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Abstract

This thesis contains my work during my Ph.D. studies at Lehigh University under
the guidance of my advisor Huai-Dong Cao. The work is related to objects called
Ricci solitons which serve as singularity models of Ricci flow. We are going to study

Ricci solitons in this thesis from the following aspects:

1. Curvature properties.
2. Volume growth properties.

3. Uniqueness under constraints of the asymptotic geometry.

We first explore the curvature estimate for four dimensional steady Ricci solitons.
The main result is about control of the full curvature tensor Rm by scalar curvature
R.

We are then going to study curvature and volume growth properties of complete
steady Kahler Ricci solitons with positive Ricci curvature. The main result is that
volume growth is at least half dimensional and scalar curvature behaves like % in
average where r is the geodesic distance to some point.

In the third part, we are going to study the uniqueness of the steady Kahler
Ricci soliton constructed by Huai-Dong Cao under constraints of the asymptotic
geometry. The main result says that it is unique if we ask that the metric tensor be

C' close in some sense to the model.



Chapter 1

Preliminary

1.1 Definition of Ricci solitons

The Ricci flow is a geometric PDE introduced by R. Hamilton in 1982 [37]. It is
a nonlinear weakly parabolic system which evolves the metric tensor by its Ricci

tensor,

0

L = —2R
ot

ij-
It is a powerful tool in the study of the geometry of the underlying manifold
where this PDE system evolves. For example, it is the primary tool used in G.
Perelman’s solution of the Poincaré conjecture[51]. It has also been applied by R.
Schoen and S. Brendle[5] in the proof of the differentiable sphere theorem.
Singularity analysis is one of the main parts of studying the Ricci flow. Self

similar solutions, called Ricci solitons arise during singularity analysis.
Definition 1.1.1. A complete Riemannian manifold (M, g) is called a Ricci soliton,
if there exists a complete vector field V', such that
1
Ri; + §£Vgij = Agij

for some constant A € R.



Based on the sign of A, they divide into three types, namely shrinking (A > 0),
steady (A = 0) and expanding (A < 0).

Moreover, if V' is a gradient vector field, i.e., V = Vf, then we say it is a
gradient Ricci soliton with potential function f. In the these we are going to focus

on gradient steady solitons (V =V f, A =0)

Ricci solitons are natural generalization of Einstein manifolds (V' = 0). The self
similar solution generated by a Ricci soliton often appears as a singularity model, i.e.,
the parabolic dilation limit of Ricci flow near a singularity. Therefore, the structure

of Ricci soliton helps us know more about the Ricci flow near itsp singularity.

1.2 Curvature equations and inequalities

Lemma 1.2.1. (Hamilton [39]) Let (M", g, f) be a complete gradient steady
soliton satisfying Eq. (1.1). Then

R=_Af, (1.1)
ViR = 2R;;V;f, (1.2)
R V7P =Gy (1.3

ViRijii = RijuVif (1.4)

We also collect several equations and inequalities of R, Ric and Rm (cf. [39],[54]).

Lemma 1.2.2. Let (M™, g;;, f) be a complete gradient steady soliton satisfying Eq.



(1.1). Then, we have

AR = =2|Ric]?
AfRiC = _2Rijkle17
AyRm = Rmx Rm,

where x means linear combinations of contractions between tensors, Ay is the f-

Laplacian operatorp A —Vf-V.

Lemma 1.2.3. Let (M™, g;;, f) be a complete gradient steady soliton satisfying Eq.
(1.1). Then

A¢|Ric]* > 2|VRic|* — 4| Rm||Ric|?,
As|Rm| > —c|Rm|?,
A¢|Rm]* > 2|VRm|* — C|Rm|’.

Here ¢ > 0 is some universal constant depending only on the dimension n.

Remark 1.2.1. To derive the second differential inequality, one needs to use the Kato
inequality |V|Rm|| < |VRm| as shown in [45].
To get nonnegativity of scalar curvature, we will need the following useful result

by B.-L. Chen [22].

Proposition 1.2.1. (B.-L Chen [22]) Let g;;(t) be a complete ancient solution to
the Ricci flow on a noncompact manifold M™. Then the scalar curvature R of ¢;;(t)

1s nonnegative for all t.

Since gradient steady solitons generate self silimar solutions which are not just

ancient but eternal, we have,

Lemma 1.2.4. Let (M", g;;, f) be a complete gradient steady soliton. Then it has

nonnegative scalar curvature R > 0.

Remark 1.2.2. In fact, by Proposition 3.2 in [54], either R > 0 or (M™", g,;) is Ricci
flat.



1.3 Basic properties of solitons

Let us compare some previous results for complete gradient shrinking and steady

Ricci solitons.

Properties Shrinking solitons Steady solitons
(1) If Re > 0, R attains maximum,
Potential function | f ~ }172, [15] cr — g < —f <V Ryaar + c3, [16]
growth (2)infeam, () f(y) ~ —VAr, [63]
(HVol(B,) < cr™, [15]
Volume growth (2)Vol(B,) > cr, [46] (D)c-7 < Vol(By(r)) < c- eV, [44]
(3)If Re > 0, then (2) If f satisfies a uniform condition,
lim, 00 Voi,(BT) =0, [48] | Vol(B,) < r". [61]

1.4 Some examples of steady solitons

Steady solitons arise as certain Type II singularity models of the Ricci flow. Recall

a gradient steady Ricci soliton satisfies

Rij+ fi; =0

Therefore Ricci flat spaces are steady solitons if we pick our potential function f

to be 0. Indeed, by an argument of Hamilton [39], a compact steady soliton has to

be trivial (Ricci flat). Therefore a nontrivial steady soliton is noncompact. Many

people have constructed nontrivial steady solitons and we list some of them.

Space R? R"(n > 3) C"(n >2)

Metric Ansatz SO(2) or U(1) SO(n) U(n)

Potential function | f = —Incosh(r) | f~ —cr f~—cr

Volume Growth | Vol(B,) ~r Vol(B,) ~r"z | Vol(B,) ~ 1™

Curvature R(g) >0, sec(g) > 0, sec(g) > 0,
R=0(*) |R=0() |R=0()

Found by R. Hamilton, [38] | R. Bryant, [8] | H.-D. Cao, [11]




Chapter 2

Curvature estimates for four-

dimensional steady solitons

2.1 Background

A complete Riemannian metric g;; on a smooth manifold M" is called a gradient
steady Ricci soliton if there exists a smooth function f on M™ such that the Ricci

tensor R;; of the metric g;; satisfies the equation
Ri; +V,;V;f =0. (2.1)

The function f is called a potential function of the gradient steady soliton. Clearly,
when f is a constant the gradient steady Ricci soliton (M™, g;;, f) is simply a Ricci-
flat manifold. Gradient steady solitons play an important role in Hamilton’s Ricci
flow, as they correspond to translating solutions, and often arise as Type II singu-
larity models. Thus one is interested in possibly classifying them or understanding
their geometry.

It turns out that compact steady solitons must be Ricci-flat. In dimension n = 2,

Hamilton [36] discovered the first example of a complete noncompact gradient steady



soliton on R?, called the cigar soliton, where the metric is given by

ds? = M
1+ 22+ 92
The cigar soliton has potential function f = —log(1 + 2% + y?), positive curvature

R = 4¢f, and is asymptotic to a cylinder at infinity. Furthermore, Hamilton [36]
showed that the only complete steady soliton on a two-dimensional manifold with
bounded (scalar) curvature R which assumes its maximum at an origin is, up to
scaling, the cigar soliton. For n > 3, Bryant [10] proved that there exists, up to
scaling, a unique complete rotationally symmetric gradient Ricci soliton on R"; see,
e.g., Chow et al. [28] for details. The Bryant soliton has positive sectional curvature,
linear curvature decay and volume growth of geodesic balls B(0,r) on the order
of r*/2 In the Kihler case, Cao [11] constructed a complete U(m)-invariant
gradient steady Kéahler-Ricci soliton on C™, for m > 2, with positive sectional
curvature. It has volume growth on the order of " and also linear curvature decay.
Note that in each of these three examples, the maximum of the scalar curvature is
attained at the origin. One can find additional examples of steady solitons, e.g., in
[41, 43, 30, 31, 3] etc; see also [14] and the references therein.

In dimension n = 3, Perelman [52] claimed that the Bryant soliton is the only
complete noncompact, xk-noncollapsed, gradient steady soliton with positive section-
al curvature. Recently, Brendle has affirmed this conjecture of Perelman (see [6];
and also [7] for an extension to the higher dimensional case). On the other hand, for
n > 4, Cao-Chen [16] and Catino-Mantegazza [20] proved independently, and using
different methods, that any n-dimensional complete noncompact locally conformally
flat gradient steady Ricci soliton (M™, g;;, f) is either flat or isometric to the Bryant
soliton (the method of Cao-Chen [16] also applies to the case of dimension n = 3).
In addition, Bach-flat gradient steady solitons (with positive Ricci curvature) for
all n > 3 [19] and half-conformally flat ones for n = 4 [25] have been classified
respectively.

Inspired by the very recent work of Munteanu-Wang [45], in [17] we studied cur-

vature estimates of four-dimensional complete noncompact gradient steady solitons.



In [45], Munteanu and Wang made an important observation that the curvature
tensor of a four-dimensional gradient Ricci soliton (M?, g;;, f) can be estimated in
terms of the potential function f, the Ricci tensor and its first derivates. In addi-
tion, the (optimal) asymptotic quadratic growth property of the potential function
f proved in [15], as well as a key scalar curvature lower bound R > ¢/f shown in
[29] are crucial in their work. Even though gradient steady Ricci solitons in general
don’t share these two special features (cf. [63, 44, 61] and [29, 34]), some of the
arguments in [45] can still be adapted to prove certain curvature estimates for two

classes of gradient steady solitons.

2.2 Main Results

Theorem 2.2.1. Let (M*, g;;, f) be a complete noncompact 4-dimensional gradient
steady Ricci soliton with positive Ricci curvature Ric > 0 such that the scalar cur-
vature R attains its maximum at some point xo € M*. Then, (M*, g;;) has bounded

Riemann curvature tensor, i.e.

sup |[Rm| < C
zeM

for some constant C > 0. If in addition R has at most linear decay, then

| Rm|
su < C.
acEJ\IZ R B

Theorem 2.2.2. Let (M*, g;;, f), which is not Ricci-flat, be a complete noncompact
4-dimensional gradient steady Ricci soliton. If lim, .., R(x) = 0, then, for each

0 < a < 1, there exists a constant C' > 0 such that

|Ric|* < CR® and sup |[Rm| < C.

zeM

Suppose in addition R has at most polynomial decay. Then, for each 0 < a < 1,



there exists a constant C' > 0 such that

|Rm|? < CR“.

2.3 Preliminaries

It follows from Remark 1.2.2 that the constant Cj in (1.3) is positive whenever f is
a non-constant function (i.e., the steady soliton is non-trivial). By a suitable scaling

of the metric g;;, we can normalize Cy = 1 so that
R+|Vf)P? =1 (2.2)

In the rest of this chapter, we shall always assume this normalization (2.4).
Combining (2.1) and (2.4), we obtain —Af + |V f|? = 1. Thus, setting F' = —f,

AfF=1. (2.3)

For gradient steady solitons with positive Ricci curvature Ric > 0,

Proposition 2.3.1. (Cao-Chen [16]) Let (M",g:;, f) be a complete noncompact
gradient steady soliton with positive Ricci curvature Ric > 0 such that the scalar
curvature R attains its maximum R,,.. = 1 at some point xo € M"™. Then, there

exist some constants 0 < ¢; < 1 and co > 0 such that F = — f satisfies the estimates
ar(x) —c < Fx) < r(z) + |F(xo)|, (2.4)

where r(z) = d(xg, x) is the distance function from x.

Remark 2.3.1. In (2.4), only the lower bound on F' requires the assumptions on Ric
and R. Note that, under the assumption in Proposition 2.3.1, F'(x) is proportional

to the distance function r(x) = d(zo,x) from above and below. Throughout the



chapter, we denote

D(t) = {xeM:F(x)<t},
B(t) = B(xo,t) = {z €M :d(zg,z) <t}

2.4 Case 1: steady soliton with Ric > 0

First of all, we need the following key fact, valid for 4-dimensional gradient steady

Ricci solitons in general, due to Munteanu and Wang [45].

Lemma 2.4.1. (Munteanu-Wang [45]) Let (M*, g;;, f) be a complete noncompact
gradient steady soliton satisfying (1.1). Then there exists some universal constant

¢ > 0 such that
|VRic| |Ric|?
IVl V]

Proof. This follows from the same arguments as in the proof of Proposition 1.1 of

|[Rm| < ¢( + | Ric|).

[45], but without replacing |V f|? by f in their argument.
O

Proposition 2.4.1. Let (M*, g;;, f) be a complete noncompact gradient steady soli-
ton with positive Ricci curvature such that R attains a maximum. Then, there exists
some constant C' > 0, depending on the constant ¢, in (2.7), such that outside a

compact set,
|Rm| < C(|VRic| + |Ric|* + |Ricl).

Proof. This easily follows from Lemma 2.4.1 and the following fact shown by Cao-
Chen [16]:
IV > ¢ > 0. (2.5)

]

Remark 2.4.1. Note that, combining (2.5) with (2.2) and (2.3), we have
0<c <|VFPP=|VfP<1. (2.6)

10



Now we are ready to prove our first main result.

Theorem 2.4.1. Let (M*,g;;, f) be a complete noncompact gradient steady soliton
with positive Ricci curvature Ric > 0 such that R attains its maximum at some
point xg € M*. Then, there exists some constant C' > 0, depending on c; in (2.5),
such that

sup |[Rm| < C.
zeM

Proof. First of all, from (2.4), we have R < 1. Hence, since Ric > 0, it follows that
0 <|Ric] <R<1. (2.7)
Thus, by Proposition 2.4.1 and (2.7), we see that

1
|Rm|* — (|Ric|” + | Ric|)* >

1
.
|V Ric|* > > 55

Using the first two inequalities in Lemma 1.2.3, we obtain
A¢(|Rm| + A|Ric]?) > —C|Rm|? + 2A(JV Ric|* — 2|Rm||Ric|?). (2.9)

By (2.8), (2.9), and picking constant A > 0 sufficiently large (depending on the

constant C' in Proposition 2.4.1, hence on ¢;), it follows that
A¢(|Rm| + A|Ric]?) > 2|Rm|* — 4\ Rm| — C' > (|Rm| + A|Ric]*)* — C.  (2.10)

Next, let p(t) be a smooth function on Rt so that 0 < p(t) < 1, ¢(t) = 1 for
0<t< Ry p(t)=0"fort>2Ry, and

2 (' OF + ")) < e (2.11)

for some universal constant ¢ and Ry > 0 arbitrary large. We now take ¢ = p(F(z))

as a cut-off function with support in D(2R,). Note that
c c
Vol = [IVFI < = and |Agpl < I0AF|+IIVFP < S (212)
0

11



on D(2Ry) \ D(Ry) for some universal constant c.
Setting w = |Rm| + A|Ric|? and G = p*u, then direct computations, (2.10) and
(2.12) yield

O*AG = P Aju+ 9*ulp(¢?) + 20*°Vu - V?
o' (u* = C) + p*u (2pApp + 2|Vy|*) + 2VG - V* — 8|V’G
> G*+2VG -V - CG - C.

v

Now it follows from the maximum principle that G < C' on D(2Ry) by some constant
C > 0 depending on ¢; but independent of Ry. Hence u = |[Rm| + A|Ric|* < C on
D(Ry). Since Ry > 0 is arbitrary large, we see that

sup |Rm| < sup (|Rm| + A|Ric|*) < C.
xeM xeM

This completes the proof of Theorem 2.4.1. ]

Proposition 2.4.2. Let (M*, g, ) be a complete noncompact gradient steady soli-
ton with positive Ricci curvature Ric > 0 and R attains its mazimum at xo € M*.
Then the function u = w, with A > 0 sufficiently large, satisfies the differ-
ential inequality

Apu>u’R—CR—2Vu-V(log R)
for some constant C' > 0 outside a compact set.

Proof. First of all, by an argument similar to that of (2.8)-(2.10) in the proof of
Theorem 2.4.1, by choosing A sufficiently large we have

A¢(|Rm| + MRicl*) > (|Rm|+ M Ric|*)? — 4X?|Ric|* — X(|Ric|* + |Ric|?)
> (|Rm]| + M Ric*)? — C|Ric|?

for some constant C' > 0. Here we have also used the fact (2.8).

12



Thus, by a direct computation,

Apu = RTIA((|Rm|+ NRic?) + (uR)Ay(R™) + 2V (uR) - V(R™)

(|Rm| 4+ A|Ric|?)? — C|Ric|? |Ric|> _|VR]?
> R + (uR) |2 7 +2 73
2
I (u|VR|* + RVu-VR)
> Ru?—-CR—2Vu-VliogR.

]

Theorem 2.4.2. Let (M*,g,;, f) be a complete noncompact gradient steady Ricci
soliton with Ric > 0 such that R attains its maximum. Suppose R has at most linear

decay, i.e. for some ¢ >0, R(x) > ¢/r(z), outside a compact set. Then

|Rm|
su < C.
a:e]\g R B

Proof. Fix X sufficient large so that Proposition 2.4.2 holds and set u = w.

Next, let ¢(t) be a Lipschitz function on R¥ so that ¢(t) = &t for 0 < ¢ < d,

o

o(t)=0for t > d. Let o = p(F) and G = @*u. Then on D(d) \ D(1) ¢ satisfies,

1
V| =|¢'VF| < -

1
Afép = QD/AfF = —E.
Then outside D(1), we have,

PO (G) = @' (Agu) + Qu(Dpe?) + 20°V? - Vu
¢* (Ru* — cR — 2Vu - Vlog R)

+2 (D pp + [Vo|?) G+ 20°V? - Vu
RG* — cR+4¢ (Vy-ViogR) G
—SG + (2Vg02 — 2¢?V log R) -VG.

v

v

13



Now by Lemma 1.2.3 and Ric > 0, we have |Vlog R| = 2|@| < 2. Also, when

R has at most linear decay outside some D(ty) and for d > ty, we have R >

o e

in D(d)\D(ty) for some constant a > 0 independent d. Therefore there exists

o

independent of d such that on D(d) \ D(1), following inequalities holds,

P?Ap(G) > RG®—cR— cEzG + (2Vg? — 20°V1og R) - VG

1
> §RG2 —cR+ (2V302 — 2¢?V log R) -VG.

Recall v > 0, therefore the maximum of G, must attains in the interior of D(d).
Then it follows from maximum principle argument that u < C on M*, hence |Rm/| <
CR on M*.

O

2.5 Case 2: steady soliton with lim, .., R(z) =0

In this section, we prove our second main result, Theorem 2.2.2. Throughout the sec-
tion we assume (M*, g;;, f) is a complete noncompact, non Ricci-flat, 4-dimensional

gradient steady Ricci soliton such that

lim R(x) = 0. (2.13)

T—00

Note that, by Remark 1.2.2, (M*, g;;, f) necessarily satisfies R > 0.
First of all, we need the following useful Laplacian comparison type result for

gradient Ricci solitons.

Lemma 2.5.1. Let (M",g;;, f) be any gradient steady Ricci soliton and let r(z) =

d(xg, ) denote the distance function on M™ from a fized base point xy. Suppose that
Ric< (n— 1)K

on the geodesic ball B(xg,ry) for some constants ro > 0 and K > 0. Then, for any

14



x € M™\ B(xg,19), we have

Agr(z) < (n—1) (gmo + rol) |

Remark 2.5.1. Lemma 2.5.1 is a special case of a more general result valid for
solutions to the Ricci flow due to Perelman [51], see, e.g., Lemma 3.4.1 in [18]. Also

see [33] and [62] for a different version.

Theorem 2.5.1. Let (M*,g,;, f) be a complete noncompact gradient steady Ricci
soliton which is not Ricci-flat,. If lim, ., R(z) =0, then, for each 0 < a < 1, there

exists a constant C > 0 such that

sup |Ric|*> < CR" and sup |[Rm| < C.
zeM xeM

Proof. The proof is similar to that of Munteanu-Wang [45] except we need to use
the distance function to cut-off rather than the potential function since the potential
function may not be proper.

Since lim,_,o, R(z) = 0, it follows from (2.4) that

]Vf\ >c >0

for some 0 < ¢; < 1 outside a compact set. By Lemma 1.2.1 and Lemma 2.4.1, we

have

A¢|Ric]> > 2|VRic|* — C|Rm||Ric|?
2|V Ric|* — C (|VRic| + |Ric]” + | Ric|) | Ric|>.

v

Also, since R > 0 on M*, by using the first identity in Lemma 2.3 we have

1 | Ric|? IVR|?
Af (ﬁ) = 2CLW + CL(CL + 1)W

15



c|? A ic|? 1 1
A, (M) _ BB pepa, <—>+2V\Rz’c\2~v< >

Re Re Re Re
2|V Ricl|? (|VRic| + |Ric|* + |Ricl) | Ric|?
> -C
Re Re
: |Ricl|? IVR|? |Ric| |V|Ric|| [VR]
+| Ric|? {2a Fart + ala+1) Fave | T 4a Ratl

Apply Cauchy’s inequality to the last term

_4a]ch] |V|Ric|| [VR| S _4a|ch| |V Ric| |VR)|

Ra+1 — RaJrl
|Ric*|VR*>  4a |V Ric|?
> — 1 — .
> —ala+1) Tat? i1 R

Thus, we have

2(1 — rel2 - - 12
Ay (Rieproey > ML=Vl o[V Ric]

- l+a Re Ra
|Ric|* + |Ric|? | Ric|*
—C I + 2a Tari
CR . |Ric|* |Ric®
> (2a — - C :
= (2 1—a)R‘“rl Ra
Therefore, for u = “Z;ilg, we have derived the differential inequality
CR
Apu > (2a — Jul R — Cu?RY2. (2.14)
—a

Since R — 0, for any 0 < a < 1, we can choose a fixed dy > 0 depending on a
and sufficiently large so that

(2a — )>a (2.15)

1—a

outside the geodesic ball B(zg, do).
Next, for any Dy > 2dy, we choose a function ¢(t) as follows: 0 < ¢(t) < 1is a
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smooth function on R such that

p(t) =
0, t<dyort>2D,
Also,
" ()] < e and 0> (t) > _Di’ if 2dy <t < 2D,. (2.16)
0

Now we use ¢ = p(r(x)) as a cut-off function whose support is in B(xg,2Dy) \
B(zg,dp). Note that by lemma 2.5.1, we get

C
Vol? = |2 < c and App =@ Apr(x) + " > o (2.17)

0

ow|

on B(xg,2Dy) \ B(zo,2dy) respectively.
Setting G' = p?u, then by our choice of ¢ and (2.17), we see that

VNG = P 'Aju+ o*ulpp® + 20 (Vu - Vip?)
¢ (a’R*" — C’u3/2R“/2) + 20%u(Arp?) — 8| V|G + 2VG - V2
aG?R* — CGP?RY? — CG 4 2VG - V2.

Vv

Vv

Assume G achieves its maximum at some point p € B(xg,2Dy). If p € B(xg,2Dg)\

B(xg,2dy), then it follows from the maximum principle that
0> aG*(p)R*(p) — CG**(p)R**(p) — CG(p).

On the other hand, noticing that the fact 0 < a < 1 and R uniformly bounded from
above, implies.

Gp) <C

for some constant C' depending on a but independent of Dj.

17



Thus,

max < max G <max<{C, maxu, <C’
B(zo,Do) B(z0,2Do) B(2do)

for some C’ > 0 indepedent of Dy. Therefore |Ric|* < CR* on M*.

It remains to show |Rm| < C on M*. However, once we know sup,.,, Ric < C,
|Rm| < C follows essentially from the same argument as in the proof of Theorem
2.4.1. We leave the details to the reader.

O

Lemma 2.5.2. Let (M*,g;;, f), which is not Ricci-flat, be a complete noncompact
gradient steady Ricci soliton with lim, o, R(z) = 0. Then for each 0 < a < 1 and
>0, there exist constants A > 0 and D > 0 so that function

Y |Rm|? + \|Ric|?
— T

satisfies the differential inequality
A > pv—D.

Proof. By Lemma 1.2.2 and Theorem 2.5.1,

A¢(|Rm|? + M| Ricl? 1
Ap = A m'; [Bic) | VRAf(5) + 2V (vR") - V(R™)
< 2|VRm|* + 2)\|V Ric]> C|Rm|2 + A Ric|?
- Re R
, AR IVR|?
+(|Rm|?* + \| Ric|?) —a# +a(a+1) Tat?
|Rm||V Rm||VR)| |Ric||V Ric||VR)|
—4a Rl — 4a) Rail .

By applying Cauchy’s inequality to terms with |V R|,

18



2|VRm|* + 2|V Ric]> C|Rm|2 + A|Ricl|?
- R R
4a |[VRm|*  4a) |VRic|?
“a+1 R°  a+1 Re
2\(1 = a) [VRic]> C|Rm|2 + M Ric|?
1+a R R '

Afv

Now by Proposition 2.4.1, for some constant € > 0, we have

2e|Rm|> < (|VRic| + |Ric]® + |Re|)”
< 2|VRic]* + 2(|Ric|* + |Ric|)*.

Thus,

| Ricl|?
Ra
Ric|?
) = X [2(1 — a)(|Ric| + 1)* + ] | ];;' .

2eA(1 —a) |Rm|? l—a, . 9

- — |2 —— 1 A
{ 1+a C} Re T3 g i+ 1) 4
| Ricl|?

> [eAX(1—a)—c(v—A 7

Therefore, by Theorem 2.5.1, for each 0 < @ < 1 and g > 0 one can choose A\ >
C/(1 —a), with C' > 0 depending on p and sufficiently large, so that

A >pv—D

for some constant D > 0 depending on . [

Theorem 2.5.2. Let (M*, g;;, f), which is not Ricci-flat, be a complete noncompact
gradient steady Ricci soliton with lim,_, o R = 0. Suppose R has at most polynomual
decay, i.e., R(x) > C/r¥(x) outside B(ry) for some fizedrog > 1, some constant ¢ > 0
and positive integer k. Then, for each 0 < a < 1, there exists a constant C' such

that
|Rm| < CRY?.
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Proof. Let p = g Consider the following function on R*:

(F)" o0<t<d
p(t) =
0 t>d.

o

Next, let ¢ = ¢(r(xg)) on M*. Then on B(d) \ (Cut(zo) U B(ry)) we have,

_pd—rp_1 _p
vel = 2(15) o=

p(d=r\"" pp—=1) (d=r\"" o
Npp = _c_i( y ) Agr+ 7 y |Vr|

plp—1)
ek

p
= |——A
[ d—r e

Consider w = v — % with v = M‘Q;—;\‘RW, pand D as in Lemma 2.5.2. Then,

w satisfies
Ajw > pw.

o

Let G=¢?w, then on B(d) \ B(ry), we have

AfG = (Af(,OQ)"LU + SOQAf’(U + 2(V302) -Vw
G
> (20070 +2|Vo]?) w + pp’w + 4V - VE

24 Vo2
Z<u+ gl sgl
© ©

) G+ %(VG, Vo). (2.18)

Recall that G = 0 outside B(d). Now consider a maximum point ¢ of G.

Case 1. G(q) < 0. Then, r}r;(ég)(w < 0.

20



Case 2. G(¢q) > 0 and g € B(rg). Then, on Q = B((1 — 5)d), we have

1
< .
maxw < mguxgp2 G(q)
< 4G(q)
< 4maxw.
B(ro)

Case 3. G(q) > 0 and ¢ ¢ B(rg), ¢ ¢ Cut(zg). Then we could apply by (2.18)

and Lemma 2.5.1, at ¢,

0 > pu+2 lad 6|v¢f|2
> u—2pKodi —(4p2+2p)(d_ E
for some constant K, > 0 depending on 7y and maxpg(,,) | Ric|. Hence ﬁ(q) > (C for
some constant C' depending on p, p = k/2 and Ky. Thus, we have
d—r(q) <c (2.19)

for some constant ¢ > 0 independent of d.

Therefore,

max w
Q

IN TN

IN

IN

IA

1

max =l G(q)

4G(q)
(d = 7(q)* (|IRm[* + A|Ric]*)

4 d2p Ra (q)
r*(q)

C T

cdleVk < ¢

for some constant C' > 0 independent of d.

Case 4. G(q) > 0, ¢ ¢ B(ro), ¢ € Cut(xy). Then we could not apply (2.18)

directly since d(xg, —) is not smooth at p. Now consider the support function G.
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constructed by the following procedure. Firstly, pick any minimal geodesic v from
xo to p, then choose a point x; € 7 very close to zy. Notice that z; ¢ Cut(p). Let

€ = d(zg, 1), consider r.(x) = d(z1,z). Then we have,

e re(q) +e=7(q)
o r.(x)+e>r(q)
e r.(z) is smooth near ¢

Now consider G¢(z)=p(r.(z) + €)?*w where ¢ was defined in the beginning of
the section. Then G.(z) < G(z) < G(q) = G<(q). Then we could apply maximum

principle at ¢ since G, is smooth at q.

Ao |Ved|?
G Drve 902|
906 gpe

> = 2pKo(x)

0 > p+

1
S 07 -, ¥ D
d—r.—¢ (p+p)(d—re—e)2

D S
d—re(q)—e

In order to get rid of the dependence of x1, we let ¢ — 0, then we have

Hence > C for some constant C' depending on p, p = k/2 and Ko(x1).

d—r(q) <c (2.20)

for some constant ¢ > 0 independent of d.

Now follow the exact same argument of Case 3, we get an uniform estimate of
maxw on ) = B((1 — 5i)d) which is independent of d.

Therefore sup,,; w < C, and hence |Rm|?> < CR®* on M* for each 0 < a < 1.

]
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Chapter 3

Curvature and volume growth of

steady Kahler Ricci solitons

3.1 Background

We call a Riemannian metric g;; Kéhler if there exists a (1,1) tensor J such that
o J>= —Idry
e g(JX,JY)=g(X,Y) for any X, Y € TM
e VJ=0

If a steady Ricci soliton is Kahler, we call it a steady Kahler Ricci soliton. For
properties of Kéhler manifold readers may consult [2], [32]. We are going to list

some notations we will use in this chapter.
Firstly consider the complexified tangent bundle TM® = TM ® C. Then extend

J by complex linearity. Denote
o TWONM ={X —iJX|X € TM},
o TUIM ={X +1JX|X € TM}.
Now extend g using complex linearily to TM® = TM ® C. Then g¢ satisfies
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b gC(77?) :gC<X7Y>
e gc(X,X)>0for X € TM® -0
e gc(X,Y)=0for X,Y € T"°M

gc becomes a Hermitian metric on T M, for simplicity we use g;; for this Her-
mitian metric in this chapter. Since V.J = 0, Ric also shares the similar symmetry.
We denote Ric;; for the non vanishing part of the complexified tensor.

In this part we are going to analyze the asymptotic behaviour of steady Kéhler
Ricci solitons with positive Ricci curvature. We are going to focus on two parts; the
first one is volume growth and the second one is curvature decay.

For the volume growth, when the manifold has nonnegative Ricci curvature the
classical Bishop comparison theorem implies the volume growth is at most Euclidean.
And under the same condition, the volume growth is at least linear by a result of Yau
and Calabi [64]. If furthermore the manifold has positive holomorphic bisectional
curvature, Bing-Long Chen and Xi-Ping Zhu showed [23] that the volume growth
is at least half Euclidean growth and curvature has to decay in the average sense.
Applying their method, we showed that if the manifold is a steady Kahler Ricci

soliton metric, then similar results hold when the metric has positive Ricci curvature.

3.2 Volume growth

Theorem 3.2.1. For any Kdhler Ricci soliton (M*", 9i5, ) with positive Ricci cur-
vature and scalar curvature attaining its maximum, volume growth is at least half
FEuclidean, 1i.e.,

Vol(B,) > cr"

here r is the geodesic distance to some point x.

Proof. Fix r > 1, and consider positive function ¢, = e~ where F = — f. Here we
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consider the Ricci form Q = Ric(JX,Y) and Kéhler form w = g(JX,Y).

/{ (P (VI @FEy”
_ / 6}71(@—6)”1(8%/\517)/\(\/—_1)”(85}7)”1

r2

- / oy — )" 1(‘p"aFAaF) (vV=1)"(99F)"
{%>6}
< S EL VR A (V=T) T (09F) T A w
{or >5} r
_ S\n—1 _
S / TL RO ( Pr 6) QOT(\/__l)n—l(aaF)n—l/\w
{or >5} r
_ n—2,,.2 _
S / n RO ( 6) (107“ (\/__1)n—2(aaF)n—2/\w2
{¢ >5}

n

< / Co(, Ro) 2w
{or>6} r

Here Ry is the maximum value of scalar curvature, recall we have |[VF|? < R,.

[ e < ST [ e
M r M

Left hand side has a strictly lower bound since Ricci form is a positive (1,1)

Let 6 — 0 we get

form. Therefore we have,

< S [y
rn M

Recall from (2.4) the potential function estimate c1d(z) — co < F < /Rpd(x) +

|F'(z0)| which gives the following estimate,

_cd(@)—cy d

o <e T < (Ce “r
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outside B(xg,1). Therefore we have,

/ ppw” <
M

IN

IN

IN

<

<

_ a
Cl/ e Cl”rwn
M
)
/ —clné n / —c1né n
C g e rw"t +C e N
=0 BQiJ”lriBQi'r By
a i
_ 2'r _ T
C/§ :/ e—an; wn+cl/ 1Ny )
i=0 /B v

2141,

C/ Z 672icln / W 4 ClefclnvouBr)
i=0 B

2041,

> e TV ol(Byir,) + Cle "V ol(B,)
=0

Z e~Zangt2nyo1(B Y 4 C'e “"Vol(B,)
=0

C"(cl,c2,n) - Vol(B,)

Here ¢q, ¢c5 come from the estimate for ¢, from the previous page.

Therefore

C

< C’(n, RQ)

VolB,

TTL

rTL

/ Spfwn S C(na R07 1, 02)
M
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3.3 Curvature estimates

Theorem 3.3.1. For a steady Kdhler Ricci soliton (M*", 97 fﬁ) with positive Ricci
curvature such that the scalar curvature attains its mazximum, for any xy there exists

C such that
1 C

WB(T))/B(T)R@)S 147’

here B(r) is a geodesic ball of radius r to any point.

Proof. We are going to use the following theorem by Hormander. The version we
are going to use is in Chapter VIII, Theorem 6.5. [32] With the natural function F'

our manifold is Stein. Furthermore we have the following inequality,
V—100(F) + ¢1(Ky) + Ric = Ric > 0

Now fix a base point zy and some cut off function 6 near xy. Let € be some
small number such that v/—I199(F + 2eflog|z — x¢|) is still positive. Then for m
large enough such that [me] —n > 0 we find a nontrivial L? section S of K7} with

prescribed value at zg, say S(x¢). Furthermore

/ 1S|ze ™ dV, < oo
M

V—1901og|S|} = [S = 0] + mRic > mRic

Since the Ricci curvature is nonnegative, the mean value inequality for subhar-

monic functions gives,

2, c(n) 2(x
1S]7(z) < Vol(B(z,3d(zo, z))) /B(m,Sd(mo,&?))‘S| @

c(n) / 2 —mF _mF
= IS (x)e™ ™ e™
Vol(B(z,3d(xo,z))) B(z,3d(z0,z))
< Clem\/Rod(a:,xo)

27



Now consider M = M x C?, with the product metric. This space has nonnegative
Ricci curvature, therefore parabolicity translates to volume growth.([42] Theorem
5.2). The volume growth of M is at least n + 4, therefore there exists a positive

Green function G(z,y) on M. Now consider G(z) = G(xf, z) where z{, = (z0,0)

where x( is the point that we can prescribe S. Recall that we have,

Alog(|S[*) = mR,
and log(]S]?) has singularity along S = 0. Therefore we consider log(|S|? + §).

S|?
AN 2 > ISP
og(|S]* +0) > leS‘2 5

Now pull back functions |S|?, R on M through map M — M , we get functions
|S|2, R such that,

__ _ 2
Alog(]S]? +6) > mR,\|§|

|S]? + 0

~ S~ . -
/ mR,\|§| (G —a)tte < / Alog(|S)2 +0)(G — a)t*e
B>G>a  |S|2 46 B>C

>G>a

_ / log(|SP + 8)A(G — a)t+
ﬁ>é>o¢

/\_5 _
_|_/ 810g(|5| +5> (G_a)lJre
é:ﬁ (9n

(14 /é:ﬂ log([SP + 6)(G — a)eg—i

[ tosllSEaAG -0 < swlosl(SEa) [ AG -
B>G>a B>G>a

G>a

— sup log(|S]2 + §) / (1+¢)(G — a)€§

é>a ézﬂ an
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Letting € — 0, we get

OS2~ —_ G
/ - mR/\|§| (G—a) < suplog(|S|2+§)/ oG
B>G>a

1S|2+ 6 T Goa G=p On
dlog(|S2 +6) , ~
N LI
é:IB 3n
—  _9G
— log(|S|? + ) —
/67'25 on
We'll prove later such that G ~ TTT %] ~ d2fl—’+3. By using these facts, we

obtain,

/ oG cd>t3

o~
- Cd2n+3
/6:5|G_a| —>—d2n+2 =cd—0
[S(zo)? =1

Letting 5 — 400, then letting 6 — O(furthermore use S = 0 has codimension 1)

/~ mR(G — a) < ¢(n) sup log(|SP?)

G>a G>a

On G > 2a, we have (é —a) > %CN}' therefore

/~ mRG < ¢(n) sup log(|f§!/2)

G>2a G>a

Goal: Change G(zg, —) level set coordinates back to regular geodesic ball.

Tool: Green function estimate

c(n)_lczz(x,xg) < é(x 1) < c(n)cp(x,aro)
ol(B { - =

Vol(B(xg,d(x, z)) Vol(é(xg, CZ(:L", o))
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From [42] Thmb5.2, we have the following estimate for a space with nonnegative

Ricci curvature:

[T dt o dt
c(n) /d2 W < G(z,z9) < ¢(n) /d2 W.

Lower bound:

/‘X’ dt >/"O c(n)d®2dt  c(n)dtdt /Oot_n_l_c, d?
2 Vol(Vt) = Je Vol(Va@) - trh! Vol(d) Je V(d)

Vol \/diZ 2 n
Vog(\/f)) > (Y2042 ywhen ¢ > d2.

Here we use Bishop-Gromov: 7

Upper bound: This is way back to observation (23) in Shi’s construction. Be-
Vol(Vd2)
’ Vol(vt) —

cause we have a flat factor which has accurate volume growth information

V2 \4
O(”)(w) : N
Since the volume is locally are Euclidean, the above estimates imply G ~ s
when d — 0. By the Cheng-Yau gradient estimate \%| ~ dgﬁ—;g.
Let r(a) be the largest number such that B(zo,r(a)) C {G > a}. Because of

the Green function estimate,
B(zo, () € {G > a} C Bz, c(n)r(a)).
Recall we have,

mRG < c(n) sup log(|S]?),

G>a é>%a

together with the lower bound G' > % inside B(r(«)),

mEG > / e

B(r(a))

L r(@)? ~
=" CVOZ(T(Q)) /E(r(a)) f

G>a
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By Green function estimate, and the estimate for log(|S|?),

sup log([S]2) < sup  log(|SP) < e(n)(7 + ).
G>la B(c(n)r(a))

Therefore on M we have,

1 ~ r+c 1
—_— R<c <c .
VOZ(”F) é(r(a)) - ’7:2 or+4+ 1

The above estimates also hold for M since

BM(%’I“) X B(Cz(%r) C B(T) C Bu(r) x Bez(r).
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Chapter 4

Uniqueness under constraints of

the asymptotic geometry.

4.1 Background

Recall a steady Ricci soliton (M, g) is a Riemannian metric which satisfies the e-
quation 2Ric = Lx(g). For a steady Ricci soliton (M, g) if in addition the metric
is Kahler and X is the gradient of some real valued function, then we call it steady
gradient Kahler Ricci soliton.

H.D. Cao constructed a family of steady gradient Kéahler Ricci solitons on C”
with positive holomorphic bisectional curvature in [11]. This is the first noncompact
(nontrivial) example of a steady Kéhler Ricci soliton. There are also many important
examples of Ké&hler Ricci solitons constructed by Koiso in [49], M. Feldman, T.
Ilmanen, and D. Knopf in [43] and Akito Futaki and Mu-Tao Wang in [1].

In [11], Cao asked a question on symmetry of steady Kéhler Ricci solitons with
positive holomorphic bisectional curvature on C". O. Schniirer, and A. Chau’s result
in [24] gave a partial answer to this question.

Recently S. Brendle showed O(n)—symmetry of certain steady solitons in [57]
[58]. His work solved an open problem proposed by Perelman in [51]. Otis Chodosh
extended the argument to expanding solitons in [26]. Otis Chodosh and Frederick
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Tsz-Ho Fong showed U(n)—symmetry of certain gradient expanding Kéhler Ricci
Solitons in [27].

In this chapter we will give a partial answer to the question proposed by Cao in
[11] . The argument is similar to [27] which comes from [57] [58] [26].

We are going to compute norms, gradients and distance with respect to the

model metric constructed by Cao in [11] in this Chapter.

4.2 Main Theorem

Main Theorem For n > 2. Let (C", g, X,») be a steady gradient Kéhler Ricci

solitons constructed by Cao in [11]. Let (C", g, X) be some steady gradient Ké&hler

Ricci soliton with following properties.
1. r2t5|V9(G — gu)| = o(1) for j =0,1
2. ¢ has positive holomorphic bisectional curvature,

here r is the geodesic distance to the origin with respect to g,,.
Then there exists a point p € C" and a map @, : z — 2 + p such that g = ®;(9g)

satisfies standard U(n)— symmetry.

4.3 Preliminary

In this section we are going to present expression and basic properties of the metric
construct by H.-D. Cao in [11]. Let (21, 22, ..., 2,) be standard holomorphic coordi-
nate on C". Let ¢ = log(|z|°). Then the U(n)-symmetric steady Kahler Ricci soliton
in [11] is given by

(G) = 935+ € 35((0) — 6(0) 1)
i et(s_ﬁ 25 L _ L
o) =<5+ 5 G ~ o) 2
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where ¢(t) satisfies ¢" 1¢'e? = e™ after normalization. From computations in

[11] we have following properties.

o(t) — nt
¢(t) = n
¢'(t) — 0
¢"(t) — 0
r(t) = O(t)

Here 7 is the distance to origin with respect to g,,. We'll always use r, ¢ for above

purpose.

4.4 Calculations

In the calculation part, we are going to analyze, under the asymptotic constraint,
how much could various quantities differ from the original model. From now on g
is some steady gradient Kahler Ricci soliton metric satisfies assumptions 1,2. g, is

the model metric constructed in [11].

4.4.1 Killing vectors of the model metric

We are going to show |U,| = O(r2), |[VU,| = O(1), |X| = O(rz), |[VX]| = O(1) by
straightforward computations. Here U, are killing vectors coming from the unitary
symmetry of g,,, X is the soliton vector of the model metric. r is the distance to
origin with respect to g,,. Notice that JX is Killing, therefore we only need to do
explicit computation for Killing vector fields.

We pick following explicit R—basis of Killing vectors of g,,.

1,0 _ - 0
].. Uk _ZZ]CE7

10_ . 8 9
2. Uyy = Zup,- — 2vp,- Where u # v,
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3. 17;;3 = i(zu3= + zo5>) Where u # v.

Our goal is to show |U,| = O(rz), [VU,| = O(1). We can restrict the computa-
tion to the direction (z1,0,...,0) € C" by symmetry.

.|Ua| = O<T%>

By expression 4.1 , at (2,0, ...,0), metric looks like

g7 = e 'diag{¢'(t), 6(t), ..., p(t)} (4.3)

From the expression of Killing vectors above and the relationship between the
Kahler metric and its associated Riemannian metric. It’s sufficient to calculate the

length of Zlaizﬁ Zla%v using the Kahler metric .
(a) |zlai21]2 = etz [¢/(t) = ﬁ]zlﬂb’(t) =¢'(t) = n~O0(1)
(b) |15 |* = el o(t) = piplal’s(t) = ¢(t) = nt ~ O(r)
Here we have used the asymptotic behaviour of ¢(¢) in Section 4.3.
o|VU,| = 0O(1)

Since all U, are real holomorphic, when we calculate |VU,|, we can restrict all

discussion to T, From 4.1, Christoffel symbol I is

LBl o+ SO 200036 0+ O)5ma 4 (60 -o(0)aaRy | (0.0
At (2,0, ...,0) we have the following 4 cases

(A) j#1 Ly = g5e 2(9/(1) — (1))

B)j=1h#1  Ti=g"zme?(¢() - o)

(C) j=1k=1i#1 T} =0
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D) j=1k=1i=1 Fnzg ze” (¢//(t)_¢/(t>)

From the expression of a basis of Killing vectors we pick at the beginning of
%) along (z,0,...0).

4.4.1, we only need to estimate the length of V(z*

Case I wu=wv=F where k #1

11) Vo (z*52%) =0for I #k

ozl

Therefore |V (2" -2

sz)‘gm = | ak\‘(‘)z ’— 1

Casell u=v=1

I1.1) Taking the derivative along % where [ # 1

Vo (250) = 2T 50 = 55(@'(t) — 6(t) 52

—
—t
5
=
=
OS]
-+
=
@
Q.
@
=
5
=
<
@
=
o
=
09
Q

Vo (1) = gl 21T = (14 () — 90)]

Therefore [V (z'3%)|, = O(1)

Case III uw#vand u # 1

V B ( @)7&“82“

92l

Therefore |V(z azv)|

2l <C ( - direction is longer by 4.3 and

properties of ¢(t) in Section 4.3 )
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Case IV u#vandu=1

VI.1)Taking the derivative along % where [ # 1

Voo (5152) = 615k (6/(8) — (1))

82!

VI.2)Taking the derivative along %

Vo () = o + 2 Tigk = S5 ()

From the expression of the metric in 4.3 and the properties of ¢(¢) in Section 4.3

we see that |V (z! £v)|gm is also O(1)

4.4.2 Shifting preserves the assumption 1

We are going to show for g satisfies Assumption 1, 2, and any point p € C", ®5(g)
also satisfies Assumption 1 , 2.

We just need to check for Assumption 1 still holds for ®;(g). This is equivalent
to say that r2+%]Vj(®;(§) — 9m)l,, = o(1) for j =0,1.

Directly pull back Assumption 1 by &7 we get.

PVI(G gy, = 0(1) = 273 |@(V) (B(9) — B (gm)

After this, it’s sufficient to check following facts..

‘b;(gm) - 0(1)

* log(|2|?
L. ‘(I)p(gm) - gm‘gm = O(%)

log(|2|?))?
_ O(les(z))

|2l

2. |v(¢;(gm) - gm)

gm

= o(1) for j = 0,1 implies r2+%|Vj(k)|gm = o(1) for

3. 122 |(@r V) (k)
j=0,1

Drgm

STEP 1 |®}(gn) — gml,, = O(EE2)

Plug 4.1 into (®;(gm) — gm)s;, We get

ijs
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(@ZQ%J__gm%j::[¢aog0z-%p|>>__¢aog02|»]

|z + oI’ Es

+ (z +Di)(z +p))

|z +p|" Eln

¢/ (log(|z + pI*)) — ¢(log(l2 +pI")) — ¢'(log(l[*)) — ¢(10g(12\2))]

¢/ (log(|2]")) — ¢(log(|[*))

2"

(Zi + i) (2 +pj) — Z_izj]
(4.5)

For the norm of the first two terms, apply mean value theorem to real valued
function f(x) = 205 we get ‘f(|2+p| )— (|Z|2)‘ < |p| f/(|Z|+§)‘,€€ (=Ipl, Ipl)

£l2] + 5)‘ 5 ¢’(log<<|z\+s>2)f¢(310g(<\z|+£)2)) < ClostlsP)
(121+¢) X

asymptotic of ¢ in Section 4.3. Therefore the norms of the first two terms is bounded

. The last step uses the

by Clogl ||§ This bound works for other 2 coupled terms by similar arguments.

Together with the coarse estimate ! g“”} <Cet=C |2|* from expression 4.2 , we
have |2;(g,) — gul,,, = O(HEE)

x _ ( Uos(l2[*))?
Let dg = (ID*(gm) — gm- Then for any i, j, (69); = O(logi E )Y by STEP 1.
(V 59) = 52-(095) — (09) (Vg 7=)
. Bzm (5gz‘j)
Expression of dg,,7 has been separated into three lines in 4.5

When % hits the first line of 4.5
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0 [¢<1og<|z+p|2>> - ¢<log<|z|2>>]
Oz, 2+ p|? Els

= (Zm + pm)

B o]

(¢' — ¢)(log(|z +p[*)) (¢ — ¢)(10g(|2|2))]

(¢ — ¢)(log(|2]*))

+ 4
2|

By applying the mean value theorem to f(x) = ¢/ (og(@*)—d(log(@®)) 5 q asymptotic

T

of ¢(z), we get the order of the sum of these two terms is O(1°g| |‘Z‘ loa(l=])y

When 7 hits the second and third line of 4.5, the order is also O(log‘ |Z| logll2[)y 1y

the asymptotlc of ¢(t) up to third order and a similar discussion.

2. (69)(VZ Boo az ) = O(%) This is done by using the result from STEP

1 and the coarse bound |I7, | = (M) which is directly from its expression 4.4
Therefore |V(®5(gm) — gm)l, = 0(%)
STEP 3 r3|(@;V) (k)|g,,, = o(1) j = 0,1 implies r2*%|Vi(k)[, = o(1)
For j = 0, this comes from the equivalence of ®}g,, and g,, by STEP 1.
For j = 1, it’s sufficient to show [(®;V — V)k|, = O(%))
(@pV; = Va)k) ; = kg(T5, = T3) = kg (§0ig5 — 97 0ig;0)
1.As a complex number, |k | = O(#) by properties of k and g.
2157050 — 97 0igyel = 1T — 9)0Gs0 — 970 (Grw — g50)| = O(BLR)

|

[(Q,V = V)k|, = O(log 121%) )) holds by 1,2 together with [¢*7| < |z|*.

4.4.3 Rigidity of the soliton vector

In this subsection we are going to see the soliton vector X of g must satisfies X10 =
(A2 4 b7):Z where Re(\) # 0. Therefore there exists an shifting map (CID;;()N( N0 =
)\21%. In other words, the soliton vector field is rigid suppose we know information

about the asymptotic geometry.
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Write X10 as uz(z)a% Then u(2) is a holomorphic function on C".

By [12] |5Z|§ + R(g) is constant. R(g) > 0 by Assumption 2 . Therefore we have
\)?]3 < 00. By Assumption 1 , we see that ])azm < 00

From properties of ¢(t) and ¢/(t) in section 4.3 . We see that there exists a
positive C(to) s.t. ¢(t), ¢'(t) is greater than C for all ¢ > to. Recall the expression
of gm at (z,0,...0) is dzag{¢et ,(be—f 201 Therefore |X|§m is finite implies for

2| > eb, +o0 > ggul(2)ui(z) > Y, C'“;(‘ZQ” . Therefore |u’(z)| is at most linear
growth. u'(z) = aj2’ + 1. Let X, =b 22 Then |X.[, — 0 uniformly.

1. a = 5;&. To see this we use |X — ),(Vngm is finite and make a calculation at
(0,..., 2, ...,0) where the j-th place is not 0. By 4.1, the metric is B ‘gdzag{gb 0}
at this point.

0
0o > |X — X, = <agzpa—z,af,zrﬁz >
q s

i12
= (J,JCL]|ZJ| 9qs

= > o)a]l” + ) P’¢' (1)

q#j

From the properties of ¢(¢) in Section 4.3. We must have a? =0forq#j

2. al =a2=..=a" We still use |X — )f(v,;|gm is finite and make a calculation at
(0,...,2,..., Z,...,0). Here the nonzero places, the ith and jth ones, are equal. By
4.1, at this point, we have

Gndop = (Gm)ag = ¢ '0(1) + e |2 (¢' () — (1))
(9n)ss = (gm)ap =[] (@/(2) — &(t))

Therefore oo > |)?—)/{L\gm = ;11<|c?|2+|o?j|2> ¢’(t)+i]c?"—a~j|2¢(t). From Section
4.3, we see that ai = c;j,Vz',j
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3. Re(\) # 0 Suppose A is purely imaginary. Then there exists a closed circle
as integral curve for vector field X. This contradicts with X being the gradient of

some real function.

4.4.4 Decay rate of Ricci of the model metric

We are going to show there exists a C' > 0 such that Ric,, — t% gm > 0 by straightfor-
ward computations. Since both Ric,, and g, are U(n)—symmetric, we can restrict

our discussion along (z,0,...,0). Along this direction, we have

g5 = € 'diag {¢/(t), $(t), ..., (1)}
Ry = e 'diag {v"(t),V'(t), ..., v'(t)}

where v(t) = nt — (n — 1) log(¢(t)) — log(¢'(t)). As we assume g, have the same
normalization as in [11]. The equation of ¢ is ¢" 1¢'e? = ™.
Let’s consider \;(t) = 1;:—8 ,Ae(t) = 28 where k> 2

o(t)
1. Ak >2
R
o) t
2 )\1
I PN G0 e O OB A e YA
MESo YT e T e
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We have the following identities from Cao’s paper [11]

/2
¢// :n¢/ o (¢/)2 o (n o 1) ((b(b)

no__ 240 /\2 n3 _ _ (¢/)2

¢" =n"¢' = 3n(¢')” + 2(¢)” — 3n(n 1)7

+4(n—1) <¢§;>3 +(n—1)(2n—-1) (2,2)2
Plugging them into expression of A;, we have

1, @-1)n-=-1)9¢, ,
)\1:$¢+(n z#én ) (¢ =1)

By the asymptotic of ¢ in Section 4.3, we see that w(qﬁ’ —1) ~

¢2
n(2n—1)(n—1)2
$2

Therefore we only need to show ¢” > 0 if n > 1.

Since ¢ > 0, we can write t as a function of ¢. From the soliton equation, we

ent

have ¢’ = FioTer As a function of ¢. Plug it into the expression of ¢”, we have

ent

¢" = P2n—2c20¢) (¢"e"n — e — (n—1)e™).

Let fi(¢) = % (¢me®n—e™p— (n—1)e™). By expansion of ¢ at zero from [11],

limg—ofo(¢) = 0. Now take the derivative on fj using %e"t = ne"le?

d
fi() = sl = ng"le? — e,

Then we have limg_0f1(¢) = 0. Take the derivative again
d n—2 _¢
f2(9) = d_fl =n¢""e’(n—1) > 0.
¢
Therefore we have ¢” > 0. Hence 3 C7 > 0 s.t. A\ > t%
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4.4.5 Main Argument

Proof We can assume that g,, has the same normalization(a = 1, f = 1) as in [11],
since scaling on metric and dilation on coordinates does not affect our assumption.
Pick an R-basis of Killing vectors of g, {U}"" ;.

We have seen in 4.4.3 that there exist a p € C" s.t. )?;, = 0. For this specific p,

let g = ®7(g), X = ®;(X). We'll show U, is also Killing for g.
Now let h = Ly, 9, Z = ArU, + Ric(U,) = 0, then by Proposition 2.3.7 in[53]

AL(h) = _2£UE(RZC>+£Z(Q>
= —Ly,(Lx(9))

= —Lx(Lu.(9))
= —Lx(h)

Here we use a fact in 4.4.3 that X is a radial vector. Therefore [X,U,] = 0.
Furthermore U, is real holomorphic, hence Z = ArU, + Ric(U,) =0

In 4.4.1 | we have seen that |X| = O(1),|VX| = O(1). Since assumption 1 is
preserved by shifting by 4.4.2, we get |Lx(g — gm)| = o(r™2). By the argument in
4.4.3, X1 = AX 0 where Re()\) # 0. Hence we have |Ric, — Re(\) Ricy,,| = o(r™?).
In 4.4.4 we saw that Ricy, > 5¢n for n > 2. Together with positivity of Ric,, we
get Ric, > %gm.

By 4.4.1 , |U,| = O(rz) , |VU,| = O(1). These combined with assumption 1
give us |h| = o(r~?). Therefore for sufficient large 6, 6(Ric,) > h. The following
argument is quite similar to the analysis in Prop 4.4 in [27].

Consider 0y = inf{6|0(Ric,) > h} . And let w = 6y Ric, — h.

We'll see that 6, > 0 leads to a contradiction. If 6, > 0, by Ric, > T—igm,
|h| = o(r—2) and the positivity of Ric,, Ip € M,e; € T,M s.t. w(ey,e;) = 0.
Parallel translating e; in a neighbourhood of p, then we have (Aw)(ey,e1) > 0,
(Dxw)(er,er) =0 at p.

Now the discussion goes to the complexified tangent bundle. Extend w by

C—linearity. The discussion separates into two parts. The first part is to show
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Trw =0 at p. The second part is to show T'r w satisfies A(Tr w) 4+ Dx(Trw) < 0.
For the first part, let g, = 3(e1 —iJe;) € T;’(g, then w(ny,71) = 0. Together with
w > 0, this implies we can extend 7; into unitary basis 7y ... n, € T; @ such that
w(n;,m;) is diagonal. Also we can parallel extend 7; like n;.
Since Ajw + Lxw = 0, plug in n;,7; € T;’(gM (Extend J-invariant (0,2)-tensor
w by C-linearity.)

+(DXw)(nivm) + w(DmX7 m) + w(% DWX)
w( Dy, X, i) = ni(n f)w(ni, 1) = mz(ni fw(ni, m5) = w(ni, D X)

From the soliton equation, we have Ric(n;) = D,, X, therefore

Now take i = 1 ,we see that 0 > 2%, Rm(m, Tk, 71, nk)w(nk, Tr). That g has
positive holomorphic bisectional curvature implies Rm.(ny, 7, 71, m,) > 0. Therefore
w(ny, k) = 0 for any k at p. The nonnegative function Trw = 0 at p.

Equation (4.6) only uses Apw + Lxw = 0, the soliton equation, w(n;,7;) is
diagonal and the extension is parallel. Now sum (4.6) for all i at ¢ give us A(T'r w)+
Dx(Trw) <0.

By Hopf’s strong maximum principle, Trw = 0. Therefore w is 0. This violates
the asymptotic of Ricy and h. Therefore 8y = 0, h < 0. Now apply a similar
argument to —h implies h = 0. Therefore g is U(n)—symmetric. Therefore it must

be in the family of steady solitons in [11].
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