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ABSTRACT
BANDS WITH HIGH SYMMETRY AND UNIFORM BANDS

Justin Albert

Marquette University, 2012

In this dissertation we will be focused on determining classes of bands which are
embeddable into some band with high symmetry. It is known that rectangular bands
have high symmetry and every semilattice is embeddable into a semilattice with high
symmetry. We will try to expand on these classes as much as possible.

We first discuss properties of classes of semigroups in which every semigroup either
has high symmetry or is embeddable into a semigroup with high symmetry. We show
that normal bands are embeddable into normal bands with high symmetry and also that
the bands, free in the class of all bands that can be embedded in some band with high
symmetry, are precisely the free bands.

In accordance with techniques in [38], we show an embedding of a normal band
into a normal band with high symmetry that preserves much of the original structure.
This allows us to look at an embedding of orthodox semigroups for which the band of
idempotents is embeddable into a band with high symmetry.

We finish the dissertation by showing the result that every band is embeddable into a
uniform band. From this, it will then follow that every orthodox semigroup is embeddable
into a bisimple orthodox semigroup.
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Chapter 1

Introduction

In this dissertation we will be looking at classes of semigroups that are embeddable into
semigroups with high symmetry. In the introduction we will start by looking at what
it means for a semigroup to have high symmetry. We are interested not only in the
definition, but also in the consequences for the structure of the semigroup. In particular,
we immediately see that a semigroup with high symmetry is either idempotent free or is
a band. We acknowledge the fact that there are idempotent free semigroups with high
symmetry, but we will focus on bands throughout the rest of the dissertation.

It is shown in [38] that all semilattices are embeddable into semilattices with high
symmetry. In Chapter 2 we will expand on this to show that all normal bands are
embeddable into normal bands with high symmetry and all free bands are embeddable
into bands with high symmetry. Here we will be finding particular examples of bands
which have high symmetry and then using them to show that the aforementioned bands
are embeddable into bands with high symmetry.

In [38] it was not just shown that semilattices were embeddable into semilattices
with high symmetry, but that it was also possible to maintain much of the structure of
the original semilattice through this embedding. In Chapter 3 we revisit normal bands
in order to do a similar embedding. While we will have already shown that normal
bands are embeddable into bands with high symmetry, here we will be interested in
more than just the fact that the new band has high symmetry. That is, we will want
that through our embedding we will also get an embedding of the automorphism group

of the original band into the automorphism group of the new band and an embedding



of the hull of the original band into the hull of the new band. Being able to embed
the hulls of the bands allows us to then use our results on orthodox semigroups. In
particular, since the new band will have high symmetry, it will be uniform and according
to Hall [16],[17],[18],[19] the hull of the new band will be bisimple. We then are able to
show that any fundamental generalized inverse semigroup is embeddable into a bisimple
fundamental generalized inverse semigroup.

In Chapter 4 we focus on uniformity. In Chapter 3 we will have shown that every
normal band is embeddable into a uniform band, but in Chapter 4 we will expand this
result to all bands. We use a different approach in Chapter 4 since the approach in
Chapter 3 is not applicable to bands other than normal bands. We will again be able
to use the results by Hall to establish an embedding of an orthodox semigroup into a
bisimple orthodox semigroup.

For all notions in the area of universal algebra we refer to the references [13] and [30].
The standard references for semigroup theory are [3], [4],[21], [22],[28] and [49]. In what

follows we recall some of the basic notions involved in this dissertation.

1.1 Automorphisms and high symmetry

Throughout this dissertation we shall be interested in automorphisms of semigroups. It is
of interest to look at what we can derive from the fact that acc = b for some automorphism
aof Sand a,beS.

We first note that if aa = b, then a"a = 0", so a will induce an isomorphism between
the semigroups (a) and (b), generated by a and b respectively. Such one-generated
semigroups are called cyclic semigroups. In order to see the relevance of this we recall
information about cyclic semigroups.

There exists, up to isomorphism, a unique infinite cyclic semigroup. This infinite
cyclic semigroup is isomorphic to the additive semigroup of positive integers, where the
number 1 is its (unique) generator. This infinite cyclic semigroup has no idempotents, in

other words is idempotent free. Otherwise, if the cyclic semigroup (a) with generator a is



finite, then this cyclic semigroup contains a unique maximal subgroup, which happens to
be a cyclic group. The size m of this cyclic group is called the period of a and the index
r of a is the smallest positive integer such that a” belongs to the maximal subgroup
of (a). Thus, if a has period m and index r, then a™" is an idempotent, that is, the
identity element of the maximal subgroup of (a). In conclusion, the cyclic semigroup (a)
generated by a is infinite if and only if (a) is idempotent free. Otherwise (a) has a unique
idempotent, namely the identity element of its unique maximal cyclic subgroup.

If S is any semigroup, o € AutS, where AutS is the automorphism group of .S, and
ace = b for some a,b € S, then the cyclic semigroups (a) and (b) are isomorphic, so either
both (a) and (b) are infinite and idempotent free or are finite and a and b have the same
index and the same period. In the latter case, if » and m are the index and period of a
and b, then o maps the unique idempotent ™" of (a) to the unique idempotent b™" of
(b).

We say that S has a transitive automorphism group if for any a,b € S there exists
a € AutS such that aa = b (and thus ba™! = a). If this is the case, we say that S
has high symmetry. Let S be a semigroup which has high symmetry and a € S. By
what we have seen, for any b € S we need to have that the cyclic subsemigroups (a) and
(b) of S are isomorphic. Thus if S has an idempotent, say a, then every element b of
S is an idempotent, and S consists of idempotents only. A semigroup which consists of
idempotents only is called a band. Otherwise S is idempotent free.

We summarize our findings in the following result.
Result 1.1.1. A semigroup with high symmetry is either a band or idempotent free. [

Since we shall be interested in semigroups which have high symmetry, we hasten to

give an example.

Example 1.1.2. Let (Q*,+) be the set of positive rational numbers equipped with the

usual addition. Clearly (Q*,+) is an idempotent free commutative semigroup. For any



c € QF, the mapping
a.: QT = Qt, a — ac,

ac being the usual product of rational numbers, is an automorphism of (Q*, +) with a1
being the inverse of o, in AutQ™. Indeed, if a,b € QT, then a» maps a to b. Therefore,
the automorphism group AutQ™ acts in a transitive way.

We have given an example of an idempotent free semigroup with high symmetry.

1.2 Prevarieties, quasivarieties, varieties

Our goal will not only be to find semigroups with high symmetry, but also to find classes
of semigroups which are embeddable into semigroups with high symmetry. To this end,
we give definitions and results pertaining to classes of semigroups.

A (nonempty) class of semigroups is called an isomorphism class if this class is closed
for the taking of isomorphic copies. For any isomorphism class K of semigroups, let
H(K) [S(K)] denote the isomorphism class consisting of all the semigroups isomorphic
to a homomorphic image [subsemigroup| of a member of K, P(K) the isomorphism class
of all semigroups isomorphic to a semigroup which is the direct product of members of
K.

A prevariety [variety] of semigroups is an isomorphism class K closed for the opera-
tions S and P [ and HJ, that is, S(K) C K and P(K) C K [and H(K) C K]. Using the
operators (in sequence) we see that for any isomorphism class K, SP(K) [HSP(K)] is
the smallest prevariety [variety] containing K. If K is the isomorphism class consisting of
all semigroups isomorphic to a given semigroup S, we write SP(.S) and HSP(S) instead
of SP(K) and HSP(K). There are several ways to define quasivarieties. We refer to the
survey by W. Taylor, which appears as Appendix 4 in [13], for more details. One useful
way to define quasivarieties is as follows: a quasivariety is a prevariety which is closed
for the taking of direct limits.

The notions of prevariety, variety, and quasivariety are useful for classifying classes



of semigroups. We now want to show that the class of semigroups that are embeddable
into a semigroup with high symmetry is in fact a prevariety. Before we get to this we

have the following lemmas.

Lemma 1.2.1. The class of all semigroups which have high symmetry is closed under

P.

Proof. Let (A;,i € I) be a family of semigroups with high symmetry and (a; : i € I)
and (b; : 7 € I) elements of the direct product [[,.; A;. Then for every i € I there exists

o; € AutA; such that a;o; = b;. Then

5:HAZ-—>HA¢, (ciziel)— (i€l
iel icl

is an isomorphism of [],., A; which maps (a; :i € I) to (b; : 1 € I). O

We will henceforth denote the class of all semigroups embeddable into a semigroup

with high symmetry as &£.
Lemma 1.2.2. £ is closed under S.

Proof. Suppose that A € £. Then there exists an embedding ¢ : A — A’ where A’
is a semigroup with high symmetry. Now suppose B is a subsemigroup of A, then the

restriction of ¢ to B, ¢|g : B — A’, is an embedding of B into A’. O
Lemma 1.2.3. £ s closed under P.

Proof. Let A; € € for all i € I. Then for every ¢ € I, A; can be embedded into A} which
has high symmetry. Then [],.; A; is embeddable into ], ., Aj which has high symmetry
by Lemma 1.2.1. O]

Result 1.2.4. £ is a prevariety.
Proof. Follows directly from Lemmas 1.2.2 and 1.2.3. [

Before discussing if this class of semigroups is a variety or quasivariety we recall the

following information.



If V. and W are semigroup varieties, we then put V. < W if V is included in W.
The semigroup varieties constitute a lattice for this partial order, <, where for any given
semigroup V. and W, VN'W [V VW = HSP(V UW)] is the meet [join] of V and W
in this lattice. For any semigroup variety V, £(V) denotes the principal ideal generated
by V in this lattice, in other words the lattice of all subvarieties of V.

If A is any nonempty set, we let AT be the semigroup of all nonempty words over A,
the operation being the concatenation of words. The mapping ¢ : A — A™ associates to
every a € A the one-letter word a of A™. We call (A*,.) a free semigroup on A since,
given any semigroup S and ¢ : A — S a mapping, there exists a (unique) homomorphism
@ : AT — S such that tp = ¢. Every prevariety V of semigroups has free objects: if py
is the smallest congruence on A" such that A" /py € V, and 1y associates with a € A
the pyv-class of a, apy, then (AT /py,tyv) is free in V in the obvious sense.

A relation p on a semigroup S is said to be fully invariant if for every a,b € S and
any endomorphism ¢ of S, apb implies appby. A fully invariant congruence would then
be a congruence which is also a fully invariant relation. We will now let X denote a
countably infinite set whose elements will be called wvariables. It turns out that there
exists a one-to-one correspondence between the lattice of semigroup varieties and the
lattice of fully invariant congruences on X *: we associate with any semigroup variety V
the corresponding fully invariant congruence py on X . Then V — py yields an inclusion
reversing one-to-one mapping of the lattice of semigroup varieties onto the lattice of fully
invariant congruences of X . Accordingly, for u,v € X we have that (u,v) € py if and
only if for every semigroup S and every ¢ : X — S, the above mentioned homomorphism
@ : XT — S for which 1p = ¢ yields a true equality up = vp in S. We express this
by saying that u & v is an identity satisfied in V. If (u; = v;,i € I) is a family where
u;,v; € X for every 7 in the index set I, and V the variety such that py is the smallest
fully invariant congruence containing the (u;, v;),7 € I, then we say that V is determined
by the identities u; = v;,i € I. Thus for instance, if x € X, then the variety B of bands
is determined by the single identity 22 ~ x.

A class of semigroups is a semigroup variety if and only if it is determined by a set



of identities. The class of all semigroups satisfying a given family of identities is called a
equational class. We just emphasized that every variety of semigroups is an equational
class, and vice versa. This was first shown by Birkhoff. We shall henceforth use the
concepts of variety and equational class of semigroups interchangeably.

While a semigroup variety is an equational class, a class of semigroups is a quasivariety

if and only if it is determined by a set of implications. An implication is of the form

UL RV, ey Uy BV = UV

where n is finite, wuq, ..., Uy, V1, ..., Uy, w,v are in X*. A semigroup S satisfies this impli-
cation if for any ¢ : X — S and homomorphism @ : X+ — S such that (3 = ¢, we have
that upp = v in S whenever u1p = v19p, ..., u,® = v, in S. Thus for instance, the qua-
sivariety consisting of all the cancellative semigroups is determined by the implications
TY R T2 = YN 2,Yr ~ 2x = y ~ z. For our purpose, the implication 22 ~ z = 1?> ~ y
is important: a semigroup S satisfies this implication if b = b% for all b € S if there exists
a € S such that a = a?, that is, S is either idempotent free or otherwise a band. Thus

2 ~ 1 = y? ~ y determines the class consisting of all semigroups which

the implication x
are either idempotent free or bands.

From the results obtained so far we can thus state the next result.
Result 1.2.5. £ is contained in the quasivariety determined by x* ~ x = 1> ~ y.

It remains to be seen whether the prevariety and the quasivariety mentioned in Result
1.2.5 coincide, and this dissertation does not provide any counterexample to prove that
they do not.

However, at this point we can show that £ is not a variety.
Result 1.2.6. £ is not a variety.

Proof. Note that (Q*,+) € £ as shown in Example 1.1.2. However, every cyclic group
is a homomorphic image of (Z",+), the positive integers under the usual addition and

(Z*,+) is a subsemigroup (Q*,+). Hence if £ were a variety every cyclic group would



be embeddable into a semigroup with high symmetry. However, this is not the case since
any nontrivial cyclic group contains at least one idempotent and one nonidempotent.
Therefore any nontrivial cyclic group is not contained in the quasivariety determined by

o=yt O
We also have the following.

Result 1.2.7. Suppose that 'V is a variety which is contained in €. Then V is a subva-

riety of the variety of bands.

Proof. By way of contradiction suppose that A is a semigroup in V such that A contains
an element, a, which is not idempotent. Then if (a) is finite we have already seen that
(a) contains an idempotent, hence (a) and therefore V is not contained in £. Otherwise
(a) is isomorphic to the positive integers under the usual addition, so, by the proof of

Result 1.2.6, we see that V is not contained in &. O

Result 1.2.7 therefore motivates us to focus on bands.

1.3 Bands

In this section we recall useful information pertaining to bands.

1.3.1 Properties and descriptions of bands

For S a semigroup, let F(S) be the set of idempotents of the semigroup S. The relation
< on E(S) defined by: for a,b € E(S),

a <b< ab=ba=a,

yields a partially ordered set (E£(S), <). If S is a band, then clearly E(S) = S, so (S, <)
yields a partially ordered set. We call < the natural partial order on S.
An element e € E(S) is called primitive if e is minimal with respect to the natural

partial order on F(S). A band for which every element is primitive is called a rectangular



band. We will denote the class of all rectangular bands by RB. Note that for a band
aba < a, so in a rectangular band aba = a for all a and b. In fact we get that S is a
rectangular band if and only if aba = a for all a,b € S.

A commutative band is called a semilattice. Therefore a semigroup S is a semilattice
if a> = a and ab = ba for all a,b € S. The class of all semilattices will be denoted SL.
One easily verifies that if S is a semilattice, then (S, <) is a partially ordered set for
which greatest common lower bounds always exist, namely the greatest common lower
bound of a and b is ab. Similarly if we have a partially ordered set (S, <) for which
greatest common lower bounds always exist we have a corresponding semilattice (S, -)
where a - b = greatest common lower bound of a and b.

We call b a right zero of the semigroup S if ab = b for all a € S. Note that if a is
a right zero of S, then a? = a, so a is idempotent. If S consists entirely of right zero
elements, we call S a right zero band. We define left zero and left zero band in a left right
dual way. We will denote the class of all right [left] zero bands by RZ [LZ].

We shall define the relations <;, <, on a band S by: for a,b € S

a<;b&ab=a,

a<,bs ba=a.

Note that <=<, N <;. We define the relations R =<, N(<,)™! and £ =<; N(<;) 7
We then define the join of £ and R in the lattice of equivalence relations to be D. The
relations R, £ and D are traditionally called the Green relations on the band S. Notice
that S is a right [left] zero band if and only if R[£] = S x S. From this it can be seen
that R—[L—|classes of any band S are precisely the maximum right [left] zero subbands

of S. A very nice feature concerning bands is as follows.
Result 1.3.1. For a band S,
(i) D=LoR =TRoL where o denotes the composition of equivalence relations,

(i) D is a congruence relation on S such that S/D is a semilattice,
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(i1i) every D-class of S constitutes a rectangular band,
(iv) if p is a congruence relation on S such that S/p is a semilattice, then D C p.

Proof. We note that it is well known that the Green’s relations £ and R commute.
(17) — (iv) are a specialization of Clifford’s structure theorem for completely regular
semigroups [5]. We provide a proof for completeness.

(i) Suppose that z(LoR)y in S, then there exists z € S such that z£zRy. Note that
x = zz = z(yz). Then (zy)x = zy(ryz) = (zvy)z = = and z(zy) = xy therefore 2Rxy.
Furthermore y = zy = (zz)y. Now (zy)y = zy and y(zy) = (zzy)zy = 2(xy) = y, so
xyLy and xRxyLy. By duality we see that LoR = Ro L. Since £ and R commute and
D is the join of £ and R, (i) follows.

(i) Note that if a,b € S, then abRabaLba, so abDba. Now suppose that aDc and bDd
with a,b,c,d € S. Then ab = acabdbDcacdbd = cd, so D is a congruence. Then, since
a* = aDa, we have (ii).

(iii) Let aDb such that b < a. Recall that a = aba. However, aba = b since b < a,
hence b = a and every element of the D-class is primitive.

(iv) Here we must show that if p is a congruence such that xypyz and if aDb, then

apb. Note that since aDb, we get that a = abapbab = . [

By virtue of Result 1.3.1, we see that the Green relation D on the band S is the least
semilattice congruence on S and the D—classes are precisely the maximal rectangular
subbands. Putting Y = S/D, we shall write S = S(Y,D,) where Y is the greatest
semilattice homomorphic image of S and the D,, a € Y, the D—classes of S. We call
Y the structure semilattice of S, and we shall say that S is a semilattice of rectangular
bands D,, a € Y. In general it is not possible to reconstruct the original band S with
only knowledge of the structure semilattice and the D—classes, we shall show an example
of this in Figure 1.1. However, knowing the structure semilattice and D—classes of S
does tell us much about the band S, as we will see throughout this section.

A characteristic relation on S is a relation on S which is invariant for every automor-

phism of S. That is, if & € AutS and 0 a characteristic relation, then afb = aafbc.
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Result 1.3.2. <, R, L and D are all characteristic relations.

Proof. This follows from routine verification. We will therefore supply the proof for R
and leave the others to the reader. Let aRb, and let o € AutS. Then aaba = aba = ba

and baaa = baa = aa, so aa’Rba. O

In particular, since D is characteristic, we can see that an automorphism « of S will

induce an automorphism on the structure semilattice S/D. Thus we have

Result 1.3.3. If a band has high symmetry, then its structure semilattice has high sym-

metry.

We will say that a band is a reqular band if both £ and R are congruence relations
and will denote the class of all regular bands by ReB. From the definitions of the Green
relations £ and R on a band S it follows that £ NR = 1g is the equality on S. If S is a
regular band, then S is a subdirect product of S/L and S/R. More can be said about
this subdirect product however. For any band S denote the £ — [R—,D—] classes of
a € S by Ly R,, D,)]. Thus, if S is a regular band

S/L La
S / \S/D, a/ \Da
NS N S
S/R R,

is a commutative diagram with

S S/LxS/R,  a— (La,Ra)

an embedding of S into (S/L) x (S/R). The image of the embedding is easily identified:
(La, Ry) belongs to the image under the above mapping if and only if D, = D,. We
express this fact by saying that the regular band S is the spined product of (S/L)x (S/R)
over the structure semilattice S/D of S and write S = (S/L) x (S/R). In general, if

S is a semigroup, pi, po congruences on S such that p; N py is the equality relation on
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S, and p = p; V pg in the lattice of congruences ConS, then S — S/p; x S/py is an
embedding. We say that S is a spined product of S/py and S/py over S/p if the image
of this embedding consists precisely of the (apy, bps) such that ap = bp.

If S is a regular band, then S/L£ and S/R are bands which have trivial £— and
R—relations respectively, that is, bands for which respectively R =D and £ = D. Such
bands are called right reqular bands and left reqular bands and the class of all such bands
will be denoted RRB and LRB, respectively.

A relation p on a semigroup S is called left [right] compatible if for every a,b,c,
with apb, we have that capcblacpbc]. A relation is compatible if it is both left and right
compatible. We will call S a normal band if < is compatible. The class of all normal
bands will be denoted NB. We shall note in Section 1.3.2 that all normal bands are
regular bands. We then define right [left] normal bands to be normal bands that are also
right [left] regular. We denote this class of bands by RNB [LNB]. From what we had
seen for regular bands, we get that every normal band is the spined product of the left
normal band S/R and the right normal band S/L over the structure semilattice of S.

Let S = S(Y; D,) be a normal band which is a semilattice Y of the rectangular bands
D,, a €Y. Fora € S, aSa is a semilattice, and it is easy to see that this semilattice
intersects each D-class in at most one element. In fact,ifa € D, and § < ainY, then Dy
contains a unique b € aSa. This allows us to define a mapping ¢, 5 : Do — Dg, a — b.
Such a mapping ¢, 5, 8 < ain Y, is a homomorphism, called a structure homomorphism

of S. This system (a4, < ainY) is a transitive system, that is,

(1) @a,a is the identity transformation on D, for every a € Y,

(i) f y < B <ainY, then ¢, = Yo sps~-

Conversely, given a semilattice Y, pairwise disjoint rectangular bands D,, o € Y and a
transitive system (¢q.5, 5 < o in Y') of homomorphisms ¢, g : Dy — Dg, we then can
define a multiplication on the disjoint union S = Uyey D,. We define this multiplication
by putting ab = apa,asbps.ap, for a € D, and b € Dg, where the product in the right

hand side is to be performed within the rectangular band D,g. As aresult S = S(Y, D,)
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is a normal band which is a semilattice Y of its maximal rectangular subbands D,,a € Y,
and the structure homomorphisms for .S are precisely the given ¢, 3. The normal band
which results from the construction described here is called a strong composition and is
denoted S = S[Y; Dy, ¢a5]. Thus, a band is a normal band if and only if it is (isomorphic
to) a strong composition of rectangular bands. We also refer to [51], [52] for the notion of
a strong composition in a broader context: strong compositions are therefore also called
Plonka sums.

At this point we will introduce notation that will become useful in Chapter 3. As we
saw above a normal band will have a partial order such that if a € D, and § < «ain Y,
then Dpg contains a unique b < a. In this way we can define a normal band by giving
its structure semilattice, D-classes and an appropriate natural order. We give this more

formally in the following result.

Result 1.3.4. Let S be a band with structure semilattice Y and D-classes Dy, a0 € Y. If
there is a natural partial order defined on S such that for every a € D, and < « (in

Y') there exists a unique b € Dg such that b < a, then S is a normal band.

Proof. We already have the structure semilattice and the D—classes defined, so we need
only define the structure homomorphism. For f < a (in Y) and a € D, let apap = b
such that b < a and b € Dg. That these structure homomorphisms are well-defined
follows directly from the assumptions of the result. A routine verification will show that

the ¢, s form a transitive system. O

Due to Result 1.3.4 we can state the natural partial order to define a normal band.
If we do this we will denote this normal band as S = S[Y’; D,, <]. If we further assume
that the D—classes are in fact R—classes, that is, the L—relation is trivial, then S will
be a right normal band. Similarly if the D—classes are in fact L£—classes, then S will
be a left normal band. A useful consequence of this notation is that we can draw an
equivalent of a Hasse diagram for normal bands. In a Hasse diagram the elements are
denoted by dots (or are labeled). We then note that one element, a, is less than another,

b, if it is connected by slanted lines in such a way that we can move from b to a over
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Figure 1.1

these slanted lines always moving down. For right normal bands we use horizontal lines
to show R—related elements. That is, aRb if there is a sequence of all horizontal lines
connecting a and b. Suppose that a € R, and b € Rp, then to find ab, we first find af3
by finding the greatest common lower bound of o and § as we usually would from the
Hasse diagram and then we find ¢ € R, such that ¢ < b in R. Figure 1.1 shows the
Hasse diagrams of two right normal bands, A and B. In A and in B we have the same
R—classes and structure semilattice. However, in A we have that sq = r whereas in B
we have wu = w.

Note that if we instead let horizontal lines denote the £—classes the same diagrams
would denote left normal bands. In Figure 1.1 we would then have gs = r in A and
uw = w in B. In order to draw a normal band we would have to introduce a different
technique of drawing lines for both R and L classes. Because of this, the diagram will

become more cumbersome, and we will therefore refrain from doing so here.

1.3.2 Varieties of bands

We will begin by defining some bands which will prove useful throughout this dissertation.
We define T to be the trivial semigroup and Y5 to be the semigroup consisting of two

distinct elements, an identity element and a zero. Also, Ry [Ls] is the semigroup consisting
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of two right [left] zero elements. For any semigroup S let S' be the semigroup with

identity element 1 where S = S if S has an identity element, otherwise S* is S with the

identity element 1 adjoined. We define S° in a similar manner for the zero element 0.
We denote by T the variety of all trivial semigroups. Then many of the classes of

bands mentioned in the previous subsection are varieties. In fact we get that

T = HSP(T) = [z ~ y,
RZ = HSP(R,) = [z =~ yz],

LZ = HSP(L,) = [z = zy],

SL = HSP(Y,) = [2* ~ z, 7y ~ yz],

RB = HSP(Ry X Ls) = [z =~ zyz],

RNB = HSP(R)) = [v =~ 2%, vyz ~ yxz],

LNB = HSP(L)) = [z = 2%, zyz =~ x2y],

NB = HSP(R) x L) = [2° ~ x, vyzz ~ 22y7),
RRB = HSP(R)) = [z ~ 27, 2y ~ ywy],

LRB = HSP(L}) = [z =~ 2%, 2y ~ wyx],

RQNB = HSP(R; x L,) = [z ~ 2%, 2yz =~ 12y2],
LQNB = HSP(L; x Ry) = [v =~ 2°, 1yz =~ wyz2],

ReB = HSP(R} x L}) = [z ~ 2*, 2yzx ~ xyxzxl.

The Hasse diagram in Figure 1.2 exhibits inclusion for the varieties of regular bands.

Proof. We will not show all of these, so we refer the reader to [50] for details. We will,
however, show that RRB = [z ~ 22, vy ~ yzy] and NB = [2? ~ z, zyzx ~ z2y7].

First recall that we defined a right regular band to be a band in which £ and R
are congruences and £ is trivial. If S is a right regular band, then 2> = z for all

x € S, since S a band. Now let z,y € S. Then note that (zy)(yzy) = zyzy = xy
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Figure 1.2

and (yzy)(xy) = y(zy)(ry) = yxy, hence zyLyxry. However, the L—relation is trivial,
so 1y = yry. Hence RRB C [2? ~ z, 2y ~ yxy]. Now let S be in the equational class
[2? ~ x, 2y =~ yry|. First note S is a band. If zLy, then 2Dy, so y = yzy = 2y = =,
hence L is trivial. Now since D = L o R it follows that R = D, and, since D is a
congruence on all bands, it follows that R is a congruence, so S is a right regular band.

Now recall that we defined a normal band as a band in which < is a compatible
relation. Let S be a normal band. Then z? = z for all z € S since S a band. Furthermore,
for any z,y,2 € S, xyzr < z and zzyr < x and xyzzDxzyr. But then since < is
compatible, xyzx = zyzz(xzyr)ryze < (r)rzyx(r) = xzyx. Since the D—classes are
rectangular bands, it follows that zyzx = xzyx. Now let S be in the equational class
[2? ~ z,xyzx ~ zzyzr]. Then S is a band. Now let x,y,2 € S and y < 2. We need to
show that xy < zz and yx < zz. Note that (zy)(zz) = zryz = xy = xxzy = (x2)(2y),

so xy < xz. Similarly yx < zzx, so < is a compatible relation and S is a normal band. [

We will refer to normal bands extensively in Chapters 2 and 3 and will talk more
about regular bands in Chapter 2. While the complete lattice of varieties of bands was
described independently in [1], [7],[8], [9], we will instead refer to [46] for a description of
the lattice of varieties of bands using Mal’cev products.

The notion of a Mal’cev Product of varieties allows for the construction of quasivari-
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eties from varieties. If U and V are varieties of bands, then the Mal’cev product UoV of
U and 'V within B is the isomorphism class consisting of all bands S on which there exists
a congruence relation p such that S/p € V and such that p-classes belong to U. Thus,
B = RBoSL since every band is a semilattice of rectangular bands. It turns out that for
any varieties V and W of bands, V o W is a quasivariety of bands. An alternative to our
definition of the Mal’cev product is to find the smallest variety containing the Mal’cev
product as we defined it. In [25] it is shown that V o W is a variety if V. C RB. Since
we will be interested in Mal’cev products of the type, the two definitions will coincide.
Starting with the previously defined varieties T, LZ, RZ, SL and using the join V and
the Mal’cev product, o, one finds all band varieties properly contained in B: the following
are the join irreducible elements containing SL in the lattice £(B) of all band varieties,
that is, the band varieties that cannot be written as a finite join of band varieties properly

contained in them (see [46)):

SL,LZoSL,RZoSL,LZ o (RZoSL),RZ o (LZ o SL),

LZo(RZo(LZoSL)),RZo (LZo (RZoSL)),... (1.1)

LZo (RZVSL),RZo (LZV SL),LZ o (RZ o (LZ v SL)),

RZo (LZ o (RZVSL)),... (1.2)

Here LZVSL [RZVSL] is the variety of left [right] normal bands, LZVSLVRZ the
variety of normal bands, LZoSL [RZoSL] the variety of left [right] regular bands,
(LZoSL)V(RZoSL) the variety of regular bands.

We note that the Mal’cev product is neither commutative nor associative even if all

products are varieties. An example that Mal’cev products are not commutative is that

while we know B = RBoSL, we instead get that NB = SLoRB. To show that NB C B
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note that R} is a band but is not normal since, if we denote by a and b the two elements
of the right zero band, we notice that labl = ab # ba = 1bal. For associativity, we
look at LZ o (RZ o SL) = LZ o RRB = [zzy &~ zzyzyxy| the variety of left semiregular
bands. However, (LZ o RZ) o SL = RB o SL = B. We refer to Figure 1.3 and [46] for
verification that these are not equal.

In Figure 1.3 we show the lattice of varieties of bands using a Hasse diagram. Note
that although we do not mark all varieties of bands, those not labeled can be found by
taking the join of at most two of the varieties that are labeled. This figure can also be
found in [46].

Amalgamation of bands provides for a construction of new bands in terms of given
ones and will play an important role into our investigations in Chapter 3. An isomorphism
class K of semigroups is said to have the strong amalgamation property if, for any family
of semigroups (A;,7 € I) of K and U a subsemigroup of each A;, there exists a semigroup

B in K and one-to-one homomorphisms ¢, : A; — B, i € I, such that
(i) the restrictions ¢;|y = ¢;|v coincide for all i, j € I,
(i) Ajpi NAjp; =Uy; foralli,j € I, with ¢ # j, in 1.

Following [24] we know that the variety NB of normal bands is the largest variety of
bands which has the strong amalgamation property and every subvariety of NB has the
strong amalgamation property. This property has been put to use in [38] for the purpose
of constructing semilattices which have a transitive automorphism group, and will be
used again in Chapter 3 of the present dissertation when we deal with normal bands. We
need not rely on [24] for what we shall do when constructing normal bands in Chapter
3. Our proofs will be self-sufficient, and we shall use [24] only when we declare that our

methods do not extend to varieties beyond the variety of normal bands.

1.3.3 Uniformity

In this section we look at what it means for a band to be uniform. In order to do this,

we will need the following definitions.
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Let S be a band and < the natural order on S. A nonempty subset I of S is called
a filter if whenever a,b € S with a € I and a < b, then b € I. A nonempty subset I of
S is called a convex subset of S if whenever a,b,c € S with a,b € [ and a < ¢ < b, then
¢ € I. The concept of an order ideal is the dual of the concept of a filter, but we shall in
addition require that order ideals are subsemigroups. More precisely, a subsemigroup [
of S is called an order ideal of S if whenever a,b € S with a € [ and b < a, then b € I.

If a € S, then the smallest order ideal containing a is

aSa = {abalb € S}

={ce Slc<a}.

We also use the notation (a| = aSa and call (a] the principal order ideal generated by a.
Since (a] = aSa is a subsemigroup of S which has identity element a, (a] is sometimes
also called a local submonoid of S.

An ideal of the band S is also an order ideal of S, but the converse is not true.
Indeed, if we let a and b denote the two elements of Ry, then {a} is the smallest order
ideal of Ry containing a but is not an ideal of Ry: the smallest ideal of Ry containing
a is Ry itself. Accordingly, the notions of principal ideal and principal order ideal do
not coincide in general. The following emphasizes that for semilattices, however, the two

concepts coincide.

Result 1.3.5. For semilattices the notions of principal ideal and principal order ideal

coincide.

Proof. Let S be a semilattice and a € S. The principal ideal generated by a is SaS
and the principal order ideal generated by a is aSa. That SaS = aSa follows from the

commutativity of S and from the fact that a is an idempotent. m
Result 1.3.6. For a semilattice the notions of ideal and order ideal coincide.

Proof. Let S be a semilattice. We already noted that every ideal of S is an order ideal
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of S. Let I be an order ideal of S, a € I and b € S. Then ab = ba = aba < a, thus

ab =ba € I. It follows that I is an ideal of S. O

If I,J are order ideals of S and ¢ : I — J is an isomorphism, we call ¢ an order
ideal isomorphism (oi-isomorphism) of S. If a,b € S and (a] = (b], then an isomorphism
¢ : (a] = (b] is called a partial isomorphism. We now define the uniformity relation on
S to be Us = {(a,b) € S: (a] = (b]}, and we say a band S is uniform if Us = S x S. At

this point we make the following observation.
Result 1.3.7. If S has high symmetry, then S is uniform.

Proof. Suppose that a,b € S. Since S has high symmetry there exists an automorphism
¢ : S — S which maps a to b. Note that < is characteristic, so ¢, embeds (a] into (b].
Furthermore ¢~ embeds (b] into (a] and ¢| and ¢~ '| are inverse embeddings, so

(a] = (b]. Since a and b arbitrary in S, it follows that Us = S x S. O

The converse of Result 1.3.7 is not necessarily true. In order to show this we have

the following example.
Example 1.3.8. (Z~, min) is a uniform semilattice, but does not have high symmetry.

Proof. Note that (j] = (Z,min) for every j € (Z~,min), so (Z~,min) is uniform.
However; the only automorphism of (Z~, min) is the identity mapping, so if j # k there
does not exist an automorphism of (Z~, min) that maps j to k. Hence (Z~, min) does

not have high symmetry. O

In Chapter 3 we shall need the notion of a retract ideal of a semilattice L. If S is a
semigroup and ¢ an endomorphism of S such that ¢ fixes every element of S¢, then we
say that S¢ is a retract of S. A retract ideal of a semilattice L is an (order) ideal of L

that is also a retract of L.

Result 1.3.9. An ideal I of a semilattice L is a retract ideal of L if and only if for every

1 € L there exists i’ € L such that <L NI =141L.
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Proof. First suppose that [ is a retract ideal of L. Then there exists ¢ : L — I such that
jo =g forevery j € I. Now let ©+ € L. Then j € iL N1 if and only if j < i and jp = j.
But if this is the case, j = jo = ijo = ipjp = ipj, so 7 € iL NI if and only if j < ip.
Hence iL. NI = (ip)L. Letting i = ip we have our result.

Now suppose that I is an ideal of L such that for every ¢ € L there exists i/ € L
such that ¢L N1 = i'L. Then ¢ : S — I that maps i — i’ is routinely shown to be an

endomorphism which fixes every element of I, so [ is a retract ideal. m

Every principal ideal gL of L is a retract ideal of L since for every ¢ € L, 1LNgL = igL.
Also L itself is a retract ideal of L since for every i € L, i:L.N L = iL. For any band S we
denote by Rg the set of oi-isomorphisms a of S such that the oi-isomorphism « induced
by « on the structure semilattice L of S has the property that both doma and ima are
retract ideals of L. If «v is a partial isomorphism of S, then « is a partial isomorphism of
L, so doma and ima are principal ideals of L, therefore o € Rg. Further, if a € AutS,
then a@ € AutL and L = doma = ima, so that again o € Rg. In other words, AutS C Rg.

If I and J are retract ideals of the semilattice L, then I N J is again a retract ideal of
L. To see this, first notice that I N J # @) since IJ = I N J with I # () and J # (. Also,
given i € L, there exists j and j* € L such that iL NI = jL and iL. N J = j'L, so that
iLNn(INnJ)=@GLNI)NGELNJ)=jLNj'L=jjLis indeed a principal ideal of L.

We shall need the following elementary result. As always, juxtaposition denotes

composition of partial transformations.
Lemma 1.3.10. If B is a band, o € R and v € AutB, then ay € Rp.

Proof. Since the composition of oi-isomorphisms of B is an oi-isomorphism of B, it follows
that oy is an oi-isomorphism of B. If suffices to prove that doma?y and ima7y are retract
ideals of the structure semilattice L of B. Certainly doma =domary, thus doma =domary

is a retract of ideal of L since o € Ry. We proceed to investigate ima-y.
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We have

j €imay & D, =j for some y € imay

&S Dy =13 for some z € im«
S =1y for i = D, and some = € ima
S =1y for some i € ima

& j € (ima)y.

Therefore ima7y = (ima)y = ima7y.
For j,l € L, put i = j7 ! and k = [3~!. Since ima is a retract ideal of L, there exists

m € L such that kL Nima = mZL. Then

j€lLNimay < j € L Nimay
&4 € kL Nima
S 1 emL

& je (my)L,

so that [LNima~y = m~yL. We conclude that ima? is a retract ideal of L, as required. [J

1.4 Orthodox semigroups

Recall that a semigroup S'is called a reqular semigroup if for all a € S, there exists at least
one a’ € S such that aa’a = a; if this is the case, then for every a € S, there exists a’ € S
such that aa’a = a and a’aa’ = a, in which case we call a and o' mutually inverse elements
of S. Regular semigroups contain idempotents: if S is a regular semigroup, a € S, and
a,a’ mutually inverse in S, then aa’ and a’a are idempotents. Thus certainly the set
E(S) of idempotents of S is nonempty. An orthodox semigroup is a regular semigroup
S for which E(S) constitutes a subsemigroup (a subband). An orthodox semigroup S

is an inverse semigroup if E(S) is a semilattice and is a [left, right/ generalized inverse
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semigroup if E(S) forms a [left, right] normal band. Furthermore an orthodox semigroup
in which the set of idempotents forms a rectangular band is a rectangular group.

Given any orthodox semigroup S and a € S, Sa = {sa|s € S} is the smallest left ideal
of S containing a. We put aLb for a,b € S if Sa = Sb. Then L is an equivalence relation
on S. We hasten to assert that this terminology and notation conforms with what we
did in Section 1.3.1: if S is a band, then S is in particular an orthodox semigroup, that
is, an orthodox semigroup for which S = E(S), and in this band (orthodox semigroup)

S, we have for any a,b € S:

albin S < Sa = Sb,
< ab=a,ba =b,

< a<;band b < a.

For the orthodox semigroup S, we define the left-right dual of £ by R. Just as Lo R =
R o L for bands, it is also well known that £ o R = R o L for all orthodox semigroups.
The relations £ and R on an orthodox semigroup S are called the Green relations L
and R on S and Lo R = Ro L = D is called the Green relation D on the orthodox
semigroup S. One verifies that if S is an orthodox semigroup, then the £—[R—|relation
on S induces the L—[R—]relation on the band E(S), and therefore the D-relation on
E(S) is contained in the D-relation on S.

An orthodox semigroup S is called bisimple if D = S x S. If B is the band of
idempotents of an orthodox semigroup S and eD f in .S, then there exist mutually inverse
elements a,a’ € S such that e = ad’ and f = d’a and eBe — fBf, v — d'za is an
isomorphism of bands. Therefore, if B = F(S) is the band of idempotents of a bisimple
orthodox semigroup S, B is uniform. In order to prove that, conversely, every uniform
band is the band of idempotents of some bisimple orthodox semigroup, we shall make
use of the hull introduced by Hall, as reviewed below. Then in particular, every band
which has high symmetry will be the band of idempotents of some bisimple orthodox

semigroup.
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In what follows, B will be a band. We shall give an outline of Hall’s representation
[16],[17],[18],[19] which he generalized for regular semigroups in [20]. We follow the
notation of [42]. Hall’s work generalizes that of Munn [31],[32] and for regular semigroups
is equivalent to work done by Grillet [14],[15] and Nambooripad [34].

We denote the set of partial isomorphisms of B by T'5. If B is a band and «, 3
oi-isomorphisms of B such that a3 is nonempty, then «f is an oi-isomorphism of B.

For eDf in B we denote by (e, f) the partial isomorphism

w(e, f) :eBe — fBf, x— faf.

Thus if eRf in B, then

m(e, f):eBe — fBf, x—xf,

and if eLf in B, then

m(e, f) :eBe — fBf, x— fx.

Thus, if eDf in B, then eRefLfRfeLe in B and

(e, ) = (e ef)m(ef, f) = m(e, fe)m(fe e)

belongs to T'. In general, for e, f € B, m.; € T’z where

e, f = 7T(€f€, fef)
=m(efe,ef)n(ef, fef)
= m(efe, fe)n(fe, fef),
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and

domm, ; = efBfe, imm,. s = feBef.

If B is a band, then define a multiplication - on T'5 by the following. If o, 8 € T'p
with a: eBe — fBf and : gBg — hBh, then

a-fB=amys,p,

where again the juxtaposition of partial isomorphisms denotes the composition of partial
transformations. If B is a band, then 75 is an orthodox semigroup whose idempotents
form the band consisting of the 7., e, f € B (see [17], [19], [42]). In fact, the set of

idempotents of T is given by

{mesle, f € B}y = {n(e, [)|eDf in B}.

Let B be a band, B/D = L the structure semilattice of B, and D,, e € B, the

rectangular components of B, that is, the elements of L. For any oi-isomorphism « of B,

a:L — L, D, — D.,, e € doma

is an oi-isomorphism of L, and in particular, if « € T, then a € T}, and if a € AutB,

then a € AutL. The mappings

Tp—1T, a— a,

AutB — AutL, a— a,

are homomorphisms.

Let B be a band, and introduce an equivalence relation kg on T’y as follows. For
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a,f €Ty with a:eBe — fBf and 8 : gBg — hBh put

akpf < eRg, fLh and a = .

Then kp is a congruence relation on the orthodox semigroup 7' and we use the notation

Tg = Ty/kp. The kp-class of a € Ty will be denoted @ (see [17], [19], [42]). The set
of idempotents of the orthodox semigroup 7p is {mk € B}, and e — 7(e, e) yields
an isomorphism of B onto the band of idempotents of Tz. If in particular B = L is a
semilattice, then xy, is the equality on L and 77, = T';; we prefer to write 77, instead
of T';, the inverse semigroup also known as the Munn semigroup of L (see [31]). If in
general B is a band, then we call Tg = T z/kp the hull of the band B which is due to
Hall.

A full regular subsemigroup of a regular semigroup S is a regular subsemigroup of S
which contains all the idempotents of S. A regular semigroup S is called fundamental if
the equality on S is the greatest idempotent separating congruence on S. Let S be an

orthodox semigroup which has B as its band of idempotents. For any a € S and a’ an

inverse of a in S, the mapping
0o o : aa' Baa' — d'aBd'a, e — dea

belongs to T'y. Hence m € Ty, and

0:5—1Tg, a— Oy 4

is a well defined homomorphism which induces the greatest idempotent separating con-
gruence on S and S0 is a full regular subsemigroup of T (see [17], [19], [42]). The
mapping 6 is called the fundamental representation of S, and the result quoted here is
called the Hall representation theorem for orthodox semigroups. This representation is
faithful if S is fundamental. In fact, an orthodox semigroup which has the band B as its

band of idempotents is fundamental if and only if it can be embedded as a full regular
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subsemigroup into 7. Further, T'5 and T are fundamental themselves (see [19], [42]).

Accordingly, Ty is called the fundamental hull of the band B. We note that with the

notation given above, for every e € B, T, = 7(e,e) = O, and B — Tp, e — 7(e, e) is
an isomorphism of B onto the band of idempotents of T.

For any e, f € B we have

eUpf < eBe= fBf

< eBe = doma, fBf =im«a for some v € T'p5

< m(e,e)Dr(f, f) in Tp.

In particular, B is uniform if and only if T is bisimple [17]. Furthermore, if B has high
symmetry, then B is uniform and T’z is bisimple.

Hall’s fundamental representation is the crucial ingredient for structure theorems of
orthodox semigroups, the investigation of which was opened up in Yamada’s papers [62],

[63).



Chapter 2

Embedding Techniques

In this chapter we give several techniques for finding bands which have a transitive
automorphism group. We then show that every band free in a variety generated by a band
with identity element can be embedded into a band which has a transitive automorphism
group and which generates the same band variety. We also show every normal band can
be embedded into a normal band which has a transitive automorphism group.

In Section 2.1 we prove that every [left, right] normal band can be embedded into
a [left, right] normal band with high symmetry. This generalizes what can be done for
semilattices. Then in Section 2.2 we give examples of regular bands with high symmetry
and show that every free [left, right] regular band can be embedded into a [left,right]
regular band with high symmetry. We then define D-transitivity and prove that D-
transitivity can only hold in the context of regular bands. In Section 2.3 we show every
band variety generated by a band with identity element is generated by a band with high
symmetry. Furthermore we show that every free band is embeddable in a band with high
symmetry and we identify an infinity of band varieties, V, where every free object in V

can be embedded into a band of V which has high symmetry.

2.1 Normal bands

Recall that in Section 1.3.2 we saw that RY [L9] generates the variety of right [left] normal
bands. We now set out to prove that RY [LI] can be embedded into a right [left] normal

band with high symmetry.

29
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The following construction is interesting in its own right and is more powerful than

need be for our purpose. Z will stand for the chain of integers with the natural ordering.

Construction 1. We let B be a nontrivial band with zero 0 and ¢ be a fixed nonzero
element of B. We let B consist of mappings of the following kind. For every @ € B there
exists i € Z, called the mark of @, and @ : {i —n|n € Z,n > 0} — B\ {0}, such that only
finitely many of the values a(i—n) are distinct from ¢. If we denote the @(i—n) by a;_,,
then we can briefly denote @ by the marked sequence @ = (a;_p); = (a;,a;_1,...);: the
index ¢ reminds us of the mark of @. Note that if @ = (a;, a;_1,...) the mark can easily
be seen to be 7, so using the mark here is redundant. However, we use this notation to
avoid ambiguity about whether (a;_,) is being used to denote a term in @ or the element
a.

We now define a product in B. Let @ = (a;_,); and b = (b;_,); be elements of B.
There exists a largest k& < min(i, j) such that ay_,, = by_, for all n > 1 since only a finite
number of entries in @ and b are different from g. We consider two cases, depending on

whether or not agb, equals 0 in B.

If aiby # 0 in B, then
ab = (dg_n )i
where dj, = aby

and dk,n = Qp—pn = bk,n, n Z 1. (21)

If apby, = 0 in B, then
ab = (dg—1-n)k1

where dj,_1_p, = ap—1—-n = bp_1—-n, n > 0. (2.2)
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Thus if agby # 0 in B, then the mark of @b is k, whereas if azb, = 0 in B, then the

mark of @b is k — 1.

Lemma 2.1.1. Let B be a nontrivial band with zero, 0, and let B be as in Construction

1. Let the multiplication on B be given by (2.1) and (2.2). Then
(i) B is a band,

(ii) B can be embedded into B,

(iii) B and B generate the same band variety.

Proof. In B we consider the elements @ = (a;_,)i, b = (bj_,); and ¢ = (¢;_,); with
marks i, 7, and [, respectively. We let m < min(i, j, 1) be the largest integer such that
Um—n = bm—n = Cm_n for all n > 1. To prove associativity of the multiplication in B, it

suffices to show that

(@b)e = a(bc) = (em—n)m

where e, = amnbmcm in B
€m—n = Am—n = bm—n = Cm—n, n=>1
if a;pbyCm # 0 in B, (2.3)

and

(@b)e = a(be) = (em-1-n)m—1
where €,—1-p = Gp—1-n = bp—1-n = Cm—1-n; n =0

if ambmem =0 in B. (2.4)

We first consider the situation where a,,b,,c,, = 0 in B. If a,,b,, = 0 in B, then
U 7 by, Whereas a,,—p = by_p = Cp_p for alln > 1. In this case we have ab = (ab)¢ = e,

where € = (€,-1-n)m—1 is as described in (2.4). Otherwise, a;,b,, # 0 in B and then
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Umbm # Cm because @by c, = 0. Then again (ab)¢ = €, where € = (pm—1—n)m_1 is as
described in (2.4). By symmetry, we proved that (2.4) holds true.

We next consider the situation where a,,b,,c,, # 0 in B. Let k be as in Construction
1. If kK > m, then a,, = b,, # ¢, this follows from the way m is defined. In this case
(@b)ec = € where € = (e,,_n)m as described in (2.3). Otherwise k = m and @b = d =
(dm—n)m as described in (2.1). Clearly then (@b)¢ = € where € = (€y—n)m as in (2.3). By
symmetry, we proved that (2.3) holds true.

We proved associativity. Applying (2.1) we see that B is a band. We define a mapping
¢ : B — B by the following. For a # 0 in B, let ap = @ = (a;_,); where a; = a and
a_, = q for all n > 1. Also put 0p = (q,q,q,...)o, that is, the element of B which has
mark 0 and where all entries equal ¢. One readily verifies that ¢ embeds B isomorphically
into B. We proved (i) and (ii).

In order to prove (iii) it suffices to prove that B and B satisfy the same identities.
Since we already know that B is a subband of B, it suffices to show that every semigroup
identity v ~ v which is satisfied in B is also satisfied in B. In the following we take such
an identity u &~ v which is satisfied in B, and we note that, since B is a nontrivial band

with zero 0, u &~ v is a regular identity. We need the following generalization of (2.3)

and (2.4).

Let @y, ...,a@, € B be such that @, = (ag), ag)_l, . ,ag)_n, )i = (ag)_n)il for1 <1 <p.
Let m < min(éy, ..., 7,) be the largest integer such that aﬁﬁ}_n = ag,l;)_n forall 1 <LI'<p
and all n > 1. Then

Q1...0p =(€m—n)m
where e, = al...alP) in B
em_n:asi)_n foralln>1,1<1<p

if oV .a® £0  in B, (2.5)



33

al-“ap :<emflfn)mfl

where e,,,_1_,, = aff},l,n foralln >0,1<1<p
if V. .a® =0  in B. (2.6)

To prove (2.5) and (2.6) we use induction on p and the fact that associativity has
been established already. The basis of our proof by induction (the case p=2) follows
from the definition of the product in B. Now that associativity has been established, the
induction step can be proved following the case by case proof for p = 3 from the case
p = 2 as given above.

Let u =~ v be any semigroup identity which is satisfied in B, and let x4, ..., 2, be the
variables which occur in w. Recall that x4, ..., x, are then also the variables which occur
in v. Let @,...,a, be any elements of B. In order to verify that u ~ v, or explicitly
u(zy, ..., zp) = v(zy, ..., ,), is satisfied in B, it suffices to show that in B we have 7 = ¥
where w = u(ay, ...,a,) and v = v(ay, ..., a,) are obtained from u and v by substituting
the z; by the corresponding @;. Let us adopt the notation for the @y, ...,a, which was

used for (2.5) and (2.6). Then in particular,
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where

€= (emfn)m
where e,, = u(all, ... a®) =v(al ... o)
(since u & v is satisfied in B)

and e,,_,, = oY foralln >1,1 <1 <np.

m—n)

Otherwise, we have in B that

with €,,_1_, = a(l)_l_ forall1 <l <pandn>0.

m

Therefore B satisfies © ~ v, and we conclude that B and B generate the same band

variety. We proved (iii). O
Lemma 2.1.2. Let B and B be as in Construction 1. Then the following holds.

(i) For everyl € Z, let oy be an automorphism of B, such that for only finitely many

l€Z, qup # q. Then
a:B— B, a=(a;_p)i = aa = (a;_nQi_p); (2.7)

is an automorphism of B.



35

(i) The mapping

5 ZE%E, a = (ai,...,ai,n,...)i = (ai,n)i
= B = (€it1, ooy Cit1oms - )it

where €;11_, = a;_p for alln >0 (2.8)

is an automorphism of B.

Proof. Let @ = (a;_n)i, b= (bj_n); € B, and let k < min(i, j) be the largest integer such
that ay_,, = bx_,, for all n > 1. We consider the mapping « given by (2.7). Certainly «
is well defined since g, # ¢ for only finitely many n € Z and each «, fixes the zero 0 of
B. Clearly then « is a permutation of B. We have @a = (a;_ni_p)i, ba = (bj—ntjn);
and k < min(i,j) is the largest integer such that ag_pox_p = br_nay_, for all n > 1.

Therefore (2.1) applies if and only if (apay)(brag) # 0 in B, and then

(@) (bar) = (dp_pnth—n)ix = (ab)a

where the dj, and di_,,, n > 1, are as described in (2.1). Alternatively, case (2.2) applies

if and only if (axay)(brax) = 0 in B, and then

(@) (ba) = (dp—1-n0i—1—n)k—1 = (@)

where the dy_1_,, n > 0, are as described in (2.2). Therefore, v is an automorphism of
B.

The proof that the mapping 3 given by (2.8) is an automorphism of B is routine. [
Theorem 2.1.3. Let B be a nontrivial band with zero 0 such that the automorphism group
of B acts transitively on the set of nonzero elements of B. Then B can be embedded into

a band B which has a transitive automorphism group such that B and B generate the

same band variety.

Proof. We let B be as in Construction 1. By Lemma 2.1.1, B is a band which generates
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the same band variety as B. Let @ = (a;_,); and b = (b;_,); be any two elements of B
and put m = j — <. Then, no matter whether m is positive, negative or zero, we have

with the notation of (2.8),
Bm : E — E, a = (ai—n>i — € = (ej—n)j

where a;—, = e;_, for every n > 0. For any [ € Z choose an automorphism o; of B
subject to the condition that for all [ = 7 — n, n > 0, we have that e;ay = b;, whereas
qay = q for all [ > j. If we then define o as in (2.8) we have that ea = b, thus af™a = b.
According to Lemma 2.1.2, f™« is an automorphism of B. Thus the automorphism

group of B acts transitively. ]

Remark Let B be a nontrivial band with zero such that the automorphism group
of B acts transitively on the set of nonzeros of B. Let B be the band obtained as in
Construction 1 after the choice of the nonzero element ¢ in B. If we choose a nonzero
¢ in B instead and then construct the band B’ following the procedure outlined in
Construction 1, do we obtain a band B’ which is essentially different from B? And if
not, are the embeddings of B into B and into EI, respectively, equivalent?

Let ¢ be a fixed automorphism of B such that ¢{ = ¢’ and define

-/

¢:B— B, (i) — (a._,)s

i—n

where a] = a; if this case arises, otherwise a; = @;(. One verifies that ¢ is a well-
defined isomorphism. Moreover, if ¢ : B — B is the embedding considered in the proof
of Lemma 2.1.1 (ii) and ¢/ : B — B’ the corresponding embedding of B into B , then

these embeddings are equivalent, meaning that the diagram
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is commutative. For this reason we can say that if the automorphism group of B acts
transitively on the nonempty set of nonzeros of B, the procedure of Construction 1 is a

standard procedure which indeed does not depend on the choice of ¢ € B\ {0}.

Corollary 2.1.4. Let B be a band which has a transitive automorphism group and B°
be the band obtained from B by adjoining an extra zero. Then B° can be embedded into
a band B® which has a transitive automorphism group such that B® and BY generate the

same band variety.

It should now be obvious that starting from a band B satisfying the conditions as
stipulated in the statement of Theorem 2.1.3, one can construct a class of bands which
have a transitive automorphism group and which each generate the same band variety as
B. Indeed, given any infinite cardinality x, then using transfinite induction and invoking
direct limits one obtains a band of cardinality x which has high symmetry, contains B
as a subband, and which generates the same variety as B.

For Construction 1 and the associated Theorem 2.1.3 we have only a modest appli-

cation in mind. From Corollary 2.1.4 we obtain the following.

Corollary 2.1.5. RY can be embedded into a right normal band R_g which has a transitive

automorphism group.

Proof. Recall that R generates the variety of right normal bands. If Fg is constructed
from R9 along the lines of Construction 1, then from Corollary 2.1.4 we have that R) can
be embedded into the band R_g which has high symmetry and also generates the variety

of the right normal bands. O]

Let R_g be the band obtained from RY; according to Construction 1, R_g is a right
normal band which has a transitive automorphism group. Figure 2.1 depicts this band
Fg according to the techniques discussed in Section 1.3.1. Two elements are on the same
“level” if and only if they have the same mark. Each R-class has two elements. We leave
the details to the reader.

We conclude this section with the following theorem.
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Theorem 2.1.6. Fvery normal band B can be embedded into a normal band which has
a transitive automorphism group and which generates the same normal band variety as

B.

Proof. The situation is clear from the remarks made in the Introduction for the cases
when B is a left or right zero band, a rectangular band or a semilattice. If B generates
the variety of right normal bands then B can be written as the subdirect product of
the subdirectly irreducible right normal bands, Y5, Ry, and RY. Each of these can be
embedded into RY which can then be embedded into the right normal band depicted
in Figure 2.1. It then follows that every right normal band can be embedded into a
power of this band }_28. This band generates the variety of right normal bands and has
a transitive automorphism group. If B generates the variety of left normal bands, the
result follows by duality. If B generates the variety of all normal bands, then B can be
embedded into a direct product with terms of the form Ry or L3. This direct product
can then be embedded into a direct product with terms Rg and Zg. The resulting direct
product yields a band which generates the variety of all normal bands and has a transitive

automorphism group. O
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2.2 Regular bands

For normal bands we were in the fortunate situation that there were only finitely many
subdirectly irreducible normal bands. This is not the case for any variety not contained
within the variety of normal bands. Therefore, we cannot expect to extend the strategy
leading up to Theorem 2.1.6 for regular bands. When dealing with right normal bands
we only had to deal with the problem of embedding the subdirectly irreducible R into
a right normal band with high symmetry. However, these techniques are adaptable to

embedding [relatively| free bands. This is due to the following.

Result 2.2.1. Let F' be free for V, and V generated by the band B, that is, V =
HSP(B), then F € SP(B)

Proof. See section 4.11 of [30]. O

The variety of right regular bands is generated by R.. Therefore every free right
regular band can be embedded into a power of R}. Thus, in order to show that every
free right regular band can be embedded into a right regular band with high symmetry

it suffices to show that the same can be done for Ri. This is not difficult as we shall see.

Construction 2. Let B be a band and B the set B = B x Z. On B define a product

in B by: for (a,i),(b,j) € B put

(
(a,i) if i < j

(a,0)(b; ) = q (b,5) if j < i (2.9)

(ab,i) if i = j.

\

Lemma 2.2.2. Let B be a band and B be as in Construction 2. Then
(i) B is a band,
(ii) B can be embedded into B,

(iii) B* and B generate the same band variety.
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Proof. To show that B is a band we first explicitly define the multiplication. If ay, ..., a, €
B, let (a;,l;) € B, 1 < i <p. Let j = min(ly,...,l,) and (a},...,a.) the s-tuple ob-
tained from the p-tuple ay,...,a, by deleting the entries a, where j < [;. Let a}...a} be
the product of the aj,...,a’ in B. Then note that (ai,l)...(ap,1,) = (a...d.,j) in B.
It should now be clear that if (ay,l1), (as,ls), (as,ls) € B, then [(a1,l1)(ag,l5)](as,l3) =
(a1,11)(ag,lz)(as, ls) = (a1,11)[(az, l2)(as, l3)] and that (a1, ;) (a1, 1) = (a1a1,l) = (a1, ).
Hence the multiplication is associative and idempotent, so B is a band.

If B is trivial then B = Z, so B! 2 Y} is embeddable in B. Otherwise let ¢ € B\1,
then the mapping B' — B given by a — (a,0) if a # 1 and 1 — (¢, 1) is an embedding
of the band B! into the band B.

We need to verify that an identity u ~ v which is satisfied in B' is also satisfied in B.
We note that an identity u ~ v in HSP(B') is a regular identity since SL C HSP(B'),
therefore a variable occurs in w if and only if it occurs in v. Let x4, ...2, be the variables
which occur in both v and v, and, using the notation used above, consider a substitution
of the z; by the (a;, ;). Let v/ € B v' € B be obtained from u and v by substituting
x; by a; if [; = j and otherwise by 1. Then u' = v' in B because u ~ v is satisfied in
B!. Further u((ay,l), ..., (ap,1,)) = («',7) = (v, j) = v((a1,11), ..., (ap, 1)), 80 u & v is

satisfied in B. O

Lemma 2.2.3. Let B and B be as in Construction 2. Then the following holds.

(i) For everyl € Z, let oy be an automorphism of B. Then

a: B — B, (a,i) — (a,i) (2.10)

is an automorphism of B.

(ii) The mapping
B:B— B,(a,i) = (a,i+1) (2.11)

is an automorphism of B.
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Proof. The proof is routine and will be omitted. m

Theorem 2.2.4. Let B be a band which has a transitive automorphism group. Then B!
can be embedded into a band B which has a transitive automorphism group such that B

and B generate the same band variety.

Proof. We let B be as in Construction 2. Let (a,4) and (b, j) be any elements of B. Put
m = j — 4 and choose « as in (2.10) with ac; = b. Then, with £ as in (2.11) we have

that f™a is an automorphism of B which maps (a,4) to (b, 7). O

Corollary 2.2.5. R} can be embedded into a right reqular band which has a transitive

automorphism group.

Proof. Recall that R} generates the variety of all right regular bands. We let Ry be

constructed from Rs as in Construction 2 and apply Theorem 2.2.4. O

Using the same conventions as before, we depict the right regular band R, described
in the proof of Corollary 2.2.5 in Figure 2.2. The multiplication is obvious from the

information given in Figure 2.2.

Theorem 2.2.6. Every band F, free in some regular band variety, can be embedded into
a band which has a transitive automorphism group and which generates the same band

variety as F'.

Proof. In view of Theorem 2.1.6 we need to prove the theorem only in the case where F’
does not generate a normal band variety, that is, if F' contains a copy of R} or its dual
as a subband. Also since F' is a subdirect product of at most two bands, each free in
some join irreducible regular band variety, we are reduced, by duality, to the case where
F' generates the variety of all right regular bands. Since the variety of all right regular
bands is generated by R}, F' can be embedded into a power of Ri. The result now follows

from Corollary 2.2.5. O
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Figure 2.2: Ry

2.2.1 D-transitivity

Call an automorphism « of a band B D-preserving if aDa« for every a € B. We say
that the automorphism group of B acts D-transitively if the D-classes of B are the
orbits for the group of D-preserving automorphisms of B. Recall in this context that
D is a characteristic congruence on B, so the D-preserving automorphisms of B form a
normal subgroup of the automorphism group. We shall soon prove that the condition
the automorphism group of B acts D-transitively implies that B is a regular band. Here
we note that the band in Figure 2.2 has a transitive automorphism group that acts
D-transitively, whereas, for the band of Figure 2.1, the identity transformation is the
only D-preserving automorphism. For the Green relations £ and R we can define in an
analogous way the notions of L-[R-|preserving automorphism and L-[R-]transitivity.
Looking at D-transitivity was motivated by the following example which was sug-

gested by Pastijn.

Example 2.2.7. We use the terminology of [23]. We let A be an affine plane, P its set
of points, L its set of lines and B = P U L. We define a multiplication on B by: for any

p,q € Pand l,m € L,

Pq = q, Im =m, pl =1,
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and [p is the line through p and parallel to (.

Then B is a right regular band and P, L its two R-classes. For any line [ € L and any
point p € P we have that [ < p for the natural order in the band B if and only if p is on
[. From this it follows that the automorphism group of B is precisely the automorphism
group of the affine plane A. Under the right circumstances this group acts D-transitively
on B. Thus for instance, if A is desarguesian (that is, over a skewfield), then this
automorphism group is doubly transitive on P and thus transitive on L (see Theorem
2.12 of [23]). The converse is true in the finite case by the Ostrom-Wagner Theorem
(Theorem 14.13 of [23]). If A is a finite affine plane and the automorphism group acts
doubly transitive on P then the plane is finite and desarguesian, and thus also pappian

(that is, over a finite field).

We now proceed to show that if a band has D-transitivity, then it is a regular band.

We will therefore need to show that both the £ and R relations are in fact congruences.

Lemma 2.2.8. Let S = S(Y, D,) be a band such that for every 5 <« in'Y and h € Dg,

there exists k € D, such that kh = h. Then R is a congruence on S.

Proof. Since R is a left congruence relation, it suffices to show that R is a right congruence
on S. Therefore, let e, f,g € S with eRg. We need to show that efRgf. We can assume
that e, g € D, whereas ef,gf € Dg for some f < ain Y. Put h = fe € Ds and choose
k' € D, such that k¥’h = h. Choose k € D, such that ¥RkLg. Then gk = g, kh = h, so
eh = geh = gkekh = gh. Thus, since h = fe,

efRefe=gfeR gf

as required. O

Proposition 2.2.9. Let S = S(Y, D,,) be a band. If the automorphism group of S acts
D-transitively, we then have that for every B < a in'Y and h € Dg, there exists k € D,

such that khk = h. Furthermore S is a reqular band.
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Proof. Suppose that the automorphism group of S acts D-transitively. Now let § < «
in Y and h € Dg. Since D, # () there exists an e € D,. Since 8 < « it follows that
eheDh, so there exists a D-preserving automorphism 6 such that (ehe)d = h. Now since
< a characteristic relation it follows that h = (ehe)f < ef since ehe < e. Therefore
(ef)h(ed) = h and, since 0 is D-preserving, it follows that ed € D,, so we have the first

part of our result.
Now note that (ef)h = h = h(ef)), so, by Lemma 2.2.8 and its dual, both R and L

are congruences, so S is regular. [
Theorem 2.2.10. Let S be a band. The following are equivalent:

(i) the automorphism group of S acts D-transitively,

(i1) the automorphism group of S acts L-transitively and R-transitively.
If this is the case, then S is a reqular band.

Proof. If (ii) holds, then (i) holds since D =LoR =Ro L.
If (i) holds, then by Lemma 2.2.9 both £ and R are congruences on S. Since £ and R
are then necessarily characteristic congruences on S, every D-preserving automorphism

~v on S induces an L-preserving automorphism

v :S/R— S/R, R. — R.,

on the left regular band S/R and an R-preserving automorphism

Y SIL — S/L, L.— L,

on the right regular band S/L. Since the automorphism group of S acts D-transitively,
it follows that the automorphism group of S/R [S/L] acts L-[R-|transitively.

Recall that

w:S—(S/R)x(S/L), e — (R, L)
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is an embedding. Thus, if o is an L-preserving automorphism on S/R, then

Sp — Sp, (Re, Ly) = (Reo, Ly)

is an L-preserving automorphism of S, and it follows that the automorphism group of
Sy, and thus also of § itself, acts L-transitively. One shows that dually, the automor-

phism group of S acts R-transitively. [

Remark For any band B, the group Az(B) [Ar(B)] of L-[R-]preserving automor-
phisms of B is a normal subgroup of the automorphism group A(B) of B, since £ and
R are characteristic equivalence relations of B. Moreover Az(B)N A (B) is trivial since
LNR is the equality relation on B. If Ap(B) is the group of D-preserving automor-
phisms, then following the same reasoning as in the proof of Theorem 2.2.10 one sees
that Ap(B) = Az(B)Ar(B) is a normal subgroup of A(B) which is (isomorphic to) the
direct product of Az(B) and Az (B). Every D-preserving automorphism can be written

uniquely as the composition of an L-preserving and an R-preserving automorphism.

Corollary 2.2.11. If S = S(Z, D;) has a transitive automorphism group, then it is a

reqular band.

Proof. This follows from Theorem etthm3.9 and the fact that the only automorphism of

Z that fixes any point of Z is the identity mapping. m

2.3 Beyond regular bands

From Corollary 2.2.11 it follows that if we want to produce an example of a band which
is not regular and which has high symmetry, then it cannot be a Z-chain of rectangular
bands. In this section we find examples of such bands which each generate a variety
which is arbitrarily “high up” in the lattice of band varieties. The structure semilattice
for each of these examples will be a scattered ordered chain of order type (v, ¢ being the
order type of Z and ~ some ordinal (see Theorem 8.5 of [58], and also [44]). From this,

it will easily follow that every free band is embeddable into a band with high symmetry.



46

In the following construction our notation is similar to that of Construction 1, but we

l

will be adding integers instead of subtracting them. That is, we now have a' = (a;1,);

instead of @ = (a;_,);. We mention this with the hope of avoiding confusion.

Construction 3. Let S be a band and let S! consist of mappings of the following kind.
For every a' € S!, there exists i € Z, called the mark of @', and a' : {i + n|n € Z,n > 0} —
S. If we denote a'(i + n) by a;y, for all n > 0, then we can briefly denote a' by the
marked sequence a' = (a;;y); = (a;,ai11,...);: all the entries of the sequence belong to S
and the index i reminds us of the mark of a’. If a' has mark i, then a'(i) = a; will be
called the leading entry of a'.

We define a multiplication in S' by the following. Let a' = (a;4,,); and b = (bj1n);

respectively. The mark of a'b' will be min(i, 7). We put

atif i < j
a'bt = (2.12)
d' = (dyen); i j < i

where

(

bjin for j+mn <1

djsn = 9 a;b; (as in S) for j +n =i (2.13)

@jin for j+mn > .
\

Lemma 2.3.1. Let S be a band and S* be as in Construction 3. Then S* is a band.

Proof. Obviously the multiplication given by (2.12) is idempotent: (a')? = a' for every
a' € S'. We need only verify associativity. Therefore, let a' = (a;4,):, b' = (bj4,); and
c = (cg4n)r be any elements of S! with marks i, j, and k respectively. We need to verify
that (a'd’)c! = a!(b'c') with the multiplication as in (2.12) and (2.13).

One verifies that if & > min(i, j) then (a'b!)c! = al(blc!) = alt!. Otherwise k <
min(i, j) and the mark of both (a'b!)c! and a'(bc!) is k. We put (a'b!)c! = d' = (dirn)n

and a!(b'd) = d' = (d)k- If k+n < min(i,j) then dyi, = dj,, = Cpin, and, if
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k+n > min(i, j), then dn = dj ., is the (k+n)th entry of a'b. If suffices to investigate
whether dj4, = dj,,, when k& < min(7, j) and k 4+ n = min(7, ). One verifies that in this

case

(

a;c; (asin S)ifi < j

djyn = ;q—i-n = 9 a;b;c; (as in S) ifi=7

bjc; (asin S) if j < 4.
\
[l

Lemma 2.3.2. Let S be a band, S' be as in Construction 3, and S = S X Z as in

Construction 2. Then

(i) for a', ' € S, a'Lb in S' if and only if a' and V' have the same mark and the
leading entries of a' and b' are L-related in S,

(ii) the mapping
p:S =58, a' = (aisn)i = (a'(i),7) = (i, 1)

is a homomorphism of S' onto S,
(i1i) the homomorphism ¢ induces a congruence relation which is contained in the L-

relation on S', so S' € LZ o HSP(S).

Proof. (i) follows immediately from (2.12) and (2.13), (ii) from (2.9) and (2.12), and (iii)
follows from (i) and (ii). O

Lemma 2.3.3. Let S be a band and S' be as in Construction 3. If S has a transitive

automorphism group, then so does S'.

Proof. Let ¢! = (cyin)r and d' = (dpyn)m be any elements of S with marks k and m,
respectively. We need to show that there exists an automorphism v of S’ such that

cy = d'. Our proof is similar to the proof for Lemma 2.1.2.
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For every i € Z, let o; be an automorphism of S. Then from (2.12) and (2.13) it

follows immediately that

(63 Sl — Sl, Cll = (ai-‘,-n)i — (ai+nai+n)i

is an automorphism of S'. Also the “shift”

B:S"— s a' = (@irn)i = (dit14n)ist

where d;y14y = Giyp in S for every n > 0 is an automorphism of S’. If in the above one
chooses 4, such that cjpQpin = dpirn for every n > 0, then with v = a8™ % we have

cdy =d', as required. O

Construction 4. Let B be a band and B the band generated by the elements of BU{e}

where e ¢ B, subject to the defining relations

ab =c in BY if a,b,c € B and ab = ¢ in B,
ea =e for every a € B,

62 —=€.

Then B” is the disjoint union of B and Be U {e}, where Be U {e} is an L-class of B, If
a#bin B, then a # b in B%, ae # be in B%, and ae # e in B~.

The band B% is constructed from B in a dual way.

Lemma 2.3.4. Let B be a band and B" be the band as in Construction 4. If the band
variety HSP(B) generated by B contains SL, then HSP(B*)=LZoHSP(B).

Proof. With the notation of Construction 4 and letting B® be B with an extra 0 adjoined,

Bl 5B  4—aifaeB
e—0

ae - 0ifae B
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is a homomorphism of B” to the band B°. Since SL is contained in HSP(B), we have
that HSP(B)=HSP(B"). Since {e,acla € B} is the only nontrivial congruence class
of the congruence relation induced by this homomorphism and since this congruence
class forms a left zero semigroup, it follows that HSP(BL)CLZoHSP(B). Since B is a

subsemigroup of BY, we thus have

HSP(B) C HSP(B*) C LZ o HSP(B).

In order to show that the second inclusion is actually an equality, it suffices to show that
if an identity u ~ v is satisfied in HSP(B’), then it is satisfied in LZoHSP(B).

We let u ~ v be any identity satisfied in HSP(BY). Since SLCHSP(BL), the content
of u, c(u), (that is, the set of variables which occur in w) is the same as the content of
v, ¢(v). We put ¢(u) = ¢(v) = X and we consider v and v as belonging to the set X of
nonempty words over X. We show that u ~ v is satisfied in LZocHSP(B) by induction
on |c(u)| = |c¢(v)|. The claim is evident if |c(u)| = |c¢(v)| = 1 and we henceforth assume
that |c(u)| = |e(v)| > 2.

From the definition of B* we have that u ~ v is satisfied in B” if and only if, using

the terminology of 1.6.6 of [49],

(i) uw = v is satisfied in B,
(ii) the head of u, h(u), (the first variable from the left to occur in u) equals the head
of v, h(v),
(iii) if z € X and = # h(u) = h(v), and [,(u) = wyz [l.(v) = viz] the shortest left cut

of u [v] such that z ¢ c(uy) [z & c(v1)], then uy =~ v; is satisfied in B.

In particular then, since SLCHSP(B), € X is such that ¢(l,(u)) = X if and only
if ¢(l;(v)) = X, then uyz = [,(u) and [, (v) = viz with u; ~ v; satisfied in B. From
the above description of the identities satisfied in B”, it follows that u; ~ v; is satisfied

in B”, so by the induction hypothesis u; ~ v; and thus also w;z ~ v,;x are satisfied in

LZoHSP(B).
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Let ug [v9] be the shortest right cut of w [v] such that c(us) = X = ¢(vy). Then
u ~ uirus and v & virvy are identities valid in the variety of all bands. We only need to
show that u;zus and vyxvy represent the same element in the relatively free band F' on
X in LZoHSP(B). Certainly uyzusRvizv, in F since ujx and vz represent the same
element of F' as we have seen above, and since c(uix) = c(v1z) = c(ug) = c(vy) = X,
uLT, V1T, us and vy are D-related in I when considered as representing elements of F'.
Since ust & UV TV & Ugla, Ul R UsU1TUs = U hold in the variety of all bands and
u ~ v in HSP(BL), uyvy =~ uy is satisfied in HSP(BY). By symmetry, vouy ~ vy is
satisfied in HSP(B'), so uy and v, represent L-related elements in the band relatively
free in HSP(B%) on X. Since the canonical homomorphism from F onto the band
relatively free in HSP(B%) on X induces a congruence contained in the £-relation on F),
it follows that u, and vy represent L-related elements in F'. We can now conclude that
urTuy = v12Vy in F, thus uyzruy &~ vizvy and consequently u =~ v hold in LZoHSP(B),

as required. N

Lemma 2.3.5. Let B be a band such that the band variety HSP(B) contains SL. Let
S = B be the band obtained from B as in Construction 2, S the band obtained from S

as in Construction 3, and B* the band obtained from B as in Construction 4. Then

(i) (BY)E can be embedded into S',
(ii) HSP(S')=LZoHSP(B'),
(iii) if B has a transitive automorphism group, then so does S'.

Proof. (i) By Lemma 2.2.2 we can embed B! into S. We shall henceforth identify B!
with its image under this embedding. Following the details of this embedding, there
exists f € S such that f ¢ B! and such that fo = b = bf for every b € B!. Then for

a € B! and using the notation of Construction 3,
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a— (a7f7f7f7'“)17
e — (fvfufvfa"')(]a
ae = (fya, f, f,--)o (2.14)

is an embedding of (B)’ into S'.

(ii) By Lemma 2.2.2, B!, B = S and S generate the same band variety, and by
Lemma 2.3.2(iii), HSP(S")CLZoHSP(S). Therefore HSP(S!)CLZoHSP(B!). By (i)
and Lemma 2.3.4, we have that HSP(S')=LZoHSP(B*).

(iii) This statement follows from Theorem 2.2.4 (and its proof) and Lemma 2.3.3. [

We shall make a distinction between band monoids and bands which have an identity
element. A band monoid is an algebra of type (2,0) where the nullary operation cor-
responds to the selection of the identity element, whereas a band with identity element
is considered here as an algebra of type (2). There exists a natural embedding of the
lattice of varieties of band monoids into the lattice of band varieties, which associates
with every variety W of band monoids the band variety V which is generated by the
members of W when considered as bands. The image of this embedding is a copy L of
the lattice of all band monoid varieties which was described in [61]. As it turns out, this
copy L consists precisely of the trivial band variety together with the band varieties in
the complete lattice generated by the varieties in the list (1.1). Further, a band variety
belongs to this copy of L if and only if it is generated by a band with identity element.

Equivalently, a band variety V belongs to L if whenever B € V, then also B! € V.

Theorem 2.3.6. Each band variety in the complete lattice of band varieties generated by

the varieties in the list (1.1) is generated by a band which has a transitive automorphism

group.

Proof. We first prove by induction that each variety listed in (1.1) is generated by a

band which has a transitive automorphism group. The induction will be on the number
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of Mal’cev products involved. By the remarks preceding the statement of this theorem,
if V is any variety listed in (1.1) and V=HSP(B) for some band B, then V=HSP(B").

As for the basis for our proof by induction the variety SL of all semilattices is gener-
ated by the Z-chain, considered as a semilattice. Assume that k& > 0, that V is a variety
in the list (1.1) where & Mal’cev products are involved, and that V is generated by a
band which has a transitive automorphism group. Then LZoV is generated by a band
which has a transitive automorphism group by Lemma 2.3.5, and the dual of Lemma
2.3.5 entails that RZoV is generated by a band which has a transitive automorphism
group.

Every band variety in the complete lattice generated by the varieties listed in (1.1) is
either the join of at most two distinct varieties in (1.1), or is the variety B of all bands.
In the latter case, the variety B is the join of all the varieties in (1.1). If V.= V; vV V,
with Vi, Vy in (1.1), then V; = HSP(B;) and V, = HSP(B,) for some bands B
and B which have a transitive automorphism group. Then V = HSP(B; x By) where
By x By has a transitive automorphism group. Otherwise, if V;, ¢ < w, is another
way to the list (1.1), then for every i < w, V; = HSP(B;) for a band B; which has a

transitive automorphism group, then B = HSP([],_, B;) where [],_, B; has a transitive

<w
automorphism group. O

Corollary 2.3.7. Any band variety which is generated by a band which has an identity

element is generated by a band which has a transitive automorphism group.

Theorem 2.3.8. Every relatively free band, free in a band variety generated by a band
which has an identity element, can be embedded into a band which has a transitive auto-

morphism group and which generates the same band variety.

Proof. We note that we have already shown this result when the variety is a subvariety of
regular bands in Theorem 2.2.6, so we have an overlap for the varieties SL, RRB, LLB
and ReB.

Note that if V is a generated by a band which has an identity element then V is



53

generated by a band with high symmetry by Corollary 2.3.7. Call this band B. Now if
F is free for V|, then ' € SP(B) by Result 2.2.1, so the result follows. O

The following theorem now follows as a special case.

Theorem 2.3.9. FEvery free band can be embedded into a band which has a transitive

automorphism group.



Chapter 3

Normal Bands

In Chapter 2 we showed that every normal band is embeddable in a normal band with
high symmetry. In this chapter we revisit embedding normal bands into normal bands
with high symmetry; however, we will do so in such a way that we are able to maintain
much of the structure of the original band. That is, through the embedding we will be
able to extend partial isomorphisms of the original band to partial isomorphisms of the
new band in such a way that we have an embedding of the hulls. Also we will be able to
extend automorphisms of the original band to automorphisms of the new band in such a
way that we get an embedding of automorphism groups. Further our original band will
be embedded as a convex subset into our new band. In [38] a similar procedure was given
for semilattices. It will follow that every fundamental generalized inverse semigroup can
be embedded into a bisimple fundamental generalized inverse semigroup.

Section 3.1 is concerned with the embedding of any normal band into a normal band
which is uniform in such a way that we preserve the properties mentioned above. After
the intermediate Section 3.2, we shall prove the result stated above.

Another avenue for proving our main result is suggested by the work of Szendrei in
[59]. There the author proves that every orthodox semigroup has a E-unitary cover which
is embeddable into a semidirect product of a band by a group. Applying this to the hull
of an arbitrary band, B, it may be possible to show that B can be embedded into a band
B’ such that every partial isomorphism of B extends to an automorphism of B’ which
would give an alternative to the method used in Section 3.2. We shall not pursue this

line of investigation here.

o4
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3.1 Uniform normal bands

The following summarizes Lemma 1, Lemma 2 and Lemma 4 of [39]. We use the notation

as defined in Section 1.4.

Lemma 3.1.1. Any semilattice L can be embedded as a filter into a semilattice K in

such a way that

(Z) LXLQUK,

(i1) every partial isomorphism « : el — fL of L can be extended to a partial isomor-

phism ag : eK — fK of K such that the mapping

TL—>TK, o — K

embeds Ty, isomorphically into Tk,

(iii) every automorphism ~y of L can be extended to an automorphism vk of K such that

the mapping

AutL — AutK, v = VK

embeds AutL isomorphically into AutK.
Our first task will be to generalize this result for right normal bands.

Lemma 3.1.2. Any right normal band B can be embedded as a filter (for the natural

partial order) into a right normal band M in such a way that
(Z) B x B - MM,
(ii) every partial isomorphism o : Be — Bf of B can be extended to a partial isomor-

phism apy : Me — M f of M such that the mappings

TB—>TM, a— Qg
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are embeddings, and the diagram

T'y——1T1p T—>T
TMT>TM ; Qp — > Qy
Km RFm

commutes,

(iii) every automorphism v of B can be extended to an automorphism of vy of M such

that

AutB — AutM, Y= Ym

embeds AutB isomorphically into AutM ,

(v) the structure semilattice of M is the semilattice obtained from the structure semi-

lattice of B as in Lemma 3.1.1.

Proof. Let B = B[L; B;;¢; ;] and K be a semilattice such that the conditions in the
statement of Lemma 3.1.1 are satisfied with regards to the structure semilattice L . We
let M = BU (K\L), and we can always assume that B and K\L are disjoint. We
note that K\L, if nonempty, is an ideal of K since L is a filter of K. We define a
multiplication on M which extends the given ones on B and on K\ L, such that, if e € B;
and k € K\L, then ek = ke = ik where the product ik is as in K. It is routine to verify

that M = M[K : M;,; ;] is a strong semilattice of right zero bands where
(i) K = M/D is the structure semilattice of M,

(i) M; = B;if i € L and M; = {i} if i € K\L are right zero bands which are the
D-classes of M,
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(ili) the structure homomorphisms v, ; of M are given by

Yij=wi; ifj<iinL,
Vi Bi—{j} ifiel, jeK\L, j<iinK,

Yijii— ] if 7 <iin K\L.

It readily follows that B is embedded as a subsemigroup of the right normal band M,
that B is, for the natural partial order, a filter of M, and that M\ B = K\ L, if nonempty,
is a semilattice which is an ideal of M.

Let e, f € B, with e € B;, f € Bj, where ¢,j € L. From the definition of the
multiplication in M it follows that Me = ¢K and M f = jK are pairs of isomorphic
semilattices. Since i,7 € L and L X L € Uk, it follows that Me = iK = jK = M f. We
conclude that (i) in the statement of the lemma is satisfied.

We set out to prove statement (ii). Let e, f € B withe € B;, f € B;, and 4,5 € L.
Let « : Be — Bf be a partial isomorphism of B and « : iL. — jL induced on L by «.

By Lemma 3.1.1, a can be extended to a partial isomorphism ag : iK — jK such that

the mapping

TL—>TK, a_>62K

embeds the inverse semigroup 77 isomorphically into the inverse semigroup Tx. We

define apy : Me — M f by :

ray = za if x € Be,

= zay if x € Me\Be.

It follows from the definition of the multiplication on M that «, is a partial isomorphism
of M which extends «.

Let e, f,g,h € B with e € B;, f € B;, g € By, and h € B; where 4,5,k,l € L. Let
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a : Be — Bf and § : Bg — Bh be partial isomorphisms of B and «, E the partial
isomorphisms on L which are induced on L by « and [ respectively. Let ay and EK
be the extensions to partial isomorphisms of K of a and B as indicated above. Then
let ap; and Sy be the corresponding partial isomorphisms of M. In order to prove that
Ty — Ty, a — ay is an embedding, it suffices to prove that (a - )y = anr - Bur. We
already know that (o - E)K = &KEK since Ty, — Tk, @ — a is an embedding of inverse
semigroups.

Recall from Section 1.4 that in T'j,

a-fB=ans,f
=an(fgf,9f9)B
= an(gf, f9)B

is a partial isomorphism of B mapping B(gf)a~! onto B(fg)B3. Further, m = &E
since Ty — Tp, & — & is a homomorphism. Thus (m)K = (&E)K = aKBK. Thus,
according to our construction, the domain of (a - 8)5; is M(gf)a™" which is the disjoint

union of B(gf)a™! and (K\L) N M(gf)a~! where
(K\L) N M(gf)a" = (K\L) 1 Mg f)ag

If z € B(gf)a™!, then

and if z € (K\L)N M (gf)a™!, then

z(a- By = ((ﬂf&K)g)EK = xaKgK
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where the second equality follows from

—_~—

z(a- By =z(a- Pk

= 20K Pk

The domain of ays - By is M(gf)ay; = M(gf)a~. Thus, (a-B)y and ayy - By have

the same domain. If x € B(gf)a™", then clearly

z(ampBu) = ((xan)g)Bu

If v € (K\L)N M(gf)a™", then

(o - Bur) = ((vak)9) B = v B

where the second equality follows from

zag € (K\L)N Mgf,
9f. 9 € Bjk,
rag < jkin K,

rag < fg <gin M.

We conclude that indeed (o - B)p = any - By for every a, 8 € Ty, thus Ty — T,
a — ayy is an embedding.

In order to show the remaining part of the statement (ii) it suffices to show that
kp is the restriction to T’y of kys, when identifying 7'5 with its image under the above
considered embedding. Therefore, given any «, 5 € T 5, we need to show that axpf if

and only if aprpBry. Again welet ao: Be — Bf and f: Bg — Bh with e € B;, f € B;,
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g € Bi, and h € B; where 1,7, k,l € L. We have

akpf < eRg and fLh in B,a =
s f=handa=j
& f=hand ax = Br
& eRg and fLhin M and &y = By

S apykvBu

since ax = ay and B = BL The proof of statement (ii) is complete.

We proceed to prove statement (iii) of the lemma. Therefore, let v be an automor-
phism of the right normal band B and 7 the automorphism of L induced by ~. By
Lemma 3.1.1 there exists an extension vx of 7 and an embedding AutL — AutK which

maps 7 to Yx. We define vy, : M — M by:

xyy =xyifxr e B

= a7 if x € M\B.
It is now routine to verify that vy, is an automorphism of M and that AutB — AutM,
v — v is an embedding of groups. O

Construction 5. We let B be a right normal band. Let B = By, By, ..., B, ... be right
normal bands such that for every ¢ < w, B;; is constructed from B; in the same way as

M was constructed from B in the proof of Lemma 3.1.2. Let

0; :B; = B,

R

:IBi — IBiJrN

Ti :TBZ- — TBi+17

0; Auth — AutBZ»H
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be the embeddings which correspond to the embeddings described in the statement of

Lemma 3.1.2 and its proof. Let

M=|]JB, o0=J6

<w <w
r=Ur, r=Un o=Ue
<w <w <w

Theorem 3.1.3. Let B be a right normal band. Then there exists an embedding 0 : B —
M of B into a uniform right normal band M such that BO is a filter (for the natural

partial order) of M, and such that

(i) every partial isomorphism o : Be — Bf of B can be extended to a partial isomor-

phism apy : Me — M f of M such that the mappings

T:Tp— Ty, o — Qyy,

T Ijb-—%]}4, a — Qg

are embeddings and the diagram

kp kg _
T, —2~Ty a—2 g
Tl LT T‘ JT
Lyy——Tu ; Qp — > Qy
R K

commutes,

(ii) every automorphism v of B can be extended to an automorphism vy of M such

that

o: AutB — AutM, V= Y

embeds AutB isomorphically into AutM .

Proof. Welet M, 60,7, 7, and o be as in Construction 5. By Lemma 3.1.2 and Construction
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5, M is the direct limit of the directed system (B;, ;) of right normal bands B;, i < w,
therefore M is again a right normal band and 6 is an embedding. From Lemma 3.1.2 we
have that B;0; is a filter of B;,; for every i < w, hence Bf is a filter of M.

For any ¢ < w and o € T'p, define ap,,, inductively by : ap, = «, whereas ap,,, is
obtained from ap, in the same way as a); was obtained from « in the proof of Lemma
3.1.2. Also put ap; = (Jap,. An inductive argument using Lemma 3.1.2 and its proof
shows that Ty — T’ , @ — ap, is an embedding for every i < w, and 7 : T’y — Ty,
a — ayy is an embedding. Let L = Lo, Ly,..., L;,... be the structure semilattices of
B = By, By,...,B;, ... respectively: for each 1 < w, L;, is obtained from L; in the same

way as K was obtained from L in Lemma 3.1.1. Putting K = J._, L;, we see that K

1<w
is the structure semilattice of M. Given oo € T, let a € T}, be the partial isomorphism
of L induced by « and, for every i < w, let oy, = ap, be the partial isomorphism of L;

induced by ap,. Using induction we see that T, — T7,, @ — ay, is an embedding and

that

Ty,——=T; o—

T T

s ap, —> Q. = Qp,

—Bi TL'L 7

yields a commutative diagram. Putting ay; = ax = |J,., @r,, we then have that

T

_ Y

is a commutative diagram.

Let o, € Tz with a : Be — Bf and 3 : B¢ — Bh. Then, using induction and the
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details of the proof of Lemma 3.1.2, we have for ¢ < w that

akpf < eRg and fLhin B,a =
& f=handa=_
& f=hand day, =By,
& ¢Rg and fLh in B; and ap, = f5,

& apikB, BB,
hence

akpf & ankav b,
otherwise stated,

It follows that the diagram mentioned in the statement (i) of the theorem is commutative
and 7 : T — Ty, @ — @y is an embedding.
Let e, f € M. By Construction 5 there exists i < w such that e, f € B;, then (e, f) €

Up,,, by Lemma 3.1.2. Using Lemma 3.1.2 and induction we find that (e, f) € Up, for

i1
every i < j < w and also (e, f) € Uyp. Thus M is a uniform band.
Let v be an automorphism of B and let 7 be the automorphism of L induced by . Us-

ing Lemma 3.1.2 (iii) and induction we show that v can be extended to an automorphism

v, on B; for every ¢ < w such that
AutB — AutB;, v = Vg,

is an embedding. Putting vy = U, 75, it is now routine to verify that (ii) in the

statement of the theorem holds true. O
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Theorem 3.1.4. Let B be a right normal band. Every fundamental orthodox semigroup
which has B as its band of idempotents can be embedded into a fundamental right gener-

alized inverse semigroup.

Proof. Let S be a fundamental orthodox semigroup whose band of idempotents is B.
Then S can be embedded as a full regular subsemigroup into the orthodox semigroup
Tp. Using Theorem 3.1.3, we have that Tz can be embedded into the fundamental
orthodox semigroup T); whose band of idempotents is (isomorphic to) the uniform right

normal band M. Since M is uniform, it follows that T}, is bisimple. O]
We now give a two-sided version of Theorems 3.1.3 and 3.1.4.

Theorem 3.1.5. The statements of Theorem 3.1.3 are true when “right normal band”
1s replaced by “normal band” and “right generalized inverse semigroup” is replaced by

“generalized inverse semigroup.”

Proof. Let B be a normal band and L its structure semilattice. There exists a right
normal band B; and a left normal band Bs, each with the same structure semilattice
L, such that B is (isomorphic to) the spined product B; x By of By and By over the
semilattice L. We henceforth identify B with B; x Bs. Let M; be the right normal band
obtained from B; in the same way as M was obtained from B in the proof of Theorem
3.1.3 and M, be obtained from By in a dual way. Let K be obtained from L as in the
proof of Theorem 3.1.3. Then K is the structure semilattice of the right normal band
M, and of the left normal band M,. We let M = M; x M, be the spined product of M,
and Ms over K. Then M is a normal band which has K as its structure semilattice, and,
from Theorem 3.1.3 and its dual, it follows that M is uniform and contains B = By X By
as a subband and as a filter for the natural partial order.

Recall that for 7 = 1,2 and o; € T'p, a; € T denotes the partial isomorphism
of L induced by a; where Ty — T, o; — a; induces the least inverse semigroup
congruence on the orthodox semigroups T'p, ¢ = 1,2. The identification of B with

By x By leads us to identifying T’ with T % T'p, , the spined product of T'p and T'p,
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over Tp. Thus, T consists of the partial isomorphisms a = (ay,as) of B = By X By
where a3 = g in Tp. If (aq)y, is constructed from oy in the same way as aj; was
constructed from « in the proof of Theorem 3.1.3 and (a2) s, is constructed from s in a

dual way, then ap = ((1)r,, (@2)ar,) is a partial isomorphism of M = M; x My, where

—_—

(c1)ny = (a1)g = (o) = (a2)a,: here (aq)y, is the partial isomorphism induced by

(c1)a on K, (aq)k is the partial isomorphism of K obtained from a;q according to the

notation adopted in Theorem 3.1.3 and its proof, and the meanings of (as)y, and (as)x
follow by duality. Again, since Ty, = T'y, = T, is the spined product of Ty, and T,

over Tk, it follows from the above that

T: L5 — Ty, Q= (Ozlv OQ) - <<a1>M17 (a2)M2>

is an embedding.
We let a = (v, 2), B = (B1,82) € Ty = T x Ty, and accordingly ay =

((1)ars (@2)an ), By = ((Bu)an, (B2)m,) € Ty = Ly, ¥ Ly, We assume that
a:eBe— fBf, B :g9Bg— hBh

where e = (e1,e2), f = (f1,/f2), 9 = (91,92), and h = (hy,hy). We then have from

Theorem 3.1.3 and its dual,

ayky Py < eRg, fLhin M and ajyp = E\}

P e N

S er = g2, fr = hi, (1), = (02) s, = (B1) s, = (B2) s,
e =go, f1 = hi, (1) = () = (EI)K = (52)1(
S ey=go, fi=h,a = 251 Zgz

& eRg, fLh,a=f

< akpf.
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It follows that xp is the restriction to T'5 of k), so the diagram mentioned in Theorem
3.1.3 (i) is commutative.

Every automorphism v of B = B; X By can be written as v = (1,72) where for
i =1,2, 7 : B; — B is an automorphism: for e = (e,e2) € B, ey = (e171, €272)-
For i = 1,2, let (), be the automorphism of M, obtained from ~; as in the proof
of Theorem 3.1.3 (ii) and its dual. Then vy = ((v1)a,, (72) ) is an automorphism of
M = M; x My and AutB — AutM, v — 7, is an embedding by Theorem 3.1.3 (ii). O

Theorem 3.1.6. The statement of Theorem 3.1.4 is true when “right normal band”
1s replaced by “normal band” and “right generalized inverse semigroup” is replaced by

“generalized inverse semigroup.”

3.2 Extending partial isomorphisms

In this section we prove that every normal band B can be embedded into a normal band
B’ such that again T embeds into Ts and such that every partial isomorphism of B can
be extended to an automorphism of B’. We moreover prove that every automorphism of
B extends to an automorphism of B’. The results obtained in this section set the stage
for finding an interesting embedding of any normal band into a normal band with high
symmetry. We shall follow the same strategy as for Lemma 2 and Theorem 3 of [38],

though with considerable modifications.

Construction 6. Let B be a right normal band and L its structure semilattice.

Let a € Ry (as defined in Section 1.3.3), B/, an isomorphic copy of B, and B — B!,
e — ¢ an isomorphism. Here we may as well assume that B and B!, are disjoint. Let
(doma)’” be the image of doma under this isomorphism. We remove (doma)’ from B/,
and replace it by the isomorphic copy ima: for every e € doma, we replace €’ by ea. We
put B, = (B! \(doma)’) U (ima) and define a multiplication on B, in the same way as

in B!, under the provision that every element €', with e € doma, has been renamed ea.
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Then

a: B — B,, e— ¢ if e € B\doma,

e — eq if e € doma

is an isomorphism of B onto B, such that BN B, = ima, and such that a extends a. In
particular, if « € AutB, then B = B, and @ = «. We shall let ¢ stand for the identity
transformation of B and we thus have B = B, and 7 = ¢.

We shall do the above described construction for every ae € Ry, and, when doing so, we
may as well assume that if o« # §in Rp, then (B, \B)N(Bg\B) = (B, \ima)N(Bs\imfF) =
(). Thus for any a # in Ry, B,NBs = B,NBsNB = (B,NB)N(BzNB) = imaNim/

which may well be empty. We shall put BY = [ B,, and we proceed to define a

a€Rp
multiplication on B which will turn B® into a right normal band which contains B
as a subsemigroup. We will do this by specifying the R—relation, structure semilattice,
and partial order of BW.

We set out to construct the structure semilattice L) of our future right normal band
BW . This construction of LM parallels what we have done above.

Let (L, <) be the structure semilattice of B. Recall that for every a € Ry, a denotes
the oi-isomorphism induced by « on L and that both doma and ima are retract ideals
of L. For any a € Ry, let R/, [R.]| be the R-relation on B!, [B,]| and L, = B! /R,
[Lo = Ba/Ra) the structure semilattice of the right normal band B!, [B,]. In particular
R, is the R-relation on B. We will denote by ¢'R’,, [eR,] the R-class of €' [e] in B, [B,].

If B— B!

(o2

e — €' is the isomorphism considered before, then L — L/, eR, — 'R/, is
the induced semilattice isomorphism. As before we may as well assume that L and L/,
a € Ry are mutually disjoint.

For o« € Ry, let L — L, eR, — €'R., be the above considered semilattice homo-

morphism and (doma)’ be the image of doma under this isomorphism. Remove (doma)’

from L/, and replace it by the isomorphic copy ima: for every e € doma we replace 'R,
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by (ea)R,. Then, as before,

a:L— L, €eR, —€eR, if eR, € L\doma,

eR, — (ea)R, if eR, € doma

is an isomorphism of L onto L, such that L N L, = ima and & extends @.
We do this construction for every a € Rz and we may as well assume that L, N L =

ima, and, for a #  in Ry, we have that

(La\L) N (Ls\L) = (Lo \ima) N (Ls\B) = 0.

Thus for a # fin R, Lo N Lg = Lo, N LgN L =ima N img is a retract ideal of L.
We let L) = U, R, Lo and =, be the semilattice order on L, which corresponds to
the semilattice order < on L under the isomorphism &. We then put <M= U,¢ Ry Sa) @

relation on L),

Claim 3.2.1. < ig a semilattice order on L") which induces the semilattice order =<,

on each L,, o € Rp.

We do not want to interrupt our construction of the right normal band B®) and
shall therefore postpone the proofs of the above and subsequent claims. However, it
seems appropriate to remark here that the introduction of the notion of retract ideals is
essential to proving Claim 3.2.1.

In the following we consider the mapping
v:BWY - M) f = fRa, f € B,.

We hasten to show that this is indeed a well defined mapping. Suppose that for some
a# B, f € B,N B, then f € imaNimB C B and fR, = fR, = fRz in LM,

We let R™ be the equivalence relation induced on B by the above considered
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mapping v. The relation R will be the R-relation on our future right normal band

BW . The following claim gives a more explicit description of the relation R™.

Claim 3.2.2. The equivalence relation R consists of the pairs (7,ys) € B, x Bg for
a, 8 € Ry where either a = 8 and 2,Ry, or a # [ and for some z, € BN B, = im«

and zg € BN Bg =1mp, £, Ra2.R,28Rpys holds true.
Therefore,

Claim 3.2.3. R is the least equivalence relation on B which induces R, on each

B,, a € Rg.

On BM we introduced the equivalence relation R, and on LM = BM/RM) we
considered the semilattice order <™. For every a € Ry we let <, be the natural order
on B,, that is, the partial order which corresponds to the natural partial order < under

the isomorphism @ : B — B,. We put <= Uaer, <a- Then
Claim 3.2.4. < is a partial order on B" which induces <, on each B,,
and

Claim 3.2.5. For any r,7o € LW, r; <M ry in LY if and only if there exists o € Ry,

To <o Yo in B, such that ry = x,v, 19 = yav.

We shall identify B®/R®M with L)) and when doing so also identify the R("-class
2RW of x € B with zv. We take these R(M-classes to be right zero semigroups, and,
by Claim 3.2.3, they intersect each B, according to an R,-class, that is, a maximal right

zero subband of B,.

Claim 3.2.6. For 1 < 7y in L™ and y € BM such that yv = r, there exists a unique

x € BW such that z <) y and xv = ry.

Proposition 3.2.7. BM) = B(l)[L(l);Rf}), <W] is a right normal band which contains

each B, as an order ideal.
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Proof. Now for B we have a structure semilattice L), right zero bands RY for each
r € LW and a partial order <. From Claim 3.2.6 we see that <() is an appropriate
partial order in terms of Result 1.3.4 and therefore B = BO[LM: R <] is a right
normal band. That each B,, and in particular B = B,, is an order ideal of BM) for each

a € Ry then follows from Claims 3.2.1, 3.2.3, 3.2.4. m
We proceed to give a proof of the previously stated claims.

Proof of Claim 3.2.1. Let r; =M ry for some ry,7r9 € LY with ry € Lg. There exists
a € Rp such that ry <, . If o # 8, then ry € L, N Lg = ima N img which is a retract
ideal of L, L,, and Lg. The restrictions of <, <, and <z to this retract ideal are the

same. Therefore r; € Lg and r; < 5. We conclude that in any case,
r1 j(l) re,T2 € Lg = 11 =g 19.

In particular, <M induces the semilattice order < g on Lg.

If, for some ry,79,73 € LW, we have that r < 7y <) s where r53 € Lg for
some 3 € Rp, it then follows from the foregoing that r1 <z 7y <g r3, thus r; < r3, so
r1 =W ry. Therefore <) is a transitive relation. It routinely follows that <™ is reflexive
and antisymmetric and is therefore a partial order.

It remains to be shown that < is a semilattice order on L. That is, if r1,ry, € LM,
we need to prove that r; and r, have a greatest common lower bound for <) in L™,
First suppose that r1,79 € L, for some o € Ryz. Then any lower bound of r; or ry is
in L,. Therefore any common lower bound of 71,7, with respect to <) is a common
lower bound with respect to <, so the greatest common lower bound of r{,ry in L, is
the greatest common lower bound of 71,7y in LM, Next suppose that 1 € Ly, 79 € Lg
with a # . Then it follows that any common lower bound of r; and 7, must be in
L,NLg=1imanN img which is a retract ideal of L, L, and Lg. Let r3[ry] be the greatest
element of im@ M im/3 which is less than or equal to r1 [r5]: this element, r3 [r4], exists

because ima N img is a retract ideal of L, L,, and Lg. Now let r be the greatest common
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lower bound of r3 and 74 in L. Since ima N img C L, it now follows that the greatest

common lower bound of r; and ry in LW is r. O

Proof of Claim 3.2.2. Let f,g € BW such that fv = gv. There exist o, 3 € Ry such
that f € B, and g € Bg, then fR, and gR represent the same element of LY. Clearly
if « = 3, then fR,gin B,. We now assume that o # 3. By our construction fR, = gRp
is in ima N img C L, thus fR, = 2R, = gRs for some z € L. Therefore there exists
2o € ima and zg € imf such that fR,z.R,2R,25Rzg. Conversely, if fRy2aR.25R39
for some z, € ima and z3 € imf3, then fR,, 2R, 24R, and gRp represent the same

element of LW, so fv = gv. O
Claim 3.2.3 is an immediate consequence of Claim 3.2.2.

Proof of Claim 3.2.4. The proof here parallels the proof for Claim 3.2.1.

Let z <M g for some z,y € BY and y € Bg. There exists o € Rp such that 2 <, y.
If a # B3, then y € B, N Bz = ima Nimf which is an order ideal of B, B, and Bsz. The
restrictions of <, <, and <g to this order ideal are the same, then, in particular, x € Bg

and x <g y. In any case,
xg(l) Z/,QGBBZ>$ S,B Y,

so <W induces < on Bp.
If for some z,y, 2 € B we have x <M 3y <M zand 2 € Bg, then x <y <z z, by the
above, so x <g z and x <@ > Therefore <M is transitive. It is also routinely verified

that <M is antisymmetric and reflexive and is therefore a partial order on B @, O

Proof of Claim 3.2.5. It x, <, yo in B,, then z,v = £, Ro =X YyaRa = YoV in L,, thus
TV = Yov in the semilattice LY.

Conversely, suppose that 71,7, € L) such that 71 <) ry in L1, There exist a € Ry
and y, € B, such that ro = y,v = yoRa € L,. Thus r; = zv = 2R, for some z € B,

and TR, <o YaRe in the semilattice L, = B,/R,. In the right normal band B, there
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exists a (unique) z, such that 2R,z, and z, <, yo. Then z, <, vy, in B, such that

ToV =11 and YoV = 7. O

Proof of Claim 3.2.6. In view of Claim 3.2.5 we only need to prove uniqueness.

Let r; = 7y in LY and y € B! such that yv = ry. There exists a € Ry such that
y € B, and then ry = yR, € L,. As in the proof of Claim 3.2.5 there exists a unique
x € B, such that xzv = r; and © <, y in B,, where the uniqueness follows from the fact
that B, is a right normal band. Suppose that z € BV, zv = zv = r; and 2 < y. From

the proof of Claim 3.2.4 we have that
2<WyyeBy=2<ay,

so z € B,. Then, by Claim 3.2.3, xzv = zv implies Rz, so, in the right normal band

B,

TRz, <o, 2 <oy =1 =2

In the following we shall adopt the notation established in Construction 6.

Lemma 3.2.8. Let B be a right normal band and let B®Y be the right normal band
obtained from B as in Construction 6.

Then
(i) BY is a right normal band which contains B as an order ideal.

(ii) If a € Ry, then o can be extended to oi-isomorphisms &, ((a~1))™' € Rga) where

—

B C doma and B C im((a=1))7L.

iii) Fvery automorphism v of B can be extended to an automorphism vV of BV such
(iii) gl g

that the mapping AutB — AutBY, v — ~1) is an embedding of groups.
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Proof. (i) follows directly from Proposition 3.2.7 since B = B,.

We proceed to prove (ii). For @ € Ry we construct the isomorphism & : B — B,
which extends o as in Construction 6. Clearly @ is an oi-isomorphism of B" which
induces on L = BW/RM an oi-isomorphism @ where dom@ = L and ima = L,. In
order to show that & € Rgq), it suffices to show that doma = L and ima = L, are
retract ideals of L) = BW/RW . Since L = L, for the identity transformation ¢ on
B, it suffices to show that L, is a retract ideal of the semilattice L™ for any o € Rp.
Therefore, let i € LY and o € Rp. If i € Lg, then iL™ N L, = LMY = iL, is a
principal ideal of LW since L, is an order ideal of L. If i € Lz with a # 3, then
iLM) N L, = iLgN Ly =iLg Nima N img is a principal ideal of Lg and of LM since Lg
is an order ideal of L), img a retract ideal of Lz and ima N img a retract ideal of img :
We conclude that indeed L, is a retract ideal of L") and @ € Rpq). Similarly, (E*T) and
((/oz_\l))*1 belong to Ryza).

Clearly a extends a by Construction 6. Also, dom(E—T) = B and im(Z—T) = B,-1,

—

thus dom((a~1))™! = im(a~!) = B,-1 contains ima !

= domea. Let z € doma and za =

y. Then z = ya~!, so z = y((E—T)) since (E—T) extends a~!. Therefore y = m((Z—T))_l,

—

so ((a~1))~! extends a, as required. Also B = doma = im((E*T))_1 by Construction 6.

To prove (iii), let v € AutB. We define

—_

A1 B 5 ), r— z(@) H(a)) if v € By, € Rp.

We need to show that v(V) is a well-defined transformation of B, that is, if o # 3 in

— ~ —_

Ry and x € B, N Bg, then z(a) ' ((ay)) = z(8)"*((87)). Indeed, if this is the case, then

r € imaNimf C B, thus

() (o)) = za H((a)) since @ extends «

=rza "ay since ay € Rp and domay = doma



74

and, similarly, a:(g)*l((/ﬂ;)) = 77y, SO a:(a)*l((a)) =ay = :E(B)*l((ﬂ)), as required.
In particular, for every z € B = B,, 2y = x(@‘l(@) = 27, thus 7! extends . It is
now clear that if v # § in AutB, then ™) # 5.

We show that for v € AutB, vV is a permutation of BM). Certainly the restriction
of ¥ to B is the permutation v of B as we have seen. Let o € Rp. Since @ is an

-1

isomorphism of B onto B, which extends «, (@)~' is an isomorphism of B, to B which

restricts to the isomorphism a~! of ima onto doma and to a bijection of B,\B = B, \im«
onto B\doma = B\domay. Similarly, (E;) is an isomorphism of B onto B,, which
restricts to the isomorphism a7y of doma =doma~y onto ima~y and to a bijection of
B\doma = B\domay onto B\imay. We conclude that v(!) restricts to an isomorphism
of B, onto B,, which maps ima = B N B, isomorphically to imay = B N B,,, and
which restricts to a bijective mapping of B,\B = B,\ima onto B,,\B = B,,\imay.
Similarly, v~ € AutB and for every 3 € Ry, (1) restricts to an isomorphism of Bg
onto Bg,-1 which maps imf isomorphically to imfy~! = BN Bg,-1 and which restricts to
a bijective mapping of Bg\B = Bg\imf onto Bg,-1\B = Bg,-1\imBy~'. In particular,
for § = a, (7_1)(1) maps B, isomorphically to B,,,-1 = B,, imay isomorphically
to ima =imayy~!, and restricts to a bijective mapping of B,,\B = By, \imay onto
Buy-1\B = B,\ima. Therefore, for € B,, we have 2y (y 1)V = gqq7t = g if

x € B, N B = ima, otherwise, © € B,\B = B\ima and

= 2(@) (7)) (7)) ((ary ™))
— x(@)_la =X

Similarly, for every f € Rz and x € Bjg, x(,y—l)u),ya) = 2. We conclude that 7(1) and
(771)(1) = (7(1))’1 are pairwise inverse permutations of B.

We set out to prove that y(!) is an automorphism of BY). For any a € Ry, the

—_—

restriction of 4! to B, is (@)~'((ary)) which is the composition of the isomorphisms

—

(@)"': By, — B and (ay) : B — B,,. Therefore, the restriction of v to B, is an
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isomorphism of B, onto B,,. In particular, if 7R,y in B, then 27V R,,,yy), and if z <,
y in B,, then 271 <., yyV. Since the R-relation R on BW is the transitive closure
of U,e r, Ra, it follows that +1) maps RM-related elements to R(M-related elements.
Since the natural partial order <) on BW is given by (J,. g, Za, it follows that ~®
maps <(M-related elements to <(M-related elements. The same observations apply for
(vH = (yM)~L Therefore 2RWy in BY if and only if 2yMWRMyy™D in BY and
r <W gy in BMW if and only if 2y <M ¢4 in BM_ Since the multiplication for the
right normal band B™ is determined uniquely by <M and R™ it follows that 4! is an
automorphism of B,

We next show that AutB — AutBW, v — ~() is an embedding of groups. As
remarked before, this mapping is certainly injective, since v is the restriction to B of
7D for every v € AutB. Let 7,6 € AutB. We need to show that (y6)1) = ~MsM),

Therefore, let « € Rz and = € B,. Then

w7060 = (@) ((07))6"

— 2(a)" ((@)((@7) " ({@19) (since 27V € By,)

]

The proof of the following theorem follows the same argument as the proof of Theorem
3 of [38]. We shall need to return to the details of the proof when we prove a two-sided

version.

Theorem 3.2.9. Fvery right normal band B can be embedded as an order ideal and as

a subsemigroup into a right normal band B’ in such a way that

(i) every partial isomorphism « : B'e — B'f of B’ can be extended to an automorphism

o of B,
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(ii) every automorphism v of B can be extended to an automorphism ~' of B’ such that

AutB — AwtB’, v — «' is an embedding of groups.

Proof. We consider the sequence of right normal bands, B = B® BW ... B®
where B+ is constructed from B® in the same way as B( is constructed from B in
Construction 6. We let B = |J,_,, B® be the direct limit of this sequence, and it follows
from Lemma 3.2.8 (i) that B’ is a right normal band which contains every B as an
order ideal and as a subsemigroup.

Let a : B'e — B'f be a partial isomorphism of B’. There exists ¢ < w such that
e, f € BY and since B" is an order ideal of B, we have that B®e = B'e and BY f =
B'f. Therefore « is a partial isomorphism of B, and o € Rpu. We use Lemma 3.2.8

(ii) to construct o; € Rpi+y) inductively as follows:

Oy =
Qjp1 = @ if j is even,
ajpr = ((a; ')~ if 5 is odd.
We shall put o’ = J;_,, @;. Since by Lemma 3.2.8 (ii) we have

a=apCayC...Ca; C...Ca

and o € Rpuvy), it follows that o is a partial transformation of B’ which maps doma/
isomorphically onto ima/. If € B’, then for some i < i + j, « € BU). From
our construction of the a; and Lemma 3.2.8 (ii) we have that B9 C doma;,; and
B Cimaj,s, thus 7 € doma’ and x € ima’. Therefore doma’ = B’ = ime/, and ¢’ is
an automorphism of B” which extends a. We proved (i).

Let v € AutB. We use Lemma 3.2.8 (iii) to construct v; € AutBY) inductively as
follows: 9 = 7, and 7,4 is constructed from 7; in the same way as (1) is constructed

from v in the course of the proof of Lemma 3.2.8. We put ' = and find that +/

I<w Vi



7

is an automorphism of B’ which extends . Using an inductive argument it follows from

Lemma 3.2.8 (iii) that AutB — AutB’, v — 7/ is an embedding of groups. O]
Before we give a two-sided version of Theorem 3.2.9, we need the following.

Construction 7. Let B be a normal band with structure semilattice L. We shall assume
that B = By X B, is the spined product of the right normal band By and the left normal
band B, over the semilattice L. We let A; be a right normal band and A, a left normal
band such that A; — B, e — e¢* and By — A,, f — f* are anti-isomorphisms. We shall
assume here that A, N B; = 0 = A, N By, and we put C; = A; U By and Cy = Ay U Bs.
Thus the mapping * : Cy — (U5, e — e* is a bijection and the restrictions of * to A; and B,
are anti-isomorphisms. We define multiplication on C} in such a way that C; becomes a
right normal band which contains A; and B; as subsemigroups. In order to do so we need
to define an appropriate Green R-relation, R¢,, on C; and an appropriate natural partial
order <, on Cy. We simply put <g,=<4, U <p,, the (disjoint) union of the natural
partial order <4, on A; and the natural partial order <p, on B;. We let R, be the
equivalence relation on €} such that each R¢,-class is the (disjoint) union of an R-class
of A; and an R-class of By; more specifically, for e € A; and f € By we shall put eR¢, f if
and only if (f,e*) € By x By = B. One then introduces a multiplication on C} such that
<¢, becomes the natural partial order on C; and R¢, the Green R-relation on Ci: this
multiplication is uniquely defined, A; and B; are subsemigroups and order ideals of C',
and L is the structure semilattice of Ay, By, and (. In a left-right dual way we introduce
a multiplication on Cy which turns C'5 into a left normal band for which L is the structure
semilattice. We let C' = (7 x C5 be the spined product of € and Cs over L. Then C
is a normal band which contains B = B; X B as an order ideal and as a subsemigroup.
We see that * : C7 — Cs, e — €* is an anti-isomorphism of C onto C'5. This allows us to
define an anti-automorphism * : C' — C where (e, f*)* = (f, e*) for every e, f € Cy, with

eR¢, f. This anti-automorphism * is D-class preserving:(e, f*)*D(e, f*) in C.

Lemma 3.2.10. Let B be a normal band. Then B can be embedded into a normal band
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BW such that the assertions of Lemma 3.2.8 (i), (i), and (iii) are true when replacing

“right normal band” by “normal band.”

Proof. We let B = By x By and C' = (4 x (5 as in Construction 7. We construct C’fl)
from C; in the same way as B() was constructed from B in Construction 6, and we

construct 02(1) from C5 in a dual way. If § is an oi-isomorphism of C}, then £*, given by

domf* = (domp)* = {e*|e € domfS},

e*p* = (ef)* for every e € dom/,
is an oi-isomorphism of Cs, and
imB* = (imB)* = {e*|e € imB}.

Moreover, since L is the structure semilattice of both C} and C5 and, for every e € domg,
efs and e*5 = (ef)* correspond to the same element of L, we have that § and 5* induce
the same oi-isomorphism E = % on L. In particular, domg and img are retract ideals
of L if and only if domfﬁ\; and im/ﬁ: are retract ideals of L. It follows that Ry — R,
B — p* is a bijection. Following the notation of Construction 6 and its left-right dual
counterpart, for every 8 € Ry, and B : C1 — (C1)p,, the isomorphism which extends £,
we can extend the given * to * : (C1)s — (C2)s+ by putting (e(/@)* = e*(ﬁ/?) for every
e € (1. Then according to Construction 6 and its left-right dual, * : Cfl) — 02(1) is an
anti-isomorphism. The structure semilattice L) of C’fl) and C’él) is the same in view
of the above considered bijection R, — Rq,. We put B = C{l) X Cg(l), the spined
product of C’fl) and Cél) over LY. By Lemma 3.2.8 (i) and its dual, C = C; x Cy is a
subsemigroup and an order ideal of B! and since B = B; x B, is a subsemigroup and
an order ideal of C, it follows that B is a subsemigroup and an order ideal of BM. We
proved (i).

We set out to prove (ii). Therefore, let o € Ryg. If (e, f*), (e, f{) € doma with e € By,

fofi € Ay, and (e, fa = (¢, f*),(e, f{)a = (", f*), then, since (e, f*)L(e, f{) in B,
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(e, f5)L(e", fI*) in B, hence ¢’ = ¢”. From this and its dual, it follows that there exist
partial transformations oy and as of By and A; such that (e, f*)a = (eaq, (fas)*) for

every (e, f*) € doma. Since o € Ry, it follows that a; € Rp, ap € Ry, and o7 = ay =

a=a] = &V; the same oi-isomorphism induced on L. Further, doma =domay xdomas,
the spined product of doma; and domas over the retract ideal domay :domag of L,
and ima =imaj ximasj, the spined product of ima; and imaj over the retract ideal
ima; =imaj of L. It will be convenient to write a@ = (v, a3), since for any (e, f*) €
doma, we have (e, f*)a = (eaq, f*a3).

We have that oy U ap € R, and therefore also (v U ap)* = of Uas € R,.
With the notation of Construction 6 and its dual, ((al/L-J\ag)) : C1 = (C1)ayua, 1s an

oi-isomorphism of C’fl) which, according to Lemma 3.2.8 (ii), belongs to R and

051)7

((Oém)*) : Oy = (C2)(ayuag)- 1s an oi-isomorphism of C{V which belongs to Ecél).
We denote by @ the oi-isomorphism of B() = C’fl) X 02(2) such that doma = C' and such

that for every (e, f*) € C' = C} x Cy with e, f € C}, we have

— — —_—

(e, ) (@) = (e((an Uaz)), f*(((ar U az)*)).

Then @ induces an oi-isomorphism @ on the structure semilattice L") of BM) such that
doma = L is a retract ideal of L) and ima is the structure semilattice of (C1)ayUa s
(C) (a1uaz) and im@ = (C1)ayuas X (C2)(a1uas)» & retract ideal of L. Therefore, @ €

Rga and B Cdoma. For every (e, f*) € B, with e € By and f € A;, we have

— — —_—

(e, f*)(a) = (e((ar Uag)), f*(((a1 Ua)*)))
= (e(a1 Uag), f*(aj Uas))

—

( since ((o1 Uag)) extends o U ag
and (((a; U ag)*) extends (a; Uag)" = af Uas)

= (ear, fra3)

- (€7 f*)a7



80

—

therefore @ extends «. Similarly, ((/oFT))*1 € Rzw, B C im((a™1))7!, and ((a™1))™!
extends . We proved (ii).

To prove (iii), let v be an automorphism of B. As before, there exist automorphisms
v of By and 7, of Ay such that for every (e, f*) € B, with e € By and f € Ay, we
have (e, [*)y = (em, [*3) = (en, (f72)"). Then 7 Uy, € AutCy and (1 Uy)" €
AutCy. By Lemma 3.2.8 (iii) and its dual, both these automorphisms can be extended

to automorphisms (7, U72)® and (3 U~a) @ of 1Y and C{V| respectively. Define

V0 BO oM o)

* * * 1
(@, 0) = (21 U)W, " (mU)' D), z,yect,

Following the details of the constructions of (73 U7)® and (y; U y2) M as outlined in
the proof of Lemma 3.2.8 (iii), a lengthy but routine verification shows that v(!) maps

BW onto itself and is an automorphism of B™M) which extends vy = (71,73). O]

Using Lemma 3.2.10 we are now in the position to prove the following theorem. The

proof of Theorem 3.2.11 is otherwise verbatim the proof of Theorem 3.2.9.

Theorem 3.2.11. The statements of Theorem 3.2.9 are true when “right normal band”

15 replaced by “normal band.”

We conclude this section with some remarks about the constructions. The first remark
concerns the use of retract ideals in Construction 6, and the second remark explains why
Construction 7 was necessary at all.

The construction of B from the right normal band B in Construction 6 is an ana-
logue of the corresponding construction of the semilattice L) from the semilattice L
in [38]. The latter one needs partial isomorphisms only. In both situations we want
to extend a partial isomorphism of the given band B or semilattice L to an appro-
priate oi-isomorphism of the larger B or L™ which contains B or L in its domain.
For a semilattice L one can restrict oneself to partial isomorphisms only because every

oi-isomorphism of the L™ in [38] which has domain L can be extended to a partial iso-
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morphism of L") which has domain L'. This, however, cannot be done when we instead
start with a right normal band B which is not a semilattice, because in this case B is
not a normal band anymore. We nevertheless want to construct a right normal band B®"
which contains B as an order ideal and as a subsemigroup. Thus the structure semilattice
of B should be an ideal of the structure semilattice of B(M. It is therefore natural to
make use of the concept of a retract ideal, since this concept is an essential tool in the
construction of ideal extensions of semilattices (see [48]).

Construction 7 appears to lead to a roundabout way to obtain the two-sided version
in Theorem 3.2.11. However, given B as the spined product B = B; x B, of the right
normal band B; and the left normal band B over the semilattice L and Bg) and Bél)
constructed from B; and B, following the procedure of Construction 6 and its dual, it is
in general not possible to form the spined product of B}l) and Bgl) since these two need

not have the same structure semilattice.

3.3 Normal bands with a transitive automorphism group

In this section we combine the results obtained in Section 3.1 and 3.2 to prove our main

result.

Theorem 3.3.1. FEvery normal band B can be embedded as a subsemigroup and as a
convez subset (for the natural partial order) into a normal band N which has a transitive

automorphism group and such that

(i) N is a right normal band [left normal band, semilattice] if the same holds true for
B

)

(ii) every partial isomorphism ap : eBe — fBf of B can be extended to a partial
isomorphism ay : eNe — fNf of N in such a way that the mapping Tg — Ty,

ag — ay is an embedding of Ty into Ty,

(11i) every partial isomorphism of N can be extended to an automorphism of N,
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(iv) every automorphism vp of B can be extended to an automorphism yn of N such

that AutB — AutN, yg — vy is an embedding of groups.

Proof. If B is a semilattice, then the statement is precisely the statement of Theorem 4
of [38]. The proof for the remaining cases is similar to the proof given for Theorem 4 in
[38] and is now based on the main results obtained earlier in Sections 3.1 and 3.2. If B
is a right normal band, then we use our Theorems 3.1.3 and 3.2.9. If B is a left normal
band, then the proof follows by duality. For the two-sided version we shall apply our
Theorems 3.1.5 and 3.2.11. We shall give a proof for the two-sided version only.

We let B be a normal band and we consider the sequence of normal bands

B = By, My, By, My, ....B;, M, ...

where for every j, M; is constructed from B; in the same way as M was constructed
from B in Theorem 3.1.5 and B, is constructed from M; in the same way as B’ was
constructed from B in Theorem 3.2.11. We let N be the direct limit of this sequence.
When identifying each member of this sequence with the corresponding subsemigroup
of its successor, we may as well assume that N = {J,_, B; = U, M;. It immediately
follows from Theorems 3.1.5 and 3.2.11 that N is a normal band which contains B as a
subsemigroup and as a convex subset.

Let ; be an automorphism of B;. By Theorems 3.1.5 (ii) and 3.2.11 (ii), 7; can be
extended to an automorphism of M; which in turn can be extended to an automorphism
7;j+1 of Bj such that AutB; — AutBj 1, v7; — 7,41 is an embedding of groups. Continuing

in this way we construct a sequence

Vis Vi1 - - Vitks - - -

where v, € AutBj . Then (J,_, vj+r € AutN and AutB; — AutN, v; — U, Vitk

is an embedding of groups. In particular, every automorphism yg = vy of B = By can be
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extended to an automorphism vy = (J,., 7% of N such that AutB — AutN, v — vy
is an embedding of groups. We proved that (iv) is satisfied.

Let a; be a partial isomorphism of B;. Then «; can be extended to a partial isomor-
phism of M; by Theorem 3.1.5 (i) and this partial isomorphism of M; can be extended
to an automorphism +, 41 of B,41 by Theorem 3.2.11 (i). Thus by the result obtained in
the previous paragraph, «; can be extended to an automorphism of N. In particular we
proved (iii).

Let e, f € N. There exist j < w such that e, f € B;. By Theorem 3.1.5, M; is
uniform, so there exists a partial isomorphism of M; which maps e to f. This same
partial isomorphism of M, is also a partial isomorphism «;4, of Bj4; since, by Theorem
3.2.11, M; is a subsemigroup and an order ideal of B;;. By what we have seen above,
a1 extends to an automorphism v of N. Hence since ea;y1 = f we have that ey = f
for some v € AutN. We proved that N has a transitive automorphism group.

Let o be a partial isomorphism of B;. By Theorem 3.1.5 (i), a; can be extended to
a partial isomorphism of M;, and this very same partial isomorphism of M is a partial
isomorphism «;1; of Bjy; because M; is a subsemigroup and an order ideal of B;i; by

Theorem 3.2.11. Continuing in this way we construct a sequence

Qg Ojt1y e v vy Qjitky Otk - -

where for some e, f € Bj, a; : eBje — fB;f and ajix1 : eBjiprie = [Bjjerif
is a partial isomorphism of Bj41 which extends ajyi @ eBjire — fBjirf. Putting
o = U, @j+x we have that o : eNe — fNf is a partial isomorphism of N which
extends «;. From Theorems 3.1.5 (i) and 3.2.11, an inductive argument shows that

Iy, =T

1Bk Qi —> Qg
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and

I, — Tp,,,, Q; — Qjqp
are embeddings, and that consequently
Tp, — Ty, a; —
and
Tg, — T, a; —a
are embeddings. In particular, for j = 0 the statement (ii) follows. [

In view of Theorem 3.3.1 there now is an obvious analogue to Theorems 3.1.4 and 3.1.6
that every fundamental [left, right] generalized inverse semigroup can be embedded into
a bisimple [left,right] generalized inverse semigroup which has a transitive automorphism
group. The particular case where S is an inverse semigroup has given rise in [40] to
some interesting division theorems for inverse and locally inverse semigroups. It is likely
that the embedding theorems for normal bands that we have considered here may lead to
interesting division theorems for generalized inverse semigroups or, in general, for regular

semigroups whose idempotents generate a normal band of groups.



Chapter 4

Uniform Bands

In this chapter we will show every band B can be embedded into a uniform band B’
such that B and B’ generate the same band variety. We also show that every orthodox
semigroup S can be embedded into a bisimple orthodox semigroup S’ such that the bands
E(S) and E(S’) generate the same band variety. Note that in Chapter 3 we showed this
result for normal bands. That is, the results of this chapter can be specialized to show
the results in Section 3.1. We have retained Section 3.1 because we use specifics of the
embedding written there in Section 3.3.

In the following we recall the relevant facts. Every semigroup can be embedded
into a bisimple semigroup [54] (see also §8.6 of [4]) and every inverse semigroup can be
embedded into a bisimple inverse semigroup [57]. In fact, every inverse semigroup can
be embedded into a bisimple inverse semigroup which has no nontrivial congruences [27].
In particular, every semilattice can be embedded into a uniform semilattice and every
fundamental inverse semigroup can be embedded into a bisimple fundamental inverse

semigroup. We shall generalize the latter results for orthodox semigroups.

4.1 An embedding of bands

Let B be a band. We denote by B° the band B with an eztra zero 0 adjoined: 0 ¢ B,
and a0 = Oa = 0 for every a € B. N = {0,1,...} is the set of natural numbers and Z*
the set of positive integers.

The power (B°)N*B consists of all the mappings « : N x B — B? endowed with a

W

pointwise multiplication. We denote this multiplication by and define it as: for any

85



ay,ay € (BOYNB ay - ay € (BY)N*B such that, for any (i,e) € N x B,

(i €)(n - ag) = ((i, €)an) ({1, €)2)
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is the product of (i,e)a; and (i,€)as in BY. We let B; be the set of all a € (BY)N*5

satisfying the following conditions:

(7) (0,e)a = (0, g)x for all e, g € B,

(i) (i,e)a <ein B  foralle€ B,i € Z",

(i11) (i,e)a # e  for only finitely many (i,e) € Z" x B.

It is easy to see that (B®)¥*F is a band, and B; a subband of (B°)N*5.

For every e € BY we let ¢, € B; be defined by

(0,9)ec =€ for every g € B

(i,9)€c =g for every (i,g9) € Z" x B

Lemma 4.1.1. (i) The mapping

t1: B — By, e — €

s an embedding of bands.
(ii) For every e € B°, €.Bie. consists of the a € (BY)N*B such that
(a) (0,e)a = (0,9)a < e in B° for every g € B,
(b) (i,9)a < g for every (i,g) € Z'T x B,
(c) (i,9)a # g for only finitely many (i,9) € Z* x B,

(11i) By is a filter of B;.

(4.1)

(4.3)

Proof. The proof follows a routine verification. We provide some details concerning (iii).
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Therefore, let e € B, @ € By and suppose that €, < « in By. Let (0,e)a = (0,9)a = f
for all g € B. Then e = (0,e)e. < (0,e)a = f in B°, hence f € B. Further, for
every (i,g9) € ZT x B, g = (i,9)e. < (i,g)a, whereas (i,g)a < g in B°. Tt follows that
(i, 9)a = g for every (i,g) € Z* x B. Thus, o = ¢; € Bu;. ]
Lemma 4.1.2. (i) For every e € B, let the mapping ¢, : €.Bie. — €9Biey be given

by: for a € €.Bie,

(0,9)(ape) =0 for every g € B,
(i,e)(ape) = (i —1,e)a  for everyi € Z*,

(1, 9)(ape) = (i, 9) for everyi € Z" and g # e in B.

Then . is a partial isomorphism which maps €. Bie. 1somorphically onto €yBi€q.
(i) Let 0 : eBe — gBg be a partial isomorphism of B. Then the partial isomorphism

17100 ¢ eo(Bu)e. — €,(Buy)e, of By can be extended to a partial isomorphism

0 : e.Biec — €,B€g.
(ZZZ) (BLl) X (BLl) - uBl'

Proof. (i) Using Lemma 4.1.1 (ii), one routinely verifies that for every o € €. Bje. we have
that ap. € €9Bieg. We prove that ¢, is one-to-one. If ay, s € €.Bie. and (i,e)ay #
(i,€)aq for some i € N, then (i+1,e)(a, pe) # (141, e)(azpe). Furthermore, if (i, g)a; #
(i, g)ag for some i € ZT and g # e in B, then (i, g)(a10.) # (i, 9)(azp.). We next prove

that ¢, is onto. Therefore let 3 € €yBiey. Define a € (BY)N*E by :

(0,9)a = (1,¢)8 for every g € B,
(i,e)a = (i+1,¢e)p for every i € N,

(i,9)a = (1,9)8 for every ¢+ € Z* and g # e in B.

One verifies that o € €. Bie. and ap, = 5. We conclude that ¢, is a bijection of

€. Bie. onto €y Be€p.
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In order to prove (i) it suffices to prove that ¢, is a band homomorphism. Therefore,

let oy, an € €.Bye. and let us calculate (o - an)pe and (a1p.) - (aap.): for any g € B,

(0,9)((a102)e) = 0 =00

= (Oag)(<a1§0e> ) (aQSOe))v

for any ¢ € Zt,

(4, e)((a1 - ag)pe) = (i — 1,e) (a1 - az)

= (i, e)((arpe) - (a2pe)),

and for every i € Z* and g # e in B,

(4, 9) (a1 - az)pe) = (i, g)(ara2)

= (6, 9)((onpe) - (@2pe))-

Therefore (o - ag)pe = (1¢¢) - (a2pe) and we conclude that @, is a partial isomorphism
of Bl-
(ii) For the partial isomorphism 6 : eBe — gBg of B, define 0; : €.Bie. — €,B1¢, by:

for a € €.Bi€., ab is given by

(0,9)(aby) = ((0,9))d for every g € B,

(i,9)(aby) = (i,9)a  foreveryie€Z" g€ B. (4.4)

Using Lemma 4.1.1 (ii), one routinely verifies that #; is a partial isomorphism of B;.

Further, if €; € €. B¢, that is, f € eBe, then

(0,9)(ef01) = ((0,9)er)0 = fO for every g € B,

(i,9)(ef01) = (i,9)ef =g for every i € Z*,g € B,
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thus €0, = €s9. Therefore ¢, extends Lflﬁol.
(iii) From (i) it follows that e.Up, €y for every e € B. Therefore (Biy) x (Bty) C

Us,. O

We consider the sequence of bands

B =By, B,...,B; Bj,... (4.5)

and embeddings ¢4, : B; — Bj;1 where Bj;; is obtained from B as in the foregoing
discussion, and the embedding ¢;, is defined along the same lines as ¢; : B — B; was
given by (4.3). We thus obtain a direct family of bands B;, j < w, and we let B’ be the
direct limit of this direct family (in the sense of §21 of [13]). For notational convenience
we shall identify B; with Bjij11. When doing so, we have that B’ = Uj<w Bj is a band
and the B; form a chain of subbands of B’. In the following we shall also consider the

sequence of sets

ZB:IBOvIBN"'7IBjasz+1w" (4~6)

of partial isomorphisms of the respective bands in (4.5). For 6; € T'p,, we denote by
Oipel B,., the partial isomorphism obtained from 6; in the same way as 0; was obtained
from 6 in (4.4). In view of the identification of B; with B, mentioned in the preceding
paragraph, we have 6; C 6,,; by Lemma 4.1.2 (ii).

If K is an algebraic class of bands which is closed under adding an extra zero, sub-
direct powers, and direct limits (see §20,21 of [13]) and B € K, then, if we follow the
construction of B’, we see that B’ also belongs to K. This is in particular the case if K

is a variety of bands which contains the variety of semilattices.

Theorem 4.1.3. Every band B can be embedded into a uniform band B’ such that B

and B' generate the same band variety.

Proof. If B is a rectangular band, we take B = B’ and the result follows. We henceforth

assume that B is not a rectangular band. Then the variety K generated by B contains
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the variety of all semilattices. Let B’ be constructed from B as described in this section.
Since B is a subband of B’ it follows from the remark made in the preceding paragraph
that B and B’ generate the same band variety K.

Let e,g € B'. There exists j < w such that e,g € B;_;. By Lemma 4.1.2 (iii) there
exists 0; € T, which maps eBje isomorphically onto gB;g. Consider the sequence of

partial isomorphisms

Gj Q 6j+1 g ce Q ej—&-k Q 9j+k+1 g R (47)

where, for 0., € T’y

e 0,+k+1 is obtained from 6}, as 61 was obtained from 6 in (4.4).

Put 0 = U, ., 0j+r Then 0 : eB'e — gB'g is a partial isomorphism of B, where eldp/g.

We conclude that B’ is uniform. O

We conclude this section with some additional properties which are satisfied by the

embedding of the band B into the band B’ in Theorem 4.1.3.
Theorem 4.1.4. Let B and B’ be bands, as in Theorem 4.1.3. Then

(i) if B is not a rectangular band, then B’ is countably infinite if B is finite, otherwise

B and B' have the same cardinality,
(ii) B is a filter of B,

(11i) every endomorphism v of B can be extended to an endomorphism ~' of B' such that
EndB — EndB’, v — v is an embedding of endomorphism monoids which induces

an embedding AutB — AutB’ of automorphism groups,

w) every congruence p on B is the restriction to B of a congruence o' on B’ such that
Y g P g P
ConB — ConB’, p — p' embeds the congruence lattice of B as a complete sublattice

of the congruence lattice of B'.

Proof. (i) This property is guaranteed by the condition (4.1) (iii).

(ii) This property follows from Lemma 4.1.1 (iii).
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(iii) In the following we adopt the notation of Lemma 4.1.1. For 7 € EndB, let
U e — €y be the corresponding endomorphism in Bty. This endomorphism of By

can be extended to the endomorphism v, of By where, for every a € By, a7, is given by

(0, 9)(ay) = ((0,g9)a)y for every g € B such that (0,g)a # 0

(1,9)(am) = (i, 9)x otherwise.

It should be clear that EndB — EndB;, ¥ — 7, is an embedding of endomorphism
monoids. If we adopt the convention that B is identified with its isomorphic image By,
then v C ~; for every v € EndB. We note that if v C AutB, then v; € AutBj, thus
AutB — AutB;, v — 71 is an embedding of automorphism groups.

We now consider the sequence (4.5) of bands B;, j < w, whose direct limit is B" and

the corresponding sequence

EndB = EHdB(), EHdBl, ce ,EndBj, EndBj+1, PN

of endomorphism monoids. For v € EndB, we construct the v; € EndB; inductively by

Yo =

741 s constructed from 7, as 7y, is constructed from +.

We thus obtain a sequence of endomorphisms

T=%CENE S EYE

and we put v = i<wVj- One verifies that 7" € EndB’ and EndB — EndB’, v — 7/ is
an embedding of endomorphism monoids.
(iv) The proof of (iv) follows the same lines as the proof of (iii). We only indicate

here how to construct p; € ConB; from a given p € ConB. For aj,as € By we put
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(v, ) € py if and only if

((0,9)a1,(0,9)az) € p for every g € B with (0, g)oy # 0 # (0, g)a,

(1,9)c0 = (1, 9) e otherwise.

]

Following our procedure for constructing the uniform band B’ from the band B, one
can set up a faithful functor from the category of bands to the category of uniform bands

in a straightforward way. We refrain from exploring this line of investigation here.

4.2 An embedding of orthodox semigroups

For any band B, we adopt the notation of Section 4.1: Bj is the band constructed from B
as in (4.1), and again we shall adopt the convention that in the sequence of bands (4.5)
we have B = By, B; C Bji1, and B' = Uj<w B; corresponding to the sequence (4.5)
is the sequence (4.6) of sets of partial isomorphisms of the respective bands of (4.5).
For 0; € T, let 0,1, € I'p,, be as in the sequence (4.7). Then, as in the proof of
Theorem 4.1.3, we put ¢; = U, ., 0j1x € T a partial isomorphism of B’ = |, _,, Bx. In

particular, any 6 = 0y € Tz = T’ extends to a partial isomorphism ¢' = Uf; € T'p,.

Lemma 4.2.1. Lete, g € B;. Define (e, g) inductively by: ;41 (e, g) is obtained from
mik(e,g) as by € Ty is obtained from 0 € Ty in (4.4). Then 7'(e, g) = Uy, Tix(e, g9) €

T 5 where

(e, g) : egeB'ege — gegB'geg, d — gdg.

Proof. The proof easily follows from an inductive argument and the details of (4.4). O

We now have
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Lemma 4.2.2. For any j, k, and 0; € Ty, let 0 € Ty, be inductively defined by:

00 = 0},
0 k+1 € IBj+k+1 is obtained from 6, € IBj+k

as 0y is obtained from 0 as in (4.4).

Then

is an embedding of (Lp,,-) into (Lg,,, ).

Proof. The proof follows from Lemma 4.2.1 and the details of (4.4). O
Lemma 4.2.3. With the notation of Lemma 4.2.2, 0; € ZB],, and 03 = Upew Uik, we
then have

is an embedding of (L, ,") into (L', -).
Proof. The proof follows from Lemma 4.2.1 and a direct verification. m
From Lemma 4.2.2 and 4.2.3 then follows

Corollary 4.2.4. The direct limit of the directed system of orthodox semigroups (IBj+k, )
given by (4.8) is an orthodox subsemigroup of (Ig:,+), and the mapping (4.9) embeds each

orthodox semigroup (L., ) isomorphically into the orthodox semigroup (Lp,-).

Proof. That each (I'g,, ") is a subsemigroup of (I'p/, -) follows from Lemma 4.2.3. It then

follows that direct limit of the (I ,,,-) is a subsemigroup of (Zp/, ). O

Using Lemmas 4.2.1, 4.2.2, we obtain the following in sequence.
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Lemma 4.2.5. For any j,k < w,

(i) for every o;,0; € T'p,

0 kRkjrklin € Ojrr1Kjrk+10) k41,

(it) for every o;,0; € T,

1ol
O'j/ijej = oK 9]-,

(iii)

Tk Tk
IB]’ éj TB]'+k 9.7 ; 0] k
’“‘El l”‘sﬂc ”El j"‘ﬁk
TB] Tj+k TBJ+k ) 9.] 7 6],]{)
(4.10)
and
Ty, —- Ty, 0 - 0]
n?l ln’h HEL l,{'h
— —
TB]. = TB/ s Qj 7- GJ
J
(4.11)
are commuting diagrams.
[

Therefore,

Corollary 4.2.6. The directed system of orthodox semigroups Ty, ., given by (4.10) is
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an orthodoz subsemigroup of T and the mapping 7, given by (4.11) embeds T, isomor-

phically into Ty. O
We mention the following intermediate result for clarity.

Proposition 4.2.7. Let B be a band which is not a rectangular band and S any funda-
mental orthodox semigroup such that E(S) = B is the band of idempotents of S. Let B’
be the band constructed from B as in Theorem 4.1.3. Then S can be embedded into the
orthodox semigroup Tg which is bisimple and fundamental where B and B' = E(Tp)

generate the same band variety.

Proof. We put B = By as in (4.5). Following Corollary 4.2.6, with j = 0, T can be
embedded into Tg. Since B = By = E(Tp) and B’ = E(Tp/), we have that E(Tp)
and F(Tp) generate the same band variety by Theorem 4.1.3. By Theorem 1.5 of [42],
there exists an idempotent separating homomorphism of S into Tz which induces an
isomorphism of bands. This homomorphism is one-to-one since S is assumed to be
fundamental. Thus, S embeds isomorphically into Ts/. The orthodox semigroup 7T is

bisimple and fundamental by Lemmas 1.8 and 6.4 of [42]. O

In order to prove our final theorem we will need the following well known lemma. We

provide a proof for completeness.

Lemma 4.2.8. If S; and Sy are fundamental orthodox semigroups, then S; X Sy is a

fundamental orthodox semigroup.

Proof. Suppose that (aq,as), (b1, bs) are p-related elements of S; x S5. Then a routine
verification using the description of the greatest idempotent separating congruence p
on an orthodox semigroup S (see Section 4 of [20]) shows that a;ub;. However, S; is
fundamental, so a; = b;. Similarly we have that a; = by. Hence p is the equality relation

on S; X Sy, so S7 x Sy is fundamental. O

The proof of the following theorem refers to the primary references, but it may be

useful to consult instead the survey paper [41] or [43].
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Theorem 4.2.9. Let S be an orthodox semigroup. Then S can be embedded into an
orthodox semigroup S’ which is bisimple and such that the bands E(S) and E(S') of
idempotents of S and S’ generate the same band variety. Moreover, if S is not a rectan-

gular group, then S’ can be chosen to be fundamental.

Proof. 1f S is a rectangular group, then take S” = S. We henceforth assume that S is not
a rectangular group, that is, the variety of bands generated by F(S) contains the variety
of all semilattices. By Proposition 4.2.7 it suffices to embed the given orthodox semigroup
S into a fundamental orthodox semigroup Sy whose band B = E(S)) generates the same
band variety as E(.5).

We let ) be the least inverse congruence on the orthodox semigroup S as described
in Section 6.2 of [22]. We next embed S/)Y into a fundamental inverse semigroup: this
can for instance be done using the Vagner-Preston representation which embeds S/Y
isomorphically into an appropriate symmetric inverse semigroup (see Theorem 5.1.7 and
Exercise 22 in Chapter 5 of [22]). We will denote the fundamental inverse semigroup
from this embedding as I.

Let u be the greatest idempotent separating congruence on S. From [6] and Section
6.2 of [22] it follows that p N ) is the equality on S. Therefore S can be embedded into
the direct product, Sp, of the fundamental orthodox semigroup S/u and the fundamental
inverse semigroup I. The band of idempotents of Sy is the direct product of the band
E(S) and the semilattice E(I), therefore E(S) and E(Sp) generate the same band variety.

That Sy is fundamental follows from Lemma 4.2.8. O



Chapter 5

Final Remarks

We now know more about £. In particular we know that &£ is a prevariety, but is not a
variety. Furthermore & is contained within the quasivariety determined by the implication
2% ~ x = y? ~ y, but it is still not determined whether this is a proper inclusion or if the
two coincide. This dissertation focuses on bands, so to answer the preceding question it
may be useful to look at idempotent free semigroups that are embeddable into semigroups
with high symmetry.

We then came up with examples of useful bands which had high symmetry. From
these examples we were able to make constructions which then gave us more bands with
high symmetry. Then we were able to show that all normal bands and all free bands are
embeddable into bands with high symmetry. Furthermore normal bands and free bands
within the complete sublattice of the lattice of variety of bands generated by the varieties
in the list (1.1) can be embedded into a band within the same variety which has high
symmetry. It is still left to be seen whether or not this holds true for free bands within
the varieties in the list (1.2).

Then we revisited normal bands. We already knew at this point that every normal
band was embeddable in a band with high symmetry, but here we wanted more than just
to show there was an embedding. We found a useful embedding that maintained much of
the structure of the original band. In particular, because we were able to embed the hull
of the original band into the hull of the new band, we were able to find an embedding of
any fundamental generalized inverse semigroup into a bisimple fundamental generalized

inverse semigroup. The embedding we constructed is similar to that found in [39]. The
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techniques there led to division theorems for inverse semigroups. It is hoped that future
research will be able to use the embedding from Chapter 3 to find division theorems for
generalized inverse semigroups as well.

In Chapter 3 our first major step toward finding a useful embedding of a normal band
into a normal band with high symmetry was to find an embedding of a normal band into
a uniform normal band. In Chapter 4 we were able to do this not just for normal bands,
but also for all bands. This embedding again maintained much of the structure of the
original band in that we had an embedding of endomorphism monoids and automorphism
groups. We also had an embedding of the hull of the original band into the hull of the
new band, and both bands were within the same band variety. This then allowed us to
expand upon our findings about generalized inverse semigroups. That is, we were able to
show that any orthodox semigroup was embeddable into a bisimple orthodox semigroup
in which the set of idempotents of both orthodox semigroups were in the same band
variety. Left open here is whether or not we can then extend partial isomorphisms into
automorphisms so that we can then have an embedding of any band into a band with

high symmetry.



Chapter 6

Index

6.1 Index of terminology

Amalgamation, 18
Band, 3
hull of a, 27
left [right] zero, 9
[left, right] normal, 12
[left, right]| regular, 12
rectangular, 8
semilattice, 9
Characteristic relation, 10
Compatible, 12
Convex subset, 20
Equational class, 7
Filter, 20
Fully invariant, 6
Green’s relations, 9, 24
Hasse diagram, 13
High symmetry, 3
Ideal
principal, 20
retract, 21
Identity, 6
Inverse, 23
Lattice of subvarieties, 6
Mal’cev product, 17
Natural partial order, 9
Order ideal, 20
isomorphism, 21

principal (local submonoid), 20

Partial isomorphism, 21
Prevariety, 4
Primitive, 8
Quasivariety, 5
Retract, 21
Semigroup

bisimple, 24
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cyclic, 2
free, 6
full regular subsemigroup, 27
fundamental, 27
idempotent free, 3
inverse, 23
[left, right] generalized inverse, 24
[left, right] rectangular group, 24
Munn, 27
orthodox, 23
regular, 23
Spined product, 11
Strong composition [Plonka sum]|, 13
Structure homomorphisms, 12
Structure semilattice, 10
Transitive automorphism group, 3
Uniform, 21
Uniformity relation, 21
Variety, 4
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6.2 Index of symbols

RNB

LNB

NB

RRB

LRB

ReB

(Ya8 8 <ain)
S[Y : Da, ¢a,p]
SlY : D,, <]
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semigroup generated by a, 2

closure of K under homomorphisms, 4

closure of K under subsemigroups, 4

closure of K under direct products, 4

semigroups embeddable into one with high symmetry,5
lattice of subvarieties of V, 6

set of idempotents of 5,8

natural partial order on E(S),8

Green relation £, for bands, 9, for orthodox semigroups, 24
Green relation R, for bands, 9, for orthodox semigroups, 24
Green relation D, for bands, 9, for orthodox semigroups, 24
composition of equivalences if p and 6 equivalences, 10
spined product, 11

the Mal’cev product of varieties if U and V are varieties, 17
principal order ideal generated by a, 20
uniformity relation on §,21

set, of oi-isomorphisms, 22

augmented hull of B, 25

hull of B, 27

variety of trivial semigroups, 15

variety of right zero bands, 9

variety of left zero bands, 9

variety of rectangular bands, 8

variety of semilattices, 9

variety of right normal bands, 12

variety of left normal bands, 12

variety of normal bands, 12

variety of right regular bands, 12

variety of left regular bands, 12

variety of regular bands, 11

a transitive system of homomorphisms, 12

a strong composition of rectangular bands, 13

a strong composition of rectangular bands, 13
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