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computed using d = 3Å; while B and β are computed for Z = 3 and
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Abstract

A fundamental theory of the electronic and optical properties of semiconductors

shows the importance of impurities, which are often unavoidable and can alter in-

trinsic properties of semiconductor materials substantially. While the subject of

impurity doping is well understood in bulk semiconductors, the role and impact of

doping in low dimensional materials like carbon nanotubes is still under investiga-

tion and there exists significant debate on the exact nature of electronic impurity

levels in single-walled carbon nanotubes associated with adatoms. In this work, we

address the role of impurities in single-walled carbon nanotubes. A simple model is

developed for studying the interaction of bright (singlet) excitons in semiconducting

single-wall nanotubes with charged impurities. The model reveals a red shift in the

energy of excitonic states in the presence of an impurity, thus indicating binding

of excitons in the impurity potential well. Signatures of several bound states were

found in the absorption spectrum below the onset of excitonic optical transitions in

the bare nanotube. The dependence of the binding energy on the model parame-

ters, such as impurity charge and position, was determined and analytical fits were

derived for a number of tubes of different diameter. The nanotube family splitting

is seen in the diameter dependence, gradually decreasing with the diameter. By cal-

culating the partial absorption coefficient for a small segment of nanotube the local

nature of the wave function of the bound states was derived. Our studies provide

useful insights into the role of the physical environment (here, a charged impurity

atom) in the manipulation of the excited states of carbon nanotubes. We performed

very detailed calculations of the electronic and optical properties of carbon nan-

otubes in the presence of an immobile impurity atom, thus going beyond previous

many-body perturbation theory (MBPT) studies in which the carbon nanotubes

were considered in vacuum. This work elucidates the role of impurities in low di-

mensional semiconductors and provides further insights into the uniqueness of the

electronic and optical properties of carbon nanotubes which are viable candidates

for the next generation nanoscale optoelectronics applications.
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Chapter 1

Introduction

Single-wall nanotubes (SWNTs), tiny hollow cylinders of rolled up graphene sheets,

are quasi-one-dimensional (quasi-1D) structures, since their diameter, in the range of

one nanometer, is much smaller than the length, up to several hundreds micrometers

[1, 2]. Carbon nanotubes were discovered and first characterized in 1991 by Iijima

from NEC laboratories (Japan) [3]. This discovery was made possible thanks to

the use of state-of-the-art transmission microscopy. The first nanotubes discovered

were made of several concentric cylindrical-like shells regularly spaced by an amount

of about 3.4 Å as in conventional graphite materials. These multiwall nanotubes

(MWNTs) were first synthesized with diameters ranging from a few nanometers to

several hundred nanometers for the inner and outer shells, respectively. As for the

length, MWNTs extending over several microns are currently synthesized.

Shortly after the discovery of multiwall carbon nanotubes, single-wall carbon

nanotubes (SWNTs) were synthesized in abundance using arc-discharge methods

with transition-metal catalysts [4, 5]. A carbon nanotube made of a single graphite

layer (the graphene sheet) rolled up into a hollow cylinder is called a single-wall

nanotube. These tubes have quite small and uniform diameter, of the order of 1 nm

=10−9 m. Because of the small diameter of a carbon nanotube (∼ 1 nm) and the

large length-to-diameter ratio (> 104), carbon nanotubes are an important system

for studying one-dimensional physics.
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The discovery of SWNTs came after the popularity of buckyballs, another al-

lotrope of carbon with sixty atoms of carbon in a shell like a soccer ball. More

recently, graphene (single sheets of graphite) has been intensively studied. It was

isolated from graphite [6, 7] just a few years ago and this opened up a large field

of research for 2D atomic crystals. Graphene has unique electronic properties, such

as high mobility and interesting pseudo-relativistic physics which can be observed

for normal nonrelativistic velocities of charge carriers, making it attractive for both

its potential applications and its fundamental physics. SWNTs have the structure

of graphene, a honeycomb network of carbon atoms one atom thick, rolled up into

a seamless cylindrical tube. The electronic properties of SWNTs can be inferred

from graphene by means of the zone folding scheme. Unlike graphene which is a

zero band gap semiconductor, SWNTs can either be metallic or gapped semicon-

ductors depending on their chirality (orientation of the graphene lattice). Metallic

nanotubes have room temperature conductivities as good as or better than the best

metals, and some semiconducting tubes have mobilities higher than mobilities of

silicon MOSFETs [8].

SWNTs represent one of the best known materials for the study of 1D physics,

both from a theoretical and experimental viewpoint. The 1D nature of SWNTs

allows efficient and simple theoretical modeling. Furthermore, an increase in the

strength of Coulomb interaction (many-body effects) is observed in SWNTs . The

optical transition energies in SWNTs are sensitive to these Coulomb effects have

been studied in detail through fluorescence and Raman spectroscopy experiments

[9–11]. Although some aspects of the experiments can be interpreted within the

context of a simple, noninteracting electron model [12, 13], it has become increas-

ingly clear that Coulomb interactions also play an important role in determining the

optical transition energies. Thus Coulomb interaction, enhanced in 1D, determines

their electronic and optical properties. The Coulomb interactions (many-body ef-

fects) in SWNTs lead to band gap renormalization [14] and formation of strongly

correlated electron-hole pairs, i.e., excitons, [15–17] with binding energies of the or-

der of several hundred meV, much greater than in typical bulk (3D) semiconductors.
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Solid understanding of the optical properties of SWNTs may allow multiple appli-

cations in nanoscale electronics and nanophotonics, making them viable candidates

for next-generation nanoscale optoelectronics [18–23].

Both theoretical calculations and experimental measurements confirm that the

optical properties of SWNTs are dominated by excitonic effects. Different the-

oretical approaches have been used to investigate excitons in SWNTs, including

the variational solution [24], or Bloch equation (BE) method combined with the

tight-binding approximation (TBA) for nanotube single-electron band structure [16].

The most precision was achieved within ab initio approach combining the solution

of the Bethe-Salpeter (BS) equation with DFT GW -correlated quasiparticle ener-

gies [25–28]. The crucial role of excitons for SWNT absorption was confirmed in

two-photon experiments in 2005 [29, 30]. Since then the experimental studies on

excitons were extensive [31–35]. Various excitonic interactions, such as exciton-

phonon coupling [36, 37], exciton-plasmon coupling [38], interaction with external

electric and magnetic fields [39,40] have also been investigated.

Most recently the focus of research was on the interactions of excitons with

a single charge of mobile (or localized) electron/hole (thus forming a mobile or

localized three-body trion) and exciton interactions with a point charge impurity

ions [41–44]. A fundamental theory of the electronic and optical properties of semi-

conductors shows the importance of impurities, which are often unavoidable and can

alter intrinsic properties of semiconductor materials substantially. The single-layer

structure of SWNTs makes them extremely sensitive to the surrounding conditions

and provides a route for doping such as adsorption of molecules with high elec-

tron affinity and this can produce drastic changes in their optical properties [45–48].

While the subject of impurity doping is well understood in bulk semiconductors, the

role and impact of doping in low dimensional materials like carbon nanotubes is still

under investigation and there exists significant debate on the exact nature of elec-

tronic impurity levels in single-walled carbon nanotubes associated with adatoms.

In this thesis, we present a model for the interaction of excitons with an immobile

charge impurity adsorbed on a semiconducting SWNT. We demonstrate that this

interaction can induce exciton localization in SWNTs. We show that for a given
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SWNT, the degree of localization, as indicated by the red shift of the excitonic energy

level in a local vicinity of the impurity, depends on the effective charge (effective

valency) of the impurity ion, Z|e|, and the distance between the ion and SWNT, d.

Corresponding scaling laws with Z and d will be derived. Moreover, we discuss the

relevance of our approach for the theoretical computation of the absorption spectra

of carbon nanotubes in the presence of impurities.

The model can be applied to SWNT interacting with charged molecules/atoms

adsorbed on its surface [49, 50], to nanotube-lanthanide ion complexes in solutions

[51]. It is known that the ssDNA-wrapped tubes carry a significant surface charge

[52–54] due to ionization of the DNA backbone. Thus the model can be relevant

for interpretation of the optical shift of the excitonic frequency for the SWNTs

coated with DNA [55] (or other ionic polymer [56] or surfactant [57]), the effect

formerly attributed to unspecified solvatochromism [58–61]. We speculate that the

model can be also applicable to SWNTs placed on a silica substrate, as in the

vast majority of optoelectronic devices, because of significant density of the surface

states, readily ionized under ambient conditions. The model should also apply

to some cases of SWNT chemical functionalization. For example, divalent covalent

bonding was shown to preserve original pi-band structure of the SWNT while adding

charge groups placed very close to its surface [62].
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Thesis outline

This thesis is organized as follows:

• In Chapter 2, we review the basic properties of carbon nanotubes. It begins

with a discussion of carbon nanotube structure and basic concepts, followed

by electronic properties, including tight-binding approximation (TBA).

• In Chapter 3, we discuss the importance of Coulomb interactions (many-

body effects) in the electronic and optical properties of quasi-1D materials

like SWNTs. We describe how incorporation of Coulomb interactions into the

TBA leads to significant renormalization of the single-particle band structure.

Subsequently, we review the BS theory of excitons in SWNTs.

• In Chapter 4, we formulate the theory of interaction of exciton with charged

impurities in semiconducting SWNTs. Moreover, we discuss the numerical

solution of the impurity scattering equation for excitons. Subsequently, we

present results of the impurity binding energy as a function of model param-

eters.

• In Chapter 5, we discuss optical properties of doped SWNTs. We calculate the

absorption spectra of SWNTs in the presence of a single impurity and found

new features in the absorption spectra (red shifts of the absorption onset),

which we attribute to impurity-induced exciton localized states.

The flowchart below represents a summary of the stages involved in computing the

optical spectra of SWNTs in the presence of a single charged impurity.
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Figure 1.1: Flowchart outlining the various stages involved in computing the electronic
and optical properties of SWNTs in the presence of charged impurities.
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Table 1.1: Structural parameters, notations and useful quantities

Symbol Definition Units

aC−C C-C bond length nm

a lattice constant nm

a1, a2 basis vectors nm

b1,b2 reciprocal lattice vectors nm−1

Ch chiral vector nm

dt tube diameter nm

θ chiral angle

T translational vector nm

N number of sites in SWNT lattice

Nc number of unit cells in axial direction

B number of C atoms in supercell

L length of SWNT nm

(n,m) indices of a nanotube

γij real space tight-binding matrix eV

a†i electron creation operator

γ nearest neighbor hoping matrix

HTB(k) tight-binding matrix in k space eV

HTB(µ, k) rotated tight-binding matrix eV

B number of C atoms in supercell

µ azimuthal quantum number

k axial momentum nm−1

λ band index

ελµk single-particle dispersion eV

ψλµk single-particle wave function eV

ψsµk Bloch function eV

8



Table 1.2: Structural parameters, notations and useful quantities

Symbol Definition Units

Cλ
µk(s) tight-binding wave function coefficients

Eλµk quasiparticle dispersion eV

Σλµk self energy eV

v real space unscreened Coulomb potential eV

w real space screened Coulomb potential eV

V unscreened Coulomb matrix element eV

W screened Coulomb matrix element eV

κ environmental dielectric constant

ϵ(r, r′) dielectric function

ϵ effective dielectric constant

E0
g bare band gap eV

Eg renormalized band gap eV

U on site energy eV

S strength of Coulomb potential

e electron charge C

(B(n))† exciton creation operator

Q total momentum of exciton nm−1

Kd direct Coulomb matrix eV

Kx exchange Coulomb matrix eV

Kd1 intra valley direct Coulomb matrix eV

Kd2 inter valley direct Coulomb matrix eV

Ω
(n)
α (Q) exciton dispersion

A
(n)
α,Q(k) exciton wave function amplitude

Φ
(n)
α,Q(re, rh) exciton wave function in real space

ϕn(z) exciton envelop wave function
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Table 1.3: Structural parameters, notations and useful quantities

Symbol Definition Units

aB exciton Bohr radius nm

E electric field vector V m−1

Z effective charge of impurity ion

d distance of impurity ion above SWNT surface nm

HBS Bethe-Salpeter Hamiltonian eV

Hint exciton-impurity interaction operator eV

Ψ(i)(re, rh) exciton scattered state

C(i)
αnQ impurity wave function amplitude

E(i) impurity excitation energy eV

Snm
α,α′(Q,Q′) scattering matrix element eV

IE impurity binding energy meV

p⃗ electron dipole operator C m

η⃗ electric field polarization vector

Γ spectral broadening meV

αib(ω) interband absorption coefficient cm2

α0(ω) exciton absorption coefficient cm2

α(ω) impurity absorption coefficient cm2

ρ(ω) density of states

∆α(ω) differential absorption coefficient cm2

δ(x) delta function

α(z, ω) partial absorption coefficient cm2

ω photon energy eV

c speed of light m s−1

~ reduced Planck constant eV s

nb background refractive index
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Table 1.4: Structural parameters, notations and useful quantities

Symbol Definition

P (ω) electric polarization

χ(ω) optical susceptibility

I(z) electric field intensity

MnQ dipole matrix element in exciton picture

M (i) dipole matrix element in impurity picture

11



Chapter 2

Survey of carbon nanotubes and

their electronic properties

In this chapter, we review the basic properties of carbon nanotubes. It begins

with a discussion of carbon nanotube structure and basic concepts, followed by

electronic properties, including tight binding approximation and Coulomb (many-

body) contribution which leads to band gap renormalization.

2.1 Carbon nanotube structure

SWNTs are tiny hollow cylinders of rolled up graphene sheets. These tubes have

quite small and uniform diameter, of the order of 1 nm =10−9 m. Because of the

small diameter of a carbon nanotube (∼ 1 nm) and the large length-to-diameter ratio

(> 104), carbon nanotubes are an important system for studying one-dimensional

physics, both theoretically and experimentally. Thus in discussing the properties

of carbon nanotubes, it is assumed that the carbon nanotube is a one-dimensional

crystal with a translation vector T along the cylinder axis and a number of carbon

hexagons associated with the circumferential direction, indexed by the chiral vector

(Ch), as is shown on Fig. 2.1.
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Figure 2.1: An unrolled nanotube unit cell projected on the graphene layer. When the
nanotube is rolled up, the chiral vector Ch turns into the circumference
of the cylinder, and the translation vector T is aligned along the axis of
the cylinder, and θ is the chiral angle. The unit vectors (a1,a2) of the
graphene layer are indicated in the figure along with the inequivalent A and
B sites within the unit cell of the graphene layer given by a hexagon. In the
present example, a (4,2) nanotube is under construction. The unit cell of
the nanaotube is defined by the rectangle delimited by the vectors Ch and
T.

2.1.1 Nanotube geometry and the chiral indices

A single wall carbon nanotube (SWNT) is constructed starting from a strip of a

graphene layer (see Fig. 2.1) by rolling it up into a seamless cylinder [1]. The

nanotube structure is uniquely determined by the chiral vector Ch which spans the

circumference of the cylinder when the graphene layer is rolled up into a tube. The

chiral vector can be written in the form Ch = na1 + ma2, where the vectors a1

and a2 are unit vectors of the hexagonal honeycomb lattice (see Fig. 2.1) which

contains the two distinct carbon atom sites A and B. The values of n and m are

13



Figure 2.2: Atomic structures of (12,0) zigzag tubes, (6,6) armchair, and (6,4) chiral
nanotubes.

arbitrary integer numbers which uniquely characterize the nanotube structure. In

the shortened (n,m) form, the chiral vector is written as a pair of integers and the

same notation is widely used to characterize the geometry of each distinct (n,m)

nanotube [1].

This chiral vector Ch defines the circumference of the tube. The diameter dt of

the nanotube can thus be estimated from

dt =
|Ch|
π

=
a

π

√
n2 + nm+m2 (2.1)

where a =
√
3aC−C ≃ 0.249 nm is the lattice constant for the graphene layer and

aC−C = 0.144 nm is the nearest neighbor C-C distance. The chiral vector Ch

uniquely defines a particular tube (n,m) tube, as well as its chiral angle θ, which is

the angle between Ch and a1 (zigzag direction of the graphene sheet, see Fig. 2.1).

As one can derive from Fig. 2.1, the chiral angle θ can be expressed as

cos θ =
Ch · a1

|Ch||a1|
=

2n+m

2
√
n2 + nm+m2

(2.2)

As an example, the chiral vector Ch shown in Fig. 2.1 is given by Ch = 4a1 + 2a2,

and thus the corresponding nanotube can be identified by the pair of integers (n,m)
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= (4, 2). In general, the nanotube physical properties depend on how the graphene

sheet is rolled up, and from a symmetry point of view, two types of nanotubes can

be formed, namely the achiral armchair or zigzag tubes, and the chiral tubes. Using

the (n,m) scheme, the nanotubes are classified as chiral (0 < m < n) and achiral

(m = 0 orm = n), which in turn are known as zigzag (m = 0) and armchair (m = n)

nanotubes (Fig. 2.2).

2.1.2 Lattice vectors in real space

The geometry of the graphene lattice and the chiral vector determine not only the

diameter of the tube, but also the unit cell and its number of carbon atoms. The

smallest graphene lattice vector T perpendicular to Ch defines the translational

period T along the tube axis. The lattice vector T can also be expressed in terms

of the basis vectors a1 and a2 as T = t1a1 + t2a2. Using Ch ·T = 0, the expressions

for t1 and t2 are given by

t1 =
2n+m

NR

, t2 = − 2m+ n

NR

(2.3)

where NR is the greatest common divisor (gcd) of (2n + m) and (2m + n). The

length of the translational vector T is given by

T = |T| =
√
3a

NR

√
n2 + nm+m2 (2.4)

For armchair and zigzag achiral tubes, T = a and
√
3a respectively. The unit cell of

an unrolled nanotube on a graphene layer is a rectangle bounded by the vectors Ch

and T (see the rectangle shown in Fig. 2.1 for the (4,2) nanotube). The area of the

nanotube unit cell can be easily calculated as a vector product of these two vectors,

|Ch ×T| =
√
3a2(n2 + nm+m2)/NR. Dividing this product by the area of the unit

cell of a graphene layer |a1 × a2| =
√
3a2/2, one gets the number of hexagons in the

unit cell of a nanotube,

N =
2(n2 + nm+m2)

NR

(2.5)
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Figure 2.3: (a) Real space lattice of a graphene layer. The rhombus represents the
graphene unit cell with lattice vectors a1 and a2 delimiting it. Note that
this area encloses a total of 2 atoms, one A atom and one B atom. (b)
Reciprocal space lattice of the a graphene layer showing the unit vectors b1

and b2. Note also that the reciprocal space structure has two inequivalent
points K and K ′.

Accordingly, the number of carbon atoms in the unit carbon atoms per unit cell Nc

is given by

Nc = 2N =
4(n2 + nm+m2)

NR

(2.6)

For a (4,2) nanotube we have N = 28, so that the unit cell of the (4, 2) nanotube

(see the rectangle shown in Fig. 2) contains 28 hexagons, or 2 × 28 = 56 carbon

atoms. For armchair (n,m) and zigzag (n, 0) tubes, N = 2n.

2.1.3 Lattice vectors in reciprocal space

The graphene reciprocal lattice unit vectors b1 and b2 can be constructed from the

real space vectors a1 and a2 using the standard definition ai · bj = 2πδij, where

δij is the Kroneker delta symbol. In Figs. 2.3(a) and (b) we show the real and

reciprocal space lattice of a graphene sheet, correspondingly. Note the 30 ◦ difference

in orientation of the hexagons in real space with respect to those of the reciprocal
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Symbol Name Formula

a lattice constant a =
√
3aC−C ≃ 0.249 nm

a1, a2 basis vectors
(√

3
2
, 1
2

)
a,

(√
3
2
,−1

2

)
a

b1,b2 reciprocal lattice vectors
(

1√
3
, 1
)
2π
a
,
(

1√
3
,−1

)
2π
a

Ch chiral vector Ch = ma1 + na2 = (n,m)

dt tube diameter dt =
|Ch|
π

= a
π

√
n2 + nm+m2

θ chiral angle cos θ = 2n+m
2
√
n2+nm+m2

T translational vector T = t1a1 + t2a2 = (t1, t2)

NC number of C atoms per unit cell Nc =
4(n2+nm+m2)

NR

Table 2.1: Structural parameters for an (n,m) SWNT. Here, n,m, t1 ,t2 are integers and
NR = gcd(2n + m, 2m + n), where gcd(n,m) denotes the greatest common
divisor of (n,m).

space. In Table 2.1, we summarize the main structure parameters of an (n,m)

SWNT.

2.2 Electronic structure of SWNTs in tight bind-

ing approximation (TBA)

The TBA model Hamiltonian [1, 63] is given by

H0 =
∑
ij

γija
†
iaj (2.7)

where the summation on i, j runs over the total number of sites in the SWNT. The

total number of sites is given by N = NcB, where Nc is the total number of unit cells

in the SWNT crytal and B the number of carbon atoms in each unit cell, ai is an

electron annihilation operator at the atomic site i, γij = γ ≃ 2.9 eV is the hopping
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Figure 2.4: Unscrolled unit cell of a (3,0) SWNT

integral with the sum taken over nearest-neighbor carbon atoms in the SWNT, and

γ is approximately equal for all neighbors. Because of translation symmetry, the

Hamiltonian H0 which originally is an N ×N matrix can be reduced to form

HTB(k) =
∑
s,s′

γs,s′(k)a
†
skas′k (2.8)

where the summation on s, s′ now runs over the number of atoms in the unit cell

B. The Hamiltonian HTB includes connectivity information for the carbon atoms

of the unit cell and has dimension B ×B. For realistic SWNTs, the matrix of HTB

is very large. The (3,0) SWNT is perhaps unrealistically narrow, but it has a small

enough unit cell to readily demonstrate the form of HTB. In Fig. 2.4, we show the

unscrolled unit cell of a (3,0) nanotube. It has 12 atoms in the unit cell and thus
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Hamiltonian HTB for this tube is a 12× 12 matrix:

HTB(k) = γ



0 0 0 1 1 0 0 0 0 e−ikT 0 0

0 0 0 0 1 1 0 0 0 0 e−ikT 0

0 0 0 1 0 1 0 0 0 0 0 e−ikT

1 0 1 0 0 0 1 0 0 0 0 0

1 1 0 0 0 0 0 1 0 0 0 0

0 1 1 0 0 0 0 0 1 0 0 0

0 0 0 1 0 0 0 0 0 1 0 1

0 0 0 0 1 0 0 0 0 1 1 0

0 0 0 0 0 1 0 0 0 0 1 1

eikT 0 0 0 0 0 1 1 0 0 0 0

0 eikT 0 0 0 0 0 1 1 0 0 0

0 0 eikT 0 0 0 1 0 1 0 0 0



(2.9)

where T is the translational period and k the axial component of the wave vector

as discussed below. To obtain properly symmeterized analytic wave functions, it is

possible to reduce the large B ×B TB Hamiltonian to a 4× 4 problem by choosing

a unit cell with four carbon atoms and exploiting the rotational symmetry of the

SWNT. Under this operation, the reduced Hamiltonian for a zig zag (n,0) tube

becomes

HTB(µ, k) = γ


0 2 cos(πµ

n
) 0 e−ikT

2 cos(πµ
n
) 0 1 0

0 1 0 2 cos(πµ
n
)

eikT 0 2 cos(πµ
n
) 0

 (2.10)

where µ the azimuthal quantum number which takes integer values in the interval

(−n/2, n/2]. The eigenvectors of HTB(µ, k) are given by

Cλ
µk =

1√
2


1√
2

(
Γµk

|Γµk|

λ

)
1√
2
eikT/2

(
Γµk

|Γµk|

λ

)
 (2.11)
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where λ = ± represents the conduction and valence bands and

Γµk = 2 cos

(
πµ

n

)
− e−ikT/2 (2.12)

The eigenvalues are

ελµk = λγ|Γµk|

= λγ

√
1 + 4 cos2

(πµ
n

)
− 4 cos

(πµ
n

)
cos

(
kT

2

)
(2.13)

The corresponding single particle states ψλµk(r) can be written in TBA in the form

[1]

ψλµk(r) =
4∑

s=1

Cλ
µk(s)ψsµk(r), λ = c, v (2.14)

as linear combinations of the Bloch functions ψsk(r). Using four atoms per unit cell

in the SWNT we derive:

ψsµk(r) =
1√
4n

1√
Nc

Nc/2∑
j=−Nc/2

n/2∑
i′=−n/2

eik(zs+Tj) ×

×eiµ(θs+2πi′/n)U(r−Rsi′j), s = 1, . . . , 4 (2.15)

whereNc is the number of unit cells in the finite length (n, 0) zigzag SWNT defined as

the ratio of the length of the SWNT and the unit cell length, T (i.e., L = NcT ). The

coefficients Cλ
µk(s) are the TBA wave function amplitudes, the function U(r−Rsi′j)

represents the atomic orbital localized on site si′j, k is the axial momentum, defined

such that

−π

T
≤ k <

π

T
(2.16)

The electronic states of SWNTs can thus be labeled by the quantum numbers (µ, k).

In general, µ is not conserved. For ziz zag (n,0) tubes for instance, µ changes to

µ→ Mod [2n, n+ µ]

20



Figure 2.5: Three different configurations of the cutting lines in the vicinity of the K
point. The first configuration mod(2n+m, 3) = 0 corresponds to the case of
metallic nanotubes M0, and the last two configurations, mod(2n+m, 3) = 1
and mod(2n+m, 3) = 2, correspond to the case of semiconducting nanotubes
of types S1 and S2, respectively [13].

once we cross the boundaries of the Brillouin zone (BZ), i.e. the interval

−π

T
< k ≤ π

T

Such a process is called an Umklapp process [2] and must be well accounted for once

the BZ boundary is crossed.

Depending on the tube symmetry, that is, on the chiral vector Ch = (n,m),

we can have either metallic or semiconducting nanotubes. This can be further

explained using the concept of cutting lines [13]. The cutting line approach has been

successfully used to predict the metallic or semiconducting nature of the nanotubes.

In this approach, the nanotube energy bands are determined from those of graphene

by means of the zone folding scheme [1]. Since the graphene valence and conduction

bands cross at the K and K ′ points in the Brillouin zone, carbon nanotubes for

which one of the cutting lines crosses the K or K ′ points should have a metallic

behavior. In contrast, carbon nanotubes for which none of the cutting line passes

through the K or K ′ points, show a band gap, and thus show semiconducting

behavior. The cutting lines in the vicinity of the K are shown in Fig. 2.5 for three

different cases, mod(2n + m, 3) = 0, mod(2n + m, 3) = 1, and mod(2n + m, 3) =

2. The first case, mod(2n + m, 3) = 0, corresponds to the cutting line crossing
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Figure 2.6: Electronic band structure of an (11,0) SWNT calculated using the nearest
neighbor tight-binding approximation [1].

the K point, resulting in metallic behavior, as discussed above. The other two

configurations mod(2n+m, 3) = 1, and mod(2n+m, 3) = 2, correspond to the case

of semiconducting tubes.

The simple electronic band structure consideration discussed so far does not give

the correct band gap. A constant energy difference was found between the experi-

mental and calculated results, which could be attributed to many-body corrections

(as discussed below) which are not taken into account in the tight binding approx-

imation [12, 15]. In Fig. 2.6, we show the electronic band structure of an (11,0)

SWNT computed in the nearest-neighbor TB approximation. In the next chapter,

we will discuss the importance of many-body effects in the electronic and optical

properties of SWNTs.
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Chapter 3

Many-body effects in single-walled

nanotubes

Enhanced Coulomb interaction in one-dimensional systems like carbon nanotubes

has been shown to be an essential ingredient for the modeling of the electronic and

optical properties of these materials [15,16]. Coulomb effects affect these properties

in two main ways: through the band gap renormalization due to electron-electron

interaction and by the formation of bound excitons due to electron-hole coupling.

In this chapter, we discuss the renormalization of the electronic structure of SWNTs

and the theory of excitons.

3.1 Band gap renormalization in carbon nanotubes

Strong electron-electron interaction in SWNTs leads to band gap renormalization.

The many-body contribution to the band structure is incorporated by including the

electron and hole self-energies within the screened Hartree Fock theory [64,65]. The

electron quasi particle energy is given by including the self-energy contributions (see

Fig. 3.1 ):

Ecµk = εcµk + Σcµk (3.1)
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Figure 3.1: Propagator of an electron in an interacting system: double line is the quasi
particle energy, single line is the free propagator, and Σ is reducible self
energy. Σ is the sum of different irreducible energies. In the Hartree-Fock
approximation, we keep only the lowest order self-energy terms which are
the direct (Hartree) and exchange (Fock) self-energies.

with εcµk the single-particle energy and Σcµk the electron self-energy

Σcµk =
∑
l

{
W (

c

k
v

l|
v

l
c

k)−W (
v

l
c

k|
v

l
c

k)

}
(3.2)

where k = (µ, k) is the wave vector and W the static screened Coulomb interaction

as discussed below. In an analogous manner, the hole quasiparticle energy is given

by

Evµk = εvµk + Σvµk (3.3)

where the hole self energy is expressed as

Σvµk =
∑
l

{
W (

v

k
v

l|
v

l
v

k)−W (
v

l
v

k|
v

l
v

k)

}
(3.4)

The general expression for the Coulomb matrix element W is

W (
λ1

k1

λ2

k2|
λ3

k3

λ4

k4) =

∫
ψ∗
λ1k1

(r)ψ∗
λ2k2

(r′)w(r− r′)ψλ3k3(r
′)ψλ4k4(r) drdr

′ (3.5)

The screened Coulomb potential is given by

w(r, r′) =
v(r, r′)

κϵ(r, r′)
(3.6)

where κ is the environmental dielectric constant, and ϵ(r, r′) is the dielectric func-

tion that describes the screening from the core electrons. v is the bare Coulomb
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interaction and is given by

v(r, r′) =
e2

|r− r′|
(3.7)

The Coulomb matrix element W (
λ1

k1

λ2

k2|
λ3

k3

λ4

k4) is expressed as

W (
λ1

k1

λ2

k2|
λ3

k3

λ4

k4) =
V (

λ1

k1

λ2

k2|
λ3

k3

λ4

k4)

κε(k4 − k1)
(3.8)

where ϵ(k4−k1) is the Fourier transform of ϵ(r, r′), and V (
λ1

k1

λ2

k2|
λ3

k3

λ4

k4) the unscreened

Coulomb interaction which can be defined by replacing w in Eq. (3.5) by v. The

Coulomb matrix elements V (
λ1

k1

λ2

k2|
λ3

k3

λ4

k4) are calculated within the TBA. Applying

the TBA single-particle wave functions (Eq. 2.14) yields

V (
λ1

k1

λ2

k2|
λ3

k3

λ4

k4) =
∑
s,s′

Cλ1∗
k1

(s)Cλ2∗
k2

(s′)Cλ3
k3
(s′)Cλ4

k4
(s)vs,s′(∆µ,∆q)δk4−k1,k2−k3 (3.9)

where the coefficients Cλ
k(s) are the TB coefficients. The conservation of the momen-

tum is expressed by the Kronecker delta δ. The Fourier transform of the Coulomb

potential is given by

vs,s′(∆µ,∆q) =
1

4nNc

n/2∑
i′=−n/2

Nc/2∑
j=−Nc/2

ei∆µ(θs−θs′+
2πi′
n

)ei∆q(zs−zs′+jT ) ×

× vs,s′(i
′, j) (3.10)

with the momentum transfer (∆µ,∆q) = (µ4 − µ1, k4 − k1), and

vs,s′(i
′, j) = v(|Rsi′j −Rs′00|)

=
e2√

4R2 sin2(θs − θs′ +
2πi′

n
) + (zs − zs′ + jT )2

(3.11)

where Rsi′j is the lattice vector, j = je − jh is the relative axial coordinate, and

i′ = ie − ih the relative circumferential coordinate.

An ideal calculation for the band gap renormalization and the excitation spectra

of excitons in SWNTs in general would include an appropriate treatment of the
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(n,m) dt(nm) family E0
g (eV) S = 2.12 S = 1.15 S = 0.42 S = 0.04

(4,0) 0.32 2 2.40 5.04 3.84 2.93 2.45
(5,0) 0.40 1 2.22 3.97 3.17 2.57 2.25
(7,0) 0.55 2 1.43 3.41 2.51 1.83 1.47
(8,0) 0.63 1 1.36 2.54 2.00 1.60 1.38
(10,0) 0.79 2 1.02 2.64 1.90 1.34 1.05
(11,0) 0.87 1 0.98 1.84 1.45 1.15 1.00
(13,0) 1.03 2 0.79 2.19 1.55 1.07 0.82
(14,0) 1.11 1 0.77 1.43 1.13 0.90 0.78
(16,0) 1.27 2 0.64 1.90 1.33 0.89 0.67
(17,0) 1.35 1 0.63 1.15 0.91 0.73 0.64
(19,0) 1.51 2 0.54 1.68 1.17 0.77 0.57
(20,0) 1.59 1 0.53 0.95 0.76 0.62 0.54
(25,0) 1.98 1 0.42 1.40 0.95 0.61 0.43

Table 3.1: Renormalized band gap (in eV) for different families r = Mod(2n + m, 3) of
(n,0) tubes, calculated for different Coulomb potential strengths (S = U/ϵγ).
The fourth column gives the bare band gap calculated using a π-orbital only
tight-binding model.

dielectric function ϵ(r, r′) [17, 66]. For computational purposes, we replace this

complicated response function with a single static dielectric constant ϵ:

ϵ ≈ κϵ(r, r′) (3.12)

describing the environmental screening and partially including the SWNT screening.

This approximation has been shown to be most accurate for narrow tubes, and for

embedding media with large dielectric constant. In this regime, the exciton length

along the tube is large relative to the tube radius, and most of the dielectric screening

occurs in the surrounding medium [67,68]. The screening is then well described by

the dielectric constant ϵ of the nanotube environment. For isolated nanotubes, or

tubes in low-ϵ media, this treatment is not very accurate.

Coulomb interaction in one-dimensional structures needs to be treated with care

due to logarithmic divergences. This problem can be avoided by introducing a

regularized Coulomb potential. Accordingly, the unscreened Coulomb potential is
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Figure 3.2: Renormalized band gap for different (n, 0) SWNTs for ϵ = 2. Red and green
points indicate zigzag tubes of different families.

modeled by the Ohno potential [66]

vs,s′(i
′, j) =

U√(
U
e2
|Rsi′j −Rs′00|

)2

+ 1

(3.13)

where U is the on site energy (energy cost to place two electrons on a single site)

and is taken to U = 11.3 eV for π orbitals [66]. The screened Coulomb interaction

is accordingly

ws,s′(i
′, j) =

vs,s′(i
′, j)

ϵ
(3.14)

To illustrate the importance of Coulomb effects in SWNTs, Table 3.1 gives the

renormalized band gap for zig-zag tubes placed in different dielectric media calcu-

lated by including the quasi particle self energy corrections. The effect of screening

is controlled by the parameter ϵ which determines the strength of the Coulomb in-

teraction. The strength of the Coulomb potential is defined by the dimensionless
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Figure 3.3: Renormalized band gap as a function of tube diameter dt for r = 2 plotted
for different dielectric media: (Pink) is for ϵ = 2; (Blue) for ϵ = 3; (Green)
for ϵ = 9; (Orange) for ϵ = 100; and (Red) is the bare band gap. It shows
that many-body effects become less important for SWNTs embedded in high
dielectric media.

parameter S = U/ϵγ, where γ is nearest-neighbor hopping integral which defines

the energy scale. In Fig. 3.2, we show the family splitting of the renormalized band

gap for selected (n, 0) SWNTs computed for ϵ = 2. Fig. 3.3 shows the band gap for

tubes embedded in different dielectric media. Because SWNTs consist of singular

tubular sheets, all carbon atoms and conduction electron states reside on the surface

and thus, the electronic properties of semiconducting SWNTs are highly susceptible

to minute changes in the local electrostatic environment. In what follows, we review

the Bethe-Salpeter theory for excitons.
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3.2 Theory of excitons in SWNTs by Bethe-Salpeter

Equation (BSE)

The exciton creation operator for the nth excitation is [86]

(B(n))† =
∑
ke,kh

A(n)
cv (ke,kh)a

†
cke
d†vkh

(3.15)

where a†cke
(d†vkh

) denotes the creation operator of the electron (hole), c (v) is the

conduction (valence) band index, and the wave vector ke = (µe, ke). The expansion

coefficients A
(n)
cv (ke,kh), which will have to be determined are the exciton wave

function amplitudes. The wave function describing the correlated motion of the

electron-hole pair can thus be expressed as

Φ(n)(re, rh) = ⟨re, rh|(B(n))†|0⟩

=
∑
ke,kh

A(n)
cv (ke,kh)ψcke(re)ψ

∗
vkh(rh)

(3.16)

The total Hamiltonian of the system is given by

H = H(re) +H(rh)−
e2

|re − rh|
(3.17)

where

H(re) =
p2
e

2m
+ Veff (re) (3.18)

Here, Veff (re) is an effective one body potential that has the periodicity of the lattice

so that

H(re)ψcke(re) = Eckeψcke(re) (3.19)

By applying the Hamiltonian operator (Eq. 3.17) to the wave function (Eq. 3.16),

we obtain the equation of motion for the expansion coefficients A
(n)
cv (ke,kh):

∆cv(ke,kh)A
(n)
cv (ke,kh) +

∑
k′
ek

′
h

K(cke, vkh; ck
′
e, vk

′
h)A

(n)
cv (k′

e,k
′
h)

= ΩnA
(n)
cv (ke,kh) (3.20)
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Figure 3.4: Correlated electron-hole pair with total momentum Q. The electron-hole
kernel consist of the direct (W ) and exchnage (V ) terms. The direct term
is computed with the screened Coulomb interaction as indicated with the
solid dashed line, while the exchange term is calculated with the unscreened
Coulomb interaction as indicated with the light dashed line.

where ∆cv(ke,kh) = Ecke − Evkh
is the quasi particle energy for a noninteracting

electron-hole pair [8, 9] and Ωn the exciton energy for the nth excitation. The

kernel K(cke, vkh; ck
′
e, vk

′
h) describes the interaction between all possible electron-

hole pairs and it is given by

K(cke, vkh; ck
′
e, vk

′
h) = 2δSK

x(cke, vkh; ck
′
e, vk

′
h)−Kd(cke, vkh; ck

′
e, vk

′
h) (3.21)

with δS = 1 for spin singlet and 0 for spin triplet states. The direct (Kd) and

exchange (Kx) terms are given by the following integrals:

Kd(cke, vkh; ck
′
e, vk

′
h) =

∫
ψ∗
ck′

e
(r)ψvk′

h
(r′)w(r, r′)ψ∗

vkh
(r′)ψcke(r) drdr

′

Kx(cke, vkh; ck
′
e, vk

′
h) =

∫
ψ∗
ck′

e
(r)ψvk′

h
(r)v(r, r′)ψ∗

vkh
(r′)ψcke(r

′) drdr′

(3.22)

with w and v the screened and unscreened Coulomb potentials, respectively, and

ψ is the quasiparticle wave function. We use the static dielectric constant approx-

imation (see Eq. 3.12) to model the screened Coulomb potential ws and the Ohno
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potential instead of v (see Eq. 3.13). Clearly, as the electron-hole interactions are

screened, excitonic effects will be predominant whenever screening is weak, namely,

in semiconducting tubes. Further, the binding energy is expected to be large in

small tubes where holes and electrons are spatially confined.

3.3 Bright and dark exciton transformation and

finite Q solution of the BS equation

In Fig. (3.5), we show plot the Brillouin zone of a zigzag SWNT showing the cutting

lines corresponding to the µ-quantization and the K and K’ points.

Figure 3.5: Brillouin zone of a zigzag SWNT showing cutting lines.

In what follows, we restrict our treatment only to excitons with zero angular

momentum (M = µe − µh = 0). From the picture above, we can form the following

electron-hole pair combinations at the K and K’ points.
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3.3.1 Electron-hole pair combinations at K point

The degenerate electron hole pair combinations together with their total momentum

at the K point are given as

|µke;µkh⟩ (Q = ke − kh)

|µ,−ke;µ,−kh⟩ (Q = kh − ke)

|µ, ke;µ,−kh⟩ (Q = ke + kh)

|µ,−ke;µkh⟩ (Q = −ke − kh)

3.3.2 Electron-hole pair combinations at K’ point

Similarly, the degenerate electron hole pair combinations together with their total

momentum at the K’ point are given as

|µ̄ke; µ̄kh⟩ (Q = ke − kh)

|µ̄,−ke; µ̄,−kh⟩ (Q = kh − ke)

|µ̄, ke; µ̄,−kh⟩ (Q = ke + kh)

|µ̄,−ke; µ̄, kh⟩ (Q = −ke − kh)

where µ̄ stands for −µ. The only two states that have the same Q = ke − kh are

the states |µke;µkh⟩ and |µ̄, ke; µ̄, kh⟩. The bright (+) and dark (-) single-particle

combinations can thus be written as

ψ±(re, rh) =
ψcµke(re)ψ

∗
vµkh

(rh)± ψcµ̄ke(re)ψ
∗
vµ̄kh

(rh)√
2

(3.23)

If we now introduce the new variables k (twice the relative momentum) and Q

(center of mass momentum) such that

ke = k +Q, kh = k (3.24)

then we can rewrite the bright and dark single-particle combinations (3.23) as

ψ±(re, rh) =
1√
2

[
ψcµk+Q(re)ψ

∗
vµk(rh)± ψcµ̄k+Q(re)ψ

∗
vµ̄k(rh)

]
(3.25)
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Under this transformation, the BS equation becomes diagonal in the subspace of

bright and dark states. We can then solve for the bright and dark excitons indepen-

dently. The generalized finite Q BS equation for α = (B,D) becomes

∆Q(k)A
(n)
α,Q(k) +

∑
k′

Kα,Q(k, k
′)A

(n)
α,Q(k

′) = Ω(n)
α (Q)A

(n)
α,Q(k) (3.26)

where

∆Q(k) = Ecµk+Q − Evµk

The transformed electron-hole kernel for the bright (B) exciton is

KB,Q(k, k
′) = 4Kx

Q(k, k
′)−Kd1

Q (k, k′)−Kd2
Q (k, k′) (3.27)

while that for the dark (D) exciton is

KD,Q(k, k
′) = −Kd1

Q (k, k′) +Kd2
Q (k, k′) (3.28)

where Kx
Q is the exchange matrix element, Kd1

Q is the Coulomb direct intra valley

matrix element, and Kd1
Q the direct inter valley matrix element as discussed bellow.

We remark immediately that for the dark excitons, there is no exchange interaction

because the exchange interaction is the same for both intra and inter valley scattering

processes.

3.3.3 Evaluation of Coulomb matrix elements

For the discrete lattice, the coulomb matrix elements can easily be evaluated. The

direct intra valley matrix element is

Kd1
Q (k, k′) =

∑
s,s′

Cc∗
µk+Q(s)C

v
µk(s

′)ws,s′(0, k
′ − k)Cc

µk′+Q(s)C
v∗
µk′(s

′) (3.29)

where

ws,s′(∆µ,∆q) =
vs,s′(∆µ,∆q)

ϵ
(3.30)

The direct inter valley matrix element is

Kd2
Q (k, k′) =

∑
s,s′

Cc∗
µk+Q(s)C

v
µk(s

′)ws,s′(−2µ, k′ − k)Cc
µ̄k′+Q(s)C

v∗
µ̄k′(s

′) (3.31)
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Figure 3.6: Excitation energy dispersions for the E11 excitons for an (11,0) SWNT plot-
ted as a function of the dimensionless quantity QT where T = 0.43 nm is the
translational periodicity: (Green) is for dark exciton n = 1 state; (Red) is for
the lowest bright state; ( Blue) is for the first excited dark state; and (Pink)
for the first excited bright state. The dashed line indicates the position of
the E11 band edge.

The exchange matrix element is the same for both intra and inter valley scattering

processes and is given by

Kx
Q(k, k

′) =
∑
s,s′

Cc∗
µk+Q(s)C

v
µk(s)vs,s′(0, Q)C

c
µk′+Q(s

′)Cv∗
µk′(s

′) (3.32)

The potential ws,s′(∆µ,∆q) is the Fourier transform of the Coulomb interaction as

given in Eq. (3.10).

3.4 Exciton dispersion, binding energy and wave

function

The exciton dispersion Ω
(n)
α (Q) is plotted for n = 1, 2 for the lowest bright (B) and

dark (D) E11 excitons in Fig. (3.6). The dashed line in the figure indicates the

position of the E11 band edge. The binding energy for the bright excitons is given
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tube dt(nm) r E0
g [eV] Eg [eV] Ω

(1)
B (0) [eV] Eb [eV]

(7,0) 0.55 2 1.43 3.39 2.39 1.00
(8,0) 0.63 1 1.36 2.53 1.50 1.03
(10,0) 0.79 2 1.02 2.62 1.87 0.75
(11,0) 0.87 1 0.98 1.83 1.07 0.76
(13,0) 1.03 2 0.79 2.17 1.57 0.60
(17,0) 1.35 1 0.63 1.14 0.64 0.50
(19,0) 1.51 2 0.54 1.66 1.24 0.42

Table 3.2: Renormalized band gap and exciton binding energies for different families
r = Mod(2n +m, 3) of (n,0) tubes: E0

g is the bare band gap calculated using

a π-orbital only TB model, Eg is the renormalized band gap, Ω
(1)
B (0) is the

ground state excitation energy for the bright excitons, and Eb the exciton
binding energy.
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Figure 3.7: (Left panel) Renormalized band gap. (Right panel) Exciton binding energy.

by

Eb = Eg − Ω
(1)
B (0) (3.33)

where Ω
(1)
α (0) is the ground state excitation energy of the exciton. The renormalized

band gap and exciton binding energies for some zigzag tubes are shown in Table

3.2. The wave function of an exciton can now be expressed as linear combination
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(a)

(b)

Figure 3.8: Exciton probability distribution |Ψ0(re, rh)|2 for an (11,0) SWNT which
gives the probability of finding an electron with the hole fixed at the ori-
gin ( z is the tube axis and x is the circumferential direction) : (a) lowest
bright state, and (b) first excited state.

of single-particle electron-hole pairs with the appropriate coupling coefficients as

Φ
(n)
α,Q(re, rh) =

∑
k

A
(n)
α,Q(k)

[
ψcµk+Q(re)ψ

∗
vµk(rh) +

+(−1)sψcµ̄k+Q(re)ψ
∗
vµ̄k(rh)

]
(3.34)

where s = 0 (1) corresponds to the bright (dark) state and the functions ψcµk(r)

are Bloch functions as defined in Eq. (2.14), and µ̄ stands for −µ. Here, A
(n)
α,Q(k)

is the exciton wave function in reciprocal space, which is obtained by solving the

BS equation (3.20). We plot the exciton probability distribution |Φn
B,0(re, rh)|2 (for

Q = 0) for the bright excitons by fixing the position of the hole: Fig. 3.8 (a) shows
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Figure 3.9: The real space exciton wave functions ϕn(z) for the three lowest E11(A)
excitations for an (11,0) SWNT: (Red) is for the ground state n = 1; (Green)
for the first excited state n = 2; and (Orange) for the second excited state
n = 3. ϕn(z) is related to the dipole of distribution of the exciton along the
axial direction.

the bright exciton for an (11,0) SWNT. The exciton is localized in the direction of

the tube axis, z, but delocalized along the tube circumference, x. Fig. 3.8 (b) shows

the probability distribution for the first excited state for the bright exciton. For this

state, the probability of finding the electron and hole to be on same position is very

small. This behavior is in agreement with variational calculations [24].

To study the variation of the exciton wave function along the tube axis, we plot

the quantity

ϕn(ze − zh) =
∑
k

A
(n)
B,0(k)e

ik(ze−zh) (3.35)

which is the exciton probability amplitude along the tube axis. In Fig. 3.9 we show

the exciton envelop wave functions ϕn(z) for the three lowest E11(A
n
B) (n = 1, 2, 3)

excitons. From the E11(A
0
B) to the E11(A

2
B) state, the excitation energy increases

and the wave function delocalizes. For an achiral (armchair or zigzag) SWNT,

exciton wave functions are either even or odd functions of the relative coordinate
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z because of the inversion symmetry of the SWNT lattice. E11(A
1
B) and E11(A

3
B)

states are symmetric states and the E11(A
1
B) state is an antisymmetric state. It

follows that E11(A
1
B) and E11(A

3
B) excitons are bright and the E11(A

2
B) is dark with

respect to parallel polarized light (E ∥ z).
For the ground state, we can show that the wave function along the tube axis

can be expressed as a Gaussian envelop function:

ϕ1(ze − zh) ∝ e−(ze−zh)
2/2a2B (3.36)

where aB is the electron-hole correlation length (exciton Bohr radius). For an (11,0)

SWNT as shown in Fig. 3.9, aB ≈ 6T = 2.58 nm.

3.5 Summary

In this chapter, we have examined the crucial role that Coulomb effects play in the

electronic properties of SWNTs. We have seen that enhanced Coulomb interactions

in quasi-1D systems like carbon nanotubes lead to band gap renormalization and

the formation of strongl bound excitons. We calculated the renormalized band

gap for different nanotubes placed in different dielectric media. We show that the

renormalized band gap can be a significant fraction of the free particle band gap and

exhibits a strong family pattern. We elucidated the role of the physical environment

by calculating the band gap as a function of the environmental screening parameter

ϵ. Further, we reviewed the theory of excitons in carbon nanotubes and calculated

exciton dispersion and binding energy for selected tubes. The wave functions of the

photogenerated correlated electron-hole pairs are spread over the circumference of

the nanotube. The large electron-hole overlap results in a strongly bound exciton

that can move freely along the tube, with a binding energy typically of the order of

several tenths of an electron volt.

In the next chapter, we shall investigate the extrinsic properties of carbon nan-

otubes doped with charged impurity atoms. We will formulate the impurity problem

for low dimensional systems like carbon nanotubes.
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Chapter 4

Theory of interaction of excitons

with charged impurities

In this chapter, we develop a model for studying the interaction of bright excitons in

semiconducting single-wall nanotubes with charged impurities. The model reveals

red shift in the energy of excitonic states in the presence of impurity, thus indicating

binding of free excitons in the impurity potential well. Several bound states were

found in the absorption spectrum below the onset of excitonic optical transitions in

the bare nanotube. Dependence of the binding energy on the model parameters, such

as impurity charge and position, was determined and analytical fits were derived for

a number of tubes of different diameter. The nanotube family splitting is seen in

the diameter dependence, gradually decreasing with the diameter.

4.1 Introduction

As quasi-1D systems, SWNTs are highly sensitive to the surrounding environ-

ment. The large influence of the physical environment on excited states of SWNTs

makes them good candidates for sensitive nanoscale detectors [19, 69–71]. The
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functionalization of nanotubes enables the control and optimization of their prop-

erties and is a promising strategy to exploit their tremendous application poten-

tial [72–74]. The effect of the carbon nanotube outer environment has been studied

intensively [15, 75–79]. Additionally, it has been observed that the inner environ-

ment (for example water-filling) can also influence the photoluminescence (PL) of

SWNTs. Redshifts in the PL spectra upon water filling [80], can be used to un-

ambiguously distinguish empty SWNTs from filled ones. Most recently the focus

of research was on the interactions of excitons with a single charge of mobile (or

localized) electron/hole (thus forming a mobile or localized three-body trion) and

exciton interactions with point charge impurity ions [41–44, 81]. The functional-

ization of carbon nanotubes with single atoms or molecules is quite different from

solvent functionalization (common solvatochromism) which has been studied widely,

and is known to produce redshifts in the optical excitations of a nanotube [59–61].

Recent theoretical studies have been conducted in which the environment (here, a

single atom or molecule or another nanotube) has been treated more elaborately.

For instance, Y. Tomio et al, have examined the effects of screening by the interwall

Coulomb interaction on excitons and optical spectra in double-wall tubes based on

the effective-mass theory and a static screened Hartree-Fock approximation [82].

Moreover, E. Malic et al have applied the formalism of density matrix theory to

describe the optical and electronic properties of carbon nanotubes functionalized

with noncovalently adsorbed spiropyran molecules [49]. Furthermore, M. Rohlfing

has applied many-body perturbation theory to study redshift of excitons in carbon

nanotubes caused by environmental polarizability ( here, due to another SWNT or

nitrogen molecule ) [83].

In order to further investigate the functionalization with single charged molecules

or atoms absorbed on the surface of a nanotube, we consider the interaction of a

SWNT with a single immobile charged impurity. We treat the physical environment

(here, single immobile charged impurity) more elaborately, thus going beyond pre-

vious studies in which the SWNTs were considered in vacuum or immersed in ionic

polymer or surfactant [58–60]. We formulate the problem using many-body pertur-

bation theory within the TBA, thus providing a very simple, but computationally
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Figure 4.1: R. Matsunaga et al [42]: Photoluminescence excitation (PLE) contour maps
of (a) nondoped nanotubes, (b) doped nanotubes . The dotted circles show
the E11 bright excitons and the solid circles show the new PL peaks due
to hole doping. (c) The normalized PL spectra of the nondoped and doped
nanotubes [from (a) and (b), respectively] at the excitation photon energy
of 1.9 eV. The doping-induced new PL peaks of (7,5) and (7,6) nanotubes
are indicated by the solid and open arrows, respectively.

very efficient means to study these effects.
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4.2 Experimental results on interaction of exci-

tons with charged impurities

From an experimental point of view, the investigation of the optical properties of

nanotubes has shifted from pristine SWNTs tubes toward the extrinsic effects (due to

adatoms or molecules). More specifically, the optical properties of carbon nanotubes

doped with impurities has received much attention. Many optical measurements

have been performed with hole doped nanotubes, revealing the formation of many-

body bound states (charged excitons or trions) in carbon nanotubes [41–44, 84].

In particular, R. Matsunaga et al recently reported the existence of a new excited

state below the lowest (E11) singlet exciton state in hole doped single-walled carbon

nanotubes [42]. As shown in Fig. 4.1, in both PL and absorption spectroscopy, a

new peak appears with hole doping at room temperature, regardless of the dopant

species. This PL peak is attributed to the formation of trions.

In what follows, we present a theoretical formalism of the problem of interaction

of exciton with an immobile charged impurity. Later, we shall discuss the details of

the procedure and then present some results.

4.3 General formalism

The impurity problem plays a great role in solid state physics. Selected impurities

are frequently introduced into semiconductors to produce n-type or p-type doping.

The introduction of impurities into a crystal lattice results in a perturbation to

the periodic potential giving rise to bound impurity levels. Any disturbance to the

periodic potential results in energy levels different from the energy levels of the

perfect crystal. In this work, we formulate a theory for the interaction of a single

charged impurity with optical excitations (excitons) of semiconducting SWNTs.

We consider a SWNT of finite length L and radius R, whose excitations are

dominated by correlated electron-hole pairs (excitons), interacting with an impurity

ion with effective charge Z|e| (Z being the effective valency of the ion) placed at a
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Figure 4.2: Schematic representation of the system of a SWNT interacting with a
charged impurity. For a given tube with the length, L, and diameter, dt, the
model parameters include the effective charge of the impurity ion, Z, and
the position of the ion, rp.

distance d above the surface of the SWNT, as shown in Fig. 4.2. In our model, we

treat the impurity ion as a perturbation to the excitons in the pristine SWNT. That

is, we assume that the polarization of the single-particle electron and hole states of

the pristine SWNT due to impurity ion is negligible so one can use the same single-

particle wave functions even in the presence of the impurity. The explicit form of

the single-particle wave function is (see Eq. 2.14):

ψλµk(r) =
4∑

s=1

Cλ
µk(s)ψsk(r), λ = c, v (4.1)

The total two-body Hamiltonian of the system, including perturbation, may be

expressed as [85]

H = HBS +Hint (4.2)

where HBS = D + 2Kx − Kd is the bare BS Hamiltonian, which has translational

symmetry of the SWNT lattice. The diagonal term of the BS Hamiltonian, D =
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Figure 4.3: Schematic representation of the interaction between exciton and impurity .

Ec − Ev, is the sum of the quasiparticle energies for the uncorrelated electron-hole

pair, where Kx and Kd are the exchange and direct Coulomb interaction [66–68].

The operator of interaction with the ion is:

Hint(re, rh) =
Ze2

|rh − rp|
− Ze2

|re − rp|
(4.3)

here re and rh refer to the position vector of the electron and hole, respectively; while

rp refer to the position of the impurity ion. Since the interaction potential includes

both electron and hole symmetrically and we also assume electron-hole symmetry in

single-particle band structure, the model gives the same magnitude of perturbation

for both positively and negatively charged impurity. Furthermore, in the second

order of perturbation theory implemented below, the exciton binding is the same

for either sign of the ion charge. (One can part the assumption of electron-hole

symmetry and use the same model, to be discussed elsewhere, although some of the

simplifications presented below will not be possible then.) It is more convenient to

solve Eq.(4.2) in momentum space: then the BS Hamiltonian can be written as [66]

HBSA
(n)
α,Q(k) = Ω(n)

α (Q)A
(n)
α,Q(k) (4.4)

here Ω
(n)
α (Q) is the energy of the nth excitation, α is the quantum number distin-

guishing bright (B) and dark (D) excitons, Q is the center of mass momentum, and
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A
(n)
α,Q(k) is the excitonic wave function in the momentum representation. We con-

sider only excitons with zero total angular momentum. In the coordinate space the

exciton wave function, the solution of the bare BS Hamiltonian, can be expressed

as a linear combination of the single-particle electron-hole pairs (see Eq. 3.34):

Φ
(n)
α,Q(re, rh) =

∑
k

A
(n)
α,Q(k)

[
ψcµk+Q(re)ψ

∗
vµk(rh) +

+(−1)sψcµ̄k+Q(re)ψ
∗
vµ̄k(rh)

]
(4.5)

here s = 0/1 corresponds to the bright/dark state and the functions ψcµk(r) are

single-particle wave functions.

In the presence of the impurity, one has to solve the scattering problem. The

scattered state can be expressed as

Ψ(i)(re, rh) =
∑
nαQ

C(i)
αnQΦ

(n)
α,Q(re, rh) (4.6)

where the wave function amplitudes C(i)
αnQ must satisfy Eq.(4.2). In the momentum

space it reads as:[
Ω

(n′)
α′ (Q′)δnn′δαα′δQQ′ + Snn′

α,α′(Q,Q′)

]
C(i)
α′n′Q′ = E(i)C(i)

αnQ (4.7)

with the matrix elements Snn′

α,α′(Q,Q′) given by

Snm
α,α′(Q,Q′) = ⟨Φ(n)

α,Q|Hint|Φ(m)
α′,Q′⟩

=

∫
dredrhΦ

(n)∗
α,Q (re, rh)Hint(re, rh)Φ

(m)
α′,Q′(re, rh) (4.8)

We illustrate the scattering process of an exciton by an impurity atom in Fig. 4.3.

In principle, the eigenstates, labeled with the new quantum number i, represent

scattered states of perturbed continuum as well as bound states, localized near the

impurity as we will show below.

The impurity binding energy for the ith scattered state, I
(i)
E , is defined as the

difference with the energy level of the lowest state of unperturbed bright exciton

(n = 1):

I
(i)
E = E(i) − Ω

(1)
B (0) (4.9)
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In what follows, we focus on the binding energy of the lowest scattered state (i = 1)

and for shortcut notations we use below: IE ≡ I
(1)
E .

4.4 Evaluation of matrix elements and detailed

derivation of the coupling between bright and

dark excitons

For excitons with zero total angular momentum, the Hilbert space of solutions of

the BS equation consist of the bright and dark subspaces: |B⟩ and |D⟩. We do not

consider K-excitons here. Then the impurity Hamiltonian (Eq. 4.2) obtains the

form

H =

(
ΩB + SBB SBD

SDB ΩD + SDD

)
(4.10)

The coupling between bright and dark excitons of total angular momentum zero

is described by the matrix element Snm
B,D(Q,Q

′) which may be expressed as

S
(nm)
B,D (Q,Q′) =

∑
k,k′

A
∗(n)
B,Q(k)A

(m)
D,Q′(k

′)

[
GKK −GKK′ +GK′K −GK′K′

]
(4.11)

where

GKK =

∫
dredrhψ

∗
cµk+Q(re)ψvµk(rh)Hint(re, rh)ψcµk′+Q′(re)ψ

∗
vµk′(rh)

GK′K′ =

∫
dredrhψ

∗
cµ̄k+Q(re)ψvµ̄k(rh)Hint(re, rh)ψcµ̄k′+Q′(re)ψ

∗
vµ̄k′(rh)

GKK′ =

∫
dredrhψ

∗
cµk+Q(re)ψvµk(rh)Hint(re, rh)ψcµ̄k′+Q′(re)ψ

∗
vµ̄k′(rh)

GK′K =

∫
dredrhψ

∗
cµ̄k+Q(re)ψvµ̄k(rh)Hint(re, rh)ψcµk′+Q′(re)ψ

∗
vµk′(rh)

(4.12)

In semiconducting SWNTs, there are two degenerate valleys associated with the K

and K ′ points at the corner of the first Brillouin zone, therefore all exciton-impurity
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scattering states can be expressed in terms of the four G matrix elements. The

problem of computing matrix elements like GKK is greatly simplified because our

interaction Hamiltonian can be expressed as the sum of two one-body potentials as

Hint(re, rh) = Hh(rh) +He(re) (4.13)

where

Hh(rh) =
Ze2

|rh − rp|
, He(re) = − Ze2

|re − rp|
(4.14)

Let us compute GKK exactly. We have

GKK =

∫
dredrhψ

∗
cµk+Q(re)ψvµk(rh)Hint(re, rh)ψcµk′+Q′(re)ψ

∗
vµk′(rh)

=

∫
drhψvµk(rh)Hh(rh)ψ

∗
vµk′(rh)×

×
∫
dreψ

∗
cµk+Q(re)ψcµk′+Q′(re) +

−
∫
drhψvµk(rh)ψ

∗
vµk′(rh)×

×
∫
dreψ

∗
cµk+Q(re)He(re)ψcµk′+Q′(re) (4.15)

If we neglect the polarization of the one-electron wave functions, then we can use

the orthonormality condition of the Bloch functions∫
dr ψvµk(r)ψ

∗
vµ′k′(r) = δµ,µ′δk,k′ (4.16)

to simplify the above equation and finally obtain:

GKK = Ih(Q,Q
′, k, k′)− Ie(Q,Q

′, k, k′) (4.17)

where

Ih = δk+Q,k′+Q′

∫
drhψvµk(rh)Hh(rh)ψ

∗
vµk′(rh)

Ie = δk,k′

∫
dreψ

∗
cµk+Q(re)He(re)ψcµk′+Q′(re) (4.18)
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where

Ih = δk+Q,k′+Q′

∫
drhψvµk(rh)Hh(rh)ψ

∗
vµk′(rh)

Ie = δk,k′

∫
dreψ

∗
cµk+Q(re)He(re)ψcµk′+Q′(re) (4.19)

We can proceed in a similar fashion to compute all the matrix elementsGK′K′ , GK,K′

and GK′,K . It is trivial to show that

GK′K′ = GKK , GKK′ = GK′K = 0 (4.20)

Therefore, this perturbation potential cannot mix the bright and dark states. This

means that the Hamiltonian matrix is block-diagonal. For the bright exciton, for

example, sought solutions should be obtained from the Hamiltonian:

HB = ΩB + SBB (4.21)

while for a dark exciton from:

HD = ΩD + SDD (4.22)

4.5 Numerical solution of the impurity scattering

equation and discussion of the results

The task of solving Eq. (4.7) can be very formidable, however, a few approximations

help us to reduce the computational burden. The interaction Hamiltonian does not

couple the bright and dark excitons as derived in the previous section. Thus one

can solve Eq. (4.7) separately for the bright and dark manifolds and Snn′

α,α′(Q,Q′)

is diagonal in α, α′ indexes. Still, even in the subspace of bright states, the tensor

Snn′
BB(Q,Q

′) can be very large since it includes a number of excitonic states with

different Q and n quantum numbers.

In order to calculate the energy of the lowest state and IE in the most efficient

way we have to reduce the size of Snn′
matrix. We compute IE(n) as a function
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Figure 4.4: Convergence of the exciton binding energy, IE , as a function of the number of
included exciton bands, n, for different lengths of (11,0) SWNT computed
for d = 2 Å and Z = 3, with the impurity position (rp) at the center of
the hexagon: (red) L = 71T , (green) L = 81T , (blue) L = 91T , (orange)
L = 101T , where T = 0.43 nm is the unit cell length.

Figure 4.5: Convergence of the exciton binding energy with respect to SWNT length,
L, for n = 25.

of the n−cut off, and increase n until we reach convergence, as illustrated in Fig.

4.4 for a (11,0) SWNT. Same convergence was obtained for Q−cut off. Since we

performed our calculations for a finite length nanotube, we ensure the stability of
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Figure 4.6: Exciton dispersion relation for an (11,0) SWNT plotted as a function of
the dimensionless quantity QT , where T = 0.43 nm is the unit cell length.
The two horizontal lines represent the localized states with binding energies
Eb = 81 meV and Eb = 46 meV calculated for d = 2 Å and Z = 3.

numerical results with changing the length of the system (see Fig. 4.5). For this

particular example of (11,0) SWNT a cut off length of L = 101T (where T = 0.43

nm is the unit cell length) and a cut off number of bands of n = 25 allowed to

achieve convergence for the exciton binding energy.

Fig. 4.6 shows the exciton dispersion for pristine (11,0) SWNT together with

the impurity induced bound states with binding energies Eb = 81 meV and Eb = 46

meV calculated for d = 3 Å and Z = 3.

We found pronounced dependence of IE on tube diameter, dt. In Fig. 4.7, IE

is shown as a function of dt. Data points branch into two curves for two different

families r = Mod(2n+m, 3) of zigzag tubes. The family splitting however decreases

with increasing dt. This can be due to decreasing SWNT curvature or due to the

overall dipole matrix element with respect to the ion position (above the SWNT

surface) decreases with increasing the nanotube size. In order to further investigate
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Figure 4.7: Impurity binding energy (IE) as a function of tube diameter dt for Z = 3
of impurity ion for d = 3 Å. Red and green points indicate zigzag tubes of
different families.

this we performed detailed analysis of the behavior of IE with varying position of

the impurity (and also its charge) for the fixed value of dt.

For a given SWNT, the interaction Hamiltonian Hint given by Eq.(4.3) depends

parametrically on Z and rp = ((R + d) cos θ, (R + d) sin θ, z). Dependence of IE on

these parameters is expected to be commensurate with the symmetry of the SWNT

lattice.

Fig. 4.8 presents the variation of the exciton binding energy profile: IE(x, z),

where x = (R + d)θ is the (curvilinear) surface coordinate in the circumferential

direction, and z in the axial direction. The IE(x, z) profile, shown for (11,0) SWNT

(within one unwrapped unit cell) for fixed d = 3Å and Z = 3, has the maximum

when the impurity is right above the center of carbon bond, and the minimum above

the center of the hexagon.

Now, we consider the dependence of IE on d for fixed Z. Fig. 4.7 shows the
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Figure 4.8: Impurity energy distribution for an (11,0) SWNT calculated for d = 2Åand
Z = 3. It shows that the single impurity preserves the symmetries of the
SWNT.

variation of IE with d for (11,0) SWNT with the ion position shown in the inset of

Fig. 4.4 and Z = 3. For small separation from the nanotube wall one can fit the

dependence with the exponential function:

IE(d) = I0 exp(−d/d0) (4.23)

where the amplitude, I0, and the characteristic distance, d0, vary with the tube

diameter, and the effective valency Z. Just as we did for the impurity energy

distribution, we can study the distribution of I0 and d0 within the unit cell. This

can be done as follows: for each point (x, z) on the surface of the SWNT, we plot IE

as a function of d and use it to fit the quantities I0(x, z) and d0(x, z). We show in Fig.

4.9, the plots of I0(x, z) and d0(x, z). The two quantities are well correlated, when

I0(x, z) is increasing, d0(x, z) is decreasing and vice-versa. We found the average

value of I0 and d0 to be I0 = ⟨I0(x, z)⟩ = 219 mev, and d0 = ⟨d0(x, z)⟩ = 2.33 Å.

A similar fitting procedure can be carried out for tubes with different diameters.

Table 4.1 presents the fitting parameters for 6 zigzag SWNTs of different diameters

(computed with the position of the impurity rp in the center of the hexagon, as

indicated in the inset of Fig. 4.4).

This exponential fit of the binding energy works well for the distances 2Å ≤ d ≤
20Å. Since the perturbation due to a single charged impurity is weak, this is the
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(a)

(b)

Figure 4.9: Distribution of the fitted parameters I0(x, z) and d0(x, z) for an (11,0) nan-
otube, computed using Z = 3: (a) shows the quantity I0(x, z); (b) is the
plot of d0(x, z) .

region of interest to be compared with the experiments. We remark however that

for large distances the dipole approximation for the exciton becomes valid. In this

approximation, the perturbation due to impurity may be expressed as

Hint =
−er · Ze(Rcm − rp)

|Rcm − rp|3
(4.24)

where r = re − rh is the relative coordinate of the exciton, and Rcm = (re + rh)/2
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Figure 4.10: Exciton binding energy, IE (log-scale), vs. distance to impurity, d, for few
(n, 0) SWNTs and Z = 3: (red) is for (8,0) tube; (orange) for (10,0) tube;
(green) for (11,0); (cyan) for (13,0); (blue) for (14,0); and (black) for (16,0).
The red dashed line shows deviation from Eq. (4.23) at large distances,
while black dashed line illustrates transition to power law dependence, as
in Eq. (4.25).

Table 4.1: Fitting parameters I0, d0, A α, B and β for few (n,0) tubes. I0 and d0 are
fitted in the range 2Å ≤ d ≤ 20Å for Z = 3; A and α are computed using
d = 3Å; while B and β are computed for Z = 3 and fitted for d ≥ 22Å.

tube dt(nm) I0 (eV) d0 (Å) A (meV) α B (meV) β
(8,0) 0.63 0.29 1.71 1.82 3.00 3.78 3.56
(10,0) 0.79 0.25 2.33 3.42 2.71 8.11 3.60
(11,0) 0.87 0.22 2.33 2.94 2.74 4.00 3.58
(13,0) 1.03 0.20 2.89 4.04 2.60 6.98 3.57
(14,0) 1.11 0.19 2.80 3.63 2.63 4.22 3.61
(16,0) 1.27 0.18 3.31 4.07 2.56 5.80 3.48

the center of mass. For large distances the binding energy scales as

IE = B

(
dt
d

)β

(4.25)
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Figure 4.11: Best fit of IE for small and large distances (inset) for an (11,0) tube. Solid
curves correspond to Eqs.(4.23-4.25) while red points are calculated data
points.

The fitting parameters B and β were computed for several SWNTs and the results

are summarized in Table 4.1. We can carry out a similar scaling analysis for the

dependence of IE on Z, effective valency of the impurity ion at fixed ion position.

We found the power law dependence

IE(Z) = AZα (4.26)

The fitting constants A and α are summarized in Table 4.1 for zigzag SWNTs for

d = 3Å. In Figs. 4.13-4.14, we show plots of the fitting parameters.

4.6 Summary

In summary, we have shown that a single charged impurity can induce exction

localization in SWNT. The impurity binding energies can range from few meV to

hundreds of meV depending on main parameters of the model: the diameter of tube,

dt, effective charge of impurity ion, Z, and the distance of the ion from the surface of

the SWNT, d. The binding energy has weak dependence on the position of the ion
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Figure 4.12: Impurity binding energy IE (log-log scale) for different SWNTs plotted as
a function of the effective charge Z of impurity ion for d = 3 Å: red curve
is for an (8,0) SWNT, Green for (10,0) tube, blue for (11,0) tube, orange
for (13,0) tube, cyan for (14,0) tube, and black for (16,0) tube
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Figure 4.13: Fitting parameters vs tube diameter, dt : (left panel) is for the parameter
I0; and (right panel) is for d0.

on the SWNT surface for the fixed main parameters. We also obtained analytical

fits for dependence on exciton binding on main model parameters.

In the next chapter, our model will be applied for the calculation of the optical
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Figure 4.14: Fitting parameters vs tube diameter, dt : (left panel) is for the parameter
A; and (right panel) is for α.
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Figure 4.15: Fitting parameters vs tube diameter, dt : (left panel) is for the parameter
B; and (right panel) is for β.

properties of SWNTs with charged impurity atom absorbed on its surface. This cal-

culation facilitates comparison of our theoretical predictions with the experiments.

57



Chapter 5

Optical spectra in the presence of

impurity

In this chapter, we study the effect of a single charged impurity on the optical spectra

in semiconducting SWNTs. The most important measurable quantity we address

here is the absorption coefficient α(ω) which gives the interaction of an external

light field with excitations in the system.

The optical properties of solids provide an important tool for studying energy

band structure, impurity levels, excitons, localized defects, lattice vibrations, and

certain magnetic excitations. By measuring reflectivity, transmission, or absorption,

one can deduce the complex dielectric function ϵ(ω), the optical conductivity σ(ω),

absorption coefficient α(ω), or the fundamental excitation energies. The optical

properties of solids are determined by interaction of an external light field with

excitations in the system. In treating a solid therefore, we will need to consider

contributions to the optical properties from various electronic transition processes.

To begin with, there are intraband processes which correspond to the electronic

conduction and are dominated by free carriers, and hence are more important in

conducting materials such as metals, semimetals and degenerate semiconductors.

These intraband processes can be understood in their simplest terms by the classical

Drude theory, or in more detail by solving the Boltzmann equation. In addition to
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the intraband (free carrier) processes, there are interband processes which correspond

to the absorption of electromagnetic radiation by an electron in an occupied state

below the Fermi level, thereby inducing a transition to an unoccupied state in a

higher band. This interband process is intrinsically a quantum mechanical process

and must be discussed in terms of quantum mechanical concepts. In a semiconductor

at low frequencies, the principal electronic conduction mechanism is associated with

free carriers. As the photon energy increases and becomes comparable to the energy

gap, a new conduction process can occur. A photon can excite an electron from an

occupied state in the valence band to an unoccupied state in the conduction band.

In this process the photon is absorbed, an excited electronic state is formed and a

hole is left behind.

Single-wall carbon nanotubes as prototypical one-dimensional structures have

well defined optical properties. Hence, optical spectroscopy methods, such as absorp-

tion, photoluminescence, Rayleigh, and Raman scattering have become important

characterization techniques for carbon nanotubes [87–89]. They allow the identifi-

cation of the nanotube microscopic structure or chirality of isolated tubes as well as

for samples containing millions of tubes.

We will obtain an expression for the absorption coefficient for the free-electron

interband transitions and then from it, we derive that for excitons and later that

for bound excitons.

5.1 The absorption coefficient for SWNT

In the presence of an optical field, a material responds by forming a microscopic

dipole density resulting in a polarization P (r, t) of the material. In linear and

homogeneous materials, the polarization and the optical field are parallel [91]

P (ω) = 4πχ(ω)E(ω) (5.1)

The proportionality coefficient is given by the optical susceptibility χ(ω) describing

the linear response of the system to a perturbation in a spatially homogeneous
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system. The intensity I(z) of an electromagnetic wave propagating in the z direction

is given by [90,91]

I(z) = E2e−α(ω)z (5.2)

with the absorption coefficient

α(ω) =
4πω

~nbc
Imχ(ω) (5.3)

describing the propagation depth of light in the material. Here, E is the amplitude

of the electric field of the photon, ω is the photon energy, c is the speed of light,

nb is the background refractive index, and ~ is the reduced Planck constant. The

calculation of α(ω) requires the knowledge of the optical susceptibility χ(ω). For

interband optical absorption, the optical susceptibility is given by [91]

χ(ω) =
∑
cvk

|η⃗ · ⟨ck|p⃗|vk⟩|2

V

[
1

ω + Ecvk + iΓ
− 1

ω − Ecvk + iΓ

]
(5.4)

where V is the integration volume, η⃗ the electric field polarization vector, p⃗ is the

dipole operator, and Ecvk = Eck − Evk is the energy difference between the initial

and the final state. According to Eq. (5.3), the absorption spectrum for interband

processes (αib) is determined by the imaginary part of χ(ω)

αib(ω) =
4πω

~nbc
Imχ(ω)

=
4π2ω

~nbcV

∑
cvk

|η⃗ · ⟨ck|p⃗|vk⟩|2δ(ω − Ecvk) (5.5)

The delta function δ(x) can be replaced with a Lorentzian function as

δ(x) =
1

π
lim
Γ→0

Γ

x2 + Γ2
(5.6)

where Γ is spectral broadening.

In SWNTs, it was thought for a long time that optical excitations were com-

pletely understood within the one-particle picture [87]. In this picture, the inter-

band transitions are governed by van Hove singularities in the density of states
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and absorption spectra due to quasi-1D nature of SWNTs electrons [1, 92]. Opti-

cal properties based on initial free-electron band-to-band transitions provide useful

insights on chirality-dependent studies of SWNTs. In contrast, theoretical calcu-

lations predicted the excitonic character of optical excitations in semiconducting

nanotubes [25]. This makes sense because the strong spatial confinement of carri-

ers in one-dimensional materials due to enhanced electron-hole Coulomb interaction

leads to the formation of strongly bound excitons. Excitonic effects should there-

fore dominate the optical transitions in semiconducting SWNTs because the exciton

binding energy (≈ 0.2− 1 eV, depending on tube diameter, chirality, and dielectric

screening [67]) is much larger than the thermal energy at room temperature [29].

The formation of strongly bound excitons in SWNTs affects both the transitions

energies and the shape of the optical spectra [16]. From an experimental point of

view, two-photon absorption experiments have also confirmed the crucial role of ex-

citons in the optical properties of semiconducting carbon nanotubes [29]. Recently,

theoretical studies on the optical properties of metallic SWNTs [93, 94] reveal sur-

prisingly that excitonic effects significantly change the properties of metallic SWNTs

as well. However, the excitonic binding energies in metallic nanotubes is around one

order of magnitude smaller than in semiconducting tubes of comparable diameter.

In what follows, we discuss the contribution to the optical properties of semicon-

ducting SWNTs by excitonic effects.

In the excitonic picture, the absorption coefficient α0(ω) can be expressed as [68]

α0(ω) =
4π2ω

~nbcV

∑
nQ

|MnQ|2δ
(
ω − Ω

(n)
B (Q)

)
(5.7)

whereMnQ is the optical matrix element and Ω
(n)
B (Q) the excitation energy for bright

excitons. The matrix element MnQ is given by

MnQ = ⟨GS|p⃗ · η⃗|nBQ⟩

=
∑
k

A
(n)
B,Q(k)⟨ψcµk+Q|p⃗ · η⃗|ψvµk⟩ (5.8)

where |GS⟩ is the ground state of the SWNT crystal, p⃗ is the dipole operator, η⃗

is the polarization vector of light, and ψ is the single-particle wave function of the
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Figure 5.1: Illustrated absorption spectra (not to scale) for an (11,0) SWNT plotted
against photon energy ω: (green) is for the interband absoprtion αib(ω);
and (blue) is for the excitonic absorption α0(ω). Coulomb effects lead to the
formation of strongly bound excitons due the electron-hole interactions. The
optical spectra is reshaped from a van Hove singularity into a Lorentzian.
Both spectra are computed with a broadening of Γ = 25 meV.

electron. The calculation of the optical matrix elementMnQ is crucial in determining

the optical properties. Without the electron-hole interaction, the excitations are

given by vertical transitions between independent hole and electron states, and Eq.

(5.7) reduces to the interband expression in Eq. (5.5). As an illustration, we show in

Fig. 5.1 the absorbtion spectra for an (11,0) in both the free-particle and excitonic

pictures.

5.2 Absorption coefficient in the presence of im-

purity

In order to facilitate comparison of our theoretical predictions with the experiments,

we calculate the absorption coefficient α(ω) of the system. Within our model we

62



need to include only the states originated from the bright exciton manifold with the

wave function of ith eigenstate:

Ψ(i)(re, rh) =
∑
nQ

C(i)
BnQΦ

(n)
B,Q(re, rh) (5.9)

Interaction of the excitons with the light of polarization η⃗, is given by the absorption

coefficient (per atom): [91,95]

α(ω) =
4π2ω

~nbc

∑
i

|M (i)|2δ(ω − E(i)) (5.10)

where ω is the energy of incident photon, c is the speed of light, nb is the background

refractive index (nb = 1 for suspended tubes), ~ the reduced Planck constant, and

the matrix element is as follows:

M (i) = ⟨GS|p⃗ · η⃗|Ψ(i)⟩

=
∑
nQ

C(i)
BnQMnQ (5.11)

where MnQ is the optical matrix element given in Eq. (5.8). In the absence of the

impurity, the excitations of the system are solutions of the bare BS equation and

Eq. (5.10) reduces to: [68]

α(0)(ω) =
4π2ω

~nbc

∑
nQ

|MnQ|2δ
(
ω − Ω

(n)
B (Q)

)
(5.12)

It is very instructive to visualize all scattered excitonic states by plotting the

density of states (DOS) because some of those energy levels may have negligible

dipole matrix elements. The DOS is given by:

ρ(ω) =
∑
i

Γ

(ω − E(i))2 + Γ2
(5.13)

where we replace the Dirac delta function with a Lorentzian with the line width

Γ. The DOS for the (11,0) SWNT is shown in Fig. 5.2 for different values of

5meV ≤ Γ ≤ 28meV. Two bound levels are clearly seen at E(1) = 1.054 eV and

63



G = 5 meV
G = 8 meV
G = 11 meV
G = 14 meV
G = 17 meV
G = 20 meV
G = 23 meV
G = 26 meV
G = 28 meV

0.9 1.0 1.1 1.2 1.3
0

5

10

15

20

25

Ω @eVD

Ρ
HΩ
L
@a

rb
.u

ni
ts
D

Figure 5.2: Density of states (offset for clarity) of (11,0) SWNT computed for Z = 3
and d = 2 Å, ρ(ω), plotted for different values of the spectral broadening Γ,
shown in the legend.

E(2) = 1.089 eV, both corresponding to the impurity induced localized states, as we

prove next.

The absorption of light with η⃗z (axial) polarization for the (11,0) SWNT is

shown in Fig. 5.3. Since the total oscillator strength of non-localized excitonic

states is larger than the one of the bound state from a single impurity, we compute

the differential absorption coefficient, that is, the difference in absorption in the

presence of the impurity and in the free exciton picture:

∆α(ω) = α(ω)− α(0)(ω). (5.14)

Using the line broadening of 10 meV we plot in Fig. 5.3 the spectrum of the

differential absorption along with the bare absorption spectrum for (11,0) nanotube.

The same two peaks show up in the differential absorption, red shifted from the bare

lowest bright exciton position Ω
(1)
B (0) = 1.135 eV, due to the perturbation of the

impurity. Since these two peaks are below the onset of bright exciton continuum they

can be are attributed to impurity induced localized states with the binding energies
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Figure 5.3: Absorption coefficient, computed with 10 meV broadening: (blue) absorp-
tion coefficient for the bare SWNT, α(0)(ω); (red) differential absorbance in
the presence of the impurity, ∆α(ω) (scaled by a factor of 100).

Eb = 81 meV and 46 meV respectively. Additional proof of their localization can

be presented by visualizing the wave function, or the local optical DOS, which we

discuss next.

We introduce the partial absorption coefficient α(z, ω). In calculating α(z, ω) we

use the dipole matrix element, integrated out only within a narrow belt, containing

one ring of carbon atoms:

α(j, ω) =
4π2ω

~nbc

∑
i

|M (i)(j)|2δ(ω − E(i)) (5.15)

here j labels the ring position within the finite size SWNT, −L/2T ≤ j ≤ L/2T .

Corresponding matrix element is given by:

M (i)(j) = −e
∑
nQ

∑
sk

C(i)
BnQe

iQ(zs+jT )A
(n)
B,Q(k)×

×Cc
µk+Q(s)(zs + jT )Cv∗

µk(s) (5.16)

In the absence of impurity one has to replace E(i) in Eq. (5.15) with the bare exciton

energy Ω
(n)
B (Q), the index of summation i→ n,Q and use bare dipole matrix element
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Figure 5.4: Map of the partial absorption coefficient (per atom) vs. photon energy, ω,
and axial position, z, along the SWNT for the η⃗z polarization of light for
(11,0) nanotube, d = 2 Å and Z = 3. (top) for bare SWNT; (bottom) in the
presence of impurity at z = 0.

given by:

MnQ(j) = −e
∑
sk

eiQ(zs+jT )A
(n)
B,Q(k)×

×Cc
µk+Q(s)(zs + jT )Cv∗

µk(s) (5.17)

The partial absorption coefficient map, shown in Fig. 5.4 as a function of the

photon energy and axial position along the SWNT, has the same low energy spectral

features, as seen in Fig. 5.3. However, the bound states have very low optical density

far away from the impurity position at z = 0, with the characteristic localization

66



Figure 5.5: Absorption cross section for different axial position, z, along the SWNT with
the impurity ion at z = 0. The blue curve corresponds to the bare excitonic
absorption coefficient.

length of several nm. This is why the partial absorption is almost the same as in

the bare SWNT outside the central region, near the ion. In Fig. 5.5, we show the

absorption cross section for different axial position z along the SWNT. It shows that

the absorption is local and dies out as the distance from impurity is increased.

5.3 Further results

We present additional results for the density of states and absorption coefficient for

few (n, 0) tubes, we also show dependence of density of states for different effective

valency charge (Z) of the impurity ion, and finally the local absorption distribution

profile for two additional tubes. All spectra have been computed for d = 2Å and

with a broadening of Γ = 10 meV.
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Figure 5.6: (a) Density of states for different (n,0) SWNTs computed for Z = 3 and
d = 2 Å, ρ(ω), plotted with a spectral broadening Γ = 10 meV: (blue) for
(8,0) tube; (green) for (11,0) tube; and (red) for (14,0) tube. (b) Density of
states for (14,0) SWNT for different Z, computed for d = 2 Å: (blue) is for
Z = 1; (green) for Z = 2, and (red) for Z = 3.
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Figure 5.7: Absorption coefficient, computed with 10 meV broadening: (blue) absorp-
tion coefficient for the bare SWNT, α(0)(ω); (red) differential absorbance in
the presence of the impurity, ∆α(ω) (scaled by a factor of 100): (a) for (8,0)
tube; (b) for (14,0) tube.
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(a)

(b)

Figure 5.8: Map of the partial absorption coefficient vs. photon energy, ω, and axial
position, z, along the SWNT for the η⃗z polarization of light for d = 2Å and
Z = 3, with the impurity at z = 0: (a) for (8,0) tube; (b) for (14,0) tube.
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Chapter 6

Conclusions and perspectives

In summary, we have shown that a single charged impurity can induce exciton

localization in SWNT. The states localized by the impurity can have binding energies

ranging from few meV to hundreds of meV depending on the geometry of the actual

SWNT-ion complex. We calculated this dependence and parameterized it for three

main parameters of the model: the SWNT diameter, dt, the effective charge of

the impurity ion, Z, and the distance of the ion from the surface of the SWNT,

d. The binding energy has a weak dependence on the position of the ion on the

SWNT surface for the fixed main parameters. Thus one may expect that in certain

cases the impurity could be mobile on the tube surface. Localization length of the

impurity bound exciton also varies, being as small as several nanometers for Z = 3,

tri-valent ion at the distance d = 2 Å from the SWNT surface.

The absorption of molecules to the surface of carbon nanostructures opens a

new field of hybrid systems with distinct and controllable properties. We present a

microscopic study of the optical absorption in carbon nanotubes functionalized with

an immobile charge impurity. As a result, the absorption spectra of functionalized

tubes reveal a considerable redshift of transition energies depending on the effective

valency of the immobile charge and distance from the SWNT surface.

SWNTs consist of a single layer of carbon atoms show a high sensitivity to

changes in their surrounding medium, making them good candidates for sensitive
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nanoscale detectors The functionalization of nanotubes enables the control and opti-

mization of their properties and is a promising strategy to exploit their tremendous

application potential.
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