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ABSTRACT 

Diffusion in binary systems with multiple solid phases was modeled analytically 

using a self-similar solution. A system of coupled nonlinear equations predicting the 

location of the propagating front was solved numerically for the values of propagation 

rate constants. The Al-Zn binary system was studied theoretically while both Ni-Zn and 

Cu-Zn binary systems were studied theoretically and experimentally. The concentration 

values at the physical phase boundaries of the interfaces simulated by the model and 

shown experimentally are related directly to the concentration values at the boundaries of 

the two-phase regions on the equilibrium binary phase diagrams. The numerical solution 

of the rate constants are greatly affected by these values along with the diffusion 

coefficient ratios. The propagation rate constant values were used to determine the 

concentration profile in each phase as well as the interfaces’ locations. The predicted 

concentrations in all phases of the Ni-Zn and Cu-Zn binary systems agree well with those 

observed in the experimental investigations.  
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1 CHAPTER 1: INTRODUCTION 

1.1 Thermal Energy Storage Technology 

Recently, the strong need for novel energy alternatives has been a critical issue in 

most of social and industrial communities. In particular, earth planet is revealing to a 

catastrophic distortion everyday caused by using unsafe energy sources. These huge 

motivations led researchers to seek alternative energy sources which are safe, 

environmental friend, and relatively less cost.  Solar energy has been considered as one of 

the safest energy sources; its availability, reliability and industry affordability made it a 

very attractive choice for many researchers in this field.  Further, this kind of energy 

source is used in many engineering fields. Especially, space heating and electricity 

generation.  

Nowadays, many of solar power plants are searching for an energy storage 

technology. In some of these plants, collector fields have been built to collect solar 

thermal energy. However, a lot of them do not have storage system that can be used to 

accumulate the collected energy for later use.  The Leader for Thermal Energy Storage at 

the National Renewable Energy Laboratory (NREL), Greg Glatzmaier, clearly stated that 

the thermal energy storage is an attractive technology with the aim of reducing the overall 

cost [1]. This technology will assist exploiting the collected energy during the day time 

and store it for further use in the night time.  For our study, this is was the start point of 

thinking about  a Phase Change Material (PCM) that are sensitive to heat at elevated 

temperature by changing its status from liquid to solid and vice versa under heat control. 
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1.2 Phase Change Materials, PCMs 

First, let’s define the concept of PCMs.  PCMs are simply substances that can store 

and release thermal energy by heating and cooling at sensible temperature. The 

mechanism of how an encapsulated phase change material alters its state from solid to 

liquid and vice versa can be shown in Figure (1). As shown in this Figure, after heating to 

a sensitive temperature, PCM changes its status from solid to liquid. Due to that, it 

absorbs the energy and holds it as storage. As the material cools down, it releases the 

energy to the surrounding and starts to solidify. An obvious simple example for this kind 

of materials is water/ice. PCMs have been successfully engaged in many applications 

such as heat exchangers, medical applications, air-conditioning, computer cooling 

systems and satellites thermal storage applications. In general, PCMs can be classified to 

two major groups: organic and inorganic compounds [2]. A comparison between these 

groups showing the advantages and disadvantages is illustrated in Table (1). 

Table 1. Advantages and disadvantages of organic and inorganic PCMs [2]. 

Features Organic PCMs Inorganic PCMs 

Corrosion Non-corrosive Corrosive to most metals 

Stability 
Chemically stable,                  

no sub-cooling 

Chemically unstable, suffering from 

decomposition and sub-cooling 

Latent heat High High 

Thermal 

conductivity 
Low High 

Flammability High Non-flammable 

Cost Relatively high Low 
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As a thermal storage option, phase change materials are promising candidates to 

play major rule in the energy industry.  In power plant applications, the temperature enter 

the turbine is around 400 to 450C. We are looking for a material which possesses melting 

temperature in this range and has high latent heat of fusion. The selection is laid on Zn.  

Zn has a high melting temperature (419.5
0
C) with a latent heat of fusion (100.9 kJ/kg). 

These two main characteristics make the zinc a promise option for our application. The 

zinc ingot has to be encapsulated within a metal with a high melting point much more 

than Zn such as Ni or Cu. The melting point of Ni and Cu are 1455.0°C and 1084.87°C 

according to their equilibrium phase diagrams. As a simulation for the thermal energy 

storage technique, the encapsulated zinc is heated up to 450
0
C for designated exposure; 

and then it cools down to room temperature. Apparently, the investigation results ensured 

forming new solid layers at the Ni-Zn and Cu-Zn interfaces as a result of a diffusion 

process.  

 

 

 

   

 

         

Figure 1. Phase change mechanism of a PCM [3]. 

Capsule 

Shell 

Encapsulated PCM in solid phase 

Heating 

Heat energy 

absorption 

Encapsulated PCM in liquid phase 

Cooling 

Heat energy 

releasing, 

solidification 

again 



5 

 

1.3 Literature Review  

Diffusion in binary systems has been investigated experimentally in many earlier 

studies [4-35]. In such experiments, a diffusion couple of two elements was exposed to 

heat for designated times and temperatures.  During this process, distinct new phase 

layers are formed at the interface and grown with increasing the exposure time. 

Previously, many investigators have reported that some of these phases may not be 

distinguished from each other even with sufficient exposure time [4-9, 36-43]. In another 

study, phase formation in the Ni-Zn binary system had been studied at an annealing 

temperature of       [44]. In these investigations, layers formation was observed and 

the study was focused on phase identification for the formed layers and measuring 

individual layer thickness at two different annealing times. Castleman and Seigle [36, 37] 

asserted that distinguishable phases can be achieved by exposing the diffusion couple to 

sufficiently high temperatures and long times based on the alloy system being examined.   

A solid-solid diffusion kinetics of a hypothetical binary system consisting of an 

inter-metallic compound layer,  , and two primary solid phases,   and   had been 

analyzed theoretically [18]. For this binary system, a unidirectional semi-infinite 

diffusion mechanism is assumed. The diffusional direction is perpendicular to a flat 

interface and the diffusion process is controlled by the   inter-metallic compound layer 

diffusion coefficient,   . The inter-metallic compound layer is bound by two migration 

interfaces. The locations of the migration interfaces are proportional to the exposure time 

   by the relationship,     √      ; where   is the migration rate constant. For such a 

problem statement, an analytical solution was found for a solid-solid diffusion couple. A 

system of two coupled discontinuity equations is stated relating the constant 
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concentration boundary values and the migration rate constants. The hypothetical model 

was applied to Al-Fe binary system in a recent study [45]. In this study, the model result 

was directly compared to the parabolic law. However, the system of the discontinuity 

equations has not been solved for the migration rate constants  .  

In the present work, diffusion in Ni-Zn and Cu-Zn binary systems has been 

investigated experimentally and analytically. For the Ni-Zn case study, the diffusion 

couple has been exposed to elevated temperature          for designated exposure 

times, (1 hour, 2 hours, 4 hours, 8 hours and 16 hours).  On the other hand, one sample of 

the Cu-Zn system has been exposed to similar condition for 8 hours. In such an elevated 

temperature, (high enough to reach melting point of one element of the diffusion couple), 

the rate of diffusion process is dominated by liquid phase diffusion coefficient.  

Multilayer of different phases is formed between the solid Ni/Cu and the liquid Zn. Based 

on the observation from the compositional analysis, several discontinuities prove many 

previous observations of multiple phase formation.  

Referring to the phase diagram of Ni-Zn binary system at       shown in Figure 

(11), four phases of        and   are clearly formed between the solid and liquid phases. 

Likewise, four phases of         and    are formed at the same temperature for the Cu-Zn 

binary system as shown in Figure (21). Our optical microscopic images do not show   

and    solid phases adjacent to the Ni or Cu elements, this is may be due to the fact that 

these phases grew very slowly and layer thickness of these layers are too small to be 

observed. Each two neighboring phases are distinct by two moving flat interfaces. It is 

considered that the original flat interface between Ni/Cu and Zn is the reference 

measurement point of the layer growth. It is also considered that the layers are growing in 
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a positive sense direction and therefore the propagation rate constants will follow the 

same manner.  

The mathematical analysis is done using self-similar technique and it is generic for 

multilayer system. The analysis shows a consistent result for the concentration profiles 

with the experimental data. In addition, it also shows a good prediction for the 

experimental measurements of the phase’s thicknesses and diffusion coefficient for each 

phase can be approximately obtained for the desired system.  

1.4 Diffusion Mechanism and Phases Formation 

Generally, diffusion can be defined as a natural transfer process of a substance into 

its surrounding region. The substance molecules transfer from higher concentration 

region to lower concentration region to achieve an equilibrium state by distributing the 

substance molecules throughout the system.  

In our case, the diffusion couple is exposed to heat for different exposure times. 

One of the diffusion couple has lower melting point than the other one resulting in phase 

change for the lower melting point substance from solid to liquid while the high melting 

point substance remains in the solid state. As a result of concentration variation between 

the two substances at the interface, the higher concentration substance diffuse to the 

lower concentration in which layers of a new chemical composition phases will form at 

the interface. Referring to Ni-Zn binary phase diagram, at an elevated temperature, 

multiple phase will form between solid Ni and liquid Zn. Between each two adjacent 

phases, a transition region represents the interface discontinuity. Remarkably, Ni-Zn 

interface behaves as a flat interface which moves toward the solid region. Previously, 
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identical behavior was detected in the Cu-Al diffusion couple study [34]. As far as the 

interface moves, the layers will expand with time. From the mathematical modeling point 

of view, this kind of interface behavior makes the diffusion problem a moving boundary 

problem that should be treated carefully.   

1.5 Self-Similar Technique 

Previously, the similarity solutions were recognized through physical and 

dimensional procedures. It has been widely used in many mechanical applications such as 

fluid mechanics and heat transfer. For examples, extensive used of this type of solution in 

the boundary layer and convective heat diffusion problems. Recently, similarity 

technique was proposed to build up a large time approximate solutions of partial 

differential equations based on a balancing argument [46]. A universal parameter was 

introduced to reduce the partial differential equation to another much easier partial 

differential equation function of one independent variable.  

The assumption here is the migration of the interface has the same shape (similar) 

with the time progresses. Additionally, the diffusion media is unbounded, and therefore 

has no characteristic length. Thus we can employ what is termed similarity solution. This 

technique is to introduce a stretching variable that depend on space and time and employ 

it into the original equations after some necessary transformations. Particularly, the 

original partial differential mass diffusion equation can be reduced to an ordinary 

differential equation which is much easier to handle analytically than the original 

equation.   
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2 CHAPTER 2: THEORETICAL APPROACH 

According to a typical multiple phase binary system, as a result of diffusion process 

between two pure elements, stable phases are formed at the diffusion couple interface. 

These phases are separated by transition equilibrium regions which represent the 

concentration jump between each of the two adjacent phases. If the diffusion couple is 

exposed to an elevated temperature (high enough to reach a stable liquid phase of the low 

melting point element) for a sufficient time, a solid-liquid diffusion mechanism can be 

considered. Physically, these phases are appearing to grow with increasing exposure time 

concurrently in a solid-liquid diffusion media. The original interface is moving towards 

the solid phase [33]. However, comparing with other moving interfaces, its movement is 

extremely slow. Based on this fact, it can be assumed that the new interfaces are 

propagating in one direction in a positive sense with much higher propagation rate than 

the original solid-solid front. Consequently, the reference point of measurements is the 

original interface of the solid phase. Also, it can be assumed that the diffusion is semi-

infinite into the liquid phase but finite in the intermediate phases. The diffusion 

coefficients are assumed to be independent of concentration. 

2.1 Governing Equations 

The diffusion phenomenon is described by Fick’s law:            , where    

denotes the concentration of phase  ,    is the diffusion coefficient of phase   and    is 

the diffusive flux of phase  . The concentration of mass of phase   can then be written 

as, 
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         is considered as a function of time   and distance  . A schematic drawing for 

the concentration profile of a multiple phase binary system is shown in Figure 2. In this 

Figure, the ordinate shows the concentration of the diffused element,    and the abscissa 

indicates the distance,   measured from the original interface. The solid lines represent 

the predicted concentration profile in each layer and the dashed lines indicate the 

interfaces. The indices              represent the formed phases between solid and 

liquid phases. Between two neighboring phases, for example      ,      is the location of 

the propagation front. For such an interface,     and     are the concentration values 

associated with this interface. The jumps in concentration and the values of concentration 

at the boundaries are directly tied to the phase diagrams of multiple phase systems.   

 

  

 

 

     

 

 

 

Figure 2. A schematic drawing for the concentration profile of a multiple phase binary system 
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The interface discontinuity is defined by the relationship between the flux balance and 

the migration rate of the interface [47, 48]. With, 

       
     

 
                                                                                                                                       

 And 

       
     

 
                                                                                                                                      

The mass concentration at the interface     yields, 

(       ) 
    

  
      

   

  
|
   

 
   

   

  
|
   

 
                                                                        

The plus and minus signs refer that the interface approaching from to the right and left, 

respectively. 

The other boundary conditions imposed on    are, 

   
     

 
  (   

   )                                                                                                                               

   
     

 
  (   

   )                                                                                                                            

2.2 Self-Similar Solution  

2.2.1 Similarity Variable Establishment 

In the present solution technique, the total layer thickness is assumed to retain its 

same shape when it is scaled on   . Here   is defined as the similarity variable, which is 

dependent on   and   and has the form, 



12 

 

                                                                                                                                                   

where      and     are all constants. The main idea is to reduce the partial differential 

diffusion equation (1) to an ordinary differential equation function of   only. The next 

step is to find the values of     and     that make the resultant equation solvable. Starting 

with the time derivative term in the diffusion equation (1), we have, 

  

  
 

  

  
 
  

  
   

  

  
                         

 

 
     

 

 
                                             

The right hand side will be transformed as follow, 
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(
  

  
)    (

  

  
)
 

(
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      (      
 

 
)
 

        (
 

 
)
 

                                                                  

Equating both terms in equations (6) and (7) leads to, 

    
 

 
        (

 

 
)
 

 

   
 

 
         (

 

 
)
 

 

      
   

      
                                                                                                                              

The ordinary differential equation of the form            ) is solvable. We need to 

seek this form of equation by setting  
   

      
    . As a result, we will have, 
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 Or by taking the square root of    in equation (9) and compare it with the equation (5), 

we get, 

         ( 
   

      
)

 
 

 ( 
 

   
)

 
  

 
   

 
                                                                          

If we equate the constants in both sides of equation (10), we can deduce     
 

 
 ,     

and    √
 

  
 , and subsequently, 

  
 

√   
                                                                                                                                           

Equation (11) represents Boltzmann transformation formula.  

2.2.2 Analytical Solution 

Equations (1-4) pose a self-similar solution. The Boltzmann transformation 

formula can be used as a similarity variable to reduce the partial differential diffusion 

equation to an ordinary differential equation, 

  
 

√     
                                                                                                                                        

Where  , is the growth rate and   is the liquid phase diffusion coefficient. The location 

of the interfaces,        can be expressed in terms of similarity variable as, 

    
   

√     
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Equation (1) is reduced to, 

    

   
       

   

  
                                                                                               

Where         ⁄  is defined as the diffusion coefficients ratio. 

The appropriate boundary conditions for each phase is written as, 

  (   
 )                                                                                                                                           

  (   
 )                                                                                                                                          

Equation (3) can be transformed as well. The migration rate term can be written as, 
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And therefore, 

    

  
  √

  

 
(        

    

  
)                                                                                                    

Also, concentration gradient terms can be easily transformed as follow, 
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Reconstruct equation (3) using equations (16) and (17) gives, 

(       )√
  

 
(        

    

  
)     

 

√     
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√    
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Simplifying this equation leads to, 

  (        
    

  
) (       )  

 

  
   

 (   
 )  

 

  
  

 (   
 )                                               

The ordinary differential equation (14) can be written as, 

  
          

                                                                                                                               

Dividing both sides of equation (20) by   
 , we can write, 

  
  

  
 
                                                                                                                                            

The integration of equation (21) leads to, 

    
      

                                                                                                                              

Where   is a constant. Taking the exponential for both sides yields, 

  
            (    

 )                                                                                                                

Where             constant. 

For phase  , equation (23) can be written as, 
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           (    

 )                                                                                                                   

Taking the integration leads to, 

     |   
 

   
 

   ∫         
  

   
 

   
 

                                                                                                  

Evaluating the integration and applying the appropriate boundary conditions yields,  

  (   
 )    (   

 )       {
√ 

 √  

 [   (√     
 )     (√     

 )]}                                 

And therefore,  

    
 √  (       )

√ (   (√     )     (√     ))
                                                                               

Substituting the value of    into equation (24) and replace   with    
  give an expression 

for   
 (   

 ) as follow, 

  
 (   

 )    
 √  (       )

√ (   (√     )     (√     ))
    (      

 )                                        

Likewise, for phase  , equation (23) can be written as, 

  
                

                                                                                                                   

Taking the integration leads to, 
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     |   
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Evaluating the integration and applying the appropriate boundary conditions yields,  

      
     (   

 )       {
√ 

 √  

 [   (√     
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 )]}                               

And therefore,  

    
 √  (       )
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Substituting the value of    into equation (24) and replace   with    
  give an expression 

for   
 (   

 ) as follow, 

  
 (   

 )   
 √  (       )

√ (   (√     )     (√     ))
    (      

 )                                      

Obviously, since the values of the concentration at the boundaries are constant, it is 

necessary that the value of the propagation rate is constant too. Therefore,     is 

independent on  . So we can write,  

    

  
                                                                                                                                                

Then, equation (19) becomes, 

      (       )  
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The substitution of equations (28) and (33) into equation (35) gives, 

 (       )   
(       )

   √    (   (√     )     (√     ))
    (      

 )   

 
(       )

   √    (   (√     )     (√     ))
    (      

 )                      

System of equations similar to equation (36) can be generated if multiple phase type of 

problem is addressed.  

The concentration profile can be found for each phase by integrating the 

concentration gradient. For instance, the concentration profile of phase   denoted by 

      can be obtained by integrating equation (24) indefinitely as follow, 

         ∫   (    
 )                                                                                                    

Or we can write, 

        
√ 

 √  

    (√   )                                                                                                   

Using equation (28) for the value of    and applying the boundary condition (16a), 

  (   
 )   

 √  (       )

√ (   (√     )     (√     ))

√ 

 √  

    (√     
 )                          

Or we can write, 

       
(       )

(   (√     )     (√     ))
    (√     

 )                                                     
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Now, by substituting the values of the constants   and    into equation (38), it gives, 

           
 √  (       )

√ (   (√     )     (√     ))

√ 

 √  

    (√   )

 
(       )

(   (√     )     (√     ))
    (√     )                                         

Or we can write 

          
(       ) (   (√   )     (√     ))

    (√     )     (√     )
                                                         

           Equation (42) represents the concentration profile of phase   as a function of the 

similarity variable   . Using the definitions of the similarity variable   and the 

propagation rate constants, equation (43) can be written in terms of distance  , and time 

 , as follow,  

            

(       )(   (√  
 

√    
)     (√  

   

√    
))

    (√  

   

√    
)     (√  

   

√    
)

                             

2.3 Numerical Method 

A system of equations similar to equation (36) can be generated if a multiple 

phases separated by multiple propagation front are considered. Equation (36) is a 

nonlinear algebraic equation function of the growth constant    . Similar equation will be 

derived for each propagation front when multiple phases are present. Such systems of 
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nonlinear equations are solved numerically using Maple ™ 15. More details in the 

numerical solution and Maple ™ 15 code can be found in appendix A. The values of     

can then be used to obtain the concentration profiles of phase   using equation (42). 
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3 CHAPTER 3: EXPERIMENTAL PROCEDURE 

 Commercially pure nickel (Ni alloy 200) and 99.997% pure zinc were used in this 

investigation. Five 41 mm-long rods were sectioned from 12.7 mm diameter nickel bar 

stock. Holes were drilled perpendicular to the central axis at one end of each bar so that 

each rod could be suspended in molten zinc by a small diameter stainless steel rod. The 

surfaces of the nickel rods were then prepared with 600 grit SiC abrasive paper to remove 

surface imperfections and contaminants. The rods were then cleaned in a degreasing 

agent and rinsed in alcohol.  Individual crucibles, containing 98.2 grams of zinc, were 

heated to 450
0
C until molten. Once molten, a nickel rod was suspended in the zinc for an 

allotted amount of time. The designated times were 1 hour, 2 hours, 4 hours, 8 hours, and 

16 hours. After exposure to the molten zinc, the rods were quickly removed and 

quenched in water in order to retain the microstructure at the elevated temperature. The 

rods were then sectioned into thin discs and metallographically prepared to a 0.05 micron 

finish.  Light optical microscopy was then used to visually inspect the extent of the 

intermediate phase formation, as well as determine the thickness of the phase layers with 

respect to the exposure time for each specimen.  The same procedure was used for a 

copper/zinc specimen; however, it was only exposed to the molten zinc for 8 hours at 

450
0
C.  The copper was commercially pure (Cu alloy 101).A Hitachi 4300 Scanning 

Electron Microscope was then used to generate phase identification of each layer.  The 

working voltage was 5 kV. Wavelength dispersive spectroscopy analysis of the multiple 

phase layers provided compositional differences between each layer.  The compositional 

data was used to verify model results.     
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4 CHAPTER 4: OPTICAL MICROSCOPY 

Light optical photomicrographs of the Ni-Zn system at different exposure times are 

shown in Figures (3), (4), (5), (6) and (7).  As well, a light optical photomicrograph for 

the Cu-Zn system at 8 hour exposure times is shown in Figure (8). Between the regions 

of nickel and zinc and copper and zinc, there are distinct regions wherein intermediate 

phases formed. The intermediate phases show preferential growth in the radial direction, 

which is evident in the grain structure of the outermost layer in the Ni-Zn system. The 

Cu-Zn system also displays this preferential growth; however, it is not as evident. Clear 

boundaries within the intermediate phases are also observed. From this, it can be inferred 

that within each of the regions between the nickel and zinc and the copper and zinc that 

there are multiple changes in structure and composition.  

     

Figure 3. Light optical photomicrographs of the Ni-Zn system after 1 hour exposure 

Zn 

Ni 



23 

 

      

Figure 4. Light optical photomicrographs of the Ni-Zn system after 2 hours exposure. 

 

     

Figure 5. Light optical photomicrographs of the Ni-Zn system after 4 hours exposure. 

Zn 

Zn 
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Figure 6. Light optical photomicrographs of the Ni-Zn system after 8 hours exposure. 

 

             

Figure 7. Light optical photomicrographs of the Ni-Zn system after 16 hours exposure. 
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Figure 8. Light optical photomicrographs of the Cu-Zn system after 8 hour exposure. 

 

According to the Ni-Zn and Cu-Zn equilibrium phase diagrams, there should be 

four intermediate phases present between the two pure materials. However, only two 

intermediate phases can be resolved from light optical inspection of both the Ni-Zn 

system the Cu-Zn system.  The other phases may be present, but the thickness of the 

layers may be so small that they cannot be resolved by light optical techniques. 

It can be seen in figures (3-8) that as the exposure time increases, the thickness of 

the intermediate phases also increases. This trend can be seen in the individual 

intermediate phases as well. The average values of the interfaces’ locations       and 

     at different exposure times for the Ni-Zn system are given in Table (2).  With 

respect to the Cu-Zn system, the average values of the interface locations     for eight 

Cu 

Zn 
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hours exposure time is 616.4 microns whereas the average values of the interface 

locations     is 460.4 microns.  

Table 2. Average value of the interface locations       and      at different exposure times for the Ni-

Zn system. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Interface locations 

Exposure Time 

1hr  2hr 4hr 8hr 16hr 

     (µm) 26.4 70.8 115.8 227.2 335.8 

     (µm) 12.8 29.6 45.4 95.4 142 
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5 CHAPTER 5: RESULTS AND DISCUSSION 

5.1 Single Phase Model: Al-Zn Theoretical Case Study 

The set of nonlinear algebraic equation for each interface separating phases should 

be used to calculate the interface location. For instance, the formation of three phases 

means that there will be two nonlinear equations for two interfaces separating three 

phases. From the Al-Zn phase diagram illustrated in Figure (9), a solid phase along with 

the liquid phase separated by a transition region, are considered a single phase problem 

with a single propagation front. A nonlinear equation is describing the relationship 

between the constant concentration values and the rate constant. According to Figure (9), 

the dotted red line indicates the temperature level at      . Along this line, 

concentration values are well indicated between each phase at the equilibrium lines.  The 

vertical blue dashed lines indicate the concentration values on the abscissa.   

According to equation (36), the indices       and   can be replaced by the phases 

notation        and   , respectively. In addition, the constant concentration values at the 

boundaries can be written as                and        and have the values (1.0, 0.33, 

0.155 and 0), respectively. The values of    and    can be assumed depending on the 

proper fit to the experimental phase thickness data. For demonstration purposes of this 

case study, it is assumed that    and    have the values       and  , respectively.  

Equation (36), with the parameters related to this case is solved to determine the 

value of (                  ). This value will be different at different temperature 

since the concentrations at the boundaries will be different. Also,    is dependent 

strongly on the value of   . The value of     can be used to evaluate the concentration 
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profile of Al using equation (42) as shown in Figure (10). In this Figure, the ordinate 

shows the concentration of the Al and the abscissa indicates the dimensionless variable  .  

The dotted red line represents the phase   and the solid line indicates the concentration of 

Al in liquid Zn. The discontinuity is very clear at      . 

 

                    

 

 

Figure 9. Al-Zn equilibrium phase diagram [49]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝒄𝑨𝒍 𝜶 𝒄𝜶𝑳 𝒄𝑳𝜶 𝒄𝑳 𝒁𝒏 

   Weight Percent Zinc 
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Figure 10. Concentration profile of the Al-Zn diffusion couple based on self-similar solution. 

 

5.2 Multiple phase Model: Ni-Zn Binary System 

A multiple phase model can be considered using Ni-Zn binary system. In such 

binary system as mentioned before, four phases        and    at temperature         

appear to be stable phases according to the Ni-Zn binary phase diagram illustrated in 

Figure (11). Referring to this Figure, a transition region between each of the two single 

phase’s regions represents the propagation front.   

A system of four nonlinear equations describes the relationship between the 

constant concentration values and the rate constants. These four equations presented in 

equation (36) with   and   of being        and   represents coupled nonlinear equations 

for      
,         and       According to Figure (11), the dotted red line represents the 
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temperature at      . Clearly, along this line, the concentration at the four interfaces and 

boundaries are illustrated. The blue lines are drawn to indicate the values of the 

concentration on the abscissa.  

        

 

 

Figure 11. Ni-Zn equilibrium phase diagram [50]. 

                                                                   

At the first interface     
 between phase    and phase   , the indices       and   

in equation (36), represent         and  , respectively.  The values of the concentration 

boundaries at this interface              and       represent            
      and       , 

respectively. At the interface       between the      phase and the   phase, the indices 

      and   in equation (36) represent the phase notation         and  , respectively.  The 

corresponding values of the concentration boundaries at this interface              and 

      represent      
          

 and     , respectively. At the interface     between the   

𝒄𝜷𝟏𝜶 𝒄𝑵𝒊 𝜶 𝒄𝜶𝜷𝟏 𝒄𝜷𝟏𝜸 𝒄𝜸𝜷𝟏 𝒄𝜸𝜹        𝒄𝜹𝜸  𝒄𝜹𝑳     𝒄𝑳𝜹  𝒄𝑳 𝒁𝒏 

   Weight Percent Zinc 
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phase and the   phase, the indices       and   in equation (36) represent the phases 

notation        and   , respectively.  Therefore, the values of the concentration 

boundaries at this interface              and       represent                and      , 

respectively. Lastly, at the solid-liquid interface    , the indices       and   in equation 

(36), can be replaced by the phases notation       and   , respectively.  Consequently, 

the values of the concentration boundaries at this interface              and       represent 

               and        , respectively. According to Figure (11), the values of 

           
     ,          

                   and        are about (1.0, 0.68, 0.52, 0.47, 

0.24, 0.14, 0.10, 0.09, 0.015 and 0).  The values of the diffusion coefficients ratios, 

      
       and    are selected to fit best to the experimentally measured phase 

thickness data. For instance, higher diffusion coefficients ratio can be assumed with 

respect to   phase. This assumption reflects small layer thickness of this phase and vice 

versa. The optimum choice of diffusion coefficient ratios are               
   

                  and      with                  . Thus,          

           ,    
               ,                      and          

          . These values can be applied to the system of four nonlinear equations and 

then solved numerically for      
,         and     . The solution gives the values of the 

rate constants as follow:      
           0 ,                 0      

          0  and                0 . These values designate the speed of the 

propagating interfaces; the higher the value the higher the propagation speed.  The values 

of rate constants are sensitive to the value of diffusion coefficient ratios.  Figure (12) 

represents the self-similar solution of the concentration profiles of phases           and 

liquid Zn in the Ni-Zn diffusion couple. The ordinate indicates the concentration value of 
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Ni element while the abscissa represents the similarity variable  . Obviously, the 

concentration is discontinued at the rate constant values which are representing the 

location of the interfaces.  

This representation can be transformed into time and distance scale. Figures 13, 

14, 15, 16 and 18 show comparisons between model result and the experimental 

composition determined using the electron dispersive spectroscopy (EDS) for the Ni-Zn 

diffusion couple at 450
0
C at 1 hour, 2 hours, 4 hours, 8 hours and 16 hours exposure 

times, respectively. Figures 17 and 19 are plotted to magnify phases   and     of the Ni-

Zn system for 8 and 16 hours exposure time; although the experimental data points are 

few in the first and second phases, the model is matching very well with these points. The 

solid blue lines represent the calculated values while the red circles represent the 

experimental data points. 

The model results show a very good representation of the compositional profile 

when compared with the experimental data despite the fact that in some phases, the 

concentration is not reaching equilibrium because of the quenching process. On the other 

hand, the interfaces’ locations     
          and      are plotted with different 

exposure time as illustrated in Figure (20). The interfaces’ locations     and      are 

compared with the experimental measurements as illustrated in Figure (20).  In this 

Figure, the solid line represents the model results while the data points indicate the 

average of five fields’ experimental measurements. An excellent agreement can be 

concluded from this Figure.   
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Figure 12. The model concentration profile of Ni-Zn diffusion couple based on similarity solution. 

            

Figure 13. Measure and predicted concentration profile of Ni-Zn diffusion at 4500C for 1 hours 

exposure time. 
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Figure 14. Measure and predicted concentration profile of Ni-Zn diffusion at 4500C for 2 hours 

exposure time. 

           

Figure 15. Measure and predicted concentration profile of Ni-Zn diffusion at 4500C for 4 hours 

exposure time. 
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Figure 16. Measure and predicted concentration profile of Ni-Zn diffusion at 4500C for 8 hours 

exposure time. 

          

Figure 17. A magnification of the phases   and    at 8 hours exposure time. 

0 50 100 150 200 250 300 350
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 Distance x, micron  

N
i 

C
o

n
c
e
n

tr
a
ti

o
n

 

 

Model Results

Expermintal data

0 5 10 15 20 25 30 35 40 45 50
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 Distance x, micron  

N
i 

C
o

n
c
e
n

tr
a
ti

o
n

 

 

Model Results

Expermintal data



36 

 

          

Figure 18. Measure and predicted concentration profile of Ni-Zn diffusion at 4500C for 16 hours 

exposure time. 

         

Figure 19. A magnification of the phases   and    at 16 hours exposure time. 
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Figure 20. measured and predicted values of interfaces’ locations of a Ni-Zn diffusion couple at 450C 

for different exposure times. 

 

5.3 Multiple phase Model: Cu-Zn Binary System 

Another case for a multiple phase model is the Cu-Zn binary system. According to 

the Cu-Zn binary phase diagram shown in Figure (21), this binary system has four 

phases:        and   appear to be stable phases at 450
0
C. Likewise, a transition region 

between each two single phase region represents the propagation front.   
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Figure 21. Cu-Zn equilibrium phase diagram [51]. 

                                          

Following an approach similar to that in Ni-Zn system, a system of four 

discontinuity equations describes the relationship between the constant concentration 

values and the rate constants. The resultant equations are coupled with four independent 

variables     ,    ,     and    . Referring to Figure (21), the dotted red line represents 

the temperature level line at 450
0
C. Clearly, along this line, the concentration at the four 

interfaces and boundaries are illustrated in Figure (21). The values of 

                ,                              and         are approximately (1.0, 0.61, 

0.55, 0.515, 0.425, 0.315, 0.215, 0.125, 0.035 and 0).   

The ratios of the diffusion coefficient,                and    are selected to 

obtain best fit to the experimentally measured thickness of each phase. The values for the 

diffusion coefficient ratios are                                    

𝒄𝜷 𝜶 𝒄𝑪𝒖 𝜶 𝒄𝜶𝜷  𝒄𝜷 𝜸 𝒄𝜸𝜷  𝒄𝜸𝜺              𝒄𝜺𝜸          𝒄𝜺𝑳            𝒄𝑳𝜺    𝒄𝑳 𝒁𝒏 

Weight Percent Zinc 
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                  and      with           0      . Figure (22) represents 

the self-similar solution of the concentration profiles of phases           and liquid Zn in 

the Cu-Zn diffusion couple. The ordinate indicates the concentration value of Ni element 

while the abscissa represents the similarity variable  . Noticeably, the concentration is 

discontinued at the rate constant values which are representing the location of the 

interfaces. Note that the diffusion coefficient ratio    is higher than    which reflects the 

smaller thickness of the   phase as can be seen in Figure (23).   

Figure (23) shows a comparison between the calculated concentration profile of 

Cu and the experimental composition determined using the electron dispersive 

spectroscopy (EDS) at 8 hours exposure time. The solid lines represent the calculated 

values while the data points represent the experimental data. The model results show a 

very good representation of the compositional profile when compared with the available 

experimental data. The values of the diffusion coefficients in various phases are     

                 ,                     ,                      and 

                 . Substituting these values to the system of four nonlinear 

discontinuity equations makes this system ready to solve numerically for      ,    ,     

and    . The rate constants are calculated to be                 0   ,      

          0                  0    and               0   . Likewise, these 

values are dependent strongly on the values of diffusion coefficient ratios..  

The model results for the interfaces’ locations are                    

                     and           . From the experimental measurements, 

the only observable phase interfaces are          and     and their values are 
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                   and       , respectively. These values can be shown in Figure 

(24). The layer thickness corresponding to   phase is too small to be observed in the 

experiments due to the resolution of the optical microscope. The rate constants predicted 

for all three binary systems (Al-Zn, Ni-Zn, Cu-Zn) are verified by obtaining solutions 

using collocation method. The set of nonlinear ordinary differential equations (14, 15 and 

35) are solved by the collocation method by treating the unknown locations of 

propagating fronts as eigenvalues of the system. Results obtained by such method agree 

perfectly with that presented in this paper using Maple ™ 15 program. 

                

Figure 22. Concentration profile of the Cu-Zn diffusion couple based on self-similar solution. 
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Figure 23. Measure and predicted concentration profile of Cu-Zn diffusion at 4500C for 8 hour 

exposure time. 

               

Figure 24. The experimental data for the interfaces’ locations of Cu-Zn diffusion couple at 4500C for 

8 hour exposure time and model representation for different exposure time. 
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6 CHAPTER 6: CONCLUSIONS 

In the present study, a diffusion model for various binary systems with multiple 

phases has been introduced based on a self-similar solution. A similarity variable is used 

to reduce the coupled set of nonlinear partial differential diffusion equations to a set of 

coupled nonlinear ordinary differential equations. The equations predicting the location 

of propagation fronts are reduced to the set of nonlinear algebraic equations and were 

solved using Maple™ 15.  

The model was applied and compared with the experimental data for the Ni-Zn and 

Cu-Zn binary systems. System of equations of rate constants was solved for propagating 

fronts.  The concentration values at the boundaries are directly related to the equilibrium 

phase diagram for such binary systems. In general, the model is capable of being applied 

to different binary systems. It is concluded that this model is presenting a very good 

agreement with the experimental data in terms of concentration profiles and interfaces’ 

locations. Moreover, the phases’ thicknesses can be easily determined by the proposed 

solution. More significantly, the model provides estimation for the diffusion coefficients 

in each phase. The diffusion coefficients are very low in the solid phases compared with 

the liquid phase.  

Although two or three phases were observed in our investigation because other 

phases are extremely small in thicknesses, the model is able to detect these layers and 

estimate their thicknesses. 
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APPENDIX A 

A.1 Maple Code for the Al-Zn Case 
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A.2 Maple Code for the Ni-Zn Case 
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A.3 Maple Code for the Cu-Zn Case 
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