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Abstract

Historically, polynomials are among the most popular class of functions used for empirical
modeling in science and engineering. Polynomials are easy to evaluate, appear naturally in
many physical (real-world) systems, and can be used to accurately approximate any smooth
function. It is not surprising then, that the task of solving polynomial optimization prob-
lems; that is, problems where both the objective function and constraints are multivariate
polynomials, is ubiquitous and of enormous interest in these fields. Clearly, polynomial op-
timization problems encompass a very general class of non-convex optimization problems,
including key combinatorial optimization problems.

The focus of the first three chapters of this document is to address the solution of
polynomial optimization problems in theory and in practice, using a conic optimization ap-
proach. Convex optimization has been well studied to solve quadratic constrained quadratic
problems. In the first part, convex relaxations for general polynomial optimization prob-
lems are discussed. Instead of using the matrix space to study quadratic programs, we
study the convex relaxations for POPs through a lifted tensor space, more specifically,
using the completely positive tensor cone and the completely positive semidefinite ten-
sor cone. We show that tensor relaxations theoretically yield no-worse global bounds for a
class of polynomial optimization problems than relaxation for a QCQP reformulation of the
POPs. We also propose an approximation strategy for tensor cones and show empirically
the advantage of the tensor relaxation.

In the second part, we propose an alternative SDP and SOCP hierarchy to obtain global



bounds for general polynomial optimization problems. Comparing with other existing SDP
and SOCP hierarchies that uses higher degree sum of square (SOS) polynomials and scaled
diagonally sum of square polynomials (SDSOS) when the hierarchy level increases, these
proposed hierarchies, using fixed degree SOS and SDSOS polynomials but more of these
polynomials, perform numerically better. Numerical results show that the hierarchies we
proposed have better performance in terms of tightness of the bound and solution time
compared with other hierarchies in the literature.

The third chapter deals with Alternating Current Optimal Power Flow problem via a
polynomial optimization approach. The Alternating Current Optimal Power Flow (ACOPF)
problem is a challenging non-convex optimization problem in power systems. Prior research
mainly focuses on using SDP relaxations and SDP-based hierarchies to address the solution
of ACOPF problem. In this Chapter, we apply existing SOCP hierarchies to this prob-
lem and explore the structure of the network to propose simplified hierarchies for ACOPF
problems. Compared with SDP approaches, SOCP approaches are easier to solve and can
be used to approximate large scale ACOPF problems.

The last chapter also relates to the use of conic optimization techniques, but in this case
to pricing in markets with non-convexities. Indeed, it is an application of conic optimization
approach to solve a pricing problem in energy systems. Prior research in energy market
pricing mainly focus on linear costs in the objective function. Due to the penetration of
renewable energies into the current electricity grid, it is important to consider quadratic
costs in the objective function, which reflects the ramping costs for traditional generators.
This study address the issue how to find the market clearing prices when considering

quadratic costs in the objective function.



Chapter 1

Convex Relaxations for

Polynomial Optimization

1.1 Introduction

Polynomials appear in a wide variety of areas in science. It is not surprising then that
polynomial optimization has recently been a very active field of research [cf., 5]. Here,
the interest is the class of non-convex, non-linear POPs. Clearly, a non-convex quadratic
program (QP) belongs to this class of problems, and its study has been widely addressed
in the literature. For example, to address the solution of QPs, semidefinite programming
(SDP) [cf., 113] relaxations have been actively used to find good bounds and approximate
solutions for general [see, e.g. 30, 80, 117] and important instances of this problem such
as the max-cut problem and the stable set problem (see e.g., [32, 33, 47, 90]). In [58],
less computationally expensive second order cone programming (SOCP) [cf., 4] relaxations
have also been proposed to approximate non-convex QPs.

The early work linking convex optimization and polynomial optimization in [86, 102]
reveals the possibility to use conic optimization to obtain global or near-global solutions for
non-convex POPs in which higher than second-order polynomials are used. In the seminal

work of Parrilo [89] and Lasserre [66], SDP is used to obtain the global or near-global



optimum for POPs. Besides SDP approximations, other convex approximations to address
the solution of POPs have been investigated using linear programming (LP) and SOCP
techniques [2, 67, 68, 91, 121]. These techniques are at the core of the well-known area of
Polynomial Optimization [cf., 5].

Alternatively, it has been shown that several NP-hard optimization problems can be
expressed as linear programs over the convex cone of copositive matrices and its dual cone,
the cone of completely positive matrices, including standard quadratic problems [20], stable
set problems [32, 39], graph partitioning problems [93], and quadratic assignment prob-
lems [94]. In [27], Burer shows the much more general result that every quadratic problem
with linear and binary constraints can be rewritten as such a problem. Completely positive
relaxations for general quadratically constrained quadratic programs (QCQPs) have been
studied in [8, 29]. In [11], CP reformulation for QCQPs and quadratic program with com-
plementarity constraints (QPCCs) are discussed without any assumptions on the feasible
regions. Although copositive/completely positive cones are not tractable in general, recent
advances on obtaining algorithms ([3, 26, 35], etc.) to approximate copositive/completely
positive cones provide an alternative way to globally solve quadratic POPs. Recently,
Bomze shows in [18] that copositive relaxation provides stronger bounds than Lagrangian
dual bounds in quadratically and linearly constrained QPs.

A natural thought is whether one can extend the copositive programming or completely
positive programming reformulations for QPs to POPs. In [9], Arima et al. proposed
the moment cone relaxation for a class of polynomial optimization problems (POPs) to
extend the results on the completely positive cone programming relaxation for the quadratic
optimization. Recently, Pena et al. show in [92] that under certain conditions general POPs
can be reformulated as a conic program over the cone of completely positive tensors, which
is a natural extension of the cone of completely positive matrices in quadratic problems.
This tensor representation was originally proposed in [38], and is now the focus of active
research [see, e.g., 53, 56, 78, 106]. In [92], it is also shown that the conditions for the

equivalence of POPs and the completely positive conic programs, when applied to QPs,



lead to conditions that are weaker than the ones introduced in [27].

In [64], we study completely positive (CP) and completely positive semidefinite (CPSD)
tensor relaxations for POPs. Our main contributions are: 1) We extend the results for
QPs in [18] to general POPs by using CP and CPSD tensor cones. In particular, we
show that CP tensor relaxations provide tighter bounds than Lagrangian relaxations for
general POPs. 2) We provide tractable approximations for CP and CPSD tensor cones
that can be used to globally approximate general POPs. 3) We prove that CP and CPSD
tensor relaxations yield tighter bounds than completely positive and positive semidefinite
matrix relaxations for quadratic reformulations of some classes of POPs. 4) We provide
preliminary numerical results on more general cases of POPs and show that the approx-
imation of CP tensor cone programs can yield tighter bounds than relaxations based on
doubly nonnegative (DNN) matrices [cf., 14] for completely positive matrix relaxation to
the reformulated quadratic programs.

The remainder of the chapter is organized as follows. We briefly introduce the basic con-
cepts of tensor cone and tensor representation of polynomials in Section 1.2. Lagrangian,
completely positive semidefinite tensor, and completely positive tensor relaxations for PO
problems are discussed in Section 1.3. In Section 1.4, we discuss a quadratic approach to
general POPs; that is, when auxiliary decision variables are introduced to the problem
to reformulate it as a Quadratically Constrained Quadratic Program (QCQP). Then, the
completely positive relaxations is applied to the resulting QCQPs and the bounds are com-
pared with those obtained from the tensor relaxations for a class of POPs. In Section 1.5,
Linear Matrix Inequality (LMI) approximation strategies for the positive semidefinite and
completely positive tensor cones are developed and a comparison of tensor relaxations with
matrix relaxations obtaining using the quadratic approach is done by obtaining numerical
results on several POPs. Lastly, Section 1.6 summarizes the results and provides future

working directions.



1.2 Preliminaries

1.2.1 Basic Concepts and Notations

We first introduce basic concepts and notations used throughout the chapter. Follow-

ing [92], we start by defining tensors.

Definition 1. Let 7, 4 denote the set of tensors of dimension n and order d in R", that

18

where ® 1is the tensor product.

A tensor T' C Ty, 4 is symmetric if the entries are independent of the permutation of its
indices. We denote S, 4 C T, 4 as the set of symmetric tensors of dimension n and order

d. For any TV, T? € T, 4, let (-, "), 4 denote the tensor inner product defined by

1 2 _ 1 2
(T°,T%)na = § : T(ilz-nyid)T(il,myid).
{i1,iate{l,...n}e

Definition 2. For any x € R", let the mapping R" — S, 4 be defined by

Definition 1 and 2 are natural extensions of matrix notations to higher order. For
example, 7T, 2 is the set n x n matrices, while S,, 5 is the set of n x n symmetric matrices,
(-, )n,2 is the Frobenius inner product and My (x) = za” for any z € R™. In general, M(x)

is the symmetric tensor whose (i1, ..., iq) entry is x;, - - - x;,.

Proposition 1. Let E, 4 be all 1 tensor with dimension n and order d and e € R™ be the
all one vector, then

<En,d7 Md(x»n,d = (eTl‘)d,Vﬂf e R".



Proof. By the definition of My(-) and (-, )p 4,

d
Eoadaehua= (0 ebaltes < (Tayt
T

where (k & d k ) is the multinomial coefficient. O
1,R2

PR LAY ¢4

Proposition 2. For x € R", y € R",

(My(x), Ma(y))na = (=" y)".

Proof. Let z,y € R™ be given and z € R" be defined as z; = x;y;,¢ = 1,...,n, and let

e € R™ be the all one vector, from the definition of My(-) and (-, ) 4,

(Mg(z), Ma(y))n,a = > Ma(x) iy Ma(¥) iy, i)
{i1,igye{l,...n}d

= E Ty Lig * ** Lig * YirYis ** * Yig
{i1,-ia}€{1,...,n}2

= Z (xilyil)(xiQyiQ) T (‘ridyid)

{il,...,id}e{l,...,n}d
= (En,d: Ma(2))n,a
= (eT2)¢ (from Proposition 1)

= («"y)".
0

Analogous to positive semidefinite and copositive matrices of order 2, positive semidef-

inite and copositive tensors can be defined as follows.

Definition 3. Define the K-semidefinite (or set-semidefinite) symmetric tensor cone of

dimension n and order d as:

Cn,d(]C) = {T S Sn,d : <T, Md(gc))n,d > O,V.’L' S ]C}



For L =R", C, 4(R™) denotes the positive semidefinite (PSD) tensor cone. For K = R},

Cn,a(R’}) denotes the copositive tensor cone.

Similar to the one-to-one correspondence of n x n PSD matrices to nonnegative ho-
mogeneous quadratic polynomials of n variables, there is also a one-to-one correspondence
of PSD tensors with dimension n and order d to nonnegative homogeneous polynomials
with n variables and degree d [cf., 78]. Note that there is no nonnegative homogeneous
polynomial with odd degree. Thus it follows that there is no PSD tensor with odd order.
Next we discuss the dual cones of Cy, q(R"}) and C, q(R"), following the discussion in [78]

and [92].

Definition 4. Given any cone C of symmetric tensors, the dual cone of C is
C'={YeS,q:(X,Y)>0,VX €C},

and if C* = C, then cone C is self-dual.

The dual cones of the positive semidefinite tensor cone and copositive tensor cone have

been studied in [78] and [92]. More formally,
Proposition 3.

(a) Cp 4(RY) = conv{My(z) : x € R} }.

(b) C;, 94(R") = conv{My4(z) : z € R"}.

Similar to the completely positive matrix cone C;, 5(R'}), we call C;, ;(R"}) the completely
positive (CP) tensor cone. It is well known that the positive semidefinite matrix cone is
self-dual, however, in general, the positive semidefinite tensor cone is not self-dual [cf.,
78]. Thus, here we name C;, ,,(R") as the completely positive semidefinite (CPSD) tensor
cone. Before formally stating that C;, 5;(R") # C;, 24(R") in general, we first introduce the

homogeneous sum of square (SOS) tensor cone of dimension d and order 2d as

Cn2a(SOS) = {T} 24 : (Tn2d, Mag(x Z)\ Tn a Ma(x )>)2, for some \; > 0}.



Similarly, there is a one-to-one corresponding relationship between homogeneous SOS ten-
sors with dimension n and order 2d and homogeneous SOS polynomials with dimension n
and degree 2d. Next we discuss the relationships between nonnegative and sum of square
polynomials from the perspective of tensor representation and reveal the relationship be-

tween SOS and CPSD tensors.

Proposition 4 ([78, Prop. 5.8 (i)]).
n2d(R™) € Cp24a(SOS) C Cpy24(R™).

Proof. Let T € C}, 54(R™), by Proposition 3, T'= 3, NiMoa(y?),y" € R", N\ > 0,5, N\ = 1.
Then Vx € R™,

(T, Maq(z))n24 = <Z i Maa(yh), Mzd(fb’)>

n,2d

= Z Ai {Maa(y"), Mzd($)>n,2d
= Z Ai(xTy)2d (from Proposition 2)

= Z [\/E(wTy")dr :

T

Take z,i = xky,i, then 27y’ = e”2* where e € R" is an all one vector. Therefore,

(T, Mag(x))n2a = Z [\//\j(eTzi)d]Q

= Z [\/)\7<En7d, Md(zi)>n,d] ’ , (from Proposition 1)

therefore C;; ;(R") C C;,24(SOS). By the definition of homogeneous SOS tensor cone, it

is clear that Cy, 24(SOS) C Cy, 24(R™). O

The proof of Proposition 4 can be seen as an alternative proof for Proposition 5.8 (i)

in [78] using the tensor notations introduced here. Well studied sum of square polynomial



optimization reveals that a nonnegative multivariate homogeneous polynomial is a homoge-
neous sum of square polynomial if it is quadratic, that is C;, o(R") = C, 2(SOS) = Cp 2(R").
This statement coincides with the self-duality of the PSD matrix cone. Luo et al. showed
in [78] that C} 5;(R™) C Cp,24(SOS) for d > 2. On the other hand, the Motzkin polyno-
mial together with isomorphism between homogeneous polynomials and tensors shows that

Cn’gd(SOS) - Cn’gd(Rn) when d > 2.

1.2.2 Tensor Representation of Polynomial Optimization

In section 1.2.1, we discussed that some homogeneous polynomials can be expressed as
tensor inner product with My(z). Next, we introduce a tensor representation for general
polynomials that are not necessarily homogeneous. Define R[x] as the ring of polynomials
with real coefficients in R", and let Ry[x] := {p € R[z] : deg(p) < d} denote the set of
polynomials with dimension n and degree at most d. For simplicity, we use My(1, z),x € R"
to represent My((1,27)T),x € R™ throughout this paper. For any p(z) € Ryz], we can
write p(z) as

p(x) = (Tu(p), Ma(1,2))n+1,4, (1.1)

where Ty(+) is the mapping of coefficients of p(z) in terms of My(1,z) in Sy, 41 4. Following

[92], define Ty : Ry[x] — Spy1.4 as

l... |
8 L aq. (o7 %
B€Z+:|B‘Sd i1yeesig
where « is the (unique) exponent such that z® := z{'--- 20" = z;, ---z;, (ie., oy is
the number of times k appears in the multi-set {i1,...,i4}) and |a| = Y | o;. For any

polynomial p(z) € Ry[x], let p(z) denote the homogenous component of p(x) with highest

degree, then it follows

p(x) = (Ta(p), Ma(0, 2))nt1.4 (1.2)

10



Equation (1.1) and (1.2) allow us to represent any multivariate polynomials with their
tensor forms and provide the possibility to study the boundedness of general polynomials

with their tensor representations.
Theorem 1. Let p € R, we have
(a) Let p(z) € Rylz]. Thenp(z) > p for allz € R if and only if Ty(p—p) € Cpi1,a(RTT).

(b) Let p(x) € Rog[z]. Then p(x) > w for all x € R™ if and only if Tog(p — p) €

Crt124(R™TL).

Proof. For (a), assume Ty(p—p1) € Cny1,4(RTH). By Definition 3, (Ty(p—p), Ma(1,2))ns1,4 >

0,Vx € RY, then

p(x) — p = (Ta(p — ), Mg(1,2)) 41,4 > 0, Vo € R} (1.3)

For the other direction, assume p(z) > u, Vo € R, then by (1.3), (Ty(p—p), Ma(1, %)) nt1,4 >

0,Vx € R%. Thus, for any (zo,z) € Ry x R,

(Ta(p — 1), Ma(w0, 7)) nt1,a = vo{Ta(p — 1), Ma(1, x%)>n+17d > 0. (1.4)

Furthermore, due to continuity, for & > 0,

(Ta(p — p), Ma(0,2)) = (Ta(p — p), Mg(1/k,x)) > 0, (1.5)

lim
k—+o0

where the last inequality follows from (1.4). From (1.4), (1.5), and Definition 3, it follows
that Ty(p — n) € Cpy1a(RY).

The proof of (b) is similar to the proof of (a). O
Corollary 1. Let p € R, we have
(a) Let p(x) € Ryx]. Then inf{p(z) :x € R} } =sup{p e R: Ty(p —p) € Cn+17d(R1+1)}.
(b) Letp(z) € Rog[x]. Theninf{p(z):z € R"} =sup{u € R : Tog(p—p) € Cpy124(R" 1)}

11



Theorem 1 and Corollary 1 generalize the key Lemma 2.1 and Corollary 2.1 in [18] for
polynomials with degree higher than two using tensor representation. Moreover, Corollary 1
can be seen as a convexification of an unconstrained (possibly non-linear non-convex) POP
to a linear conic program over CP and CSDP tensor cones. In the next section, we will

discuss the convex relaxations for general constrained polynomial optimization problems.

1.3 Relaxations of POPs

Let p; € Rylz],i =0,...,m. Consider two general POPs with polynomial constraints:

zp =inf  po(z)

st. pi(x) <0,i=1,...,m (1.6)
reR”,
and
z=inf po(z)
(1.7)

st. pi(z) <0, i=1,...,m,

where d = max{deg(p;) : i € {0,1,...,m}}. Problems (1.6) and (1.7) represent general
POPs, which encompass a large class of non-linear non-convex problems, including non-
convex QPs with binary variables (i.e., binary constraints can be written in the polynomial
form x;(1 —z;) <0, —z;(1 — ;) < 0). Naturally, we have z < z since the feasible set
of problem (1.6) is a subset of problem (1.7). Next we show that the results of Bomze for

quadratic problems [18] can be extended to POPs of form (1.6) and (1.7).

1.3.1 Lagrangian relaxations

Let u; > 0 be the Lagrangian multiplier of the inequality constraints p;(x) < 0 for i =

1,..,m and v; > 0 for constraints x; € Ry for ¢ = 1,...,n, so the Lagrangian function for
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problem (1.6) is

Li(z;u,v) := po(x +ZuzpZ —oly,

so the Lagrangian dual function of problem (1.6) is
O4(u,v) :=inf{Li(z;u,v) : z € R"},
with its optimal value
z2rp,+ = sup{O4(u,v) : (u,v) € R x R} },

We also use a Semi-Lagrangian dual function to represent the nonnegative variable

constraints of problem (1.6),
Osemi(u) == inf{L(z;u) : x € R} },

with its optimal value

Zsemi — Sup{@semi(u) S RT},

Similarly, let u; > 0 be the Lagrangian multiplier of the inequality constraints p;(x) < 0

for i = 1,...,m, so the Lagrangian function for problem (1.7) is
L(x;u) == po(z) + Z uipi(x
so the Lagrangian dual function of problem (1.7) is
O(u) := inf{L(x;u) : x € R"},
and the dual optimal value is

zrp = sup{O(u) : u € R},

13



from weak duality theory, we have z;p < z. Thus we have the following relationship:

O (u,v) = inf{Ly(x;u,v) : z € R"}
<inf{L,(x;u,v):z € R}}
= inf{L(v;u) —v 2 : 2 € R}
<inf{L(z;u) : x € R} } = Ogemi(u),

where the second inequality holds because z,v € R’} always implies vz > 0. Therefore,

we have:

ZLD,+ < Zsemi < 24,

where the latter inequality holds by weak duality.

1.3.2 CPSD tensor relaxation for free variables
Consider following conic program:
zsp =inf  (Tu(po), X)
st. (Ty(pi),X)<0,i=1,....,m
(Tu(1),X) =1

X e C;:Jrl,d(RnH)a

and its conic dual problem is

m
zsp = sup{p : Ty(po) — pTy(1) + > uiTa(pi) € Cogp1,a(R™),u e R} (L.9)
i=1

For simplicity, we use (-,-) represent the tensor inner product of appropriate dimension

and order.
Proposition 5. Problem (1.8) is a relaxation of problem (1.7) with zgp < z.
Proof. Let x € R™ be a feasible solution of problem (1.7). It follows that X = My(1, ) is
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a feasible solution of problem (1.8) directly by applying (1.1). Also p(z) = (Tg(po), X) is

a direct result of (1.1) with the same objective value. O

Theorem 2. For problem (1.7), its Lagrangian dual function optimal value satisfies,
zp = sup{p : (u,u) € R x RY, Ty(L(w;u) — p) € Cpyra(R™)}

and zpp = zsp < zsp < 2.
Proof. By Corollary 1 (b),
O(u) = inf{L(z;u) : v € R"}
= sup{p : Ta(L(w;u) — p) € Coyr.a(R™H)},
then

zpp = sup{O(u) : u € R}

= sup{: (p,u) € R X RY, Ty(L(w;u) — p) € Coy1,a(R")}.

From (1.9), we have

m
zsp = sup{p : Tq(po) — pTa(1) + Zude(pi) € Cny1,4(R™1),u € R}
=1

= sup{p: Ta(po + > _ uipi — 1) € Cop1a(R™), u € RT}
i=1

=sup{O(u) : u € R}

= ZLD-

Furthermore, zgp < zgp < z holds directly from weak conic duality and Proposition 5. [

From Theorem 2, the Lagrangian dual optimal value has no duality gap if and only if

conic program itself has no duality gap and positive semidefinite tensor relaxation is tight.
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1.3.3 CP and CPSD tensor relaxations for nonnegative variables

Consider following conic programs:

zep =inf  (Ty(po), X)
st. (Ta(pi), X) <0, i=1,...,m
(1.10)
(Tu(1), X) =1
X € C'Z—i—l,d(Rz——i_l)a
and
zsp+ =inf  (Tu(po), X)
sit. (Ty(pi), X)<0,i=1,...,m
<Td(_xi)7X> <0,i=1,...,n (111)
(Ta(1),X) =1
X e C;+1,d(Rn+l)v
and their conic dual problems

m
zop = sup{p : Ta(po) — pTa(1) + Y wiTy(pi) € Cog1a(RYT),u € RT}. (1.12)
=1

m n

2SD+ = sup{,u : Td(po—,u)-i-z ude(pi)-}-Z Ude(_mi) S Cn_;_l’d(RnJrl), u € ]Rmﬂ) S Rﬁ}
=1 i=1

(1.13)

Proposition 6. Problem (1.10) and problem (1.11) are relaxations for problem (1.6) with

zop < z4 and zgp4 < zy.

Theorem 3. For problem (1.6), its Semi-Lagrangian dual function optimal value and its

Lagrangian dual function optimal value satisfy

Zsemi = sup{pt : (p,u) € R X RT, Ty(L(z;u) — p) € Crgr,a(RT)},

2o = sup{i: (u,v) € R x RT x R, Ty( L (230, v) — 1) € Gy a(RP)},
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and
(a) zLp+ < Zsemi = 2¢D < 2cp < 24
(b) zLp+ = 28D+ < 25P+ < 24
Proof. By Corollary 1,
Osemi(u) = inf{L(z;u) : z € R"}
= sup{p : Ty(Ly (z50) — ) € Cpyr,a(R™H)},
Oy (u,v) = inf{Li(z;u,v): x € R"}
= sup{p : Ty(L+(3u,v) — ) € Cop1,a(R")},
then
Zsemi = SUP{ Osemi(u) : u € R}
= sup{p: (n,u) € R, Ty(L(z;u) — p) € Cpy1a(RY)}.

z2pp+ = sup{O4(u,v) :u € R, v e R }

= sup{p: (1, 0) € R x R x R, Ty(L (54, 0) — 1) € Co1 o R},

For (a), from (1.12), we have,

m
zop = sup{p : Ta(po) — nTa(1) + > wiTu(pi) € Cryr.a(RE),u € R}
i=1

= sup{p : Ta(po(z) + Zuzpz ) € Cnr1,a(RYT), u € R}

= sup{p : (u,u) € R x RY, Ty(L(w;u) — p) € Copra(RT)}

= Sup{esemi(u) ‘u € RT}

= Zsemi-

And zep < zop < z4 is an immediate result of weak conic duality and Proposition 6. For
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(b), from (1.13), we have

2sp+ = sup{p : Ta(po — 1) + Zule (pi) Zvde(—xi) € Cn+17d(Rn+ ),u € R v e R}
i=1

= sup{p : Ty(po(z +Zuzp2 ZU x— p) € Cpr1,a(R™),u € RT, v € R}

= sup{p : (p,u,v) € R X RY x R, Ty(Ly (2;u,v) — p) € Cpy1a(R™)}
=sup{O4(u,v) :u € RT,v e R} }

= ZLD,—}—-

And zgp 4+ < zsp4+ < z4 holds directly from weak conic duality and Proposition 6. ]

1.4 Quadratic Reformulation for POPs and its Relaxations

Section 1.3 showed that CP and CPSD tensor relaxations are tighter than Lagrangian relax-
ations for general POPs. In this section, we will compare CP and CPSD tensor relaxations
with quadratic approach for POPs. For general POPs,; a classic approach to obtain relax-
ations is to reformulate them as quadratic programs by introducing additional variables
and constraints to address the higher degree terms in polynomials. And a well-studied SDP
relaxation or CP relaxation on quadratic constrained quadratic program (QCQP) can then
be applied to the reformulated QCQP. Also as discussed in this paper, general POPs can
be relaxed directly by conic programs over the CP or the CPSD tensor cones. In general,
it is difficult to compare these two relaxations. In this section, we will focus on POPs with
degree 4 and apply these two relaxations and show some specific cases in which tensor cone
relaxations of POPs give tighter bounds than convex relaxations of QCQP reformulation

of POPs.
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1.4.1 QCQP Reformulation of POP

A general QCQP reformulation technique of POPs, including how to add additional vari-
ables, is discussed in [92]. In this section, the main focus is on some classes of 4th degree
POPs, so we use a specific reformulation approach here. We will introduce additional
variables to represent the quadratic terms (i.e. the square of single variable and the mul-

tiplication of two variables) of the original variables. Consider the following POPs:

sup  po()
s.t pl(x) S dh 1= ]-a , Mo,
(1.14)
QJ(SU)S(]? j: 9 7m17
xr e RY,

where po(z) € Ryz],q; € Ro[z] (Recall Rylz] := {p € Rz] : deg(p) < d}) and p;(x)
are homogeneous polynomials of degree 4. Problem (1.14) can encompass a large class of
4th degree optimization problems, including problem with 4th degree objective function
and linear/quadratic(binary) constraints and so on. This type of optimization problems
also appears in many real life problems, such as biquadratic assignment problem [81, 96],
Alternating Current Optimal Power Flow (ACOPF) problem [22, 44, 65, 71], etc.

Define an index set

S:{(a,b,c)€N3:azl,...,n,b:a,...,n,c:(n—i—l—g)(a—l)—i—b—a—i—l} (1.15)

as the index for the additional variables, so that it is from 1 to [S| = (";“1), which is
the maximum number of additional variables needed to reformulate 4th degree polyno-

mials using 2nd degree polynomials. Specifically, introducing additional variables y. =
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Ty, V(a,b,c) € S, the QCQP reformulation of problem (1.14) can be represented as

sup  go(z,y)

st. hi(y) <d;, i=1,...,mo,
qi(z) <0, 7=1,...,my, (1.16)
Yo — Tqxp = 0,Y(a,b,c) € S,

reRY,y eRfl,

where qo(z,y) and h;(y) are the reformulated quadratic polynomials with original variables
x and additional variables y by replacing z,x, with y., V(a,b,c) € S, note that h;(y) are
homogeneous polynomials of degree 2. It is clear that po(z) = qo(x,y), pi(x) = hi(y),i =
1,...,mp, therefore problem (1.14) and (1.16) are equivalent. As p;(z) and h;(y) are

homogeneous polynomials, then it follows that

pi(z) = pi(x) = hi(y) = Bi(y),i =1,...,mg. (1.17)

. . +1S
To make the formula clear and easy to represent in a conic program, let z = (x,y) € Ri | ‘,

then (1.16) is equivalent to

sup  qo(2)

st. hi(z) <d;, i=1,...,mog,
() <0, =1, my, (1.18)
Znte — 2azp = 0,Y(a,b,c) € S,

n+|S|
ze R

Example 1. QP Reformulation
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Consider the following univariate program,

sup B+ 4+r+1

s.t. x4§1,
22—z —2 <0, (1.19)
—z+1L0,
zeR;.

Let y = 2% and z = (2,y) € Ri, then problem (1.19) is equivalent to

sup Y +ay+y+ax+1 sup z§+21z2+zz+21+1
s.t. y2 <1, s.t. 29 <1,
y—x—2<0, = 20 —21 —2 <0,
—z+1<L0, —z1+1<0,
rER,,yER,. z € R

1.4.2 CP matrix relaxations for QCQP
Consider the following CP matrix relaxations for problem (1.18),

sup  (T2(qo(2)), Z)

st. (To(hi(2),2) < ds, i=1,...,mo,

(1.20)
(Tz(1), Z) =1,
Zl,n+c+1 - Za—i—l,b—i—l = O,V(a, b, C) € 37

Z€Chiri1p (R,

where r = |S] is the number of additional variables in problem (1.18). Problem (1.20) is

a natural CP tensor relaxation of problem (1.18) and by relaxing the equality constraints
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Z1,c4n+1 — Zat1p+1 = 0,V(a,b,c) € S into inequality constraints, we have the following

CP tensor relaxation,

sup  (Ta(qo(2)), 2)

st. (Ta(hi(2)),Z) < d;, i=1,...,mo,
(Ta(q;(2)), Z2) <0, j=1,...,m1,
(1.21)
<T2(1)7 Z> =1,
Zl,c+n+1 - Za—l—l,b—i—l < O,V(a,b, C) € 57

1
Z € Cpipy1o(RETHY),

Proposition 7. If problem (1.20) is feasible and the coefficients of qo(z) in problem (1.20)

are nonnegative, then problems (1.20) and (1.21) are equivalent.

Proof. Tt is clear that if the coefficients of objective function gp(z) are nonnegative, at
optimality of problem (1.21), Z; y4n+1 = Zit+1,j+1 holds. And the same objective function

values are obtained for problems (1.20) and (1.21). O

Recall the CP tensor relaxation (1.10) for general POPs and apply it directly to prob-

lem (1.18), then we have the following conic program,

sup  (Ta(po(x)), X)

sit. (Ty(pi(x)),X) <d;, i =1,...,my,
(Ta(gj(x)),X) <0, j=1,...,my, (1.22)
(Ta(1),X) =1,

X e C:L+1,d(R:L-+1)7

Problem (1.20) and (1.22) can be seen as two different relaxations for some classes POPs
with a form of problem (1.14). Problem (1.20) characterizes the polynomials with higher
degree than 2 by reformulating them as quadratic polynomials. SDP and CP matrix

relaxations for the reformulated QCQP are well studied in literature [cf., 5, 18, 19, 20,
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27, 29, 58, 113]. However, the introduce of additional constraints Zi cyn+1 — Zat1,p41 =
0,Y(a,b,c) € S in problem (1.20) may ruin some exact relaxation conditions for QCQP.
Problem (1.22) characterizes the polynomials with degree higher than 2 by using higher
order tensors which avoids introducing additional variables and constraints. Next we will
show that under some conditions, the latter relaxations will provide tighter bounds for

problem (1.14).

Lemma 1 (92, Lemma 2|). For any d >0 andn >0, C;, R = comic(My({0,1} x

RY)).

Theorem 4. Consider a feasible problem (1.14) where the coefficients of po(x) are non-

negative, then problem (1.20) is a relazation of problem (1.22).

Proof. By Proposition 7, problems (1.20) and (1.21) are equivalent. For any feasible solu-

tion X € C;+1,4(R1+1) to problem (1.22), by Lemma 1,

ni no
X =3 AMy(lus) + 7 Ma(0,0,),
= t=1

for some ng,ny > 0, s, > 0 and ug, vy € R}, Then by using (1.1),

1= T4 E)\Sv

d T4 pz Z)\spz Us +27tpz Ut 1=1 7~--7m07 (123)

0> T4 QJ ZASQJ Us + Z’Yt% Ut Jj=1,.

with an objective function value of Y 0% Aspo(us) + > 121 Vebo(ve). Recall the index set S

n (1.15), and construct a vector of ws, w} for s =1,...,n1,t = 1,...,ng as follows:

(ws)e = (us)a(us)y, (a,b,c) €S,

(w)e = (ve)a(ve)p, (a,b,c) € S.

(1.24)
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Next we show

Z = ZA Ms(1, (us, ws) +Z%M2 (v, wy)), (1.25)
=1

is a feasible solution to problem (1.20). Clearly, Z € C;; ., +172(R7}f”+1), and from equa-

tion (1.24) and (1.25), we have

ni
A cAnt+l = Z >\ ws c— Z )\s(us)a(us)bav(aa b, C) S
s=1

Zat1p+1 = ZA usausbJrZ%vt (ve)p,V(a,b,c) € S,

which indicates that Z1 cyn+1 < Zg41p+1, V(a,b,¢) € S. From equations (1.17) and (1.23),

ni

o
s=1
ni no ~

Z> = Z )\shi(ws) + Z’Ythi(wg)

s=1 t=1
ni no

= Z)\spi(us) + Z%ﬁi(vt) <dj, i =1,...,mo,

<T2(QJ ZASQJ Us ‘1‘2%‘(]] Ut < 0, j=1,...,ma,
s=1 t=1

with an objective value of

ni no ni )
D Xeao(us,ws) + D yedo(ve, wh) =Y Aspolus) + Y Yedo(ve, w}),
s=1 t=1 s=1 t=1

under the condition that pg(x) has nonnegative coefficients and = € R},

no no
> vedo(ve, wh) =Y polve).
t=1 t=1

Therefore, from any feasible solution to problem (1.22), we can construct a feasible solution
to problem (1.21) with a larger objective function value, which indicates that problem (1.20)

is a relaxation for problem (1.22). O
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Theorem 4 illustrates that theoretically the CP tensor relaxation can provide tighter
bounds than QCQP approches for a class of POPs. In next section, we will introduce some

approximation strategies for CP and CPSD tensor programs to address the intractability.

1.5 Numerical Comparison of Two Relaxations of PO

Unlike the tractability of the PSD matrix cone, the CPSD tensor cone is not tractable in
general to our knowledge. Also similar to the intractability of completely positive matrices
of dimension greater than 5, the CP tensor cone is also not tractable in general. In this
section, we will discuss and develop tractable approximations for CP and CPSD tensor
cones, and then use these approximations to address some POPs to show it provides better

bounds than approximations for QCQP reformulation.

1.5.1 Approximation of CP and CPSD Tensor Cones

Before presenting results, let us introduce some more notations. For T' = My(z),z € R,
denote T(;, . ;,) as the element in (i1, ...,iq) position, where (i1, ...,44) € {1,... ,n}e. To be
more specific, 4; with j = 1,...,d means the choice of {1, ...,z } in the j* position in the
tensor product, i.e. i3 = 2 means choosing xo as the first position in the tensor product.

To illustrate, let € R? and let

a:% T1Tx2 I1X3
1
T =M2($): T1x2 x% xox3 | »

1,3 T2x3 :U%

then T(l1 9) = T122 and it is in the (1,2) position in T'. Also for T = My(x),z € R", when
d>2,1et T(;, . i, ,..) denote the matrix in (i1, ...,iq_2,, ) position, where (i1, ...,i42,",")

represents the matrix
(T(i17---7id—2»'7‘))jk = Ti17~--7id72,j,k’ Jk=1...,n,
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for example, let T? = M3(z),r € R3, then

ZL"% l’%l’g l‘%fl)g IE%ZEQ :Bll'% T1X2X3
2 - 2 2 2 - 2 3 2
Ta,.y = | 2fze  z123  zimoxs | I(a.) = | z123 x5 x5T3
2 2 2 2
TIT3 T1T2X3  T1T5 T1T2T3 THZL3  ToTj

Definition 5. Let T = My(z),z € R™. For any (iy,...,iq_2) € {1,...,n}%2, Tir,ig_os)
is a principal matrix if I, C {0,...,d — 2} is even for all k = 1,...,n, where I} is an

ordered set of the number of appearance i; = k,Vj=1,...,d —2 where k =1, ...,n.

For example, let T2 = Mg(x),z € R3, then

3 3 3 . . . .
T22339 L022212.9 1(2321,3,1,,) are principal matrices;

3 3 3 . . .
T011233-) T22222.) L(23223,1,,) are not principal matrices.

Notice the symmetry of symmetric tensors, T(;, s, ,..) With the same I,k =1,...,n are

25
equal. Next we will discuss the approximation strategies for the CP and the CPSD tensor

cones based on PSD and DNN matrices.

Definition 6. A symmetric matriz X is called doubly nonnegative (DNN) if and only if

X =0 and X >0, where X > 0 indicates every element of X is nonnegative.
Proposition 8. For any symmetric tensor T,

(G,) ]fT € C;:’d(R:L_), then T(il,...,id) Z O,T(,L t O,Vz = 1, ey N

Lyensbd—2,7")

(b) If T € C;’d(R”), for all principal matrices T(;, . iy 5.)r Llir,sig_o,) = 0, Vi =1,...,n.

Proof. For part (a), by Proposition 3 (a), T = 3", \i Ma(x?), where 2* € R, \; > 0,3, \; =

1, then it is clear that T{;, ;) > 0, and

Ty, igor) = Z Ai H(ﬁ)lk (z'(z")7), (1.26)
k=1

7
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as z'(z")T = 0,Vi and [[}_;(z)* > 0, then T, ig_,) = 0. For part (b), noticing that

the number of appearance Iy, k = 1,...,n is even if T{; ) is a principal matrix, then

1yeeerbd—25"s

it follows proof of (a) with [[r_,(z)/* >0 in (1.26). O

Take T € C5 4(R2) as an example to illustrate Proposition 8, by Proposition 3 (a),
T =3, \iMy(z"), where \; > 0,5, \; = 1 and 2* € R, then for any y € R?,

yTT(lz,, Y=y Z/\ My( )(1,2,, y—x1x2z

which indicates that T(q 5.y is a 2 x 2 positive semidefinite matrix.
Next we discuss the approximation of the CPSD and the CP tensor cones. Based on

Proposition 8, we define the following tensor cones,

]CSDP {T € Snd T(zl, id_2y) >0, V(il, c. ,id,Q) S {1, .. .,n}d—Q}7
Kha=AT € Sna:Thy, ig) =0, Y(i1,... ia) € {1,...,n}"},
KDEN ={T € Spa: Ty

) >0, T( ) >0, Y(i1,...,iq-2) € {1,...,n}d_2}.

Tyeerbd—2,%" Tl yeeerbd—25%s

It is easy to see these cones are conver closed cones with the following relationship,

* ICSDP
we ) € (1.27)

nd®Y) C KN C K g
Consider the following conic program,

[TP-K] inf (Ta(po), X)
st. (Ty(pi),X)<0,i=1,...,m
(Ta(1), X) =1

X € ICn—&-l,d'

From (1.27), problem [TP-K] is a tractable relaxation for problem (1.8) and (1.10) by
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choosing appropriate tractable cones, and thus provides relaxations to globally approximate

general POPs. It follows that
Z[TP-KSDP] <zgp < z,

Z[TP-KL] < Z[TP-KDNN] <zcp < z4.

1.5.2 Numerical results on general cases

In Section 1.5.1, several tractable approximations for the CP and the CPSD tensor cones
have been developed to provide relaxations for CP and CPSD tensor programs. In this
section, we will provide numerical results on more general POP cases in order to compare
the bounds of two relaxation approaches discussed in Section 1.4.2. Denote [QPf] and
[QP o] as the linear relaxation and DN N relaxation for problem (1.20) similar to [TP-
K] and [TP-KPNN] | and denote [QPspp] for the SDP relaxation for the quadratic
reformulation problem (1.7). Recall the number of additional variables r = ("'QH) In

Table 1.5.1, we compare the two approaches in terms of number and size of PSD matrices.

PSD matrix size PSD matrix number Number of variables
[QPspp] (Q4+n+r)x(1+n+r) 1 O(n*)
[TP-K5PP] (I+n)x(14+n) n O(n?)
[QPpyN] (I+n+7r)x(1+n+7) 1 O(n*)
[TP-KPNN] (I+n)x(14n) O(n?) O(n?)

Table 1.5.1: Program size comparison

Followings are some test problems for the comparison. Note that there preliminary
results are on small scale problems, only bounds are compared as the time difference is
negligible. All the numerical experiments are conducted on a 2.4 GHz CPU laptop with

8 GB memory. We implement all the models with YALMIP in Matlab . We use SeDuMi as
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the SDP solver and CPLEX as the LP solver. For Example 5 and 6, we use Couenne as the

global solver.
Example 2.
Consider the following problem,

n 4
min €T;
i=1

(1.28)

By observation, the optimal value is 1, with an optimal solution z7 = 1,2}, = 0,k =

2,...,n. The QCQP reformulation of (1.28) with least number of additional variables is

min  y}
n 2
s.t. y1 = <Z$z> ,
i=1
2
Yo = 27, (1.29)
ys =1,
xl > 07Z = ) 7n7
Y1,Y2 >0

Relaxation [TP-K*] can be directly applied to (1.28) and gives an optimal value of
1 while [QPL] for (1.29) gives an optimal value of 0, which means the approximation by

using tensor relaxation is tight.
Example 3. Bi-quadratic POPs

Bi-quadratic problem and its difficulty have been studied in [75]. Consider the following
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specific bi-quadratic POPs,

min 0 = g T iYalb
2ERM yeR™ P / iLiYal
1<i<j<n
1<a<b<m (1.30)

stz =1, [ly|* =1,

where || - || is the standard 2-norm in Euclidean spaces. It is clear that problem (1.30) is
equivalent to
. Lor, 7 T T
%ﬁﬂWLWZ*WWWMJHﬂy@Mm—%M

st Jzl® =1 [lyl* =1,

where e, e,, are all-one vectors of appropriate dimension and I, I,;, are diagonal matrices

of dimension nxn and mxm. It is then easy to see the optimal value is — % (max{n, m}—1).

By defining an index set

S@):KaﬁmeN@i:L”wn—Lj:i+anmk:0%—9@—D+j—ﬂ

for additional variables, we can reformulate problem (1.30) as a quadratic problem by

introducing additional variables,

min E WEZe

1<k<|S(n)|
1<e<]S(m)]

st wg = xzx;,V(i, 4, k) € S(n), (1.31)

Ze = Yalp, V(a, b, c) € S(m),

ll* = 1, [ly[|* = 1,

where w, z € R™ with [S(n)| = n(n—1)/2,|S(m)| = m(m—1)/2. Let u = [x;y;w;z} and
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a positive semedefinite relaxation can be applied to problem (1.31),

min Z Qpq

n+m+1<p<n+m+|S(n)|
n+m+|S(n)|+1<g<n+m~+|S(n)|+|S(m)]

st Upgmik = Qij,V(i, 4, k) € S(n),

un+m+|5(n)\+c = Qn+a,n+b7 V(a, b7 C) € S(m)7

ZQ _1, (1.32)

* n+m+|S(n)|+]S(m)|+1
€ Cr et S() |+ 41,2 RTTTHISIHSIIIEL),

Note that problem (1.32) is a simple SDP relaxation for problem (1.30). More elaborated
SDP relaxations that provide bounds with guaranteed performance are discussed for this

type of problem in [75].

Proposition 9. Problem (1.32) is unbounded.

Proof. Let i be a (n+m + |S(n)| + |S(m)]) x 1 all-zero vector and let Q be a (n +m +
|S(n)| +1S(m)|) x (n+m+|S(n)| + |S(m)|) matrix such that

A A A A 2
Q11 = Qnt1n+1 = 1, Qnimt1ntm+1 = Quimt|S(n)|+ Lntm+|Sn)+1 = M7,

Qn—&-m—i—l,n—i—m—i—\S(n)\-‘rl = Qn—l—m—i—\S(n)\-‘,—l,n—&—m—i—l =—M,

where M is a positive number and let all other entries for Q be 0. It is clear that (i, Q) is
a feasible solution to problem (1.32). However, as M — oo, the objective function goes to

—00, thus the problem is unbounded. O

Proposition 9 tells that relaxation [QPspp] for problem (1.30) will fail to provide a
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bound. However, a CPSD tensor cone can be directly applied to problem (1.30),

min (T4(po), X)

st (Ta([l2]?), X) =1,
(Ta(llyll*), X) =1, (1.33)
(1u(1), X) = 1,

X e C;+m+1,4(Rn+m+1)-

Problem [TP-K%PP] can be used to approximate problem (1.33) and the results are listed
in Table 1.5.2. In Table 1.5.2, we can see that relaxation [TP-X°PF] can provide the
optimal value for problem (1.32) while relaxation [QPgpp] for the QCQP reformulation

of problem (1.32) fails to give a bound.

(n,m) Optimal [TP-K°PP] | (n,m) Optimal [TP-K%PF]
(2,2) -0.25 0.25 | (2,10) 2.95 -2.95
(3,3) -0.50 -0.50 | (3,9) -2.00 -2.00
(4,4) -0.75 -0.75 | (4,8) -1.75 -1.75
(5,5) -1.00 -1.00 | (5,7) -1.50 -1.50
(6,6) 1.25 1.25
(7.,7) 11.50 -1.50
(8,8) -1.75 175
(9,9) -2.00 -2.00
(10,10)  -2.25 2.25

Table 1.5.2: Relaxation comparisons for Example 3

Example 4. Non-convexr QCQP
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Consider the following nonconvex QCQP,

min  fo(z) = —8xF — x129 — 1323 — 621 — 22

st. fi(x) = x% + 2129 + Qx% — 311 — 329 — 7 <0,
fo(a) = 23129 + 331 + 1529 — 10 < 0, (1.34)
f3(x) = x1 + 222 — 6 <0,

Z1,T2 > 0

The optimal solution of the example is 2* = (0,0.6667)7 with fo(z*) = —6.4444 (see [119]).
A semidefinite relaxation and a copositive relaxation has been studied in [119], which gives
a bound of -103.43 and -26.67 respectively for problem (1.34) (refer to Table 2 in [119],
(SDP+RLT) is actually a DN N relaxation for copositive programming).

For tensor relaxations, we manually add valid inequalities to make the problem a 4-th

degree POP,

min fo(x) = —Sx% — T1T9 — 13m% — 611 — 22
st. fi(x) = x% + 129 + 256% —3r1 — 325 —7<0,
fa(x) = 2x129 + 3321 + 1529 — 10 < 0,
fa(x) =21 + 222 — 6 <0, (1.35)
z2 fa(z) <0,
zifi(x) <0,
z1,22 >0
then [TP-KCPNV] can be used to approximate Problem (1.35), we obtain a bound of —12.83,
which provides better bounds than SDP relaxation and completely positive relaxation on
problem (1.34). We also add the valid inequalities z2fa(x) < 0,22f1(z) < 0 directly

to problem (1.34) by reformulating problem (1.35) as a quadratic program by adding

additional variables and constraints as in (1.16):
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min fo(x) = —8:5% — X1X2 — 13:1:% — 6x1 — T2
st.  —y1 =2 +rwg + 2235 — 3z — 319 — 7 <0,
—y2 = 2x122 + 3321 + 1bx9 — 10 < 0,
f3(z) = x1 + 222 — 6 <0,
Y3 = iU%,
—x2y2 <0,
—yy3 < 0,
1,22, Y1,Y2,Y3 = 0.

In addition to adding valid inequalities to strengthen the tensor relaxation, adding positive
semidefinite (PSD) reformulation linearization technique (RLT) constraints can further
strengthen the relaxations. Similar to second order RLT introduced in [28], with the
constraint (Ty(1),X) = 1 and conic constraint X € C§74(R3), for a quadratic constraint
co + c10T1 + cor1xe + cllx% + cl2z129 + 022375 > 0, following PSD-RLT constraints for CP

tensor relaxation of problem (1.35) can be constructed,

(Co + c1071 + co1x2 + cux% + c127122 + CQQ.%'%)X(O’O’.?.)
:C()X(O’(),.’.) + ClOX(1,0,~,~) + COlX(Q,O,',~) + CllX(l,lm') -+ Cng(1’27.7.) -+ CQQX(2727.7.) t 0,
(1.36)

where X(g,..) = 0 as discussed in Section 1.5.1. Note that the PSD-RLT can’t be used in
the CP relaxations on the QCQP reformulation. With the PSD-RLT constraints based on

constraints, the optimal value is obtained at -6.4444. A comparison of bounds is listed in

Table 1.5.3.
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Without Valid Inequalities =~ With Valid Inequalities
SDP COP [QPpyn]  [TP-KPNN)

Bound -103.43 -26.67 -26.67 -12.83

Table 1.5.3: Relaxation comparisons for Example 4

Example 5. Random Objective Function on a Feasible Region

In this example, we will present our preliminary numerical results on randomly gener-

ated 4th degree POPs with feasible regions. The test problem is

min Randomly generated 4th degree homogenous polynomial of 3 variables

st (z1—0.5)% 4+ (22 — 0.5)2 + (23 — 0.5)% > 0.22,
(1.37)
(21— 0.5)2 + (22 — 0.5)% + (23 — 0.5) < 0.6%,

0 < Z1,T2,T3 < 17

The coefficients in the objective function are integers in the range [—5,5]. The first
and second constraints make the problem nonconvex and it is easy to see the problem is
feasible. We use [TP-KPNV] to directly approximate problem (1.37) and [QPpyn] to
approximate the QCQP reformulation of problem (1.37). We denote ratio as the improve

ratio similar to that in [119] and

[TP-KPYN] — [QPpw]
fopt — [QPDNN]

We also add PSD-RLT constraints for (x7 — 0.5)% + (z2 — 0.5)? + (23 — 0.5)2 > 0.22

ratio =

and (z1 — 0.5)? + (z2 — 0.5)2 + (z3 — 0.5)? < 0.6% to problem (1.37). In Table 1.5.4, the
relaxation [TP-KPVN] with PSD-RLT constraints provides the tightest bounds where for
instances optimal values are obtained. Relaxation [TP-KPNN] provides tighter bounds

than [QPpyn] for most test instances. For instances 8,9,18 and 20, relaxation [TP-
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JCPNN] gives the optimal objective value, while [QPpxy] is not tight. For instances 15
and 17, [TP-KXPVN] and [QP pn ] give the same bound. An average of 50% improve ratio
implies that [TP-KPNV] provides tighter bounds than [QP pyy] for Problem (1.37). In
Table 1.5.4, relaxation [TP-XPNV] provides tighter bounds than [QP pyy] for most test
instances. For instances 8,9,18 and 20, relaxation [TP-XPVN] gives the optimal objective
value, while [QP py ] is not tight. For instances 15 and 17, [TP-KPVN] and [QPpy ]
give the same bound. An average of 50% improve ratio implies that [TP-KPNN] provides

better relaxations than [QP pyy] for Example 5.
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Test No. [QPpyy] [TP-KPNN] ratio [TP-KPNN]+  Couenne

1 -4.6732 -3.2860 36.82% -0.9055*  -0.9055*
2 -8.8748 -5.2725  78.15% -4.2654%  -4.2654*
3 -5.6429 -4.1135  76.76% -3.6477F  -3.647T*
4 -3.5507 -2.1173  53.59% -0.8761*  -0.8761*
) -11.0434 -9.5248  37.81% -7.0268"  -7.0268"
6 -12.6822 -10.5600 24.46% -4.0055*  -4.0055*
7 -3.0709 -2.4427  45.84% -1.7005*  -1.7005*
8 0 0.0122 100% 0.0122*  0.0122*
9 -1 0.0091 100% 0.0091*  0.0091*
10 -5.2621 -1.9963  83.15% -1.3345%  -1.3345*
11 -0.8450 -0.8438  0.30% -0.4922*  -0.4922*
12 -3.5894 -2.9945 100% -1.4597*  -1.4597*
13 -0.8554 -0.7762  11.70% -0.1787*  -0.1787*
14 -6.1631 -2.6502  81.87% -1.8723*  -1.8723*
15 -0.2666 -0.2666 0 -0.1487*  -0.1487*
16 -6.0238 -5.6216 10.16% -2.0645*  -2.0645*
17 -4.9579 -4.9579 0 -4.0253*  -4.0253*
18 0 0.0080 100% 0.0080*  0.0080*
19 -12.1584 -10.7368  16.94% -3.7659*  -3.7659*
20 -0.6545 0.0112 100% 0.0112*  0.0112*

x: Optimal value is obtained.

[TP-KPNN] *: [TP-KPNYN] with PSD-RLT constraints.

Table 1.5.4: Relaxation comparisons for Example 5

Example 6. Numerical Results on Random Generated Polynomial Problems

In this example, we present our preliminary numerical results on randomly generated
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polynomial optimization problems. The objective function is a 4th degree homogenous
polynomial of 3 variables, with two 4th degree polynomial inequality constraints, a linear
inequality constraint and nonnegative variables. The coefficients in the objective function
are integers in the range [—5,5] and the coefficients of the two polynomial constraints are
integers in the range [—10,10] and the coefficients of linear constraint are integers in the
range [0,5], with a right hand side coefficient in the range [5,15]. We generated problems
and send them to Couenne, for those problems which are feasible in Couenne, we use
[TP-KPNN] to directly approximate Example 6 and [QP px ] to approximate the QCQP
reformulation of Example 6. Note that the convexity of these problems is not tested.
Results are shown in Table 1.5.5, and we can clearly see that relaxation [QPpyy] fail to
give a valid bound for instances 1,3,6,7,8 and 10, while tensor relaxation [TP—ICD NN | can

provide a valid lower bound for all tested instances.

Test No. Couenne [TP-KPVN]  [QPpwnn]

1 -0.1790 -0.1852 Unbounded
2 10.9275 7.8888 0
3 -158.751 -245.7888 Unbounded
4 1.3041 1.1044 0
5 2.5418 1.9276 0
6 0.7107 -2.0031 Unbounded
7 1.0663 -6.6609 Unbounded
8 -8.0284 -56.0924 Unbounded
9 0.0275 0.0272 0
10 8.0032 2.4765 Unbounded

Table 1.5.5: Relaxation comparisons for Example 6
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1.6 Conclusion

This chapter presents convex relaxations for general POPs over CP and CPSD tensor
cones discussed in [64]. Bomze showed that completely positive matrix relaxation beats
Lagrangian relaxations for quadratic programs with both linear and quadratic constraints
in [18]. A natural question is whether similar results hold for general POPs that are not
necessarily quadratic. Introducing CP and CPSD tensors to reformulate or relax general
POPs, we generalize Bomze’s results in QPs to general POPs, that is, the CP tensor re-
laxation beats Lagrangian relaxation bounds for general POPs with degree higher than 2.
These results provide another way of using symmetric tensor cones to globally approxi-
mate nonconvex POPs. Burer in [27] showed that every quadratic programs with linear
constraints and binary variables can be reformulated as CP programs and programs with
quadratic constraints can be relaxed by CP programs, with approximation approaches for
CP matrix programs. Note that one can reformulate general POPs as QPs by introduc-
ing additional variables and constraints and then apply Burer’s results to obtain global
bounds on general POPs. Pena et al. generalize Burer’s results in [92] that under cer-
tain conditions a general POP can be reformulated as a conic program over CP tensors.
A natural question is which reformulations or relaxations will provides better bounds for
general POPs. In this paper, we showed that the bound of CP tensor relaxations is better
than the bound of CP matrix relaxations for the quadratic reformulation of some classes
of general POP. This validates the advantages of using tensor cones for convexification of
nonconvex POPs . We also provide some tractable approximations of the CP tensor cone
as well as CPSD tensor cone, which allows the possibility to compute the bounds of these
tensor relaxations. Some preliminary numerical results on small scale POPs showed that
these tensor cone approximations can provide bounds for global optimum of the original
POPs. More importantly, in the experiments, the bounds obtained by CP or CPSD tensor
cone programs yield better bounds than the CP or SDP matrix relaxations for quadratic

reformulation of general POPs with similar computational efforts.
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As future work we plan to characterize the classes of POPs in which the CP and CPSD
tensor cone relaxations provide better bounds than the CP and PSD matrix relaxations
for quadratic reformulations of POPs. Also, more POP instances with larger sizes can be
tested and numerical comparisons on these more complicated POP cases can be made by

developing appropriate code to address these problems.
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Chapter 2

Alternative LP and SOCP

Approaches for PO

2.1 Introduction

Many real-world problems can be modeled as a polynomial optimization problem (POP),
thus devising new approaches to globally solve POPs is an active area of research [see,
e.g., 5, 17, for recent surveys in this area. In his seminal work, Lasserre [66] showed that
semidefinite programming (SDP) [110] relaxations based on sum of square (SOS) polyno-
mials [see, e.g., 17] can provide global bounds for POPs. However, the SDP constraints
are computationally expensive and thus even using low-orders of the hierarchy to approx-
imate large-scale POPs becomes computationally intractable in practice [69]. To improve
the computational performance of the SDP based hierarchies to approximate the solution
of POPs, prior work has focused on exploiting the problem’s sparsity [60] and symmetry
[34, 42], improving the relaxation by generating and adding appropriate valid inequalities
[46], using bounded SOS polynomials [70] and more recently by devising more compu-
tationally efficient hierarchies such as linear programming (LP) and second-order cone
programming (SOCP) hierarchies [2, 36, 37, 45, 91].

Here, we consider alternative ways to use SOCP restrictions of the SOS condition
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introduced by Ahmadi and Majumdar [2]. In particular, we show that SOCP hierarchies
can be effectively used to strengthen hierarchies of LP relaxations for general POPs. Such
hierarchies of LP relaxations have received little attention in the POP literature (a few
noteworthy exceptions are [32, 36, 37, 68, 121]). However, in [61] we show that this solution
approach is substantially more effective in finding solutions of certain POPs for which the
more common hierarchies of SDP relaxations are known to perform poorly [see, e.g., 45].
Furthermore, when the feasible set of the POP is compact, these SOCP hierarchies converge
to the POP’s optimal value. Note that for the well-known SDP based hierarchies introduced
by Lasserre [66], the quadratic module (QM) [5] associated with the feasible set of the POP
is required to be Archimedean [17], which implies the compactness of the POP’s feasible
set.

The remainder of the chapter is organized as follows. We briefly review several convex
approximations of POPs in Section 2.2. The proposed approximation strategies and hier-
archies are presented in Section 2.3. Numerical results based on the proposed hierarchies

are presented in Section 2.4. Section 2.5 provides some concluding remarks.

2.2 Preliminaries

The following notation is used throughout the chapter: let Ry[z] := Ry[z1,...,x,] be the

set of polynomials in n variables with real coefficients of degree at most d. We define
k
SOS53q = {ZPi@)Z :pi(z) € Ryla], k € Z+} ;
i=1

as the cone of SOS polynomials in Rog[xz| . For any S C R", let P4(S) be the cone of
polynomials in Rg[z] of degree at most d that are non-negative over the set S [see, e.g.,

17]. We consider the following general POP,
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min f(z)
xT
st. gi(z)>0,i=1,...,m, (PP-P)
rz e R",
where the degree of the program is d = max{deg(f),deg(g1),...,deg(gm)}. Given S =

{r € R" : gi(x) > 0,i =1,...,m}, problem (PP-P) can be equivalently rewritten as the

following conic program [see, e.g., 23],

max A

z,\

st flz) — e Pa(9), (PP-D)
reR" NeR.

In general, solving (PP-P) is NP-hard [85]. Problem (PP-D) is a (linear) conic program

whose complexity is captured in the cone P4(S), which is not tractable in general. Consid-

ering a sequence of tractable cones K™ C K™t C ... C Pa(S), then the following convex
program
max A
T\
st. f(z)—\eK, (2.1)
reR" AeR

provides a lower bound for (PP-D), and hence a lower bound for (PP-P). Above, by
tractable we mean that inclusion on the set can be expressed as a linear matrix inequalities
(LMI) [5]. As r increases in (2.1), a tighter bound is achieved. The choice of the tractable
cone K" is a key factor in obtaining good approximation bounds for (PP-D), and in turn
for (PP-P).

For this purpose, in his seminal work, Lasserre [66] proposed a hierarchy of LMI relax-
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ations to approximate P4(.5), where

Kr — {p(;z:) € Ry, [z] : p(x) = so(z) + Zsz(x)gz(x), so(z) € SOSa,, 5i(x) € SOS2|r—_deg(q,)/2) } ,
i=1
2

(2.2)
and 7 > [d/2] is the level of the hierarchy. In this case, problem (2.1) is equivalent to
max A
z,8i(x)
st. f(z) —A=so(z) + Z si(w)gi(),
i=1 (QM-S0S;)

80(1‘) € SOSy,, SZ(I') S SOSQLr—deg(gi)/Qy 1=1,....,m,

AeR

Problem (QM-SOS,) can be reformulated as a SDP [see, e.g., 17]. Under some condi-
tions related to the compactness of the set S (more precisely, when the quadratic module
generated by the set of polynomials {g1(z),...,gm(x)} is Archimedean), the hierarchy of
problems (QM-SOS,) converges to the global solution of (PP-P) as r — oo [66]. How-
ever, as 1 increases, the size of the positive semidefinite matrices required to reformulate
(QM-SOS,) as a SDP increases exponentially. As a result, this approach is computation-
ally expensive for large-scale problems [see, e.g., 44] or even for small-scale problems that
require the solution of high levels of the hierarchy to obtain tight approximations of the
POP of interest [see, e.g., 2, 46, 70].

Ahmadi and Majumdar [2] recently proposed a restriction of the SOS condition to ad-
dress this shortcoming of the SDP-based hierarchies. The restriction of the SOS condition
is done by introducing the use of diagonally dominant sum of square (DSOS) polynomi-
als and scaled diagonally dominant sum of square (SDSOS) polynomials instead of SOS
polynomials in (QM-SOS,.).

Definition 7 (DSOS polynomials [2]). Let J be an index set, m;(x) € Ry[z] be a monomial
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foralli e J, and oy, Bij € Ry for alli,j € J. Then
px) = aimi(z)® + > Bij(mi(z) £ my(x))?, (2.3)
i ij

is a DSOS polynomial in Rog[x]. Equivalently, DSOS polynomials can be defined as those
that can be constructed from a diagonally dominant matrix (DD). Namely, let z(x) be a
vector with the monomials m;(x) for alli € J, and Q € RV be a (symmetric) diagonally

dominant matriz. Then p(z) = 2T (2)Qz(x) is a DSOS.

Let DSOS54 be the set of all DSOS polynomials in Ryg[z]. Then it is clear from
(2.3) that DSOSs; C SOSy4. Thus, using DSOS polynomials instead of SOS polynomials
in (QM-SOS,) provides a hierarchy of lower bounds for the SOS hierarchy. Moreover
the resulting DSOS hierarchy is computationally easier to solve. Namely, recall that a
symmetric matrix A € R™" is DD if A;; > > 7., [4|,Vi = 1,...,n. Thus the associated

DSOS hierarchy

max A
A, d;i(x)
st f(z) o(w) + ; (2)gi(x) (QM-DSOS,)

do(ﬂ?) € DSOSy, dl(az) S DSOSQLT_deg(gi)/QJ,

AER,

can be reformulated as a LP. As proposed by Ahmadi and Majumdar [2], the DSOS hi-
erarchy (QM-DSOS,) can be strengthened by considering scaled diagonally dominant sum

of square (SDSOS) polynomials.

Definition 8 (SDSOS polynomials [2]). Let J be an index set, m;(x) € Ry[x] be a mono-

mial for alli € J, and oy, B;, Bj € Ry for alli,5 € J. Then
pla) = ami(x)® + > (Bimi(x) + Bjm;(x))?, (2.4)
i ij
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is a SDSOS polynomial in Rog[z]. Equivalently, SDSOS polynomials can be defined as those
that can be constructed from a scaled diagonally dominant matrix (SDD). Namely, let z(x)
be a vector with the monomials m;(x) for all i € J, and Q € RV be o (symmetric)

scaled diagonally dominant matriz. Then p(z) = 2T (2)Qz(x) is a SDSOS.

Let SDSOSs4 be the set of all SDSOS polynomial in Rog[z]. Then it is clear from (2.4)
that DSOSy C SDSOSy; € S0OS53. Thus, using SDSOS polynomials instead of SOS
polynomials in (QM-SOS,) provides a hierarchy of lower bounds for the SOS hierarchy
that is tighter than the (QM-DSOS, ) hierarchy. Moreover the resulting SDSOS hierarchy
is computationally easier to solve than the associated SDP-based hierarchy. Namely, notice

that a symmetric matrix A € R™*" is SDD if

A= Z A% for some AY = 0, with AZ =0 for any k,l € {1,...,n}\ {i,5}. (2.5)
i,j€{1,...,n}

Above, we use the common notation A > 0 to indicate that the matrix is positive semidefi-
nite. Notice that because the AY matrices in (2.5) have only nonzero elements at positions
k,l € {i,7}, then it follows that
2Ag. A+ A;j]
ij ij ij ij 3
AV =0 = A+ A5 > = 247 €L’ (2.6)

ij gid ij pid
Aji AJ’J’ 2 Aji Ajj

where L™ denotes the second-order cone or Lorentz cone of dimension n [see, e.g., 23]. Thus

the associated SDSOS hierarchy

max A
Adi(x)
st f(z) = A=do(z) + Y _ di(z)gi(w),
— (QM-SDSOS;)

do(l‘) € SDSOSQr,di(CU) S SDSOSQLT._deg(gi)/QJ,

AER,
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can be reformulated as a second-order cone program. Ahmadi and Majumdar [2] have
shown that the approximation hierarchies (QM-DSOS,.) and (QM-SDSOS,) can be success-
fully used to approximate POPs arising in control, combinatorics, and general non-linear
non-convex optimization [2]. Hierarchies (QM-DSOS,) and (QM-SDSOS,) are computa-
tionally easier to solve than (QM-SOS, ), however, their bounds might not be as good as

the one obtained with the (QM-SOS,;) hierarchy of the same order [see, e.g., 62].

2.3 Alternative Hierarchies for Polynomial Optimization

Lasserre’s hierarchy [66] has been shown to provide very tight bounds for multiple classes
of POPs. However, this approach becomes computationally intractable for large-scale
problems or even for small-scale problems that require the solution of high levels of the
hierarchy to obtain good approximations for the solution of the problem of interest. Loosely
speaking, this intractability stems from the fact that the size of the SDP reformulation of
the SOS conditions in (QM-SOS, ) grows exponentially with the dimension of the decision
variables of the problem n, as well as the level of the hierarchy r.

A key building block behind the convergence properties of the hierarchy defined by
(QM-SOS,) is a representation theorem for polynomials in P4(S) by Putinar [95] that
makes use of SOS polynomials [see, e.g., 17, 66]. Other convergent SDP hierarchies can
be constructed similarly using the representation theorem by Schmiidgen [101], when the
set S is compact. Besides these SOS representation theorems, there are however well-
known representations theorems for non-negative polynomials that use polynomials with
non-negative coefficients (instead of SOS polynomials) in the representation. Examples of
these are the representation theorem of Hardy et al. [49], when the set S is a polytope,

and Pélya’s Theorem [49], when the set S = R}.

Theorem 5 (Pélya [49]). Let p(x) € R™[z] be a multivariate polynomial. Then p(x) > 0

forall 2 >0= (143" ;) p(x) = cqn Cax® for somer >0, cq >0 for alla € N™.
In stating Theorem 5, we make use of the common notation z® := z{*---z2" for
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any x € R”, and o € N”. Note that in Theorem 5, the non-negativity of the polynomial
is certified using polynomials with non-negative coefficients. As a result, this type of
representation theorems can be used to construct hierarchies of LP problems that converge
to the optimal solution of (PP-P) (when the required conditions on the set S are satisfied).
Such approach has been used in [32, 68, 121]. It is worthy to mention that Pélya’s approach
is also used in [36, 37], to address the solution of POPs.

Here, we take advantage of this type of computationally easier LP hierarchy approach to
address the solution of certain classes of POPs for which the more common SDP hierarchy
is known to perform poorly [see, e.g., 45]. In particular, we use a representation theorem for
non-negative polynomials in a semi-algebraic set recently introduced in [91] to construct
a converging hierarchy of LPs for POPs. Formally, consider the following optimization
problem:

ZrLP 1= {nax A
sCa,B

T

st (1430306 | U@ -N= Y capo@)’
i=1 =1

(@Bl (Po-LP,)

Cap € Ry for all (o, B) € 1,

A ER,

where

I:={(a,8) e N : ||(a, B)|l1 < rmax{deg(g;):i=1,...,m}+deg(f)}.

By matching the coefficients of each monomial in the left-hand side and the right-hand side
of equation (Po-LP,), the resulting problem is a LP with decision variables A € R, ¢, €
Ry, for all (o, 8) € I. Similar to the (QM-SOS,;.) hierarchy, but under milder conditions,
the resulting bound z, ;p of (Po-LP,), obtained at each level of the hierarchy converges

as r increases.
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Theorem 6 (Penia et al. [91]). Let S = {zx € R : gi(x) > 0,i =1,...,m} be a compact

set, then as r — 00, 2z, p converges to the global optimum of (PP-P).

Thus, Theorem 6 provides the convergence guarantee of the (Po-LP,) hierarchy to
the optimal value of (PP-P) with a compact feasible set in R;". This allows us to use LP
techniques to globally solve non-convex problems. However, this type of LP approximations
for POPs are known to provide very weak approximation bounds for the objective value of
the POP of interest [see, e.g., 32, 68]. To address this, we next propose the use of DSOS,
SDSOS and SOS polynomials with fixed degree (degree 2) instead of the non-negative
constant ¢, g in the definition of the hierarchy (Po-LP,.).

For a general POP (PP-P) with feasible set S C R}, consider the following hierarchies
of optimization problems:

max A

A»I’a,ﬁ
T

st (1435 +Y 0@ | (@ -N= 3 pas)ag@)’,
i=1 j=1

W (Po-SOS,)

Pap(x) € SOS,, for all (a, B) € I',

AER,

max A\
Avpa,ﬁ
T

st (1435 +Y 0@ | (@ -N= Y pas)ag@)’,
i=1 j=1

(a,B)EN (Po-SDSOS,)

Pap(x) € SDSOSs, for all (o, B) € T',

AER,
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max A\
Aapa,ﬁ
T

s.t. 1+ le, + z;gj(x) (f(x) =) = Z Pas(2)x%g(z)P,
i= j=

(aB)el’ (Po-DSOS,)

Pap(x) € DSOSy, for all (o, ) € I',

AER,

where » > 0 and
I' = {(a,8) e N"™™ : ||(a, B)||1 < rmax{deg(g;):i=1,...,m}+deg(f) — 2}.

Similar to Lasserre’s hierarchy (QM-SOS; ), problem (Po-SOS;) can be reformulated as a
SDP. In turn, similar to the hierarchies (QM-DSOS,) and (QM-SDSOS,) (cf., Section 2.2),
the optimization problems (Po-DSOS,) and (Po-SDSOS,) can be reformulated as a LP
and as a SOCP respectively. Note that in the hierarchies discussed in Section 2.2, as
the level of the hierarchy r increases, the complexity of checking that a fixed number,
m + 1, of polynomials are SOS, SDSOS, or DSOS increases. Instead in the hierarchy
defined in (Po-SOS;), (Po-SDSOS,) and (Po-DSOS; ), the complexity of checking that the
involved polynomials are SOS, SDSOS, or DSOS does not change as the degree of these
polynomials is fixed to 2. Instead, it is the number of these polynomials that increases as
the level of the hierarchy increases (a similar approach has been used in [70]). This turns
out to be key to obtain the results presented later in next section on the performance of
the hierarchies (Po-SOS,), (Po-SDSOS; ) and (Po-DSOS,).

Clearly, the hierarchies (Po-SOS,), (Po-SDSOS,), and (Po-DSOS,) provide tighter
bounds on the associated POP than the LP based hierarchy (Po-LP,). As a result, under
the same conditions of Theorem 6, these hierarchies will converge as r — oo to the global

optimal solution of (PP-P). Below, we state this formally.
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Proposition 10. Consider problem (PP-P) with a compact feasible region and assume that
S C Rt whose global optimal objective function is z*, and let z. psos, 2r.sDSOS; #r,50S
be the optimal value of hierarchies (Po-DSOS,), (Po-SDSOS,) and (Po-SOS,) respectively,

then it follows that for any r =1,2,...:

Zr.LP < Zr.DSOS < %r,SDSOS < Zr,505 < 2.

Moreover,

lim 2, psos = lim z.spsos = lim z. 509 = 2".
T—00 T—>00 T—00

Proof. The inequalities 2, psos < 2rspsos < zr,sos follow from DSOSy € SDSOS5q C
S0S54. It is easy to see z,.p < 2. psos since all the nonnegative constants belong to
DSOSy. By Theorem 6, lim,_,o 2, 1,p = 2z* when the feasible region of (PP-P) is compact.

Thus lim, o0 2r,ps0s = liMy o0 2r,5p505 = liMy 00 21,505 = 2* follows. ]

2.4 Numerical Results

To illustrate the performance of the hierarchies discussed in Section 2.3, we test the
Lasserre-type hierarchies and the proposed hierarchies in this article on some relevant POP
instances. We use APPS [43] together with Matlab to implement all the hierarchies. Nu-
merical experiments are conducted on an AMD Opteron 2.0 GHz(x16) Linux machine with
32 GB memory. We use MOSEK [6] as the LP and SOCP solver. Also, we use SeDuMi [108]
as the SDP solver, to exploit its well-known precision for solving SDPs.

Due to the different approach used in the Lasserre-type hierarchies and the hierarchies
proposed in Section 2.3, with the same r, the degree of the polynomials involved in the
problem might not be equal. Thus, to make it easier to compare the results obtained from
each hierarchy, instead of reporting the hierarchy level r, we report the maximum degree
d of the polynomials involved in the formulation as r increases in each of them.

In the tables of numerical results that follow, the symbol (*) indicates that the reported
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value is the optimal objective value of the problem. We use “I” as the solution time in
seconds for each hierarchy and “Infeas.” to indicate that the optimization problem is
infeasible. The symbol (¢) indicates that the solver runs out of memory. Lastly the symbol
(o) indicates that generating the program that matches coefficient in the hierarchy in

Matlab runs out of memory.

2.4.1 Illustrative Examples

We begin by testing a set of POPs from [46], which are highly non-convex and require a

high level of Lasserre’s hierarchy to converge to their global optimum.

Example 7. Consider the following quadratic POP with 5 variables:

min 2x1 — r9 + 3 — 224 — T3
z€RS

st. (z1 —2)* — a3 — (3 —1)* — (5 — 1) >0,
T1T3 — T4X5 + w% > 1,
vy — a5 — 13 > 1,
T1T5 — LT3 > 2,
1+ T2+ 23+ 14 + 25 < 14,

2;>0,i=1,...,5.

As shown in Table 2.4.1, the (QM-SOS,.) hierarchy converges to the global optimum
when d = 8 with a computational time of 49.82 seconds, while the hierarchy (Po-SOS,)
converges to global optimum when d = 6 with only 8.21 seconds of computational time.
Hierarchies (QM-SDSOS, ) and (QM-DSOS,) fail to converge to the global optimum up to
d = 8. However, the hierarchy (Po-SDSOS,) also converges to the global optimum when
d = 8 with 13.28 seconds of computational time. The hierarchy (Po-DSOS,) provides a
weaker bound than hierarchy (Po-SDSOS,) and does not converge to the problem’s global

optimum when d=8.
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Although the degree d provides an approximate measure of the size (variables and
constraints) involved in the formulations of the hierarchies’ problems, a better comparison
of the hierarchies can be done by illustrating the trade-off between the solution time and
the quality of the bound obtained from each hierarchy. In Figure 2.4.1 (left), the different
line plots show the bound and solution time associated with increasing orders of each of the
hierarchies. Clearly, within one second, the (Po-SDSOS,.) hierarchy gives the best bound;
within ten seconds, the (Po-SOS,) hierarchy gives the optimal value while there is still a
gap between the problem’s optimal value (illustrated by the dashed horizontal line) and
the bounds obtained by other hierarchies. Clearly, the hierarchies proposed in Section 2.3

have better performance over the Lasserre-type hierarchies for this problem.

(QM-SOS,)  (QM-SDSOS,) (QM-DSOS,)  (Po-SOS,)  (Po-SDSOS,)  (Po-DSOS,)

d Bound T Bound T Bound T Bound T Bound T Bound T

2 -25.00 035 -25.00 0.12 -25.00 0.01 -6.63 0.74 -7.40  0.03 -25.00 0.02
4 -6.01  1.22 -6.35 0.15 -25.00 0.09 -2.35 1.53 -2.96  0.19 -6.14  0.05
6 -240  6.75 -4.46 1.85 -14.39 146 *-1.57 8.21 -1.72 0.71 -293  0.74
8 *-1.57 49.82 -2.81 15.00 -7.49 18.62 *-1.57 13.28 -1.86 15.49

*: Optimal value is obtained.

Table 2.4.1: Bound and time comparison of different hierarchies for Example 7.

In Table 2.4.1, note that for the same level of hierarchies (Po-DSOS,;.) and (Po-SDSOS,),
the linear representation of DSOS, introduces more decision variables than the SOCP
representation of SDSOS5. This explains why the running time of the LP-based hierarchy

can be larger than the running time of the SOCP-based hierarchy.
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Example 8. Consider the following quadratic POP with 10 variables:
min —x; —x9+x3 — 214 — T5 + Tg + 7 — 8 + L9 — 2T
z€R10
st. (z3—2)% — (x5 — 1)* — 226 + 22 — (zg — 2)® > —4,
— x% + T3x10 — .Cl?i + xgx7 > 1,

T1T8 — ToT3 + T4T7 — T5T10 = 2,

10

in g 57

i=1
z;>0,i=1,...,10.

As shown in Table 2.4.2, Lasserre’s hierarchy (QM-SOS,; ) and hierarchy (QM-SDSOS,)
converge to the global optimum at the third level when d = 6 with a computational
time of 2369.50 seconds and 72.43 seconds respectively. In contrast, hierarchy (Po-SOS,)
converges to the global optimum when d = 4 with 8.27 seconds of computational time. The
hierarchy (Po-SDSOS,.) also converges to the global optimum when d = 4 with 2.23 seconds
of computational time. Similar to Example 1, hierarchies (QM-DSOS,) and (Po-DSOS,)
provide the weakest bound and the problem’s global optimum is not reached by d= 6, but
the hierarchy (Po-DSOS,) provides tighter bounds with less computational time than the
hierarchy (QM-DSOS, ) at each level.

As discussed previously, a better comparison among the different hierarchies can be
obtained by illustrating the trade-off between the solution time and the quality of the
bound obtained from each hierarchy. In Figure 2.4.1 (right), the different line plots show
the bound and solution time associated with increasing orders of each of the hierarchies.
Notice that within one second, the (Po-DSOS;) gives the best bound. Also, within ten
seconds, only the (Po-SOS,) and (Po-SDSOS,) hierarchies obtain the problem’s optimal
value (illustrated by the dashed horizontal line), and the (Po-SDSOS,.) hierarchy takes less

computational time than the (Po-SOS,) hierarchy.
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(QM-S0s,) (QM-SDSOS,) (QM-DSOS,) (Po-SOS;) (Po-SDSO0S,) (Po-DSOS;)
d Bound T Bound T Bound T Bound T Bound T Bound T
2 -10.00 0.09 -10.00 0.04 -10.00 0.02 -7.76  0.17 =776  0.04 -10.00 0.02
4 -7.76 25.89 -7.76 1.34 -10.00 0.47 *-5.18 8.27 *-5.18 2.23 -5.59  0.16
6 *-5.18 2369.50 *-5.18 72.43 -8.28 63.09 -5.19 35.29

Bound

x: Optimal value is obtained.

Table 2.4.2: Bound and time comparison of different hierarchies for Example 8.

Example 1 Example 2
OJ TTTTTT T T TTTTTT T TTTTIT TTTTTT T T T T T T T T T T T T T T T T T T T
_______ o LHE T
’
’
’
U
b -
’
’
’
’
I,
1 ” - O0- QM-S0S, - O- QM-S0S,
! A - O- QM-SDSOS, - O- QM-SDSOS,

—20 : ’ " - A= QM-DSOS, - - A= QM-DSOS, -

Ak —0— Po-SOS, —0— Po-SOS,

1,7 —0O— Po-SDSOS;,- , , —— Po-SDSOS,

) ! —A— Po-DSOS, LT —&— Po-DSOS,
—25 (A -A----4n © — - - Optimal Value | -10 40-0--« - - - Optimal Value ||
il IR IR | RN [N EEETI | A 1 1 A A 1 O A A N AT N WA

1072 10! 10° 10t 10? 10-* 107 10° 10" 10 10° 10*
Time (s.) Time (s.)

Figure 2.4.1: Bound and time comparison of different hierarchies for Example 7 (left) and
Example 8 (right).

Example 9. Consider the following quadratic POP with 15 variables:

T€eR1S

s.t.

min x1 —To+x3— T4 —T5+x6+T7 —2x8+T9— T10+ T11 — T12 + T13 — T14 + T15

(21 —2)% — 22 + (23— 2)? — (24 — 1)? — (x5 — 1) + (26 — 2)? — (w7 — 1)? — 22

— (29 = 2)* = (v10 — 1)* + 2f; —afo + (213 — 2)° + 284 — (215 — 1)* > 0,

— Ty27 — Tax5 — Th + TeT9 + T10T12 > 1,

2
ToT3 — TYT11 — Ti4 + TsT15 = 2,

15
> @i <10,
i=1

2 >0,i=1,...,15.
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(QM-SOS;) (QM-SDSOS,) (QM-DSO0S,) (Po-SOS,) (Po-SDSOS,) (Po-DSOS;)
Bound T Bound T Bound T Bound T Bound T Bound T

-10.00 0.09 -10.00 0.02 -10.00 0.02 -8.07 0.27 -8.74 0.06 -10.00 0.02
-8.06 2754.30 -8.29 10.17 -10.00 2.27 *-7.43 640.60 *-7.43 59.85 -8.22 0.51
o o o o o o -7.64 2340.00

S N,

x: Optimal value is obtained.
o: Matlab runs out of memory while formulating LMI.

Table 2.4.3: Bound and time comparison of different hierarchies for Example 9.

The results for Example 3 are shown in Table 2.4.3. Lasserre’s hierarchy (QM-SOS,)
and the hierarchy (QM-SDSOS,) fail to provide the problem’s global optimal value when
d = 4. Matlab runs out of memory when generating the LMI for Lasserre-type hier-
archies when d = 6. In contrast, hierarchies (Po-SOS,) and (Po-SDSOS,) converge to
the global optimum when d = 4 with 640.60 and 59.85 seconds of computational time
respectively. Similar to Example 1 and 2, hierarchies (QM-DSOS,) and (Po-DSOS;) pro-
vide the weakest bound and the problem’s global optimum is not reached when d = 6.

However, the (Po-DSOS,.) hierarchy provides tighter bounds with less computational time
than (QM-DSOS,) when d = 2 and d = 4.

2.4.2 Numerical Results on Global Optimization Library

Next, we compare Lasserre-type hierarchies with the proposed hierarchies on some problems
from the GLOBAL Library available at http://www.gamsworld.org/global/globallib.
htm. These problems have been used as benchmark in [59, 114, 115].

In Figure 2.4.2, we show the performance of different hierarchies for problem ex2_1_1
and problem ex3_1_4. Similar to Figure 2.4.1, the different line plots show the bound
and and solution time associated with increasing orders of each of the hierarchies. Clearly,
for problem ex2_1_1, within one second, the (Po-SOS,) and (Po-SDSOS,.) hierarchies give
the optimal value while the bounds obtained by other hierarchies is not tight. Overall,

the (Po-SDSOS;) has the best performance in terms of bound and computational time for
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ex2.1.1 ex3.1.4

T T T T T T
—17 -4t -0 - -~~~ -
~17.5 —4.5 *
e =]
E E s
aa] aa]
- 0- QM-S0S, - 0- QM-S0S,
- O- QM-SDSOS, 5511 - O- QM-SDSOS,
—18.5 - A- QM-DSOS, : - A- QM-DSOS,
—QO— Po-SOS, + —O— Po-SOS,
—}— Po-SDSOS, - —{— Po-SDSOS,.
—aA— Po-DSOS, —&A— Po-DSOS,
19 ~ = = Optimal Value —6 - - = = Optimal Value |7]
- R | TITITT [ T TTTi1 R | L LITT [ T I1T1|
102 107! 10° 101 1072 107! 100 10t
Time (s.) Time (s.)

Figure 2.4.2: Bound and time comparison of different hierarchies for ex2_1_1 (left) and
ex3_1_4 (right).

problem ex2_1_1. For problem ex3_1_4, within one second, only the (Po-SDSOS,.) reaches
the optimal value, again, the (Po-SDSOS,) has the best performance in terms of bound
and computational time for problem ex3_1_4.

Table 2.4.4 shows the bound and time comparison of all hierarchies applied to different
test problems. Column 1 shows the name of the problem and column 2 states the number
of variables in the problem and its degree, while the degree of each hierarchy d is listed
in column 3. The results for the Lasserre-type hierarchies are given in columns 4-9 while
the remaining columns show the results for the proposed hierarchies in Section 2.3. We
can see that for problems ex_2_1_2, ex_2_1_3, ex2_1_4, and ex2_1_5, the Lasserre-type
hierarchies (QM-SOS,), (QM-SDSO0S,), and (QM-DS0S,.) are infeasible when d = 2 and
provide the optimal solution when d=4. In contrast, the proposed hierarchies give the

optimal value when d=2.
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The time to obtain the optimal value is greatly reduced by using (Po-SOS,) over
(QM-SOS,) for problem ex_2_1_3. For problems ex_2_1_7 and ex2_1_10 with rela-
tively large numbers of variables (20 variables), the Lasserre-type hierarchies are infea-
sible when d = 2, which means that the Lasserre-type hierarchies fail to give a bound,
however, by using the hierarchies proposed here, the optimal value for problem ex2_1_10
and a global lower bound for problem ex_2_1_7 are obtained when d = 2. The hierar-
chy (QM-SOS,) runs out of memory when d = 4 for problems ex_2_1_7 and ex2_1_10.
For ex_2_1_7, the hierarchy (QM-SDSOS,.) gives a bound when d = 4; however, it is weaker
than the ones obtained from the hierarchies (Po-SOS,), (Po-SDSOS,) and (Po-DSOS,)
when d = 2. Matlab runs out of memory when formulating the LMI for the hierar-
chies (Po-SOS,), (Po-SDS0S,) and (Po-DSOS,.) when d = 4 for ex_2_1_7, due to a large
number of constraints in ex_2_1_7. For other cases, our proposed hierarchies mostly con-
verge to global optimum with a smaller d than that of Lasserre-type hierarchies.

From Table 2.4.4, one can notice that in some instances of the problems, there is no im-
provement in the bound obtained by using the sequentially tighter (Po-SOS,), (Po-SDSOS;)
and (Po-DSOS;) hierarchies. For some problems (like ex2_1_2), this is due to the hierar-
chy (Po-DSOS, ) providing the problem’s optimal solution. For other problems (like ex2 1 1),
this is a result of the structure of the problem, which results in hierarchies (Po-SOS;)
and (Po-SDSOS,) not helping to improve the bounds. For example, for problem ex2 11,
the objective function is given by f(x1,...,x5) = 42x1 + 44w9 + 4525 + 474 + 47.525 —
50(x% + 23+ 23 +x3 +2). Since there are no cross-variable terms, the bound obtained from
the hierarchies (Po-SOS;), (Po-SDSOS,) does not take advantage of providing a tighter
formulation of the POP for cross-variable monomials. On the other hand, it is clear that
in problems like ex3_1_4, the tighter (Po-SOS,), (Po-SDSOS,) hierarchies provide better
bounds than the (Po-DSOS,) hierarchy.
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2.4.3 Numerical Results on Problems with More Variables

Consider the following non-convex problem,

s.t. szz <1,
> af =067

i=1

z; >0,i=1,...,n,

where ¢, are randomly generated in [—1, 1]. We construct this nonconvex problem inspired
by [116] to test the performance of the proposed hierarchies. The problem is to find the
minimal value of a polynomial on the Euclidean unit ball intersected with the positive or-
thant while excluding the Fuclidean ball with radius 0.6. We use instances with relatively
large number of variables n € [20, 30, 50, 100, 150] and compare the Lasserre-type hierar-
chies with the hierarchies proposed in Section 2.3. Note that it will be computationally
expensive to run higher levels of the hierarchies for large-scale problems. The purpose of
this comparison mainly focuses on the bound obtained for quadratic programs when d=2.

Similar to the figures in previous sections, in Figure 2.4.3, we plot the performance of
all hierarchies for problem (2.7) with n = 20. Clearly, only the (Po-SOS,) obtains the
optimal value with n = 20. Unlike the instances in Section 2.4.1 and Section 2.4.2; the
increasing order of the hierarchies doesn’t improve the bound significantly, thus the lines
in Figure 2.4.3 are flat.

Table 2.4.5 lists the bound and time of all hierarchies for problem (2.7) with different
n. The results for n > 30 and d = 4 are not listed since Matlab runs out of memory when
formulating the LMI for these cases. Column 2 is the upper bound we obtain from a global
optimization solver, BARON [98]; columns 4-15 list the results by running Lasserre-type hi-

erarchies and the proposed hierarchies. The optimal value (indicated by *) is obtained when
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the upper bound obtained by BARON is equal to any of the lower bound from the six hierar-
chies. It is clear that our proposed hierarchies (Po-SOS, ), (Po-SDSOS,), and (Po-DSOS,)
yield tighter bounds than corresponding the Lasserre-type hierarchies. For cases with
n = 20, 30, 50, 100, the hierarchy (Po-SOS,) converges to the global optimum when d=2.
For the case with n = 150, SOS-based hierarchies (QM-SOS,) and (Po-SOS,) fail to give
a bound due to the computationally difficult SDP constraints. SOCP-based hierarchies
can be used to obtain global bounds, in which case our proposed hierarchy (Po-SDSOS,)
improves the bounds obtained from (QM-SDSOS,.) by approximately 100%. LP-based hi-
erarchies provide the worst bounds among the same type of hierarchies, however, the bound
obtained by the LP-based hierarchy (Po-DSOS, ) is even tighter than the bound obtained
by SOCP-based hierarchy (QM-SDSOS, ).

Bound

- 0- QM-S0S,

- 0O- QM-SDSOS,
- A= QM-DSOS,
—@— Po-SOS,
—4 —— Po-SDSOS, -
—&A— Po-DSOS,.

— — = Optimal Value

I I NN | IR
1071 10° 10! 102
Time (s.)

Figure 2.4.3: Bound and time comparison of different hierarchies for problem (2.7) with
n = 20.

2.5 Concluding Remarks

In this paper, we propose alternative LP, SOCP and SDP approximation hierarchies to
obtain global bounds for general POPs, by using SOS, SDSOS and DSOS polynomials to
strengthen existing LP hierarchy for POPs. Comparing with the classic Lasserre’s hierar-

chy, the LP and SOCP approximation hierarchies are shown to be computationally more
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BARON (QM-SOS,)  (QM-SDSOS,) (QM-DSOS,)  (Po-SOS,)  (Po-SDSOS,) (Po-DSOS,)
(n,d) UB d LB T LB T LB T LB T LB T LB T

(20,2)  *-1.39

-1.92 2.18  -3.40 0.22 -425 0.01 *-1.39 046 -191 0.04 -2.89 0.01
o o =329 1199 -425 3.39 -1.56  16.67  -2.63 4.02

2
4
(30,2) *-1.96 2 -2.21 2.61  -4.82 0.16 -6.40 0.01 *-1.96 2.08 -291 0.06 -4.93 0.01
2
2

(50,2) *-2.06 -2.90 43.99  -8.30 1.82 -11.38 0.38 *-2.06 50.26 -4.32 015 -6.38 0.01
(100,2)  *-3.02 -3.89  1606.00 -16.56 1.12 -20.47 0.01 *-3.02 182430 -8.49 045 -11.92 0.04
(150,2) -3.58 2 o o -25.02 0.90 -29.12 0.04 o o -12.66 1.11 -16.42 0.09

LB,UB: lower bound, upper bound.
*: Optimal value is obtained.
©: Solver runs out of memory.

Table 2.4.5: Bound and time comparison of different hierarchies for problem (2.7).

efficient to find the global optimum of POPs for which Lasserre’s hierarchy is known to per-
form poorly. In particular, this shows that the relaxation approach introduced by Ahmadi
and Majumdar [2] produces better results as a way to strengthen LP-based hierarchies for
POPs. Furthermore, these hierarchies are shown to converge as the level of the hierarchy
increases to the global optimum of the corresponding POP. Unlike other hierarchies pro-
posed in the literature, this property is obtained whenever the feasible set of the POP is
compact but the quadratic module of the polynomials defining the problem’s feasible set is
not necessarily Archimedean.

The fact that the hierarchies considered here are based on using LP and SOCP allows
for the future use of column generation approaches in order to be able to address the

solution of larger-scale POPs.
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Chapter 3

Alternative SOCP Hierarchies for
ACOPF Problems

3.1 Introduction

The Alternating Current Optimal Power Flow (ACOPF) problem is a challenging opti-
mization problem in power systems. Several optimization methods have been devised to
efficiently solve different variations of this problem. However, the ACOPF problem con-
tinues to be challenging. This is mainly due to the large-scale size of real systems and the
nonlinearities and the nonconvexities in the underlying formulation.

One solution approach that has been actively investigated to address the global solution
of the ACOPF relies on reformulating the problem as a polynomial program (PP); that
is an optimization problem whose objective and constraints can be written in terms of
polynomials on the decision variables. Then, a hierarchy of semidefinite programming
(SDP) [cf., 5] relaxations can be used to obtain globally optimal solutions under mild
conditions [44, 57, 82, 83]. This hierarchy of SDP relaxations is based on the seminal
work of Lasserre [66], who showed that SDP relaxations based on sum of square (SOS)
polynomials can provide global bounds for a general class of PPs. However, the associated

SDP relaxations are computationally expensive and thus, even using the hierarchy’s low-
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order relaxations to approximate large-scale PPs like the ACOPF becomes computationally
intractable in practice [69].

To improve the computational performance of the SDP based hierarchies, prior work
has focused on exploiting the problem structure through sparsity [60] and symmetry [34],
improving the relaxation through the generation of valid inequalities [46], and more recently
through devising more computationally efficient hierarchies based on the use of linear
programming (LP) and second-order cone programming (SOCP) relaxations of the problem
of interest [2, 45, 91].

Rather than using the computationally expensive SDP hierarchy, in [62] and [65], we
explore the use of LP and SOCP hierarchies for solving the ACOPF problem and show
that the SOCP approach that is proposed in this paper can be used to obtain solutions
for ACOPF within limited computational time. Furthermore, we show that the first-order
SOCP hierarchy obtained by weakening the more common hierarchy of SDP relaxations for
this problem is equivalent to solving the conic dual of the SOCP approximations of ACOPF
that have been recently proposed in [22, 54, 105], which provide the optimal solution of the
ACOPF problem for special network topologies. In turn, the SOCP hierarchy approach
provides a natural hierarchy of increasingly stronger SOCP approximations for the ACOPF
problem.

Following the notations and concepts introduced in Section 2.2 in Chapter 2, we briefly
introduce polynomial programming approaches for ACOPF as well as applying the pro-

posed LP and SOCP based hierarchies in Chapter 2 to the ACOPF problem in next section.

3.2 ACOPF Formulation

In this section, we apply the LP and SOCP hierarchies to the alternating current optimal
flow problem and we exploit the network structure of electricity transmission grids to spe-
cialize the proposed SOCP approximations for the ACOPF problem and obtain improving

results. The results are then compared to the SDP based hierarchy [66] and to the SOCP
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relaxation that is proposed in [22].

3.2.1 ACOPF problem as a Polynomial Program

To formulate the ACOPF problem as a polynomial problem, we follow the same notation
as in [71, 83], that is, we consider an undirected graph P(N, E) where each vertex n € N
is called a “bus” and each edge e € F is called a “branch”. The subset G C N denotes the

set of generators. Additionally, we define the following parameters:

o P, P,j , Qs QZ, V.~ and V,j are respectively the limits on active and reactive

generation capacity and the absolute value of the voltage at bus k.
° Slfﬂ is the limit on the absolute value of the apparent power of a branch (I,m) € E.

° Pg and Qg are the active and reactive power demand respectively.

° cz, c,lc, 02 are nonnegative coefficients for the power generation cost function.

We also define the following decision variables:
° P,f and Q;Z: active and reactive power generated at bus k.
e Py, and Qpy: active and reactive power flow on branch (I, m).

Given a complex voltage V; at bus i, let RV, denote the real part of V; and SV; denote the

imaginary part. The power flow equations are
P = P+ RVi ) (RyinRVi — SyaSVi) + SVi ) (SyaRVi — RyaSVa),
i=1 i=1
§= QL+ RV (—SyaRVi — RyiSVi) + SV Y (RyanRV; — SyaeSV),
=1 =1
le = blm(%v}%vm - 3:N/mgvé) + glm(%vi2 + %VmQ - %W%Vm - %W%Vm)v
Qim = bim (RVISV;, — SVSV; = RVP? = SVi?) + g (RVISVy — RV, SV, = RV,,.8V))
bum
— TRV + SVP).
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Additionally, the network admittance matrix and other related matrices are defined as

follows:

T
Yk = €kl Yy,

by . .
Yim = (J7m + Gim + joim)ere] — (gim + jbim)erel,,

_ Ryr + i) SWh — k)
k= 3 )
213 — o) Rlue + 1)

_ 1Sk +vf) Rk —yl)

Yk = -3 )
Ryl —ve) Sy +y})
T
ere 0
Mk - F 3
0 ekeg
o1 R(yim + yl,) S, — vim)
Im — & 5
9
SWim = Yi)  RWim + Yikn)
7 1| Sy + i) RWL, — vim)
m=— — 3
2
Ryl — vim)  Sim + yi,)

where e}, is the k" standard basis vector in RV, Let z := [RV% %Vk]T be the vector of

variables in addition to the variables P,f , Py, and Q. The ACOPF can be formulated as
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the following degree-2 PP:

min Z (ci(l—’,f)2 + i (PE + tr(ViaaT)) + c%) (3.1)
keG

s.t. Py <tr(Viaal)+ PE< P, Vke G, (3.2)

Q, <tr(Vyza") + QL <Qf, Vk € G, (3.3)

(Vi7)? < tr(Myaa™) < (V;F)?, Vk € N, (3.4)

Piry + Qi < (S,)%, ¥(I,m) € B, (3.5)

P! = tr(Yyaal) + PP, Vk € G, (3.6)

b, = tr(YlmxxT), Y(l,m) € E, (3.7)

Qim = tr(YimazzT), Y(I,m) € E. (3.8)

(PP-OPF)

The objective function (3.1) minimizes the cost of power generation. Constraints (3.2),
(3.3), and (3.4) set limits on the active power, reactive power, and voltage on each bus.
Constraints (3.5) set a limit on the apparent power flow at every branch. Constraints (3.6)
define the power generated while constraints (3.7), (3.8) define the active and reactive
power flow. Problem (PP-OPF) is a PP of degree two and the proposed hierarchies are
applicable to this problem. Additionally, the ACOPF problem exhibits a structure that can
be exploited to improve the computational performance of the solution approach discussed

here.

3.2.2 ACOPF Problem as a Second Order Cone Program

By exploring the structure of the quadratic formulation of the ACOPF, we have the fol-

lowing observations:

Proposition 11. Let X,,; denote the set of x variables in (PP-OPF) and let X.p denote

the set of P,f,le, and Qpm variables. Then for v; € Xopi and vj € Xegt, viv; does not
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appear in the quadratic model (PP-OPF).

Proposition 11 allows us to develop specific hierarchies of tractable conic programming
relaxations that take advantage of the structure of ACOPF problem. Note that such
structure is also exploited in the related conic programming relaxations for the ACOPF
problem studied in [22].

Additionally, some product terms of variables in X,.; do not appear based on the
network structure. For instance, buses ¢ and j are connected if (i,5) € E, and thus the
network structure can be used to delete products of variables that are not needed in the

formulation.

Proposition 12. For any k € G, the term tr(YyxzT) in the objective function (3.1) is

equivalent to
tr(YVezaT) = apRVZ + BSVE+ > (I RVIRV: + 15 RVASV;
ji(k,§)EE

+ 7 SVIRY; + 747 SVASV;), Yk € N,

where ak,ﬂk,’yfj,ygj,fygj,’yfj are parameters.

Proof. Directly follows by exploring the structure of Yy, k € G. O

Proposition 12 uses the branch information in the network to simplify the hierar-
chies of tractable conic programming relaxations considered here by removing unnecessary
monomial terms in the definitions of (QM-DSOS,) and (QM-SDSOS,). Only the cross
product of voltages of two connected buses appears in tr(Yzzz?) and the same goes for
tr(Yyzz”), which means that there is no need to generate all the monomials in the right
hand side of hierarchies (QM-DSOS,) and (QM-SDSOS, ). Since electricity transmission
grids are normally sparse graphs then the computational effort of solving the (QM-SDSOS,.)
(or (QM-DSOS,)) hierarchy is reduced significantly thanks to the reduction in the num-
ber of SOCP (or LP) constraints required in the hierarchy formulation. Additionally,

the structure of the SOCP relaxation of ACOPF can be easily exploited since in each
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SOCP constraint of (QM-SDSOS,), only a combination of two monomials is involved.
For example, if the cross product m;m; does not appear in the model, then for dy(x) in

hierarchy (QM-SDSOS,) the SOCP constraint related to (3;m; + Bjm;)? is not needed.

3.2.3 Duality in ACOPF Formulations

It has been shown in [44, Theorem 1] that the first level of the SDP hierarchy obtained by
using the (QM-SOS,.) on (PP-OPF) is equivalent to the conic dual of the SDP relaxation for
the ACOPF problem that is considered in [71, Optimization 3]. In this section, we show
that the first level of the (QM-SDSOS,) hierarchy of the ACOPF problem is the conic
dual problem of the SOCP relaxation of the ACOPF problem that is presented in [22].
Intuitively, this result follows from the fact that the conic dual of the SDD matrices is
the set of symmetric matrices A € R™*™ such that every 2 x 2 principal submatriz of A
is positive semidefinite. Similar to (2.6), the latter condition can be formulated using the
second-order cone, which corresponds to the relaxation approach used in [22]. Below, we

state this result formally.

Theorem 7. The first level of the SOCP hierarchy obtained by using the (QM-SDSOS;)
hierarchy on (PP-OPF) is equivalent to the conic dual of the SOCP relaxation for the

ACOPF problem considered in [22].

Proof. The basic idea is to derive the Lagrangian dual problem of the SOCP relaxation
for the ACOPF problem considered in [22] and compare it with the first level of SOCP
hierarchy discussed in this paper. First, problem (PP-OPF) is reformulated as a PP of the
form given in (QM-SDSOS,). We notice that since not all the monomials appear in the

polynomial formulation then using the first level of the SOCP hierarchy (r = 2), one can
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approximate (PP-OPF) as

max ¢

s.t. Z (R (P])? + cp (P + tr(YizaT)) + c) — o = S(z) + S(P?) + S(P,Q)

keEN

+ ) N (P = P — (W) + D M (=P + P A+ tr(Yiza ™))
kEN kEN

+ Z ¥ (QF] — QF — tx( (VezaT) Z 7k -Q, +Q¢+ tr(kamT))
ke ken (3.9)

+ Z A ( — tr(Myzz™) Z ,uk ? + tr(Myzz™))
kEN keEN

+ 3 am ((85,)% = P2, — Q) + D b (P — tr(YiaaT) — PY)
(I,m)el keG
Z Clm (]Dlm - tr(yvlmxxT)) + Z dim (le - tr(iflmxl‘T)) >

(I,m)eL (I,m)eL

where S(z) is an SDSOS polynomial based on the branch information, and S(PY), S(P, Q)
are SDSOS polynomials as a function of P]f , P and @y, respectively. Furthermore, by
observation of the monomials in the objective function and constraints of (PP-OPF) , we
remove some unnecessary monomials in S(z), S(PY) and S(P, Q) for simplicity. To be more

specific, the following terms are not needed:

xg,Vk € N in S(x),

PIPI.Vi,j € N,i#jin S(PY),

Py, oy Py oy, (1, ma), (I, me) € E, (1, m1) # (l2, m2),
Qs yma Qo ma» V(11 m1), (l2, m2) € E, (I, ma) # (l2, ma),

-Ijll,lelz,WLQ7v(ll7m1)7 (l27m2) € Ein S(P7Q)

The variables a, 8,6, A, Br, Oim, Simy My Mko» Voo Voo s B, and ay,,, are non-negative vari-
02 6 62

ables and allm, alzm, B,i, 91m, i Oy Ofs biy Ciy and dyyy, are free variables. As dis-

cussed in Section 2.2, an SDSOS polynomial has a natural second order cone representation,
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so we can write S(z), S(PY) and S(P, Q) as

T
x T
S(x):oz+Zak:c%+ Z : A : ,
keEN (IL,m)EE \Tm Tm
T
o2 1 1
S(P9) =B+ B(P*+ ) By
kEN ken \ P} P?
S(P,Q) =0+ > (0P, + 0mQiy)
(I,m)eE
T T

1 1 1 1
+ ( Chn + CZ, ) ,
(l,mZ)EE (Hm) l (le) (le) l (le)

Define n as 7 = o + 58 + 0, for ease of notation. By equating the coefficients of the

monomials of Problem (3.9) and substituting some of the variables, we have the following
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second-order cone program:

max Y chPA- > B - Y (oY - R P VEC A &)

keG kEN (I,m)eE keG kEN
~ > MNP+ P =Y Q- Q) - Y v (—Qr + @D = > (Vi)
keN keN keN keN
+ 3 0 (V2 =328 "R~ ST (O + LS
keEN keG (IL,m)eL
st. AP = 37 20D+ 3 2P £ 3 Ay 4 Y (R
(I,m)eL (I,m)eL keN keEN

YD 43, T~ 7D 2B YD) (i, ) € B,

a; + Z A(11 n Z A(22 _Z ky(u + Z (201171(112)}/15::) +2Cl27$112)}—,153))

i:(i,j)€EE (i,J)EE keEN (I,m)eL

+ > (W )\kY(”) + 37 = T 2BV ) vie N,
keEN

G =B +BP, VkeN,
O + CL 22 — 61 — CPP?) =0, (I, m) € E,
n =0,
s Bles Mes Nos Tios Voo Figes 1y, = 0, Vh € N,
Oims Otm >0,  V(I,m) € E,
By >0, VkeN,
A, CL C2 =0, Y(,m) € E,
(3.10)

where By, A, CL ,C2. are 2 x 2 positive semidefinite matrices. From Equation (2.6),
By, Ay, CllmvClQm > 0 can be represented as second order cone constraints, so Prob-
lem (3.10) is a second order cone program.

Next we derive the dual of Problem R in [22]. In [22], the authors also use the notations

n [71]. Also note that for ease of presentation, the authors omit some refinements (such

as the shunt element) in their model.
Let Z,iz = Z,fl = k2 X eep t1(YEWe) + by, be the non-diagonal element of matrix Zy,

and we present the model of Problem Ry in [22] derived from Optimization 3 in [71] as
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follows:

min E Qg

keN
st. Py <) tr(YEWe) + P < BF k€N,
eck
Qn <) (VW) +Qf <Qy, VEEN,
ecE
D)<Y wr(MEWL) < (ViF)?, Vk € N,
ecFE
ag —cp1 . tr(YEWe) —ag Z,?
7, = c€E =0, keN (3.11)
z! 1
Slm max Z tr(Ykvei)
Zh, = cel =0, ¥(I,m) € E
> tr(YEWe) 1
lecE _
Slzm ,max Z tr(}_/keWE)
Z3, = B el =0, VY(,m)eFE
S tr(YEW) 1
lecE _
W. >0, Ve € E,

where tr(Y; W) in Optimization 3 [71] is replaced by > . tr(Y;$We) to take the branch
structure into account and we relax constraint (5) in Optimization 3 [71] to two second-
order cone constraints Z} Z . So basically, optimization problem (3.11) is a relaxation of

lm>

Optimization 3 in [71] in terms of the variable W,. The Lagrangian function of optimization
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problem (3.11) is

‘C(VV’Z7047 )‘777#77]7 Aa Ba C) = Z ok + Ztr(Wea Ae) + Z tr(Zkak)

keG eckE keEN

+ > ((Z,, Chy) + t20(Z,,Cl)) + D A (P,j - Ztr(Yk€WE)>
(I,m)EE keN ecE

+3 " A <—Pk +PI+Y tr(Y;fWJ) +) (Q; —Q-> tr(Y;fWJ)
keN eclF keN eclR

+3 7, <—Q,; + Q¢+ Ztr(?,fWe)> + > T ((vkﬂ? - Ztr(M,fWe)>
keN eck keN eclk

+ Y, ((—Vk)2 +) tr(M;?We)) )
keN eclR

where A., By, C}

[ C’IQm are 2 X 2 positive semidefinite matrices and A, vy, u,n are nonnega-

tive Lagrangian multipliers. Therefore the Lagrangian dual problem of optimization prob-

lem (3.11) is

max min L(W,Z, o, A A B, C
I S 1. 5 (W, Z,a, A\, v, 1,m, A, B, C)

ste Ay, pn >0
A =0, Ve E, (3.12)
Bk = O, Vk € N,

cl . C2 =0, Y(l,m) € E.

Once expanded, problem (3.12) has the same structure to the first level SOCP hierarchy

for (PP-OPF) given in (3.9), with exactly the same conic constraints. O
Furthermore, for this pair of dual SOCP problems, strong duality holds.

Theorem 8. Strong duality holds between the first level of the SOCP hierarchy obtained
by using (QM-SDSOS,) on (PP-OPF) and the SOCP relaxation for the ACOPF problem
considered in [22].
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Proof. The basic idea is to try to find a strictly feasible solution for the dual problem. In
order to prove strong conic duality, we need to find a strict feasible solution for either the

primal or dual problem. For the dual SOCP problem (3.9), consider the following point,

n >0,
ok = |Elmaz +1— |Ex| > 0,8, =ci —e>0, VkcN,
Hlm :5lm = 1, V(l,m) S E,

M=ck+A>0X=Ay, =7,=1, VkeN,

— 1+ |E|mam
=14 ————77>>0 =1, VkeN 3.13
k + |N‘ > ’Hk ) € 3 ( )
e 0 05 O
B, = =0, VkeN, A, = = 0,
0 € 0 0.5
. ) 10
Clm = Clm = - 07 V(Z,m) < E.
0 1

In (3.13), | E%| is the number of edges whose endpoints contain node k, |E |0, = max{|Eg|,
k € N}, for a fixed graph, | Ex|, | E|maee are parameters; € is a sufficient small positive number
such that c% —e>0,Yk € N, as ci is a positive parameter; A is a sufficient large positive
number such that ¢} + A > 0. We substitute (3.13) into the constraints in Problem (3.9)
and it is easy to verify that it satisfies all the constraints. Thus it is straightforward to
see that the point is in the interior of the feasible set, which means point (3.13) is a strict

feasible point for problem (3.9). Therefore, strong duality holds for Theorem 8. O

3.2.4 Numerical Results on ACOPF Instances

In this section we apply the LP and the SOCP hierarchies to solve the polynomial program-
ming formulation of the ACOPF problem (PP-OPF), and then we compare the results to
the ones that are obtained using the SDP hierarchy based on Lasserre’s approach [66]. The

SDP, SOCP, and LP based hierarchies are implemented in Matlab, and SeDuMi is used to
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solve the SDP programs while MOSEK is used to solve the SOCP and LP programs. The
ACOPF instances are taken from [25, 111] and the results are summarized in Table 3.2.1. In
computing the gaps, the best known bounds for the ACOPF instances are taken from [44].
Table 3.2.2 presents computational results of the structured SOCP approach where the
structure of the ACOPF problem is exploited and a computational comparison with opti-
mization problem Ry of [22]. In Tables 3.2.1, and 3.2.2, - indicates that the problem was
not solved within one hour of computational time and x implies that Matlab ran out of

memory while generating the hierarchy. From Tables 3.2.1-3.2.2, the SDP hierarchy (3rd,

Best SDP hierarchy SOCP hierarchy LP hierarchy
Instance Bound Bound Time (s.) Gap Bound Time (s.) Gap Bound Time (s.) Gap
case9Q 5297.4 5296.71 49.59 0.01%  5230.49 0.09 1.25% 4448.00 0.05 16.02%
casel4 8081.7 8081.52 1.59 0.002%  7677.48 0.17 4.99% 6859.31 0.07 15.12%
case30 574.5 - - - 567.96 0.48 1.55%  373.93 0.36 35.18%
case39 41889.1 - - - 41276.26 0.95 1.40% 3495.12 0.40 91.65%
caseb7 41712.0 - - - 41144.28 1.69 1.42% 38822.46 0.28 6.98%
casell8 129372.4 - - - 126001.18 8.17 2.82% 96774.44 0.49 25.36%
case300 720031.0 - - - 706616.52 81.69 1.82% * * *

Table 3.2.1: Computational time comparison of first level SDP, SOCP and LP approxima-
tion.

Ro SOCP hierarchy  Structured SOCP Structured SOCP Level 2
instance Bound Time(s) Bound Time(s) Bound Time(s) Bound Time(s)
case9Q 5220.01 0.14  5230.49 0.09  5220.01 0.01 5298.89 27.15
casel4d 7661.05 0.15  7677.48 0.17  7659.96 0.08 7953.84 48.75
case30 567.79 0.43 567.96 0.48 567.79 0.31 * *

case39 41283.67 0.55 41276.26 0.95 41278.11 0.51
cased7 41157.72 0.38 41144.28 1.69 41157.72 0.26
casell8 126072.18 0.95 126001.18 8.17 126050.17 0.71
case300 706779.64 2.62 706616.52 81.69 706779.64 1.57

b S
. S S o

Table 3.2.2: Computational time comparison of Ry with SOCP and structured SOCP
approximation.

4th, and 5th columns in Table 3.2.1) provides solutions for instances up to 14 buses within
1 hour using the first level of the hierarchy. By using the SOCP hierarchy (6th, 7th, and
8th columns in Table 3.2.1), we obtained lower bounds for instances of up to 300 buses us-

ing the first level of the hierarchy with an average gap of 2% from the best known bounds.
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Furthermore, the computational times for the SOCP approach are substantially reduced
when the structure of the ACOPF problem is exploited as described in Table 3.2.2, while
obtaining a comparable lower bound to Re. Note that there are slight numerical differences

in the bounds due to numerical errors in the solvers.

3.3 Concluding Remarks

In this chapter, we applied the recently proposed LP and SOCP approximation hierarchies
to the ACOPF problem. Numerical results on ACOPF instances from the literature show
that the use of these hierarchies, together with the sparsity structure of the problem,
allow the computation of global bounds for large-scale ACOPF problems where the SDP
hierarchy fails to provide such bounds. Moreover, the first level of the SOCP hierarchy
is shown to be equivalent to the dual of the SOCP relaxations proposed in [22] for these
problems.

The fact that the hierarchies considered here are based on using LP and SOCP allows
for the future use the column generation approaches recently proposed in [1] to address the

solution of larger-scale ACOPF problems.
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Chapter 4

Pricing in Non-Convex Markets

with Quadratic Costs

The presence of non-convexities is inherent to markets with economies of scale, start-up
and/or shut-down costs, avoidable costs, indivisibilities, and minimum supply requirements
[e.g., 21]. These non-convexities make the problem of finding appropriate prices that result
in a market equilibrium challenging. This issue has been addressed in classical work by
Gomory and Baumol [48], Scarf [99, 100], Starr [107]. Continued work in this area has been
recently reviewed by Liberopoulos and Andrianesis [74] and Van Vyve et al. [112]. Here, we
focus on considering the effect of non-convexities, and also potential convex quadratic costs
that affect market prices. As discussed below, these market characteristics are particularly
important in deregulated electricity markets with high penetration of renewable energy
sources. We exemplify on the rest of the article using the electricity market. However note
that this features are common to other network market economies.

Consider a deregulated electricity market [see, e.g., 88, 97], where a market maker
or independent system operator (ISO) receives offers with information about generation
constraints, marginal generation costs, and fixed commitment costs, from generators par-
ticipating in the clearing process. Based on this information, the ISO decides the generators

that should be available (committed) in the market, as well as their appropriate compen-
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sation.

Due to the potential existence of non-convexities, related to start-up/shut-down costs
and minimum output requirements (amongst others), it is difficult for market operators,
e.g., ISOs, to obtain the appropriate compensation values for committed generators. Fur-
thermore, there can be long-term substantial differences when using different market pricing
techniques [50]. One way in which ISOs can obtain an estimate of the correct compen-
sation values is by finding the shadow (dual) prices associated to the linear programming
relaxzation [cf., 31] of the mized-integer linear program (MILP) [cf., 31] associated to the
market’s unit commitment problem (UC) [cf., 51]. The generators’ compensation values are
then computed by adding uplift payments [cf., 55]. However, these uplift payments may be
significant enough to modify the suppliers’ incentives [74]. To address this issue, a num-
ber of alternative pricing schemes have been recently developed by Bjgrndal and Jérnsten
[16], Garc1 et al. [41], Hogan and Ring [52], Liberopoulos and Andrianesis [74], O’Neill
et al. [88], Ruiz et al. [97]; Araoz and Jornsten [7]; among others [see, 74, for a recent
review]. However, to the best of our knowledge, none of these approaches directly consider
potential ramping costs in the electricity market.

The penetration of renewable energy sources such as wind and solar into the electricity
market has been steadily increasing. The U.S. Energy Information Administration esti-
mates that in the U.S., the percentage of energy generated from renewable energy sources
has increased from 9.5% in 2006 to 13.3% in 2015, reaching close to 47% in the ERCOT
system (Texas) and surpassing hydroelectric generation [40]. As a result, ISO’s commit-
ment decisions require conventional generators to ramp up or down regularly due to the
variability and uncertainty in the power that renewable sources can provide throughout
a given day [see, e.g., 104]. At the same time, ramping results in substantial wear and
tear costs [see, e.g., 73]. Therefore, considering these ramping costs in the computation of
compensation values is becoming necessary to internalize externalities nowadays absorbed
by conventional (dispatchable) units, and provide adequate settlement prices for the all

participants in the electricity market.
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In order to take into account ramping costs in the electricity market, we extend the
seminal results introduced by O’Neill et al. [88] to obtain appropriate prices in markets
with non-convexities. O’Neill et al. [88] show that after solving the MILP associated
with the ISO’s UC, the desired clearing prices can be obtained from the shadow prices
of the demand and capacity constraints of the linear program resulting from fixing the
commitment (binary) variables of the ISO’s UC to their optimal value.

Here, we extend this approach by considering ramping costs (or more generally, quadratic
convex costs) into the formulation of the unit commitment problem in [63]. Then, using
convez optimization techniques [cf., 23], we obtain the market-clearing prices in the pres-
ence of ramping costs from the dual variables values (shadow prices) associated with the
optimal solution of an appropriate convex optimization problem. That is, we obtain a set
of market clearing prices that satisfies incentive compatibility, i.e., the Walrasian market
equilibrium conditions assure that suppliers would not want to change their energy dis-
patch at these prices. With these results in hand, we perform numerical experiments to
show the impact of ramping costs on the clearing prices of a market with non-convexities.

The pricing results are mainly motivated by an ISO seeking to obtain clearing prices in
an electricity market in which ramping becomes more prevalent, e.g., due to the presence
of renewable energy sources. However, following O’Neill et al. [88], we use the general
formulation of a market in which the auctioneer is buying and/or selling a commodity,
and has an objective of maximizing the value to participants, when potential quadratic
commodity costs (e.g., in a labor market [13]) or quadratic transaction costs (e.g., in a
finance market [24, 87] are present in the market).

It is worth mentioning that related advances on obtaining market-clearing prices in
markets with non-convexities have been done recently. For example, consider the work
of Zoltowska [120], who considers demand shifting bids and transmission constraints in
the market; Ye et al. [118], who consider non-convexities arising when considering flexible
demand options from the point of view of the customer (e.g., the option to forgo demand);

Sioshansi and Nicholson [103], who consider market non-convexities in both centrally- and
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self-committed and markets; Van Vyve et al. [112], who propose a new model to obtain
prices in a market with non-convexities by combining the approaches used in both the
US and European electricity markets; and Muatore [84], who proposes an algorithm to
find market-clearing prices in markets with non-convexities that provide incentives to both
maintain and increase generating capacity.

The rest of the chapter is organized as follows. In Section 4.2, we introduce the market’s
assignment problem in the presence of convex quadratic costs. Furthermore, we generalize
the results of O'Neill et al. [88] to obtain clearing prices for the market. In Section 4.3, we
illustrate our results by computing and analyzing the clearing prices associated to Scarf’s
classical market problem [100] when potential ramping costs are taken into account. In

Section 4.4, we offer concluding remarks.

4.1 Introduction

In today’s advanced economies, it has been widely believed that in the presence of noncon-
vexities (binary decision variables) in the cost function, it is not possible to guarantee the
existence of prices that will allow the market to clear, unless the solution to the relaxed
convex problem just happens to produce an integral solution (e.g. assignment problems).
The economics and management science literature has occasionally addressed the prob-
lem of finding dual price interpretations to integer programs and MIPs. Motivated by the
electric power markets in which nonconvexities arise from the operating characteristics of
generators, O’Neill et al. in [88] discussed the existence of market clearing prices and the
economic interpretation of strong duality for integer programs in the economic analysis of
markets with nonconvexities (indivisibilities). They showed that the optimal solution to a
linear program that solves the mixed integer program has dual variables that: (1) have the
traditional economic interpretation as prices; (2) explicitly price integral activities; and (3)
clear the market in the presence of nonconvexities.

Consider an auction market (like electric power markets) that can be represented by a
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Primal Mixed Integer Program (PIP). The formulation below assumes that the auctioneer
is buying and/or selling a set of goods, and has an objective of maximizing the value to

bidders. The auctioneer is simply a computer code that finds a solution to the problem:

4.2 Market problem with convex quadratic costs

Consider a market, where the auctioneer is buying and/or selling a commodity, and has
an objective of maximizing the value to participants, when potential transaction convex
quadratic costs are present in the market. Following O’Neill et al. [88],! the market’s assign-

ment problem can be formulated as the following mized-integer quadratic program (MIQP)

[cf., 72]:
n
pK/HQp = min Z ek + dpzi + ri(Tr — xg)z
k=1
n
s.t. Z arzry = b,
k=t (4.1)
9kTk + hrpzk 2> by, k=1,...,n,
z € {0, 1}, k=1,...,n,
kaO, kzl,...,n,
where for any market bidder kK = 1,...,n: x; € Ry represents the units of commodity

provided by the bidder; z; € {0,1} indicates whether the bidder is committed or not
to provide units of the commodity; ck,d; € R, are the variable and fixed costs (i.e.,
commodity and start-up) associated with the bidder’s activities respectively; ar € Rreflects
the production or demand characteristics of the bidder in the market-clearing constraint
> k—y arxr = by, where by € R is the amount of commodity to be auctioned, with by # 0
in a one-sided auction and by = 0 in a two-sided auction; gi,h; € R reflect restrictions
on the bidder’s operations (e.g., production of a particular plant is limited to the capacity

of that plant); by € R represents the right hand sides of the internal constraints of the

1'We also follow the terminology used in terms of sellers as “bidders”. Note however that in an auction,
buyers submit bids to purchase a product and suppliers submit offers to sell a product.
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bidder. Also, in an extension of the market assignment problem in O’Neill et al. [88, Sec.
5], 1 € Ry denotes the quadratic costs associated with the deviation of the commodity
provided by bidder k£ = 1,...,n from a target or previous commodity production level
x% € R. The parameters 1, € Ry, x% € R can also be used to model quadratic commodity
costs, as well as quadratic transaction costs.

Notice that by assuming that rp > 0 for & = 1,...,n, one ensures that (4.1) has a
convex quadratic objective. Also, note that if r, = 0 for k = 1,...,n, problem (4.1) is
equivalent to the PIP problem in O’Neill et al. [88, Sec. 5] when bidders are assumed to
provide a single commodity. This single-commodity assumption is made here for ease of
presentation and to identify the commodity with power in electricity markets. However,
all the results presented thereof extend in straightforward fashion to the more general
multi-commodity market considered in O’Neill et al. [88].

In what follows, we assume that problem (4.1) is feasible; that is, there is an assignment
of the bidders that satisfies both the operating constraints of the bidders as well as the
market-clearing constraint. Also, without loss of generality, we assume that ax # 0, k =
1,...,n (i.e., bidders that do not contribute to the market-clearing are not considered),
and rp > 0, k = 1,...,n (i.e., bidders that do not incur ramping costs do not need a
corresponding quadratic constraint in formulation (4.2) below).

By introducing the auxiliary variables y, € Ry, k = 1,...,n, the market assignment

problem (4.1) can be reformulated as:

n
Pyuigp = in Z CrZ + dizk + rEYk

k=1
n
s.t. Zakmk = by,
k=1

9k + hizi = by, k=1,...,n, (4.2)
Y > (@ — a)?, k=1,...,n,
zp €40,1}, k=1,...,n,
Tk, Yy = 0, k=1,...,n.

83



This follows from the fact that for any optimal solution of (4.2), the constraints y; >
(zp — 2)% k = 1,...,n, are tight. Now let K"*1 C R™"! denote the second-order (or

Lorentz) cone [cf., 4] in dimension n + 1; that is,
KM = {(wo, w) € R™ s awg > |[(wy, wa, ..., wn) |2}, (4.3)

where || - ||2 represents the Euclidean norm. Note that like R" or R, the cone K"
is a closed convex cone [cf., 12]. Moreover, R", R, Kt are self-dual cones; that is,
(R™)* = R™, (R7)* = R%, (K"t1)* = K"+ where for any convex set, the dual cone of
S C R" is equal to S* = {u € R" : uTw > 0 for all w € S}. Here, for any u,w € R,
uTw = >, u;w; denotes the usual inner product in R™. The self-duality of R™, R,
and K" is key in deriving an appropriate set of shadow prices, or the dual problem
associated with the continuous relaxation (i.e., when z; € {0,1} is replaced by z; € [0, 1]
for k=1,...,n) of problem (4.2).

From the definition (4.3), it is not difficult to see [cf., 76, eq. (7)] that for any k =
1,....,n,

Y > (v — 20)? & (v + Lyp — 1,2(zp, — 20)) € K2

Thus, problem (4.2) can be reformulated as the following mized-integer second-order cone

program (MISOCP) [109]:

n
Pyisocp = Min Z cpxk + dpzk + TEYk

k=1
n
s.t. Zakxk = by,
k=1
gkTk + hizi > by, k=1,...,n, (4.4)
(yk + Lyp — L,2(z —29)) € K3, k=1,...,n,
2, € {0,1}, k=1,...,n,

Ty Yks 2k 2 0, k=1,...,n.
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Similar to problem (4.4) above, a MISOCP is an optimization problem that besides
a linear objective and linear constraints, has second-order cone constraints, as well as
integer or binary variables. Problems with second-order cone constraints are widely used
in applications in engineering and science. In particular, this type of constraints appear
in structural design problems [76, Sec. 3.5], electrical engineering [15, 77], healthcare [79],
and supply chain management [10]. In many instances, this is a result of the need to
take into account the uncertainty of problem parameters and obtain solutions that are
robust; that is, perform well in different scenarios [see, e.g., 79]. Moreover the solution of
MISOCP problems can be obtained using commercial MISOCP solvers like MOSEK, CPLEX,
and Gurobi.

Following O’Neill et al. [88], we next use the optimal solution of (4.4) to obtain the
shadow (dual) prices associated with the market-clearing and bidder operational constraints

in (4.4). Namely, let

2" = argmin, ¢ o1y {(4.4)}; (4.5)

that is, z* € {0,1}" is the vector of optimal values of the binary variables in (4.4). After
replacing z = 2}, k = 1,...,nin (4.4), we obtain the following second-order conic program

(SOCP) [cf., 76]:

n
Psocp = min Z Tk + dizk + TEYk

kﬁl
s.t. Zakﬂfk = bo, (po)
k=1
gkTk + hgzp > by, (qr) k=1,...,n, (46)
(i + Lok — 1,2(z — 2)) € K2, (v, Bk) k=1,...,n,
2, = 2, (pk) k=1,...,n,
T, Yk = 0, k=1,...,n.

Similar to problem (4.6) above, a SOCP is an optimization problem that besides a linear
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objective and linear constraints, has second-order cone constraints. The key characteristic
of SOCPs that are used here, is the fact that SOCPs are convex optimization problems.
This follows from the fact that the second-order cone constraint (wp,w) € K" is a convex
constraint. As a result, there is a rich duality theory (which generalizes linear programming
duality) for these problems, as well as polynomial-time solution algorithms [cf., 4]. In turn,
these algorithms can be used together with branch € bound techniques [cf., 31] to solve
MISOCP problems like (4.4).

Notice that in (4.6), we have associated the dual variables: py with the market-clearing
constraint, ¢; with the k-th bidder’s operation constraint, p; with the k-th bidder’s com-
mitment constraint, and (v, o, Bx) with the k-th second-order constraint, for k = 1,...,n.
Also, for ease of notation, let u € R™ represent the vector of variables ug, k = 1,...,n.
With this notation [cf., 4], the dual SOCP corresponding to the primal SOCP problem (4.6)

can be obtained by constructing the Lagrangean dual of (4.6). Namely, let

n
L($7y7zvp0>p7q777a76) = ZLk’(zk’ayk7Zkvp(%pkaq}w’y’caakwﬁk)a (47)
k=1
where
Li(zk, -+ Be) = cwan + dezi + miye + po(3bo — arar) — ar(gran + hize — bi)

+pr(z — 26) — (ke + Lyk — 1, 2(2k — 29)T (9, ke, Bre)

= (cx — arpo — grar — 2Bk)xk + (di — higr — Pr) 2k

+(rk — Y& — ar)yk + £bopo + brar + 2ipk — Yk + o + 2852,
(4.8)

for k = 1,...,n, where pg € (R)* = R, ¢ € (R})* = R}, p € (R")* = R", and
(Yis o, Br) € (K2)* = K3, for all k = 1,...,n, are the dual variables or lagrangian multi-

pliers associated to each of the constraints in problem (4.6).
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From (4.7) and (4.8), it follows that the dual problem of (4.6):

max m>1n L(x7 y7 Z’p’ Q’ u7 v? w’ 77 a’ /8)7
po € R)p <€ Rnu q € R") x207y707220

(V> ks Br) €3 k=1,...,n

is equivalent to

n
diocp = max bopo + Y (brak + 25prk — Wk + o + 2Bkay)

k=1
st.  cr—agpo — grqr — 26K > 0, k=1,...,n,
di, — hiqr, — pr 2 0, k=1...n, (4.9)
T — Yk — o >0, k=1,...,n,
(V> i, Bi) € K3, k=1,...,n,
qr > 0, k=1,...,n.

In Proposition 13 below, we show that strong duality holds between (4.6) and (4.9), and
that their optimal objectives are attained. For this purpose, we introduce, for any set S C
R™ the notion of its interior; that is, int(S) = {w € S : for any u € R", there exists ¢ >

0, such that w + eu € S}.

Proposition 13. Assume that (4.1) is feasible, and ap # 0, ¢ > 0,rp > 0, for all

k=1,...,n. Then

* * * *
PMIQP = PMISOCP = PSocp = dsocp-

Proof. From the discussion above, it is clear that problems (4.1), (4.4), and (4.6) are
equivalent. Therefore, pK/HQP = pyisocp = Pocp- It then remains to show both piyep
and diocp are attained and strong duality holds between (4.6) and (4.9); that is, piocp =
diocp- For this purpose, we first show that both (4.6) and (4.9) are strictly feasible [cf.,
4.

Notice that from the feasibility of (4.1), the fact that the feasible set of (4.1) is closed,

and that the objective of (4.1) is bounded below by min{0, kming—; _,{dy}}, it follows
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from Weierstrass’” Theorem that (4.1) has an optimal solution. Let z* € R, z* € {0,1}"
be the optimal solution of (4.1), and consider any vector y € R’} such that y, > (z}, — z9)?,
for k = 1,...,n. It is easy to see that (z*,y,2z*) € R3" x {0,1}" is feasible for (4.6).

Furthermore, we have that

ye + 1> [[(ye = 1,2(zf — 23)l2,

for k =1,...,n. Thus, (z*,y,2*) € R¥ x{0,1}" is a strictly feasible solution for (4.6); that
is, (z*,y,2%) € R2" x {0, 1}" is feasible for (4.6), and (yx + 1,yx — 1,2(x} —29)) € int(K3),

k=1,...,n. Thus, problem (4.6) is strictly feasible. Now consider the assignment

po = mink:1,-~~:n {%} ’
(4.10)

(Pk» Qhs Voo Ot Br) = (di — by — 1,1, 3rp, Trp, —371)

for k =1,...,n. Clearly, (4.10) is feasible for (4.9), with

1 1
= =T > r
Yk 2k 2\/§k

= ||(a, Br)||2,

for k =1,...,n. That is, (4.10) is a feasible solution for (4.9), and (v, o, Bx) € int(K?),
k=1,...,n. Thus, problem (4.9) is strictly feasible. The result then follows from SOCP

duality [see, e.g., 4, Thm. 13]. O

Now let us consider the individual problems associated to the bidders in the market.
For each bidder £ = 1,...,n, let ty be the unit commodity price and t; be the price

reflecting the commitment action offered to individual k£ by the auctioneer. Define the
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following problem,

min CrTE + dkzk + rk(xk — :cg)z — to(akl'k) — 2k

st grwk + hgzk 2> by,

which similar to problem (4.1) is equivalent to the following MISOCP:

Pinsoce,, (to, tk) =min  cpay + drzy + Ty — to(arrr) — tezk
s.t.  grwk + hrzg > by,
(g + Ly — 1,2(xp, — 29)) € K3, (4.11)
Tk, Yk > 0,
2 € {0,1}.

Following O’Neill et al. [88], below we define both the market-clearing prices and associated

market-clearing contracts between the auctioneer and the bidders.

Definition 9. A competitive equilibrium for the market is a set of prices {t,t;} and

allocations {x}, 2}, such that
(a) At the prices {t},t;}, the allocations {x}, )} solve (4.11) for allk =1,...,n;
(b) The market clears: y ;_, arzy = b.

Definition 10. Let T} be a contract between the auctioneer and bidder k € {1,...,n} with

the following terms:
(a) Bidder k operates following z, = zj, x), = xJ.

(b) Bidder k receives an amount from the auctioneer that is equal to the following payment:

PoakTy + Dp 2k

89



In what follows, we refer to T' = {T}, for k = 1,...,n}, to describe the market-clearing
contracts between the auctioneer and the bidders. Below, we provide the main result
of the article; namely, a characterization of the market-clearing prices for a market with

non-convexities and convex quadratic costs.

Theorem 9. Assume that (4.1) is feasible, and a, # 0, ¢ > 0,1, > 0, for allk =1,...,n.
Let {x},y;, 25} for all k = 1,...,n be an optimal solution to (4.1). Also, let pj, and
{5, a5, v o, B} for all k = 1,...,n be an optimal solution to (4.9). If in (4.11) we
define to = piy and t, = pj for all k = 1,...,n, then the prices {p{,p;} and allocations

{x}, 25} for all k =1,...,n represent a competitive equilibrium.

Proof. Note that {z},y},2;} for all k = 1,...,n is also an optimal solution of (4.6).
From the Karush-Kuhn-Tucker (KKT) conditions associated to the optimal solutions of
both (4.6) and (4.9), it follows that:

0 < (cx — axpy — 9kqy — 265)Lar >0, kE=1,...,n, (4.12)
0 < (dr — hrq;, — pi)Lz; >0, k=1,...,n,
0<(rg —~; —ag)Lly; >0, k=1,...,n, (4.13)

0=pjbo — > arzy),

k=1
0 < qpL(grz}, + hizi — i) > 0, k=1,...,n, (4.14)
0= pi(z, — 25) k=1,...,n,
(i, + 1, — 1,2(af, — 23)) L (i, o, BE), k=1,....n, (4.15)

where the notation u_lw, for u,w € R denotes the complementary slackness between u
and w. Now consider the following problem under the contract T’; that is, each individual

bidder k is offered prices {pg,p;}, then each participant £ = 1,...,n solves (4.11) with
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to = py, tk = pi, K =1,...,n to minimize their operation cost. That is, each bidder solves

Pyisocey, (Po, PE) =min - cxrg + di2k + reYk — polakTr) — Pr2k
s.t.  grxk + hrzg > by,
(e + Loye — 1,2(zp — 27)) € K%, (4.16)
T, Yk > 0,

2L € {0, 1}.

Clearly, (x,yr,2r) = (x3,y5, 7)) is feasible for (4.16), and the objective value of this

solution, denoted paisoce, (PG, Pr), is

paisocey (Pos Pr) =ckxy, + diezi + kYK — PoakTE, — PiZ-
Using the complementarity equations (4.13), (4.14), and (4.15), it follows that

Pyisocpy (PG, Pk) =ckj, + dizj + TkYE — PoakTi — PRk — di(9kTh, + hizg — br)
— (rk =7k — @)y — (Wi + 1wk — 1, 2(xk — 2)T (%, o, B),
=(cx — arpp — gear, — 20p)y, + (di — pp, — hagi) 2z + yr (v + o)
= (Wi + 7k + ok — ok — 265a3),
=Gibk — i + af + 2B}
Next we show that (zk, yk, 2x) = (23, Y}, 2;) is the optimal solution for problem (4.16). Let

(Tk, Yk, 2k) € R%r x {0, 1} be a feasible solution of (4.16). It follows that gpzr+hgzr—br > 0,

yr > 0 and (yx + 1,yr — 1,2(z — 29)) € K3. Therefore

ar(grxr + hpzp — b)) >0
yk(re —vi —ag) >0, (4.17)

(yk + 1ayk - 17 2(‘Tk - JZ%))T(’}/Z,QZ,,BZ) > 07
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since the feasibility of p;, and {p}, ¢}, Vi, o, G5} for all k = 1,...,n, for (4.9) ensures that
q; >0, — v —al >0, and (v}, a5, B;) € K3 = (K3)*. Also, from the fact that pf, and

i@y, of, B} for all k =1,... n is feasible for (4.9), xy, 2z, € Ry, it follows that:

(ck — arpy — gkqx — 265) Tk > 0,
(4.18)

(dk — hwqy, — pi) 2k = 0.
Now let paisocp,, denote the objective value of (4.16) associated with the feasible solution

(T Yk 21) € R%r x {0, 1}; that is

PMISOCP), = CkZk + dp2k + ThYk — POaKTE — Dj2k-

Using (4.17) and then (4.18), we have

PMISOCP, =  CkTk + dpzi + Ty — PhorTr — Przk — a5 (gper + hizi — by)
—y(re — v — k) = WY + 7%+ ukeg — of + 285wy, — 265a))
= (cx — axpp — 9kas — 280) 7k + (di — hagl — pi) 2k + qGebr — 77, + af, + 26527
> qibe — i + o + 2635
= pmisocry (Pj, Py)-
This shows that (x},yj,2}) is the optimal solution for (4.16). Furthermore, the solution

(x},y5, z) satisfies the market-clearing condition » ;_, arx} = by, therefore, (z},y;, z})

provides a market-clearing allocation. O

4.3 Scarf’s market instance

As an example of a market with non-convexities, consider a problem proposed by Scarf
[100]. The objective is to minimize the total cost subject to satisfying the demand in an
electricity market. Two types of plants are available to provide the electricity in the market.

The characteristics of each type of plant, including costs and operational constraints, are
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summarized in Table 4.3.1.

(type 1 plant)

(type 2 plant)

Characteristics Smokestack High Tech

Capacity 16.00 7.00
Construction cost 53.00 30.00
Marginal cost 3.00 2.00
Average cost at capacity 6.31 6.28
Total cost at capacity 101.00 44.00

Table 4.3.1: Characteristics of Smokestack and High Tech plants [88].

Scarf’s market problem can be formulated as the following mixed-integer linear program

5 10

min 2(31’11' + 532’1,‘) -+ 2(21’2]‘ + 30Z2j)

i=1 j=1
5 10
s.t. ZCL‘U-}-Z.TQ]' =D,
i=1 j=1
x1; — 1621; <0,
Toj — T225 <0,
x14, 25 2> 0,

214, 225 € {0, 1},

1=1,.
i=1

1=1,.
1=1,.

.9,
10,
9,5 =1,
9,5 =1,

(4.19)

.., 10,
.., 10,

where D is the total demand. The market-clearing price for this problem is studied

in [88]. Table 4.3.2 summarizes the optimal solution of (4.19) for different values of the

demand. It is clear that as the demand increases, the number of plants of different types

used can change dramatically. For example, when the demand is 56, all type 1 plants are

closed and eight (8) type 2 plants are open; however, when the demand is 60, two (2) type 1

plants are open whereas now only four (4) type 2 plants are open. The market-clearing

prices in Table 4.3.3 are obtained from the dual (shadow) prices of the linear program

obtained from (4.19) by fixing its binary variables to their optimal value [cf., 88]. Note

that for all the instances with different demand, the market-clearing prices remain the

same.
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Units of type Unit’s output

Demand 1 2 1 2 Total Cost
56 0 8 0 56 352
58 1 6 16 42 365
60 2 4 32 28 378
62 3 2 48 14 391
64 4 0 64 0 404
66 2 5 31 35 419
68 3 3 47 21 432
70 0 10 0 70 440

Table 4.3.2: Optimal solution of Scarf’s market problem (4.19) [88].

Commodity Price Plant 1 Start-up Price  Plant 2 Start-up Price
3 53 23

Table 4.3.3: Market-clearing price of Scarf’s problem.

Now we consider a modified Scarf problem with quadratic ramping costs,

5
min Z(qu + 5321 + r1(z1; — 29;)?)

i:110
+ Z(ngj + 3029 + ro(zo; — :L‘gj)Q)
j=1
5’ 10
s.t. Zl’li + ngj =D,
— = (4.20)
.’1511'—1621i§0, izl,...,5,
ZL‘Qj-?ZQjSO, jZl,...,lO,
:L'li,xgjzo, iZl,...,5,j:1,...,10,
214, 225 € {0, 1}, i=1,...,5,5=1,...,10,
where 29, :ngj, foralli=1,...,5,7=1,...,10, are set to be the optimal unit’s generation

outputs, obtained after solving (4.19) with a demand D = 55. The quadratic terms in
the objective function can be interpreted as the ramping costs of moving from the original
output plan set from (4.19) with a demand D = 55. It is clear that by setting D = 55
in (4.20), regardless of the values assigned to r1,r2, problem (4.20) has the same optimal

solution.
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After setting r; = ro = 0.1, we can see from Table 4.3.4 that in most cases, the number
of type 1 plants and type 2 plants with full capacity remain the same as a result of the
ramping costs (in contrast with Table 4.3.2). Note that as the demand increases, a type 2
plant with partial capacity is opened for production for D > 64. Table 4.3.5 summarizes
the market-clearing prices obtained using the results in Section 4.2. In order to maintain a
competitive equilibrium, the market-clearing prices vary from case to case. In contrast with
the start-up prices obtained by O’Neill et al. [88], note that from the results of Table 4.3.5,
it follows that the start-up price can differ for type 2 plants producing at full capacity, and
type 2 plants producing at partial capacity. Specifically, the start-up price of type 2 plants
producing at full capacity changes with the demand, whereas the start-up price of type-2
plants producing at partial capacity remains constant at 30 for demands between 56 to 68.
The start-up price for closed type 2 plants is the same as the price for type 2 plants with
full capacity. The unit commodity price varies in a small range but it does not remain the
same. The start-up price for all type 1 plants remains mostly equal to 53, but this price is

different for some demand levels (e.g., compare D = 60 and D = 62).

Type 1 Output Type 2 Output
Partial Full Partial Full Cost
Demand  No. Prod. No. Prod. No. Prod. No. Prod. Ramp  Total
56 3 45.00 0 0 1 4.00 1 7 1.90 377.90
58 3 46.50 0 0 1 4.50 1 7 2.10 383.60
60 0 0 3 48 1 5.00 1 7 2.50 389.50
62 0 0 3 48 1 7.00 1 7 4.90 395.90
64 3 47.40 0 0 2 9.60 1 7 4.62 429.02
66 0 0 3 48 2 11.00 1 7 6.05 435.05
68 0 0 3 48 2 13.00 1 7 8.45 441.45
70 1 15.00 3 48 0 0 1 7 22.50 467.50

Table 4.3.4: Optimal solution of modified Scarf’s problem with 1 = 0.1,79 = 0.1.

Tables 4.3.6 and Table 4.3.7 show that after setting 71 = 0.1,r2 = 0.3 in (4.20), similar
conclusions as in the case r; = ro = 0.1 can be reached. However, with a higher ramping
cost on type 2 plants, we can see that with demand values between 64 to 68, instead of
operating one more type 2 plant to satisfy the demand, the optimal solution suggests to

operate an additional type 1 plant instead.
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Plant 1 Start-up Price Plant 2 Start-up Price
Demand  Unit Price  Partial  Full & Closed  Partial  Full & Closed

56 2.80 53.00 53.00 30 24.40
58 2.90 53.00 53.00 30 23.70
60 3.00 53.00 53.00 30 23.00
62 3.40 46.60 46.60 30 20.20
64 2.96 53.00 53.00 30 23.28
66 3.10 51.40 51.40 30 22.30
68 3.30 48.20 48.20 30 20.90
70 6.00 53.00 5.00 2 2.00

Table 4.3.5: Market-clearing price of modified Scarf’s problem with r4 = 0.1,r, = 0.1.

Type 1 Output Type 2 Output
Partial Full Partial Full Cost
Demand  No. Prod. No. Prod. No. Prod. No. Prod. Ramping  Total
56 3 474 0 0 1 1.6 1 7 0.78 379.18
58 0 0 3 48 1 3.0 1 7 2.70 385.70
60 0 0 3 48 1 5.0 1 7 7.50 394.50
62 0 0 3 48 0 0 2 14 14.70 405.70
64 1 9.0 3 48 0 0 1 7 4.62 435.10
66 1 11.0 3 48 0 0 1 7 12.10 445.10
68 1 13.0 3 48 0 0 1 7 16.90 455.90
70 1 15.0 3 48 0 0 1 7 22.50 467.50

Table 4.3.6: Optimal solution of modified Scarf’s problem with 1 = 0.1,79 = 0.3.

Start-up Compensation

Type 1 Output Type 2 Output
Demand  Unit Price  Partial  Full & Closed  Partial  Full & Closed
56 2.96 53.00 53.00 30.00 23.28
58 3.80 40.20 40.20 30.00 17.40
60 5.00 21.00 21.00 30.00 9.00
62 6.20 1.80 1.80 30.00 0.60
64 4.80 53.00 24.20 10.40 10.40
66 5.20 53.00 17.80 7.60 7.60
68 5.60 53.00 11.40 4.80 4.80
70 6.00 53.00 5.00 2.00 2.00

Table 4.3.7: Market-clearing price of modified Scarf’s problem with r; = 0.1,72 = 0.3.

Figures 4.3.1 and 4.3.2 compare the solutions obtained from the three cases discussed
thus far; that is when r; = ro = 0, when r{ = r9 = 0.1, and when 1 = 0.1,75 = 0.3.

Next we consider an extreme case where the parameter of ramping cost is relatively
large. With r; = r9 = 1, similar analysis can be applied from the analysis with r| = ry =

0.1. However, with a relative large ramping cost parameter, the unit commodity price
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Table 4.3.8: Optimal solution of modified Scarf’s problem with r1 = r9 = 1.

Type 1 Output

Type 2 Output

Partial Full Partial Full Cost
Demand  No. Prod. No. Prod. No. Prod. No. Prod. Ramp  Total
56 0 0 3 48 1 1 1 7 1.0 380.0
58 0 0 3 48 1 3 1 7 9.0 392.0
60 0 0 3 48 1 5 1 7 25.0 412.0
62 0 0 3 48 1 7 1 7 49.0 440.0
64 0 0 3 48 2 9 1 7 40.5 465.5
66 0 0 3 48 2 11 1 7 60.5 489.5
68 0 0 3 48 2 13 1 7 84.5 517.5
70 0 0 3 48 3 15 1 7 75.0 542.0
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Figure 4.3.2: Unit commodity prices obtained from the solution of (4.20), for different
values of ramping costs r1, 72 (r1 = 0,72 = 0 indicates no ramping costs).

as well as start-up price can change dramatically. It is interesting to see that when the
demand becomes 58, the start-up prices for type 1 plant, type 2 plant with full capacity and
closed type 2 plant are negative, which means these plants need to pay instead of getting
paid to open in exchange for a very high commodity price (compared with Table 4.3.3 and
Table 4.3.5).

Now consider the case in which 11 = r9 = 1 and D = 60 in (4.20), as an example to
illustrate that the dual prices obtained by using the methodology of Section 4.2, result in
a competitive equilibrium. For any 7 = 1,...,n, the individual problem for a type 2 plant

7 committed by the central operator to produce at partial capacity is

min 229 + 3020; + (w25 — 0)? — 1229 — 3029,
s.t. @9 — Tz <0,

x25 > 0,

205 € {0,1},

and its optimal solution is (23;, 25;) = (5,1), which matches the optimal solution in Ta-

ble 4.3.8. It is not difficult to check, given the dual prices in Table 4.3.9, that the optimal
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solution for every individual problem matches its corresponding solution in Table 4.3.8,

verifying Theorem 9.

Plant 1 Start-up Price Plant 2 Start-up Price
Demand  Unit Price  Partial  Full & Closed  Partial  Full & Closed

56 4 37 37 30 16
58 8 -27 -27 30 -12
60 12 -91 -91 30 -40
62 16 -155 -155 30 -68
64 11 -75 -75 30 -33
66 13 -107 -107 30 -47
68 15 -139 -139 30 -61
70 12 -91 -91 30 -40

Table 4.3.9: Market-clearing price of modified Scarf’s problem with r; = ry = 1.

4.4 Conclusion

We consider the problem of obtaining appropriate market-clearing prices when the market
has both non-convexities and convex quadratic costs. Our results show that by using
convex optimization techniques, the work of [88] on pricing in markets with non-convexities,
can be extended to markets in which both non-convexities and convex quadratic costs
arise. For the electricity market these two features arise due to generator fixed costs (or
other operational constraints), and ramping or quadratic generation costs. Considering
both of these characteristics have become increasingly important due the high penetration
of renewable energy sources (RES). This is due to the output volatility of RES, which
requires conventional generators to ramp up or down more frequently. Besides electricity
markets, non-convexity features appear in other markets such as the financial and labor
market [13, 24]. Thus our results have an impact in a wide range of potential markets.
Furthermore, we believe that the techniques outlined here can be used to extend other
pricing methodologies for markets with non-convexities [74, see,| that aim to obtain prices
with different characteristics. Finally, in the context of electricity markets, it is natural
to consider how the consideration of ramping costs affect prices in an electrical network

with congested lines. Addressing these questions provides intriguing directions for future
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research work in this area.

100



Bibliography

[1] Ahmadi, A. A., Dash, S., and Hall, G. (2017). Optimization over structured subsets of

positive semidefinite matrices via column generation. Discrete Optimization, 24:129-151.

[2] Ahmadi, A. A. and Majumdar, A. (2014). DSOS and SDSOS optimization: LP and
SOCP-based alternatives to sum of squares optimization. In Information Sciences and

Systems (CISS), 2014 48th Annual Conference on, pages 1-5. IEEE.

[3] Ahmed, F., Diir, M., and Still, G. (2013). Copositive programming via semi-infinite

optimization. Journal of optimization theory and applications, 159(2):322-340.

[4] Alizadeh, F. and Goldfarb, D. (2003). Second-order cone programming. Mathematical

programming, 95(1):3-51.

[5] Anjos, M. and Lasserre, J. B., editors (2012). Handbook on Semidefinite, Conic and
Polynomial Optimization Handbook on Semidefinite, Conic and Polynomial Optimiza-
tion, volume 166 of International Series in Operations Research & Management Science.

Springer.
[6] ApS, M. (2015). The MOSEK optimization toolbox for MATLAB manual. Version 7.1.

[7] Araoz, V. and Jornsten, K. (2011). Semi-Lagrangean approach for price discovery in
markets with non-convexities. FEuropean Journal of Operational Research, 214(2):411—

417.
[8] Arima, N., Kim, S., and Kojima, M. (2013). A quadratically constrained quadratic

101



optimization model for completely positive cone programming. SIAM Journal on Opti-

mization, 23(4):2320-2340.

[9] Arima, N., Kim, S., and Kojima, M. (2016). Extension of completely positive cone
relaxation to moment cone relaxation for polynomial optimization. Journal of Opti-

mization Theory and Applications, 168(3):884-900.

[10] Atamtiirk, A., Berenguer, G., and Shen, Z.-J. (2012). A conic integer programming ap-
proach to stochastic joint location-inventory problems. Operations Research, 60(2):366—

381.

[11] Bai, L., Mitchell, J. E., and Pang, J.-S. (2015). On conic QPCCs, conic QCQPs and

completely positive programs. Mathematical Programming, pages 1-28.

[12] Ben-Tal, A. and Nemirovski, A. (2001). Lectures on modern conver optimization:

analysis, algorithms, and engineering applications. STAM.

[13] Bentolila, S. and Saint-Paul, G. (1992). The macroeconomic impact of flexible labor

contracts, with an application to Spain. Furopean Economic Review, 36(5):1013-1047.

[14] Berman, A. and Plemmons, R. J. (1979). Nonnegative matrices. The Mathematical

Sciences, Classics in Applied Mathematics, 9.

[15] Bienstock, D., Chertkov, M., and Harnett, S. (2014). Chance-constrained optimal
power flow: Risk-aware network control under uncertainty. SIAM Review, 56(3):461—

495.

[16] Bjorndal, M. and Jornsten, K. (2008). Equilibrium prices supported by dual price
functions in markets with non-convexities. Furopean Journal of Operational Research,

190(3):768-789.

[17] Blekherman, G., Parrilo, P. A., and Thomas, R. R. (2012). Semidefinite optimization

and convex algebraic geometry. STAM.

102



[18] Bomze, I. M. (2013). Copositive relaxation beats Lagrangian dual bounds in quadrat-
ically and linearly constrained QPs. Preprint NI13064-POP, Isaac Newton Institute,
Cambridge UK.

[19] Bomze, I. M. and De Klerk, E. (2002). Solving standard quadratic optimization
problems via linear, semidefinite and copositive programming. Journal of Global Opti-

mization, 24(2):163-185.

[20] Bomze, I. M., Diir, M., De Klerk, E., Roos, C., Quist, A. J., and Terlaky, T. (2000).
On copositive programming and standard quadratic optimization problems. Journal of

Global Optimization, 18(4):301-320.

[21] Borenstein, S. (2012). The redistributional impact of nonlinear electricity pricing.

American Economic Journal: Economic Policy, 4(3):56-90.

[22] Bose, S., Low, S. H., Teeraratkul, T., and Hassibi, B. (2015). Equivalent relaxations

of optimal power flow. IEEE Transactions on Automatic Control, 60(3):729-742.

[23] Boyd, S. and Vandenberghe, L. (2004). Convez optimization. Cambridge University

Press.

[24] Brown, D. B. and Smith, J. E. (2011). Dynamic portfolio optimization with transaction

costs: Heuristics and dual bounds. Management Science, 57(10):1752-1770.

[25] Bukhsh, W., Grothey, A., McKinnon, K., and Trodden, P. (2013). Local solutions
of the optimal power flow problem. IEEE Transactions on Power Systems, 28(4):4780—
4788.

[26] Bundfuss, S. and Diir, M. (2009). An adaptive linear approximation algorithm for

copositive programs. SIAM Journal on Optimization, 20(1):30-53.

[27] Burer, S. (2009). On the copositive representation of binary and continuous nonconvex

quadratic programs. Mathematical Programming, 120(2):479-495.

103



[28] Burer, S. and Anstreicher, K. M. (2013). Second-order-cone constraints for extended

trust-region subproblems. SIAM Journal on Optimization, 23(1):432-451.

[29] Burer, S. and Dong, H. (2012). Representing quadratically constrained quadratic
programs as generalized copositive programs. Operations Research Letters, 40(3):203—

206.

[30] Chen, J. and Burer, S. (2012). Globally solving nonconvex quadratic programming
problems via completely positive programming. Mathematical Programming Computa-

tion, 4(1):33-52.

[31] Conforti, M., Cornuéjols, G., and Zambelli, G. (2014). Integer programming, volume

271. Springer.

[32] de Klerk, E. and Pasechnik, D. (2002). Approximation of the stability number of a

graph via copositive programming. SIAM Journal on Optimimization, 12(4):875-892.

[33] de Klerk, E. and Pasechnik, D. V. (2007). A linear programming reformulation of the

standard quadratic optimization problem. Journal of Global Optimization, 37(1):75-84.

[34] de Klerk, E. and Sotirov, R. (2010). Exploiting group symmetry in semidefinite pro-
gramming relaxations of the quadratic assignment problem. Mathematical Programming,

122(2):225-246.

[35] Dickinson, P. J. and Povh, J. (2013a). Moment approximations for set-semidefinite

polynomials. Journal of Optimization Theory and Applications, 159(1):57-68.

[36] Dickinson, P. J. and Povh, J. (2013b). New linear and positive semidefinite program-
ming based approximation hierarchies for polynomial optimisation. Preprint, submitted.

Awailable at hitp://www.optimization-online.org/DB_-HTML/2013/06/3925. html.

[37] Dickinson, P. J. and Povh, J. (2015). On an extension of Pélyas positivstellensatz.

Journal of global optimization, 61(4):615-625.

104



[38] Dong, H. (2013). Symmetric tensor approximation hierarchies for the completely

positive cone. SIAM Journal on Optimization, 23(3):1850-1866.

[39] Dukanovic, I. and Rendl, F. (2010). Copositive programming motivated bounds on

the stability and the chromatic numbers. Mathematical programming, 121(2):249-268.

[40] EIA, A. L. (2017). U.S. wind generating capacity surpasses hydro capacity at the end
of 2016. Technical report, EIA.

[41] Garcy, R., Conejo, A. J., Gabriel, S., et al. (2006). Electricity market near-equilibrium
under locational marginal pricing and minimum profit conditions. European Journal of

Operational Research, 174(1):457-479.

[42] Gatermann, K. and Parrilo, P. (2004). Symmetry groups, semidefinite programs, and
sums of squares. Journal of Pure and Applied Algebra, 192(1-3):95-128.

[43] Ghaddar, B. (2011). New conic optimization techniques for solving binary polynomial

programming problem. PhD thesis.

[44] Ghaddar, B., Marecek, J., and Mevissen, M. (2016). Optimal power flow as a polyno-

mial optimization problem. IEEE Transactions on Power Systems, 31(1):539-546.

[45] Ghaddar, B., Vera, J. C., and Anjos, M. F. (2011). Second-order cone relaxations for

binary quadratic polynomial programs. SIAM Journal on Optimization, 21(1):391-414.

[46] Ghaddar, B., Vera, J. C., and Anjos, M. F. (2015). A dynamic inequality generation
scheme for polynomial programming. to appear in Mathematical Programming (Series

A).

[47] Goemans, M. X. (1997). Semidefinite programming in combinatorial optimization.

Mathematical Programming, 79(1-3):143-161.

[48] Gomory, R. E. and Baumol, W. J. (1960). Integer programming and pricing. Econo-

metrica: Journal of the Econometric Society, pages 521-550.

105



[49] Hardy, G. H., Littlewood, J. E., and Pélya, G. (1988). Inequalities. Cambridge

Mathematical Library.

[50] Herrero, 1., Rodilla, P., and Batlle, C. (2015). Electricity market-clearing prices and

investment incentives: The role of pricing rules. Energy Economics, 47:42-51.

[51] Hobbs, B. F., Rothkopf, M. H., O’Neill, R. P., and Chao, H.-p. (2006). The next
generation of electric power unit commitment models, volume 36. Springer Science &

Business Media.

[52] Hogan, W. W. and Ring, B. J. (2003). On minimum-uplift pricing for electricity

markets. Electricity Policy Group.

[53] Hu, S., Qi, L., and Zhang, G. (2016). Computing the geometric measure of entangle-
ment of multipartite pure states by means of non-negative tensors. Physical Review A,

93(1):012304.

[54] Jabr, R. (2006). Radial distribution load flow using conic programming. IEEE Trans-

actions on Power Systems, 21(3):1458-1459.

[55] Jayantilal, A., Cheung, K. W., Shamsollahi, P., and Bresler, F. S. (2001). Market based
regulation for the PJM electricity market. In Power Industry Computer Applications,
2001. PICA 2001. Innovative Computing for Power - Electric Energy Meets the Market.

22nd IEEE Power Engineering Society International Conference on, pages 155-160.

[56] Jiang, B., Yang, F., and Zhang, S. (2016). Tensor and its tucker core: the invariance

relationships. arXiv preprint arXiv:1601.01469.

[57] Josz, C., Maeght, J., Panciatici, P., and Gilbert, J. (2015). Application of the moment-
SOS approach to global optimization of the OPF problem. IEEFE Transactions on Power
Systems, 30(1):463-470.

106



[58] Kim, S. and Kojima, M. (2003). Exact solutions of some nonconvex quadratic op-
timization problems via SDP and SOCP relaxations. Computational Optimization and

Applications, 26(2):143-154.

[59] Kleniati, P.-M., Parpas, P., and Rustem, B. (2010). Partitioning procedure for poly-

nomial optimization. Journal of Global Optimization, 48(4):549-567.

[60] Kojima, M., Kim, S., and Waki, H. (2003). Sparsity in sums of squares of polynomials.

Mathematical Programming, 103(1):45-62.

[61] Kuang, X., Ghaddar, B., Naoum-Sawaya, J., and Zuluaga, L. F. (2015a). Alter-
native SDP and SOCP approximations for polynomial optimization. arXiv preprint

arXiv:1510.06797.

[62] Kuang, X., Ghaddar, B., Naoum-Sawaya, J., and Zuluaga, L. F. (2017a). Alternative
LP and SOCP hierarchies for acopf problems. IEEE Transactions on Power Systems,
32(4):2828-2836.

[63] Kuang, X., Lamadrid, A. J., and Zuluaga, L. F. (2017b). Pricing in non-convex

markets with quadratic deliverability costs. arXiv preprint arXiv:1705.01675.

[64] Kuang, X. and Zuluaga, L. F. (2016). Completely positive and completely pos-
itive semidefinite tensor relaxations for polynomial optimization. arXiv preprint

arXiv:1604.06828.

[65] Kuang, X., Zuluaga, L. F., Ghaddar, B., and Naoum-Sawaya, J. (2015b). Approxi-
mating the ACOPF problem with a hierarchy of SOCP problems. In Power & Energy
Society General Meeting, 2015 IEEE, pages 1-5. IEEE.

[66] Lasserre, J. B. (2001). Global optimization with polynomials and the problem of

moments. STAM Journal on Optimization, 11(3):796-817.

[67] Lasserre, J. B. (2002a). An explicit equivalent positive semidefinite program for non-

linear 0-1 programs. SIAM Journal on Optimization, 12(3):756-769.

107



[68] Lasserre, J. B. (2002b). Semidefinite programming vs. LP relaxations for polynomial

programming. Mathematics of Operations Research, 27(2):347-360.

[69] Lasserre, J. B. (2009). Moments and sums of squares for polynomial optimization and

related problems. Journal of Global Optimization, 45(1):39-61.

[70] Lasserre, J. B., Toh, K.-C., and Yang, S. (2015). A bounded degree SOS hierarchy for

polynomial optimization. FURO Journal on Computational Optimization, pages 1-31.

[71] Lavaei, J. and Low, S. H. (2012). Zero duality gap in optimal power flow problem.
IEEE Transactions on Power Systems, 27(1):92-107.

[72] Lazimy, R. (1982). Mixed-integer quadratic programming. Mathematical Program-
ming, 22(1):332-349.

[73] Lew, D., Brinkman, G., Kumar, N., Besuner, P., Agan, D., and Lefton, S. (2012).
Impacts of wind and solar on emissions and wear and tear of fossil-fueled generators. In

2012 IEEE Power and Energy Society General Meeting, pages 1-8. IEEE.

[74] Liberopoulos, G. and Andrianesis, P. (2016). Critical review of pricing schemes in

markets with non-convex costs. Operations Research, 64(1):17-31.

[75] Ling, C., Nie, J., Qi, L., and Ye, Y. (2009). Biquadratic optimization over unit spheres
and semidefinite programming relaxations. SIAM Journal on Optimization, 20(3):1286—
1310.

[76] Lobo, M. S., Vandenberghe, L., Boyd, S., and Lebret, H. (1997). Second-order cone
programming. Manuscript, Information Systems Laboratory, Electrical Engineering De-

partment, Stanford University, Stanford, CA, USA.

[77] Lubin, M., Dvorkin, Y., and Backhaus, S. (2016). A robust approach to chance
constrained optimal power flow with renewable generation. IEEFE Transactions on Power

Systems, 31(5):3840-3849.

108



[78] Luo, Z., Qi, L., and Ye, Y. (2015). Linear operators and positive semidefiniteness of

symmetric tensor spaces. Science China Mathematics, 58(1):197-212.

[79] Mak, H.-Y., Rong, Y., and Zhang, J. (2014). Sequencing appointments for service
systems using inventory approximations. Manufacturing & Service Operations Manage-

ment, 16(2):251-262.

[80] Malek, A. and Hosseinipour-Mahani, N. (2015). Solving a class of non-convex
quadratic problems based on generalized KKT conditions and neurodynamic optimiza-

tion technique. Kybernetika, 51(5):890-908.

[81] Mavridou, T., Pardalos, P., Pitsoulis, L., and Resende, M. G. (1998). A grasp for the
biquadratic assignment problem. Furopean Journal of Operational Research, 105(3):613—
621.

[82] Molzahn, D. and Hiskens, I. (2014). Moment-based relaxation of the optimal power

flow problem. In Power Systems Computation Conference (PSCC), 2014, pages 1-7.

[83] Molzahn, D. K., Holzer, J. T., Lesieutre, B. C., and DeMarco, C. L. (2013). Imple-
mentation of a large-scale optimal power flow solver based on semidefinite programming.

IEEE Transactions on Power Systems, 28(4):3987-3998.

[84] Muatore, G. (2008). Equilibria in markets with non-convexities and a solution to the

missing money phenomenon in energy markets. CORE Discussion Paper 2008/6.

[85] Murty, K. G. and Kabadi, S. N. (1987). Some NP-complete problems in quadratic

and nonlinear programming. Mathematical programming, 39(2):117-129.

[86] Nesterov, Y. (1997). Structure of non-negative polynomials and optimization prob-
lems. Technical report, Université catholique de Louvain, Center for Operations Research

and Econometrics (CORE).

[87] Olivares-Nadal, A. V. and DeMiguel, V. (2015). A robust perspective on transaction

costs in portfolio optimization. Technical report, working paper.

109



88| O’Neill, R. P., Sotkiewicz, P. M., Hobbs, B. F., Rothkopf, M. H., and Stewart, W. R.
P
(2005). Efficient market-clearing prices in markets with nonconvexities. Furopean journal

of operational research, 164(1):269-285.

[89] Parrilo, P. A. (2000). Structured semidefinite programs and semialgebraic geometry

methods in robustness and optimization. PhD thesis, Citeseer.

[90] Pena, J., Vera, J., and Zuluaga, L. F. (2007). Computing the stability number of
a graph via linear and semidefinite programming. SIAM Journal on Optimization,

18(1):87-105.

[91] Pena, J., Vera, J. C., and Zuluaga, L. F. (2014). A certificate of non-negativity for

polynomials over unbounded sets. Mathematics of Operations Research.

[92] Pena, J., Vera, J. C., and Zuluaga, L. F. (2014). Completely positive reformulations

for polynomial optimization. Mathematical Programming, 151(2):405-431.

[93] Povh, J. and Rendl, F. (2007). A copositive programming approach to graph parti-
tioning. SIAM Journal on Optimization, 18(1):223-241.

[94] Povh, J. and Rendl, F. (2009). Copositive and semidefinite relaxations of the quadratic

assignment problem. Discrete Optimization, 6(3):231-241.

[95] Putinar, M. (1993). Positive polynomials on compact semi-algebraic sets. Indiana

University Mathematics Journal, 42:969-984.

[96] QELA, R. E. B. E. and KLINZ, B. (1994). On the biquadratic assignment problem.
In Quadratic Assignment and Related Problems: DIMACS Workshop, May 20-21, 1993,

volume 16, page 117. American Mathematical Soc.

[97] Ruiz, C., Conejo, A. J., and Gabriel, S. A. (2012). Pricing non-convexities in an

electricity pool. IEEE Transactions on Power Systems, 27(3):1334-1342.

[98] Sahinidis, N. V. and Tawarmalani, M. (2005). Baron 7.2.5: Global optimization of

mixed-integer nonlinear programs. Users manual.

110



[99] Scarf, H. E. (1990). Mathematical programming and economic theory. Operations
Research, 38(3):377-385.

[100] Scarf, H. E. (1994). The allocation of resources in the presence of indivisibilities. The

Journal of Economic Perspectives, 8(4):111-128.

[101] Schmiidgen, K. (1991). The K-moment problem for compact semi-algebraic sets.
Math. Ann., 289:203-206.

[102] Shor, N. (1987). Class of global minimum bounds of polynomial functions. Cyber-

netics and Systems Analysis, 23(6):731-734.

[103] Sioshansi, R. and Nicholson, E. (2011). Towards equilibrium offers in unit commit-

ment auctions with nonconvex costs. Journal of Regulatory Economics, 40(1):41-61.

[104] Sioshansi, R. and Short, W. (2009). Evaluating the impacts of real-time pricing on

the usage of wind generation. IEEE Transactions on Power Systems, 24(2):516-524.

[105] Sojoudi, S. and Lavaei, J. (2012). Physics of power networks makes hard optimization

problems easy to solve. In IEEE Power and Energy Society General Meeting, pages 1-8.

[106] Song, Y. and Qi, L. (2015). Tensor complementarity problem and semi-positive

tensors. Journal of Optimization Theory and Applications, pages 1-10.

[107] Starr, R. M. (1969). Quasi-equilibria in markets with non-convex preferences. Econo-

metrica: Journal of the Econometric Society, pages 25—38.

[108] Sturm, J. F. (1999). Using SeDuMi 1.02, a matlab toolbox for optimization over

symmetric cones. Optimization methods and software, 11(1-4):625-653.

[109] Terlaky, T. (2013). Mixed-integer conic linear programming: Challenges and per-

spectives. Technical report, DTIC Document.

[110] Todd, M. (2001). Semidefinite optimization. Acta Numerica, 10:515-560.

111



[111] University of Washington (2015). Power systems test case archive.

http://www.ee.washington.edu/research/pstca/.

[112] Van Vyve, M. et al. (2011). Linear prices for non-convex electricity markets: models

and algorithms. CORE Discussion Paper 2011/50.

[113] Vandenberghe, L. and Boyd, S. (1996). Semidefinite programming. SIAM review,
38(1):49-95.

[114] Waki, H., Kim, S., Kojima, M., and Muramatsu, M. (2006). Sums of squares and
semidefinite program relaxations for polynomial optimization problems with structured

sparsity. SIAM Journal on Optimization, 17(1):218-242.

[115] Waki, H., Kim, S., Kojima, M., Muramatsu, M., and Sugimoto, H. (2008). Algorithm
883: Sparsepop—a sparse semidefinite programming relaxation of polynomial optimiza-

tion problems. ACM Transactions on Mathematical Software (TOMS), 35(2):15.

[116] Yang, B., Anstreicher, K., and Burer, S. (2016). Quadratic programs with hol-
lows. Technical report, Technical report, January 2016. http://www.optimization-

online.org/DB_FILE/2016/01/5277.pdf.

[117] Ye, Y. (1999). Approximating quadratic programming with bound and quadratic

constraints. Mathematical programming, 84(2):219-226.

[118] Ye, Y., Papadaskalopoulos, D., and Strbac, G. (2015). Factoring flexible demand non-
convexities in electricity markets. IEEE Transactions on Power Systems, 30(4):2090—

2099.

[119] Zheng, X. J., Sun, X. L., and Li, D. (2011). Convex relaxations for nonconvex
quadratically constrained quadratic programming: matrix cone decomposition and poly-

hedral approximation. Mathematical programming, 129(2):301-329.

[120] Zoltowska, I. (2016). Demand shifting bids in energy auction with non-convexities

and transmission constraints. Energy Economics, 53:17-27.

112



[121] Zuluaga, L., Vera, J., and Pena, J. (2006). LMI approximations for cones of positive

semidefinite forms. SIAM Journal on Optimization, 16:1076-1091.

113



Vita

Education
Ph.D. Industrial Engineering, Lehigh University 2017.09
M.Eng. Industrial and Systems Engineering, Lehigh University 2014.09
B.S. Systems Engineering, Huazhong University of Science and Technology 2012.05

Experiences

Amazon.com, Inc.
Apple Inc.
United Airlines

IBM Research - Ireland

Research Scientist
Operations Research Scientist Intern
Enterprise Optimization Intern

Ph.D. Research Intern

114

2017.06 - Present
2016.05 - 2017.05
2015.05 - 2015.08
2014.06 - 2014.09



	Lehigh University
	Lehigh Preserve
	2017

	Conic Programming Approaches for Polynomial Optimization: Theory and Applications
	Xiaolong Kuang
	Recommended Citation


	tmp.1523653927.pdf.gyuTq

