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ABSTRACT 

Computational fluid dynamics (CFD) is utilized in this study to investigate the spray 

characteristics of diesel and biodiesel fuels. To this end, an Eulerian-Lagrangian 

multiphase formulation has been used to simulate the spray processes. Fuel is injected 

into an initially quiescent constant volume chamber. The effect of fuel type, injection 

pressure and ambient pressure on the spray behaviour has been studied. Macroscopic 

spray parameters, such as penetration and cone angle, have been investigated, and 

microscopic features like Sauter mean diameter, local and temporal droplet size 

distribution have been evaluated to further understand the spray characteristics. Results 

are compared with experimental data available in the literature. In addition, the 

interaction characteristics of two merging sprays are studied. The effects of injection 

point distance and incidence angle on the merged spray penetration, cone angle and 

Sauter mean diameter have been investigated. Different injection setups have been 

evaluated and compared in terms of their entrainment qualities. Finally, air motion 

induced by the liquid dispersion inside the spray is analyzed and connected to the 

entrainment. 
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CHAPTER 1 

Introduction 

1.1 Overview 

Sprays are widely studied due to their vast range of scientific and industrial applications. 

Characteristics of fuel sprays injected into the combustion chamber of an internal 

combustion (IC) engine are of importance, since they influence the consequent processes 

of mixture formation, ignition, combustion and pollutant formation. Well-atomized fuel 

evaporates faster due to a longer contact time with the ambient air as well as increased 

interaction surface. This enhances the fuel-air mixing and increasing oxygen availability. 

Accordingly, the properly prepared mixture can spontaneously ignite. The combustion 

process of an efficient mixture leads to a maximum burning of the injected fuel. The 

series of events mentioned above can be very important in reducing the unburned 

hydrocarbons (UHC). 

All the above-mentioned processes take place in a very short time. The role of an efficient 

break-up of the fuel jet and the droplets turns out to be even more critical in this fleeting 

time interval. Sprays under high injection pressures up to 200 MPa have been extensively 

studied both experimentally and numerically, while the need for more effective 

atomization suggests the application of ultra-high injection sprays. This is even more 

necessary for bio-diesel fuels. Bio-diesel fuels are more reluctant to break-up compared to 

conventional diesel fuels. The reason is due to their higher surface tension and viscosity. 

The surface tension force of the liquid fuel resists the aerodynamic drag forces, which are 

responsible for liquid jet disintegration. On the other hand, the role of viscosity is to 

suppress the instabilities formed on the liquid surface from growing and disintegrating the 
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liquid. The complexity of the multiphase phenomena occurring in the spray flows 

necessitates a profound understanding of the relevant processes.  

There are numerous experimental studies on different features of fuel sprays. But due to 

the complexity of the flow field, it is not easy to thoroughly analyze all the details of the 

sprays with one set of experiments. Furthermore, different experimental techniques are 

needed to acquire information about different parameters. On the other hand, a well-

established and validated numerical model provides the opportunity to investigate a 

variety of spray characteristics. A parametric study can be performed in a simulated 

environment with minimal cost and time. 

 

1.2 Solid Cone Fuel Spray Structure 

Full solid cone sprays are formed at high pressures in direct injection diesel engines. The 

pertinent processes are illustrated in Fig. 1.1 (Baumgarten, 2006). Occurrence of the 

break-up process is influenced by the flow characteristics inside the nozzle. The role of 

the nozzle geometry on the turbulence level at the nozzle exit, and the possible 

occurrence of cavitation, is significant. Higher level of turbulence at the exit can promote 

the instabilities at the near exit region of the fuel jet. Ultimately, the growth of these 

instabilities at the interface of the liquid and gas phases leads to the disintegration of the 

liquid jet into liquid ligaments. 

There is also a possibility that the local static pressure drops below the vapor pressure of 

the fuel. This pressure drop usually occurs in nozzles with sharp corners. At the sharp 

corners of the nozzle, liquid flow is locally accelerated as a result of flow separation. This 

pressure drop can lead to the nucleation of the cavitation bubbles. The bubbles are 

transported towards the nozzle exit and, in accordance with the local flow conditions, the 
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bubbles may shrink, expand, or collapse. Imploded bubbles increase the turbulence level 

at the exit region. The collapse of the bubbles contributes to the disintegration of the fuel 

jet into liquid ligaments and large droplets. This is called the primary phase of break-up. 

This primary phase of the break-up is known as turbulence-induced break-up. 

Although the contribution of the cavitation bubbles to the fuel jet break-up is beneficial to 

the atomization purpose, it is accompanied with some drawbacks. As illustrated in the 

bottom of Fig. 1.1, the cavitation region can extend towards the downstream. This 

extension of the vapor zone reduces the liquid effective area. The minimum cross-

sectional area of the liquid is called the “vena contracta”. In the worst case scenario the 

vapor zone evolves downstream up to the nozzle exit. In this case the nozzle is said to be 

flipped. Obviously the negative effect of the cavitation is the reduction of the liquid 

effective area. Consequently, the effective injection mass flow rate decreases. This might 

result in lower accumulated heat release and power generation of the internal combustion 

engines. 

After the primary phase of the break-up, farther downstream, as a result of the dominance 

of the aerodynamic forces (over the surface tension force), the larger droplets break up 

into smaller ones in the secondary break-up phase. The secondary phase is commonly 

called the aerodynamic-induced break-up. As a result of the velocity difference at the 

shear layer of the liquid jet, the gas-liquid interface becomes unstable. The amplitude and 

frequency of these instabilities are dependent on the gas and liquid properties and the 

flow conditions. Eventually, if the instabilities are not dampened by the viscous forces, 

they dominate the surface tension forces and disintegrate the liquid. 

Due to the roll-up of the liquid shear layer, ambient air is engulfed into the spray and the 

mixing process starts. This is called the entrainment process. A significant part of the air 
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entrainment occurs at the tip of the spray. If the spray is injected into an initially 

quiescent chamber, the entrainment process sets the stagnant air into motion in the form 

of secondary vortex field. Entrainment of ambient air and the radial movement of the low 

kinetic energy droplets towards the outside region expand the spray in the spanwise 

direction. This results in a conical shape of the spray. 

Larger and faster droplets are located in the dense region near the spray axis, while the 

droplets become smaller and slower as a result of aerodynamic interaction with the 

continuous phase near the outside area. Droplets located in the near-field and around the 

spray axis are subjected to a higher number of collisions in the dense region. Higher 

number of collision can result in the coalescence of the droplets. In the downstream zone 

where the droplets have sufficiently atomized, depending on the ambient temperature, the 

evaporation of the droplets can be the dominant process in the mixture formation. 

It is worth to mention that the above explained series of processes are for a single 

component fuel. In a real diesel fuel, which is multi-component, some additional features 

are to be considered. One of the interesting processes in multi-component fuel is the 

thermodynamic break-up. Depending on the local flow conditions, the pressure might 

drop below the vapor pressure in one of the components. Therefore, there is a possibility 

of flash boiling of that component. This abrupt evaporation disintegrates the fuel and 

enhances the break-up. 
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Figure 1.1: Relevant processes of a fuel spray (Baumgarten, 2006) 

 

In order to develop an assessable explanation of the multiphase flow of a fuel jet, the 

Weber number is used to connect the flow parameters of the discrete (liquid) and 

continuous (gas) phases. Weber number is defined as     
         

 

 
, where 

                 are fuel density, droplet diameter, relative velocity and surface tension, 

respectively. Weber number defines the ratio of the inertial forces to the surface tension 

forces of the liquid phase. Disintegration of the jet commences when the aerodynamic 

forces dominate the liquid surface tension. As can be seen in Fig 1.2, Ohnesorge 

(Ohnesorge, 1931) categorized multiphase jet flow regimes based on the Reynolds 

number, defined as R   
        

 
, and the Ohnesorge number, defined as     

√  

  
. 



6 
 

Higher injection pressures result in larger relative velocities. Therefore, larger instabilities 

are formed at the liquid-gas interface. In addition, higher relative velocities result in 

larger aerodynamic drag forces acting on the liquid from the gas phase. In a high 

Reynolds number spray, viscosity is not large enough to dampen the instabilities. On the 

other hand, in a high Weber number condition, surface tension forces cannot resist the 

aerodynamic forces. Eventually, these conditions shift the fuel jet regime into the 

atomization zone of Fig. 1.1. High injection pressure sprays utilized in internal 

combustion engines fall into the atomization category due to the larger relative velocity 

and Weber number. Therefore, it is important that any numerical modelling be capable of 

resolving the typical phenomena taking place. 

 

Figure 1.2: Ohnesorge diagram: jet break-up regimes (Ohnesorge, 1931) 
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After identifying the jet flow regime, it is essential to determine the droplet break-up 

regime. This classification can be done according to Wierzba (1993), as presented in 

Table 1.1. At different Weber numbers it is expected that instability waves at the interface 

of the liquid and gaseous phases develop with different amplitudes and wavelengths. 

Individual break-up regimes are connected to the instability waves formed in the droplet 

surface. At We ≈ 12 the vibrational type of break-up occurs. Lower than this critical 

value, droplet deformations do not lead to break-up. In the bag break-up mode, 12 < We < 

20, deformation of the droplet into a bag form causes the break-up. The edge of the bag 

breaks into larger droplets while the remaining parts form small droplets. Therefore, a 

bimodal size distribution is observed. An extra jet emerges at 20 < We < 50, resulting 

inbag-jet (bag-streamer) break-up. At 50 < We < 100, droplet diameter decreases bit by 

bit due to the shedding of the child droplets from the shear layer of the parent droplet as a 

result of the shear forces. This regime is called stripping. The catastrophic break-up 

regime appears in two steps and at We > 100. As a result of an intense drag force, 

droplets break up into droplets which are fairly large due to large amplitude and 

wavelength of the instability surface waves. Simultaneously, smaller droplets are shed 

from the liquid surface because of the short wavelengths. It should be mentioned that this 

transition Weber numbers to different droplet break-up regimes are not consistent in the 

literature and also they can be categorized differently (Baumgaurten, 2006). 
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Table 1.1 Droplet break-up regime transition Weber number (Wierzba, 1993) 

Droplet break-up regime We Schematic (Baumgarten, 2006) 

I. Vibrational ≈12 

 

II. Bag <20 

 

III. Bag-jet (Bag-streamer) <50 

 

IV. Stripping <100 

 

V. Catastrophic >100 

 

 

1.3 Spray Modeling Approaches 

After ascertaining the jet and droplet break-up regimes, an appropriate solution technique 

must be selected. Various spray simulation methods can be chosen depending on the flow 

regime, application, and the focus of the study. Different approaches are classified 

according to the manner of flow simulation, as Eulerian, Lagrangian or Eulerian-

Lagrangian methods. There are also different kinds of interface modeling methods such 

as capturing or tracking. In addition, either integrated or segregated flow–interface 

coupling techniques can be utilized. Furthermore, the approaches can be categorized 



9 
 

according to the types of spatial discretization schemes, such as meshless, finite 

difference, finite volume or finite element (Ashgriz, 2011).   

In the Eulerian-Lagrangian method the continuous (gaseous) phase is treated in an 

Eulerian framework while the discrete (liquid) phase is handled by the Lagrangian 

formulation. Navier-Stokes equations are solved, coupled with an appropriate turbulence 

model, to describe the flow field of the continuous phase in a fixed grid system. On the 

other hand, the discrete liquid phase is defined using a Lagrangian meshless particle 

tracking method. 

Various sub-models are responsible for outcomes of turbulent dispersion (Gosman & 

Ioannides, 1981), coalescence (Ashgriz & Poo, 1990), evaporation (Faeth, 1983) and 

droplet break-up (Wierzba, 1993) in the fuel spray simulation. The discrete and 

continuous phases persistently exchange momentum, energy and mass. Influence of the 

discrete phase on the continuous phase is applied as source terms in the conservation 

equations of the gas phase in each grid cell. On the other hand, the continuous phase 

influences the discrete phase by using the local values of temperature, gas velocity, etc., 

of the grid cell through which the droplet is passing at each time step as a boundary 

condition (Baumgarten, 2006).  

   

1.4 Thesis Outline 

This thesis reports on computational fluid dynamics (CFD) simulations of ultra-high 

injection pressure diesel and bio-diesel sprays. The emphasis of the research is to create a 

numerically accurate model, capable of predicting different aspects of fuels sprays. 

Numerical set-up for the study was implemented in the ANSYS Fluent 13.0 CFD 

package.   
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The problem under investigation is categorized as a multiphase flow, and a concise report 

of the importance and applications of the problem has been provided in Chapter 1. 

Moreover, relevant processes observed in a full cone fuel spray and the governing 

mechanisms are described. An explanation about the Eulerian-Lagrangian approach has 

been provided since it is the technique which has been selected to deal with the 

multiphase nature of the problem due to its feasibility in modelling the processes 

occurring in a diesel spray.   

In Chapter 2, the effect of injection and ambient parameters on spray break-up and 

atomization of different alternative fuels are investigated using CFD simulation. Due to 

increasingly strict emission regulations for IC engines, there is a significant motivation to 

use biodiesel fuels instead of the conventional diesel fuels with the objective to reduce the 

exhaust gas emissions. Spray characteristics play a progressively important role in the 

consequent processes of mixture formation, ignition, combustion and pollutant formation 

in direct injection diesel engines. It is also important to develop an understanding of the 

atomization qualities of alternative fuels such as biodiesels as potential substitutes for 

conventional diesel fuel. 

An Eulerian-Lagrangian approach is implemented to study the interaction of the 

continuous and discrete phases. Numerical simulations are extensively validated via 

experimental data available in the literature for a constant volume chamber under ultra-

high injection conditions up to 300 MPa. Simulated spray tip penetration, spray cone 

angle and spray images are compared with experiments and analytical correlations for 

three fuel types (diesel, palm oil and cooked oil), three injection pressures (100, 200 and 

300 MPa), and two ambient densities (15 and 30 kg/m
3
). Effect of mesh structure and two 
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break-up models (WAVE and KHRT) on spray penetration are also investigated. Droplet 

size distribution in the radial and axial directions is studied. The contents of Chapter 2 

have been published as a technical paper in Society of Automotive Engineers (SAE) 2012 

World Congress (Ghasemi et al., 2012-a). As such, Chapter 2 has its individual 

introduction, literature review, numerical methodology, model description, discussion of 

results discussion and conclusion sections. 

Another interesting topic of study is the interaction of two merging sprays, the 

characteristics of which has not been studied as much as single sprays. This topic has 

been studied in Chapter 3. Mixture formation is highly influenced by the atomization 

process of the fuel spray in a direct injection IC engine. In order to achieve higher levels 

of droplet atomization, ultra-high injection pressures are utilized. The focus of Chapter 3 

is on the collision break-up process provided by two interacting fuel jets. The first step is 

to simulate a single spray injected into an initially quiescent constant volume chamber 

using the Eulerian-Lagrangian approach. Reynolds-Averaged Navier-Stokes equations, 

accompanied by the     turbulence model, are solved using an Eulerian formulation of 

the continuous phase. The discrete droplet phase is treated using a Lagrangian 

formulation together with spray sub-models. Results are validated via experimental 

results available in the literature. The second step is to study the effect of incidence angle 

and separation distance of interacting sprays on the spray parameters such as tip 

penetration and Sauter mean diameter (SMD). Spray tip penetration is redefined based on 

the temporal development of the tip of the merged spray. Injection pressures up to 300 

MPa are applied to an ambient air pressure of 1.27 MPa. The contents of Chapter 3 have 

been presented in the 20th Annual Conference of the CFD Society of Canada (Ghasemi et 
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al., 2012-b). Chapter 3 has its individual introduction, literature review, computational 

modeling, results and discussion, and conclusion sections. In addition, further 

investigation is performed in Chapter 4 to achieve a deeper understanding about the 

entrainment characteristics of the interacting sprays compared to single sprays. 

Finally, in Chapter 5 an overall summary of the discussions and conclusions resulting 

from the previous chapters is presented.  
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CHAPTER 2 

Numerical Investigation of Spray Characteristics of Diesel Alternative 

Fuels  

2.1 Introduction 

Direct injection diesel engine technology has been considerably enhanced in order to be 

able to pass the strict emission and performance regulations and standards set by 

governments. Many researchers, e.g., Som & Aggarwal (2010), Dhuchakallaya & 

Watkins (2011), Zhang & Fang (2011), Demoulin &  Borghi, (2002),  have shown that 

spray injection parameters have a strong effect on the processes of evaporation, mixture 

formation, ignition, combustion and pollutant formation in diesel engines.  

CFD simulation serves as a useful tool in acquiring a better understanding of the above 

mentioned processes. The internal nozzle flow features caused by the geometrical effects 

of the nozzle have been studied by Som et al. (2011), Som et al. (2010) considered the 

effects of cavitation, Lee & Reitz (2010) examined turbulence effects and Trinh & Chen 

(2007) conducted research on the spray development and break-up. Among many 

multiphase spray modeling methods (Ashgriz, 2011), Divis & Macek (2005) investigated 

these effects numerically using an Eulerian-Eulerian formulation and Wang et al. (2011) 

used a Lagrangian-Eulerian approach. 

http://jer.sagepub.com/search?author1=I+Dhuchakallaya&sortspec=date&submit=Submit
http://jer.sagepub.com/search?author1=A+P+Watkins&sortspec=date&submit=Submit
http://jer.sagepub.com/search?author1=A+P+Watkins&sortspec=date&submit=Submit
http://www.sae.org/servlets/product?PROD_TYP=PAPER&ACN=79587994765&AUTHOR_NAME=Tiegang+Fang&PLA_SW=YES
http://www.sciencedirect.com/science?_ob=RedirectURL&_method=outwardLink&_partnerName=27983&_origin=article&_zone=art_page&_linkType=scopusAuthorDocuments&_targetURL=http%3A%2F%2Fwww.scopus.com%2Fscopus%2Finward%2Fauthor.url%3FpartnerID%3D10%26rel%3D3.0.0%26sortField%3Dcited%26sortOrder%3Dasc%26author%3DDemoulin,%2520F.%2520X.%26authorID%3D6602272489%26md5%3D3a8d42ee4eaec87208c3c3829d4533f3&_acct=C000050266&_version=1&_userid=1010624&md5=b21eb9ff10efd83f9007c287be4035d8
http://www.sciencedirect.com/science?_ob=RedirectURL&_method=outwardLink&_partnerName=27983&_origin=article&_zone=art_page&_linkType=scopusAuthorDocuments&_targetURL=http%3A%2F%2Fwww.scopus.com%2Fscopus%2Finward%2Fauthor.url%3FpartnerID%3D10%26rel%3D3.0.0%26sortField%3Dcited%26sortOrder%3Dasc%26author%3DBorghi,%2520R.%26authorID%3D7007120702%26md5%3Dba68771dcb17c85ea0fb90db1c7aa6d4&_acct=C000050266&_version=1&_userid=1010624&md5=1b5d9a110c9f15982ca71c719ff74da1


14 
 

In order to investigate primary and secondary phases of the break-up process, various 

break-up models like Taylor Analogy Break-up (TAB), Enhance TAB (ETAB), WAVE, 

Kelvin-Helmholtz-Rayleigh-Taylor (KH-RT) and Fractionnement Induit Par Acceleration 

(FIPA) have been proposed and utilized by researchers to investigate characteristics of 

diesel sprays (Djavareshkian & Ghasemi, 2009; Fu-Shui et al., 2008). Ambient fluid 

characteristics like pressure (Roisman et al., 2007), temperature (Park et al., 2010), and 

combustion chamber flow field pattern (Ghasemi & Djavareshkian, 2010), affect spray 

behaviour. 

By influencing the aerodynamic interaction of the continuous and discrete phases and air 

entrainment rate into the spray, combustion and pollutant formation can be altered. In 

order to achieve higher levels of atomization and mixture formation to provide a more 

homogeneous mixture which contributes to better combustion efficiencies and lower 

production of particulate matters, utilizing high and ultra-high fuel injectors are of great 

interest. Accordingly, spray parameters such as penetration, Sauter Mean Diameter 

(SMD) and spray cone angle have also been studied (Bianchi et al., 2001). 

Due to price issues associated with petroleum fuels as well as emission concerns, 

biodiesel fuels are emerging as alternatives for traditional fuels. As a consequence, spray 

(Park et al., 2009), combustion (Jaime et al., 2010) emission (Lin & Lin, 2011), and 

characteristics of fuels like various types of biodiesel and dimethyl ether (Kim et al., 

2010) have been studied to provide sufficient knowledge of their behaviour in diesel 

engine environments and operating conditions. 
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The objective of the present work is to numerically study the spray behaviour and 

characteristics of ultra-high injection diesel fuel and the biodiesel fuels palm oil (BDFp) 

and cooked oil (BDFc). Simulation results have been validated using the experiments 

performed by Wang et al. (2010) in a constant volume chamber. Effects of injection and 

ambient pressure, fuel type and mesh structure on the spray penetration are studied. For 

the different cases, the predicted spray cone angle is compared with experiments at a 

certain time after the start of the injection. Two break-up models, WAVE and KH-RT 

(Kelvin-Helmholtz-Rayleigh-Taylor), are used to see the effect of break-up on the spray 

modeling. As a criterion for spray break-up and global droplet size, Sauter Mean 

Diameter (SMD) variation with time is also computed and compared with the 

experiments. Since SMD only represents global information about droplet size, a droplet 

size distribution and probability density function analysis is also performed to achieve an 

understanding of the temporal and spatial droplet size variation. 

2.2 Numerical Methodology 

2.2.1 CFD Tool and Grid 

Simulations have been carried out using ANSYS FLUENT 13 by modeling a constant 

volume chamber of size                    . The first step in the mesh 

selection and generation was to perform simulations on different fully structured meshes 

with        to           cells in order to achieve grid independence. Based on the 

results for the penetration depth vs. time after start of injection (ASOI) shown in Fig. 2.1, 

the               mesh, referred to as                        , was selected. 

But, in order to overcome the issue associated with the susceptibility of particle tracking 
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methods to mesh structure, in terms of predicting turbulent dispersion of the particles 

(Merker et al., 2006), which leads to the miscalculation of the spray characteristics, a 

second mesh     of size                   was generated. In this step, the ratio 

of the cell size in the spray axial to radial directions was changed while keeping the cell 

number constant (equal to    , to achieve optimum numerical and experimental 

correspondence. The comparison of    and    results are reported in the following 

sections. 

 

Figure 2.1: Grid independence check for spray tip penetration 
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2.2.2 Computational Fluid Dynamics 

A Lagrangian-Eulerian multiphase formulation has been utilized in order to simulate the 

interaction of the discrete and continuous phases. The Navier-Stokes equations are solved 

for the continuous gas phase using      turbulence model. At each time step (      

      ), the Eulerian approach defines the flow parameters such as velocity components, 

pressure, density and temperature as a function of position (x,y,z) for the entire three-

dimensional flow domain. In a Lagrangian description, the droplets are assumed as single 

mass particles, the velocity of which is decelerated by aerodynamic interaction of the gas 

and droplet, the mass of which is decreased by evaporation, etc. The two phases 

continuously exchange momentum, energy and mass. These exchanges are accounted for 

by applying source terms in the conservation equations of the gas phase in each grid cell. 

On the other hand, the gas phase affects the dispersed liquid by employing the local 

values of temperature, gas velocity, etc., in the grid cell through which the droplet is 

passing at each time step as a boundary condition. In Eulerian-Lagrangian method it is 

assumed that the volume fraction of the discrete phase is small compared to the 

continuous phase (Baumgarten, 2006). Details of the Eulerian-Lagrangian approach 

formulation is presented in appendix I. 

 

2.2.3 Spray Sub-models 

Various sub-models have been implemented to account for the effects of coalescence 

(Ashgriz & Poo, 1990), evaporation (Faeth, 1983) and droplet break-up (Wierzba, 1993) 

in the fuel spray simulation. Two break-up models which are discussed in more details in 

the next subsections are also used. It should be mentioned that both of the break-up 
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models used assume the liquid and gas phases to be incompressible. A turbulent 

dispersion model (Gosman & Ioannides, 1981) accounts for the interaction of the droplets 

with the turbulent eddies in the gas phase. Fluctuating motion of the droplets due to these 

interactions are superimposed on their mean velocity. These fluctuations contribute to an 

enhanced mixing of the liquid and gas. 

 

2.2.3.1 WAVE model 

In the WAVE or Kelvin-Helmholtz (KH) model (Reitz & Diwakar, 1987), growth of an 

initial disturbance on the liquid surface due to the Kelvin-Helmholtz instability generated 

at the aerodynamic interaction surface of the liquid and gas is related to the wavelength of 

the fastest growing wave and to the other physical and dynamic parameters of the injected 

fuel and the ambient fluid to estimate the break-up time and child droplet size. The rate of 

droplet size variation is given by: 

  

  
  

    

   
                                                                                                 (1) 

where r is the droplet radius,    is the child droplet radius and     is the break-up time, 

     
        

      
                                                                                           (2) 

Here    is an experimental constant,     is the wavelength of the fastest growing wave 

and      is the growth rate. Both     and     depend on the local flow properties: 

     
            

   

                 
 √

 

   
                                                                       (3) 

          
(      √  )(         )

           
        

                                                             (4) 



19 
 

In eqns. (3) and (4),   is the surface tension,    is the liquid density,         
    

represents the gas Weber number, where    is the relative velocity between the liquid and 

gas,    √        is the Ohnesorge number, where     is the liquid phase Weber 

number and     is the liquid phase Reynolds number, and     √    is the Taylor 

number. The diameter of the child droplet is defined as: 

                                                                                                   (5) 

where    is an experimental model parameter set to 0.61. 

2.2.3.2 KH-RT model 

In contrast to the WAVE model, the hybrid KH-RT (Kelvin-Helmholtz-Rayleigh-Taylor) 

model is capable of distinguishing between primary and secondary break-up processes 

(Beale & Reitz, 1999). The Rayleigh-Taylor (RT) model describes the droplet break-up 

due to the instabilities generated at the liquid gas interface due to the density difference. 

In this model, the frequency       and wavelength     of the fastest growth wave 

generated by the RT instability are given by 

 

    √  

 √  

|           |
   

      
                                                                      (6) 

     
  

   
                                                                                                 (7) 

Here    is the droplet acceleration,    is the gas density and     is the wave number 

corresponding to    , defined as: 

    √
|          |

  
                                                                                   (8) 
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In the RT model, the time starts to be recorded when the diameter of the droplet is larger 

than the wavelength    . The break-up is calculated if this time is longer than the RT 

model break-up time, which is calculated as follows: 

     
  

   
                                                                                                 (9) 

where    is a model constant set to 1. The droplet radius in the RT model is calculated 

from 

     
    

   
                                                                                             (10) 

where     is a model constant set to 1. Before the break-up length is reached, the KH 

model is applied. Farther downstream the KH and RT models have a competing effect on 

the break-up. 

The break-up length is defined as: 

        √
  

   
                                                                                     (11) 

where    and    are the nozzle diameter and an experimental constant, respectively. The 

value of    is estimated as 

                                                                                                  (12) 

  

2.2.4 Injection and Nozzle Properties 

A single hole        diameter nozzle with a nozzle hole length-to-diameter ratio of 7.5 

was used to inject the fuels with 100, 200 and 300 MPa injection pressures into the 295K 

quiescent ambient air of           
  

    density (corresponding to 1.27 and 2.54 MPa). 
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Fuel properties are shown in Table 2.1. The injector geometry and the variable mass flow 

rate profile applied to the simulations as inlet boundary condition for the discrete phase 

model are shown in Fig. 2.2. 

Table 2.1 Fuel Properties (Wang et al., 2010) 

Fuel type Diesel BDFp BDFc 

Density (
  

  ) @      830 874.4 885.1 

Viscosity (
   

 
) @      3.36 5.53 4.45 

Surface tension (
  

 
) 25.5 26.2 25.7 

Cetane Number 55 64.6 49.9 

Heating value (
  

  
) 43.1 40.03 39.03 

 

 

(a) 
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Figure 2.2:  (a) Nozzle geometry; (b) Injection mass flow rate profile vs. injection time  

(Wang et al., 2010;  Huang, 2011)  

2.3 Results and Discussion 

2.3.1 Macroscopic Parametric Study of Spray 

Figure 2.3 shows the temporal development of the spray tip into the chamber including 

the effects of ambient density, mesh structure and break-up model. It should be 

mentioned that for each case the simulation results are presented up to the time the spray 

reaches the end wall of the chamber. The reason is that in this study a free spray is 

simulated and wall impingement is not considered. Spray tip penetration consists of a 

linear phase which is converted into an asymptotic behaviour due to the aerodynamic 

deceleration of the tip. Tip penetration is usually defined as the maximum distance of 

97% of the droplets from the nozzle at each time t. Obviously the spray tip travels faster 

at higher injection pressures. But, for a certain injection pressure, higher ambient density 

(b) 
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(pressure) provides larger drag force and stronger resistance to the droplet movement and 

inhibits the axial penetration. In Lagrangian-Eulerian particle methods there is an issue in 

regards to penetration that needs to be discussed. Prediction of the particle dispersion, 

which directly affects parameters like penetration and spray cone angle, is very sensitive 

to mesh structure. Although the grid independence check was performed in terms of the 

cell number, the    mesh still under-predicts the penetration due to the over-prediction of 

the droplet radial dispersion of the particles. Usually this issue is resolved using mesh 

clustering in the axial and radial directions (Merker et al., 2006). Here, we deal with this 

problem in an alternative way by changing the axial-to-radial ratio of the cell size while 

keeping the cell number constant. As can be seen in the case of the    mesh, which has a 

higher axial-to-radial cell size ratio compared to   , a higher jet penetration (lower radial 

particle dispersion) occurs. In the case of break-up models it can be seen that WAVE and 

KH-RT provide close results, but in some cases KH-RT has a lower prediction of the 

penetration at the final stage of the spray tip evolution. WAVE as a classic breakup model 

and KH-RT as a hybrid model both treat the primary break-up based on the Kelvin-

Helmholtz instability. Accordingly, spray penetration displays model independence at the 

early stages of injection because in this phase spray penetration is more dependent on the 

large, high momentum droplet velocity. But farther downstream, droplet size and break-

up become more influential on the penetration, after which the competing effects of the 

KH and RT models govern the break-up process and consequently the penetration. 

The influence of fuel type on spray tip penetration is illustrated Fig. 2.4. Referring to the 

fuel properties in Table 2.1, it can be seen that fuels with larger surface tension have 

traveled more into the ambient fluid. Higher surface tension means that at a similar gas 
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density, injection relative velocity, and initial droplet size (blob size equal to nozzle size 

in this case), a lower Weber number is achieved. Weber number is one of the key factors 

in the estimation of the droplet break-up time. In particular, droplets with lower Weber 

number which are subjected to lower aerodynamic drag relative to their surface tension 

would have a larger residence time and travel farther in the chamber. 
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Figure 2.3: Effect of ambient density, mesh structure and break-up model on spray tip 

penetration:  a) 100 MPa; b) 200 MPa; c) 300 MPa 
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Influence of injection and ambient pressure, and fuel type on spray cone angle is 

presented in Fig. 2.5 for 0.7 ms after start of the injection (ASOI). The spray cone angle is 

defined as the angle between two lines starting from the nozzle tip through two points of 

maximum radial distance of the liquid parcels. Spray cone angle can be considered as a 

criterion for air entrainment into the fuel spray liquid core. Larger cone angle is usually 

accompanied by lower penetration, more successful break-up and faster mixture 

formation. As can be seen in Fig. 2.5, although in some cases increasing the injection 

pressure slightly increases the spray cone angle, it does not show much sensitivity to it. 

On the other hand, for the diesel fuel at higher chamber density, larger increase in the 

cone angle is observed. For the different fuel types, BDFp with largest surface tension 

and penetration has the smallest spray cone angle. The largest values of cone angle occur 

for the diesel fuel having the lowest surface tension and penetration. 
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Figure 2.4: Influence of fuel type on spray tip penetration: a) 100 MPa; b) 200 MPa; c) 

300 MPa 
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Figure 2.5: Variation of spray cone angle with injection pressure 

Fuel volume fraction contours at the central plane of the spray, superimposed with the 

droplet particle cloud, are illustrated in Fig. 2.6 for different injection pressures at the 

density of         . As can be seen from this figure, spray conical shape, cone angle, 

droplet penetration and radial dispersion are in good agreement with the experimentally 

captured images for all of the cases. In addition, the superimposed contours portray a 

dense liquid core extending from the nozzle, up to a distance at which the disintegration 

of the core occurs. In the case of the highest injection pressure of 300 MPa, the intact core 

extends further for BDFp. This is due to the high surface tension and viscous forces 

which inhibit liquid disintegration. 
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Figure 2.6: Comparison of experimental (Wang et al., 2010) images and simulated droplet 

cloud superimposed with fuel volume fraction contour at the central plane of the spray at 

0.45ms ASOI 
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2.3.2 Sauter mean diameter (SMD) 

The effect of injection pressure and ambient density on Sauter Mean Diameter of the 

diesel fuel is shown in Fig. 2.7. Sauter Mean Diameter           
∑    

  
   

∑    
  

   

   is a 

global description of the diameter of a drop whose volume-to-surface ratio is equal to that 

of a group of droplets with diameters   . It is defined as the summation of the volume of 

all droplets (which is constantly increasing with the injection of the new blobs) divided by 

the summation of the surface area of all droplets (which increases due to the droplet 

break-up). Immediately after injection, the SMD value is equal to the blob size injected, 

but for high pressure injection sprays it dramatically decreases due to the atomization of 

the droplets. The rate of this reduction is higher in the largest injection pressure of 300 

MPa due to the diminution of the break-up time associated with the increased Weber 

number. On the other hand, higher chamber densities are tied in with a lower rate of SMD 

reduction and slightly higher values of SMD at the final stage of the SMD calculation. 

Since there is no experimental data, results are compared with the analytical correlation 

suggested by Ejim et al. (2007) for diesel and biodiesel fuels. Increased ambient density 

and reduced       lead to higher SMD prediction. But it can be seen that injection 

pressure has more effect on SMD in comparison to ambient density. The SMD      

correlation is as follows: 

                      
       

                                                      (13) 

where          and         are viscosity and surface tension,          is the difference 

between injection and ambient pressures,     and             are fuel and ambient 

density respectively. 
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Figure 2.7: Effect of injection pressure and ambient density on SMD in diesel fuel spray 

The effect of fuel type on SMD is shown in Fig. 2.8, compared again to the analytical 

results based on equation (13). In the larger SMD formation of the biodiesel fuels 

observed here, kinematic viscosity, surface tension and density play the major role. The 

surface tension force attempts to keep the droplet unbroken by opposing the aerodynamic 

forces, while the viscous force serves as a damper against the perturbations created at the 

droplet surface leading to the postponement of the break-up. This is observed in Fig. 2.8 

where BDFp with largest surface tension and kinematic viscosity provides for larger 

SMD and a slower break-up rate.  
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Figure 2.8:  Effect of fuel type on SMD 

2.3.3 Droplet Temporal and Spatial Size Distribution 

Although Sauter Mean Diameter (SMD) gives some clues about the jet break-up, it is 

beneficial to carry out a local and temporal droplet size distribution analysis. A plot of 

315,710 droplet diameters of BDFp at 300 MPa injection pressure,             ambient 

density at 0.6 ms after start of injection is depicted in Fig. 2.9. In region (I), most of the 

droplets close to the nozzle and near the spray core have diameters close to the nozzle 

size while in region (III), which is also close to the nozzle exit, droplets located at the 

shear layer of the jet are atomized faster due to the more aerodynamic interaction with the 

gas. In region (II) at a distance between 10-15 mm away from the nozzle exit, a large 

number of the droplets break-up into smaller ones. As can be seen in region (IV), due to 
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the high injection pressure up to the current time (0.6 ms), most of the droplets have 

broken up. In region (V) a small number of the droplets could be detected with diameters 

larger than nozzle size. These droplets are the ones which have been coalesced due to 

collision, and travelled further downstream in the chamber.  

 

Figure 2.9: Droplet diameter normalized by nozzle diameter vs. droplet penetration 

Radial droplet size distribution for BDFp on the planes defined normal to the spray axis at 

different axial locations (Z = 3, 10, 20, 40, 50, 70 mm) with an injection pressure of 300 

MPa and ambient density of             is represented in Fig. 2.10. At Z = 3 mm and Z 

= 10 mm, droplets have almost a uniform radial size distribution and, except for a few, 

most of them are of a size very close to the nozzle size.  For the Z = 20 mm, although the 

droplet size has become slightly smaller, a uniform radial size distribution persists. At Z = 
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40 mm, more break-up has occurred at the periphery of the spray, while close to the axis 

larger droplets are observed in the dense core of the jet. At Z = 50 mm and Z = 70 mm, 

most of the droplets have broken up in both the central and exterior spray regions due to a 

fully dispersed jet and high level of ambient air entrainment. A small number of 

coalesced droplets are also observed at Z = 70 mm which have been able to penetrate 

farther downstream into the ambient region.  
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Figure 2.10: Radial distribution of particle size on different planes normal to the 

spray axis 



36 
 

In order to study the temporal size distribution of the droplets, a histogram of droplet size 

is provided at certain times (t = 0.01, 0.02, 0.06, 0.07, 0.1, 0.2, 0.4, 0.6 ms) after the start 

of injection, which is shown in Fig. 2.11. At earlier time periods, the probability of 

occurrence of large droplets is high. The single peak at t = 0.01 ms suggests that most of 

the droplets have a size close to the nozzle diameter. Following this, the number of larger 

particles decreases and the number of smaller particles increases due to the break-up. 

During the times t = 0.02 - 0.1 ms, a bimodal size distribution of the droplets is observed. 

At later times while the peak is moving to the left, the small droplets dominate up to the 

time t = 0.6 ms, at which the number of large particles becomes insignificant. A small 

percentage of coalesced particles is observed at times t = 0.06, 0.07, 0.1 ms, but these 

droplets vanish at later times.  

 

Figure 2.11: Droplet size histograms 
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2.4 Conclusions 

In this chapter, the spray behaviour and characteristics of ultra-high injection diesel fuel, 

palm oil (BDFp) and cooked oil (BDFc) as biodiesel fuels have been studied. Numerical 

results have been validated using the experiments of Wang et al. (2010) in a constant 

volume chamber. The influence of injection and ambient pressure, fuel type and mesh 

structure on the spray penetration have been investigated and compared to experiments. 

For all the cases, an increase in the injection pressure caused an increase in spray 

penetration, however, the penetration decreased in the presence of higher ambient density. 

Biodiesel fuels yield more penetration and larger SMD in comparison with diesel fuel. 

This encourages the application of ultra-high injection pressures in biodiesel fuels to 

facilitate their atomization by overcoming their high surface tension and viscous forces 

resisting their disintegration. 

The spray cone angle was compared with experiments at a certain time after the start of 

the injection, showing its higher sensitivity to ambient density rather than injection 

pressure. In addition, the smaller spray cone angle of the biodiesels confirms their lower 

rate of expansion and atomization compared with diesel fuel.  

Study of the Sauter Mean Diameter (SMD) variation with time for different injection and 

ambient pressures, and also various fuel types, revealed the fact that all the fuels atomize 

faster in the presence of higher injection pressures and slightly slower in higher ambient 

densities. It was also observed that biodiesels break-up slower than diesel fuel. 

 Droplet size distribution and probability density function analysis was carried out in 

order to achieve an understanding of the temporal and spatial droplet size variation. 



38 
 

Break-up regions, locations and times of atomization can be distinguished, and coalesced 

particles were detected for the BDFp fuel. 
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CHAPTER 3 

Spray-to-Spray Collision Break-up of Ultra-High Injection Pressure 

Diesel Fuel 

3.1 Introduction 

The extensive range of applications and the inherent multiphase phenomena taking place in 

sprays have made them interesting and important flows for both industrial and academic 

studies. In direct injection diesel engines, optimization of the sprays contributes significantly to 

high efficiency and low emission combustion.  

Ambient flow conditions like pressure (Roisman et al., 2007), and temperature (Park et al., 

2010), and combustion chamber flow field structure (Ghasemi & Djavareshkian, 2010), 

influence spray formation and development and consequently the mixture formation in the 

chamber. In order to achieve higher levels of atomization to enhance the mixture formation, 

ultra-high injection of the sprays has been implemented, taking into account fuel type, 

(Ghasemi et al., 2012) and chamber geometry effects (Fukuda et al., 2012). The effect of 

different classical and hybrid break-up models on the spray formation and break-up has also 

been investigated (Djavareshkian & Ghasemi, 2009). 

There have also been some studies on interacting sprays. Collision processes play a major role 

in spray-to-spray interactions. Since the conventional O'Rourke collision model only considers 

a bounce and a coalescence of the same kind of droplets (water-water or fuel-fuel), other 

researchers have made attempts to develop new collision models which account for multi-
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species interaction (Tsuru et al., 2010). It has also been shown that interacting sprays can 

contribute to atomization by causing a reduction of Sauter mean diameter (SMD) compared to 

single sprays (Arai & Saito 1999). The spray volume increases significantly due to the 

interaction of the sprays. Increasing the spray angle leads to a reduction in droplet velocities. 

On the other hand, impingement distance does not have a major influence on the droplet 

velocities since it is related to the travelling distance of the droplets (Ko & Ryou, 2005).  

The objective of this work is to study the collision breakup process of two interacting fuel 

sprays. A single spray injected into an initially quiescent constant volume chamber is first 

simulated using the Eulerian-Lagrangian approach. Reynolds-Averaged Navier-Stokes 

equations, with the     turbulence model, are solved using an Eulerian formulation for the 

continuous phase. The droplet discrete phase is treated using a Lagrangian formulation together 

with spray sub-models. The single spray results are validated against experimental data of 

Wang et al. (2010). Then, the influence of incidence angle and separation distance between the 

two interacting sprays on the spray parameters like tip penetration, Sauter mean diameter and 

spray cone angle is investigated. Spray tip penetration is redefined based on the temporal 

development of the tip of the merged spray. 

3.2 Numerical Methodology 

3.2.1 Computational Modeling 

The Eulerian-Lagrangian multiphase approach is adopted in order to calculate the interaction of 

the discrete (fuel) and continuous (air) phases. The Eulerian formulation defines the related 

fluid flow parameters such as velocity components, pressure, density and temperature as a 

function of position (x,y,z) and time t for the entire three-dimensional flow domain, at each time 
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step (           for this case). The Reynolds Averaged Navier-Stokes (RANS) equations 

are solved for the continuous phase using the standard     turbulence model. These 

equations are spatially discretized by the finite volume method, using the QUICK algorithm for 

the convective terms in momentum and turbulence equations, and the STANDARD scheme for 

pressure interpolation. A fully implicit first-order scheme is used for the temporal 

discretization. The pressure-velocity coupling in the discretized equations is performed using 

the SIMPLEC algorithm. All the surfaces of the domain are considered as no-slip walls. No 

inlet and outlet boundary conditions are defined for the Eulerian phase. For the Lagrangian 

phase the discrete phase inlet condition is defined as a nozzle area around an injection point 

where the liquid blobs are injected into the chamber. 

In the Lagrangian approach, each droplet is considered as a single mass particle, the velocity of 

which is decelerated by aerodynamic interaction of the gas and droplet, and the mass of which 

is decreased by evaporation, etc. The two phases continuously exchange momentum, energy 

and mass. These exchanges are accounted for by applying source terms in the conservation 

equations of the gas phase in each grid cell. On the other hand, the gas phase affects the 

dispersed liquid phase by employing the local values of temperature, gas velocity etc., of the 

grid cell through which the droplet is passing at each time step as a boundary condition 

(Baumgarten, 2006). 

3.2.2 Grid Generation and CFD Tool 

The CFD simulations have been performed using ANSYS FLUENT 13 by modeling diesel 

spray injection into a constant volume chamber of size             . The mesh 

generation process included running simulations on several different fully structured meshes 

containing from        to           cells to acquire grid independent results. Figure 3.1 
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shows the predicted time evolution of the spray tip penetration on several grids after start of 

injection (ASOI). Clearly, the         mesh is too coarse to capture the spray penetration, and 

the results converge as the mesh is refined, with the final two meshes showing essentially no 

difference. Based on the results displayed in this figure, the mesh with                  was 

selected for subsequent calculations.  

 

Figure 3.1: Grid independence tests 

3.2.3 Spray Sub-models 

For the fuel spray simulations, different sub-models are implemented to account for the effects 

of turbulent dispersion (Gosman & Ioannides, 1981), coalescence (Ashgriz & Poo, 1990), 

evaporation (Faeth, 1983), droplet breakup (Wierzba, 1993) and collision (O'Rourke, 1981). 
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3.2.4 O’Rourke Collision Model 

The standard collision model usually implemented in conventional spray simulations is the 

O’Rourke model (O'Rourke, 1981), which only allows for permanent coalescence and 

stretching separation in droplet collisions. Based on an energy balance, it is determined whether 

the coalesced droplets would separate again to re-form the initial drops, or merge to create a 

larger droplet. Stretching separation occurs if the rotational energy of the coalesced drops,  

      
  

  
                                                                                   

is larger than the extra surface energy, 

              
     

       
                                                 

Otherwise, permanent coalescence will occur. In these equations                 are 

respectively angular momentum about the centre of mass of the coalesced droplet, the 

corresponding moment of inertia, radii of the colliding droplets and the effective radius, given 

by 

    
    

      
                                                               

 

    
         

 
     

                                                        

          
     

                                                                     

where             are the droplet masses and the off-centre distance respectively. Transition 

between coalescence and stretching separation is a function of the collision Weber number 
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and the drop diameter ratio, where                     are the fuel density, smaller droplet 

diameter, relative collision velocity and surface tension, respectively. 

3.2.5 Injection and Nozzle Properties 

In these simulations diesel fuel was injected into the constant volume chamber from a single 

hole        diameter nozzle with a nozzle hole length-to-diameter ratio of 7.5. Fuel injection 

pressures up to 300 MPa were applied into the quiescent ambient air with density       

    corresponding to 1.27 MPa. Fuel properties taken from Wang et al. (2010) are shown in 

Table 3.1. The injector geometry and the variable mass flow rate profile applied to the 

simulations are shown in Fig. 3.2. 

Table 3.1 Fuel properties (Wang et al., 2010). 

 

 

 

Fuel type Diesel 

Density (
  

  ) @      830 

Viscosity (
   

 
) @      3.36 

Surface tension (
  

 
) 25.5 

Cetane Number 55 

Heating value (
  

  
) 43.1 
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Figure 3.2:  (a) Nozzle geometry, and (b) injection mass flow rate profile vs. injection time 

(Wang et al., 2010) 

  (a) 

(b) 
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3.3 Results 

3.3.1 Single Spray 

Simulation results for a single spray are discussed in this subsection. These results correspond 

to the diesel fuel case for a single spray that was investigated in Chapter 2. Figure 3.3 shows a 

comparison of the simulated single spray droplet cloud superimposed with contours of liquid 

fuel mass fraction in the jet central plane to experimentally captured images, for injection 

pressures of 100, 200 and 300 MPa. As can be seen, the simulated spray expansion and 

penetration for all injection pressures both match very well with the experimental images.  

Figure 3.4 displays predicted spray tip penetration compared to experiments. As this figure 

illustrates, a higher injection pressure leads to a higher penetration of the spray tip into the 

ambient air. The spray penetration starts with a near linear trend and takes an asymptotic shape 

due to the aerodynamic deceleration caused by the ambient fluid. Again, there is very good 

agreement between the simulation results and the experimental measurements, 

 

Figure 3.3: Comparison of experimental (Wang et al., 2010) images and simulated droplet 

cloud superimposed with fuel volume fraction contour at the central plane of the spray at 

0.45ms ASOI 
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Figure 3.4: Spray tip penetration; simulation (Sim) vs. experiments (Exp), (Wang et al., 2010) 

3.3.2 Merging Sprays 

In this section flow features of two merging sprays are investigated. Effect of incidence angle 

and injection location distance on the merged spray parameters such as cone angle, penetration 

and SMD are studied. Two injection location distances of d = 10, 20 mm and incidence angles 

of   = 60, 90 are considered. Figures 3.5a-h illustrate images of the particle cloud colored by 

droplet velocity magnitude of the two merging sprays at t = 1 ms. In these figures, 

             are nozzle distance, spray incidence angle, and merged spray cone angle in the 

XZ and YZ planes, respectively. Spray pairs are injected in the XZ plane. However, for all the 

cases, the spray expansion is greater in the YZ plane            than in the XZ plane. Before 

impingement of the sprays which are injected in XZ plane, droplets have velocity components 

in XZ and YZ planes. Velocity components in the X direction are cancelled out and subjected 

to more dissipation. On the other hand, velocity component in the Y direction add up and 
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expand the merged spray in YZ plane. This high expansion of the spray provides an increased 

entrainment of the ambient air leading to a more successful mixture formation. It can be 

observed from these figures that increasing the nozzle separation distance (d) and reducing the 

spray incidence angle   , decreases the merged spray cone angles in both XZ and YZ planes. 

This reduction is more significantly affected by the incidence angle, since incidence angle has a 

larger influence in collision relative velocity variation compared to the case of increasing the 

injection distance. Among the different cases studied, maximum cone angles       

                were observed in the case of                           . This 

arrangement of the twin sprays is expected to provide an improved entrainment of the ambient 

air and a more effective mixture formation. 
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a) Φ = 60 
o
 

     d = 10 mm 

     θ XZ = 23.1 o 

b) Φ = 60 
o
 

     d = 10 mm 

     θ YZ = 36.1 o 

c) Φ = 60 
o
 

     d = 20 mm 

     θ XZ = 20.6 o 

d) Φ = 60 
o
 

     d = 20 mm 

     θ YZ = 30.6 o 

θXZ θYZ 

Φ 

d 

(a) (b) 

(d) (c) 
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Figure 3.5: Droplet cloud of the merging sprays colored by velocity magnitude at t = 1 ms 

 

e) Φ = 90 
o
 

     d = 10 mm 

     θ XZ = 24 o 

f) Φ = 90 
o
 

     d = 10 mm 

     θ  YZ = 48.4 o 

 

g) Φ = 90 
o
 

     d = 20 mm 

    θ XZ = 23.4 o  

h) Φ = 90 
o
 

     d = 20 mm 

     θ YZ = 46 o 

(f) (e) 

(h) (g) 
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Figure 3.6 shows the temporal development of the merged spray into the ambient fluid. 

As can be seen from this figure, the merged spray penetrates significantly less distance 

into the ambient fluid compared to the single spray. Achieving higher levels of expansion 

and entrainment in a shorter distance could be a beneficial setup for small stroke IC 

engines, where wall impingement should be avoided. Increasing   leads to an increase in 

penetration while, conversely, increasing   results in a significant reduction in tip 

penetration. Increasing   affects the location, and only slightly affects the velocity of 

merging. Accordingly, penetration is somewhat larger. On the other hand, increasing the 

incidence angle from 60
o
 to 90

o
 increases the relative velocity of the collision which is in 

a direction normal to the merged spray axis. The increase in the relative velocity leads to 

a higher radial expansion of the spray and consequently lower penetration. This can be 

seen from the case of               (also see Figs. 3.5e,f), where the spray has 

maximum cone angles and minimum penetration. 

Figure 3.7 shows the variation of Sauter mean diameter (SMD) with injection time. At the 

beginning of the injection the SMD is close to the nozzle size (160 µm) but, within the 

first 0.1 ms it sharply reduces as a result of the break-up. In this figure the SMD range has 

limited up to 8 µm to magnify the small SMD variations after this initial reduction. The 

O’Rourke model over-predicts coalescence (Lee et al., 2002) due to its inability to 

account for collision induced break-up (Ko & Ryou, 2005). The possible over-prediction 

in SMD also reported by Baumgarten (2006) is due to disregarding collision break-up in 

the O’Rourke model and augmenting coalescence instead. Although, in all the cases, 

break-up occurs in a very short time, twin sprays show higher SMD values as a result of 

the above-mentioned phenomena. Increasing   results in an increase in SMD, while 
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increasing   leads to a reduction. Larger droplets are more decelerated at the merging 

point, resulting in a lower relative collision velocity. On the other hand, at larger  , the 

relative collision velocity increases. Relative collision velocity is a major factor in 

determining the collision Weber number. According to Baumgarten (2006), at higher 

collision Weber numbers there is more likelihood for stretching or reflective separation of 

the collided droplets, and less chance for coalescence. This confirms the effects of 

changing   and   on the SMD variation, as illustrated in Fig. 3.7. 

 
Figure 3.6: Comparison of spray tip penetration; simulation vs. experiments (Wang et al., 

2010). 
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Figure 3.7: Sauter mean diameter (SMD) 

 

 

3.4 Conclusions 

In this chapter CFD simulations of single and interacting diesel sprays were conducted 

using the Eulerian-Lagrangian multiphase approach. Single spray results were validated 

against experimental data in terms of spray shape and penetration. The effects of 

incidence angle and nozzle separation distance on the collision of two merging sprays 

were studied. It has been shown that increasing nozzle separation distance results in an 

increase in merged spray tip penetration and SMD, while a reduction is observed in spray 

cone angle. In addition, increasing the incidence angle leads to reduction of the spray 

cone angle, penetration and SMD. For the cases considered, minimum SMD and 

penetration and maximum cone angle were observed in the case of sprays at right angles 
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to each other and 10 mm apart. This set-up could provide more advantages for the 

purpose of mixture formation due to its more successful atomization and higher spray 

expansion (entrainment) in a shorter penetration. 
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CHAPTER 4 

Air Motion and Entrainment Analysis of Flow Induced by the Liquid 

Dispersion  

4.1 Introduction 

Quality of the fuel/air mixture inside the combustion chamber of a diesel engine is highly 

affected by the relative motion of the liquid and gas. In a low swirl or a quiescent 

combustion chamber the air motion is mostly induced by the liquid motion. Roll-up of the 

liquid jet shear layer engulfs the stagnant ambient air inside the spray. In addition, the 

momentum transfer from the liquid droplets to the gas forces the air into motion. Higher 

air motion results in more mixing. The level of air motion depends on the injection, 

ambient and sprays conditions.  

In gaseous jets it is not too complicated to evaluate the entrainment characteristics 

distinguished for near-field and self-similar regions. On the other hand, entrainment 

features of sprays are not as straightforward. The reason is that many unknown 

parameters and complicated phenomena affect the entrainment of sprays (Post et al., 

2000). Influence of different parameters on the spray entrainment constant was studied by 

Post et al. (2000).  Andriani et al. (1996) observed similarities in the entrainment 

characteristics of the gaseous jets and sprays in the transient period. On the other hand, 

they related the differences in the entrainment of the sprays and gaseous jets in the quasi-

steady phase to their momentum transfer mechanisms. Sepret et al. (2010) divided the 

velocity field of the ambient gas into three regions, as shown in Fig. 4.1a. The first region 

close to the nozzle exit is called the quasi-steady zone. In the second region, ambient gas 
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is recirculated by the head vortex, and in the third zone the air is pushed out by the spray 

front. In Fig. 4.1a, gas normal velocity is shown for the mentioned zones. By temporal 

analysis of the gas velocity field, Sepret et al. (2010) showed that the near-exit 

entrainment region evolves with time. In Fig. 4.1b, variation of the velocity components 

normal to the spray axis with axial distance is shown. 

 

Figure 4.1: a) Mean gas velocity field; b) schematic evolution of the normal component 

of gas velocity (U┴), (Sepret et al., 2010) 

Entrainment of the ambient air into the fuel spray can be related to different parameters 

such as spray cone angle expansion (Siebers, 1999) or fuel equivalence ratio distribution 

(Naber and Siebers, 1996). 

In this Chapter, further study is performed on the cases studied in previous chapters, 

focusing on the air motion in diesel sprays. Air motion induced by the liquid movement 

(a) 

(b)

) 
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and droplet dispersion can be related to the air entrainment level. First, air entrainment 

into single diesel sprays are studied by incorporating CFD results into empirical 

equations. Then, the effect of different parameters on the entrainment behaviour resulting 

from empirical formulation is related to the identified vortex structure of the gaseous 

field. Deduced facts from the vortex structure assessment and its relation to air 

entrainment are used to analyze the air motion in merging sprays. 

4.2 Results and Discussion 

4.2.1 Empirical Assessment of the Entrainment in Single Sprays 

By assuming that the spray and gaseous turbulent jets behave similarly, ambient air 

entrainment into the spray can be reasonably estimated with the same theory. The 

following formula approximates the equivalence ratio as the total amount of air entrained 

up to any axial location relative to the total amount of fuel injected (Naber and Siebers 

1996): 

  ̅     
         

√      
 
       

                                                                    

Where,         is the stoichiometric air/fuel ratio. At each axial location of z,   ̅    is 

the average value of the equivalence ratio in that cross-section, where    is the 

characteristic length scale for the fuel jet, given by 

   √
  

  
 

√     
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where a is a constant equal to 0.75 and    is orifice area contraction, taken to be 0.95. 

According to gaseous jet theory, Wang et al. (2010) used a Gaussian profile to achieve a 

radial distribution of the equivalence ratio: 

                       (–          )                                                          

The constant   is a shape factor for the Gaussian profile (Desantes et al. 2007) and 

             . By assuming                       the value for   is calculated as 

2.3  The axial equivalence ratio is obtained as: 

                 ̅                                                                                         

Using analytical equations to calculate the spray tip penetration and cone angle, Wang et 

al. (2010) calculated axial (Fig 4.2) and radial (Fig 4.3) equivalence ratio distributions. 

These results are compared to our cases, which are combination of CFD and empirical 

formulations. 

 

Figure 4.2: Empirical axial variation of equivalence ratio (Wang et al., 2010) 
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Figure 4.3: Empirical radial distribution of equivalence ratio (Wang et al., 2010) 

In order to study the entrainment characteristics of single diesel sprays, CFD results 

acquired for the spray tip penetration and the spray cone angle have been incorporated in 

the above mentioned formulations. It should be mentioned that calculation of spray tip 

penetration and the cone angle have been validated in Chapter 2. For all the cases of the 

single diesel sprays the cone angle was calculated at Z = 40 mm of penetration. In Fig 4.4, 

axial variation of the equivalence ratio is shown for different injection pressures and 

ambient pressures. Up to 10 mm downstream of the nozzle there is a sharp drop in the 

equivalence ratio, while further downstream it approaches an asymptotic behavior. The 

initial drop in the near-field is as a result of rapid break-up of the spray, radial dispersion 

of the droplets, leading to the entrainment of the initially quiescent gas into the spray. The 

more air mixed with the fuel, the lower the equivalence ratio. Therefore, while travelling 

downstream a leaner mixture is observed. At higher injection pressures, higher relative 

velocity between the liquid and gas results in higher mixing rate and consequently a lower 

Radial Distance (mm) 
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equivalence ratio. Moreover, increasing the ambient density leads to a lower penetration 

of the spray and a larger cone angle. This larger expansion results in an improved 

entrainment. Comparing the current cases with the results discussed in Chapter 2, it can 

be seen that higher entrainment is usually associated with higher cone angles, especially 

in high ambient densities. These results are qualitatively in agreement by the purely 

empirical results of Wang et al. (2010) shown in Figures 4.2 and 4.3. 

 

Figure 4.4: Axial variation of equivalence ratio 

In Fig. 4.5 the effect of injection pressure on radial distribution of the equivalence ratio at 

an axial location of Z = 20 mm is shown. As can be seen, increasing the injection pressure 

results in a lower equivalence ratio which is a sign of higher entrainment. It is also 

observed that in any location, the equivalence ratio radial profile is more expanded for 

higher injection pressures. The higher expansion of the profile is a measure of more 

expansion in the spray as well as higher entrainment. 
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Figure 4.5: Effect of injection pressure on radial distribution of equivalence ratio at an 

axial location of Z = 20 mm 

In Fig 4.6 the equivalence ratio radial profiles are compared at different axial locations 

for different injection pressures. For all the injection pressures it turns out that moving 

downstream, the equivalence ratio value drops. In addition, the radial equivalence ratio 

profiles expand in the spanwise direction. Magnitude reduction and profile expansion are 

both indications of air entrainment into the spray. 
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Figure 4.6: Variation of equivalence ratio radial distribution with axial location at 

different injection pressures: a) 100 MPa, b) 200 MPa, c) 300 MPa 

 

The influence of ambient density on equivalence ratio radial distribution at an axial 

location of Z = 40 mm is shown in Fig. 4.7. In the case of higher ambient density the 

ambient gas decelerates the spray more strongly, resulting in a rapid expansion. As 

mentioned previously in Chapter 2, increasing ambient density leads to larger spray cone 

angles. Expansion of the spray is caused by the air entrainment. This fact is confirmed by 

focusing on the equivalence ratio profiles in Fig 4.7. In higher ambient density the profile 
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is expanded in the spanwise direction, while it gives lower values in the low ambient 

density case. 

 

Figure 4.7: Effect of ambient density on equivalence ratio radial distribution at an axial 

location of Z = 40 mm 

4.2.2 Air Motion Structure Induced by Spray Dispersion 

In order to connect air motion structure to the entrainment behaviour of the spray, further 

analysis on the continuous phase pattern is required. To this end, vortex structures formed 

inside the spray which are attributed to the air motion are identified using velocity 

swirling strength. Swirling strength evaluates the local swirling motion of the flow field. 

Swirling strength is determined by analyzing the eigenvalues of the local velocity 

gradient tensor. Local swirling strength is identified as the imaginary part of the complex 
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eigenvalues of velocity gradient tensor (Zhou et al. 1999). The mathematical formulation 

of the swirling strength is presented in Appendix II. 

In this section vortex structures for single diesel sprays are identified first. The vortex 

patterns are connected to the entrainment analysis using the equivalence ratio. Then, 

vortex structures of the merging sprays are identified. According to the conclusions 

inferred from single spray vortex structure analysis, entrainment characteristics of the 

merging sprays are discussed. 

Spray particle cloud superimposed by swirling strength iso-volumes of the gas are shown 

in Fig 4.8. Values of the swirling strength     are normalized by the corresponding 

maximum        value in each case. Three iso-values of 
 

    
               are 

obtained for three injection pressures of 100 MPa, 200 MPa, and 300 MPa and ambient 

density of   
  

  . Since the ambient air is initially quiescent, the gas motion is essentially 

induced by the liquid motion. The momentum transfer from the dispersed liquid to the gas 

phase generates a pattern similar to a gas jet inside the spray. Interestingly, for all the 

cases of the spray-induced gas jet, a region similar to quasi-steady and a pinched-off 

leading head vortex is observed. In the quasi-steady region, air is dragged into the spray, 

while in the tip of the spray the leading head vortex pushes the gas away. For larger 

values of 
 

    
 smaller structures are identified. The larger swirl motion is generated in 

small structures to conserve their angular momentum. As can be seen, at higher injection 

pressures smaller structures are observed. Compared to Fig. 4.9 it can be seen that in the 

higher injection pressures higher turbulence intensity is induced in the gaseous phase by 

the liquid.  The shear at the interface of gas and liquid generates instability. The higher 
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the instabilities the higher the turbulence intensity. These smaller structures are formed 

when in the higher injection pressures, higher shear and larger turbulence intensities are 

induced in the gas phase by fast moving liquid droplets. The highly disturbed gas in the 

case of high injection pressures mixes more quickly with the liquid phase. This confirms 

the entrainment analysis performed using the equivalence ratio. In other words, more 

entrainment in higher injection pressures observed in equivalence ratio profiles is 

associated with the formation of highly disturbed small structures.    

The velocity vector field of the spray-induced air jet is shown in Fig 4.10. Comparing to 

Fig. 4.1a (Sepret et al., 2010), three different zones of the air motion are identifiable. In 

Zone 1, the quasi-steady zone is observed where the air velocity vectors are found to 

move inward into the spray as a result of the entrainment. This zone is called the gas 

aspiration zone. In Zone 2, which is called gas recirculation zone, ambient gas is 

recirculated in the wake of the leading head vortex. Zone 3 is called the gas pushed out 

zone, in which the air velocity vectors are pushed outward by the leading head vortex. 
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Figure 4.8: Single spray droplet cloud superimposed with swirling strength iso-volumes 

of the gas at Z = 40 mm. 
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Figure 4.9: Turbulence intensity contour induced in the gas field in X = 0 plane at Z = 40 

mm for different injection pressures 

 

 

a) 100 MPa 

b) 200 MPa 

c) 300 MPa 
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Figure 4.10: Velocity vector field of the air jet induced inside the spray at Z = 40 mm 

In Fig 4.11, vortex cores of the gas phase, induced by the merging sprays are identified 

using swirling strength method. Injection pressure of each spray is 300 MPa and ambient 

air density is 15 Kg/m
3
.  Iso-volumes of swirling strength  

 

    
      are compared for 

different set-ups. Volumes of the identified structures are calculated and compared to gain 

knowledge about the entrainment behaviour. In the case of larger distance between the 

injection points larger structures are identified. In Chapter 3, larger distance resulted in 

Zone 1:  

Gas aspiration 

Zone 2:  

Gas recirculation 

Zone 3:  

Gas pushed out 

b) 

a) 

c) 
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smaller cone angles of the merged spray. Both the large structures and the small cone 

angles are indications of lower entrainment into spray. At the larger distance sprays are 

more decelerated before reaching to the merging point. Lower momentum level of the 

liquid induces less disturbance in the gas phase and poor entrainment. In the case of d = 

10 mm distance and incidence angle of φ = 90
o
, the spray cone angle is maximum in both 

XZ and YZ planes. In addition, calculated volume of the vortex structures has the 

minimum value. Larger cone angles and smaller structures suggest higher entrainment 

inside the sprays. In the case of d = 10 mm distance and incidence angle of φ = 90
o
, 

sprays merge in a shorter distance with larger momentum. In addition, merging with a 

higher relative velocity generates more disturbance and increases the level of turbulence 

intensity in the gaseous phase. More disturbance induced in the gas phase results in high 

swirl zones with smaller structures. 
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Figure 4.11: Merging spray droplet cloud superimposed on the iso-volume of swirling 

strength (
 

    
    )  at t = 1ms 

c) Φ = 90 o 

     d = 10 mm 

    V = 2.319 cm3 

d) Φ = 90 o 

     d = 20 mm 

     V = 3.6248 cm3 

 

a) Φ = 60 o 

     d = 10 mm 

    V = 2.825 cm3 

b) Φ = 60 o 

     d = 20 mm 

     V = 2.9352 cm3 
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4.3 Conclusions 

In this chapter, further analysis was performed on the simulation cases of the previous 

chapters in terms of the air motion induced by the liquid dispersion. First, entrainment 

qualities of single diesel sprays were evaluated using a combination of the CFD and 

empirical formulations. Comparing the different equivalence ratio profiles in the axial and 

radial directions revealed that air entrainment is enhanced by increasing the injection 

pressure and ambient density. Then, it was shown that in higher injection pressures which 

contribute to more air motion, smaller vortex structures are formed. Larger swirling 

motion of the vortices was connected to the quality of the air entrainment. In addition, the 

vector field of the air jet induced inside the spray was analyzed and distinguishable zones 

of the gas motion were discussed. Finally, the idea of vortex structures was applied to the 

merging sprays to assess their entrainment qualities. Studying effects of injection location 

distance and incidence angle suggested that smaller highly rotating structures were 

formed at the lower distance and higher incidence angle. This was attributed to the higher 

entrainment and enhanced mixing. 
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CHAPTER 5 

Conclusions and Recommendations 

5.1 Conclusions 

In this work, computational fluid dynamics (CFD) simulations were carried out to study 

the characteristics of diesel and biodiesel fuels. An Eulerian-Lagrangian approach was 

implemented to tackle the multiphase nature of the problem.  

Chapter 1 introduces the processes that occur in full cone sprays, and a brief summary of 

the solution methods has been provided. In Chapter 2, results of the simulation of diesel 

and biodiesel sprays injected into an initially quiescent constant volume chamber are 

presented. The effect of various parameters such as injection pressure, ambient density, 

mesh structure, and break-up models on the spray behaviour have been investigated. The 

following conclusions are drawn from Chapter 2: 

- In higher ambient densities, fuel sprays are strongly decelerated and yield a lower 

penetration. 

- The Lagrangian description of the discrete phase shows a sensitivity to mesh 

structure, in spite of the independence of the results from the cell number. 

- Spray penetration is almost independent of the break-up models used for this 

study in the linear phase of the penetration. On the other hand, further downstream 

in the asymptotic phase of the penetration, more sensitivity to the break-up model 

was observed. The reason for this behaviour is because in the near-field the 
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penetration is mostly affected by the momentum of the large droplets, while 

further downstream the break-up process has a greater influence. 

- Biodiesel fuel sprays travel further into the chamber compared to the diesel fuel. 

This is due to their higher surface tension and viscosity which postpone the break-

up process. 

- Spray cone angle is found to be less influenced by the injection pressure, while it 

is highly dependent on the ambient density. 

- Numerical simulations are able to reproduce the spray shape observed in 

experiments. 

- Higher injection pressures result in a rapid drop in Sauter mean diameter (SMD) 

during the injection time, indicating a more successful break-up. In higher 

ambient density for any of the injection pressures, the rate of the SMD drop is 

slower due to the lower relative velocity of the gas and liquid. 

- Rate of the SMD drop is smaller for biodiesel fuels due to their high surface 

tension. This necessitates the application of ultra-high injection pressures for 

biodiesel fuels. 

- Droplet radial, axial, and temporal size distributions have been extensively 

discussed in Chapter 2 and connected to relevant processes of a fuel cone spray. 

In Chapter 3, two diesel sprays injected from separated locations and merging in the 

downstream were simulated. The effects of nozzle location distance and incidence angle 

on the merged spray parameters can be summarized as follows:  
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- An interesting feature observed in the merging sprays is that the merged spray 

expands more in shorter penetration compared to single sprays. This results in 

enhanced entrainment. 

- Contrary to single sprays which expand radially and axisymmetric, twin sprays 

expand differently in different planes.  

- Increasing the nozzle separation distance (d) and decreasing the spray incidence 

angle     reduces the merged spray cone angles.  

- Over-prediction of the coalescence by the O’Rourke model is caused by disregard 

for the collision break-up of the droplets. This was observed by the higher 

prediction of SMD compared to single sprays. 

- Increasing the injection point distance ( ) results in an increase in SMD, while 

increasing the incidence angle ( ) leads to a reduction. 

In chapter 4, air motion and entrainment characteristics of the single and merging sprays 

have been discussed: 

- The axial equivalence ratio reduces while moving downstream as a result of the 

entrainment. 

- Increasing injection pressure and ambient densities enhances the entrainment. 

- Gaussian radial profiles of the equivalence ratio shows spanwise expansion and 

lower peak values in the high entrainment cases. 

- In higher injection pressure single sprays which had improved entrainment, 

smaller vortex structures have been identified. 
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- Vector field analysis of the gas motion induced by the liquid dispersion illustrates 

distinguishable zones of gas aspiration, gas recirculation, and gas pushed out. 

- Vortex cores were identified for different merging spray set-ups. Calculating the 

volume of the vortex core regions suggests that in the high entrainment cases the 

structures become smaller. For instance, smallest structure size was formed in the 

case with larger cone angle, due to the higher entrainment.   

5.2 Contributions 

Numerical simulation of the ultra-high injection pressure sprays of diesel and biodiesel 

fuels has revealed the necessity of using injection pressures up to 300 MPa to achieve 

improved atomization. Specially, ultra-high injection pressures were found to be more 

necessary for the biodiesel fuels to enhance their break-up.  In addition, characteristics of 

the merging sprays such as lower penetration, more expansion, and enhanced entrainment 

can suggest a practical set-up for avoiding wall impingement in direct injection diesel 

engines. In previous studies in the literature, air motion outside the spray was connected 

to the entrainment characteristics of the sprays. In contrast, the focus of this study was to 

analyze gas motion inside the spray, where most of the mixing occurs due to the air 

motion. To this end, identification of the vortex structures in single and twin jets was used 

to disclose further knowledge about the gas motion induced by the liquid dispersion. 

5.3 Recommendations 

In order to acquire more information about the influence of the injection and spray 

parameters on the mixture formation in internal combustion engines, the following 

recommendations are suggested: 
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- Application of the different scenarios studied in this work to a real engine 

environment to bring out more realistic interaction of the spray with the ambient 

flow field. It is well-known that swirl and tumble flows in a high temperature 

environment can significantly influence spray processes. 

- Extension of the simulations to the combustion phase to provide valuable 

information about the effect of the various parameters on the combustion and 

pollutant formation of IC engines. 

- Connecting the gas vortex structure size to the level of entrainment yields some 

qualitative clues to the level of entrainment. However, it would be valuable to find 

a method to accurately quantify air motion through the structures. 
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APPENDICES 

Appendix I Eulerian-Lagrangian Multiphase Flow Equations 

As it was mentioned in previous chapters continuous phase is simulated by solving 

Reynolds averaged Navier-Stokes (RANS) equations coupled by turbulence      

model:    
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where      
   

 
̅̅ ̅̅ ̅̅ ̅ is called Reynolds stresses. Using Boussinesq hypothesis the Reynolds 

stresses are related to mean velocity gradients: 
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where    is the turbulent viscosity which is related to turbulence kinetic energy (k) and 

turbulence dissipation rate    : 

       
  

 
                                                                                                                     (27) 

Turbulence kinetic energy (k) and turbulence dissipation rate     are determined solving 

following transport equations: 
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On the other hand, discrete phase is treated using a Lagrangian approach. In this method 

the dispersed phase interacts with the continuous phase by the sub-models defined in the 

previous chapters. Trajectories of the individual particles are calculated by integrating the 
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following equation. This equation is resulted by the balance of particle inertia with the 

forces applied on the particle:  

   

  
   (     )  

          

  
                                                                                  (30) 

where    is an additional acceleration term (force per unit mass of the particle), and 

  (     ) is the drag force per unit mass of the particle: 
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where, u is the is the gas phase velocity,    is the particle velocity,   is the molecular 

viscosity of the gas phase,   is the gas density,    is the particle density,    is the particle 

diameter, and Re is the relative Reynolds number, wher Reynolds number is defined as: 
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Appendix II Swirling Strength 

Swirling strength is a measure of the swirling motion of the local structures around a 

center and is used to identify vortex regions in the flow field. The imaginary part of the 

eigenvalues of the instantaneous velocity gradient tensor (D) is called swirling strength 

(Zhou et al. 1999): 
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Following equation yields the eigenvalues of the velocity gradient tensor: 

              =0                                                                                                  (34) 
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where  

                                                                                              (35) 
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Now let 
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For a positive discriminant the tensor has one real eigenvalue    and a pair of conjugated 

complex eigenvalues          . Then the tensor can be decomposed as: 
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 √                                                                                                                (45) 

    is called swirling strength which represents the strength of the local swirling motion. 

The direction of the swirling vector is that of the real eigenvector    . 
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