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Abstract

This thesis contains my work during Ph.D. studies under the guidance of my

advisor Huai-Dong Cao.

We initiated our research on Perelman’s Conjecture stating that the three-
dimensional steady gradient Ricci soliton is the Bryant soliton up to scaling, and we
managed to prove this with the assumption that the metric is locally conformally
flat.

Later, exploring the Bach tensor, we managed to show that a four-dimensional
Bach flat shrinking Ricci soliton is either Einstein, the quotient of a Gaussian soliton
R* or the product S* x R. For dimension n > 5, a Bach flat Ricci soliton is either
Einstein, the quotient of Gaussian soliton R* or the product of an Einstein manifold
with a line, namely N*~! x R. A similar argument can be carried over to steady

Ricci solitons with some additional assumptions.

In the proof we constructed a covariant 3-tensor called the D-tensor which is
verified to be a key link for the geometry of Ricci solitons and the well-known Weyl

curvature, Cotton tensor and Bach tensor.

As an extended study, joint with Meng Zhu, we establish the rigidity result
for Kahler-Ricci solitons with harmonic Bochner tensor. Joint with Chenxu He,
we also applied the Bach-flat argument to quasi-Einstein manifolds and prove the

classification theorem.



Chapter 1
Preliminaries on Ricci Solitons

The concept of Ricci solitons was introduced by R. Hamilton [37] in the mid 1980’s.

The importance of Ricci solitons to the Ricci flow can be illustrated as follows:

e Ricci solitons are natural generalizations of Einstein metrics.
e Ricci solitons correspond to self-similar solutions to the Ricci flow.
e The Li-Yau-Hamilton inequality becomes an equality on expanding solitons.

e Ricci solitons often appear as singularity models, i.e., the dilation limits of
singular solutions to the Ricci flow. For instance, type II and type III sin-
gularity models are steady and expanding solitons respectively; under certain

conditions, type I singularity models are shrinking solitons.

e Ricci solitons are critical points of entropy functionals. For example, com-
pact gradient steady solitons and shrinking solitons are the critical points of

Perelman’s A and v entropies, respectively.

In this chapter, we will give the definition and introduce some well-known results

on Ricci solitons.



1.1 Definitions and Basic Identities

In differential geometry, the Ricci flow is an intrinsic geometric flow. It is a process
that deforms the metric g;; of a Riemannian manifold by its Ricci tensor R

9
o9

Rl

which is formally analogous to the diffusion of heat, smoothing out irregularities in
the metric. It is the primary tool used in the Hamilton-Perelman solution to the
Poincaré conjecture. A very important part in the study of the Ricci flow is to

understand the geometry of Ricci solitons:

Definition 1.1.1. A Ricci soliton is a Riemannian manifold whose metric satisfies
Rij + Lvgij = pYij- (1.1.2)

Here V' is a smooth vector field, L is the Lie derivative, and p is a real constant.

Ricci soliton metrics stay self-similar under the Ricci flow, and they are divided

into three types called shrinking (p > 0), steady (p = 0) or expanding (p < 0).

Definition 1.1.2. A gradient Ricci soliton is a special kind of Ricci soliton whose
vector field V' is the gradient of some potential function f, namely, V = %Vf, and

hence for gradient Ricci solitons equation (1.1.2) reduces to:

Definition 1.1.3. An FEinstein metric is a Riemannian metric whose Ricci curva-

ture is constant, or namely
Rij = pgij.
It is easy to see that Einstein manifolds are necessarily Ricci solitons.

Remark 1.1.1. Given a Ricci soliton (M, go, V) satisfying (1.1.2), it is easy to

check the following self-similar solution to the Ricci flow with initial metric go:

g(t) = (1 — 2pt)d; go,

3



where ¢y is the one-parameter family of diffeomorphisms generated by 1712ptV.

Moreover, by a result of Z.-H. Zhang [61], for a complete gradient steady or
shrinking Ricci soliton, the family of diffeomorphisms {¢;} exists on (—oo,T) for

some T'.

Before we start the computations, let us fix the notation and conventions used
in this paper.

Let (M™, g;;) be a Riemannian manifold of dimension n, and denote by Ffj, Rm,
Rc and R the Christoffel symbol, Riemannian curvature tensor, Ricci curvature

2

tensor and scalar curvature respectively. In local coordinates {z',z?, ...,2"}, we

have the expression:

k= lgkl Aga | Ogj  0gij
Y2 Oxd ~ 0zt Ozt

3F§l arfl 28 'l P 1q
Rm(0;,0;, 0k, 0;) = Rijki = Gryp v Ol + 13l — T
Re(0;,0,) = Rix = ¢' Rij

Here, we use Einstein’s convention which means that we take sum over repeated
indices. For example g/hj, = 377 g hji. Also g means the inverse matrix of the
metric tensor g;;, namely g;;g/* = oF.

In some circumstances, we may also use <,> to represent the metric tensor.
Namely,

<X,Y >=g; X'V’

The covariant derivative is given by
o,
ox’

ViV, = 52 =I5V
We have the following Ricci identity:
ViViVi = V;ViVi = RijaVimg™.

Furthermore, throughout this paper, we will always use normal coordinates near

a given point where tensorial computation is performed. This means that for any
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point p, we choose local coordinates {z', z?, ..., 2™} near p such that g;;(p) = 6;; and
%(p) = 0. Therefore, we may lower all of the indices and the Ricci identities above

become

ViV;Vi = V;ViVi = RijuVi.

Lemma 1.1.1. (Hamilton [39]) Let (M", g, f) be a complete gradient Ricci soli-
ton (1.1.3). Then,

R+Af=mnp (1.1.4)
ViR, — ViR, = RijuVif (1.1.5)
ViR = 2RV, . (1.1.6)
and
R+ |Vf*—2pf =Co (1.1.7)

for some constant Cy. Here R denotes the scalar curvature.

Proof. Taking the trace of equation (1.1.3) yields (1.1.4).

From
VjRik — VlR]k = —VJVZka + Vzvjka = Rijklvlf
we obtain (1.1.5)

Using the contracted second Bianchi identity, the first equality below, and the
definition of gradient Ricci soliton (1.1.3), it follows that

VZR = QVjRij = —QVjVZ‘ij = —QVz(Af) - QRZ'lvlf;
Applying the trace version of (1.1.3), namely R+ Af = pn, we derive
VR =2V,R —-2R;V,f.

Hence (1.1.6) holds.



To prove (1.1.7), just verify that the covariant derivative of the left hand side

equals zero:

ViR + |VfI? = 2pf) = ViR +2V.V, [V, f — 20V, f
= 2(Rij + ViV, f — pgi;)V; f
=0.

]

Remark 1.1.2. For shrinking Ricci solitons, it is always possible to rescale the

metric and shift the function f by a constant, such that:
1
Rij + ViV;f = 59 and R + V> = f=0. (1.1.8)

Without ambiguity, when we refer to shrinking Ricci solitons later, we mean the

shrinking Ricci solitons with this normalization.

Proposition 1.1.1. (Hamilton [39], Ivey [43]) Any compact steady or expanding

gradient Ricci soliton must be Einstein.

Proof. We present the proof for the expanding case. The proof for the steady case is
similar yet simpler. Let (M", g;;) be a compact gradient expanding soliton satisfying
(1.1.3) for some p < 0.

From Lemma 1.1.1, we have

R+Af=mnp

and
R+ |Vf*=2pf = Co

Taking the difference:
Af— |V =—2f +C



Thus using the maximum principle, we obtain:

_2pf’max+0§0

which forces f|maz = f|min, Or equivalently implies that f is constant, which in turn
implies the soliton is Einstein.
]

From the proposition above, in low dimensions (n = 2 or 3), there are no compact
gradient steady or expanding Ricci solitons other than those of constant curvature.

It turns out that this is also true for compact shrinking Ricci solitons.

Proposition 1.1.2. (Hamilton [40] for n = 2, Ivey [43] for n = 3) In dimension
n < 3, there are no compact gradient shrinking Ricci solitons other than those of

constant positive curvature.

Remark 1.1.3. Whenn > 4, we can no longer expect such a proposition for compact
shrinking solitons. Some non-FEinstein compact shrinking Ricci soliton examples do

exist.

1.2 Examples of Ricci Solitons

In the first section, we saw that compact gradient steady and expanding solitons are
Einstein. This is also true for compact shrinking Ricci solitons in low dimensions.
However, as remarked, examples of nontrivial compact gradient shrinking Ricci soli-
tons do exist when n > 4. Also there exist complete noncompact gradient steady,
shrinking and expanding Ricci solitons which are not Einstein. In this section, we

will present some of these examples.

e Examples of Compact Shrinking Solitons

Example 1.2.1. The first example of a compact non-Einstein gradient shrink-

ing Ricci soliton was found by H.-D. Cao [9] and N. Koiso [45] independently.

7



They proved the existence of a U(n) symmetric gradient shrinking Kéhler-
Ricci soliton structure on the twisted projective line bundle P(L* & L=*) over
CP" ! for n > 2, where L is the hyperplane line bundle over CP" ' and
1 <k <n—1. In particular, in real dimension 4, it implies that there is a
shrinking Kahler-Ricci soliton structure on CIP’Q#W.

Example 1.2.2. In [60], Wang-Zhu proved that there is a unique Kéhler-Ricci
soliton structure on any toric Kahler manifold with positive first Chern class
and nonvanishing Futaki invariant. In particular, in complex dimension 2,

this means that a Kihler-Ricci soliton exists on CP*#2CP* with U(1) x U(1)

symmetry.

Examples of Noncompact Shrinking Solitons

Example 1.2.3. Feldman-Ilmanen-Knopf [32] discovered the first example of
a complete noncompact non-Einstein gradient shrinking Ricci soliton. They
found a family of shrinking Ké&hler-Ricci solitons with U(n) symmetry and a

cone-like end at infinity on the twisted line bundle over CP" .

Example 1.2.4. In 2011, A. Dancer and M. Wang [30] constructed Ricci

solitons on cohomogenity-one manifolds.

Example 1.2.5. In the same year, A. Futaki and M. Wang [34] constructed
gradient Kéahler-Ricci solitons on Ricci-flat Kahler cone manifolds and on line

bundles over toric Fano manifolds.

These examples above are constructed on Kéhler manifolds, and we point out
that so far, no example of a non-Kéhler Riemannian shrinking soliton has been

discovered.
Examples of Noncompact Steady Solitons

Example 1.2.6. The first noncompact non-Einstein steady Ricci soliton was

found by Hamilton [40] on R?, called the cigar soliton. The metric and the



potential function are given by

B dz? + dy?
- y?
and

f=—log(1+ 2> +1?).

The cigar soliton has positive curvature and linear volume growth, and is

asymptotic to a cylinder of finite circumference at infinity.

Example 1.2.7. R. Bryant [8] proved the existence and uniqueness of a com-
plete noncompact rotationally symmetric gradient steady soliton with positive

curvature on R" for n > 3.

Example 1.2.8. Examples of noncompact steady Ricci solitons on Kahler
manifolds were first found by H.-D. Cao [9]. He constructed U(n) symmetric
gradient steady Ké&hler-Ricci solitons on both C" and the blow-up of C"/Z,

at the origin.

e Examples of Noncompact Expanding Solitons

Example 1.2.9. In addition to the steady solitons, R. Bryant [8] also proved
the existence of noncompact rotationally symmetric gradient expanding Ricci

solitons with positive curvature on R".

Example 1.2.10. A one-parameter family of gradient Kahler-Ricci expanding
solitons was discovered by H.-D. Cao [9] on C". These solitons are U(n)

symmetric and have positive sectional curvature.

Example 1.2.11. More examples are found by Feldman-Ilmanen-Knopf [32]
on the twisted line bundle L=* on CP"™! for k = n+ 1,n + 2, ..., where L is
the hyperplane bundle.

e The Gaussian Solitons



Example 1.2.12. The Euclidean space (R",0;;) with the flat metric can be
considered as either a gradient shrinking, steady or expanding soliton, called

the Gaussian shrinker, steady soliton or expander respectively.

i) The Gaussian shrinker has potential function f = % satisfying

1
ii) The Gaussian steady soliton has potential function f = 0 satisfying
Re+VVf=0

iii) The Gaussian expander has potential function f = —% satisfying

1
Rc+VVf = —359

For more examples, we refer the reader to the survey paper [11] of H.-D. Cao.

1.3 Geometry of Gradient Ricci Solitons

In this section, we are going to discuss some important geometric properties and

classification results of gradient Ricci solitons.

1.3.1 Geometry of Gradient Shrinking Ricci Solitons

By an ancient solution, we mean a complete solution to the Ricci flow whose existing

time is (—oo, T'] for some 7'

Lemma 1.3.1. Let (M",g;;(t)) be an ancient solution to the Ricci flow. Then it

has nonnegative scalar curvature R > 0.

Further, when n = 3, B.-L. Chen [25] showed more:

Lemma 1.3.2. Any 3-dimensional ancient solution to the Ricci flow must have

nonnegative sectional curvature.

10



It follows from the completeness of the gradient vector field of the potential
function f, that one can construct an ancient solution from a shrinking or steady
Ricci soliton. Namely from the view of Ricci flow, shrinking or steady Ricci solitons

are special cases of ancient solutions. Thus as a corollary:

Lemma 1.3.3. Let (M",g;j, f) be a complete gradient shrinking or steady soliton.

Then it has nonnegative scalar curvature R > 0.

Lemma 1.3.4. Any 3-dimensional complete gradient shrinking or steady Ricci soli-

ton must have nonnegative sectional curvature.

Z.-H. Zhang [61] proved that a locally conformally flat shrinking or steady Ricci
soliton has nonnegative curvature operator. Combined with the Lemma 1.3.4, we

can conclude:

Lemma 1.3.5. Let (M™, g, f) be a complete gradient shrinking or steady Ricci soli-
ton. Then the curvature operator Rm > 0 provided either

(i) n=3 or

(i) n > 4 and g is locally conformally flat.

When a complete shrinking Ricci soliton has bounded nonnegative curvature
operator, by a maximum principle of Hamilton, it either has positive curvature
operator everywhere or its universal cover splits as N x R*¥ with & > 1 and N a
shrinking soliton with positive curvature operator. Moreover, if a shrinking soliton
with positive curvature operator is compact, then it must be a finite quotient of the
round sphere by the results of Hamilton [37, 38| (for n = 3,4) and Béhm-Wilking
[3] (for n > 5). Brendle and Schoen [7] and Brendle [6] got the same conclusion
under some weaker suitable positive curvature conditions.

Perelman [54] showed that, in dimension 3, there is no noncompact gradient

shrinking soliton with bounded positive curvature operator.

Lemma 1.3.6. (Perelman [54]) Any complete 3-dimensional gradient shrinking

Ricci soliton with bounded positive sectional curvature must be compact.

11



Remark 1.3.1. In the Kdihler case, Ni [51] has shown the nonezxistence of noncom-
pact gradient shrinking Kdhler-Ricci solitons with positive holomorphic bisectional

curvature.

Based on Lemma 1.3.6, Perelman obtained the following important classification

result:

Theorem 1.3.1. (Perelman [54]) Any complete 3-dimensional nonflat gradient
shrinking Ricci soliton with bounded nonnegative sectional curvature must be either

a quotient of S* or a quotient of S* x R.

In the past decade, a lot of effort has been made to improve and generalize
this result of Perelman. Ni-Wallach [52] and Naber [50] replaced the assumption of
nonnegative sectional curvature by nonnegative Ricci curvature. In addition, instead
of assuming bounded curvature, Ni-Wallach [52] allows the curvature to grow as fast
as e (@) where r(z) is the distance function to some arbitrarily fixed point and a > 0

is some constant. More specifically, they proved:

Proposition 1.3.1. (Ni-Wallach [52]) Any 3-dimensional complete noncompact
nonflat gradient shrinking Ricci soliton with Rc > 0 and |[Rm|(z) < e¥®) must be
a quotient of the round cylinder S* x R.

Based on Lemma 1.3.4 and Proposition 1.3.1, Cao-Chen-Zhu [13] were able to

remove all the assumptions on the curvature.

Theorem 1.3.2. (Cao-Chen-Zhu [13]) Any 3-dimensional complete noncompact
nonflat gradient shrinking Ricci soliton must be a quotient of the round cylinder
$? x R.

For n = 4, Ni-Wallach [53] showed that any 4-dimensional gradient shrinking
Ricci soliton with nonnegative curvature operator and positive isotropic curvature,
satisfying certain additional assumptions, is a quotient of S* or S* x R. Using this
result, Naber [50] proved

12



Theorem 1.3.3. (Naber [50]) Any /-dimensional complete noncompact shrinking
Ricci soliton with bounded nonnegative curvature operator is isometric to R*, or a

finite quotient of S* x R or S? x R2.

For higher dimensions, the classification of gradient shrinking Ricci solitons was
solved under the assumption that the Weyl tensor vanishes by the work of Eminenti-
La Nave-Mantegazza [31], Ni-Wallach [52], Z.-H. Zhang [61], Petersen-Wylie [56] and
Munteanu-Sesum [49].

Eminenti-La Nave-Mantegazza [31] showed that any compact shrinking Ricci
soliton with vanishing Weyl tensor is a quotient of S™.

In the noncompact case, Ni-Wallach [52] proved

Proposition 1.3.2. (Ni-Wallach [52]) Let (M", g, f) be a locally conformally flat
gradient shrinking Ricci soliton with Rc > 0. Assume that

|Rm|(:v) < ea(r(:c)—H)

for some constant a > 0, where r(z) is distance function to some fized point. Then

its universal cover is R™, S™ or S"~! x R.

By showing that locally conformal flat gradient shrinking Ricci solitons have
nonnegative curvature operator and utilizing the above result, Z.-H. Zhang [61]

proved

Theorem 1.3.4. (Z.-H. Zhang [61]) Any gradient shrinking soliton with vanishing
Weyl tensor must be a finite quotient of R®, S™ or S"! x R.

The work of Petersen-Wylie [56], Cao-Wang-Zhang [20] and Munteanu-Sesum
[49] gives another path to get the same classification result. Indeed, Petersen-Wylie
first showed

Proposition 1.3.3. (Petersen-Wylie [56]) Let (M", g, f) be a gradient shrinking

Riccr soliton with potential function f. If the Weyl tensor vanishes and
/ |Rc|?e 7 dV < oo,
M
then (M™, g, f) is a finite quotient of R™, S™ or S*™! x R.

13



Munteanu-Sesum [49] later proved the L? integrability of the Ricci tensor based

on the following Cao-Zhou’s growth estimate of the potential function [18].

Lemma 1.3.7. (Cao-Zhou [18]) Let (M",g:;, f) be a complete noncompact gra-

dient shrinking Ricci soliton with normalization (1.1.8). Then,

(i) the potential function f satisfies the estimates

1

~(r(@) —a)* < f(2) <

: (r(a) + 2,

1 =

where r(x) = d(zg, x) is the distance function from some fized point xy € M, ¢ and

cy are positive constants depending only on n and the geometry of g;; on the unit

ball B(xy,1);
(ii) there ezists some constant C > 0 such that
Vol(B(xg, s)) < Cs"
for s > 0 sufficiently large.

Recently, Ferndndez-Lépez and Garcia-Ri6 [33] obtain the rigidity result under

the harmonic Weyl assumption:

Proposition 1.3.4. (Fernidndez-Lépez and Garcia-Rié [33]) Any complete

gradient shrinking Ricci soliton (M™, g, f) with harmonic Weyl tensor and
/ | div Rm|?e/dV = / IVRc|?e™7dV (1.3.1)
M M

must be rigid, i.e. it is a quotient of N"F x RF, where 0 < k < n, N is an Einstein

manifold and R* is the Gaussian shrinker.

Again, Munteanu-Sesum [49] used Cao-Zhou’s potential function growth esti-

mate to prove Equation (1.3.1). Therefore, they proved:

Theorem 1.3.5. (Munteanu-Sesum [49]) Any complete gradient shrinking Ricci

soliton with harmonic Weyl tensor must be rigid.

14



1.3.2 Geometry of Gradient Steady and Expanding Ricci

Solitons

Since any compact steady or expanding soliton is Einstein, our discussion here only

concerns the noncompact cases.

Proposition 1.3.5. (Hamilton [39]) Suppose that a noncompact gradient steady
Ricci soliton (M™, g, f) salisfies

Rij = V.V, f

for some function f. Assume that the Ricci curvature is positive and the scalar

curvature attains it mazimum R,,.. at some point xq. Then
2
IVfI*+ R = R
Moreover, the function is convex and attains its minimum at .

Remark 1.3.2. Cao-Chen [14] also showed that in this case, the function fis an

exhaustion function with linear growth. Hence we have

Proposition 1.3.6. A complete noncompact gradient steady soliton with positive
Ricci curvature whose scalar curvature attains its mazimum at some point must be

diffeomorphic to R™.
Similar results hold for expanding solitons:

Proposition 1.3.7. If a complete noncompact expanding gradient Ricci soliton has
nonnegative Ricci curvature, then its potential function f is a convex exhaustion

function with quadratic growth and the manifold is diffeomorphic to R™.

In the Kéhler setting, Cao-Hamilton [16] first showed that any noncompact gradi-
ent steady Kahler-Ricci soliton with positive Ricci curvature whose scalar curvature
attains its maximum at some point is Stein. Later, Chau-Tam [24] and Bryant [§]

independently improved the result to the following

15



Theorem 1.3.6. (Chau-Tam [24] and Bryant [8]) Any noncompact gradient
steady Kdhler-Ricci soliton with positive Ricci curvature whose scalar curvature at-

tains its maximum at some point is bitholomorphic to C™.
Moreover, Chau-Tam [24] also showed

Theorem 1.3.7. (Chau-Tam [24]) A complete noncompact gradient expanding

soliton with nonnegative Ricci tensor must be biholomorphic to C".

The classification of steady Ricci solitons with positive curvature is one of the
basic problems in the study of Ricci solitons. In dimension 2, Hamilton [40] proved

the following important uniqueness Theorem:

Theorem 1.3.8. (Hamilton [40]) The only complete steady Ricci soliton on a 2-
dimensional manifold with bounded curvature R which assumes its mazimum R, =

1 at some point is the cigar soliton.

In dimension 3, Perelman [54] claimed that any complete noncompact k-noncollapsed
(see [54] for definition) gradient steady Ricci soliton must be the Bryant soliton.
However, he did not provide a proof. We initiated the study by showing the unique-
ness under the assumption of locally conformal flatness, as will be described in the

next chapters.

16



Chapter 2

Bach Flat and Locally
Conformally Flat Gradient Ricci

Solitons

2.1 Major Results

A fundamental question is the classification problem of Ricci solitons. Since compact
steady and expanding Ricci solitons must be Einstein, our main focus will be on the
noncompact cases as well as the shrinking Ricci solitons. This section is consist of
the author’s works, joint with H.-D. Cao, related to the classification of complete

steady and shrinking Ricci solitons.

2.1.1 Locally Conformally Flat Gradient Steady Ricci Soli-

tons

In dimension 2, Hamilton discovered the first example of a complete noncompact
gradient steady Ricci soliton, called the cigar soliton. For dimension n > 3, Bryant
proved that there exists, up to scaling, a unique complete rotationally symmetric
gradient steady Ricci soliton on R"™. A well-know conjecture by Perelman [55] is

that when n = 3, the Bryant soliton should be the unique nonflat x-noncollapsed

17



gradient steady Ricci soliton.

The first progress was made by the author and his advisor H.-D. Cao in which
they classified the locally conformally flat steady Ricci solitons.

Locally conformal flatness of (M", g) means that at any point p € M, there is
a neighborhood V' C M and a real-valued function f on V, such that (V,efg;;) is
flat, namely its curvature vanishes. Fortunately such a property of a Riemannian
manifold is well-understood by the Weyl-Schouten theorem, which says that a Rie-
mannian metric is locally conformally flat if and only if its Weyl curvature tensor
vanishes for n > 4 or the Cotton tensor vanishes for n = 3.

Here the Weyl tensor is given by

1
Wiiki =Riji — m(gikRﬂ — gaRjr — gjRu + g1 Rix)

R (2.1.1)
+ (girgjt — gugjr)
(n—1)(n—2)""" IR
and the Cotton tensor by
1
Cijk = ViRj, — VR, — m(gjkViR — g V,;R). (2.1.2)

Exploring these two tensors on the gradient steady Ricci solitons,

Theorem 2.1.1. (Cao-— [14]) Let (M", g, f) (n > 3) be a complete noncompact
gradient steady Ricci soliton. If further we assume it is locally conformally flat, then

it must be either flat or isometric to the Bryant soliton.

Our proof was in part motivated by the works of physicists Israel (1967) and
Robinson(1977) concerning the uniqueness of the Schwarzchild black hole among
all static, asymptotically flat vacuum space-times. In the course of proving The-
orem 2.1.1, we found a new covariant 3-tensor D;j, defined on any gradient Ricci
soliton, which turns out to be crucial and relates the classical Weyl tensor, the
Cotton tensor and also the Bach tensor with the geometry of a Ricci soliton.

Later, exploring the D-tensor, X.-X. Chen and Y. Wang [28] extended our result
replacing the condition by half-conformally flat when n = 4. Subsequently in [12]
we further extended the result to the Bach-flat case, which is a weaker condition

than half-conformal flatness.
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Theorem 2.1.2. (Cao-Catino-—-Mantegazza-Mazzieri [12]) Let (M™,g, f)
(n > 4) be a complete noncompact gradient steady Ricci soliton. If further we assume
it has positive Ricci curvature that the scalar curvature attains its maximum, and is

Bach flat, then it must be isometric to the Bryant soliton.

Here we remark that with the help of Theorem 1.1 in [18], the Bach-flat condition
works better for the shrinkers, which we are going to explore more in the next

subsection.

2.1.2 Bach Flat Shrinking Ricci Solitons

The Bach tensor was introduced by R. Bach in the early 1920’s to study conformal

relativity. From the definition of the Bach tensor,

1 1
Bij = 5 VEViWikji + —— RaWikji, (2.1.3)

n— -2

it is not hard to see that either Einstein or local conformal flatness will imply Bach-
flatness. Moreover when n = 4, a Bach-flat metric is precisely a critical point of the

following conformally invariant functional on the space of metrics,

W = / |Wg|2dvgv
M

where W, is the Weyl tensor of the metric g. Thus Bach-flatness is an invariant
condition under conformal change. Furthermore it is well-known that when n = 4,

half-conformal-flatness (either self-dual or anti-self-dual) also implies Bach-flatness.

Theorem 2.1.3. (Cao-— [15]) Let (M*, g;;, f) be a complete Bach-flat gradient
shrinking Ricci soliton. Then, (M*, g;;, f) is either

(i) Einstein, or

(#1) Locally conformally flat, and hence a finite quotient of the Gaussian shrinking

soliton R* or S x R.

Theorem 2.1.4. (Cao-— [15]) Let (M",g:;, f) (n > 5) be a complete Bach-flat
gradient shrinking Ricci soliton. Then, (M™, g;, f) is either
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(i) Einstein, or
1) a finite quotient of the Gaussian shrinking soliton R™, or
g
(iii) a finite quotient of N""' xR, where N"~1 is an Einstein manifold of positive

scalar curvature.

The main idea of the proof of the above two theorems is to explore the relation
between the Weyl tensor, the Cotton tensor, the Bach tensor, and gradient Ricci

soliton equations. The key link is the covariant 3-tensor D, defined by

Diji. Iﬁ(ﬁ’jkvif — RV f) + 2 = 1;(71 ) (9;x ViR — gixV;R)
. ] : (2.1.4)
+ (n—1)(n—2) (9kVif = g Vif)

which was first constructed by H.-D. Cao and the author, as mentioned previously.
On the other hand, we proved the following key identity

2|V fI4 H 1
’—f‘zlhab - —gab|2 +

(n—2) n— 2(n—1)(n—2)
where ¥ is a level set of f at some regular value, hy;, is the second fundamental form
of ¥, and VxR is the projection of VR onto the tangential direction of >. This D

|D|? = IVsR[2, (2.1.5)

tensor is closely related to the geometry of the f-level sets. In addition we can show
the vanishing of D-tensor from Bach-flatness, and then following by some pointwise
computation, equation (2.1.5) will yield the vanishing of the Cotton tensor, and
therefore the work of Ferndndez-Lopéz and Garcia-Rio [33], and Munteanu-Sesum
[49] will result in the rigidity.

2.2 The covariant 3-tensor D;;; and its Relation

to Geometry

In this section, we will recall some important tensors closely related to the geometry
of gradient Ricci solitons, which is the starting point for the proof of Theorem 2.1.1,
Theorem 2.1.3 and Theorem 2.1.4.
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First of all, we recall that on any n-dimensional Riemannian manifold (M™, g;;)

(n > 3), the Weyl curvature tensor is given by

1
Wikt =Rijit — ——= (9 Rji — 9aRjr — gjRa + g1 Rix)

& o.L1)
+ (n—1)(n—2) (9irgjt — gugi),
and the Cotton tensor by
Cijk = Vszk - V]Rzk - (g]ksz — gzkng) (212)

2(n—1)

It is well-known that, for n = 3, W;jy vanishes identically, while Cj;, = 0 if
and only if (M3, g;;) is locally conformally flat; for n > 4, Wi, = 0 if and only if
(M™, g;j) is locally conformally flat. Moreover, for n > 4, the Cotton tensor Cjjy, is,
up to a constant factor, the divergence of the Weyl tensor:

n— 2

Ciin = —
ik n—3

VWi, (2.2.1)

hence the vanishing of the Cotton tensor Cj;; = 0 (in dimension n > 4) is also
referred as being harmonic Weyl.
Moreover, for n > 4, the Bach tensor is defined by
B—1VVW+1RW (2.1.3)
zj—n_g k VIVVikjl n—9 kLYY ikjl- -1
By (2.2.1), we have

1
Bij = m(vkckij + RuaWikji). (2.2.2)

Note that Cjj; is skew-symmetric in the first two indices and trace-free in any
two indices:

Cz’jk: = —Cjz’k and gijC'Z-jk = g““Cijk =0. (223)

Next, let us recall the covariant 3-tensor D;j;, on any gradient Ricci soliton

introduced in our work [14] and its important properties.
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For any gradient Ricci soliton satisfying the equation (1.1.3) the covariant 3-
tensor D, is defined as:

{ 1
m(Rjkvif — R V;f) + 2(n—1)(n—2)

o 1;?” ) (96 Vif — 9V f)-

Diji, = (ijVzR - gikij)

(2.1.4)

This 3-tensor D;j;, is closely tied to the Cotton tensor and played a significant
role in our previous work [14] classifying locally conformally flat gradient steady
solitons, as well as in the subsequent work of X. Chen and Y. Wang [28].

Most of the material in this section can be found in [14].

Lemma 2.2.1. Let (M", g;j, f) (n > 3) be a complete gradient soliton. Then Dy,
is related to the Cotton tensor Cij, and the Weyl tensor Wiju by

Diji. = Cijr. + Wi Vi f.
Proof. From the soliton equation (1.1.3) and the Ricci identity, we have
ViRji, — VR = =V;V;Vi f + V;ViVi [ = =Ry Vi f.

Hence, using equation (2.1.1), (2.1.2) and (1.1.6), we obtain

1
Cijk =ViRj, — VR, — m(gjkviR — gV, R)

1
- Rijklvlf - m(gijil - gikle)vlf

1

=—WiyuVif — m(Riijf — RjiVif)
1

+ 2n—1)(n—2) (9x ViR — gV R) + =D —2) (9 Vi f — g Vif)
— Wi Vi f + Dijy.

]

Remark 2.2.1. By Lemma 2.2.1, D;j;;, is equal to the Cotton tensor Cij, for three-
dimensional gradient Ricci solitons. In addition, from Wiju = —Wiuk, we have
that

DijpVif = Cijp Vi f.
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Also, clearly D;;i, vanishes if (M™, g;;, f) (n > 3) is either Einstein or locally con-
formally flat. Moreover, like the Cotton tensor Ciji, Diji 1s skew-symmetric in the

first two indices and trace-free in any two indices:

What is so special about D;j; is the following key identity, which links the norm

of D;;i, to the geometry of the level surfaces of the potential function f.

Proposition 2.2.1. (Cao-— [14]) Let (M™", g5, f) (n > 3) be an n-dimensional
gradient Ricci soliton satisfying (1.1.3). Then, at any point p € M™ where V f(p) #
0, we have

2

H
-1

21V /I
(n —2)?

where hy, and H are the second fundamental form and the mean curvature of the

1
+ IV.R|?, (2.1.5)

[ Digal* = 2(n —1)(n — 2)

ab — Gab

level surface ¥ = {f = f(p)}, and gap is the induced metric on 3.

Proof. Let {e1,eq, -+ ,e,} be any orthonormal frame, with e; = Vf/|Vf| and
€g, -+ ,e, tangent to . Then the second fundamental form h,, and the mean

curvature H are given respectively by

Vf 1 PGab — Rap
” ) S = e (225)
and X
H=——[(n—1)p— (R— Ru))

Hence, it follows that

h 2 _ ’pgab_Rab|2 _ 1 1 2 20(R R - R 2
| ab| - |vf|2 - |Vf|2[(n - )p - p( - 11) + Z | ab| ]’
a,b=2

and

2 _ 1 2 2 2
H” = W[(n—l) p”—2(n—1)p(R— Ru) + (R — Ru1)7l.
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By (1.1.6),

Ri = — Re(V|.Vf) =

V7P VIV

L
v p?
and

1 1
Ry, = ~ Re(Vf,ed) = WV

Moreover,

V=R =) VLRI = VR - |v 75 (VR VY.
a=2

Thus, by direct computation, we obtain

2

H H2
hap — mgab :’hab|2 - 1
1
T bZ Rl = Gy )
2 2 (R— Ru)?
~fenet - 2ZR “ ) G
R
ReP 4+ ———— VR — RI2
IVfP' o e VR gl
n—2 5 R2
Fi—oee VY T e
On the other hand, by (1.1.6) and (2.1.4), we obtain
1 1
| Dijie|” =mleN@-f — RV f* + 2 D 2)2\VR|2
2R? 2
* (n—1)(n—2)? VAP + (n—1)(n—2)? [RVR -V f— Re(Vf,VR)
4R R
BCES O [RIVf]> = Re(Vf, V)] — CERE Q)QVR Vf
:mﬂRjsz‘f — RV f|? — mLRVf — §VR|2)
_ 2|V 1

(n— 2 P g gV

1 2 2 2
S 2(n—1)(n - 2)2(WR| —ARVE-Vf+AFV ).
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Therefore, one can verify directly that

2‘ f‘4 2 2
2V e p e
(TL 2)2| ab n 1gab| | zgk| 9

1 2
D) =

O

Finally, thanks to Proposition 2.2.1, the vanishing of D,;; implies many nice
properties about the geometry of the Ricci soliton (M", ¢;;, f) and the level surfaces
of the potential function f.

Proposition 2.2.2. (Cao-— [14]) Let (M™, g;j, f) (n > 3) be any complete gradi-
ent Ricci soliton with Dy, = 0. Let y be a regular value of f and X, = {f =~} be
the level surface of f. Set ey =V f/|V f| and pick any orthonormal frame ey, - - - , e,

tangent to the level surface .. Then:
(a) [V f* and the scalar curvature R of (M™, gij, f) are constant on X.;
(b) Ria =0 for any a > 2 and ey = Vf/|V f| is an eigenvector of Rc;
(c) the second fundamental form he, of ¥, is of the form hg, = %gab;
(d) the mean curvature H is constant on X.;

(e) on X, the Ricci tensor of (M", g;;, f) either has a unique eigenvalue X, or
has two distinct eigenvalues N and i of multiplicity 1 and n — 1 respectively. In

either case, ey = Vf/|V f| is an eigenvector of X.

Proof. Clearly (a) and (c) follow immediately from D;j, = 0, Proposition 2.2.1, and
(1.1.7);

(b) follows from (a) and (1.1.6): Ry, = ﬁvaR = 0;

For (d), we consider the Codazzi equation

Ricar = Vf”hbc — V?Whac, a,bc=2,--- n. (2.2.6)

Tracing over b and ¢ in (2.2.6), we obtain

1
n—1

Rig=V>"H =V, "hey = (1 — )V H.
Then (d) follows since Ry, = 0.
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Finally, by (2.2.5) and (c), we know

H
Rab = pgab — |V flhay = (p — m|vf|)gab-

But both H and |V f| are constant on 3., so the Ricci tensor restricted to the

tangent space of X, has only one eigenvalue p:
M:Raa:p_H|vf’/(n_1)7 a=2---,n,

which is constant along ¥,. On the other hand,

A=Ry=R-)> Ru=R—-(n—1)p+H|V|,

a=2

again a constant along >,. This proves (e).

2.3 Proof of the Main Theorems

2.3.1 Proof of Theorem 2.1.1

From the well-known fact that the locally conformally flat condition is equivalent
to the vanishing of the Weyl tensor (2.1.1) and the Cotton tensor (2.1.2), we can
conclude the vanishing of the D tensor with the help of Lemma 2.2.1. And thus, we
are free to use Proposition 2.2.2. Furthermore, under the assumption of locally con-

formal flatness, we can extend Proposition 2.2.2 by adding a roundness conclusion:

Proposition 2.3.1. (Cao-— [14]) Let (M™, gi;, f) (n > 3) be any complete locally
conformally flat gradient Ricci soliton, and let ¢ be a reqular value of f with ¥, =
{f = 7} the corresponding level surface of f. Set ey = Vf/|Vf| and pick any
orthonormal frame es, - - - , e, tangent to the level surface ¥, Then:

(a) |V f* and the scalar curvature R of (M™, gi;, ) are constant on %.;

(b) Rio, =0 for any a > 2 and ey = Vf/|V f] is an eigenvector of Rc;

(¢) the second fundamental form he, of ¥, is of the form hg, = %gab;
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(d) the mean curvature H is constant on X.;

(e) on X, the Ricci tensor of (M", g;;, f) either has a unique eigenvalue X, or
has two distinct eigenvalues N and p of multiplicity 1 and n — 1 respectively. In

either case, ey = Vf/|V f| is an eigenvector of A

(f) ¥ with the induced metric has constant sectional curvature.

Proof. (f): By the Gauss equation, for a # b, and using (c):

H2
2y
Rabab = Rabab + haahbb - th == Rabab + m (231)
Using (2.1.1):
1 R
Rab(zb — m(Raa + Rbb) — (n — 1)(n — 2)
2u R

"n—-2 (mn-Dn-2)

Therefore, as is easy to see from (a), (d) and (e), that the sectional curvature of 3,

1S a constant.

]

Now we can complete the proof of Theorem 2.1.1:

Proof. Now (M™, g, f) is a complete gradient steady Ricci soliton, and from lemma 1.3.5
we have Rm > 0. Together with equation (1.1.7), we have 0 < Rm < C' for some
constant C. By Hamilton’s strong maximum principle, we know either Rm > 0 or

the holonomy group is not transitive. The latter case splits into several cases:
(a) Riemannian Product: The only locally conformally flat Riemannian prod-
uct with nonnegative curvature operator is a space form N"~! with S' or R, and it

is easy to see it must be flat to be a steady Ricci soliton.

(b) Locally Symmetric Space: A locally symmetric steady Ricci soliton must

be Ricci-flat, and hence flat since the Weyl tensor vanishes.
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(c) Irreducible and non-locally symmetric: Referring to Berger’s list, all

possible cases with non-transitive holonomy are Ricci-flat and hence flat.

Now, it remains to consider the first case for which Rm > 0. From Gromoll-
Meyer [35], M™ is diffeomorphic to R™. With Rc = —Hessf > 0, f can have at
most one critical point. Letting ¥, = {z € M|f(z) = v} and 6% 6%...,0" as the
coordinates on ¥, for regular value vy, the metric on the regular set of f can be

written as
1

VP
With the condition Rm > 0, Proposition 2.3.1 shows (X, ge) is a space form of

g df?* + ga(f, 0)d6"d6". (2.3.2)

positive curvature, and thus the round sphere, which in turn implies there exists a
critical point O for f. Therefore (2.3.2) holds on M — {O} = R" — {O}, and we
complete the proof that M is a rotationally symmetric steady Ricci soliton on R”,
which must be the Bryant soliton.

O

2.3.2 Proof of Theorem 2.1.3 and Theorem 2.1.4

Throughout this section, we assume that (M", g;;, f) (n > 4) is a complete gradient
shrinking soliton satisfying (1.1.8).
First of all, we relate the Bach tensor B;; to the Cotton tensor Cj;, and the

tensor D1, and then show that Bach-flatness implies D;j;, = 0:

Lemma 2.3.1. Let (M", g;, f) be a complete gradient shrinking soliton. If B;; = 0,
then D;;, = 0.

Proof. By direct computations, and using (2.2.2), (2.2.3) and lemma 2.2.1, we have
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1 1
Bi; = _mvkcikj s BuWii
1 1
= =5 ViDinj = Wi Vif) + —— R Wik
1 1
R (ViDirj — ViWai Vi f) + —(Rkl + Vi Vi )Wij.

Hence, by (1.1.8) and (2.2.1)

n

1 -3
Bij = (Vk Zk?j _ 2C]lzvlf) (233)

Next, we use (2.3.3) to show that Bach flatness implies vanishing of the tensor
D;ji. By Lemma 1.3.7, sublevel sets €2, = {z € M|f(z) < r} of f are compact.
Now by the definition of D;;i, the above identity (2.3.3), as well as properties (2.2.3)
and (2.2.4), we have

1
/ BV, fdV = —— / VD ViV, fdV
Q. (n=2) Jo,

! ( / Di;VifViV;fdV — / V(D Vif Vi f)dV)
Qr

n —
= ——— / D,k]V fR de + D,k]V,fV]fude)
n — 2 99,
= _m/ Dzk] V fR]k - Vk:fRz])
1
2 Ja,

Here we have used (2.2.4) and the following equation concerning the boundary
term:

Dikjvifvjfykds = DZ,WV fV kaf dsS = 0.
Q. o |Vf‘

By taking r» — oo, we immediately obtain
1
M 2 Ju
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This completes the proof of Lemma 2.3.1.
O]

Lemma 2.3.2. Let (M™,gi;, f) (n > 4) be a complete gradient shrinking Ricci

soliton with vanishing D;j,. Then the Cotton tensor Cy, = 0 at all points where

Vf#0.
Proof. First of all, D;j, = 0 and Lemma 2.2.1 also imply
Cijk = —WijuVif, (2.3.4)
hence
CijkVif = Wi Vi fVif = 0. (2.3.5)

Then, for any point p € M with V f(p) # 0, we choose a local coordinates system
(6%,--- ,0™) on the level surface ¥ = {f = f(p)}. Then, in an open neighborhood

U of ¥ in M, we use the local coordinate system
(x17$27“' ’xn) = (f7927"' >8n)

adapted to level surfaces. In the following, we use a, b, ¢ to represent indices on the
level sets which range from 2 to n, while 7, j, k from 1 to n. Under the above chosen

local coordinate system, the metric g can be expressed as

1
ds* = df? + gap(f, 0)d6°d6".
S ’vf|2 f +g b(fv )
Next, we set v = —é—}c‘. It is then easy to see that
v flo Oy = —_vy
v=— , or = ——=V/.
’ ik

Also 0, and 0y shall be interchangeable below. And we have
Vif =1, and Vof =0 for a > 2.
Then, in this coordinate, (2.3.5) implies that
Cij1 = 0.
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Claim 1: D;j;, = 0 implies Cgpe = 0.

To show C,p. = 0, we make use of Proposition 2.2.2 as follows: from the Codazzi
equation (2.2.6) and he, = Hgap/(n — 1), we obtain

1
Rlcab — vazhbc - v(?hac - m(gbcaa(H> - gaCab(‘H))'

But we also know that the mean curvature H is constant on the level surface X
of f, so
Rlabc = 0.

Moreover, since R;, = 0, we easily obtain
Wiabe = Riabe = 0.
By (2.3.4), we have
Cape = _Wabcivjfgij = chabvlfgn =0.

This finishes the proof of Claim 1.
Claim 2: D;j;, = 0 implies Ci4 = Caip = 0. To see this, let us compute the

second fundamental form in the preferred local coordinate system (f, 62 ---  0"):
1 T
hay = — < v, Vo0, >=— < v,I',,0f >= —*-.
v

But the Christoffel symbol T'}, is given by

1
L — Z

N agab
of

) = SV,

Hence, we obtain
1

hab - §V(gab>-

On the other hand, since |V f| is constant along level surfaces, we have

[0a, v] = —[0a, |V f105] = 0.
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Then using the fact that < v, v >=1 and < v,0, >= 0, it is easy to see that
V,v=0.

By direct computations and using Proposition 2.2.2, we can compute the follow-

ing component of the Riemannian curvature tensor:

Rm(v,04,v,0,) =< V,Vu0y — VoV, 0y, v >
=<V, (V20 + VL0, v > — < V.V, 0, v >
=< VZ.0y, —Vyu >+ < V,(=hgv),v > + < Vv, Vv >
= —V(hap) + haches
v(H) H?

= _n N 1gab + (TL — 1>anb-

Taking the trace over a,b yields

H2
=—v(H
Re(v,v) v( )—l—n_l
Thus
v(H) H?
R acw 78 = -7 al 7 Ao Ya
m(V7 v b) n — 1g b+ (n_ 1)2g b
Re(v,v)
= —————Gab-
n—1

Finally, we are ready to compute C1,p:

Crap = WiV f§7 = Wians|Vf|? = W (v, 0, v, Oy),

but using proposition 2.2.2 (e), we have:
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Rg, 1
W(Va aaa v, ab) - Rm(y, aaa v, ab) + (n _ 1)9(;;/ — 2) - n— 2(RC(V7 V)gab + Rab)
_ Re(v,v) Rgap
= ot Wt o o2 e )ga + Ra)
_ A <)‘ + (n B 1):“)9(11) 1
=0.

Therefore,
C1lab = Wlalb =0.

This finishes the proof of Claim 2.
Therefore we have shown that Cj;1 = 0, Cge = 0 and Cip, = 0. This proves
Lemma 2.3.2.
]

For dimension n = 4, it turns out that we can prove a stronger result:

Lemma 2.3.3. Let (M*, g;;, f) be a complete gradient shrinking Ricci soliton with
vanishing D;j,. Then the Weyl tensor Wi = 0 at all points where V f # 0.

Proof. From Lemma 2.3.2 we know that D;;, = 0, implies Cj;, = 0. Hence it follows

from Lemma 2.2.1 that

Wijklvlf =0
for all 1 <4,5,k,1 < 4. For any p where |V f| # 0, we can attach an orthonormal
frame at p with e; = ‘g—ﬁ‘, and then we have
Wlijk(p) = O, for 1 S i,j, k S 4. (236)

Thus it remains to show
Wabcd(p) =

33



for all 2 < a,b,c,d < 4. However, this reduces to showing the Weyl tensor is zero in
three-dimensional case (cf. [37], p.276-277): observing that the Weyl tensor Wi

has all the symmetry of the R;;;; and is trace free in any two indices. Thus,
Wata1 + Wagag + Wagaz + Wiy = 0,
and so, by (2.3.6),
Wases = —Wayos.

Similarly, we have
Wasos = —Wsyzs = Wagas,

which implies Wa393 = 0. On the other hand,
Wisia + Wagaq + Wasgy + Wysas = 0,

so Wozas = 0. This shows that W,.q = 0 unless a, b, ¢, d are all distinct. But, there
are only three choices for the indices a,b, c,d as they range from 2 to 4 so we can
conclude that Wy, = 0 for all 2 < a,b,c,d < 4. O]

Now we are ready to finish the proof of our main theorems:

Conclusion of the proof of Theorem 2.1.3: Let (M*, g;;, f) be a complete
Bach-flat gradient shrinking Ricci soliton. Then, by Lemma 2.3.1, D;;; = 0. We

divide the arguments into two cases:

e Case 1: the set Q = {p € M|V f(p) # 0} is dense.

By Lemma 2.3.3, we know that W, = 0 on 2. By continuity, we know that
Wijki = 0 on M*. Therefore we conclude that (M*, g;;, f) is locally conformally flat.
Furthermore, according to the classification result for locally conformally flat gra-

dient shrinking Ricci solitons mentioned in the introduction, (M?*, g,;, f) is a finite
quotient of either S*, or R*, or S? x R.
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e Case 2: |V f|? = 0 on some nonempty open set. In this case, since any gradient
shrinking Ricci soliton is analytic in harmonic coordinates, it follows that |V f|> = 0
on M, ie., (M*,g;;) is Einstein.

This completes the proof of Theorem 2.1.3.

O

Conclusion of the proof of Theorem 2.1.4: Let (M", g, f), n > 5, be a
Bach-flat gradient shrinking Ricci soliton. Then, by Lemma 2.3.1, Lemma 2.3.2
and the same argument as in the proof of Theorem 2.1.3 above, we know that
(M™, gij, f) either is Einstein, or has harmonic Weyl tensor. In the latter case, by
the rigidity theorem of Fernandez-Lépez and Garcia-Rio [33] and Munteanu-Sesum
[49], (M™, gi;, f) is either Einstein or isometric to a finite quotient of of N™"™% x RF
(k > 0) the product of an Einstein manifold N"~* with the Gaussian shrinking
soliton R¥. However, Proposition 2.2.2 (e) says that the Ricci tensor either has
one unique eigenvalue or two distinct eigenvalues with multiplicity of 1 and n — 1
respectively. Therefore, only & = 1 and k = n can occur in N" % x RF,

[

2.3.3 Proof of Theorem 2.1.2

The major difficulty in applying the Bach-flat condition to the steady Ricci soliton
is that we do not have a nice property for the potential function f, as we have
Lemma 1.3.7 for shrinking solitons. A consequence of this is that we cannot do
integration by parts on steady Ricci solitons, and thus we do not have an analogue
of Lemma 2.3.1. If we assume the potential function f is an exhaustion function,
then the computation can be carried over. Hence in the paper [12], we gave a

sufficient condition to guarantee that f is an exhaustion function.

Lemma 2.3.4. Let (M™, g, f) be a complete noncompact gradient steady soliton with
positive Ricci curvature, and further assume that the scalar curvature R attains its
maximum at some origin xro. Then there exist some constants 0 < c¢; < co and

¢y > 0 such that
ar(@) —c < —f(z) < cor(x) + | f(wo)|
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where r(z) = d(x, xg).

Proof. From
R+|Vf]*=C (1.1.7)

and the condition R = tr(Rc) > 0, we can take cg = /Cy to get the upper bound.

To get the lower bound, we consider any minimizing unit-speed geodesic 7(s),
0 < s < sq for large sy > 0, starting from the origin 2y = 7(0). Denote X (s) = 4(s),
the unit tangent vector along v, and f = Vx f(7(s)). By (1.1.3), we have

Vxf=VxVxf=—ReX,X). (2.3.7)

Integrating it along «, and noting that x is the critical point of f, we get, for s > 1,

_f'(fy(g)) — /08 Re(X, X)ds > /0 Re(X, X)ds > ¢,

where ¢; > 0 is taken to be the least eigenvalue of Rc on the unit geodesic ball
B,,(1). Thus,

S0 .
~frt) == [ Fs)ds = FO(D) 2 a0 — 1 = (1)
1
Define ¢3 = ¢; + f(7(1)), and we finish the proof. O
Then we are able to work on the Bach flat steady Ricci solitons:

Lemma 2.3.5. Let (M", g, f) be a complete steady gradient Ricci soliton with pos-
itiwe Ricci curvature and with scalare curvature R attaining its mazimum at some
point. If we assume B;; =0, then on (M", g, f), Dij, = 0.

Proof. The proof is similar to that of Lemma 2.3.1, replacing the use of Lemma
1.3.7 with Lemma 2.3.4.
]

Conclusion of the proof of Theorem 2.1.2: Let (M", g, f), be a complete

Bach-flat gradient steady Ricci soliton with positive Ricci curvature such that the

36



scalar curvature R attains its maximum at some interior point O € M. Then, by
Lemma 2.3.4 we know that f is proper, strictly concave, has a unique critical point
at O, and that M™ is diffeomorphic to R™. On the other hand, by Lemma 2.3.5, we
have D;j, = 0.

First of all, on M \ {O}, the soliton metric g;; can be expressed as

ds? df? + ga(f,0)d0"d6",

1

VP2
where (6% -+ 6") is any local coordinates system on the level surface ¥ = {f =
f(p)} at p € M\ {O}. Note that, since D;j = 0, |Vf[> depends only on f
by Proposition 2.2.2 (a). Hence, by a suitable change of variable, we can further

eXpress g;; as
ds® = dr® + gu(r,0)d0°d6® , 0 <r < oco.

Here r(z) is the distance function from O.

Claim 1: For r > 0, the induced metric gs, = gup(r, 0)d0*d6® on each level surface
>, is Einstein.
This is a result of Proposition 2.2.2 (e) and the Gauss equation.

Claim 2: On M \ {O}, the metric g takes the form of a warped product metric:
ds® = dr* + w(r)*gg, 1€ (0,4+00), (2.3.8)

where w is some nonnegative smooth function on M" vanishing only at O, and

Jr = gx, is the Einstein metric defined on the level surface ;.

Indeed, by the definition of the second fundamental form (2.2.5) and Proposi-

tion 2.2.2, we have 5
—Yab = —2hep = ab
Grg b b= (1) ab
where ¢(r) = —2H(r)/(n — 1). Thus, it follows easily that

gab(r7 9) = eq)(r)g(zb<17 6)7
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where .
CID(r):/1 o(r)dr.

This proves Claim 2.

By scaling, we can assume that

Ricg, = (n—2)gg (2.3.9)
Claim 3: We have
lm ) g
r—=0t T

Clearly, w(r) — 0 as 7 — 07. On the other hand, on M \ {O}, the Ricci
tensor and the scalar curvature of the metric ¢ in (2.3.8) take the form (see [,

Proposition 9.106])

"

Ricy = —(n — 1)%d7‘ ® dr + ((n —2)(1 — (w")?) — ww”) JE

and
R, = —2(n— 1)% + (n - 13;2” —2) (1 — (w’)z)

respectively. Here we have used the Claim 1 and the normalization (2.3.9).

On the other hand, Rc is bounded, because it is assumed to be positive and the
scalar curvature R = 1 — |V f|?> < 1 is bounded. Thus from the expression of the
Ricci tensor above and the boundedness of Rc on M", it is easy to see that w”/w
must be bounded as r — 07. Hence, from the above scalar curvature expression, it

is easy to deduce the claim.
Claim 4: gy is equal to the standard round metric ggn—1 on the unit sphere S"~*.

This essentially follows from the previous claims and the elementary fact that
infinitesimally the metric g is approximately Euclidean near O. In fact, the standard
expansion of the metric g around O, written in any normal coordinates (z!,--- | 2™,

gives
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= (grn + Oij dSUZ X dx] s
where o;; = O(]z|?). To pass to polar coordinates, we write 2% = r¢'(61,... 0"~V),
with r € (0,+00) and (0',...,6" 1) being local coordinates on S"~!. Notice that
|6+ -+ |¢"|> =1 and |z| = r. Thus, one has

g = (1+ aijqﬁiqﬁj)dr ® dr + 10y 8?

_gn-1 Opt O¢y
+ (s + 7% 550 505

with ;; = O(r?). Comparing with (2.3.8), we see that ¢;;¢/ = 0 and

D¢ O
w?(r)ge = mGsn1 + T 0”825 &?; do* ® do”, r e (0,+00).

ddr @ do™ + razja—gbiqﬁid&“ ® dr +

——)db* ® db”,

Now using the fact that o;; = O(r?) and Claim 3, and taking the limit as r — 0,
we obtain

gg = Jsn1.
Therefore, on M \ {O}, we have

ds* = dr® + w(r)*gsn1, 1€ (0,400),

proving that the soliton metric ¢ is rotationally symmetric. Therefore, it follows
that (M™, g, f) is the Bryant soliton, because we know that M™ is diffeomorphic
to R™ and the Bryant soliton is the only non-flat rotationally symmetric gradient
steady soliton on R™ up to scaling. This completes the proof of Theorem 2.1.2.

O

Remark 2.3.1. Very recently, Perelman’s conjecture stating that a k-noncollapsed
3-dimensional steady gradient Ricci soliton must be the Bryant soliton was verified

by S. Brendle [4] using a Killing vector argument:

Theorem 2.3.1. (Brendle [4]) Any complete 3-dimensional nonflat k-noncollapsed

gradient steady Ricci soliton must be isometric to the Bryant soliton up to scaling.
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Brendle’s argument also works in higher dimensions under the assumption of

some asymptotic behavior.

Theorem 2.3.2. (Brendle [5]) Let (M™, g, f) be a gradient steady Ricci soliton of
dimension n > 4. Assume that M has positive sectional curvature and is asymptot-

ically cylindrical. Then (M™, g, f) is rotationally symmetric.
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Chapter 3

Kahler-Ricci Solitons with

Harmonic Bochner tensor

Motivated by the work on Ricci solitons with vanishing Weyl tensor and Cotton
tensor described above, and as extended exploration, similar considerations lead to

the classification of Kahler-Ricei Solitons if we turn to the Bochner tensor.

3.1 Basic Definitions and Identities

First, given holomorphic coordinate {z',2?,...,2™} of a complex manifold M in
complex dimension m, suppose the complex manifold M has a Hermitian metric g;;,

and this thesis will only focus on the case when the Hermitian metric is Kéahler:

Definition 3.1.1. (M™, g;5) is Kdhler iff
w = gijdzi AdZ
is a closed (1,1)-form.

The complexified tangent space of M™ is a 2m complex-dimensional space, which

in local coordinate is spanned by

9 9 9 9 9 9
021 02277 9zm’ 9z 0z277 Ozm
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Similar to the real case, on a Kahler manifold we also have the Christoffel sym-
bols, the Riemannian curvature tensor, the Ricci curvature tensor and the scalar
curvature respectively:
ki 09t

077
8291'5 4 g agiq%

k _
Fij_g

R = 02k05 g 0zk 07!

’ 2
Rj = g" R = 02107 log(det(a;)
R = g" Ry

The covariant derivative is given by

v,
Vivj = 825 - Fijvk
oV~
V=
Vil 0zt
oV =
oV
ViV, = —
17 ] 827’7

we have the Ricci identities:
ViV, =V;V; =0
ViV;Vk — V3ViVi = —RiVi
ViV;Vi = ViViVi = =Ry Vi

Similary, if a gradient Ricci soliton is also a Kahler manifold, we call it as a

Kahler-Ricci soliton.

Definition 3.1.2. An m-complex dimensional Kdihler manifold (M™, g;5) is called
a gradient Kahler-Ricci soliton if there is a real-valued smooth function f satisfying
the soliton equation

R+ ViV;f = Ag;; (3.1.1)
for some constant A € R and such that Vf is a holomorphic vector field, i.e.
V:V,f=0.
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As in Lemma 1.1.1, we have the basic properties for the Kahler-Ricci solitons:

Lemma 3.1.1. On a gradient Kdhler-Ricci soliton (3.1.1), we have

R+|Vf? = \f = Co; (3.1.2)
R+ Af =n\; (3.1.3)

and
ViR = R;V;f. (3.1.5)

On Kahler manifolds, there is a tensor similar to the Weyl tensor, called the

Bochner tensor, which is defined as

Wﬁki :Rijki +

CEFRCES) (9559k + 9i19%7) 516)

1
- n—_I_Q(Rz‘jgkz’ + Ryig9i; + Rizgr; + Rij01)-

We also define its divergence as the tensor Cj3;, which is a parallel notion of the
Cotton tensor:
Cijr =VWijkg
n n (3.1.7)

Tn+t g Vitt — (n+1)(n+2) (915 ViR + 955V R).

3.2 The Result and The Proof

By using a similar argument to that of [14], Y. Su and K. Zhang [59] first proved a
rigidity result for the Kéhler-Ricci soliton: assuming the vanishing of the Bochner
tensor, a Kahler Ricci soliton must be Kéhler-Einstein, and hence a quotient of the
corresponding space-form. Later, joint with Meng Zhu, we improved the result by

only assuming the harmonic Bochner tensor, namely the vanishing of the tensor

43



Theorem 3.2.1. (—-Zhu [27]) Any complete gradient Kdhler-Ricci soliton with
harmonic Bochner tensor must be isometric to N* x C**, where N* is Kdihler-

Einstein and C"* has a flat metric.

The proof, which is a pointwise argument, is different from that of Fernandez-
Lopéz and Garcia-Rio [33] and Munteanu-Sesum [49] for the harmonic Weyl case,
since the Cjj; tensor does not have such a nice identity as equation (2.1.5) for the
D; ;i tensor.

From now on, we assume that (M", g;;, f) is a gradient Kahler-Ricci soliton with

harmonic Bochner tensor so that

ViRy; = (Vingj + VkRgij). (3.2.1)

n+1
Lemma 3.2.1. We have

1 1 9 n
pr— —_— 7 . —_ L — —— . = '2'2
- 1[n+ 1VkRkagU + (AR — |Rc|*)g;5 . 1V1RV]f (3.2.2)

+AR;; — R Ry,
and
2(n+1)AV,;R — 2RV,R — 2R;;V,R
= —%ﬂvi}zwﬂ? — %Hkakavif. (3.2.3)
Proof. On the one hand, by differentiating (3.1.5), we obtain
AR =V ViR =V RVif + R;ViV.f.
From (3.2.1), we obtain
ViViRi; = %H(ARQU + V;V;R)
- ! (ViRVifgi5 + RagViVifgi; + ViR Vi f + Ry ViVif)

Con+1

= L VRVifos + OR — [ReP)gi + —— ViRV f 524
R k xJ 9i5 C|" )95 ni1’t j

1
+ n—HVkRV/;fgﬁ + AR5 — RipRyj).
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On the other hand, by differentiating (3.1.4), we have

ViR Vif + B ViVif
ViRGVif + RiuViVif
ViR;Vif + AR5 — R0 Ry

Now, by plugging in formula (3.2.4), we obtain (3.2.2).

Next, by taking the divergence

AV, R —
1
n+1ln+1

(Vz‘Rkl‘ ) REl

1
n—+1

[——=ViR; Vi fVif +

n+1

)\
— ViR VifV;f

—Rkj VZRJ P
It follows that,

AV, R — (VR Ry —
n—1

1 -
n+1" (n+1)?2
+(3 — n)AViR —

(1

We note,

Rll_cviRkl_

ViR|V f? —

1
+
n

on both sides of (3.2.2),

- Rijkl'ijEl
1 1

- (Vij‘fc)Rkj - RiEka]

/\ 1

VR—

2

VR+—RVR+)\VR

— T RyViR + AV,R — 2RV Ry,

RV iRy

n—1
(n+1)2
YRz ViR — 3R,iVRy, —i—

ViRVLfVif

+1 ——RV.R].

1
1 le(vingi + Vi Rg;p)
1

n+1

RVR—i— RVR
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and

RV iRy Ri5(ViRgip + ViRg,r)

n + 1

1

= va R+ —— RZVIR
n n+1
Hence, we have
AV,;R — - RV R — R ViR

= AV;R—(V; Rkl)Rkl Rz]klv Ry

1 n— ;  n—-1 .

1
+(3 = mAViR = (14— )Ry ViRt = 3Ry Vilty + —— RV:R].

Therefore, formula (3.2.3) follows easily.
]

Now, suppose that V f # 0 at some point p. Then we may choose an orthonormal
frame {ey,es, -+ ,e,} of holomorphic vector fields at p such that e; is parallel to
V f. Therefore, we have |V, f| = |Vf| and Vi f =0for k=2,--- ,n

Lemma 3.2.2. Suppose V f # 0 at p. Then, under the frame {ey,es,- - ,e,} chosen

above, we have

Rii=Riz=0 for k>2.

Proof. From (3.1.4) and (3.2.1), we have at p,

zgklvlf - (v ngg + kagz])

n—_H(Rz‘ngj + Rii9;5)V1f.

+
It follows that

R = (Riigr; + Riig:5)-

+1
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In particular, for £ > 2, we have

1
n+1

Rytpt = Ry1 and  Ryp1 =0.

However, on the other hand, it is easy to see that

Rliki = Riu’d = lecli = 0.

Therefore, R, = Rz =0 for k > 2.
]

Lemma 3.2.2 tells us that V f is an eigenvector of the Ricci curvature tensor.
Thus we may choose another orthonormal frame {w; = ey, ws, -+ ,w,} at p such

that |V f| = |Vf| and the Ricci curvature is diagonalized at p, i.e.

z

Proposition 3.2.1. Suppose that V f # 0 at p. Then under the orthonormal frame

{wy,we, -+ ,w,} chosen above, we have the following identities at p:
p n—1 2
’n)\le — RRIT = AR — ‘RC| - R11|Vf| R (325)
n+1
and .
(n + 1))\R11 - Rle - R%i = _n——f—]_Rlﬂva (326)

Proof. In (3.2.2), setting ¢ = j = 1, we have
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1

1
_ 2. - _
AR 1 oy 1RH Y 1RR11
2 1
= A - n—HR% - n—JrlRﬁ<R — Ri1)
2, 1 -
= Ay - Ry - o R ; Ry
= ARy1 — RypilRyg — Z Rlikl_chl_c
k=2
= ARi1 — Z Ryipr Rk
k=1
1 1 2 2 n 2 2

Thus, formula (3.2.5) follows immediately.

Next, by setting ¢ = 1 in (3.2.3) and dividing both sides of the equation by V, f,
(3.2.6) follows.
0

Proposition 3.2.2. At a point p where V f £ 0, we have either
Re(Vf,Vf) =0,

or

RV, Vf) = |9

Proof. Since at point p, V f # 0, formula (3.2.6) implies that in a neighborhood of
p we have

R;VifV;f 1 RpVifV5f

(n+1)A—R— aiE +n+ﬂVﬂ2 I =0. (3.2.7)

Therefore, there are two possibilities
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R;iVifVif =0at p, or RV, fV;f #0 at p.
The former case is one possible conclusion of the proposition.

In the latter case, near p we have

RV fV5f 1

—(n+ 1A+ R — VP =o.
(n+ DA+ R4 T 1]
Taking the covariant derivative on both sides gives us
V,fVi Vs f
0 = ViR+ = NiE (VifVifViRj + RaVif ViV f) — W—fH]RHVz‘fVZf
1
ol [ (VifViV;f)
1
= ViR+ ——=VifV;f(ViRg;; + VjRg;) + o5 AV R — RV, R
AVif — ViR
————V,RV; AV ViR
YT if — ( kf — ViR).
Evaluating the identity above at p under the orthonormal frame {wy, ws, - -+, w,}
yields
0 = R+ ;ﬁnlvﬂ2 Q(ARH RYp)
(n+ 1|V /] IV
Z_Up A— Rii
ot BlVIP = S A )
n+4_ 1

— A
n+1 " n+1
Thus, we have Re(Vf, Vf) = n%r4|Vf|2 whenever Re(Vf,Vf) #0

Now we are ready to prove the main theorems.

First, we may assume that f is not a constant function, otherwise M is Kahler-

Einstein from the soliton equation.

Proof of theorem 3.2.1 (Steady Case): For steady Kéhler-Ricci solitons, we
have A = 0. From Proposition 3.2.2, we know that Rc¢(Vf,Vf) = n%r4|Vf|2 =0
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whenever Re(Vf,Vf) # 0, which is a contradiction. Therefore, we always have
Re(Vf,Vf)=0. Then (3.2.5) implies that Rec = 0 in the set {p € M|V f(p) # 0}.
On the other hand, by the soliton equation, it is easy to see that we also have Rc = 0
in the interior of the set {p € M|V f(p) = 0}. Thus the steady soliton M must be
Kéhler-Ricci flat.

O

Proof of theorem 3.2.1(Shrinking and Expanding Case): For shrinking and
expanding Kéhler-Ricci solitons, we have A # 0.
In this case, from Proposition 3.2.2 and the continuity of %
that in each component of the open set A = {p € M|V f(p) # 0}, we have either
Re(Vf.Vf) = 25|V 2 or Re(Vf,Vf) = 0.

, we conclude

If Re(Vf,Vf)= n+r4|Vf|2 in some component € of A, then at any point p € )

we have Ry = %H and VR(p) = %HVf(p). Therefore, we have VR = %HVf in Q.
It then follows that R = %Hf—i—C’ in Q. Thus (3.2.6) implies that |V f|* = 25\ f+C
in Q. Since R+ |V f]? = \f = Cy, we have f = C} in 2, which contradicts the fact

that Vf # 0 in Q.

Therefore, we must have Re(Vf,Vf) = 0 in A. Since f is a constant in the
interior of M\ A, we have Re(Vf,Vf) = 0 on the whole manifold M. It follows
that VR = 0 on M. Then (3.2.1) implies that the Ricci curvature tensor is parallel
on M. Therefore, by the de Rham decomposition theorem, the universal cover of
M is isometric to N*! x C, where N is again an n — 1 dimensional Kihler-Ricci
soliton with harmonic Bochner tensor. Thus by induction, we can finally see that
M is isometric to a quotient of the product of a Kahler-Einstein manifold and the

complex Euclidean space.
O
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Chapter 4

Bach-flat Quasi-Einstein Manifolds

With some modification, quasi-Einstein manifolds can also be studied in a similar

way to Ricci solitons.

Definition 4.0.1. An n-dimensional Riemannian manifold (M™, g, f) is called (A, n+

m)-Einstein if the Ricci curvature satisfies:
1
Rij + ViV, f — Evz‘fvjf = Agij (4.0.1)

The reason to study this equation is that in [1], it is shown that when m is a
positive integer, these (A, n + m)-Einstein metrics are exactly those n-dimensional
manifolds which are the warped product base of an (n + m)-dimensional Einstein
metrics. More precisely, (M x F™, g+e~2//™gy) is an Einstein manifold with Einstein
constant A, and F™ is another Einstein manifold with some proper Einstein constant.
Therefore it is important to understand this equation in order to understand the
geometry of Einstein manifolds.

There are many examples for quasi-Einstein metrics. Einstein metrics and prod-
ucts of them are trivial examples of quasi-Einstein metrics. The first non-trivial ex-
ample comes from the Schwarzchild metric, which is a 4-dimensional doubly warped
product metric on S? x R?, and viewed in two different ways, this will lead to
a (0,2+2)-Einstein metric on R?, or a (0,34+1)-Einstein metric on [0, 400) x S?.

Lii-Page-Pope [48] construct non-trivial quasi-Einstein metrics on S? bundles over
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Kéhler-Einstein bases. C. Bohm [2] constructed interesting quasi-Einstein metrics
on spheres and product of spheres. In [42], He-Petersen-Wylie construct nontrivial
quasi-Einstein metric examples on solvable Lie groups.

It is easy to observe that when m = oo, the quasi-Einstein equation reduces
to the Ricci soliton equation, and thus it is expected that quasi-Einstein manifolds
could behave similarly to the Ricci solitons to some extent. However, they are not
identical, since Case-Shu-Wei [21] showed that there is no non-trivial Kédhler quasi-
Einstein metric on a compact manifold, while we do have compact Kéahler Ricci-
soliton examples. Qian [58] showed that a quasi-Einstein metric must be compact
if A >0 and m > 0. In [44], D.-S. Kim and Y.-H. Kim showed that the a compact
quasi-Einstein metric with A < 0 is trivial. Analogous to Ricci solitons, G. Catino, C.
Mantegazza, L. Mazzieri and M. Rimoldi [22] prove rotational symmetry of locally
conformally flat quasi-Einstein manifolds. C. He, P. Petersen and P. Wylie [41]
get the same classification result for quasi-Einstein manifolds with slightly weaker
condition. Later we found the Bach flat condition fits into the argument as well for

the compact case.

Theorem 4.0.2. (—-He [26]) Suppose (M™, g, f)(n > 4) is a compact Quasi-
Finstein manifold with m # 0,1,2—n. If we further assume it has flat Bach tensor,
then it must have harmonic Weyl tensor and W(NV f,-,-,-) = 0.

Then using Theorem 1.5 in [41], we can get the classification result that M is
either Einstein or its metric takes the form g = dt>+1?2(t)gr, where g7, is an Einstein
metric with positive Einstein constant.

To begin the computation, first we need to establish the basic formulas for the

curvature tensors.

Lemma 4.0.3. Suppose (M™, g, f) is (\,n+m)—FEinstein with m # 0,1,2—n, then

Aln—1) —
vy oD R

RVl =53 m—1

Vif
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Proof.
V.R = 2V,R;;
=2V, (=V,V,f + %Vz-fvjf)
= 2(V,Af — RyVf + %vjv,-fvjf + %Afvif)

Plug the trace version of (4.0.1), namely R+ Af — |V f|> = An into the above
expression:

2 1 1 1
—ViR = 2(=—ViV,fV;f = RaVif + —V; ViV, + —Vif (n + —[Vf[* = R))

Plug (4.0.1) into the above expression and simplify the expression as:

1—m AMn —1 R

By rearrangement of the terms we get the lemma.

O
We can also define a D tensor on a quasi-Einstein manifold:
1
Diji =~ (Vif Rjr. = Vi f Rir)
m
D=1 (ViRgje — V;Rgir) (4.0.2)
A(n—1)—mR

+

(n—l)(n—z)(m_l)( fix if9in)
Then we can carry over Lemma 2.2.1 onto quasi-Einstein manifolds as:

Lemma 4.0.4. Suppose (M", g, f) is (A,n + m)—FEinstein with m # 0,1,2 — n.

Then
m+n—2
Cijik + WiuVif = TDijk:a

where Cyji, is the Cotton tensor defined as (2.1.2) and Wiy is the Weyl tensor
defined as (2.1.1).
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Proof.

Cijk: :VlR]k — Vijk — VZRg]k — v]Rng)

1
2(n — 1)(
=V, (=V,;Vif + %ijka) -V, (=V,Vif+ %szka)

1
- m(viRQﬂc - ijgik)

1
=—RijuVif + E(ijvika = VifV;Vif)

1
- m(viRij — V;Rgix)

1 A
=— RijuVif + E(Viijk — V,fRi) — E(vifgjk — V,fgir)
1

By plugging in the definition of the Weyl tensor (2.1.1), we get:

—9
Cijik = — Wi Vif + %—H_Z)(Vz‘f&k — V,fR)
R A
(g ) (o i)
1

(ViRg;i — V,;Rgi) + (xRN f — g RV f).

S 2(n—1) n—2

Applying Lemma 4.0.3, we will have:

m+n—2
Cijk + Wisu Vi f Zm(viijk — V,fRi)
m+n—2

T D=2y =1y Vil — Viligi)

(m+mn—2)(A(n—1) —mR)
m(m —1)(n —1)(n — 2)
m-+n—2

=——Dij.
m

(Vifgjk - vjfgik)

As in Proposition 2.2.1, we also have:
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Proposition 4.0.3. Suppose (M", g, f) is a (A, n+m)— Einstein withm # 0,1,2—n,
then for any regular value ¢ of f, define ¥ = {x € M|f(x) = ¢}, we have:

2|V f|* H 2 m? Y 2
=22 el Y s T e Y T

where hy, denotes the second fundamental form of 3.

DI =

Proof. Compute |D|? first:

D =gz (RPIV P = RV, f R

m2

T3 (- 22(m 1
2(A(n — 1) —mR)?

T D)= 22m 1

T g T )
= 2 VI R
e =2 RV
Applying Lemma 4.0.3:
DP =2 |RePIV P ~ VR ik

(n— 27 200 — D(n — 2)2(m — 1)
o, —2n[A(n — 1) =2R*(m*+n—1)+4RAn—1)](m+n—1)
TIvs] (n— 1)(n — 2%(m — 12
o 2mn[A(n — 1)] + R(2mn — 2m + 2m?)
tVE-VI (n—1)(n— 22(m _ 12 |

(4.0.3)

To compute the RHS, let’s denote e, es, ..., e, as the local orthonormal frame

with e; = Vf/|V f|, and whenever we use the indices a, b, ¢, we refer to the tangent
direction of .

R;V.fV,f m VR-Vf An—-1)—R
_ _ : 404
Ru |V f? 2m —2 |V f]? * m—1 (4.04)
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RV, f 1 m
Ry, = —2 7 — R 4.0.5
o= e = w7 (m=2™) 09
Vf vavbf )‘gab - Rab
hap =< €0, Vst >= - . 4.0.6
N 7 7 T 00
Thus,
H_/\(n—l)—R—I—R11_ 1 m VR-Vf+m()\(n—1)—R)
N IV /] Vi \2m =2 [Vf]? m—1
(4.0.7)
Then, we can compute |h|?:
1
|h|2 = |Vf|2 I)‘gab - Rab|2
1
— |Vf|2 ()\2(71 — 1) + |Rab|2 + 2)\(—R + Rll))
1
-7 (X200 = 1)+ 22(Ruy = R) + |[Ref? = [Rur2 =2 ) [ Rual?)
Plugging in (4.0.4) and (4.0.5):
1 1
h|? = Rel* + M(n—1
=g e Y
N 2\ m VR-Vf An—-1)—mR
IVfZ\2m—2 |V f]? m—1
B m?  (VR-V)? An-1-R? m\n—1)—R VR-Vf
VP \4m —1)*  |[Vf[* (m —1)? (m —1)? VS
1 m? s o
BT
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Thus,

2|V [ H 2V 2
(”—2)2‘}%_ n—lgab’2_ (n —2)? (WQ_ —1>
— IRV N = 1)+ 2R v

A(n—1)—mR m? n
2 _ 2
20V m—1 A(m — 1)2|V1R’ n—1
B y(A(n—=1)—R)*’n+m?—1
v/l (m—1)2 n—l
mA(n—1)—R)n+m — VR v/
(m—1)2 n—1

mZ

_ m’VER‘Q}‘

Adding the term 2(m—1)272 CE=) IVER|*:

2|V f* H m? -
e el s e gV A
A
g (RIS = 1)+ RV

An—=1)-mR  m®
1 m—1)
y(A(n—1)—R)*n+m?—1

— v/l (m —1)? n—1

m(A((ZL—_ll))Q— R)n—;riz VR Vf}

+ 2\ Vf?

5 N
|VR| —

2 9 2 9 m*n
“t—ap NI = N s 1

s —2n[A(n —1)]> = 2R*(m*+n — 1) +4RAn—1)](m +n—1)
v (n—1)(n— 22(m 1

o 2mn[A(n — 1] + R(2mn — 2m + 2m2)
VN T T 2R 1

Comparing with the expression of |D|? (4.0.3), the proposition follows.

Then, analogously to Proposition 2.2.2, we have for the quasi-Einstein case:

o7



Proposition 4.0.4. Suppose (M", g, f) is a (A\,n + m)— Einstein manifold with
m # 0,1,2 —n and D;j, = 0. Then for any reqular value ¢ of f, with ¥ = {z €
M|f(z) = ¢}, we have:

(a) |V f? and the scalar curvature R of (M™, gi;, ) are constant on X;

(b) Rigee = 0, here ey =V f/|V f| is an eigenvector of Re, and e,, ey, €. are any

vectors in the tangent direction of 3;
(c) the second fundamental form hey of ¥ is of the form hg, = %gab;
(d) the mean curvature H is constant on 3;

(e) on 3, the Ricci tensor of (M™, g, f) either has a unique eigenvalue X, or has
two distinct eigenvalues A and p of multiplicity 1 and n — 1 respectively. In either

case, ey = Vf/|Vf] is an eigenvector of \.

Proof. The proof is similar to that of Proposition 2.2.2.
O

Again, similarly to Lemma 2.3.2, we can establish the analogue for quasi-Einstein

manifolds:

Lemma 4.0.5. Suppose (M", g, f) is a (A\,n + m)— FEinstein with m # 0,1,2 —n
and Dijk =0. Then Cijk =0 and Wijklvlf =0.

Proof. An argument similar to that of Lemma 2.3.2 will work.

Now, we are ready to conclude the proof for Theorem 4.0.2:

From equation (2.2.2) and Lemma 4.0.4:

(n —2)Bij =VChij + RuaWiki
- m+n—2

n—3 1
Vkaij + —Cliszf -+ —Wikjlkavlf.
m n—2 m
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Then we have:

m(n — 2)
ma+n—2 /M ByVifV;fdV = /M ViDyisVifV; fdV
= _/ Dyi; Vi fViV fdV
M
:/ Dy Vi f RiydV
M
1

:5/ Dlij (levzf - Rz]vlf)dv
M

—2
-z / D[2dV
2 Ju

Then it is easy to see that the vanishing of the Bach tensor will imply the van-
ishing of the D tensor, and hence Lemma 4.0.5 will complete the proof of Theorem
4.0.2.

O
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