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Abstract

Several families of polynomials arise naturally as entries of transition matrices in
many parameterized spaces. The Kazhdan-Lusztig polynomials and R-polynomials
are well known examples of such families of polynomials. In this paper, we in-
troduce other families which arise in analogous ways and show that the modified
R-polynomials are in fact a subset of these new polynomials. We combinatorially
describe the coefficients of these new polynomials in a way which generalize previ-
ous combinatorial descriptions of the modified R-polynomials. Next we state new
symmetry results as well as give alternate proofs of known symmetries, providing
a bijective proof of one such result. We then apply these results to give a new
formulation of the dual canonical basis of the quantum polynomial ring in terms of
Kazhdan-Lusztig immanants. Finally, we look at a two parameter version of the
Hecke algebra and quantum polynomial ring, introducing two parameter analogs of
the modified R-polynomials and show these satisfy recursive formulas and identities

which resemble and generalize known recursive formulas and identities.



Introduction

Representations of quantum groups provide solutions to the Quantum Yang-Baxter
equation and have applications in quantum field theory and statistical mechanics
[32]. Quantum groups also have connections to other fields of mathematics such
as algebraic geometry [33], category theory [29], knot theory [21], as well as having
applications in nuclear physics [18], astrophysics [30], and other areas of science.

Kashiwara [20] and Lusztig [27] made contributions to the representation theory
of quantum groups by introducing canonical (or crystal) bases known as enveloping
algebras. Quantum coordinate rings such as O,(SL(n, C)) are dual to the enveloping
algebras and contain dual canonical bases. The quantum polynomial ring A(n; q),
while not a quantum group, is closely related to O,(SL(n,C)) and contains a dual
canonical basis, which is related by Hopf algebra duality to Kashiwara’s [20] and
Lusztig’s [27] canonical basis of sl(n,C). Understanding these bases will allow the
construction of representations of the algebras and lead to representations of the
quantum groups. However, these bases are defined recursively and are not easy to
construct or understand.

The Iwahori-Hecke algebra, H,(q), is a single parameter deformation of the group
algebra C[&,,], where &,, is the symmetric group. In particular, H,(q) specializes
to C[&,,] when ¢ = 1. Kazhdan and Lusztig [22] introduced a basis and irreducible
modules for H,(q), which make use of polynomials defined recursively known as
Kazhdan-Lusztig polynomials. An important ingredient in the definition of their
basis is known as the bar involution. Applying this involution to a natural basis
element of H,(q), one obtains a new basis, related to the first by polynomials in Z[q]

known as R-polynomials. Alternatively, one may use modified R-polynomials in N[q].



Coefficients of the modified R-polynomials and their combinatorial interpretations
were studied by Brenti [3], [4], [5], [6], [7], Deodhar [13], and Dyer [17].

Certain C[q%, cﬁ]-submodules of H,(q) called double parabolic modules inherit a
bar involution from H,(q), and therefore inherit analogs of R-polynomials called
parabolic R-polynomials. Also belonging to Z[q|, these parabolic R-polynomials
appear in numerous papers, yet somehow have not received the modification and
combinatorial interpretation granted to their non parabolic siblings.

Related to the bar involutions on H,(q) and its parabolic modules is another
involution on A(n;q). This last involution, also called the bar involution, is an
important ingredient in the definition of the dual canonical basis of the quantum
polynomial ring. Again, applying this involution to a natural basis of A(n;q), one
obtains a second basis, related to the first by inverse R-polynomials and inverse
parabolic R-polynomials (equivalently, by modifications of these).

To summarize, we have several algebras with the property that a natural basis
and its bar image are related by a transition matrix whose entries are variations of
R-polynomials. Using an elementary family of bases of A(n; ¢), we show that in all
cases, the above entries have simple combinatorial interpretations in terms of walks
in the Bruhat order.

In Chapter 1 we first review some properties of the symmetric group, as it plays
a very important role in the Hecke algebra and quantum polynomial ring. We then
define the Hecke algebra H,,(¢q) and it’s submodules H; ; and Hj ;, as well as the
quantum polynomial ring A(n;¢). Next we introduce a new family of polynomials,
which we define combinatorially. This new family of polynomials will be shown to
be a generalization of the modified R-polynomials in Chapter 3. The final section
of the chapter is spent showing these polynomials appear naturally in A(n;q), by
proving a result connecting them to the basis expansion of the monomials in A(n; q).

Chapter 2 begins by establishing actions of H,(¢q) on various components of
A(n; q), including the immanant space. We then use the actions to show that our
polynomials also appear naturally in the multiplicative structure of H,(q). The
second part of the chapter is then spent establishing different symmetries satisfied

by our polynomials. These symmetries are found using the algebraic structure of
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H,(q) and A(n;q), yet suggest interesting combinatorial results. We provide a
bijective proof of one such symmetry.

We then shift our focus to bar involutions and the R-polynomials in Chapter 3.
We define inverse R-polynomials and show that they are equal to the R-polynomials
in the nonparabolic case. Furthermore, the modified R-polynomials are shown to
be a special subclass of the polynomials defined in Section 1.4. We also introduce
double parabolic R-polynomials, an extension of the single parabolic R-polynomials
appearing in the literature, and connect these to our new family of polynomials as
well. The second half of the chapter focuses on the dual canonical basis. We give
a new formulation in terms of the immanant space and row and column repetition.
To conclude the chapter we examine the different variations of the dual canonical
basis and bar involution appearing in the literature.

The final chapter introduces two-parameter generalizations of the Hecke algebra
and quantum polynomial ring. We focus our attention on the immanant space
at first, establishing results analogous to the first three chapters. We introduce
definitions of two parameter analogs of the bar involutions and the modified R-

polynomials, as well as the family of polynomials introduced in Chapter 1.



Chapter 1

The Hecke algebra and quantum

polynomial ring

The symmetric group plays an important role in the behavior of the Hecke algebra
and quantum polynomials ring. We will summarize some of the properties of the
symmetric group, define the Hecke algebra and certain submodules of the Hecke
algebra, following the treatment in [31]. Next we will review the definition of the
quantum polynomial ring and generalize previous results about the immanant space
in [31] to a general multi-graded component. Finally, we combinatorially define
a new family of polynomials and show that these are the elements of transition

matrices between bases in the quantum polynomial ring.

1.1 The Symmetric group G,

The symmetric group &,, has a standard presentation given by the generators

$1,...,8,—1 and the relations
si=1, fori=1,...,n—1,
5i558; = 545455, if |Z — j| = 1, (]_].1)
iS5 = 8584, if |Z - j| Z 2.



Let [n] denote the set {1,...,n}. Let &,, act on rearrangements of the letters [n] by
S0V - VUp = U1 Vi—10i110;Vj42 - Up. (112)

For each permutation w = s;, ---s;, € &,, we define the one-line notation of w to
be the word
Wy Wy =8, 0 (- (s5,01-m)) ). (1.1.3)

The one-line notation does not depend on the expression s;, - --s;, for w. When an
expression for w is as short as possible, we say that expression is reduced. Further-
more, we call ¢ = ¢(w) the length of w.

The Bruhat order on &, is defined by v < w if some (equivalently every) reduced
expression for w contains a reduced expression for v as a subword (See [2] for more
information). A generator is called a left ascent for w if sv > v, and a left descent
otherwise. Right ascents and descents are defined analogously. The unique maximal
element in the Bruhat order will be denoted by wy. This permutation has one line
notation n(n —1)---21.

It is known that left or right multiplication by wgy induces an antiautomorphism

of the Bruhat order. Thus if u < v, then we have
wov < Wol, vwy < UW. (1.1.4)

We also have that
L(wov) = L(vwy) = (wy) — £(v) (1.1.5)

For allv € G,,.

Let I and J be subsets of the standard generators (adjacent transpositions) of
W = &, and let Wy, W; be the corresponding parabolic subgroups of W. Define
Wy = e. Let w} and wy be the longest elements in W; and W), respectively. It is
easy to see that (wl)™' = wl and (wJ)™! = wy.

Let W \W/W be the set of double cosets of the form WywW,. If J = (), this
is the set of single cosets W, \W of the form Wyw. If I = (), this is the set of single
cosets W/W; of the form wW;. If I = J = (), this is just W = &,,. Each double

coset is an interval in the Bruhat order and has a unique maximal and minimal
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element [10], [14]. Moreover, each double coset in W, \W /W is equal to a union of

single cosets in W;\IW and is equal to a union of single cosets in W/W,

W]UJWJ: U UWJ: U W]U. (116)

ueWrw ucwWy

While the double cosets partition W, unlike single cosets, double cosets need not
have the same cardinality, i.e., for u # v we may have |W;uW;| # |WoW,|.

Let Wfr"] be the set of maximal representatives of cosets in W \W/W; and let
WX be the set of minimal coset representatives. These sets may be characterized
by

1,J

W,

={w|sw<wforall s € I,ws <wforall s e J}

= {w | w; > w;4; for all s; € I,j + 1 appears before j in w; - - - w, for all s; € J}
=W awh’

Wi

={w | sw>w forall s € [,ws > w for all s’ € J}

={w | w; < w4 for all s; € I, 5 appears before j + 1 in wy - - - w, for all s; € J}

_ WI,@ N W(Z),J
(1.1.7)

Following Douglass [14, Lem 2.2], we define the following Bruhat order on double

cosets. Let Dy and Dy be double cosets with corresponding minimum length rep-
2)

resentatives u, u?, and corresponding maximum length representatives v, v(?).
We define Dy < D if any of the following equivalent conditions hold,

1. u® <@,
2. v < U(Q),
3. There exist elements w™) € Dy, w® € D, which satisfy w® < w®.

Suppose that w belongs to WJIF’J. Then [14, Lem 2.2] implies that for each left

descent s of w we have sw € Wfr"] or sw € WywW), and that for each right descent
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s" of w we have ws' € Wi"] or ws' € WywW,. Similarly, that w belongs to W7,
Then [14, Lem2.2] implies that for each left ascent s of w we have sw € W'’
or sw € WrwWj, and that for each right ascent s’ of w we have ws’ € W' or
ws' € WrwWj.

For each minimal coset representative u € WE’J, we define the subsets

K=K(,Ju) =u'TunJ

def

= “ler
{seJ|usu " el} (1.18)

= {s; € J | siu = us; for some s; € I}

={s; € J|u =j,uiy1 =j+1 for somes; € I},

K’ = uKu ' = K(J, I, u™')=TNuJu™*

={secl|u'suecJ}
= {s; € I | sju = us; for some s; € J}

={s; €l |w =j,uiy1 =j+ 1 for some s; € J},
(1.1.9)

of generators. The parabolic subgroups Wy, Wy have longest elements wf =

(W)™ wl = (W)™ = wwlu', and satisfy
Wik =u'WunW; ={veW;|uwu'ecW;}
= {v e W, | uv = wu for some w € W;},,
Wy = uWgut = WrnuWyu ™t = {w e W; | v twu e Wy}

={w € W; | wv = wu for some v € W;}.
(1.1.10)

The unique minimal representative © and maximal representative v of the double
coset WruW; = WiwW; are related by
v = wluwlw] = wlwl uw. (1.1.11)
(See [34, Sec.2].) By [16, (1.3.b)] we also have
((v) = U(u) + £(wp) + L(wy) — Llwg ) = L(wp) + ((u) + £(wy wy)
(u) + C(wg) + L(wy) — L(wf) = (wiwd”) + £(u) + L(wy).

i
(1.1.12)
i

8



Since Wy € W; and Wy C Wy, we define
(wp)hX =Wrn whE () id =W;n we (1.1.13)
to be the collections of maximal representatives of the cosets
Wi /Wy = {vWks | v e Wi}, Wi\W; = {Wgv |ve W,} (1.1.14)

and
(W) K =Wwin whE w0 =W;n Wwe (1.1.15)

to be the collections of minimal representatives. Thus we have
Wy = (W)W, = W)W and W, = W (W) = we (W) (1.1.16)
Furthermore, for u € W' we have
WiuW; = W[UWK(WJV_{’@ = W]WK/U<WJ)I_(’® = W]U(WJ)IE’(D
= (W)Y KWWy = (W2 K uWe W, = (W)X ww,  (1.1.17)
= (W) " Wieu(W )50 = (W)™ uwe ()50,

In other words given generator sets I, J, each element v of the double coset WuW;

. . . ! . .
of W = &, has unique factorizations v!uv?, vl uv’, vl v& uv? vl uvSv? satisfying

UI < W], Ui € (W[)@_’K , UKI € Wy

(1.1.18)
v’ e Wy, ’Ui S (WJ)If’w, v € Wg.
Furthermore, these factorizations satisfy
((v) = L) + L(u) 4+ L) = £(v!) + €(u) + £(v?) (11.19)
— 00l + 0(u) + 60" + £(v7) = +0L) + 005 ) 4 C(u) + £(07)
and
v u = w, ol =0l vl = o)
, , (1.1.20)
(™) = L"), €") = LD) + L"), L) = 00") + L(ul).
Notice that for w € W17, we have w! = wlwl’, w' = w}, w/ = ww], and
w’ = wy. For more information see [11, Thm. 1.2].
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1.2 The Hecke algebra H,(q)

The Hecke algebra H,,(q) is the C[q%, dé]—algebra with multiplicative identity T, = 1
generated by elements {7}, | 1 <i < n — 1} subject to the relations

Ti:(q%—q_%)Tsi—i-Te, fori=1,...,n—1,
szijfSi = TVSjTVSiija lf |Z - ]‘ = 17 (121)
T.T,, = T, T, if [i — j| > 2.

Note that when ¢ = 1 this reduces to the group algebra of the symmetric group

C[6,]. If 54, - -+ s, is a reduced expression for w we define

4

Ty="1Ts, ---T.

i1 Sip*

(1.2.2)

We shall call the elements {7}, | w € 6,} the natural basis of H,(q) as a Clq2, q2]-
module. For u,v € &,, we define ¢, , = (q%)e(”)_z(“). We remark that basis elements
often denoted in the literature by {7}, | w € &, } are related to our basis elements
by T,, = qe,wfw; however, we choose to follow the notation in [26].

Note that the first relation may be written as
(T, — ¢)(T., — (—¢%)) = 0. (1.2.3)
Inverses of the generators are given by

T =T, — (¢ — q2)T.. (1.2.4)

~ ~ Ts,w if s;w > w,
T, T, = 1 ~ (1.2.5)
Tsw+ (g2 — q2)T, if s;w < w.

Similarly, we have

~ ~ Tws; if ws; > w,
1,1, = 1 (1.2.6)
Tws, + (q2 — q2)T,, if ws; < w.



More generally, we have

( ~ ~

Ty—15,Ts,0 if s;u > u and s;v < v,

-~ or if s,u < u and s;v > v,
T,T, = (1.2.7)

q
q

=
SN

7

Tu—lsiTsm - (q%

7

Tu-15,Ts,0 + (g )ﬁflsiTv if s;u < w and s;v < v,
_%>Tu—lsiTv if s;u > w and s;v > v.

\

For each coset WywW; in W, \W/W,, where w € W17, define the elements

TWI’LUWJ = E ev,va,wTva
veWrwWy
~, B =
TW['LUWJ - : : qv,wTv'
veWrwWy

(1.2.8)

Denote by Hj j, Hj ;, the submodules of H,(q) spanned by the double coset sums,

HI,J = span(c ]{j:w]ww] | w € W_{_’J},

1 -1
(92,92

- iy (1.2.9)
! / )
HI,J - Spa’nc[q%g’%]{TW]wWJ | w E W+ }
For example when n =3, I = {s1}, J = {s2}, we have
HI,J =Sspan .1 -1 {TW1815251WJ7TW]Sl,SQWJ}?
Cleta2]™ B (1.2.10)
! U !
HI,J - Spa’nc[q%7é%]{TW1818281WJ7 TW[sl,SQWJ}7
where _ _ L
N TWISISQSl‘//[V/J == Tsljzsi_ q§z—‘8281) N (1211)
TWISLSQWJ - T5182 - qg(Ts1 + TSQ) + qTEJ
and _ _ L
T/ S§1828 = TS S928 —"_ d§TS S19
W[ 182 1WJ 15281 251 (1212)

~ - Lo~ o~ e
T{/V151782WJ = T5132 + q2 (TSI + TSQ) + q 1T6'
We can let H,(q) act on the submodules Hyp and H} g by right multiplication

7’\:’Wlejsi = Z Ev,va,wTstm

R (1.2.13)
T‘//V]wTSi - Z qv_,leuT’UTSm
veWrw

11



and on Hg ; and Hj ; by left multiplication,

TSZ'T’LUWJZ Z Ev,qu,wTsinuv

vewW s

T T = Y GonTs T

vewWy

(1.2.14)

Douglass [14, Prop. 2.3] states formulas for these actions without assuming the rep-

resentative w of the coset is maximal. In particular, we may write

( ~
TWsti if Wiws; > W[U),

~ o~

TWIWTSZ' = _q2TWIw lf W[U}Si = WI’U), (1215)

\TWsti + (C]% - q%)TWIw if W[U}Si < W[’u),

j:"//V]wsi if W[U)Si > W[U),
TivoTsi = § 2 Ty if Wows; = Wiw, (1.2.16)
\j:“//Vsti + ((]% — q%)ﬁﬁvjw if W[U)SZ‘ < W[’LU,
( ~
TS'U}WJ if SZ‘QUWJ > wWJ,
T Tuow, = { —qi T, if s,V = wil, (1.2.17)
| T, + (02 — ¢2) Loy, if sy < wWy,
and
Ts/inJ if SinJ > U)WJ,
Tvsiflijwj - Q%TJUWJ if S,L"UJWJ = 'lUWJ, (1218)

\i{inJ + (g2 — cﬁ)ﬁ’vWJ if s;wWy < wWy.
From the definitions it is easy to see that for u € W and v € W?’J,

Tyvw =T, Tu Thw, =TTy, (1.2.19)

Furthermore, following [16], define elements d; and dr of (C[q%, q_%] which serve as

generating functions for elements of W; by the number of inversions,

(1.2.20)



For example, when I = {s1,s2} and J = {s1, s3} we have

3
2

dr =142¢ 4242+ ¢, dr = q +2¢% + 2% + ¢3, (12.2)
dy=14+2¢+¢* and cz]:qfl—l—Z—}—q. o

Note that d; and d; are not in general invertible in C[g2,q¢2]. In [16] there is a

calculation which implies for w € Wi’J we have
Tyv. T Thy, = dict) Tiyyow, (1.2.22)

where by w_ we are referring to the minimal coset representative for the double
coset WiwW; and K(w) = K(w_) = K(I, J,w_) is defined by (1.1.8). We omit the
details; however, a detailed proof of (1.2.22), which involves using the definitions to
factor ﬁVJ and the multiplication rules (1.2.16) and (1.2.18), appears in [31]. In a

similar manner, using (1.2.16) and (1.2.18) we can see that for v € WywW,,
Ty, T Ty, = 4y L T, TuTiy - (1.2.23)

Thus for w € Wfr"], we have

(q%)Z(WIwWJ)dK(w)TéVIwWJ = f&llfwf‘;v‘]j (1224)

where we define ((WrwW;) = £(w}) + (wg) — ﬁ(wé((w)) to be the distance between

the minimal and maximal elements of the double coset W;wW ;.

1.3 The quantum polynomial ring A(n;q)

For each n > 0, let the quantum polynomial ring A(n;q) be the noncommutative
(C[q%, q_%]—algebra generated by n? variables * = (211, ..., %) representing matrix
entries, subject to the relations
1
Ti ik = q2T; kT4,
1
TjkTik = G2 T kLj ks
e R (1.3.1)
TjkLie = LijfLjk,

11
Tk = Tip®ie + (q2 — q2)T 0%k,

13



for all indices 1 < i < j < nand 1 <k < ¢ < n. Notice that A(n;1) is the
commutative polynomial ring C[zy 1, ..., %)

We can use the relations above to convert any monomial into a linear combina-
tion of monomials in lexicographic order, which we shall call standard. Thus as a
(C[q%, q_%]—module, A(n; q) is spanned by monomials in lexicographic order. A(n; q)
has a natural grading by degree,

A(n; q) = P A (n; ), (1.3.2)

r>0
where A,(n;q) consists of the homogeneous degree r polynomials within A(n;q).
Furthermore, we may decompose each homogeneous component A,.(n; q) by consid-
ering pairs (L, M) of multisets of r integers, written as weakly increasing sequences
1< <<t <myand 1 <my < --- < m, <n. Let Apn(n;q) be the
C[q%, q%]—span of monomials whose row indices and column indices (with multiplic-
ity) are equal to the multisets L and M, respectively. This leads to the multigrading
An;q) = P EP AL (n;q). (1.3.3)

r>0 L,M

The graded component Ap, (7 q) is spanned by the monomials
{T10, " Tpw, | W E G} (1.3.4)

Defining %" = %y, 4, * ** Ty, v, for any u,v € &,, we may express the above basis
as {2 | w € 6,}. We will call elements of this submodule (quantum) immanants
and we will call the module itself the immanant space of A(n;q).

In general, Ay p(n;q) is the C[q%,q_%]—submodule of A(n;q) spanned by the

monomials
1T mu, Ty, |0 € &} = {(zpm)" | w € &, }, (1.3.5)
where the generalized submatrix x5 of x is defined by
—wfhml Toyme Ifl,mr—
PV L T (1.3.6)
| Tlrmy - Tlrymy "7 Tlnmy |
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Note that the variables in monomials appearing in (1.3.5) do not necessarily appear
in lexicographic order, e.g., (z112,123)° %" = 1 321 2%21.

For any 7, an r-element multiset M = my ---m, on [n| determines a subset
(M) = {si | mi=mjiu} (1.3.7)
of generators of &, satisfying |¢(M)| < r — 1. For example
1(11224555) = {s1, s3, S¢, S7}- (1.3.8)

Using the map ¢, one may characterize several subsets of W = &, as follows. Let
I'=u(L),J =ut(M). Then we have

I:{Si | SiL:L},

(1.3.9)
Wi={weW |w <wpforalli<j<k,s;¢l}={weW|wL=L},
Wi’mz{wEW[|wi<wi+1 whenever Eizéi—l—l}
={we W |mwvw L) =1mv(w!) = mwv(w)},
{ | INV(w™ L) (w™) (w)} (1.3.10)

Wfr’@ ={w € Wy | w; > w;;; whenever ¢; = {; 1}

={we W |mwv(w L) = mwv((wiw)™) = nv(w) — nv(wl)},
J={s; | ;M = M},

Wy={weW|w <wgforalli<j<k,s;¢J}={weW |wM=»M},
(1.3.11)

wh = {w € W | i appears before ¢ + 1 in wy - - - w, whenever m; = m;,1}
={weW | INnv(wM) =1INV(w)},
WE’J = {w € Wy || i appears after ¢ + 1 in wy - - - w, whenever m; = m;.1}

={w e W | INnv(wM) = INV(ww] ) = INV(w) — INV(w) },

(1.3.12)
where INV(w) is the number of inversions, or pairs ¢ < j such that w; > w;, of the
permutation w. Note that for w € Wru we have INV(w™'L) = INV(u~'L) and that
for w € uW; we have INV(wM) = INV(ul).
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Considering the representatives of double cosets, we have

w7 = {u e woJ | u; < u;y1 whenever ¢; = 01}
={ueW | v L) = izt = nv(u)}
={u e wto | i appears before ¢ + 1 in ug - - - u, whenever m; = m;1}
= {ue W | Inv(uM) = INnv(u)},
Wi"] ={ve Wf"] | v; > v;41 whenever ¢; = 0;1}
= {veW? |z L) = Inv((wiv) Y = INv(v) — INV(w])}
={ve Wfr’@ | i appears after i + 1 in v; - - - v, whenever m; = m;1}

= {ve W | nv(oM) = Invv(vw]) = INV(v) = INV(w)}.
(1.3.13)
Now fix u € W', Defining K, K’ as in (1.1.8) and (1.1.9), we have the following.

K ={s;eI|suM =uM},
Wi ={w e Wi | wuM = uM}, (13.14)
W) = {w e W, | INv(wuM) = INV(w) + INV(uM )}
= {w € W; | Inv(wuM) = INv(wu) = INV(w) + INV(u) },

K={s;eJ|(us;) 'L =s;u'L=u""L},
Wik ={weW,|(uw)'L=w uv'L=u"'L},
(WS = fw e W, | Inv((uw) ' L) = INV(u"'L) 4+ INV(w)}

={w e W, | INV((uw) L) = INnv((uw) ') = Inv(w) + INV(u)},
(1.3.15)
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It is easy to see that the monomials {(zp )" | u,v € &, } satisfy

u,v
(r,m)
( S;U,S;V 3
(xpar)%® if 0y, < ly,,, and my,, > my,
orif £,, > £, , and m,, < m,,,,
orif l,, =4, , and m,, = m,,_,,
1 . .
qz (zpp)*"" = (zppr)*™" if Ly, = Ly, and my, > my, |,
2 (@ 0p) S = g2 (g )5 if ¢, > ¢,,,, and m,, =m
q L,M q L,M Uq u7;+1 Vg ”Ui+1 9
-1 s . .
— ¢ (xL,M>SlU7SZU = (‘rL,M)Slum if guz = Eui-‘—l and My, < My
12 (20 00) 55 = g2 (@p00) 50 if 0, < ly,,, and m,, =m
q LM q LM w; Uit v; Vit1)
s 1 .
(@r,m)™ " + (g2 — q2)(zp,m)"™"
s 1 Y
= (xp,m)*"" + (g2 — q2)(xpa)™™"  if by, > Ly, and m,, > my,,,,
s 1 .
(wr,m)5* " — (7 — q2)(wp,m)* ™"
s 1o Y
. — (xL,M)szu’sw - (C]2 - q2)($L7M)u’sm if guz‘ < guiJrl and My, < My,

(1.3.16)
Since the dimension of Ay a(n;¢q) is typically less than r!, the spanning set (1.3.5)
is not in general linearly independent. In [31], Skandera states formulas describing
the dependency for the cases where L = [r] or M = [r], which we shall call the
single parabolic cases. Here we extend this result to the double parabolic case, where

neither L nor M is [r].

Proposition 1.3.1. Let L, M be r-element multisets of [n] and define subsets I =
(L), J = (M) of generators of &,.. Fix u,v € &, such that u € WoW,. Then we
have

e,v

(‘Q:L,M)&u = qv{,u{ (xLM) 5

()" = o o (o ar)?

(1.3.17)

Proof. Let w be the minimal element of the double coset WyvWj, in other words
w e W' 0 WwW,. Recall by (1.3.13) that the variables in (27 ;)" appear in

17



lexicographic order, and by (1.3.11) we have

eu __
(xL,M) - ‘Tﬂl,(u{quM)l e xh,(u{quM)r

= 'Tfl,(’u,l_wM)l T ‘/L‘ZT,(uI_wM)T (1318)

eul w

= (vr,m)

Since u’ belongs to Wy, (1.3.9) implies that each pair of variables appearing out of

lexicographic order with respect to one another in (xp, M)e’“IJ” has the form

(T, (! whd)s Th(ul wir);) (1.3.19)

for some indices i < j and k. Since u! belongs more specifically to (WI)Q’K/, (1.3.14)

implies that the number of such pairs is equal to £(u’ ). Thus when we sort variables

. I . . . .
in (xpa)o" = (zpa)"=" into lexicographic order we obtain

(L) = Gt (TL,a0)". (1.3.20)

Combining this equality with (z7,17)*" = q. .1 (v2,0)®", we obtain the first identity
in (1.3.17).

Similarly, recall by (1.3.13) that the variables in the monomial (21, 5,)* * appear
in right-to-left lexicographic order, and by (1.3.9) we have

716

(TLm)" " = T(d ) tw-1 ()1 Ly my L () (ud) L)

= L((w! ) lw=L)my T ((ul) w1 L) m, (1.3.21)
= (21 M)(ui)ilwil’e-
Since (u”)~! belongs to Wy, (1.3.11) implies that each pair of variables appearing out

of right-to-left lexicographic order with respect to one another in (az 5)®) " @ e

has the form

(% ((u? )11 L)k T((u? )11 L) k) (1.3.22)

for some indices i < j and k. Since (u”)~! belongs more specifically to (W,)%%

)

(1.3.15) implies that the number of such pairs is equal to £(u”). Thus when we sort

. . -1 Jy—=1,,—1 . . . .
variables in (v7 )% ¢ = (z7.) )" ¥ € into lexicographic order we obtain

-1 -1

(I’L,M)u 7e:qe,u£(‘rL,M>w . (1323)
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Combining this equality with ()" ¢ = Qe (zL.0)" ¢, we obtain the second

identity in (1.3.17). O

It follows that we just need one permutation w from each double coset in
WIA\W/W; to form a basis of Af a(n;¢q). A natural choice of representatives is
the set W17, thus we will call the set {(z7,)%" | w € W[} the natural basis. For

example in A (3(3; ¢), the immanant space, we have

1 -1
S1, W0 __ €,5251 5 5 €,wo
x =z + (g2 — q2)a"",

SL82,W0 — €581 + (q% _ q’%)(me,swg + .736’8251) + <q% _ q’%)er,wo’
(1.3.24)

1 -1

fL‘wO’wO — me,e + <q§ _ q2)(l,e,81 + 1,6782) + (q% _ (]_%)2(1,8,8182 + xe,s281)

and in Aji2122(3, ¢) we have

-1 1
(T112,122)""° = ((q5 —q2)%q? +2(q> — q?)q ' + Cﬁ) (T112,122) "
1 -1 -1 1 -1 1 1, -1
+ <(q§ —q7)’qz + (g2 — q2)’¢ " + (7 — CP)W) (7112,122) ™"
(1.3.25)
In [31], Skandera shows that a second basis, which we will call the inverse trans-
pose basis, of Apr(n;q) is given by {(zra)" ¢ | w € W7}, We state this with

proof below.

Proposition 1.3.2. For each element w of W, we have

—1

(wrm)®" = (zr,m)” ° (1.3.26)

Proof. Recall that the variables in the monomial (x7,1)*" = T¢, (wr), * * * T4, (wh),
appear in lexicographic order. Writing M in multiplicity notation as M = 1% ... nn,
we see that for each letter k, the by variables having column index k are those having
row indices

(W L)ooty < 0 S (W L)y (1.3.27)

Now consider the monomial (95,;,]\4)7““717e = T(w-1L)1,m1 * T(w-1L),,m,- Again, the by

variables having column index k have row indices (1.3.27). Thus the sequence of
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index pairs

(w™'L)y,mq), ..., ((w L), m,)) (1.3.28)

is a shuffle of disjoint subsequences of the form

(((wilL)b1+---+bk71+1> k)v R ((w71L>b1+---+bk7 k)) (1329)

Now let us use the relations (1.3.1) to express (z;)"  as a linear combination
of monomials with variables appearing in lexicographic order. Note that for any
indices j < j’, we must have m; < mj. If m; = mj, then by (1.3.27) we have
(wL); < (w™'L)j, and the two variables T(w=1L);,m;s T(w-1L),m,, are already in
lexicographic order. Now suppose that we have m; < mj. If (w™'L); < (w L),
then again the variables are in lexicographic order. Otherwise they commute. Thus
we only use the third relation in (1.3.1) to sort (zz)" *, and we see that it is

equal to (xp ar)®". O

It follows that for w € W7 and v € W;wW,, we have

-1 —1

(@r,00)" = et (TL0)™" = et (W) = Qeprq o (Trar)”

(1.3.30)

_16

= qy o (Lm)"

More generally, for u,v € &, and y € uW;, z € vW; we have

(wp,a)"" = (zLa)"" (1.3.31)

In the immanant space the double cosets are the individual permutations them-

selves and thus each w is a minimal coset representative and Proposition 1.3.2 says
o =" (1.3.32)

Thus, in the immanant space the natural basis and the inverse transpose basis are
identical.

A natural C[q%, q_%]—linear involution on A(n;¢q) is matrix transposition xy, s +—
(wp.)', defined by
(L) = (230)™) = (L0)",
. ¢ . (1.3.33)
Flepan) = flra) = f((@rm)),
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assuming that we have v € Wfr"] and that f is expressed as a linear combination of

monomials {(z7,,)>" | w € WE’}. This will be useful in a subsequent chapter.

1.4 Natural and inverse transpose basis expan-

sions

In the previous section we defined two bases, the natural basis and the inverse trans-
pose basis. Therefore we can express any monomial (z, 57)"™" as a linear combination
of natural basis elements and as a linear combination of inverse transpose basis el-
ements. Looking at the defining relations of A(n; q) we see that the coefficients of
the basis elements in both cases are polynomials in q% — q_%, q%, q_% with nonnegative

integer coefficients. However, since

1 -1 -1

(> —q2)+(¢2)* =1, (1.4.1)

N[

i
these polynomials can be expressed in several ways, making a canonical description
of the coefficients difficult. Brenti studied polynomials with nonnegative integer
coefficients which appear in a similar manner as entries of transition matrices in
H,(q). In [1], two combinatorial interpretations for such matrices are given. In order
to handle the lack of canonical description mentioned earlier, we will define a family
of polynomials in a manner analogous to Brenti’s combinatorial interpretations and
extend his results to a larger family of Laurent polynomials which will evaluate to
transition matrix entries within A(n;q).

IJ . .
For all u,v € &, and w € W_”, given any reduced expression s;, ---s;, for

u, define the (Laurent) polynomials {piz;{’w(ql,qg) € N[q1,q2, 45" | w,v € &,,w €

k

Wi"] } to be the polynomials whose coefficient of ¢{q5 is equal to the number of

sequences (7. .. 7)) of permutations satisfying
1. 70 = o, 7®) € WwWy,
2. ) € {sijw(jfl),w(jfl)} for j=1,... k,
3. 7l) = 5, w01 if 5, 701 > 7G-D),
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4. 7w0) = 7U=1 for exactly a values of j,

5. L(w) — 0(x®)) + L(ul) + (v7) — L(wl) = b.

1,0

U,V,W

The sequences begin counted by the coefficients of p (¢1,q2) can be thought of
as walks in the Bruhat order, where we allow vertices to be repeated. Alternatively,
we could consider the Bruhat order with loops added at each vertex. For example,
ifn=31={s1}, J = {s2}, u =v = wy and we choose the reduced expression

$189281 for u, then we have
) + L) —l(w)) =1+1—-1=1. (1.4.2)

Therefore, there are seven walks beginning at v = wg, which satisfy the conditions

in the definition for some w &€ Wi"]. Thus we have
aja; a,a; 9,05 LH

PR e (@1, ) = Gae + 4145 + 14,

pi;(;l,wo,slsg (QIa Q2> = Q%% + QQ1C]§ + qg

(1.4.3)

Similarly, for all u,v € &, and w € WJIF’J, given any reduced expression s;, - - - s;,

for v, define the (Laurent) polynomials {rl7 (q1,42) € N[g1,¢2.¢5'] | u,v € &,,w €

WJIFJ} to be the polynomials whose coefficient of ¢¢¢5 is equal to the number of

sequences (W(O), e ,W(k)) of permutations satisfying
1L 70 =u, (7)1 € WrwWy,
2. 79 € {sijw(j_l),w(j_l)} for j=1,... k,
3. ) = Si]ﬂ'(j_l) if Sijﬂ-(j—l) > -1,
4. w0) = 701 for exactly a values of j,
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5. L(w) — 0(x®)) + L(ul) + (v7) — L(w}) = b.
Looking at these definitions it is easy to see that

Ti’,i,w(fh, G@) = pi:i’wfl (a1, 92) (1.4.4)

for all subsets of generators I, J and permutations u,v € &, and w € Wfr"].

In the case where I = .J = (), we write

pu,v,w(Ql) - p2’7?;,w<q17 q2)7

0,0

(1.4.5)
ru,v,w<q1) = Tu:v,w(qh q2)7

since the power of ¢ is always zero and we have polynomials in one variable. Using
the previous example, except with I = J = (), we have the same seven paths as

before. This time
((w) — (7™ + e(ul) + L(v”) = t(w]) =0 (1.4.6)

for all paths and w € &3, thus we have

e

1 if ¢{(w) =0,
a1 lf E(w) = 1,

pwo,wmw(ch) = (147)
qt if ((w) =2,

As a special case of (1.4.4) we have

Tu,v,w(Q) = Pvu,w-1 (Q)a (148)

for all u,v,w € 6,.

Notice that the definitions depend upon a chosen reduced expression for u or v.
On the other hand, with a little work we will show that all reduced expressions for
u yield the same polynomials {p&iw(ql, @) |veGS,,we Wi"]}, and consequently

all reduced expressions for v yield the same polynomials {r.] ,(q1,¢) | v € &,,w €
1,
Wit
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Proposition 1.4.1. Fiz u,v € &, and w € Wfr"]. Then we have

2(w)—L(2)+L(ul)+L(v))—b(w!
Phl(,g) = D g OO, ). (1.4.9)
zeWrwW s

Proof. Choose z € W;wWj, then by definition the coefficient of ¢%¢} in the poly-

w)—L(z2 UI ’UJ - ’ll/'J .
nomial qé( J =) )~ O)pu,v,z(ql) is the number of sequences (7, ... 7))

1,J

satisfying conditions (1)-(5) of the definition of p,;7 ,(¢1, ¢2) which end specifically at

z € WrwW ;. Therefore by summing over all z € WywW ), we get all the sequences

satisfying the conditions of the definition of pi:‘g7w(q1, ¢2) and equality. ]

Therefore, the question of whether or not pi’iw(ql, ¢2) depends on the choice of
reduced expression for u, reduces to the question of whether p,, .(¢:) depends on
the choice of of reduced expression for u. The examples (1.4.7) and (1.3.24) suggest
the polynomials {py,..(q) | u, v, w € &, } might appear naturally in A (7 ¢), the
immanant space for A(r;¢). In order to resolve the question of whether the choice
of reduced expression changes the value of these polynomials, we prove the following

result connecting them to the immanant space precisely as the examples imply.

Proposition 1.4.2. For all u,v € G,.,

= Z Puww(q? — q2)z". (1.4.10)

w>u~1lv
Proof. By definition pe ;. = 0y, thus the claim is true for © = e. Assume the claim
to be true for u having length at most ¢ — 1, fix a permutation u of length ¢, and

fix a reduced expression s;, - - - s;, for u. Then we have

a2 SipSin Y if s;,0 > v
Y = - oo ’ (1.4.11)
iz S SiV (qi — qi)xslémsié’v if S,V < V.
By induction, we see that if
sy s if s;,0 > v
puola) = § Do) P R L)
Dsiy-sipsiyvaw(@) + @ Dsyyoossy (@) i 5,0 <0

then the claim holds.
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Suppose first that we have s;;v > v. Then by induction, the coefficient of ¢*

2,710 = w)

in puoww(q) is equal to the number of sequences (7 = s; v, nl
satisfying Conditions (2)-(4) of the definition. Prepending the permutation 7 to
any such sequence and considering the inequality s;;v > v, we see that the new
sequence

7rd:f(7r(0), . 7®) (1.4.13)

satisfies all four conditions of the definition if and only if 7(®) = v. Thus the coeffi-
cient of ¢* in py.».(q) is equal to the number of sequences (7@, ... 7)) satisfying
Conditions (1)-(4) of the definition.

Now suppose that we have s;v < v. Then by induction, the coefficient of ¢*
in puww(q) is equal to the number of sequences (7 = s; v, 73 ... 7)) = w)
satisfying Conditions (2)-(4) of the definition, plus the number of sequences (7(}) =
v, 7@ ... 7 = w) satisfying Conditions (2)-(3) of the definition and in which
70 = 70D for exactly k — 1 values of j. Prepending a permutation 7(® to any

such sequence, we see that the new sequence

7= 70
def

, ) (1.4.14)
satisfies all four conditions of the definition if and only if 7(%) = v. (No new equality
71 = 7 is introduced for a sequence of the first form:; one new such equality
is introduced for a sequence of the second form.) Thus we see that the recursion

(1.4.12) holds. O

Since the expansion of x*" in terms of the natural basis does not depend on
the choice of reduced expression for u, neither does p,,.(q). Therefore, Propo-
sition 1.4.1 implies that all reduced expressions for u yield the same polynomials
{pl] (@, @) | v e & we W7}, as claimed. This also implies the polynomi-

als {rl) (1, @) | v e & w e W7} are independent of the choice of reduced
expression for v, by (1.4.4).

Corollary 1.4.3. Fiz u,v € G, and w € Wi"]. Then we have

L(w)—L0(2)+L(ul)+e(v?)—t(w]
rllLZI{,w(qMQQ) = Z q2( SRR O)Tu,v,z(q1)~ (1415)
zeEWrwWy
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Proof. By (1.4.4), Proposition 1.4.1, and the special case (1.4.8), we have
(@ @2) = P (01, ¢2)

wH—L(z7 ) +L(v))+e(u!)—(w]
R I e SR L o

Zﬁleijflwl (1416)
L(w)—L(2)+L(u!)+e(v)—L(w]
S YT e ),
zeWrwW
O

We have seen a relationship between plJ (q1,q2) and 7)) ,(q1,¢2). However,

we can state another, more surprising, relationship between these polynomials by
taking advantage of Proposition 1.4.2 and the fact that % = v e, Putting these

two facts together gives us

= Z puﬂ,,w(q% —q2)z e (1.4.17)

w>u~"1lv
Applying the transpose involution to both sides of (1.4.17) gives us
" = Z puﬁvyw(q% —q2)zo (1.4.18)
w>u"Llv

Proposition 1.4.2 tells us that

1 -1 —1
RTINS E = N ew
x = pv,u,w_1<q2 - qz)x

w>u"ly

(1.4.19)

Comparing terms in the the two expressions for z”* and recalling (1.4.8) we see that

pu,v,w(Q) = Pvuw-1 (Q> = Tu,’u,w(Q)' (1420)

This is an interesting and unexpected relationship, which can be generalized to any

multi-graded component Ay y/(n;¢q) as follows.

Proposition 1.4.4. For all u,v € &, and w € Wi"],

L(wl)—b(wd
Pl (s a) = g0 LT (g1 o). (1.4.21)
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Proof. Applying (1.4.20) to (1.4.9) gives

w)—x(2 UI 'UJ — 'LUJ
Pol (@) = Y (go) OO, ()

2EWwW,
_ qg(wé)—ﬁ(wa’ ) Z ( q2)Z(w)—l(z)+€(u1)+€(vJ)—Z(wé) Fovw(q)  (1.4.22)
2EWwiWy
= qg(wé)ie(wb])ri’,i,w(QM q2),
where equality comes from (1.4.15). ]

This relationship is not the only thing which generalizes nicely from the im-
manant space to a general component of A(n;q). In fact, the combinatorial defini-
tion is precisely the definition we need in order to generalize Proposition 1.4.2. In
order to prove the generalization of Proposition 1.4.2 we first need a few lemmas and
corollaries. First, we will state alternate summation formulas, this time in terms of

single parabolic polynomials (when exactly one of L or M is equal to [r]).

Corollary 1.4.5. Fizu,v € G, and w € Wi"]. Then we have

L(w)—L(y)+L(v?)—L(wd
Pl plae) = D g T TR (41, go)
yGW_{_’w

yEw(WJ)If’Q)

— Z O(w)—£(y)+L(u") 0,7

(1.4.23)
s Py (015 G2)

yGWﬁ’J
K/
yE(WI)Vi’ w

and

L(w)—0 2(v?
T’{L’,’l{,’w(q17 QQ) = Z qZ(w) o )rizg,y(qla Q2)

1.0
YW, K0
yew(Wy)2

_ Z E(w)—L(y)+e(ul)—L(wd) 0,7
= ds

(1.4.24)
Ty (015 G2)-

yve’J
!
yG(W])Q_’K w

Proof. Each z € WywWj is in a coset Wiy for some y € Wfr’@ and y € w(WJ)If’@.
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Therefore (1.4.9) can be written as a double sum in the following manner.

2(w)—L(2)+e(uh)+e(v)—L(w!
DT St A A G

zeEWrwW
L(w)—L(y)+L(y)—L(2)+L(ul ) +o(v) ) —t(w!
_ Z Z q2( )—=L(y)+(y) —E(z)+L(u ) +L(v)—£( 0)pu,v,z(CJ1)

yEWj_’w zeEWTryY
K
yew(w)5?

L(w)—~L (v —(w! 2(y)—0(z)+L(ul
_ Z =+ ~tw) Z glO—EDHD (g (1.4.25)

yewjﬁ) zeWry
yEw(WJ)If’w

O(w)—2 L) —L(w!
_ Z q2( )—L(y)+L(v)—£( O)P{t’,%,y<Q1aQ2)~

1,0
yGW+
yew(W,) 50

pi:i,w(cha Q) =

The second equality comes from considering that each z € WywW; is in a coset

yW; for some y € WE’J and y € (WI)Q’K/w. Thus we have

O(w)—L(2)+(u))+o(v!)—(w!
pﬁ,i,w(leQQ} = Z q2( SO O)pu,v,z<q1)
zeWrwW

L(w)—~ Uy)—L(2)+e(uD)+e(v?)—L(w!
Z Z q2() () +He(y)—€(2)+He(u ) +E(v7) (0)pu,v,z(q1)

yGW_?‘J zeyWy

/
ye(w) X w

L(w)—¢ O(u! 2y)—L(z)+L(v))—b(w!
_ Z AR Z g W@t w)y, () (1.4.26)

yGWE“] zeyWy

/
yE(W[)(Zl’K w

Lw)—¢ O(u!
_ Z q2( )—L(y)+£( )Pg’,i,y(%,%)
yGWE“]

/
’yE(WI)Ql’K w

1,J

U,U,W

I1,J
U,V,W

We can express .2 . (¢1,¢2) in terms of p,2 . (q1,q2) using Proposition 1.4.4, then

express this as either a sum of p’? or p»/-polynomials. Using the relationship with

r1% and r?7-polynomials, we get the formulas as claimed. ]

The next lemma takes advantage of the quotient ring Z[qi, ¢2]/(1 — q1q2 — ¢3),
which is the setting in which the polynomials will reside in the natural basis and

inverse transpose basis expansions.
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Lemma 1.4.6. Fiz y € W v e yWy, and w € W+J In the ring Zlq1, q)/(1 —

G192 — ¢3) we have
riiiﬂU(CZl’ QQ) u y7 (q17 QQ) (1427)

Proof. Each element v of yW factors uniquely as v = yt with ¢t € W;. If 4(t) = 0,
then v = y and the claim is trivial. Now fix £ > 1, assume the claim to hold for
v factoring with ¢(¢) < k — 1, and choose v factoring with ¢(t) = k. Fix a reduced

s; a reduced expression for t. Then we

expression s;, ---s; for v with s; , -5y

have s;. € Wy, vs;, = yts;, {(ts;,) = k — 1, and by induction, r}/ vse (1, 42) =
rl7 (q1,q2) in the quotient ring.

Uy, W
Now fix a,b and let 7 = (79, ..., 7(") be a sequence satisfying the definition of

1,J

o (15 Q2) Since we have

the coefficient of ¢%¢3 in r

(N e {(x™)7, (s, 7)1} € WrwWy, (1.4.28)

it is clear that the subsequence 7 = (7, ... 7("=1)) of 7 satisfies

1L 70 =y, (z-D)~ ¢ WrwWy,

2. 7)€ {s;, 70~ =D}

3. 70 = 5; UV if 5; 70D > 701
J J ’

and therefore contributes to some coefficient of ru vse (15 G2)-
Let us call the coefficients of ruvw(ql,qg) and rl7 s w1, 42)s Cap and dgp, Te-

spectively, so that we have

7,uvw Q1,Q2 chabQ1QZa

=0 6=0 (1.4.29)

Tzlj,isl w (q1,q2) Z Z dg bq%qg.

a=0 b=0

Furthermore let us define C;b, Cap, and c; b to be the number of sequences satisfying

the definition of the coefficient of ¢q4 in %/ (g1, ¢2) such that 7~ < 7" 7r=1) =

uvw

7 and 71 > 7" respectively. Similarly, define dyy, and d7, to be the number
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of sequences p = (p©, ..., p"=Y) satisfying the deﬁnition of the coefficient of ¢¢5 in

iisw,w(QLQQ) such that p=Y < s; p"~Y and p=V > s; p"~Y, respectively. Thus
we have

— < = >
Cab = Cap + Cab + Ca,bs

(1.4.30)

Note we will define ¢, = dop = 0 whenever a or b is negative.

To establish the equality of .7, (¢1,¢2) and r]7 (g1, ¢2) in the quotient ring,

u vsl

we consider the subsequence 7 and the three possible relationships between 71
and 7"

First, suppose that 7~1) < 7(") Then 7 satisfies the conditions defining the
1,J

U US4,

coefficient of ¢} in r Wl q2) Moreover, sequences (p(o), ..., p" 1) contribut-

ing to the coefficient of ¢?¢5 in rL/ vsi, w15 ¢2) and satisfying P < 55, p" Y corre-

spond bijectively to sequences (p(), ..., p() contributing to the coefficient of ¢fq}

in ri;{w(ql, ¢2) and satisfying p(“l) < p(T). Therefore we have

Now, suppose that 7("~Y = 7(") Then 7 satisfies the conditions defining the coef-

ficient of ¢~ ¢t in rL7 (1, q2). Moreover, sequences (p©, ..., p"=1) contribut-

U VUS4,

ing to the coefﬁment of q“ YoV in LY (q1,q2) and satisfying p0 ! > s; p)

correspond bijectively to sequences (p(“, ..., p() contributing to the coefficient of

¢i¢5 in vl (q1,q2) and satisfying p"=1) = p{"). Therefore we have

oy =do 1, (1.4.32)

Finally, suppose that 7"~% > 7(") Then 7 satisfies the conditions defining the

coefficient of ¢fg5~* in 1, (q1,q2). Moreover, sequences (p'”,... pl"=) con-
tributing to the coefficient of ¢fg5 > inrl), (g1, ¢2) and satisfying p"= > s; p(r=1)

0 ..

correspond bijectively to sequences (p(, ..., p() contributing to the coefficient of

¢i¢5 in vl (q1,q2) and satisfying p"1) > p("). Therefore we have

=d>, (1.4.33)
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Thus we have

T (415 2) cha bdid5

a=0 b=0
= Z Z (cop+ Cap + o) atqh
a=0 b=0
- Z Z (dop +d7_1 1+ dgys) dids (1.4.34)
a=0 b=0
= Z Z dyyqias + Z Z do gt st + Z Z dyyqiqs™
a=0 b=0 a=0 b=0 a=0 b=0
:ZZ st doy ( (a2 + @3)) ¢ 5.
a=0 b=0

In the quotient ring we can make the substitution ¢;qs + g5 = 1 and get

Tuvw Q17q2 ZZ d +dab (]lqu7

a=0 b=0

= i i dapdid5 (1.4.35)

a=0 b=0

= Ti:isiT,w(QD q2)

O]
Corollary 1.4.7. Fizy € W' weyW,, andw € W7, In the ring Z]q, g2] /(1 —

7192 — q5) we have

pLt (an, a2) = Pl (a1, @), (1.4.36)

Proof. Recall that puvw(ql, Q) = ri’iw,l(ql, ¢2) by (1.4.4). Therefore Lemma 1.4.6
implies that puvw(ql,qz) = rijw_l(ql,qQ). Applying (1.4.4) once more gives us
(1.4.36). O

The next few lemmas will establish partial natural and inverse transpose expan-

sion results which lead to the general case.
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Lemma 1.4.8. Foru c W% and v ¢ S,

1 -1 -1

xL [7"] Z puvw q% —qz2, qa)(l’L,[r])e’w- (1437)

1,0
weWwy’

Proof. First let us consider the case u = e. Letting w be the maximal coset rep-
resentative of Wyv, by 1.3.17, we have (xp )" = ¢, (%L)*". Furthermore by
definition, pevw(fﬁ —CI_é (J_é) (QQ) Hw)—t) = qv_,ilv

Now assume the claim holds for all v of length at most £ —1. Choose u of length
k and a reduced expression s;, ...s;, for u. Since s; u < u, we have u;, > u;,4+1 and

consequently £,, > £, ,,. Thus, (1.3.16) reduces to

u,v (xL,[T]>Si1u’Si1U if S,V >,
(.TL [r]) S = Siq1 U8,V 1 et Si U,V 3
(xL[ ))Patsnt 4 (g2 — g2 )(wp )t if sy <o,
! w .
Z psllu sllvw q2? —q2,q°2 )(xL ['r}) if Si, U >,
weWiw
11
= Z <péb?usblvw(q2 —q2’q2)
wEW_{_’o
3 3 3 . ew
L +(q2 _q2)pgé?u,v,w(q2 _q27q2)> (xL,[r]) ’ if S, U <,
(1.4.38)
where, since {(s;;u) = k— 1, induction gives equality. Apparently, it suffices to show
that for £,, > {¢,, ., we have
1 1
pg;?u silv,w(Qla q2) if S,V >,

PLY (a1 q2) = (1.4.39)

pgl?u Siy v, w(QIa Q2) + q1p£;?u,v,w(ql> CJ2) if 54,V <.

Suppose first that s;;v > v. Then, the coefficient of ¢¢¢5 in psnusnvw(ql, ¢2) is
equal to the number of sequences (71, ... 7(*)) satisfying conditions (2)-(5) of the
definition and 7" = s; v, 7®¥) € Wiw. Prepending the permutation 7(® = v to
each of these sequences defines a bijection with those satisfying the conditions in
the definition of p/% ,(q1,¢2). Therefore pl? sy o (01, @2) = P (a1, ¢2) as desired.

Now suppose that s;, v < v. For all a, b, the coefficient of ¢fq5 in psnu siy o015 €2)

is equal to the number of sequences (7(M) ... 7(*)) satisfying conditions (2)-(5)
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of the definition and 7V = s; v, 7¥) € Wyw, while the coefficient of ¢?¢} in
qlpgz’_?u7uw(q1, ¢2) is equal to the number of sequences (7(V), ..., 7®) satisfying con-
ditions (2), (3), and (5) of the definition and 7)) = 7U~Y for exactly a — 1 values of
4, as well as 7 = v, 7®) € W;w. Prepending the permutation 7(*) = v to each of
these sequences defines a bijection with those satisfying the conditions in the defi-

nition of pyy (g1, ¢2). Therefore pl?, . . (q1,@2) + @il (@, @2) = D5 (01, 42)
as desired. n

Corollary 1.4.7 allows us to remove the condition on v and strengthen the pre-

vious lemma.

Corollary 1.4.9. For all u,v € &,,

1 -1 -1 e
(wrp)™ = D> Pl u(e? — 2 @) (wrm)” (1.4.40)
weWi’V)
and
u,v 1 -1 -1 w-le
(wrp)™ = > b (a2 — ¢, ) (@) (1.4.41)
weW_{_’w

Proof. Let y € W™ such that u € yW; and ¢ € W; where u = yt. Then (1.3.31)

and Lemma 1.4.8 give

l -1 -1 e.w
(@rp)™" = (rp)? Z Pl (a2 — a2, q2)(xr )" (1.4.42)

1,0
weWwy’

Since (¢ —q2)q2 + (¢2)2 = 1, we can apply Corollary 1.4.7 to get the first equation.
The second comes from applying (1.3.30) and (1.4.21) to the first equation.

(wre)™ = > Pl (02 — 2, @) (wrp)"

wGWIw
1 -1 -1y -1y pind wle
= 3 pllulef —ah @) )" (1.4.43)
wGWJIr(D
1 -1 -1 w-le
= Z Tilj,’,?),w(QQ _q27q2>(xL,[r]> e
wGWJIr’(D
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We have established the expansion results for the special case M = [r]. A few

more lemmas are needed in order to get the most general case.

Lemma 1.4.10. Forallu € S, and v € W% we have

—1

11 a1 .
(wpan)™ = > rlb (a7 = q2,¢2) (@)~ (1.4.44)

Proof. Let us first consider the case where v = e. If u=! € Wy with y € Wi’@,
then by (1.3.17), we have that ()" = (xpa)? . Since there is only one

sequence, namely the sequence (u), which satisfies the conditions in the definition

1,0
of Twey

(q1, g2), we have by definition that
T’lll,’,g,y(q% — q_%,q%) — (q_%)f(y)fé(U)Jré(uI)ff(wé) =1, (1'4_45)

as desired, since £(y) — £(u) = L(wf) — L(ul).
Assume the claim to be true for v having length at most k—1. Fix a permutation

v having length k. Let s; be such that s;u < v and thus m,, > m,,+1. Then (1.3.16)

gives
( .
(zpa0)%% if by, < lu;41,
(o)™’ = q%(xL,M)Si“’S“) if ly, = Cyq1,
. (zp,m)%%" + (q% - q%)<IL,M)u’SW if Ly, > ly41,
( 11 a1 1 )
Z ng,sw,y(q2 - q27q2)(xL,M)y , if £y, < lyptrs
yEWf_’w
1 11 a1 -1 .
S el (@ = a2 ) @Lm)’ if Ly = g,
= yEW_I,r’@
11 a1
> (Tﬁ;?i,sw,y(w —q2,q?)
yEWi’w
P 1o a1 S,
| @it et — ) ) ()’ > L,
(1.4.46)
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where induction gives equality. Thus it suffices to show that

( _ -
L 27{?& w@? = Iy if £, = Cysn,
PO (gt —ghghy = olt? — ) FT (a4

-1 -1
Tiqu) sqbfu,y(q2 —qz, q2)

1

1 1 1 T § .
L +<q2 - q2)r1€:giv,y(q2 - q27q2) if euz > Eui+1~

This can be seen by applying Corollary 1.4.9 to both sides of (1.3.16) and comparing
like terms. O

Lemma 1.4.11. Foru € &, and v € W?’J,

w1

(p.0)"" = Z riiiw(q% — gz, q%)(ZUL M)t (1.4.48)
weWi’J

Proof. Applying (1.3.17) to the result of Lemma 1.4.10 gives

1 -1 -1 w-le
(o)™ = Z Z Q| Jri’%ﬁy(q2—q2,q2) (xr,m) be, (1.4.49)

1,7 1,0
w€W+ yEVVJr
yeWrwWy

Since v € W%/ we have that v/ = ¢ and we see this sum of single parabolic r-

polynomials is one of the sums in Corollary 1.4.5. Thus we have

-1 -1 -1

(wra)™ = D rhl (a2 — g7 q2) (@pa)” e (1.4.50)

1,J
weW,

as claimed. 0

The preceding lemma allows us to finally prove the result we were seeking, that
the polynomials {p}7 ,(¢1.¢) | u,v € &,,w € W7} are the coefficients in the

natural basis expansion of monomials in A(n;q).

Theorem 1.4.12. For all u,v € G,

1 -1 -1 ew
xLM “ Z puvw q2 —q=, (]2)('Z‘L,M)7
wew?!
+ 1 1 1 (1451)
I,J = -1 -1 -1
= Z Tuv,w(q2_q2aq2)($LM) ’
wEW_,I_’J
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Proof. Fix u,v € G, and let y € W such that v € yW;. Then (1.3.16), Lemma
1.4.11, and Lemma 1.4.6 give

-1

(o)™ = (zpan)™ = > b (a7 — a2, q7)(zpan)"

weWrwWy
1.J 1 -1 -1 w—1le (1'4'52)
= Z Tu’,v,w(qQ _q27q2)(IL,M) .
weWrwWy
Applying (1.3.31) and Proposition 1.4.4 completes the proof. O
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Chapter 2

The polynomials p{[’i,w and r @Id?{,w

The polynomials {pl7 (q1,¢2) | u,v € &,,w € w7} and {rid o, q2) | u,v €
S, w € WJIFJ} introduced in Section 1.4 appear in many more places than just
transition matrices in A(n;q). They also appear in H,(¢) and its associated sub-
modules Hj ;. Furthermore, these families of polynomials have symmetries which,
due to the combinatorial definition, imply equinumerocity between several sets of
paths in the Bruhat order. In this chapter, following [31], we will define actions of
H.,(q) on A(n;q), which allow us to describe the multiplicative structure of H,(q)
using our new polynomials. Then we will use their appearance in H,,(¢) and A(n; q)

to establish symmetries, or identities, which the polynomials satisfy.

2.1 Connections between H,(q) and A(n;q)

The two spaces H,(q) and A(n; ¢) may not appear to have much in common at first
glance; however, it turns out that the polynomials {p}7] ,(q1,¢2) | u,v € &,,w €

W7} are connected to the multiplicative structure of H,(q).

Define a left action of H,(q) on the immanant space A nj(n; q) by

T,, o f(x) = f(siv), (2.1.1)

where s; is the n x n defining matrix for s;, and where we assumed f(x) to be

expressed in terms of the natural basis. Similarly, define a right action of H,(q) on
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App,in (75 @) by )
f(@)o Ty, = f(si), (2.1.2)

where we assume f(z) to be expressed in terms of the inverse transpose basis. Thus

we have the identity
fz) o Ty, = (Ty, o f())" (2.1.3)
Formulas for these actions on natural basis elements are

» &SV

o o if s;v > v,
T,, 02% =™

2O 4 (g2 — q2)a®? i s < v,
(2.1.4)

e v le v, if vs; > v,
x0T, =a" ol =x" 7" = ) )
eV 4 (g2 — q2)x®?  if vs; < w.

The following formulas describing the action on monomials of the form x** appear
in [31].

Proposition 2.1.1. We have

7 wa Wi if us; > u, (2.1.5)
Lot = ) 1.
’ U 4 (g2 — q2)at? if us; < u,

. xS if vsj > v,
ol =" (2.1.6)
% 4+ (g2 — g2 )™ if us; <.

Proof. Assume the formula (2.1.5) to hold for all monomials z** with ¢(u) < k.

Certainly this is true if ¢(u) = 0. Now fix one permutation u of length k, and let s;
be a left descent for u. By (1.3.16) we have

~ fsj o gSithsiv if s;v > v,
T, ox™’ (2.1.7)

J =~ .S 1 e e ) .
TS]. o WY 4 (g2 — q2)TS]. oxs™v if s;v < v,
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which by induction is equal to

(
SiUS;5,8;V

T it s,v > v and s;us; > s;u,
s s 1 1\ s .
xSV 4 (g2 — g3 )ptisiY it s,v > v and s;us; < s;u,

1 .
2)gSitsiY it s,u < v and s;us; > s;u, (2.1.8)

1 .
+(q2 — q2)%gsuy if s;v < v and s;us; < s;u.
\

Now we return to the right-hand side of the claimed formula. Suppose first that
us; > u. This implies that s;u < s;us; < us;. By (1.3.16) we then have
_ xS siv if s;v > v,
v = L (2.1.9)
xSiU5j7SiU ‘I’ (qi _ qE)QTSiUSj’v lf SZ"U < ’U,
which is equal to Tsj ox™" by cases 1 and 3 of (2.1.8). Now suppose that us; < u.
Then we have u > s;us; or v = s;us;. If u = s;usj, then us; = s;u < u = s;us;.

Applying (1.3.16) to (just the first monomial in)
T (gF — gB)aY = g 4 (g — gh)ztiesi, (2.1.10)

we again obtain the expressions on the right-hand side of (2.1.9). If u > s;us;, then

s;u < u and s;us; < us;. By (1.3.16) we then have

:L,sius]',siv + (q% _ d%)(xsiqu,v + msiu,siv)

TV (q% — dﬁ);p“’” = +(q% — q%)%sﬂﬂf if s;0 <w,
5SSV | (q% — q_%)xsiu’si” if s;v > v,
(2.1.11)

which is equal to ij ox™" by cases 2 and 4 of (2.1.8).
By (2.1.3), we may apply the transpose map to the formula (2.1.5) to obtain the
formula (2.1.6). O
It follows that the monomial ¥ may be written as
~ 1

760 — j:‘v o0 1%t = %€ o Tv = ¥ €. (2112)
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More generally, the monomial ¥ may be written as

24 =Ty1 02 = 2% 0 Ty = TyrT, 0 2°¢ = 2°¢ 0 T,y-1 T,
(2.1.13)

T e,e T
=T,~10x°0T,.

This allows us to connect the polynomials {p,vw | v, v,w € &,} to the multi-

plicative structure of H,(q).

Proposition 2.1.2. For all u,v € G,

T.To= Y purwwle —q2)Te. (2.1.14)

weS,

Proof. Define elements {ay . | v,v,w € &,} in C[q%, q_%] by the equation

T.T, =Y aupuTo. (2.1.15)

weS,

Then the element 7, uf v 0 2%¢ of Apy,m(n;q) expands in the natural basis as

Z aum,wfw ox%° = Z Q00" (2.1.16)

weS, weS,

On the other hand, by (2.1.13) and (1.4.10) this element is equal to

S et — e a1
’u)GGn
Thus we have @y, = pua,mw(q% — q%) for all u,v,w € G,,. ]

Similarly, define a left action of H,(q) on Ap,a(n;q) by

Ty, o f(zm),nm) = f (i), (2.1.18)

assuming f(xp,a) is expressed in terms of the natural basis, and define a right

action of H,(q) on Agm(n: q) by

fapm) o T, = CIASEDE (2.1.19)
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assuming f(xr,[,)) is expressed in terms of the inverse transpose basis. Thus we have
the identity

far) o Ty, = (T, 0 f(ah, ) (2.1.20)

Formulas for these actions are

<x[n]7M)e’Siw if s;wWy > ”LUWJ,

Ty o (@)™ = 4¢3 (00" if sy = wh,, (2.1.21)
(Tp), )" + (q% - q%)(f[n],M)e’w if s;wW; < wWj.

(2, ) if Wrws; > Wrw,
(mL’[n])e’w o fsi = q%(q}h[n])e’w if Wiws; = Wrw, (2.1.22)
(2p,m)>" + (q% — q_%)(:cL’[n])e’w if Wiws; < Wiw.

More generally, we have the following formulas which appear in [31].

Proposition 2.1.3. We have

~ (@[, 00) 59" if us; > u,
T, 0 ()™ = ’ (2.1.23)

(@pa0) ™ + (g2 — q2) (T )™ if usj < u,

~ Tr. )% if vs; > v,
()" o Ty, = () /s (2.1.24)

: 11 wv
(L,m)"" + (q2 — ¢2)(zL )" if vs; <v.
Proof. Fix k > 1. Assume the formula (2.1.23) to hold for all monomials (p,),a)™"

with /(u) < k. Certainly this is true for £ = 1. Now fix one permutation u of length
k and let s; be a left descent for u. By (1.3.16) we have

( ~

if my, < my,,,

~ qif.o Tin),m )75 it m,, =m,,, |,
T, 0 (@)™ =3 _ " ( ”M_> | U (2.1.25)

L +(q% — q_ )Tsj o ('T[n],M)SW’U if My, > My 5
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which by induction is equal to

((x[n},M)Siqu’siv if m,, < m,,,, and s;us; > s;u,
(Tl ar) 0597550 + (g7 — q2 ) (T pr) 555 if my, < my,,, and sus; < s,
%(x[n]vM)siusﬂ"si” if m,, = m,,,, and s;us; > s;u,
q%(x[n] 2 ) SIS g3 (g2 — c]%)(x[nLM)si“’si” if m,, = m,,,, and s;us; < s;u,
(T, ar) %5750 + (q7 — QQ)(x )5S if my,, > my,,, and s;us; > s;u,
(@ug.ar)* 5 + (g2 — q2) (T00) 55
([ )777) + (g 3 — %)2( T ar) 5 if my, > my,,, and zus; < s;u.

k (2.1.26)

Now we return to the right-hand side of the claimed formula. Suppose first that

us; > w. This implies that s;u < s;us; < us;. By (1.3.16) we then have

8;US,8;V

($[n],M) if my, > my,,,,

us;j,v

(x[n],M> = q% (x[n},M)siqu,siv if My, = My, (2127)
(x[n]jM)sius%sw + (q% _ q’%)(x[n]’M)siusj,v lf mvi < m'Ui+17
which is equal to Tvsj o (xp,m)™" by cases 1, 3, and 5 of (2.1.26). Now suppose that

us; < u. Then we have u = s;us; or u > s;us;. If u = s;us;, then us; = s;u < u =

s;us;. Applying (1.3.16) to (just the first monomial in)
(@00) " 4 (@7 = @) (@y00)"" = (@, 00)*" + (g2 = 42) (@, 00) ™, (21.28)

we again obtain the expressions on the right-hand side of (2.1.27). If u > s;us;,

then s;u < u and s;us; < us;. By (1.3.16) we then have

j U L -1 u,v
(), 00) ™" 4 (g2 — q2) (T, 00)"" =
( —

(x[n}’M)siqu,sw + (q% — q%)(x[n] M)siu,sw if My < M1
(I[n] M)sms;,s v 42 (qz — qz)(l-[nLM)siu,siv if My, = My, (2.1.29)

(x[nLM>siu5j,siv + (q§ _ (ja)((l’[n],M)siusj’v

.S 1 -1 SiUD .
L -0—(13[,1]7]\/[)8’ ’ ”) + (qz — qz)z(x[nLM) v if My, > My, 4
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which is equal to ij o (T, m

)™ by cases 2, 4, and 6 of (2.1.26).

By (2.1.20), we may apply the transpose map to the formula (2.1.23) to obtain

the formula (2.1.24).

]

We can use these formulas to derive recursive formulas for the single parabolic

p and r-polynomials.

Lemma 2.1.4. For allu,v € &, w € Wfr’@, and z € WE"], if vs; <wv then

w,V,W (q2 -

and if s;u < u then

( -1 -1

Py vsz,wsl<q2 —q2,q2

N[ \_/

)

< |

1 1 -1
a7pl, (a7 — gz,

-1
puvsz,wsl(q2 — 42,49

=

)

TQIL %sz,wsl(q2 - d% dé)
1 -1

A VRN

1.0 1 -1 -1

Tuvsl,wsz(QQ —qz2, qQ)

1
| (a2 — g2k, (g7 —

1 -1 -1

(07 (a7 — 3.07)
1 -1 -1

qugsivz(qQ —qz, qz)
0,J 1 1

pus],v s7z(q2 —qz2, q2)

( 1 -1 -1
rg’si,v S5z <q§ —q2, q§>
r0.J _
q2 us;,v, z<q2 qz2, q2)
0,J =
USj,V,5;2 <q2 qz, q2>

1
+(q2 - q2) gsi,v z(qi -

\
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LS 1 1 -1 -1
| (a2 — a2l (a2 — 43,q2)

L 1 -1 -1
| a2 —a2)ph (a2 — g2, q?)

i)

Zf W[U)Si > ij,
of Wrws; = Whiw,

if Wrws; < Wrw,

Zf W[UJSZ‘ > W[UJ,
Zf W[U)Si = W[w,

of Wiws; < Whw,
(2.1.30)

if s;2Wy5 > 2Wj,
if ;W5 = 2Wjy,

Zf SjZWJ < zWy,

if s;2Wy5 > 2Wy,
if s;2Wy = 2Wy,

if s;2W5 < 2Wj.
(2.1.31)



Proof. The previous proposition says that (x,p)"" = (21,[p)""" o T, where vs; <

v. Thus using Theorem 1.4.12 and (2.1.22) we can say

(xL [n])u,v — (xL[ ])u,vsi o Tsi

- Z puvs“w qz — q§>q2)(xL,[n])e’ons¢

1,0
weWwy

= Z pi ?)S“wsz (q5 —q2, qi)(xL,[n])evw
wEW_,I_’Q)
W[’LUS,L'>WI’u)
1 1 -1 -1 ew
+ Z q* pi?)s“w(QZ - q2aq2)(xL,[n}) ’

wEWf_’w
Wirws;=Wrw

1 -1 -1 1 1 11 1 ow
Y (Plat —ahah)  (aF - @ e — hah)) ()
weW_{_’w
Wirws; <Wrw

(2.1.32)

Expanding (xp,p,)"" in terms of the natural basis and comparing terms gives

p{LgS“wsl(q% —q2,q2) if Wiws; > Wiw,
10 1 a1 q%pi?)s“w<q2 — q% q_%) if Wlwsi = WIUJ,
pulv,w(qQ —q2, qg) = 1.0 1 -1
Py VS, WS (q2 —qz, qﬁ)
| gt — gt (et — ) i Wiws; < Wi,

(2.1.33)
Thus we have the first equation in the claim. To get the second equation, apply
Proposition 1.4.4 to both sides of the first. The last two equations come from
applying (1.4.4) to the first two equations in the claim while relabeling w=' € W_i’l

as z. ]

These recursive formulas allow us to connect our polynomials to the action of

H,(q) on its submodules Hjy and Hj ; in a manner analogous to Proposition 2.1.2.

Proposition 2.1.5. For all u,w € Wfr’w and v € G,
T To= > 2 (a7 = ¢2.¢)) Twpu (2.1.34)

1,0
weWwy
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and for allu € &,, and v,w € WE’J,

st 1 -1 -1~
TTw, = Y woh, (a2 —q2,q2) Ty, (2.1.35)

0,J
weW,

Proof. First let us prove the first equation holds. Let u,w € Wfr’@. Assume v = e,
0

fl,e,w((h’%) = 1if u=! = w and zero

then we have Tévlui = fﬁ,}u By definition ri
otherwise. Thus the claim holds.
Assume the claim holds for all v with length less than k. Choose v to be length

k and s; such that vs; < v. Then by induction and (1.2.16) we have
TXI/VIuTv = TéV]uT'USiTSi
— I,@ 1 5 1 / T
- Z Tufl,vsi,w(q2 —q2, q2)TW1wTSz’
wEWJIr’w
10 11 -1
- Z Tu_lwsz‘,w(qz —a qz)TTjVstz'

wEWi’w
Wirws; >Wrw

I,@ l ’l ’l l ~,
T Z 7au—lmsi,w((p _q27q2)q2TW1w
weW_{_’m
Wiws;=Wjrw

1,0 11 -1 1 1~
+ Z ru_l,vsi,w(q2 - q2 7 q2) (TéV[’LUSi + (q2 - q2>T‘//VIw>
wGWi’w
W1w5i<WIw

_ 1,0 1 e I AT
- Z Tufl,vsi,wsi<q2 - qQ’QQ)TWIw
wEW_{_’o
Wiws; >Wrw

110 1 11y
+ Z QQTufl,vsi,w(QQ - q2’q2)TW1w
weWi’Q)
Wirws;=Wrw

o | 1o g 11
+ Z (Tuilavsiﬂﬂsi(q2 _q2’q2)+ (q2 _QQ)Tu,1 Usi,w(q2 _q2aq2)> TéVIw‘
wGW_{_’w
Wirws; <Wrw

Looking at (2.1.30), we see that, in fact, we have

ThnTo= Y % (7 —q2.q%)Tyy,, (2.1.37)

1,0
weW,
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as claimed.

The second equation in the claim is proved in a similar manner, only we induct
on the length of u instead of v. Let v,w € WE’J. Assume u = e, then we have
T.T, ;WJ = TwW By definition p/ (q1,¢2) = 1 if v = w and zero otherwise. Thus
the claim holds.

Assume the claim holds for all u with length less than k. Choose u to be length
k and s; such that s;u < w. Then by induction and (1.2.18) we have

T Ty, — T T,
,1 ~ ~
Z pu ls;v,w q2 _q2 qz )TS’LT'l/UWJ

0,J
wewy

_ 0,J i S e
o Z pu 1sz,vw(q2 —qz, q2)TSinJ
weWE’J
siwW i >wWy
Z 0,J 1 -1 -1y 14
+ pu lsl,vw(qz - q2 q2)q2TwW]
wEW_%’J
s;wW =wWy

0, 1 11 (A 1 14
+ Z puijlsi,v,w(QQ —q2, q2) (Ts/inJ + (q2 - qz)TtluWJ>
wEWE’J
siwW y<wWy

0,J 1 -1 -1
- Z puflsi,v,siw(QQ - q27q2) wW

wEWE’J
s;wW r>wW y

197 1 a1 -1
+ : : q2puflsi,v w<q2 - q27q2> wWy
wEWE’J
s;iwW r=wW

0,J 1 -1 -1 1 -1 1 -1 -1
+ > (puflsi,v,siw(qQ —q2,q92) +(q7 — q2)p, ", 4.0 (02 — q2,q2)> W
wEWE’J
s;wW g <wW s

(2.1.38)
Looking at (2.1.31), we see that, in fact, we have

T T;WJ Z pu 1o u; 5 - 457 dE)TqLWJ (2139)

0,J
wewy

as claimed. O]
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These methods will not work in the case where neither 7, nor J are the empty set,
since we do not have nice formulas for an action of H,(g) on Hj ;. If we were to find
such formulas, then it should be possible. However, double cosets lack certain nice

features of single cosets, presenting difficulties which may not be easily surmounted.

Problem 1. Find analogous connections between Hy j,Hy ; and Apv(n;q).

2.2 Symmetries

1,J

uU,U,W

Shortly after we first defined the polynomials {p, ., (¢1,¢2)}, we saw in (1.4.4) and

(1.4.20) that they satisfied certain symmetries,

JI
T (@1, 62) = 1,y (a1, 02) (2.2.1)

and
pu,v,w(Q) = pv,u,wfl(Q)- (222)

Due to the combinatorial definition of these polynomials, any symmetries suggest
bijections between sets of paths in the Bruhat order. In order to explore the sym-
metries these polynomials satisfy, ideally we would look for and discover bijections;
however, another tactic would be to use their presence in algebraic settings. To that
end, we can use the multiplicative structure of H,(q) and the connection to these

polynomials.
Proposition 2.2.1. For all u,v,w € G,
Puww() = Po-1,0-1,u(4)- (2.2.3)

Proof. Define functions ¢/, € Zlqz,q2] by

T.T, =Y ¥ T.. (2.2.4)
weS,
[23, Lemma4.1] shows
L=l (2.2.5)



This fact can also be deduced from the proofs of Lemmas 10.4 and 13.3 in [28].
Proposition 2.1.2 says that ¢, = pu71ﬂ,7w(q% — q%) Putting these two equalities
together completes the proof. O

Corollary 2.2.2. For all u,v,w € &,

Pupww\q) = Pv-1w-1u\q) = Puwu-1ov-14
0 0 0 s,

= Pou,w-1 (Q) = Pw-1p-1u-1 (Q) = pufl,w,v(Q)'
Proof. This is seen from applying Proposition 2.2.1 repeatedly, then applying (2.2.2)

to each of those forms. O

Each of these symmetries implies two sets of paths in the Bruhat order are
equinumerous. Furthermore, considering p, .., (¢) is defined combinatorially, it
would be ideal to find bijections between these sets which imply these symme-
tries, rather than relying on the structure of the immanant space. For example we
can see that pyv.w(q) = Pu-1w.,(¢) (one of the six symmetries given by (2.2.6)) by
considering the map ¢ which reverses the order of a path (or finite sequence),

Blon,w0) = (w0, ) (2.2.7)

Proposition 2.2.3. For k € N and u,v,w € S, the reversal map is a bijection
between the set of sequences counted by the coefficient of ¢F in puw.w(q) and the set

of sequences counted by the coefficient of ¢~ in py-1.4.(q).

Proof. Let 7 be a sequence counted by the coefficient of ¢* in p,,.,(q). We need
to show that p = ¢(r) is a sequence counted by the coefficient of ¢* in p,-1,,.(q).
Clearly the initial and final points of p are w and v, respectively. Furthermore, if
Si, - -+ i, is a reduced expression for u, then s;, - - - s;, is a reduced expression for ut
and the second condition is also satisfied. The fourth condition clearly holds and
the fifth condition is trivial in the immanant space. All that remains is to show that
the third condition holds.

Let j be an integer between 1 and ¢ for which tijp(j’l) > pU=Y where t;, - - -t
1

L

is the reduced expression for u~" which is the reverse of the reduced expression
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Siy - 8, Assume pl@) £ t; pUY but rather pi¥) = pU~=D. Since ¢;, = s;, ,,, and
p(j) = 7T(€ 7). this implies 7“9 = 7=+ For this to be true, we must have

7= < 7=9) | Since 7=7) = =7+ we also have siefﬁlw(e_jﬂ) < gll=itl),

Sig—jr
Except that this implies ¢;, pU " < pU=1 which is a contradiction. Thus p satisfies
all the conditions in the definition of p,-1,4,.,(q)-

The reversal map is clearly injective and furthermore it is an involution and thus

a bijection as claimed. O

Problem 2. Find bijections between the different sets of sequences, or walks in the

Bruhat order, which correspond to the other five symmetries in (2.2.6).

Some of the symmetries in Corollary 2.2.2 also hold in the single parabolic cases
as well. To see this we apply the result of Corollary 1.4.9 to (1.3.16) to get the

following recursive formulas

(

if £, < Luiis

) if Euz - guri-lv

1 -1 -1

Pl w(a? — a2, q2
1 -1 _
gzpl? (a7 — 2, q

ps;u,siv,w(q5 - q§7 q

Nl=

N

)

| g2 — )Pl (a7 —q7,q3) if by, > Ly,
, (2.2.8)
11
Tég 80, w(q2 —qz, q2) if Euz < guﬁ-la
1.0 q ’LILgZ’U w(q2 - (jé d%) if Eu, = gui—‘rla

1 -1 -1
Ts{%ssz(QQ —qz, q2)

k=, (g — ghgh) i Ly > G,

\
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where s;v < v, and

11 .
pslu Siv, w(q2 —qz, q2> if My, < My +1,
1 11 1 :
0,J q2ps;uvw(q2 —qz, qz) if My, = My;+1,

1 1 -1
Puow(@® —q2,q2) =

-1 -1

pslu siv, w(q2 —q2, q2)

1 1 -1 -1 .
+(q2 - q2>pglivw(q2 - q27q2) if My, > My 41,

(2.2.9)
Tgis vw(q2 _q2 q2) 1fmvz <mvi+l>
_ -1 .
0.0 (4} o u(@® = 2, 4) if o, = Mo,

1 -1
Tgl'z{ssz(q2 —q2, q2)

+(q2 - q2) gzivw(q% - q%7q%) if My; > My 41,

\

where s;u < u. These recursive formulas provide us with the means to establish

some symmetry results for the single parabolic cases.

Proposition 2.2.4. For all u € Wf’l, veEG,, andw € Wi’ﬁ we have

1 1 -1 1 1 -1
pid (a2 —a7.q2) =pl (g — 7 q2), (2.2.10)
and for allu € &, v,w € WE’J we have
A | 0, R A |
Pl @ — a2, ¢2) =pt (62 — 42, ). (2.2.11)

[l

Proof. Comparing Lemma 2.1.4 and (2.2.8) we notice that the two polynomials in
(2.2.10) satisfy the same recursive formulas. All that is left is to check to see that
they have the same initial condition. When v = e we have p}?  (q1,q2) = ((w}) if
u~! = w and zero otherwise. Therefore the formula holds as claimed.

Similarly, comparing Lemma 2.1.4 and (2.2.9), we see that the polynomials in
(2.2.11) satisfy the same recursive formulas. Once again they satisfy the same initial

condition, pgi w(@1,q2) = 1if v = w and zero otherwise. ]

The symmetries stated in Proposition 2.2.4 have only been shown to hold when
¢1 = q% — q2 and ¢» = ¢2. We would like to understand whether this is a necessary

condition or just sufficient. One possibility that comes to mind is the quotient ring
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Zlq1, q2] /(1 —q1q2 — q3). In Lemma 1.4.6 we saw that this was the condition required

for the symmetry

ritlan @) =i (), 6) (2.2.12)

to hold, where y € Wg"], v e yWy, and w € Wi"]. Combining Lemma 1.4.6 and
Corollary 1.4.7, we get the following result.

Corollary 2.2.5. Fizy € W', we yWy, z € W v e 2W;, and w e W7, In
the ring Zg1, ¢2) /(1 — q102 — g3) we have

Pyl W@, @) =Pl (@ a2),

1,J

o (2.2.13)
Tu’,v,w((hv Q2) = Tyiz,w(Qla QQ)

Proof. By Corollary 1.4.7, we have p7 ,(q1,¢2) = P} (q1,62). We also have by

(1.4.21) that pl? (q1,q2) = qg(wé)_ﬁ(wbj)rl’J (q1,q2). Applying Lemma 1.4.6, we see

y7v1w y7v7w

that rL7 (q1,q2) = rl’zjjw(ql, ¢2). Putting all of this together and applying (1.4.21)

y7’U7w y7
once more, we have the first equation. The second equation comes from applying

(1.4.21) to the first equation. O

Problem 3. Identify general conditions on I,1', J, J' u,u', v, v, w,w’, as well as the

parameters qi, qa, 4y, @y, for which

! ’

Pl s ar) = Dot (dh )- (2.2.14)

Furthermore, find bijective proofs for the known conditions.
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Chapter 3

Bar involutions and invariant

bases

As mentioned in the introduction, an important ingredient in the definition of Kazh-
dan and Lusztig’s basis of H,(q) is known as the bar involution. Applying this
involution gives rise to modified R-polynomials in N[g|. These are the polynomials
studied by Brenti mentioned when we defined the polynomials {pi’iw(ql, @) | u,v €
S,,w € W17}, In this chapter we will show that the modified R-polynomials are
the subset of these new polynomials when u = wy and v € W7, In order to show
this, we define the bar involution on H,,(¢q) and the R-polynomials, as well as intro-
duce parabolic analogues, as in [16]. We then follow [31] in defining a bar involution
on A(n; q), which is compatible with the actions of H,(¢), and introduce (parabolic)
inverse R-polynomials, as a special case of the p’/-polynomials.

In the final two sections of the chapter we will move our interest to special bar-
invariant bases in A(n;q). Kazhdan and Lusztig defined a bar invariant basis in
H,(q) [22], which has been of great interest. Similarly, a bar-invariant basis for
A(n;q), called the dual canonical basis, is important to representation theorists
studying quantum groups. In [31] Skandera gives a new formulation for the dual
canonical basis in the single parabolic case. We extend that formulation to the

double parabolic case, giving formulations for the entire dual canonical basis of
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A(n;q). Finally, we examine the different versions of the bar involution and dual

canonical basis appearing in several places, connecting our results to the literature.

3.1 The bar involution on H,(q)

Define an involution on H,(q), commonly known as the bar involution, by

SN aTo— Y alu=Y @l (3.1.1)

weS, wes, weS,

where

gz =q2, T,=(Tp-1)"" (3.1.2)

We call an element g € H,(q) bar invariant if g = g. By (1.2.4) we see that for a

generator T, we have the special case

T,=T,— (¢7 — ¢*)T.. (3.1.3)

T.T,=T, T, (3.1.4)

It is not too hard to see that the elements {E | 1 <i<n-—1} generate H,(q) and

satisfy the braid and commutation relations as well as
=\ 2 o 1 -1 -
(T) =T. = (a% —¢*)Ts. (3.1.5)

Writing the basis {E | v € &,,}, which we will call the barred natural basis, in terms

of the natural basis using (3.1.3), (3.1.4), and induction, we see that we have

T, €Y Nigt - @0 ¢ 2l T. (3.1.6)

u<v u<v

Specifically, we may write

T, = Z%},Ru,v(q)fu = Zéu,v(q% —q2)T,, (3.1.7)



where {Ry,(q) | u,v € 6,} belong to Z[q], and {Ru.(q1) | u,v € S,} belong to
N[q]. Call these the R-polynomials and modified R-polynomials, respectively.
The R-polynomials and modified R-polynomials are related by

RU,U(Q) = QU,vRu,v(q% - qi)- (318)

We will focus our attention on the modified R-polynomials; however, any formulas
or symmetries will also hold for the R-polynomials thanks to this relationship.

The combinatorial properties of the R- and modified R-polynomials have been
studied by Brenti [3], Deodhar [13], and Dyer [17]. Brenti gives a combinatorial
interpretation using what he calls R-chains, where Deodhar uses what he calls dis-
tinguished subexpressions. Several of the main results are collected in [2] and [19].
We will review some interesting facts about the modified R-polynomials, which in
Section 3.3 will be used, along with the polynomials {py,.(q1) | u,v,w € &,}, to
state a new combinatorial interpretation for modified R-polynomials.

Using (3.1.4) to write E = T_m : E for vs < v, and using induction on £(v), we
see that the modified R-polynomials are the unique family {R,,(q1) | u,v € &,} of
polynomials in Nlg;| satisfying

1. }N%W)(ql) =0ifu L.
2. ﬁw(ql) =1 for all w.

3. For each right descent s of v we have

~ Eus,vs(Ql) if us < U,
Ruo(q) =4 - ~ (3.1.9)
Rysws(q1) + 1Ry ws(q1) otherwise.

(See [19] for more details.) Stating condition (3) in terms of left descents s of v, we

have

- ésu’sv(ql) if su < u,
Ruo(q) = (3.1.10)

Rsu,sv(Ql) + C]léu,sy(ql) otherwise.
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On the other hand, we may fix a right ascent s of u and use (3.1.9) to obtain

= EUS,US(QI) if vs > v,
Ruu(@) =4 ~ N (3.1.11)
Rus,vs(Ql) -+ quusﬂ,(ql) Otherwise,

or we may fix a left ascent s of u and use (3.1.10) to obtain

- ésu,sv<q1) if sv > v,
Ruo(q) =4 - (3.1.12)

Rsu,sv(ch) +q§su,v(Q1) otherwise.

From the recursive formulas (3.1.9) - (3.1.12), one can verify that for u < v,
Eu;u(Ql) is a monic polynomial of degree ¢(v) — ¢(u) with constant term equal to

zero, unless u = v. For example, for © > v in &3, we have

(1 i 0(v) — £(u) = 0,
- Q1 if £(v) — l(u) =1,
Ruo(qr) = (3.1.13)
¢ ) — ) =2,
¢/ +q if 0(v) — £(u) =3,
and similarly,
(1 if £(v) — £(u) = 0,
q—1 if l(v) —Ll(u) =1,
Ruw(q) = 4 (v) — fu) (3.1.14)
qg—2q+1 if {(v) — l(u) = 2,
(¢° —2¢> +2¢—1 if {(v) —L(u) =3.
Furthermore, by (3.1.7), for all u < v we have
Eu,v(Q) - ﬁwov,wou(Q) - ﬁvwo,uwo (Q) - ﬁufl,vfl(q)‘ (3115)
Similarly, we have
Ru,v(Q) = ngv,wgu(Q) = vao,uwo ((]) = Ru*l,ml(Q)- (3116)
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It is not difficult to see that

Ru,v(q% - q_%> - Eu,vRu,v(q% - qi)’ (3117)

by applying the bar involution to one of the recursive formulas and using induction.

Similarly, we have

Ru,v(Q) = RU,v(qil) = eu,vq;iRu,v(Q)- (3.1.18)

Thus we could have alternatively defined the modified R-polynomials by

— ~ L~
T, =) euBun(q? — q*) T, (3.1.19)

u<v
We defined the modified R-polynomials in order to express the barred natural
basis in terms of the natural basis. However, we can also express the natural basis
in terms of the barred natural basis using the same polynomials. We see this by

applying the bar involution to (3.1.7) to get

T,=Y_ Ruo(q? — ¢2)T,. (3.1.20)

u<v

Expanding the right-hand side using (3.1.7) and recognizing that nonnegative powers

of g2 — ¢2 are linearly independent in Z[q%, qé] gives us

Z EU:UEU,U(Ql)RU,w((h) = Ru,v(Ql)Ev,va,w((h) = 5u,w- (3121)

u<v<w

In [16], Du shows the bar involution on H,(¢) induces a bar involution on the
submodule and Hj ;. Thus we would like to define (double) parabolic R-polynomials
and modified R-polynomials in an analogous manner.

First notice that it is easy to see the elements d; and a,[ satisfy
d;=q %d;, d;=d;. (3.1.22)
e,wy

Another interesting useful fact is that the element ﬁﬁvl is bar-invariant, i.e.

Ty, = Tyy,, (3.1.23)
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for all subsets I of generators of &,,. In fact T w, is a Kazdhan-Lusztig basis element
of H,(q) (see [22] and [24]).
For w € Wi’J, applying the bar involution to (1.2.22) and using (1.2.23) gives

us

JK(U})T&/]'LUWJ TW T, T‘;VJ
= Z quw U, w— )TI%/]T T‘;VJ

u<w_

LY Y R @l T T

UEWI JueWroW;
v<w (3.1.24)

=Y Y @l Buw @dko T,

UEWJI;J ueEWroWy

v<w
— T
- E qU wq K K(w) E Ru YW — dK TWI’UW]
’UEWI J ueWroWy
v<w

In light of (3.1.24), we define the parabolic R-polynomials in Z[g] by

dic) Ty, = > @b R (@) Ty, (3.1.25)

UEWI 7
vgw

For example, when n =3, I = {s1}, and J = {sy}, we have

R, (q) =1,
R, (@) =q—1, (3.1.26)
R (@) =¢* —q,
and iy
Rsf 33182@ - 1; (3.1.27)
Rygw(@) =¢ — 1.

These examples support the claim that the parabolic R-polynomials are in Z[q],
which we will prove shortly.
In [12], Deodhar defines single parabolic R-polynomials which are in Z[q] and

specialize to the R-polynomials in the nonparabolic case. This new definition of
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double parabolic R-polynomials is consistent with Deodhar’s definition of single
parabolic R-polynomials, except he uses minimal coset representatives to index the
polynomials. To see this is an extension of Deodhar’s definition we note that (3.1.24)
and (3.1.25) imply for v, w € Wi"],

Rya(@) = @ o D, Buw (g (3.1.28)
0

ueWroWy

In the single parabolic case, since K (u) = () for all u € WP this becomes

RY(q)= ) Ruw_( (3.1.29)
ueWrv

In [7], Brenti states that the right-hand side is equal to the single parabolic R-
polynomials defined by Deohdar, as a result of a formula which appears in [12].
Thus our definition of double parabolic R-polynomials is consistent with Deodhar’s.
In order to see that the double parabolic R-polynomials are consistent with
the literature we needed to express them as sums of nonparabolic R-polynomials
where the second index was the minimal representative rather than the maximal

representative. We can get a similar formula where the indices match by using
(1.2.24). Let w € W7, then

dK TW,wWJ (q%)Z(WIwWJ)ﬁVIT_{uT{A/J
% W]'LUWJ un ,%,]Ruw T/ T Tl

u<w

1 ~ o~ o~

— (45 \e(WrwWy) E § ’ 1 (N, —Llv /

— 2 qu wRU w u,vTWITUTWJ
UEWi JueWroW;y

v<w

— % (WrwWy) Z Z qv_%uRuw (%)(Www‘])d (v)TWIUWJ

’UEWI JueWroWy

vgw

= 3 k()W (g~ WiewWn N Ry (@) die Ty, -

vEWi’J ueWroWy

(3.1.30)
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Looking at the definition of the parabolic R-polynomials we see that for v, w € Wi"],

we have
R1I)71{) = (q%)ﬁ(WwWJ)-i-f(WIwWJ) Z Ruw(q) (3131)
7 ueWroWy
Recalling that ((W,oW,) = f(wl) + t(wi) — 0(wE™) for v € W, we see that
(3.1.28) and (3.1.31) imply

Y Ruw(@ =" N Ruw (g (3.1.32)

ueWroWy ueWroWy

which shows us that the double parabolic R-polynomials are in fact polynomials in
Z[q|, as claimed.
Next we would like to define double parabolic modified R-polynomials. Due to

technical details we will define, for v, w € WJIF’J, the double parabolic R-polynomials

in Ng1, ¢2| by

(W roW ) +e(WiwWy)) Z

RN (q1,40) = gy " "Ry (), (3.1.33)

ueWroWy
rather than using the bar involution in a manner analogous to the definition of the
double parabolic R-polynomials.
To see that this new definition is a good double parabolic generalization of the
modified R-polynomials, recall (3.1.8). This implies we have

~ 1 -1 -1 -1 v w -1
Riﬁi(q? — g7, q2) = (q2) VoW HWrwW)) Z Q'uv ol qz — q2)
ueWroWy

-1 w
= (b)) S g LR ()
'LLGW['UWJ (3134)

-1
= gy, (q2) " TWATWVIWI) N Ry w(g)
ueWroW;

= q, R (q).

Thus, similar to the nonparabolic case, the parabolic R-polynomials are related to

the modified R-polynomials by

~ 1 a1 -1
Ry(a) = qowPn (a2 — a2, q2). (3.1.35)



Therefore, this definition leads to the following result, which is analogous to the

definition of the nonparabolic modified R-polynomials,

1 1 1.7 ~
i) Tvyuw, = > Bon(a® — q2,¢2)dr )Ty, ow, - (3.1.36)
vEWIJ
vgw

3.2 The bar involution on A(n;q)

Analogous to the bar involution on H,(q) define an involution on A(n; ¢) following

Brundan [8], which we will also call the bar involution, by q% = q%, T,; = T, j, and

—_— LNa(a)—a
Larbr * " Lapb, = (QQ) (a) (b)xar,br “ Lagbrs (3'2'1)

where a(a) is the number of pairs ¢ < j for which a; = a;. We remark that in [8],
Brundan uses ¢ where we have been using q%.

Equivalently, if L and M are r-element multisets of [n] and we define generator
subsets [ = «(L), J = 1(M) of W = &,. as before, then we have the definition

(TLa)"™ = Qug g (T2,00)"""" (3.2.2)

In the immanant space this reduces to
T = gronwor, (3.2.3)

At first it may seem odd and potentially confusing to have involutions on two
different objects denoted in the same way; however, the next proposition, which

appears in the literature, e.g. [9], will justify this choice of notation.

Proposition 3.2.1. The two bar involutions are compatible with the left and right
actions of Hy,(q) on Ay m(n;q) in the sense that

Ty, o xev =Ty, o 1Y, x¢v o T, =a%v o T, . (3.2.4)

Proof. By the definitions we have

T, 0 x&v = g5 = goswov, (3.2.5)
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On the other hand, we have

T, 07 = (T, - (g* — ¢)T.) o atoem

= fsi o pWowor (q% — q_%):z:wo’wov (3.2.6)
— Wosi,wov + (q% _ d%)xwo,wo'u - (q% _ q'%)mwg,wov

by Proposition 2.1.1. The proof of the second identity is similar. ]

Following [31], we can state the following facts concerning the interplay between
the two bar involutions. First, notice that (1.3.30) and (3.2.2) allow us to show that

the element (zy p/)“"° is bar invariant. In other words we have

(o Newy — wo,e __ -1 e,wo
(@2,00)%" = Qg wt (TL,1) Gud wl Do ot (TL.01) 52
= (JILM)e’wO.
Recalling (3.1.3) and Proposition 2.1.3, we can see we have
(L))" — (¢ — (ﬁ)(-’BL,{n])e’w if Wyws; > Wiw,
(@1)" 0 Ty, = g7 (21, j)>" if Wiws; = Wiw,  (3.2.8)
(‘,L.L[n])e,wsi if W]U)Si < W[U},
(L) = (g2 — q2)(@pya0)  if s;wWy > wWy,
T 0 (@) = { g2 (@, p) if s;wW; = wW,, (3.2.9)

(@[, 0r) %" if spwWy; < wWy,

From the above formulas, one can see that for w € Wfr’@ we have

(wp,pm)=" 0 T, = (p,pm))"", if {(wu) = l(w) — l(u) and wu € Wfr’@, (3.2.10)

and for w € W_?’J we have

)e,w )e,uw

T o (2pyan)®” = ()™, if £(uw) = £(w) — L(u) and vw € W7, (3.2.11)

In particular, when w = wy, we have

T n ev — T, [n %0 o 7A:Y'll) V) for v e WL@’
(@Lm)" = (21.fn]) 0 * (3.2.12)

(@) = Towy © (@p),00) ", for v € Wf"].
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Furthermore, for s; € [ and y € Wy, we have

-~ -1 e.w e.w — e,w
(xL,[n})&wO o TwOSin =gz ('TL,[H]) B (xh[n}) 0o Twoywo - qe,tl ('TL,[N]) o,
(3.2.13)
For s; € J and z € W, we have
~ -1 e.w T e,wW - e, W
Twosiwo o (x[n],M>e’w0 = q* (x[n],M) ’ 07 T’wozwo o (xM,[n]) = q@,tl<x[n],M) o,
(3.2.14)
It follows that if ¢ factors as t = yu with u € Wi’@, y € Wy, we have
(@L,m) " © Tuwgt = (@2,m) " © Twoywo) (wou)
= (xL{n])eMO © Twoywofwou (3'2'15)
= oy (Trm)™".
Similarly, if ¢ factors as t = vz with v € WE’J, z € Wy, we have
ﬂwo © (x[n],M)eywO = T(vwo)(wozwo) o (x[n],M)e’wO
= fvwofwozwo o (x[n],M)e’wo (3216)

= qe_,tl (x[n],M)eﬂ)-

Lemma 3.2.2. For u € Wi’ﬁ, t =yu, withy € Wy, and v € Wf"], t = zv, with
z e Wy,

(@) = Goy (21,1u)) ™ © Tongrs

o (3.2.17)
(Tm.)e" = 4o, Thwy © (Tpy00) ™
Proof. We can write (3.2.15) as
(I"L,[n])e’u = QE,t(xL,[n])eﬂuo © Twou (3218)

and then apply the bar involution. Recalling that (xy )" is bar invariant, we get

the first formula. The second formula follows a similar argument using (3.2.16). [
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3.3 The modified S-polynomials

Writing the basis {(z/)e% | v € W17} of Ay ar(n; ) in terms of the natural basis,

we have

(@Lan)®™ = > vty lSuin(q)(@ra)™". (3.3.1)
wew
where {S}/(q) | v,w € W7} are polynomials in Z[g] which we shall call (parabolic)
S-polynomials (or (parabolic) inverse R-polynomials). For example, when n = 3,
I ={s1}, and J = {sy}, we have

81,5182

S () =q—1, (3.3.2)
1

and
Sit ae(@ =1,

5152,5152

i@ = —1.

$182,W0

(3.3.3)

As with the parabolic R-polynomials, these examples support the claim that the
S-polynomials are in Z[g]. Once again we will see the validity of this claim after
establishing a few summation results.

Looking at (3.2.2) and recalling the result of Theorem 1.4.12, we see that

(xL,M)e’U — qw(‘)’,w(l) (xLM)wo,wov

o 1,J 1 -1 -1
_Qw({,wé E : pwo,wgv,w(QQ —q2’q2)(.’17L7M

I,J
weW,

)6,’11)' (3.3-4)

Therefore we have that the S-polynomials are just special cases of the family of
polynomials introduced in Chapter 1. If we define (parabolic) modified S-polynomials
(or (parabolic) inverse modified R-polynomials) by

o L(wd)—4(wl
Si:i(QbQZ) = Q2( 8= 0)]91]1}(;]@0@@((‘]1,6]2), (3.3.5)
then we have
— ~ 1 -1 1 ow
(Tra0)" = Z Shi(a? —q2,q2)(wp.m)", (3.3.6)
wEW_{_"]
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which is analogous to the definition of the modified R-polynomials, just as the S-

polynomials are analogous to the R-polynomials. Notice that we have that
Sibla? = a%.4%) = coutuwSiala™) (3:3.7)

and by (1.4.4)
Si:i(ql’ q2) = Tfl;(;],wgv,w(QM QZ) (338)

1,J

I
W wov.w (@1 G2), We see that we have for v, w € Wi

1

Looking at the definition of p

- 1J : .
since wov € W27 and (wyv)? = e and (wp)! = w{, given any reduced expression

Siy -+ 8i, for wg, the polynomial §1{;1{)(q1,q2) € Nlq1, ¢ is the polynomial whose
coefficient of ¢¢¢3 is equal to the number of sequences (7(?, ..., 7)) of permutations
satisfying

1. 79 = wov, #®) € WwWy,

[\]

. e {W(jfl),sijw(jfl)} for j=1,... k,
3. 70) = s, 7G-1) if 5, 70D > gD,

4. 70) = 701 for exactly a indices j,

5. L(w) — £(x*)) = b.

Alternatively, by (3.3.8), we have for v,w € Wfr"], given any reduced expression

Siy + -+ 8, for wov, the polynomial §£;;£(q1,q2) € N|q1, ¢o] is the polynomial whose
coefficient of ¢¢¢3 is equal to the number of sequences (7, ... 7)) of permutations
satisfying

L. 7O =, (™)~ € WrwWy,

2. 1) ¢ {W(j_l),sijﬂ'(j_l)} for j=1,... k,
3. 70 = 5, 70D if 5, 76D > G-,

4. 79 = 701 for exactly a indices j,

5. (w) — (x®) =b.
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Just as before we will use the notation S, .(q1) = 52;3((11,(;2) for the special
case when I = J = (). In the immanant space we can use Proposition 3.2.1 to find
recursive formulas for the modified S-polynomials. Using (2.1.6) to write z%? =
2675 o E = 7995 o T, for vs > v, and using induction, we see that the modified
S-polynomials are the unique family {S,.(q1) | v, w € &,} of polynomials in N[qi]

satisfying
1. Syulq) =0if w # 0.
2. Sy0(q) =1 for all v,

3. For each right ascent s of v we have

~ gvs,ws(Ql) if ws > w,
Sowl@) = N (3.3.9)
Svsaws(@1) + q1Svsw(q1)  otherwise.

Stating condition (3) in terms of left ascents s of v, this is

~ §sv,sw(q1) if sw > w,
Svaw(q1) =4 - _ (3.3.10)
Ssvsw(@1) + ¢15svw(q1) otherwise.

On the other hand, we may fix a right descent s of w to obtain

- §vs’ws(q1) if vs > v,
Sew(q) =9 - N (3.3.11)
Svsws(q1) + ¢15v,ws(q1)  otherwise,

or we may fix a left descent s of w to obtain

~ §sv,sw(q1) if sv > v,
Sew(q) = q - N (3.3.12)
Ssvsw(q1) + q15Sv,sw(q1) otherwise.

The various recurrence formulas above show modified S-polynomials and modi-

fied R-polynomials are equal.

Proposition 3.3.1. For all u,v € G,

Sv,w(‘h) = Rv,w(Ql)- (3.3.13)
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Proof. Comparing the recursive formulas and initial conditions for the modified S-

and R-polynomials, we see that

Svw(@1) = Ruguwwov(q1)- (3.3.14)

Furthermore, by (3.1.15) we have

Svw(qr) = Row(qr), (3.3.15)
as claimed. O

As a consequence of the above proposition we have a new combinatorial inter-
pretation for the modified R-polynomials, which is reminiscent of Dyer’s result in
[17].

Corollary 3.3.2. The coefficient of qf in the polynomial éu,v(Ql) 15 equal to the

number of sequences (19, . .., 7®)) of permutations satisfying
1. 70 = wov, 7 € WwWy,
2. 7)€ {aU=V s 7=V} for j=1,... k,
3. 1) = s, 7GD if 5, 70D > 7 G-V,
4. 79 = 70=Y for exactly a indices j,
where s;, -+ - s, 15 any reduced expression for wy.

Another consequence is that

Sow(@) = Row(q). (3.3.16)

Furthermore by (3.1.16) and (3.1.15) we have

Sum(‘]) = Swov,wou(Q) = vao,uwo (Q) = Sufl,v’l (Q) (3317)

and

Suyv(q> = Swov,wou<Q) = vao,uwo (Q) = Sufl,yfl(Q)- (3.3.18)
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The equations (3.1.17) and (3.3.13) imply

Soaw(q? — ¢2) = €ouSuwla? — ). (3.3.19)

Similarly, (3.1.18) and (3.3.16), we see that

Suw(Q) = Su,v(q_l) = Eu,vq;isu,y(Q)- (3320)

Since by definition the polynomial gvvw(q) = Twowovw(q) = Puwowov,w, WE CAL USE

(3.1.15) to state more symmetries for the polynomials {pu, ., (q) | v,w € &,},

pwo,wov,w(Q) - pwo,w,wov(q> = Pwo,wowwo,vwo (Q) = Pwo,wov—1,w-1 (q)a (3321)

which we had not previously found by other methods.
Next we establish some summation results, connecting the parabolic and non-

parabolic polynomials. By (1.4.15) and (1.4.24) we have

Shlanae) = > 695, (). (3.3.22)
zeWrwWy

and

o L(w)—L(y) &
Sz{:i(qDQQ) = Z C]z( : (y)Sz{,’g(QDQQ)

1,0
yEW_,r
yew(W 5P

= Y T (1),

zEWf’J
!
(WK

(3.3.23)

We can use the definition of the modified S-polynomials and (2.2.13) to give us an

alternate summation formula, which holds in the ring Z[q1, ¢2] /(1 — q1q2 — ¢3).

Lemma 3.3.3. In the ring Z[q1, ¢2]/ (1 — q1q2 — q3), forv € Wi’w such that v € uWy,

we have
= O(u)—~L(v L(w)—~4 =
S{Z:Z)(QLQQ) = C]Q( )=H) E q2( ) (y)Sijg(QM(lz). (3.3.24)

yew !
yew(w )0
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Proof. Since v € uW;, we have that wov € weuWj, and in Z[q1, ¢2] /(1 — q1g2 — ¢3)
(2.2.13) and (1.4.24) tell us

Si:i(chﬂ QQ) = rzlu,(;],wou,w(qb CIQ) = Ti;j,wov w((h q2)

C(w)—L(y)+((wov
= 3 e 10 ). (3.3.25)
yeWi’0
yew(W )P

Recall that left multiplication by wy is an antiautomorphism of the Bruhat order.
This implies that it maps the coset uWW; to the coset wouWV;, in such a way that
if v < u then wou < wov. Thus the length of (wev)”, the distance between wqv
and the minimal element in the coset woulV;, is equal to the distance between
v and the maximal element in the coset uW;, or u itself. This distance is just
{((wov)”) = £(u) — £(v). Substituting this into the above equation gives us formula

as claimed. O

It will be useful to generalize (3.3.22) to linear combinations of the polynomials
{gtz(ql) | t € WioW,, 2z € WiwWyt. A partial result is stated in [31], when we

restrict ourselves to the case where ¢; = ¢2 — ¢2 and ¢ = q2.

Lemma 3.3.4. For u,w € WJI;@ and t € Wiu, we have
Sim(a® = a2,02) = g > GaSiula® — ). (3.3.26)

Simalarly, for u,w € WE’J and t € uWy, we have
SEE — a2 q2) =g Y dohSie(a® — q?). (3.3.27)
vewW y

Proof. Expanding (3.2.17) in terms of the modified S- and R-polynomials using
(3.1.20) gives us

1 _ . ~ 1 a=
Z SI@ (q2 - qz)(xL,[rDe’w = qe,;(aij[r}) 0o Z Rugo,wot(42 = q2 ) Twgo

wEWJIrw wov<wot

1
- qtu Z Z Stv 2 - q2>(xL [T]> o oTwozonwow

weWI D veWrw
v=zw

(3.3.28)
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Next we apply (3.2.13) and (3.2.12) to the right-hand side to get
o SH e = ) ann) =g > D Sile? = q2)g wn )

1,0 Lo veWrw
wEI/VJr wGW o

_ 1 -1 e,w
=G Y Y GonSin(g® — ¢®) (@)

wGWi 0 veWrw

u<w

(3.3.29)

“" in the equation above, gives us the first result.

Comparing coeflicients of (xr, )
The second result can be found in a similar manner using (3.2.17), (3.1.20), (3.2.14),
and (3.2.12). O

Corollary 3.3.5. For u,w € Wi"] and t € WiuW;,

11 _ 13 1 4
SE@E —q2,q2) =gk > domSewl(a? — ). (3.3.30)
veWrwWy
Proof. Fix u,w € Wi"] and t € WiuW;. Then there exists y € Wi’@, such that
y € u(W,;)*? and t € W;y. Lemmas 3.3.3 and 3.3.4 imply
> ! _ 1 -1 a1
Svmla> —a2,02) =qyn > €S e —q2.q?)
zeWi’”
zEw(WJ)If’w

- -1 - 1y 1 -1
=G D Tty Y GrSe(e® —q?) (3.3.31)
ZEWI 0 veEWrz

zEw(WJ)K 0

_ 15 1 -1
= G Z GyanSt(q? — q2).
veWrwWj;

]

The relationship between the S- and modified S-polynomials and this corollary
imply that for u,w € Wi"] and t € WrulWy,

S @) = D @ uerSiu(q), (3.3.32)
veWrwWj;
In particular if t = u,
Svm@) =" €vulinSunlq): (3.3.33)
veWrwWy



This expression finally justifies the claim that the parabolic S-polynomials are in

Zlq).
A generalization of (3.1.21) for the parabolic inverse R-polynomials is given

below.

Proposition 3.3.6. For u,w € Wi"],

ST @S (@) quwSh @) = ue. (3.3.34)
v W[ J
uGZ'uzw

Proof. Fix u € WJIF’J, then applying the bar involution to (3.3.1), we have

(@)™ = > CunlunSe(@)(xr.ar)*"

UGWfL
= D CuntinySi(@) Y wtbSen(@@a)™ (3345
’UEWI wEWI

=y Z €Sty (0w Sy (@) (@ra) ™.

UGW+ wEW

Comparing terms, we see that (3.3.34) holds as claimed. ]

We mentioned that the definition of the double parabolic R-polynomials is con-
sistent with the literature, since in the single parabolic case they equaled the R-
polynomials defined by Deodhar. Brenti in [7] mentions that [12] Deodhar defines
two families of R-polynomials, depending on the parameter x € {—1,¢}. The R-
polynomials we have defined are equal to Deodhar’s when x = —1. It turns out that
the single parabolic S-polynomials are equal to Deodhar’s family of polynomials
when = = ¢. In order to see this we recall Lemma 2.1.4 and recognize by (3.3.8) we

have for vs; > v,

( ~ - _
Si;?,wsi (q% - q%’ q%) if W[UJSZ‘ > W[w,
1~ 1 1 -1
. L q2 ngf)w qz —q2,qz2 if Wrws; = Wrw,
Sim(? —qr,qr) =4 _ " ( ) (3.3.36)




Then (3.3.7) tells us

Sgé(?,wsi (Q) if W]’UJSZ‘ > W]w,

S (g) = 4 =S50 (q) i Wyws; = Wiw, (3.3.37)
gSI2 e (@) + (¢ = 1)SIL (q)  if Wiws; < Wiw.

If we define I = wolwy, then we see that the polynomials {Si’(?w_’ww_ (q) | v,w €

Wi’m}, for wov_s; > wov_, satisfy

4 ~
ST (7) if Wiwow_s; > Wiwow_,
: —SZJ’@ s.(q if Wiwow_s; = Wiwow_,
Sovoan (@) =T @ o ' (3.3.38)
qsw’gw,si,wov,si (q)
| +(g— 1>S£5®w,,wov,si(Q) if Wiwow_s; < Wiwow_,

which is the same recursive formula Brenti asserts Deodhar’s single parabolic R-
polynomials satisfy in [7]. Furthermore, he states there is a unique family of poly-
nomials satisfying this recursion (and some initial conditions which can easily be
seen are also satisfied). Since the polynomials {Si’g)w_mv_(q) | v,w € Wfr@} are

Deodhar’s polynomials we can express them as a sum using another result in [7],

Si;(?w,,wov, (Q) = Z Ewou,wowq;(?u,wowswou,wov<Q). (3339)
wOUGWIAwowi
Using (3.3.17) and (3.3.33) we have
Sivo@w*’ww* (Q) - Z €w0uvw0wq;(?u,wowsv,u(Q)

wOUEwa0w7

- Z €uwla Svu(q) (3.3.40)
ueWrw

= SI(9)-

Thus we conclude the polynomials {Sig(q) | v,wWi’m} are equal to Deodhar’s
family of polynomials for x = ¢. Brenti relates the two families in [7], which leads

us to conclude that

Sit(q) = evwty 2RI (q). (3.3.41)



In terms of modified polynomials this relationship is

Sih(q) = RIS(a). (3.3.42)

VW

Problem 4. Is there a similar relationship for the double parabolic R- and S-

polynomials.

3.4 Bar invariant bases

There exists a unique basis for A(n; ¢) which is invariant under the bar involution,
called the dual canonical basis. For the immanant space, this basis is somewhat well
understood and can be described using inverse Kazhdan-Lusztig polynomials. Simi-
larly, we can define the dual canonical basis for an arbitrary multi-graded component
Ap v (n; q) using parabolic inverse Kazhdan-Lusztig polynomials. However, this for-
mulation is somewhat cumbersome and not instructive. In this section we first prove
the existence of the bar-invariant basis of Ay a(n;¢q), by defining parabolic inverse
Kazhdan-Lusztig polynomials. Finally, we show the dual canonical basis elements
can be described using the immanant space and generalized submatrices, producing

a new formulation for the dual canoncial basis.

Theorem 3.4.1. For any v € Wi"] there exists a unique bar-invariant element
Imm>" () € Apar(n;q) such that

(2

Immﬁ’M(‘T): Z ev,qu_,q}u {):;IU(Q)(xL,M)eﬂU’ (341)

wGWj_’J
w>v

1
where Q17 (q) are polynomials in Zlq) of degree at most §(€(w) —Ll(v) —1) ifv<w
and Q5 (q) = 1.

Proof. To prove the uniqueness we can rewrite the condition

Imm%ZM (z) = Imm%" () (3.4.2)

)
u u
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as

Q@ (a7") = = Y QL (@) e Sii(q) (3.4.3)

vEWI 7
u<v<w

for all w > w. In particular, there is a unique solution Q% (@) to the above equation
when all other polynomials which appear are known, 1f we constrain this solution
to satisfy the degree condition.

The existence comes from observing that the substitution

@)=Y €w:Qus(a), (3.4.4)

zeWrwWy

where the polynomials @), .(q) are the inverse Kazhdan-Lusztig polynomials related

to the Kazhdan-Lusztig polynomials by

Qv w( ) = wow wov(Q) = waO,vwo (Q)v (3-4-5)

satisfies (3.4.2). In order to see that this substitution satisfies (3.4.2), we first notice

that equation (2.2.a) in [22] can be rewritten as

Pu7w(Q> - Z eu,vqawRu,v(Q)Pv,w((l) (346)

u<v<w

for u < win W = &,. Now recalling (3.3.16) and (3.3.17), we have S,.,(q) =
Royywwon(q). Thus (3.4.5) tells us that we have

Qwow,wou(q) = Z Eu,UinSwov,wou(Q)Qwow,wov(Q)' (347)

u<v<w

Reindexing the above equation and applying the bar involution gives us

Qu,w(Q) = Z Guquw vw( )qu( )

u<v<w
= Y CunlmCuntunSow()Quu(9) (3.4.8)
u<v<w
ZZQUU, 2{: Cguv vw )
u<v<w
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where the second line comes from applying (3.3.20). Finally, we can use this to see

that the expression

Fv = Z Ev,wq;qlu Z Ew,sz,z(Q) (*Z'L,M)Qw

wewi»J zeWrwW

w>v

- Y Y b Qua@) )

’UJEWI J zeWrwWy

(3.4.9)

wZv

is bar-invariant. Applying the bar involution to F, gives

E = Z Ev,qu_ﬂlu Z Ew,sz,z(Q) (xL,M)e’w

wGWi’J zeWrwW

w>v

— Z Z evzqz;wauz( )(xL,M>e’w

LJ zeWrwW,
weW, I J

w>v

= > D Cstoaw@u(g ) (@) (3.4.10)

'LUGWi’J zeWrwW

w>v
o —1 I1,J ey
= Z Z GU,qu,wQ”U,Z(q ) Z Ew,qu,ys ( )(‘rL,M)
’LUGW_,'I_’J zeWrwWy yGW_{_
w>v

- Z Z Z 6v,sz,va,z( )€w7ySIJ< )(xL,M)e’y-

I,J LJ zeWrwW,
weW " yeW, I J

w>v

Since z € WiwW), we can use (3.3.32) to expand the parabolic S-polynomial as a
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sum over appropriate nonparabolic S-polynomials and then apply (3.4.8) to get

Z Z Z €v ZQU,vaz Z qu yEZu zu(C]_l)(QTL,M)e’y

wEWJIrJ EWJIFJ zeWrwWy ueEWryWy
w>v
_1 ,
E E €’Uuqvuquy E Szu sz( )(xLM) Y
yEW_‘I_ JueWryWy v<z<u

Z Z Ev,uQv,uqzququ_,in,U(Q) (xL,M)&y

yew_{_w] ueWryW;

Z Z EU,quinU,U(Q) (xL,M)e’y.

ye Wi"] ueEWryWy

(3.4.11)

Thus the expression is bar-invariant as claimed.
The fact that the sum of inverse Kazhdan-Lusztig polynomials satisfies the degree
equation comes from the fact that the Kazhdan-Lusztig polynomials satisfy a similar

degree equation (see [22]). O
Once again, we will use the notation
Imm,(z) = Imm!"" (). (3.4.12)

For example, when r = 3, we have

Imm,,, (z) = z°"°,

Immy,, () = x5 q%xe’wf),

T, (0) = 050 — g, .13
Immy, (z) = 2°°' — qz (26152 4 &%) 4 g~ 1gewo A.
T, () = 2% — g3 (29515 4 g&291) 4 g~ gemo,

Imm, (z) = 2°¢ — g2 (2% + 2%2) 4+ ¢~ (@12 4 g©2) — grgt
Similarly, we have
Immg 2% (x) = (2112,100) %2 — ¢ (2112,122)°™°, 1)
Imm112 122(2) = (2112,120) ™.

An interesting symmetry results as a consequence of the previous theorem.
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Lemma 3.4.2. Forv,w € Wi"],

QY- (0) = QUi(a): (3.4.15)

Proof. First notice that the left-hand side is defined since we have v=!,w=! € W_;]’I.

Next taking advantage of (3.4.4), we can say

Qif17w71(q) = Z ew—l,z—le—l,z_l (Q) = Z Ew,sz,z(Q) = i:{v(Q)

27 leW ;w=1W; zeWrwWy
(3.4.16)

O
Another interesting consequence follows.

Lemma 3.4.3. For v,w € W]’

@ = Y ew@@= D) ewil) (3.4.17)

zEW}ﬁ’J ZEWJIF‘Q
zeWrwW z zeWrwW;

Proof. This is an easy consequence of (3.4.4), recognizing that every element of

WiwW is in a right coset and a left coset within the double coset,

Y el = D w Y €yQuy(a)

zew?’ zew?’ yezW;
zeWrwW; zeWrwWy (3418)
= D wnyQuyla) = Quula)
yeWrwWy
The last equality in the claim follows similarly. ]

Skandera, in [31] expresses the single parabolic Kazhdan-Lusztig immanants in

the following manner.

Theorem 3.4.4. Fix multisets L, M and let I = (L), J = «(M). Foru € Wfr’@ and
v E WE’J we have
Imm™ () = Imm,, (21, ),
v (3.4.19)

Imm!"M () = q;i;glmmfl ((zpm)")-
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Proof. Fix u € Wi’m. By definition we have

I (22,07) = Y uolysQuo (@) (@r,4)"

v>u

- Z Z Eu,vq;’%}@u,v(q>qU_"}U<xL,[r])e’w

wGWi’m veWrw

(3.4.20)
w>u
= Z (Gu,wQ;qlu Z Gv,wQu,v(q>) (xL,[r])&w-
wEWI’(D veWrw
wzz
Applying the bar involution to the penultimate expression above, we have
Immu(ajL,[r]) = Z €u,wu,w Z ev,wQu,v(q_l)(xL,[r})e’w
’LUGW_{_’Q) veWrw
v 1 o (3.4.21)
= Z €u,wu,w Z Ev,wQu,v<q7 ) Z Gw,ZQw,sz:Z(qi )(xL,[r])&z'
wew!? veWw 2ew?
w>u Z>w

By (3.3.32), this is

Z Cu,wGu,w Z ev,wQu,v(q_l) Z q@_,qi; Z q‘;i«(Ev,yQU,ySv,y<q_1))(IL,[T])&Z

’wEWJIr’@ veEWrw ZEWi’@ yeWrz

w>u Z>w
= - Qu.w(a™")Suy(a ") (L)
= Cuyly,. Qu,y uw\d vy\d  )\TL[r]
ZGWi’@ yeEWrz wEWJIr’Q veWrw

zZ>u u<w<z

= Zeu,zqqzi Z Ey,zqiy Z Qu,v(q_l)sv,y<q_1)(xL,[r])&z

ZGW_{_"D yeWrz u<v<y

z>u
_ -1 e,z
= et D € Quy(@)(zrp)
ZGWi’w yeWrz

zZ>u

= Imm, (zp,).

(3.4.22)
By the uniqueness of the basis {Imm~"(z) |u e Wf;’@}, we have the first desired
result.
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The proof of the second result is similar. Fix u € Wf"]. By definition we have

@ g (@ n)) = oy D euntnQual@) ((war))
v=1>q-1
-1

= g O €t Qual@) @)

v>u

ewo Z Z €u,vly, 'UQ’I.LU )qv_’}l;(x[r],]\/[)wil,e

’wEWE J vewWy

w>u
-1 wle
—q&wg Z <€quuw Z vaqu ))( 7‘] M)
'LUGW%J vewWy
w>u
= Z (‘Eu wquw Z €v wqu )) (x[r )e,w.
wEWE‘J vewW
w>u
(3.4.23)

Applying the bar involution to the penultimate expression above, we have

ei} Imm —1((x[r],M)T) = Z €u,wu,w Z Ev,wQu,v<q71)($[r],M)e’w

wGW_?’J vewWy
>
o= ) N (3.4.24)
= Z €u,wu,w Z Ev,wQu,v<q7 ) Z ew,zqw,zsw:z(qi )(x['r],M>e7Z~
wew?’ vewWy zew?’
w>u Z>w
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By (3.4.8), this is

> i Y CowQual@) D o > dyi(€oyuySey(a™)) (@00

weW}Z’J vewW ZEWE’J yezWy
w>u Z>w
Q —1 ( —1)( )e,z
= €y yqyz Qu,y u( Svy Llr],M
ZEW_? JyezWy wEW_% J vezWy
z>u u<w<z
o —1 71 —1 e,z
- 5 €u,zqu7z E €y, ZqU,y E qu ,y( )(-r[r},M)
ZGWE’J yezWy u<v<y
z>u

=D st D €= Quy(@)(wpa)

zEWﬁ’J yezWy
zZ>u

- qe_,lluglmmu* ((@p,m)").

(3.4.25)
By the uniqueness of the basis {Imm!""" () |u € Wg"]}, we have the second desired
result. O

We are not be able to express the double parabolic immanants simply as a non-
parabolic immanant evaluated at a generalized submatrix as in the single parabolic
case. However, the following results are generalizations of the previous result, in
which we express double parabolic immanants as single parabolic immanants eval-

uated at a generalized submatrix.

Theorem 3.4.5. For v € Wfr"]

ImmZM(z) = Imm[’"]’M(xL[T]),
L L] (3.4.26)
() = g, T8 (a0,
Proof. By definition we have
Imm M (wpr) = D €020, 2Q0 (@) ()™
ZEW_%J
z>v
(3.4.27)

= Z Z €020y 2@ = (Q)q;i,(SUL,M)e’w,

wEW@ zeWﬁJ
w>v  zeWrwWy
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where the second line comes from the fact that the difference in length between 2
and w is just the difference in 2! and w!, since they are both maximal with respect

to J. Lemma 3.4.3 allows us to complete the proof,

ImmM () = > ewton Y €w@(Q)(@ru)",

wEW-‘I—’J zEWﬁ"I
w>v zeEWrwW
= > ewlon @) (@La)", (3.4.28)
wew!?
w>v

= Imm?%>M ().

The second result is proved in a similar manner. By definition we have

1

(@) = Y e tQa) (@ran)®

1,0
zeW+
zZ>0

= Z Z 6@,2Q;iQ£:2<Q)q;'}u(xL,M)w_l’ea

s E——_
w>v  zeWrwWy

(3.4.29)

where the second line comes from the fact that the difference in length between z
and w is just the difference in z/ and w?’, since they are both maximal with respect

to I. Lemma 3.4.3 allows us to complete the proof once again,

—1

Imm?’ " (2, ) = E €vy E @ (@) ()",
wew?? oWl
w>v zeWrwWy

1

= Z ev,wQ;qu£:1{1(q)(xL7M)w7 767
wew, (3.4.30)

w>v

— E -1 nI,J
- ev,quyw U,w(q)qw(l),w(")I)

I,J
weW,
w>v
_ LM
- qw(l),wbj Immv (.’L’) .

]

At first, it seems we should be able to use Theorems 3.4.4 and 3.4.5 to express

the double parabolic immanants as regular immanants. However this does not work
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as

q_lglmmwl((l’L,M)T):qwé,e Z Z GU,ZCI;,;QZ_ZIMZQv,z(qxxL,M)e’w (3.4.31)

o wew!? ZEW iV,
w>v
does not have the complete difference in length between z and w, but rather just
the J part. We see that when we plug in z, ps to the nonparabolic immanant we
pick up a factor depending on I that we don’t pick up when we plug in z}, 5. Thus,
if we wait until after we have gone to the single parabolic form, then plug in the
xr.m, the extra factor does not appear. Thus we can still express double parabolic
immanants as regular immanants if we use a two step process, first evaluating at one

generalized submatrix and simplifying and then evaluating at another generalized

submatrix and simplifying.

3.5 Alternative bar involutions

In the literature, the bar involution is sometimes defined without the power of
q*@=2®) or with an alternate power. The dual canonical basis is then defined to
be invariant under these alternate bar involutions. In an effort to address this let
us generalize the definition of the bar involution. Define the k-bar involution by
or(q) = ¢, wr(wiy) = 24, and
k
gpk(xal,bl e xarybr) - qzxar,br o 'Ial,b1' (35].)
Looking at the definition of the bar involution on Ay y/(n; ¢), we see that this is just
the k-bar involution where k = ¢(wl) — £(wy)).

It is straight forward to show that for j # k£ we have

0i((ra0)™) = (a2 or((zr00)™?). (3.5.2)

The existence of a unique bar-invariant basis for one of these involutions guar-
antees the existence and uniqueness of an invariant basis for all choices of k even,

as we will see below. Define {Immﬁ,ﬁw(x) | v € W1’} to be the k-bar-invariant
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basis for Apa(n;q) and call them k-immanants. Thus we have ImmX"(z) =
LM

Ué(w,)_z(wJ)(a:), for each v € W7, Furthermore we have
’ 0 0

Imm

k= (e(wh) (i) LM —1 k= (wg) —e(wd))
2 2

@k((q%) Imm, " (z)) = (q2 (q%)k*(f(wé)*f(w({))lmmL,M<x>

v
k= ((wd) —L(wd))
— (q% %Immf’M(QZ).

(3.5.3)

Thus we can relate the k-immanants to the Kazhdan-Lusztig immanants by

Tmm! () = 7, g Tm? (). (3.5.4)

v7
An interesting thing to note is that if k£ is not even, we would need to extend our
space to allow fourth powers of ¢ in order to have a bar invariant basis.

In [8] Theorem 15 gives a basis for A(n;q), {Mag | (o, 8) € U, x 1,)"}.

For each component Ay (n;q), this basis is just {q;}wJ(xL,M)e’” | v € Wi‘]}
0°%70

In Theorem 16, Brundan describes a bar involution. This involution turns out to
be the 2(¢(wy) — £(w}))-bar involution. This is as expected since, as mentioned
earlier, ¢ is being used where we have been using q_%. Brundan then defines the dual
canonical basis to be invariant under this involution. Therefore, what he calls the
dual canonical basis consists of the £(wy) — £(w})-immanants.

In [36], Zhang uses defines a bar involution which is the 0-bar involution. Thus
the dual canonical basis he defines is the set of 0-immanants.

In [15], Du defines the dual canonical basis to be the set {Zy,, | v € W/}

. 1,J L .
Letting v € W, we can express this in our notation as

_ _ —1
Znow=2M =000 D CwtinQun(@)(@ran)= (3.5.5)
wEWJIr’J
w>v

where v_,w_ € W' are the minimal representatives of the cosets WoW;, WiwW,
respectively. This looks very similar to the Kazhdan-Lusztig immanant basis, but

is not equivalent. In fact we have

- . -1
(@) = g7L S ety QUL @) rLa) (3.5.6)
wEWi’J
w>v
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Alternatively we could express them more naturally as

~(¢(x6) +4(+3))

ZQ{”M =q z Z ev,qu_,qlu g:i;(‘])qe,w{f (xL:M)67w’
wEWJIr’J

w2 (3.5.7)
Immf’M(x): Z Ev,qu_;}u i:q{;(Q)(IL,M)&w‘

wGWf_’J
w>v

The difference between them is an overall power of ¢ and (more importantly) the
Qe term in the summation. This implies that the Z-basis is not k-bar invariant for
any k in the double parabolic case. In the single and nonparabolic cases £(w{) = 1

and the Z-basis consists of k-immanants.
Proposition 3.5.1. For all u, v € Wfr’@, and w € Wf"], we have

Zi[)rH?“] — Zv — Immv<x>7
2 = g L Tmm ) () = T (), (3.5.8)

ZIMM — =1 TmmTM (z) = Imm!"™ ().
v e,wg v v,—20(wy)
Proof. This is an easy consequence of (3.5.7), recognizing what I, J, and K are in

each instance. O

Corollary 3.5.2. The bases {Z, | v € &,}, {ZE" | v e WY, and {217 | v €

WEJ} are bar invariant, 0-bar invariant, and —20(wg)-bar invariant, respectively.
Proof. This follows from the definitions and Proposition 3.5.1. ]

The previous results would lead us to believe that Du is using the ¢(w{)-bar
involution. This works for the single and nonparabolic cases. Since K depends on
w and the length of K is not constant for each double coset, we cannot just factor
out g i and express the Z-basis as a multiple of the Kazhdan-Lusztig immanants.

Define the x-bar operation by p.(q) = ¢, pu(z;;) = z;;, and

@*((‘CEL,M)QU) = q—(é<wé)+€(wb’)) Z ev,wQU,wS&i(q_l)q

1,J
wEWJr
w>v

K@) G K@) (zr.0m)".

e,w,

(3.5.9)
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Lemma 3.5.3. The x-bar operation is an involution.

Proof. Let A =/ (wé) +/ (wbj ), then applying the x-bar involution to a natural

basis element twice gives

eal@al(@2an)™)) = 0ol Y 0 CutowSin(a )4, x4, o (TLan)™")

1,0
wEWJr
w>v

= qu;jvé((U) Z €v,wdy %Usgi,( )q_AGw,zqw,zSi”i(q_l)qeywéf(z) (xL,M)e’Z

w,zEWi
Z>2W>v

-1 E /‘ § 1 IJ I,J/ —1 e,z
= qe wK(v) U qu wK(Z) qv u)SU W qw,ZSsz(q )($L,M) .
yWo

zGWI 7 wEWI 7
zzv zEwZv
(3.5.10)
By (3.3.34), we have
x(pu((zL,m)")) = q;mv)qew ) (xp,m)”" = (xr,m)”" (3.5.11)
O

The %-bar involution is not a k-bar involution for any value of k£ in the double-
parabolic case. Notice whenever either L or M is [r], then the x-bar involution is

equal to the £(wy)-bar involution and we have Du’s Z-basis is x-bar invariant.

Proposition 3.5.4. For all v € Wi’J, ZEM s s—bar invariant, or in other words,

o (ZEMY = ZLM, (3.5.12)
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Proof. Let A=/ (wo) +/7 (wo) then applying the x-bar involution gives

4 —1\ — e,w
SO*(ZvL7M) =4q°* Z €U7qu7’wQ1[):1{j(q 1)qe;é<(w)@*((l’L,M) ' )

1,0
wGWJr
w>v

A _ _ —
=q?> Z Cv,va,in’,i(q 1)q Aew,zqw,zSi;i(q l)q&wé((z)(l’LM)e’z

Z qewK(Z)EUwQUz Z 6w,ycgv,y Z qxzeyz Y,x (q )(xLM) ”

w,zGW+ yeWrwW;y xEWrzWy
Z>2W>v

-A — — —
=q-2 Z qe’wé((Z) Z GU,IQU,qu; Z Qv,y(q I)Sy,m(q 1)(1,L7M>e,z

ZGW_{_’J zeWrzW z2>2Y>v
2>V

-A
= q2 Z qe wé((z Z €v qu qu zqv ];Q’U z( )(xL,M)e’z
ZEWJIF J rzeWrzWy

z>0

Z qe?wé((z)ev,zqv_,i Z Em,sz,x(cD (:L‘L,M)e’z

ZEWi’J zeWrzWy
zZ>0

Z qe,wé{(z ) €v qu z £ i(Q) ('rL,M)QZ

I1,J
zeW,
z>0

=z-M,
(3.5.13)
O

Du’s choice to use minimal coset representatives seems to be a minor difference,
but ends up being quite significant. Since, Du’s basis agrees with a k-immanant
basis in the single parabolic cases, one might think the x-bar involution may fix
Imm, (2 ) when the bar involution did not. However, this is not the case and
we are left wondering if there is an involution which would allow us to express the
double parabolic immanants as nonparabolic immanants expressed at a generalized

submatrix directly, rather than in a two step process.

Problem 5. Find an involution f : A(n;q) — A(n;q) which fizes Imm,(xp, pr).
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Chapter 4

Two parameter generalizations of
Hp(q) and A(n;q)

In the previous chapters we have seen that the various families of polynomials have
many properties when restricted to the quotient ring Z[qy, 2]/ (1 — q1g2 — ¢3). This
. . : TR -1
ring arises as we are often using ¢; = ¢2 — ¢2 and ¢ = ¢2. In [25] and [35], two-
parameter generalizations of H,,(¢q) and A(n; q) are defined. In this chapter we make
analogous definitions to the single parameter case and seek to better understand the
role of Z[q1, ¢2] /(1 — qiq2 — q5). We will follow the structure of [31] and focus first on
the special immanant space submodule before considering a general multi-graded

component and parabolic submodules.

4.1 The two-parameter Hecke algebra.

In [25], Lascoux defines a two-parameter version of the Hecke algebra. Define the
two-parameter Hecke algebra H,(ga, q1) to be the Clgz, 5 ', qu, q; ']-algebra with mul-
tiplicative identity 7, = 1, generated by elements {Tsl | 1 <i<mn—1} subject to
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the relations

(T, —qﬂi)(ii —qﬂ:e) =0, fori=1,...,n—1,
TsiTSjTSi = Tsjfsifsj7 lf |Z - j‘ = 17 (411)
1.1, =T,T,, if i — j| > 2.

Notice that we have Hn(q%, —cﬁ) = H,(q). Furthermore, inverses of the generators

are given by

~ Ty, — (g2 + qu)Te

T, = 41.2
” —q2q4 ( )
and multiplication rules are given by

~ j:’siw if Siw > w,

T Ty = N _ (4.1.3)

— T + (2 + )T if s;w <w

and

~ -~ Twsi if ws; > w,

T,T = ~ (4.1.4)

—Q2Q4vasi +(@+aq)T, ifws <w.

More generally, we have

;

Ty—15.Ts,0 if s,u < u and s;v > v,

or if s;u > u and s;v < v,

TuflTv = _QZq4Tu—1sifsiv + (Q2 + q4>j;uflsifv if Siu < u and 50 < U,
<_q2q4)_1fu—1sij:’siv
+(—qaqs) g2 + q4)fu—15iﬁ, if s;u > u and s;v > v.
(4.1.5)

Thus we have

j:uflfv € (_q2q4)k/2Tu*1v + Z N[—C&(M, G2 + q4]Tw- (416)

w>u—1lv
Notice that in Hn(q%, —q%) = H,(q), we have —gaqs = 1 and g2 + q4 = gz — q2.
Therefore, these formulas are consistent with the earlier definitions and we see why

the —goq4 term does not appear in H,(q).
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In [25], Lascoux also mentions that the elements

7;1. = —QQ(]4fS:1 (417)

generate H,(qs,qq) and satisfy the condition

(T, + @2)(Ts, + qu) = 0. (4.1.8)
Therefore we have
ii - TVSi - (QQ + @L)Te (419)
and
T2 = 0T — (2 + 4Ty, (4.1.10)

Letting 7, = 7, --- 75, , where w = s;, - - - 5;, is a reduced expression, we have
1 17

¢

T = (—qoqa)"™ T (4.1.11)

We have that {7, | w € &,,} is a basis for H,,(g2,q4), which we will call the inverse

natural basis. Multiplication rules are given by

~ ~ Tsw if s;,w > w,
1,7, = ~ ~ (4.1.12)
— T — (2 + 1) T if 5,0 < w,
and
o~ ~ Toos; if ws; > w,
1,7, = (4.1.13)

—Q2C]4'?wsi - (C_Iz + q@ij if ws; < w.

4.2 The two-parameter quantum polynomial ring

In [35], Takeuchi defines a two-parameter version of GL,,, which leads to a two-
parameter version of the quantum polynomial ring. Following [35], for each n > 0,
let the two-parameter quantum polynomial ring A(n; qa, q4) be the noncommutative

Clgz, 45", q4, q; ']-algebra generated by n? variables x = (211, ...,Znn), subject to
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the relations
TipTip = —Qlei,in,e
TjkTik = Q5 Tjk
S o (4.2.1)
TjkTip = —q244T; 4Tk
Tj e = TipZje + (G2 + Qu)Ti 0Tk,
for all indices 1 <7< j<nand 1<k <[ <n. As with the two-parameter Hecke
algebra, we have A(n;q?, —q%) = A(n;q). Just as before, as a C[g, q5 ", qu, 5 ']
module, A(n;gs,q4) is spanned by monomials in lexicographic order, or standard

form. The natural grading of A(n; g2, q4) by degree,

An; g2, q1) = @D Ar(n; g2, q0), (4.2.2)

r>0
where A, (n;q2,q4) consists of the homogeneous degree r polynomials, has a finer
grading by multidegree, in which for each monomial we keep track of the multiset

of row indices and the multiset of column indices,

Ar(n;%,%) = @AL,M(H;QQ,C]4), (4.2.3)

LM

where the sum is over pairs (L, M) of multisets of [n] having cardinality r.
We will focus our attention on Ap, m(n; g2, qs), the two-parameter immanant

space, the Clgz, g5 ', qu, q; *]-submodule of A(n; g2, ¢4) spanned by the monomials
{xl,w1 © Tnwy, | w € Gn}v (424)

which we will once again call the natural basis of Ap, (n; g2, q4). Using the same

notation as before we can see that the monomials {z*" | u,v € &,,} satisfy

—(2qa if s;u < u and s;v > v,
—1,.8;u,s;v :
(—qoqa) ot if s;u > uw and s;v < v
U ’ (4.2.5)
%W 4 (g + qq) Y if s;u < wu and s;v < v,
[z — (—q2q4) (qo + qu)z¥™"  if s;u > w and s;v > v.
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For example in Aps) 3(3; g2, ¢4), we have

S1, W __ €,5251 €,Wo
x =7 + (qQ + Q4)$ ;

xslsg,wo — xe,sl + <q2 _'_ q4>(x678182 + xe,SQSl) + (q2 + Q4)2.Te’w0,

(4.2.6)
xwo,wo — xe,e + (q2 4 q4)(xe,51 + .,L,E,SQ) + (q2 + Q4)2<£L’6’8132 + xe,SQSl)
+ (<Q2 + Q4)3 — ¢2q4(q2 + q4)) &0,
We no longer have (1.3.32), but rather
2 = (—qaqa) ™2t (4.2.7)

In A(n;q) we have a transpose involution, (x®*)" = z“°. In A(n;q,qq) this is

no longer an involution. Rather, by (4.2.7) we see that
((2)) = (—gaqa)* . (4.2.8)

Define a modified transpose operation by (z%)f = (—gaqq) ) (2**)". This is also

an involution specializing to the transpose operation in A(n;q).

Proposition 4.2.1. The map x — ' defined by (x°)" = (—qoqu)“™@z™¢, is a

well-defined C|qa, q4]-linear transposition on A(n;qs,q4). In particular, we have
(") = (—q2q4)e(“’)_e(”)x”’“. (4.2.9)
Proof. Observe that by (4.2.7) we have

((l,e,w)T)T — (—QQQ4)_€(w)<CL’w’e)T _ (:Ee’w

71)T = (—Q2Q4)_£(w)95w71’e = 2" (4.2.10)
Now suppose that we know (z“V)7 = z%* whenever ((u) < k and choose a per-
mutation su with length of £+ 1 and v < su. Then by (4.2.5) and induction we

have

— u,sv\t .
(LCSU’U)T _ QQQ4(?L’ ) if sv > v,

(2% + (qo + qu) (V)T if sv < v,

L(u)—L(sv)

—2q4(—q244) s if sv > v,

(—Q2Q4)£(u)_£(sv)xsv’u + (g2 + Q4)(—Q2Q4)e(u)_é(v)xv’u if sv < w.
(4.2.11)

90



If sv > v then ¢(sv) = ¢(v) + 1 and by (4.2.5) we have

_q2q4(_q2q4)€(u)—i(sv)xsv,u — (_q2q4)€(u)—l(v) (—QQQ4)$U’SU — (—QQQ4)Z(SU)_Z(U)$D’SU.
(4.2.12)
Similarly, if sv < v then ¢(sv) = ¢(v) — 1 and by (4.2.5) we have
(_q2q4)€(u)f€(sv)xsv,u + (QZ + q4)(_q2q4)€(u)f€(v)xv,u
= (—@2q0)™ (:”; L 0007 @ + 00)s™) (4.2.13)
+ (g2 + qa) (—qaqa) g0
_ (_q2q4)é(su)76(v)xv,su.
Therefore, we have that (2°%)t = (—ggqy) W= 2v5% as claimed. O
In the proof above we see that (4.2.10) implies we have
(2o = zov " (4.2.14)
Using the defining relations we can see that
k eulv
7Y€ (—goqa) 22 Z N[—¢2q1, g2 + qaJz™", (4.2.15)

w>u~"1lv

where k = {(u) — £(v) + £(u~1v). The following result also provides a definition for
two-parameter p-polynomials, as well as suggesting how we might later define the
two-parameter p’/-polynomials in order for them to evaluate to the coefficients in

the natural basis expansion as in A(n; q).

Proposition 4.2.2. The coefficient of " in the natural expansion of x™° has the

form pyvw(—q2qs, g2 + qa) for some polynomial py..w(go, ¢1) in Niqgo, ¢1],

xuw = Z pu,v,w<_q2q47 q2 + C]4)l’e’w- (4216)

w>u v

In particular, given a reduced expression s;, ---s;, for u, the coefficient of ¢3¢} in
Puww(Qo, 1) is equal to the number of sequences (7@, ..., 7®) of permutations sat-

1sfying
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?)

1. 70 =y, 70 = .

2. 7)€ {5, 7=V 7=V} for j=1,... L.
3. W) = g, 70D if 5, 70D > (5 — 1).
4. 79 = 70=Y for exactly b values of j.
5. 19 > 7U=Y for exactly a values of j.

Proof. Clearly the claim is true for u = e. Assume the claim to be true for u having
length at most ¢ — 1, fix a permutation u of length ¢, and fix a reduced expression
Si, * - 8i, for u. Then we have

—(Qaqux’i2 e if s;,v > v,

Y = ' (4.2.17)

x%27 %Y 4 (go 4 qq)xT2 et i s v < w.
By induction, we see immediately that the coefficient of 2" in the natural expansion
of ™" has the form py, .. (—g¢2qu, ¢2+q4) for some polynomial py, , (g0, ¢1) € N[qo, ¢1]-
In particular,

qo pSiQ---Sie,sil’U,w(q()a ql) lf 82'111 > v,

Puww(qos 1) = (4.2.18)

psi2---sie,si1v,w(Q) +q- ps¢2---8¢2,v,w<q) if SV < 0.

Suppose first that we have s;; v > v. Then by induction, the coefficient of g}
N puww(qo, q1) is equal to the number of sequences (7Y = s; v, 7% ... 7 =
w) satisfying Conditions (2)-(4) of the proposition and in which 7(/) > 7U=1 for
exactly a — 1 values of j. Prepending the permutation 7(® to any such sequence
and considering the inequality s;,v > v, we see that the new sequence

7Td2f(71'(0), @, 7®) (4.2.19)

satisfies all five conditions of the proposition if and only if 7® = v. (One new
inequality 7(Y) > 7 is introduced.) Thus the coefficient of ¢¢¢? in pu..w(qo, q1) is
equal to the number of sequences (7, ... 7)) satisfying Conditions (1)-(5) of the

proposition.
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Now suppose that we have s;,v < v. Then by induction, the coefficient of giq®
in puww(q,q) is equal to the number of sequences (7)) = s;v, 72, ... 1) =
w) satisfying Conditions (2)-(5) of the proposition, plus the number of sequences
(7 =0, 7@ ... 7 = w) satisfying Conditions (2),(3), and (5) of the proposition
and in which 70) = 70=1 for exactly b — 1 values of j. Prepending a permutation
7 to any such sequence, we see that the new sequence

7Td:f(7T(0), @ 7®) (4.2.20)

satisfies all five conditions of the proposition if and only if 7(*) = v. (No new equality
71 = 7 is introduced for a sequence of the first form; one new such equality is
introduced for a sequence of the second form.) Thus we see again that the coefficient
of ¢2¢% in Pyv.w(qo,q1) is equal to the number of sequences (7@, ... 7)) satisfying
Conditions (1)-(5) of the proposition. O

From (4.2.6) we see that for permutations in w € &3, we have

(

1 if {(w) =0,
pwo,wo,w(q07 (J1) - (4221)
q if ((w) = 2,
\q:f + qoq1 if L(w) = 3.
Corollary 4.2.3. For all u,v,w € &,, we have
Pouw (—Q204, G2 + qu) = (—Q2Q4)£(U)_e(u)pu,v,w(—CI2C]47 G2+ qa)- (4.2.22)
Proof. Applying the dagger operation to both sides of (4.2.16) gives
(—qaqa) )~ g = Z Puwiw(—@a1, @2 + 41)(—g2qs) " a
R B (4.2.23)
= Z Puvw (=G24, G2 + qa) T
w>u~1lv
Thus we have
= > (—0200) T Py (— G2, @2+ qa) (4.2.24)

w—l>yv—1
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Expanding the left-hand side using (4.2.16) and comparing terms, we see the claim

is true. O

Previously, we defined two families of polynomials, the p!*/- and r/*/-polynomials.
Corollary 4.2.3 suggests the two-parameter version of the r-polynomials should have
the following definition. For all u,v,w € &,,, given any reduced expression s;, - - - s;,
for v, define the (Laurent) polynomials {r,.,..(q0,¢1) € Ngo, %5 ", ¢1] | v, v,w € &,,}
to be the polynomials whose coefficient of ¢lq? is equal to the number of sequences

(7@, ..., 7®)) of permutations satisfying
1 70 =y, (70~ =,
2. 1) ¢ {Sijﬂ'(j_l),ﬂ'(j_l)} forj=1,... k,
3. 70) = 5, 70D if 5, 7D > G-,
4. w0) = 701 for exactly b values of j,
5. 1) > 70D for exactly a values of j.

Thus we see the following equation holds,

ru,v,w(QOa Ch) = Pvu,w-1 (q07 Ch) (4225)

and the two families of polynomials satisfy an analogous relation to (1.4.8). Fur-

thermore, by Corollary 4.2.3, we can say

Tuww(—02q1, @2 + qa) = (—Q2Q4)Z(U)_e(u)pu,u,w(—Q2Q4; ¢+ q), (4.2.26)

as well as
2= Y Pusw(—Gads, g2 + qa)7 " (4.2.27)
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4.3 Connecting H,(q2, qs) and Ay, (,(7; q2, q4)

In the one parameter case we defined actions of H,(¢q) on A(n;q) and used them to
connect the multiplicative structure of H,(q) to the p-polynomials. Similarly, define

a left action of H,(q2,qs) on Apn)(n; g2, qa) by

T, 0 f(zx) = f(siw), (4.3.1)

where s; is the n x n defining matrix for s;, and where we assume f(x) to be
expressed in terms of the natural basis. Similarly, define a right action of H,, (g2, q4)
on Ap, (15 2, qa) by

f(x) o Ty, = flwsi), (4.3.2)

where we assume f(x) to be expressed in terms of the basis {z"¢ | v € &,,}.
Formulas for these actions on monomials in standard form are

~ , — (o qax®® if s, >wv
T,, 0z = %" = ' ’ (4.3.3)

% 4 (g2 + qu)z®? i s;v < v,

-1 ~

Yo Ty, = (—(]2614)7[(”)13” “olTy, = (_q2q4)*£(1’)xv_1,si

1

—l(v) =1 gsivT e if vs; > v,

(—Q2CJ4)
— (_q2q4)—€(v)wsiv_l,e
_to) . . (4.3.4)
+(—q2qu) (—q2q4) (@2 + qu)2¥ ¢ ifvs; <,

x&vsi if vs; > v,

(—q2qa) 7'2 4+ (=q2qa) (g2 + qu)z®" i vs; < v,
With a bit more work, we obtain the following formulas describing the action on

monomials of the form x™" not necessarily belonging to the natural basis.

Proposition 4.3.1. We have

7 - i if us; > u, (435)
S ox’ = 3
—qqux™ 4 (g2 + qa)x™?  if us; < u.
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~ s if vs; > v,
4o Ty = Jusy (4.3.6)

(—qaqa) '™ + (—q2qs) (g2 + qu)x™? i vs; <.

Proof. Assume the formula (4.3.5) to hold for all monomials z** with ¢(u) < k.
Certainly, this is true if ¢(u) = 0. If f(u) = 1, then wu is just a single adjacent
transposition s;. We can restate (4.3.5) as

_ 555V if s; # 55,

Tyjox™’ = (4.3.7)
— @z’ + (g2 + qu)x*’ i 5, = s5.

First assume s; = s;. Then we have by (4.2.5)

T 85,0 T, o (_QQ(M)xe’S“’ if s;v > v,
5. O v = _
J T, o (%Y + (g2 + q4)2®?) if s;v < v,
(4.3.8)
—Q2qax " if s;v > v,

% 4 (qo + qu)z®? if s;u < w.
By (4.2.5), when s;v > v we have

84,8V

—(2qu = —ur®" + —@qa(q2 + q1) %" = —aqux®’ + (2 + qu)z*"°. (4.3.9)

Similarly, when s;uv < v we have

84,83V

x + (g2 + @) 2*"" = —qaquz®” + (g2 + qa)°"". (4.3.10)

Thus when s; = s,

Ts. 0 2°" = —qoquz®’ + (g2 + qu)x°"", (4.3.11)

J

as claimed. Next assume s; # s;, then by similar steps as before we have

- _ T, o (—Goqq)x®%” if s;v > v,
Tsj ox®V =¢ 7
Ty, o (% + (g2 + qu)x®?)  if s,0 < v,

(4.3.12)

85,8V : .
— (o g% if s;u > v,

2% + (g2 + o)™ if siv < w.
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Since s;5; > s;, (4.2.5) tells us that when s;v > v we have

—1,.5i8;5,v

— ™" = —2qs(—q2q4)” @ = g*%, (4.3.13)

Similarly, when s;uv < v we have
5 4 (go + qa) 2™ = 27 — (g2 4+ qa) TV + (g2 + qa) TV = 2T (4.3.14)

Again we have the claimed formula.
Now fix one permutation u of length k, and let s; be a left descent for u. By
(4.2.5) we have

~ i,v o(— g SiSiv if s;v > v,
T, oa" ={ " (~a204) (4.3.15)

Ty, 0 %% + Ty o (g2 + qa)z™™"  if s;v < v,

J

which by induction is equal to

;

_q2q4x8i’u5]',sﬂ)

if s;us; > s;u and s;v > v,

(—qoqq)? 25555 + (—qoqs) (qa + qq) 2575 if s;us; < s;u and s;v > v,

HSY 4 (g 4 gy ) B if s;us; > s;u and s;v < v,

Si US4V

—@oqux* %+ (ga + qu)

+(—¢2q4) (g2 + q2)T*5Y + (go + qu)?x*™Y  if s;us; < s;u and s;v < v.

(4.3.16)
Now we return to the right-hand side of (4.3.5). Suppose first that us; > u. This
implies that s;u < s;us; < us;. By (4.2.5) we then have

. —(oqqx®iteIsY if s;v > v,
Ui = (4.3.17)

xsius‘j,siv _|_ (Q2 + q4)x5ius]-,fu 1f S;V < 'U,

which is equal to i]. oz by cases 1 and 3 of (4.3.16). Now suppose that us; < u.
Then we have u > s;us; or u = s;us;. If uw = s;usj, then us; = s;u < u = s;us;.

Applying (4.2.5) to the first monomial in
— @ 4 (g2 + )" = —qqur" " + (g2 4 qa) x5, (4.3.18)
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we again obtain the expressions on the right-hand side of (4.3.17). If u > s;us;,

then s;u < u and s;us; < us;. By (4.2.5) we then have
—@qax"" 4 (g2 + qu) ™"

(—q2qa)?z* 535 4+ (—q2qa) (g2 + qa) %% if s;0 > v, (4.3.19)

8;USj,V

= —@qar*" % 4 (—qaqa) (g2 + qa)T
+(g2 + qu) x5S + (qo + qq)2asi%Y if s;0 < w,

which is equal to TS]. o x"" by cases 2 and 4 of (4.3.16).

The formula for the right action is proved in much the same way. Unlike in the
one parameter version we cannot just use the transpose operation to simplify the
proof.

Assume the formula (4.3.6) to hold for all monomials z** with ¢(v) < k. Cer-
tainly, this is true if £(v) = 0. If £(v) = 1, then v is just a single adjacent transposi-
tion s;. We can restate (4.3.6) as

~ xsisi if s; # s;,
a0 T, = 75 (4.3.20)

<_Q2Q4)_1$u7e + (—Q2Q4)_1(qQ + qq)x™s o if s = 5;.

First assume s; = s;. Then we have by (4.2.5)

o (_q2q4)—1$sm,e ° T;j if s;u > wu,
%% o Ts]- - =
(% + (=¢204) (@2 + @)2%) o Ty, if su < w,
(4.3.21)
(—qoqy) s if s;u > u,
5% 4 (= qaqa) (g2 + qu)r*if su < u.
By (4.2.5), we have
x“% o TSj = (—2qa) 72" + (—q2qa) " (g2 + qu) 2™ (4.3.22)
as claimed. Next assume s; # s;, then by similar steps as before we have
~ — —Lgsins; if s;u > wu,
o T = (=a201) (4.3.23)

%% 4 (—qaqa) (g2 + qu)® i su <
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By (4.2.5), we have
xu,si o TSJ_ — xu,SiS]‘ (4324)
as claimed.

Now fix one permutation v of length £, and let s; be a left descent for v. By
(4.2.5) we have

—1,.5;u,s;v e 1
~ —Q2qq) %% o T if s;u > w,
oo — ) (7B o (4.3.25)
(.’I;SiU7Siv + (q2 + q4)x81uﬂ)) o Ts]- if S;u < u,

which by (4.2.5) and induction is equal to

(—q2qa) " o T, if s;u > u,

(25151 4+ (—gaqa) (g2 + qu)x™5") o Tsj- if siu < u,
(

(—qoqq) ~tasisivsi if s;u > v and s;vs; > s;0,
(—qaqa) 2 (2575195 + (qg + qq)xi%5") if s;u > u and s;vs; < s;v,
TSV 4 (—qoqy) T H(qe + qu) TS if s;u < u and s;vs; > s;v,

(—G2qa) "' 5 + (—qaqa) T (g2 + qa)zm "
+(‘Q2Q4)72(QQ + qq)x %

H(—q2q1) (g2 + qu) 2™ if s;u < w and s;vs; < s;0.
(4.3.26)
Now we return to the right-hand side of (4.3.6). Suppose first that vs; > v. This
implies that s;v < s;vs; < vs;. By (4.2.5) we then have
—1,.5;u,5;v8; :
_ —(oqy) xSV if s;u > u,
gy — ) (T0) (4.3.27)
LSS (g + qu)x® i s;u <,
which, by (4.2.5), is equal to z*" o i], by cases 1 and 3 of (4.3.26). Now suppose
that vs; < v. Then we have v > s;us; or v = s;vs;. If v = s;vs;, then vs; = s;v <

v = s;vs;. Applying (4.2.5) to the first monomial in

(=q2q4) 712" + (= q20) (g2 +qa) ™" = (—gaga) "' 2™ 4+ (—q2qa) " (g2 + qa)x™"
(4.3.28)
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and using (4.2.5), we again obtain the expressions on the right-hand side of (4.3.27).
If v > s;vsj, then s;v < v and s;vs; < vs;. By (4.2.5) we then have

(—q2qs) 12" + (—qaqa) (g2 + qa) ™"
(—q2qa) 22555 + (—qoqs) " 2(qo + qu) a1 if s;u > u,
=4 (=qa) T 4 (—gaq4) T (g2 + qa)at

+(—q2qa) (g2 + )25 + (—qoqa) g2 + qa)*2™Y i s;u < u,
(4.3.29)

which, by (4.2.5), is equal to z"" o Tvsj by cases 2 and 4 of (4.3.26). ]

Unlike the one-parameter case, we no longer have a nice connection between the

right action and the transpose operation. In fact

~ T ~ T
(Tsj o (x“’”)T> = (Tsj o x”’")

(s )T if vs; > v,
—qaqa (275 + (qo + qu) (z) if vs; < v, (4.3.30)
LA if vs; > v,

—@2qux™V + (g2 + qu)z™’ i vs; < w.

Looking at Proposition 4.3.1 we can clearly see this is not the same as z"“" o T, 9%
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When we try using the modified transpose (dagger) operation we get

(Tsj ° CEU,U)T) B (Tsj © (_612(]4)[(”)_((”)37”’“)

( (—q2q4)£(“)_z(“) (wvsiu)t if vs; > v,

N\

(—qaqq) WO FL (gosiu) T
+(—q2qa) W) (gy + qi) (xv)t i vs; < v,
((_q2q4)e(u)7€(v)+£(v3j)7€(u)l,u,v8j if vs; > v, (4331)

— (_q2q4)€(u)7€(v)+1+€(v5j)7€(u)l,u,vsj~

+(—qogq) T (gy 4 gg)a™? i vs; < v,
— 2z if vs; > v,
T 4 (g + qu)x™?  if vs; < .

Again, this is not the same as z*" o ﬁj. If you apply (4.2.5) to (4.3.5) in the case
where u = e, then you get something very similar to this formula.

Using Proposition 4.3.1 we can see that

~ . (—gaqa) "z if vs; > v,
Tv o xe,sl —
(—q202)"™ ((—q2qa) "2 + (—qaqa) (g2 + qa)2®") if vs; < v,
. x&% if s, > v,
%o T, =
(=G2qa) 2" + (—=q2q4) (g2 + qu)2? if s;v < w.
(4.3.32)
Furthermore we have
29 = (—goqa) 'O T, 0 2°¢ = 2 0 T, (4.3.33)
and
A fuq ox®® = (—q2q4)€(“)rce’e’ o ~u71. (4.3.34)
More generally, we can express any monomial " as
WY — Tu—l 0 &Y = %€ o fv — Tu—l o 1%¢ o Tv
(4.3.35)

= (_q2q4)*€(v)fu_lfv o 2&€ — (_q2q4)f(u)$e,e o Tu_lfv.
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Thus we have that

T,1T, o 2%¢ = (—qoqq) T gee o T,T,. (4.3.36)
Therefore we have

Ap (75 62, q4) = Hi(q2, q1) 0 29° = 2% 0 Hy,(q2, qa). (4.3.37)

We have shown that the two spaces are connected in a similar manner to the
one-parameter case; however, the right action defined as such is no longer nicely
connected to the left action. To this end let us define an alternate right action of
Hn(CJ2,Q4) on A[n],[n}(mCIz,%) by

fz) T, = —qaquf(xs;), (4.3.38)
where f(z) is expressed in terms of the basis {z"° | v € &,,}. This action will reduce
to the standard action in the case where —goqy = 1, as in H,(q) and A(n;q). Thus
it is a generalization of the previous action defined in Chapter 2.

Using similar methods as before we see that we have

~ —(Q2qsxOV if vs; > v,
x4’ < T, = (4.3.39)

V% 4 (ga + qa)x®? it vs; < w.
This recursive formula can be generalized in the following manner.

Proposition 4.3.2. We have

~ —(Qoqax™Vi if vs; > v,
AT, =4 7 (4.3.40)

T+ (o + qu)x™  if vs; < .
Proof. Assume the formula (4.3.40) to hold for all monomials z** with ¢(v) < k.
Certainly, this is true if ¢(v) = 0. If {(v) = 1, then v is just a single adjacent
transposition s;. We can restate (4.3.40) as

~ — 5% if s; # s,
wosi T, =4 P 7 5i (4.3.41)

T 4+ (g2 + qu)x™%  if 5, = s;.
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First assume s; = s;. Then we have by (4.2.5)

e (—goqu) "'atie Q T, if s;u > u,
ATy, = _
(2% + (—q2qa) g2 + qa)a™) < Ty, if s;u < u,
(4.3.42)
xSt if s;u > wu,
—qqux®"% 4+ (g + q)x™% if s;u < w.
By (4.2.5), we have
" 9Ty, = 2" 4 (g2 + qa) ™™ (4.3.43)
as claimed. Next assume s; # s;, then by similar steps as before we have
o~ x5S if s;u > u,
% AT, = (4.3.44)
—qax®™% 4 (g + qu)x™%if s;u < .
By (4.2.5), we have
AN ij = —(Qoqux"% (4.3.45)

as claimed.

Now fix one permutation v of length k, and let s; be a left descent for v. By
(4.2.5) we have

~ — —Lpsiwsiv o T, if s;u > u,
AT, = (~a01) K (4.3.46)

(l,siu,siv 4 (QQ + q4)x8iu7v) < TS], if S;u < u,
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which by (4.2.5) and induction is equal to

(—q2qa) a5 Tsj if s;u > u,
(255" + (—gaqa) "' (g2 + qa)z“"") < Tsj if s;u < wu,

(
83U,8;VS;

x it s,u > w and s;vs; > 50,
(—q2qa) 7" (25755 + (—qaqs) (g2 + qu)x**%°) if s;u > u and s;vs; < s;v,
—Qoqax® ™%V + (g + qq) x5 if s;u < w and s;vs; > s;v,
pSiUSivs] (q2 4 q4)xsiu,siv

+(—q2qa) (g2 + qu) x50

+(—qoqa) " (qo + qa)2x 5 if s;u < u and svs; < s;v.
(4.3.47)
Now we return to the right-hand side of (4.3.6). Suppose first that vs; > v. This

implies that s;v < s;us; < vs;. By (4.2.5) we then have

_ SIS if s;u > u,
—(aqqr™V = (4.3.48)
—q2qax” U + —qoqa(g + o)zt i siu <,

which, by (4.2.5), is equal to z*" < ij by cases 1 and 3 of (4.3.47). Now suppose
that vs; < v. Then we have v > s;us; or v = s;vs;. If v = s;vs;, then vs; = s;v <

v = s;usj. Applying (4.2.5) to the first monomial in
xu,USj + (q2 + q4)xu,’u — wu,’USj + <q2 + q4)xu78i7)sj (4349)

and using (4.2.5), we again obtain the expressions on the right-hand side of (4.3.48).
If v > s;vs;, then s;v < v and s;vs; < vs;. By (4.2.5) we then have

L WYSi + (QZ _|_q4>xu,v

(—qoqa) 155 4 (—goqa) Mg + qu)a® ™ if siu >,

(4.3.50)
— :L.siu,sivsj' _|_ (q2 +q4)$siu,v5j
(g2 + qu) 2% + (g2 + qa) 22" if s;u < u,
which, by (4.2.5), is equal to 2" < fgj by cases 2 and 4 of (4.3.26). O
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Furthermore, the action < defined in (4.3.38) is related to the dagger operation

as follows
~ ~ T
2Ty, = (Tsj 0 (a;W)T) . (4.3.51)

Using the dagger operation, or Proposition 4.3.2, we can see that

~ (—qoqa) @ aes® if s;u > v,
&% Tv —
(—202)"™ ((—2qa) "2 + (—g2q1) (g2 + qu)2®*) if s;0 < w.
(4.3.52)
Moreover, we have
oY = (—q2q4)_£(”)ﬁ 0 19¢ = (—qoqq) "Wt g T, (4.3.53)
and
2% = Tyo1 0 2%° = 29 < Ty (4.3.54)
In general, we can express any monomial 2" as
2% = Tyr 0 2% = (—oqu) W2 QT, = (—qoq) "W T 1 02%¢ <4 T,
-~ SO (4.3.55)
= (—qoqu) " T, 1 T, 0 2%¢ = (—qoqs) " Wa*e < T, 1T,
Thus we have that
fuqﬁ, ox®¢ = fuq ox®¢ ﬁ, =1 ﬁ,lﬁ,, (4.3.56)
and
A[n},[n](m q2, Q4) = Hn(q27 Q4) 0% =1 Hn(CI27 Q4)- (4-3-57)

All of this evidence suggests the < action may in fact be the correct two-parameter
generalization of the action of H,(q) on A(n;q).
Now that we have a better understanding of H,, (g2, q4) and Ap n)(n; g2, qa) are

related we can state a result analogous to Proposition .

Proposition 4.3.3. For all u,v € G,, we have

T Ty = Y (=) ™ “)pyyw(—2qa, g2 + 94) T (4.3.58)

wEGn

105



Proof. Define ay, 4 by Tuqﬁ, =53 au,v,wﬁv. Then

(—g2q0)' ™ = Tyr Ty 0 2% =yl 0 2°°

g (4.3.59)
= Z au,v,w(_q2q4) (w)xe,w‘

Expanding the left-hand side using (4.2.16) and collecting terms completes the proof.
[

4.4 The bar involution on H,(q, q4).

Just as for H,(q), we may define a bar-involution on H, (g2, q4), which will lead to
two parameter versions of the modified R-polynomials. Furthermore, this will lead
to generalizations of Kazhdan and Lusztig’s work on bar-invariant bases and con-
structing representations of H,(ga,q4). We will focus our attention on the modified
R-polynomials as before.

Define an involution on H, (g2, q4) by
Y alo Y aTu=Y @-T., (4.4.1)

where
i=—q,  G=—Tw=(T,)" (4.4.2)

T =T, Ty, if Lluwv) = £(u) + £(v). (4.4.3)

Using this fact, (4.1.2), and induction we can express T, in terms of the natural

basis in several ways,

T, € (—q2qs) ™™ (i + ZN[—CD(M, g2 + q4]fu> )

u<v

B (4.4.4)
T, € (—gaqa) ™™ (Tv + ZZ[QQ,%]TL) :

u<v
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Using the first expression above we can define polynomials R, ,(qo, ¢1) in Nlgo, ¢1],

which we’ll call modified R-polynomaials, by

T, = (—0204) "> Ruo(—ots, g2 + @) . (4.4.5)

u<v

The second expression suggests we can define two-parameter R-polynomials; how-
ever, in H,(q) we factored out a power of ¢. It is not clear which powers of ¢, and
g4 should be factored out to define the R-polynomials, as we would want them to
be related to the bar-invariant basis of H,(g2,q4) in a manner analogous to their
original definition. For our immediate purposes, we are interested in the modified
R-polynomials and will leave this problem for another paper.

The modified R-polynomials in N|qg, ¢1] satisfy

1. Ruo(qo,q1) =0if u £ v.

2. Ry(qo0,q1) =1 for all v.

3. For each left descent s of v we have

~ ésu,sv(qm Q1) if su < u,
Ruﬂ,(qO, ql) = . . ) (446)
qusu,sv<q07 QI) + q1Ru,sv<q07 QI) otherwise.

Using the above conditions we calculate for u < v in &3, we have

1 if £(v) — l(u) =0,

- ¢ if £(v) — l(u) =1,
Ruw(q0, 1) = (4.4.7)

¢ if ¢(v) — f(u) = 2,

L+ qoq i £(v) — 0(u) = 3.

Similarly, for each right descent s of v we have
~ Eus,vs(qo, q1) if us < u,

Ruw(q0, 1) = (4.4.8)

qo Eus,fus (q07 q1) + q1 Eu,fus (q07 Q1) otherwise.
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On the other hand, we may fix a right ascent s of u and obtain

~ Eus,vs(QOa ql) if vs > v,
Ru,v(qm ql) = ~ - (449)
quus,vs(q07 Q1) + QIRus,v(q07 Ch)

Or we may fix a left ascent s of u and obtain

~ ﬁsu,sy(qo, ¢) if sv > v,
R0, q1) = (4.4.10)

QORsu,sv <q07 fh) + QIRsu,v <q07 Q1)

From the recursive formulas above, one can verify that for u < v, Eu,v (qo, q1) is
a monic polynomial of degree ¢(v) — ¢(u) with constant term equal to zero, unless
u = wv. By (4.4.5) we have

Ru,v(q07 Q1) - Rwov,wou(q07 Q1) - vao,uwo (qo: 91) - Ru*1,0*1 (q07 QI) (4411)

Furthermore, in a manner similar to the one-parameter case, using induction we can

see that

Ry o(—q2q4, @2 + q1) = €40 Ruv(—02Gs, @2 + qa). (4.4.12)

4.5 The bar involution on A, ,(n; g2, gs)-

Just as with the Hecke algebra, we can define a bar involution on Ap, n)(n; ¢z, q4),
which will be analogous to the one-parameter case. Define the bar involution on
Apn)n] (75 42, 41) by,

TV = oo, (4.5.1)
Recall in chapter 3, we saw that the two bar involutions on H,(¢q) and A(n;q)
were compatible, and this allowed us to connect the modified R- and inverse R-
polynomials. We would like this to be the case in the two-parameter version as well,

which we will see is almost true.

Proposition 4.5.1. The two bar involutions are compatible with the left action of

H,(q2,q4) on Apyn)(n; g2, qa) in the sense that

Ty, o xev =Ty, o x®v. (4.5.2)
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Proof. First look at the left-hand side and see

Ty, 0 x&Y = xSV = ooy, (4.5.3)

Next we look at the right-hand side and see

T, 077 = (—goqs) ™" (i — (g2 + %)i) o gowor

= (—q2qa) " (—@qux™% """ + (g2 + qa)z“0"")

wo,wov

(4.5.4)
— (—@2q2) (@2 + q1)

— pWOSi;WOU

]

The compatibility holds for the left action; however the two bar involutions are
not compatible with the right actionl o. We see this in a similar manner. We have
that

2ot o Ty, = (—gaqa) W s, (4.5.5)
while
70T, =
(—g2qa) ™" <(_CI2(14)_233w0U71’w05i — (—2201) (@2 + q1)((—q2qu) ™" — 1)-731”0”71’“’0) :
(4.5.6)

Whenever —goq, = 1, these are the same (as in the one parameter case), but in
general they are not.
On the other hand, the two bar involutions are almost compatible, in a sense,

with the < right action.

Proposition 4.5.2. The two bar involutions are compatible with the < right action

of Hy(q2,q4) on Appjn(n; g2, qa) in the sense that
zev AT, = (—qqu)*T7 < T, . (4.5.7)

Proof. First look at the left-hand side and see

2o 9Ty, = (—qoqe) (O HLgv st = (—gyqy) ~HOF g0y wos:, (4.5.8)
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Next we look at the right-hand side and see

757 ATy, = (—gaqa) @070 g (—gyqy) ! (f — (g2 + q4)fe>

— (_q2q4>7€(v)71xwosi,wov.

(=) <xw0v_l’w°si + (g2 + ga)a™™ " — (g2 + Q4)x“’°”_1’w0)

(4.5.9)
O

This provides more evidence that the <1 action is the correct generalized right

action.

As before we define the modified S-polynomials by

Soaw(—q2q4, @2 + ¢1) = Dwgwovw(—q244, 2 + q4)-

Then by (4.2.16) we once again have

oy = Z gv,w(_%%; q2 + q4)xe7w'

w>v

Furthermore, we can see from the combinatorial interpretation that

pu,v,w(q07 —Q1) - ee,ueu,wpu,v,w(qoa Q1),

which implies

Svaw(—q2q4, @2 + q4) = g’u,w (—¢2q4, — (@2 + qu))

= Ge,woewov,wsv,w(_q2q47 q2 + Q4)
= Ev,wgv,w(_q2q47 q2 + C]4)

(4.5.10)

(4.5.11)

(4.5.12)

(4.5.13)

In the single-parameter case we were able to eventually conclude that the modi-

fied S-polynomials were just the modified R-polynomials. This is not as easy to see

in the two-parameter setting.

Problem 6. Are the two-parameter modified S-polynomials equal to the modified

R-polynomials, or are there certain conditions on the variables qo and q, for which

they are equal?

110



Chapter 5
Conclusion

In this paper we have introduced a new family of polynomials, defined combinato-
rially in terms of walks in the Bruhat order. These polynomials were shown to be
transition matrix entries for the natural basis and inverse transpose bases within
A(n;q). We then showed that these polynomials turn out to be a superset of the
family of modified R-polynomials which have been studied by Brenti, Deodhar,
and Dyer. Moreover, we introduced new double parabolic versions of the R- and
modified R-polynomials, as wells as inverse R- and modified R-polynomials. These
polynomials were shown to be linear combinations of ordinary ones and were used
to develop a new formulation for the dual canonical basis of A(n; ¢). Due to the lack
of consistency in the literature, we surveyed the different definitions which appear
for the dual canonical basis and connected them to our results.

The new family of polynomials inherited symmetries from the R-polynomials.
We were able to identify many more symmetries by connecting them to the mul-
tiplicative structure of H,(q) and by taking advantage of their role in the natural
basis and inverse transpose basis expansions. These symmetries imply many com-
binatorial results. We were able to provide a bijective proof of one such symmetry.

Finally, we looked at two-parameter versions of H,(q) and A(n; q), defining two-
parameter versions of the modified R-polynomials as well as our new polynomials
for the nonparabolic case. We would like to prove results similar to those for the

one-parameter case. One such result would be to find a relationship between the
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two-parameter inverse modified R-polynomials and the two-parameter modified R-
polynomials. We used recursive formulas in the one-parameter situation to establish
the link; however, in the case the recursive formulas are not exactly the same, but
related. It seems probable there is a relation which is similar, yet different.

Several other open problems were mentioned throughout the paper. We saw
that the formulation for the dual canonical basis in the double parabolic case re-
quired a two step process. It would be interesting to find an involution which fixed
Imm,(x ). Du’s involution appeared to be close, but did not succeed. Such an
involution may prove to have nice properties and be connected to the dual canoni-
cal basis. However, it is hard to imagine such an involution existing, since when we
simplify the element (xz )" in terms of maximal elements, the length of the coset
comes into play. Seeing how this is not the same for all cosets, it would be difficult
to define an involution which accounts for this properly.

Another open problem was to connect the double parabolic R-polynomials and
the double parabolic inverse R-polynomials. We named them inverse R-polynomials
because of the relationship which holds in the single and nonparabolic cases; how-
ever, we do not see this holding in the double parabolic case. Due to the summation
results, one would think we would be able to connect the two, possibly with some ap-
propriate factors of ¢ floating around. This may just take some careful consideration
and use of symmetries holding in the other cases.

In Chapter 2, we saw that the nonparabolic polynomials satisfied many symmetry
identities. Yet as we moved to the single parabolic case the number of symmetries
appeared to shrink. In the end we have yet to find a symmetry result for the
double parabolic case. This may in fact mirror the lack of connection between the
double parabolic R-polynomials and the inverse R-polynomials. Just because we
have not found a symmetry, does not mean none exist. Possibly, if we could identify
general conditions which give symmetries, we will be able to make progress on the
R-polynomial problems.

One possibility would be to find bijections which give the symmetry results we

currently know. It seems likely that once we have a better sense of the combinatorics
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involved in these paths on the Bruhat order, we might gain insight into the symme-
tries satisfied by the parabolic versions. This may be the most most promising way
of approaching the problem. In the future, we hope to find bijective proofs of all
the relations in (2.2.6) and use these to make progress toward resolving all of the
previously mentioned problems. However, it is worth mentioning one other possible
strategy. If we could find a connection between the multiplicative structure of the
submodules H } ; and our new family of polynomials analogous to the connections
in the single and nonparabolic cases, this may provide a way of bypassing the need
for combinatorial proofs of the symmetry results.

It is easy to see that there are many interesting problems which have sprung
up from our results in this paper. While we have managed to generalize the R-
polynomials and defined double parabolic versions, much work remains in order to

understand all of the combinatorics encoded in these amazing polynomials.
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