + E[M AMH?)
+ E[MPPAME?) + 2E[M AM (M, — M)
+ 2E[M{ TP AME® (My, , — My,)] + 2E[M P A M.
Using the independence of disjoint increments of (M;) and then that (M) is

centered, this is

E[M;" JE[AME|E[(M,, , — My,)?] + E[M{ JE[AME**]
+ E[MPE[AM?] 4 2E[M |E[AMHE[M,, , — M,,]
+ 2E[M5iT1]E[AM33]E[Mt]‘71 - Mti] + 2E[Mt(ji—1i_l]E[AM53+l] (4'28)

=E[M* JE[AM? |ear (85737 — 6727) + E[M JE[AM**]

+ E[MTTE[AME?] + 2E[ME T E[A M.
If oy = a3 = 1 then we have

E[M JE[AM |ea (85737 — £727) + E[M JE[AM ]

+ E[MPIE[AM) + 2E[ M THE[AM
=E[M,, ,JE[AM; Jen (8573 — 67727) + E[M,,_ | JE[AM,]

+E[M; |E[AM,] + 2E[M] ]E[AM;] (4.29)
=2E[M;_,|E[AM]]
~2ch 127 (2 — 2l )t 2 H AL

=2c3,(2 — 2H)t: T At.
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If aq; = 0 then a3 = 2 and then
E[M* JE[AM ey (8337 — 67721) + B[M;*  JE[A M)
+ E[M PIE[AM?] + 2B (M7 P E[A M)
=E[AM Jey (6537 — £7727) + E[AM;]
+E[M] | JE[AM?] + 2E[M;, ,JE[AM;)] (4.30)
rcy (2 — 2H )8 220 — 2721) 4 3(2 — 2H )7 A
+ (2 = 2H) 3 H At
= [(2 = 2H) e AL + 3(2 — 2H )t A,
Finally, if o; = 2 and a3 = 0 then
E[M JE[AM? e (85737 — 727) + E[M JE[AM ]
+ E[MMPIE[AM) + 2E[ M THE[AM
=E[M;_ Jen (83737 —77°1) + E[M;_ |E[AM]] (4.31)
+E[M;} ] +2E[M;} |E[AM,]
mc [t — ) 772 (2 = 2H )t AL+ 3t
=y [t 4 (2 — 2H) AL+ 261,
. If as = 1 then
E[M ((My,_, — My,) + AMy, + M, )AM;? AM;]
=E[M{ AM*AME (My,_, — My,) + M AM? AMP*AM,,
+ M AMPPAMP M, ]
=E[M" AM{AME (My,_, — My,) + M AM T AM (432)
+ M T AME AME
=E[M;* JE[AM*E[M,,_, — My JE[AM;]
+ E[Mg JE[AM I E[AME) + E[M Y EA M) E[A M)
=E[M:" JE[AME[AM] + E[M* TE[A M E[AM].
If ; =0 then a3 = 1 and a4 = 2 and we have
E[AMZIE[AM?] + E[M,,_ JE[AM,JE[AMZ] ~ c3,(2 — 2H)*t; 21721 A2,
(4.33)
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If a; =1 then a3 = a4 = 1 and we have

E[M,, |E[AMZ|E[AM,] +E[M;]_|E[AM,]E[AM,,] = 0.

Finally, if oy = 2 then a3 = 0 and ay = 1 and we have

E[M;? |E[AM,|E[AM,] +E[M; |E[AM,]=0.

. If ag = 0 then oy = 2 and we have
E[Mg'  AMAM] = E[M;* JE[AM*E[AM]
and so if oy = 0 then a3 = 2 and we have
E[AMZIBIAM?] = ¢3,(2 — 2H )t 274,21 A2,
If a; = 1 then a3 = 1 and we have
E[M;,_,JE[AM,,JE[AM] = 0.
Finally, if oy = 2 then a3 = 0 and

E[M] | JE[AM?] ~ 3, (2 — 2H)8; 172 AL,

After incorporating the W, terms, one term emerges to cancel with the term

04 Z Z t?H—ltJQH—l(At)Q

in (4.20). Otherwise, all remaining terms are of the form

Z Z t?H_Mt?H_N(At)M+N,
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for combinations of N, M € {1,2} except M = N = 1. For terms of this form,

setting t; = % and t; = %, we have
m m
E : § : j
i=ig j=i+1
m m
AH DH— 2H
:(z) ZZQH M Z jRH-N
m
i=io j=i+1
m m
4H 2H— _
< (%) §:Z2H M/ 22N 4o
i=io g
m
_(T\4H 2H-M 1 2H-N+1 _ :2H-N+1
= () § :Z el U v )

=10

m m
___ T*H 1 2H—M 1 AH-N—M+1
TOH_N+1 | meEFN—T [/ — AT ?

=10 =10

m
~ T4H 1 2H—M 2H—M
~2H-N+1 [m2H+N—1 [Zo +/ xr dl’]

20

m
1 AH—M—-N+1 4H—N—-M+1
—m4H[zo ++/x +dxH.

0

t_O 2H—-M t_O 2H—-M+1
__TH (T) + 1 1 N (T)
2H-N+1 | yy M+N—1 2H-M+1 | yy M+N—2 mM+N-2

mM+N—-1 4H—M—-N+2 mM+N-2 mM+N-2

(%0)4H—M—N+1 ) ( 1 (%0)4H—M—N+2> ]

This converges strictly faster than % forall N, M € {1,2}, excluding M = N =1,
as required. Since the order is strictly faster than % for all terms, Borel Cantelli

implies almost sure convergence. [

4.2.3 Ratio method with quadratic variation

As in Section 4.1, suppose we have m = [n'*?| equally time-spaced observations of
the stock price process (Sf), called s;, observed at time t; = %, 1=20,...,m. Let
At = % Again, assume that the stock price does not pay dividends during this

S_Sil for e = 1,...,m. We assume the
A

interval and define the log returns y; = In
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stock price process follows a geometric Dobri¢-Ojeda process, as detailed in Chapter

3, where we have

¢ ! H—1/2 jrx/¢€ a’C? oy
Sy = Spexpqrt+oC i s dWs — 2(2H)t : (4.41)
Assume
€ € 1 2 CZ 2H 2H

By Corollary 4.2.4, we have

>yl a2ﬁT2H (4.43)

i=1
and similarly, the sample quadratic variation of half of the sample path converges

2C2 (T)QH.

toaQH

m/2] 9 2H
Z Y2 — o Q (5) . (4.44)

Therefore, since this convergence is almost sure, we can use a ratio of quadratic

variations method to estimate the parameter H:

[m/2] 2 202 (T\2H \NH
Lo v 7 (3 :(—) . (4.45)

Z¢:1 y? o2 %T@H 4

Therefore for m sufficiently large, we will estimate the Hurst index H by

) Ztm/2J 2
H~ H =log, S y2 . (4.46)
i=1 1

Finally, we can use the estimator H to obtain an estimate for the volatility o:

2H "
T i — ny. (4.47)
C(H)?T?1 =
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Chapter 5
Simulation and case study

We conclude the development of this model with a brief mention of simulation and
finally computation of the value of a European call option using historical stock

price data.

5.1 Simulation

Using the Ito diffusion representation of the Dobri¢-Ojeda process given in Proposi-
tion 2.2.1, we can use a sequence of i.i.d. standard normal random variables in order
to simulate a discretized Dobrié¢-Ojeda sample path, assuming that V5 (0) = 0. More
specifically, if {X;}i=;

then we simulate increments of the martingale process AMpg(t;) by

AMp(t:) = /e (2 — 2H) > TVALX, (5.1)

We sum the increments AMg(t;) and multiply by the deterministic function Wy (t)

» 18 a sequence of i.i.d. standard normal random variables,

-----

to simulate a sample path of Vi (?).

To describe implementation of the model, we price a historical European call op-
tion and compare this price with the actual trading price along with prices computed
using the original Black-Scholes model and the model using fractional Brownian mo-

tion as its driving process, as developed by Hu and Oksendal [13] and Sottinen [28].
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5.2 Case study

We consider a call option on American Airlines stock (AAL) with strike price K = 38
and expiration November 22, 2014. For each day beginning March 27, 2014 and
ending October 15, 2014, we estimate H and o using the previous 62 consecutive
daily AAL closing prices. Figure 5.1 shows the daily closing price for the stock over

this time period.

50 0.1
10 . R - . W i Y s, e Y W P—— H 0.05
= B W e PITITRN ——r N Iy A L ' . R -~ 0
30 |2 =t 7 () _\\__{h [ ) =
-0.05
20 0.1
10 0.15
] 0.2
3/26/2014 5/15/2014 7/4/2014 8/23/2014 10/12/2014

—Strike price ——AAL daily closing price ----AAL log returns

Figure 5.1: Graph of AAL daily closing prices.

For each day, we compute 3 estimations for the parameters: 1. assuming the stock
price follows a geometric Brownian motion process and using standard Black-Scholes
techniques; 2. assuming the stock price follows a geometric fractional Brownian
motion process and using using a ratio of second moments technique as detailed in
Section 4; 3. assuming the stock price follows a geometric Dobri¢-Ojeda process and
using a ratio of quadratic variations technique, also in Section 4. The latter two

rolling H estimates are shown in Figure 5.2.

1

0.8 A /L\ A
- et “\ /
0.6 | ,/,--...a_-_/ :“\ ——— -yf.,-- - \rw\?,f:\ﬂ -
—1 = —_ o~ - '\:;\-:-—~~~-. —~\ Py,

04 [ \\/—Wﬂf " T e+ i
0.2

o
3/26/2014 5/15/2014 7/4/2014 8/23/2014 10/12/2014

—H (QV) —H (erg)

Figure 5.2: Graph of rolling H estimates.

One immediate observation is that the H estimate using quadratic variation is ex-

tremely sensitive to large changes in the log return of the underlying stock. We also
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notice that the estimates for H are in both cases often significantly lower than 0.6,
our market-wide expected H estimate. These observations lead us to believe that
H varies both over time and over stock selection. Next we compute the option price
using the three competing models and their respective parameter estimation tech-
niques and compare these prices to the actual trading price of the stock at market
close each day. The results are shown in Figure 5.3.
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3/26/2014 5/15/2014 7/4/2014 8/23/2014 10/12/2014

—— Black-Scholes price —— Fractional Brownian motion price —— Dobric-Ojeda price ----Trading price

Figure 5.3: Graph of computed option prices.

We notice that when it appears the quadratic variation method overestimates H,
the Dobri¢-Ojeda model correspondingly overestimates the option price. However,
when the H estimate using Vi (t) is lower than expected, this model outperforms the
others in approximating the actual trading price of the option. We also notice (less
surprisingly) that the Black-Scholes price is fairly similar to the option’s trading
price. A more accurate method of testing the various models would be in building

competing virtual historical portfolios and considering their performance.
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Chapter 6
Dobri¢-Ojeda stochastic noise

In the remaining two chapters, we develop and study a Dobri¢-Ojeda type noise in
stochastic partial differential equations, particularly in the stochastic heat equation.
As with the Black-Scholes SDE, we propose this noise to be an alternative to frac-
tional noise that gives similar results but allows for the use of 1t6 calculus because
of its semi-martingale property.

We begin by defining a martingale measure (M;(A));>0 acpre) inspired by the
martingale process (Mpy(t)). When a Borel set A € B(R?) is fixed, the process
(M;(A))t>0 is a martingale and when ¢t > 0 is fixed, M;(A) is a measure on B(RY).
Next we use this martingale measure to define a stochastic integral with respect to

a noise that is white in space and of a Dobri¢-Ojeda type in time.

6.1 Martingale measure

In the Black-Scholes differential equation studied in the first half of this dissertation,
random noise is incorporated in time. To consider the stochastic heat equation with
a random external heat source, we incorporate a space-time random noise. Random
noise that behaves like a Brownian motion in space and like another Brownian
motion in time is called space-time white noise, W. To understand an integral with
respect to white noise, we follow the method of Walsh [29].

First, the definition of martingale measure:
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Definition 6.1.1. A process (X;(A));>0,4epra) 5 @ martingale measure with respect
to a probability space (2, Fy, P) if

1. Xo(A) =0 a.s.,
2. Ift > 0 then X, is a sigma-finite L*(P)-valued signed measure, and

3. For all Borel sets A € B(R?), (X;(A))o0 is a mean-zero martingale with
respect to the filtration F; = o(X(A),t > 0).

With respect to any martingale measure, including white noise W, we can define

an integral:

Definition 6.1.2. A Walsh integral is an integral with respect to a martingale mea-
sure X, first defined on elementary functions f(x,t,w) =Y (w)Lap(t)La(x) as

// flz, )X (drds) = X (w)[Xinp(AN B) — Xina(AN B)|(w) (6.1)
Bx(0,t]
and extended in the usual fashion to adapted functions f.

Hence, Walsh defines an integral with respect to white noise. We wish to intro-
duce a space dependence to white noise so we define the martingale measure below
by replacing Brownian motion with the martingale process (M;);>o as defined in
Chapter 1, for 0 < H < 1:

dM, = \/cpr(2 — 2H) 2 Haw, (6.2)

where (W,);>0 is a standard Brownian motion process.

Proposition 6.1.3. Then (Mi(A))i>0,4cBr), defined by
t
M,(A) = / Ve (2 — 2H)sY2 1 aw(A)
0
= // Ve (2 —2H) Y2 H W (dx ds),

Ax(0,t]

(6.3)

is a martingale measure, where [[ f(x,s) W (dx ds) is the Walsh integral in Defini-
tion 6.1.2, as in [29].
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For similar reasons as in Part 1, M(A) is well-defined: [ s'"2ds < oo for
0 < H <1 For A e B(R), M;(A) is Gaussian as discussed in Part 1 as well. In
order to show (M;(A)) is a martingale measure, we will first prove the following

lemma:

Lemma 6.1.4. For t,s > 0 and A, B € B(R) and (M(A))i>0,4eBm) as defined
above, we have
E [M,(A)YM(B)] = cpr(t A s)* 22 N(AN B), (6.4)

where X is the Lebesque measure.
Proof of Lemma 6.1.4. For (M(A))i>0,4cB(r) as defined above, we have
E [M,(A)M,(B)]

_E //\/ 2 = 2H)ul* " W (dx duy) //\/ (2 — 2H)ud* ™ W (dy dus)

Ax(0,t] Bx(0,s]

=cy (2 —2H) / // / 1/2-H 1/2 As do(u1 — ug)do(x — y) dy dug dx duy
ZCM(2—2H)/ // /1(0,t)<“1>]1(0,s)(Uz)]lA(ff)]lB@)U}/Q_HU;/Q_
o JrJo Jr

X dp(u1 — ug)do(x — y) dy dug dz duy

=cy(2 —2H) / / ]l(o’tAs)(u)]lAmB(x)ul_QH dx du
0,00) /R

£ A g)2-2H
=cp(2 — 2H)%)\(A N B)
=cp(t A s)*2HNANB).
(6.5)
[

Proof of Proposition 6.1.5. 1. First,

// Ve (2 —2H) sV W (da ds) = 0. (6.6)

Ax(0,0]
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2. Fix t > 0. Then to show M; is a sigma-finite L?(IP)-valued signed measure,
it suffices to prove three things: (a) If A, B € B(R?) are disjoint then M;(A)
and M;(B) are independent random variables; (b) For all compact sets K,
E [(My(K))?] < oc; and (c) If A1 D Ay O ... are all in B(R?) and N4, = 0,
then M;(A,) — 0 in L*(P) as n — oo. The proof of (a) is trivial by Lemma
6.1.4. To prove (b), we have

E [(M(K))?] = ent? 2 A\(K) < 0. (6.7)

To prove (c),
E [(M(An)?] = ent> 2 04(A4,) — 0 (6.8)

as n — oo since A\%(4,) — 0.

3. Finally, for A € B(R?), (M;(A));>0 is a mean-zero martingale with respect to
F by Proposition 2.1.1.
]

Remark 1. Alternatively, we could use Theorem 5.26 in [18], stated here without

proof, to prove that (M(A))i>0aepra) i a worthy martingale measure.

Theorem 6.1.5. Let X be a worthy martingale measure. Then for all predictable

functions f with E [(ffo(O,t] de>2

/ /A L (6.9)

Proof. See [18]. O

< 00, for all K € R compact, we have

15 a worthy martingale measure.

Alternate proof of Proposition 6.1.3. Let f(z,t) = \/car(2 — 2H)tY/>~H . Note that

f does not depend on x. First, f is previsible because it’s deterministic. Now let K
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be any compact set in R. Then

2

T
E / fz, )W (dx dt) :cM(2—2H)/ //t1_2H§0(x—y) dx dy dt
o JrkJK

Kx(0,T]
:cMTQ_QH/ dx
K

=y TP\ (K)

<00.
(6.10)
[
6.2 Dobrié-Ojeda stochastic noise
t L
We define / / F(y,s)V(dyds) for any function F' that satisfies
0 Jo
t oL
// F2(y,s)s* 1 dy ds < oo (6.11)
0 Jo

and

t L 1/2
/ st (/ F2(y, s) dy) ds < 0. (6.12)
0 0

These conditions ensure that F'is V —integrable.

Definition 6.2.1. We define V as the Dobrié-Ojeda stochastic noise, for fived H €
(0,1) and for F(y,s) that satisfies (6.11) and (6.12),

/t /L F(y, s)V(dyds)
// (y, )5~ V2W (dy ds) + /U/ (0. )N (dy dr)| 272 ds

(6.13)

Note that we need (M;(A)) to be a worthy martingale measure (as in Remark

1) to ensure that this stochastic noise is well-defined.
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Remark 2. With no space dependency, we have
t
/ F(s)dV
0
t t s
= / F(s)s"=12qw, + / F(s) { / pt/2-H dWr} s*H=2 s (6.14)
0 0 0
t t
:/ F(s)st1/2 dWs+/ F(s)M,s*"72ds,
0 0
where (My) is the Martingale process defined in Part 1. When F(s) = 1, we have

t t t
Vt:/ dv;:/ sH‘1/2dWS+/ M, s*1=2 ds, (6.15)
0 0 0

which corresponds with the Ito diffusion given in Proposition 2.2.1. This motivates
our definition of V.
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Chapter 7
Stochastic heat equation

In this chapter we apply the Dobri¢-Ojeda noise to the stochastic heat equation.
We prove the existence and uniqueness of a solution for H > 1/4 and we establish

the Holder continuity of the solution.

7.1 Definition

Consider the following stochastic heat equation, for fixed H € (1/4,1):

ou  0*u -
E = @ + f(u)V, t>0,reRR, (71)
u(z,0) = ug(x), r € R,

where V is the Dobrié-Ojeda stochastic noise defined in (6.13), up : R — R is
nonrandom, measurable, and bounded; and f : R — R is globally Lipschitz and
bounded:

K := sup M+ sup |f(z)| < oo. (7.2)

o<ety |y — ] 0<w<L
We begin by proving the existence of a unique and continuous solution to the
stochastic heat equation (7.1) with a modified Dobrié¢-Ojeda noise. These results for
the entire Dobri¢-Ojeda noise, including the drift term, remain a work in progress.

We expect that properties such as Holder continuity and intermittency with respect
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to the time variable are invariant to the drift term because the drift term is differ-
entiable in time and thus continuous. Motivated by this intuition, we redefine the

Dobri¢-Ojeda stochastic noise:

Definition 7.1.1. The modified Dobrié-Ojeda stochastic noise, V., is given by

/ / V(dyds) = / / s)sTV2W (dy ds), (7.3)

for any function F satisfying the integrability condition

t o)
// F2(y,8)s* L dy ds < oo, (7.4)

Note that condition (6.11) is required so that the integral

/ / s)sTY2W (dy ds)

is well-defined but without including the drift term, condition (6.12) is no longer
necessary. From now on, we will refer to V as in Definition 7.1.1 as Dobrié-Ojeda

noise.

7.2 Existence and uniqueness

As in [18], we know that the noise in (7.1) is not differentiable so we cannot find
a strong solution u(x,t) satisfying (7.1). Instead, we seek an integral solution, or

“mild” solution, a function wu(z,t) that satisfies

u(z,t)
_ / o)tz —y) dy + / / " Fluly, It — 510 — )V ( dyds)

= /_OO uo()IL(t, z — y) dy + /0 /_OO fu(y, s)I(t — s; 2 — y)sH_1/2W(dy ds),
(7.5)

where II is the fundamental solution to the linear heat equation:

2

et (7.6)

H(t, CL) = W

First, a few lemmas:
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Lemma 7.2.1. Fort >0, x € R, the function I1(t,a) as defined in (7.6) satisfies

00 ) B 1
/OOH (t,a)da = Tani (7.7)

Proof. By the definition of II (7.6), we have

0 ) e 1 a2 2
_OOH (t,(l) da = N W€ 4t da

R
= — e (d
/_OO Ant” ¢

7.8
) /Oo _ (7.8)
= e 2t da
V8Tt J_oo V21t
1
- /8rt
]
Lemma 7.2.2. When o > —1 and v > —1,
t
/ st —s)ds =t B(a+ 1,7+ 1), (7.9)
0

where B(a+ 1,9 +1) = [} t*(1 — )7 dt.
Proof. Let u = $. Then
1 1
/ (b0)° (£ — tu) 7t du = o+7+1 / W (1 — ) du = 4" B0+ 1,7+ 1), (7.10)
0 0
0

Lemma 7.2.3. For H € (1/4,1) fized, and g(t) any bounded non-negative function,
there exists a number ¢ > 2 and a constant A such that for all t € [0,T],

/Otg(s)sﬂ{_l(t _ )2 ds < A (/Ot 4°(s) ds> " (7.11)
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Proof. Consider p € (1,2). Define ¢ > 2 so that ]lj + % = 1. Then with Holder’s

Inequality, we have

[ a5 =077

([rmara) ([ome) o
(frememana)” (o)

If H> 1/2, then (2H — 1)p > 0 so s@H~YP is increasing and if we choose, say,

p = 3/2, we have

(fomveae)” (frne)
(o) (o)
<

2/3 t 1/q
T3/2(2H-1) t s)_3/4 ds) (/ g%(s) ds) (7.13)
0

t 1/q
_ (T3/2(2H—1)4t1/4)2/3 (/ §4(s) ds)

0

t 1/q
< (4T3/2(2H—1)+1/4)2/3 (/ g%(s) ds) '

0

We verify p € (1,2):

IN

Now consider 1/4 < H < 1/2. Set p = 3/2 ST -

1/4< H <1/2
=1/2<2H <1
=—-1<—-2H <—-1/2
=3/2-1<3/2—2H <3/2—1/2

=1/2<3/2—-2H <1

1
>l — < 2.
3/2—2H

(7.14)
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We also have (2H — 1)p > —1:

(2H —1)p > —1
20 -1
3/2—2H (7.15)

—2H — 1> —(3/2 — 2H) (note that 3/2 — 2H > 0 for H < 1/2)

— —1>-3/2.

Then with Hélder’s Inequality and Lemma 7.2.2, for ¢ satisfying % + % =1, we have

([maa)” ([ as)”

t 1/q
= (8((2H — )p+1,—p/2+ 1)) 7 (/0 9(s) ds) (7.16)

1/q

=B((2H = 1)p+1,—p/2+1)"/7 (/Ot g°(s) ds)

We require p > 1 so that ¢ > 0 and we require p < 2 so that —p/2 > —1 and the

first term is integrable. ]

We will also need the following lemma, as stated in [18].

Lemma 7.2.4. Suppose ¢1,¢2,...:[0,T] — R are measurable and non-decreasing

and there exists a constant A such that for all integers n > 1 and all t € [0,T],

buia(t) < A / bu(s) ds. (7.17)
Then Ayt
dn(t) < @(ﬂﬁ (7.18)

for alln > 1 and t € [0,T] and therefore any positive power of ¢,(t) is summable
in n. In the special case that ¢, does not depend on n, it follows that ¢, = 0.

Proof. For n = 1, the right hand side of (7.18) is simply ¢;(7) and since ¢; is
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non-decreasing, ¢1(t) < ¢1(T). Now suppose ¢, (t) < ¢1(T) (627;!1. Then

Pnta(t) <A /O Pn(s) ds

gA/O m:m% ds

PRl (7.19)
:A¢1(T)(n_1)!/0 s"ds
—om
O

Finally, we can prove the existence and uniqueness of a solution to (7.5). For

simplicity, we assume the initial condition ug is constant.

Theorem 7.2.5. The stochastic heat equation (7.5) subject to (7.2) has an almost-
sure unique solution u that satisfies
sup sup E (Ju(z,t)*) < oo (7.20)

zeR 0<t<T

for all T > 0 and for H € (1/4,1) fized.

Proof. Existence: To show that a solution exists to (7.5) we use a Picard-type

iteration scheme, as in [18]. First, let ug(x,t) = up and then define
Upy1 (T, 1) :/_Z woll(t, x — y) dy
[ Hnlye = s - W g o
=up + /Ot /OO f(un(y, It — s, 2 — y)sTV2W (dy ds).

for n > 1, where II is defined as in (7.6). To see that the second term is well-defined,
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we show that its second moment is finite:

(/Ut /Z F(un(y: s)IL(E = s, = y)s" ™ 2W (dy d8)>2]
:/Ot /Z F2(un(y, NI (t — 5,7 — y)s2H 1 dy ds

t o0
K2// I1%(t — s,z — y)s* " dyds
\/87r

/ 2H— 1 )—1/2 ds (7'22)
KQ

= -2 0o 1 41,-1/24 1)
vV 8m ’
KQ

Ver

<0

112520, 1/2)

by the condition (7.2) on f, Lemma 7.2.1, and Lemma 7.2.2. Let
dp(z,t) = Upyr(z,t) — up(x,t)

= [ Gt = Fnsye ) == )20y ),
(7.23)
Then by Burkholder’s inequality [4] and the restriction (7.2) on f,

E [(da(x,1))"]
</ / (un(y,8)) = f(un—1(y, $)) II(t — 5,2 — y)s"2W (dy dS))2]

/ B L350 = s )T I = 5, = )y s

=K

/ / (un(y, s) — un—1(y, 8))2} %(t — 5,0 — y)s* " dy ds

—KQ/ / dn-1(y,s)) }HQ(t—s,x—y)SQH_ldyds.
(7.24)
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Note that in particular,

E [(do(z, t))2]

(/Ot /‘Z Flo) Ut = s, = y)s" =2 W (dy ds>> 1

KZ
<—_¢?H-128(0H,1/2
<7 B(2H,1/2)

K2
<

V8
as in (7.22), since H > 1/4. Let R2(t) = supy, <y, SUpg<,<; E [(dn(x,1))?]. Then by

Lemmas 7.2.1 and 7.2.3,

=E

(7.25)

T128(2H,1/2),

t e8]
R2(t) <K* / R2 (It — 5,0 —y)s*" " Ldyds

t o
=K? / R? (s)s*H! I%(t — s,0 —5) dy ds
° - (7.26)

K* [, 2H-1 1/2
R: _((s)s™" " (t—s) " /"ds
\/87T/o o

t 1/q
<A (/ R (s) ds) .
0

Raising both sides to the power ¢, we have

RA(t) < A9 / "R (s) ds. (7.27)

0
Then by Gronwall’s lemma 7.2.4, we have
(At)n—l
(n—1)!

Ry(t) <Rg!(T)

2 (Af)! (7.28)

(n—1)V

< (%T?H—”WH, 1/2>)

which implies

K2 (At)(n—l)/2q

R,(t) < \/ﬁTQH*Wﬁ(QH, 1/2)m, (7.29)
and therefore -
D Ry(t) < 0. (7.30)
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Then we have a solution for (7.5) given by

- idn(x,t), (7.31)

which converges as n — oo in L? because

<Zy|d (z,1)]], = ZR < 0. (7.32)

Therefore,
lim /t /Oof(un(y, NIt — s,z — y)s?~Y2W (dy ds)
I e (7.33)
— [ st e - s = s W dy )
0 J—oo

in L? so u(z,t) is a solution to (7.5). This also proves

0<z<L 0<t<T

sup sup E (|u(z,t)| (ZR ) < 0. (7.34)

Uniqueness: Suppose u and v both solve (7.5) with the same initial condition and f
satisfies the integrability condition (7.2). Let d(x,t) = u(z,t) — v(z,t). Then using
Burkholder’s inequality [4], we have

E (|d(z. 1))
| ([ [ Ut = Foty D = s = s ds)>2]
< [ Bt — ot )] 20— s )7 dy s e
// (ld(y, s)]) I1%(t — s; — y) s>~ dy ds.
Let
R(t) = sup sup B (|d(z, s)I). (7.36)

0<2<L 0<s<t
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Then using the definition of II, we have
R(t) <K2/ / It — s;0 — y)s* ! dy ds
—K2/ R(s)s*~ 1/ %(t — s;0 — 5) dy ds (7.37)

_CK? / R($)s2M 1 (t — 5)~ /2 ds.

0

By Lemma 7.2.3, we have

R(t) <A (/Ot RY(s) ds) 1/q, (7.38)
which implies
Ri(t) < A7 /O ' Ri(s) ds, (7.39)

for some constant A and ¢ > 2, uniformly for all ¢ € [0, T]. Therefore by Gronwall’s
lemma 7.2.4, RI(t) = 0 and therefore R(t) = 0. This concludes the uniqueness
proof. ]

In the case of fractional noise, the analogous functions R, (t) as in the above
proof are finite for H > 3/8 but for 3/8 < H < 1/2, summability remains unproven
to date [12].

7.3 Continuity

Next, to prove that this unique solution u(z, t) is continuous, we need some lemmas.

Lemma 7.3.1. For —1/2 <a <0 and x >0,

[e's]
xa+n+1

——— < 4e”. 4
nzz()n!(oz—l—n+1)_ ‘ (7.40)

Proof. We prove the lemma in two cases:
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1. If z < 1 then for all n > 0, 2" < 1. Also, a+1>0soa+n+1 > n.

Therefore,

0 a+n+1
nzn' (a+n+1)

o0
<xa+1

1
- Zn!(a—i—n—l—l)

n=0

1 o 1
a+1+zn!(a+n+1)>

[

) QHE ' il) (7.41)
( 1
(

2. Now suppose z > 1. Let f(z) = S°° 2" We will show that f(1) < e'

and for all z > 1, f/(z) <

n=0 nl(a+n+1)
e”, which suffices to show f(z) < e® < 4e” for z > 1:

o0

£(1) = Z% m <. (7.42)
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Next,

)

f(x
e :L.n—l-a
- Z 1
"0 n.
00

A " (7.43)
n=0

QT

T €

<e® (since a < 0 and x > 1).

]
Lemma 7.3.2. Fort € [0,7] and H € (1/4,1),
t cr ) >
/ U129 g < 1;ng if H>1/2 (7.44)
0 e f1/A< H <1/2.
Proof. We prove this Lemma in two cases.
1. In the case H > 1/2,2H — 1 > 0 so we have
t
/ 5,21{—16—2(1%5)52 ds
0
t
< 252H1/ 672(1;5)52 ds
B 0
t
< T2H—1/ e—2(t—s)§2 ds
B 0
2 ¢ 2§2d
_ 2H-1 -2 / 02562 g
0 (7.45)

2
— T2H-1 -2 e —1
282

uniformly for all 0 < ¢ < T, where the last inequality is shown in two cases:
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(a) When |¢] < 1 and thus €2 < 1, consider the Taylor expansion of e~ 2%”;

o2 g b ot 4 (27552)2 B (2t§2>3 .

2 3!
ot 2)\2 21 2\3
;»1—6—%52:%52—( g) +(3§'> — ... (7.46)
1 _672t£2 .
> <t
Then since |[£] < 1, we have 1 + &2 < 2 and so
1— e 28 1+&2 2t 2T
— <t=t < < . 7.47
262~ (1+§2>_1+§2_1+§2 (7.47)

(b) When [¢] > 1, 1 — e 2€” < 1 so we have

1—e2¢ 1 1 (1+&\ 1 Loy _ 1
262 <2—§2_2_£2<1+£2>_1+£2(2_£2+5)—1+£2'
(7.48)

2. In the case 1/4 < H < 1/2, we use the Taylor expansion of e25¢” | Fubini’s
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theorem, and Lemma 7.3.1:

Lemma 7.3.3. Forx > 0,

t
/52H162(t5)§2d8
0
2 t 2
208 / G2H—1,256 g
0
t o0 2
288%™
:e—2t£2/ S2H—1Z( f‘) ds
0 =

[oe) 2\n t
o —2te? (25 ) 2H—1+n
=e E 1 i S ds

n=0

[e.o]

__—2te? (252)71
—° Z n!(2H + n)t

n=0

2H+n

(7.49)

B 0 2t€2)n
_ t2H 2t (
¢ ; n!(2H + n)

t2H€—2t52 oot (2t52)n+2H
(2t€2)2H 2= nl(2H + n)
e—2t§2 o0 <2t§2)n+2H
(262)2H £ nl(2H + n)
4o~ 20
T

22—2H

2t¢?

_54—H’ where 1 <4H<2

(1 —e*)? <min(2?,1). (7.50)
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Proof. To see (1 —e™)? < 1, we have
S 1< —e "< (7.51)

To see (1 —e™®)% < 22, we set f(z) = x+e®—1. Then f(0) = 0 and f'(z) =
1 — e ® > 0 as above and therefore f(z) =2z +e¢® —1 > 0 for z > 0. This proves
0<1-—e?%<uzand thus (1 —e?)% < z? as required. O]

Lemma 7.3.4. For 1/4A< H <1/2 and0 <t <t

o] t
/ [1 _ e(t/t)@r/ G2H—1,-2(t=5)€% g de
—00 0
1 1
< 94—2H ¢ p)2H-1/2
- <5—4H+4H—1)( )

(7.52)

Proof. By Lemma 7.3.2 and Lemma 7.3.3,

o0 t
/ [1 _ e(t/t)§2:|2/ G2H—1,=2(t—=5)€% de
- 0

. [1_6@'%2}2
3—2H
=2 /oo g ®
00 [1 — 6_(t/_t)§2] i
__04—2H
=2 /0 cifl d&

<ot-2H /OOO min((tlg;f)%Al» 1) de

_od2H [y 2 i A-4H oo —4H
e / A= ge e e | (note H > 1/4)
0 (

tl_t)71/2

_94—2H <5 _14H + 4H1_ 1) (t’ . t)QH—l/Z'

(7.53)
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Lemma 7.3.5. For 1/2< H <1 and0<t <t <T,

o) 9 rt 2H-1
/ [1—e—<t’—t>f2] / §2H-1e=20=9)8 g5 d¢ < 4T3 (t' —t)/2, (7.54)
- 0

[e.e]

Proof. If H > 1/2 then for all 0 < s < ¢, we have 41 < ¢2H-1 < T2H-1 Go by

Lemma 7.3.3,
o] t
/ [1 _ e(t’t)§2]2/ G2H—1,=2(t=5)€% de
0

[ - t
T2H 1/ 1_ ef(t’ft)@ 2€2t§2/ 62352 ds d¢
00 - 0
0o _ 21552 o 1>
T2H 1/ 1— ef(t’ft)@ 2 6721552 <€ df
00 262
o1 [T ——t)ez]? (1 B 672%2)
=T / 1-c | e d¢
[ee) 1 — e (t'~1) 6 :|2
<T2H 1/ dg
i [ [1 e T
_or /0 252 d¢ (7.55)

- t'—t)~ ( ) 64 00 1
_ o2H—1 —
ot < /O s /@ e )

- “’ L A
ey [ e

tlft)_l/Q

_T2H 1 ((t/ ) (( t) 1/2)3 + ((t/ _t)—1/2)—1)

1
:T2H71 <§(t/ o t)l/Q + (t/ _ 25)1/2)
_4re
E

(t' —t)'/2.
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Lemma 7.3.6. For0 <t <¢,

/w(ﬂ(t’—ssx—y)—H(t—S;x—y))Qdy

—0o0

1 [~ /
— = o~ 2(t=5)8? (ef(t —1)g? _ 1)

21

1 —12 . .
e4 In 18

Proof. The Fourier transform of II(¢, ) = o/

1I(t, & e TI(t, x) da

L

—ize =2
e e 2 dx

W_z—m/ﬂ

—E
\/ 27r Vart
1
\/ 27r \/ 47t
1

_4£2
——€ tg.

Ver

Then by Plancherel’s theorem and linearity of the Fourier transform,

—00

= (|t — s;2 — y) — H<t—s-x Sl

—Hnt—s@ <t—s£>

‘ ’ e _ Le—@—s)é
27T V2 9

:i ~ (6—(t’—s)§2 _ 6—(t—s)£2>2 d¢
2m J_ o

i - o 2(t—5)€? (e—(t’—t)ﬁ2 _ 1>2 de.
2

2

x+2tz§) dr

/OO (H(t'—s;m—y)—H(t—s;x—y))2 dy

2

de.

(7.56)

(7.57)

(7.58)

]

We aim to show that there is a continuous solution for (7.1), i.e. a continuous

7



modification of u(x,t) where

e = [ woti ey dy+ [ [ futy D)W g ds),

- v (7.59)
as in (7.5). For simplicity, we will assume the initial condition ug is constant. Then
the first term of (7.5) is

[e.9]

Up(z,t) = C’/ (t,x —y)dy =C (7.60)

—00

since II(¢,a) is a Gaussian density. Then the derivative of Uy(x,t) with respect
to both x and ¢ is 0 and therefore bounded by, say 1. Then by the Mean Value
Theorem,

Uo(,t) — Ug(, t)|* < |t — ¢ (7.61)

and
Uo(z,t) — Up(x', 8)|* < |z — 2/|* (7.62)

This is sufficient to show that the first term is continuous with Holder continuity 1,
in both space and time. Next we prove that there exists a continuous modification
of the second term of (7.5), U(x,t), where

Ul(z,t) = /0 /_OO fuly, sHIL(t — s;2 — y)sTV2W (dy ds). (7.63)

Theorem 7.3.7. There exists a constant Cy > 0 such that uniformly for all (x,t),
(x,t') € (—00,00) x [0,T7,

E (|U(z,t) — Uz, t)[*) < Cilt =", (7.64)
where U is defined as in (7.63), and

o (H—-1/49)k if1/4< H <1/2 and (7.65)
/4 if1/2 < H < 1.
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Proof. Let 0 <t <t'. Then
—U(x,t)

/ / Fluly ) I = si0 —y) =10t = s;2 = )] 2W (dyds) (7 60

; / /- Sy I = stz = )5 (dy ),

Define
A(s,t,t' 2, y) = [ — ;0 —y) —T0(t — s;2 — y)]”. (7.67)

Then by Burkholder’s inequality [4], the inequality |a + b|* < 2*|a|* + 2%[b|*, and
(72),

(|U(:1:'t Uz, t")| )

k)2
(/ / F2(uly, $))A(s, bt y)s* ~ dy dS) ]
v k/2
+ 2k, E (/ / Fuly, sHIT2 (' — s, — y)s* L dy ds)
t —00
t poo k/2
2k ¢y (/ /_ K2A(s,t, 2, y)s* 1 dy ds) (7.68)
/2
(/ / K12 (t — sy — y)s?H - 1dyds>
t [o8) k/2
=(2K)*¢;, (/ / As, t,t'z,y)s* 1 dy ds)
0 J—-oo

t' poo
Cr (/ / (¢ — s;0 —y)s*H ~tdy ds)
t —00

To bound the first term, we use Lemma 7.3.6, Fubini’s theorem, and finally Lemmas

<2kaE

k/2
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7.3.4 and 7.3.5:

t poo k/2
(2K)F ¢y </ / A(s, bt 2, y)s* 1 dy ds)
0 J—-o0

& ' o k/2
_ QK)o ( / §2H-1 / e 1 e<t’t>ﬂ2 de ds>

27T 0 —00

2K ey, ([ 12 ([ i
:< 2) Ck (/ [1 _ e —t)gQ] (/ g2H=1,-2(t=s) ) df)
s oo 0
ke Y N k/2 .

< (ﬂ; ) (23 (3 12a + 2a1+1> (t' 1) H/Q) if 1/4<H<1/2 (7.69)
7| @t (azm g1/ if1/2<H <1
- (212:“% (24—2H (5_14H + 4Hl_1) (t' — t)QH—1/2)k/2 if1/4< H<1/2

(K)o (472 (yr _ 4)y1/2)*/2 if1/2<H <1

Dy(t —t)H-VDEif 1/4 < H < 1/2
DL(# — )+ if12<H<1

A bound for the second term in (7.68) uses the definition of II and the Gaussian
probability density function:

t' oo
Cr (/ / HQ(t’—s;w—y)SQH_ldyds>
t —0o0
' k)2
t [e'e] 1 7(ac—y)2 2
_ k Loy 2H—1
oK) (/ [ () e
(/ /oo < 1 ;((x_y))g) Py >k/2
- t/—s yds
o (=)
2 ” 1 St dyd "
S L SN e T R
k)2
1/2 / S2H1( )1/2ds> ‘

k/2

(7.70)
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If H>1/2, then 2H —1 >0 so

(ZK)ka t
2217 (/

/

k/2
SQHfl(t/ o 8)71/2 dS)

) k/2
<2H-1 (QK)ka /t (t' — S)—1/2 ds /
= 2(2m)172 \ J, (7.71)
L (2K)kc , k/2
_2H 1;(273)1/1; (2(t i t)1/2)

=C(t' — 1)/,

If 1/4 < H < 1/2, then the function f(z) = 2>~ is decreasing so by Lemma 7.2.2,

we have
’ k/2
(2K)kck ! 2H—1 —-1/2
W S (t ) dS
- k/2
:W ( (u+ )21t — t—u)”%lu) (where u = s —t)
k/2 (7.72)
< (2K) ¢y / GPHELE = )2 dy
2(27r)1/2 0
( K)c 2H-1/2 k/2
t —1 2H,1/2
stpoys (£ = 0P 23(2H,172)
—CL (1! — )1/
O]
Before we prove continuity in z, a few more lemmas:
Lemma 7.3.8. For z,2' € R,
/ (t — sz —y) —(t — ;2" — )| :—/ e 2t=9)¢? ‘1 d§.
- (7.73)

Proof. As shown in the proof of Lemma 7.3.6, the Fourier transform of II(¢,z) =
—a?
\/4;?6T in x is
1
V2
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Let u = x—y. Then by Plancherel’s theorem and properties of the Fourier transform,

[t sio -y < sl - ) dy

o0

:/ T(t — s;u) — I(t — s:2' — 2+ )| du

o0

=[|(t = s;u) = TI(t — 532" — = +u)|[;

. A 2
= H(t -5 g) - 6—2§(x _x)H(t -5 5)‘
2
. i (a— 2 7.75)
(t=s,9) (1= e |
= _1 o~ (t=s)€? <1 _ e—if(x’—ﬂ»‘)> i
V 2m 2
|1 > oo |
— —(t—s)¢ —ig(z'—z)
= e 1—e d
/—oo V2T < ) Y
_ L [T rag | miew-a|” e
2m J_o
[
Lemma 7.3.9. For z,2' € R,
%0 NCIST 0 1
/OO ‘1 — eiéle=a) ein dé = 4/0 |1 — cos(§(x’ — )] gt dg. (7.76)
Proof. By elementary arithmetic, we have
) N2
‘1 — =T — |1 — cos(E(z — o)) —isin(é(z — )|
(1 _ o)) 2 ) o
— (1 - cos(€(w — ) + sin*(€(z — ') -
=1—2cos(&(z — 7)) + cos?(E(z — 7)) +sin?(&(z — o))
=2 — 2cos(&(x — ')
and therefore since (1 — cos({(x — 2'))) g%H is even,
% NCIST o 1
/ ‘1—6’5(”” ) éﬁdé :2/ (1 —Cos(f(x—x')))éﬁdg
—o0 ~o X (7.78)
—4 [0 = costél = ) g e
[
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Lemma 7.3.10. For all € R,
2 — 2cos(f) < min(4, 6%) (7.79)

Proof. Since —1 < cos(#) for all § € R, 2 —2cos(f) < 4. To see 1 — cos(6) < 62, let
f(0) = 2cos() + 6> — 2. Then f(0) = 0 and for z > 0, f'(§) = —2sin(0) + 20 >
20 + 20 = 0. Thus for § > 0, f(#) > 0. Since f is even, we have f(0) > 0 for all
0 € R, as required. ]

Lemma 7.3.11. For z,2' € R,

5lz" — x|

t 00
/ / ITI(t — s,x —y) —II(t — s, 2" —y) > dy ds < (7.80)
0 J—o0
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Proof. By Lemma 7.3.8, Fubini’s theorem, and Lemma 7.3.10,
t o]
/ / ITI(t — s, —y) —II(t — 5,2 —y)|* dy ds

72(t 5)€2 ‘1 2 (= x)
Sl

de ds

=5 1 ) / e € ds d&
mJ- 0
I o |2 o2 [ ase
=5 1 — i@ =) =2 / e* ds d¢
LS 0
1 [~ 2 1
:% 1— 62 &(x'—x) 6_2t£22—§2 (62t§2 . 1) df
oo o —2tE?
:i 1 — @' —=) Ploe ™ d¢
21 J_ 262
1 o) 1 — —2t¢?
=55 | (2= 2cos(é(’ —a) +§2 de (7.81)

1 — 67215{2

:% /OOO (2 —2cos(é(2' — x))) 2—52 dg

1 00 —2t£?
<7r/0 min(4, (2" — z)? ) 22 d¢

1 [ min(4, (2" — )?)
< e °
B 1 , ) |z’ w\’l 00 o
e (CE ST M
= (@'~ 2Pl — 2 4l — | )

5|x - :10|

2m

]

Theorem 7.3.12. There exists a constant D, > 0 such that uniformly for all
(x,1), (z',t) € (—o0,00) x [0,T],

E (|U(z,t) — U(',t)|*) < Dylz — 2|7, (7.82)
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where U is defined as in (7.63), and

- {(QH 1k if1jd< H <1/2 and s

k/2 if1/2< H < 1.

Proof. Let x,2" € [0, L]. Then by Burkholder’s inequality [4] and condition (7.2) of
f;

[yUxt U, t)|]

=[f

- /0 /_ Fluly, )Tt — ;27 — y)s" = °W (dy ds)

u(y, s)TI(t — s;0 — y)s™72W (dy ds)

=E (u(y, ) (It — s;2 —y) = (t — 532" — y))s" W (dy ds)

= ([ [ Ftutsne = s -y 0t = sia? = sy ds)ﬂ
., (/ | / TE[P(u(y. )] (1t - s — y) — TI(t - 507 — )21 dy d5>m
<cp KF (/ / It —s;z—y) —I(t — s;2" — y))>s*"H dy ds) "

—c, K" (/0 2H-1 /_OO(H(t—s T —y) —H(t—S;x/—y))Qdyds)k/Q.

(7.84)
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If H> 1/2 then we have, by Lemma 7.3.11,

t 00 k/2
e K" (/ S2H_1/ (II(t — s; 2 — y) —H(t—s;x'—y))2dyds)
0 —00

t poo k/2
<ci K" <T2H_1 / / (I(t — s;20 —y) —I(t — s;2" —y))* dy d3>

k/2
—cp KPTCH-Dk/2 (/ / II(t — s; x_y)_H(t—s;x’—y))Qdde) (7.85)

5
<ep KT RH—k/2 (%) by Lemma 7.3.11
T

5 k/2
:CkKkT(2H_1)k/2 (_) ‘CL’ . x/|k/2
2

=Jip|lz — ' |2
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If 1/4 < H < 1/2, then by Lemmas 7.3.8, 7.3.2, 7.3.9, and 7.3.10, we have

t o0 k/2
e K" ( g1 / ((t — s;0 —y) —H(t — s;2" —y))*dy ds)
0 —

o0

t 1 [e%¢] ) ) , 2 k/2
=cp K" (/ g2H-1 (2—/ e 2(=9)E 1] _ gik(@—a’) dﬁ) ds)
0 T J -
k () t k/2
_ CkKk . (/ ‘1 _ b)) 2/ 2H—1,-2(t=9)€% d§>
(27T) / —00 0

k 00 3—2H k/2
<<Ck[>i/2 (/ 1 et 2 d€)
(27 oo

gar

ko(3—2H)k/2 00 k/2

_ K2 | _ gt |* L de
COLCENRV AN e

¢ [(F2—2H)k/2 0 1 k/2
— 7 /0 |1—cos(§(m'—x))|€4—Hd§

c KkQ(l—H)k - ) 1 k/2
W / min(4, &*(z —$)2)54—H df)

_CkKkQ(lfH)k ) le—z'|~ b ) ol k/2
T 2n)R ((x —x)2/0 & d§+4/|xx/|_1§ M dg

_ k/2
:CkKkQ(l H)k 1 (I, . 13)2(|$ o £,|_1)3_4H + 4 (|lo — /|—1)1—4H /
enz \3_aH AH —1
KkQ(lfH)k 4 k/2
_% |z — x/|4H71 + |z — x/|4H71
ez \3-aH AH —1
cp KU~k 1 n 4 | I|4H-1 b2
= r—x
(2m)H/? 3_4H ' 4H 1
:J,H.CE _ $/’(2H_1/2)k-

(7.86)

The Holder continuity in space and time is summarized in Table 1.1. Finally,
since we have continuity in both z and ¢, we can show that w(z,t) has a Holder

continuous modification, using Kolmogorov’s continuity theorem [19]: For fixed H,
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define the norm ||(z,t)||g on R x R by

|| 2H =12 4 |t A=Y4 if 1/4 < H < 1/2, and
1@l = (787)
|x|1/2+|t|1/4 if1/2<H < 1.

Note that the H-norm ||.|| is topologically equivalent to the standard Euclidean

norm. Now we can combine our continuity results, Theorems 7.3.7 and 7.3.12:

Theorem 7.3.13. There exists a constant A, > 0 such that uniformly for all
(x,t), (2, ") € [0,T] x (—o0,00),

E (|U(z,t) = U@, t)|*) < Apl|(z,t) — (/. 1)} (7.88)

Moreover, by Kolmogorov’s continuity theorem [19], it follows that U(x,t) has a

continuous modification.
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