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Abstract

A mathematical and numerical analysis has been undertaken for three cross diffusion
systems which arise in the modelling of biological systems. The first system appears
in modelling the movement of multiple interacting cell populations whose kinetics
are of competition type. The second model is the mechanical tumor-growth model
of Jackson and Byrne that consists of nonlinear parabolic cross-diffusion equations
in one space dimension for the volume fractions of tumor cells and an extracellu-
lar matrix (ECM), and describes tumor encapsulation influenced by a cell-induced
pressure coefficient. The third system is the Keller-Segel model in multiple-space
dimensions with an additional cross-diffusion term in the elliptic equation for the
chemical signal.

A fully practical piecewise linear finite element approximation for each system
is proposed and studied. With the aid of a fixed point theorem, existence of fully
discrete solution is shown. By using entropy type inequalities and compactness
arguments, the convergence of each approximation is proved and hence existence of
a global weak solution is obtained. In the case of the Keller-Segel model, we were able
to obtain additional regularity to provide an improved weak formulation. Further,
for the Keller-Segel model we established uniqueness results and error estimates.
Finally, a practical algorithm for computing the numerical solutions of each system
is described and some numerical experiments are performed to illustrate and verify

the theoretical results.
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Chapter 1

Introduction

1.1 Introduction

This thesis concerns the analysis of cross-diffusion systems. In order that we can
describe what we mean by cross-diffusion, we first begin by describing diffusion
and then self-diffusion. The term diffusion (diffusion, direct diffusion, ordinary
diffusion) implies material moving from a high concentration to a low-concentration
region. In the case of self diffusion, the rate depends on the local concentration.
The term cross-diffusion means that a flow of one species occurs in the gradient of
other substances. Cross-diffusion coefficients may be positive, negative, or zero. A
positive coefficient suggests motion towards a region with low concentration of other
substances; a negative coefficient indicates that motion occurs towards a region with
a high concentration of other substances. The simplest example at the population
level is a parasite (first object) moving by diffusion of a host (second object). Systems
with cross-diffusion are rather widespread in nature and play an important role,
especially in biophysical and biomedical situations. They have been the subject of
active research for many years due to their wide applicability in biology, see for
example [42,74,76,78,93] and the references therein. Earlier studies on modelling
cross diffusion systems have been made in [78,88] and more recent work on modelling
cross diffusion systems can be found in [45,57,68,79]. In addition, we refer to
8,35,50,75,97] for some mathematical studies of a number of cross diffusion models

of Lotka-Volterra type. Other mathematical studies of cross diffusion systems can

1



1.2. Introduction to the population model 2

be found in the literature, cf. [24,34, 58, 69].

In this thesis, we use the finite element method as a technique to study three
classes of strongly coupled cross diffusion systems arising in certain biological and
physical applications. The first is a population model of competition type arising in
biological study of the movement of multi-interacting cell populations. The second is
the tumor-growth model which can provide biologists with complementary insight
into the chemical and biological mechanisms which influence the development of
solid tumors. The third is the Keller-Segel model arising in biological fields, such as

embryogenesis, immunology, cancer growth and wound healing.

1.2 Introduction to the population model

We study the mathematical aspects of the multi-dimensional version of a cross-
diffusion model with homogeneous Neumann boundary conditions and appropri-
ate initial data. Up to now, the research has chiefly been concerned with Lotka-
Volterra ODEs and their qualitative analysis such as persistence, permanence and
attractability [1,37,64]. We consider the m-species cross-diffusion model: (P) Find
{ui(x, 1)}, € R2% x ... x R=% such that

j=1
(D;iVu; + u; Z Vu, )] - v =0, on Sr, (1.2.2)
j=1
u;(+,0) = uf, in Q, (1.2.3)

where (2 is an open bounded domain in R"(n > 1), with smooth boundary 0f). Here
T is a positive number, Qr = Qx (0,T), S = 00x (0,T),R=°={r e R: z > 0}, v
denotes the exterior unit normal to 0€2. D; > 0,7 = 1,..,m are the constant diffusion

rates. Furthermore, the source form is given by a Lotka-Volterra form where
m
gi(u) = yiu; — uizu]’, 1=1,....,m,
j=1

where the competition coefficients ~;, ¢ = 1, ..., m represent a growth advantage of

populations.
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1.2. Introduction to the population model 3

In Chapter 2, we introduce an extended study of the problem (P). The existence
of a global weak solution of the system (1.2.1)-(1.2.3) is studied. To this end, we
introduce and analyze a fully discrete finite element approximation of (P). The main
features of the system are explicitly reflected in the analysis of the fully discrete
problem. For this purpose, we have to derive an entropy inequality of the problem
as this is the key in our analysis of the discrete problem. By testing the equations
(1.2.1) with Inwu;,7 = 1, ..., m, integration over {2 and using integration by parts we

can derive the entropy inequality of the problem (P):
i/[u-lnu- —U‘]dl’—i-/(EIVU‘P—}-ZWL:VU‘VU')CZ:L’ </ (u) Inwu; dx
dt o 7 7 7 0 U 7 p % J = 0 Gi ) )

and summing ¢ = 1, ..., m, yields

d & "D, 9 = 9 “

= ;/Q[uz Inw; —ui]dx+/ﬂ(; u—Z|VuZ| +| ;VUA Ydx < ;/ﬂgl(u) Inw; dz.
However, owing to the singular nature of the derived inequality we have to go through
a regularization procedure in order that we treat this problem. Hence, we establish
a well defined entropy inequality of a regularized version of (P) and derive bounds
on the regularized functions which are independent of the regularization parameter.
The entropy inequality and the uniform bounds of the regularized problem provide
the foundation of a discrete analogue of the entropy inequality and uniform estimates
of the corresponding approximation problem. Such estimates are needed to prove the
convergence of the regularized fully discrete problem as the regularization parameter
and the discretization parameters simultaneously tend to zero, and therefore we
obtain existence of a weak solution to the system (1.2.1)-(1.2.3).

For the study of different types of partial differential equations, the idea of defin-
ing and exploiting an entropy inequality has been used. For instance, in [9,11], the
entropy inequality is considered to study a thin film equation. In [8,35, 36,50, 51]
the entropy inequality is used to study the cross diffusion systems. The approach
adopted in this thesis uses the standard piecewise linear finite element method. For
references that use this approach, or employ similar arguments and tools to our own,
see for example [6,8-11,52,92]. For the theoretical tools, techniques and results used

in this thesis see e.g. [2,39,49,70,83,84].
July 2, 2015



1.3. Introduction to the cross-diffusion Tumor-growth model 4

In conclusion, the finite element approach used to show the existence of a non-
negative global weak solution of (P) mainly contains five steps. The first step is to
regularize the problem (P) and then establish its entropy inequality. Secondly, we
introduce a fully discrete finite element approximation of the regularized problem
and prove the existence of the approximate solutions at each time step using appro-
priate initial data. Thirdly, a discrete analogue of the entropy inequality is derived
and then we establish some bounds of the approximate solutions. In the fourth
step, the convergence of the fully discrete problem is studied as h — 0. Finally, we
study the convergence of the discrete problem which results from the fourth step as

At — 0.

1.3 Introduction to the cross-diffusion Tumor-growth

model

The modelling and simulation of tumor growth may provide biologists with com-
plementary insight into the chemical and biological mechanisms which influence the
development of solid tumors. In [63], Jackson and Byrne have developed a con-
tinuous mechanical model which gives some insight into tumor encapsulation and
transcapsular spread. The model consists of strongly nonlinear cross-diffusion equa-
tions for the volume fractions of the tumor cells and the extracellular matrix (ECM).
A particular feature of the model is tumor encapsulation which is triggered by the
increase of the pressure of the ECM due to tumor growth. This increase is modelled
by the cell-induced pressure coefficient § > 0. When 6 > 0, the ECM becomes more
compressed as the tumor cell fraction increases. For this problem, we are interested
in a mathematical analysis of this model.

Tumor growth can be very roughly classified into three stages. The first stage is
the avascular growth which is mostly governed by the proliferation of tumor cells.
When the tumor grows, less and less nutrition is available for the cells in the tumor
center, and the tumor starts developing its own blood supply (vascular stage). Lat-
er, the tumor cells are able to escape from the tumor via the circulatory system and
lead to secondary tumors in the body (metastatic stage). The model considered in

July 2, 2015



1.3. Introduction to the cross-diffusion Tumor-growth model 5

this problem describes the avascular stage only.

Most models for avascular tumor growth fall into two categories: discrete cell
population models that track the individual cell behavior and continuum models
that formulate the average behavior of tumor cells and their interactions with the
tissue structure [23]. In the following, we concentrate on continuum models and in

particular only on those which contain cross diffusion.

A possible continuum model ansatz is the use of reaction-diffusion equations.
The system is then composed of mass balance equations for the cellular compo-
nents, coupled to a system of reaction-diffusion equations for the concentrations of
the extracellular substances [23]. The mass balance equations need to be closed by
defining (or deriving) equations for the corresponding velocities. Roughly speaking,
there are two classes of models: phenomenological and mechanical models (see Sec-

tion 4 in [23]).

In phenomenological models, it is assumed that the cells or the ECM do not
move or that they move due to diffusion [95], chemotaxis [32] or other mechanisms.
Mechanical models differ from phenomenological ones by the fact that the latter
ones do not take into account mechanical causes of cell movement due to pressure
produced by proliferating tumor cells to the surrounding tissue [23]. An example of
such a model is given by Casciari et al. [30]. When the cells are considered as an
elastic fluid within a rigid ECM, the velocity may be closed according to the Darcy
law, i.e., the velocity is proportional to the negative gradient of the pressure (see
Formula (7) in [33] or Formula (4.4) in [23]). Alternatively, the cell-matrix system
may be supposed to behave as a viscous fluid, in which the stress depends on the
viscosity [28], as a viscoelastic fluid [61], or as a cell mixture in a porous medium
made of the ECM filled with extracellular liquid [53]. More details can be found in

the review of Roose et al. [86].

The mechanical model of Jackson and Byrne [63] describes the growth and en-
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1.3. Introduction to the cross-diffusion Tumor-growth model 6

capsulation of solid tumors. The mass balance equations for the volume fractions
of the tumor cell, the ECM, and the water phases are supplemented by equations
for the velocities, depending on the gradient of the corresponding pressure. It is
assumed in [63] that the pressure of the tumor cells and the ECM increases with
the respective volume fraction and that the presence of tumor cells induces an in-
crease in the ECM pressure, which leads to a nonlinear term in the ECM pressure.
The model is given by the following scaled equations in one space dimension for the
volume fractions of the tumor cells, ¢, and the ECM, m :

(W) Find {c(z,t), m(z,t)} € RZ% x R=? such that

0 c Ve
! —V|{D(¢c,m) = R(e,m) inQ, t>0, (1.3.4)

m Vm

where 2 = (0, 1), subject to the Neumann boundary and initial conditions
Ve=Vm=0 ondQ, t>0, c(,0)=cy, m(,0)=mg in Q. (1.3.5)

The mixture is supposed to be saturated, i.e., the volume fractions of the tumor
cells ¢, the ECM m and water w sum up to one. Therefore, the volume fraction of
water can be computed from w = 1 — ¢ — m. Assuming that cell proliferation is
proportional to the cell and water fractions (with rate «), the tumor cells die with
rate §, and that the ECM production is proportional to all three fractions (with rate

«), the net production rate is given by

R.(c,m c(l—c—m)—dc
Ric,m) — (cm) ) _ [ el ) . (1.3.6)
R, (c,m) acm(l —c—m)
The diffusion matrix
2¢(1 — ¢) — Bhem? —28em(1 4+ ¢
D(c,m) = ( )= # fem( ) , (1.3.7)

—2em + BO(1 —m)m? 2B8m(1 —m)(1 + Oc)
with the pressure coefficients § > 0 and 6 > 0 is generally neither symmetric nor
positive definite, which makes the analysis of the above system challenging.
A key observation is that system (1.3.4)-(1.3.7) possesses an entropy functional
if 0 < 0* :=4/y/B. To explain this, we introduce the logarithmic entropy

H(c,m) = /Q <c(lnc— D4+m(lnm—-1)+1—c—m)(In(l —c—m) — 1))d:c.
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1.4. Introduction to the Keller-Segel model 7

By testing the equations (1.3.4); with Inc —In(1 — ¢ —m) and (1.3.4)s with Inm —
In(1 — ¢ — m), integrating over 2 and using integration by parts we can drive the

entropy inequality of the problem (1V):

dH
— (2(Ve)? + BImVeVm + 2B(1 + 0¢)(Ve)?)dx
Q
C m
< _— .
< /Q (Re(c,m)In rp—— + R,,(c,m) In . _c_m)dx

For ¢;m > 0 and ¢+ m < 1, it is easy to show that the right-hand side is bounded.
It turns out that the integrand of the second term on the left-hand side is a positive
definite quadratic form in ¢, and m, if § < 6*, which provides gradient estimates
for ¢ and m. This result can be strengthened: If 0 < 6 < 4/1/3, then we have

/Q (2(Ve)? + BOmVeVm + 28(1 + 6c)(Vm)2)dz > K, /Q (Vo) + (Vm)?)da.

Here, we have used the properties ¢, m > 0, and ¢ +m < 1.

1.4 Introduction to the Keller-Segel model

Chemotaxis, the directed movement of cells in response to chemical gradients, plays
an important role in many biological fields, such as embryogenesis, immunology,
cancer growth, and wound healing [60,81]. The mathematical modeling of chemo-
taxis dates to the pioneering works of Patlak [80] and Keller and Segel [67]. The
original model equations have been reduced to describe the evolution of the cell
density e(x,t) and the concentration of the chemical signal s(x,t), and it is given,
in its general form by:

(Q) Find {e, s} € R2% x R=% such that

Oe —V - [Ve —eVs] =0, in  Qr, (1.4.8)
adis — As — 0Ae — pe + s =0, in  Qr, (1.4.9)
Ve-v =0, Vs-v=0, on Sr, (1.4.10)
e(-,0) = é°, s(+,0) = s°, in Q, (1.4.11)

where 2 is an open bounded domain in R"(n > 1), with smooth boundary 02. Here

T is a positive number, Qr = Q x (0,7, Sy = 9 x (0,T), v denotes the exterior
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1.5. Research objectives and outline 8

unit normal to 0€2. The parameter @ > 0 is a measure of the ratio of the time scales
of the cell movement and the distribution of the chemical, u > 0 is the secretion
or production rate at which the chemical substance is emitted by the cells and ¢ is
a positive constant. When o = 1, the above system is of parabolic-parabolic type,
whereas in the case a = 0, it is parabolic-elliptic. The rigorous derivation of the
classical Keller-Segel model from an interacting stochastic many-particle system has
been performed by Stevens [89].

For the Keller-Segel model, we developed a finite element analysis. As both
systems (1.2.1)-(1.2.3) and (1.4.8)-(1.4.11) belong to a similar class of equations,
the analysis of problem (P) will significantly contribute to our study of the problem
(Q). In particular, similar arguments used for (P) will be employed to prove the
existence of a global weak solution of the system (1.4.8)-(1.4.11). Our analysis
involves a discussion of the uniqueness of the weak solution of (Q) and a derivation
of some fully discrete error estimates. By testing the equations (1.4.8) with Ine and
(1.4.9) with s, integrating over € and using integration by parts we can derive the
entropy inequality of the problem (Q):

1 1
d e(lne — 1)+332 dx—i—/ 4VVel* + <|Vs]? + =s? | dx
20 0 J J

dt Jo

1 1
< C(p, 6 e||>’2 +/<2V\/E2+—V52+—32)dx,
(0 O)eli + [ (2AVVER + 55195 + 5

where C'(u,d) is a constant depend on p and 4.

1.5 Research objectives and outline

We now give a brief description of each chapter for this thesis. Each of these de-
scriptions is followed by the methodology that has been used.

In Chapter 2, the population model (P) is considered. A truncated alternative
"equivalent” solvable problem to (P) is introduced. A regularized problem of the
truncated system is studied and some a priori estimates of the regularized functions
are obtained. A practical fully discrete approximation of the regularized problem
is presented using a finite element method, with piecewise linear basis functions, to

discretise in space and using backward Euler method to discretise in time. Then,
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1.5. Research objectives and outline 9

some technical lemmata necessary for the analysis of the approximate problem are
discussed. Finally, existence of the approximate solution at each time level is proven
using the Schauder fixed point theorem.

In Chapter 3, the analysis of the population model (1.2.1)-(1.2.3) is continued.
Some stability bounds on the fully discrete approximations, defined in Chapter 2, are
derived. Using classical compactness arguments, the convergence of the approximate
problem to (P) is studied. Existence of a global weak solution of the system (1.2.1)-
(1.2.3) is shown.

In Chapter 4, we pass to the limit M — oo in the discrete problem to deduce
the existence of solutions to (P). To do this, we derive bounds on the approximate
solution of (P), independent of M. The approximate model includes ”microscopic
cut-off” parameter M, where M > 1 is a (fixed, but otherwise arbitrary) cut-off
parameter. Our ultimate objective is to pass to the limits M — oo and At — 0
in the discrete model, with M and At linked by the condition At = o(M™!), as
M — oo. To that end, we need to develop various bounds on sequences of weak
solutions of the discrete problem that are uniform in the cut-off parameter M and
thus permit the extraction of weakly convergent subsequences, as M — oo, through
the use of a weak compactness argument.

In Chapter 5, some practical algorithms for computing the numerical solutions
of problem (P) are described. Some numerical simulations in one and two spaces
dimensions are performed and discussed.

The mechanical tumor-growth model of Jackson and Byrne is approximated using
a finite element scheme in Chapter 6. The model consists of nonlinear parabolic
cross-diffusion equations in one space dimension for the volume fractions of the
tumor cells and the extracellular matrix (ECM). It describes tumor encapsulation
influenced by a cell-induced pressure coefficient. The global-in-time existence of
bounded weak solutions to the initial-boundary-value problem is proved when the
cell-induced pressure coefficient is smaller than a certain explicit critical value.

In Chapter 7, a practical algorithm for solving the finite element problem of (V)
at each time step is introduced. Some numerical results are presented to illustrate

the tumor-growth behaviour.
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Chapter 8 will be devoted to the analysis of the problem (Q). As both systems
(1.2.1)-(1.2.3) and (1.4.8)-(1.4.11) belong to a similar class of equations, the analysis
of problem (Q) is similar to the extent that we are able to prove the existence of a
global weak solution of the system (1.4.8)-(1.4.11).

Ideally, one would like to pass to the limit M — oo in the discrete problem to
deduce the existence of solutions to (Q). Of course, our aim is to show existence
of weak solutions to the Problem (Q), and that demands passing to the limits
At — 07 and M — oo, this then brings us to the next step in our argument.
In Chapter 9, we shall link the time step At to the cut-off parameter M > 1 by
demanding that At = o(M™'), as M — oo, so that the only parameter in the
approximate problem is the cut-off parameter. We shall show that the approximate
problem can be bounded, independent of the cut-off parameter M. The collection
of M —independent bounds enables us to extract some convergent subsequences of
solutions to problem as M — oo. Due to the structure of (Q), the second part of
this thesis will also involve a discussion of the uniqueness of the weak solution of
(Q) as well as a derivation of some fully discrete error estimates. Some uniqueness
results for weak solution have been discussed. An error bound between the fully
discrete and weak solutions of (Q) has been proved.

A practical algorithm for computing the numerical solutions of the Keller-Segel
model is given at the beginning of Chapter 10. We then perform numerical experi-
ments in one space dimension demonstrating the fully-discrete error bound and the
growth behaviour of the numerical approximation. Furthermore, simulations in two
space dimensions are performed.

Finally, in Chapter 11, some concluding remarks are given and some possible

future work is suggested.
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Chapter 2

The population model: A fully
discrete approximation of a

regularized truncated problem

In Section 2.1 we mention the basic notation adopted in the thesis, regarding the
Sobolev spaces, and recall and show some auxiliary results. In Section 2.2 we make
a significant step towards showing the existence of a global in-time weak solution of
the problem (P). Our approach in proving existence is based on the idea of defining
an entropy inequality that leads us to obtain energy estimates. Thus in Section 2.2,
we introduce a truncated alternative problem to (P). In Section 2.3 we introduce
a regularized problem of the problem (P). Next, we derive a well defined entropy
inequality of the regularized problem. In Section 2.4 we present some finite element
notation which will be used in the current and the following chapters. A practical
fully discrete finite element approximation of the regularized problem is proposed
then we present some necessary lemmata. Finally, the existence of the approximate

solutions are discussed by using a fixed point theorem.

2.1 Notation and auxiliary results

Throughout this study € denotes a bounded domain in R¢, d < 3, with a Lipschitz
boundary 0f2. We use the usual Sobolev spaces W™?(Q),m € N,p € [1,00] with

11



2.1. Notation and auxiliary results 12

the associated norms and semi-norms, denoted by || - ||;mp and | - |, respectively.
In particular, for p = 2, W™2(Q) will be denoted by H™() with norm || - ||, and
semi-norm | - |,,, and if m = 0, W%%(Q) = L*(Q). The L?(Q) inner product over
with norm || - ||o = | - |o is denoted by (-,). In addition, (-,-) denotes the duality
pairing between (H'(Q)) and H'(Q2) where (H'(2))" is the dual space of H'(Q2). A
norm on (H'(Q)) is given by

fv
I fll (e )y == sup [F,0)] = sup [(f,v)]. (2.1.1)
w20 vl o=t

We also introduce the function spaces depending on time and space LP(0,7T; X)
(1 < p <o) where X is a Banach space, consisting of all functions u such that for

a.e. t € (0,T) u € X and the following norm is finite

: .
) r0rx) = ( / ||u<t>|r§<dt) ,

[w(®)]|Loe(o,rix) = ess sup JJu(t)]x.
te(0,T)

We also define LP(Qr) = LP(0,T;LP(R2)), p € [l,00]. Furthermore, we define
C([0,T]; X), the space of continuous functions from [0, 7] into X, which consists
of those u(t) : [0,7] — X such that u(t) — u(ty) in X as t — t;. We recall that
C([0,T]; X) is a Banach space with the associated norm (see [91] page 43):

We also recall the following well-known Sobolev results

(

[1,00] ifd=1,

H'(Q) < L'(Q) — (H'(Q)) holds for r € { [1,00) ifd =2, (2.1.2)
1.6 ifd=3,

(f,v) = (f,v) Vfe€L*Q) and v € H(Q), (2.1.3)

where — denotes the continuous embedding. Further, we have from the Rellich-
Kondrachov theorem, e.g. see [39] page 114 and [31] page 8, that the embedding
in (2.1.2) is compact with r € [1, 6] replaced by r € [1,6) in the case d = 3. The

compact embedding will be denoted by the symbol =y
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2.1. Notation and auxiliary results 13

For later use we recall the Gagliardo-Nirenberg inequality, see e.g. Adams [2]: Let

p € [1,00], k> 1and v € WFEP(Q). Then there are constants C and @ = ¢ (113 - %)

such that the inequality

7

- d
[p, <] if k—2>0,
[0l < Cllvllo, 7 llvllF,,  holds for r € S [p, o0) ith—4=0, (214)

d : d
k[p’_k’——d/p] lfk—5<0

We also need the following version of the Sobolev interpolation result: Let v € H*(£2)

then there are constants C' and 6 = 2;25;:21)) such that the following inequality holds
[1,00] ifd=1,

[vllos < Cllvllsz’llvll,  holds for r € S [1,00)  if d = 2, (2.1.5)
1,6] if d=3.

\
For later use, we recall the following embedding compactness result (see [72], page
58): Let X,Y and Z be three Banach spaces with X and Z being reflexive and
X S Y < Z. Also let

ov

W={v:ve Ll (0,T;X), o € L*(0,T;2)},
where T" < oo and 1 < r, s < co. Then
W< L7(0,T:Y). (2.1.6)

For later purpose we mention the Holder’s inequality: For 1 < p,q < oo such that
st =1if f € LP(Q) and g € LI(Q) then fg € L'(Q) and

Fabna = [ 1£9lds < ( / |f|pdx>p< / |g|de)" N floglala  (217)

One can generalise this inequality by applying it for example twice to yield

Fghlos = / \f g hlda

1
T

< (/Q\flpd;z:)p(/Q’9|Qd:c>q(/g|h|rdx> =1floplgloqPlor (2.1.8)
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2.1. Notation and auxiliary results 14

for 1 < p,q,r < oo such that %+%+%:1.
Another well-known inequality we need is the Poincaré inequality (e.g. see Wloka
[96], page 117)
lullg < Cy(luli + [(w, DIF),  Vu€ HY(Q), (2.1.9)

where (), is a positive constant that depends on the domain €.

We shall frequently need the following simple version of Young’s inequality

P1 bP2 1 1
@bgspla——l—a’m—, —+—=1
P1 P2 P11 P2

?

valid for any a,b > 0,e > 0 and py,py > 1.

We shall also need the following simple inequality

2
(a—b)?> %—bQ, Va,beR, (2.1.10)

which follows from a direct application of the Young’s inequality.

Another useful consequence of the Young’s inequality is the following
2 2

b
ab > —5%—5—15, Va,beR, Ve > 0. (2.1.11)

We note the following elementary inequalities, valid for any a € R:

(Il—a)=[1—-aly +[1—al- <[1—a]y <1-]Id]_, (2.1.12)
(l-a)=[1-as+[1-a_->[1-d-<la_—1, (2.1.13)
where [a]; = max{a,0} and [a]- = min{a,0}. Finally, for later reference we define

the mean integral as
1
][77 = @(n,l) vy € LYQ). (2.1.14)

Throughout C' represents a generic positive constant, independent of any regulariza-
tion and discretization parameter, which may change from one expression to another.

In addition, C(cy, ..., ¢,) denotes a constant depending on {¢; }7 ;.
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2.2. A truncated alternative problem 15

2.2 A truncated alternative problem

One of the main difficulties of (P) is how to deal with the diffusion terms to derive
H'-norm bounds of the solutions {u;}7,. To deal with this difficulty, from a bio-
logical point of view, we note that one does not expect all solutions {u;}",, to be
unbounded. For 7; > 7; we have an advantage of the u; cells over the u; cells. Thus,
for the mathematical analysis of (P), we replace the term wu; > 7", Vu; in (1.2.1) by
o(u;) Z;"Zl Vu; for i = 1,...,m and to replace the reaction terms g;(u),i = 1,...,m

by gim(u),i =1,...,m, where

gim(w) = yiu; — o(u;) Zuj, t=1,....,m. (2.2.16)
j=1

Here M is fixed positive number, and for later computational purposes we choose
M > e. Without loss of generality, such a replacement can be considered even if for
v; > i, u; does not have advantage over u;. Thus the modified problem is:

(Par) Find {u; (2, 8)}7, € R2% x ... x R2% such that

8{&1' -V [DquZ + gb(ul) Z V’LLJ] = gLM(u), n QT, (2217)
j=1
[DiVu; + ¢(u;) > Vuy) - v =0, on Sp, (2.2.18)
j=1
u(+,0) = u?, in Q, i=1,...,m. (2.2.19)

Before we go through the analysis of the problem (P,), we first demonstrate the
point of considering such a problem as an alternative to the model (P). In particular,
we clarify the relation between a solution of (Pj,) and a solution of (P). On noting
the system (1.2.1)-(1.2.3) and the system (2.2.17)-(2.2.19), it can be seen clearly that
the problem (Pj;) is equivalent to (P), if the number M is chosen large enough such
that u; < M. This equivalence has meaning since the values of u;, in (P), represent
densities of multi types of cell populations, which are expected in the biological
literature to be bounded (see Painter and Sherratt [79]). We finally mention that
our analysis of the problem (P) will be also restricted to the assumption D; > 0 as

in the analysis of the problem (P).
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2.3. A regularized problem 16

2.3 A regularized problem

A key step of the multi-dimensional existence proof is to establish and exploit an
entropy inequality. This will play a central role in our finite element approximation
of (P). In order to make the entropy inequality of problem (P,;) well defined, we
adopt the approach which has been used in [8-11]. Firstly, we introduce a function

FM e C*(R>?) such that ¢(s)(FM)"(s) = 1 and FM(1) = 0 that is FM : R=9 — R=0

given by
(Ins—1)s+1, 0<s<M,
M -
Fs)=4 (2.3.20)
s T InM—-1)s+1, M<s,
with the first two derivative of FM given by
(FM)'(s) e O=s=i (2.3.21)
s) = 3.
1 tIn M —1, M <s,
and
i 0<s< M,
(FM)"(s) =4 ° 1 B (2.3.22)
M M S S.

Assuming positive values of the population densities, {u; }1",, one can define the

non-negative entropy functional
E(t) = Z/fM(ui,M)dx. (2.3.23)
i=1 /&

Now, multiplying (2.2.17) by (FM)'(u; ar), integrating by parts over 2 and summing
the resulting equations, after recalling (2.3.20) and (2.2.18), we have the following
entropy inequality

m

t m
D;
B0+ [ (3 DIVl + 1Y Vsl

i=1 =1

t =1
Obviously, the bound (2.3.24) is only formal since e.g. a priori we do not know

that u;(x,t) € R>Y for FM to be well defined. To make this bound rigorous, and in
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2.3. A regularized problem 17

constructing our numerical approximation of (P), one has to go through a regular-
ization procedure. Following the approach of Barrett and Blowey [8], we introduce
an alternative regularization procedure, which we believe to be more transparent,
to that employed in [35]. We replace FM € C?*(R>?) for any ¢ € (0,e!) by the

regularized function F, : R — R=° such that

%—l—(lna—l)s—%l, s <e,
F.(s):= (Ins —1)s + 1, e<s< M, (2.3.25)
822_]\]4\/[2+(IHM_1)8+17 MSS

Hence F. € C%!(R) with the first two derivatives of F. given by
els+lne—1, s<e,
Fl(s) = Ins, e<s< M, (2.3.26)
a7 tInM —1, M <s,

and
%7 8 —_ 87
Fl(s):=q % e<s<M, (2.3.27)
L M <s,

£, s<e,
O<(s) = [F/(s)] " :=% 5, e<s<M, (2.3.28)
M M<s

It is easily established from (2.3.25), (2.3.26) and (2.3.27) that for ¢ € (0,e7!)

(see [11] for more details)

F.(s) > 8—8 Vs <0, (2.3.29)
2 3M
Fuls)> — — 22 ws >0, 2.3,
(s)_4M 5 Vs >0 (2.3.30)
sFl(s) <2F.(s)+1 VseR, (2.3.31)
and
sE.(s) > ¢.(s) Fi(s) >s—1 VseR. (2.3.32)

From Taylor’s theorem for any F' € C?*(R) we have

(s —r)°

(s—r)F'(s) = F(s)—F(r)+ F"(€), for some £ between s and r. (2.3.33)
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2.3. A regularized problem 18

We now introduce for ¢ € (0,e™!) the corresponding regularized version of the
problem (Py):
(Pare) For fixed M > e Find {uw;(x, 1)}, € R x ... x R such that

atui,e - V : [Divui,a + ¢e(ui,s) Z Vuj,e] - gi,ét(us)a n QT7 1= 17 cey M,

=1
(2.3.34)
[D;Vu e+ ¢ () i Vu;e|-v=0, on Sr, (2.3.35)
=1
;o (2,0) = uf, Vo € Q, (2.3.36)
where
Gie(Ue) = yitti e — Pe(uie) zm: (uj.), i=1,..,m. (2.3.37)

In the next lemma we prove an entropy inequality for the system (2.3.34)-(2.3.37)

which is very important in the numerical analysis that follows.

Lemma 2.3.1 Let {uo(a:)}’»’ll be non-negative bounded functions. There exists a

positive C'(ud, ... M, v, ...,vm) independent of € such that any solution of (P, .)

satisfies
< /iﬂu >dx+/t<§mi—"HVu- 15+ 1 Em Vi llo)dt < . (2.3.38)
0<t<T Qizl e\,e 0 pa M 2,10 pa 1,€110 >

In addition,

sup / Z \[w; o] [Pdx < Ce. (2.3.39)
i=1

0<t<T JQ
Proof: Testing (2.3.34) with F/(u;.),7 = 1,...,m and summing the resulting equa-
tions yields, after using (2.3.28) and the boundary conditions (2.3.35) that

/ZF Ui e d$+/z¢ |VUzs| dm—i—HZVUHHO

/ZgzMa 115 uz a)d (2340)

where we have noticed that

Ge (Ui ) V[FL(uie)] = Ve (2.3.41)
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We now obtain from (2.3.28), (2.3.31), (2.3.32), (2.1.12), Young’s inequality and
(2.3.29) that for i=1,....m

m

9i7M,6(u6) Fé(uw) = [%‘ui,e - ¢a(ui7€) Z QSS(uj,s)]Fgl(ui,a)

=1

= Viui,sF;<ui,s) - ¢z—:(ui,5)FEI(ui,s) Z ¢s(uj,5)

m

m 2, & 2
< 29 Fc(wie) + %[ui,a]_ T3 Z ¢z (uje) + C(M,v;,m)

j=1

< (2vi + m)Fe(uie) + C(M, yi,m). (2.3.42)

Combining (2.3.40) and (2.3.42) and noting (2.3.28), leads to

m

d " D; m
- /Q > Fu)de+) anumug 1Y V|12
1=1 i=1

=1

S C(M, ’Vz‘) <1 + / Z Fe(ui,e)dx)~ (2343)
Q1
Hence, on noting the assumptions on the initial conditions (2.3.36) and the assump-
tion on v, the the desired result follows from (2.3.43) after a simple application of
the Gronwall lemma (A.1.3).
Then, from (2.3.38) we have
sup / Z F (u;e)dz < C.
Q=1

0<t<T

Finally, it follows from (2.3.29), that
2
su E w; |2 de < Ce.
0<t£T/Q i:l[ <

O
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2.4. A fully discrete finite element approximation 20

The regularized entropy inequality (2.3.38) and the estimate (2.3.39) can be used
to pass to the limit ¢ — 0 in (Pjs.) in order to obtain existence of a non-negative
solution to problem (Pj;). In the following section we formulate and analyse a fully

discrete finite element approximation of the regularized system (2.3.34)-(2.3.37).

2.4 A fully discrete finite element approximation

In this section we formulate a fully discrete approximation to the solution of the
continuous problem (P,;.) where we discretise in the spatial variable using a finite
element method.

In Section 2.4.1 we briefly cover the assumptions and results needed for the subse-
quent analysis and present a fully-discrete in time, finite element approximation. We
also define some necessary operators and mention briefly their associated properties.
In addition, we recall definitions of different types of partitioning in space. We state
the required assumptions on the partitioning of {2 and (0,7"). We also define the s-
tandard piecewise linear finite element space and discuss some associated results. In
Section 2.4.2 we formulate a practical fully discrete finite element approximation of
the system (Pj.) and prove some technical lemmata. Then, in Subsection 2.4.3, we
prove existence of the finite element approximations under appropriate assumptions

on the discretization parameters.

2.4.1 Notation and associated results

Let Q € R% d = 1,2,3, be a convex polygonal domain in d = 2 and a convex
polyhedral domain in d = 3. Let 7" be a quasi-uniform partitioning of 2, into
disjoint open simplices 7 with h, := diam7 and h := maxh, so that Q = U, 7.
The parameter h indicates the maximal diameter of the simplices of the partitioning.
We recall that a partitioning 7" is said to be ” quasi-uniform” if there exists a positive
constant [ such that

2—725, VreTh,

where o, denotes the diameter of the sphere inscribed in 7. For instance, in the case

d = 2, the quasi-uniform condition means that the angles of the triangles 7 € 7"
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are not allowed to be arbitrarily small; see Johnson [65] page 85. Additionally, we
assume 7" is weakly acute.

We also recall that a partitioning 7" is said to be "acute” for d = 2 if all the
angles of the triangles are less than or equal to 7/2, and for d = 3 if the angles made
by any two faces of the same tetrahedron are less than or equal to m/2. Another
type of partitioning is the "right-angled” that is, in the case d = 2, if all triangles
are right-angled; and in the case d = 3, if all tetrahedra have a vertex at which all
the edges meet at right angles. From the definitions, we note that the right-angled

partitioning is acute.

In the work that follows we consider a finite element approximation of (Py.)
under the following assumptions on the spacial and temporal meshes:
(A) Let Q € R, d = 1,2, 3, be a polygonal domain in d = 2 and a polyhedral domain
in d = 3. Let 7" be a quasi-uniform and right-angled partitioning of € into disjoint
open simplices {7} with h, := diamr and h := max,cyn h,, so that Q = J 4 T.
Let 0 = tg < t; < ... < ty_1 < ty = T be a partitioning of (0,7") into time
steps At, = t, —t,_1,n = 1,..., N with At = max,—; _nAt,. Let S" C H(Q),
we define the standard finite element space consisting of the continuous piecewise

linear functions

S = {x € C(Q): x|, is linear V7 € T"}.

Let {¢;}7_, be the standard basis functions for 5", satisfying @;(p;) = 0 for i,j =
0,...,J where N* = {pj};]:(] the set of nodes of the partitioning 7". We also

introduce
SQO ={xes": x(pj) >0,j=0,..,J}
CHLy:={neH(Q):n>0ae €}

Let 7" : C(Q) — S be the Lagrange interpolation operator (alternatively, piecewise

linear interpolant) such that

7"n(p;) = n(p;), for j=0,...,.J.
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In addition, we define a discrete L? inner (semi-inner) product on S*(C(Q2)) as

—

(1, 0)" = / 7 (u(e)o(@))de = 3 N5 u(p;) vlpy), (2.4.44)

Sl
I Mk‘
[en}

where ]\/J\jj = (p;, )" = (1, ;) > 0. On noting (2.4.44) it is easy to verify that

(771,772)h = (7Th771,772)h = (Wh77177rh772)h Vi, m2 € C(ﬁ) (2.4.45)

Below we mention some well-known results concerning the finite element space S™.

The induced discrete semi-norm on C(9), and norm on S”, is | - |, := [(-,-)"]V/2. Tt
is well-known that |- |, is equivalent to the norm ||-||o := [(-,-)]"/? (e.g. Raviart [82])
via,

XIS < [xl < (d+2)[Ixll5 - Vx € 5™ (2.4.46)

The discrete inner product (2.4.44) approximating the continuous L? inner product
is exact for all piecewise polynomials uv of degree less than or equal to one. For

future reference we also define

corresponding to the mass matrix M, stiffness matrix K and lumped mass matrix

M respectively. Note that Mis a diagonal matrix. Notice that

i.e., the elements of the lumped mass matrix M are obtained by adding the off
diagonal elements of M in any row to the diagonal element of that row. This is

easily proved via

J J J
ZMij = Z/ pipjdr = / %Z%‘dx = (i, 1) = My,
=0 j=0 79 Q=0

using that Z}]:o ¢; = 1. The use of the discrete inner product to approximate the
mass matrix is often called ”lumped mass integration” (e.g., Strang and Fix [90] ,
page 118). One advantage of mass lumping is that the (diagonal) mass matrix is
trivially inverted.
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As the partitioning 7™ is acute, we have that (see [77] page 49)
ij > O,Vj and Kij < O,VZ 7& J. (2447)

Using the fact Zj:o ¢; = 1, we also have

Z Ki; = (Vi V Z ;) (2.4.48)

7=0
Providing that the partitioning 7" is acute, we state the following lemma about
the regularized functions ¢.(s) which will be important in deriving later stability

estimates and is a consequence of the weak acuteness property.

Lemma 2.4.1 Assume the partitioning 7" is weakly acute and U(x) € S" is a

monotonic function for all y € S*. Then

(Vx, Vr'[U Z Z X)(Ua) —Ulxz) > 0. (2.4.49)

1=0 j=0j7#1¢

Proof: Recall the weak acuteness properties (2.4.47) and the fact that K;; > 0. Set

X = Z}]:o x;p; where y; = x(z;) and note that 7"U(x) = Z}]:o U(x;)p;, thus

J J
(VX, Vﬂh[U(X)]) = Z Z Kijx; U

i=0 j=0

= ( Z Kz] X] X’L +Ku Xi U(Xz))

=0 *j=057

=§JJ<Z K x; U(xs) Z KijxiU )

=0 7=0j#1 J=0j#i
J
=3 > Ky (g —x) Ulx): (2.4.50)
=0 j=0j#i
Additionally,
JoJ J o
DY Kilg—xaUla) =Y Y Kiilx; — xoU(x)
1=0 j=0j#1 7=0 i=0i#£j
= Z Z Kij(xi = X;)U (xy), (2.4.51)
1=0 j=0j7#1¢
as >0, Z}]:o#z‘(') = Z}]:o Z;]:O#j(-), K;; = Kj; and swapping the indices ¢ and
j. Thus from (2.4.50) and (2.4.51) yields the desired result (2.4.49). O
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Lemma 2.4.2 Let the assumptions (A) hold. Then for all y € S"

IV o= ()IIE < (Vx, V'l (x)]). (2.4.52)

Proof: The proof of this Lemma follows from (2.4.49) on noting that the functions

¢. are Lipschitz continuous and non-decreasing functions. O
We now recall some well-known results about the space S under our assumption

that 7" is a quasi-uniform partitioning:

For any 7 € T", x € S",1 <p,q < oo and m,l € {0,1} with [ < m, we have

: 11
l—m+d mln(O,;—;

)
X7 < Chos X leq7 7 (2.4.53)

-0

where the abbreviation ”7” means "with” or "without” 7. The above inequality is
known as "the inverse inequality”, see [49] page 75-77, and it also holds with || - ||
replaced by | - | , see [39] page 140-142.

For later purpose we introduce the following inverse inequalities which follow from

the quasi-uniform condition (see Theorem 3.2.6, in Ciarlet [39])
X|1p77 < Chiglxlopr-, 1< p< oo, (2.4.54)

—d(i-1
Nlmper € Chotd®  Wlngrr, 1< q<p<oome{0,1}. (2455

We also require the following interpolation results for all n € Wh#(Q), s € [2, o0] if
d=1and s € (d,00] if d =2 or 3:

(T = 7"l < CR s, m € {0,1}, (2.4.56)
lim |(I — 7")n|1s = 0, (2.4.57)
h—0

(see Theorem 1.103 and Corollary 1.110 in [49] respectively). In addition, the fol-

lowing interpolation error estimates (Theorem 5, in Ciarlet and Raviart [40]) holds
I(Z = 7")nllon < CR?[nlza, V1 € WH(Q). (2.4.58)

We also recall the following useful result (e.g. Ciavaldini [41]), for all xi, x2 € S”,
that

‘(Xla XZ) - (X17 X2>h‘ S Ch1+m‘X1‘m,n1‘X2‘1,n27 (2459)
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formE{0,1}and1§n1,n2§oowithnil—l—l:l.

n2

For later purposes, we introduce the following generalized version of the estimate

(2.4.59). For all x1, X2, x3 € S"

|(X1,X2,X3) - (X17X2,X3)h| < Ch2|X1’1,m’X2 1,n2|X3|1,n37 (2-4-60)

where 1 < nq,nq,n3 < oo with nil—i-n%—l—nig:l.

We are now in a position to formulate a practical fully discrete finite element

approximation of the system (Pj.).

2.4.2 A practical fully discrete approximation

Similarly to the approach in [98] and [54], we introduce, for any ¢ € (0,e7!), A, :
Sh — [L>=(9Q)]%*4 such that for all x € S* and a.e. in

A. is symmetric and positive definite (2.4.61)

Ac(x) VA" [FL(x)] = Vx, (2.4.62)

that is, the discrete analogue to (2.3.41). Firstly, we give the construction of A, in

the simple case when d = 1. Given y € S" and 7 € T" having vertices p; and py,

we set
x(pr)—x(P;) _ 1 . '
A, = | FRGOEGG) — ey orsome ¢ e i xdpe) # x(py),
) if x(px) = x(p;)-

(2.4.63)
Since F!(s) > 0 and Z}]:o Vg, = 0, it can be easily seen that the piecewise constant
function A. satisfies the conditions (2.4.61) and (2.4.62). Following [54] we extend
the above construction to d = 2 or 3. Let {e;}%, be the orthonormal vectors
in RY, such that the j-th component of e; is 6;;,4,7 = 1 — d. Given non-zero
constants a;,i = 1 — d, let 7({a;}%_,) be a reference simplex in R? with vertices
{pi}yL,, where Py is the origin and p; = p;_y + e, i = 1 — d. Given a 7 € T"
with vertices {pj, }%_,, such that pj, is not a right-angled vertex, then there exists a

rotation/reflection matrix R, and non-zero constants {p; }¢_; such that the mapping
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R, : T € R? = pj, + R.T € R maps the vertex p; to pj;,, and hence 7 = 7({a; }{_,)

to 7. Forall 7 € T" and y € S", we set
A-(X)lr = RAA(R) R, (2.4.64)

where X(Z) = x(R,Z) for all Z € 7 and A.(Y)|» is the d x d diagonal matrix with

diagonal entries, k =1, ..., d,

( XBe)-x@;)  _ x(pi)— x(pjo)
FLX(PR)-FLX®))) — Fixpj,))—FL(x®jy))
- = 00 1 for some ¢ between p; and p;
if X(pji) # X(Pso),
T 1 : _
( FIRG0) — FZ (xps)) ifx(ps) = X(f(’jo)' )
2.4.65
As RT = R, we have that
Vx|r := R, V|7, (2.4.66)

where V is the gradient on 7. On noting (2.4.64), (2.4.65), (2.4.66), the positivity
of F”(s) and the fact ijo V,; = 0, one can easily show that A, satisfies the con-
ditions (2.4.61) and (2.4.62).

Under the assumptions (A), for any given € € (0,e™!) we consider the following

fully discrete finite element approximation of (Py.):

(Pﬁf;) For n > 1 find {U7,,...,Up .} € [S"]™ such that for all x € S"
Uzna T Uzne;1 "
(P ) + (v ace ZV )

m h
:( - Z wrh ) , i=1,..,m, (2.4.67)

where {UP_}1, € S" are given approximations of {u)}™, respectively.

Lemma 2.4.3 Let the assumptions (A) hold. Then for any given € € (0,e™!) the

function A, : S" — [L>°(Q)]4*¢ satisfies, for a.e. in

e€Te < ETA(Y)E < METE Ve eRY, Wy e S™. (2.4.68)
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Lemma 2.4.4 Let the assumptions (A) hold. Then for any given ¢ € (0,e™!)
the function A, : S" — [L°°(Q)]9*? is continuous in the following sense. For all

X1, X2 € Sh and 7 € Th

oM
[(Ac(x1) — Ac(x2))]-]] < ?Hxl — x2ll0,005 (2.4.69)

Lemma 2.4.5 Let the assumptions (A) hold. Then for any given £ € (0,e™!) the
function A, : S" — [L°°(Q)]9*¢ satisfies

max || (A:(x(z)) — ¢-(x(2))Z]| < hs[Vx]:, (2.4.70)

TET

where 7 is the d x d identity matrix.

2.4.3 Existence of the approximations

In order to prove the existence of a solution {U}" },,n > 1, of the system (2.4.67) for
given {U/'- '}, it is convenient to define the functions A; : [S"]™ — S" i =1,...m

=1

such that for all y € S*

(A(U), )" = (Ui = U7 )" + Ato(DVU; 4+ A(U3) Y VU, V)

i€
=1

m

—At, (Ui — ¢:(U) Y =(UF1),x)", i=1,..,m. (2.4.71)

j=1
We first note that the continuous piecewise linear functions A;(U) can be defined
uniquely in terms of their values at the nodal points N*. This can be seen by setting
X =j,forj=0,..,J,in (2.4.71) and then obtaining the following solvable square
matrix systems

where M is the lumped mass matrix introduced in Subsection 2.4.1 | and S; are
given vectors in terms of the nodal values of {U;}7%; and {U/'-'}7,. Thus, the
functions A; are well defined.
It is clear that solving the system (2.4.71) is equivalent to finding {U].}}2, €
[S"]™ n > 1, such that
AU =0, i=1,..m, (2.4.72)

for given {UP_}12, € [S"]™.
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Lemma 2.4.6 For any given R > 0, the functions A; : [S"]™ — S™ are continuous,

where

[S"m = {{x1, - Xm} € [S"]™ Z xilp < B?}.
Proof: Let {U!}™, {U2}™, € [Shm . It follows from (2.4.71) that for all y € S”

(Az‘(Ul) - Ai(U2)7 X)h = (Uil - Ui27X)h + Atn(Div(Uil - UzQ)

U D_ VU = A(U7) ZV 5 VX) = Atn(u (U} = UY)
j=1
— (6=(U}) = ¢(UD) Y (U1, )" i=1,..,m. (2.4.73)
j=1

Choosing x = A;(U') — A;(U?) in (2.4.73) yields on noting the Cauchy- Schwarz
inequality, (2.4.54), (2.4.46) and the Lipschitz continuity of ¢. that

|A;(UY) — 4;(U?)|, < C(M, b7, Aty, Dy, ) |U — U

+C(W AL [AUND VU =AU VU g i=1,..om.  (24.74)
=1

j=1
We also have from (2.4.54), (2.4.46), (2.4.69), (2.4.68) and (2.4.55) that

m m

IAUH Y VU = A(UR) S VU2

j=1 j=1

= [AUH Y VUL = AU VUL + AU Y VUL = AU D VUZfo
— —

j=1 j=1
< IAUD = A U)D VU o + IAURH S VUL = > VU)o
=1 =1 =1

m m

< AU = AU oo DU L+ AU oo Y 1UF = Uy

J=1 J=1

< ChY[(A(UD) = AU oo DU}k + ChTH AU oo Y |US = UZln

j=1 j=1
< C(h~ Y, M, e Y| U} - UQHOOOZ Ui+ C(h, Z Ul = U,
< C(h~ Y, M, e R)||U} = U?||o + C(h7, Z - UZ,
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<O M,e7 \R)) |Uf = Uy (2.4.75)
j=1
Combining (2.4.74) and (2.4.75) yields that for ¢ = 1, ..., m, A, is Lipchitz continuous.

|

We now show the main result of this chapter where we establish the existence of

a solution {U]_}12; to (P]XQ,A;)-

Theorem 2.4.7 Let the assumptions (A) hold and let {U-'}™, € [S"™ be a
given solution to the (n — 1)-th step of (Ph’At) for some n = 1,..., N. Then for all
€ (0,e71), for all h > 0 and for all At,, such that At, < 5 +m,W =1,...,m, there
exists a solution {U.}1”, € [S"]™ to the n-th step of (P;}ﬁt).
Proof:
By contradiction, let R > 0 and assume that there does not exist {U/.}/2; €

[S"]m with A;(U) = 0. Hence, on noting the continuity of the functions A;(U) on

[S"]™ . we define the continuous function B : [S"]B — [S"]7 given by
B(U) = (By(U), ..., B,,(U)),

where B;(U),i = 1,...,m are given by

—R A;(U)
B,(U) := , 2.4.76
O 0 A0l (2:470)
where |(+, ..., *)|grx...xgn is the standard norm on [S"]™ defined by

1
| (X155 Xim) | sx. xcsm = Z|X2 )2.

We note from the continuity of {A;}7,, see Lemma 2.4.6, that the function B
is continuous. Hence, on recalling that [S"|™ is a convex and compact subset of
Sh x ... x S" it follows from Schauder’s theorem (see Appendix A.1.1) that there
exists {U;}, € [S"]% which is fixed point of B, that is

B(U) = (By(U), ..., Bu(U)) = (U, ..., Up,).

We deduce from Schauder’s theorem, see Appendix A.1.1, that there exists {U;}1*, €
[S™] that is a fixed point of B such that

m m

DUl =>_1B(U)f; = . (2.4.77)
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To prove a contradiction for R sufficiently large, we choose x = 7"[F/(U;)],i =

1,...,m, in (2.4.71) yielding on noting (2.4.45), (2.4.62) and (2.4.68) that

(A(U), FU))" = (U, — U FU))" + Mta(DA0)] U+ 3 V0, 900)

3 ,e )

j=1
—Aty(3U; — ¢:(U Zqﬁs (U, FLU)"
> (U; = U FUU,) +Atn%\Uiﬁ+Atni(VUj,VUi)
j=1
— At (3U; — ¢.(U, Zgba Urh), FL(U))", i=1,..,m. (2.4.78)

We obtain from (2.3.28), (2.3.33) and (2.1.10) that

2, )

(U= UL FUU))" > (FAU) — EUZ), 1) + 50— U2, E(E))"
n— h 1 n—1
> (EU)) = (U, 1) + 5|0 = UR

> (F(U;) = F(UZ), )" + | U}, — IU-’}gl - (2.4.79)

It follows from (2.3.31), (2.3.32), (2.1.13), (2.1.11) and (2.3.29) that

—At ,Y’LUZ ¢£ Z Un 1 / Z))h

j=1

> =20ty (F.(U), )" + At (U], ) ¢-(U71)" = C(UT)

'MS

1

J

Z —2Atn’}/2(FE(UZ), 1)h mQAt Un 1 C(U?*l)
£
> — At (2, +m)(EFL(Uy), 1) — O(Ug—l), i=1,..,m. (2.4.80)

Combining (2.4.78) for i = 1,...,m and noting (2.4.79), (2.4.80), and the stated
assumption on At, yields for R sufficiently large that

S (AU FON) = S + 1 IV
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i=1 i=1 j=1
1 m m m m
7 S UR+Y =AMty (2yi4m)|(Fe(Us), 1)'+AL, Y 0> (VU;, VU;)-C(Ur)
=1 =1 i=1 j=1
n—1
> m+At |ZU|1 C(uU™ 1t > 0. (2.4.81)

Further, for R sufficiently large, we have from (2.4.76) and (2.4.81), since {U;}", is
fixed point of B, that

. . —R 3 (A(U), F(U:)"
U, F/(UN)" =Y (B;(U), F{(U))" = i=1 < 0.
2 e PO = 2 B AO) FU = (1,05 (0 oo
(2.4.82)
Once again, it follows from (2.3.33) and (2.3.28) that
1
(U FU)) > (FU) ~ Fo0), )" + 5O, i=Lm, (2489)
and from (2.4.83) and the non-negativity of F.(s), we have that
i, F! > — — 1——Q 2.4.84
> (UL PO 2 gy~ mld = Sl >0 (2.4.84)

which contradicts (2.4.82). As a result, we conclude that there exists {U].}}2; €
Sh x ... x S" that satisfies 4;(U") = 0. Thus, we have existence of a solution to the
n-th step of (P’;fst). O
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Chapter 3

The population model:
Convergence and existence of a

weak solution

In this chapter we prove the existence of a global weak solution to the system (P4})
by analysing the convergence of the fully discrete approximate problem (Pifv’[f). In
Section 3.1, additional notation to that presented in Chapter 2 previously is also
included. A discrete analogue of the entropy inequality is derived and some stability
bounds on the approximate solution are shown in Section 3.2. In Section 3.3, the
convergence of our approximation is established and hence existence of a global weak
solution to the system (P4Y) is shown. The argument in Section 3.3 will consist of
three main steps. We first utilize the stability estimates derived in Section 3.2. Then
we prove the existence of non-negative functions {U;}, bounded in various time-
dependent spaces using classical sequential compactness arguments (see the results
collected in A.1.11 — A.1.16). Finally, we prove that the functions {U;}!", represent
a global weak solution of the system (P4f) via passage to the limit ¢, — 0 of the

approximate system. In Chapter 4, we will let At — 0 in (P5Y).
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3.1 Notation

For dealing with the initial data of the fully-discrete approximation, given n we

introduce the discrete L?—projection P : L2(2) — S" defined by
(P"n,x)" = (n,x), Vxes" (3.1.1)
The above projection satisfies the following important results (see, e.g., [11]):
1P nlloco < nlloce, ¥ € L(R), (3.1.2)

[(I=P")nllms < CR*™ s, ¥ne W (Q)  forany s € [2,00] and m € {0,1}.
(3.1.3)
For ¢ € (1,2], let (W7 (Q))" denote the dual of W' (Q). It is convenient to
introduce the inverse Laplacian operator G, : (W17 (Q)) — W(Q), ¢ = -4 such
that
(VGqv, V) + (Ggu,m) = (v,m) ¥ € WH(Q), (3.1.4)
and (-, -) denotes the duality pairing between (W (Q)) and W (Q) that satisfies
(see Appendix A.1.17):
(w,mg = (v,n)  Yoe L*Q), ne W (Q). (3.1.5)

The well-posedness of the operator G, follows from the generalized Lax-Milgram
theorem, see Appendix A.1.4, which additionally asserts the existence of a positive

constant C such that
1G]l < Clivllwrw iy Yo € (WH(Q)). (3.1.6)

For consistency of notation, when ¢ = 2 the indices ¢ and ¢’ will be dropped in the

above operator and duality pairing, that is G : (H'(R2))" — H'(Q) defined by
(VGv, V) + (Guv,n) = (v,n)  ¥n € HY(Q), (3.1.7)
where (-, -) denotes the duality pairing between (H'(€))" and H'(Q) such that
(v,n) = (v,n) Yo e L*Q), ne H(Q). (3.1.8)
Also, it is important to introduce the norm

Ifll-1 =G f1 = (f,Gf)2,Vf € (HY(Q)). (3.1.9)
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Lemma 3.1.1 For given f, the norms || f|/(m1 () and ||f||-1 are equivalent on
(H'(2))
1l czryy < Nfll-r < CNflla @y (3.1.10)

Proof: Let 0 # f € (H'(Q)). From (2.1.1) and (3.1.7) we have that

[fllzry = sup [(f,0)] = sup [(VGF, Vo) + (G, v)|

lvll=1 llvll=1
< ”S|1|1131(!Qf!1|v\1 +1G fllollvllo) = S 1Gf1xllvlly = 1G £l < ClGfl = Cllfll-1-
Now by taking v = IIQngHl € H'(Q2) we deduce using (3.1.9) that
.G Gfl7 Gf13
Iy 2 17, = WD OB > 6l9Ih — g, = ey,

IGflI NGl = T 1Gf1
where we have applied Poincaré inequality (2.1.9) to give ||Gf||2 = |GfI2 + |G f]3 <
(€2 +1)IG . 0

We finally recall the following lemma, about the operator G, for ¢ € (1, 2], which

is a consequence of the quasi-uniform partitioning of 7"
Lemma 3.1.2 For any ¢ € (1,2], it holds that
1nlloq < Ch7HGgnll1g  Vn € S™. (3.1.11)

Proof: On noting (3.1.5), (3.1.4), Holder’s inequality, Young’s inequality and
(2.4.53), we have for any n € S™ and for any o > 0 that

Inlls < (m.mq < (VGen, Vn) + (Ggn,n)

< 2[1Ggnl1qllnll1.q

1
C' o(4d( i

L
< allGynlly, + —h |||2. (3.1.12)
1

It follows from choosing a = 2C h™ > Hd(% 7Y in (3.1.12) and (2.4.53), that

1_1 d( 1 L/
Inllog < CHG2|plly < ChYG™2=EHEI Gl < OB Gynlg
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3.2 Stability estimates

In this section we establish some uniform bounds on the solution {U;". }}2,, indepen-
dent of the parameters € and h, which will be used to prove the convergence of the

approximate problem.

Lemma 3.2.1 Let the assumptions of Theorem 2.4.7 hold and let At, < Tlﬂ’

D; > 0,Vi and {U]-'}, € S" x .. x S" n > 1. Then a solution {UL}1, €
Shix ... x S" n>1to the n—th step of (P;Lf;) satisfies

m

D, < v
" h n |2
1= Atu(@y + m)(Y R(UR), 1) + MAtn; U3 + Aty ; U

=1

m

<O F(UEH, )"+ CAL, (3.2.13)
=1

where D = min, D;, v = max, ;.

Proof: Choosing x = At,7"[F/(U}".)] as a test function in (2.4.67) yields, on noting
(2.4.61), (2.4.62) and (2.4.45), that

,e )

(U — Ut AU + At (D[ AU VUL +Zv Ur,VU)

m

= At (UL = 6(U2) S (U, FUUL)Y = Lim. (3.2.14)

j=1
Using (2.3.28), (2.3.32), (2.1.12), Young’s inequality, (2.3.29) and the fact that
F.(-) > 0 yields

At (yUP — Z@SE Ut FU(UR)"
— At (U, AU - f (U, FUL))
< Aty(2F-(UR) + 1, 1) + At ( 15,2@ e
< Aty (2F(URL) + 1, 1) + At ( Zgbs U
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< 28t (Fe(UL), 1) — Z (U= )" + C(M, 19, ;) At
n mAt n— 1
< 20y (FL(UL), )P+ ——= o “or ZI%U 7) + C(M,|Q],7i) At
< Aty (2y +m)(F(UL), 1) +C’(M,|Q|,%)Atn, i=1,..,m. (3.2.15)

It follows from (3.2.14), (3.2.15) and the first inequality in (2.4.79) that

[1— Aty (2 +m)](FL(URL), 1) + At (Di[A(UR)] VU + Z VU, VU)

j=1
< (F(UPSH, D) 4+ C(M, |9, 7:) At i=1,..,m. (3.2.16)
Summing (3.2.16) for i = 1,...,m yield
(Z[l — Aty (2v; + m))(FL(U), 1", ) + At,, Z (DU VUr, VUL
i=1 i=1

+AL Y UL < ZF (U, 1)" + CAt,
and then using (2.4.68), F.(s) > 0 and that ; > 1 yields the desired result. O

Lemma 3.2.2 Let the assumptions of Lemma 3.2.1 hold and let {u{}, € L>(Q)
u°

with uf(z) > 0,i = 1,...,m for a.e. x € Q. Let either U), = P"uf; or UY, = «"
if {u?}m, € C(Q). Then for all ¢ € (0,e7!), for all b > 0 and for all At, < 27:;,
for some § € (0,1), the problem (P?\’LA;) possesses a solution {U.}7*),n =1,..,N
satisfying
n h -1 h
RN LIRSS DL AN & Z Al
N m N m
+ZAtn|| STULIE+Y ALY Ui <C. (3.2.17)
n=1 i=1 n=1 i=1
Proof: Firstly, we note that, At, < 3 + and thus we have
§<1—Atp(2y+m) < 1— At(2y +m). (3.2.18)
Also,
1 2 At, 2 At,
_ (2y +m) <14 ZrEmat, (3.2.19)
1 — Aty (27 +m) 1 — Aty (27 +m) )
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From (3.2.13), (3.2.18), (3.2.19), we deduce for n = 1,..., N, that

(D F(UR), )"
=1
1 m CAt
< R(UT), 1) -
= 1= Aty(2y +m) (; i) D Aty (29 +m)
29 + M)Aty o CAat,
< (1—1—%)(2}@([]@5 1)’1)h+ 5
=1
(27+m)Afn CAt
F n— 1 h n
< Z (Use 5
(2'y+m)Atn ZFa Un 1 + G—WAEJ‘ (3.2.20)

Next, with the use of the assumptions on the initial data {U?}™,, (2.3.25), the
definition of 7" and (3.1.2), it follows that

m

O F@U), 1)< C (3.2.21)

=1

Therefore, (3.2.20) and (3.2.21) imply that

n h
nnllﬁ?,(NK; Fe(Uie), 1))
< (2’Y+m)Atn ZF Un 1 Te %Atn]

(27+m) (Atn+Aty,_1)
<Ce & [(Z F(U7%),1)"
=1
_ CGrim)at, Crm)at, 1

+e 5 At,+e” 5 Aty 1]

< Cce Y R 1)

i=1

(2v+m )Atn (27+m)At1

+e” Aty +...+e” Aty] < C. (3.2.22)

From this result, with the aid of (2.4.46), (2.3.29) and (2.3.30) we obtain, for n =
1,..., N with ¢ =1,...,m, that

U8 < |UEIR = ((UF)%, )" < C((F-(U7L), )" +1) < C. (3.2.23)
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Now using (2.4.46), (2.4.45) and (3.2.22) and noting the facts s = [s]; + [s]- and
F(s) >0, yields forn=1,..., N

7" [OF]- 115 < l7"[UF]-NI; = (UFJ2, )" < 2e(Fo(U), )" < Ce. (3.2.24)

We now note that the bounds 1 — 3 in (3.2.17) follow by combining (3.2.22), (3.2.23)
and (3.2.24). Now, to prove the fourth and the fifth bounds in (3.2.17), firstly, we
sum (3.2.13) over n, next we use (3.2.21), (3.2.22), to get

N m
S OALY UL |1+2At |Z < (3.2.25)
n=1 i=1

From the third bound in (3.2.17), we have

N m
YAy oL <, (3.2.26)
n=1 =1

then the fifth bound follow from (3.2.25) and (3.2.26). Now, On noting Poincaré
inequality and the second and third bounds in (3.2.17), we have

I UG < C() UL +I( ZUZ;, ) <, (3.2.27)
i=1 i=1

then the fourth bound follow from (3.2.25) and (3.2.27).
O

Theorem 3.2.3 Let the assumptions of Lemma 3.2.2 hold. Let a = @ and
{At,}N_| be such that

At, < At,_1, Vn=2,.. N.

Then a solution {U”.}7 ., n=1,..., N to <Pgﬁ—t> satisfies
N m B e
2 Al U ”OC”LZ” e ”(H1 ﬂ))'+ZHg uHlﬂ <C
n=1 i=1

(3.2.28)

Proof: Using the Sobolev interpolation theorem (2.1.4) and the third and fifth
bounds in (3.2.17) gives forn = 1,..., N,

UG < CNUNG2NURNT < C, i =1,.,m, (3.2.29)
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where ad(: — 1) =2, that is o = 2((1;2)'

It is crucial to note from the definition of 7", (3.2.13) and the assumptions on

{u?}™, that

Zn o= Yo [ @erant =3[ autyan!
i=1 79 i=1 79
< CZ 7w |[f o < CZ 473 0 < C. (3.2.30)
=1 =1

Next, it follows from (3.1.8), (3.1.1), (2.4.67), (2.4.46), (2.3.28), (3.1.3), (2.4.64) and
(2.4.65) for any n € H'(Q) and for n =1,..., N that

yr —pynr-t Ur —pynt yr —pynrt
1,€ 1,€ _ 1,€ 1,€ _ 1,€ 1, Ph h
(—ap N= gy = (g P
= (WU — Zgba (U7=1), Phn)* — (D VUL + A(U ZVU;;VP"
ClL+ |UL]n + CL T, |1+|Z ] [P,

< O+ U o + CTIU; |1+|Z U7l ] [Pl
< CIL+ U o Inlls + CTIU L + IZ I Il

Cl1+|U HﬁHZ Jllnll,  i=1,..m, (3.2.31)

to arrive at the following bound,

Uina - Uzns_l n - n .
=@y < CLL+ UL+ |l Y ULIR)L i=1,.,m.  (3.2.32)
n =1

If we use this result with (3.2.17), our assumption on the time steps and (3.2.30),

we find )
ZAt | ———— Vie Ui [y
N m
SO AL+ UL+ 1D Uil < c, i=1,..,m. (3.2.33)
n=1 =1

To complete the proof of the theorem, we note that the last bounds in (3.2.28) follow

from the bounds in (3.2.33) and on recalling (3.1.9). O
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Lemma 3.2.4 Let the assumptions of (A) hold and let {u}”, € Hi,(Q). Let
either UY, = P"uf; or U, = n"uf if either d = 1 or u) € W'"(Q) with r > d, it

7, )

follows that U}, € S%;, for i = 1,...,m and

Z U213 < C. (3.2.34)

Proof: We first mention that 7"u? i = 1,...,m, are well defined as the Sobolev

embedding result (see Ciarlet [39], page 114):

W™ (Q) < C(Q) holds for r € [1,00] if m > d

,
It can be seen clearly from the definitions of the projection operator P" and the
interpolation operator 7" that {U2.}7%, € S%;. Now, to drive the bound (3.2.34),

we use (2.4.56), (3.1.3) and the assumptions on {uY}™; as follows:

m m m
DU =D lIwtadllF =Y [ lIm"ude g + Iw"ul. [} ]
=1 =1 =1

= lude = ul. +7"ud |5 + luge — ud. + 7" [7]
=1

<O [l I8 + 11 = 7" 1§+ w3 + (= 7")ul 3]
=1

<C’Z\|u 2 <c

3.3 Existence of a weak solution

In this section, we establish convergence of our approximation (2.4.67) in one, two
and three space dimensions; and hence existence of a solution to the problem (P4}).
This is achieved by taking the limit of the regularization and discretization parame-
ters of the problem (Pgﬁ_t). The condition U € H'(Q),i = 1,...,m will be essential
in the analysis of this section.

We shall first consider the following definitions:

t—t, tn
VUi + (=

i (T At )Un ! t e [tn—17tn:|7 n = ]-7 1= ]-7 -y M,

(3.3.35)
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and

UL@t)y=0, U (t)=U"  t€tarty], n>1, i=1,...,m. (3.3.36)

,e )

We also have that for t € (¢,_1,t,)

ov,. UL-U. UL-U. U.-U. el e i
ot B Atn B b, — 1 N t—tno1 7 € la-tstnls M 24 t=1,...,m.
(3.3.37)

Using the above we can restate the problem (ngg) as follows:

Find U;. € C([0,T]; S*)x C([0,T]; S"),i = 1, ..., m such that for all x € L*(0,T;S")

T aUzs <
[ UG 0"+ DAV T0) + (AL (U) 3 VUL Tl
j=1

T m
:/0 (U = 60U ¢e(Us), x)Mdt,  i=1,...,m. (3.3.38)
j=1

We now show the main theorem in this chapter which deals with the existence of a

global weak solution to the system (P45Y).

Theorem 3.3.1 Let the assumptions (A) hold, D; > 0, v; > 1, Vi, and {U?}7, €
HL(Q) N L>(Q). In addition, let &, h, {At, }3_,, {U}1, be such that

n=1»

(i) either UY, = P"U?; or U, = n"UY if either d = 1 or U € W(Q) with r > d.

(i) At, < 2#:;, for some § € (0,1).

(iii) At, < CAt,_1, Yn=2,..,N.
(iv) e >0as h—0.
Then there exists a subsequence of {U; .}, , solving (2.4.67), and functions

U € L*(0,T; HY(Q) N L*(Qp) N L0, T; L*(Q))NHY0,T; (H(Q))), i=1,..,m,

(3.3.39)
where o = Q(dfjm, with UF(2,t) > 0,i = 1,...,m almost everywhere and
Ui(-,0) = uf(+), in L*(Q). (3.3.40)
Moreover, it holds as h — 0 that for i =1,...,m
Upe, Uz = U, U in L?(0,T; H(Q)) N L*(Qr), (3.3.41)
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Upe, Uiz =" U3, U in L>(0,T; L*(9)), (3.3.42)
35;5 R 88? i L0,T: (HQ))), (3.3.43)
Uie, Uiz = Ui, U in L*(0,T; L*(Q)), (3.3.44)
¢-(Ui2) = o(U7) in L*(0,T; L*(2)), (3.3.45)
m'o.(U) = ¢(U)  in L*(0,T; L*(Q)), (3.3.46)
A(UL) = ¢(USI  in L*(0,T; L* (), (3.3.47)
for any )
2,00] ifd=1,
SE€EQ[2,00) ifd=2,
2,6] ifd =3,

\

where the symbols —, —, and —* represent strong, weak and weak-star convergence

respectively (see A.1.11 — A.1.13).

Proof: From the assumptions (i)—(iii), (3.2.17), (3.2.28), (2.3.28), (2.4.64), (2.4.65),
(3.3.35), (3.3.36), (3.3.37) and (3.2.34) one may establishes the following uniform
bounds independently of the parameters ¢, h and At

_1
UL 2050 @)) + Uizl o) + 10U o020 + € 2 (17 U] = Lo o0,7502())

an’ aUZ,
+|| ate ateHL2(0,T;H1<Q))+H@(Ui)HLoo(QT)JrHW%E(U@HL“(QT)

+HAE(Uz,ie) HLOO(QT) < C>

20,7, () |G

i=1,..,m. (3.3.48)

In the above, and throughout, the notation Ufs means with and without the su-
perscript +. Although U, . can go negative, the amount it can is controlled by the
regularization parameter ¢ through the fourth term in (3.3.48).

Also,we have

T
([Z T — / VUil eyt

N t
2 n
+12( 77+ 112 + 21177— 112
= Z (At,)? /tn_lut_t IO oy + 187 = HPNU; i o)t

N
2(At)?2 [t -
= Z (At,,)2 / UM + Uil @t

tn—
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C U 20 mm10y) + Uil 20 mm ()] < C i=1,.,m, (3.349)

and

T
1UielSeier) = / VUil 8 eyt

N
C a a|pr— (e
<y / — ey + I N ol
— (At,)"
a C + || — ||l
Z At [HUi,aHLa(Q) + Uil 7o o))t
C [||Ui75||La(QT) —|— ||UZ~7_8||L04(QT)] S O, i = 1, e, 1. (3350)

Moreover, we can get

HULEH%W(O,T;L?(Q)) = €esssup ||Uz'7aH%2(Q)

3 (1t =PIV e + 18 = PV 0]

2(At)? 5 e
= a2y [(Atn)Q [”Ui—:-:HLQ(Q) + HUz',sHLQ(Q)Hdt

< ClUL > o0,mc29)) + Uizl oo o, n20p)] < C- (3.3.51)

Before moving onto the passage to the limit step of the proof we recall that L>(0, T, L*(Q2))
is the dual space of L'(0,T, L?(Q)), which is a separable Banach space but not re-
flexive, while the Banach spaces L*(0,T, H*(2)), L%(Qr) are reflexive. Thus, by
compactness arguments (see A.1.6 and A.1.8) and the bounds (3.3.48) we can ex-

tract subsequences, still denoted {Ui}h, {Ui <}, such that as h — 0 we have

U=, Ui — U U in L*(0,T, H'()) N L*(Q7),

2,7

UE Ui. —~* U U, in L>=(0,T, L*(Q)),

1,€7

and thus the convergence results (3.3.41) and (3.3.42) were satisfied. Then, since
{8Ul <}, € L2(0,T, (H'(Q))) and L*(0,T, (H'(92))) are reflexive Banach spaces then

according to the weak compactness theorem, there exist a subsequences {81(;;,8 €

L*(0,T, (H*())") and a functions 57 € L*(0, T, (H'(Q))’) such that

P i POTHQ))
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A well known argument can be easily adapted to show that 77 = 2% (see Robin-

ot
son [84], page 204). Thus, the result (3.3.43) holds.

Note that from (3.3.41) and (3.3.42) we have U; € L*(0,T; H'(Q)) N L*(Q7)N
L>(0,T; L*(£2)), thus to prove (3.3.39) we need to prove that U; € H (0, T; (H'(Q)))).
From the embedding L*(0,T; H'(Q)) — L*(0,T; (H'())’), we conclude that U; €
L*(0,T; (H'())"), and from (3.3.43) we have that &4 € L(0,T; (H'())’), thus

oU;
1illm oy = IUillzzoa @y + 15 lezomar @y < €

Thus, (3.3.39) has been proved.

From an application of the Lions-Aubin theorem, see (2.1.6), on noting the fol-

lowing embedding results
H'Y(Q) < L*(Q) = (H'(Q))',

which hold from the Rellich-Kondrachov theorem under the stated choice of s, we

find that

W, ={n:ne L*0,T; H(Q)), % e L2(0,T; (H'(Q))'} < L*(0,T; L*(Q)).

As Uy, € L*(0,T; H(Q)) and % € L2(0,T; (H'(Q))'), thus, U;. € W,, then we
can extract a subsequence, still denoted U;, such that the convergence result (3.3.44)
holds.

Using the strong convergence of U; . to U; in L?(0, T; L*(£2)) and the fourth bound
in (3.3.48), we can extract a subsequence, still denoted Uj ., such that as h — 0 (

see Appendix A.1.17)
Uie = U and U] =0 a.e.in Q x (0,7T). (3.3.52)
But we have from the definition of 7 that
Ue = T [Uic]y + 7" [Uic] - (3.3.53)

Therefore, we deduce from (3.3.52) and (3.3.53) that U; > 0 almost everywhere.
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Noting (2.2.15), (2.3.28), the non-negativity of the function U; and the assump-
tion (iv) yields that

16-(U:) — (U 20050y < Ce — 0 as h — 0. (3.3.54)
With the aid of the Lipschitz continuity of the function ¢. and (3.3.44) we have
16 (U2) — ¢-(UD) I 20220 < Uiz — Ul 2oz — 0 as h — 0. (3.3.55)
Therefore, in order to establish (3.3.45) we find that
H(z)E(Uzis) - ¢(Uz‘i)HL2(0,T;LS(Q))

< 6-(U52) = U p2omsmscy) + 16-(U5) = d(UF) 20,7200
—~0 as h—0. (3.3.56)

Next, employ (2.4.56), (2.4.52), (2.4.55) and the first bound in (3.3.48) to see that

I(Z = 7= (Ui )l z20070 () < CRIVO(Ui) 200,725 ()

< Ch||VUE| 20,705 (92))

< Opt=dG=3)

Uicllezo,r.m10)

<ChU=0) 50 as h— 0. (3.3.57)

Next, use (2.4.70), (2.4.55), the first bound in (3.3.48) and (3.3.45) to derive
HAE(Ui) - ¢(Uz‘i)IHL2(O,T;Ls(Q))
= A (U5) = ¢=(U;2)T + ¢-(U)T — (UL 120155 ()
< HAE(Ui,is) - ¢6(Ui)IHL2(0,T;Ls(Q)) + H¢5(Ui) - ¢(Uzi)HL2(O,T;LS(Q))
< WIVUEN 20,7009 + 19 (Us) = 6(U) 20,7009
< CH G I UE | o) + 16 (U) = (Ul 20.120(00)
< OR459) 1 6. (UE) = $(UF) 2000y — 0 as h — 0. (3.3.58)

Hence the result (3.3.47) holds from (3.3.58).
To complete the proof of the theorem, we still have to deal with the initial

approximations and show that the solution {u;}7*, satisfies (3.3.40). We first note
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from the error estimates (3.1.3) and (2.4.56) and the stated assumptions on the

initial data, {ul}", , that for i =1,....,m
[ = P'uillo < Chlwily < Ch,

and
Chlud]y <Ch  ford=1,

i = 7ug'flo <

Chlu?l,, <Ch ford=2 or 3,

which provide the following strong convergence results as h — 0
U —u) in L*(Q), i=1,...,m. (3.3.59)
It follows from (3.3.43) and (3.3.44) that for a.e. (see Theorem A.1.11)
Ui(t) = u;(t) in L*(Q) as At—0, i=1,...m. (3.3.60)

We comment that (3.3.59) and (3.3.60) are not sufficient to prove the equalities in
(3.3.40) since if ¢ = 0 belongs to the null-set of the almost everywhere statement for
(3.3.60) then possibly u;(0) # u,7 = 1,...,m (see Robinson [58], Section 7.4.4, for
further discussion). In addition to (3.3.59) and (3.3.60), we actually exploit other
properties of the solutions {U;}7, and the functions {u;}, in order to conclude
that (3.3.40) holds.

We note that since

Ui, u; € L*(0,T; H(Q)) and %, 85;" c L*(0,T; (H'(Q)), i=1,..,m,
it follows that
U,u; € C([0,T}; L*(Q)), i=1,...,m, (3.3.61)

see Theorem 7.2 and Proposition 7.1 in Robinson [84], respectively. Therefore, the
desired result (3.3.40) follows easily by combining (3.3.59), (3.3.60) and (3.3.61).

O

Lemma 3.3.2 Let the assumptions of Theorem 3.3.1 hold. Then the following

convergence results are valid as h — 0:

7. (UL) 70 (U;L) = (U o(U;) in L*(Qr), i=1,...,m. (3.3.62)
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Proof: From (2.2.15), (3.3.48), the Hélder’s inequality and the embedding result
L*(0,T; L*(Q)) < L*(2r) one shows
I7*¢-(U%) 7" (UL) — o(UN)S(U) |20
< | 7"¢-(UL) 76-(UiL) — 7" 0= (UL) (U7l r20n)
Hm"e-(UL) ¢(U7) = d(UH (U7 ) 2(01)
< 7"6-(U;2) = ¢(U ) 200 17" (UL | =21
"= (UL) = 6(UF) 200 10U )l 2=y
< O(|7"6e(U;2) = (U2 + 17" (UiL) — o(UF) || 2(0)
Cl7"6-(Ui) = (U r20m s + 17" ¢=(UL) — 6(UF) le20.7,002)
—0 as h—0, i=1,..,m. (3.3.63)
([
Theorem 3.3.3 Let the assumptions of Theorem 3.3.1 hold. Then there exists a
subsequence of {U; :}n~0,i = 1,...,m, where {U;.},7 = 1,...,m solves (3.3.38), and
nonnegative functions {U;},7 = 1, ..., m satisfying (3.3.39). In addition, as h — 0 the

convergence results (3.3.41)-(3.3.47) and (3.3.62) hold. Furthermore, the functions

{U;},i=1,...,m represent a global weak solution of the problem (P4f) in the sense

that
UG+ DATUZ )+ (60 Y VU Ve
= /O [(’%Uz—i_ - gb(Uf)(Z ¢(Uj_)vn)]dt7 VTI € L2(07T; HI(Q))7 1= 1’ ey TN

(3.3.64)

Proof: The first and second parts of the theorem follow from Theorem 3.3.1.
To show that {U;}™, is a weak solution of (P4}) in sense that (3.3.64) are satisfied,
we set Y = 7" as a test function in (3.3.38) and then pass to the limit ¢, h — 0.

For any n € L*(0,T; H*(Q)), we set Y = 7' as a test function in (3.3.38)
yielding

T[(aU"E "+ Di(VUL, v Zv Vahn)ldt
0 8t 7 15’ 7T 77 ]57 7T 77
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T m
:/ (U — 6. (U 6u(U), 7 m)dt, i =1,...,m. (3.3.65)
0 =

We shall now study the convergence of each term in (3.3.65) separately. For all

n € L*(0,T; H'(Q)) and for all 7 € H'(0,T; H'(2)) we have that

|Gt = [ (Gt - - (- e

+ =, — =, dt
R )

=hi+hao+Liz+ 14 (3.3.66)

Then from (2.4.59), (3.1.11), (2.4.56), Holder’s inequality, the denseness of H'(0,T; H'(2))
in L2(0,T; H'(2)) and (3.3.48) we may derive

T aUzg aUze
il =] [ (G =) = (G A=)

8Uz€
sc*h/ 1Y% 1 ety — 7t
0

aUzs
<0 [T 16%E 1 i (= Do (2~ Dbt

<o [ 16%

HLZo:rHl @) =127 @)+ (7" =Dnll 220780 )+ | (7" =Dl L2077 (2]

Sl [l =7l + 7" = Dalls + [1(x" = DiflhJdt

CI|Q

< C[||77 — 0l 2rme) + 1@ = Dnllzoma @) + 17" = Dijll 200 @)
—  Cln—=nlle20rm ) as h—0. (3.3.67)

We now see from (2.4.59), (2.4.56), Holder’s inequality and (3.3.48) that

4 8Uzs aU’LE
|112|— |/ y T h h_( (915’ ,7Th7/:]/):|dt|

87r 7] on'n
|/ 157 _<Ui,€7 ot }dt}

+‘<Ui,€('7T>77T 7]('7T)>h - (Ui,E('aT)aﬂhﬁ<'7T))}
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+| (Ui, 0), 75, 0)) = (Ui (-, 0), 7"77(-, 0))]
g ] 77 h he
<Ch ||Uz‘,s||o| [1dt + CRh||Ui (-, T)lolm"n(-, T)|1 + Chl|Uic(-, 0)[Jo] 77 (-, 0) |1
0
< Ch||Uz‘,a||Loo(o,T,L2(Q))||7T M o1 ) + CRIU; (-, T)ol7"5(-, T
+Ch||U; < (-, 0)[lo|7"77(-, 0) |1
< Ch[|ill i o.r,m ) + 117" = Dill 0.2, ()

+Ch||U; (-, T) |lo|7"7(-, T) |1 + Ch||Ui (-, 0)[Jo]7"5(-,0)y — 0 as h—0,
(3.3.68)
where the fourth inequality was obtained from (2.4.56) and exploiting the continuous

embedding (see Robinson [84] page 190):
WP(0,T; X) = C([0,T); X)  1<p<os,

namely,
SF% 1< x < ICwrrorx) for ¢ € WHP(0,T; X). (3.3.69)
telo,

To treat the term I 3, we observe using (3.1.8), Hélder’s inequality and the fifth
bound in (3.3.48) that

OUZ - OUi e
ol =1 [ o~ nmjar| =| [ (e (2~ ]

/ \<8U” (7" — D)l dt

@Uz €
< [ 12y — D
0

aUza
<l ot ||L2(0T(H1(Q ||(7T _Dn||L2(0TH1(Q))

< C|(7" = Dnllr2orsmr@)y — 0 as h—0. (3.3.70)

Next we use (3.1.8) and the weak convergence result (3.3.43) to arrive for all n €

L0, T; H'(Q)),

]1745/ (an, dt = /<aUlE n)dt — /<aa[f,n>dt as h—0. (3.3.71)
0
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Combining (3.3.66)-(3.3.68), (3.3.70), (3.3.71), (2.4.57) and the denseness of H'(0,T; H*(2))
in L?(0,T; H'(2)) one then obtains for all n € L*(0,T; H'(Q))

T . T ,
/0 (ag;’s,whn)h—)/o <%,n>dt as h—0. (3.3.72)

We employ Holder’s inequality, (3.3.48) and (2.4.57) to now see for allnp € L%(0,T; H'(Q))

that
T
| / (VUL V(" = Dyie] < [ (VUL ("~ D)
0
T
< [ 10 1" = Dl
0
< HU’LTEHLQ(O,T,HI(Q)) H(Wh - DUHL?(O,T,Hl(Q))
<C ||(7Th - 1)77||L2(0,T,H1(Q))
—0 as h—0. (3.3.73)

It follows from (3.3.73) and (3.3.41) for all n € L?(0,T; H'(Q2)) that

/ (VUL T n)dt = / (VUL V(=" — D)t + / (VUL V)i
0

0

/ (VU ,Vn)dt as h— 0. (3.3.74)

We obtain for all n € L*(0,T; H'(Q)) and for all 7 € H'(0,T; H'(2)) that

/ ZV ]S,VTFU

/ Zv £V — D)t
v [ o) - Zv (- )

T
+/ (AU Zv L V)t
0
/ w3V
= 12’1 + [272 + [2,3 + 1274. (3375)
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Now, the generalized Holder’s inequality and (3.3.48) are used to find

T
|]2,1| = |/ ( Zv _]87 7'(' _])77 dt|
0
T m
< / AU e S NUEL |5 = Difadt
j=1

< ||A€(U1'—;)||LOO(QT) Z ||UJ'J,FE||L2(0,T,H1(Q)) ||(7Th - I)77||L2(0,T,H1(Q))

< Cl(7" = Dllrzorm@) — 0 as h— 0. (3.3.76)

Similarly to the treatment of the term I5;, the generalized Holder’s inequality,
(3.3.48), the denseness of the space H'(0,T; H(2)) in L*(0,T; H*(2)) and (2.2.15)

are employed to see that

|I22|—\/ ZV i Vi —m)dt|

< AU = dUN T o@r) D NU 2o mey 10— ll2om @)

< C |ln=1ll20rm @) =0 as h—0. (3.3.77)

In addition, we have that

T2 = I/ Zv UL, Vij)dt|

< NA(UL) = d(UN TN 2@ryy YU r2mmr@) VAl @o)
< CIA(UL) = S(UN Tz N7l ormwr (o
< CIA(UE) = dUNT ooz —0 as h— 0. (3.3.78)
It follows from (3.3.41) for all n € L?(0,T; H'(Q)) that

12,45/ o(U;T) ZV UL, V) dt—>/ o(U;") ZVU+,V77 dt as h—0,

(3.3.79)
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where we used the fact that the function ¢(s) is bounded. Now, combining (3.3.75)-
(3.3.79), (2.4.57) and (3.3.47) leads for all n € L*(0,T; H'(Q)) that

/ Zv ]E,andt%/ o(U) ZVZ,Vndt as h— 0,
(3.3.80)
It remains to show the convergence of the reaction term in (3.3.65). On noting
(2.4.59), Holder’s inequality, (2.4.56) and (3.3.48) yields for all n € L*(0,T; H'(2))
that

[ 1wttt - e+ [ @ " - oo

<| [ 1wttt - wtatwiar] +| [ @ " - o

<ch / 0ol + [ 0ol ~ Dyl
0 0
T T
< Ch / VUL ol (5" — Dy + nldt + Ch / VU lolnhd
0 0

<on [ ulohat
< ChULl 2@ Inll 201 0
< Ch|\UL e Il 2 0,1, (92))
< Chllnllzzorm@) =0 as h—0. (3:3.81)

Combining (3.3.81) and (3.3.41) leads for all n € L*(0,T; H*(2)) that

[ wrntar= [z st - @zt [ G5 @ - o

T T
/ (UL, mdt — / (UF,m)dt as h—D0. (3.3.82)
0 0

Now, we deal with the convergence of the non-linear reaction terms in (3.3.65).

Firstly, it follows from (2.4.45) for all n € L*(0,T; H*(2)) that
T
[ oo i = [ o005 atar
0 0
T
:/0 (76 (UL )m" 0 (UsL), 7'n)" — (m" ¢ (U7 ) 7" ¢ () m"n)]d ¢

T
T / (6. (UE)T"6.(UT) — S(UF) (U7 ), 7n — )t
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T / (6 (Ui du(Us2) — S(UF) S(U), 7Tt
" / (O(UF) (U7 ). (=" — D)t

T
+ [ @ ow; )t
0
= [371 + 13,2 + 13,3 + 1374 + [375. (3383)

Using (2.4.60), (2.4.54), (2.4.52), Holder’s inequality, (2.4.56), (3.3.48) gives that

T
[Is.1] = }/0 ("6 (UL )" 0= (UsL) m"n)" — (7" = (UL )m" 6 (U;L), 7"n) | d ]

T
< Ch?/o 17" 6= (U 1 e 7" 0= (U ) s [| 7" 01 d t

< Ch /OT 17" 6= (Ui oo [I7" 0= (U7 ) o + |76 (U ) 1] 7" 0|l d t
< Ch||m" ¢ (U)o ) (17" 0= (U ) 2y F 17" 0 (U ) | 20,010 op) ) 17 0l 20,1 )
< Ch[17"6-(U; )l e200) + UMz 02,000 )1 (7" = D+ 0l 220,030 ()
< Chlnllr20.7.m1 ()
—0 as h—0. (3.3.84)
Using Holder’s inequality, (2.4.56), (2.2.15), (3.3.48) and the denseness of H'(0,T; H'(Q))
in L?(0,T; H'(2)) gives that

Lol = | / (6 (U)oU) — S(UF) SUT), 7 n — At

< |76 (U 0= (U) — (U)oU)l p200y 17" [0 = Tl 220
< |70 (U 7" ¢-(U;) — ¢(UF) $(U ) 20y (7" = D0 = 1) + 1 = Tll 20y
< |7 - (UiL)m" 6 (U;) = 6(U) o(U; )l r2 62y
< [[(@" = D =Dl r2@e + 10 = Tllz20q) |
< 7" (U 7" 6-(Us) — ¢(UF) (U7 )220
<[ N = Dllr2rim@y) + 10 = ll2@r) |
< |76 (UL)7"6-(U;.) — (U;") d(U 20 | (1 = M)l 200,750 0

—0 as h—0. (3.3.85)
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With the aid of Hélder’s inequality and (2.4.56) we have
T
hal = | [ (600000 - o) 9(U; ) wa
0

< |7 = (U)m" 6. (U;) = 6(U) o(U7 )2 17" 0l 22
< 176 (Ui)7" 6 (U; ) — 6(U") ¢(U )2 1 (" = Dy + Al 20
< |Im* 6 (U)m" 0=(U;) — 6(UF") S(U)lz2gn [ (7" = Dilll 2@y + 7l 2200)]
< [l7" 6= (U)7" ¢ (U5) — 6(UF) 6(U7 )lz2(ry Nl L2ozan o)
—+0 as h—0. (3.3.86)

From equations (2.2.15) and (2.4.56), we have

sl =1 [ @009 007, (5" ~ Dt

/ua Mo 1" = Dall

gcy/ua o ol
< Chll(UN) 2@z mllz20mm1 )
< Chllo(U; M 2o,z ) 12081 @)
—+0 as h—0. (3.3.87)

Upon use of (3.3.83)-(3.3.87) we see for all n € L*(0,T; H'(Q)) that

/0 (¢-(U)0-(U;,), m"n) dt—>/ U7),n)dt as h—0. (3.3.88)

If we combine the results on (3.3.65), (3.3.72), (3.3.74), (3.3.80), (3.3.82) and (3.3.88)
we find the desired result (3.3.64).

This completes the proof of the main theorem in this chapter. O
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Chapter 4

Time convergence

4.1 Introduction

Our starting point for the analysis here is the final result of the previous chapter,
which concerns the existence of a solution to the discrete-in-time problem (P45Y).
The model (P4}) includes "microscopic cut-off” in some terms in problem (P4f),
where M > 1 is a (fixed, but otherwise arbitrary,) cut-off parameter. Our ultimate
objective is to pass to the limits M — oo and At — 0 in the model (P4}), with
M and At linked by the condition At = o(M™1'), as M — oco. To that end, we
need to develop bounds on sequences of weak solutions of (P4}) that are uniform
in the cut-off parameter M and thus permit the extraction of weakly convergent
subsequences, as M — oo, through the use of a weak-compactness argument. This
approach has been adopted in [13-21]

Now, we consider the following cut-off version F™ of the entropy function JF :

s € R20 — F(s) = (Ins — 1)s + 1 € R2? which is given by

Ins—1)s + 1, 0<s< M,
FM(s)y=¢ | 2< ) (4.1.1)
S 4 (InM —1)s+1, M<s.
Note that
iy Ins, 0<s< M,
(F7) (s) = (4.1.2)
a tIn M —1, M <s,
and
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4.2. M-independent bounds on the derivatives 56

1 0<s<M,
(FM)'(s):=Q ° (4.1.3)

1
M MSS

Hence, we define the function ¢ as follows

s, 0<s<M,
¢(s) = [(FM)'(s)] 7' = (4.1.4)
M, M <s,

with the convention 1/00 := 0 when s = 0, and
(FMY'(s) > (F)"(s) = s, s e R, (4.1.5)
We shall also require the following inequality, relating F* to F:
FM(s) > F(s), seR>". (4.1.6)

For s > 1, (4.1.6) follows from (4.1.5), with s replaced by a dummy variable o,
after integrating twice over o € [1,s], and noting that (FM)'(1) = (F)'(1) and
FM(1) = F(1). For s € [0,1], we have FM(s) = F(s) by definition.

4.2 M-independent bounds on the derivatives

We are now ready to embark on the derivation of the required bounds, uniform in
the cut-off parameter M, on norms of U;",i = 1,...,m. The appropriate choice of
test function in (3.3.64) for this purpose is n = xpq(FM)'(U;),i = 1,...,m with
t=t,, ne{l,..,N}, and x4 denoting the characteristic function of the interval
[0,¢]. While Theorem 3.3.1 guarantees that U, (.,t),i = 1,...,m is nonnegative
a.e. on §2 x [0, 7], there is unfortunately no reason why U;" i = 1,...,m should be
strictly positive on  x [0, 7], and therefore the expression (FM)(U"),i =1,...,m
may in general be undefined; the same is true of (FM)"(U),i = 1,...,m which
also appears in the algebraic manipulations. We shall circumvent this problem by
working with (FM)(UY +¢€),i = 1,...,m instead of (FM)(U}),i = 1,...,m, where
€ > 0; since U;",i = 1,...,m are known to be nonnegative from Theorem 3.3.1,

(FMY(UF +€),i=1,...,m and (FM)"(U} +€),i = 1,...,m are well-defined. After
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4.2. M-independent bounds on the derivatives 57

deriving the relevant bounds, which will involve FM(U;" 4 ¢€),i = 1, ..., m only, we
shall pass to the limit ¢ — 0%, noting that, unlike (FM)'(U;"),i = 1,...,m and
(FMY(UF),i = 1,...,m, the function FM(U;" + €),i = 1,...,m is well-defined for
any nonnegative U;", i =1,....m .

Before we prove the bounds on the approximate solutions, in the next Lemma,
we provide a result which will be important in the analysis of the approximation

problem (P4}).
Lemma 4.2.1
3
/fM(eb(U?He)dx < 5 el +/f<U§+e>dx.
Q Q

Proof:
We label Q(¢€) and express as follows:

0(c) = / FYSUD) + e)de

= | FNeU) +e)dz+ [ FM($U) + e)da,

Yar,e Y,e

where

Yye={x€N:0< (U (x)) <M — e},
Vie={x€Q: M —e<o(Up(x)) < M}.

We begin by noting that

FM(o(UY) + €)dax = F($(UO) + €)dz.

Yar,e Yar,e

For the integral over YV, we have

FM(p(UD) + €)dw

YVM,e

_ / [<¢(Ui0) +e)* — M?
Y, e

= i + (p(U)) + €)(log M — 1) + 1]dx

= /JZM,E[(M +2€3\i]— ik +(8(U7) + €)(log((U7) +€) — 1) + 1]d

B (2eM + €2)
_ /y et [ Fewn) v o

€ yIW,e
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Z €| + F(o(UD) + €)da.
Thus we have shown that

Q) < el + | Flow?) + o)
Now, there are two possibilities:

L If p(U?) +€ < 1, then 0 < ¢(UP) < 1—e Since M > 1 it follows that
0 < ¢(s) < 1if, and only if, ¢(s) = s. Thus we deduce that in this case
H(U?) = U? |, and therefore 0 < F(p(U?) +¢€) = F(U? + ¢).

2. Alternatively, if ¢(U?) + € > 1, then, on noting that ¢(s) < s for all s €
[0,00), it follows that 1 < ¢(U?) + € < U? + €. However, the function F is

strictly monotonic increasing on the interval [1,00), which then implies that

0=F(1) < F(@U) +¢€) < FU?+e).
The conclusion we draw is that, either way,
0 < F(o(U)) + ) < F(UP +e).

Hence,
3
Q0 < 58l + [ F(UP + e
)
O
Theorem 4.2.2 Suppose that we impose the condition of relating At to M, is such

that AtM = o(1) as At — 0 (or, equivalently, At = o(M~') as M — oo). Then,

the solutions {U:*,i = 1,...,m} satisfy the following bounds

MUH)d 2m—1) )2dadt
/.7-" (U; x—i—(QMAt // x

t m 1 t m
+2D*/ / VU d dt+—/ / VU dzdt < Bi(U?), (4.2.7
0 Q;| 1* dx 3, (Z )" dx 1(U7), )

where D* is a constant and By(U?) = [1 + 2y(1 + 2vAt)*] Y, [, F(UP)dx + C.

Proof: Forany e € (0,1), whereby 0 < ¢ < 1 < M, we choose ) = xo.4(F™) (U;"+
€),i=1,...,mwith t =t,, n € {l1,..., N}, as test function in (3.3.64):

T ou; , ,
/o (5, xoa(FY (U + ) + Di( VU, Vxpog (F) (U +6))
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+HO(U) Y VU, Vx g (FM) (U + €)))dt

J=1

:/0 (WU = o0 S U7 ) xio (FYY(UF + dt,  i=1,.,m. (42.38)

7j=1
Then, we start by considering the first term in (4.2.8). Clearly FM (U +¢) is twice
continuously differentiable on the interval (—¢, 00) for any € > 0. Thus, by Taylor

series expansion of s € [0,00) — FM(s+¢) € [0, 00) with remainder, and ¢ € [0, 00),
1
(s—e)(FMY(s+e)=FM(s+e)—FMc+e) + 5(3 — ) (FMY"(9s + (1 — O)c +e),

with @ € (0,1). Hence, on noting that ¢ € [0,7] — U;"(.,t) is piecewise linear
relative to the partition {0 = tg, 1, ...,tx = T} of the interval [0, T],

i = //at

1
——//@tawﬂww+mm
Q
At//fM U++edxdt——//fM YU + €)dxdt

MUt + (1 -0)U; : 4.2.
2At/ / 2FEMYOUT + (1 — 0)U; + e)dadt (4.2.9)
Noting from (4.1.3) that (F™)"(s +¢) > 1/M for all s € [0,00) and all € > 0, this
then implies, with ¢t =¢,, n € {1,..., N}, that

T1>—//}“M U++edxdt——//fM YU + €)dxdt

2M N / / )2dxdt. (4.2.10)

The denominator in the prefactor of the last integral motivates us to link At to M

MY(UF + €)dadt = ) (U + e)dxdt

so that AtM = o(1) as At — 0 (or, equivalently, At = o(M~') as M — o0), in
order to drive the integral multiplied by the prefactor to 0 in the limit of M — oo,
once the product of the two has been bounded above by a constant, independent of
M.

Next we consider the second term in (4.2.8). From (4.1.5), we have for all

1 =1,...,m that

T
T2 = Dz/ / VUZ+VX[07t} (FM),(UZ+ + E)dl’dt
0 Q
July 2, 2015



4.2. M-independent bounds on the derivatives 60

=D; / / VU 2(F"Y (U + €)dzdt = D; / / o d dt.  (4.2.11)
Q
With the aid of (4.1.5), the third term in (4.2.8) can be snnphﬁed as follows

~ T m
0 Q =

t ¢<Ui+) . m .
- = VU Y VU dadt. 49,
/0 /s2¢(Ui++e)V : ; j exat (4.2.12)

Now, we deal with the fourth term in (4.2.8). It follows from (2.3.31), (2.3.32) and
o(s) < s,Vs that

T, = %/ /U Xiog (FMY (U + €)dadt
! t
:%/ /(Ui++€> (FY(UF + €)dxdt — € %/ /(]'—M)'(U;r—l—e)dxdt
0 Jo o Jo

i t Mt — . t —1 + M/
<%/0 /Q(QJ-" (U +€)+1)dxdt—e %/0 /qu(U.* (U +€)(FMY (U +e)dxdt

¢ +
—1
§2%/ /]—“M(Ui++e)dxdt+%TyQy— / / (U; te clxdt

o oU;

+

<2%/ /FM U++e)d:cdt+%T|Q| //¢U +¢) d dt
Q
/ /¢ dmdtg 27/ /FM(Ui++e)dxdt+27T|Q|, (4.2.13)
Q 0 JQ

where v = max]", ;.
Next, we consider the last term in (4.2.8). On noting (2.3.32) and ¢(s) < ¢(s) for
s < § yields that

I = / /¢U+ U;) xoa(FY) (U + e)dadt

m

- /t/Q¢(Ui+)Z¢(Uj_) (FMY(UF + e)dudt

Jj=1

/ /Q o U+ + o Z S(U>) (U + &) (FMY (U + €)dudt

/ /Q o U+ + o) ¢<UI) (U + e —1)dzdt
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// U+z;f+€ Zm:¢ T)dwdt — //ngbU++e Xm:gb i )dxdt

Jj=1 Jj=1

z/ot/gap(w 27:% d:vdt—/ /Z¢ “dadt, (4.2.14)

Combining (4.2.10)-(4.2.14) and (4.2.8), then summing the final results for i =
1,...,m, leads that

Y OET N R CRETEUED D5 I R G
s / [ —vasas 3o [ [ T g
L VU+ZVU+d$dt<QVZ//IM (UF + eyt
v [ ] Z¢> et [ ] Z¢U+ U )dadt + 24TI0),  (42.15)

where 4 = >~ 7;. By using Young’s 1nequa11ty, we deal with the second term in
the right side of (4.2.15) as follows,

m// dxdt<—T\Q\+ //[Z¢ }dwdt. (4.2.16)

With the aid of the Lipschitz continuity of the function ¢ and Young’s inequality,

we have

- /0 t /Q iqs(Uj)fjgb(U;)dm

=1 i=1
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From the Lipschitz continuity of the function ¢, Young’s inequality and ¢(s+e€) > e,
it follows that

t m U+ m
[ LS e S
//va dmdt+/ /Z¢U+ o U*)Jre)VUi+ iVUf et

=1

/ / VU+ dadt — 272 / / Uf(f:)“)) ¢|(Z?i|2€> dudt
—%/0 /Q(Z VU;H)? dadt
> %/ﬂt/g(zm:VU;)? dxdt — / /Z |VU+|2 wdt. (4.2.18)

Substituting (4.2.16), (4.2.17) and (4.2.18) in (4.2.15) we have

m t m 1 t
—27)2/0 /QfM(U;Jre)dxdt—ZE/o /QFM(U;Jre)dxdt
=1 =1

it v [ S

L[ & o m?
- - < — o) 2.
+3 / /( g VU, )* dzdt < 1 T|Q| + 29T|9Q| (4.2.19)

In the above inequality we use D*—2m"2¢ > D*/2 and this holds for e < D”‘/Qm_1
where D* = min;—y _,,, D;. From (4.2.19) we conclude that

m ¢ m . .
— Jo Ja — o Ja

where C' = (2 + 23)T|Q|. Now, let

Vp = Z/ /]—"M (U + €)dxdt =

then we can write (4.2.20) as follows

mkl

ZAt/]—"M (U7 + €)de,

i=1 7=0

V-1 AtC

IE I < (1+ 29At)ve—1 + At(1 4+ 29At)C. (4.2.21)

v <

Finally, using induction we arrive at the following inequality

k
ve < (14 29At) 0 + ALC Y (1 + 2yAt)
=1
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< (1 4+ 29At)Fvg + %(1 + 2y At)F T

C
f‘y

That is

Z/ /JEM (U + €)dadt < (1 + 27Ab)F /;EM (U° + )dadt + 20 2y AH(k+1).
v

(4.2.22)
Moreover, noting ¢(s) < s yields that

+12 t +2 t
// |VU | e dtz/ / VU] dxdt:4/ /\v U + e[2dudt.

(4.2.23)
Now, by substituting (4.2.22) and (4.2.23) in (4.2.19), and using induction we arrive

at

MUY 4 €)d 2m—1) )2dadt
/]-" (U +¢) x+<2MAt // T

1
+2D*// V\/UZ++62dxdt+—/ /{ VU;_} dxdt

< 1+ 29(1 4 2yAt)] zm: / FMU? + e)dx + C
i Q
< [1 4 29(1 4 27At)¥] zm:/ FM(o(UP) + €)dx + C

<1+ 29(1 + 27At)*] Z/ F(U? + e)dx + C. (4.2.24)
i=1 v

We use in the second inequality a simple fact that, clearly, if there exists M > 0
such that 0 < U? < M, then ¢(U?) = U?. Henceforth M > 1 is assumed. Then in
the last inequality, we use the results of Lemma 4.2.1.

We shall tidy up the bound (4.2.24) by passing to the limit ¢ — 0. Concerning
the e-dependent term on the right-hand side, Lebesgue’s dominated convergence
theorem implies that

lim ]—"U0+edx—/]-"U°

e—0t Q

We can easily pass to the limit on the left-hand side of (4.2.24). By applying

Fatou’s lemma to the first and third terms on the left-hand side of (4.2.24) we get,
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for t =t,,n € {1,..., N}, that

e—0+

liminf/}"M(U;r+e)dxdt2/fM(U;“)dxdt,
0 0

m t m t
lim inf / / VAU + e|*dzdt > / / VA UM dadt.
m in 2; ]IV | 2 s |

Thus, after passage to the limit e — 0%, we have, for all t = ¢,,n € {1,..., N}, that

M + __om—1 + _777)2
;iéf(m>wﬁ+$MAt2 )[Léw; U~ )2dadt

t m \/7 ) 1 t m 2
—|—2D*/ / VU dedt + —/ / [ VU;F] dxdt
0 Jo ; | | 2Jo Ja zz:;

< 14 29(1 + 2vAt)) i/ FMUYdz + C. (4.2.25)

O

Additional regularity, more than we have been able to prove, is required to
complete the analysis of problem (P4}). Unfortunately, we have been unable to prove
the regularity requirement which is essential to establish the convergence results.
However, in order to proceed with the convergence analysis we adopt an alternative

technique to prove that UF(x,t) € L>(Qr).

Lemma 4.2.3 Let us divide the region €2 into two regions such that Q = Qu,(¢) |J Qo(t)

and these regions be defined as follows:
Qu(t) ={z € Q:U"(x,t) > M},

Q(t) ={z € Q: U (x,t) < M}.
Then we have |Qy(t)] = 0 as M — oo, a.e. in  x [0,T].

Proof: We note from (4.1.1) that (when s > M)

" s* — M?
F (S):W+(lnM—1)s+1 > (InM —1)s.

Then, using the first bound in (4.2.7), we have

/fWWMw: FUNde+ [ P U < C. (4.2.26)
Q Qar(t) Qo(2)
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Then, (4.2.26) lead to the following inequality:

C> FM(UH)dz > (In M — 1)/ Utde > M(In M — 1)|Qu(1)]. (4.2.27)
Qpr(t) Qe (t)

So for each ¢

C

O

Assumption 4.2.1 From Lemma 4.2.3 we will assume that: U;” < T, a.e. in Qx

[0, T] for M sufficiently large, i.e
|U 1) < T where T € R < 0. (4.2.29)

Theorem 4.2.4 Suppose that the condition of relating At to M, is such that
AtM = o(1) as At — 0 (or, equivalently, At = o(M~!) as M — oo). Moreover, if
At < 1/47, then, the solutions {U:",i = 1, ..., m} satisfy the following bounds

i/g(U; dm—i——Z/ / da:dt+2DZ/ /|VU+ 2dxdt

+Z/ /U+¢ UHy ¢( 7 )dxdt < By(U}), (4.2.30)

where D = D — 2721% > 0 and By(U} ) =201+ 29(1+ 29A0" 2L, [o(U7)*dx +
CBy(UY).

Proof: For any € € (0,1), whereby 0 < € < 1 < M, we choose = x04U;",
i=1,...,mwitht=t,, n e {l,.., N}, as the test function in (3.3.64), to obtain

2At //U+ )2dwdt— th// dmdt+2—AtZ//U+

+D VU [Pdxdt + Ure(U) Yy o(U; )dxdt
S e [ 3o
_/Ot/Qf:gb(Uj)VUj f:VU;dxdt, (4.2.31)
i=1 Jj=1
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where D = min;—; _,, D; and v = max]", 7;. We also have from Young’s inequality,

the fourth bound in (4.2.7) and the bound (4.2.29), that

t m m
— / / > o(UNHVUT Y VU dadt
0 J& - j=1

t m 9 . . )
1
E o(U" VU;] dedt + — / / [ZVU?} Jodt
/0 /Q Ll o) 2p Jo Ja i1
t m B 0
_Qp/ / Z O (UN VU Pdadt + B.(07)
0 Joi 2

m—2~n2 ! = +12 Bl(UzO)
< 2m72r2) > VU Pdadt + 2 (4.2.32)
0 J92 =y

Combining (4.2.31), (4.2.32) yields that

Q_At_ 27 Z/ / (UF)2ddt— 2AtZ// dxdt+—2/ / (U5 U Vs
+DZ/ /|VU+| dxdt—i—Z/ /U+¢ U+ ¢( i < Bégo)

(4.2.33)

IA
[\l et

Similarly to (4.2.22), we have from (4.2.32) that

Z/ / (UF)dadt < (14 2vAt) Z/ (U2 dadt + ——~ (U> VAR - (4.9.34)

Now, by substituting (4.2.34) in (4.2.33), and using induction we arrive to the re-

quired result. O

4.3 M-independent bounds on the time-derivatives

We begin by bounding the time-derivative of Uy, i = 1, ..., m using (3.3.64). It follows
from (3.3.64) that

vndxdt\+\/ /¢ (UF) va Vi dazdt|

—H%/ /U*ndxdt\—i—\/ /qu+ Uy )ndaxdt|

= Sl +SQ+83+S4, Z = 1,...,m. (4335)
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We proceed to bound each of the terms 5*1, e Sy. We shall use throughout the rest

of this section test functions n such that
n € L*(0,T; H'(Q)).

We begin by considering ;. We the Holder’s inequality and (4.2.7) to arrive for all
n € L*(0,T; H(Q2)),

T T
0 Q 0

< Dill U || 20,0 o 1l 2 0,101 9y < Clinll 2 omm @) (4.3.36)

Next, we consider term S,. We observe using the Holder’s inequality, (4.2.30) and
(4.2.29) that

T m T m
So=| [ [ own Yo vUp - vydadt < [ 1ol Y IVU; 1IValdr

T m
< [ 1071 Y- 1907 1 vlat
< U @) D 10 2o @Il zorme) < Clnllzomm ey (4.3.37)
j=1
We are ready to consider S;. Employing the Hélder’s inequality, (4.2.7), (4.2.29)
and the embedding result L>°(Q7) < L?(Qr) yields

T
So=li [ [ UFndadt) <307 iz nllan < Clallin.  (4339)
0 Q

Now, we consider term Sy We employ, the Holder’s inequality, (4.2.29) to see for
all n € L*(0,T; Wh>=(Q)) that

T m T m
Si=1 [ [ oW Yoo mdadt| < [ o)l Y Io@) I Il ¢
0 JQ ) 0 )
T m
< [ 10 e 15 W il
0 =
<NUH @) D NU; ez Inllz2r) < Cllnllzzar. (4.3.39)
j=1
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Upon substituting the bounds on the terms Sy to Sy into (4.3.35), with n € L*(0, T; W (Q)),
and noting the embedding results L*(0,T; H'(Q)) — L?*(Qr), we deduce from
(4.3.35) that

T .
’ 8t 'r}d:l:dt] S C”TIHL2(O,T;H1(Q))7 1 = 1, s, . (4340)
0 Q

Thus, we deduce that

2

<C. i=1,..,m. (4.3.41)
L2(0,T3(HY(@)))

=

4.4 Passage to the limit M — oo

We note that we have had to assume that U; is in L>°(Qr), but as this is an arti-
ficial assumption, in the following theorem, we exclude any convergence properties

associated with this assumption.

Theorem 4.4.1 Suppose that At = o(M™!), then, there exists a subsequence
of {U*,i = 1,...,m}py>1 (denoted by the same sequence), and functions {u;,i =

1,...,m} such that
u; € L*(0,T; H(Q)) N L>(0,T; L*(Q)) N L*(0,T; L¥(Q)), (4.4.42)

with u;(x,t) > 0,7 = 1,...,m almost everywhere. Moreover, it holds as M — oo

(and thereby At — 07), that fori =1,...,m

U, UF =, in L*(0,T; H'()), (4.4.43)
U, UF =%, in L>(0,T; L*(Q)), (4.4.44)
8UZ ﬁuz . 2 1 ’
- ; 4.4.4
5 g LT (H(Q)), (4.4.45)
U, UF — uy, in L*(0,T; L*()), (4.4.46)
H(UF) — u; in L*(0,T; L*(Q)), (4.4.47)

for any
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)
[2,00] ifd=1,

s€4Q[2,00) ifd=2,

2,6] ifd=3.
\
The function {u;,i = 1,...,m} is a global weak solution to problem (P) in the sense

that

T auZ m
/O [(Wﬂ?)m(m + Di(Vuy, V) + (u; Z Vu;, Vn)ldt
j=1

T m
:/ [(viws — w; Y _ugm)ldt,  Vne L(0,T;H'Y(Q)), i=1,..,m. (4.4.48)
0 =1

Proof: On recalling the weak* compactness of bounded balls in the Banach s-
pace L>°(0,T; L*(Q2)) and noting the first bound on (4.2.30), upon three successive
extractions of subsequences, we deduce the existence of an unbounded index set
M C (1, 00) such that each of the three sequences {U;, U} converges to its respec-
tive weak* limit in L>(0,T; L*(Q2)) as M — oo with M € M. Thanks to (3.3.35),
(3.3.36) and (3.3.37)

T 1 T 1
0 0

where the last inequality is a consequence of the second bound in (4.2.30). On
passing to the limit At — 0 and using (4.2.30) we thus deduce that the weak*
limits of the sequences {U;, U} coincide. We label this common limit by wu;; by
construction then, u; € L>*(0,T; L*(€2)). Thus we have shown (4.4.44).

Upon further successive extraction of subsequences from {U;, U"}, and noting
the third bound on (4.2.30), the limits (4.4.43) follow directly from the weak com-
pactness of bounded balls in the Hilbert spaces L*(0,T; H'(2)) and the uniqueness
of limits of sequences in the weak topology of L*(0,T; H'(2)). Thus, the result
(4.4.43) holds.

Next, since {21}, € L*(0,T, (H'())') and L*(0,T, (H(2))) are reflexive Ba-
nach spaces then according to the weak compactness theorem, there exist a sub-

sequences {2}y, € L2(0,T, (H'(2))') and a functions 77 € L*(0,T, (H*(R2))’) such

July 2, 2015



4.4. Passage to the limit M — oo 70

that

Tisi i POT(H'©Q))

A well known argument can be easily adapted to show that 77 = 24 (see Robin-

ot
son [84], page 204). Thus, the result (4.4.45) holds.

From an application of the Lions-Aubin theorem, see (2.1.6), on noting the fol-

lowing embedding results
H'(Q) = L(Q) = (H' (),

which hold from the Rellich-Kondrachov theorem under the stated choice of s, we

find that

dn

W,={n:ne LQ(O,T;Hl(Q)),E

e L*(0,T; (H'(Q))'} < L*(0,T; L*(Q)).

As U; € L*(0,T; HY(Q)) and 2 € L*(0,T; (H'(Q)), thus, U; € W,, then we can
extract a subsequence, still denoted wu;, such that the convergence result (4.4.46)
holds.

Next from the Lipschitz continuity of ¢, we obtain for any s < oo that
16(U;7) — will 20505 (2)) < s — o(ws) || 203200y + 10(w) — S(UH) 20,7322

< ui = @)l 2013509 + Cllws — U [l 20,0 () (4.4.50)

The first term on the right-hand side of (4.4.50) converges to zero as M — oo on
noting that ¢(u;) converges to u; almost everywhere on €2 x [0,7] and applying
Lebesgues dominated convergence theorem, see Appendix A.1.20. The second term
converges to 0 on noting (4.4.46). That yields the desired result (4.4.47).

For any n € L>®(0,T;WhH*(Q)), we set Y = n as a test function in (3.3.64)

yielding
T aUZ m
| UG+ DUTUE ) + (60 Y VU Ve
j=1
T m
:/0 (U = 9SS ) mldt, i =1,.im. (4.4.51)

Jj=1
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We shall now study the convergence of each term in (4.4.51) separately. Passing to
the limit on the first term in (4.4.51) is easy. Using (4.4.45) we immediately have
that

T T
oU; ou; .
ndzrdt = 1oy dt — — 1oy dt =1,..,m
/Ov < ot 77>H () /0v < ot /’7>H () ) ? y eeey Iy

(4.4.52)
as M — oo (and At — 04), for n € L*(0,T; W1*°(Q)), as required.
The second term in (4.4.51) is dealt with as follows:
D; / /VU*Vndxdt%D / /VuZVndxdt (4.4.53)

The third term in (4.4.51) will be dealt with by decomposing it into two further
terms, the first of which tends to 0, while the second converges to the expected

limiting value. We proceed as follows:

T m
/ /¢(Ui+)z VU;r -Vndxdt
0o Jo =
T m T m
=/ /(cb(U?)—ui)Z VUj-Vndde/ /uz VU - Vndz dt
0 Q =1 0 Q =

= Vi + Vs (4.4.54)

We shall show that V; converges to 0 and that V5 converges to the expected limit.

T m
Vil s/ /|¢<Ur>—ui|2 VU] [Valddt
o Jao o

< ¢ = will 2y D U 20,221y Il oo 0 mowr oo @ d  d t.
j=1

The second term is bounded by (4.4.43). The norm of the difference of the bound
on V] is known to converge to 0 as M — oo (and At — 0,), on noting (4.4.47) and
the embedding result L?*(0,T; L*(Q)) < L?(Q7). This then implies that the term
V1 converges to 0 as M — oo (and At — 04).

Concerning the term V5, we have that

T m T m
vgz/ /uz VUj*-Vnda:dt—>/ /uz Vu; - Vndzdt, i=1,..,m,
o Jo o I 0 Ja i

(4.4.55)
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as M — oo (and At — 0,).

The fourth term in (4.4.51) is easily shown to converge to following limit:

T T
'yi/ /U;rndxdt—)'yi/ /umdmdt, 1=1,....,m. (4.4.56)
o Ja 0o Ja

Next, the last term in (4.4.51) can be divided into two part as follows

[ owny S owrmdar

Jj=1

m

= [ [ 0w - w s iz

j=1

T m
—/ / Y U dzdt = Vi + Vi (4.4.57)
o Jo o

With the aid of the Holder’s inequality, we have
T m
Wl =1 [ [ @) =) > o mdad
0 1

T m
+\ _ .. -
< / / (U uA;rqb(Uj ) lnlddt

<6 = will 2 > 11U 2@ il @r)-

j=1
Thus, we deduce that term V3 converges to 0 as M — oo (and At — 0,) on noting
the embedding L?(0,T; L*(Q)) — L*(Qr) and L>(0,T; Wh>*(Q)) < L>*(Qr) . Tt
is clear that the second part converge to the expected limit. This ends the proof of

the theorem.
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Chapter 5

The population model: Numerical

experiments

In this chapter we shall perform numerical experiments in one and two space di-
mensions which verify the theoretical results derived above and to show the growth
behaviour of the solutions. All simulations were run by programs written in the
Matlab programming language. In Section 5.1 we present a practical algorithm for
computing the numerical solution. We then introduce the numerical experiments in
one and two space dimensions in Sections 5.1.1 and 5.1.2, respectively. In Section
5.2.1 we discuss computational results of the fully-discrete scheme in one space di-
mension. Finally, the results of two dimensional simulations are presented in Section

5.2.2.

5.1 The population model: Numerical experiments

We first introduce the following practical algorithm to solve the nonlinear algebraic
system arising from the approximate problem (P}7) at each time level:

(P?f;k): Given {U;" 00 =1,...,m} e S"x ..x 8" for k> 1 find {Uznsk,' =
1,...,m} € S x ... x S" such that for all y € S"

UTLk_Un 1

j6’

73



5.1. The population model: Numerical experiments 74

= (WU = o (U Zgzﬁg oY), 0" i=1,..,m. (5.1.1)

We start with U, = n"u and we set, for n > 1, U:{_;O = U[f;l. We can write (5.1.1)
as a system of m x (J + 1)% d = 1,2,3 linear equations, simply by testing (5.1.1)
with ¢;,7 = 0, ..., J. For our numerical results, we set TOL = 10~% and adopt the

stopping criteria

U7 = U7 oo < TOL, (5.1.2)

i.e. for k satisfying (5.1.2) we set U], = Ulnek,z' =1,.
Programs were written in Matlab. The resulting linear systems were solved
directly with sparse matrix facilities in Matlab. Although, we have been unable

to prove convergence of U™ i = 1,...,m to Ui = 1,..m for n fixed, good

1, ) 1,€7
convergence properties have been observed in practise. We found that the iterative
method always converged well (only a few steps were required to fulfill the stopping

criteria at each time level).

5.1.1 One-dimensional simulations

Numerical simulations in one space dimension were performed with 2 = [0, L], for
0 <t¢ < T with mesh points z; = jh, j =0,...,J where h = L/J. In all simulations
we take J = 200. Thus, the equation is posed on the interval Q = [0, L] = [0, 2]
with At = 0.001 and h = 0.01. We consider the initial boundary conditions:

uy(z,0) = 0.2—0.1cos(2mz), wus(x,0) = 0.3—0.3cos(27x), wus(z,0) = 0.5—0.5cos(2mx).
(5.1.3)

5.1.2 Two-dimensional simulations

We take © = [0, L]? and a square uniform mesh with vertices (z;,y;) = (ih, jh),
where ¢,5 =0, ..., J (see Figure 5.1). Note h = L/J, i.e., we used the same space step
in both the x and y directions. We employ a 'right-angled’ triangulation where each
square is bisected by a diagonal running from the top-right corner to the bottom-

left corner. Nodes are ordered in the 'natural way’, that is, we number the nodes
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consecutively left to right starting with the bottom row. We implemented the fully-
discrete finite element approximation, except now we have m x (J+1)? unknowns and
the resulting linear system has a block matrix structure. As in the one dimensional
case, the linear system is strictly diagonally dominant for At sufficiently small and

so no partial pivoting is required. We consider the initial boundary conditions:
ui(x,y,0) = 0.5+ 0.25 cos(2nmz) + 0.25 cos(2nmy),

ug(z,y,0) = 0.5 — 0.25 cos(2nmz) — 0.25 cos(2nmy). (5.1.4)

Figure 5.1: Right-angled uniform mesh for two dimensional simulations.

5.2 Numerical results

5.2.1 One-dimensional experiments

Firstly, we considered the dynamics of three interacting cell populations in one
dimensional space. We choose the parameters such that D = Dy = Dy = D3 =1
and M = 10. To discuss how the parameters could reflect a competitive advantage

of certain cell populations over the others, firstly we performed the experiment for
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v1 = Y2 = 73 = 1 then secondly we select 74 = 1,7 = 2 and 73 = 4. At several
times, the results of numerical solution of (ngj) are plotted in Figure 5.2 and 5.3.
We selected these times carefully to show the evolution of the interacting cells as
t increases. We see that the solution arrives to a steady state for sufficiently large
time. For v = 79 = 73 = 1, the cells evolve to form a homogeneous distribution,
see Figure 5.2. The same behaviour is observed when 73 = 1,7, = 2 and 3 = 4,
but with a distinct advantage of the ug cells, see Figure 5.3.

Next, we repeated the same experiment but for D = Dy = Dy = D3 = 100.
In general, the behaviour was very similar, however, we arrive to the stationary
solutions earlier than the case D = 1 for both 73 = 1,7 = 2 and 73 = 4 and
Y1 = Y2 = 73 = 1 see Figure 5.4.

In the previous experiments each population moves down its own gradient as
claimed in [79]. Also, we observed that due to the large diffusivity in the case
D = Dy = Dy = D3 = 100, the movement to the direction of lower concentrations
is faster than the case when D = D; = Dy = D5y = 1.

In all our previous experiments, the computed solution did not exceed the value
M. Also, we repeated the above experiments for different values of M > 10 and
obtained the same results. The question is: How we can choose a suitable value
of M which leads to an accurate numerical solution to (P) a priori? Firstly, we
can initially start with a value M which satisfies max; [|U7.|| < M then we use the
following criterion in the solver: For fixed n and k, if max; HUZ"EkH > M then set
M = max; [|U}’ || and recompute {u; "Fym . This approach was used successfully
throughout.

We note that the steady-state solution of (P) in space and time, denoted by

{uy.¢,u2c,u3 .}, is determined by the following equations
Ul,c(’h — U — U2 — u3,c) = 07

Uge(Y2 — Upe — Uge — Uge) = 0,
ug (3 — Ur,e — Uge — Us,.) = 0.

For 71 < 72 < 73, the u; and wuy cells will vanish in (P) due to the advantage of the

ug cells, Therefore, the expected steady state solutions will be u; . = 0, ug . = 0 and
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us. = 73 . In the case of 7, = v, = 73, we clearly have either u; . = us, = ug, =0
or U+ Uge + Use = V1 = Y2 = 73, and this has been satisfied by all numerical
steady-state solutions in our experiments.

The rapid change of the solutions in Figure 5.5 is a point of interest. As an
attempt to investigate whether such behaviour is due to the existence of a sin-
gularity when D = 0, we have repeated the experiment in Figure 5.5 for D =
0.5, 0.2, 0.1, 0.01, 0.001 and 0 with a finer mesh (we took h = 0.005). The solutions
at t = 2 for Uy ., Us. and Us are plotted in Figure 5.5 (a), (b) and (c), respectively.
As D decreases to zero, the solutions change rapidly at x = 0, 0.5, 1, 1.5 and 2.
The solutions appear to be continuous but we expect there will be limited regularity
when D = 0, i.e. u; ¢ C%'. We also note that the solutions behave smoothly outside
the small neighborhoods of x = 0, 0.5, 1, 1.5 and 2. It may be possible in future
work to investigate the behaviour of the solution around points of rapid change by

performing small-parameter expansions(see the techniques used in [25]).

5.2.2 Two-dimensional experiment

In the second experiment, we considered the dynamics of two interacting cell pop-
ulations in two-dimensional space. Due to the lack of an exact solution for the
cross-diffusion equations, we compute errors in different norms using a numerical
solution on a fine mesh as reference. To measure errors between such a reference

solution z,.y and an approximate solution z, at time t,,, we will use normalized

LP-errors:
Zrer — Zp

n:“ ref hHP7 p:1727007

g (o
where

lzres = 2illoo = max |z pi; — 240,
i § I J o J ) . 1
H’Zref - Zth = (J + 1)2 Z Z |Zref,i,j - ’Zh,i,j| , D= 1, 2.
i=0 j=0

Here 2z, ; stands for the projection of the reference solution onto the point 4, j.

Note that we don’t use the exact norms in these computation as they can be difficult

to calculate so instead use these approximate measures.
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Figure 5.2: Numerical solutions of (P&f‘;) in one dimension plotted at several times. The
initial data are uj(x,0) = 0.2 — 0.1 cos(2nz), uz(x,0) = 0.3 — 0.3 cos(2wz) and uz(z,0) =
0.5 — 0.5cos(2mx). The parameter values are: D =1, M = 10, 73 = 72 = 73 = 1. The
solid, dash, dot lines represent w;, wug, us, respectively. (a) t = 0.1, (b) t = 0.2, (c)
t=05, (d)t=1, (e)t=4.
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Figure 5.3: Numerical solutions of (P]}\l/[f‘st) in one dimension plotted at several times. The
initial data are uq(x,0) = 0.2 — 0.1 cos(27z), uz(x,0) = 0.3 — 0.3 cos(2wz) and uz(z,0) =
0.5 — 0.5 cos(2mz). The parameter values are: D =1, M =10, y; =1, 79 = 2 and 3 = 4.
The solid, dash, dot lines represent u;, wug, us, respectively. (a) t = 0.1, (b) t = 0.2,
(c)t=03, (d)t=0.5, (e)t=1, (f)t=4.
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Figure 5.4: Numerical solutions of (Pf\%‘et) in one dimension plotted at several times. The
initial data are uj(x,0) = 0.2 — 0.1 cos(2nz), uz(x,0) = 0.3 — 0.3 cos(2wz) and uz(z,0) =
0.5 — 0.5cos(2mx). The parameter values are: D = 100, M = 10, 73 = 1, 72 = 2 and
v3 =4 in (a), (b), (c) and (d) while 73 = v2 =3 =1 in (e) and (f). The solid, dash, dot
lines represent uy, us, us, respectively. (a) t =0.1, (b)t=0.5, (c)t=1, (d)t=4,
() t=01, (f)t=4.
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Figure 5.5: Numerical solutions of (P&f) in one dimension plotted at time ¢ = 2. The
initial data are uj(z,0) = 0.2 — 0.1 cos(27x), uz(x,0) = 0.3 — 0.3 cos(27z) and us(z,0) =
0.5 — 0.5cos(2mz). The solutions are plotted for different parameter values of D with

M=10,v1=1,v9=2and y3 =4. (a) u1, (b)uz, (c) us.
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The numerical test corresponds to the two dimensional cross-diffusion model
endowed with zero-flux boundary conditions. The spatial domain is Q = [0, L]?
and to perform the numerical simulations we adopt a set of parameters as follows:
At =0.000002, L =0.5,n=2,D =Dy =Dy =0.1, 3y =7 =1 and h = 0.02,0.01
and 0.005. We computed the reference solution z,.s with h = 0.005, then we compare
this solution with the approximated solutions at ~h = 0.02 and A = 0.01. The
corresponding error results for this example is given in Figure 5.6. This figure
shows that the errors in the numerical solutions decrease roughly as the space-steps
are decreased. Also, we notice from Figure 5.6 that the error in the approximate
solutions increases with increasing the time.

Next, we solve our problem in two dimensions with the following selections:
At =0.00001, L=1,n=1,D;=1=Dy=1,v =7, =1 and h = 0.01. In order
to display the numerical results clearly, the solutions are plotted in Figures 5.7 and
5.8. A comparison of the species’ behaviour can be analyzed from Figure 5.9, where
we display profiles of the numerical solutions at time ¢t = 0.2,0.4,0.6,1 and 2 in a

one dimensional slice of the domain, namely the level y = 0.5.
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Figure 5.6: Errors for u; in different norms versus the simulated time for different the

mesh size h (a) L'-norm, (b) L?-norm, (c) L*-norm.
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Figure 5.7: Model with cross-diffusion: Spread of a population for species u; at times (a)

t=0.2,(b) t =04, (c)t =06, () t=1, (e) t = 2.
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Figure 5.8: Model with cross-diffusion: Spread of a population for species us at times (a)

t=0.2,(b) t =04, (c)t =06, () t=1, (e) t = 2.
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Chapter 6

Fully discrete approximation for a
cross-diffusion tumor-growth

model

In this chapter we discretise the cross-diffusion Tumor-growth model in space using
a finite element method and discretise in time using finite differences. In Section 6.1,
we present a fully discrete finite element approximation of problem (). In Section
6.2 we prove the existence and uniqueness of the fully discrete approximations, while

in Section 6.3 some stability estimates are proved.

6.1 A fully discrete approximation

The corresponding fully discrete regularized version of the problem (W) is:

(W2 For n > 1 find {C2, MZ} € S" x S" such that for all x € S"

Cg _ Cgil n n n n
(T,X)h—i—(DHVCE +DH,VME, V)

= (—7¢5(C:) ¢e(6271 + Mgil - 1) - 5(/55(62)7X)h7
g (6.1.1)
(e ) (D VEr+ DT M, V)

= _(O@s(cg_l) P(M?) ¢6(C§_1 + M?_l - 1>>X)ha
(6.1.2)
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where

DYV FLC) -V FL(1-C2=M2)) = [ 7(2(1-0.(€2) - 5062(M)) do VT

T

1 h 2¢8(C?)(]‘ _ (bs(cg)) B 59(1 B ¢E(M?) B ¢€(1 — Cg_l — M?_l))(bg(M?)
w2 [ 0-(1—Cr = Mz) "
X (VC" + VM), (6.1.3)
_2

Dip[Va"F/(Cl) = Va" FI(1=Cl = M) = =— [ 7"(¢-(M2)(1+60¢.(CL))) dx VC!

T

28 /Wh((l — ¢ (M2) — ¢ (1 = CI71 = M271))p (M) (1 + 06(CL))
T/, ¢e(1 = Co7t = Mz

< (VC" + VM™), (6.1.4)

)dx

Dy [Vr" F{(MZ) = Va" F/(1 = CI — M?)]

— - [ #2002 + 5801 - 6. (MD)0(MD)) do VM2

T

_|_l /Wh(_2¢a(cg)(1 — ¢E(Cg) — ¢5(1 — Cg_l - M?_I» + 69(1 — ¢E(M?))¢3(M?)
] b(1—Cr 1= M)

-
< (VC + VMP), (6.1.5)

)dx

and

D[V FU(M) V" Fl(1-¢r - mp)] = 2 Ja-o.m . de v

26 h Qbé‘(M?)(l _Cba(M?))(l”‘egba(Cg))
+7/T”< 21— Comt = Mo

subject to the initial conditions

) dz (VC"+VM?),  (6.1.6)

C? =" or P', CY=7"m® or P'm° in Q. (6.1.7)

In the above equations, the regularized functions ¢. and F., and the parameter ¢
have been defined in Chapter 2. Here, the functions on the right hand side of (6.1.1)-
(6.1.2) are considered to be appropriate to control the nonlinearity and obtain the
intended entropy results. In the following lemma we derive the entropy inequality
for the regularized problem (W}2") which will provide us with some uniform bounds

on the regularized solutions {C*, M"} € S" x S".
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6.1. A fully discrete approximation 89

Lemma 6.1.1 Let {C"', M"1} € S" x S" be given for some n = 1,..., N. Then
for all e € (0,e71), for all A > 0 such that

At <

l\')l»—t

there exists a solution {C*, M} € S" x S" to the n-th step of (W;}ét) such that

[1—2At]E(C?,M")+K9AtIC”I1+K9AtW"I1+ \C”!h+ IM”!h+ G- ME

< B(C2T METY) + AOG, v, a8, M, Q) + o G + IMETE | (6.18)

where E(C, M?) = (F.(C!) 4+ F.(MZ)+ F.(1 —Cg —M?), 1), and Ky is a constant
depending on #, f and M.

Proof: Choosing y = Atr"F/(C") — Atr"F/(1 — C — M?™) as a test function in
(6.1.1) and y = Atx"F/(M?) — Ata"F/(1 — C* — M7) as a test function in (6.1.2)

yields,
(Cr —crt ah FU(Cl) — " F(1 = CI = MD))"
+(D,VC" + DL,V M? At T E(C) — AtVAF/(1 - C" — M™))
= —(79-(C) ¢ (CI7H + MZTH = 1), At FL(C) — Atn"FI(1 — CI' = M2))"
— (8¢ (C), At FL(CI))" + (69 (CL), Atx" FL(1 — CI' — M2))", (6.1.9)
and

(MZ = MEH 7" FI(ME) — 7" FL(1 = C8 — M)
+(DyVC" 4+ DY,V M™ AtV T E/(M™) — AtVT"F/ (1 — C* — M™))

= —(ag:(CI7") ¢-(M2) ¢ (CITHHMIT 1), Atr" FL(M) = At FL(1-CI = ML)
(6.1.10)
Firstly, it follows from (2.3.32) and (2.1.10) that

(Cr —Cr7 FU(C)" = (Fe(Ch) = Fu(C27h), )" + (%(CQ —CIT) F(9)"

1
> (FL(C) = Fo(CI7H), 1)" + 7lel = Cg"_l h

> (F(C) — Fe(C7h), )" + \C"!h A (6.1.11)
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Similarly,

METH,
(6.1.12)

1 1
n __ n—1 / n h> ny n—1 h i n2 _ -
(Me Me ’FE(ME)) = (FE(ME) FE(ME )71) +4M|Me|h 2M|

and

(—CE = M+ CI + ML FL(L = = MD))”

1 1
> _n_ n _‘F€ 1— n—1__ n—1 1 h, — 1—C"— ni2___— 1— n—1__ n—1 2.
—(FE(l Cs Ms) ( Cs—: Mz—: )7 ) +4M| Ce M€|h 2M| Cs ME |h
(6.1.13)
Next, we are going to find a bound on the first term of right-hand side of (6.1.9). It
follows from (2.3.32), (2.1.12), Young’s inequality and (2.3.29) that

—(0(C1)d-(CI 71+ MITH = 1), A" FU(CL) — 7" Fl(1 = €I — M2))"

= —y(6-(CITHMITI=1), 6. (CL) FLCE) " +(=(C2) = (C2T T+ MET! 1), FL(1-CE=ML))"

<Y (@(CITHMIT 1), 1=C2) (9 (C2) 9 (C2 7+ METH = 1), FL(1-CE = M2))"

|~

< oo (CX2 )" +(de(CE)(CE7H + METH = 1), FL(1 = €I = MY))"

\)

5
+C (M, ,7, <)

< (E(C2), 1) +7(9=(C)e(C2 7+ METH = 1), FL(1 = C2 = ME))" + C (M, 2,7, 19)).

(6.1.14)

To deal with the second term on the right-hand side of inequality (6.1.14), we par-

tition the interval Q2 as follows

where

Iy ={i: F((1-C = M)(z:)) = 0},

and

J-={i: F((1-C—=MI)(x)) <0},
then, we arrive
Y@ (CH)o-(CETH+ METH = 1), FI(1 = € = M2))"
=7 > Mige(Cl(w:)) (€271 + MET = 1)(a)) FL((1 = € = M2 (x2)

1€J+
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+7 Z Mu¢s xl))¢€((cn ! + Mn t— )( Z)) Fsl((l - Cg - M?)(xz))

<> Mg (C2@:))d((C2 + M2 = 1) () FL(1 — € — M2 ()
1EJ+
— 0.(C2(x))e-((Co1 + MP1 — 1)(xy))
Z; e 0c((1 = Cr = M2)(x1)

Xe((1 = C2 = MZ) (@) FL((1 = CZ = MZ)(x:))- (6.1.15)
Now, since (1 —C! — M?)(x;) > 1 then ¢.((1 —C? — M2)(x;)) > ¢-(1) = 1, then,

on noting (2.3.28), we have

Bo((C1) (2)) (€21 4 M2~ 1)) _
5((1— Cr — M)(@)) =M

Now, it follows from (2.3.32), Young’s inequality and (2.3.29), that

Y(@(Cl)pe(1 = CI7H = MZTH), Fl(1 = C2 = M))"

<MY Migo(1 = C2 = M2) (@) FL((1 = €2 = M) ()

IS
<MY My(1 - [(1— €2 — M2)(x)]-)
1EJ L
< (F(1=C0 = M), 1)+ C(y, M, &, 1Q)). (6.1.16)

Finally, combining (6.1.14) and (6.1.16), we have
—(¢=(C2)p:(C2 7 + MTH = 1), 7" FU(CY) — w"F{(1 - € — MZ))"

< (F.(C™), )" + (Fe(1 = C" — M™), )" + C(v, M, ¢,]Q]). (6.1.17)

Now to bound the terms in right-hand side of (6.1.10), we can use a similar technique
which was used in bounding the second term in the right-hand side of (6.1.14), and
noting (2.3.28), (2.3.31), (2.3.32), (2.1.12), Young’s inequality and (2.3.29), to obtain

—a(@=(C NP (M) (C27H + M2 = 1), " F{(M?) — 7" FL(1 = CI' = MD))"
_a(¢s(cg_1)¢a(cg_l + M?_l — 1), (M) Wth/(M?»h
+a(g(MD)g=(CE N (ClH + M2ZTE = 1), " FI(1 = I = MT))"

< (F.( M), )"+ (F.(1 = C" — M™), )" + C(a, M, ¢,|9]). (6.1.18)
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The second term in the right-hand side of (6.1.9) can be easily bound as follows:

1

5o (C22,1)" + C(5,19], )

—0(pe(Cl), T FLC))" < o(1—C )" <
< (FL(CD), )" +C(6,19],¢). (6.1.19)

To deal with the third term in the right-hand side of (6.1.9), we use similar technique
which was used in bounding the second term in the right-hand side of (6.1.14).

Firstly, we divide the interval {2 as before, then we obtain
3(pe(CL), " FL(1 = CL = M2))"

=03 Muoo(C2 () FL(1 — € = M2 ()

1€+
40 3 Mo (2@ (1= €2 = M2) (w2)
< Z M;ie(C2 () FL((1 = C — MZ) ()

6:(C2 (1) O — MY (L= € — Mo,
=03 Mg i~ gy & MO EDF — €2 = M)

(6.1.20)
Now, since ¢.((1 — C — M?Z)(x;)) > 1 on J4 and ¢-(s) < M, Vs, we have

6.((C) ()
(@ —cr— Moy =

Finally, using (2.3.32), we have

d(e=(C2), " FL(1 — €2 = MZ))"

< M6~ Migo((1 = CF = MZ)(w) ) FL(1 = € = MZ)(x2)

1EJ+
<Y MuF((1-Cr = MD)(2) + C(8, M)
1€EJ L
< (F.(1—C — M2), 1)+ C(8, M). (6.1.21)
Combining (6.1.9), (6.1.11), (6.1.17), (6.1.19) and (6.1.21), gives
1
(1= 2A8)(FL(CH),1)" = 2AH(F.(1 = C = MZ),1)" + m\cﬁli

—(Cr —CMY At F (1 - €t — M) + (D, VC + DIV M, AtV F(C)
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—AtVT"F/(1 = C = M?)) < (F.(C27h), 1) + —|C" Ui+ ALC(M, v, 0,¢,(9)).
(6.1.22)
Combining (6.1.10), (6.1.12) and (6.1.18) gives

(1= AO(FME), 1) = A(E(1 = € = M2, 1)+ oML

— (M = MO AN E (1= € — M™) + (DB VC™ + DIV M, AtV F/(M™)

AV~ €~ M) < Ro(MI), 1) o M+ ARG, a2, [9).
(6.1.23)
Now, by adding (6.1.22) and (6.1.23) and noting (6.1.13), we have

[ — 2AE(C, MP) + (D}, VCE + DLV ME, AtVTFL(CE)
CAEVIME!(1 = € — M™)) + (DB VC + DLV M®, AtV F (M™)
_ hpti1 _ pon n I Vel P i n|2 T 1 n|2
AtV Fs(l Ca Ms))+4M|Ce|h+4M|Me|h+4M|]‘ Ce Me|h

BCr MY + ICP Y2+ |IMPTL2 | 4 ALC (0,7, o, M, e, Q). (6.1.24)

2M
Next, we can simplify the second and the third terms in (6.1.24) as follows

(DL NVC" 4+ DL M NI EN(CM) — VA F (1 - ¢ — M™))
+(Dy,VC" + DL,V M? NaF/(M™) — Va"F/(1 - C* — M™))
-3 - [ [ #rea - oden) - o) d ver o

1 2¢a C? — gbe(cg)) — 69(1 B ¢8(M?) — ¢8(1 — Cgil — Mgil))gbg(M?)

xdx (|[VCI|* +VC! - VM?) dx

S [ [ ooieny ar verom

26 — ¢ (M) — ¢ (1 = CI71 = M2T1)) g (MD)(1 + 0. (CT)))
T [)E G- /

x d (|[VMZ]? +VC - VM?) da'

+Z / / —26:(C2) + BO(1 — 6-(MD))p-(M2)) da VCIVM?
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—2¢s J(1 = ¢ (Cl) = ¢(1 = CI71 = MP1)) + BO(1 — (M) p2(M?)
+Z:[[ 61— Cot— Mz 1) )

x dz (|[VC'[* +VvCr - VM?) da’

+Z¥ / / (1~ 6 (MD) (L1 80,(C7)) dar [VM[? da

25 ¢g (M) (1 = ¢ (M™)(1 + 0¢.(C™)) S
+Z // ¢€ (1—Crt — Mo-1) ) dz ([VMZP4+VCE-VY ML) dx

- / 2IVC P + BO6- (M) VC - TM + 28(1 + 06,(C7) |V M?[2)da
Q

2
/Q (2= B M)V 4 2500.(C2) T M)

> /((2 — %QQMZ)NC?P + 2800 (C2) |V MZ|*)dz. (6.1.25)
Q

It is clear that the last integral is nonnegative if # < 4/M+/B. This result can be
strengthened: If 0 < 6 < 4/M+/B, then we have

JICE B A)VCR + 2380,(C2) T M2 P
Q

> K(,/(|vcg|2+ VM) da (6.1.26)
Q

where Ky = min{2 — %GzMQ,QﬁH}. Combining (6.1.24), (6.1.25) and (6.1.26) then

we arrive at the required result. O

6.2 Existence of the approximations

In this section we establish existence of a solution to the problem (W},4") by adapting
a similar approach applied in [8] to prove existence of a finite element approximation
of a cross diffusion equation. The approach relies on constructing a contradiction
to the Schauder fixed point theorem (see Appendix A.1.1).

In order to prove the existence of a solution {C, M”},n > 1, of the system
(6.1.1) and (6.1.2) for given {C*~* M"~'} it is convenient to define the functions
A, Shx S" — S" and A,, : S* x S — S such that for all y € S”

(AC(C, M), X)h = (C - C?il, X)h + At(DHVC + D12VM, VX)

+AHY9(C) ¢-(C2H+ METH = 1) 4+ 5¢.(C), x)", (6.2.27)
July 2, 2015



6.2. Existence of the approximations 95

(Am(c7 M)7 X)h - (M - M?_la X)h + At(DQIVC + DQQVM7 VX)
+AH g (CI71) ¢o(M) ¢-(C7H+ MITH = 1), )", (6.2.28)
respectively. Therefore, from (6.2.27) and (6.2.28) we have that (6.1.1) and (6.1.2)

at the n — th step is equivalent to the problem:
For n > 1 find {C*, M"} € S" x S" such that for all y € S”

(A.(C, M), )" =0, (A (C, M), )" =0. (6.2.29)

Before we prove existence of the approximate solutions, in the following subsection,
we provide some lemmata which will be important in the analysis of the approxi-
mation problem (W} 2"). Firstly, we shall prove that A.(C, M) and A,,(C, M) are
well defined, then we note that the continuous piecewise linear functions A.(C, M)

and A,,(C, M) can be defined uniquely in terms of their values at the nodal points
Nt

Lemma 6.2.1 The definitions of Dy, ..., Dyy are well defined. Moreover,
Vr"F!/(C) — Va"F/(1 - C — M) = F/(¢)VC + F/(¢5™)(VC + VM),
VaF/(M) = Va"F/(1 —C — M) = F'(€™)VM + F'(£5™)(VC + VM).
Proof: Firstly, by using the mean value theorem, we can derive

Vr"F!/(C) — Va"F/(1-C - M)

1 / / ]' ! /
= E[FE(Ci+1> — F(C)] - E[Fs(l —Ciy1 — M) — F(1 - Ci — M,)]

1 Cit1 1 1-Cit1—Mip
= E/c Fg”(s)ds—ﬁ/1 .y F!(s)ds

= FI'(§)VC + F/(™)(VC + VM), (6.2.30)
where £¢ € [C;,Ciyq] and €™ € [1 = C; — M, 1 — Cipy — My4]. Similarly, one can
show that

Vr"F/(M) = Va"F/(1 —C — M) = F'(€™")VM + F!'(£™)(VC + VM),

We work with (6.1.1) and (6.1.2), we are left with the question of whether Dy, ..., Doy

are well defined. We will now discuss how we find Dq; and the same ideas are used
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for finding D15, Doy and Dgs. For n fixed on each triangle, in the case that the
constant V" F!(C) — V" F/(1—C — M) is non-zero, DYy is easily found by division.

In the case that it is zero, we can conclude that

e If VC = 0, this means that C is constant, and hence V7" F/(C) = 0 then as
V' F!(C) —Vr"F!(1—C— M) = 0, this implies that Va"F/(1-C — M) = 0,
and 1 — C — M is constant, but as C is constant, then M is constant so
V(C + M) = 0 thus both sides of (6.1.3) are equal to zero and we can choose

D7}, as desired.

e If V(C+M) = 0, this mean that 1 —C — M is constant, and hence V" F/(1 —
C—M) =0 then as Vr"F/(C) — Vr"F!/(1—C — M) = 0, and this implies that
V' F!(C) = 0, and thus C is constant, and hence VC = 0. Thus, both sides

of (6.1.3) are equal to zero and we can choose D7, as desired.

o If VC # 0 and V(C + M) # 0. In this case, it is clear that Va"F/(C) # 0 and
V' F!(1 —C — M) # 0. Here, we have four possibilities:

1. If VC > 0 and V(C+M) > 0, then, it is clear that Va"F/(C) - V" F/(1—
C — M) > 0, so this cannot occur.

2. If VC < 0 and V(C + M) < 0, then, similarly to the first case, we have
VrlF!(C) — V" F!/(1 — C — M) < 0, so this cannot occur.

3. If VC <0 and V(C+ M) > 0, in this case, we are unable to prove the
well-posedness of any D7;. In Chapter 7, we discuss the algorithm and
we overcome this ill-posedness by adding wD7, VC™ to the left-hand side
of (6.1.3) at points where Va"F/(C) — Vr"F!(1 — C — M) = 0, where w
is small, but retaining the same right hand side for that single iteration.

4. If VC > 0 and V(C + M) < 0, then we use a similar treatment which

has been used in 3.

Large values for w will make our experiments less accurate. Therefore, to make
the effect of w on the numerical results small, we select w = ¢ at those points

where 3 and 4 above occurs.
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|
In the next Lemma we prove some preliminary results that will be useful for
the existence proof. We investigate the continuous dependence of D}, on C" and

M™ and we temporarily drop the index n for ease of exposition. Also, we denote

Dh = DH(Cl,Ml) and D%l = Dll(CQ, MQ)

Lemma 6.2.2 Assume that V7" F/(C)—Vr"F/(1-C—M)|s > v > 0 and || D}, ||o,
| D4sllos [1DY 1o, |1 D5sllo < s, 1=1, 2, where v and ¢ are constant. Let [S"]% =
(Do) € 8% x 8% bl + b2 < B2} and {C, M}, {Cs, Mo} € [S'T3 be two
solutions of (6.1.1) and (6.1.2), then we have the following bounds

|D1,VC, — DLV Csllo < C(R, M, B,0,h e, v 9)[|C1 — Caln + |My — Ma|1],

(6.2.31)
HDiQVMI - D%QVM2“0 <C(R,M,p,0, Rt e !, V71,§)[|C1 — Calp + M1 — Maln),
(6.2.32)
HDélvcl - D§1VCQHD S C(Rv M> 67 97 h_17 5_17 V_la g)HCl - 02|h + |M1 - M2|h]7
(6.2.33)
HD;2VM1 - D§2VM2||0 <C(R,M,p,0, Rt et V_1,§)[|C1 — Colp + |IM1 — Malp)].
(6.2.34)
Proof:
We have from (2.4.54) and (2.4.46) that
|1D1,VC — D}, VCa|lo = (D1, — D3,)VCr + D3, (VC — VCa)llo

< (D}, — D3)VCillo + |1D3,(VCL — VECy)llo

< ||Diy — D3 lloe [C1lt 4 1031 ]0]C1 — Cal100
< C(h™ ") Diy — D3lo [Cily + C(h7, <) [Cr — Caln. (6.2.35)

To deal with the term Dj; — D?, and to make our proof more simple, we use Lemma

6.2.1 and suppose that
Yi(x,t) = Va"F/(C) — Va"F/(1 - C — M;), i=1,2,

vi(x,t) = %/Wh(Q(l — ¢.(C)) — BOPE(M,)) dx VC;, i=1,2,
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and

Wilx, 1) = - / o 20(C0 = 9:(C)) = BO(L — (M) — 61 = 27! = Mz™))¢2(My)

¢-(1 = Co~t — Mz—1)

.
x(VC; +VM,), i=12
then, we have

DL _ D2 _ AV e+ Wy To(thr + Wy) — Ti(thy + Wy)
11 11 T, T, T,

~ Yo —2) + (T2 — 1y) n To(Wy — o) + Up(Yy — Ty)
- Tng TlTQ ‘

Now let g; = = [ @"(2(1 — ¢.(C;)) — B0¢2(M;))dx and f; = VC;, i = 1,2, then

(6.2.36)

it follows from the definition of the function ¢ and on noting the Cauchy-Schwarz

inequality, (2.3.28), (2.4.54) and (2.4.46), that

191 = ¥allo = [ f191 — fag2llo < (| f1 = fallollgilloce + 191 — g2llocoll follo-  (6.2.37)

Using the Cauchy-Schwarz inequality, the Lipschitz continuity of ¢., (2.3.28), (2.4.54)

and (2.4.46), we can deal with term ||g1 — ¢2/0.c0 as follows:

lg1 = g2llo.co < [16(C1) = @=(Ca)lo.ce + C (B, )62 (M1) — ¢2(Mo)llo.00

< €1 = Calloe + C(M, 5, 0) | My — Moo,

< C(h_l,M,ﬂ,e)UCl—C2|h—|—|M1—M2|h}. (6238)
Substituting (6.2.38) into (6.2.37) and using the definition of R, (2.4.54) and (2.4.46)
we have that

[t — allo < C(M)|Cy — Ca|y + C(h, M, 8,0)[|C1 — Caln + My — Man]|Coly

S C(h’717 M>|Cl - CQ‘h + C<h717 M?B? (97 R) [|C1 - C2|h + |M1 - M2|h:|
< C(h™', M, 3,0, R)[|Ci — Co|p + M1 — Ma|s]. (6.2.39)
Similarly, we can deal with term Wy — Wy, using (2.3.28), (2.4.54) and (2.4.46), to
arrive at
[0y = Wallo < C(R, M, 3,0,e7)[|C1 — Cals + My — Ma|1]
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< C(R,M,B,0,h™ ', e H[|Cy — Ca|n + M1 — Maly). (6.2.40)

Finally, to deal with the term T — T4, we apply the Cauchy-Schwarz inequality and
(2.4.46), to obtain

HTQ_TlHO = “Vﬂ'hFE/(CQ)—VTFhFE/(l—CQ—MQ)—VﬂhFE/(Cl)—i—Vﬂ'hFa/(l—cl—M1>H0
< ||VA"F(Cy) — V" FL(C)lo + |VA"F/(1 — Cy — My) — Va"F/(1 — C; — My)|lo
S |V7ThF;<CQ)_V7ThFEI(CI)|h+|V7ThF€/(1_CQ_M2)_Vﬂ-hFE/<1_C1_M1)|h. (6241)

To deal with the first term on the right-hand side of (6.2.41), firstly, we note from

the definition of 7" and mean value theorem that

V" F!(Cy) — VT"F!(C))

==

= %[FE’(CQ(%H)) — FU(Co(2:))] — [F/(Cul(win1)) — FL(Ci(:))]

1 /C2($i+1) ”( \d 1 [C(@iv1) ”( \d
= — FE S S — _/ FE S S
h'Je h Je, @

1 [C2(xit1) 1 Ca(=i) Ci(ziv1)
= %/ F!(s)ds — 7 {/ F!(s)ds + / F;'(s)ds]
C C

2(z4) 1(wi) Ca(z;)
1 Ca(zs) Co(wi+1) 1 [C2(zi)
- = [/ F!(s)ds +/ Fé’(s)ds] - —/ F!(s)ds
h‘ C1($¢+1) Cg(wl) h Cl(sz)
L sk [ )
S Fesds——/ FZ(s)ds
h Ci(zig1) h Je, (z4)
1 1
= 5 [Co(zin)) — Ci(zi1)|FY(EY) — 71Cali)) = Ca ()] FZ'(€2), (6.2.42)

where ¢! is between Ci(7;,1) and Cy(z;,1) and €2 is between Ci(x;) and Cy(x;). As

a consequence of (6.2.42), on noting (2.3.28) and (2.4.46) we have
IVr"FL(Cy) — VA" F/(Cy)|n < C(h ™, e71)|Co — Culp. (6.2.43)
Next, we can use a similar technique to that employed in (6.2.43) to obtain

V" L (1—Co—My) = V" F(1-Ci—My)|n < C(h™ e ) [|Ca—Ci |+ |Ma—Mils].
(6.2.44)
Combining (6.2.41), (6.2.43) and (6.2.44), gives

172 = Yillo < C(h" e M) [|Co — Cul + [ Mz — Myls]. (6.2.45)
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To arrive to the required result (6.2.31), we combine (6.2.35)-(6.2.45). Similarly, by
applying the same techniques we arrive at (6.2.32)-(6.2.34) on noting (2.3.28) and
(2.4.46). O

Lemma 6.2.3 Let the assumptions of Lemma 6.2.2 hold. Then, for any given
R > 0, the functions A. : [S"]% — S and A,, : [S"]% — S™ are continuous,

Proof: Let {C;, M}, {Co, My} € [S"% be two solutions of (6.1.1) and (6.1.2), it
follows from (6.2.27) that for all y € S"

(Ae(Cr, My) — Ae(Cay M), )" = (C1 — Co, x)"

+At(D},VC, — D3 VCy + D1,V M, — D3,V My, V)
FAL(y ¢ (C27H+ MITH = 1)(6(Cr) — ¢:(Ca)) + 6(6=(C1) — ¢:(Ca)), )" (6.2.46)

Choosing x = A.(C1, M1) — A(Cy, Ms) in (6.2.46) yields on noting the Cauchy-
Schwarz inequality, (2.4.54), (2.4.46), (6.2.31), (6.2.32) and the Lipschitz continuity
of 6. that

|Ac(Cr, My) — A(Co, Ma)| < |C = Cali,

+C(At, h™1)||Dy,VCy, — D}, VCy + D,V My — D,V Msllg
FAH(y ¢e(C271 + METT = 1) +6)(:(C1) = 6<(C2))
< C(M, At,v,0)[C1 — Caln
+C(At, h™Y)|| Dy, VCy — D?,VCy + DI,V My — D3,V M|
< CO(M,B,0,h7 e 4,8, At R v ¢)[|CL — Coln + [My — Ma|s].  (6.2.47)
This proves the continuity of A. and the continuity of A,, follows similarly to A..
Theorem 6.2.4 Let the assumptions (A) hold, and let {C?~!, M"~ 1} € Sh x Sh
be a given solution to the (n — 1)-th step of (W;}ét) for some n = 1,..., N. Then for

all e € (0,e71), for all h > 0 and for all At such that At < %’ there exists a solution
{cr, M2} e S™ x S* to the n-th step of (WJ(L/Iét)

July 2, 2015



6.2. Existence of the approximations 101

Proof: By using a proof by contradiction argument, for a given R € R>? sufficiently
large we prove existence of at least one solution to (6.2.29). For this purpose,
we assume that for all R € R>? there does not exist {C, M} € S" x S" with
A(C, M) = A (C, M) = 0. Tt has been proved in Lemma 6.2.3 that A.(C, M) and
A (C, M) are continuous on [S"]% and hence one can define a continuous function

B : [S")% — [S"]% such that
B(C, M) = (B.(C, M), B,n(C, M)),

where B.(C, M) and B,,(C, M) are given by

B “RAC,M)
BelC M) = 173 MY, A€, M) s (6.2.48)
Bn(C, M) = —RAn(CM) (6.2.49)

|<AC(Ca M)? Am(c’ M))|Sh><5h ’

where |(+, )| gnxgn is the standard norm on S x S" defined by

| (X1, X2)|shxsh = \/ Ix117 + |xal?-

Since [S"]% is a convex and compact subset of the finite dimensional space S x S",
the Schauder fixed point theorem shows that there exists a pair {C, M} € [S"]%
such that

B(C, M) = (B.(C,M), B,,(C,M)) = (C,M).

Hence, it follows from (6.2.48) and (6.2.49) that
CI2 + | M|} = |B.(C, M)|? + |Bm(C, M)|? = R%. (6.2.50)

Choosing x = 7" F/(C) — 7" F!(1 — C — M) as a test function in (6.2.27) and y =
7" F/(M) —7"F!(1—C— M) as a test function in (6.2.28) yields, on noting (2.4.45),
that

(Ae(C, M), FL(C) = F(1 = C = M))" = (C—CI7" F/(C) — F[(1-C - M))"

+(D},VC + DI VM, AtVF!(C) — AtVF!(1 — C — M))

+(=7¢-(C) d(CH + M —1) = 5¢.(C), ALF/(C) — AtF! (1 —C — M))", (6.2.51)
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and

(M = ML E(M) = F(1-C— M)
= (D3, Ve + DLV M, AtVFE/(M) — AtVE!(1 —C — M))
H(—ad (C*Y) (M) ¢ (CPHHMETE1), ALE (M) —ALF! (1-C—M))". (6.2.52)

Here, we can use the similar technique which is used to prove the entropy inequality

(see (6.1.25)) to arrive to the following inequality:
(Ac(ca M)> Fa/(c) - Fa/(l -C- M))h + (Am<ca M)7 FEI(M) o Fe/(l —C- M))h

1 1
> (1—2At)(FE(C)+FE(M)+F5(1—C—M))+K9At|cﬁ+AtKg\M]§+m\C|i+m|/\/l!i

1 2 -1 -1 i -1 -1
Il kY < _ n n > _ n n
+4M|1 C—M|, —CC M) i cier M) >0 (6.2.53)
On noting that {C, M} is fixed point of the function B, (6.2.48), (6.2.49) and (6.2.53)

we obtain for R sufficiently large that
(C,FIC) = FI(1 = C = M))" + (M, F((M) = F/(1 - C — M))"

= (B:(C, M), F/(C) = F{(1 = C = M))" + (Bp(C, M), F{(M) = F/(1 - C = M))"

_ —RI(AC, M), FI(C) = FI(1 = C = M)) + (An(C, M), FI(M) = FI(1 - C = M))|

< 0.
|(AC<Cv M)? Am(c7 M))|Sh><5h

(6.2.54)
Once again, it follows from (2.3.33) and (2.3.28) that

(€, FI(C) — FI(1—C — M))" > (F(C) ~ Fo(0)" + 5 IClR — (€, FI(1 — €~ M),
(6.2.55)
(M, (M)~ Fi(1-C— M) > (F(M) = Fo(0))"+ 5 | M — (M, F(1-C—M))"
(6.2.56)
On the contrary, combining (6.2.55) and (6.2.56) yields on noting the non-negativity
of F.(s) that

(C,F(C) = FI(1 = C = M))" + (M, F/(M) = F{(1 - C = M))"

L 2 _ (9 _ _ 1 _ h
> R = (2= 9|0 = (€ + M, FU(1-C = M)

zﬁpﬁ—(2—g)|m+(1_c—M—1,F;(1_c—M))h
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1 1
> _ - p2_(9_ o . ot 2
> 2MR 2—e)Q+ (F.(1-C—-M)—F.(1),1)" + 2M|C + M3,

1
> R~ (2-¢)|0 2.
2 ot — 29 >0, (6.2.57)

which will be positive for R sufficiently large. Therefore, this is a contradiction
and so guarantees the existence of {C, M"} € S" x S" satisfying A.(C, MZ) =
A (CPy MP) = 0. Equivalently, we have existence of a solution, which is {C, M2},
to the n-th step of (W;}ét) O

6.3 Stability bounds

In this section we derive stability estimates for the regularized approximations

{C2, M?} under the assumptions of Theorem 6.2.4.

Lemma 6.3.1 let {°,m°} € L>(Q) with ®,m® > 0 for a.e. z € Q. Let either
C0 = P'® and M? = P'm®% or C0 = 7"c® and M = 7'mP if O, m® € C(Q).
Then for all € € (0,e71), for all h > 0 and for all At such that At < %, for some
0 € (0,1) and Kjy, the problem (Wg}ét) possesses a solution {C*, M}, n=1,..,N

satisfying

max [(FE(C?HFE(M?), D" +e7 |t [C2]-[I5 +e 7 I [ME- IR+ IC2 15 + MR

N
+ [AtHCSH%AtHM?II% IC2N1G 0+ IMENG. | +IC2N0+[[M2]lo < C, (6.3.58)
n=1

2(d+2
where oo = %.

Proof: It follows immediately from (6.1.8), for n = 1,..., N, that

1 CAt
n n h < n—1 n—1 h
(F.(Cl) + FL(MD), 1)" < 1—2At<FE(C€ )+ FL (M), 1) +—Q
2At CAt
<(1+ T)(Fs(cg_l) + F (MY, D)+ e
2At A
< e (FL(CPY) + Fo (MY, 1) + %. (6.3.59)

It follows from the assumptions on the initial data {c°, m°}, (2.3.25), the definition
of 7" and (3.1.2), that

(F(C) + F(M2), 1) < C. (6.3.60)
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Combining (6.3.59), (6.3.60) yields that

2 At

max [(F.(CF) + F.(MZ),1)"] < Ce™e [(F(CI7Y) + Fo(MZ71),1)" + Al

2At

< Cee [(FAC'2) 4+ Fo(M22), 1) + 2A1]
< Ce’e [(Fo(C0) + FL(MY), 1) + T] < C. (6.3.61)

On noting (2.4.46), (2.3.29), (2.3.30) and (6.3.61) we have for n =1, ..., N that
lezs < lezfh < (€)%, )" < C((Fe(e), 1) +1) < C, (6.3.62)
and similarly,
IMEIE < [IME} < (M2)%, )" < C((F(M2), 1) +1) < C. (6.3.63)

From (2.4.46), (2.4.45), (2.3.30) and (6.3.61) we obtain, after recalling that s =
[s]+ + [s]- and F.(s) >0, that forn=1,..,N

I7"[C2]-11§ < [="[C2)-[7 = (Ic2)2, )" < 2e(F(CE), 1)" < Ce, (6.3.64)

7" ME]-II < I IME]-J = (IME]2,1)" < 2e(Fe(M2),1)" < Ce. (6.3.65)

Now, to prove the sixth and the seventh bounds in (6.3.58), firstly, we sum (6.1.8)
over n, next we use (6.3.60), (6.3.61), to get

N N
ALY ICIE+ ALY M < C (6.3.66)
n=1 n=1
Due to the fourth and fifth bounds in (6.3.58), the following bound holds

N N
ALY (ICR+ ALY IMEF < C. (6.3.67)

n=1 n=1
Then use of the Sobolev interpolation theorem (2.1.4) and the bounds (6.3.62),
(6.3.63) and (6.3.67) yields for n =1,..., N

IC2 5. < ClCEIE2lICE T < O, (6.3.68)

Mo < CIME[SIMEIT < C, (6.3.69)

where ad(3 — 1) = 2; that is o = Z(d;rz).

O
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Chapter 7

Numerical results of a
cross-diffusion Tumor-growth

model

This chapter is devoted to the discussion of some numerical experiments for the
model (W) in one space dimension. We introduce an iterative approach to solve
our fully discrete finite element approximation to problem (W]@Aet) We then discuss
some numerical solutions for different choices of parameters. We also introduce a
modified iterative scheme for the problem (WJ@A;) Further, we make an experimen-
tal comparison between the solutions of (W}%") and (W]@Ast) All programs were
written in Matlab to generate the numerical results and Originlab 8.5 to plot the

graphs.

7.1 Numerical results

We remark that Jackson and Byrne [63] and Jiingel and Stelzer [66] have employed

a different scaling to our model to arrive to the following scaled system

. l—c—m)—9¢
91 )z D7B(c,m) ‘ _ [ et emm) = : (7.1.1)
o\ m My @ acm(l —c—m)
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where the diffusion matrix

DB (e m) = 28.c(1 — ¢) — Bfcm? —2Bem(1 + 6c) 12
—2B.cm + Brf(1 —m)m?  28,m(1 —m)(1 + 6c)
The results proved in the previous chapter are with 5 = f3,,/5., a rescaling of time
and redefining v, a and 9, and this formulation is used in the numerical experiments.
We introduce the following practical algorithm to solve the nonlinear algebraic sys-
tem arising from the approximate problem (W}(fst) at each time level:
Given {C™° M™%} € SM x Sh for k > 1 find {C™*, M™F} € S* x Sh such that
for all y € S”

e - L0t (DI Ve DY M )
= (76:(C* 1) d(1 = CI7H = MITY) = d6(CIF ), )", (7.1.3)
MEZME et (g Ve 4 DY M Ty
= (@ (CI7Y) Ge(MZFT1) (1 — 27 = MY )", (7.1.4)

where we start with C0 = 7"® and M? = 7"m° and we set, for n > 1, C*° =
Cr 1 and M0 = M"! . As the system (7.1.3) and (7.1.4) is linear, existence of
{CF M™*} follows from uniqueness. The standard method to solve the system
(7.1.3) and (7.1.4) at each iteration is by testing the equations (7.1.3) and (7.1.4)
with ¢;, j = 0, ..., J, which is the standard hat function, to obtain a (2J+2) x (2J4-2)
linear system, in terms of the nodal values of C™* and M™" which can be solved
using linear programming. For our numerical results, we set TOL = 107% and adopt

the stopping criteria
|crh —Crh g o < TOL  and — |[M™F — M2F1, o < TOL, (7.1.5)

i.e. for k satisfying (7.1.5) we set C* = C™" and M® = M™. We have been
unable to prove convergence of {C™*, M™*}%  to {C", M"} for n fixed. However,
in practice we found that the iterative method always converged well (only a few
steps were required to fulfill the stopping criteria at each time level).

We now present some numerical results in one space dimension. Unless otherwise

specified, in all experiments we consider a uniform partitioning of 2 = (0,2) into
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400 subintervals, i.e. J = 400 and h = 0.005), and choose At = 0.001, n > 1, and
e = 10731, The initial data are defined as in [63] and [66]

To— T

) = D1+ a0
0 N M1 To— X
m”(z) = 7(1 — tanh( p ),

where C7 = M; = 0.25, 29 = 0.1, © = 0.0002 and 1 = 0.05. The diffusion coefficients
are taken as in [63] and [66]:

G.=0.2, [, =0.0015.
Firstly, we plot the entropy E which is defined
E = (F.Cl) + F.(M2) + F.(1 - C! = M2), 1)",

versus time in Figure 7.1 for R, = R,, = 0. We see in Figure 7.1 that the entropy £
decreases as t increases when the pressure coefficient 6 is smaller than the theoretical
critical value 6* = %\/m = 9.23, with 8 = B,,/8. and M = 5, see the proof
of Lemma 6.1.1 in Chapter 6. Also, this behaviour is illustrated in Figure 7.2
for R. # R,, # 0. However, we performed additional experiments for # beyond this
threshold and found that the entropy is decreasing for larger values of 8, too. Figure
7.2 shows that the entropy E is uniformly bounded in time for # = 0 and the curves
for # = 100 and € = 800 are graphically indistinguishable. The entropy is decreasing
rapidly up to ¢ = 15 then the entropy value decreases very slowly.

Now, we consider the case of vanishing production rates, R. = R,, = 0. Fig-
ures 7.3-7.6 show the volume fractions of the tumor cells and the extracellular
matrix at various times, where we have used the cell-induced pressure coefficient
6 = 100, 200, ..,900. The cross-diffusion term DJPc, causes a drift of the extracellu-
lar matrix to the right boundary, induced by variations of the tumor volume. The
diffusion DJP of the extracellular matrix outside of the tumor is very small, such
that the extracellular matrix cannot diffuse and forms a peak. However, the peak
indicates a loss of regularity of m, and we conjecture that global classical solutions

to the tumor-growth model do not exist. With increasing times, the tumor cell front
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Figure 7.1: Entropy versus time at At = 0.001. The production rates vanish, R, = R,,, =

0.

3.0

2.8

2.6 1

2.4 1

Entropy

2.2 4

2.0 1

1.8+

Figure 7.2: Entropy versus time using § = 0, At = 0.001. The production rates are

a=01,y=1,6=0.35.
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moves to the right boundary, i.e., the tumor penetrates the surrounding extracellu-
lar matrix. The tumor cell fraction at the left boundary x = 0 is decreasing in time
since the total volume fraction f02 cdx is constant in time and we have drift to the
right. In Figures 7.5 and 7.6, we see that the m is close to 0.25 at all times. We see
the shape of the curve spreading. The height of the wave is larger for greater values
of #. We conjecture that the maximum height of the travelling wave above 0.25 is
directly proportional to 6.

Next, we include the production terms in the equations. In Figures 7.7, we
plot the volume fractions of the tumor cells § = 0 and 800. We find that the
qualitative features of the solution for other values of 6 are very similar. The right
hand boundary plays a role from early times as the solution lifts away from the
constant value of ¢ = 0, taken by the initial data, to ¢,(t), where ¢,(t) denotes
the constant value of ¢ close to the boundary at time t. Moreover, the shape of ¢
decreases and dips down below ¢,(t) before recovering to ¢,(¢) which becomes more
prominent the larger # becomes. In this experiment we observe that even at small
times, e.g. T' = 4, the solution lifts away from 0.

In Figures 7.8 and 7.9, we plot the the extracellular matrix at various times,
where the values of pressure coefficient were 6 = 100, ..,800. When we compare
Figures 7.7-7.9 to Figures 7.3-7.6 we can see that the cell front and the extracellular
matrix peaks are moving much faster. Also, the tumor cell volume is increasing
(because of the production rates). The height of the peak becomes smaller for
smaller values of §. This behavior has also been observed by Jackson and Byrne [63]
and Jiingel and Stelzer [66]. Moreover, we see in Figures 7.8 and 7.9 that wave
appears to move with constant velocity but the shape of the wave spreads and
elongates with time.

In Figure 7.8, we saw that after a short amount of time, a wave has formed on
the line m = 0.25 which moves to the right as the time increases. We define xp(t)
such that

zp(t) ={zx €[0,2] : MZ(x,t) > MZ(y,t);Vy € [0,2]}.

Assuming a linear velocity so that

rr(t) = b1 + Pat, (7.1.6)
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Figure 7.3: Volume fractions of the tumor cells ¢ versus position at times ¢ = 0, .., 15 and
At = 0.001. The production rates vanish, R. = R,, = 0. (a) § =0, (b) 8 = 50, (c)
6 =100, (d) 6 =200, (e) =300, (f) 6= 400.
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Figure 7.4: Volume fractions of the tumor cells ¢ versus position at times ¢t = 0, .., 15 and
At = 0.001. The production rates vanish, R, = R,, = 0. (a) § = 500, (b) 6 =600, (c)
6 =700, (d) & =800, (e)d=900.
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Figure 7.5: Volume fractions of the Extracellular matrix m versus position at times
t=0,.,15 and At = 0.001. The production rates vanish, R. = R,, = 0. (a) § =0, (b)
0 =50, (c) @ =100, (d) @ =200, (e)d =300, (f) O =400.
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Figure 7.6: Volume fractions of the Extracellular matrix m versus position at times
t =0,..,15 and At = 0.001. The production rates vanish, R. = R,, = 0. (a) 6§ = 500,
(b) # =600, (c) =700, (d) €& =800, (e) O =900.
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Figure 7.7: Volume fractions of the tumor cells ¢ versus position at times ¢t = 0, ..., 9. The

production rates are a = 0.1,7 = 1, § = 0.35 and At = 0.001 (a) # =0, (b) 6 = 800.

for the position of the peak, we performed a least-square fit to find S5 given in Figure
7.10 and Tables 7.1 and 7.2.

In all of these experiments, increasing h by a factor of two resulted in little change
for the calculated velocity to the extent that we feel confident that the calculated
values are correct to 3 decimal places. There is a period where the maximum value
moves its position a constant speed when |2 = 2 and |Q2| = 4. For large values of
0 (see Figure 7.11), the velocity varies very little, but, the shape of the wave and
its amplitude changes significantly. In Tables 7.1 and 7.2, we list the position which
corresponding to the maximum of the Extracellular matrix m for each time level,
when R. = R,, =0 and a = 0.1,y = 1, and § = 0.35. Also, in Figure 7.10, we plot
a graph when R. = R,, = 0 and o = 0.1,y = 1, and 6 = 0.35. Note that in the

second experiment xp hits the right hand boundary shortly after ¢ = 11.
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Figure 7.8: Volume fractions of the Extracellular matrix m versus position at times

t =0,..,10. The production rates are « = 0.1,y =1, § = 0.35 and At = 0.001 (a) 8 = 0,

(b) 0 =50, (c) 6 =100, (d) 6 =200, ()6 =300.
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Figure 7.9: Volume fractions of the Extracellular matrix m versus position at times
t = 0,..,10. The production rates are « = 0.1,7 = 1, § = 0.35 and At = 0.001 (a)
6 =400, (b) 8 =500, (c) @ =600, (d) O ="700. (e) 6 = 800.
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Figure 7.10: The position which corresponding to the maximum of the Extracellular
matrix m for each time level, i.e. zp(t) = {z € [0,2] : MZ(x,t) > MZ(y,t);Vy € [0,2]}
for & = 800 (a) The production rates vanish, R. = R, = 0. (b) The production rates are

a=0.1,y=1, and § = 0.35.
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Figure 7.11: (5 in equation (7.1.6) versus 6. (a) The production rates vanish, R, = R, =

0. (b) The production rates are « = 0.1,y = 1, and ¢ = 0.35.
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~
)

20

100

200

300

400

200

600

700 800

900

1.015
1.005
1.000
1.765
1.170
1.765
1.765
1.420
1.565
1.565
1.565
1.565
1.565
1.565
1.565

© o0 N O Ot ks W N

e e T = T =
Tt WD = O

0.445
0.560
0.640
0.700
0.755
0.800
0.845
0.885
0.920
0.950
0.980
1.010
1.035
1.065
1.085

0.445
0.555
0.635
0.700
0.750
0.800
0.840
0.880
0.915
0.945
0.975
1.005
1.030
1.055
1.080

0.445
0.555
0.635
0.695
0.750
0.795
0.840
0.875
0.910
0.945
0.975
1.005
1.030
1.055
1.080

0.445
0.555
0.635
0.700
0.750
0.800
0.840
0.880
0.915
0.945
0.980
1.005
1.035
1.060
1.085

0.440
0.555
0.635
0.700
0.750
0.800
0.840
0.880
0.915
0.950
0.980
1.010
1.035
1.060
1.085

0.440
0.555
0.635
0.700
0.750
0.800
0.840
0.880
0.915
0.950
0.980
1.005
1.035
1.060
1.085

0.440
0.555
0.635
0.695
0.750
0.800
0.840
0.880
0.915
0.945
0.975
1.005
1.035
1.060
1.085

0.440 0.440
0.555 0.555
0.635 0.630
0.695 0.695
0.750 0.750
0.795 0.795
0.840 0.840
0.875 0.875
0.915 0.910
0.945 0.945
0.975 0.975
1.005 1.005
1.030 1.030
1.060 1.055
1.085 1.080

0.440
0.550
0.630
0.695
0.750
0.795
0.835
0.875
0.910
0.945
0.975
1.000
1.030
1.055
1.080

Table 7.1: The position corresponding to the maximum of the Extracel-

lular matrix m for each time level, i.e. zp(t) = {x € [0,2] : MZ(z,t) >
M2 (y,t);Vy € [0,2]}. The production rates vanish, R. = R,, = 0 and
At = 0.001.
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~
(@)

20 100 200 300 400 500 600 700 800

1.760 0.475 0.470 0470 0470 0.470 0.470 0470 0470 0.470
1.705 0.635 0.630 0.630 0.630 0.630 0.630 0.630 0.630 0.630
1.695 0.780 0.775 0.770 0.770 0.770 0.770 0.770 0.770 0.770
1.700 0.915 0.910 0.905 0.905 0.910 0.910 0.910 0.905 0.905
0.255 1.060 1.050 1.040 1.045 1.045 1.045 1.045 1.045 1.045

—_

0.255 1.205 1.190 1.185 1.185 1.185 1.185 1.190 1.185 1.185
0.255 1.355 1.340 1.325 1.325 1.330 1.330 1.330 1.330 1.330
0.255 1.510 1.490 1.475 1.470 1.475 1475 1.480 1.480 1.480
0.255 0.530 1.645 1.625 1.615 1.620 1.625 1.625 1.630 1.630
0.260 0.515 1.805 1.775 1.765 1.770 1.775 1.775 1.780 1.780
0.260 0.500 2 2 2 1.965 1.950 1.950 1.950 1.950
0.265 0.480 0.480
0.270 0.450 0.370
0.275 0.400 0.170
0.280 0.315 0
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Table 7.2: The position corresponding to the maximum of the Extracel-
lular matrix m for each time level, i.e. zp(t) = {x € [0,2] : MZ(z,t) >
M2 (y,t);Vy € [0,2]}. The production rates are « = 0.1,y = 1,
0 = 0.35 and At = 0.001.
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B

50
100
200
300
400
200
600
700
800
900

0.05327206
0.05289706
0.05294118
0.05323529
0.05343382
0.05336765
0.05333088
0.05326471
0.05310294
0.05312500

Table 7.3: The values of velocity B5. The production rates vanish, R. =

Ry, = 0, At = 0.001.

7

2

20
100
200
300
400
500
600
700
800

-0.01247794
0.00515441
0.08652941
0.13048529
0.13013235
0.13003676
0.13002206
0.13015441
0.13015441

Table 7.4: The values of velocity (8. The production rates are a =
0.1,y=1, and 6§ = 0.35, At = 0.001.
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Chapter 8

Approximation of the Keller-Segel
Model

In this chapter a finite element scheme for the Keller-Segel model with an addition-
al cross-diffusion term in the elliptic equation for the chemical signal is analyzed.
In Section 8.1 we introduce a regularized problem of the truncated system. Then
we obtain some a priori estimates of the regularized functions, independent of the
regularization parameter, via deriving a well defined entropy inequality of the regu-
larized problem. In Section 8.2.1, we propose a practical fully discrete finite element
approximation of the regularized problem. Next, in Section 8.2.2, we use a fixed
point theorem to show the existence of the approximate solutions. In Section 8.2.3
we derive a discrete entropy inequality and some stability bounds on the solutions
of regularized problem. In Section 8.2.4, the uniqueness of the fully discrete ap-
proximations is discussed. Finally, in Section 8.3, we discuss the convergence to the

semi-discrete problem.

8.1 A regularized problem

The key step of our analysis in proving existence of a global weak solution of the
system (1.4.8)-(1.4.11) is to derive a priori estimates. To achieve this, we use a
mathematical approach that deals with an entropy inequality of the problem (Q).

Such an approach has been employed in studying different kinds of partial differential
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equations, e.g. see [8], [9], [10] and [11]. However, although the methodology we
will use has been utilized before, we include all details here for completeness. By
using an appropriate entropy functional, we first obtain some a priori estimates on
a solution of the model (Q).

For illustrative purposes, we now introduce for ¢ € (0,e!) the corresponding
regularized version of the problem (Qas.):

Find {e., s.} € R x R such that

Oe. — V- [Ve. — ¢(e:)Vs| =0, in  Qr, (8.1.1)

adis. — As, — 0Ae, — pe. +s. =0, in  Qr, (8.1.2)

Ve, -v =0, Vs.-v=0, on St, (8.1.3)

e-(-,0) =€, s:(-,0) = s°, in Q, (8.1.4)

where the regularized function ¢. and the parameter € have been defined in Chapter
2. In the following lemma we derive the entropy inequality for the regularized
problem (Qy ) which will provide us with some uniform bounds on the regularized

solutions e, and s..

Lemma 8.1.1 Let {e%(x),s%(x)} € L*(2) x L?(2). Then, there exists a positive

C(e° s%, 6, pu, C) independent of € such that any solution of Q. satisfies

su /(F(e)+gs2)dx+/T !VesP_l_iHS ||2+i|3|2 < C(M). (8.15)
OStETQ 26 o \2¢.(e) 28N g5l )= . (8.1

where [ is defined in (2.3.25). In addition,

sup /|[ea]_|2dx < C(M)e. (8.1.6)
0<t<T Jo
Proof: Multiplying (8.1.1) and (8.1.2) by F!(e.) and §s. respectively, integrating
by parts over the domain {2, summing the resulting equations yields, after recalling

the boundary conditions (8.1.3), that

d « Ve > 1 1 U
— [ (F.(e.) + —=s)d - ~|Vs.? —2d<—/a5d 1.
o Q( (e)—l—%sa) x+/9<¢5(65) —|—5|V3| +5se) TS Qes x, (8.1.7)

where we used the relation

¢e(ec)V[F(ec)] = Vee. (8.1.8)
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We note that testing (8.1.1) with xy = 1 gives for a.e. t € (0,T) that
(e=(.,1),1) = (ec(.,0),1) = (1) < C. (8.1.9)

It follows immediately from (8.1.2) for a.e. t € (0,7") that

][sg— ][eg ][35—0 (8.1.10)

Therefore, on noting the assumptions on the initial data and the bound (8.1.9),

integrating (8.1.10) over (0,7") leads to

][sg <C. (8.1.11)

We estimate the right-hand side of (8.1.7) using the Hélder inequality:

T 7
g/gegsgdx < Bl _][egu s, + €. (8.1.12)

where € = |Q|f e.f s.. Then, the term |le. — f e|| can be bounded by use of the

Poincare inequality:

|Ve.|?

Ve.|?
Je-= f el < Goles < €, [ Fibontean < cpar [

Q Qbs(es)
Combining (8.1.12) and (8.1.13) and using Young’s inequality leads to

dr.  (8.1.13)

SRS

/essgdac <L [IVel, +C,M (8.1.14)
Q

[ Fean s ol s+ e

Hence, the result (8.1.5) follows from (8.1.7) on noting (8.1.14), (8.1.9) and (8.1.11).
Finally, the result (8.1.6) follows immediately from the first bound in (8.1.5) and
(2.3.29). O

The existence of a solution of problem (Q) could be shown by passing to the limit
¢ — 0. However, this can only be performed in the case that we have existence of
a solution to the regularized problem (Qas.). To deal with this issue, in our study
of problem (Q), we use the power of the finite element method.

We now formulate a fully discrete finite element approximation of (Qas.) and
prove existence of fully discrete approximate solutions using discretization param-
eters h and At. In actual fact, to prove existence for (Q) we let h — 0 to yield a

semi-discrete problem (Q4f) and then let =7, At — 0.
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8.2 A fully discrete approximation of the Keller-
Segel Model

8.2.1 An approximation problem

In order to introduce a fully discrete approximation that is consistent with the reg-
ularized problem (Qus.), we adapt a technique developed in [54] for studying a
degenerate nonlinear fourth order parabolic equation modelling the height of thin
films of viscous fluids driven by surface tension. This technique has been also adapt-
ed and employed in a number of numerical studies, see for example [8], [9], [10], [11]
and [12].

Now, we propose the following fully discrete finite element approximation of
(Qure) for any € € (0,e71) :

( ?\}[ﬁt) For n > 1 find {E", S™} € [S"]? such that for all y € S"

gr¥e

En _ En—l

(50" (VE! = A(B2)VS!, V) =0, (8.2.15)

@(S?—_S?‘l
At

where E? and S° € S" are given approximations of 2 and s

is given by (2.4.65).

)" (S )"+ (VSE, V) + 6(VED, Vx) = u(EXX)",  (8.2.16)

0

2, respectively, and A,

8.2.2 Existence of the approximations

In order to prove the existence of solution E” and S”,n > 1, of the system (8.2.15)-
(8.2.16) for given E™~! and S"~1) it is convenient to define the functions A, : S" x

Sh — S and A, : 8" x S — S" such that for all y € S*
(AE,$) 1) = (B~ B )" 4 AVE — A(E)VS, V), (8217)
(B, S) )" = a8 — §7 )" + AL(S, )" + At(VS, Vx) + SAHTE, V)

—Atu(E, )", (8.2.18)

respectively. We first note that the continuous piecewise linear functions A, and A,

can be defined uniquely in terms of their values at the nodal points N*. This can be
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seen by setting x = ¢; , for j =0,...,J , in (8.2.17) and (8.2.18) and then obtaining
the following solvable square matrix systems

—~

MAe(E, S) - Sl,

—~

MAL(E, S) = Ss,

where M is the lumped mass matrix, and S; and Sy are given vectors in terms of
the nodal values of E, S, E"™! and S"~'. Thus, the functions A, and A, are well
defined.

From (8.2.17) and (8.2.18) we note that the problem ( ﬁﬁt) can be restated as:
For given {E?, S%} € S" x S", find {E", S"} € S" x S" n > 1, such that

ey Me er™~e

A(E,S) =0, A (E,S)=0. (8.2.19)

Lemma 8.2.1 For any given R > 0, the functions A, : [S"]% — S" and A, :

[S")% — S" are continuous, where
"% = {{XlaXQ} € S x S xalh + Ixaliy < RQ}-
Proof: Let {E),S1},{Ea, Sa} € [S")% . Tt follows from (8.2.17) that for all y € S”
(Ac(Br, 81) = Ac(Bs, 95), X)" = (Ev — B, X)" + AHV(Er — B) — A(E1)VS,

Choosing x = Ac(F1,S1) — Ac(Es, Sy) in (8.2.20) yields on noting the Cauchy-
Schwarz inequality, (2.4.54) and (2.4.46), that

A By, S1)—Au(Es, S2) i < C(h™Y, At)|By— Balp+-C(h~", At)||A-(Ey)V Sy — A (E2)V Salo.

(8.2.21)
It follows from (2.4.54), (2.4.46), (2.4.69), (2.4.68) and (2.4.55) that

IAL(EDVS1—A(E2)VSallo = |[Ac(E) VS —As(E2)V S+ A (Es) VS — A (E2)VSsllo

< [(Ac(Er) = Ac(E2))VSilo + [A(E2) (VS — VSa) o
< [(A(Br) = Ac(E2))lo,00 St + |A(E2) llo,00[S1 — Sa|y

< ChH[(Ae(Er) — Ac(B2)) 0,00l S1ln + Ch™H I Ac(E2) 0,00 St — Saln
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< O™ M, e ||Ey — EsllosoSi|n + C(R™, M)|S; — Saln
S C(hil,M, 671, R)HEI — E2H0 + C(hil,M)ysl — Sg|h
<O, M, e R)(||Ex — Eallo + |S1 — Saln)- (8.2.22)

Combining (8.2.20), (8.2.21) and (8.2.22) yields that for A, is Lipchitz continuous.
The proof of the continuity of Ay follows similarly to the proof of the continuity of
A..

O

We now show the main result of this chapter where we establish the existence of a

solution {E?, S} to (Q’ﬁf).

Theorem 8.2.2 Let {E"1 5771} € 8" x S be a given solution to the (n — 1)-th
step of ( hAt) for some n = 1,...,N. Then for all ¢ € (0,e7!), for all h > 0 and

for all At < 2M 579, there exists a solution {E", S"} € S" x S" to the n-th step of
h,At
( M,e)'

Proof: Now, we recall that the proof is equivalent to the proof of existence of
{Er, S™} € [Sh)% satisfies (8.2.19). One approach is to use a proof by contradiction.
Let R be a fixed positive number and assume that there does not exist { £, S} € [S"]%
with A.(E,S) = As(E,S) = 0. This assumption enables us to define a function

B : [S")% — [S"]% such that
B(E7S) = (BE(E’S)vBs(E’S))v

where B.(F,S) and Bs(FE,S) are given by

- —RA.(E,S)
BB, 8) = [ (B 5. AAB. S oeer”
- —RA(E,S)
BB S) = (1 1B 5), 4,5, 8)amar e

where [(-,)[;gnj2, is the standard norm on [S"]3, defined by

| (X1, X2)[shxsn = (Z|Xz|h) :

We note from the continuity of A, and A,, see Lemma 8.2.1, that the function B

is continuous. Hence, on recalling that [S"]% is a convex and compact subset of
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Sh x St it follows from the Schauder’s theorem (see Appendix A.1.1) that there
exists E, S € [S"]% which is a fixed point of B; that is

B(E,S) = (B.(E,S),Bs(E,S)) = (E,S).
We also note from (8.2.23) that the fixed point {£, S} satisfies
B[+ 1Slh = [Be(E, S)[ + | Bo(E, S) = R (8.2.24)

We now prove a contradiction for R sufficiently large. Choosing x = m"[F/(E)], in

(8.2.17) yields on noting (2.4.45), (2.4.62) and (2.4.68) that
(A(E,S), () = (E — B, F(E))" + At(AZ\(E)VE — VS, VE)

A
> (B~ B2 FUE) + S B — A(VS, VE), (8.2.25)

and x = £ in (8.2.18)

S a . At At
(AS(Ea S)a E)h = g(s o Sg 1’5)11 + 7’5’]21 + T‘S’% + At(VEa VS)
A
N g_“(ﬂs)h, (8.2.26)

We obtain from (2.3.28), (2.3.33) and (2.1.10) that
_ e 1 e
(B = EILFUAE)" = (Fo(B) = Fo(B2Y), 1) + S (B = B F(9)
1
> (F(E) — F.(E D), )" + ——|E - EI'|;
> (F(E) - FE2). 1) 4 o[ - B

1 1
> (FL(E) — F.(EX Y, 1) + m|E|i - W|E§H - (8.2.27)

Using the simple identity

250(g0—ﬁ)ch2—/{2+(g0—/<)2, Vo, k €R,
we obtain that
a n—1 onh Qa2 O an-12
—(S — > — — ) 2.2

The last term of (8.2.26) can be bound using Young’s inequality, as follows:

At,u h
= (B8) s

Atp?

At
7|E|i + %|S|%L. (8.2.29)
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Adding (8.2.25) and (8.2.26) and noting (8.2.27)-(8.2.29), (8.2.24), the non-negativity
of F.(s), and the stated assumption on At yields for sufficiently large R that

(A(B, 5), FL(B))" + §<A8<E, 5),8)"

1 a t At
> h R 2, =" 2 n—1 gn—1

) 1 P a At _ _
> h - = 2 i n—1 ¢gn—1 )
> (F.(E),1) —I—mm{(4M 25At) (25+25)}R |E| + |S|1 C(Ert, s h

(8.2.30)
Noting that {E, S} is a fixed point of the function B, (8.2.23) and (8.2.30) yields
for R sufficiently large that

%<5, S)' = (B.(E, S), F{(E))" + %(BS(E, S).9)"

—R [(AE(Ea S)aFa/(E>S>h + %(AS(E,S),S)}L]

(E,F!/(E)" +

T AESAE e B
Once again, it follows from (2.3.33) and (2.3.28) that
1
(B, F(E))" > (F.(E) — F(0),1)" + | B[2. (5.2.32)

2M
Thus, using (8.2.32) yields on noting the non-negativity of F.(s) for R sufficiently

large that

1 1 1
Z > 2 _
+§(S’S) R mm{QM 5} (

which contradicts (8.2.31). This contradiction ensures that there exists {E”, SI'} €

gr~e

Sh x Sh satisfying A.(E", S*) = A,(E", S") = 0. Equivalently, we have existence of

g7 ~e g1 ~e

(B, F/(E))" 1- %)\Q\ >0, (8.2.33)

a solution, which is {E”, S}, to the n-th step of (Q} At).

£ €

a

8.2.3 Discrete entropy inequality and stability bounds

In this section we obtain a discrete analogue of the a priori estimates in Lemma
8.1.1. We also prove some uniform bounds on the solution {E”, ST}, independent
of the parameters ¢, h and At, which are necessary to prove the convergence of the
approximate problem. The following estimate is discrete analogue of (8.1.5), and

plays a key role in obtaining important stability bounds of various norms of the

approximate solutions.
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Lemma 8.2.3 Let the assumptions of Theorem 8.2.2 hold. Let {E"~' St '} €
Sh x S be given for some n = 1,..., N. Then for all ¢ € (0,e~!) and for all h > 0,

there exists a solution {E", S*} € S" x S" to the n-th step of ( ﬁ{fj) such that

ho At ) a At p? 5 AL
F.(EM),1 —|E" — + — — At ||S?|; + —|S”
( 5( 5)7 ) +2M| 5|1+(25+ 5 252< t)|Ss|h+ 5’ s|1
< (FU(B2), 1) + 51527 + Ot 1P, (8.2.34)

where ¢ = M(d + 2)C,,.

Proof: The existence was demonstrated in Theorem 8.2.2. We now show that the

solution {E™, 5"} € S" x S" satisfies (8.2.34). Choosing y = Atr""[F/(E")] as a test

g1 e

function in (8.2.15) and y = £!S” as a test function in (8.2.16) yields, on noting

(8.2.27), (8.2.25) and (8.2.28), the discrete analogue of (8.1.7)

At

(F.(EM, 1) + o7 1B = A(VSIL VELD) < (F(EXY, 1" (8.2.35)

a 2 At 2 At n|2 n n o n—1|2 ,LLAt n n\h

— S — — A EM < — —(F )

25|Ss|h+ 5|Ss’1+ 5 ’Ss|h+ t(VSE,V 5)—25‘55 ’h+ 5 < 5755)
(8.2.36)
It follows immediately from (8.2.15) with n = 1,..., NV, that

(E", 1) = (E%,1). (8.2.37)

It follows from the Young’s inequality, the Poincaré inequality, (2.4.46), and (8.2.37)

that
At b At
ey« o —
4] (EZ, 5) _QC’pM(d+2)|
At
<
- 20,M

e

E? + o5 Cp,M(d+ 2)At|S"|2

2
|B20 + 555 CoM(d + 2)ASL

At n lu2 n|2 0 2
< W|E€ 2 + @CPM(d + 2)At|S" 2 + CAt(E2, 1)]2. (8.2.38)

Combining (8.2.35), (8.2.36) and noting (8.2.38), leads to the desired result (8.2.34).
O

In the following theorem we derive a discrete entropy inequality of the system
(8.2.15)-(8.2.16) that is consistent with the entropy inequality obtained in Lemma
8.1.1.
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Theorem 8.2.4 Let €%, s° € L?(Q) with [e°(-)] < 1 a.e. in Q. Let E? € LY(Q).
Further, let either E = P"e?, S% = P's%; or B0 = ne?, S0 = 5% if €0, 5" € C(Q).
Then for all € € (0,e7!), for all h > 0 and for all A¢ > 0 such that

§/2M 2 if ¢ <25,

055 —p)/(G5s —1) ife>2

At <

Then, the problem (Q}XJA;) possesses a solution {E”, S"}, n =1, ..., N satisfying

g1r¥e

N
n n 1 n n - mn n
max [ (Fz(EZ)+|S; II?)HE:1 At B [RHISE [F+e~ " (B2 (ST 1G] < €

(8.2.39)
Furthermore,
i En En—l 2 Sn _ Sn—l 2
ol i Y i N
— At (HL(Q)) At (HL(Q))
En 1 Sn 1
ZAtH’Q Hg —} } <C. (8.2.40)
1

Proof: We consider the case when ¢ > ¢ and we comment later on the simple case
¢ < Z—g. Using (3.1.1), the definition of the interpolation operator and (3.1.2) and

our assumptions on the initial data, we obtain that
1E2llo + 11520 < €, (8.2.41)
It follows from our assumptions on the initial and (2.3.25) that
(F.(EY), )" < C. (8.2.42)
Moreover, it holds from (8.2.37) and (8.2.41) with n =1, ..., N, that
(E" 1) = (E%, 1) < C. (8.2.43)
Since F.(E?) > 0, we have from (8.2.34) and (8.2.43) for n =1, ..., N that

2
QAR (m 1) s |+ AL e
(55— o= 05 |2 () 10k + e

«

< <2+(ﬂ_g_1)§) {25(15’ (B Y, )h+|sgl|i} +CAL(EY D (8.2.44)

(0%
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On noting (8.2.44), we have that

20 " h n At n
2 (R, 1) + 182+ : B
215 - (- V%)
2 IuQ At 20 1 h —1,2
<14+ =(=¢—-1 F.(E™ ST CAt
_(+p<5< >5){a(< 1)+ ISR +
22 20 n-1y 1\" n—1)2
<er ~ —(F(EXY), 1)+ [S2H5 | + CAt, (8.2.45)
where p = 75 — (g—; — 1)4t. Therefore, the first two bounds in (8.2.39) flows form

2. and noting (8.2. an 4. en ¢ < -3, we can rewrite (8.2. as
8.2.45 d 8.2.41 d (2.4.46). Wh < 2 8.2.44

follow
a 25 mn h n|2 At n|2
% [E(Fe(Es% 1)" + Sz ‘h} + W|Es 1

= %{%(FE<E51>’1)h+ |5§”V%} + CAH(E 1) (8.2.46)

Thus, the proof will follow the same steps of the case when ¢ > ng. The only

(25§ 1)

difference is that the constant er 5 will be changed to 1 and hence the proof
will be much easier.

The third and fourth bounds in (8.2.39) can be obtained easily by summing
(8.2.34) over n on noting (8.2.41), (8.2.43) and the second bound in (8.2.39). From
(2.4.46), (2.4.45), (2.3.29) and the first two bounds in (8.2.39) we obtain, after

recalling that s = [s]; + [s]— and F.(s) > 0, that forn=1,..., N
Im* [E2]- 1§ < lIm"[EZ]-Il} = ([B2]2, )" < 2e(Fo(EZ), 1)" < Ce, (8.2.47)

I7"[SE)-Il6 < =" [S2]-1Ik = ([SE12, D" < ((s2)%, )" < C. (8.2.48)

Now, from (3.1.1), (8.2.15), (2.4.68), (3.1.3) and (2.4.46) we obtain for any n €
H'(Q) and for n =1,..., N that

BBy = BBy BB gy
~ (VS - VL VP
< C(IB2L +[SEh) [Pl
< C(IE I + 15210 Il (8.2.49
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and therefore,

Eg — E?_l ? n n
e C(IE IR + 15210 (8.2:50
(HY ()
Hence, we have from (8.2.39) that
E‘n En HI? a n||2 n||2
zyu——__— <O AL(|EE +1IS23) < C. (8.2.51)
At Moy~ S

Similarly to (8.2.49), it follows from (3.1.1), (8.2.16), (3.1.3) and (2.4.46) we obtain
for any n € H'(Q2) and for n = 1,..., N that

(g =g = (T
= p(EL, Piy)" — (82, Pr)" — (VS VP'n) — 6(VEL, V P'y)
< C(IEZI + 1S2 1) [Pl
< C(IBX L+ 1S M)l (8.2.52)

Thus, (8.2.52) implies

Hence we have from (8.2.39), that

2

Sp— St

At CIEZIE + 1SE1)- (8.2.53)

(H'())

Sn 11|12 N
ZAt‘ <O AL(|EE+1IS213) < C. (8.2.54)
R (o)) O —"

To complete the proof of the theorem, we note that the last two bounds in (8.2.40)
follow from the the first two bounds in (8.2.40), respectively, on recalling (3.1.10).

Remark 8.2.1 As M is a non-physical parameter, we could have taken M >
2/ (4(d + 2)C,).

8.2.4 Uniqueness of the approximation

Theorem 8.2.5 Let the assumptions of Theorem 8.2.4 hold. Let {E”,S"},n =

~ 1872 and At €
(0,71), where the values of 7y is stated in the proof (8.2.63), then, the solution
{E?,S?},n=1,...,N is unique.

g1 ~e

1,..., N be a solution of the problem ( ﬁf;) If C, = max,,—;

,,,,,
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Proof: We perform the proof by induction. Assume there are two discrete solutions

{EL), 82} and {EZy, SEy},n=1,..., N to the problem ( ﬁ/’[f) such that

g,

“max {57 R IS5l < G (8.2.55)

.....

Firstly, we note that the approximation solutions are unique at time ¢t = 0, then

we assume that the approximations are unique at the (n — 1)-time step of ( LA;)

Secondly, we set &' = EZ'; — EZy and 8 = S’y — S7'5. On subtracting the fully

€

discrete approximations gives for all y € S" that

1

2 (€20 + (VELVX) = (A(EL) VST = A(EL)VSE, V), (8.2.56)
- n h n h n n n h

7 (S5X)7 + (820" + (VS Vi) + 0(VEL, V) = (€l )" (8.2.57)

Next, we set y = £ in (8.2.56) and y = 8! in (8.2.57) as a test function and adding
the resulting equations yields, on using the Holder’s inequality, (2.4.68), (2.4.69),
(2.4.54) and (8.2.55), that

«

= (A(EZ)VSE) — A(EL,)VSL,, VET) + %(55", SI)" = (Ve VST

= ([A(BZy) —1VEL, VST) + ([A(EZ)) — A(EL)VSZ,, VED) + %(537 s

n n n n n n K on n
< Cl|g€ |1 |Sa |1 + ||A5(E5,1) - AS(E€,2)”O|S¢”,2|LOO |ge |1 + E|ge |h |Ss |h

< i€y ST + fHA&(Ea,l) — A(E22)lollS2lloco [E T + S1E T 1SEn

CyCy
h

2MC,C
TN oo €21+ SIEL 820 = i+ L + I, (8.258)

where (5 is the positive constant, independent of the parameters h and &, that is

< Cil&y ST+

n n n Hyon n
IA(EZ)) = Ae(EZo) ol |1 + 1€ | 1S

< CilEy ST+

generated from applying (2.4.54) and C; = M + 1.
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Next, we obtain from the Young’s inequality, (2.4.54) and (2.4.55) that

5c? . 5C2C2 . . 1.,
I < \5 I+ \SE 7 < 4h22||5 15+ !Sslf=a4\55\i+3|5€\?,
(8.2.59)
IMCyC5Cy o (MCyC5Cy)? . . .
I < = e b€ < %n& 5+ €217 < asliEx i + €215,
(8.2.60)
n 1 n
]3§a6|€€|l2z (E—I—S_B)Lga |i27,7
(8.2.61)
where
s — (5012022 a — (MCQCgOb)2 and @ ,u2
LTy 0 T h3e2 6= 482(z + 1 — gy’

and 0 < 4 < 5% + 3. Combining (8.2.58) and (8.2.59)-(8.2.61) yields on noting the
equivalence (2.4.46) that

1

(Kt — (as + a5 +ag))|E2|7 + BISI]; < 0. (8.2.62)

Now, we set

1< 1/(0,4 + as + aﬁ). (8263)

It follows from (8.2.62), for any At € (0,7) that
(21 + 1217 < 0,

leading to EZ; = E; and ST’y = STy, n =1,..., N as required. O

8.3 A semi-discrete approximation of the Keller-
Segel Model

By extending the notation (3.3.35)-(3.3.37) to E. and S. and noting (8.2.15)-(8.2.16),
we can rewrite the problem ( ﬁf;) as:

Find {E., S.} € C([0,T]; S™) x C([0,T]; S*) such that for all y € L?(0,T;S")

/ (_875 X))+ (VEF, Vy) dt:/o (AL(EF)VST Vy)dt (8.3.64)
0
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T T
/ [a(%,x)h +(SH, )"+ (VSH, Vx) + 5(VE;7VX)] dt = u/ (EX, x)"dt.
0 0
(8.3.65)

Theorem 8.3.1 Let €°,s° € HY(Q) and ¢, h, €%, s° be such that

(i) E° = P'e, 8% = P's"; or B0 = 7"e®, SO = nhs¥ if €0, 50 € C(Q)
(ii) e = 0 as h — 0.

Then there exists a subsequence of {E., S.}, solving (8.3.64) and (8.3.65), and func-

tions
E,S € L*0,T; H'(Q)) N L>(0,T; L*(Q)) N HY(0,T; (H'())"), (8.3.66)

and
E(-,0)=¢€") and S(-,0)=3s) in L*Q), (8.3.67)
E >0, ae. onQ. (8.3.68)

Moreover, it holds as h — 0 that

E.,EXf ~E,E* and S., 8 —~ 8.8 in L*0,T;H'()), (8.3.69)

(58] g

E.,E*¥ ~* E E* and S.,8F ~* 8 5 in L>(0,T;L*(Q)), (8.3.70)
0E. 0E 9S.  OS o ony
T e and T ral L0, 75 (H* ()", (8.3.71)

E.,E* - E, E* and S., 8 — S,8% in L*0,T;L*(Q)), (8.3.72)

¢-(EF) — ¢(EF) in L*(0,T; L5(2)),  (8.3.73)
¢ (EF) = ¢(EF)  in L*(0,T; L°(Q)), (8.3.74)
A(EF) — ¢(EF)I in L*(0,T; L*(Q)), (8.3.75)
for any (
2,00] ifd=1,

SEQ[2,00) ifd=2,
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Proof: First of all, we note from (3.1.3), (2.4.56) and the stated assumptions on
the initial data that
1E2]: + 1520 < C, (8.3.76)

and

E? — €° and S? — 5" in L*(Q). (8.3.77)

By using (2.3.28), (2.4.64), (2.4.65), (3.3.35), (3.3.36), (3.3.37), (8.3.76), (2.4.68),
(8.2.39) and (8.2.40) we obtain the following uniform bounds independently of the

parameters € and h
1B N 2o ) HI B2 e 015222 +|| ||L20T(H1( e E T EE) | o2 00)

OF.
HIG le0riar o + 19 (B s @) + 8BS | pe(r) < €, (8.3.78)

and

)+Hg ||L2 o @) < C.
(8.3.79)
Furthermore, we have from the third bounds in (8.3.78) and (8.3.79), respectively,

1S 20,50 @)) + 152 || 2o 0,7522(00)

ot

that
||EejE - E€||%2(0,T;(H1(Q))’ + ||Si - SEH%Q(O,T;(Hl(Q))’)

E.
0 05 L < C(AY2 (8.3.80)

< (At) H ot HLQ (0,T;(HL(Q)) ot HL2(OT(H1( Q))")

+ (A)?|| =2

From (8.3.78), (8.3.79), (8.3.80), (2.1.6) and the compact embedding H' () <>
L3(Q2) — (HY(Q)), one can obtain using sequential compactness arguments the
existence of a subsequence of { E., S}, still denoted { £, S: }1, and functions {E, S}
such that the results (8.3.66) and (8.3.69)-(8.3.72) hold. We note that since

E.,S.,E,S € {n:neL*0,T; H(Q)), % c L*(0,T; (H ()},
it follows that
E.,S.,E,S € C([0,T); L*(Q)), (8.3.81)

see Theorem 7.2 in Robinson [84]. Thus, (8.3.67) follows from (8.3.72), (8.3.77) and
(8.3.81).
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Using the strong convergence of E. to E in L*(0,T; L*(2)) and the fourth bound
in (8.3.78), we can extract a subsequence, still denoted FE., such that as h — 0 (see

Appendix A.1.17)
E.—- E and ™[E.]- — 0 a.e. in Qrp. (8.3.82)
But we have from the definition of 7" that
E.=n"[E.], +n"[E.]_. (8.3.83)

Therefore, we deduce from (8.3.82) and (8.3.83) that £ > 0 almost everywhere.
We obtain from (2.3.28), the non-negativity of the function £ and the assumption

(ii), on using the dominated convergence theorem, that
¢ (EF) — ¢(EF)| 1207050 < Ce — 0 as h — 0. (8.3.84)
From the Lipschitz continuity of the function ¢. and (8.3.69), it follows that
16:(EF) — ¢ (EF) | 1200150 < I1EX — EF|| 12007050y — 0 as h — 0. (8.3.85)
Thus, in order to prove (8.3.73) we note that
6= (EZ) — (E) || 2(0,7:50)

<N (EZF) = 0= (EF) |2 (0/m:00)) + [10(EF) = 6(EF) || 120,20 ()
0 as h—0. (8.3.86)

We also have from (2.4.56), (2.4.52), (2.4.55) and the first bound in (8.3.78) that

1T = 7)< (B 120,505 (2)) < ChIIV ¢e(EX) || 120,755 ()

—d(i_1
< Ch|VEE|| 20,1320 < Ch 4273

EZ | 20, o)
<ChE"3) 50 as h—0. (8.3.87)
We obtain from (2.4.70), (2.4.55), the first bound in (8.3.78) and (8.3.73) that
1A-(BZ) = $(EH)L| 120072+ (90)

= [|A:(EZ) = ¢-(BNT + ¢o(EX)T — ¢(E*)I| 20,1705 ()
July 2, 2015



8.3. A semi-discrete approximation of the Keller-Segel Model 138

< |NAEDS) = 0(EN) I r20.7:00 () + 10 (ES) — (EF) || 2200,7:5(02))

< h||VEai||L2(0,T;LS(Q)) +[[6e(BZ) — d(E) || 20,7242

=l (0,T;H(Q)) T H¢5(Ei) ¢(Ei>HL2(0,T;LS(Q))
< ChIGD) 4 |6 (EE) — ¢(ED) || 2ioroy) — 0 as b — 0. (8.3.88)
Hence the result (8.3.75) holds from (8.3.88).

Theorem 8.3.2 Let the assumptions of Theorem 8.3.1 hold. Then, the functions
{E, S} represent a global weak solution in sense that for all n € L?(0,T; H'(Q))

/0 [(%,n>+(VE+,vn)}dt—/o (p(ET)VST, Vn)dt, (8.3.89)

/0 [a(%—f,m+(S+,77)+(VS+,Vn)+5(VE+,Vn)}dt:u /0 (E*,n)dt. (3.3.90)

Proof: For any n € L*(0,T; H'(Q)), we set x = 7" in (8.3.64) and (8.3.65)
and then we analyse the convergence of the resulting terms as h — 0. On setting
Y. = E. and S., respectively, we have for all n € L>(0,T; W'>=(Q)) and for all
7€ W (0, T; WhH>(Q)) that

[ Gt = [ - - G nttn -~ e

¥ / (Z= iy — (= atipar
v [ G~ pna

oY:
v [ G

= [171 + 1172 + [1’3 + 1174. (8391)

Using (2.4.59), (3.1.11), (2.4.56), Holder’s inequality, the denseness of W1°°(0, T'; W1 (Q))
in L>°(0,T; Wh*°(Q)), (8.3.78) and (8.3.79) gives that

il =1 [ Gt =y = Gl e

<[ |<88t A
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8.3. A semi-discrete approximation of the Keller-Segel Model 139

gCh/ Pl 1xtn e
0
8t

< Clin = nllz20.1;0 @) (8.3.92)

1 = 0l 20,101 (02))

It also follows from (2.4.59), (2.4.56), Holder’s inequality, (8.3.78) and (8.3.79) that
Tooy. )8
I o = = ) dt
112 |/0[(8t’7”7 — (" m)dt]

r 7 ™
<1 [ 100 20— v
HVC )0, 7)) = (1), 77, D))
HVA, 00,77, 0)" = (Y20, 00,77, 0)

T orhay 7) - -
< Ch/ I¥ellol =5~ lhdt + CRIIY:(, T)|lo|7"77(-, T) |1 + Ch||Yz(-, 0)lo|7"7(-, 0) |4

< Ch|’Yé||L°°(o,T,L2(Q))\|7T Mo, ()) + CRIY=( T lloln" (-, T
+Ch|IYz(-, 0)[|o|7"7(-, 0)]
SChHﬁ“HI(O’T’Hl(Q)) — 0 as h—0. (8393)

To treat the term I; 3 , we observe using (3.1.8), Hélder’s inequality and the fifth
bound in (8.3.78) and (8.3.79) that

=1 [ Ot = =1 [ (O~ g
</0 |<a§;< ~ )\

<[ %

< C|(x" - Dl 20,711 (@) (8.3.94)

" — Dnlydt

(0,T;(H (2 )H(W — Dnllz2 0,750 ()

at

From (3.1.8) and the weak convergence result (8.3.71) we have, for allp € L>(0, T; W' (Q)),
that

)
]1745/ (015 n)dt = /0 dt—>/ ,77 ydt as h — 0. (8.3.95)
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Combining (8.3.91)-(8.3.95), (2.4.57) and the denseness of W1>(0, T; Wh>(Q)) in
L0, T; Whee(Q)) yields for all n € L2(0,T; H'(Q)) that

T )/8 T Y
/O(aa_t’ﬂ_hn)h_)/o <3a_t,n>dt as h— 0. (8.3.96)

With the aid of Holder’s inequality, (8.3.78), (8.3.79) and (2.4.57) we obtain for all
n € L*°(0,T; Wh>(Q)) that

| / (VY2 V(" — Di)dt] < / (VY V(" — D)t

= /oT|Ys+|1 |(x" — Dnladt
<Y ey 1" = Dnll2orm @)
< CII(r" = Dnllzom, 110
—0 as h—0. (8.3.97)

Noting (8.3.97) and (8.3.69) yields for all n € L>(0,T; Wh>(Q)) that
T T T
| v v = (v vt - g [0V Vi
0 0 0

T
%/ (VY*,Vp)dt as h— 0. (8.3.98)
0

and similarly

T T
/(Yj,whn)hdt%/ (Y*,p)dt as h—0. (8.3.99)
0 0

We have for all n € L>(0,T; W1*°(Q)) and for all 7 € W1°°(0, T; W1*°(Q)) that
T
| (Envs: v
0
T
- / (A(BS)VSE, V(x" — D)dt
0
T
T / (A(E) — o(EDTIVSS, V(i — i)dt
0
T
n / (A(EY) — (ENTIVSS, Vit
0

T
+/ (p(ET)VSEH, Vn)dt
0

=l + 1o+ I3+ o4 (8.3.100)
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On noting the generalized Holder’s inequality and (8.3.78), (8.3.79) we have

Il = | / VSV — Dt

< [ IAE e 1520 10"~ D
< 1B s~ 182 Nz 16" = Dallaormon
< C(x" - Dnllc2om,m1@) —+ 0 as h— 0. (8.3.101)

Similarly to the treatment of the term Iy;, we have from the generalized Holder’s

inequality, (8.3.78), (8.3.79) and (2.2.15) that
ol =1 [ () = o(ETISE, Vi~ D)t
< ||Aa(E:) - ¢(E+>I||L2(QT)) ||S:||L2(0,T,H1(Q)) In — ﬁHLOO(O,T,leOO(Q))
< JA(ES) = (ET)I r2gry 152 ez, @) 17— Till oo om w100 ()

< C In =1l oW @) (8.3.102)

We also have that

sl = | [ () — 0B TIVS, Vi
< A(ED) = ¢(EN) Il 2@y 17 2oy IVl on)
< CIIAA(ED) = ¢(E) T 1207y 170l o 0,010 (2))
< CA(ESD) = ¢(EDV | 2oy — 0 as h— 0. (8.3.103)
As the function ¢(s) is bounded, we obtain from (8.3.69) for alln € L>(0, T; Wh>°(Q))
that
T T
L= / (G(ET)VSH, Vn)dt — / (p(ET)VS,Vn)dt as h—0. (8.3.104)
0 0
Combining (8.3.100)-(8.3.104) and noting the denseness of the space W1 (0, T; WH>(Q))
in L>(0, T; Wh>(Q)), yields for all n € L>(0,T; Wh>(Q)) that
T T
/ (A(EDHVST Vrln)dt — / (p(ET)VS,Vn)dt as h—0.  (8.3.105)
0 0

Now, we deduce from (8.3.64)-(8.3.65), (8.3.96),(8.3.98), (8.3.99) and (8.3.105) that
the functions {E, S} satisfy (8.3.89)-(8.3.90), as well as the results of Theorem 8.3.2.
This completes the existence proof.
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Chapter 9

Existence and uniqueness for the

Keller-Segel Model

In this chapter we show that the solutions can be bounded, independent of M. Based
on the analysis in this chapters, the idea is to show the existence of weak solutions
to the model (Q), that demands passing to the limits, At — 07 and M — oo.
Then we link the time step At to the cutoff parameter M > 1 by demanding that
At = o(M™Y), as M — oo, so that the only parameter in the problem (Q3Y) is
the cutoff parameter. In Section 9.1 and by using special energy estimates, we
show that the solutions can be bounded, independent of M. Then, we use these
M —independent bounds on the relative entropy to derive M —independent bounds
on the time-derivatives. In Section 9.2, compactness arguments was used to study
the convergence of the finite element approximate problem and the existence of a
non-negative weak solution for (Q) was concluded. Finally, the error estimate was

introduce in Section 9.3.

9.1 M-independent bounds on the derivatives

We are now ready to embark on the derivation of the required bounds, uniform
in the cut-off parameter M, on norms of ET and S™. The appropriate choice of
test function in (8.3.89) and (8.3.90) for this purpose is n = xp.4(F) (E") and
n = XpgSt witht =t,, n € {1,..., N}, and xjo4 denoting the characteristic function

142



9.1. M-independent bounds on the derivatives 143

of the interval [0,¢]. While Theorem 8.3.1 guarantees that E* is nonnegative a.e.
on € x [0, T, there is unfortunately no reason why E* should be strictly positive on
Q% [0,T], and therefore the expression (FM) (E*) may in general be undefined; the
same is true of (FM)”(E™) which also appears in the algebraic manipulations. In
the following theorem, we circumvent this problem by working with (FM)'(E™ +¢)
instead of (FM)(ET), where ¢ > 0. Since E* is known to be nonnegative from
Theorem 8.3.1, (FM)(E* +¢) and (FM)"(E* + €) are well-defined. After deriving
the relevant bounds, which will involve FM(E™ + ¢) only, we shall pass to the
limit € — 0%, noting that, unlike (FM) (E* + €) and (FM)"(E* + ¢), the functions
FM(E* + ¢) is well-defined for any nonnegative E.

Theorem 9.1.1 Let M = maxsup E° if E° € L>(Q), then, the solutions { E*, S*}

satisfy the following bounds

/(fM)(E”)da:+—/ (S™) dm+2/ /|v\/ﬁ|2dxdt

QMAt// dmdt+—2At5// )2dwdt
+—/ /|S+|2d:ndt—l— //|VS+| dxdt
20 Jy Ja

< By (E°, SY). (9.1.1)

where By (E",S%) = [, F(E°)dzdt + £ [,(S°)*dadt + C.

Proof: We now take any € > 0 and ¢ < min{1,1/0} to be fixed, whereby 0 < € <

1 < M, and we choose
1
n = Xpog(F")(ET +¢€) and n = SX[MSJF with ¢t = t,, n € {1,..., N},
as test function in (8.3.89) and (8.3.90), respectively, to get

/0 [<%—f, X0 (FMY(E* + ) + (VE*, Vxpg(FM) (E* + o)) dt
=/0 (P(ET)VST, Vxpoq(FY)(ET +¢))dt, (9.1.2)

a 08 1 1
/0 [(5 (= ot » X0, t]S )+ E(SJF,X[O,t]Sﬂ + E(VSJF, VX[O,t}S+)
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9.1. M-independent bounds on the derivatives 144

T
—|—(VE+, VX[07t}S+)]dt = %/ (EJr, X[O’t]s%)dt. (9.1.3)
0

We now analyze each term individually. Clearly FM(ET + ¢€) is twice continuously
differentiable on the interval (—¢, 0c0) for any € > 0. Thus, using Taylor theorem for

s € [0,00) and ¢ € [0, 00),
(s—c)(FMY(s+e)=FM(s+¢) = FM(c+e)+ %(s —)2(FMY'(0s + (1 — 0)c+ ),

with @ € (0,1). Hence, on noting that ¢t € [0,7] — ET(.,t) is piecewise linear
relative to the partition {0 = to,t1,...,tx = T} of the interval [0, T,

. T [OFE
T = / -7 X0 (FY(ET + €)dxdt = / / ) (ET + €)dxdt
0o Jo

1 t
_ 1 / / (B — E-)(FMY(B* + o)dudt
Q
= //]—"M E++edxdt——//fM JE™ + €)dxdt

M1 E+ E* )
Mt// 2 FMY(OE* + (1 0)B + €)dudt
Noting from (4.1.3) that (FM)”(s +¢) > 1/M, this then implies, with t = t,, n €
{1,..., N}, that

TIEE//JTM E++edxdt——//]-"M YE™ + e)dxdt

QMAt// d:cdt
= [Fw o [PE o e [ @

= [+ ot [F6E) + e+ g [ [ B e

> /Q(IM)(E"Jre)dx—/Qf(E0+e)da;+2MlAt /Ot/Q(E”L—E_)dedt—C’e. (9.1.4)
We use in the second step the simple fact that if there exists M > 0 such that
0 < EY < M, then ¢(E°) = E°. Then, in the last inequality, we use the results of
Lemma 4.2.1. Now, using the fact that ¢(s) < s, Vs, we can deal with the second

term in (9.1.2) as follows:

t
Ty = / /VE Vxo.q(F )’(E++e)dxdt:/ /|VE+|2(fM)”(E++e)da;dt
0 JQ
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E+ 2 t E+ 2 t
/ / W | d dt > / VE] dxdt:4/ /|V\/E++e|2dxdt.
o ¢(F 0o Jo ET +e 0 Ja
(9.1.5)

Next, we consider the third term in (9.1.2), using Cauchy-Schwarz and Young in-

equalities, the Lipschitz continuity of ¢ and the fact that ¢(s + €) > € we have

T t
Tg :/ /¢<E+)VS+ VX[07t}(FM)/(E++E)d.CEdt:/O /Q(ﬁ((bE(urL—:—)e)VE—i_ VS+ dxdt

) +
/ / VE* VSt dudt + / / OET) — OB+ )G pr vgt dodt
E+ )

P(ET +¢))?
+ v +12
//VE S+d:pdt+5/ / ¢2 E++€) VE* 2 dedt
—/ /|VS+|2dxdt
+ wat |VE+|2 L +)2
VE VS d:cdt—i—eé d dt+ |VST|*dxdt (9.1.6)
o (B 40 Jo Ja

Moreover,
T, ::%/0 %XOtS dxdt = Até/ / T)Stdadt
2At5 / / (87 dedt - 2At6 / / dxd“rm / / )2dxdt.
25 (Sn) d 20:5/( 2At5/ / )2dadt. (9.1.7)

Now, substltutlng the results of (9.1.4)-(9.1.7) in (9.1.2) and (9.1.3), then summing

the final results, we have

/(]—“M)(E” + €)dz + —/ (S™)?

QMAt// dmdt—i——zAw// )2dwdt
¢
4(1—(56)/ /\V\/E++e]2+—/ /\S+]2dzdt+—/ /]VS+]2dzdt
0 Jo 0 Jo Ja 40 Jo Ja

t
< ﬁ/ /E+S+dxdt+/(fM)(E°+e)d:c+3/(50)2dx+06~ (9.1.8)
5 g % Jo

We estimate the first term in right-hand side of (9.1.8) using Holder’s inequality,

the Sobolev embedding theorem, the Gagliardo-Nirenberg inequality with c = d/12
and Young’s inequality for p; = 1/w, ps = 2/(1 — 2w), and ps = 2 imply that

I

Ty =
875

/ E*S*de < £ B oy 15 o) < 2O IVE s 157l
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< RO WEHIELSY IVEH g 15T lm
< SCNE G IVE IH @ ISt e
< Clu DB 4 2VE Py + 515 ey
< Clu OB + 2| VVE|R + 2l VET|} + 5||s+||3+2—151s+|%

2(1-w)/(1-2w 1 1
< Ol O ET 3" + 20 B ey + 2AVVEHG + 551575 + 551S*
(9.1.9)

Moreover,

IE* ey = (BT, 1) = (°,1) < C. (9.1.10)

Substituting (9.1.9) in (9.1.8) and noting (9.1.10), we have

/(}"M)(E" + €)dzr + 2—5 (S™)2dx

1
+4(1—5e)/ /|V\/E++e|2d$dt~l——/ /|5+|2d:vdt+—/ /|VS+|2d:vdt

t
/]—“ (E° +e¢) dx+2—5 (SO)2d:U+2/ /\V\/E+|2dxdt+ce. (9.1.11)
0 JQ

We shall tidy up the bound (9.1.11) by passing to the limit ¢ — 07. Concerning
the e-dependent term on the right-hand side, Lebesgue’s dominated convergence
theorem implies that

lim .FE0+6d:E—/.7:EO

=0t Jq
We can easily pass to the limit on the left-hand side of (9.1.11). By applying
Fatou’s lemma to the first and fifth terms on the left-hand side of (9.1.11) we get,
for t =t,,n € {1,..., N}, that

lim inf / FM(E™ 4 ¢)dadt > / FM(E™)dxdt,
Q Q

e—0t

and

t t
lim inf / / |VVE* + ¢[*dxdt > / / \VV E*|?dxdt.
0 JQ 0 JO

e—0t
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Thus, after passage to the limit ¢ — 0T, we have after a small rearrangement, for

all t =t,,n €{1,.., N}, that

[ g [are e [ [ @ - s
2At5// df’f’dH?/ /\V@P 25/ /lSﬂ dadt

+—/ /yv5+|2dxdt§/(f)(E0)dx+3/(50)2d;c+0. (9.1.12)
4(5 0 Q 9] 26 Q

O

Remark: The denominator in the prefactor of the third integral motivates us
to link At to M so that AtM = o(1) as At — 0 (or, equivalently, At = o( M) as
M — o), in order to drive the integral multiplied by the prefactor to 0 in the limit
of M — oo, once the product of the two has been bounded above by a constant,

independent of M.
Lemma 9.1.2 The following bounds hold:

IEF 20wy + 1ET (| passomwrarsy) < C, (9.1.13)
IE* ] r200) < O, d=1,2, (9.1.14)
where C' > 0 is independent of M and At.

Proof: Using the Cauchy-Schwarz inequality and (9.1.10), we have

dt 4+ C

T
2
I1E™ | 20wy = IVE |l z20m0 ) +C = 4/ [VEXVVE* 0
0

T
[ IVE ey IV VBt + €
< 4HE+||L°°(O,T;L1(Q)) ”V v E+HL2 0,T;L2( Q)) +0=<C

using (9.1.1). This shows the first estimate. Notice that this bound implies, because
of the embedding W1(Q) — L%*(Q) for d = 2, that E* is bounded in L?*(Q27), where
Qr =Q x (0,7). Then the second bound follows from

|E* | Larso,rawrars ) = = [[VE™ || fass o +C

< 2VETV VE s, +C
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S 2H ' E+HL4(QT) ”V v E+HL2(QT) + C S QHEJrHiz(QT) ||V Vv E+HL2(QT) + C S C,

which finishes the proof. O

Lemma 9.1.3 The following bounds on the time-derivatives hold:
2

HO—E <.
O || 1oy ()
and )
B
Ot |l Lass o swraeyy

Proof: We begin by bounding the time-derivative of E using (8.3.89), we shall
then bound the time derivative of S in a similar manner. Let ¢ > 0 and n €
L>(0,T; H**#(2)). By Sobolev embedding, it holds that n € L>(0,T; WH>(Q)).
Then, by using (8.3.89), (9.1.1) and Hoélders inequality,

\/ / ndwdt] <|/ /VE+ Vndxdt|+|/ /¢E+ WS- Vydadt]
<NIVE | pamonIVallzsoy + 1E | 2@n VST 2@ VAl Lo @)
< B(E, %) [0l 2 0.1:w1.2 (@)

< B(E®, SO)Inll L 0,112+ @) -
<C (9.1.15)

H L (0,T5(H2+2(Q)))
In a similar way, let n € L*(0,T; W'*(Q)), then using (8.3.90), (9.1.1) and (9.1.13),

Thus, we deduce that

we have

T roas .
i Qandxdt <C VS -Vndxdt

‘/ /VE+ Vndxdt‘ }

< ClIS Ir2@n Inllz2r) + ||VS+||L2(QT>||V77||L2(QT)

S+77d$dt +

E*ndxdt

HIVE | sasson Vills@ry + 1E 200 0l 22 @)

S CB(EO7 SO)||’I7||L4(07T;W1,4(Q)).

ol

Then, we have

LA/3(0,T;(W14(Q)))

<C. (9.1.16)

O
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9.2 Passage to the limit M — oo

We shall assume that
At=0o(M™") as M — oo. (9.2.17)

Requiring, for example, that 0 < At < Cy/(Mlog M), M > 1, with an arbitrary
(but fixed) constant Cj will suffice to ensure that (9.1.1) holds. The sequences

{E* i1, {5 Y s,

as well as all sequences of spatial and temporal derivatives of the entries of these
two sequences, will thus be, indirectly, indexed by M alone, although for reasons
of consistency with our previous notation we shall not introduce new, compressed,
notation with At omitted from the superscripts. Instead, whenever M — oo, it will
be understood that At tends to 0 according to (9.2.17).

On combining (9.1.15) and (9.1.16) with (9.1.1) we arrive at the following bound,
which represents the starting point for the convergence analysis that will be devel-

oped in the next subsection:

/(}“M)(E" dq:dt+—/ (5™ d:cdt+2/ /|V\/E+|2 25/ /ys+| ddt
Q

QMAt// dxdt+—2At6// d:cdt
//]VSﬂ d:zcdt—l—H

where C' denotes a generic positive constant independent of M and At.

<C,
LA3(0T3(Wh4(Q)))
(9.2.18)

1(0,T;(H2t# (Q H

Lemma 9.2.1 Let £ = min{E*, M}. Hence £* — £ = min{e, M} a.e. then for
sufficiently small At > 0, the following bounds hold:

1
/\Ei EF|dx < ™ M[/Ei>M]-"(Ei)dx+C}, (9.2.19)

/|8—e|dx [/ Fle dx+C’} (9.2.20)
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9.2. Passage to the limit M — oo 150

Proof: It follows from the definition of ¢(e) and by testing (8.1.1) with y = 1

gives that

OS/ Mda:dtﬁ/qﬁ(e)dxdtg/edxdt:/eodxdt. (9.2.21)
e>M Q Q Q

and similarly

0< / Mdxdt < / Edxdt. (9.2.22)
BE>M Q
Let us now recall the logarithmic Young’s inequality (see Appendix A.1.21):

rs<rlnr—r+e Vr seR. (9.2.23)

Applying (9.2.23) with r = e — M and s = In M and then with r = E* — M and
s =1In M, we have for e > M and E* > M that

InM(e— M) < Fle— M)+ M,

(9.2.24)
In M(E* — M) < F(E* - M)+ M.
The bound (9.2.24), and (9.2.22) then imply
/ |E* — EF|d = / (E* — M)dx
0 E£>M
il T e [ ]
< F(E* — M)dx + Mdzx
In M |: Ef>M ( ) E+>M
1
< E* — M)d 2.2
_IHMUEbe( )HC], (9.2.25)
and similarly, using the bound (9.2.24); and (9.2.21) we have
1
—&ldr < —— — M)d : 2.2
/Q|e 5|x_1nM[/e>Mf(e )x+c] (9.2.26)
O

In the next lemma, we prove the strong convergence of a sequence of functions

bounded in certain Sobolev spaces.

Lemma 9.2.2 Let Q C R%(d > 1) be a bounded domain with 0Q € C%' T > 0.

Furthermore, let {E*} be a sequence of nonnegative functions satisfying
IFED ee.rr@) + IV EH 20 @) + 10 E Lo,y < € (9:2.27)

for some C' > 0 independent of At. Then, up to a subsequence, as At — 0, E* — ¢

strongly in L2(0, T; LY@=1(Q)) .
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The above uniform estimates are typical for solutions £+ of nonlinear diffusion e-
quations for which [, F(E*)dx is an entropy with [, |VV/E*2dx as the correspond-
ing entropy production. Notice that the estimate implies that VE* = W EFVVE*
is uniformly bounded in L?(0,7; L'(2)). Hence, since the embedding W!(Q2)) —
LP(2) is compact for all p < d/(d—1), we conclude from the Aubin lemma that there
exists a subsequence of {E*}, which is not relabelled, such that E* — e strongly
in L2(0,T; LP(Q2)) as At — 0. The additional estimate for F(E%) in L(Q2) allows
us to extend this convergence result to p = d/(d — 1).

Proof: It holds that E* — e a.e. First, we claim that this convergence and the
bound for F(E*) imply that vV E+ — /e strongly in L>(0,T; L?(2)) as At — 0.
Indeed, by the Fatou lemma,

sup/]: Ydx = Sup/ lim F(E*)dr < liminf sup/f (E¥)dz < C.
Q

0 T) At—0 At—0

Note that |[E£—&| — 0, a.e, and that |EF|,|E] < M, then the dominated convergence
theorem yields that
/|5i—8|dx—>0 as At — 0,
Q

so for At sufficiently small

(9.2.28)

sup/ EX —E&ldr < ——
Q| | i

On noting that F(e) is non-negative and monotonically increasing on [1,00), and

that F(e) € [0, 1] for e € [0, 1], then by using the bound (9.1.1), we deduce that

/ F(e — M)dxdt
e>M

:/ ]:(e—M)dxdt—i—/ F(e — M)dxdt
[M,M+1)

e>M+1
< / dxdt + / F(e)dxdt

e€[M,M+1) e>M+1

<1+ / F(e)dzdt < C, (9.2.29)
Q
and similarly, we have

/ F(E* — M)dzdt <1+ / F(E*)dzdt < C. (9.2.30)

EE>M Q

July 2, 2015



9.2. Passage to the limit M — oo 152

Then, on noting the bounds (9.2.25), (9.2.26), (9.2.29) and (9.2.30), we arrive:

sup/ |E* — e|dx < sup/ Bt — €i|dx+sup/ |EF — E|dx+sup/ € — e|dx

(0,7 (0,7 (0,7

1 1
< T — - - —
=1 M[/iz (E M)dz + C —|—1 + ]\/[[/ Fle )dx—i—Cl

C
In M’

This shows that as M — oo then E* — ¢ strongly in L>(0,7T; L'(£2)). Consequent-

ly, since (z — y)? < |22 — 2| for z,y > 0, then we have vV E* — /e strongly in
L>=(0,T; L*(2)).
Next, we apply the Gagliardo-Nirenberg inequality

IVEE = Vel baorapsania-iay) < / IVEE = Vel VEE — ve 2yt

< o IVE Raquranan + IVl ) % IVEE = Valiworason
—0 as At — 0.
Hence, vV E* — (/e strongly in L*(0,T; L>*¥4=1(Q))). Now, since
|uv ||L2(OTL,,(Q > HUH%“(O,T;LQP(Q))”UH%“(O,T;LQP(Q)y

then, by using the above fact we have
||E:t_eHiQ(O’T;Ld/(dfl)(Q)) < v Ei+\/E||i4(o7T;L2d/<d71)(Q)) x[|v Ei_\/E”2L4(0,T;L2’1/(d71>(9))

H v HL4 0,7;L24/(d=1)(Q + H\/_HL4 0,7;L24/(d=1)(Q) x H VE*— \/—HL4(OTL2d/(d D(Q))
— 0 as At — 0.

Hence, E* — e strongly in L?(0, T; L¥@=1(Q)). 0

Theorem 9.2.3 There exists a subsequence of {E%, S} /~1, (not indicated) with
At = o(M™1), and a pair of functions {e, s} such that

E,E* —~e in LY3(0, T, WH/3(Q)), (9.2.31)
8@? g‘; in L0, T; (H*(Q))), (9.2.32)
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E,E* > e in L*(0,T;LP(2)), p < d/(d— 1), (9.2.33)
P(EF) — e in L*(0,T;LP(2)), p < d/(d—1), (9.2.34)
S, 8% —~ s, in L*(0,T; H'(Q)), (9.2.35)

S, 8% —~* s in L>(0,T; L*(Q)), (9.2.36)
% — % in LY3(0, T; (WH4(Q))), (9.2.37)

S, 8% — s in L*(0,T;L1(R)), ¢< oo, (9.2.38)
E*VS* = eVs in L'0,T;LY(R)), d=1,2, (9.2.39)

Proof: The proof of (9.2.31), (9.2.32), (9.2.35), (9.2.36) and (9.2.37) can achieved
using a sequential compactness argument and noting the bounds in (9.2.18). Note
that (9.2.33) was demonstrated in Lemma 9.2.2 for all p < d/(d — 1). Taking into
account (9.2.35), (9.2.37) and Aubins lemma provides the existence of subsequences
of S*, which are not relabeled, such that, as At — 0, the convergence result (9.2.38)
holds, where, we have used the compactness of the embeddings H'(Q) — L%(Q) for
all 1 < ¢ < oo in two-dimensional domains.

From the Lipschitz continuity of ¢, we obtain for any p < d/(d — 1) that
l(E) = ell 20700 < lle = d(e)]l 2,0 + l6(e) = S(EF) || L20,7:10(52)

< lle = ¢(e)ll 2020y + lle — EF || 200120 (02))- (9.2.40)

The first term on the right-hand side of (9.2.40) converges to zero as M — oo
on noting that ¢(e) converges to e almost everywhere on Q x [0, 7] and applying
Lebesgue’s dominated convergence theorem see Appendix A.1.20. The second term
converges to 0 on noting (9.2.33). That yields the desired result (9.2.34).
Unfortunately, the above convergence results do not allow us to pass to the limit
in the term (E*V.S%). However, we are able to exploit the boundedness of F(E*)

in L}(Q). Indeed, Lemma 9.2.2 shows that, up to a subsequence,
Ef —e in L*(0,T;L*(), d=1,2. (9.2.41)

Hence, we find that

t
/ / |EXVSE — eVs|drdt
0 Q
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//| vsi|dxdt+/ /| (Vs — V.S%)e|dwdt

— 0 as At — 0. (9.2.42)

Hence, we have
E*VS* = eVs in L'0,T; L), d<2. (9.2.43)
(I

Theorem 9.2.4 The functions {e, s} are a global weak solution to problem (Q), in
the sense that

/ [<gj,n>H2+¢(m+(Ve Vn)dt = / T(eVs,Vn)dt, n € LY(Qr)NL>(0,T; Wh>(Q))
' ' (9.2.44)
T 85 T
| oG s + 5.+ (V5. V)T, Vit = g [ (et € L4(@).

(9.2.45)

Proof:
We shall now study the convergence of each term in (8.3.89) and (8.3.90) sepa-
rately. By using (9.2.32) and (9.2.37) we immediately have that

E
/ / —ndl‘dt = / <88t ) 77>H2+¢ dt — / 5% 77>H2+¢(Q), (9.2.46)
0

T
oS oS
—dedt:/ ,77 1,4 dt—>/ ,7] 1,4 9.2.47
as M — oo (and At — 04), for n € L*(0,T; H'(2)), as required. Moreover:

/ /VE+Vndxdt—>/ /VeVndmdt (9.2.48)

/ /VS+V77dxdt—>/ /VsVnda:dt (9.2.49)
/ /E+ndxdt—>/ /endmdt, (9.2.50)
0o Ja 0 Ja
T T
/ /S+ndasdt—>/ /snd:vdt. (9.2.51)
0o Jo 0o Ja
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The third term in (9.2.44) will be dealt with by decomposing it into two further
terms, the first of which tends to 0, while the second converges to the expected

limiting value. We proceed as follows:

/OT/Q¢(E+)VS+Vnd:Udt

T T
=/ /(aﬁ(E*)—E*)VS*Vndde/ /E+vs+vndxdt
0 Q 0 Q
= Vi + V. (9.2.52)

We shall show that V; converges to 0 and that V5 converges to the expected limit.
T
i< [ [ o) - B9 |Valdz de
0 Jo

< o(ET) = ET |20 1ST | 220,130 ) 101]] £ow (0,501 () -

The norm of the difference of the bound on V; is known to converge to 0 as M — oo
(and At — 04), by (9.2.34). This then implies that the term V; converges to 0 as
M — oo (and At — 04).

Concerning the term V5, we have that

T T
V2:/ /E+VS+V77dxdt—>/ /eVsVndxdt, (9.2.53)
0o Jo 0o Jo

as M — oo (and At — 0,). 0

9.2.1 Uniqueness of a weak solution

In this section, in order that we are able to prove uniqueness of a solution, we have
to assume that ||e|| () + [|5]| Lo (0,1 ()) < C holds. We note that we are unable

to prove the uniqueness without such a bound.

Theorem 9.2.5 Assume that ||e||r~.) + |[s]|ze(orm1 @) < C, then for ¢ suffi-
ciently small, there exists a unique solution to (9.2.44)-(9.2.45).

Proof: Assume that there are two weak solutions {eq, s1} and {es, s} to the

system (9.2.44)-(9.2.45). Let the solutions {e1, s1} and {eq, s} satisfy

leille@ry + I8illLeorar ) < C,  i=1,2, (9.2.54)
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and
e1(-,0) = ex(-,0) =€°(:) and s1(-,0) = s5(-,0) = s°(-) in L*(Q). (9.2.55)
Setting e = e; — €9, 8 = 51 — 57 and testing (9.2.44) with n = e € L?(0,T; H'())

and (9.2.45) with n = }s € L*(0,T; H'(2)) leads to after subtracting the weak

forms

1 1 T
Sl +1Velia, = 5le© + / (e2Vsy —eVsy, Ve)dt,  (9.2.56)

- o Lo 1 2 ’ @ o k!

G585l 5 IV sl [ (Ve V)it = sl [ (evs)ar
(9.2.57)

Adding (9.2.56) and (9.2.57), noting (9.2.54) and employing Holder’s inequality

yields that

1 1 1
5 (le(@)lg+ H (T)6) + IV ellza@p + 5lIslzzar) + 51V 5l 0r)

L T T T
= 5/ (6 S)dt - / (V67 VS) + / <€2v$2 - €1V81, Ve)dt
0 0

Oﬂl‘s:

T T T

/ e, s)dt — / (Ve,Vs)—/ (61V3,Ve)dt—/ (eVsy, Ve)dt
0 0

<

8 [ elotsloti + 0 [ leblshat+ [ eloassblehat

wo [T T
<% [ lellolshode +C [ lellsluce (9.25%)

We easily obtain from the Young’s inequality that

T 2

L 7 1

£ [ elolislloat < Sllelian + 3l (92.59)
g 2 1 2

C/ eli|s[idt < C6||[Vell72qp + S||Vs||L2(QT). (9.2.60)
0
Putting (9.2.59) and (9.2.60) in (9.2.58) leads to

1 2
5 (le(D)][5 + || (T5) + (1 = Co)lIVeliaqy < 5lellzan: (9.2.61)

As C6 < 1, then we arrive to the following inequality

1
le(T)lls + 51s(T)lls < Cllellzeqy): (9.2.62)
Applying the integral version of Gronwall’s lemma, see Appendix A.1.5, leads to
1
le(T)lls + 5lls(T)llg < 0. (9.2.63)
Thus, we conclude e; = ey and s; = s5 as required. O
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9.3 An error estimate

In this section we study the error estimate between the weak solution of (Q) and
the fully discrete approximation defined by (8.2.15) - (8.2.16). Additionally to the
uniqueness requirements, the derivation of an error estimate requires extra regularity
on the time derivatives of the approximate solutions that we have been unable to

prove. The details are given in the following theorem.

Theorem 9.3.1 Let all the assumptions of Theorem 8.2.4 hold. If § < ;—2 and

oF oS
1552 iy *+ 15 sy + 1<l oo oy

+||€||L°°(O7T;H1(Q)) + ||E+||L2(0,T;H1(Q)) + ||6||L2(0,T;H1(Q)) S C, (9364)

where & = |le — 1||1=(qy) and let || =@ < M and €, s° € H'(Q), then the

solution {E., S.} of ( };ﬁt), h, At < 1, satisfies the following error bound:

le — EEH%OO(O,T;LQ(Q)) + [Is — SEH%OO(O,T;LQ(Q))
< C(h+ AL+ + [V = 7el| o, + VT =75 12q,)- (9.3.65)

Furthermore, if e, s € L*(0,T; H*(2)) then
le = Ecll e orr2iy + 15 = Selliwori2y < C(h+ At +£2). (9.3.66)

Proof: We first mention that m"e and 7"s are well defined since e(-,t),s(-,t) €
HY(Q) for a.e. t € (0,T) and the Sobolev embedding result H'(Q2) < C(Q) holds

in one space dimension. Noting this, we set

A=y -ty D=y Y@ el =zhy vy (9.3.67)

€ Y,e

where y = e and s, v.H = B and Sgi), respectively.
On subtracting (8.3.64) and (8.3.65) from (9.2.44) and (9.2.45) respectively, it
follows for a.e. t € (0,T) and for all xy € S that

OE. OE.
X))+ (Vel,,Vx) = (eVs,VX)—(Aa(EJ)VSiVx)+{( o )" =( P ,x)},

(9.3.68)

Oe. .
o

Oes e
af o X))+ (e, )+ (Ved V) +6(Vel, Vx) = (el x)
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0S. \n 05,
+aq (G x)" = (5,7x) ¢ +Huq (BX x) = (BS,X)" ¢ (9.3.69)
ot’ ot
Hence, choosing xy = €f, € S" in (9.3.68) and x = €/, € S" in (9.3.69) and
summing the resulting equations yields that

1d
2dt||e€5”0 25 dtHeS 5”0 (&)‘HQIEH(Q) + |€::€|% + 5|e;€|%

[ Oece 4 a0t 4
‘K at’%)*a(at’%)}

aee,g + aesa —+
#| (G- m) + 5 (5 50 -5

+ {(V el Vel) + %(Ve;,Vef) + %(e;, ef)]
OE. nOF. af ds. ., 9.
[ Gre - e+ e - (e

+5{(S;,€:,5> (SF,€) H% fe Ved) - (eVewW?)}

+[(<6_1>v55, |+ [( vs+ve+)}

:iﬂﬂ, (9.3.70)

A
—e) + Y. -V,

,€ ye — &y = Cye

We now bound each term on the right hand side of (9.3.70) separately.
Using the Cauchy-Schwarz inequality gives that

Oe a [ Oe
I, = e A et s,e A
! (e%’%>+5(e%’%>

Oec . des
(H lolleZlo + H || lelo) := ) (9.3.71)
[ Oece Otse ot
h(@tjé_&>+5(&’% 59

Oes ¢

Oecc
(n ol — Ello +1%

+ - = TI. 3.72
- ST - Sido) =B (937)
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1 1
Iy = (Ve!_, Vel N+ 5(V se,Ve )+ 5(e;5,ef)
<0 (Jet bl + ISbledl + Deelolldlo) =B (0373

With the aid of (2.4.59), we have that
_ [, 0B . \n OE: 0S8 . 08 .
n={(Gren) - Cren b+ §{ Gren) - Gren)

ri{ s e - e}

(’f;h + ||S:||0|€:,5|1) = Iy (9.3.74)

S
<cn (15 ez +15

Noting the Cauchy-Schwarz inequality leads to

Is = (Vel,, Vel) — (eVe!,, Vel)

66’ s,e)

< C(led hlel s + el el ) = Is. (9.3.75)
We also obtain from Young’s inequality that

OR -
I = ((e — 1)Vl Vel ) < ilel el |1<i|e 2 —|e Is.  (9.3.76)

ss? ss|1'

It follows from the Holder’s inequality, the last bound in (9.3.64), (2.4.69), (2.4.55),
the Lipschitz continuity of ¢. and (9.3.67) that

I = ([e _A(ENVSE, ve;)
< IS LIALED) — ellonsl €510
< ClA(EY) = ello €I

< O(HAE(EJ) = (B oo + 6(EF) — 6:(0)llowe

Fl6e(e) — ¢(e)lowe + 16(6) — euo,oo) €,
<c(h2\E+rl+ue H0m+8>|€ I

1
< c(han:nl et o +e) (et + 121

=[C(h%uE:H1+s)|e;|1] [cue Noweler h] [ <h2HE*|I1+He ||0w+a>|ef‘|1}
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_ {17,1} N {17,2} n {17,3} . (9.3.77)

But, the Young’s inequality gives, on making the assumption ¢ < %, that

Ly <C(R|EF|} +€7) y \1- (9.3.78)
We obtain from (2.1.4) and Young’s inequality that
I = Cllef loooled. 1
< Cllet N3 et letly
< ¢l o e + 1205 1ec1?)
<clerl+ 20 e
< Ollecells + CIEF — E||3 + 1 _85’%2 e 1. (9.3.79)

Noting the Cauchy-Schwarz inequality and Young’s inequality leads to
7 u
]8 = g( e’ Q3+ ) g “e:,z-:HO”@IEHO

< C(lled g+ 11es.13)
< Ollecellf + Cllesclls + Is, (9.3.80)
where Iy := C (|EF — E.|3 + ||SF — S||2 + ||e]|2). Finally, we use (2.4.59) and

Young’s inequality to obtain that

19 - %{(Eja QE:,E) - (E;_, €Z€>h}

< Chl|ES|11€! o := Io. (9.3.81)

Now, combining (9.3.70)-(9.3.81) yields that

d o i
i (et + Glleslt) < O(1ecdi + Sleclf) + 5 038

where

fG = 0,

I =TI+ C(h|EX;+ <+ |IEF — E.Il}).
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Applying the Gronwall lemma to (9.3.82) leads to for a.e. t € (0,7)

T 9
« [0 ~
JeccOI + eI < €7 (leec O+ Slenc(O)1F) 46T [ 3 F. (0359
0 =1

To bound the right hand side of (9.3.83), the assumption ¢°, s° € H(2) and (2.4.56)
that
lec (0l < lle® — EZ|l5 < Ch*|e"ff < Ch?, (9.3.84)

les(0)I[5 < [Is” = S2[[§ < CR?|s°]F < Ch%. (9.3.85)

We also use the estimate (2.4.56) to find that
el = 11 = 7")ellF < Ch|eli, (9.3.86)

e 15 = (7 — 7")s]l§ < C?|sf. (9.3.87)

Similarly to (8.3.80), we have from (9.3.64) that

IEF — EE”%?(QT) +155 - SEH%Q(QT)

< C(At)? (9.3.88)

< B2, + (007 2
On noting (9.3.67), (9.2.35), (9.3.64), and (2.4.56), we deduce that

el + e

L2(0,T;H () L2(0,T;H ()

< e ||L2(0TH1 +ede]] 2 oOTHL(Q) T ||e;4HL2(O,T;H1(Q)) + He?HL’Z(o,T;Hl(Q))'
(9.3.89)

Now, using Holder’s inequality, (9.3.64), (9.3.86), (9.3.87), (9.3.88) and (9.3.89), we

can obtain the following estimates:

O¢s ¢

T
Cec

/ I,<Ch (|| 20 el z20mm @) + H ||L2 QT)H$||L2(0TH1(Q)))

0
<Ch, (9.3.90)

T

- O¢cc 8258

| R=c (H @l — Bellizan + 1252z 157 - Ssumﬂ)

< CAt, (9.3.91)

T
/ I3 < C (||ee+,e||L2<o,T;H1<n)>||Vef||L2(QT)
0
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el z2oma@n Vel l o) + ChH%ZHLQ(QﬂHSHLZ‘(O,T;Hl(Q)))

<C (HWfIIL?(QT) + Ve r20p) + h), (9.3.92)

T OF. .
i L<Ch(] 5 22 1 €2 Ll 20,71 (2))

08,
I ez on 1€ 2 0mm @) + HSJHLZ(QT)HQEIEHLQ(O,T;H%Q)))

<Ch, (9.3.93)

T
/ I; < O(Hezs”LQ(O,T;Hl(Q))||Ve;4||L2(QT) + ||e:,s||L2(O,T;H1(Q))||Ve;4”L2(QT))
0
<C <HV9?HL2(QT) + ||Vef||L2(QT)), (9.3.94)
T ) )
/ h=¢ (hQHEjHLQ(O’T;HI(QD + el N2 o/msmee () + 8) Vel llz2ar)
0

+C (HE: - Ea||%2(QT) + h||E§L||%2(o,T;H1(Q)) + 52)

<C (AP +h+e+ Vel 12 (9.3.95)

T
/ Iy <C(|ES - EEH%Q(QT) + |18 — SE”%Q(QT) + Oh2||5||%2(0,T;H1(Q)))
0

< C((At)> +n?), (9.3.96)

S,€

T
/ Ty < CHIE oo € izam < Ch. (9.3.97)
0

Combining (9.3.83), (9.3.84) and (9.3.90)-(9.3.98) yields for h,At < 1, and for
a.e. t € (0,T) that

lecclld + llesells < C(h+h" + At + (A + € + | Vel!|| oy, + 1V 120p)

< C(h+ At + & + Ve g, + Ve L2 (9.3.98)

This gives the estimate (9.3.66).
If e,s € L*(0,T; H*(2)), the result (9.3.66) follows immediately from (9.3.65) on
noting the following estimate (see Theorem 3.1.6 in Ciarlet [39]):

(I — 7))y < Chnla

O
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Chapter 10

The Keller-Segel Model:

Numerical experiments

This chapter is devoted to the discussion of some numerical experiments for the
model (Q). We introduce an iterative approach to solve our fully discrete finite
element approximation to problem (Q). We then establish and discuss some numer-
ical solutions for different choices of the parameters «, §, u. We also introduce a
modified iterative scheme to obtain the numerical solutions. In addition, we obtain
and discuss some other numerical results. All programs were written in Matlab to
generate the numerical results and to plot the graphs.

We could find no two-dimensional examples to compare our computations with
for 6 > 0. However, in the case that 6 = 0 the continuous and numerical solution
blow up, see references. It should be noted that our entropy bound is not valid in
this case but that the numerical approximation still works up to the point of blow-
up. We include this simulation to demonstrate the robustness of the approximation.
We performed the same experiment with other values of 4 > 0 and found that blow
up did not occur.

We first introduce the following practical algorithm to solve the nonlinear alge-
braic system arising from the approximate problem ( }J(f;’k) at each time level:

Given {E™0 Sm0} € Shx S for k > 1 find {E™F, S™*} € S* x Sh such that for
all y € Sh
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EMk — B

&

Sn,k _ Sn—l
Oé( 3 At £

)" (PVEDF — oA (EME1)VSTF V) =0, (10.0.1)

)" (S X"+ (VSEE, V) + 6(VEM, V) = p( B2, x)",
(10.0.2)
where the coefficients p, 0 > 0 have been added to compare with experiments else-
where in the literature. We note that it is easy to prove all of the results that we have
proved, i.e., all of the previous results hold with this modified model. We start with
E? = 7he® and S? = 7"s® and we set, for n > 1, E»Y = E"1 and S™° = S7 1. As
the system (10.0.1)-(10.0.2) is linear, existence of { E™* S™k} follows from unique-
ness. The standard method to solve the system (10.0.1)-(10.0.2) at each iteration
is by testing the equations (10.0.1) and (10.0.2) with ¢;,7 = 0,...,J, to obtain a
(2J +2) x (2J + 2) linear system, in terms of the nodal values of E™* and S™*,

which can be solved using linear programming. For our numerical results, we set

TOL = 10~° and adopt the stopping criteria
|EMF — B < TOL  and  |S™F — S™F1o o < TOL, (10.0.3)

i.e. for k satisfying (10.0.3) we set E" = E™* and S" = S™*.

Although, we have been unable to prove convergence of { E™* Sk} to {E", S}
for n fixed, good convergence properties have been observed in practice. We found
that the iterative method always converged well (only a few steps were required to
fulfill the stopping criteria at each time level).

As already mentioned, the system is square so proving uniqueness is equivalent
to existence. If we attempt to adopt the existence argument in the Schauder fixed

point theorem, then unfortunately we are left with the extra term
—At ( [A(EMS)] T AL(BME- ) VSt vx) ,

which we are unable to deal with. Next we prove uniqueness directly, which depends
on At being sufficiently small. In practice, if we found that the iteration did not
convergence, then our strategy would to be reduce At by a factor of 1/2 and to

repeat the experiment.
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Theorem 10.0.2 Let {E™* S™F} be a solution of the problem (Qﬁfg’k) such that
ma [S2H < G,

where (U, is a positive constant independent of the parameters h, At and . Then,

for sufficiently small At, the solution {E™* S™¥} n =1,..., N is unique.

Proof: Assume there are two solutions {Eglk, S 1 and {E v ST 1 to the problem
( ]ngtk) such that

max {[[S77[13, 15255} < Co- (10.0.4)

Now, setting £7F = EIf — :2’“ and S™F = S™F — S, and subtracting the fully

discrete approximations yields for all x¥ € S” that
1 n h n n,k— n
CAEPR )" (VEME V) = (MBS V), (10.0.5)
(S0 )" (82407 + (VSR Tx) + B(VEM, Tx) = (€24, )" (10.0.6)
Choosing x = £™* in (10.0.5) and x = $8™* in (10.0.6) and adding the resulting
equations yields, on using the Hoélder’s inequality, (2.4.68), (2.4.69), (2.4.54) and

(10.0.4), that

|(C: aif +‘5 k ’S k 5’857k}21+5’857k%

5At

= (AE(E?”“_l)VSQ”“, VEN) + S (EF, SME)" — (VErt, VSH)

=
= ([A(EL) = VERs, vsrh) + &
EMR | |8™E |, = 11 + I, (10.0.7)

n,k on,k\h
gs 788 )

< CLIEMM| |SIF | + 5|

where

I = C1|EMF)1 |SMFy,
1
= 5|5?’k|h |82,

and C] is a positive constant, independent of the parameters h, At and ¢, that is
generated from applying (2.4.54).

It follows from the Young’s inequality, (2.4.54) and (2.4.55) that
C30?

n,k: n,k |2 n,k
h < e+ Lispip < e+ 6

LISHR = (€72 4 aySPF2,(10.0.8)

1
—|S™F 2 (10.0.9)

I, < G2|5g’ki+ 5
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where (5 is the positive constant, independent of h, At and &, generated from ap-

plying (2.4.55), a; = (’Ehcz% and as = Z—;. Combining (10.0.7) and (10.0.8)-(10.0.9)

yields on noting the equivalence (2.4.46) that

1 o
— — ) |EMP 4+ (— —a)|S™? < 0. 10.0.10
(At a2)’ € ’h+(5At al)’ e |h = ( )
Now, we set
. {a 1
7 = min{—, —}.
5a1’a2

On noting (10.0.10), we obtain for any At € (0, 7) that
24 + 1S < 0.

k k k k .
We thus conclude E™° = E™5 and S = S™2 . as required. O
el €,2 e,1 £,2

10.1 Numerical results

10.1.1 1D numerics

We now present some numerical results in one space dimension. Unless otherwise
specified, in all experiments we consider a uniform partitioning of 2 = (0,1) into
100 subintervals, i.e. = 100 and h = 1/100, and choose At = 0.001, n > 1,
and ¢ = 1072, In the first part of our experiments, we considered the initial data
e%(z) =1, and s°(z) = 1+ 0.1e7'%%" which was also considered in [60], with a = 1,
0=0,p=1 0=>5and p=0.1.

In Figure 10.1 we plot numerical simulations of the Keller-Segel model. The
cell density and chemical concentration are plotted at distinct times, showing the
growth of the solution as cells accumulate into a sharp boundary peak. After ¢t =1,
the figures do not change significantly.

We note that the steady-state solution of (Q) in space and time, denoted by

{ec, s.}, is determined by the following equations
lex — (e$4)]e =0, Sz + 04y + e — s = 0.

In the next experiments, we considered the same initial data of the first experiment,

with @« =1 and p=0.1. For 6 =0, p =0 and p = 5, if {e., s.} is a constant steady
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state solution, then it is easy to show that (e.(z),1) = ﬁ(eo, 1) and s.(z) = 0, and
this behaviour has been shown in Figure 10.2. In the second experiment we choose
the same parameters of first one but with €°(x) = 2. The solutions corresponding
to €’(x) = 2 are plotted in Figure 10.3 at several times, and the results show the
same behaviour of Figure 10.2.

Thirdly, we choose § = 0.1 and ¢ = 0, then if {e, s.} is a constant steady state
solution, then we have e, = ﬁ(eo, 1) and s, = pe.. Firstly, we choose €’(x) = 1,
and the solutions corresponding to this experiment have been shown at many time
levels in Figures 10.4 for u = 0.5. We repeated the experiment with €’(x) = 1 and
p = 0,3 and €®(x) = 2 and p = 0,0.5,3, and we found {e.,s.} always satisfied
Se — pe. = 0, within tolerance. Finally, in Figure 10.5 we plot the term pe, — o(es,),
for ®(z) =1, s%(z) = 1 +0.1e710" o =1, § =0, =1 po=1and p=0.1. Itis
very clear in Figure 10.5 that the term e, — (es,) has a constant value in the steady

state solutions.

10.1.2 2D numerics

In this section, we demonstrate the performance of the proposed finite element
scheme in two dimensions for the Keller-Segel model. We take the computational
domain to be a square uniform mesh = [—1 ] x [~ JJwitha =1, =0, p =1,
o =1, p = 1. The space step is h = 1/J in both = and y directions where
J 4 1 is the number of the nodes in each direction. Then, we apply a right-angled
triangulation on 2 in which each subsquare is bisected by its north-east diagonal.

We first consider the initial-boundary value problem for the Keller-Segel system with

the radially symmetric bell-shaped initial data,
" (x,y,0) = 1000100 +v") s%(x,,0) = 500e 0@ +¥) - (10.1.11)

According to the results in [59], both e— and s—components of the solution are ex-
pected to blow up at the origin in finite time. This situation is especially challenging
since capturing blow up solutions with shrinking support is extremely hard [59]. We
first apply the finite element method to the initial-boundary value problem (10.0.1)-
(10.0.2). The computed cell densities at times T'= 1075 5x107%4.4x107° 6x10~°
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t=1
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0.0 02 04 06 08 10 0.0 0.2 04 0.6 08 1.0
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Figure 10.1: The cell density e(x,t) and the concentration of the chemical signal s(x,t)
versus position with At = 0.001, a = 1,6 =0, u =1, o =5 and p = 0.1. The initial
data are ¢®(z) = 1, s%(z) = 1+0.1e71%%". In (a) and (c) we plot e& s for t = 0,0.1, ..., 1,

respectively, while in (b) and (d) we plot e& s for ¢t = 0,0.2, ..., 2, respectively.
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Figure 10.2: The cell density e(x,t) and the concentration of the chemical signal s(x,t)
versus position with At =0.001, a =1, =0, u =0, o =5 and p = 0.1. The initial data

are 9(z) =1, O(x) =1+ 0.1e~102",
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Figure 10.3: The cell density e(x,t) and the concentration of the chemical signal s(x,t)
versus position with At =0.001, a =1, =0, u =0, o =5 and p = 0.1. The initial data

are ¢¥(z) =2, O(x) =1+ 0.1¢7102",
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Figure 10.4: The cell density e(x,t) and the concentration of the chemical signal s(x,t)
versus position with At = 0.001, « =1, =0.1, u = 0.5, o = 0 and p = 0.1. The initial

data are 60(1') = ]_’ 50(33) =1+ 0.16_102:2,
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0.0 0.2 0.4 0.6 0.8 1.0

Figure 10.5: The term pe, — o(es,) versus position with At = 0.001, « = 1, § = 0,
=1 0=1and p = 0.1. The initial data are ®(z) = 1, O(z) = 1 + 0.1e~10"
¢ = DE? — EI’DS”, where Dy = (yi+1 — vi)/h,i = 0,...,J. In this Figure, we plot for

t = 5,10, ...,60, respectively.
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and 10~* are plotted in Figures 10.6, 10.7, 10.8, 10.9 and 10.10, respectively, with
At = 107", The method performs reasonably well, where we only show the plots
with J = 200 and J = 400 as with other finer grid spacing the plots were quantita-
tively similar.

In the results in [38], negative densities appear in numerical solutions which refer
to the severe numerical instabilities. We observe a lack of negative values of e or
any other numerical instabilities in these experiments, and a high resolution of the
solution blowing up. Numerical convergence of the finite element method is verified
by running the same test on a finer grid with A = 0.005, where we observed that
the coarse and the fine grid solutions were in very good agreement at small times
T =105 5%x1075. However, they are quite different at a larger time T = 4.4 x 107,
and especially at T' = 6 x 107°. Therefore, we further refine the grid on the uniform
grid with h = 0.0025. It seems that these is agreement in the computed solutions at
T = 4.4 x 1075, but beyond that time there is a difference that keeps increasing (as
the grid is refined) at T'= 6 x 107°. A more precise interpretation of the obtained
results would require a knowledge of the blowup time (which is not available). Based

on the presented numerical results, we conjecture that the blowup time is most likely

T >6x1075.
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Figure 10.6: The cell density e(x,t) at T = 1076 (left) and its one-dimensional (1D) slice
along z = 0 (right), with At = 10~7. In (a) and (b), h = 0.005, in (c) and (d), h = 0.0025.
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Figure 10.7: The cell density e(x,t) at T =5 x 107 (left) and its one-dimensional (1D)

slice along = 0 (right), with At = 1077, In (a) and (b), h = 0.005, in (c) and (d),

h = 0.0025.
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Figure 10.8: The cell density e(x,t) at T = 4.4 x 1075 (left) and its one-dimensional

(1D) slice along x = 0 (right), with At = 10~". In (a) and (b), h = 0.005, in (c) and (d),

h = 0.0025.
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Figure 10.9: The cell density e(x,t) at T = 6 x 107> (left) and its one-dimensional (1D)
slice along = 0 (right), with At = 1077, In (a) and (b), h = 0.005, in (c) and (d),
h = 0.0025.
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Figure 10.10: The one-dimensional (1D) slice along x = 0 of cell density e(x,t) at T' =
10~* and (a) h = 0.005, (b) h = 0.0025.
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Conclusions

We studied three cross diffusion systems using the finite element method. The first
system, (P), is a population model which represents the movement of multi inter-
acting cell populations in d < 3 space dimensions. The second system, (W), models
mechanical tumor-growth. Finally, a Keller-Segel model (Q) with an additional
cross-diffusion term in the equation for the chemical signal is analyzed. In the first
chapter of the thesis we introduced the models (P), (W) and (Q) and defined the
research objectives. Our study of the model (P) was executed in the following four
chapters. Also, the model (W) was studied in Chapter 6 and the rest of the thesis
was devoted to the study of the model (Q).

It is important to note that the cut-off function ¢(s) and the entropy func-
tion F are closely related, viz. ¢(s) = min(1/(F™)"(s), M), see (2.3.22), and this
connection plays a crucial role in our argument. Due to the fact that (FM)”(s)
is unbounded at s = 0, the strictly convex entropy function F is replaced by a
strictly convex regularization F. whose second derivative is bounded above by 1/e
and bounded below by 1/M, ¢ € (0,1), M > 1, at the same time the cut-off function
¢ is replaced by a strictly positive cut-off function ¢. defined by ¢.(s) = 1/F/(s).

In Chapter 2, we make a significant step towards showing the existence of a
global in-time weak solution of the problem (P). Our approach in proving existence
is based on the idea of defining an entropy inequality that leads us to obtain energy
estimates. Firstly, we introduce a truncated alternative problem to (P). Then, we

introduce a regularized problem of the problem (P). Next, we derive a well defined
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entropy inequality of the regularized problem. Also, A practical fully discrete finite
element approximation of the regularized problem is proposed then we present some
necessary lemmata. Finally, the existence of the approximate solutions are discussed
by using a fixed point theorem.

In Chapter 3, we prove the existence of a global weak solution to the system (P4})
by analysing the convergence of the fully discrete approximate problem (P};fst). A
discrete analogue of the entropy inequality is derived and some stability bounds on
the approximate solution are shown. Then we prove the existence of non-negative
functions {U;}7, bounded in various time-dependent spaces using classical sequen-
tial compactness arguments. Finally, we prove that the functions {U;}*, represent
a global weak solution of the system (P4f) via passage to the limit €, — 0 of the
approximate system.

In Chapter 4, to show the existence of weak solutions to the model (P), that
demands passing to the limits, At — 0T and M — oo. Then we link the time step
At to the cutoff parameter M > 1 by demanding that At = o(M ™), as M — oo,
so that the only parameter in the problem (P4}) is the cutoff parameter. By using
special energy estimates, we show that the solutions can be bounded, independent
of M. We then use these M —independent bounds on the relative entropy to derive
M —independent bounds on the time-derivatives. By using sequential compactness
arguments, the convergence of the finite element approximate problem has been
studied and existence of a non-negative weak solution for (P) was concluded. We
also might be able to find the error estimate by adapting the ideas in Barrett and
Blowey [7]. We leave this for future investigation. A regularity result stronger than
we obtained is required to complete the analysis of problem (PY,). However, in
order to proceed with the convergence analysis we adopted an alternative technique
where we assumed that U (x,t) € L®(Qr).

At the end of our study, in Chapter 5, an algorithm for computing the numer-
ical solutions of the population model (P) was given. Simulations in one and two
space dimensions were performed using the implicit scheme. Numerically, there are
remaining issues that can be investigated such as existence, uniqueness and error

bounds. We were unable to numerically verify the fully discrete error bound for (P)
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because no exact solution is known. However, experimental work that can be done
in this direction is by comparing the computed solution on a coarse mesh with that
on a fine mesh.

In Chapter 6 we introduce a fully discrete finite element approximation for the
cross-diffusion Tumor-growth model (W). We proved the existence and some sta-
bility estimates of the fully discrete approximation. An algorithm for computing
the numerical solutions of model (W) and simulations in one space dimension were
performed using the implicit scheme in Chapter 7.

In Chapter 8 and 9, the Keller-Segel model (1.2.1)-(1.2.3) is considered. The
mathematical analysis used in proving the existence results for (P) was adapted to
show that there exists at least one global weak solution of the Keller-Segel model
(Q). A regularized fully discrete finite element approximation of the problem (Q)
was studied. Existence and uniqueness of the approximations were established. A
technical replacement of s by ¢(s) was the key to our study of the system where
we considered a truncated alternative problem to (Q). The singular nature of (Q)
in R=Y has been treated by employing an appropriate regularization procedure. A
well defined entropy inequality of the regularized problem has been derived. A fully
discrete finite element approximation to (Q) has been introduced. The existence of
the fully discrete solutions has been shown for a sufficiently small time discretization
parameter. An analogous discrete entropy inequality has been obtained and some
stability bounds on the approximations have been established. Some uniqueness
results of approximate and weak solutions have been discussed. An error bound
between the fully discrete and weak solutions of (Q) has been proved.

Our mathematical analysis of the Keller-Segel model was for d = 1,2 and 3.
However, we use the compactness of the embeddings H'(Q2) < L9(Q) for all 1 <
¢ < oo in two-dimensional domains and thus the result in (9.2.38) holds for d < 2.
Moreover, the continuous embedding H'(Q) < L>°(Q) holds only for d = 1, thus
our uniqueness and error bound analysis of (Q) is not valid for multi-dimensional
spaces; see and (9.3.79).

Finally, a practical algorithm for computing the numerical solutions of (Q) was

given at the beginning of Chapter 10, where simulations in one and two space di-
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mensions were performed. We then performed numerical experiments in two space
dimensions demonstrating the blow up behaviour of the numerical solution.

Additional regularity, more than we have been able to prove, was required to
complete the uniqueness proof and error bound analysis for problem (Q). Unfortu-
nately, we have been unable to prove the regularity requirement which was essential
to establish these results. However, it might be possible and this is left open for
future investigation. With regard to the problem (P), an idea for obtaining unique-
ness results is to mimic the uniqueness study presented for the model (Q). In this
direction, and due to the structure of the model (P), it is more difficult and the
issues faced are: analytic; regularity requirements; other technical obstacles. This
is also left as an open problem for future work.

The mathematical work in this thesis can be used to analyse other cross diffusion
systems. For example, following similar arguments used for (P), one can improve
the analysis presented in [35] and [8]. One could also try to adapt the techniques
employed in this thesis to study the cross diffusion models in [69] and [57].
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Appendix A

Basic and Auxiliary Results

A.1 Definitions and Auxiliary Results

Theorem A.1.1 (Schauder’s theorem) Let B be a normed space and let K be
a non-empty convex compact set of B. If f: K — K is a continuous function then

f has at least one fixed point (see [5] page 215).

Theorem A.1.2 (Green’s formula, Rodrigues [85], p.76)
Let © € R™ be a bounded Lipschitz domain with outward unit normal v. If u €
H?*(Q) and v € H*(Q), then

/ Vu-Vu de = v u ds —/ u Av dz. (A.1.1)
Q oo Ov Q

Theorem A.1.3 (Lax-Milgram, see, e.g., [87] page 20 and [49] page 83)
Let V be a Hilbert space. Let a be a bounded bilinear form on V x V and let f € V'

(i.e. fis a bounded linear functional on V). If a is a coercive, i.e.,
Ja >0, YueV, a(u,u)> alul}.
Then, there exists a unique u € V such that
a(u,v) = f(v) = (f,v)vxy YveV.

In addition,

1
ullv < =[f]lv
[0}
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Theorem A.1.4 (generalized Lax-Milgram) Let V and W be reflexive Banach

spaces. Further let a(-,-) : V x W — R be a continuous bilinear form such that

supa(v,w) >0 Yw e W,
veV

, a(v, w)
inf sup ————— > aq,
0£veV ozwew [|0]lv]|wllw

where « is a positive constant. Then for every F' € W’ there exists a unique u € V
such that
a(u,w) = F(w) Ywe W.

Furthermore, the following a priori estimate holds:
1
[ullv < =[1F[w.
a
For a proof and applications of the theorem, see for example [87] and [49].

Theorem A.1.5 (The Gronwall lemma in its integral and differential form, see
e.g. [48]).

We start with the integral form:

Let 3 be a non-negative constant and let u(t) € L>=(0,T) and v(t) € L*(0,T) be

non-negative functions such that for a.e. t € (0,7)

¢
u(t) < p +/ u(s)v(s)ds.
0
Then for a.e. t € (0,T)
¢
u(t) < ﬁexp(/ v(s)ds). (A.1.2)
0
We now state the differential form:
Let f(t) € Wh(0,T) and g(t), h(t), w(t) € L*(0,T) be non-negative functions such
that for a.e. t € (0,7T)
ft) +g(t) < h(t) + f(H)w(t).

Then for a.e. t € (0,T)
ft) + / tg(s) ds < M f(0) + e / th(s) ds, (A.1.3)
0 0

where A(t) = [} w(s) ds.
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Theorem A.1.6 (Sobolev spaces results) Let m be a non-negative integer and
let 1 < p < oco. The Sobolev spaces W™P(£2) equipped with the associated norms
satisfy the following:

o W™P(Q) is a Banach space (see [83], page 206).
o W™P(Q) is separable if p < oo (see [83], page 206).
o W™mP(Q) is reflexive if 1 < p < oo (see [2], page 47).

Theorem A.1.7 (Sobolev embedding results) Suppose that 2 is a bounded

domain. For non-negative integers m and k such that m > k, we have
Wma(Q) — Wmr(Q),

whenever 1 < p < ¢ < 0o (see, e.g., [27] page 32). If the domain 2 has a Lipschitz
boundary, there are more subtle relations among the Sobolev spaces. For instance,
there are cases when k£ < m and p > ¢ and the above embedding is satisfied. In this

direction, we refer to the Sobolev embedding theorems in [2], [39] and [5].

Theorem A.1.8 (Time-Dependent spaces results) Let X be a Banach space
and let 1 < p < oo. The Sobolev spaces LP(0,T; X) satisfy the following:

e [7(0,7; X) is a Banach space (see [70], page 114-116).
e [P(0,7;X), (p < o0) is separable < X is separable (see [70], page 118).
o [P(0,T;X), (1 <p<o0)is reflexive & X is reflexive (see [70], page 125).

Theorem A.1.9 (Time-Dependent spaces: embedding results) Let X, Y be
Banach spaces with X continuously embedded in Y. Then

L0, T; X) — LP(0,T;X), 1<p<qg<o.
(See, for example, [71] page 132).

Theorem A.1.10 (Density results)
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e Let  be an open bounded domain in R? with a Lipschitz boundary 0. Let m

be a non-negative integer and 1 < p < co. Then C*(£2) is dense in W™P(Q2),
(see, e.g., [87] page 346).

e Let X be a Banach space and 1 < p < oco. Then C*([0,7]; X) is dense in
LP(0,T; X), (see [70], page 118).

Definition A.1.11 (strong convergence) Le V' be a normed vector space. Then

x, € V converges strongly to z € V, written x,, — x, if and only if
|z, — x|y — 0.

Definition A.1.12 (Weak convergence) Let X be a Banach space. Then x,, € X

converges weakly to z € X, written z,, — z, if and only if

<f,l’n>—><f,l’> vaXIJ
where we use (-, -) to denote the duality pairing between X and X.

Definition A.1.13 (Weak-star convergence) Let X be a Banach space. Then
fn € X! converges weakly-star to f € X', written f,, — f, if and only if

<fnax>_><f,l’> Vo e X.

Theorem A.1.14 (Some results of weak and weak-star convergence) Let

X be Banach space and X’ its dual. Then
e 1, — x in X implies x, — x in X.
e 1, — z in X implies ||z|x is bounded and ||z||x < liminf ||z, x.
o f, = fin X’ implies || f|xs is bounded and || f||x+ < liminf || f,||x'.
o Weak (weak-star) convergence has a unique limit.

The proof of the above results can be found, for example, in [84] page 102-105.

Theorem A.1.15 (Weak compactness) Let X be a reflexive Banach space, {z,}
a bounded sequence in X. Then it is possible to extract from {z,} a subsequence

which converges weakly in X (see [43], page 289).
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Theorem A.1.16 (Weak-star compactness) Let X be a separable Banach space
and X’ its dual. Then from every bounded sequence in X', it is possible to extract

a subsequence which is weakly-star convergent in X’ (see [43], page 291).

Theorem A.1.17 (Convergence) If a sequence u,, — u in LP(Q2), (1 < p < 00),
then there is a subsequence that converges pointwise to u almost everywhere in 2,

(see, e.g., [84] page 27).

Theorem A.1.18 (Gilfand Triple) Let W be a Banach space continuously and
densely embedded in the Hilbert space H. Then

W H=H —W' H' isdensein W',
and we can write
(f,w)ywxw = (f,w)yg, YfeH, weW.
(See [71], page 103-105).
Theorem A.1.19 (Lions-Aubin Theorem) Let Xy, X , X; be three Banach

spaces such that

Xo <5 X — X,
where Xy and X; are reflexive. Let T be finite and 1 < pg, p1 < 00, then the space
dv
W=<v:velLP0,T;X), pr e L”(0,T;X) ¢,
with the norm

vllw = ||U||LP0(0,T;X) + ||U||LP1(0,T;X)a

is a Banach space and the injection W into LP°(0,7; X) is compact. (See Temam

[91], p.271).

Theorem A.1.20 (Lebesgue dominated convergence theorem). Suppose f, : R —
[—00, 0] are (Lebesgue) measurable functions such that the pointwise limit f(x) =
lim,, 00 fn(x) exists. Assume there is an integrable g : R — [0, oo] with | f,,| < g(z)

for each x € R. Then f is integrable as is f, for each n, and

lim fn( )d:p:/ lim f,(x d:z:—/f
n—oo — 00
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Theorem A.1.21 (logarithmic Youngs inequality). Let r, s € Rs then we have
rs <rlogr—r+ F(s).

Proof: Consider G(r) := sup,cg(rs — F(s)) then using analysis we note that the
argument of the supremum attains a maximum at s = Inr and the argument also
tends to —oo as © — +o00 so that in fact G(r) := r Inr — r. However, from the
definition of G(r), Vs € R

G(r)>rs— F(s),

that is

rs<rlnr—r—F(s).

O

Theorem A.1.22 (Fatou’s Lemma). If f, is a sequence of nonnegative measurable

functions, then

/lim inf f,du <lim inf/ fndu.
n—oo

n—oo
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