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ABSTRACT

Analogues of special functions on time scales are studied with special focus on
the time scale T = hZ. Functions investigated in particular include complex monomi-
als, new trigonometric functions, Gaussian bell, Hermite and Laguerre polynomials,

Bessel functions, and hypergeometric series.
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1. INTRODUCTION

Continuous calculus, finite difference calculus, and the so-called g-calculus have
worked in tandem for hundreds of years, but are typically approached using different
notations and intuitions. They perhaps most richly interact within the study of special
functions — those functions which we have found it useful to name such as Bessel
functions, the gamma function, orthogonal polynomials, and trigonometric functions.
Once a function has entered the “list of special functions”, its use to solve problems
becomes acceptable. In this way, special functions “constitute a common currency”
of mathematics [5, page 12], and their use allows us to express solutions of problems
in a closed form. The theory of special functions encompasses a huge amount of
mathematics, and they have historically proven useful time after time.

Most special functions were encountered while doing other scientific endeavors.
For instance, Bessel functions appear in solving Laplace’s partial differential equation
in cylindrical coordinates. Bessel functions are not generally reducible to simpler
functions, so we allow the solution to be expressed in terms of them. Special functions
frequently manifest from a differential equation, and their properties are often found
by manipulating power series. We have reserved Section 2 to summarize the well-
known classical results for which we will find analogues in the sequel. We have
included domain colorings of the classical special functions in Figure

Time scale calculus is a relatively new branch of mathematics that unifies and
extends the similarities between differential calculus, difference calculus, g-calculus,
and more. Its investigation was initiated in 1988 by Stefan Hilger in his PhD thesis
and has since led to many papers and a few books. One does time scale calculus upon
a closed subset of R (of which there are uncountably many) called a time scale and

consequently for each closed subset of R, there is a theory of calculus unique to that



time scale. If one proves a theorem in the full generality of time scale calculus, one
gains as a consequence a theorem in the theory of differential equations, a theorem
in the theory of difference equations, a theorem in the theory of ¢-calculus, and in
fact an analogous theorem for every time scale. This unifying principle can be seen
in some applications. For instance, in |32, Example 39], the wealth generated by
different interest schemes are compared using the time scale exponential function —
with the time scale T = R the interest rate is continuous compounding interest, while
the time scale T = Z may model yearly compounding interest. In this way, time scale
calculus is a powerful technique and method of organizing mathematics.

Our primary goal is to find analogues of the classical special functions in the
generality offered by time scale calculus. This investigation was formally initiated
in [27]. In Section 3 we look at two complexifications of the discrete monomials
which we have visualized in Figure 3.1 and Figure After this, Section 3 contains
a detailed investigation in the particular time scale T = hZ with the “obvious” ana-
logues for some more general time scales reserved for Section 4 using the polynomial
shift operator as defined by Figure .1, Of the functions we have found analogues for
are tangent and other unstudied trigonometric functions, Bessel functions, Gaussian
bell, Hermite polynomials, Laguerre polynomials, and generalized hypergeometric se-
ries. The last item in particular will yield many new special functions that do not
appear in this thesis by comparing to the existing literature for hypergeometric series.
Our methods unfortunately do not extend to all time scales because of the lack of a

critical ingredient: a formula for the inverse Laplace transform for all time scales.



2. CLASSICAL SPECIAL FUNCTIONS

2.1. REAL CALCULUS

The derivative of a function f: R — C is defined by

f/(t>: lim f(t—i_h})l_f(t). (1)

h—0t

For higher-order derivatives we use the notation f. If f is infinitely-times differ-
entiable at a point ¢y, then in a neighborhood of t; the following formula, called a

Taylor series, holds [36, Theorem 8.4]
= fBto)(t — to)". (2)
k=0

The Laplace transform £ is a linear operator on functions f: R — C defined

by the formula

LU= / f(r)e . (3)

We have included many common Laplace transforms in Table 2.1 The following

formula holds [37, Theorem 2.12]:

LMY 2) = 2" Z{ [}z Zz" =)0 (4)

We say that two functions f and g are asymptotically equivalent, written f ~ g if

f(z)

lim ﬂ = 1. The convolution integral of two functions f and g is the function
T—00 g X

(f * 9)(t /ft—T (5)



Table 2.1. Laplace transforms of classical special functions.

Function Laplace transform Source
t" 1
a an+tl
ax 1
e
e
z
COSh(at) m
z
t -
cos(at) pEp
a
ot o
sin(at) e
Jo(t) ! 139, page 61]
. page
0 21 pag
7,(0) ! 139, page 61]
v , page
VA2 1V22+ 1+ 2] prs
ts 1
—J(2Val)Re(v) > —1 | —— 39, page 22 (E1.3.1)]
az zvtles

The convolution obeys the so-called convolution theorem |18, Theorem 10.1, page 46]

LS+ g3(2) = Z{fH2)ZL{g}(2). (6)

2.2. COMPLEX CALCULUS

The symbol ¢ stands for the imaginary number ¢ = v/—1. The complex num-
bers are the elements of the set C = {z +iy: x,y € R}. We represent points in C on

a plane by corresponding x + iy € C to the point (z,y) in the plane. This induces the



ability to associate to any = + iy € C an angle 6 (measured from the z-axis) and a
length r (measured from (0, 0)) called the polar form of x + iy = re?. Given z, € C,

we define the notation for a disk of radius € centered at zy by
D.(z) ={z € C: |z — 2| < e}.

The product of two series may be computed and is called a Cauchy product:

0o 00 co k
<Z (lk) (Z bk> = Z Z G,jbk_j. (7)
k=0 k=0 k=0 j=0
Let f: C — C. The complex derivative of f at zj is defined [15, page 56] by
the formula
f/(ZO) — lim f(Z) B f(ZO)7

25z 2 — 2
provided the limit exists. If U C C and f possesses a complex derivative at all z € U,
then we say that f is holomorphic on U. It is known [23, Corollary 3.1.2] that if f is
once complex-differentiable at 2, then it is infinitely-times complex-differentiable at
2. It is known [23, Theorem 3.3.1] that if f is holomorphic on U, then at each point

z € U, there exists an €., > 0 with D._ (z0) C U such that for all z € D, (20),

1) =3

k=0
If f: D.(z0) \ {20} — C is holomorphic, then we know |23, Theorem 4.3.2] that there
exists a so-called Laurent series expansion for z € D.(z) \ {20}

F) = aj(z— =) (8)

j=—o0

where for 0 < s < € and 0D denoting the boundary of the disk, the coefficients are



given by the contour integral

_ 1 f(©)
"7 51 i (€ 20

If a; = 0 for all j < 0, then we call zy a removable singularity and defines a
holomorphic function. If £ > 0 and a; = 0 for all —oco < j < —k, then we call z, a
pole of order k of f. If inf{a;: a; # 0} = —o0, then we call z; an essential singularity

of f. If f has Laurent series f(z) = Z ar(z — 2)¥ in the annulus D.(20) \ {20},
k=—o00

then we define |15, page 231] the residue of f to be Resf(z) = a_1, i.e., the coefficient

z=z0

of the term :
zZ— 2

Since both the domain and codomain of a function f: C — C are two-
dimensional, it is not immediately clear how to render a graph of such a function.
What we will do is associate to each 6 € [0, 27) a color as in Figure 2.1l For instance,
all positive real numbers are “red”, all negative real numbers are “light blue”, the
number 7 is “green”.

To visualize a complex function f: C — C, we visualize the mapping in the
domain and range through a domain coloring. For example, if f(z) = 22, then we
know that f(i) = —1. This suggests in the domain coloring of f at the position of i
(i.e., at at (0,1)) in the plane matches the color of —1 at (—1,0) in the plane (light
blue) as demonstrated in Figure In the sequel we will omit the left image in all
pictures because it will always be C. The magnitude of each point is described by
the darkness of the image at the point. For example, the function f(z) = e~ has
small magnitude away from zero on the real line as shown in Figure[2.3] Using domain
coloring, we can observe qualitatively interesting properties of complex functions. For
example, the periodic nature of e** manifests itself as repeating bands of color along

any vertical line in C as shown in Figure [2.4. The zeros of a function are represented

as black spots, as Figure 2.5 shows. A chosen branch cut of a multi-valued function
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Figure 2.1. Domain coloring of f(z) = z.

0 5 o 5 10 3 2 1 1} 1 2 3

Figure 2.2. Domain coloring of f(z) = 22.



Figure 2.4. Domain coloring of e*.



h
T

L L L L L
10 a u} a 10

Figure 2.5. Domain coloring of f(z) = z(2* — 1)(2? + 1).

is clear from the domain coloring Figure [2.6, Suppose f is a holomorphic function
with an essential singularity at z. The big Picard theorem , Theorem 10.5.6, page
323] states that in any neighborhood z, the function f maps to all values of C except
possibly one. The effect such a singularity has on a domain coloring is an infinite
repeating pattern of striped colors converging to a point as shown in Figure We

have included domain colorings of classical special function in Figure [2.8|

2.3. ELEMENTARY CLASSICAL SPECIAL FUNCTIONS

The function exp is defined to be the solution of the initial value problem
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4 2 u] z <

Figure 2.6. Domain coloring of f(z) = log(z) with branch cut (—oo, 0].

We will often express exp(t) as €', where e = exp(1). The following Taylor series is

known:
k

z S <
k=0

The function sin is defined to be the solution of the initial value problem

y'(t) = —y(t), y(0)=0, ¢(0)=1 (10)

y'(t) = —y(t), y(0)=1, ¢(0)=0. (11)
The following formula is called Euler’s identity:

e = cos(t) + isin(t),
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0.4 0z 0.0 0z 0.4

Figure 2.7. Domain coloring of e: with essential singularity at z = 0.

and consequently we have

it | it
cos(t) = cre (12)
2
and
it _ it
) - e
sin(t) %
The following formula is well known:
cos?(t) + sin*(t) = 1. (13)

.. sin . ) - T
The tangent function is tan = —. If we restrict tan to the interval 5 5), then
cos

we may define an inverse tangent function arctan: R — (—g, g) The following

complex formulation of arctan is known , 4.4.28, page 80

i 11—t
tant = — 1 ) 14
arctan 5 Og<1+it) (14)
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A sequence of orthogonal polynomials is a sequence of polynomials {P,}°, such
that there exists an inner product (-,-) such that (P,, P,) = 0 for m # n. The
following theorem is called the three-term-recurrence of a sequence of orthogonal

polynomials [28, Theorem 2.2.1].

Theorem 2.3.1. Let (-,-) be an inner product to which the sequence {p,}>>, of
polynomials is orthogonal respect to. Then there exist constants o, By, Vn such that

the following formula holds for all n € Ny:
pn+1<t) = (ant + Bn)pn(w + Vnpnfl(t)-

2.4. GAMMA FUNCTION AND INCOMPLETE GAMMA FUNCTION

The Gamma function I' is defined for ¢ > 0 by the formula
[(t) = /0 h gtemtde. (15)
Using integration by parts, it can be shown that
D(t+1) =tI'(t). (16)

It is known [2, page 7] that I'(3) = /7. Combining this with for k € Ny yields

: —

1 _ (=2)¢ v/ (—1)k22k, /7kl
F<__k>_(2143—1)-(2k—3).,”.5.3.1_ 25! . (17)

The formula (16) can be used to extend the domain of I' to negative values. For
1 N(-1+1
instance, I’ (——) = (2—1)

2 1
2
pole at ¢ = 0 and hence also at t = —1, —2,.... Sometimes we exploit this fact to see

. With this formula, we must deduce that I' has a

1
the zeros of the reciprocal gamma function T are at t =0,—1,—2,.... The following
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formula is known as the Euler reflection formula |2, page 9, Theorem 1.21]:

™

rera—t) = . 18
(O =0) = s (18)
The following formula holds [38, (12)] for any « € C and z € C\ {—a, —a—1,... —
B, —B—1,...}:
Iz + ) 8
— L 7P, 19
Tz+8) (19)
The incomplete gamma function v is defined by the formula
v(& ) = / t e dt. (20)
0
It is known [21}, page 135 (4)] that
0 a+k
- Z (21)

kO

We will use the gamma function to define binomial coefficients as studied in detail

ay I(a+1)
(5) CT(B+D(a—B+1) (22)

in [22]:

The following formula is called the binomial series |1, page 14]:

a+1) i
(1+2) = Z( )m _Zk'Fa—+k+1)x' (23)

k=0

2.5. BESSEL FUNCTIONS

The Bessel function J, is defined by the formula

0 k:tZk—i-V
kz_ol“ k+ v+ 1)22%+vgl

(24)



This function is a solution to Bessel’s differential equation

2y +ty + (£ — vy = 0.

It is known in general that y(t) = t*J,(x7) solves the differential equation

ty" + (1= 20)ty' + (%" + (o — v*y%))y = 0.

The following formulas are well known [31, (11), page 39]:

sin(z) = TJ% (2)
and
cos(z) = %ZJ_%(z).

The following Laplace transform holds:

1
B V22 +1[V2+ 1+ 2]

Z{J,()}(2)

14

(25)

(26)

(27)

(28)

and it is deduced in |39} page 61 (E2.4.3)] as the solution of the differential equation

(22 +1)y"(2) +32¢/(2) + (1 —n?)y(2) =0

The following Laplace transform holds for Re(v) > —1 [39, page 22 (E1.3.1)]:

v

2 {5, (2vat) } (2) = e

ZV—HG% ’

(29)

(30)



z4+3i z4+3i
(a) Domain Coloring of 1_‘(4_’_—37,4_1) (b) Domain COlOI'iIlg of m
with branch cut (—o0,0). with branch cut (0, c0).

10 5 o 5 10 10 a o 5 10

10f T

1 10 Ly

L n L n L L L
0 a a a 10 0 a a a 0

(c) Domam colormg of s1n(z) Domaln colormg of cos(z
" 5 o 5 P 5 o 5 0
(e) Domain coloring of I'(z). (f) Domain coloring of Bessel Jy(z).

Figure 2.8. Domain colorings of classical special functions.
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2.6. HYPERGEOMETRIC SERIES

The rising factorial is defined by

: Dla+1)
t— ) 31
We will use the notation a to refer to the ordered p-tuple (as,...,a,), and we will

p — —

abuse notation writing a* to refer to the product H af. We will sometimes write a'
j=1

as simply a. We will also use a + n to refer to the tuple (a; +n,...,a, +n) and

(a+ n) to refer to the product H (a;+n) ¥ The hypergeometric series , [y is defined

7=1
by the formula

o

ak t+
pFy(abit) =) = (32)
k=0 b™ -

We have included many common hypergeometric function representations in Ta-
ble 2.2l The following formula is known as the negative binomial series [2, page
64]:

(1-2)"" = 1Fya Z% (33)

Define the operator

.= 4
7 S (34)

—

If y(t) = ,F,(a; b;t), then we know [35, page 75 (3)]

p

9ﬁ(9+bj—1)—z]‘[(e+ai) y = 0. (35)

j=1 i=1
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Table 2.2. Representations of classical special functions as hypergeometric series.
Function | Hypergeometric series representation | Source
cosh(az) | oFy <, %; - (GZ)Q)
sinh(az) | azoFy (; g; (az)2)
cos(az) | oF1 <, %; — (GZ)Q)
sin(az) | azoF} (; ;; - (ai)2>
e” oFo(;;2) 31, page 38]
LY (2) %Jﬂ(—n; a+1;z2) 1, page 780, 22.5.24]
Ju(2) Z—VOFl <; v+1; —2—2) [31, page 39]
22T'(v + 1) 4
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3. DISCRETE SPECIAL FUNCTIONS

3.1. DISCRETE CALCULUS

There are two discrete derivatives that we will use from the theory of difference

calculus. For f: hZ — C, we define the delta derivative

ft+h) - f()

Apf(t) = h : (36)
and we define the nabla derivative
vis() = {0 IEED (37)

Both the A, and V, derivatives yield the classical derivative in the limit. In other

words,
d ) .
&f(t) = hlg(% Apf(t) = }}g& Vi f(t).

We must be careful with this limit because, for example, 2 € 2Z but 2 ¢ 2.1Z, so we
understand the limit in the sense of [30, Definition 4.2] which formalizes this notion

via “convergence through the hZs”. The product rule for A, is given by

Anlf(0)g()] = g(t + h)Anf(t) + f(t) Ang(t), (38)

and the quotient rule for A, is given by

f() . gOARf(t) — f(t)Arg(t)
B (g(t)) B g(t)g(t + h) : (39)
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t
The two discrete analogues of the integral / f(r)dr are the Aj-integral

| 108 = 1Y son) (10)
S k:%
and the Vj-integral
[ 10w = > o), (41)
s k=241

These definitions imply the fundamental theorem of Aj-calculus,

and

and the fundamental theorem of Vj-calculus,
W
k=241

and

Y Vaf(kh) = 1) — (s).

k=341

3.2. DISCRETE POLYNOMIALS AND RELATED FUNCTIONS

We will be using the symbol h in two different ways in this section: h alone
refers to a number in (0, 00), while h,, will refer to discrete polynomials. Define the

weighted h,, monomials of hZ centered about s by to be the functions h,,: hZ x hZ x
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R* — R given by

Hence it is clear in lieu of that Aphy,(t, s;h) = h,_1(t, s;h). Tt is well known [26],
Example 8] that

(L, s:h) = n|Ht—s—kh (43)

For the series methods that follow, it will be useful to define the (unweighted) discrete

monomials of hZ centered about s by the formula
(t — s)y = nlh,(t,s; h). (44)

The following “shift lemma” will allow us to emulate series methods from classical

special functions theory in discrete calculus.

Lemma 3.2.1. The following formula holds for n,m € Ny:

(L= St — s — hn)y = (t — )™

Proof. We compute

(t—s)p(t—s—hn)]' = (H(t—s—kh)) <H(t—s—hn—k‘h))

k=0

as was to be shown. O
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Corollary 3.2.1. If a function f has a series representation f(t) Zak (t—s) h,

then
(t—s)}f(t —nh) = Zakt—skﬂ

At certain times, we will want to use non-integer values of n in the expression
(t—s)p. As written, this is impossible because of how the product notation is defined.
We will get around this by defining the product using the gamma function (and thus
we will have complexifications), however there is not a unique way to do this without
imposing more conditions. We will consider two natural complexifications of h,,.

3.2.1. Falling Complexification. We define the falling factorial notation

¢ F(a+1)

¢ T T(a—t+1)

We define the falling complexification of h,(t, s; h) by

ha(t,s;h) =

h" (t — s)" _ h" N(52+1) (45)

C(n+1)\ & Pin+1)T(52 —n+1)

Theorem 3.2.1. If n € Ny and t, s € h’Z, then
&(ta S h) = hn(t> S; h)

Proof. Recall 43| and calculate

o T(52+1)
n! T(52 —n+1)

n—1
1
== [Jt—s—kn)
" k=0

- hn(ta S h)7

ha(t, s h) =

as was to be shown. O
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Corollary 3.2.2. Ifn € N and t,s € C, then hy(-,s;h) has n zeros at z; = s + jh
for j€{0,1,...,n—1}.

t_ n
Corollary 3.2.3. Ifn € Ny, then lim h,(t,s;h) = (t=s) .
h—0+— n!

Theorem 3.2.2. The following formulas hold:
ho(t,s;h) =1 forallt,s € C

and

h™ si
hn(s,s;h) = M for all s € C.

nm

Proof. Calculate

ho t—s\°

ho(t, 5; 1) :r(1+0)( h )
N2 +1)
N2 —0+1)

=1,

as was to be shown. Now we use to compute

hn
hn(s,s;h) = — (0

nl'(n)['(1 —n)
_ h"sin(nm)

)
nm

as was to be shown. O]
Theorem 3.2.3. If n € Z is negative, then h,(t,s;h) =0 for allt,s € C.

Proof. The factor equals zero when n is a negative integer. O]

1
I'(n+1)
Theorem 3.2.4. If n € C\ Ny, then hy(-,s;h) has infinitely many zeros at t =
s+(n—m—1)h form € Ny. Also hy(-, s; h) has infinitely many poles att = s—(m+1)h

for m € Np.
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h
m € Np. Rearrangement of this yields ¢ = s — (m — n + 1)h. Also from formula (45),

Proof. From formula (45)), we see that h, has zeros whenever 5 n+1= —m, for

we see that h, has poles whenever

+ 1 = —m, where m € Ny. Rearrangement

of this formula yields ¢t = s — (m + 1)h. O

From Theorem [3.2.4] we see that as h — 0%, the poles of h, become more

and more dense and cluster along the interval (—oo, s). Note the similarity between
Figure [2.8(a) and Figure 3.1](f).

Theorem 3.2.5. The following formula holds for n € C\ Z:

. (t—s)"
1 h.(t.ssh) = —-—"
i, (b 5:h) = 5oy

where the branch cut of (t — s)" is taken to be (—o0, s).

—s
——, we calculate

t
Proof. Using,azl,ﬁzl—n,andu: .

n TSRl
lim h,(t,s;h) = lim h G+

h—0+ —+ h=ot D(n+ 1) D52 —n+1)

(%)n C(u+1)
wsoo D(n+ 1) D(u —n + 1)
(t—s)"

I'(n+1)

as was to be shown. O

3.2.2. Rising Complexification. Recall the rising factorial . The rising
complexification of h,(t,s; h) is defined by

Totts ) = Sy (S_t +1>n_1 G D AR el TS

L(n+1) h 'n+1) T 5—?)

Theorem 3.2.6. Ifn € Ny and t,s € hZ, then

hn(t,s;h) = hy(t, s; h).
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(a) Domain coloring of hy (t, 3’ g) (b) Domain coloring of h% (t, 0; 5)

n L ' h L L L
49 2 a 2 0 a a a 0

(¢) Domain coloring of hqy;(t,0;1). (d) Domain coloring of hyy3;(t,0;1).

] 1o

L, 4 -op!

(e) Domain coloring of hyy3i(t,0;0.5).  (f) Domain coloring of h443;(t,0;0.01).

Figure 3.1. Falling complexification of discrete monomials.
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Proof. Observe that

NCS I ho

Recall and calculate

(=1)"h" % s — t + kh

ho(t,s;h) =
(tsih) =10 1) L1
1 n—1 N
== [[¢—s—kn
k=0
= hn(t757h)7
as was to be shown. O

Corollary 3.2.4. Ifn € N and t,s € C, then hy(-,s;h) has n zeros at z; = s + jh
for7€{0,1,...,n—1}.
(t—s)"

n!

Corollary 3.2.5. Ifn € Ny, then lim h,(t,s;h) =
h—0+
Theorem 3.2.7. The following formulas hold:
ho(t,s;h) =1 for allt,s € C
and

hn(s,s;h) =0 for all s € C.

Proof. Calculate

1
and since —— = 0, we have

I'(0)

(s gy — DR E(0)
hn(S,S,h) = mm = O,

as was to be shown. O
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Theorem 3.2.8. If n € 7 is negative, then hy,(t,s;h) =0 for all t,s € C.

Proof. The factor of in formula proves this. m

_
I'(n+1)
Theorem 3.2.9. Ifn € C\Ny, then h,(-, s; h) has infinitely many zeros at t = s+mh
form € Ny. Also h,(-, s; h) has infinitely many poles at t = s+ (m+n)h for m € Ny.
(%t +n)

L(<5)
—m for m € Ny. Rearrangement yields ¢t = s +mh. We also see that h,, has poles

s—t_

Proof. The factor of in shows us that h, has zeros whenever

h
was to be shown. O

whenever +n = —m for m € Ny. Rearrangement yields ¢t = s + (m + n)h, as

Note the similarity between Figure 2.§b) and Figure [3.2[(f).

Theorem 3.2.10. The following formula holds for n € C\ Z:

. (t—s)”
] h)=~—"_
i nt sih) = $o

where the branch cut of (t — s)™ is taken to be (s, 00).

—1
Proof. Using , a=mn,=0,and u = ST, we calculate

(=) TR+ ) (=D
im — = lim ———% 2 ¢
ot D(n+1)  T'(5) u—oo  ['(n+1)
B (s —t)"
T'(n+1)
as was to be shown. O

3.3. DISCRETE EXPONENTIAL

A function f: hZ — C is called pyp-regressive if 1 + hf(t) # 0 for all t € hZ.
A function f: hZ — C is called v,-regressive if 1 — hf(t) # 0 for all t € hZ. We

denote the set of ju,-regressive functions by the symbol R,,. If 1 + hf(t) > 0 for all
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(f) Domain coloring of hyy3i(t,0;0.01).

Figure 3.2. Rising complexification of discrete monomials.



28

t € hZ, then we say that f is positively py,-regressive (R} ), and if 1+ hf(t) <0 for
all £ € hZ, then we say that f is negatively j,-regressive (R, ). We use the notation
R;, to denote the constant functions f: hZ — C that are up-regressive. We use
similar notation for the vj-regressive functions R,, .

There is a natural vector space structure on the set of regressive functions.

Define the group addition operation @®5: R,, x R,, — R,, by

(p ®p, 0)(t) = p(t) + q(t) + hp(t)q(t)

and its additive inverse ©,,, : R,, — Ry,

p(t)

EET0) (47)

(©mp)(t) =

Define the operation ©,,: R x R,, — R,, by

(@ Opy p)(8) = ap(t) 3 [(1 + hp(t))™ —1].

1
h
It is well known that the structure (R,,,®,,) is a group |14, Exercise 1.35] and the
structure (R, ®,,, ®,,) is a real vector space |14, Theorem 2.46]. It is known that if

p € R} , then é,(t,s) > 0 for all t,s € hZ [14, Theorem 3.18 (i)].

Let p € R,, and consider the initial value problem

Any(t) = pt)y(t),  y(s) = 1. (48)

Expanding the derivative in this equation, rearranging, and applying the initial condi-
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tion yields the following solution which we call the discrete Aj-exponential function:

o

1
—_— t

e S R

k=7
ep(t,s;h) =19 1, t=s (49)

-1

(14 hp(hk)), t>s.
\ k:%

We may perform the same construction but instead using the V, derivative: let

p € Ry, and consider the initial value problem

Vay(t) =pt)y(t), wy(s)=1.

Rearrangement yields the discrete Vj-exponential

(1 — hp(hk)), t<s
éy(t,s;h) =< 1 t=s (50)

t > s.

1 — hp(hk)’

Both of the functions e, and é, are analogues of the classical exponential function

exp (/p(T)dT>. If a € R, , then es(t,s;h) = (1 + ah)®, and if 8 € R, then

t—s

és(t,s;h) = (1 —ah)w.

If o is a regressive constant, then we know [33, Proposi-

tion 6.9] that

— o (t—s)p
eq(t,s;h) = Za hi(t,s) = Z — (51)
k=0 k=0 '

In lieu of , we see that

ealt,s:h) = (1+ah) 7 (52)



We now use to consider the falling complexification of e, given by

eq(t,s;h) = Z oFhy(t, s; ).
k=0

Theorem 3.3.1. The following formula holds:

¢
ea(t,s3h) =1F; <S . 1 —ah)

Proof. Note that for k € Ny,

s—t\* st +jh (—1)*
( - ) :HT:kz! S hi(t 53 h)

T(1+ k)
(1)

and 1F = = kl. Calculate

as was to be shown.

3.4. DISCRETE HYPERBOLIC TRIGONOMETRIC FUNCTIONS

30

Suppose that p is a function such that both p and —p are in R,,,. The discrete

hyperbolic sine and cosine are defined in [12, Definition 3.17, page 89]

ep(t,syh) +e_p(t,s;h)

coshy(t, s;h) = 5
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and
ep(t,s;h) —e_p(t, s;h)
5 :

sinh,(t,s;h) = (54)

We have included plots of some of these functions in Figure . We see from (48))
that cosh,(s,s;h) = 1 and sinh,(s, s; h) = 0. The following A}, derivatives follow as
well:

Ay, cosh,(t, s; h) = p(t) sinhy,(t, s; h) (55)

and

Ay sinh, (¢, s; h) = p(t) coshy(t, s; h). (56)

It is known [12, Theorem 3.21, page 90| that if o > 0 is a constant such that both «

and —« are in R, , then the general solution of A7y(t) — a?y(t) = 0 is

y(t) = ¢ coshy(t, s; h) + cosinh, (t, s; h).

The case of & = 1 of the following theorem is pointed out in [25, page 6]; it follows
directly from (5I).

Theorem 3.4.1. The following formulas hold:

cosh,(t, s; h) Z o %
k:()

and
o2k +1

sinh,(, s; h) Z o t—s)i’”l.

k:0
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Figure 3.3. Discrete hyperbolic trigonometric functions.
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3.5. DISCRETE TRIGONOMETRIC FUNCTIONS

Let + = v/—1 be the imaginary number and p a function such that both ip and
—ip are in R, . The trigonometric functions are defined in [12, Definition 3.5, page

92] to be
eip(t,s;h) +e_ip(t, sy h)
2

cos,(t, s;h) = (57)

and
eip(t,s;h) —e_y(t, sy h)

sin, (¢, s;h) = 5 : (58)

We have included some plots of these functions in Figure 3.4, From [12, Lemma 3.26],

we know
cosy(t, s;h) + sin’(t, s;h) = epe(t, s; h). (59)
sin,(t, s; h) -
We may further define tan,(t,s;h) = —————=, and similarly we may define the
cos,(t, s; h)
1 1
analogues sec,, = , cs¢, = — and cot, = ——. We have visualized all of these
COSq, sin,, tan,

trigonometric functions in Figure . As a consequence of , we see that
1+ tan>(t, s, h) = epp(t, s; h)seci(t, s; h)

and

cotz(t, s;h) + 1 = epe(t, s; h) esea(t, s; h).
We see from that cos,(s,s;h) = 1 and sin,(s,s;h) = 0. The following delta
derivatives follow as well:

Ay, cosy(t, s;h) = —p(t) sin,(t, s; h)

and

Ay sing(t, s;h) = p(t) cosy(t, s; h).
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Theorem 3.5.1. The following formulas hold:

Ap tan,(t, s;h) = p(t)epe(t, s; h) secy(t, s; h) secy(t + h, s; h),

Ay secy(t, s;h) = p(t) tan,(t, s; h) sec,(t + h, s; h),
Ap cscy(t, syh) = —p(t) cot,(t, s; h) cscy(t + h, s; h),

and

Ay, coty(t, s;h) = —p(t)en2(t, s; h) csc,(t, s h) csep(t + h, s; h).

Proof. Using and , we see that

sin,(t, s; h)
Aptan,(t,s;h) = A e
tany (55 1) h Losp(t,s;h)]
_pcosfo(t,s; + psin’(t, s; h)

~ cosy(t, s;h) cos,(t + h, s; h)
= pen2(t, s; h) sec,(t, s; h) sec,(t + h, s; h),

as was to be shown. The other formulas are proven similarly. O]

It is known [12, Theorem 3.31, page 93| that if & > 0 is a constant such that

both o and —a are in R, , then the general solution of A?y(t) + a?y(t) = 0 is

Hin >
y(t) = 1 cosa(t, s;h) 4 cosing(t, s; h).

The following theorem follows directly from manipulation of .

Theorem 3.5.2. The following formulas hold:

coS4(t, s;h) = Z %(t — 5)2k

k=0
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and
k o2k+1

sing (¢, s; h) Z (t — S)ikﬁtl.
— 2k+ 1)!

It is known that our trigonometric functions are unbounded. We now provide
a characterization of precisely how it is unbounded by factoring cos, and sin, into an

unbounded part and a bounded part.

Theorem 3.5.3. The following formulas hold:

cosa(t, s:h) = (1+ 042712)%5 cos <(t — ) arctan(ah))

h

and

Sina(t7 s; h) - (1 + a2h2)t2;hs sin <<t — 8) arctan(ah)> .

h

Proof. By and , we see that

ea(t, S, h) + €,a<t78; h) B (1 + O{hz)tiTs + (1 . Ozhz) t;s

Oétv;h: =
cosq(t, s; h) 5 ]

Using , we get

) 1 — ahi
arctan(ah) = i log ( & Z) _

We may calculate

((t —5) arctan(ah)) exp ( M) + exp <_ZWZM>
cos

h 9
1+ ahi 5
1 — aht

e 1—ahe £z
* (1 + ahz’)
2
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and since (1 + a?h?) = (1 — ahi)(1 + ahi), we obtain

(14 a2h) 5 cos ((t —3) arctan(ah)) (1+ahi)® + (1 —ahi) =

h B 2 ’
as was to be shown. The formula for sin, is proven similarly. m

Theorem [3.5.3] shows us that both the discrete sine and discrete cosine are
unbounded because they have an exponential factor. Since they have the same ex-
ponential factor, this shows that the discrete tangent is in fact a classical tangent

function.

Corollary 3.5.1. The following formula holds:

tang (4, s;h) = tan ((t — ) al;ftan(o‘h)) .

Since coty, is the reciprocal of tany, it follows that coty is a classical cotangent

function.

3.6. DISCRETE LAPLACE TRANSFORM

The Z-transform is a well-known analogue of the Laplace transform |29 Def-

inition 3.4] defined for functions f: Z — C by the formula

Z{f}(z) = Z s

(k)

k

The following discrete analogue of is known [19, Exercise 13, page 281]:

—_

n—

Z{ANHe) = (2 - 1)"2{f}(z) =2 (= - 1)"I71 AL £(0). (60)

i
o
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Using , we may calculate 6z = — and using , we see for t > s,

z
1+ hz’

—1 %71 t—s

hz 1 1 h
L(t,s) = 1— = = .
cest; 5) kl:[s( 1+hz) £1+hz (1+hz)

>

We say a function f: hZ — R has exponential order o on [s,00) N hZ if « € R,
and there exists K > 0 such that |f(t)] < Ke(t,s) for all t € [s,00) N hZ. An
alternative transformation to Z was introduced in [13] and studied in detail in [9,/10]

for a function f of exponential order « on [s,00) N hZ:

LAz s) —hZf (hk)eo.(hk 4 h, s; h)

_hz —i—hzkH

(61)

We have included a table of common discrete Laplace transforms in Table Being
a discrete integral, the discrete Laplace transform is a linear transformation. We have

an analogue of from [10, Corollary 6.3] which better resembles (4)):

LA A fY(z:8) = 2" L [}z 5) Zz” =R AR £ () (62)
k=0

Complex derivatives of discrete h-Laplace transforms manifest as polynomial factors.

Theorem 3.6.1. If f(t,s) = Zakt—sh, then

%gh{f(-, )Hzi8) = ()" Ll fu} (= 5),

where f,(t) = (t — s)pf(t —s — hn).
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Proof. Using Lemma the computation

()" (= d:n g% (zi( kit
° kZ:O (k+1)(k ;ri)l)kff:lr n)f(hk)
_ h(_mi (k—n+1)(k— n(+2+> '1'>é£]f + Dkf (h(k —n))
= (—1)" kf; ki (in’fl)—kjin)
= ()" L { fu}(z:9)
proves the claim. O

The paper |17, Theorem 1.4] proves an inversion theorem to find the inverse
c+1i00
discrete Laplace transform %, . If / |F(2)]|dz| < oo, then we may express f in
the form

LY 1) ZResz _..e.(t,0)F(2). (63)

Since hZ is a topologically discrete set, the “almost everywhere” (see [24]) condition
present in [17, Theorem 1.5, page 1300] does not apply since all points of hZ are “right-
scattered”. Consequently, we have uniqueness of the inverse Laplace transform.

We would like to have a discrete analogue of the convolution integral . To
achieve this, we first consider the “shifting problem” partial A-difference equation for

a function f: hZ — C. The function f (t, s) is the solution of the initial value problem

Ah,l(tag(s)) = _Ah,Qu(t>S)7 ta s € hZ, t Z S 2 tO
u(t to) = f(t), tehZ, t>t,

where Appf(t1,...,t,) denotes a partial h-difference in the mth argument of f.
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When simplified, this partial h-difference equation yields the formula
u(t,s) =u(t+ h,s+h).

Taking the initial condition into account shows that u(t,s) = f(t,s) = f(t — s + ).
The h-convolution is defined in [8, (2.6), page 4] by
-1
(Fx9)(t,5) =h Y f(t—hh+to)g(hk). (64)

k=2

With the h-convolution, we have the convolution theorem [8, Theorem 3.2, page 8§]

Li{(f+9)( )}z 8) = L{ (7 8)Lifg}(259). (65)



Table 3.1. Discrete Laplace transforms of discrete special functions.

f(t) L f}(zs) Source
h i h L Tabl
n(tvsv ) Zn+1 lg, able 5]
1
eq(t,s;h) [9, Table 5]
z—«
cosh,(t, s; h) 5 : 5 [12, Table 3.2, page 133]
22—«
sinh, (¢, s; h) 5 a 5 [12, Table 3.2 page 133]
22—«
z
cosq(t, s; h) a2 [12, Table 3.2, page 133]
: «
sin, (t, s; h) a2 [12, Table 3.2, page 133]
1
Jo(t,1,0,1; h) Theorem [3.10.2
2241
1
J,(t,£,0,1; h)

J, (t, 2,/a,

(LN

N —

V2 + 122+ 14 2]

v

a2

Zu+16%

Theorem |3.10.4
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3.7. DISCRETE GAMMA FUNCTION

The gamma function I'y, is defined in [11] by the formula

o j+t 1
wls9) hz }_[j+1 (14 h)t

We have visualized this function in Figure [3.6l This function has many properties
analogous to the properties of the classical gamma function. It diverges as t — 0%

and as t — oo. We always know that I',(1;s) = 1.

Lemma 3.7.1. The following formula holds:

1 1t71
Ly(t,h)y=-1+ — )

and a = t, we see

Proof. Using with x = =7

Ao\ R £F
- =|1—- .
() -(-m) ~X o

Using and , we compute

(t: 1) _hZ(HjH) (1 + h)k+t

J

Z L'(t+k)
KIT(t + 1)(1 + h)k+1

B h }Z FE+k)1 1
S l+ht& T(t) KL+

o0

_h 1Z I
- - o
L+ht e (14 h)* k!

1 1\
= — 1 —
t( +h) !
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as was to be shown. O

Theorem 3.7.1. The following formula holds for t,s € hiZ*:

e = g (14 1)

o) k-1 .
g+t 1
I'y(t,s) =h
n(t, s) Z 1_[3]-+1 (1+ h)k+1

k=0 j=%

s_q

3 . 1

i +t

s t—1
_ (3)! (11)
tt+1)...(t+5—1) h ’
as was to be shown. ]

The complexification I'j, follows by simple algebra and is unique by analytic

continuation:

s PGy
Palt o) = e

3.8. DISCRETE GAUSSIAN BELL

An analogue of the Gaussian bell is defined in [20] by the formula

En(t) = [(1 +h)i}_t(t2h>

This Gaussian bell has the unfortunate property that its A-derivative is proportional

to an exponential function: AEy(t) = (2! — 1)E,(t). We want to use a Gaussian bell



L !
-3 -2

(a) Plot of 'y 57(¢,0.5) on [—3,3]. (b) Domain coloring of T 5z(t,0.5).
o
ZL
5 2 i i 2 3
/\8
(c) Plot of I'z(t,2) on [—3, 3]. (d) Domain coloring of T'z(t, 2).
\/ 6
Jf
I ) 1
2k
-6
(e) Plot of T'yz(t,6) on [—3, 3]. (f) Domain coloring of T'az(t, 6).

Figure 3.6. Plots of discrete gamma functions.
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to look at analogues of Hermite polynomials, and so we prefer a Gaussian bell whose
difference is proportional to t.

Choose some a > 0 and s € hZ and define the function p: hZ — R by
p(t) = —a(t—s). We define a Gaussian bell analogue by considering the split A, — V),

initial value problem

Any(t) = pt)y(t) = —alt — s)y(t), t<s
1, t=s (66)

Viy(t) = p(t)y(t) = —alt = s)y(t), t>s.

We now use our knowledge of discrete exponential functions in formulas and
to deduce that the solution of is given by

S
£-1 \

1
ep(t,s;h):H t<s

; - 14 ah|hk — s|’ !
—t s
1
QO _ O
h(t75705> < ]., t S IH 1+C¥hk (67>
B 1 -
en(t, s h) = t>
&(t: 53 1) H 1tahlik—s = °
\ k=541

which we call the Gaussian bell on hZ. We say that hZ is symmetric about s € hZ
because if s+ € hZ, then s—§ € hZ. We define the operation —; so that if t = s+,

then —;t = s — ¢;. With this operation, we see that for t = s + ¢,

Theorem 3.8.1. The following formula holds:

Qu(t, s, ) = Qp(—st, s, ).

Proof. The proof for t = s is obvious from the definition. Suppose that t > s. Now
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compute
Qu(t, s, a) = éy(t, s)
e
el 1 — hp(hk)
B 1
(1 —"hp(s+h))...(1—"hp(t)’
while

Qp(—st,s,0) = ep(—st, s)

il .
- ,l—[ 1+ hp(hk)
N h 1
T A+ hp(—st) ... (L + hp(s — )
1
T (L4 hp(s—6)) ... (1+ hp(s — h))
1

(1—hp(t))...(1 —hp(s+h))
Hence we observe that Qp,(—t,a,a) = Qu(t, s,a). The proof for t < s is similar. [

Theorem 3.8.2. The discrete Gaussian bell is always positive, i.e., for all t € hZ,

Qu(t,s,a) > 0.

Proof. If t = s, then Q(¢,s,) = 1. Let t > s. Since p(t) = —a(t — s), we see that

L—v(t)p(t) =1+ av(t)(t—s) > 0.

This implies that p € R,/ ([s,00) N hZ,R), and hence by [14, Theorem 3.18 (i)], we
have Qp(t,s,a) > 0. From this and Theorem [3.8.1} it follows that for all ¢ < s,
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Qu(t, s, a) > 0. O

Theorem 3.8.3. The following formula holds:

[t—s]

1 h 1
nlt,s,0) = (W) PR

+a2) "

Proof. For t = s, the claim is immediately clear. For ¢ > s, we compute

k=541 ah h
t
_ H 1
et 1+ ah(hk — s)
- Qh(ta S, O{),
as was to be shown. The case for ¢ < s is similar. OJ

A natural application for the Gaussian bell is as the basis of a discrete normal
distribution. To achieve this, we will need to be able to sum over the Gaussian bell.

First we define

Theorem 3.8.4. The number Ly(s, ) erists, and

I — Sheat (ah?) s LI
Ly(s,a) = 2hear? (h®)anZ~y <1+ el ah2>
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Proof. From , we see

11\ a1\ (GR)
’V(“mm)*”(w) Zj-

and using Theorem |3.8.3] we compute

as was to be shown. O

3.9. ANALOGUES OF ORTHOGONAL POLYNOMIALS

3.9.1. Hermite I. We define the h-difference equation analogue of the Her-

mite differential equation of type I by

AGy(t) — (t = s)Apy(t — ) +ny(t) = 0. (68)

We define the discrete Hermite polynomials of type I H,, by

,_
|3

L (C1)knl(E — )

(
EIT(n — 2k + 1)2kF

H,(t,s;h) = (69)

o

=0

We have included some of these functions in Table We justify the names of these

functions in the following theorem.
Theorem 3.9.1. The function y(t) = H,(t,s; h) solves (68).

Proof. First assume that n = 2m for some m € N. Then using and the fact that
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1
T has zeros whenever t € {0, —1,—2,...}, we see
m—1 n—2k—1 m k n—2k—1
(—=1)*nl(t — s)} (=1)*nl(t — s)};
ApH, (L, s3h) = - )
wHa(t: 53 1) % KT (n — 2k)2F KD (n — 2k)2F
and hence by Lemma |3.2.1]
(t — ) ApHn(t — B, s;R) Emj —sh
" i k: (n— Qk)zk
We take a second difference and reindex to find
: 2 (Dl — )y
A (t,s;h) =
pHall, s kz:% k:'F n—2k—1)2k
i n'(t S)Z—Q(k—l)—2
= (k1) |r (n—2(k—1) —1)2k-1
)
= -2
Z k‘F (n — 2k +1)2k
It — )2
= -2
Z k‘F (n — 2k +1)2k
Therefore we compute
A?H,,(t,s;h) — (8 — $)AH,(t — h, s;h) + nH, (¢, s;h)
B i (=1)n!(t — s)p— 2k —2k B 1 N n
e K12k L(n—2k+1) T(n—2k) T(n—2k+1)
m ( 1)kn|(t . S)n 2k
= 2k — (n — 2k
Zk!F(n—2k+ ygr (72K = (0 = 2k) 4]

0

o o=

as was to be shown. The case n = 2m + 1 is essentially the same.

Theorem 3.9.2. The following formula holds:

ApH,(t,s;h) =nH,—

1(t73; h)



Table 3.2. Discrete Hermite polynomials of type I.

n | Hn(t; h)

01

1|t—s

2| (t—s)7-1

3| (t—s)—3(t—s)

4| (t—s)} —6(t—s5)2+3

5| (t—s); —10(t — s)3 + 15(t — )

6| (t—s)8 —15(t —s); +45(t — s)2 — 15

-1
Proof. If n =2m + 1, then {nTJ = m, and so

m S)Z 2k—1
At (tsi) =32 k'Fn—Qk)Zk

k=0

m _ 1 t — (n—1)—2k—1
03 G

— k'F (n— 1) — 2k)2*k

=nH, 1(t,s;h),
as was to be shown. The proof for n = 2m is essentially the same.
Theorem 3.9.3. The following formula holds:

Hns1(t, s;h) =tHu(t — h,s;h) — nHa—1(t, 5 h).

1 —1
Proof. If n = 2m, then {%J = m and {n 5 J =m — 1, so we compute

o~ (D + Dl — )y

Hps1(t,s5h) = kZ; ET((n+1) — 2k 4+ 1)2k

51
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in: 5)n1=2k na1
k'Fn—Qk—{—lQ’f n+1-—2k

k=0

m n+1 2k
1
Z k:'Fn—Qk:—l—lQ’“ <+n—|—1—2k)

: (=Dn = it = )7
ET((n+1) — 2k 4+ 1)2k1

m

= (t —s)Hn(t — hsh—i—nZk'

_ (=1 (n — DIt —s)
= (t —s)Hu(t — h,s;h) — k;1 ET((n —1) — 2k + 1)2k

= (t — s)Hn(t — hys;h) —nH,—1(L, s; h),

as was to be shown. O

Theorem 3.9.4. There do not exist constants oo, Ba, Y2 such that
Hg(t, 0; h) = (agt + ,@2)7‘[2(@ 0; h) + ’727‘[1(15, 0; h)

Moreover, there does not exist an inner product with respect to which all of the H,

functions are orthogonal.

Proof. Consider the equation
Hs(t,05h) = (ot + B2)Ha(t, 0; h) + o Hi (L, 0; ). (70)

First note that

Ho(t,0;h) =t; — 1=t —th—1.

The right-hand side of this equation becomes

(g + tB2)Ha(t, 0;h) + o Ha(t,0sh) = (o +52) (12 — th — 1) + ot

= t°0y + t*(aa — Bah) + t(7y2 — 2 — azh) — as.
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Since

Hs(t,0;h) = t* — 3ht* + (2h* — 3)t,

the equation ([70)) yields the system of equations

B2 =1
Qo — 52]1 = —3h
Yo — B2 — ash =2h*—3

—0ly = 0,

which is an inconsistent system because 2 = 1 and ay = 0, but as — Soh # —3h. By
the contrapositive of Theorem [2.3.1, we see that there is no inner product for which

the polynomials {#,} -, are orthogonal with respect to. O]

3.9.2. Hermite II. Because of Theorem [3.9.4] we seek alternative Hermite

polynomials that obey an orthogonality property. Define ¢p(t,s) = Qu(t,s,1). By

, we know
Apdn(t,s) = —(t — s)on(t,s), t<s
Vion(t,s) = —(t — s)on(t,s), t>s.
We now define an analogue of the Hermite polynomials on hZ by a Rodrigues type.

The piecewise defined nature reflects the fact that the nth Ay, or V}, difference requires

an argument of the form ¢, (t + nh):

n qubh(t, 8)

(—1) , t<s—nh
H,(t,s;h) = ) ?212/5(&;)3) (71)

The piecewise domain of these functions gives us freedom to force orthogonality but

we lose uniqueness on hZ as a consequence.
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Theorem 3.9.5. The following formulas hold:

t—s)H,(t+ h,s;h) — AyH,(t,s;h), t<s—(nh+h
P KRG ERRWACED (nh+ 1)

(t—s)H,(t —h,s;h) — VpH,(t,s;h), t>s+nh+h
and

—(1+ [t —s|)ALH,(t,s;h)+ (t —s)H,(t,s;h), t<s—nh
do sy = ] O DA 50 (¢ )
—(1 4 (t —s))VRrHp(t,s;h) + (t — s)H,(t,s;h), t> s+ nh.

Proof. For t > s+ nh + h, we compute

Hyaalt,sih) = (-~ i_0n2)

¢h(t7 S)
= (1) Via[(=1)"Hy(t, 53 h)@n(t, s)]
On(t)
VlHa(t, 5 h)onlt, )
¢h<t’8>
. Vth(t, 53 h)¢h(tv 3) — (t — 3)¢h(tv S)Hn(t B ha 53 h)

¢h(t7s)
= (t — s)H,(t — h,s;h) — V,H,(t,s; h),

and the proof for t < s — (nh + h) is similar. Now note that for ¢ > s + nh, the

formula

tfsfl
t—nh T
¢(¢(t S’)S):Hktl_sl 1:kh:(1+|t—s\):1—|—t—s
’ 1

1+kh

holds. To prove the other formula, use the other form of the product rule

Vi [Hn(t,s;h)on(t, s)]

(bh(tv 5)
_ —on(t — h,s)VH,(t,s;h) + (t — s)H,(t, s; h)on(t, s)
¢h(t7 8)

= —(14+t—s)VH,(t, s;h) + (t — s)Hy (L, s:h),

HnJrl(t? S5 h) =
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as was to be shown. The proof for ¢ < s — (nh + h) is similar. O

Theorem 3.9.6. The following formulas hold:

t—s)H,(t,s;h) —nH, 1(t+ h,s;h), t<s—nh
ottty 4 (7 Falt i) =t

(t —s)H,(t,s;h) —nH,_1(t —h,s;h), t>s+nh

Proof. Suppose that t > s+ (n+ 1)h. From V,¢(t,s) = —(t — s)¢(t, s), we compute

Vign(t, s) + (t = s)on(t, s) =0,

Vidn(t, s) + (t — $)Vadn(t, s) + ¢n(t — h,s) =0,

Vion(t,s) + (t — s)Vion(t,s) + 2Vign(t — h,s) = 0,

VZngSh(t, s)+ (t —s)Vion(t,s) + nVZ_lngh(t — h,s) =0. (72)

Applying the definition of H, now yields

Hn+1(t7 S; h’) = (t - S)Hn(ta S; h) - an—1<t - h7 S h)a

as was to be shown. The proof for t < s is similar. n

Theorem 3.9.7. The following formulas hold:

(1+h(t—s)) Hysr (t h) = (t = 8)Hp(t + h,s:h) = nHoa(t+h,s),t <5 — (nh+h)

(t —s)H,(t —h,s;h) —nH,_1(t — h,s),t > s+ nh+ h.

Proof. We will prove the claim for ¢t > s+ nh + h. From V,¢(t, s) = —(t — s)¢(t, s),
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we compute

thbh(t, 8) + (t - S)¢h(t, 8) = 0,
Vion(t,s) + (t — 8)Vion(t,s) + on(t — h,s) =0,

Vion(t,s) + (t — s)Vion(t,s) + 2Vign(t — h,s) = 0,

Vit on(t, s) + (t — s)Vigu(t,s) + nVi ton(t — h,s) = 0.

Using the relationship f(t) = hV,f(t) + f(t — h), we examine the middle term in the

formula

Vit on(t, s) + (t — s)Vign(t,s) + nVi  on(t — h,s) =0 (73)

and notice that

(t = 8)Vidn(t,s) = (t = s) [AV " on(t, 8) + Vign(t — h,s)] .
Hence becomes
(1+h(t—8)ViTon(t,s) + (t — s)Vidn(t — h,s) +nVy e (t — h,s) = 0.
Substitution of the definition of H,, yields
(1+h(t—s))Hp1(t,s;h) = (t —s)H,(t — h,s;h) —nH,—1(t — hys),

as was to be shown. The proof for t < s — (nh + h) is similar. O

We have purposely left the values |t —s| < hn undefined in the definition of the
Hermite polynomials so that we can force orthogonality. This is necessary because if

we do not impose this restriction, then the resulting polynomials are not orthogonal
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with respect to ¢p(t, s). Define the inner product

(f,9)s=h Z f(hk, s; h)g(hk, s;h)p(hk, s; h).

k=—oc0

It is easy to show that if n is even and m is odd, then (H,,, H,,)s = 0. So we restrict our
attention to even-indexed Hs, functions and decide on values for H,, (¢, s; h) for [t—s| <
2n. We extend first by allowing Hs,(t, s; h) to be extended using Theorem for
t—se{nh+h—s,nh+2h—s, ..., 2hn—s}. We extend these values to the negative
points via the formula Hs,(—t, s; h) = Ha,(t, s; h). We must pick the remaining values
Ha,(s,8;h), Hop(s + h,s;h), ..., Hop(s + nh,s; h) so that the following n equations
hold:

(

<H2naH0>s =0
<H2n7H2>s =0

L <H2na HQn—2>s = 0.

We now define the notations

n—1
(H2n7 f)ﬁ = hz H2n(hka S h)g<h’k>¢(hk7 S5 h’)>
k={
aél)(t,s;h) =
a%)(tas;h):HQm(taS;h) m=12,...,.n—1

oV (N =1, s;h)

Qv+
t,s;h = o t,s;h =1,2,....,n—1,
L ( ) ( )~ ag\],v)l(N—l,s;h)
Hy, (s + hk, s;h)Hom(s + hk, s; h)
M — 9 —0,1,....n—1
v Z (k+ 1)! m=0 "
(V)
s+ Nh,s;h
¢N+1 ¢m B (N)( ' )¢N—1v
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and for £ =1,2,... n,

/—1
P Z ka0 (s + h(n — k), 5; )
En—10) = —
=0 aff V(s +h(n—10),sh)

Lemma 3.9.1. Suppose Hy, Hs, . .., Hs, o are known and defined on hZ. The system
18 equivalent to

(

Hon (5,55 h) + 2(Han(-, 55 1), 08" (-, 501 =~y
Hopn(s+ h, s;h)al? (s + h, s;h) + (Hon(-, s h), 0l (-, s:h))s = —p?)

| Hou(s + h(n — 1), s:h)al” (s + h(n — 1), 51 h) =~

Proof. First rewrite (74) as

Ho (s, 5; 1) + 2(Han (-, 53 h), oV (- 51 h))1 = =Y
Hou(s, 8 h)Hopm (s, 5: h) + 2(Hon (-, 5:h), o) (-, s:1))1 = =& im =1,... ,n— 1.

Consider the row operations

applied for m =1,...,n — 1. Compute

(1)
am’ (8,8 h
2(H2n('78; h)7a£7}b)<'75; h>>1 B (DE )2(H2n( ) S5 h>7a(())< » S h>>1
ay (s, s;
(1) h
=2 H2n('78;h)7a(1)('75; h’) - i (878) )a(l)('as; h)
" o (s,s5:h)
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and the right-hand-side becomes 1/)53). Therefore the row operation yields

H2n(87 S35 h) + 2(H2n() S5 h)a a(gl)('7 S h))l = - (()1)
Hop(s + h, s:h)al? (s + h, s h) + (Han(+, 53 1), ol (-, 51 0))g = —?)
Hon(s,s:h)a? (s + h, s; h) + 2(Hon(-, 5:h), a2 (-, 51 h))s = —0

form=2,...,n— 1. Now we apply the row operations

forn=2,...,n—1and each m =n,...,n— 1. Then the result follows. O]

Theorem 3.9.8. If we define
Hop(s+ (n—1)h,s;h) =&(n — 1),

Hau(s + (n — 2)h, s: h) = £(n — 2),

Hy,(s,s;h) = £(0),
then the resulting Hermite functions obey .

Proof. From Lemma [3.9.1] we have

Hon(5, 53 h) + 2(Han(-, 55 1), 08" (-, 5.0 =~y
Hon(s+ h, s;h)al? (s + h, s;h) + (Hon(-, s 1), 02 (-, s:h))s = —p?)

Hon(s + h(n — 1), s;h)al™ (s + h(n — 1), s; ) =™
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So starting from the bottom, we see we must choose

—Unh
oy (s + h(n— 1), 5:h)

Han(s +h(n —1),5h) =

which equals {(n — ¢) with ¢ = 1. The other terms follow similarly. O

3.9.3. Laguerre. We define the Laguerre h-difference equation by
(t —8)Ay(t — h;h) + (o + DAyt h) — (t — 8)Ay(t — h; h) +ny(t; h) = 0. (75)
We define the discrete associated Laguerre polynomials by the formula

Lgﬂu,gh)_.E:Eiflégiiiﬁ(Zf:z). (76)

k=0

The first few of these functions are given by
LYt s;h) =1
0 ) )

Lga)(t, s;h)=—(t—s)+ (1+ ),

L§(t, 5 h) = %W —5)2 = (t = 8)(4+ 20+ h) + (a® + 3a + 2)],

We now justify the names of these functions.
Theorem 3.9.9. The functions L (t,s;h) solve (75).

Proof. Compute

— (k—1)! n—k
(DAt -8)k( nta
T k! (n—k—l)
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and

n k k—1
A}%Lg}z) (t’ s: h) — <_1) (t — S)h (n + Oé)

Hence by Lemma (3.2.1

= (Dt - s)k

t—S)AZLD(t —h. s h) = — ! .
(t = 8)Ap L 8 h) (n+a) EKl(n—k—1Dla+k+1)

Now compute

(a+ D)ARL (¢, s:h) = — (o + 1) k_o( 2 ,(j_s)h( T,:l)
_ (a+1)(n+a) L (at D+ a)(=1)k(E - s)k
n—Dla+1)! = kl(n—k—-1Dla+k+1)!
C(+a)! = (@Dt a)l (=D —s)h
(n=Dlal = kl(n—k—-1)a+k+1) ’

and again using Lemma |3.2.1]

—(t— $)ARL (t — h, s: ) = — i V=) Smk(n * O‘)

k=1 k! n—k
_ —1)"(t —s)} B n—1 (n—l—a)!(—l)k(t . S)ik‘
(n—1)! kl(n — k) (a+ k)

Finally compute

+

k—
_ n( ;{1— a) N n(=1)"(t —s)?  ~=n(n+a)(=1)kt—s)k

n! — klin — k)!(a+ k)!
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 (nta) (1)t —8)7 = n(n+ a)(=1)k(E — s)k
SO 1 Py Sy o N D APy (S T R

Combine these formulas together and compute

(t —s)AZL (t — h,s;h) + (a+ 1) AR Ly (t, 5;h) — (t — s)ALLY (t — h, s; h)

+nL{®(t,s;h) =0,

proving the claim. [

Theorem 3.9.10. The following formula holds:

(n+1) Lt 5:h) = (2n+a+1) L (¢, 5;h) — (t—s) LI (t—h, 5;h)—(n+a) LI, (¢, 5; h).

Proof. Compute

e k! n—k
- Z DMy (e )
_ (—1>T;;1<+t1)|s)2“( 1y (—1>”7§Lt! — )i (ni@)
EER( )
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and
o) n_l Ft—s)f (n—1+a
L
—(n+a)L,’(t,s;h) = n—l—ag <n—1—kz>
n—1
n—1+4+a«a (=DFt—-s)f m—1+a
(n+a) < n—1 > — k! n—1-—k

Adding these formulas together yields

2n+a+ DL, s:h) — (t— )L (¢, s1h) — (n + )L (¢, s: h)
(77)

= Ap+ Bralt — 87+ Cp(t — s)  a(t) + 32070 wz)n s

where
A (2n—|—a—|—1)<n;{;a)—(n+a)(n;i—:a),
B 2n+a+1) (_n1‘>n + (—nll)” (n+a)
(e
C, = (n+1)!(n+1)
and

n+«a n+ o n—1+«
D”’k’a:(2n+a+1)(n—k>+k(n—k+1> —(n—i—oz)(n_l_k).

Now examine

An,a:<2n+a+1)<nza> _<n+a><n—1+a)

n—1
_ (@nt+a+DI(n+a+1) (+a)l(n+a)
B nIl'(a+1) (n— DI (a+1)

_ 'n+a+1) {2n+a+1_1}
(n—1IMNa+1) n

~ I'n+a+1) nta+l

 (n—-DIM(a+1) n
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e,
l%a:@n+a+nbzw+“zw(n+@

(=D"

= (2n + a4+ 14 n? + na)

n!
=m+DLJL%:24 +a+1),
and
Dmmf:@n+a+n<2iz>+k<niZil>—0w+@<2:1tz>
2nt+a+)I(n+a+1) l(n+a+1)  T'r+a+DI'(n+a)
 m—k) T (a+k+1) m—k+D)T(a+k) (n—-1-k)T(a+k+1)

B 'n+a+1) [ 1 ]
C(n—k-D(a+k) [(n—k)n—k+1)(a+k)
x[@2n+a+1)(n—k+1)+kla+k)—(n—k)(n—k+1)]

B Fn+a+1)
C (n—k+DI0(a+k+1)

x 2n® —2nk +2n+na—ak+a+n—k+1+ak+k*+kn—k* +k

—n?+kn —n]
_ I(n+a+1) ,
“ okt D(ar ket T Tentatl)
P(n+a+1)
(n—k+mww+k+n““FXn+a+)
r 2
=(n+1) (n+a+2)

n—k+ DT (a+k+1)

Therefore implies

@n+a+1Lft5h%%L J(t — h,s;h) — (n+ )L\, (t, 5: h)

. n+a+1 t —s)p (—1)"+(t — S)ZH
_m+1[(7H]_>+ “n+a+1)+ S
= (DRt —s)f (n+1+a
! k=1 k! (n +1- k)




=(n+1)

as was to be shown.

Theorem 3.9.11. The following formula holds:

L’SLO—QI (ta S5 h’)7

(t — ) ARLE (t — hy 5;h) = nLi (t, 53 h) — (n+ @) LY (¢, 57 h).

Proof. Apply Lemma to the left-hand side and calculate

(t — $)ARLYY (t — h,s;h) = (t — 5)A,

k!

Now expand to right-hand side to get

i (—D)F(t —h—s)* (Zv:i)

£ I B
SR R ) e (2)

a+ 1)k

(=1)"(t — )7 ”1<—1)k(t—s)g[ I'(n+
(

Gl K Gl 8 i: (=Dt — s <n+06

(k—1)!

proving the claim.

n—=k

n—k)!F(a—i—k—Fl)}

)

65
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The following corollary follows from expanding the derivative on the left-hand-

side of the formula in Theorem [3.9.111

Corollary 3.9.1. The following formula holds:

—(t = )L (t = hys;h) = (hn — (t = $))L{(t, 53 h) — h(n + @) L, (£, 51 h).

Theorem 3.9.12. The following formula holds:

ARLO (¢, s:h) = =L V(¢ s:h).

n—1

Proof. Compute

— (k—1)! n—k
e D=9 nta
N prd k! n—k—1

as was to be shown. O

Theorem 3.9.13 (Three-term recurrence). The following formula holds:
(n+1)L% (t, s h) = [2+h)n+a+1—(t—s)| L (t, s;h) — (h+1)(n+a) L', (¢, s; ).

Proof. Apply Corollary to Theorem [3.9.10] and the result is immediate. O]
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3.10. DISCRETE BESSEL FUNCTIONS

We define the general discrete Bessel function J, (-, s, &, o, y; h) by the formula

k£2k+u (t _ S>7z(2k+y)+a

=0

We have visualized some of these functions in Figure [3.7 This function is meant to
be a discrete analogue of the function t*J,(£t7) that solves . We now justify our

claim that this is the analogue of t*.J,(£t7).

Theorem 3.10.1. Let v € Z. The function J,(-,s,&, a,7; h) solves the h-difference

equation

(t = )R ARy(t = 2h) + (1 = 20)(t = $)alny(t — h) + 72 (t — 5),"y(t — 2h7)

+ (& = v*?)y(t) =0, (79)

which we call the general discrete Bessel h-difference equation.

Proof. Let ¢(t) = J,(t,s,&, a,v;h). Use Lemma to compute

(t — )R ARt — 2h) =

i (=1)RE2RHv(y(2k +v) + ) (v(2k + v) +a — 1)(t — S)Z(2k+y)+a
Lk + v+ 1)22+v k! )

k=0

compute

_ . (_1)k€2k+y(7(2k + V) + a) (t _ S)Z(Qk—l-l/)—l—a
A= ; ['(k+4 v+ 1)22k+vEl )

and finally

t —s)20(t — 2hy)
( S) Q/J ’y k+y+1)22k+uk|§2

=1
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o i Ak(k 4 v)(—1)ke2ktv(t — S)Z(2k+y)+a
a oD [(k+ v+ 1)22k+vEe2

Plugging these expressions into the left-hand side of the general discrete Bessel h-

difference equation yields zero after routine calculations. O

The direct discrete analogue of the classical Bessel function J, from is

T (t,s;h) = J,(t,5,1,0,1; h). (80)

The following corollary defines the discrete analogue of the Bessel differential equation
).
Corollary 3.10.1. The function J,(t,s;h) solves the discrete Bessel h-difference

equation

(t = 8)aARy(t — 2h) + (¢ — s)nAny(t — h) + (t — s)jy(t — 2h) —vy(t) = 0. (81)

The notation (£ — )] in suggests the exponent must be a posi-

tive integer. Otherwise we will appeal to Theorem |3.2.5| and in recognition that the
standard branch cut in classical complex analysis is (—oo, 0) use the falling complex-
ification in such cases (without explicitly noting it). All proofs will be written with
this complexification in mind.

First we will show it is easy to derive the Laplace transform of Jy(¢, s; h).

Theorem 3.10.2. The following formula holds:

1
241

Lo, s:h)}H(z;8) =
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Proof. From , the equation that Jy solves is

t —5s)2AZJo(t — 2h, s;h) + (t — 8)sApJo(t — h, s; h) + (t — s)2Jy(t — 2R, s;h) = 0.
hBh h

Dividing by (¢ — s); yields

t—s—h)A2Jo(t —2h,s:h) + Apdo(t — h,s;h) + (t — s — h)pJo(t — 2R, s:h) =0,
h

and replace t by t 4 h yielding

(t — 8)nAFJo(t — h,s;h) + ApJo(t, s;h) + (t — 8)nJo(t — h,s;h) = 0.

Note by direct computation that Jy(s, s; h) = 1. We apply Theorem to see that
Z{Jo(-,s:h)} obeys

—2L{Io}(z;8) — (2° + 1) ZL{ I} (2;8) =0,

a first-order differential equation solvable by separation of variables whose solution is

L{Jo}(z;5) =

, as was to be shown. O

1
V22 +1
Theorem 3.10.3. The following formula holds:

[\/m—l—z]_”'

#)E) =

Proof. Applying Theorem to (81), yields

(LA} (2) = (Z{ALY) (2) + (Ld 1)) (2) = L} (2) = 0.
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Now we apply to get

&2 d
@ [Z gh{Ju}<Z> - ZJU<O> - AJV(O)] _E% [zgh{t]l/}(z) - Ju(o)]

—l—%é{Jy}(z) -2 L.} z) = 0.

We compute the derivatives and simplify to obtain
(2% + (LA T D) (2) + 32(Lu{ Ju}) (2) + (1 = 0*) L{ T} ().

This is simply with y(z) = Z,{Jn}(z). Therefore

V2 +14 2™

gh{y}(z) = m )

as claimed. O

Corollary 3.10.2. The following formula holds:

(Jo* Jo) (t,s;h) = siny(t,s; h).

Proof. By Theorem [3.10.2| and the convolution theorem ([65]), we see that

22 2241

Lo % Jo} (21 5) < ! )2 L
2;8) = =

nido * Jo =

while Table [3.1] shows that

Ldsing (t, s;h)}(z; 8) =

22+1
and so the uniqueness of the inverse transform proves the claim. O

We shall derive an analogue of . Our proof is inspired by [39, page 22
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(E1.3.1)].

Theorem 3.10.4. The following formula holds:

v 1 az
gh {JI/ (ta 872\/57 57 §7h‘) } (Z;S) = ZV+1€% :

Proof. First note that

v 1
JI/ t? 72 7_7_;h
< s, 2v/a 55 )

vt

( 1)k22k+u(\/a)2k+l/(t_ )%(Qk-f—V)-‘r%
Tk + v+ 1)22%+vk) h

( )k k:+ ot
— t— v
Tk + mﬁ '
k=0
'k 1
and so since .25 {(t — s)i"}(2;8) = %, by appealing to (9], we see
R PR CREN-EA AR USSR ol (i) B
5 -, = 21 8) = — ) = =—
h 279’ ’ v+l —~\ z k! prtles
as was to be shown. O

Theorem 3.10.5. Forn € Z, we have J_,(t,s;h) = (—=1)"J,(t, s; h).

1

Proof. Recall that for negative m € Z, m

= 0. Now compute

, (=Dk(t =)
J_n(t,s;h) Z TG —n f 1)2%

B . i ( 1)k(t _ S)2k+n
= (_1> Z (/f—}—TL)'F(k‘-F 1)22k+n
(

> ( )k t— S)2k+n

— BT (k +n + 1)22+n
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as was to be shown. O

Theorem 3.10.6. For all v,

(t—s)ApJ, (t —h,s;h) =vd,(t,s;h) — (t — s)J,11(t — h, s; h).

Proof. Using Lemma |3.2.1] we compute

00 2]€ y s 2k+v
(t —s)ApJ,(t — h,s;h) = Z T'(k+v _‘)_(1)2213:2
k=0

K(t— s — h)2k+u 1
P (k)F(k + v+ 1)22k+v-l

00 1 k t—s h 2k+v—1
:ny(t,s;h)—f—(t—s)zrg(k)%((lc+y+ ))22k+u 1

I
S
o
=
o
=
_.I_
=
|
N
FﬂS
\’:

‘ L (=1)F(t— s — h)rr
=vJ,(t,s;h) — (t — s) Z RID(k+ (v + 1) + 1)22k+v+1

=vJ,(t,s;h) — (t — 8)J,1(t — h, s; h),

as was to be shown. O

Theorem 3.10.7. For all v,

(t —$)ApJ,(t —h,s;h) = —vd,(t,s;h) + (t — s)J,—1(t — h, s; h).

Proof. Using Lemma [3.2.1] we compute

= (—1)F(2k +v)(t — s)i’””
£ — $) ATy (t— 5 — hih) =
( S) hJ( S ) ; k}'F(kJ‘I—V‘f‘l)QQk—H/

= R(2k + 2v)(t — s)FF
:_VJtSh—i_% k;‘Fk:—i—l/-Fl)?%J”’
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fe’e) v— 2k+(v—1
(—l)k(t . h)2k+ 1(25 B S)h +(v—-1)
KID(k 4+ (v — 1) + 1)22k+(@-1)

=—vJ,(t,s;h) +t

=—vd,(t,s;h) 4+ (t — s)Jy—1(t — h, s; h),

as was to be shown. O

The formulas in the following corollary come from subtracting and adding the

formulas from Theorem [B.10.6] and Theorem [3.10.7.

Corollary 3.10.3. For all v, the following formulas hold:

2v,(t,s;h) =tJ,_1(t — h,s;h) +tJ,41(t — h,s; h)

and

QAth/(ta S h) = Jufl(tas; h) - Jzﬂrl(t?s; h)

Theorem 3.10.8. The following formula holds:

At =s)y L, (t—v,s;h)] = (t —s)yJ,_1(t — v, s;h).

Proof. Using Lemma |3.2.1] we compute

, 1)k(t )ik+2zx
Ay [(t o S)hJV<t - s h)] Z k'F(l{? Tyt 1)22k+z/

)ik+2u 1

> e
£ k+ (v — 1) + 1)22h+0—)

=(t—s),J,_1(t —v,s;h),

as was to be shown. O
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Figure 3.7. Discrete Bessel functions.
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Theorem 3.10.9. The following formula is equivalent to .'

[(t 4+ 2h — s); + h*(t +2h — 8)7]AZy(t)

+[(t 4+ 2h — 8) — h(t +2h — 8)7 — V] Apy(t + h) + [(t +2h — )} — ¥]y(t +h) = 0.

Proof. First map ¢ — t + 2h to turn (81]) into
(t+2h—s) i A7y (t) + (t+2h — s)p Apy(t + h) + (t +2h — s) — B?y(t) — vy (t +2h) = 0.
The result follows from substituting in the formulas
y(t) = y(t + 1) — hAny(t + 1) + P2 ARy(t)
and
y(t +2h) = Apy(t +1) +y(t +1)

and then simplifying. m

A second-order h-difference equation is said to be written in self-adjoint form
if it is written as A(p(t)Ay(t)) +q(t)y(t+1) = 0. The following theorem is called the
Leighton—Wintner theorem [12, Theorem 4.64]. Tt says that if the following condition
holds, then y is oscillatory (i.e., equalling zero or changing signs infinitely often): for

some a € hZ,

h;ﬁ—hgq(hk)—oo. (82)

Lemma 3.10.1. The function Jo(t,s;1) is oscillatory.
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Proof. The difference equation of this function can be put into the form
Alt+1DAy(E)] + (E+ Dy(t) =0

which is self-adjoint form with p(t) = ¢+ 1 and ¢(t) = ¢ + 1. Indeed,
k+1 ’
k=0 k=0
satisfying the condition , and so by the Leighton-Wintner theorem we may con-
clude that Jj is oscillatory. O]

Theorem 3.10.10. For alln € Z, J,(t,s;1) is oscillatory.

Proof. If n = 0, then Lemma [3.10.1| guarantees the result. If n is negative, we may
use Theorem |3.10.5| to reduce the argument to checking —n. Let n € N. Let y solve

the equation in Theorem [3.10.9| so that

Ay(t) = 223((:;L 12))(;r +n2)Ay(t 1) -

(t+1)(t+2)—n?
2t +1)(t +2)

yt+1).  (83)

Write u(t) = v(t)y(t). It follows that

Au(t) = y(t + 1)Av(t) + v(t)Ay(t)

and

APu(t) = y(t + 1)A%(t) + (Av(t + 1) + Av(t))Ay(t + 1) + v(t) A%y(t).
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Using , we see

A%u(t) = [A o)  w) (E+D(E+2)—n

wE+1) o+ D) 2u+nu+2)}““+u

(84)
t(t +2) +n?
2t +1)(t + 2)

+ [Av(t + 1)+ Av(t) + v(t) ] Ay(t+1).

Let N > 2n? — 3 and let ¢t > N. Now define the function v to be the solution of the

initial value problem

AM#%D+AM&+U@;YJBZTZy:Q o(N) = o(N +1) = 1,

ie, fort > N,

(t+2)% —n?
20+ 1)+ 2)

v(t+2) = v(t), v(N)=v(N+1)=1. (85)

Consequently this forces to reduce to a self-adjoint difference equation

) v(t) (E+D(E+2)—n?  A(t) _
A+ S+ D 2000+ earn) D=0

where the functions p and ¢ in the self-adjoint form obey the formulas p(t) = 1 and
o) = o(t) (t+1)(E+2)—n®  A%()

v(t+1) 2+ 1)(t+2)  o(E+1)
and , we may compute

Using A%v(t) = v(t+2)—2v(t+1)+v(t)

v(t) (t+1)(t+2) n? vt +2)—2v(t+1)+v(t)
@+ +1)(t+2) v(t +1)
t—|—1 (t+2) —n? (t+2)> —n?  o(t)
{ 20t+1)(t+2) ]_2(t+1)(t+2)v(t+1)
_ [ (t+2)(t+1)—n*— (t+2)* +n?
2t + 1)(t +2)

q(t) =

+2

]+2
o(t) 2t+3

.
v(t+1)2t+2°

(86)
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It follows from that

U(t—|—2)_ <t+2)2_n2 - B
o) 20+ 1)(t+2) v(n) =v(n+1) =1,

and v(t) > 0 for all £ > n. It is also clear that

v(t+2) 1
im =_.
t—oo (1) 2

We have shown that u = vy has self-adjoint form
A(1-Au(t)) +q(t)u(t +1) = 0.

oo
1
Following , it is obvious that Z 1= oo, so all we must demonstrate is that

k=N
Z q(k) = co. Assume that Z q(k) is convergent. Hence lim ¢(t) = 0. Rearrange
k=N k=N e
t 2t 42
to get v(;}(—}—)Q) =(2— q(t))% i 3 Now notice that

v(t) ’ o(t) w(+1) 1

lim ———~— = =-.
P u(t+2) tseo(t+ Dot +2) 4

However,

. 2t 4 2
A (2 = at)5— 5 =

2,

which is a contradiction. Hence Z q(k) diverges. To complete the proof, we will
k=N
argue that ¢(t) is positive for all ¢ > N (and hence the sum diverges to oo). Notice

that

q(N):2—<1—|—2N+2) >0

and the inequality ¢(N + 1) > 0 is algebraically equivalent to N > 2n? — 3, the
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condition we imposed earlier. Hence ¢(N + 1) > 0. Now note for ¢ € N that

v(N+2((—1)) 82 +8(N+8(+2n*+4N +1

q(N +20) —q(N +2( - 1)) = 20N+ 20— 1)+ 1) (N 120 D[N 120+ 12 —n7] "
and
g(N +20+1) — q(N +2((—1) +1) = (N +20—1)(4n? — 1) .

20(N + 20)(N + 20)[(N + 2¢ + 2)2 — n?]

This shows that the ¢ function is essentially two interlaced increasing sequences that start
at positive values. Hence ¢(t) is positive for all £ > N, and we may conclude that .J, is

oscillatory. O

3.11. DISCRETE HYPERGEOMETRIC SERIES

Following the notation defining the hypergeometric series (32)), we define the

discrete hypergeometric series by the formula

Y}
=

JFo(a;bit, s n, & h) = 53—--312ﬁ. (87)
k=0

W\

k!

We have included representations of discrete special functions in terms of this function
in Table 3.3

3.11.1. Elementary Properties and Difference Equations.

Theorem 3.11.1. The following formula holds:

104y ... 0ap

AnlpFylabitss 1,6 )] =

& F(a+1:b+1:t,5,1,& h).
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Proof. Compute

> ak  k(t—s)!
AplpFyaibit s, 1,E )] = _kgk%

k=1 b -

o FH

o Z a £k+1 (t S)Z
- bk+1 k'

as was to be shown. O

Similarly, we may prove the following result.

Theorem 3.11.2. The following formula holds for integers n € Ny:

m

AT [LE (@ bt s, 1,6 h)] = Z & F(a+mn;b+nt, s, 1,6 h).

Let f: hZ — C be a function and define the function shift operator g, by
(onf)(t) = f(t — h). Now define an analogue of (34), Y5, by the formula

Th =~ s)honln.
Lemma 3.11.1. The following formula holds:
Tt — s)F = k(t — s)P.
Proof. Compute using Lemma [3.2.1

Th(t — S)E = tQhAh(t — S)Z

=top (k(t — S)Z_l)
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= kt(t —s—h)F!
= k(t — s)ﬁ,
as was to be shown. O

We now present an h-difference equation analogue of the formula that the

discrete hypergeometric function satisfies.

Theorem 3.11.3. Define y(t) = ,F,(a; b;t,s,n,&; h). Then y satisfies the equation

q p
1
T —Yp+b;—1) —n&(t— T i = 0.
TI(Gren ) e ana T (v o
Proof. First compute
P 00 aggk [ p 1 i
n&(t —shioh |1 Tn+ai|y=ntt—s)ioh Y == | =Tn+a]| (t— )
i=1 o bkl i ™
& agfk L k
= né(t —s)pop Y = Hk:+az- (t—s)n
kobk' ,
akeh
— Z Hk—i—az s)pktn,
“ bhE!
Now compute
1§ EE T IR S| “Y b — 1 nk
Lo 1= m 3 S T 1) -0
j=1 k=0 Lj=1
o0 aﬁék K 3
:ThZE_l Hk—i—bj—l (t—s)p
o b k! |5

> k ¢k
=1, AL (g

o
I
o
-
|
AR
=

(1= hon Y it (p
=n(l — $)non — (= 8),
o b (R - 1)
e k+1 k+1
kg (t— )nk—‘r(n—l)
~ bkl

=n(t— s)non b
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kk
_ngz ¢

bkk' Hk + a;

(t . S)nk+n

which is the same series as before, which completes the proof. O

Corollary 3.11.1. Define y(t) = ,F,(a; b;t,s,1,&;h). Then y satisfies the equation

q

T [J(Ch+b; = 1) =&t = s)on [ (T + a:)

y=0.
j=1 i=1

3.11.2. Contiguous Relations. Define a;-t to be the p-tuple

(a1,...,a5-1,a; £ 1,aj41,...,a,)

and similarly define bf as a g-tuple. We will now derive the so-called contiguous
relations for the ,F, function. We adapt the notations and theorems throughout this

section from [35, page 81| for the discrete case

F= qu(a;b;t, s,n,&; h>7

and

Lemma 3.11.2. The following recurrences hold:

(Th+aj)F:ajF(aj+), ke {1,2,...,])},
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and

(Yh + b, — 1)F = (b, — 1)F(b;—), ke {l,2,...,q}.

Proof. Using , we compute

(Th —|— (Ij)F = ThF —|— ajF

— i(aj + k:)a—lj (t—s)i
b

k=0

= a;F'(a;+),

as was to be shown. The rest of the proof is similar. ]

Lemma 3.11.3. The following formulas hold:

(Cll —@j)F:alF(al—l—) —ajF(aj—i—), j € {2,3,,p}

and

(CLl — bj + 1>F = alF(a1+) - (b] - 1)F(b]—), j S {1, 2, e ,q}

Proof. As a consequence of Lemma [3.11.2] we see for j =1,2,....,p

CljF = CLjF(CLj—l—) — ThF

Using this formula with j =1 and j € {2,...,p}, we get

(a1 —a;)F = a F — a;F
= (@ F(ar+) = TpF) = (a;F(a;+) — TF)

= a1 F(a+) — a; F(a;+),

as was to be shown. The other formula follows similarly using the other part of
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Lemma [3.11.2 O

Given a and b, it will be useful to use the following definitions:

q

H Rl = R122 .+« - Zj—1%j+41 - - - Zq

4
k=1 @k — 0;

b I gy bk — by

Uj

and

Note that ¢,11 = S,cp.

Theorem 3.11.4. If p < q and all entries in b are pairwise different, then

aF=a Fa+) — (t —s) Zq: U; FP(bj+).

j=1
Proof. Consider the partial fraction decomposition [35, page 82]

g _atn 1 b;U;
" b+n “—bi+n
j=1

Now compute
T, F = (t— E =~ “/h
h (t—s)on 2 Ck (k—1)!

o0

t—s—h)k
= (t — 8) ZCk+1—( ]{]' )h
k=0

e (t—s—h)’,?b
=(t— s)kZZOSkaT
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but since

we see

q
ThF =t UjF(b+).

j=1
Using this alongside Lemma [3.11.2] with j = 1, we compute
alF = alF(a1+) — ThF

q
= alF(aH—) — tz UjFp<bj+),

j=1
as was to be shown. O

Theorem 3.11.5. If p = q and all entries in b are pairwise different, then

q
YWF =tF’ + Y U;F?(b;+).

j=1
Proof. Let p = q. The partial fraction decomposition [35, page 84] yields

~ bU;

S, =1+ 2 .
o i+ n

Now similarly to before,

= t —h)k
ThF :thkH—( k' )h
k=0 )

) q k k
b,U; \ aF (t — h)
k=0 k=1

bk
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and so we get
q
YWF =tF +tY UjF(b+),
j=1
as was to be shown. O

3.11.3. Relations to Discrete Special Functions.

Theorem 3.11.6. The following formula holds:

€a(t,5;h) = OFO (;;t,S,l,O&;h) .

Proof. Recall and compute

o (t —s)k
OFO(;;t78717a;h):ZTha
k=0

as was to be shown. O

Theorem 3.11.7. The following formula holds:

1 2
cosh,(t, s;h) = oF1 (; 5 t,s,2, %; h) )

Proof. First note that

(%)km?’f = (%) (% + 1) (?) k122 = (2K)!.

By Theorem |[3.4.1] we compute

1 o? > a2k (t —s)2*
Fi(isits,2,—h) =) s
0 1(72a y S 747 ) 22k (1

k=0 E)kk'
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as was to be shown. O

Theorem 3.11.8. The following formula holds:

| 3 o?
sinh, (¢, s; h) = atoFy ;§;t—h,8,2,z;h :

Proof. First note that

k
@) k122 = @) (%; 1> k122 = (2k + 1)1,

Now using Lemma and Theorem [3.4.1], we see

3 2 & th_th

3
4 p Qk(_)kk!
i 2k+1 )Qk-l—l
prt 2k: +1
as was to be shown. O

The proof of the following theorem is essentially the same as the proofs of

Theorem B.11.7 and Theorem B.11.8]

Theorem 3.11.9. The following formulas hold:
1 2
COSa(t> 3 h) = OFl (7 57 ta S, 27 _Oé_, h’)

and

3 2
sing (£, s;h) = a(t — s)oFy (; ot t—nh,s,2, R h) )



Theorem 3.11.10. The following formula holds:

(a+1)"
n!

L9(t,s;h) =

1F1(_n; a + 1;t757 17 17 h)

Proof. By , we have

n s k
@) (4 o 1) — (=Dt =)y, (n+a
Ly (t,s; h) 2 0 )

Using , we see

(n+a)_ F'n+a+1)
n—k) (n—kKT(a+k+1)

Note that (—n)* = (—n)(-n+1)...(—n+k —1) =0if k > n + 1. Now compute

a+1)" a+1)" X (—n)F(t — s)k
( ! PR (ot 1) = n!> kZ:O o+ kL
= (DEn(n—1) ... (n—k+1)(t —s)k
(a+1) — n!(a+1)Ek! :

n

I(a+14n) (D)%t — s)kT(a+ 1)
kzg (n— k)T + 1+ k)k!

- t—s (n+a>
k
k=0

as was to be shown.

88
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Table 3.3. Representations of discrete special functions as discrete hypergeometric
series.

Function Hypergeometric representation | Source
ea(t, s;h) oFo (55t 8,1, h) Theorem [3.11.6
1 2
cosh, (t, s; h) oF (; é;t, s,2, %; h) Theorem |3.11.7
) 3 a?
sinh, (¢, s; h) atoFy | ; Q;t —h,s,2, R h Theorem [3.11.8
1 o?
oS, (t, s; h) oF | ; é;t, s,2, R h Theorem [3.11.9
. 3 a?
sing (t, s; h) atoFy | ; Q;t —h,s,2, 1 h Theorem [3.11.9
n! (o)
——— Ly (t, s, h Fi(—n;a+1;t,s,1,1;h Theorem [3.11.10
(Oé+ 1) ( ) 1 1( )
1
2T(v+ 1), (t, s, 1, —v, 1;h) | oF} (;1/+1;t, 8’2’_Z;h) Theorem |3.11.11

Theorem 3.11.11. The following formula holds:

1
ZVF(V+ 1)J,,(t, L, —v, 1) = ol (; v+ 1t s,2, _z_l’h) ‘

Proof. We proceed via direct calculation using :

—5)F
I( k + v + 1)22k+v )

2T(v+1)J, (t,5,1, -1, ;T) =2T(r+1))
k=0

(v + 1)FE!

(- g)2t ik
:Zo )i (—1)

1
:OFl (;V_{—]-;tvs;za_zlvh)v

as was to be shown. O



Corollary 3.11.2. The Bessel h-difference equation (3.10.1f) can be factored as

1 1
{Th (?I“h + V) + 515,21@%] y = 0.

90
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4. EXTENSION TO TIME SCALES

4.1. DEFINITIONS FROM TIME SCALES

Let X C R. We say that € X is a limit point of X if for every 6 > 0,
the set (r — 0,z + J) \ {x} is nonempty. We say that a set is a closed set if it
contains all of its limit points. A time scale T is defined to be a closed subset of
R. Sometimes if a time scale T has a left-scattered maximum, it is useful to use the
notation T = T \ {maxT}.

Let T be a time scale. A function f: T — C is called rd-continuous if it is
continuous at all ¢ € T such that o(t) =t (i.e., t is “right-dense”). We define the
forward jump function o: T — T by o(t) = inf{s € T: s > t}, where we interpret
inf ) = supT. We define the forward graininess (or “stepsize”) function p: T — R
by u(t) = o(t) —t. Let f: T — C. We may define the delta derivative f2 of f at a

point t € T by

A function f: T — C is called rd-continuous if it is continuous at all right-dense
points in T and left-sided limits exist at all left-dense points in T. We write C.q to

denote the set of rd-continuous functions on T. The quotient rule on time scales is

(£)" - 2020+ 1051 .

g (t)g(o(t))

Integration on a time scale is often defined as the inverse operation of differentiation

[12, Theorem 1.74] in the sense that

b
t/fﬂﬂﬁfzﬂm—fmx
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but it may also be defined in a Riemann-integration or Lebesgue-integration sense |14}
Chapter 5].

With A-integration, we define the (weighted) monomials hy: T x T — R by

ho(t, S; T) =1

t (90)
hnH(t,s;T):/ hn(1, 53 T)AT.

These functions are called “time scale analogues” of the classical (weighted) monomial
k

x
functions T and obey the important property that kg (¢, s) = hy(t,s). Just as in

(44), we define the (unweighted) monomial functions on a time scale by
(t — s)p = nlh,(t,s;T),

and these functions will be used for our power series.

Given the A-derivative, it is natural to look at A-differential equations, also
known as dynamic equations. Let p: T — C be a function such that 1+ p(¢)u(t) # 0.
We say that such p is a regressive function on T and write p € R, (T). If 14 pu(t)p(t) >
0, then we say p is positively regressive and write p € RZ We define the operation

®: Ru(T) x Ru(T) = R, (T) by

(p @ q)(t) = p(t) +q(t) + p(t)p(t)q(t).

Similarly, the operation &: R, (T) — R,(T) is defined by

p(t)

(©p)(t) = T ap)
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We also define the operation ®: R x R, — R, by the formula

(1+p@)p)* -1
(a®p)(t) = ()
ap(t) if u(t) = 0.

if u(t) >0

It is well-known that the structure (R,(T),®,,) is a group [14, Exercise 1.35] and
the structure (R,(T), ®, ®) is a real vector space |14, Theorem 2.46].

Consider the dynamic initial value problem y(¢) = p(t)y(t), y(s) = 1. The
solution of this equation, e,: T x T — C, is the time scale analogue of and can

be defined in terms of a A-integral to be [12, page 59

ot T) = o | t S Log(L 4+ u(r)p(r))AT )

Let p: T — C be regressive and define the time scale trigonometric functions by

eip(t,s;T) +e_ip(t,s;T)

cos,(t, s;T) = 5 (91)
and
sin,(t, s; T) = iplt, s T) _,e_ip(t’ % T>. (92)
2
The following formulas are known [12, Lemma 3.26]:
cos2 (-5 T)(t) = —p(t)siny (£, T), (93)
sinﬁ(~, s;T)(t) = p(t) cos,(t, s; T), (94)
and
cosa(t, s, T) + sin2(t, s;T) = ey (t, 5;T). (95)

We now prove an analogue to Theorem |3.5.3]
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Theorem 4.1.1. Let T be an isolated time scale T = {... ,t_1,to,t1,...} and define

the bijection w(ty) = k. The following formulas hold for regressive constants c:

b arctan(apu(T)) @)=l )
cosq(t, s;T) = cos (/ ( )/; AT) H (1 + p(ty)2a?) Tm
s pAT -

=m(s)

and
-1

t w(t) )
sing(t, s; T) = sin (/ arctan(a,u(T))AT> H (14 p(ty)*a?) %@,

2
p(T) =)

Proof. From (91)), we have

w(t)—1 w(t)—1
[T +utt)ei+ T (1= p(ty)ai)
cosy(t, s;T) = k=mle) 5 k=mle)

From , we see

arctan(au(t)) i 1 — au(t)
momE oL )

- 1+ apu(t)

First compute using

o[ )

" —u(tk) N\ T 1= pt)ad
LT () g

k=m(s) k=m(s)

Therefore since (1 + u(tg)?a?) = (1 — u(tep)ai)(1 + p(ty) i), we see

w(t)—1

1 " arct
(14 ut)a®) 75 cos < / MAT) — cosa(t, 5:T),

2
) u(7)

as was to be shown. The proof for sin,, is similar. n
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Define a time scale tangent function by

sin,(t, s; T)
tan,(t,s; T) = —2 272~ 96
p(t:5;T) cos,(t, s;T)’ (96)
and similarly define the other time scale trigonometric functions by sec, = —,
Cos,
1
csc, = —, and cot, = . These definitions leads to the following analogue of
sin, tan,,
Corollary [3.5.1}

Corollary 4.1.1. Let T be an isolated time scale. The following theorem holds:

tana(t, 5;T) = tan ( / t afctzn(gg“”m) .

From ((95)), we get the following formulas.

Theorem 4.1.2. The following formulas hold:
1+ tanf)(t, 5;T) = ep2(t, 5;T) secf)(t, s;T)

and

cosf,(t, $;T) +1=eye(t,s;T) cscf)(t, s;T).

We also have differentiation formulas for all the new time scale trigonometric

functions.

Theorem 4.1.3. Let T be an isolated time scale. Then the following formulas hold:
tanﬁ(t, s;T) = p(t)e,p2(t, s;T) secy(t, s; T) sec,(o(t), s; T),

secﬁ(t, s;T) = p(t) tan,(t, s; T) sec,(o(t), s; T),

Cscﬁ(t, s;T) = —p(t) coty(t, s; T) esey(o(t), s; T),
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and

Cotﬁ(t, 5;T) = —p(t)epe(t, s;T) cscp(t, s; T) esep(o(t), s; T).

Proof. Using , , , , and (96)), we see

sin, (¢, s; T) A
cos,(t, s; T)}

_ p(t)sin®(t, s;T) 4 p(t) cos®(t, s; T)
B cos(t, s; T) cos(o(t), s; T)

tanﬁ(t,s;']l‘) = [

= p(t)e2(t, s; T)sec(t, s; T) sec(o(t), s; T),

as was to be shown. The other formulas are proven similarly. O

A Laplace transform on time scales was first defined in [27], but was modified
and studied in detail in [9,10,[13,|17]. We have included a list of some Laplace trans-
forms of special functions on time scales in Table 4.1, We now summarize some of the
properties of the time scale Laplace transform. Let s € T. A function f € C,4q(T) is
said to be of exponential order o, where « is a positive regressive constant, provided

there exists K > 0 with the property that
|f(t)] < Keu(t,s) forall t € [s,00)NT.

Let f be of exponential order . Then we define its Laplace transform, centered at

s, to be

Lol [} (z58) = / " F()eon(o(r), $)AT.

We introduce the minimal graininess function pu,: T — R by
wi(s) = inf{pu(r): t € [s,00) NT}.

We define the Hilger real part of a complex number by

Ren(z) = (11 + h| 1)
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and the sets
1
Ch:{zeC:Z%—ﬁ}

and

Ch(A) ={z € Cy: Ren(z) > A}

It is known [9, Theorem 5.1] that .Z{ f}(z;s) converges absolutely for z € C,_ (s ()
and [9, Theorem 5.3] converges uniformly in C, () (8) for any 8 > a. It is also

known [9, Theorem 6.1] that if there exists an M > 0 such that |az| < Ma* for all

k € Np, then
oo ' ‘ B o0 ak
Z {Z akhk('a 53 T)} (Za S) - Z Sk+1”
k=0 k=0
It is also shown in the proof of |9, Theorem 7.1] that
d
(b :T) = ma(t, 5: T)es (1, 5:T), (97)

dz

t
1
where m,(t,s; T) = / —— A7 Define the functions (related to the w,, from [9,
o T+p(r)z
Corollary 7.2])

1, n=>0
ozt s T) =4 5 (98)
d_vn—l(z;tas;r]r)+Un—1(2;t7S;T)mz<t7S;T)a n € N.
z

The following lemma will allow us to write e, as a power series involving u,,.

Lemma 4.1.1. The following formula holds:

n

@ez(ta S7T) = Un(’z;tu S;T)eZ(ta SvT)

Proof. From @, we see that the claim holds for n = 1. Now assume that the claim
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holds for n = N — 1. Now compute

et ) = < oy s (358, s et 5T))
€\, 53 = 7 lUn-1\%5 1, S5 €\1, 53
dzN dz VN
d
= d—vN,l(z;t,s;T)+UN,1(z;t,s;T)mz(t,s;T) e.(t,s;T)
z
and compare to , proving the claim. O

The following corollary is immediate from Lemma and (2)).

Corollary 4.1.2. The following formula holds for any regressive zy € C:

(z — zo)k.

et 55 T) = eny(t5:T) D on0i 55 T)

k=0

An inverse Laplace transform is known, but only for time scales whose grain-
iness obeys 0 < fimin < () < fimax < 00 (an isolated time scale with bounded

graininess). Using such a time scale and ¢ > 0, suppose that the complex function F’

c+1i00
is analytic for z € C,_(s)(a) for some s, > 0. If |F(2)||dz| < oo, then
F(t) = L5 S} (tss) = Y Rese.(t,s)F(2) (99)
=1

is a function which obeys Z1{f}(z;s). Of course, inverse Laplace transforms are not
necessarily unique on all time scales, but as noted in |17, Theorem 1.5], any two inverse
transforms are equal almost everywhere, where almost everywhere is determined in
the sense defined in [24]. Consequently, if T is an isolated time scale, then inverse
Laplace transforms are everywhere unique.

When generalizing the Bessel functions, we will want to allow time scale poly-

nomials of arbitrary order. The recursion will not suffice for this. Instead, we will
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Table 4.1. Laplace transforms of time scale special functions.

f(t) Zr{f}(z;s) | Source
h ;T L 9, Table 5
n(t,s;T) s, [9, Table 5]
n!
(t—s)t — Definition
ZTL
r 1
(t —s)% % Definition
ZI/
1
ea(t,s;T) [9, Table 5]
e
cosh,(t,s; T) 5 : 5 [12, Table 3.2, page 133]
22—«
sinho(t, s; T) L [12, Table 3.2, page 133]
22—«
z
cosq(t, s;T) e [12, Table 3.2, page 133]
: a
sing (t, s; T) S [12, Table 3.2, page 133]
1
Jo(t, s;T) Theorem 4.4.1
2241
v 1 oz
JV (t,S,z\/a,a,é;T> m Table 4.2

interpret noninteger subscripts in h, in a sense similar to that studied in [4, Propo-

sition 3.2], i.e.,

_ 1
hn(t,S;T) = grﬂs ! {F} (t, S).
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4.2. WHY ANALOGUES ON TIME SCALES ARE DIFFICULT TO FIND

The papers [2533] are concerned with Taylor series representations of functions
on time scales. In |25, Theorem 6.1, page 6], the following formula is derived for any

time scale T with constant graininess p (i.e., R or hZ for some h > 0):

k
Bt 55 T) (£, 5 T) Z“ m+ " sl ).

This formula gives us the ability to do series methods for dynamic equations on
such a T, but the generalization of this formula to all time scales seems difficult to
penetrate. The way we chose to get around this difficulty was to use Lemma |3.2.1]
The benefit of this formula was that it allowed us to shift a single monomial without
introducing other terms, but the downside is that it does this by forcing us to deal
with h-difference equations with a delay in the argument. It was always possible to
rewrite our delay difference equations to have no delay, but that would have ruined
the nice correspondence between the differential equation and the delay h-difference
equation analogue.

In fact, we would have no problem defining the Gaussian bell on a time scale,
but defining a function in a way analogous to on a general time scale inevitably
leads to nondifferentiability because of the product rule. One way to dodge this
problem is to define a time scale analogue of H,(t,s;h) via the Gram-Schmidt or-
thogonalization, but this just shifts the burden to finding in what way holds on
a general time scale.

Our proof of Lemma relies on the product representation of hy(t, s; h),
and so until we have a similar representation for hy(t,s) on a general time scale,
we cannot use the same trick. Instead we will approach this using inverse Laplace
transforms.

We may take any formula defining a special function on hZ and look at the
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> B% > akk'
Z ak(t - 8)%’ - Z Skt

Figure 4.1. Diagram for the polynomial shift operator % on time scales.

consequences of it on a time scale. For example, we could exploit and define for
any v such that v(2k + v) 4+ « is an integer,

k€2k;+1/ (t . S)%(2k+z/)+a

JI/<t7S7§7a’f>/7 Zl—\ k+y+1 22k+l/ k!
=0

What sorts of theorems could we prove about this function? Could we find a dynamic
equation analogue to for this function? Without a Lemma analogue, we
cannot. It is unclear how any theorem involving a polynomial times .J, would gener-
alize to an arbitrary time scale, but analogues of other theorems like Theorem [3.10.5
are proven exactly the same.

If we can find an analogue of a polynomial shift operator on time scales, we
may recover many of the theorems in the thesis on a general time scale in terms of

such an operator.

4.3. POLYNOMIAL SHIFT OPERATOR

Consider the diagram of operators in Figure to justify our definition of a

polynomial shift on time scales. Hence we define %t by the formula
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win) = (2o |- | o %)

The following theorem justifies this definition of %t as a time scale analogue of

Lemma B.2.11

oo ‘_ k
Theorem 4.3.1. [f T = hZ and f(t) = Z ak(k—'s)hz, then
k=0 '

Uz { Yt 8) = (t = s)nzf(t — h).

Proof. Compute

A1\, < f(hk)
Hatg bt = (25t [z )12 e
- 3 {hZ R } (159
- g A e

as was to be shown. O]
The follow theorem is proven by repeated application of Theorem [4.3.1

Theorem 4.3.2. The following formula holds:

U ()}t 5) = (E = )iz f (£ = nh).

Theorem 4.3.3. Let T be a time scale of isolated points with either constant grain-
mess or 0 < fmin < fmax < 00. Let f: T — C be of exponential order o and

write F(z) = Z{f}(2). If F has n regressive poles {z1,...,z,} of orders 6y,...,0,
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respectively, then

0;—1 o ()

(9 j)a-_g.vﬁi—j(zi;t78;T>

%{f}(z) =Y ex(t.s:T) 0= |
=Sl 3 O

Proof. By , such an F' obeys a series of the form

[e.9]

F(z)= " al(z -z,

k=—0;

for all z in some annulus D, (z;) \ {z;}. We may compute

——F E ak z—zz 1,

k=—0;

where

—ka\ ifk#£0
0 if k=0,

Now Corollary shows

(z — z)F

€Z(t,S;T) = ezi(tas;T)ka(Zi;t7s;T) A )

k=0

and so we may use and the Cauchy product to compute

Un{f}(t;s) =
Ly { > @l - zi)kl} (t:s)
k=—6;
= ZR_es e.(t,s;T) Z ZLS)(Z — )kt
-1 k=—0;

:éizfezi(t,s;'ﬂ‘) (i d](;) z—zz > (f:vk zist, s;T) (2 - o )k>

k=—0; 0
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Mg
?lr’s\.

B ZBGS ex(t: 5 T) ( (2 — Zz‘)k_ei_l> (% Uk(zi§t75§T)—<z _k,ZZ) )

oo k ' (Z B Z‘)k—j
B ZReS ex(t,5;T) Z Z (2= 2) "t (zist, ;. T) (k Z )!
zZ=2z; 0 : - j .

K

. k=01
dﬁeivkﬁ(zz’; t,s; T)%

k=0 j=0 (k= J)!

Mg

= Z Rese.,(t,s;T)
-1

Notice that the factor (z — z;)*~%~! does not depend on j. Therefore, the term k = 6
forces k —6; — 1 = —1, i.e., this is the term whose coefficient we need to compute the

residue. Thus

n

ULfHt;s) =) e(t,s;T)

dg-?give,-—j(zﬁ t,s;T)

E

im1 o (0; —J)!
= i e, (t,s;T) i (0 — j)agl(—)gzv_@;;fzu t,s;T)
_Ze% (ts:T 92_:1 (6; — j)a §Z()glz1_9;;Fzz,t 5; ’]I‘)’
as was to be shown. 0

Corollary 4.3.1. The following formula holds:
Ur{1}(t;s) = (t — s)T-

Proof. This is evident from Figure .1 but we will compute it from Theorem [£.3.3]

1

From Table , we have F(z) = Z{1}(z;s) = —. This is a function with one pole of
z

order 1 at z = 0. Hence Theorem [£.3.3] shows

Ur{1}(t;s) = eo(t, s; T)v1(0;t,8) = (t — s)r,

as was to be shown. O
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Corollary 4.3.2. The following formula holds:
U{(t = s)r}(tys) = (t — 5)7.
Proof. Table shows us that F'(z) = Zp{(t — s)r}(z;s) = i—i, and we see that F

has a pole of order 2 at z; = 0. Since F' is already expressed as a Laurent series, we

(

have o) = 0 and o) = 1. We may also compute
d 2
U2<Z; t,s; T) - d_mz(t7 S) + mz(t7 S)
z
t t 1 2
—/ M) Ay (/ —AT) ,
s 1+p(r)z s 1+p(r)z
and so

2

= (t—s)?— / t u(r)Ar.

2(0; 1, 8;T) = —/:M(T)AH (/t mT)

Hence

Up{hy (-, 5, T)}(t; ) = eo(t, 5;T) Z zvj)J(O t,s)
21)2(0 t, S)]
— 2y

It is well known [17, page 1298] [32] pages 21-22] that

2hy(t,s;T) = (t — 8)2 = (t — s5)* — / wu(T)AT,

and so we have verified

Ur{(t — s)r}(t;s) = (t — 9)%,
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as was to be shown. O

Corollary 4.3.3. The following formula holds for a regressive constant c:

Ur{ea(t,s)}t) = ma(t, s)ea(t, s).

Proof. By Table [4.1], we see that

F(2) = Zeleal, i T)} (z:8) = ——

z—

which has one pole of order 1 at z; = a. It is already expanded in an appropriate

series, and so we see that a(_li = 1. Therefore

= mq(t, s)eq(t, s;T),

Ur{ea (-, t; T)}t; s) = eq(t, s; T) {1 1 v (ast, 5)]

1!

as was to be shown. O

4.4. SPECIAL FUNCTIONS ON TIME SCALES USING %

In this section, we restrict our attention to time scales T for which Theo-
rem holds. To generalize the results to all time scales requires extension of
the formula to all time scales. We know that %7 is a time scale analogue of
Lemma [3.2.1] Theorem tells us how to compute %7 for any function f: T — C
of exponential order «. If we allow the use of the %t operator in dynamic equations,
then we may replicate most of the results obtained in Section 2. Define the time scale
Bessel function analogous to ((78))

o k:§2k+1/ (t— S)VT(2k+V)+a
=0
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Examine the proof of Theorem [3.10 and notice that all steps in the proof involve only

using the formula A(t — s)¥, = k(t — s)5,", algebraic manipulation of coefficients,
and appeals to Lemma |3.2.1] Each time we apply Lemma here, we differentiate
first, and so to generalize this to time scales, we claim that J,(-, s, &, a,y; T) solves

the following analogue of (3.10.1f) for v € Z:

UE{y™ | (t5) + (L= 20% {y  }b: ) + €9 U W1 5) + (o2 = vP92)y(t) = 0.

We will work through the proof that the time scale Bessel functions solve this equa-
tion, and then cite the rest of the theorems in this section in the % -notation. Let

() = J,(t,s,& a,v; T). Calculate

B s = 3 CUE OOk 0 L0k 4 1) +o - (s
['(k+ v+ 1)22k+vEl ’
k=2
now compute
e k’ 2k+v v(2k+v)+a
8y )" (v(2k +v) + o)t — s)p
iyt s) ; T(k + v+ 1)22F+7] ’

and finally reindex the series to see

1 <= 4k(k \kg2htv (g _ gy (@htr) a2y
o) = -5 (k + ) (1) (t — )]
&2 Pt D(k + v+ 1)22k+7k)]

and thus

. s)%(2k+u)+oc

o0 4k k‘—i—V 1)k§2k+u(
U}t
S W ) Z; T(k + v + 1)22k+ k]
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The proof completes by plugging these expressions into the left-hand side of the time

scale Bessel equation and computing
(Y(2k+v)+a) (v(2k+v)+a—1)+(1—2a)(y(2k+v) +a) =y (4k(k+v)) +a® -1y = 0.

We define the time scale analogue of by

Jo(t,s;T) = J,(t,5,1,0,1;T) = Z

=0

t _ 8)%k+V

r k+ v+ 1)22k+vl

We have listed the properties of this function in Table [£.2] We now summarize the
time scale analogues of discrete Bessel function results. First we prove an analogue

of Theorem [3.10.2 because the proof does not work without a time scale analogue of

Theorem [B.6.1]

Theorem 4.4.1. The following formula holds:

Lr{Jo(-, 5 T)} (2 5) =

2241

Proof. Notice that

By and (23),




2 (=D)k(2k)! 1
_ o Chien)

Therefore

1 _i (—=1)k(2k)! 1
241 Pt (k1)222k  p2k+1°

1 1
By Table we see Lt {z%“ } (z;8) = w(t — 5)2¢ and so

SR T DR I
2t o = X et - o,

which is the series for Jy(t, s; T), as was to be shown.
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Table 4.2. Properties of time scale Bessel functions.
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Formula Analogue of
(ol 5D} e39) = Theorem 141
2241

(Jo* Jo) (t,8;,T) = siny (¢, s; T) Corollary 3.10.2
Zr {J,, (t, s, 2/« g, %; ']I‘) } (z;8) = % Theorem |3.10.4
J_n(t,s;T) = (=1)"J,(t,s;T) Theorem [3.10.5
U {2 (5T} (t58) = v, (t, 8 T) — U {Josa (-, 5 T)} (&) Theorem |3.10.6
U { IS (5T} = —vd, (¢, T) + U {J,-1(-, 5, T)} Theorem [3.10.7
2wl (t,s;T) = U {J-1(-,5;T)} (5 8) + U {Jo1(-, 5, T)} (85 8) Corollary [3.10.3
20,0, (t, 5, T) = Jy—1(t, 5, T) — Jupa(t, s; T) Corollary |3.10.3
Ap U T (8T} (8 8)] = U2 {T,1(-, 8, T)} (¢ 8);mn =0,1,2,... | Theorem [3.10.8
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An analogue of Hermite polynomials already exists on time scales [34], but
it is different than both analogues in this thesis. We will not attempt to generalize
the second Hermite polynomials because they are defined via repeated differentiation
which is not guaranteed to exist on an arbitrary time scale. However, we will write
out the time scale analogues of the formulas for the analogue of . Define the time

scale Hermite polynomials (of type I) to be

m 8)n—2k—1

o(t, ;) I
% Z k'P (n — 2k)2F

k=0

We have included the properties of the time scale Hermite polynomials in Table {4.4]

We also define the time scale associated Laguerre polynomials by

L5 =y U9 (ij).

k=0

We have included properties of the time scale associated Laguerre polynomials in
Table [4.5 Finally we define the generalized hypergeometric series on time scales by
the following analogue of (87):

S (asbst, s,m, & T) :Za—kg’fk—f)?r.

k=0

o

We have included the properties of this function in Table £.3] We define the Tr

A
operator by Yp = %TA_t



Table 4.3. Properties of generalized hypergeometric series on time scales.

Formula Analogue of
A" a”
oF (asbst, s, 1,6 T) = b—ﬁqu(a +n;b+n;t,s,1,§T) Corollary [3.11.2
ealt,s;T) = oFo(;;t,s,1,05T) Theorem |3.11.6
1 o?
coshy(t, 5, T) = oF) | ; 5;75, s,2, R T Theorem [3.11.7]
. 3 a?
sinh,(t, s; T) = a%r < o F1 ;§'t s, 2, Z;T Theorem [3.11.8
1 a?
cosy(t, ;) = o F} ;§;t,s,2,—z;']l‘ Theorem [3.11.9
. 3 a?
sing(t, s;T) = aZr § oF1 | ; SIREL 2, 7 T Theorem |3.11.9
a nr
L )(t, s;T) = wlﬂ(—n; a+1;t,s,1,1;T) Theorem [3.11.10
n!
1
2T(wv+ 1)J,(t, s, 1, -1, 1;T) = o Fy <; v+ 1;t,8,2,—= Theorem |3.11.11
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Table 4.4. Properties of H,,(t,s; T).

Formula

Analogue of

AHEA(t, 8 T) — U {HE(t, ;T) } 4+ nHa(t,s;T) =0 Theorem |3.9.1

HE(t, 8 T) = nH, 1(t,sT) Theorem [3.9.2

Hpi1(t,s;T) = Ue{H,(- — h,s;T)}t; 8) — nHp-1(t, s;T) | Theorem [3.9.3

Table 4.5. Properties of time scale Lﬁf‘)(t, s; T).

Formula Analogue of
()2 (@* A (@) _
Ur{Ly’ }+ (a+1)Ly Ur{y>} +nly’ =0 Theorem [3.9.9

(n+ 1LY = @n+a+ 1)L — 2% {LP}t;s) — (n + )L, | Theorem [3.9.10

%{L,(f‘)A} =nL{ — (n+ )L Theorem [3.9.11

n—1

Theorem [3.9.12
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5. CONCLUSION

We have seen many analogues of special functions on time scales, and it is
clear that we have barely scratched the surface. We have introduced new natural
time scale trigonometric functions and derived some of their properties. We have
found a nice formula for the gamma function on hZ. We have shown that the time
scale monomials may converge to different branches of the power function depending
on which complexification is chosen. We have derived some formulas for an analogue
of the Gaussian bell whose A-derivative is proportional to a linear function instead
of an exponential. We have demonstrated that orthogonality of a set of polynomials
is not preserved under finding time scale analogues using Lemma [3.2.1] so perhaps
another method of generalization can be developed to preserve orthogonality. We have
fleshed out in detail a theory of Bessel functions of the first kind. In the end, we have
tied together many of these topics into a theory of an analogue of a hypergeometric
series. It is clear that much work needs to be done in expanding these results to a
general time scale.

The standard special functions on time scales still have properties we need to
discover — for instance, can analogues of Rodrigues-type formulas like exist on a
time scale? Are there nice representations of the general time scale gamma function?
In what sense can we find a partial dynamic equation analogous to Laplace’s equation
in cylindrical coordinates that leads to classical Bessel functions? Does the time
scale gamma function in |11] obey a Bohr-Mollerup theorem analogue similar to the
results in [3]? A major open problem in the theory remains to be the inverse Laplace
transform for a general time scale. With one, we may extend % to all time scales and
replicate the results in this thesis on all time scales. Can the polynomial shift operator

be simplified in terms of standard time scale operations? A major area left alone by
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this thesis is generating functions — such analogues are difficult to achieve because
of the regressive function operations and the lack of an easy-to-use polynomial shift
operator. In what way may we find complexifications similar to the discrete rising
and falling complexifications? If a time scale contains a limit point, do we obtain
any type of uniqueness for complex extensions in neighborhoods of the limit point?

How do the results extend to the “time scale complex plane” as defined in the sense

of [7]?
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