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Abstract

The principal result of Chapter 1 is a new, direct and elementary proof of the
general Central Limit Theorem (CLT). Two important stepping-stones are, first, a
new, similarly direct and elementary proof of the CLT for Bernoulli random variables
defined on [0,1]; this was initially proved by Bernoulli in the 1700’s. The second
important stepping-stone is a new result for Bernstein polynomials of continuous
functions. Bernstein polynomials are a fundamental object of mathematical analysis.
It is well known that Bernstein polynomials of a continuous function on intervals
[0, b,] when n tends to infinity return the value of the function for an appropriate rate
of b,, but uniform convergence is sacrificed. Nothing was known for the symmetric
interval [—b,,, b,|. We have proven that for these intervals the limit does not recover
the function but rather its integral with respect to Gaussian measure. The extension
to our direct proof of the of the general CLT involves a new and surprising connection
between the CLT and the Haar basis on [0, 1]: the i.i.d. sequence of random
variable is transformed to a sequence defined on [0,1] and the random variables in
the transformed sequence are then expanded with respect to the Haar basis.

Our work on the estimation of the concentration of measure for fractional Brow-
nian motion requires finding the intersections of ellipsoidal and spherical shells for
Gaussian measure in RY. Gaussian measure is concentrated on a small shell of a
sphere of radius the square root of N. We want to determine how large this shell
must be to include the majority of the Gaussian measure. This result determines
the rate of convergence of averages of squares for fractional Brownian increments.
It requires understanding the spectrum of the covariance operator as a function of
dimension N and the Hurst index. To help understand the spectrum, we compute

the exact rate of the largest eigenvalue of this operator.



Introduction

In this dissertation, we will present our new proof of the Central Limit Theorem
(CLT) and our computation of the confidence intervals for fractional Brownian mo-
tion. In chapter 1, we will discuss our proof of the CLT. While the standard proof
of today makes use of the Levy Continuity Theorem, our proof avoids this theo-
rem to provide a direct proof of the CLT. We accomplish this by expanding our
random variables using the Haar wavelet basis. In section 1, we will discuss the
various definitions for weak convergence and why weak-* convergence in the dual
space of bounded, regular, finitely additive measures is the most natural definition.
In section 2, we will discuss the history of the theorem and how it relates to our new
proof. In section 3, we will discuss Bernstein polynomials, a fundamental object of
mathematical analysis. In section 4, we will give a new elementary proof of the CLT
for Bernoulli random variables. This proof not only establishes a new CLT result
but also provides a new result for Bernstein polynomials. In section 5, we will dicuss
the Haar wavelet basis and how we use this basis to give a new proof of the CLT.
In chapter 2, we will present our computation of the confidence intervals for
fractional Brownian motion (fBm). In section 1, we will provide definitions and
explain the applications of Brownian motion and fBm. In section 2, we will present
our computation for the confidence intervals for fBm which uses ergodic theory
and Jensen’s inequality. This computation requires knowledge of the spectrum for
the covariance operator for fBm increments. In section 3, we will compute the
largest eigenvalue for the covariance matrix. This gives us an estimation for the

concentration of measure for {Bm.



Chapter 1

The Central Limit Theorem

1.1 Background

We have succeeded in giving a new proof of the Central Limit Theorem. There
are four main types of convergence for sequences of random variables: almost sure
convergence, convergence in probability, L” convergence, and weak convergence. For
definitions of these types of convergence, consult Appendix A. Weak convergence is
the type of convergence required for the Central Limit Theorem. A sequence of real-
valued random variables (X,,) on a probability space (€2, F, P) is said to converge
weakly, denoted by "=", to a random variable X provided that for each bounded,

continuous function f : R — R, we have

lim Ep(f(Xn)) = Ep(f(X)).

n—oo
By the Helly-Bray Theorem, this statement is equivalent to the following definition:
For each = € R,

lim P(X, <z)=P(X <x).

n—o0

By Levy’s Continuity Theorem, weak convergence is equivalent to the following:

lim Ep(e™*) = Ep(e™™)

n—oo

for each t € R. The functions ¢(t) = Ep(e™X), ¢,(t) = Ep(e*) are known as the

characteristic functions for X, X,,, respectively. We will see that the first formulation
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type involving bounded, continuous functions is the most natural definition for weak
convergence. Weak convergence of random variables is discussed in more detail in
2] and [3].

Recall that a Banach space X is a complete normed vector space. The dual
space X* of X is the space of all continuous linear functionals on X. That is, X* is
the space of all continuous linear functions ¢ : X — R. X* is also a Banach space

with the norm given by
6]l = sup [¢()]-
llzll<1

We may subsequently consider the dual space X** of X*, known as the second dual
of X. We will construct an imbedding x : X — X**. For each x € X, let k(z) € X**

be the linear functional on X* given by

for each ¢ € X*. Then, k : X — X*™ is an injective linear map. Hence, we can
think of X as a subset of X** as r(X) C X**.

A sequence of elements {z,} C X is said to converge in the weak topology to
x € X provided that

lim ¢(z,) = @(x)

n—o0

for each ¢ € X*. A sequence of elements {¢,} C X* is said to converge in the
weak—* topology to ¢ € X* provided that

lim ¢,(z) = ¢(x)
for each x € X. The weak—* topology is the coarsest topology on X* in which the
maps
k(z): X* =R
are continuous.
Let S be a separable, complete metric space (Polish space), and consider Cy(S),
the space of all bounded, continuous functions on S. Then, by the Riesz Represen-

tation Theorem, any linear functional L on Cy(S) has the form

/ Fd



for some regular, bounded, finitely additive measure p defined on the Borel o-algebra
Bs. Equipped with the norm given by total variation of measure, the space of all
regular, bounded, finitely additive measures on S, rba(S), is a Banach space with
(Cy(S))* =rba(S). Thus, for a sequence of measures {y,} from rba(S) to converge
to a measure p € rba(S) in the weak—* topology, it is required that

i g (f) = p(f)

n—o0

for each f € Cy(S). Thus, by the Riesz Representation Theorem, we have

lim | fd,, = / fdu
S S

n—oo

for each f € Cy(S). Letting S =R, p, = PX, !, and p = PX™!, we arrive at the
definition for weak convergence. Functional analysis is discussed in more detail in
6].

The Central Limit Theorem (CLT), the second pearl of probability theory, states

that if (X;) is a sequence of independent identically distributed random variables
with E(X;) = p and var(X;) = o2, then

X1+ ...+ X, —nu

Vno

Here, N(0,1) denotes the normal distribution with mean 0 and variance 1. This

= N(0,1).

distribution is also known as the famous ”bell curve” from statistics. A random
variable Y £ N (0,1) provided that

b
1 1,2
P(a<Y<b):/ e 2" dx
- a V2w

for each a,b € R with —o0 < a < b < oo where f(z) = \/%e’%ﬁ is the density
function for N(0,1). The current standard proof of the CLT establishes the con-
vergence of the characteristic functions for our sequence of random variables. The
CLT is discussed in more detail in [2] and [3].

5



1.2 History

The CLT is the result of contributions made by such famous mathematicians, in-
terested in the distribution of sums of independent random variables, as Laplace,
Poisson, Dirichlet, Cauchy, Chebyshev, Markov, Feller, and Levy, among others. In
this section, I will discuss the contributions made by these mathematicians to the
CLT from the 1770s until the 1930s. The following historical sketch is based on [4].

Laplace was the first mathematician to break significant ground on the CLT.
According to H. Fischer, before Laplace and his successors, applications of prob-
ability theory mainly involved moral problems. Formulas existed for computing
probabilities based on a large number of trials, but they were too complicated for
numerical calculations. In 1774, Laplace made his first efforts towards proving the
CLT by developing useful methods for approximating the probabilities of sums of
independent random variables. In 1810, he made significant progess through the use
of generating functions and the clever substitution ¢t = . Laplace’s special case of
the CLT was the result of forty years of effort. For more details on Laplace’s work
on the CLT, consult Appendix B.

Laplace never proved the general CLT that we use today. Instead, he considered
the approximate probabilities involving linear combinations of observed errors. His
most general version of the CLT is the following: Let €, ..., €, be independent ob-
servation errors with mean p and variance 0. Let )y, ..., A\, be constant multipliers

and a > 0. Then, we have

2 ¢ a2
~ e 202dx.
oV 21 Jo

Although Laplace never proved today’s general CLT, he did introduce several

new ideas that inspired the work of his successors, including Poisson. However, while
Laplace and Poisson agreed on the study of probability in a classical sense, they
differed in its applications to moral problems. While Laplace exercised caution with
regards to these applications, Poisson believed that the laws of mathematics had

a direct connection to the physical world. He strived to use precise mathematical



analysis to solve real world problems. Through his work, Poisson established a
formula for the probability that a sum of random variables is within given limits.
He then produced a counterexample to this formula, which led to the reworking of
his assumptions. For more details on Possion’s work on the CLT, consult Appendix
C.

In the nineteenth century, many changes in mathematics occurred. The field of
probability was criticized for its use in human decision making, such as court trials.
Dirichlet’s main interest in mathematics was in the discussion of analytical problems

rather than in applications. Like Laplace, Dirichlet also worked with the gamma

F(s+1):M/ e_z<1—|—§ dz—M/ —f2dz

function.

Setting

e’ (1 + E) =",
s

he differentiated both sides to obtain

S = 2t(s + 2).

Using the expansion

z = klt + kgtz -+ ey

Dirichlet established the recursive formulas

2k,
klz\/%,kn:—l 2 Zkkn—i—lz

(TL —I— 1 ]{?1
to obtain
1-3-5...(2 Dasgy,
(s +1) = st e =V/2r (1 +y @n +1)a, “) ,
S’I’L
n>1
where
a; = 2171'(\/%)1'72]{1'.
He set

/ e *(1+ %)"dz = / ydz =T'(n+1)e"n™",

—-n —n
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where

m

and % <m< % Then, he showed that I;, I3 — 0, and

I /°° 9
— e du = /.
\V2n —oo \/_

Thus, Dirichlet obtained a result for I'(n + 1) used to approximate the normal

distribution.

Cauchy made an important contribution to the CLT by introducing the concept
of the characteristic function which is used today. This development resulted from
Cauchy’s analysis of the interpolation of random errors. In the final paper of eight
which he published on the CLT, Cauchy discussed the approximate normal distri-
bution of linear combinations of random errors. This argument is similar to the one
made by Dirichlet, and his method is still used today.

In studying the interpolation of observational errors, Cauchy used the ”fonction
auxiliaire” now known as the characteristic function for a random variable. With

the error in [k1, ko] given by the function g(x), we have ”fonction auxiliaire” given

by

Cauchy’s version of the CLT provides upper bounds for the error of the normal

approximation to the distribution of
n
DA
j=1

where (¢;) are idependent identically distributed errors. He assumed that (\;) have
order O(£) and )7 A? := A has the order of O(%). Then, he established

|P (—v < ZAjej < U) - /NJ e~ df) < Cy(n) + Ca(n,v) 4+ Cs(n)
j=1 0

8



for sufficiently large n, with explicit formulas for C, Cy, Cs.

Chebyshev and his student Markov made contributions to the CLT through their
method of moments. An enthusiastic teacher, Chebyshev founded the St. Petersburg
school which Markov attended. The method of moments involves finding properties

of monotonically increasing functions p > 0 defined on [a, b] by knowing its moments

M, ::/ du(x), M ::/ xdp(x), ..., M, ::/ a"du(x).
z€[a,b] z€[a,b] z€[a,b]

In 1887, Chebyshev introduced the following version of the CLT (in the terminology
of today): Let u; be a sequence of independent random variables (quantities) with
zero expectation, nonnegative densities, ¢;, with finite moments of arbitrarily high
order. Assume that, for each order, an upper and lower bound of the moments exist,

uniformly in 4 but not in n. Then, for any ¢t < ¢’ € R, we have

lim P (t < ia t’) L / D
In 1898, Markov published his version of the CLT with the following assumptions:
Let uy, us,... be "independent quantities” which satisfy the following conditions:
FEu, = 0 for each k. For all natural numbers m > 2 there exists a constant C,,
such that |Euf’| < C,, for all k € N. Fu} ”does not get infinitely small, if k& grows
indefinitely.” Then,

1 B
= ﬁ /a €_x2d.fE

for « < f € R. Notice that the conclusions for Chebyshev’s and Markov’s versions

ILm Pl« QiEU? < iuz <p Zzn:EU?
i=0 i=1 i=0

of the CLT are essentially identical.

In the twentieth century, the field of probability evolved to become more rigor-
ous. At the second International Congress of Mathematics in Paris in 1900, Hilbert
proposed the axiomatization of the applied sciences as one of his 23 problems. This

problem required ”to treat in the same manner, by means of axioms, those physical
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sciences in which mathematics plays an important part; in the first rank are the
theory of probability and mechanics.” This proposition set probability on a path
towards becoming axiomatic, due to Kolmogorov in 1933, and following precise
mathematical analysis.

This goal of axiomatizing probability was achieved by Kolmogorov in 1933. [4]
A o-algebra on the set 2 is a collection of subsets of 2 which contains the empty
set and is closed under complements and countable unions. A probability measure

on a set €2 is a set function on a o-algebra F which satisfies the following axioms:

a) 0<P(A)<1forall AeF
b) P()=0, P(Q) =1

c) For any sequence Ay, Ay, ... of disjoint sets in F,

P (U, Ax) = ) P(Ay).

These axioms provided a universal setting for later work on the CLT. Levy then
proved his version of the CLT after first proving some preliminary results about
characteristic functions which, in turn, he used in proving his version of the CLT.
Levy was introduced to characteristic functions while reading the work of Poincare.

Poincare defined ”fonctions characteristiques” to be functions of the form

fla) =3 pla)e

for discrete quantities whose values = occur with probability p(z), and

fla)= [ ola)erda

for continuous quantities with density ¢. Levy then proved the following theorems
about characteristic functions: Let ¢(z) denote the characteristic function for dis-

tribution function F'(x) given by



Theorem 1: If for A — \¢ the laws L, tend to the limit law £ with characteristic
function w, then ¢,(z) also tends to w(z) uniformly in each compact interval of
z-values.
Theorem 2: If w is a characteristic function such that lim_,y, ¢»(2) = w(z) uni-
formly in each compact interval of z-values, then L) tends to the probability law £
which belongs to w.

Levy and Feller each proved a version of the CLT. Feller’s version of the CLT
can be stated as follows: Let (Xj) be a sequence of independent random variables
with distributions Vj all having median 0. Then, there exist sequences (a,, > 0) and

(by) of real numbers such that

P (i Xn:(Xn —b) < a:) — O(z).

k=1
Further,

max P(| Xy — bx| > €a,) — 0 for each € > 0
1<k<n

as n — oo if and only if

for each 0 > 0, for each n > 0, there exists n(d,n) such that for each n > n(d,n) :
P (0)
ket f|m|§pn(5) 2?dV(z)
where p,(0) = min{r € R : P(|Xx| > r) < d}.
Levy’s version of the CLT can be stated as follows: Let L, be the dispersion of

<n

> i1 X having a fixed probability v € (0,1). Then, there exist sequences (a, > 0)
and (by) of real numbers such that

n

P <— D (X =) < :c> — ®(x).

k=1
Further,

max P(|Xy| > eL,) — 0 for each € > 0
1<k<n

as n — oo if and only if for each § > 0, for each n > 0, there exists n(d, ) such that
for each n > n(d,n) there exists X (n) > 0:

11



X?(n)
D ket <Ix|§X(n) w2dVi () — (ﬁx\ﬁX(n) dek(I))2)

<n

and .

> P(IXk| > X(n)) <.

k=1

Efforts to give new proofs of the CLT have been made since the proofs of Levy

and Feller. In [1], Barron shows that the density function f,(z) a normalized sum of
i.i.d. random variables converges to the normal density ¢(x) in the sense of relative
entropy: [ f,In(f,)/¢ — 0 provided that relative entropy is finite for some n. In
[7], Bahr analyzes the convergence of moments of normalized sums of i.i.d. random

variables towards corresponding moments of the normal distribution.

1.3 Bernstein polynomials

The Bernstein polynomial of order n of the function f(x) defined on the closed

interval [0, 1] is given by

For f continuous on [0, 1],

lim B,(x) = f(x)

n—o0
uniformly in x. Bernstein first introduced this set of polynomials to provide a
simple proof of the Weierstrauss Approximation Theorem. As we may transform
the interval [a, b] into [0, 1], the result holds for a function f on any closed, bounded
interval. The so-called ”singular operators” provide other means for approximating a

generating function f(z). The best known singular operator is the Dirichlet integral

sin(n + 3)(t — x)
2sini (t — )

o (2) = %/W (1) dt

12



which represents the partial sums s, (z) of the Fourier series of the function f(z)
integrable on [—m, 7].

We can also define Bernstein polynomials for functions on unbounded intervals.
The Bernstein polynomial of order n defined on the interval (0, b) is found by making

the substitution y = 7 in the polynomial B?(y) of the function ¢(y) = f(by),

0 <y < 1. Thus, we obtain the polynomial

e =l =321 () (1) G (-9

By letting b = b,,, a function of n, we may consider a function f on the unbounded
interval (0,00). As with functions on [a, b], we would like for B, (z;b,) — f(z) to
hold with minimal assumptions on f. It is true that this relation is preserved for
b, = o(n). As the example of the function f(z) = 2? with B, (z;b,) = (1 — ) 2% +
b, provides a counterexample, this condition is also necessary. The material on
Bernstein polynomials is develped in [5].

The next question to naturally arise is whether we can extend this relation to
functions on unbounded, symmetric intervals. We start by considering the Bernstein
polynomial of order n defined on the interval (—b,b). This polynomial is found by

z+b

making the substitution y = % in the polynomial B?(y) of the function ¢(y) =

f(b(2y — 1)), 0 <y < 1. Thus, we obtain the polynomial

- atecn- S (o(2) ) () (57 (- (5)”

For b = y/n, we have

(o)) - o2

- E-3)




In the next section, we show that for any bounded, continuous function f : R — R,

we have

i S5 (B30 (1) () [ s

It is a simple exercise to extend from z =0 to any 0 < x < 1.

1.4 A new proof of the CLT for Bernoulli random

variables

In this section, we will present our new elementary proof of the CLT for Bernoulli
random variables defined on [0, 1]. Bernoulli is the first mathematician to consider
the CLT for Bernoulli random variables.

Let (X;) be an i.i.d. sequence of random variables with P(X; = 1) = P(X; =
-1)= % Then, EFX; = 0 and varX; = 1. We will verify the Central Limit Theorem

by showing that
X1+ ..+ X,

NG

We will prove this by showing that for any bounded continuous function f : R — R,

lim Ep <f (%)) = Ep(f(Y))

where Y £ N (0,1). To show this, we will first compute

= (1 (B))

We have n i.i.d. random variables each having the values 1 and (-1) with probability

= N(0,1).

we have

%. If we consider the sum of these random variables, then for any point in the sample
space, we have k of the random variables equal to 1 and the other (n — k) of them
equal to (-1) for some 0 < k < n. Summing up the random variables, we have the

values k — (n — k) = 2k —n for 0 < k < n. By independence, we multiply the

14



probabilities for each value of X;, 1 <11 < n, to obtain the probability of (%)n for
every combination of X; = +1, 1 < i < n. As the sum of the random variables is
equal for every combination of k£ 1’s and (n—k) (-1)’s , the value 2’\“/%” has probability

(2)" (7). Therefore, we have

()5 () () ()

In the previous section, we discussed Bernstein polynomials on symmetric intervals.

The right hand side of the previous displayed equation is the Bernstein polynomial
a2
B (0; —/n, /n). Since Y £ N(0,1), then we have Ep(f(Y)) = \/%7 o f(@)e™= da.

Therefore, we will show that

) () (2 [

. By Chebyshev’s

2
Let € > 0. Choose b such that % < § and \/LTW fboo e 2 dr <

> (%)”(Z) < \b/;;%<
Since g(x) = f(x)ej;

— is continuous on R, then g(x) is uniformly continuous on
[—b, b]. Therefore,

12Hf lloo
Inequality, we have

Chlm

5ty
: 2k —n
Eﬂlok nzmg ( NG ) Xj2ion 2tesny-n) () = 9(2)X(-bt) ().
2772

By the Dominated Convergence Theorem,

n 4 byvn

i X () G [

Therefore, there exists an N € N such that

-

nyby

| %ﬁg(%wn)%/l;g(x)dx<é

V|3

15



for all n > N. Let
~ 1., (n 2k —n 1 [ —a?
A, = " - / r)e 2 dxl.
26 ()1 (5F) - [
Therefore, by cutting off the tails of our integral, for all n > N,
"1 n 2k —n 1 b —a? €
A, < =)" — 2 d —.
I () (57 e [

Using Chebyshev’s inequality;,

Z4bym 1 2% 1 b )
n — N —z €
A, < =)" — x)e 2 dx| + —.
|k;ﬁ<2) (’f)f( Vn ) \/ﬁ/bf( ) | 3
Forn > N,
5+ 525"
1 n 2k —n 2k —n. 1 _1(2k=ny2 2 €
A <| () s - £ )= 2O 4
27 \k Vn vno '\2rx Vn'oo2
k=50t =5 -t

Since f is a bounded function,

%—&-# n 1 (215;n)2 9
Ml X161 (1) - el
n by k V2o Vn
By Stirling’s Formula,
n 1 2n"t
By = (=)" =(2)"1+0(=
=G () = @ 0 G
Letting k = 5 + j,
1 1 nts
Bn = =) 1 +O - n ;1 n .
i (2) ( (n))\/ﬁ(% + )2 (% — j)zit2
1 1 nts
(2) ( (n))\/%(%)n+l(1 + %)%4—]-‘-5(1 — %J)a—ﬁr%
1 2

= 1+ O(n»\/ﬂ\/ﬁu + %)%-I—j-&-%(l — %)%—jﬁ'

16



It follows that
2j Ry n_g (B4l (1+ﬁ) (2—
(I+—=)27(1——=)277 = elammiralels
n
_ BH)E -0

2% (1
= e TOG),

Thus,




Choosing n sufficiently large, we have 65’27% < . That is, we have proven the

2[[£lleo
following theorem:

For each € > 0, there exists an NV € N such that

n>N:>|Z () 2]{\/__71 \/_/ f(z ede\<e+O()

In the next section, we extend this proof to the general CLT by expanding

our random variables using the Haar wavelet basis {H;(2)|0 < j < 00,0 < k <
27 — 1} U {x[0,1)} defined in the next section. For fixed j € NU {0}, we have

272 Z H;p(x) =¢
k=0

with P(e; = 1) = P(e; = —1) = 3. Thus, the Haar wavelet basis is implicitlyem-

bedded in this proof for Bernoulli random variables.

1.5 Creating an i.i.d. sequence of random vari-
ables on the probability space ([0, 1], 5, \)

Let X be a random variable on a probability space (€2, F, P). In this section, we
will create an i.i.d. sequence of random variables on ([0, 1], B, \), having the same
distribution as X. Here, B denotes the sigma algebra of Borel subsets of [0, 1] and A
denotes Lebesque measure on [0, 1]. Consider the cumulative distribution function
F : R — [0,1] given by F(z) = P(X < x). We define @ : [0,1] — R so that
Q(p) = inf{z € R|P(X < z) > p}. Note that @ is not a true inverse for F, as F'is
not injective. @ is often refered to as the quantile function for X. We can see that
@ is a random variable on ([0, 1], B, A) with the same distribution as X.

From X, we create an i.i.d. sequence of random variables by appropriately

randomizing the binary sequence. Consider the binary expansion of x € [0, 1] given
by (e(x);)52,. We then have

-y

=1

18



For an example, consult Appendix D.

We now create the following arrangement of (¢;(z))$2;.

€2 €3
€4 €5 € €7

€s €9 €10 €11 €12 €13 €14 €15

One can see that row i € N has 2 elements numbered from left to right, starting
with €5-1. Any arrangement of (¢;) without repetitions will work for our problem.

Now, we randomize [0, 1] by forming the functions P;(z) : [0,1] — [0,1], i € N,
as follows: For each ¢ € N and x € [0,1], let P;(z) denote the number in [0, 1]
whose binary expansion is obtained from the elements of column i, starting with
the first entry. For example, the number (P(z)) would have the binary expansion
(e3(x),€5(x), €9(x),...). Since 2 has the binary expansion (0,1,1,0,0,0,...), then
PQ(%) has the binary expansion (1,0,0,0,...). Therefore, PQ(E) = 5. Observe that
Aej(Py(z)) = 0) = Mej(Pi(z)) = 1) = & for each i,j € N. Furthermore, the
sequence (FP;(x)) is independent as each P;(z) depends on a disjoint set of ¢;’s.
We have thus created an ii.d. sequence of random variables on [0,1] given by
Xi(x) = X(P;(x)) for each i € N.

1.6 Properties of the Haar basis

The Haar basis is the simplest orthonormal system on [0, 1] and consists of the set
S ={H;u(2)|0 <j<00,0<k<2 —1}U{xp1} where

gkt

i
22 T [E? 97 )
_ i k41
Hj,k - —27 € [ 2j2 ) %)
0 otherwise

As S = {H;;(2)]0 < j < 00,0 <k <2/ —1}U{xjo,1} forms a complete orthonormal
basis for L*([0,1]), we can expand any ¢ € L?([0,1]) as

19



0o 211 1
o) =D cinHin(x) + [ ¢lx)de
j=0 k=0 0
where ¢; ), = fol ¢(x)Hj(z)dx. Let X be a random variable (measurable function)
defined on the probability space ([0, 1], B, \). If X € L'([0,1], B, \), we may assume
EX = 0 by simply changing X into X — EX. Assuming that FX? < oo, varX =
| X |3 < oco. Thus, we have fol X(xz)de = EX =0 and

co 29—1

X(@) =Y cinHxl(x)

j=0 k=0

where ¢;; = fol X(2)H;p(z)dz.

For simplicity, let us assume that varX = 1 as we may replace X by —=

varX

Then, by Plancherel’s equality, we have

oo 27—-1

ZZcik: 1.

j=0 k=0
The Haar basis is discussed in more detail in [8]. Expanding X (P;(x)) using the

Haar basis, we have

oo 27-1
Xi(z) = X(Pi(x)) = ¢jnHjk(Pi(x))
7=0 k=0
As Hjy(x) = 22 (=1)90 @y ([22)),
0o 271
X(Pa)) =Y e2s (1) Py (|27 Pi(x) ]).
=0 k=0
Setting k = |27 P,(z)],
X(P(@) = Y 6528 (-1 )
=0

20



1.7 Properties of Yy, (x)

The next two lemmas will investigate the properties of the random variable
M .
Yu(z) = Z 2%Cj7\_2jmj (—1)67'“(3”)
=0

for z € [0,1]. The random variable Y}, plays an essential role in proving the CLT.
Yy is a discrete random variable with finitely many values. Note that this function
depends on (€ (z), ..., ear+1(x)). Therefore, Y (z) is constant on dyadic intervals of
the form [ZM%, Q’CMLJ}I) for 0 < k < 2M+1 _ 1. We call the 2™+ values of the function
Y (z) outcomes. For an example, consider the case where M = 2. We will then

find the possible values for the function

Yz(m):ZQ

J

(SIS

Cj 29| (—1)6j+1($)-

Since Ya(z) depends on (€1(z), e2(x), €3(x)), then Ya(x) is constant on the dyadic

intervals [£, £51) for 0 < k < 7. We have the following outcomes for Ys(z):

1

[0, g) 101 = Coot \/561,0 + 2¢op

1 2

[§7 g) 02 = (oo + \/50170 — 2C2’0

2 3

[éa g) 103 = Co0 — \/501,0 + 2¢91

34

[ga g) 04 = Co0— \/501,0 —2¢91

45

[g’ g) 105 = —Cppo T+ \/§C1,1 + 2¢o9

5 6

[g’ g) 106 = —Cop+ \/501,1 —2¢9

6 7

[8’ g) top = —Coo — V2e11 + 2003

7

[§, 1):0s = —coo— V2e11+2ca3

Observe that 2, 0; = 0.

Lemma 1.7.1. If (0;)2))"" are outcomes of Ya;, then Z?flﬂ 0; =0.
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Proof. For x € [0, 1], we have n = 2M*1 possible outcomes, each corresponding to
an interval of the form [W%, 2134%11) for some 0 < k < 2M+1 — 1. Each outcome is
equal to a sum of M + 1 terms. Now, we fix j = jo and consider this term in the

outcome. For j = jp, we consider terms of the form
2%063'0,[2]'0@<_1)6j0+1(z)-

We note the ¢, 9i0,| depends only on (e1(x),...€j,(x)) as [2°x] = k if and only
if # € [55, 5). Thus, ¢, |20, is constant on intervals of the form [5, &) for
0 < k < 2% —1. Each interval [5, &) is the union of 2M 177 intervals of length
2M—1+1, and hence the coefficient ¢, ;. corresponds to 2M 1740 gutcomes. If we cut the
interval [, &5) in half, then for the left half we have €j,41(2) = 0 and for the
right half we have €,;1(x) = 1. Thus, we have 275 outcomes with the coefficient
Z%Cjo,k and 2M770 outcomes with the coefficient —Q%Cjo’k for each 0 < k < 270 — 1.
Summing over all 0 < & < 2% — 1 and then over all 0 < jo < M, we have > | 0; =

0. [l

Lemma 1.7.2. If (0;)22,"" are outcomes of Ya;, then Z?f;l 0? = 2M+1g2 where

Proof. Group the outcomes in pairs, corresponding to the dyadic intervals [2]\4%, %)

and [%, ;M%Ql) for k even. Furthermore, for each outcome, group the first M terms

together. Therefore, for 71 € [srr, 2t ), we have

and for zo € [;ﬁjﬁ}l, sittr) we have

M-1
) M
(Z 22¢; iz, (—1) 712 — QQCM’LQMMJ) |
=0

Squaring and then adding these terms, we obtain
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M-1 2 M—1
j j M
( Q%Cj,LQJxlj(_l)EjH(m)> +9 ( 2;Cj,L2J'J:1J(—1)€jH(M)) <270M,L2Mm1j>

j=0

2
M 2 (R~ e 41(w2)
+<220M,L2MIIJ> + 22, 214,) (—1) 9412

M-1

. 2

-2 ( > 2%Cj,L2mj(—l)€j“(w2)) (2%CM,L2M12J> + <2%CM,L2M12J) :
g

Since x1, 5 € (547, 5t ) for 20 = k, then we have [2721] = (272, ] and €;(z1) = €;(x2)
for all 0 < 7 < M. Therefore, we have

M—1
( 2%¢ )GHI(“)) (2%(: y )
] L2J$1J M,|2M x4 |

=0

w\“

.

M-1
-2 <Z 2;0]',[21':):2J(_1)€j+1(x2)) <2%CM7L2M$2J) = 0.
=0

As |2Mzy| = [2May| =1, summing the squares of the two final terms, we have

M 2 M 2
(2 2 CM,L2Mx1j> + (2 2 CM,L2MQ:2J>

M M M+1
_2 CMZ+2 CM —2 +ch

Summing over all terms corresponding to j = M, we have

oM _1
M+1 2
2 E Chy
=0

Now, we consider

2 M-2 ’
. M-1
T (Z 23¢; a1z, (—1) 501 427 CMl,L2Ml:viJ)

i=1 \ j=0
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for some @, 25 € [2M7 ';Ll) for even k. Then, we choose x5, x4 € [25;51, %) and

consider

) 2
22 )6j+1(1'i) + QMEIC 1 |oM—=1,.. .
L%vJ M—1,[2M—1g; |

=3
Adding these terms together, we now obtain

M-—1

M—1 2 M-1 2
<2 2 CM_LLQMA:CU) + <2 2 CM_LLQMACEQJ)

M-—-1 M-—-1

2 2
+<2 2 CM,LLQM—IJSSJ) + <2 2 CM*l,LQM_IJMJ)

 oM-—1.2 M-1 2 M-1 2 M-1 2
=20y T2 ey 2T ey 27 ey

_ M—1 M+1
=4.2 cM1—2 chl

It follows that

[\
[y

n i

M
2 _ oM+1 _ oM+1_2
g 0; =2 E c k| =27 oy

=1 7=0 k=0

1.8 A new proof of the CLT

In this section, we will give a new proof of the Central Limit Theorem:

Theorem 1.8.1. Let (X;) be a sequence of i.i.d. random variables with mean p
and variance 0. Let f : R — R be a bounded, continuous function. Then, for each
€ > 0, there exists Ny € N such that

‘E <f (X1 + ...;\/)%N - Nu)> B E(fm)‘ H{J(Egnjb;l’

where Y 2 N(0,1), for all N > Ny, where b and n will be defined later.
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Proof. The proof proceeds via the following steps, A-G:

e A. We truncate the Haar expansions for our random variables to have only

finitely many terms.

e B. We examine the truncated Haar expansion and show that it is actually a

multinomial random variable.

e C. We cut off the tails of the multinomial random variable by using Cheby-

shev’s inequality.

e D. We use Stirling’s formula and Taylor series to approximate the multinomial

coefficients.

e E. We write our Gaussian random variable as a sum of independent Gaussian

random variables and then express the expected value as an integral.

o F. We cut off the tails of our Gaussian integral and then express this integral

as a Riemann sum.

e G. We compute the difference between the expected value for the sums of our

truncated Haar expansions and the Gaussian Riemann sum.

Step A. Let

N 00

1 i s (Pila
AN M) = =) D, 28 wpe (S,

i=1 j=M+1
Let f: R — R be a bounded, continuous function. Let € > 0. We have

E(y(N)) = 0.
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By Chebyshev’s inequality, we have

var(y(N)) 1

P(\Q(N)|>L):T_ﬁ<€

for sufficiently large L. Note that P(|y(/N)| > L) < € for all N € N. Therefore, by
uniform continuity of f on [—L, L], there exists a 6 > 0 such that |f(z) — f(y)| <€
whenever |z|,|y| < L and |z — y| < 6.

We will now compute

N 0o
1 j
var(z(N,M)) = var | — 22¢; 195 p (a1 (—1 ej+1(Pi(z))
(2(N, M)) ( ﬁNZE: J127 i) (—1)

( Y 25 R (_1)€j+1(Pi($))>

j=M+1

is an independent sequence,

N 00
1 i o1 (Pya
var(z(N, M)) = + > var ( > 28¢5 20w (—1) 7 ))> :

( D 25 0pw) (—1)6”1(3(76)))

j=M+1

is an identically distributed sequence,

var(z(N,M)) = — N -var ( Z 2% 1291 ()] 1)6j+1(P1(x))>

Jj=M+1

:Var< > Q%Cj,mjpmn(—1)63'“(’31(1’))>

j=M+1
co  20-1
= var Z Z Cj,kHj,k(Pl (I))
j=M+1 k=0
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By Plancherel’s formula,

oo 20-1

var(z(N, M)) = Z Z Gr=1—0}.

j=M+1 k=0

Note that var(z(N, M)) does not depend on N.
By Cheyshev’s Inequality, we have

P(ly(N) = (N, M)| > 6) = P (|2(N,M)| > 6) < Var(Z((SJ;f,M)) 1 —620—]2% _.

for sufficiently large M.
Then, we have
P(ly(N) —z(N,M)| = §) <e.

Let
Ay = {ly(N) — (N, M)| = é}.

Then, we have

[Ep(f(y(N))) — Ep(f(x(N, M)))]
< [Ep (f(y(N)) = F(x(N, M)))xan) [+ |Ep((f(y(N)) = f(z(N, M)))xag,)]
< Ep|(f(y(N)) = f(&(N, M)))xay| + Ep[(f(y(N)) = f(z(N, M)))xag,|
< 2| fllooP(Anr) + eP(Af))
< €(2[] flloo + 1)

If X £ N(0,1), then
ouX &> X

as M — oo. Thus, by continuity of f,
flouX) — f(X)
as M — oo. Hence, by the Dominated Convergence Theorem,
E(flonX)) = E(f(X))
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as M — oo. Hence, there exists My € N such that
|E(f(ouX)) — E(f(X))| <e

for all M > M,.
So let M be large enough so that

2
]._O-M

(52

<€

and
|E(flouX)) — E(f(X))] <e
Note that M does not depend on N. M and n will be fixed from now on.
Step B. We will now take a closer look at x(N, M). Let

1 & ,
z(N, M) = Vi ; Y (M, i),

and note that y
V(M) =) 235 |91 py(ay) (—1) 91D,
§=0

Then, Y (M, i) is a random variable with n = 2™+ possible values oy, ..., 0,, each
having probability % As N — oo, we can assume that N > n. Therefore, the
outcomes of Y (M, i) must repeat. If k; denotes the number of the outcome o; in the

sum
N
> V(M)
i=1
then this random variable has values
k’101 + ...+ knon

where

Therefore, for fixed kq, ..., k, with k1 + ... + k, = N,

p(Svann-Yea) = (7, ) ()

28



and

Bo (N0 = 3. in%(k]v W (ERE).

Step C. We will now cut off the tails from our expected value using Chebyshev’s
inequality. Let K; be the random variable which denotes the number of times
the outcome o; is observed, having values k;. We have E(K;) = N() = & and

var(K;) = N(1)(1 — 1). By Chebyshev’s Inequality, we have

n n

N 1
N N 1 O B |
Plik - Ysn/Ya-b) <« Vo _ L
n bl

for large enough b; > 0. Let b = max{by, b1 }, where by will be defined in Step F. Set

N N 1
Anyp =A{|Ki— —| > by/—(1 — —) for some i, 1 <i < n}.
n n n

Then, by finite additivity, we have

P(Ann) <n (E) = €.

n

Let h(N,n) := y/2(1—1). Let
1 N S ko
N, kq, .. .k, = — =l )
1) nN<kk>f( VN )

E;:={1<K;<Nand Y K;=N}.

i=1

Set

Set
Bny, = Ana N (UL E)).

Then, we have

P(BN,n) < P<AN,n) < €.
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It follows that

N bih(N) Nibih(Nm)

ST aWokn k)= Y Y a(N ke k)| < el fllse

ki=1  kn=1 k1= —bih(N;n)  kn=2—b1h(N,n)
ki+..+kn=N k1+..+kn=N
Note that

1
N

3
M=
2
=
=2
I
2"*
WE
2
s =
I

and

Step D. We will now use Stirling’s formula and Taylor series to approximate
the multinomial coefficients. Set

1 N
I(N, Ky, ..., ky) == n_N(k‘l ke )

By Stirling’s Formula, we have

(1+0 (%)) 2r)z NN+

(N, ki, ... k) = — 1 -
(27)2nN (N + k) N+ht2) 4 4 (N + k, )V Fhnts)

Letting k; = % +g; for 1 <i <n,

(140 (4)) @miny

[T — | .
(N, K ) @2m)EnN (X 4 ) Gtits) 4 (N ) Gtints)
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Factoring (&) from each term (£ + j;) in the denominator

(L+0(5)) NV*=
5(1+ "le)(%ﬂ'ﬁ%) +o+(1+ %)(%Hrﬁ )

U(N, ki, oo i) =
(2m) T N (X)N

(1+0 (3))n?

— (271')”7_1]\7”;( 1) Noys+L )+ +(1—|—nj”)(17\l]+jn+%)'

For all 1 <1 < n, we set

Using a Taylor series approximation,

m(N,n,i) = e Hit )~ 53 +0(5s
P | i T
= e/*T2N 2N2  4NZ2 N2
Therefore, we have
<1+ nth)ﬂ-i-jﬁ-l (1+ ”Jn)%ﬂﬁg — 6(% )ZZ 1A= 2N2 o= 1Ja+o(%)
Set
n n? | < n? o 1
H(N, i, jn) o= (——— + —— Pt s Y J+O0(=).
( y 1y ] ) ( 2N+4N2);jz+2N2;]z+ <N2)

Hence, we have
eH(N7J177]n)/n/%
—.

i (10 (3))

Y., be Gaussian random variables with mean 0 and variance 1
= O—M For simplicity of notation,

Step E. Let Y71, ...,
Let (0;)"_; be as in Section 1.7. Then, consider 0}

we will replace o, by o;. Then, we have
n n
Z 0} =n, Z 0, = 0.
i=1 i=1
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Therefore, we have \/Lﬁ Yo, 0Y; < N(0,1).
Set

is given by

1 < 1 « u 1 & u
which means that V' is a one dimensional standard normal on the line through the

origin and orthogonal to the hyperplane in R" given by

Z y; = 0.
=1

Call that hyperplane S. Viewing V and Z := Y — V as vector valued random
variables, in addition to being orthogonal, as vectors, they are also independent
as random variables. This can be verified by checking that all components (or
coordinates) of Z are independent of all components (coordinates) of V. Since all

components of V' are equal to
B 1 <&
Y =— Y;lu
P>
=1
that is V' is a one dimensional random variable, and components (coordinates) of

Y — V are Y; — Y, the independence of Gaussian random variables follows from

E((Y, — Y)Y) _E<W)—E(Y)2 _%—%_0



for all i = 1, ...,n. Note that OTY = OT (Y — V) + OTV, and since OTu = 0,
> i1 0iY L r L r
2= 00\ _ o oty ) = [ —0TZ
(=) = (o) = (oe)

(o)

does not depend on V. Note that since the components of Z satisfy

that is

n

> (vi-¥) =0,

i=1

the law of Z, £(Z), is a standard Gaussian n — 1 dimensional measure on the
hyperplane S. From the independence of Z and V', and Fubini’s Theorem, it follows
that

1 1

Bf (%OTY) — BenEeonf ( ﬁOTZ) ~ Benf ( \/ﬁOTZ) ,

Since the density of Y is given by

! Loy 1 ex —lsz L ex L2
(m)nexp(—gy y) = Vo) p(—5 )(\/%) p( 2(y)),

where y, z, and ¢ are the realizations of Y, Z, and Y, respectively, it follows that

1 1 1 < 1 <
Eriz f (—OTZ> =1 / fl—= 0iYi | €xXp | —5 y; | dS,
Vn (var)" st \ v ; 2 Zl
i.e., the expected value with respect to £(Z) is a surface integral over the hyperplane
S. In arriving at the last equality we have used that
1 i 0on S
= — ;= uon o.
Y n 4 Y

By projecting S onto y,, = 0 plane we have

Ernf (%OTZ) = (\/2_7\/?”_1//]? (%2030 3L dy, dy,
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where
n—1
- E Yi-
i=1

The factor \/n appears as the result of replacing dS by dy;...dy, 1

Step F. We will now cut off the tails of our Gaussian integral and then approx-

imate the integral by a Riemann sum. Choose by, > 0 such that

;@_%(Zyily?)dyl...dynfl — /b2 .../b2 1 —¢ %(Zz 1y2)dy1
(v2m)"t by , (V2m)nt

for all by > by. Then, we consider

I, = \/_nl/ / (\/_Zozyl> (=2 ZL0v) dy, . dyn_ 1.

Let g(y1,..Yn) = f (%g > e 0y> e(-2Z1v) Note that

and

0iYi

n
<> loillyil
i=1

n
< bz |oi| < 0.
i=1

Then, let
\/ﬁ bh(N,n) bh(N,n) (j1+1)\/L% (jn—1+1)\/L%
S=—Y—0 > Y o 9y ) dydyn
( v 27T) J1==bh(N,n)  jn—1==bh(N,n) "1 /x5 1w

ji+j2+...+jn=0

where h(N,n) is as in Step D. Let

By = {\/—% Zoiji > Z |0i[b}.
i=1 i=1
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Then, we have

n

\%Z%) (- Illjf.v)l

17—

bh(N,n) bh(N,n)

LA s S (

( 27T) N j1=—bh(N,n) Jn—1=—bh(N
Ji+je+...+jn=0

bh(N,n) bh(N,n) n

[ N (Y et
< |[_S|_|_|S_ (\/ﬂ)”_lNL’l Z Z f (\/—N;%]z> e(

2 j1=—bh(Nn)  jn_1=—bh(Nn)
J1+iz+.+jn=0

< e+ eP(Byn) + 2 flloP(Bin) < e(1+ 2] f]l)

for large enough N.
Step G. Now, assuming that Y., j; = 0, we consider the difference

bh(N,n) bh(N,n)

bh(N,n) bh(N,n) . ( .
2

Dy = | Z Z %eH(N,jl ,,,,, jn)f (Z%/%M)
Sy Ly

-1
jn—1=—bh(N,n)  j1=—bh(N,n) (27'[') > N 2
7 n o
= %) f (M) |
Jn—1==bh(N;n)  j1=—bh(N,n)

. bh(N,n) bh(N,n) ion I (7% - £>
v 5T Lseees n) __ i=1
ECTEE > (Z ) ( ) ) |

Jn—1=—bh(N,n) j1=—bh(N,n)

fﬁ
(2m)"T Nz

(SIE]

bh(N,n) bh(N,n)

ne 7i04 2 zl% G(N,j1y-sdn) _
R 5 f(Z )( ) (@i 1))

Jn—1=—bh(N,n) j1=—bh(N,n)

where G(N, ji, .., jn) = () S0, 42 + 525 S0 1 32 4+ O(3%). Then,

le’L G(N]l ..... Jn) __ 1) |
VN

j’LOZ G(N,j1sesdn) _ 1) |

=1 \/N

|3
3

n bh(N,n) bh(N n)
Dy < ——=
(2mN) - 2 (

Jn—1=—bh(N,n) ]1——bh(Nn =1

3

n bh(N,n) bh(N,n) (

S = >

Jjn—1=—bh(N,n)  ji=—bh(N,n)
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Since G(N, j1,...j,) > 0, then (eG(N’jl """ gn) — 1) > 0 and thus

n bh(N,n) bh(N,n)
n?2

Dy < m Z Z lf (Zzl ﬁoi) | (eG(N,jl ..... gn) _ 1)'

Jn—1=—bh(N,n)  j1i=—bh(N,n) N

Since f is bounded,

|3

n bh(N,n) bh(N,n)
Dy < || fllso

W Z Z (SG(N’jl """ gn) 1)

jn_1=—bh(Nn)  j1=—bh(N,n)

Using a Taylor series approximation, we have

n bh(N,n) bh(N,n)
nz2
Dy < |1l

Jn-1=—bh(Nn)  j1=—b(N,n)

n bh(N,n) bh(N,n)
n2

. ) 1
:HfHoom > (G(N,jb-.-dn)JrO(m))

j’n*lz_bh(an) jlz_b(an)

2 bh(N,n) bh(N,n) 2 U BN
=wmaﬁvimgiwfwgiw(gm);m+ﬁﬁ;m)
We also have
bh(N,n) bh(N,n)

S ) it =2nb(N, )"
jn_1=—bh(N,n)  j1=—bh(N,n)
and

bh(N,n) bh(N,n)
oo ) i+ +d=0
jnflz_bh(Nﬂ/L) jlz_bh(an)
It then follows that

g .-
[l (ﬁ>nMT_HN¢me<E
¥ (27N 0 \4N? 120N
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for large enough N. This proves the Theorem 1.8.1. That is, for each € > 0, there
exists an Ny € N such that

Vo I o R S > )
|(m)n_1//f <\/52 zy1> Ay ...dy,—1

() (B -
— — == €
kel kn:l?’LN ]{?1, ,k’n \/N
ki+..+kn=N
for all N > Nj. O

For future work, we would like to extend this result to a proof for R™ and,

ultimately, for stochastic processes.

37



Chapter 2

The Estimation of the

Concentration of Measure for

Fractional Brownian Motion

2.1 Fractional Brownian Motion

The theory of stochastic processes is a foundational subject in the field of analysis.

Brownian motion is the most fundamental and widely used stochastic process. A

Brownian motion process (W;)icpo,r) along with filtration (F;)cjo,r) satisfies

a.
b.

C.

Wo - 0
t — W, is continuous almost surely.
Forall 0 <s<t<T, (Wy—W,) <N(O,t—s).

Forall 0 =ty <t < .. <t, <T, the increments

Wi, — Wig, ooy We, — Wi,

are independent of one another.

For d, we may equivalently write that for 0 <r < s <t <T, W, — W, is indepden-

dent of the sigma algebra F,.
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In 1900, Henri Poincare and his doctoral student Louis Bachlier modeled stock
prices by a random walk, an approximation of Brownian motion, with the hope
that this model would capture the randomness of stock prices. Einstein developed
Brownian motion through his work on Avogadros number, the number of molecules
in a mole of gas. Myron Scholes and Robert C. Merton developed the Black-Scholes
option pricing theory in 1973 and won the Nobel Prize for their work in 1997.

A key feature of the Brownian motion process is independent time increments.
Accordingly, this is reflected in the Black-Scholes model for returns on stock. How-
ever, this assumption is not always consistent with actual data. Instead, the past

influences the present, creating dependent time increments.

Therefore, recent efforts to remedy this defect have led to consideration of frac-
tional Brownian motion, in which the time increments depend on one another, and

which Kolmogorov developed in his study of turbulence.

The strength of this dependence is controlled by the so-called Hurst index. The

Hurst index H is a numerical parameter taking values in [0,1] where H = 1 cor-
responds to the Brownian motion process. A fractional Brownian motion process

(W) teo,r) with Hurst index H has covariance structure
1
E(Wu ()W (s)) = 5 (1t + s/ — [t = s[").

The fractional Brownian motion process was developed by Kolmogorov in his study
of turbulence. It is used today in fluid mechanics to model turbulent systems. To
this day, fractional Brownian motion is used in fluid dynamics to model turbulent
systems. In fact, Brownian motion and fractional Brownian motion have applica-
tions in modeling population growth, neuronal activity, genetic information, turbu-
lent diffusion, radio-astronomy signals from stars, and the dynamics of satellites to

mention just a few.
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2.2 The Confidence Intervals for fBm

Theorem 2.2.1. Let (WH),ci0,00) be a fractional Brownian motion process with
Hurst index H. Then,

P(AN,E)

(N+1)(1+e) pN-1
(277)% HN \i (N—1)(1—¢) Bz

i=1

where

and ()\;) are the eigenvalues for the covariance matriv, MM | for fractional Brow-

nian noise.

Proof. Consider the fractional Brownian motion process (W/);c,00) with Hurst

index H. By the Ergodic Theorem, we have

Zivl(w Wt ) N 52H
N-—-1

almost surely where 0 = tq < t; < ... <ty and |t; — t;_1] = 0 for each 1 < i < N.
By taking logs, we can solve for H. The Ergodic Theorem is discussed more in [2].
Let t; = i for each 1 < ¢ < N. We consider

P(l — € S (Zfil(th _Wti_1)2) S 1+6)

(N — 1)t

— P((N-1)1-¢

IN

(Z(Wi - m_1)2) <(N=1)(1+¢)

1 1.7

_1 M1z
= ————€ 2% zdl' dl‘
/ / (2m)5 V/detM e

(N 1 1 6)<Zz 1 7, (1+6)
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Rotating to a basis of eigenvectors,

1 1 =
= / / . TR (i sday . day
(2m) 2/ TLiy A

(N=1)(1+¢) <ZZ 1 z2< 1)(1+e€)

Converting to spherical coordinates,

1 _1 af
= / / ¢ 3 T, PN lsinV T2 (¢ )sin ()N 3. sin(dn_o)dpd, ... ddy
N N
(2m) 2/ Iz A
where
z1 = peos(ér)
z2 = psin(¢r)cos(¢2)
x3 = psin(¢)sin(pq)cos(ps)
Tn_1 = psin(¢y)...sin(py_o)cos(dn_1)
ry = psin(¢q)...sin(dy_1)
and /(N —1)(14+¢) < p < /(N+1)(1+¢), ¢; € [0,7) for 1 <i < N —2, and
N
dn_1 € [0,27). Multiplying and dividing by |SN| g’(rﬁ), we have
2
S|

221 1 >\ N 1
|Sn| (27) N/ N1>‘/ /e (¢1)Sln(¢2> Sln(¢N 9)dpdopy...doNn

Since f(x) = €” is a convex function, by Jensen’s Inequality we have

Sy

D L - sin(py_s)dpdo,...d
1SN (27 g\/ﬁ/ /6 “2(pr)sin(ge) V0 sin(¢n o) dpdoy...dn

)(e+1) L
N=le=3B|Sy|dp

271-%\/ 21 /
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where

2 T r N 2
B = |SL|/O /0 /0 Z‘;— “2(¢y)..5in(dn—2)db1dds...ddy

=1
1 N 27 T ﬂ-x?
B |S_N|;/0 /0 /0 x “H(1)...sin(Pn—_2)dp1ds...dpn
1 N
|5N|;

Now, we will compute /; and show that

27p* () (T(3)"°I(1)

Ii -
Ai P(*5%)

for all 1 <¢ < N. Using 5(a,b) = %, we have

2 ™ s
L, = %1/0 /0 /0 22sin®™ 72 (¢y)sin® 73 (¢y)...sin(py_2)dy ... dpx_1

2 o T "
— 27;\? / cosZ(¢1)sinN2(¢1)d¢1/ sinN3(¢2)d¢2---/ sin (¢ —2)ddn—
0 0 ’
oamp? N—13 _ N-2 1 1

= 5( 7_)/8( 75)5(175)

2 2
_ 2mp? (POFHITE) ) (TEPIG) <F(%) (
Al (A2 rée4) ]\ I(3)

2

2 T T
I = %2 /0 /0 /0 23sin™ 2 (¢1)sin™ " (¢2)...sin(n—_o)dr...ddn_y

27Tp2 ™

— . /Oﬁsin2(¢1)sinN_2(¢1)d¢l/O’TCOS?(@)sm (¢2)d¢2/ (¢3)d¢3...

/ﬂ Sin((ZﬁN,Q)d(ﬁN,Q
0

) - - i
= 27;\5 / sinN(¢1)d¢1/ cos?(¢pp)sin™~ (¢2)d¢2/ sin % (¢3)dgss...

0
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/7r Sin(qu_Q)dng_Q
0

212 N+11 _N—-23 N-31 1
= P i) Ay
_ 20 PESIL) DN TEFEE) TONG)

wOIOE)TOE) TR I

_ 20 TEE) ()
RS
_ 2 TEEG) ()
N r(%3%)

I, = —/ / /xsm (¢1)sin™ 73 (2)...sin(dn_2)dy...don_1
— 27;5 /0 sin?(¢; )sin® ~ (¢1)d¢1/0 sin?(¢g)sin® 73 () deps...

/W sin2(qbi_l)sinN_i(qbi_l)dgbi_l /W COSQ(¢i>SiHN_i_1(¢i)d¢i /TF SiDN_i_2(¢i+1)d§bi+1...
0 0 0

/ Sin((bN,Q)d(ﬁN,Q

0

2 U T
— 27;5 /0 sinN(¢1)dqb1/ sin™ ! (¢o)depy...

/W SinN_i+2(¢i_1)d¢i_1 /7T cos2(¢i)sinN_i_1(gz§i)dgbi /Tr SinN_i_2(¢i+1)d¢i+1...
0 0 0

/ Sin((]ﬁN,Q)d(ﬁN,Q
0

27Tp2 N+11 N 1 N—-i+31 N—17 3 N—-:—11 1
N B(Ta§)5(5>§)---ﬁ( 5 2)5( 5 ,5)5(775)---5(15)
2rp? T(AFD(3) (5T (3) TESETG) MEAHTE) T(AE)0(E)  D(OI(3)
Ao DR T(RH) T T(EEH) TR r(%) r'3)
2mp? T(3)(D(5))N (1)

A F(TH)



In_

In-a

2m i ™
= 1 / / / ﬁv_lsinN_Q(¢1)sinN_3(¢2)...Sin(qSN_g)dgbl...dng_l

AN-2

9 ™
_ 2m / sin®(¢y)sin™~ (¢1)d¢1/ sin’(¢o)sin™*(¢2)dbs...

)\N—Z 0

/7T SiIl2(¢N73)Sin2(¢N73)d¢N73 /7T COS2(¢N72)SiH(¢N72)d¢N72
0 0

2 ™ n
= 2mp /0 sin (¢1)d¢1/ (¢2)d¢3

AN—2

/ Sin4(¢N3)d¢N3/ COS2(¢N72)SiH<¢N72>d¢N72
0 0

P  N411 N1, 51 3

>\N2

27 T ™
= 1 / / / x?\,_lsinN*Z(¢1)sinN*3(¢2)...sin(qﬁN,g)d@...d(ﬁN,l
o Jo

AN-1
2

_ _r /07r sin?(¢,)sin™ 2(¢1)de, /ﬂ sin?(¢o)sin™ =3 (o) des...

AN-1

s 2
/ SiHQ(ng_g)Sin(ng_g)dqu_Q / COS2(¢N_1)CZ¢N_1
0 0

_

/ sin® (¢1)do, / sin™ ! (¢o)depy... / sin®(¢n_2)don_o
0 0 0

AN-1

9 19/ g9/ g9




2 (1 <r<%>>N—2F<2>) 20 (1) (F(%)F %)N—3> <F<%
T\ TR ) a2y )G

since ['(z + 1) = 2I'(2),

- () (M) (1)

27 T T
In = % /0 /0 /0 2% sin™N 72 (1 )sinY 3 (y)...sin(pn_2)doy...ddN_1
2

= ;; sin2(¢1)sinN2(q§1)d¢1/ sin?(¢o)sin™ 73 () dpo...
0

N Jo

™ 2
/ sin2(¢N,2)sin(¢N,2)d¢N,2 / Sin2(¢N,1)dq§N,1
0 0

2 T e s
= T [ sin (g)dé / (6y) g / sin (b —2) Ay

AN Jo
ap> N+11 N 1 1
ZEB( 5 )85 5)-B25).
2 TRCR)YT0)

AN r(M32)

It then follows that

for all 1 < ¢ < N and thus

Therefore, we have
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IN

(N-1)(1+¢)

P((N — 1—e§(ZW ml)

Y / (N+1)(1+e) o ( pN- 1\/_dp>
(27)% HN i (N—1)(1—¢) B%

i=1

v

where
N
[l

Thus, all of the information in the bounds is obtained by understanding the

spectrum of the covariance operator.

2.3 The Spectrum for the Covariance Matrix of

fBm Increments

Now, to determine the confidence intervals for fractional Brownian motion, we study

the spectrum of the covariance operator.

Theorem 2.3.1. The mazimum eigenvalue for the covariance matrix for fractional
Brownian noise of dimension N and Hurst index H has a rate of N*"~! for H €
3

(%, 1). For H € (0, %), an upper bound for the largest eigenvalue is 3.

Proof. The covariance function for a fractional Brownian motion process (Wg (t))icpo,1)
is given by
1
EWu(0)Wa(s)) = St + [sP" = [t =),

Therefore, the matrix M has entries MNH s(i—g+1PE + i — 5 — 1] -
2]i — j|*#) for some H € (0,1). By Brauer’s Theorem, the spectrum of a matrix is

contained in the union of circles of radius equal to the absolute value of the sum of
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the rows without the diagonal entry and center equal to the diagonal entry. For the

sum of row k without the diagonal entry, we have

N
1
> S(m—k+ 127 4+ jm — k — 127 — 2jm — k?1)
m=0,m#k

as a telescoping sum,

= S+ D — B (N — B 127 — (N = R 4 (1)

Now, we will find the maximum value of this sum over all k. Let
1
Fk) =5 ((k + DX — 2 (N =k + 1) — (N - k)*) 4 (-1).
Then, we have

1
S'(k) = SH(k+ 1) = 2HE = 2H (n— k+ 1)1 4 2H(N — k)7,

Setting f'(k) = 0, we obtain

(E+ 1271 (N — B2 = 2L (N — k4 1)2

which has k = % as a solution. For the second derivative test, we have

F(k) = H2H — 1)((k + 12172 — FH=2 4 (N — |+ 1)*72 — (N — k)?H72),
Since (2H — 2) < 0 for each H € (0, 1), we have
((k. + 1)2H72 o k2H72) S 0

and
(N —k+1)2272 (N -k)*2) <0

for k > 0. Therefore, for H € (0, 3), we have (2H — 1) < 0 and thus f”(k) > 0, so
f(0) or f(N) is a maximum. Thus, for H € (0, 1), we have

2

F(0) = F(N) = SN + 1% = N 1) 4 (~1)
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N2H 1 NQH 1
— 1 T \2H __ =
2 (1+ N ) 2 2

N 9p 1. N
= —-(1+ 5 +0(

N
1
— HN2H_1 . 5 +O(N2H_2).

W))_ 2 2

Thus, 3 — HN*~! 4+ 1 is an upper bound for the largest eigenvalue. Similarly, for
H € (3,1), we have (2H —1) > 0 and thus f”(k) < 0, so f(%) is a maximum. Thus,
for H € (3,1)

N N N
Dy = (2 qy2H (P2
G +1= (5 + 1 = (57
gives us an upper bound for the largest eigenvalue. We have
N N N 2 N
e (Dyery  (yeH (g o (LyyeH _ 2V y2H
(5 + 1 = (5P = (5P + () - (5)
Using Taylor series approximation, we have
N N N 2 1 N
S qy2H _(DyeHy (e H () L o (2 L O(—)) — (L)2H
(5 + 12 = (5)21) = (5211 +2H(5) + O(55)) — (5)
4H _ _
- N2H-L 4 O(N?H-2),

Since H € (3,1), then O(N?72) — 0 as N — co. Now, we will find a lower bound

for the largest eigenvalue of M. To do this, we will consider < Mx, x > where

1
r=——(11...1)".

VN

Then, we have

As a telescoping sum,
1

= —(N+1)* =

= NP1 2921

N

Using Taylor series approximation,
1
= N2H-1(1 + 0(—N)) = N?H=1 L O(N?172),
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Since H € (3,1), then O(N?#72) — 0 as N — co. Now, we will show that the
upper and lower bounds for the matrix M are sufficiently close to one another. The

largest eigenvalue AN corresponding to matrix M™# must satisfy

4H
2H-1 N,H 2H-1
N AN < S N

To find the maximum value of 3—2, let

4H
g(H) = T

Then, we have

4.92H _ A . 22H . 9In(2)
g/(H) = 24H .

Setting ¢'(H) = 0, we obtain

Then, we have maximum value

2
) = — < 1.062.

1.06 <
g<2ln(2) ln(Z) . 2 (2)

Therefore, we have largest eigenvalue Ay g of matrix MM with rate equal to
a(H)N*1=1 where 1 < a(H) < 1.062. O

Thus, we have the rate for the largest eigenvalue for M. For future work, we
would like to continue our analysis of the spectrum of M to find tight bounds for

the concentration of measure for {Bm.
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Chapter 3

Appendix

3.1 Appendix A.

A sequence of random variables (X,,) on a probability space (92, F, P) is said to

converge "almost surely” to a random variable X provided that
P{we: X,(w) » X(w)}) =0.

This sequence of random variables converges to X ”in probability” provided that
for each € > 0,
lim P({we Q:|X,(w) — X(w)| >€}) =0.

n—o00 -
A sequence of random variables (X,,) is said to converge to a random variable X in
the LPnorm provided that
lim || X, — X]|[, =0
n—oo

where | X[, = (f,, X ()" dP(w))?.

3.2 Appendix B.

The following notes on Laplace are from [4]. Laplace first became interested in

the probabilities of randomly distributed sums of angles of inclination. In 1776, he

20



published a paper determining the probability that the sums of angles of inclination
of comet orbits were within given limits. In 1781, Laplace developed a general
method for calculating these probabilities based on convolutions of density functions.
In the most simple case, Laplace considered n variables with the same rectangular
distribution between 0 and h. Then, the probability that the sum of those variables

is between a and b is given by

r=i (3 ()romwr-$ ()re-r)

1=0 1=0

where N =min(n, [£]|) and M =min(n, [£]). However, this formula was too intri-

cate for direct numerical computations.

Laplace was particularly interested in approximating integrals by studying func-
tions with a sharp peak. For these functions, the main contribution to the integral
is contained in some small interval around the value at which the maximum occurrs.
He approximated these functions by f (a)efo‘(g”*a)2 for a function f whose maximum
occurs at x = a. One can easily see the connection between this approximation and
the density for the normal distribution. An example of an integral that Laplace

studied is the gamma function

I'(s+1) = / e Tatde.
0

Letting x = z + s,
I'(s+1)= / e~ (2 4 5)*dz.

To approximate this integral, Laplace recognized that the integrand has maximum

value at M = e %s® attained at x = s, or equivalently, at z = 0. Then, Laplace set
67(z+s)(z + S)S — 678672(2 + S)S _ MeftQZ

and expanded t? = —1log(e™*(1+ 2)®) in a power series about z. He also expanded

z in a power series about t. After transforming the variable of integration from z to

o1



t, he obtained

e 4t t2

1 1
= 35+%e_5\/27r (1+——|— + )

12s  288s%2

This computation provides an example of Laplace’s method for approximation. For
many problems, this method worked well in establishing a close approximation.
However, this method did not work well for the case of sums of random variables.
Therefore, another method was needed.

In his next approach, Laplace was able to compute probabilities for sums of
independent random variables. As an example, consider random variables X1, ..., X,
with mean 0 which take values %, méeN, k=—-m,—m+1,...,m—1,m with
probabilities py. Then, let P; denote the probability that >, X; has the value
%,—nm < j < nm. Laplace used the generating function T'(t) = >.7"  pit*.
By independence of the random variables, P; is equal to the coefficient of ¢/ in the
product (7'(¢))"™. As the execution of this method is extremely complicated, dating

back to de Moivre, Laplace employed the trick of letting ¢t = €. As a result of

1 m . .
. e—ztwezszdl, — 5t s
2 J_. ’
it follows that .
1 " —ijx - ikx
Py =& (e (zmp ) s

Expanding e*** in power series,

piye LTy Lk '
(j)—% _We Zpk 14 ikx — 5 T dx.

k=—m

As the random variables (X;) have mean 0, then we have > pik = 0 and

o pek? = m?c?. Making these substitutions, we have

1 222
P(j) = —/ e It (1 o Z T AL+ > dx

2 ) _.

02



where A is a constant depending on Y ;" pik®. Expanding

2 .2,.2

log (1 _n Z LAt ) = log(z)

in power series, we have

2922
meonx ,
log(z) = e iAnT® + ..
which gives us
5 = efoiAn:vy’#»m

20'

= e_mimn2 (1 —iAnz® + ) .

Nl

Letting y = x+/n, we have
1 m/n 2 2 2

= e IR T (1 —iAy® + .. dy.
271'\/% —mv/n ( Y ) 4
For very large n, we have

P(j)

PU) = 5om [ e
— n 2 .
N=oam )¢ ¢ y

Laplace showed in different ways that this integral is equal to

1 —j2
———————e2m202n (*) .
mo\2mn

Summing up (%) for L € [r\/n, r21/n], we have

1 _ 2
P (Tl\/ﬁ < ZX[ < TQ\/E> ~ Z m62m2]02n’
JE[mriv/n,mra/n]

approximating by an integral with Az = \/Lﬁ,

mnro 1 7],2
~ —" Ty

mry MOV2T

| o2
= e 22dx.
rn OV2T
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This gives us a special case of the CLT by establishing the probability that a sum
of random variables is within given limits. As he starts by considering discrete ran-
dom variables, he later extends to the case with m ”infinitely large.” Laplace never
proved the general CLT that we use today. Instead, he considered the approximate
probabilities involving linear combinations of observed errors. His most general ver-
sion of the CLT is the following: Let €1, ..., €, be independent observation errors with
mean ;. and variance 2. Let Aj, ..., A, be constant multipliers and a > 0. Then, we

have

e 202 dx.

P |Z)\ 0\/_

3.3 Appendix C.

The following notes on Poisson are from [4]. Unlike Laplace, Poisson started with
sums of random variables from the beginning. By considering random variables (X,)
with density functions f,, and by letting Sy = X3 + ... + X, Poisson established the

formula

Plc—e< S;<c+e)= / ( / folz m”‘”dw) sin(ecw)%x

However, the justification for this formula was incomplete. He then considered the

special case with s = 1. Changing the order of integration, he obtained the formula

Plc—e<X;<c+e)= // e @ =gin(eqr) afl(x)da:

By using the formula

/ SInke) e = T ks 0
0 2

T
he obtained

0 z¢[lc—ec+e.

/°° ia(r—c) dov {7T T € [c—€c+ €
e sin(ea)— =
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In order to establish this formula, Poisson required

cte
P(c—e§X1§c~|—e):/ fi(z)dz.

To extend to the general case, Poisson set
b
/ fo(z)cos(ax)dx := p,cos(pp)

/ fo(z)sin(ax)dz := p,sin(¢,)

where R := p;...ps and ¢ 1= ¢y + ...+ ¢s. Since R(—a) = R(a) and ¥ (—a) = —¢(a),
he showed that

2 [ d
Plc—e< S;<c+¢e) = —/ Rcos(¢ — ca)sin(ea)g.
0

™

This formula gives us the probability that a sum of the large number of random
variables is within a given limit. While Poisson’s work on the CLT was based on
the work of Laplace, Poisson’s strict mathematical analysis led to more rigorous
treatment of the CLT. Poisson’s version of the CLT can be summarized as follows:
Let Xy, ..., X, be random variables with densities that decrease sufficiently fast as
their arguments tend to too. Suppose that for the absolute values p,(a) of the
characteristic function X,, there exists a function r(a)) independent of n with 0 <
r(a) < 1 for each o # 0 such that

pnla) <r(a).

Then, for arbitrary ~,v/,

S (X, — EX 1,
Pl~< Z":1<Sn n) <4 %—/ e " du.
V2)0_ VarX, NZN

To investigate the validity of his work, Poisson considered a counterexample for

random variables with density function equal to

1
f(ﬂf):m-
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Then, we have the probability that the sum of the random variables is within a fixed

limit given by

1
Plc—e< ZX" < ¢+ €) = —arctan (L)

T 52 + 2 — €2

Therefore, the probability is not approximated by the normal distribution for large
s. Next, Poisson considered linear combinations of identically distributed errors

> An€n which satisfy
) = e

These linear combinations of errors satisfy

1—6 2¢

if v, = %, and

4
P(—c< Z'ynen <) =1— —arctan(e )
T

. 1
if Yo = 373

1 T
A+ 1 +89).(1+£5) ™ —emzm

pr(e)...ps(a) =

In the second example, we have

1 2
(I+9) A+ &) (14 pogp)  eF —e T

p1(@)...ps(a) =

Poisson’s earlier version of the CLT led the way for a more rigorous treatment.

p = \// fi(z)cos(ax)dx)? /fl x)sin(ax)dz)?

and ¢ := ¢y, Poisson showed that

Letting

Plc—e<S;<c+e) = g/ p’cos(sp — ca)sin(ea)d—a
7 Jo o
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For "infinitely small” «, he deduced that

p g
0 otherwise

. { (1 — h2a?)* « infinitely small

where

. % (/amefl(x)dx _ </aba:f1(x)dx>2> |

For "infinitely large” s and large but finite Y,

€Y )dy

7y +

2 [V e,
Plc—e< S;<c+e)r —/ e "V cos[(ks — c)%]sm(
T Jo

Y

2 [~ d
—l——/ p’cos(s¢p — ca)sin(ea)— a
T a

D

Poisson observed that
2 [ d
—/ p’cos(sp — coz)sz'n(eoz)—a ~ 0.
T a

Using the equality,

€

1
T

1cos[(k:s —0) cos[(ks —c+ z)

RN 2 )d-
y Vs Ve

we have .
Yy . €y ay
Jsin(—=)—

9 cos[(ks — ¢)—=]sin
NG
]dy) dz
(ksfc+z)2

X
7/ (/ W9 cos[(ks — ¢ + 2)
P(c—egSsgc—i—e)%; e s dz.

2hy/ms ),

Setting ¢ = ks and € = 2hry/s, he obtained the following version of the CLT

5=

Thus, we have

2 T
P(ks — 2hry/s < Sy < ks + 2hry/s) ~ 7/ et
T Jo
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3.4 Appendix D.

For an example, we will show that % has binary expansion equal to (0,1, 1,0,0,0, ...)

as follows: We first divide [0,1) into two intervals of equal length, [0,1) and [3,1).
Since £ is in the left interval [0,1), we write 0 as the first digit in the binary
expansion. Next, we divide [0, 1) into two intervals of equal length, [0, 1) and |

Since 2 is in the right interval [+ e 5) we write 1 as the second digit. Continuing the

8
4 8> and [8’ 2)

process, we divide [+
then we write 1 as the third digit in the binary

4’2)

into two intervals of equal length, [+ Since

4 5)
2 is in the right interval |

expanswn for 2. One can see that since g is the left endpoint of the interval |

g will always be in the left interval following each of the proceeding subdivisions.

s03);

8>§)

Therefore, % has binary expansion equal to (0,1,1,0,0,0,...). We can check that
0,1 ,1_3
2 TitTs =5
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