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ABSTRACT

Diffusion in binary systems with multiple solid phases was modeled analytically
using a self-similar solution. A system of coupled nonlinear equations predicting the
location of the propagating front was solved numerically for the values of propagation
rate constants. The Al-Zn binary system was studied theoretically while both Ni-Zn and
Cu-Zn binary systems were studied theoretically and experimentally. The concentration
values at the physical phase boundaries of the interfaces simulated by the model and
shown experimentally are related directly to the concentration values at the boundaries of
the two-phase regions on the equilibrium binary phase diagrams. The numerical solution
of the rate constants are greatly affected by these values along with the diffusion
coefficient ratios. The propagation rate constant values were used to determine the
concentration profile in each phase as well as the interfaces’ locations. The predicted
concentrations in all phases of the Ni-Zn and Cu-Zn binary systems agree well with those

observed in the experimental investigations.



1 CHAPTER 1: INTRODUCTION

1.1 Thermal Energy Storage Technology

Recently, the strong need for novel energy alternatives has been a critical issue in
most of social and industrial communities. In particular, earth planet is revealing to a
catastrophic distortion everyday caused by using unsafe energy sources. These huge
motivations led researchers to seek alternative energy sources which are safe,
environmental friend, and relatively less cost. Solar energy has been considered as one of
the safest energy sources; its availability, reliability and industry affordability made it a
very attractive choice for many researchers in this field. Further, this kind of energy
source is used in many engineering fields. Especially, space heating and electricity

generation.

Nowadays, many of solar power plants are searching for an energy storage
technology. In some of these plants, collector fields have been built to collect solar
thermal energy. However, a lot of them do not have storage system that can be used to
accumulate the collected energy for later use. The Leader for Thermal Energy Storage at
the National Renewable Energy Laboratory (NREL), Greg Glatzmaier, clearly stated that
the thermal energy storage is an attractive technology with the aim of reducing the overall
cost [1]. This technology will assist exploiting the collected energy during the day time
and store it for further use in the night time. For our study, this is was the start point of
thinking about a Phase Change Material (PCM) that are sensitive to heat at elevated

temperature by changing its status from liquid to solid and vice versa under heat control.



1.2 Phase Change Materials, PCMs

First, let’s define the concept of PCMs. PCMs are simply substances that can store
and release thermal energy by heating and cooling at sensible temperature. The
mechanism of how an encapsulated phase change material alters its state from solid to
liquid and vice versa can be shown in Figure (1). As shown in this Figure, after heating to
a sensitive temperature, PCM changes its status from solid to liquid. Due to that, it
absorbs the energy and holds it as storage. As the material cools down, it releases the
energy to the surrounding and starts to solidify. An obvious simple example for this kind
of materials is water/ice. PCMs have been successfully engaged in many applications
such as heat exchangers, medical applications, air-conditioning, computer cooling
systems and satellites thermal storage applications. In general, PCMs can be classified to
two major groups: organic and inorganic compounds [2]. A comparison between these

groups showing the advantages and disadvantages is illustrated in Table (1).

Table 1. Advantages and disadvantages of organic and inorganic PCMs [2].

Features Organic PCMs Inorganic PCMs
Corrosion Non-corrosive Corrosive to most metals
Stabilit Chemically stable, Chemically unstable, suffering from
a y no sub-cooling decomposition and sub-cooling
Latent heat High High
Therma.l Low High
conductivity
Flammability High Non-flammable
Cost Relatively high Low




As a thermal storage option, phase change materials are promising candidates to
play major rule in the energy industry. In power plant applications, the temperature enter
the turbine is around 400 to 450C. We are looking for a material which possesses melting
temperature in this range and has high latent heat of fusion. The selection is laid on Zn.
Zn has a high melting temperature (419.5°C) with a latent heat of fusion (100.9 kJ/kg).
These two main characteristics make the zinc a promise option for our application. The
zinc ingot has to be encapsulated within a metal with a high melting point much more
than Zn such as Ni or Cu. The melting point of Ni and Cu are 1455.0°C and 1084.87°C
according to their equilibrium phase diagrams. As a simulation for the thermal energy
storage technique, the encapsulated zinc is heated up to 450°C for designated exposure;
and then it cools down to room temperature. Apparently, the investigation results ensured
forming new solid layers at the Ni-Zn and Cu-Zn interfaces as a result of a diffusion

process.
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Figure 1. Phase change mechanism of a PCM [3].

)




1.3 Literature Review

Diffusion in binary systems has been investigated experimentally in many earlier
studies [4-35]. In such experiments, a diffusion couple of two elements was exposed to
heat for designated times and temperatures. During this process, distinct new phase
layers are formed at the interface and grown with increasing the exposure time.
Previously, many investigators have reported that some of these phases may not be
distinguished from each other even with sufficient exposure time [4-9, 36-43]. In another
study, phase formation in the Ni-Zn binary system had been studied at an annealing
temperature of 400 °C [44]. In these investigations, layers formation was observed and
the study was focused on phase identification for the formed layers and measuring
individual layer thickness at two different annealing times. Castleman and Seigle [36, 37]
asserted that distinguishable phases can be achieved by exposing the diffusion couple to

sufficiently high temperatures and long times based on the alloy system being examined.

A solid-solid diffusion kinetics of a hypothetical binary system consisting of an
inter-metallic compound layer, #, and two primary solid phases, a and y had been
analyzed theoretically [18]. For this binary system, a unidirectional semi-infinite
diffusion mechanism is assumed. The diffusional direction is perpendicular to a flat
interface and the diffusion process is controlled by the 8 inter-metallic compound layer
diffusion coefficient, D#. The inter-metallic compound layer is bound by two migration
interfaces. The locations of the migration interfaces are proportional to the exposure time
t, by the relationship, z = KV4DE t ; where Kis the migration rate constant. For such a
problem statement, an analytical solution was found for a solid-solid diffusion couple. A
system of two coupled discontinuity equations is stated relating the constant

5



concentration boundary values and the migration rate constants. The hypothetical model
was applied to Al-Fe binary system in a recent study [45]. In this study, the model result
was directly compared to the parabolic law. However, the system of the discontinuity

equations has not been solved for the migration rate constants K.

In the present work, diffusion in Ni-Zn and Cu-Zn binary systems has been
investigated experimentally and analytically. For the Ni-Zn case study, the diffusion
couple has been exposed to elevated temperature (450 °C) for designated exposure
times, (1 hour, 2 hours, 4 hours, 8 hours and 16 hours). On the other hand, one sample of
the Cu-Zn system has been exposed to similar condition for 8 hours. In such an elevated
temperature, (high enough to reach melting point of one element of the diffusion couple),
the rate of diffusion process is dominated by liquid phase diffusion coefficient.
Multilayer of different phases is formed between the solid Ni/Cu and the liquid Zn. Based
on the observation from the compositional analysis, several discontinuities prove many

previous observations of multiple phase formation.

Referring to the phase diagram of Ni-Zn binary system at 450 °C shown in Figure
(12), four phases of a, B,y and & are clearly formed between the solid and liquid phases.
Likewise, four phases of a, ',y and € are formed at the same temperature for the Cu-Zn
binary system as shown in Figure (21). Our optical microscopic images do not show «
and B’ solid phases adjacent to the Ni or Cu elements, this is may be due to the fact that
these phases grew very slowly and layer thickness of these layers are too small to be
observed. Each two neighboring phases are distinct by two moving flat interfaces. It is
considered that the original flat interface between Ni/Cu and Zn is the reference
measurement point of the layer growth. It is also considered that the layers are growing in

6



a positive sense direction and therefore the propagation rate constants will follow the

same manner.

The mathematical analysis is done using self-similar technique and it is generic for
multilayer system. The analysis shows a consistent result for the concentration profiles
with the experimental data. In addition, it also shows a good prediction for the
experimental measurements of the phase’s thicknesses and diffusion coefficient for each

phase can be approximately obtained for the desired system.

1.4 Diffusion Mechanism and Phases Formation

Generally, diffusion can be defined as a natural transfer process of a substance into
its surrounding region. The substance molecules transfer from higher concentration
region to lower concentration region to achieve an equilibrium state by distributing the

substance molecules throughout the system.

In our case, the diffusion couple is exposed to heat for different exposure times.
One of the diffusion couple has lower melting point than the other one resulting in phase
change for the lower melting point substance from solid to liquid while the high melting
point substance remains in the solid state. As a result of concentration variation between
the two substances at the interface, the higher concentration substance diffuse to the
lower concentration in which layers of a new chemical composition phases will form at
the interface. Referring to Ni-Zn binary phase diagram, at an elevated temperature,
multiple phase will form between solid Ni and liquid Zn. Between each two adjacent
phases, a transition region represents the interface discontinuity. Remarkably, Ni-Zn

interface behaves as a flat interface which moves toward the solid region. Previously,



identical behavior was detected in the Cu-Al diffusion couple study [34]. As far as the
interface moves, the layers will expand with time. From the mathematical modeling point
of view, this kind of interface behavior makes the diffusion problem a moving boundary

problem that should be treated carefully.

1.5 Self-Similar Technique

Previously, the similarity solutions were recognized through physical and
dimensional procedures. It has been widely used in many mechanical applications such as
fluid mechanics and heat transfer. For examples, extensive used of this type of solution in
the boundary layer and convective heat diffusion problems. Recently, similarity
technique was proposed to build up a large time approximate solutions of partial
differential equations based on a balancing argument [46]. A universal parameter was
introduced to reduce the partial differential equation to another much easier partial

differential equation function of one independent variable.

The assumption here is the migration of the interface has the same shape (similar)
with the time progresses. Additionally, the diffusion media is unbounded, and therefore
has no characteristic length. Thus we can employ what is termed similarity solution. This
technique is to introduce a stretching variable that depend on space and time and employ
it into the original equations after some necessary transformations. Particularly, the
original partial differential mass diffusion equation can be reduced to an ordinary
differential equation which is much easier to handle analytically than the original

equation.



2 CHAPTER 2: THEORETICAL APPROACH

According to a typical multiple phase binary system, as a result of diffusion process
between two pure elements, stable phases are formed at the diffusion couple interface.
These phases are separated by transition equilibrium regions which represent the
concentration jump between each of the two adjacent phases. If the diffusion couple is
exposed to an elevated temperature (high enough to reach a stable liquid phase of the low
melting point element) for a sufficient time, a solid-liquid diffusion mechanism can be
considered. Physically, these phases are appearing to grow with increasing exposure time
concurrently in a solid-liquid diffusion media. The original interface is moving towards
the solid phase [33]. However, comparing with other moving interfaces, its movement is
extremely slow. Based on this fact, it can be assumed that the new interfaces are
propagating in one direction in a positive sense with much higher propagation rate than
the original solid-solid front. Consequently, the reference point of measurements is the
original interface of the solid phase. Also, it can be assumed that the diffusion is semi-
infinite into the liquid phase but finite in the intermediate phases. The diffusion

coefficients are assumed to be independent of concentration.

2.1 Governing Equations
The diffusion phenomenon is described by Fick’s law: ], = —D,, VC,, , where C,
denotes the concentration of phase p, D, is the diffusion coefficient of phase p and J,, is

the diffusive flux of phase p. The concentration of mass of phase p can then be written

as,
aC, d*C, .
Frai D, Tx2 (p=1ijk, ... etc) (D
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C,(x, t) is considered as a function of time ¢ and distance x. A schematic drawing for
the concentration profile of a multiple phase binary system is shown in Figure 2. In this
Figure, the ordinate shows the concentration of the diffused element, C, and the abscissa
indicates the distance, x measured from the original interface. The solid lines represent
the predicted concentration profile in each layer and the dashed lines indicate the
interfaces. The indices(i, j, k, ... ... etc) represent the formed phases between solid and
liquid phases. Between two neighboring phases, for example (j, k), @i is the location of
the propagation front. For such an interface, c;, and c,; are the concentration values
associated with this interface. The jumps in concentration and the values of concentration

at the boundaries are directly tied to the phase diagrams of multiple phase systems.

Figure 2. A schematic drawing for the concentration profile of a multiple phase binary system

10



The interface discontinuity is defined by the relationship between the flux balance and

the migration rate of the interface [47, 48]. With,

Cjx = lim C; (2a)

And

ij = lim Ck (Zb)
x—>go}'k

The mass concentration at the interface ¢ yields,

L — Cp = —D,—= + D, —
jk

(3)

+
Pk

The plus and minus signs refer that the interface approaching from to the right and left,

respectively.

The other boundary conditions imposed on C; are,

. + —
xli{?;j Ci(ofit) = Gi, (4a)
lim C;(@jit) = cjk (4b)

2.2 Self-Similar Solution

2.2.1 Similarity Variable Establishment

In the present solution technique, the total layer thickness is assumed to retain its
same shape when it is scaled on 7. Here n is defined as the similarity variable, which is
dependent on x and t and has the form,

11



n =axbtk (5)

where a,b and k are all constants. The main idea is to reduce the partial differential
diffusion equation (1) to an ordinary differential equation function of n only. The next
step is to find the values of a, b and k that make the resultant equation solvable. Starting

with the time derivative term in the diffusion equation (1), we have,

aC_acaU_,an_r b k-1 _ .71 bkk— ’k
E_anat_cat_caxkt _C(ax”t_c"t ©

The right hand side will be transformed as follow,
d?c d (0dcdn a (on\° dc an\* (d*c b—14kY2 .11
D=5 (Gran) =3 (G2) (Gy) =2 ) (H = Dlabxmth)ye

2

b\? b
" ( btk ) ) 2(_> 7
=c"'D |ax . =c"'Dn Z (7)

Equating both terms in equations (6) and (7) leads to,
14 k — //D 2 <b)2
cn " =C n Y

k_ " p (b)z
Ct_c nx

kx?

c _CtDbZr]:O (8)

The ordinary differential equation of the form (c" + Zr)C' = 0) is solvable. We need to

2

. . . k i
seek this form of equation by setting n Dzzn = —2n. As aresult, we will have,

12



5 kx?
"= T2 Db? ©)

Or by taking the square root of n in equation (9) and compare it with the equation (5),

we get,
1 1

— axPtk = kex® \? —( k )Ex t_% 10
TEart = \"2eppz) “\72D) b (10)
If we equate the constants in both sides of equation (10), we can deduce k = —% b =1
and a = \/g , and subsequently,

= (11)
1= Jabe

Equation (11) represents Boltzmann transformation formula.

2.2.2 Analytical Solution

Equations (1-4) pose a self-similar solution. The Boltzmann transformation
formula can be used as a similarity variable to reduce the partial differential diffusion

equation to an ordinary differential equation,

X
1= b, ¢

Where 7, is the growth rate and D, is the liquid phase diffusion coefficient. The location

(12)

of the interfaces, x = ¢;; can be expressed in terms of similarity variable as,

Pij

Ay

(13)

13



Equation (1) is reduced to,

dZCp
dnz

acC.
+ 24pm a_np =0 (p=1ijk, ....etc) (14)

Where A, = D, /D, is defined as the diffusion coefficients ratio.
The appropriate boundary conditions for each phase is written as,
G(n) = ¢, (15a)
(M) = ¢k (15b)

Equation (3) can be transformed as well. The migration rate term can be written as,

0Qjk 1 4DL an]k 4DL an]k an
2k _ 2 JAD, t 4D
ot MkZ |T¢ Lt n”‘ t an FrA

0Pjik 1 (4D, 7k 0N
== |— —2=./aD, t —=
ot Mk [Tt Tt L™ an
And therefore,
0Pjik D, N
- | =y, —p, 16
dat t Mjke — Mjk an (16)

Also, concentration gradient terms can be easily transformed as follow,

CTR N1 w70
dxles 4Dt dnl -

14



dCp 1 dC,

dxlyy, ~ Japge dnl; .
j Mk

Reconstruct equation (3) using equations (16) and (17) gives,

(Cjk - ij)\/% (Ujk —Njk ag—717k> = —D; \/%Lt Ccll_’ij’nfk + Dk\/%ﬂ Cil_f?k - (18)

Simplifying this equation leads to,

2 <77jk — Njk a;?_:;) (cjx —cxj) = Aik Ce(nh) — Aij(:j'(nfk) (19)

The ordinary differential equation (14) can be written as,

C)l +20,mCy =0 (20)

Dividing both sides of equation (20) by C;,, we can write,

—” = —2A,7 (21)

Cp

The integration of equation (21) leads to,

InC, = —-Ayn* +E (22)

Where E is a constant. Taking the exponential for both sides yields,

Cy(n) =F, exp(—Aan) (23)

Where E, = exp(E) = constant.

For phase j, equation (23) can be written as,

15



C/(n) = F; exp(—Am?) (24)

Taking the integration leads to,

Nk
nT
Ga[E=F [ exp(-ap?)dn (25)
ij
i

Evaluating the integration and applying the appropriate boundary conditions yields,

6 (i) - G (nif) =~ F, {zj; erf (o) = ers (o))} (26)

And therefore,

2.8 (e — ¢ie)

F = (27)

" a(erf(JBmg) - erf(JEm))

Substituting the value of F; into equation (24) and replace n with 1}, give an expression

for Cj(nj;.) as follow,

G () = — 2y/8(cjk ~ c31)
P N (er () - erf (JAm)

) exp(—Am*) (28)

Likewise, for phase k, equation (23) can be written as,

Ce() = F exp(=A,n?) (29)

Taking the integration leads to,

16



Nkl
DI = Fi | exp(-i®)d (30)

77]4'—](
Evaluating the integration and applying the appropriate boundary conditions yields,

Vi
2k,

[erf(x/A_knfk)—erf(\/A_knEz)]} 1)

Cre(Mie) — Ck(n,-*k) =—F {

And therefore,

_ 24/Bc (e = ciy)
Vit (erf (VBense) = erf (Bnia))

Substituting the value of F into equation (24) and replace n with n, give an expression

for Ci(n}) as follow,

2/ (e — Ckj)
vt (erf (Vi) = erf (VBinia)

Cllc(n}-k) = - ) exP(—Alejkz) (33)

Obviously, since the values of the concentration at the boundaries are constant, it is

necessary that the value of the propagation rate is constant too. Therefore, 7 is

independent on 1. So we can write,

0N jk _

oy =0 (34)

Then, equation (19) becomes,
1 .., 1,

251 (6 = €j) = 1= (i) = 1 G (i) (35)
k j

17



The substitution of equations (28) and (33) into equation (35) gives,

(Ckz - ij)

Ujk\/ﬂ—Ak (erf(\/A—knjk) - erf(\/A—kﬁkz))

(Cjk - ij) == exP(—Alejkz)

(C]k Cﬂ) exp(—Ajnjkz) (36)

an\/”_A (erf(\/_nl]) erf(\/ffnjk))

System of equations similar to equation (36) can be generated if multiple phase type of

problem is addressed.

The concentration profile can be found for each phase by integrating the
concentration gradient. For instance, the concentration profile of phase j denoted by

Ci(n) can be obtained by integrating equation (24) indefinitely as follow,
Ci(n) = ijexp(—Ajnz) dn+G (37)

Or we can write,

G =F, zﬁ_j er (Jam) +6 38)

Using equation (28) for the value of F; and applying the boundary condition (16a),

(¥ — _ 2,/A; (e — i) v
)~ et el W)

Or we can write,

—c (5t = &) i
O G —ers ) ) (40)

18



Now, by substituting the values of the constants G and F; into equation (38), it gives,

e — 2,/A (g — ) Vr
Ty = ey EX A NCL)

(c]k C]l)
erf |y (41)
(e Bm) - erf (JBn0) (\F )
Or we can write

(e — ¢ji) (erf(\/fm) - erf(\/fjnij))
erf(\/A_fnjk) - e’"f(\/Kﬂ?ij)

Cj(ﬂ) =¢ji + (42)

Equation (42) represents the concentration profile of phase j as a function of the
similarity variable n . Using the definitions of the similarity variable n and the
propagation rate constants, equation (43) can be written in terms of distance x, and time

t, as follow,

(¢ — ci) | erf (JA_,- ﬁ) —erf (ij &)
erf (5 jf,%‘) ~erf (v %)

2.3 Numerical Method

A system of equations similar to equation (36) can be generated if a multiple
phases separated by multiple propagation front are considered. Equation (36) is a
nonlinear algebraic equation function of the growth constant 7. Similar equation will be

derived for each propagation front when multiple phases are present. Such systems of
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nonlinear equations are solved numerically using Maple ™ 5. More details in the
numerical solution and Maple ™ 15 code can be found in appendix A. The values of 7

can then be used to obtain the concentration profiles of phase j using equation (42).
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3 CHAPTER 3: EXPERIMENTAL PROCEDURE

Commercially pure nickel (Ni alloy 200) and 99.997% pure zinc were used in this
investigation. Five 41 mm-long rods were sectioned from 12.7 mm diameter nickel bar
stock. Holes were drilled perpendicular to the central axis at one end of each bar so that
each rod could be suspended in molten zinc by a small diameter stainless steel rod. The
surfaces of the nickel rods were then prepared with 600 grit SiC abrasive paper to remove
surface imperfections and contaminants. The rods were then cleaned in a degreasing
agent and rinsed in alcohol. Individual crucibles, containing 98.2 grams of zinc, were
heated to 450°C until molten. Once molten, a nickel rod was suspended in the zinc for an
allotted amount of time. The designated times were 1 hour, 2 hours, 4 hours, 8 hours, and
16 hours. After exposure to the molten zinc, the rods were quickly removed and
quenched in water in order to retain the microstructure at the elevated temperature. The
rods were then sectioned into thin discs and metallographically prepared to a 0.05 micron
finish. Light optical microscopy was then used to visually inspect the extent of the
intermediate phase formation, as well as determine the thickness of the phase layers with
respect to the exposure time for each specimen. The same procedure was used for a
copper/zinc specimen; however, it was only exposed to the molten zinc for 8 hours at
450°C. The copper was commercially pure (Cu alloy 101).A Hitachi 4300 Scanning
Electron Microscope was then used to generate phase identification of each layer. The
working voltage was 5 kV. Wavelength dispersive spectroscopy analysis of the multiple
phase layers provided compositional differences between each layer. The compositional

data was used to verify model results.
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4 CHAPTER 4: OPTICAL MICROSCOPY

Light optical photomicrographs of the Ni-Zn system at different exposure times are
shown in Figures (3), (4), (5), (6) and (7). As well, a light optical photomicrograph for
the Cu-Zn system at 8 hour exposure times is shown in Figure (8). Between the regions
of nickel and zinc and copper and zinc, there are distinct regions wherein intermediate
phases formed. The intermediate phases show preferential growth in the radial direction,
which is evident in the grain structure of the outermost layer in the Ni-Zn system. The
Cu-Zn system also displays this preferential growth; however, it is not as evident. Clear
boundaries within the intermediate phases are also observed. From this, it can be inferred
that within each of the regions between the nickel and zinc and the copper and zinc that

there are multiple changes in structure and composition.

Figure 3. Light optical photomicrographs of the Ni-Zn system after 1 hour exposure
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Figure 4. Light optical photomicrographs of the Ni-Zn system after 2 hours exposure.

Figure 5. Light optical photomicrographs of the Ni-Zn system after 4 hours exposure.
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Figure 7. Light optical photomicrographs of the Ni-Zn system after 16 hours exposure.
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Figure 8. Light optical photomicrographs of the Cu-Zn system after 8 hour exposure.

According to the Ni-Zn and Cu-Zn equilibrium phase diagrams, there should be
four intermediate phases present between the two pure materials. However, only two
intermediate phases can be resolved from light optical inspection of both the Ni-Zn
system the Cu-Zn system. The other phases may be present, but the thickness of the

layers may be so small that they cannot be resolved by light optical techniques.

It can be seen in figures (3-8) that as the exposure time increases, the thickness of
the intermediate phases also increases. This trend can be seen in the individual
intermediate phases as well. The average values of the interfaces’ locations ¢g; and
@ys at different exposure times for the Ni-Zn system are given in Table (2). With

respect to the Cu-Zn system, the average values of the interface locations ¢, for eight
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hours exposure time is 616.4 microns whereas the average values of the interface

locations ¢, is 460.4 microns.

Table 2. Average value of the interface locations ¢4, and ¢, s at different exposure times for the Ni-

Zn system.

Exposure Time
Interface locations

1hr | 2hr 4hr 8hr 16hr

Ps (UM) 26.4 | 70.8 | 1158 | 227.2 | 335.8

¥y (LM) 12.8 | 29.6 | 454 | 95.4 142
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5 CHAPTER 5: RESULTS AND DISCUSSION

5.1 Single Phase Model: Al-Zn Theoretical Case Study

The set of nonlinear algebraic equation for each interface separating phases should
be used to calculate the interface location. For instance, the formation of three phases
means that there will be two nonlinear equations for two interfaces separating three
phases. From the Al-Zn phase diagram illustrated in Figure (9), a solid phase along with
the liquid phase separated by a transition region, are considered a single phase problem
with a single propagation front. A nonlinear equation is describing the relationship
between the constant concentration values and the rate constant. According to Figure (9),
the dotted red line indicates the temperature level at 450°C. Along this line,
concentration values are well indicated between each phase at the equilibrium lines. The

vertical blue dashed lines indicate the concentration values on the abscissa.

According to equation (36), the indices i, j, k and [ can be replaced by the phases
notation Al, a, L and Zn, respectively. In addition, the constant concentration values at the
boundaries can be written as (c; ¢ Car, CLq @Nd ¢, z,) and have the values (1.0, 0.33,
0.155 and 0), respectively. The values of A, and A; can be assumed depending on the
proper fit to the experimental phase thickness data. For demonstration purposes of this

case study, it is assumed that A, and A, have the values 1 x 102 and 1, respectively.

Equation (36), with the parameters related to this case is solved to determine the
value of (71, = 0.03240495775). This value will be different at different temperature
since the concentrations at the boundaries will be different. Also, n,;is dependent

strongly on the value of A,. The value of n,; can be used to evaluate the concentration
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profile of Al using equation (42) as shown in Figure (10). In this Figure, the ordinate
shows the concentration of the Al and the abscissa indicates the dimensionless variable 1.
The dotted red line represents the phase a and the solid line indicates the concentration of

Al in liquid Zn. The discontinuity is very clear atn = n,;.

Figure 9. Al-Zn equilibrium phase diagram [49].
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Figure 10. Concentration profile of the Al-Zn diffusion couple based on self-similar solution.

5.2 Multiple phase Model: Ni-Zn Binary System

A multiple phase model can be considered using Ni-Zn binary system. In such
binary system as mentioned before, four phases «, 8;,y and &, at temperature 450 °C
appear to be stable phases according to the Ni-Zn binary phase diagram illustrated in
Figure (11). Referring to this Figure, a transition region between each of the two single

phase’s regions represents the propagation front.

A system of four nonlinear equations describes the relationship between the
constant concentration values and the rate constants. These four equations presented in
equation (36) with j and k of being «, 5,y and & represents coupled nonlinear equations

for nep, Mp,y Mys and ns,. According to Figure (11), the dotted red line represents the
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temperature at 450 °C. Clearly, along this line, the concentration at the four interfaces and

boundaries are illustrated. The blue lines are drawn to indicate the values of the

concentration on the abscissa.
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Figure 11. Ni-Zn equilibrium phase diagram [50].

At the first interface .z, between phase a and phase f3;, the indices i, j, k and [

in equation (36), represent Ni, «, 5, and y, respectively. The values of the concentration

boundaries at this interface (c;j, ¢jx, cxj and cj;) represent (cy;a, Cap,r Cp,a @Nd Cg,y),

respectively. At the interface nz ,, between the f; phase and the y phase, the indices

i,j,k and [ in equation (36) represent the phase notation «, ;,y and &, respectively. The

corresponding values of the concentration boundaries at this interface (c;j, cjx, cx; and

cj1) represent (cqp,,Cp,ys Cyp, aNd cys5), respectively. At the interface n, s between the y
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phase and the § phase, the indices i,j,k and [ in equation (36) represent the phases
notation B,,y,6 and L, respectively. Therefore, the values of the concentration
boundaries at this interface (c;j, cjx,cx; and cj;) represent (cg,y,Cys, Csy, and csp)
respectively. Lastly, at the solid-liquid interface ns;, the indices i, j, k and [ in equation
(36), can be replaced by the phases notation y, §, L and Zn, respectively. Consequently,
the values of the concentration boundaries at this interface (c;j, cjx, cx;j and c;;) represent
(cyss Cs1rCLs, and cp,n) , respectively. According to Figure (11), the values of
(CNia Capyr CByar CByyr CyByr Cysr Coyr CoLCLS and c;, ,,) are about (1.0, 0.68, 0.52, 0.47,
0.24, 0.14, 0.10, 0.09, 0.015 and 0). The values of the diffusion coefficients ratios,
Ae,Dp,, A, As and A, are selected to fit best to the experimentally measured phase
thickness data. For instance, higher diffusion coefficients ratio can be assumed with
respect to a phase. This assumption reflects small layer thickness of this phase and vice
versa. The optimum choice of diffusion coefficient ratios are A, = 3.2 x 10%, Ag, =1 x
103, A, =60 ,As =6 and A, = 1 with D, = 5.3 x 10~ m?/s. Thus, D, = 1.656 X
10" m?/s , Dg, = 5.3 x 107 m?/s, D, = 8.833 x 10"¥ m?/s and Ds = 8.833 X
10712 m?/s. These values can be applied to the system of four nonlinear equations and
then solved numerically for n,4,,m3,,,1ys and ns,. The solution gives the values of the
rate constants as follow: 7,5, = 0.2346 x 1079 | g, = 0.1412 x 107°%, 1,5 =
0.4283 x 107°t and ns, = 0.9273 x 107°1, These values designate the speed of the
propagating interfaces; the higher the value the higher the propagation speed. The values
of rate constants are sensitive to the value of diffusion coefficient ratios. Figure (12)
represents the self-similar solution of the concentration profiles of phases «, 8;,y, § and

liquid Zn in the Ni-Zn diffusion couple. The ordinate indicates the concentration value of
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Ni element while the abscissa represents the similarity variable n. Obviously, the
concentration is discontinued at the rate constant values which are representing the

location of the interfaces.

This representation can be transformed into time and distance scale. Figures 13,
14, 15, 16 and 18 show comparisons between model result and the experimental
composition determined using the electron dispersive spectroscopy (EDS) for the Ni-Zn
diffusion couple at 450°C at 1 hour, 2 hours, 4 hours, 8 hours and 16 hours exposure
times, respectively. Figures 17 and 19 are plotted to magnify phases aand 3, of the Ni-
Zn system for 8 and 16 hours exposure time; although the experimental data points are
few in the first and second phases, the model is matching very well with these points. The
solid blue lines represent the calculated values while the red circles represent the

experimental data points.

The model results show a very good representation of the compositional profile
when compared with the experimental data despite the fact that in some phases, the
concentration is not reaching equilibrium because of the quenching process. On the other
hand, the interfaces’ locations @qp,, ¥,y ¥ys and @s, are plotted with different
exposure time as illustrated in Figure (20). The interfaces’ locations ¢, 5 and s, are
compared with the experimental measurements as illustrated in Figure (20). In this
Figure, the solid line represents the model results while the data points indicate the
average of five fields’ experimental measurements. An excellent agreement can be

concluded from this Figure.
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Figure 12. The model concentration profile of Ni-Zn diffusion couple based on similarity solution.
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5.3 Multiple phase Model: Cu-Zn Binary System

Another case for a multiple phase model is the Cu-Zn binary system. According to
the Cu-Zn binary phase diagram shown in Figure (21), this binary system has four
phases: a, B’,y and ¢ appear to be stable phases at 450°C. Likewise, a transition region

between each two single phase region represents the propagation front.

37



Alamic Fercenl Zinc
a 1 20 30 40 a0 o i 00 [ 10K

LOOD -

[

L-]

o T

B

-

=

= 800

i

[

=

E sgoo

o

B—
R L=
A
2

oc
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Following an approach similar to that in Ni-Zn system, a system of four
discontinuity equations describes the relationship between the constant concentration
values and the rate constants. The resultant equations are coupled with four independent
variables 1,57,np1,, Ny and ;. Referring to Figure (21), the dotted red line represents
the temperature level line at 450°C. Clearly, along this line, the concentration at the four
interfaces and boundaries are illustrated in Figure (21). The values of
(Ccua Cap’ Calar Cp'yr Cyp's Cyer Ceyr CeLrCLe AN ¢y 5p) are approximately (1.0, 0.61,

0.55, 0.515, 0.425, 0.315, 0.215, 0.125, 0.035 and 0).

The ratios of the diffusion coefficient, Ay, Agr, A, A, and A, are selected to

obtain best fit to the experimentally measured thickness of each phase. The values for the

diffusion coefficient ratios are A, = 1.5 x 10* Agr = 2.8 X 103, A, =121X
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102 ,A, = 3.35x 10%2and A, = 1 with D, = 6.7 X 107° m?/s. Figure (22) represents
the self-similar solution of the concentration profiles of phases a, 8',y, € and liquid Zn in
the Cu-Zn diffusion couple. The ordinate indicates the concentration value of Ni element
while the abscissa represents the similarity variable n. Noticeably, the concentration is
discontinued at the rate constant values which are representing the location of the

interfaces. Note that the diffusion coefficient ratio A, is higher than A, which reflects the

smaller thickness of the & phase as can be seen in Figure (23).

Figure (23) shows a comparison between the calculated concentration profile of
Cu and the experimental composition determined using the electron dispersive
spectroscopy (EDS) at 8 hours exposure time. The solid lines represent the calculated
values while the data points represent the experimental data. The model results show a
very good representation of the compositional profile when compared with the available
experimental data. The values of the diffusion coefficients in various phases are D, =
4467 x 1073 m?/s , Dp = 2393 x 10712 m?/s , D, =5.537 x 1071 m?/s and
D, = 2.0 x 107 m?/s. Substituting these values to the system of four nonlinear
discontinuity equations makes this system ready to solve numerically for n,z,n41,, Nye
and 7., . The rate constants are calculated to be 7,5 = 04779 X 107°% ,npr, =
0.7085 x 107 ,n,, = 0.1775 x 107°! and ., = 0.2350 x 107°" . Likewise, these

values are dependent strongly on the values of diffusion coefficient ratios..

The model results for the interfaces’ locations are @g,pr = 13.28 um, @gr, =
19.68 um, ¢, = 460 um and @, = 652 um. From the experimental measurements,

the only observable phase interfaces are ¢gr, @, and ¢ and their values are
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17.16 um, 489.1 um and 652 um, respectively. These values can be shown in Figure
(24). The layer thickness corresponding to a phase is too small to be observed in the
experiments due to the resolution of the optical microscope. The rate constants predicted
for all three binary systems (Al-Zn, Ni-Zn, Cu-Zn) are verified by obtaining solutions
using collocation method. The set of nonlinear ordinary differential equations (14, 15 and
35) are solved by the collocation method by treating the unknown locations of
propagating fronts as eigenvalues of the system. Results obtained by such method agree

perfectly with that presented in this paper using Maple ™ [5 program.
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Figure 22. Concentration profile of the Cu-Zn diffusion couple based on self-similar solution.
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6 CHAPTER 6: CONCLUSIONS

In the present study, a diffusion model for various binary systems with multiple
phases has been introduced based on a self-similar solution. A similarity variable is used
to reduce the coupled set of nonlinear partial differential diffusion equations to a set of
coupled nonlinear ordinary differential equations. The equations predicting the location
of propagation fronts are reduced to the set of nonlinear algebraic equations and were

solved using Maple™ [5.

The model was applied and compared with the experimental data for the Ni-Zn and
Cu-Zn binary systems. System of equations of rate constants was solved for propagating
fronts. The concentration values at the boundaries are directly related to the equilibrium
phase diagram for such binary systems. In general, the model is capable of being applied
to different binary systems. It is concluded that this model is presenting a very good
agreement with the experimental data in terms of concentration profiles and interfaces’
locations. Moreover, the phases’ thicknesses can be easily determined by the proposed
solution. More significantly, the model provides estimation for the diffusion coefficients
in each phase. The diffusion coefficients are very low in the solid phases compared with

the liquid phase.

Although two or three phases were observed in our investigation because other
phases are extremely small in thicknesses, the model is able to detect these layers and

estimate their thicknesses.
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APPENDIX A

A.1 Maple Code for the Al-Zn Case

> restart,
>, =10, = 033;C; = 0.155, C, = 0;
C, =1
C, =033
C, =0.155
Cy=
>yl = 1e2;
vl :=100.
- A’
ZC,—Cy= (G G)e — (& —-G)e
nlx/;(l—erfml)) nlmerf(mnl)
'ﬂ% - 100. nf
0175 - 0.155¢ . 0.06700000000¢

nl\/;<1 —erf(n])) nl\/;erf(lo.nl)

> fsolve( (3),m[1]=0.01)
0.03240495775

>, = fsolve( (3),n[1]=0.01)
N, :=0.03240495775

(G,-C) o
erf(x/?ﬂl) f(mn)

> cpl =

cpl == -1.896698775 erf(10.7)
> Cl=C, +cpl
1
Cl=1—1.896698775erf(10.m)

> CCI = solve( (7),CI);
CCI :=1. — 1.896698775erf(10.7)

> plot([CCl],n :0--111)
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03

R

RIER

0.5

04

0.3217611034

Jr

DD2 = -

0.3217611034(—%\/;6-&(1]) + %ﬁj
Jr

> ccl == solve( (10),cl)
ccl = -0.1608805517 erf(n) + 0.1608805517

> plot([cc]],n =N, ..1)
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014
012 * .
0.10
RINIEES
0,06

0.0

A.2 Maple Code for the Ni-Zn Case

> restart,
C, = 1;,C, = 0.68; C; = 0.52; C, == 047; Cg = 0.24; C,
= 0.14; C, = 0.1; Cy = 0.09; C, = 0.015; C,, = 0;
C1 =1

:=0.68

N

H

=0.52

D

=0.47

0

=0.24

a

=0.14
C;:=0.1
C, :=0.09

Gy =0.015

> De = 0.53-1e2;
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De =53,

> vyl == 32000,
¥l :=32000
> y2 == 1000;
Y2 :=1000
> 73 = 60; 4 = 6;
73 =60
=6
> Dg = &;Db = &;Dc;z &;Dcﬁ: De
Yl Y2 3 ¥

Da :=0.001656250000
Db :=0.05300000000
Dc :=0.8833333333

Dd :=8.833333333

>
>
>
>
>
>
> (Ca—C )6‘7’2“?
— - = S :
eqnl == C,-C, NET (—erf( Y2 nl) +erf(\/gn2))

2
-1000 1
0.0005000000000¢ ! Vv 10

eqnl =0.16 = -

mﬁ(—erf(lOWm) +erf(10mn2)>

2
-32000 M
0.0008000000000 ¢ NE

nlﬁerf(soﬁnl)

= simplify( (7))
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0.1600000000

b -1000-11% .
=11.26156626110" “¢ 7.07106781 10 erf<178.885438

2
g ~31000.M]
+ 8.00000000 10% ¢ erf(31.62277659, )

-31000. 02
— 8.00000000 10° Lerf(31.62277659m,) J ] /
(erf( 178.8854382111) (erf<31.62277659n1)
— Lerf(31.62277659m,) ) )

> . —cye ™
— e
eqn2 = C,-C. = ( 6 5)

T e (e ) <))

S,
(C4 — C3) e

nz\/n_yZ(—erf( V2 nl) +erf(\/?n2))

-60 ng
0.003333333333 ¢ 15

nzﬁ(—erf(zmnz) +erf<zmn3))

eqn2 :=0.23 = -

2
-1000m
0.0005000000000¢ 2 Vv 10

i nzﬁ(—erf(lomnl) +erf(10710 1))

> simplify( (9))
0.2300000000
2
13 1o ~60-m;
={2.00000000010 3.64182810210 "¢ erf(31.6227765

2
3641828102100 2
. e erf(31.62277659 nz)

2
g ~1000.m;
— 4.46031028910" ¢ erf(7.745966692n2)

0 -1000.7@
+4.46031028910" ¢ erf(7.745966692n3)

( (erf<3 1 .62277659n1)
— 1. erf(31.62277659n2)) (erf(7.745966692n2)
— 1. erf(7.745966692n3)) ﬂz)

51



> (C8 C7) e
eqn3 = Cc-C, =

v ({70 ) (7))

(€ 2

-Bn
6_C5)e ’

g7 (ert( 5 m,) +et(Vam, )

2
-61M
0.001666666667¢ 6

n3\/; (—erf(\/?m) +erf(\/?n4))

-60 n§
0.003333333333¢ 15

T (o215 ) + erf(2V T3 )

eqn3 :=0.04 = -

= simplify( (13))

12 '1'"421
0.07500000000= -| 1.12837916710 "¢
~7.500000000 10° erf(2.449489743n, )

+7.500000000 10° erf<2.449489743 n4)

5.2 2

9 4 9 "My
—2.041241453107 e +2.041241453 107 ¢ erf(n4)

/ ( (erf(2.449489743 n3) — 1. erf(2.449489743 n 4)) ( -1.

+ erf(n4)) 1‘|4)

> C.—C K
— e
eqnd = Co-C, = ( 10 9)

5 n4\/—( erf(

-HM
(CS—C7)e

n4Jn—V4(-erf(Wn3) +erf(Wn4))

2
-y

)

!

0.015e

”4ﬁ<1 —erf(n,))

eqnd =0.075= -

2
_6n
0.001666666667¢ /6

T (et ((6 ) + (6 )

> simplify( (13) )
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a2 b nzzt
0.07500000000= -| 1.12837916710" "¢
~7.500000000 10° erf(2.449489743n, )
+ 7.500000000 10° erf(2.449489743 114)
9 7 nzzl 9 7 nzzt
—2.041241453107 ¢ +2.041241453 107 ¢ erf(”r]4)

/ ( (erf(2.449489743 n3) —1. erf(2.449489743 n 4)) (—1.
+ erf(n4>) 1‘|4)
> {egnl, eqn2, eqn3, eqnd}

2
-6M
0.001666666667¢ >/ 6

M4nﬁﬂﬂ%ﬁ%ﬂﬁm>

-60 n§
0.003333333333 ¢ Vv 15

" n3ﬁ(—erf<2mn2) +erf(2\/Fn3))

2
-n
0.015¢ *

(1= et(n,)

,0.075=

2
-6m
0.001666666667¢  */6

T (o6 ) +et(yE )

2
-1000 1
0.0005000000000 ¢ : V10

7 (~arf(10/T0 n, ) + erf(104T0 m,))

2
-32000 1
0.0008000000000¢ "5 03

nlﬁerf(soﬁnl)

-60 ng
0.003333333333 ¢ 15

nz\/;(—erf(%/ﬁnz) +erf(2mn3))

2
-1000 1
0.0005000000000 ¢ 2 v 10

T (~erf(104T0 ) + (1010 )

> fsolve( (15), {n[1]=0.0002421197983,1[2]=0.001457470263,1[3]
=0.03981975378,m[4]=0.09036670427})
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{“1 =0.0002345851149,m, = 0.001411831095, 1, = 0.04282699008,
n,= 0.09272817265}

> n, = 0.0002345851149;m, := 0.001411831095;n,
= 0.04282699008; M, := 0.09272817265;

n, :=0.0002345851149
n, :==0.001411831095
N, :=0.04282699008
n, :=0.09272817265

> x44 =,/ 4-De-3600-16

x44 :=324.0342176

> x33 := N,V 4-De-3600-16

x33 :=149.6568931

> x22 = N,V 4-De-3600-16

x22:=4.933577048

>xll = N,V 4-De-3600-16

x11:=0.8197465992

>
C,-C
> DD] = %.erf( /7/1 T'l)
erf( Y! nl)
— 0.32erf(80y5 1)
erf(0.01876680919/5 )
>cl=C, +DDI
el 0.32erf(805 1)
erf(0.01876680919/5 )

> solve( (23),cl )
1.000000000 — 6.761987203 erf(178.8854382m)

> ccl = solve( (23),cl )
ccl :=1.000000000 — 6.761987203 erf(178.8854382m)

> plot( [ccl],n=0 ..‘r]l)
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1.0 5

08 -
3
2
3,
2
\\
02 - \
07 4
o ' ‘ooobos | Coooowo | opobis | ooodzo
n
> (CG)
DD2 = lerfl 2 M
—erf(\/ 2, +erf(‘/ Y2 nz) ( ( )
- erf( 4 nl))
Do e 005 (erf(10/10 1) — erf(0.002345851149/10 ) )
" —erf(0.002345851149 10 ) + erf(0.01411831095/10 )
> ¢2=C, +DD2
c2=0.52

005 (erf(1010 n) — erf(0.002345851149/10 ) )
~erf(0.002345851149/10 ) + erf(0.01411831095/ 10 )

> cc2 = solve( 27),c2);
cc2 :=0.5299710219 — 1.191220408 erf( 3 1.622776601])

> plot( [cc2],m =n, ..T]2>

55



052

051+

NS0 \

.49
i
B
2N
\.
0.4?—,,.|....;.;.\i‘
00004 00006 0000% 00010 0002 0004
n
> (Cs‘cs)
DD3 := - erf Wn
—erf(\/?nz)—i-erf(mn}) ( ( )
a5 n,))
R 0.10 (erf(2/15 1) — erf(0.002823662190/15 ) )
T —erf(0.002823662190 15 ) + erf(0.08565398016/ 15 )
> ¢3=C, + DD3
c3=0.24

0.10 (erf(2 /15 ) — erf(0.002823662190/15 ) )
~erf(0.002823662190/ 15 ) + erf(0.08565398016/ 15 )

> cc3 = solve( (30),c3);
cc3:=0.2435387503 — 0.2867832643 erf(7.745966692n)

> plot( [cc3],m= n, ..T]3>
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T,
0.33- \
b
e
\u
021
Y
0104 .
W
b
017+
Y
B,
0.5+ e
0.1 " a2 e 004
n
C.-C
> DD4 = (G- -(erf( y4 n)

—erf(\/?%) +erf(\/7n4)
—erf( 03 n3))

D 001 (erf(y 6 1) — erf(0.04282699008 6 ) )

~erf(0.04282699008/6 ) + erf(0.09272817265./6 )

> c4=C, + DD4

oo — 001 (erf(y6 1) — erf(0.04282699008/6 ) )

~erf(0.04282699008/6 ) + erf(0.09272817265°6 )

> cc4 = solve( (33),c4 )
cc4 :=0.1088002899 — 0.07461729972 erf( 2.449489743 T])

> plot( [cc4],n = n, ..T’|4)
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01004

| Y
T
il
009
- b
b
s
s
0,094
009z
onen4_ T :
003 006 o7 002 oo
n
>
2-(C, -C
> pD5 = (C10-%)
Jr-(1-erf(n,))
D5 . 003349460672
Jr
) _“2
> c5=—DD5~J e dn
n

0.03349460672 ( —% S ert(n) + % ﬁj

cS=

/=

> cc5 = solve( (36),c5)
cc5 = -0.01674730336 erf(n) + 0.01674730336

> plot( [ce5],n= n, ..6)
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0015+,

i
1)
I|
4 II\
1
oo II
< i
|
| 4
\
] ll'.
| |
b
ooosH
| e
0 T T T -\-H_| T T T T T T 1
1 2 3 4 5 f
n
Z = = ;
v 4:De-3600-16
n :=0.0002861678415x
> ccl

1.000000000 — 6.761987203 erf(0.05119125973 x)
> plot((39),x=0..x11)
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> cc2

08

0.5 5

0.7 L

0.5299710219 — 1.191220408 erf(0.009049421722 x)

> plot((40),x=x11..x22)

> cc3

052

L5114

RIEEE

049

045 ™

0474 o

[ES
£

0.2435387503 — 0.2867832643 erf(0.002216646569 x)
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> plot((41),x=x22..x33)

o
023+ \\
s
021
.\
. 2
Y
™
0,18- s
0.17-
0154
\ .
kY
T T T T T T T 7
0 é0 20 o0 1300 1do

> ccd

0.1088002899 — 0.07461729972 erf(0.0007009651925 x)

> plot((42),x=x33..x44)
01005

L1098

10,026

0,094+

0.092

0090,

> ccS

61

" 260

" 280

" 300

" 30



-0.01674730336erf(0.0002861678415x) + 0.01674730336

> plot((43),x=x44..1000)

a015.
.
%
0014
2
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0015 "
Y
\\
0012 \
o
\\
40 s0o 0o 7on @0n Sgo 1000

A.3 Maple Code for the Cu-Zn Case

> restart,

> — 1. — . —
C1 = l,C2 = 0.61; C3 =

0.55; C, = 0.515; Cy = 0.425;,C,

= 0315, C, = 0215; Cy = 0.125,Cy == 0.035 C,, = 0;

¢, =1
C, =0.61
C3 =0.55
C,=0.515
C, = 0.425
C, =0315
C,=0215
Cq=0.125
Cy =0.035

Cio=
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> De = 0.67¢4;

De = 6700.
> vyl == 15000,
¥l := 15000
> 2 = 2800;
Y2 :=2800
> 3 = 121; 4 := 335;
Y3 =121
Y =335
De

> pa= 2%, ppi= 2. pei= L2 pg = B2
vl P V3 )z
Da = 0.4466666667

Db :=2.392857143
Dc :=55.37190083
Dd =20.00000000

AN
> (C4—C3)e

eqnl == C,-Cy = e (—erf( 72 “1) —i—erf(\/?nz))

2
-
(C,—C))e "

nlJn_ﬂerf(Wnl)

2
-2800M
0.0002500000000 ¢ vk

nlﬁ(—erf(ZOﬁnl) +erf(20\/7n2))

eqnl :=0.06 = -

2
-15000m
0.001300000000 ¢ 'Je

n, \/;erf(SO\/?nl)

> simplify( (7))

0.06000000000
_13 g ~2800. ”?
=14.00000000010 9.32940832 10° ¢ erf( 122.474487

2
o ~15000.m)
+4.49142394510° ¢ erf(52.91502622m, )

-15000. 12
— 4.49142394510% ¢ ! erf(52.91502622n2) ] ] /
(erf( 122.4744872n1) (erf(52.91502622n1>
— 1.erf(52.915026227,) ) m, )
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2

" eqn2 = C,-C, - (Ce—C5)e
q 4=Cs ann_}@(—erf(Wﬂz) +erf(Wn3))
2
(% _C3)e-y2n2

ann_YZ(—erf(Wnl) +erf(Wn2))

-121 n%
0.01000000000 ¢

nzﬁ(—erf(llnz) +erf<lln3)>

eqn2 :=0.090= -

2
-2800 1
0.0002500000000 ¢ /7

i nzﬁ(—erf(zoﬁnl) +erf(207 n,))

= simplify( (9))
0.09000000000

13 10 -121.m5
={2.00000000010 2.82094791810 "¢ erf(52.915026

2
o ~12tm
— 2.82094791810 "¢ erf(52.91502622n2)

o ~2800. n%
— 1.86588166310% ¢ erf(11.m,)

2
o ~2800.m3
+ 1.865881663 10° ¢ erf(11.7,)

((erf(5291502622n, ) — 1. exf(52.915026221, ) ) (erf(11.1,)
—1. erf(ll.n3)) nz)

2

> eqn3 = C -C. = (CS _ C7) e_W'TB
6 -7 n3\/ﬂ_}’4‘('erf(mn3) +erf(\/7n4))
2
(Ce —Cs)e_ﬁ%

- n3Jn_75’(—erf(Wn2) +erf(Wn3))

-335 n§
0.0002686567164 ¢ 335

n3\/;(—erf(mn3) +erf(mn4>)

-121 n§
0.01000000000 e

i n3ﬁ(—erf(11n2) +erf(11m,))

eqn3 :=0.100= -

> simplify( (13))
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-12 '1'”421
0.09000000000= -| 2.25675833410 “e
-8.750000000 10° erf( 18.303005227,)

+ 8.750000000 10° erf( 18.30300522,)

0 ‘334'“421
— 1.229306321107 ¢

2
o 3341,
+ 1229306321 10% ¢ erf(n,)

((erf(18.30300522n3> — 1.erf(18.30300522n4)) (—1.
+ erf(n4)> n4)

_ni
> (CIO—C9)e
eqnd == Co-C, =
n “4J7(l —erf(ny))

)
(Cg—C7)e

Wy
n4\/n_y4(—erf(\/7n3) +erf(\/7n4))

2
-n
0.035¢ *

“45(1 —erf(n,))

eqn4 :=0.090 = -

-335 ni
0.0002686567164 ¢ 335

n4\/;(—erf<mn3) +erf(mn4))

= simplify( (13))

-12 ‘1'”421
0.09000000000= - 2.25675833410 ¢
-8.750000000 107 erf(18.303005221, )

+ 8750000000 10° erf( 18.30300522 n4>

0 —334.11‘2‘
— 1.229306321107 ¢

2
1229306321 10%c
. e erf(n4)

((erf( 18.30300522 n3) — 1. erf( 18.30300522 n4)) ( -1.

+ erf(n4)) n4)

> {eqnl, eqn2, eqn3, eqnd}
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2
-2800 1
0.0002500000000 K

nl\/;(—erf(ZOWn]) +erf<20\/7n2))

0.06 = -

2
-15000 1
0.001300000000 ¢ 'Je

n, \/?erf(SO\/sz

,0.090 =

-121 ng
0.01000000000 ¢

T (erf(11m,) +erf(11,))

2
-2800 1
0.0002500000000 ¢ 2T

i ,0.090 =
nz\/?(—erf(20\/7n1) —i—erf(ZOﬁnz))
2
i 0.035¢
A7 (1)
-335m;
0.0002686567164 ¢ 335 .0.100 =

+
n4\/;(—erf(mn3) +erf(mn4))
-335 n§
0.0002686567164 ¢ 335

g (~art(V335 n,) +erf(V335 n,))

-121 n§
0.01000000000 ¢

i n3ﬁ(—erf(11n2) +erf(11m;,))

> fsolve( (15), {n[1]=2.7656417e—4,n[2]=4.65986700918e—4,n[3]
=1.7714668886e—2, [ 4]=1.9736364820e—2})

{nl = 0.0004779231968, M, = 0.0007085456985, 1, = 0.01774947305,
n,= 0.02350330316}

Z m, = 0.0004779231968; 1, = 0.0007085456985; 7,
= 0.01774947305;m, = 0.02350330316;

n, :=0.0004779231968
n, :=0.0007085456985
n, :=0.01774947305

n, :=0.02350330316

> x44 ==,/ 4-De-3600-8
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x44 := 652.9689698

> x33 = T]3-\/ 4-De-3600-8

x33:=493.1160124

> x22 = N,V 4-De-3600-8

x22:=19.68482267

>xll = N,V 4-De-3600-8

x11:=13.27766635

> DD] = ﬂ‘erf(mn)

erf( Yl nl)
f— 0.39erf(50/ 6 )
erf(0.02389615984./6 )
>cl= C, +DDI
el 0.39erf(50/6 1)
erf(0.02389615984./6 )

> solve( (23),cl )
1.000000000 — 5.911552743 erf(122.4744871n)

> ccl = solve( (23),cl )
ccl == 1.000000000 — 5.911552743 erf(122.4744871m)

> plot( [ccl],n=0 ..nl)
10 5

08 5

0.8

0 ool | oodoz | omdo3 | oo
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(C%)
—erf(\/_an) erf(\/?nz)
)

—erf( 4 nl)

2 DD2 =

(er(/ 7

0.035 (erf(20/7 1) — erf(0.009558463936/7 ) )
-erf(0.009558463936 /7 ) + erf(0.01417091397/7 )

DD2 := -

>¢2=C, +DD2

2055 _ 0035 (erf(20/7 1) — erf(0.009558463936y/7 ) )

~erf(0.009558463936/7 ) + erf(0.01417091397/7 )

> cc2 = solve( (27),¢c2 );
cc2 :=0.6225880668 — 2.544284203 erf( 52.915026221])

> plot( [ce2],m =M, ..T]2>
055

0.54-

053 \

A
4 \\.
"oopos0 © Tooobss | oDoben | ooobes | 000070
> o (%Cs) .
b3 —erf(\/%nz) —I—erf(\/?ns) (erf(mn)
e[,

DD3 := -0.5269527104 erf(11m) + 0.004634239335
> ¢3=Cy + DD3
€3 =0.4296342393 — 0.5269527104 erf(11m)

> cc3 = solve( (30),c3);
cc3:=0.4296342393 — 0.5269527104 erf(11.7m)
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> plot( [ce3],n= n, ..n3)
DAE—\\

40—

038+

0364

034+

0324

Doz 0004 0006 0002 0010 0012 0014 00lE

” DD4 = (&%) '(erf( V2 Tl)
—erf(J i n3) +erf(\/ W n4)
—erf(‘/ H n3))

DD4 :=

0.090 (erf(y/335 1) — erf(0.01774947305/335 ) )

-erf(0.01774947305/335 ) + erf(0.02350330316/335 )

> c4=C, + DD4
c4=0215

0.090 (erf(y/335 1) — erf(0.01774947305/335 ) )

-erf(0.01774947305/335 ) + erf(0.02350330316/335 )

> cc4 = solve( (33),c4 )
cc4 :=0.5244502236 — 0.8739624313 erf( 18.303005221‘])

> plot( [ccd],n =N, ..n4)
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021 \

020+ %
RINE=S,
0184
0174
016+
D154
RINES

013+

notg | ool ooz oooRl oo 00
n
2:(Ce-Gy)

J7 (1= s(n,))

> DD5 =

0.07190665936

=

DD5 = -

© 2

>c5=—DD5~J ¢ " dn
n

0.07190665936 ( —% Jerf(n) + %ﬁ]
Jr

cS=

> cc5 = solve( (36),c5)
ccs = -0.03595332968 erf(n) + 0.03595332968

> plot([ce3l,m=n,.n,)
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m
C.-C
> DD4 = (G- -(erf( y4 n)

—erf(\/?%) +erf(\/7n4)

—erf( 03 n3))
DD4 =

0.090 (erf(y/335 n) — erf(0.01774947305/335 ) )

-erf(0.01774947305/335 ) + erf(0.02350330316/335 )

> c4=C, + DD4
c4=0215

0.090 (erf(y/ 335 1) — erf(0.01774947305/335 ) )

-erf(0.01774947305/335 ) + erf(0.02350330316/335 )

> ccd = solve( (33),c4 )
cc4 :=0.5244502236 — 0.8739624313 erf( 18.303005221‘])

> plot( [cc4],n =n, ..n4)
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021 \

020+ %
RINE=S,
0184
0174
016+
D154
RINES

013+

notg | ool ooz oooRl oo 00
n
2:(Ce-Gy)

J7 (1= s(n,))

> DD5 =

0.07190665936

=

DD5 = -

© 2

>c5=—DD5~J ¢ " dn
n

0.07190665936 ( —% Jerf(n) + %ﬁ]
Jr

cs5=
> cc5 = solve( (36),c5)
ccs = -0.03595332968 erf(n) + 0.03595332968
> plot((42),x=x33..x44)
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> ccs

> plot((43),x=x44..100000)

-0.03595332968 erf(0.00003599451773 x) + 0.03595332968
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