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ABSTRACT

We propose a new area of mathematics, namely stochastic dynamic equations,
which unifies and extends the theories of stochastic differential equations and stochastic
difference equations. After giving a brief introduction to the theory of dynamic equations
on time scales, we construct Brownian motion on isolated time scales and prove some of
its properties. Then we define stochastic integrals on isolated time scales. The main
contribution of this dissertation is to give explicit solutions of linear stochastic dynamic
equations on isolated time scales. We illustrate the theoretical results for dynamic stock
prices and Ornstein—Uhlenbeck dynamic equations. Finally we study almost sure
asymptotic stability of stochastic dynamic equations and mean-square stability for

stochastic dynamic Volterra type equations.
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NOMENCLATURE

Symbol Description

T Time Scales

R Set of Real Numbers

N Set of Natural Numbers

Ny Set of Whole Numbers

N2 The Set {0,1,4,9, 16, ...}

hZ, The Set {...,—-2,-1,0,1,2,...}
C Set of Complex Numbers

¢ The Set {...,¢ %, ¢ ', 1,¢q,¢*...} for ¢ > 1.
o Forward Jump Operator

p Backward Jump Operator

7 Graininess Function

A

Delta Derivative Operator

A Forward Difference Operator

&n Cylinder Transformation

R Set of Regressive Functions

Rw Set of Stochastic Regressive Functions
R* Set of Positively Regressive Functions

Ry Set of Stochastic Positively Regressive Functions



LA(T)

S

bxr

tAs

Addition in Time Scales

Stochastic Addition in Time Scales
Subtraction in Time Scales

Stochastic Subtraction in Time Scales
Multiplication in Time Scales
Stochastic Multiplication in Time Scales
Exponential Function in Time Scales
Stochastic Exponential in Time Scales
Arbitrary Space

o-algebra

Probability Measure

Expectation

Variance

Covariance

Brownian Motion or Wiener Process
Gaussian Distribution

Space of L? Functions on T

Shift or Delay of b

Convolution of Functions b and r

Minimum of ¢ and s

x1



1. INTRODUCTION

The theory of time scales was introduced by Stefan Hilger [44] in 1998 in order
to unify continuous and discrete analysis. This dissertation deals with stochastic
dynamic equations on time scales. Many results concerning stochastic differential
equations carry over quite easily to corresponding results in stochastic difference
equations, while other results seem to be completely different in nature from their
continuous counterparts. The study of stochastic dynamic equations reveals such
discrepancies, and helps avoid proving results twice, once for stochastic differential
equations and once for stochastic difference equations. The general idea is to prove a
result for a stochastic dynamic equation, where the domain of the unknown function
is a so-called time scale, which is an arbitrary nonempty closed subset of the reals.
By choosing the time scale to be the set of real numbers, the general result yields a
result concerning a stochastic differential equation. On the other hand, by choosing
the time scale to be the set of integers, the same result yields a result in stochastic
difference equations. However, since there are many other time scales than just the
set of real numbers or the set of integers, one has a much more general result. We
may summarize the above and state that Unification and Extension of stochastic

equations are the two main features of this dissertation.

The results concerning Brownian motion given in this dissertation have been
investigated from 1827 onward by pioneers like Robert Brown, Louis Bachelier, Langevin,
Einstein, Smoluchowski, Fokker, Planck, Wiener, Uhlenbeck and many others [14,31,
36,96]. The theory of stochastic dynamic equations that has been developed in this
dissertation closely follows the work of 1t [49-52] and others.

In Section 2 the time scale calculus is introduced. A time scale T is an arbitrary
nonempty subset of reals. For functions f : T — R we define the derivative and
integrals. Fundamental results, e.g., the product rule and the quotient rule, are
also given. Generalized polynomials and exponential functions e,(t, s) for T are also

defined and examples are given.



In Section 3 we give a brief introduction about stochastic differential equations.

We list the problems that we attempt to generalize in subsequent sections.

In Section 4 we define and discuss basic properties of Brownian motion on
time scales. We also give the corresponding Haar and Schauder functions for time

scales and use them to construct Brownian motion.

In Section 5 we discuss stochastic integrals for time scales. We construct
stochastic integrals for random step functions. For technical reason this result is not
extended to general time scales. Next we define the quadratic variation of Brownian
motion and use it to prove two product rules, one involving an arbitrary function and

a random variable function and another involving two random variable functions.

In Section 6 we introduce stochastic dynamic equations which are the hybrid
of stochastic differential equations and stochastic difference equations. We define
the stochastic exponential function Ejy(-, o) and give explicit solutions of stochastic
dynamic equations (SAE) in terms of Ey(t,ty) and e,(t,%y), the exponential function
on the time scale. We apply the theory of SAE to stochastic volatility equations
and show that the expected stock price is given by E[S(t)] = Spea(t,to). We also
present expectation and variance of the solution of the Ornstein—Uhlenbeck dynamic
equation. In our theory we do not use Itd’s calculus as is standard and they agree
with known results when T = R. Lastly, an existence and uniqueness theorem is

proved.

In Section 7 we give necessary and sufficient conditions for the almost sure

asymptotic stability of solutions of some stochastic dynamic equations.

In Section 8 we first introduce the convolution on time scale and prove some
basic results. Then we give stochastic dynamic equations of Volterra type and prove

a result about the mean-square stability of its solution.

Thus, the setup of this dissertation is as follows. In Section 2 we introduce
the notion of a time scale. In Section 3 we give a brief introduction about stochastic

differential equations. In Section 4 we construct a one dimensional Wiener process for



isolated time scales. In Section 5, we introduce stochastic Ito integrals and prove some
of its properties. In Section 6, stochastic dynamic equations (SAEs) are introduced
and an existence and uniqueness theorem is presented. We also give two examples
involving stochastic dynamic equations, namely an equation governing a stock price
(stochastic volatility) and the Ornstein—Uhlenbeck equation. In Section 7, we present
some results about almost sure stability of SAEs. In Section 8, we introduce con-

volution and present some results about mean-square stability of SAEs of Volterra

type.



2. TIME SCALES

In this section we introduce the basic results that we should know before
reading the new results obtained in the remaining sections. The theory of measure
chains was introduced by Stefan Hilger in his PhD dissertation [44] in 1988 in order

to unify continuous and discrete analysis.

2.1. BASIC DEFINITIONS

Definition 2.1. A time scale (measure chain) T is an arbitrary nonempty closed
subset of the real numbers R, where we assume T has the topology that it inherits

from the real numbers R with the standard topology.

Aulbach and Hilger [13] gave a more general definition of a measure chain,
but we will only consider the special case given in Definition 2.1. There are other
time scales such as hZ (h > 0), the Cantor set, the set of harmonic numbers
{2221% 'n € N}, and so on. One is usually concerned with step size h, but in
some cases one is interested in variable step size. A population of a species where
all the adults die out before the babies are born is an example that could lead to a
time scale which is the union of disjoint closed intervals. Any dynamic equation on
T = ¢%:= {¢" : k € Z} U {0}, for some ¢ > 1, is called a ¢-difference equation. These
g-difference equations have been studied by Bézivin [16], Trijtzinsky [92], Zhang [59].
Also Derfel, Romanenko, and Sharkovsky [35] are concerned with the asymptotic
behavior of solutions of nonlinear g-difference equations. Bohner and Lutz [27] inves-
tigate the asymptotic behavior of dynamic equations on time scales and also consider

some ¢-difference equations.

The sets T* and T, are derived from T as follows: If T has a left-scattered
maximum m, then T® = T \ {m}. Otherwise, T* = T. If T has a right-scattered
minimum n, then T, = T\ {n}. Otherwise T,, = T. Obviously a time scale T may or

may not be connected. Therefore we introduce the concept of forward and backward



jump operators as follows.

Definition 2.2. Let T be a time scale and define the forward jump operator o on T*
by
o(t):=inf{s >t:s e T} (2.1)

for all t € T*.

Definition 2.3. The backward jump operator p on T, is defined by

p(t) :=sup{s <t:seT} (2.2)

for all t € T,.

If o(t) > t, we say t is right-scattered, while if p(t) < t, we say t is left-scattered.
Points that are right-scattered and left-scattered at the same time are called isolated.
If o(t) = t, we say t is right-dense, while if p(t) = t, we say t is left-dense. In this
dissertation, we make the blanket assumption that T refers to an isolated time scale

which we define next.

Definition 2.4. We say a time scale T is isolated provided all the points in T are

isolated.

Definition 2.5. The graininess function p is a function p : T — R defined by

u(t) ==o(t) —t (2.3)

for all t € T*".

Table 2.1 gives a classification of points in T while Table 2.2 gives the forward,

backward operators and the graininess function for some well known time scales.

Definition 2.6. The interval [a, b] is the intersection of the real interval [a,b] with

the given time scale, that is [a,b] N'T.



Table 2.1: Classification of Points

t right-scattered t <o(t)
t right-dense t=o(t)
t left-scattered p(t) <t
t left-dense p(t) =t

t isolated

t dense

Table 2.2: Examples of Time Scales

T | pd) o(t) p(t)

R 0 t t

Z, 1 t+1 t—1

hZ, h t+h t—h

| (g—1)t qt L

2z t 2t L

NZ [ 2vE+1| (VE+1)2| (VEi—1)% t#0




2.2. DIFFERENTIATION

Definition 2.7 (Hilger [45]). Assume f : T — R and let t € T*. Then we define
f2(t) to be the number (provided it exists) with the property that given any ¢ > 0,
there is a neighborhood U of t such that

[ f(@(®) = f()] = f2O[ot) = s] < el o(t) — s | (2.4)

for all s € U. We call f2(t) the delta derivative of f at t. We say that f: T — R is
(delta) differentiable if it is delta differentiable at any t € T.

Choosing the time scale to be the set of real numbers corresponds to the
continuous case where # is the usual derivative, and choosing the time scale to be
isolated corresponds to the case where 2 is the forward difference operator A defined
by

Af(t) = flo(t)) = f(1). (2.5)

In the next two theorems we give some important properties of the delta derivative.

Theorem 2.8 (Hilger [45], Bohner and Peterson [28]). Assume f : T — R is a

function and let t € T®. Then we have the following:

(i) If f is differentiable at t, then f is continuous at t.

(1) If f is continuous at t and t is right-scattered, then f is differentiable at t with
ra = A = (2.6)

(111) If f is differentiable at t and t is right-dense, then

300 — i O = 1)

s—t t—s



() If f is differentiable at t, then

flo(t)) = F(8) + u(t) f2(1).

(2.8)

Theorem 2.9 (Hilger [45], Bohner and Peterson [28]). Assume f,g : T — R are

delta differentiable at t € T". Then

(i) f+g:T — R is differentiable at t with

(f+9)2(1t) = f2(t) + g ().

(i1) For any constant k, kf : T — R is differentiable at t with

(kf)2(t) = kf2(1).

(11i) f,g:T — R is differentiable at t with

(f9)2(t) = f2(19(t) + f(o(t)g™ (1) = g* (1) (1) + g(a () F2 (D).

() If f(t)f(a(t)) #0, then 1/f is differentiable at t with

I )
(f) 0= =T o)

(v) If g(t)g(o(t)) # 0, then f/g is differentiable at t and

A N A
<j> <t>:g(t)f (t) — f()g™(t)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)



2.3. INTEGRATION

Definition 2.10. We say f : T — R is right-dense continuous (rd-continuous) pro-

vided f is continuous at each right-dense point ¢t € T and whenever t € T is left-dense,

lim f(s)

s—t—
exists as a finite number.

For example, the function p: T — R in case T = [0, 1]UN is rd-continuous but
not continuous at 1. Note that if T = R, then f : R — R is rd-continuous on T if and
only if f is continuous on T. Also note that if T = Z, then any function f :Z — R
is rd-continuous. We now state some elementary results concerning rd-continuous

functions.

Theorem 2.11. (i) Any continuous function on T is also rd-continuous on T.
(i1) If f is rd-continuous on T, then f oo is rd-continuous on T*.
(11i) If f and g are rd-continuous on T, then f + g and fg are rd-continuous on T.

() If f is continuous and g is rd-continuous, then f o g is rd-continuous.

Definition 2.12. A function F' : T — R is called a delta antiderivative of f : T — R
provided F2(t) = f(t) holds for all t € T*. In this case we define the integral of f by

/ f(5)As = F(t) - F(a)

for all t € T.

Hilger [45] proved that every rd-continuous function on T has a delta an-
tiderivative. Using the different properties of differentiation, one can prove the fol-

lowing properties of the integral.

Theorem 2.13 (Bohner and Peterson [28]). Assume f,g: T — R are rd-continuous.
Then the following hold.
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(i) JLUF(0) + g@)At = [7 F(OAE+ [ g(t)AL,

(ii) [PEf(6)AL=Fk [° f(t)At,
(i) [} F()AL == [} FO)AL,
(i) [, FO)At= [ F(O)AL+ [ f(D)AL,

(v) J2 Fo®)g® (DAt = [F(Dg(t)]s — [ F2(Da(t)At,
(i) [} (g At = [fB)g))l — [ FAB)g(a(t) AL,
(vit) [T f(t)At =0,
where a,b,c € T.

In the following theorem we give a well-known formula that we use frequently

in later sections.
Theorem 2.14. Assume f: T — R is rd-continuous and t € T". Then

o(t)
F(r)AT = () (1) (2.14)

t

Theorem 2.15 (Hilger [45]). Assume a,b € T and f : T — R is rd-continuous. Then

the integral has the following properties.
(i) If T =R, then fabf(t)At = f:f(t)dt, where the integral on the right-hand side
1s the Riemann integral.
(i1) If T consists of isolated points, then
(
Zte[a,b) F(@)u(t) if a<b

b
[ rwse=10 ¢ amb
|~ 2tetn S(OA(D) if a>b.
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(i1i) If T = hZ, where h > 0, then

(S ramn i a<h
b h
| roae=1o ozt
~SE L fkhif >

(i) If T =7, then

o f() if a<b

b
/f(t)At: 0 if a=0
- o f(t) if  a>b.

(v) If T = ¢, where ¢ > 1, then

.

b (q o 1) Zte[a,b) tf(t) Zf a<b
/ JHAL=140 if a=0
\—(q — 1) 2 iepa () if a>b.

2.4. GENERALIZED POLYNOMIALS

The generalized polynomials gi, hy [1,28] are the functions gg, hy : T X T — R,

k € Ny, defined recursively as follows. The functions gy and hq are
go(t,s) = ho(t,s) =1 forall s,teT, (2.15)
and given g, and hy for k € Ny, the functions g1 and hy,, are

t
gri1(t, s) :/ gr(o(1),8)Ar forall s,teT (2.16)
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and
t
hisa(t, s) :/ hi(r,8)A7 for all s,teT. (2.17)
If we let h(t,s) denote for each fixed s the derivative of hy(t,s) with respect to t,
then
hi(t,s) = hy_i(t,s) for keEN, teT" (2.18)
Similarly,
g (t,s) = ge_1(o(t),s) for k€N, teT. (2.19)

Here are some examples of polynomials in different time scales.

Ezample 2.16 (Bohner and Peterson [28]). (i) If T =R and k € Ny, then

(t—s)*
k!

gr(t, s) = hi(t, s) = for all s,t € R.

(ii) If T = Z and k € Ny, then

t_
hk(t,s):( ks) for all s,t € Z

and

st k-1
gk(t,S)Z(t S—]:k ) for all s,t € Z.

Here (g) is the binomial coefficient defined by (g) = Fo‘ﬂ for all a, B € C such

(B+1)
that the right-hand side of this equation makes sense, where I' is the gamma
function and o'?) is the factorial function defined by a?) := % whenever

the right-hand side is defined.
(iif) If T = ¢Z and ¢ > 1, then

k—1 :
t—q's

hi(t,s) = —— forall s,teT
g ijo ¢’
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and

k(t, s) H q for all s,te€T.

s —
J Oq‘
2.5. EXPONENTIAL FUNCTIONS

We will start with some technical notions given by Hilger [45] to define the
exponential function on a general measure chain. He studies the complex exponential

function on a measure chain as well. For h > 0, let Z;, be

Zh::{zEC:—%<Im()§

J

SH

and let C;, be defined by

Ch::{zEC:z%—%}.

For h =0, let Zy = Cy = C, the set of complex numbers.

Definition 2.17. For h > 0, the cylinder transformation &, is defined by

enz) = % Log(1 + =h),

where Log is the principal logarithm function. For h = 0, we define {y(z) = z for all

ZEZOI(C.

Definition 2.18. We say that a function p : T — R is regressive on T provided

14 u(t)p(t) #0 forall t¢eT.

The set of all regressive functions R (Bohner and Peterson [29]) on a time

scale T forms an Abelian group under the addition @ defined by

pDq:=p+q+ upq.
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The additive inverse in this group is denoted by

p

op = — .
P L+ pp

We then define subtraction © on the set of regressive functions by

PO q:=p®d(Sq).

It can be shown that
_P—q
L+ pg
Definition 2.19. We define the set R* of all positively regressive elements of R by

POq

Rt ={peR:1+u(t)p(t)>0forallteT}

Definition 2.20. If p : T — R is regressive and rd-continuous, then we define the

ezponential function e,(-,-) by

eutos) = oo | 6 i)

for t € T, s € T", where &, is the cylinder transformation.

Definition 2.21. The first order linear dynamic equation

y™ = p(t)y (2.20)

is said to be regressive provided p is regressive and rd-continuous on T.

Theorem 2.22 (Hilger [45]). Assume the dynamic equation (2.20) is regressive and

fix to € T*. Then e,(-,to) is the unique solution of the initial value problem

y> =p)y, ylto) =1 (2.21)

on T.
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Theorem 2.23. Let tg € T and yo € R. The unique solution of the initial value

problem

y> =p(t)y, y(to) = yo (2.22)

s given by
y = e,(+, t0)Yo. (2.23)
We next give the variation of constants formulas for first order linear equations.

Theorem 2.24 (Bohner and Peterson [28]). Suppose p € R and f : T — R is rd-

continuous. Let to € T and xo € R. The unique solution of the initial value problem
% = —p(t)a” + f(t), x(ty) = xo (2.24)

15 given by

z(t) = eqp(t, to)zo —|—/ ecp(t, ) f(T)AT. (2.25)

to
Theorem 2.25 (Bohner and Peterson [28]). Suppose p € R and f : T — R is rd-

continuous. Let to € T and yo € R. The unique solution of the initial value problem

y® =p)y+ f(t), y(to) = o (2.26)

15 given by

y(t) = ep(t, to)vo —l—/ ep(t,o(T))f(T)AT. (2.27)

to

We next give some important properties of the exponential function.

Theorem 2.26 (Bohner and Peterson [28]). Assume p,q: T — R are regressive and

rd-continuous. Then the following hold.
(1) eo(t,s) =1 and ey(t, t) =1,

(i) ep(o(t),s) = (1+ pt)pt))ep(t, 5),

(111) 1/e,(t,s) = ey(s,t) = ecp(t, s),
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() ey(t,s)ey(s, 1) = ey(t,r) (semigroup property),
(v) ey(t,s)e (t,s) = epaq(t, s),

(vi) ep(t,s)/eq(t; s) = epoq(t, s).

Here are some examples of exponential functions.

Ezxample 2.27 (Bohner and Peterson [28]). (i) If T = R, then
¢
ep(t, s) = exp {/ p(T)dT}

ea(t,s) = =9

for continuous p,

for constant «, and

e1(t,0) = €.
(i) If T = Z, then
ep(t,s) = [[(1+p(r))

if p is never —1 (and for s < t),
ea(t,s) = (1+a)™*

for constant «, and

€1 (t, O) = 2t.

(iii) If T = hZ for h > 0, then



for regressive p (and for t > 0),

t—s

eq(t,s) = (14 ha) =

for constant «, and

S|

e1(t,0) = (1+h)n.

(iv) If T = ¢o = {¢* : k € Ny}, where ¢ > 1, then it is easy to show that

ep(t.1) = Viexp ( —Qﬁg)

if p(t) := (1= 1)/((q = 1)t?).

(v) fT=N2={k?: k€ Ny}, then

e (t,0) = 2VH(/)!
(vi) If H, are the harmonic numbers

"1

Hy=0 and ang — for nN
n
k=1

and

T:{Hn : HEN()},
then

n

co(H,,0) = (” N O‘) .

17
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3. STOCHASTIC DIFFERENTIAL EQUATION

In this section we give some basic results from stochastic differential equations,

which we attempt to extend to time scales in the subsequent sections.

A stochastic process is a phenomenon which evolves with time in a random
way. Thus, a stochastic process is a family of random variables X (¢), indexed by time
(or in a more general framework by a set T'). A realization or sample function of a
stochastic process { X (t) }ier is an assignment, to each ¢ € T, of a possible value of

X(t). So we obtain a random curve which is referred to as a trajectory or a path of

X.

A basic but very important example of a stochastic process is the Brownian
motion process, whose name derives from the observation in 1827 by Robert Brown

of the motion of the pollen particles in a liquid [31].

3.1. PROBABILITY THEORY

In this subsection we state some concepts from general probability theory. We

refer the reader to [43,62,97] for more information.

Definition 3.1. If Q) is a given set, then a g-algebra on (2 is a family F of subsets of
Q) with the following properties:

(i) 0 e F,
(ii) F € F implies F¢ € F, where F© = Q\F is the complement of F in Q,

(iii) Ay, Ag,... € F implies |2, A; € F.

The pair (2, F) is called a measurable space.

Definition 3.2. A probability measure P on a measurable space (2, F) is a function

P: F — [0, 1] such that
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(i) if Ay, A, ... € F and {A;}3°, is disjoint (i.e., ;N A; =0 if i # j), then

The triple (2, F,P) is called a probability space. It is called a complete probability

space if F contains all subsets G of 2 with P-outer measure zero, i.e., with

P(G) :=inf{P(G): F e F,G C F} =0.

We note that any probability space can be made complete by adding to F all
sets of outer measure 0 and by extending P accordingly. The subsets F' of 2 which

belong to F are called F-measurable sets.

Definition 3.3. If (2, F,P) is a given probability space, then a function X : Q@ — R

is called F-measurable if
X'U)={weQ: X(w)eUleF

for all open sets U C R.

In the following we let (€2, F,P) denote a given complete probability space. A
random variable X is an F-measurable function X : 2 — R. Every random variable

induces a probability measure \x on R, defined by

Ax is called the distribution of X.

Definition 3.4. If [, |X(w)|dP(w) < co, then the number

B = [ X)) = [ airx(o)
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is called the expectation E of X (w.r.t. P).

Definition 3.5. If [, | X (w)|*dP(w) < oo, then the variance of a random variable X
is given by
VIX]=E[(X —E[X]))?] =E [X?] — (E[X])*.

Definition 3.6. The covariance between two random variables X and Y is given by
Cov [X,Y] =E[(X — EX])(Y — E[Y])] = E[XY] — E[X]E[Y].
Definition 3.7. Two subsets A, B € F are called independent if
P(ANB) =P(A) - P(B).
A collection A = {H; : i € I} of families of H; of measurable sets is called independent

if
for all choices of H;, € H;,,--- , H;, € 'H;, with different indices ¢4, ..., 4. A collection

of random variables {X; : i € I} is called independent if the collection of generated

o-algebras Hy, is independent.
If two random variables X,Y : Q@ — R are independent, then E[XY] =
E[X]E[Y], provided that E[|X|] < co and E[|Y|] < oo.

Next we discuss conditional expectation.

Definition 3.8. Let (€2, F,P) be a probability space and let X : 2 — R be a random
variable such that E[|X|] < oco. If H C F is a o-algebra, then the conditional
expectation of X given H, is defined as E [X|H] =: Y, where Y is a random variable
satisfying

(i) EfY]] < oo,

(ii) E[X|H] is H-measurable,



21

(iii) [, E[X|H]dP = [, XdP for all H € H.

We list some of the basic properties of the conditional expectation.

Theorem 3.9. Suppose Y : Q — R is another random variable with E[Y] < oo and
let a,b € R. Then

(i) E[aX + bY|H] = aF [X|H] + bE [YH],
(1) E[E[X[H]] = E[X],
(iii) E[X|H] = X if X is H-measurable,

(iv) E[X|H] = E[X] if X is independent of H,

(v) EIYX|H]| =YE[X|H] if Y is H-measurable.

Next we define filtration and martingales.

Definition 3.10. A filtration on (2, F) is a family M = {M(t)}ser of o-algebras
M(t) C F such that

to < s <t implies M(s) C M(t),

i.e., {M(t)} is increasing.

Definition 3.11. A stochastic process {M(t)}ier on (Q, F,P) is called a martingale
with respect to a filtration { M () }ser and with respect to P if

(i) M(t) is M(t)-measurable for all t € T
(ii) E[|M(t)|] < oo for all t € T and

(iii) E[M(s)|IM(t)] = M(t) for all s,t € T with s > ¢.
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If (iii) above is replaced by
E[M(s)|M(t)] < M(t) forall s,teT with s>t

then {M (t) et is called a supermartingale and if (iii) above is replaced by
E[M(s)|M(t)] > M(t) forall s,teT with s>t

then {M(t)}ser is called a submartingale.

3.2. STOCHASTIC DIFFERENTIAL EQUATIONS

In this subsection we give a brief introduction to stochastic differential equa-

tions. Let us fix zp € R and for ¢ > 0 consider the ordinary differential equation

dz
pri a(xz(t)), x(0) = xo, (3.1)

where a : R — R is given and the solution is the trajectory z : [0,00) — R.

In many applications, the experimentally measured trajectories of systems
modeled by (3.1) do not behave as predicted. Hence, it is reasonable to modify (3.1),
somehow to include the possibility of random effects disturbing the system. A formal

way to do so is to write

dX

— = alX(1) + X M), X(0) =X (3:2)

where b : R — R and ( is white noise.
This approach presents us with these mathematical problems:
e Define what it means for X to solve (3.2).

e Show (3.2) has a solution, discuss asymptotic behavior, dependence upon Xy,

a, b, etc.
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If we let Xg =0, a =0, and b = 1, then the solution of (3.2) turns out to be the
Wiener process or Brownian motion denoted by W. Thus, we may symbolically write
dW/dt = (, thereby asserting that white noise is the time derivative of the Wiener

process. Returning to (3.2), we have

dX aw
S =) + X ()
which gives us
dX = a(X(t)dt +b(X(t))dW, X(0)= Xo. (3.3)

This expression is a stochastic differential equation. We say that X solves (3.3)

provided
X(t) :Xo—l—/o a(X(s))ds+/O b(X(s))dW (3.4)

for all £ > 0. Now we must
e Construct W.
e Define the stochastic integral.

e Find explicit solutions in special cases.

Next we look at the chain rule in stochastic calculus.

Definition 3.12. We denote by L?(0,7T), for p > 1, the space of all real-valued,

progressively measurable stochastic processes X such that

H%AﬂXWQﬁ

Theorem 3.13 (It6’s Lemma). Suppose that X has a stochastic differential

< 00. (3.5)

dX = F(t)dt + G(t)dW,

for F € LY0,T), G € L*>(0,T). Assume u : R x [0,T] — R is continuous and that
Ou/ot, Ou/ox, O*u/Ox? exist and are continuous. Set Y (t) := u(X(t),t). Then Y
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has the stochastic differential
L ouX()h) | dulX(0),1) o 1PuX(0),1)
ay = 5t dt + o dX + 5 92 G=dt
2
() KO0 PO )

ot ox 2 0x?
G(t)dW. (3.6)

Example 3.14. Let us suppose that g is a continuous function. Then the unique

solution of

dY = g()Y dW, Y(0) =1 (3.7)
Y(t) = exp (—% /0 P (s)ds + /0 o(s) dW) (3.8)

for 0 <t < T. To verify this, note that

satisfies

1
dX = —592@) dt + g(t) dW.
Thus, Itd’s lemma for u(z) = e gives

_ Ou (X (1))
vy = ox X + 2 o0x?

1 1
e (—592(75) dt 4 g(t) dW + §gQ(t) dt)

= g(t)Y dw,

as claimed.

Ezxample 3.15. Similarly, the unique solution of

dY = f(O)Y dt + g(t)Y dW, Y(0) =1 (3.9)
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18

Y (t) = exp (/Ot (f - 392) (5)ds + /Dtg(s) dW) (3.10)

Ezample 3.16. Let S(t) denote the price of a stock at time . We can model the

for0<t<T.

evolution of S(t) in time by supposing that %, the relative change of price, evolves

according to the SDE

% = adt + BdW

for certain constants a > 0 and (3, called the drift and volatility of the stock. Hence,

dS = aSdt + SdW, (3.11)
and so by Ito’s formula
ds 132S%dt
d(log(5)) = T T3

= (Oé—%g) dt + BdW.

Consequently
2
S(t) = Spexp <5W(t) + (Oz — %) t) :

The mean of S(t) is given by
E[S(t)] = Soexp (a(t — to)) (3.12)
and its variance is

V[S(t)] = S5 exp (2a(t — to)) [exp (B*(t —to)) — 1] . (3.13)

We refer to [56,93] for further applications of stochastic differential equations.
For a short history of stochastic integration and mathematical finance we refer to [53],

and for Stratonovi¢ stochastic integrals we refer to [88-90].
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4. CONSTRUCTION OF BROWNIAN MOTION

In this section we construct Brownian motion on an isolated time scale. We

also present some of the basic properties of Brownian motion.

4.1. BROWNIAN MOTION

4.1.1. Historical Remarks and Basic Definitions. In 1828, Robert
Brown published a brief account of the microscopical observations made in the months
of June, July and August, 1827 on the particles contained in the pollen of plants [31].
In 1900, Bachelier [14] postulated that stock prices execute Brownian motion, and he
developed a mathematical theory which was similar to the theory which Einstein [36]
developed. In 1923, Norbert Wiener proved the existence of Brownian motion and
made significant contributions to related mathematical theories, so Brownian motion

is often called a Wiener process [96].

This new branch of mathematics blossomed from the pioneering work of Kiyosi
It6 [49-52]. Probably his most influential contribution was the development of an
equation that describes the evolution of a random variable driven by Brownian mo-
tion. It0’s lemma, as mathematicians now call it, is a series expansion of a stochastic

function giving the total differential.

The mathematical theory of Brownian motion has been applied in contexts
ranging far beyond the movement of particles in fluids. In 1973, Fischer Black, My-
ron Scholes and Robert Merton [18,60] used stochastic analysis and an equilibrium
argument to compute a theoretical value for an options’ price. This is now called the

Black and Scholes option price formula or Black and Scholes model.

This brief list, of course, does not do justice to the work of many other people

who have written about Brownian motion.
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4.1.2. Stochastic Processes. We begin our study by defining a stochastic
process on a time scale.

Definition 4.1. A stochastic process is a parameterized collection of random vari-

ables

{X(0) heer
defined on a probability space (2, F,P) and assuming values in R.

The parameter space T is usually the half line [0, 00), but it may also be an
interval [a, b], the nonnegative integers and even subsets of R. In this dissertation,
we focus on those parameter spaces for which p(t) < t < o(t) for all £ € T. Such a
parameter space is called an isolated time scale (Definition 2.4). We will denote an

isolated time scale by T throughout.

An important class of stochastic processes are those with independent incre-
ments, that is, for which the random variables {AX (¢)}scr are independent for any
finite combination of time instants in T. A Brownian motion or a standard Wiener
process W = {W (t) };er is an example of a stochastic process with independent in-

crements which we define next.

Definition 4.2. A real-valued stochastic process W is called a Brownian motion or

Wiener process on T if
(1) W(to) =0 a.s.,
(i) W) —W(s) ~N(0,t —s) forall tn <s<teT,

(iii) for all times t;, < t;, < t;, <...<t;, , the random variables

W<tio)7 W(th) - W(tio)v e 7W(tin) - W<tin71)

are independent (independent increments),

for to,t,s € T and N(0,¢ — s) is the normal distribution with mean 0 and variance

t— s.
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Theorem 4.3. For an isolated time scale T = {to,t1,ts,...}, W is Brownian motion
iof and only iof

(i) W(ty) =0 a.s.,

(11) AW (t) ~ N (0, u(t)) for all t € T,
(iii) for allt € T, the random variables AW (t) are independent (independent incre-

ments ).

Proof. 1t is obvious that Definition 4.2 reduces to the assumptions of this theorem if

we choose t;, = t; for j € Ny. To see that Definition 4.2 follows from the assumption

distribution as N (0, 372} u(t:)) or N (0,1, — t,). O

of this theorem we observe that for tg < t, < t,, St N(0, u(t;)) has the same

4.1.3. Properties of Brownian Motion. In this part, we prove some of

the basic properties of Brownian motion which we use in subsequent sections.

Lemma 4.4. E[W (t)] = 0 and E[W?(t)] =t — to for each time t > to.

Proof. We observe that W (t) — W (ty) ~ N(0,t — to) and that

and

This concludes the proof. O



29

Definition 4.5. For t, s € T, we define t A s as the minimum of ¢ and s.

Lemma 4.6. Suppose W is a one-dimensional Brownian motion. Then

EW (@)W (s)| = (tANs)—ty forall t,seT. (4.1)

Proof. Let us assume to < s < t. Then

Cov[W(t), W(s)] = E[W ()W (s)]

E[(W(s) +W(t) = W(s))W(s)]
E[W?(s)] + E[(W(t) — W(s)W (s)]
s —to + E[W(t) — W(s)| E[W(s)]

=0
S — to
(t A S) - t(),
since W (s) ~ N(0,s) and W(t) — W (s) is independent of W (s). O

Theorem 4.7. Brownian motion {W (t)}ser is a martingale w.r.t. the o-algebras F(t)

generated by {W(s) : s < t}.

Proof. We show that W satisfies the conditions given in Definition 3.11. From

Cauchy—Schwarz inequality we have,

EW®)* <E[WHF] =t —to.

Also, for all tg < s <t < oo and ty,s,t € T, we have

EW@IF(s)] = EW(s)+W(t) - W(s)[F(s)]

= E[W(s)|F(s)] +E[(W(t) - W(s))|F(s)]

Here we have used that E [W (t) — W (s)|F(s)] = 0 since W (t) — W (s) is independent
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of F(t) and we have used that E [W(s)|F(s)] = W (s) since W(s) is F(s)-measurable.

]
Theorem 4.8. W2(t) —t is a martingale.
Proof. For t > s >ty we have
E [W3(t) —t|F(s)] = E[W?*(t)|F(s)] —
= E[(W(s) + W(t) = W(s))*|F(s)] -
= E [Wz(s)\f } —2E [W(s)(W(t) — W (s))|F(s)]
+E[(W(t) — W(s))*|F(s)] -
= W?(s) +2W(s)E[W(t) — W(s)|F(s)]
E[(W(t) = W(s)*|F(s)] —
= W?s)+0+t—s—t
= W(s) -
where on the fourth equality we have used Definition 4.2. n

Theorem 4.9. Suppose ¢ > 0. Let W, be a Brownian motion on T, := {c* :t € T}
with W,(c?ty) = 0. Then W(t) := ¢ *W.(c?*t) is a Brownian motion on T.

Proof. We have E [W (t)] = ¢ 'E [W.(c*t)] = 0 and V [W(t)] = ¢ *c*t = t. Also

Cov [W(t),W(s)] = ¢ ¢ 'Cov [W,(c’t), W,(c*s)]
= ¢ 2[(CPtAPs) = Pt

= (t VAN 8) — to,
where in the second equality we have used Lemma 4.6. O]

Next we give some possible directions about constructing a Wiener process on

isolated time scales.
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4.2. BUILDING A ONE-DIMENSIONAL BROWNIAN MOTION

The existence of the Brownian motion process follows from Kolmogorov’s ex-
istence theorem [17]. Our method will be to develop a formal expansion of AW
in terms of an orthonormal basis of L2 (T) functions on T. We then integrate the

resulting expression in time and prove then that we have built a Wiener process.

Theorem 4.10 (Agarwal, Otero-Espinar, Perera, Vivero [2]). Let J° = [to,t) N'T,
to,t € T, ty < t, be an arbitrary closed interval of T. Then, the set L\ (J°) is a

Banach space together with the norm defined for every f € L (J°) as

1/p
il = | [ 1fP@Iar] for per (42)

Moreover, LA (J°) is a Hilbert space together with the inner product given for every

(f.9) € LA(J°) x LA(J°) by
(f:9)ra == | f(r)g(r)AT. (4.3)
JO
Definition 4.11. Two functions f,g : T — R are orthonormal over J° = [to, ) N T if

(i) (f, Q)LZ’A = [, f(1)g(T)AT =0, and

(ii) HfHLQA = H9HL2A = UJO ’f’2(7')AT]1/2 = UJO \g\Z(T)AT}I/z —1

4.2.1. Haar Functions. The Haar function is the first known wavelet and
was proposed in 1909 by Alfréd Haar [41]. We use Haar functions on isolated time

scales to construct Brownian motion.

Definition 4.12. The family {hmn}mnen, of Haar functions is defined for ¢ € T as

follows:

1
ho(t) = ————= for teT.

Zti cT 1% (tz)
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For n € N, we let n’ =n — 1. Then

;

Atans 1) e,
\/N(tzn/)[u(tgn/)+u(t2n,+1)] if t =ty
h[)n(t) = _ p,(t n/) ' B
\/#(tzan)[u(t;/)w(tgn, 1)l if t = ton1

0 otherwise,

\/ Bty po)+(tynr13)
(1t g ) F 1 gy OB (g ) F R (g 1) F (s 2) F10(E g 3]

it t = tap, tanr 1

han(t) = <

-/ e e it =ty i
[t gns o) ity ) (g )ty 1) Ty o) F (g 4 3)] 4n'+2; bdn/+3

0 otherwise.

\

In general for m € Ny, n € N and n’ =n — 1, we have

/

S 2 u(ty ) .
\/Z =k S iank if Lo <t < tonrkgr—

=1 h—1
ico M(tioni) it B(tiaonik)

2k—1 2k—1
i=k /’L(ti+2n/k)27j:0 N(ti+2n/k)

_ k—1
hmn(t) = 9 _\/Z 2o Mtiponk) if th’kz—i—k <t < topk—2k-1

0 otherwise,

where k = 2™.

Ezample 4.13. When T = Z we have pu(t) = 1. In this case the Haar functions are
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given by (
% if t = tq,
hon(t) = _\/g if t =to,1
0 otherwise,
3

1 it =ty tanp

hln(t) = —\/g ift= t4n+27 t4n+3

0 otherwise.

In general, we have

Vg i tgmn <t < tuomiiyom g
hmn(t) =9 —1/ Qm% lf tn2m+1+2m S t S tn2m+1+2m+1_1

0 otherwise.

Lemma 4.14. The functions {Rmn tmnen, form an orthonormal basis of LA (T).

Proof. We have

2m—1

om+1_1
/hznn(t)At = Z M(ti+n2m+1) Zi=2m M(tz+n2m+1) ]
T

2m—1 2m+171
i=0 [Zizo M(ti+n2m+1 ) Zizo M(ti+n2m+1 )

T iy pltipnzmr)
+ Z :u(ti-i-’ﬂQm-‘rl) [ om+1_1 =0 ’L+27j’n+1_1 ]
i=2m Zz‘:zm M(ti+n2m+1 ) Zi:() M(ti+n2m+1 )

= 1.
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Also for m’ > m, either h,,,hpmy = 0 for all ¢ or else h,,, is constant on the support

of h,,,. In this second case,

/ B (D (DAL = T / B (A = 0.
T T

This completes the proof. O

Example 4.15. For Haar functions in T = ¢"°, ¢ > 1, we refer to Table 4.1. To make

the table compact, we let p = ¢ — 1 and [n] = ZZ;(I) q~.

Table 4.1: Haar Functions for T = {1,q,4¢%, ¢, ¢*,¢*,¢% ¢"}.

ho@ (t) hgo (t

~—

hio(t) | har(t) | hoi(t) | hoa(t) | hos(t) | hoa(t)

1 1 q g 0 4 0 0 0
v/ [8lp v/ [8lp [4]p [2]p
! v : 0 = 0 0 0
T\ Jee | VEe I NG
2| 1 ¢ —1 0 0 L 0 0
T Ve | Vo | o NG
¢ L ¢ ~1 0 0 —1 0 0
[8]p (8]p q+/[4]p [2]pg?
4 1 -1 0 1 0 0 —1 0
7 Blp | ¢2+/[8lp g/ [4lp v/ [2pg®
5 1 —1 1 —1
0 0 0 0
q B | /B T N
6 1 —1 —1 1
0 0 0 0
q Blp | ¢2+4/[8lp ¢34/ [4lp v/ [2]pg®
q7 1 —1 0 —1 0 0 O -1

Blp | ¢2+/I8lp 734/ [4lp v/ [2lpg”

4.2.2. Schauder Functions and Wiener Processes.

Definition 4.16. For m,n € N,

st = /t B () AT (4.4)
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is called the mn!" Schauder function.

Let us assume that £k = 2™. Then the graph of s,,, is an open tent lying
above the interval [to,k, tankror]. The highest point on this tent can be found in the

following manner.

tonk4k
max | S, (1) = / P (T)AT

teT to

/‘t2nk+k
tznk
2k—1

_ Yoick M(tivonk)
- Zlu z+2nk Z M 2%k—1
1=0

tivonk) Do H(tivonk)

2%—1
\/Zz 0 ,LL z+2nk> Zi:k M(tz+2nk)

S (tivonn)

Next we define

f: io: Zmn Smn

m=0 n=0
for times t € T, where the coefficients {Z,,,}mnen, are independent and N(0,1)
random variables defined on some probability space. This series does not converge

for all T. For those for which this series does converge, the following holds.

Lemma 4.17. We have

o (0.@)
ZZsmn Smn(8) = (tA\s) —to

m=0 n=0

for each t,s € T.

Proof. For each s € T, let us define

1 iftoSTSS

0 otherwise.
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Then using Definition 4.16 and Lemma 4.14, we have

iis”"(t>sm"(s) = ZZ/ i AT/ B (F)AF

m=0 n=0 m=0 n=0

:ZZ ¢t P ( AT/ Gs(T) P (F) AT

m=0 n=0

=/'/¢t@ [ZQEW -

m=0 n=0

ATAT

= ¢t(T)¢S(T)AT

to

tAs
= / AT
to

== (t/\S)—to,

where we observe that for fixed m,n € N, the above sums and integrals are finite

thereby permitting us to interchange the integrations with summations. O]

Theorem 4.18. Let {Z,n }mnen, be a sequence of independent and N(0,1) random

variables defined on the same probability space. Then the sum
=22 Zon(@)smalt
m=0 n=0
1s a Brownian motion fort € T.
Proof. To prove W is a Brownian motion, we first note that clearly W (ty) = 0 a.s.

We assert that W (t) — W(s) ~ N (0,t — s) for all s,¢ € T such that s < ¢. To prove

this let us compute

Efexp (AW (1) — W (s)))]

E |exp (i)\ Z Z Zyn (Smn(t) — Smn(5>>>]

m=0 n=0

= H H E [exp (iAZpn (Smn(t) = Smn(s)))]

m=0n=0
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— exp (—)\;(t —tg—2(s —to) + 5 — to)>

~ e (-3 0-9).

where second equality follows from independence and for the third equality we have
used the fact that Z,,, is N'(0,1). By the uniqueness of characteristic functions, the
increment W (t) — W (s) is N(0,t — s) distributed, as asserted. Next we claim for all

p € Nand for all t) < t; <tp < ... <t that

exp < Z)\ )] Hexp ( 23 tjl)) . (4.5)
Once this is proved, we will know from uniqueness of characteristic functions that
FW ), Wit~ Wty ) (T15 -+ Tp) = Fiwe) (1) -+ Fwe,)-wt,-0) (Tp)
for all 1, 29,...,2, € R. This proves that
Wi(t1),...,W(t,) — W(t,—1) are independent.
Thus, (4.5) will establish the theorem. Now in the case p = 2, we have

E [exp (iAW (t1) + Ao(W(t2) — W (t1))])]
= Elexp (i[(A — X)W (t1) + AW (22)])]

exp (z’(/\l =) Y D Zansan(t) +ida Y > Zmnsmn(tg))]

m=0 n=0 m=0 n=0

= K

=TI TIE lexp (iZun (M = X2)Sumn(t1) + AaSma(t2)))]

m=0n=0
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= exp (—% DD 0 = X)) + 2(M — AQ)Agsmn(tl)smn(tQ)])
+ exp (—5 Z Z )\gsim(tg)>

= exp (—% [AT(tr — to) + A3(ta — tl)]) ; (4.6)

where on the sixth equality we have used Lemma 4.17. We observe that (4.6) is same

as (4.5) for p = 2. The general case follows similarly. ]

In Figures 4.1, 4.2, 4.3, 4.4 we plot the Haar functions for T = {1,2,4,8}
while the corresponding Schauder functions are given in Figures 4.5, 4.6, 4.7, 4.8 and

in Figure 4.9 we plot the generated Wiener process. In Figure 4.10 we plot the Haar
functions for T = {1,2,4,8, 16, 32, 64, 128}.
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Figure 4.1:

Haar Function hgo(t) for T = {1,2, 4, 8}.
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Figure 4.2:

Haar Function hg(t) for T = {1, 2,4, 8}.
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Figure 4.3: Haar Function hgy(t) for T = {1,2,4,8}.
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Figure 4.4: Haar Function hyo(t) for T = {1,2,4,8}.
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Schauder Function s_{00}(t) for T={1,2,4,8}
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Figure 4.5: Schauder Function sg(t) for T = {1, 2,4, 8}.
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Figure 4.6: Schauder Function sg (t) for T = {1, 2,4, 8}.
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Figure 4.7: Schauder Function sgy(t) for T = {1, 2,4, 8}.
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Figure 4.8: Schauder Function s;o(t) for T = {1, 2,4, 8}.
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Brownian Motion W(t) for T={1,2,4,8}
T
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Figure 4.9: Generated Brownian Motion W (¢) for T = {1, 2,4, 8}.
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Figure 4.10: Generated Haar Function hog(t) for T = {1,2,4,8,16,32,64, 128}.
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5. STOCHASTIC INTEGRALS

This section provides an introduction to stochastic calculus, in particular to

stochastic integration.

5.1. INTRODUCTION

The stochastic calculus of Ito originated with his investigation of conditions
under which the local properties (drift and the diffusion coefficient) of a Markov
process could be used to characterize this process. This has been used earlier by
Kolmogorov to derive the partial differential equations for the transition probabilities
of a diffusion process. Kiyosi 1t6’s [49-52] approach focussed on the functional form
of the processes themselves and resulted in a mathematically meaningful formulation
of stochastic differential equations. A similar theory was developed independently at

about the same time by Gikhman [38-40].
5.2. CONSTRUCTION OF ITO INTEGRAL
An ordinary dynamic equation
& = a(t, z) (5.1)

may be thought of as a degenerate form of a stochastic dynamic equation in the

absence of randomness. We could write (5.1) in the symbolic A-differential form
Az = a(t, x)At, (5.2)
or more accurately a A-integral equation

z(t) = xo +/ a(t,z(1))Ar, (5.3)

to
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where x is a solution satisfying the initial condition z(ty) = xo. Stochastic equations

can be written in the form
AX(t) = alt, X(t))At + b(t, X (t))E(t) At, (5.4)

where the deterministic or average drift term (5.1) is perturbed by a noisy term
b(t, X (t))E(t), £(t) are standard Gaussian random variables for each ¢, and b(t, X (t))&(t)

is a space-time dependent intensity factor. Equation (5.4) is then interpreted as

t

X(t) = X(to) +/ a(T,X(T))AT—i—/ b(r, X (1))¢(1)AT (5.5)

to to

for each sample path. For the special case of (5.5) with a =0 and b = 1, we see that
&(t) should be the A of a Wiener process W, thus suggesting that we could write
(5.5) alternatively as

X(t) :X(tg)—l—/ a(T,X(T))AT+/ b(r, X (7))AW (7). (5.6)

to to

For constant b(t, x) = b, we would expect the second integral in (5.6) to be b(W (t) —
W (to)). To fix ideas, we shall consider such an integral of a random function X over

T, denoting it by I(X), where

1(X) = /t X (r)AW (7). (5.7)

For a nonrandom step function X (t) = X, for ¢t € T, we take

This is a random variable with zero mean since it is the sum of random variables

with zero mean. Let {F(¢)}:er be an increasing family of o-algebras such that W ()
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is F(t)-measurable for each t > t,. We consider a random step function

for t € T such that X, is F(t)-measurable. We also assume that each X, is mean-

square integrable over €2. Hence,
E [X7] < o0

for t € T. Since
E[AW(T)|F(r)] =0 as.,

it follows that the product X, AW (7) is F(o(7))-measurable, integrable, and
E[X,AW(r)] = E [X,AW (7)|F(r)] = 0
for each 7 € T. Analogously to (5.8), we define the integral I(X) by

I(X)= ) X AW(r) as. (5.9)

Since the X is F(o(7))-measurable and hence F(t)-measurable, it follows that I(X)
is F(t)-measurable. In addition, I(X) is integrable over 2, has zero mean. It is also

mean-square integrable with

E[(I(X))?*] = E > XAW(r) | | F(7)

T€[to,t)
= Y E[XJE[AW(n)]F(7)]
TE[to,t)
= > E[X](o(r)-7)
TE[to,t)

= > E[Xu@) (5.10)
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on account of the mean-square property of the increments W (o (7)) —W () for 7 € T.

Finally, from (5.9) we have
I(aX +8Y)=al(X)+pIY) (5.11)

a.s. for o, # € R and any random step functions X, Y satisfying the above properties,

that is, the integration operator [ is linear in the integrand.

5.3. QUADRATIC VARIATION

Definition 5.1. If (W (t)).er is a Brownian motion defined on some probability space

(Q, F,P), then the quadratic variation (W, W), is defined by

(W)= > (AW(7))%, (5.12)

TEto,t)
fort € T.

Lemma 5.2. For a Brownian motion W, we have

(W W)y =W2(t) = W2(to) —2 Y W(r)AW(7) (5.13)

TE[to,t)

and (W, W), = x(t), where x(t) is a random variable with

Ek®)] = 3 ur) = / Ar (5.14)

r€lto.t) to
and
t
Vi =2 S 12(r) = 2 / J(F) AT, (5.15)
r€[to,t) to

Proof. We use Definition 5.1 to find

(W, W)y = > (AW(7))

TE[to,t)
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— Z (W2(o (7)) + W3(1)) — Z 2W (o (7))W(r)

r€[to t) TEto,t)
= > (WHo(n) - W) =2 Y W(r)AW(r)
TE€[to,t) TE(to,t)
= W2t) = W2(t)) =2 > W(r)AW (7).
T€[to,t)

Next we notice that

E [(AW(1))*] = VIAW(#)] = u(t)

as the expected value of AW (t) is zero by definition. Therefore, we have,

E(W,W)] = Y E[(AW(r))]

TE[to,t)

For the variance, we first compute

VAW ()] = E[AW(7))"] - (u(r))?

as E[(AW (7))Y] = 3(u(7))? since the fourth moment of a normally distributed random
variable with zero mean is three times its variance squared (normal kurtosis). With

this we get

VW, W), = V| > (AW(r))

TE[to,t)

= Y V[aw(n)]

TEto,t)

= 2> i),

TE[to,t)

where the second equality follows on the one hand from independence of the incre-

ments of the Wiener process. On the other hand, we can use the fact that if two
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random variables are independent, then measurable functions of them are again in-

dependent random variables. O

To give a better notation of Lemma 5.2, we first define the following integrals.

Definition 5.3. For the sums in Lemma 5.2, we write

/t X(n)AW(r) = > X(r)AW(7) (5.16)

TEto,t)

and

/t X(n)AT= ) X(r)u(r). (5.17)

T€E[to,t)

With this we get the next corollary.

Corollary 5.4. For a Wiener process W, we can write
t
W2(t) = (W, W), + W2(to) + 2 / W () AW (7), (5.18)
to
where (W, W), = x(t) and x(t) has the same properties as in Lemma 5.2.

Proof. The results follow directly from Lemma 5.2 and by using the first part of
Definition 5.3. [l

For most of the calculations it is easier to use a differential notation than the
integral notation we use in Lemma 5.2. We observe that the differential of x(¢) has

mean

A>T () = p(t) — plto)

TE[to,t)

and variance

A Y R(r) = 2(63() — 13 (b))

T€[to,t)
This means that we can write Ax(t) = (AW (¢))?, where (AW(¢))? is a random

variable. With this notation, we get the following corollary of Lemma 5.2.
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Corollary 5.5. In the differential notation we have

A((W(1)?) = Ax(t) + 2W () AW (1), (5.19)
where Ax(t) = (AW (t))%
Proof. Use Lemma 5.2 and the results for the random variable y we just derived. [J

Motivated by Definition 5.3, we state the following lemma which we use in

subsequent sections.

Lemma 5.6. If {W(t) her is a Brownian motion defined on some probability space

(Q,F,P) and X (t) is F(t)-measurable, then

E [/t:X(r)AW(T)] —0, (5.20)
E M:X(T)AT} :/t:IE[X(T)] Ar (5.21)

and
E < /t:X(T)AW(T))Q] - /t:E[X%)] Ar (5.22)

Proof. Let W (t) be the o-algebra generated by W (7), 7 > ¢. Then to prove (5.20)

we observe that

E[ /t:X(T)AW(T)} = E| Y X(nAW(7)

TG[to,t)

= Y E[X(n)AW(7)]

TE[to,t)

= Y EX(ME[AW(7)]
TEto,t)

= 0,

since X (1) is F(7)-measurable and F(7) is independent of W (7). On the other hand,



ol

AW (1) is WT(7)-measurable, and so X (7) is independent of AW (7). Likewise,

e[ [ xinar] - [ -

( /t X(T)AW(T)” = (T%@X )

= > E[X (72) AW (1) AW (7)) -

T1E[to,t) T2€[to,t)

Now if 71 < 7o, then AW (1) is independent of X (71)X (72) AW (7). Thus,
E [ X (1) X (r2) AW (1) AW (13)] = E [ X (70) X (72) AW (1) E[AW (72)] = 0.

Consequently

(/t:X(T)AW(T))Q] = > E[X*n)|E[(AW(r))]

This concludes the proof. O

To continue with our study of stochastic A-integrals with random integrands,
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let us think what might be an appropriate definition for

A?VWMWWﬂ

where W is a one-dimensional Brownian motion. A reasonable procedure will be to

construct a Riemann sum. Let T = {¢to,t1,¢a,...,t, =t} with t; > 0 and let us set
(WW)= > (AW(r)*. (5.23)
TE[to,t)
Then

(W, W), —(t—to) = > (( — (7))

Te[tot

Hence,

E [((W, W), — (t —t))?] =
ST E[(AW(R))? = ulm)) (AW (7)) = u(m))]

T1E to t) T2 E to t)

For 11 # 79, the term in the double sum is

E [((AW(11))* = pu(m1)) (AW (72))* — pl(7))]

according to independent increments, and thus equal to 0, as W (t) — W (s) ~ N(0,t—

s) forallt,s € T and t > s > t;. Hence,

E[(WW)—(t=1)?*] = Y E| —1)*p*(7)]

TE[to,t)

= > E[Nr)—-2Y’(r) +1] p’(7)
TE[to,t)

= Y B2
TE[to,t)

=2 ) 4

TE [to,t)



53

where

Y(7):= ~ N(0,1).

If we assume that (W, W), is of the form a(t—ty)+ 3, where o and (3 are deterministic,

then we have the following:

E [((W, W), — a(t —to) — B)°]

= Y E[(AW() - au(r) - B)°]
TE€lto,t)
_ 5\
— E Y2 o 7 2
Py (- i5) ] ()
_ [ 3 2 20 o 2a0 | ,
= T%t)E -Y ( >+a +,U, (7’) —2aY (T)-my (T)‘i‘m 12 (T)
= azz 2(7) —{—nﬁQ—QaZ T) —2(t — to) 8
TE[to,t) TEto,t)
+2(t —to)afB + 3 Z 12 (7)
TE[to,t)
So when («, [3) lies on the curve
2 > () Ayt =2 Y pA(r) =20t —to)y + 2t —to)zy +3 > (1) =0,
TE[to,t) TE[to,t) TE[to,t)
(5.24)
we have
E [((W, W), — alt —to) — 8)*] =0,
implying that
(W)= > (AW(n)? =alt—t) + 8 as. (5.25)

TEto,t)



Next we analyze the curve given by (5.24). Let

ZTG[to,t) 42 (7) t—to  — ZTG[to,t) 1(7)

D= det t—to n —(t —to)

N ZTE[tovt) “2(7) —(t—to) 3 Zfe[to,t) MQ(T)

=23 20 (0 3w - (t—t)? ).

TE[to,t) TE[to,t)

and
ETG[to,t) Iu2 (T) t—to
J = det =n P2 (1) — (t —to)?
Te[to,t)
t— to n
Now, if
n pA(T) = (t —to)?,
TE[to,t)

then D =0 = J and

n —(t—to)
det = 3n Y () = (t—t)

TE[to,t)
_<t - tO) 3 Zre[to,t) :u2<7-)

= 2n Z p (1) >0,

TE[to,t)
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(5.26)

implying that (5.24) represents an imaginary pair of parallel lines [91, Page 145]. If

no Yo pA(r) > (t—t),

TEto,t)
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then D >0, J > 0and D3 ;. 4 p?(7) > 0, implying that (5.24) again represents

an imaginary conic. On the other hand if

n Z P2 (1) < (t—to)?, (5.27)

TE [to ,t)

then D # 0 and J < 0, implying (5.24) represents a hyperbola. But in this case there
is no time scale which satisfies (5.27). For if we let ¢y as the first point and consider

the case n = 2, then we have

2 (12 (to) + 12(t)) < (t2 — t1)* = (u(to) + p(t1))?
which reduces to
(1u(to) — p(tr))* < 0,
a contradiction to the fact that the graininess function pu is real and nonnegative.

Theorem 5.7. There is no o, 3 € R such that

/t W(r)AW (1) = WT(t) - 1[04(25 —to) + 3] (5.28)

2
holds.

Proof. 1t follows from the above discussion and the fact that

/t W(nAW(r) = Y W(r)AW(r)

TE[to,t)
= LY W) -wrn) - L S awe)y
reltot) melto)
= W W) 5 Y (AW (E)
T€[to,t)
= WD)~ W),

This concludes the proof. O
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5.4. PRODUCT RULES

In this subsection we prove the following two product rules for stochastic

processes.

Theorem 5.8. For an arbitrary nonrandom function f and a Wiener process W, we

have

A(fOW()) = fle()AW () + (Af0)W(2) (5.29)

and

A(fOW (1) = fFOAW () + (AfE)W (o (1)) (5.30)

Proof. By using the properties of the A-differentials, we get

AfOW() = flo@)W(a(t)) = FOW(?)

and therefore

AfOW () = f(o(®)AW (t) + (Af(E)W(1). (5.31)

For (5.30) we just add and subtract the term f(¢)W (o(t)) instead of f(o(¢))W (¢), so
that

A(fOW() = fle@)W(a(t) = FO)W ()

and so again

AfOW()) = (Af(E)W (a(t) + fFE)AW(E).

Hence, both (5.29) and (5.30) hold. O
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Theorem 5.9. For two stochastic processes Xi and Xo with

X%(t) = Xi(to) + a;t + bZ'W(t) for i=1,2

and

AX;(t) = a; At + b;,AW(t)  for i=1,2, (5.32)

we have

A(X1Xp) = X1(AX) + Xo(AX:) + (AX1)(AX>). (5.33)

Proof. We have

Xi()Xa(t) = [Xi(to) + art + bW (1)] [Xa(to) + azt + bW (1)]

X1 (to) Xa(to) + [Xi(to)as + Xa(to)ar| t + ajast?

+ [Xl(t())bg + Xg(t())bl] W(t) + [(llbg + agbﬂ tW(t)
+ bibyW2(t).

If we now take the differential on both sides and using (5.29) and (5.19), we obtain

A (X () Xa(t))
= [Xy(to)as + Xo(to)ay) At + [X1(to)bs + Xo(te)br] AW (2)
+aras(t + o () At + [arbs + asby] [o()) AW () + W (£) Al
+ bibo [Ax(t) + 2W (1) AW (t)]
= [Xi(to)az + Xa(to)ar + (arbe + a2b )W (t) + aras(t + o(t))] At
+ (X (to)ba + Xa(to)by + (arby + asby)o(t) + 2b1b W (£)] AW (2)
+ bibo Ay (2)

and

Xi(t)AXo(t) = [Xi(to) + art + bW (t)|[ao At + by AW (t)]
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= [a2X1 (to) —+ CLlCLQt -+ a2b1W(t)]At

+ [b2Xl (to) + alet + bleW(t)]AW(t),
and (by switching X; and X5) as above

Xo(H)AX 1 (t) = [a1Xa(to) + arast + a1bsW (t)| At
+ [b1X2<t0) + U,let + bleW(t)]AW(t)

as well as
(AXl (t))(AXQ(t)) = Cblag(At)Q + (a1b2 + agbl)AW(t)At + blbg(AW(t))2
Therefore we can express A(X(t)Xo(t)) as

A(Xl (t)XQ(t)) = [Xl (t)a2 + alagt + a2b1W(t)]At

+ [0 X1 (t0) + arbat + bibos W (£)| AW (¢)
-+ [CL1X2<t> -+ alagt -+ aleW(t)]At
+ [b]_XQ(tO) + agblt + bleW(t)]AW(t)

+ [bleX(t) — alagtAt + alaQJ(t)At]

+ [—agbit — arbat + (ar1by + asby)o ()| AW (¢)
= Xi()AXs(t) + Xa()AX, (£) + biba( ATV (1))

+ aras(o(t) — )AL+ (arbs + asby) (o) — AW (2)
= Xi(H)AXo(t) + Xo(t) AX (1) + bibo (AW (1))?

+ ayag(At)? + (ar1by + agby ) AtAW (t)

= Xi(t)AXy(t) + Xo () AX1(t) + (AXL (1)) (AXa(1)),

where we have added and subtracted the terms ajast At and (byas+agb;) AW (t) in the

first equality and wrote again (AW (t))? instead of Ax(¢) in the second equality. [
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Motivated by Theorem 5.9, we now evaluate A((W(t))™), where m € N.

Theorem 5.10. For a Wiener process W, we have

m

AW =% @) Wk (AW)E,

k=1

Proof. Using the fact that W (t) + AW (t) = W(o(t)), we have

A(W@®)™)

i.e., (5.34) holds.

(5.34)
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6. STOCHASTIC DYNAMIC EQUATIONS (SAE)

The theory of stochastic dynamic equations is introduced in this section. The
emphasis is on Ito stochastic dynamic equations, for which an existence and unique-
ness theorem is proved and properties of their solutions are investigated. Techniques

for solving linear stochastic dynamic equations are presented.

6.1. LINEAR STOCHASTIC DYNAMIC EQUATIONS

Stochastic dynamic equations (SAE) are introduced in this section. Tech-
niques for solving linear stochastic dynamic equations are also presented. The general

form of a scalar linear stochastic dynamic equation is
AX = [a(t)X + c(t)] At + [b(t) X + d(t)] AW, (6.1)

where the coefficients a, b, ¢, d are specified functions of ¢t € T which may be constants.

6.1.1. Stochastic Exponential.

Definition 6.1. Let W be Brownian motion on T. Then we say a random variable
A : T — R defined on some probability space (£, F,P) is stochastic regressive (with
respect to W) provided

1+ A()AW(t) A0 as.

for all ¢ € T*. The set of stochastic regressive functions will be denoted by Ryy .

Theorem 6.2. If we define the “stochastic circle plus” addition Gy on Ry by
(Adw B)(t) := A(t) + B(t) + A(t)B(t) AW (t) for all t € T", (6.2)
then (Rw, ®w) is an Abelian group.

Proof. To prove that we have closure under the addition @y, we note that, for A, B €
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Rw, A dw B is a function from T to R. It only remains to show that for all t € T,
(A@w B)(t) # —1/AW(t) a.s., but this follows from

1+ (Adw B)(t) AW (t) = 1+ (A(t)+ B(t) + A(t)B(t) AW (t)) AW (t)
= 1+ A@®)AW(t) + Bt)AW + A(t)B(t)(AW (t))?
= (1+AQ)AW())(1+ B(t)AW(t))
# 0 as.

Hence, Ry is closed under the addition &y,. Since
(A@w 0)(t) = (0 dw A)(t) = A(1),

0 is the additive identity for &y. For A € Ry, to find the additive inverse of A
under @y, we must solve

(Aew B)(t) =0 as.,

for B. Hence, we must solve
A(t) + B(t) + A(t)B(t) AW (t) =0 a.s.,

for B. Thus,
A(t)

B(t>:_1+A(t)AW(t) forall teT

is the additive inverse of A under the addition ®y,. That the associative law holds

follows from the fact that,

(Aew B)aw C)(t) = ((A+ B+ ABAW) @y C)(t)
= (A(t) + B(t) + A(t)B(t) AW (t)) + C(t)
+ (A(t) + B(t) + A(t)B(t) AW (¢))C(t) AW (¢)
= A(t)+ B(t) + A(t)B(t) AW (t) + C(t) + A(t)C(t) AW (t)
+ Bt)C () AW (t) + A(t)B(#t)C(t) (AW (t))?
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= A(t)+ (B(t) + C(t) + BH)CHAW (1))
+ A(L)(B(t) + C(t) + Bt)C(H)AW (£)) AW (¢)
= (Aow (Bow 0))()

for A, B,C € Ry and t € T". Hence, (Rw,®w) is a group. Since

(Aow B)(t) = A(t)+ B(t) + At)B(t) AW (t)
= B(t) + A(t) + A(t)B(t) AW (t)

= (Bow A)@),

the commutative law holds, and hence (R, ®w) is an Abelian group. ]

Definition 6.3. If n € N and A € Ry, then we define the “stochastic circle dot”

multiplication GOy by

where we have n terms on the right-hand side of this last equation.

In the proof of Theorem 6.2, we saw that if A € Ry, then the additive inverse

of A under the operation @y is

_ —A®
1+ AR)AW ()

(ewA)(t) : for all ¢ e T". (6.3)

Lemma 6.4. If A € Ry, then (Sw(owA))(t) = A(t) for all t € T".
Proof. Using (6.3), we observe that for all ¢ € T*,
e = (o () ) ©
e - UM+ AAw
—A()
<1+A(t)AW(t)>

—A(t
1+ (e ) AW ()
= A(),
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where on the first and second equality we have used (6.3). O

Definition 6.5. We define the “stochastic circle minus” subtraction Sy on Ry by

(Acow B)(t) == (Aow (owA))(1) (6.4)

for all t € T*".
Theorem 6.6. If A, B € Ry, then

(4w BYO) = oo (6.5)

for all t € T".

Proof. From Definition 6.5 and (6.3) we have,

(Aew B)(t) = (Aow (EwB))(?)

= (1o () )

—B(t) —B(t)
:'Mﬂ+C+B@AW@)+M®Q+B@AW@)AW@

A (1 + BE)AW () — B(t) — A(t)B() AW (¢)
1+ BOAW ()

A(t) — B()
1+ BH)AW ()

as claimed. O

Theorem 6.7. If A, B € Ry, then

(i) Aew A =0,
(ii) A6w B € Ry,
(i1)) ew(Aew B) = Bow A,

(iv) Sw(Aew B) = (ewA) &w (6w B).
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Proof. Part (i). We observe that

__AD-AW
Aow A = Amawe =
Part (ii). By using (6.5) we have
+ (Aow B)®)AW (1) :1+1fg6 x%AWﬁ)

LHAM)AW(T)
1+ BH)AW(t)
# 0 as.,

since A, B € Ry .

Part (iii). We observe that

(ew(Aew B)(t) = (@W (%)) ()

_(_A®-B®)
T+ B(HAW (1)

- A(t)—B(t
1+ (s ) AW (1)

__B@)-A@)
1+ AM)AW(E)
= (Bow A)(),

where on the first equality we have used (6.5) and on the second equality we have

used (6.3).

Part (iv). We observe that

(ewa) o @B () = (T am @ g ) ©
—A) ~B() A®B()

T+ ADAW() 1+ BOAW(E) (1 + ABAW®)(1 + BOAW (1)
—AMO + BOAW(R)) — BO)(1 + A()AW (X)) + A(t) BHAW (1)
(1+AGAW()(L+ B()AW(1))
—(A(t) + B(t) + A(t) B(t) AW (1))
1+ (A(t) + B(t) + A(t) B(t) AW (£)) AW (1)
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—(A®w B)(t)
T+ (Aaw B AW (D)
= (ow(Aow B)) (1),

where we have used (6.2), (6.3) and (6.5). O

Definition 6.8. If {; € T and B € Ry, then the unique solution of
AX = B(t)XAW, X(t)) =1 (6.6)
is denoted by
X = Eg(-ty). (6.7)
We call Eg(-, 1) the stochastic exponential.

Definition 6.9. If B € Ry, then the first order linear stochastic dynamic equation
AX = B(t)XAW (6.8)

is called stochastic regressive.

Lemma 6.10. Let f,g : T — R be functions defined on an isolated time scale. If
f(&) = f(to) + 2 o) F(T)g(T) holds for all t > to, then

S(t): ft)=f(to) J] [L+9(n)

TE[to,t)

holds for all t > t,.

Proof. We prove the lemma using the induction principle given in [28, Theorem 1.7].

We observe that S(to) is trivially satisfied. Now, assuming that S(¢) holds, we have

flot) = flto)+ D f(r)g(r)

TE[to,o(t))

= [flto) + f(B)g(t) + > f(7)g(7)

TE[to,t)



= f(t)g(t) + f(t) =1+ g@®)]f ()
= [T+90]ft) T M+9()]

TE[to,t)

= fto) ][ M+l

tefto,o(t))
Therefore S(o(t)) holds.

Theorem 6.11. Ey(-,ty) defined in Definition 6.8 is given by

Ep(t,to) = [[ [+ B(r)AW(r)].

TE[to,t)

Proof. Denoting the right-hand side of (6.9) by X(t), we find that

AX(t) = X(o(t) — X(t)
— H 14 B(r)AW(7)] — H 14 B(1)AW(7)]

TEto,0(t)) TEto,t)

= [+ BOAW(r) —1] [ 1+B@AW(D)

TEto,t)

= B AW () [[ [+ B(r)AW(r)]
TE[to,t)

= B(t)X(t)AW(t).
Conversely, let X be a solution of (6.6). Then

X(t) = X(to) + / B(r)X (1) AW (7)

=1+ ) B W(r)

Tetot)

= [[ n+B@AWE),

’TE[to,t)

where in the last equality we have used Lemma 6.10 with f(t) = 1.



67

Example 6.12. (i) If T =Z, then

Eg(t,ty) = 1:[ 14+ B(r)(W(r+1)—W(r))].
(ii) If T = AZ for h > 0, then
Egp(t,ty) = ﬁ [1+ B(ht)(W(hT 4+ h) — W (h1))].

(iii) If T = ¢™o = {¢" : k € Ny}, where ¢ > 1, then

Int
11'1q_1

Ep(tito) = [[ [1+B@) (W (™) -W()].

_Intg
" Ingq

(iv) If T = R and B(t) = b(t) is deterministic, then E,(t,ty) is the solution of the

stochastic differential problem
dX =b(t)XdW, X(ty) =1,
whose solution from Subsection 3.2 is given by

X(t) = exp (—%/t bQ(s)ds—l—/t b(s)dW) (6.10)

to to

fort € T.

Theorem 6.13. If A, B € Ry, then

(i) Ea(o(t),to) = (1+ A@)AW(t))Ea(t, to),
(1) iy = Bowalt o),

(111) Es(t,to)Ep(t,to) = Eaw,s(t.to),



. BEa(tto)
() By

= FEae, 5t to),

1 — __A®At
(U) A (EA(t,to)> T Ea(o(t)to)”

Proof. Part (i). By Theorem 6.11 we have

Eao(t),to) = ] [ +A@AW(7)]
TEto,0(t))
= (1+AWAW (@) J] 1+ A@AW(7)
TE[to,t)

= (1+AWGAW ) Ealt, to).

Part (ii). By Theorem 6.11 we have

Eeyaltito) = [ 1+ (©wA)(n)AW(7)]
TE[to,t)
B A(T)
= Tehl_{t) {1 RGN
1
" Tl L+ ADAW(T)]
1
T Eultty)

Part (iii). We observe that

E4(t to)Ep(t, to)

el[:[t) [1+ A(T)AW (7)] E1[1) [1+ B(r)AW (7)]

eljt) [1+ A(T) AW (7) + ;(T)AW(T) + A(T)B(r) (AW (7))?]
ﬁ [1+ (A(T) + B(7) + A(7) B(r) AW (7)) AW (7)]

TE[ﬁt) [1+ (A@w B)(r)AW ()]

Eaat.)

68
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Part (iv). By Theorem 6.6 we have

B A(r) — B(7)
Brewsttt) = I 1+ (75 ) A
_ e 1+ A@AW(T)]

HTE[to,t) [1 + B(T>AW(T)]
. EA<t7 tO)
~ Es(tt)

Part (v). We calculate

A(ﬁ) A (Bowalt, o))
— (©wAY () Ea alts to) A

B —A(t) 1 Ay

1L+ ARAW(t) Ealt, to)

B —A(t)At

Ea(o(t), o)’

where we have used parts (i) and (ii) of this theorem. O
Theorem 6.14. If A, B € Ry, then

. EA(ta 0)

AFE s, B(t, to) = (A(t) B(t))EB(U(t | O)At.

Proof. We have

AEacy s(tto) = (ASw B)(t)Eacy (t to) At

A(t) — B(t) Ea(t,to)

1+ B(t)AW(t) EB(t, tg)

(A(t) — B(t))Ea(t, to)
Ep(o(t), to)

At

At

where we have used Theorem 6.13 (i) and (iv). O

Definition 6.15. We define the set R}, of all stochastic positively regressive elements
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of Ry by
Rir={Ae€eRw:1+A®)AW(t) > 0 as., for all t € T}.
Theorem 6.16. R}, is a subgroup of Ry .
Proof. Obviously we have R}, C Ry and that 0 € R;},. Now let A, B € R{},. Then
1+ A(t)AW(t) >0 as.,, and 14+ B(t)AW(t) >0 as.
for all t € T. Therefore
1+ (Aew B)O)AW(t) = (1 + A AW (t))(1 + B(t) AW (t)) > 0 a.s.

for all t € T. Hence, we have

Aow B Ry,

Next, let A € R;,. Then
1+ A)AW(t) >0 a.s.

for all t € T. This implies that

A(t) AW (t)
1 A AW (t) =1 — = >0 as.
+ (GwA)HAW (D) 1+ ADAW() 1+ AOAW (D) s
for all t € T. Hence,
OwA € R;‘r/
These calculations establish that R, is a subgroup of R. O

Theorem 6.17. If B € R}, then Ep(t,to) > 0 a.s.

Proof. From Definition 6.15 we have

14+ B(t) AW (t) >0 a.s.,
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for all t € T. Hence,

Ep(t,to) = [] [+ BE)AW(r)] >0 as, (6.11)

TE[to,t)
forallt € T. O

Theorem 6.18. If Eg(-,to) is defined as in Definition (6.8), and B(t) and AW (t)
1s independent for allt € T, then

E[Eg(t t)] = 1 (6.12)

and

V [Ep(t,to)] = eaype(t, to) — 1. (6.13)

Proof. From (6.9) we have

E[Ep(t,t0)] = E [ 11 [1+B(¢)AW(7)]]

TE[to,t)
= ] Q+E[B@HAW())
Te[to,t)

= [[ C+E[B@IEAW()
TE[to,t)

= 1, (6.14)

where on the third equality we have used the independence of B and AW. Likewise,

E [Ej(t,to)] = E H (14 B(r) (W(o(r)) — W(r)))?
TEto,t)
= H (1+E[2B(r)AW ()] + E [B*(7)(AW (7))?])
TEto,t)

= J] (t+unE[B(7))

TE[to,t)

= e]E[B2} (t,to) (615)
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Now using (6.14) and (6.15) we have
V[En(t.t0)] = E[E3(t.10)] — (E[Es(tt0) = s (tte) =1, (6.16)

as claimed. O

6.1.2. Initial Value Problems In this subsubsection we study the first

order nonhomogeneous linear stochastic dynamic equation
AX = c(t)At + b(t) XAW (6.17)
and the corresponding homogeneous equation
AX =b(t) XAW (6.18)

on a time scale T, where b,c : T — R are deterministic functions. The results from

Subsubsection 6.1.1 yield the following theorems.

Theorem 6.19. Suppose (6.18) is regressive. Let to € T and Xy € R. Then the

solution of the initial value problem
AX =b(t)XAW, X(ty) = Xo (6.19)

1S given by

X(t) = XoBy(t, to).

Proof. Let us assume X is a solution of (6.19) and let us consider the quotient

X/Ey(-,tp) . Then we have

X(t)  (AX(1)) By(t, to) — X(£)AE(t, to)
(Eb(t,to)) - Ey(t, to)Ey(a(t),to)

b(t) X (t)Ep(t, to) AW () — X (£)b(t) Ey(t, to) AW (t)
Ey(t.to) Ep(o(t), o)
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Hence,
X() _ X))
= = Ao
Ey(t,to)  Ep(to, to)
and therefore X (t) = XoEy(t, to). O

Theorem 6.20. Suppose b € Ryy. Let to € T and Xy € R. The unique solution of

the initial value problem

AX = —b(t)X°AW, X (t)) = X, (6.20)

15 given by

X(t) = XoEo,(t, to).

Proof. Let us assume X is a solution of (6.20) and let us consider the quotient

X Ep(+,tp). Then we have

AX(t)Ey(t, to)] = ep(t,to)AX +b(t)Ey(t, t0) X (o(t)) AW (1)
= Byt t0) [AX (1) + 0(1) X (o (1)) AW (1)]

= 0.
Hence,
X(t)Ep(t, to) = X(to) Eb(to, to) = Xo
and therefore X (t) = XoEq, (1, to). O

We now turn our attention to the nonhomogeneous problem

AX = C(t)At - b(t)XUAW, X(to) = X(). (621)

Let us assume that X is a solution of (6.21). We multiply both sides of the stochastic
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dynamic equation in (6.21) by the so-called integrating factor E,(t,ty) and obtain

A[E(-,t0)X] = Ey(t, to) AX(t) + b(t) Eb(t, to) X (0 (1)) AW (1)
— Byt to) [AX(E) + ()X (0(8)) AW (8)]
= Ey(t, to)c(t)At,

and now we integrate both sides from %y to ¢ to conclude

Ey(t, to) X () — Ey(to, to) X (to) = / t By(7, to)e(T) AT, (6.22)

to

Definition 6.21. The equation (6.17) is called stochastic regressive provided (6.18)

is regressive and ¢ : T — R is rd-continuous.

Theorem 6.22. Suppose (6.17) is regressive. Let tg € T and Xy € R. The solution

of the initial value problem
AX = c(t)At — b(t) X AW,  X(ty) = Xo (6.23)

15 given by

X(t) = Eoyo(t, to) Xo + /t Eqb(t, T)c(T)AT. (6.24)

to

Proof. To verify that X given by (6.24) solves the initial value problem (6.23), we

observe that

o(t)
X(o(t) = Eewb(U(t)at)Xo+/ Eews(o(t), T)e(T)AT

to

= (1+ (ewb)(t)AW(t))Esyb(t, t)Xo + /t Egp(o(t), m)e(m)AT

o(t) ’
+/t Eob(o(t), 7)c(T)AT
= (14 (ewb)(t)AW (1)) <E@Wb(t,t0)X0 —i—/t E@Wb(t,T)c(T)AT)
+ Eoyu(o(t), t)e(t)At

= (1+ (ewb)(t)AW (1)) (X(t) + c(t)At), (6.25)
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where on the second equality we have used Theorem 6.13 (i). Now since

b(t) 1

1+ (@Wb)(t>AW(t> =1 AW(t) = 1+ b(t)AW(t)’

(6.25) reduces to
(1+0() AW ()X (0(t))) = X (t) + c(t) At
X(o(t)) — X(t) = c(t)At — b(t) X (o(t)) AW (t)

which is same as (6.23). Next, if X is a solution of (6.23), then we have seen above

that (6.22) holds. Hence, we obtain

t
Ey(t, to) X (t) = Xo +/ Ey(7,t0)c(T)AT.
to
We solve for X and apply Theorem 6.13 to arrive at the final formula given in the

theorem. u
Theorem 6.23. Suppose (6.17) is regressive. Let tg € T and Xo € R. The solution
of the initial value problem

AX = c(t)At +bt)XAW, X (t) = Xo (6.26)

s given by

X(t) = By(t, o) Xo + / Byt o(r))e(r)Ar (6.27)

to
Proof. We equivalently rewrite AX = c(t)At + b(t) XAW as

AX = c(t)At + b(t)[X7 — AX]AW,

i.e,

(14 b()AW)AX = c(t)At + b(t) X AW,
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whence using the fact that b € Ry we obtain

c(t)At

AX = ——F—— —
1+ b(t)AW

(Owb)(H) X AW,

Next we apply Theorem 6.22 and the fact that (©w(©wb))(t) = b(t) to find the
solution of (6.26) as

X(t) = XoEy(t, to) +/t Eb(t,T)l +b(i()TA)W(T)AT'

For the final calculation

Eb(taT) o Eb<t77-) _ ol
TF AW~ Bylo(r.n) o)

we use Theorem 6.13. O

6.1.3. Gronwall’s Inequality. In this subsubsection we present a dynamic
form of Gronwall’s inequality involving the stochastic exponential. Throughout we

let to e T.
Theorem 6.24. Let b € Ry;,. Then
AX(t) < c(t)At 4+ b(t) X (t) AW (t)  a.s. (6.28)
for allt € T implies
t
X(t) < X(to)Ep(t, to) +/ Ey(t,o(7))c(T)AT  a.s. (6.29)

to

forallt €T.

Proof. We use Theorem 6.13 to calculate

AX() Eoys(t o)l = (AX(1))Eoys(a(t), to) + X (@) (©wb) () Eoye(t, to) AW (1)
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= (AX(1))Esyu(o(t), to)
(ewb)(t)

X O Ewh) A )

(Cw(ewb))(t) X ()AW (1)] Esyu(o(t), to)

) =
) = bO)X (AW (1)] Egyb(a (1), to)-

+

Eoywi(o(t), to) AW (1)
NG

(
= [AX(t

Since b € Ry}, we have ©yb € R}, by Theorem 6.16. This implies E,, > 0 a.s., by
Theorem 6.17. Now using (6.28) we have

X(t)Eoyb(t, to) — X(tg) < /C(T)E@Wb(a(T),to)AT a.s.

to

— /Eb(to,a(T))c(T)AT a.s.,

to

and hence the assertion follows by applying Theorem 6.13. O]

Corollary 6.25. Let b € R‘TV with b > 0. Then

AX(t) <b(t)X(t)AW(t) a.s., (6.30)
for allt € T implies
X(t) < X(to)Ep(t,tg) a.s., (6.31)
forallt €T.
Proof. This is Theorem 6.24 with ¢(t) = 0. O

6.1.4. Geometric Brownian Motion. A geometric Brownian motion is a
continuous-time stochastic process in which the logarithm of the randomly varying
quantity follows a Brownian motion, or a Wiener process. It is applicable to math-
ematical modeling of some phenomena in financial markets. It is used particularly
in the field of option pricing because a quantity that follows a geometric Brownian
motion may take any value strictly greater than zero, and only the fractional changes

of the random variate are significant. This is a reasonable approximation of stock
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price dynamics.

A stochastic process S; is said to follow a geometric Brownian motion if it

satisfies the stochastic differential equation

where {W;} is a Wiener process or Brownian motion and « and [ are constants.

In this subsubsection we construct and study the properties of geometric Brow-
nian motion in time scales T. We observe that when ¢(t) = 0 and d(t) = 0, (6.1)

reduces to the homogeneous linear SAE

AX = a(t) XAt + b(t) XAW. (6.33)

Obviously, X (¢) = 0 is a solution of (6.33).

Theorem 6.26. Ifty € T, a € R and wa € Rw, then the solution of

AX = a() XAt +bOXAW,  X(to) = Xo. (6.34)

15 given by

X:Xoea(',to)E%(',tO). (635)

Proof. Let X be given by (6.35). Then by (5.29),

AX(t) = Xo(Aea(t,to))Erbua(t,to)+X0€a<0(t),t0)AEﬁ<t,to>

= Xo&(t)@a(t,to)E%(t,to)At

+ Xo(1+ p(t)a(t))ea(t, o) E_s_(tto) AW (?)

b(t)
14 p(t)a(t)

= Xoa(t)ea(t,to)El+b (t,to)At—|—Xob(t)@a(t,to)E%(t,to)AW(t)

pa

= a(t)X ()AL + bt)X (AW (L)
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Conversely, let X be a solution of (6.34). Then

t

X() = X(t)+ / o(r)X(r) A7 + / )X (AW (7)
= Xo+ Y ul + > b(r W(r)

TE[to,t) TE[to.t)
= Xo+ Y X a(T) + b(1) AW (7)]
TEto,t)
= X [[ [+ pna(r) +br) AW (r)
TEto,t)
— T)a(T b T
- Xofe[tl_o[,o L+ p(r)a(7)] Tel[:[m {H a2

= Xoea(t, tQ)E% (t, to),
where on the fourth equality we have used Lemma 6.10. O

In the proof above we have not used It6’s lemma which is standard while

solving such equations.

When d(t) = 0 in (6.1), the SAE has the form
AX = (a(t)X + c(t)) At + b(t) AW, (6.36)

that is, the noise appears additively. The homogeneous equation obtained from (6.36)

is then an ordinary dynamic equation
AX = a(t) XAt (6.37)

and its fundamental solution is given by e,(-,%y). Taking the A of e, (t,19) X (t), we

obtain

Aleca(t to) X ()] = (Aesalt,to)) X ()AL + eca(o(t), to) AX (1)
= —a(t)eca(o(t),to) X (t)At
+ ecalo(t), to) [(a(t) X (t) + c(t)) At + b(t) AW (¢)]



80

= cft)eca(a(t), to) AL + b(t)eea(a(t), o) AW (2).
We can now integrate to get

ecalt, to) X (t) = e@a(to,to)X(t0)+/ c(T)eca(o(T), to) AT

to

+ /t b(7)ec(0(7), to) ATV (7).

Since e,(to,to) = 1, this leads to the solution

X(t) = eqlt, to) [X(to)—i-/t C(T)@ea(0'<7'>,t0)AT:|
+ea(t,t0)/t b(T)eca(o(T), to) AW (T) (6.38)

of the SAE (6.36).

Theorem 6.27. If X is a solution of (6.36), then X is given by (6.38) and

E[X (1] = ea(t. o) [E[X(ton v c<f>eea<o<7>,to>m} | (6.30)

Proof. That X is given by (6.38) is a solution of (6.36) follows from the discussion
above. For (6.39), we observe that

BN = E ol (X0 + [ ctrealolr).mar)]
+E[aa(tt0) [ Uresalo(r) AW ()]
— i) [BX(]+ [ elresalotr) ]
ot | | 00)ecn(o(7),10)8W )

- {E[X(to)] + /t: c(T)e@a(a(T),to)AT] ,

where in the third equality we have used Lemma 5.6. O
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Ezxample 6.28. Let us consider the SAE
AX = a(t)(X — 1)At + b(t) AW, (6.40)

where a,b € R. First, we observe that (6.40) is of the form (6.36) with ¢(t) = —a(t).
Therefore, from (6.39) we have

EIX(W)] = caltsto) [ELX(t0)] - / a<r>e@a<a<r>,to>m]

— eult,to) E[X(to)]+/t< ! )A(T)AT

to ea(.7t0)

= eq(t, to) |E[X(to)] + ea(i to) ea(ti,to)}

= 1+ et to) (E[X(t0)] — 1),

where on the second equality we have used Theorem 2.26 and on the third equality
we have used Definition 2.12. An important conclusion from above is E[X ()] = 1 for

all t € T if E[X (¢)] = 1.

Ezxample 6.29. When T = R, (6.6) is given by
dX = b()XdW, X(ty) =1 (6.41)
whose solution from (3.8) is given by

X(t) = exp (—1 / "2 (s)ds + / t b(s)dW> (6.42)

2 to to

for t € T. We observe that (6.42) gives us Ey(t,to) when T = R. Likewise we observe
that when T = R, (6.34) becomes

dX = a(t)Xdt + bO)XdW, X(ty) =1 (6.43)
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whose solution is given by

X(t) = exp ( /t: <a(s) _ %bQ(s)) ds + /t: b(s)dW) | (6.44)

From the above discussion we conclude that (6.35) with X (¢g) = 1 is also true when

T = R. To observe this we note that p(¢) = 0 in this case and (6.35) becomes

X(t) = ea(tu t0>Eb(t7 tO)

~ e ( /t:a(s)ds> exp <_% /t: b (s)ds + /t: b(s)dW)
~ exp ( /t: (a(s) _ %b%)) ds + /t:b(s)dW) ,

which is the same as (6.44).

6.2. STOCK PRICE

Let S(t) denote the price of stock at time ¢ and S(ty) = Sy the current price
of the stock. Then the evolution of S(¢) in time is modeled by supposing that AS/S,

the relative change in price, evolves according to the SAE

B adr+ BHAW,  S(to) = 5> 0

for certain @« € R and 3 : T — R, called the drift and the volatility of the stock.
Then
AS = a(t)SAt + B(t)SAW, (6.45)

and so by (6.35) we have

S(t) = Soealt,to)E_s (t,to). (6.46)

14+pa
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Thus,

E[S(1)] = E[Soea(t,to)EL(t,to)]

1+pa
= Soealt:)E |E_s_(1,to)]
= Soea(t,to), (647)

where on the second equality we have used Theorem 6.18. We can also arrive at (6.47)

by observing that

S(t) = S(to) + /t a(r)S()Ar + /t B(r)S() AW (7)

and therefore,

E[S(t)] = E[S(t)]+E [ / ta(ﬂsmm} +E [ /t:ﬁ(T)S(T)AW(T)

to

= So+/ a(T)E[S(1)]AT,

to

where we have used Lemma 5.6. If we take y(t) = E[S(¢)], then this is a first-order
homogeneous linear dynamic equation of the form y® = «a(t)y, y(to) = o, whose

solution from Theorem 2.23 is y(t) = e, (t,%9)yo. Using this fact we conclude that
E[S(t)] = Soea(t, to). (6.48)
For the variance of stock price, we observe that

VIS(H)] = E[S*(t)] - (E[S®)])’

S22 (1,t0)E [E%@,m] ~ (Soealt,t0))?

14+ pa

= S23(t,to)e gz (tto) — (Soealt,to))?

(1+pa)2

= Sgei(t,to) (e 52 (t,to)—l), (6.49)

(1+pa)?
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where on the third equality we have used Theorem 6.18. We note that when T =
R, (6.49) reduces to

V[S(t)] = Sgea(t.to) (es(t,to) — 1)

= Sgexp (2a(t —to)) [exp (B°(t —to)) — 1],

which matches with the standard result regarding the variance of stock price [93, Page

231].

Ezample 6.30. From (6.48), the expected value of the stock price at time ¢ for different

time scales are the following.

(i) If T =Z, then
t—1
E[S(t)] = So [[(1+ (7))
T=tg
if o is never —1, and

E[S(t)] = So(1 4+ a)™™
for constant o # —1.
(ii)) If T = AZ for h > 0, then

t
g

E[S(t)] = So [ ] (1 + ha(hr))

_to
T=%

for a regressive, and

E[S()] = So(1 + ha) 7"
for constant aw # —1/h.

(iii) If T = ¢™o where ¢ > 1, then

Int
Ing

ES@®)] =5 [[ 1+@—Daa@))

_Intg
" Ing
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for regressive a.

(iv) If T = R, then t
E[S(t)] = Sp exp ( /t a<7>d7)

for continuous «, and

E[S(t)] = Spe(—)

for constant «.

6.3. ORNSTEIN-UHLENBECK DYNAMIC EQUATION

In 1930, Langevin initiated a train of thought that culminated in a new the-
ory of Brownian motion by Leonard S. Ornstein and George Eugene Uhlenbeck [94].
For ordinary Brownian motion the predictions of the Ornstein—Uhlenbeck theory are
numerically indistinguishable from those of the Einstein—Smoluchowski theory. How-
ever, the Ornstein-Uhlenbeck theory is a truly dynamical theory and represents great
progress in the understanding of Brownian motion [61,95]. In this subsection we con-

sider Ornstein—Uhlenbeck type dynamic equation

(

A (YA(t) = —aAY (t) + BAW (1)
(6.50)

Y(tO) = )/07 YA<tO) = }/17

\

where Y'(t) is the position of a Brownian particle at time ¢, Yy and Y] are given random
variables, while o > 0 is the friction coefficient and [ is the diffusion coefficient. If

we substitute

X(t) =YA(1), (6.51)
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then X is the velocity of the Brownian particle at time ¢ and (6.50) reduces to

;

AX () = —aX (t)At + BAW (£)
(6.52)

X(ty) = V5.

\

Theorem 6.31. Let o € RY, 8 € R and let W be the Wiener process on T. The
solution of (6.52) fort >ty is

X(t) = e_a(t, to) (Yl + /t e@(a)(a(T),tg)AW(T)) . (6.53)

The random variables X (t) has mean

E[X ()] = E[Yi]e_a(t, to), (6.54)
VIX(1)] = €2, (t to) (V V1] + 3 /t eé(a)(a(T),to)AT>, (6.55)

and covariance

Cov [X (1), X(s)] = e_a(t,to)e_als, to) <V Y] + ﬁQ/t 5 2 _ay(o(7), tO)AT) :
' (6.56)

Proof. 1f we take a(t) = —a, b(t) =  and ¢(t) = 0 in (6.36), then from (6.38) we
have

X(0) = ealtto) (45 [ oo (657

as the solution of (6.52). Now taking expectation on both sides of (6.57), we have

SO = ealtto) (BIE[S [ o atommamn] )

to

= E[}/vl]e*fl(tatﬂ)? (658)
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where on the second equality we have used Lemma 5.6. Also from (6.57),

BIXOX(O] = e-altto)e-als ) Y24 0% [ eculon) AW ()

to

# 0% [ e (olm) AW ()
/ / coc (o) oo (), AW (DAY (1)

= e_q(t,to)e—al(s,to) [E (V2] +52/ Seé(_a)(a(T),to)AT} . (6.59)

to

For t = s, this is

E [X*(t)] = €2, (¢, to) (E (Y] + B / eé(_a)(J(T),to)AT> . (6.60)

to

Thus, from (6.58) and (6.60) we have

VIO =t (B[] +0 /t:ea_a)(a(r),to)m)

— ([EM])’ €2, (t 1)
= e, (t,to) (V [Y1] +ﬁ2/ eé(a)(U(T),to)AT) :

to

The covariance of X is given by

Cov[X(1), X(5)] = E[X(1)X(s)] - E[X()]E[X(s)] t
= e_q(t,to)e_qa(s,to) (E[ ] +52/t eé(_a)(J(T),to)AT)
— (E Y1) e—alt,to)e—als, to)
= e_o(t,to)e_a(s,to) (VYl + 32 / 69( (o(r )to)AT>,
where on the second equality we have used (6.58) and (6.59). O

Ezample 6.32. For T = R, t; = 0 and nonrandom Y7, (6.54) reduces to

E[X(t)] = Yie ™,



while (6.55) reduces to

A4 [X(t)] — 52672(17& /Ot €2aTd7' — % (1 - 672011‘,)

and (6.56) reduces to

tAs
Cov[X(t)X(s)] = BQeateas/ e**7dr
0

_ 6_2€—a(t+s) (62a(t/\5) . 1)

2c
_ 25_26—04(15—5—5) (ea(t—i-s)e—a‘t_ﬂ _ 1)
[0
_ 5_2 (e_a‘t—s| . e—a(t+s))
2c ’

which matches with known result given in [61,94].
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Ezample 6.33. If T = hZ for h > 0 and Y} is deterministic, then u(t) = h for all
t € T, and (6.54) reduces to

t—tg

E[X(1)] = Yi(1 - ha) 7.

Likewise (6.55) reduces to

where

and

Thus,

VIX(0) = Peyltitn) [ elo(r)ito)an

to

p=(-a)@(-a)=alha -2)

VIX(t)] = ﬂzep(t,to)/t(l + hq)e (T, to) AT

to
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- 626p(t,t0)(1 ) /t: qeq(7, to) AT

- %ep(t,to) (eq(t,to) — 1)

- (e

_ 04(%2;104) (1= (1 + hatha - 2) )
_ M%Qha)o—u—ha)w),

where on the fourth equality we have used the fact that 1+ hqg = 1/(1 — ha)? and
p @ q = 0. Next we observe that p € R* and thus p = a(ha — 2) < 0 would imply
that

Jim VX)) = ﬁ

as in this case e,(t,tp) — 0 as t — oo. Likewise, if T = Ny, ¢ = 0 and Y] is
nonrandom, we have

E[X ()] =Yl - )
and

ﬁZ

VIX()] = a2=a)

(1—-(1-a)*).

Theorem 6.34. Let X(t) be as in Theorem 6.31, and let

Y(t) = Y(to) + / " X(r)Ar (6.61)
Then Y (t) has mean
iy (0] = Blvel + (—— =) gy (662
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ﬁz( St -1+ 2 /t 2 (to(r)Ar.  (6.63)

a2

Proof. If we take expectation on both sides of (6.61), then

E[Y(t)] = E[Y]+ / E[X (r)|Ar

to

= E[Y] —I—/t e_o(T, to)E[Y1]AT

to

E[Y3]

= E[Yo] - (e-alt,to) = 1)

= E[Yy] + (FQ‘TM) E[Yi], (6.64)

where on the second equality we have used (6.58). Thus,

E Y]

E[Y(t) - Yol = (1 —e-a(t,to)) (6.65)

This can be interpreted as the distance traveled by the Brownian particle in the time

t — to with the mean velocity E[Y;]e_,(t, o). Likewise,

E[(Y(t)=Y(t)*] =E[(Y(t) - Y5)’] =E (/t X(T)AT) (6.66)
Now using (6.65) and (6.66), we have
VY (1) = Yo] = E[(Y (1) = Yo)*] — (E[Y (1) - Yo])*
(/ X(r ) (Eg/ﬂ) (1= e ot 1)’ (6.67)

We can further simplify the expression involving X in (6.67) by observing that

(/t:X(T)A ) / / )] An A,

_ /t: (/:E[X(ﬁ) ( )]Aﬁ+/TQJE[X(TI)X(TQ)]A71) Ary




/t: {/: e_a(T1,t0)e—a(T2,t0) <IE (V7] + 3° /Tl €2 (_a(a(7), to)Ar) Ar
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t
+/ B_Q(Tg,to)e_a(’rl,to ( —|—ﬁ / to A’T) ATl}ATQ

t t
E [Yﬂ /t /t e—a(T1, to)e—a(T2, to) AT ATy
0 0

t T2 T1
" 62/ {/ / e-a(T1;t0)e—a T2’t0>€2®(fa)(U<T)7t0>ATAT1

// e_o(m1,t0)e_a Tg,to)ee( w0 (T),tO)ATATl}ATQ
T2 Jto
(e_a(t o) — 1> E[v?]

T /t: { /1t /t ea(Tg,to)ea(ﬁ,tg)eé(a)(U(T),tO)ATATl} Ar,
T /t: o (1) { / t /t e_a(ﬁ,to)eé(_a)(o(T),tO)ATAﬁ} Ar,
(==Y g gy

+52/t{/ﬁ / om0 (r ea(ﬁ,a(T))mAﬁ}ATz

+62/t e—a(T2, to) {/TQ /to e_a(T1,t0)e  (to, o (T ))ATATl}ATQ
( MR 1> -

+52/ {/ / e—a(2,0(7))e—a(m1,0 (ﬂ)mlm} ATy
+62/t0 e a(TQ,tO){/me (1 £0)Amy /t e%a(to,a(T))AT}ATQ

(ea(t,to) - 1>2E v?)

«

b /t {/t e (s, 0(7)) (/() e_a(ﬁ,a(f))ml) AT} A,

s /t / (0, 0(7)) (a2 o) — altst0)) e—a(Ta, to) AT AT,
(e_a(t o) — 1> E[¥7]

«
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/t/t €—a(12,0(7)) (1 — e—a(72,0(7))) ATAT
+E/to /U(T) e? 4 (to, 0(7)) (e—a(T2,t0) — e—a(t, t0)) e—a(T2, to) AT AT

2
— (e_a(t,—t()) 1> E / / 7'2, ATQAT
to Jo(r)
/ / 2—a 7'2, ATQAT + _/ / €_o T27 ATQAT
to O' U
/ / Ye_o(T2, 0(T)) AT AT
to 0'

_ (M) B[y + 5 /t (1 e_alt,o(r)) Ar

«

I [ eawomn ([ ZT) e—a@’”(”m”) v

_ (M) E [Y?] + ﬂ(t—to)—i—( 1—e_a(t,a(r)))

«

2 pt 2
+%L&@dDN—%LeNJWMT

_ (M)QE[W] iz(t—to)—kﬁ(e_ (t,t0) — 1)

+ﬁ—/t e? (t,o(T))AT. (6.68)

a2

Now combining (6.67) and (6.68) we have

_ 2 2 2
viro-v) = (Y v S+ 2 e -y
+ g—z /t: e2 (t,o(1))AT, (6.69)
which concludes the proof. O

Ezample 6.35. For T =R, t; = 0 and nonrandom Yj and Y7, (6.64) reduces to

BV ()] = Y5+ (1- )
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while (6.69) reduces to

52 262 —at 52 ! —2a(t—T)
V[Y(t)] = ?t—l—?(e —1)"‘? . € dr
52 62 —at —2at
= ?t+r.63(—3+46 — € ),

which matches with known result given in [61,94].

Ezample 6.36. If T = hZ for h > 0, Yy and Y] is nonrandom then (6.64) reduces to
Y1 t=tg
E[Y(#)] :Y0+E(1—(1—ha) ; )

and (6.69) reduces to

VY ()] = %(zﬁ — o) + 20% (e—alt,to) —1) + %ep(t,to)/t eq(o(7), to) AT
= g—z(t —to) + %ﬁ; (e—alt,to) = 1) + g—zep(t, to) (1+hq) (eq(t,t0) — 1)
- %(zﬁ —to) + 20% ((1 —ha) " — 1) + ﬁ (eq(t,to) — 1)
= g_z(t —to) + 252 ((1 — ha) "t — 1)

EY ()] = Yo+ % (1-(1-a))
and 2
V)= e 2 (e 1) s (@)
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6.4. AN EXISTENCE AND UNIQUENESS THEOREM

We now turn to the existence and uniqueness question. For that we need

Gronwall’s lemma which we state next.

Lemma 6.37 (Bohner and Peterson [28]). Let ¢ € Chq, f € R, f >0, and let
Co € R. Then

o(t) < Cy+ /tf(s)qﬁ(s)As forall to<t<T

to
implies

o(t) < Coey(t,to) forall to <t<T.

Theorem 6.38. Let us consider the time scale T = {tg,t1,...,t, =T} and suppose
b, B:R x T — R satisfy the conditions

b(z1,t) — b(za,t)| < Llxy — 29, (6.70)
|B(x1,t) — B(x2,t)| < L|zy — x4/, (6.71)
and
b(z,t)| < L(1 + |z|), (6.72)
|B(x,t)| < L(1 + |z]) (6.73)

forallty <t < T and x,x1,x5 € R for some constant L. Let Xy be any real-valued
random variable such that E[|Xo|?] < oo and Xy is independent of W (t) for t > to,
where W is a given one-dimensional Brownian motion. Then for to <t < T, there

exists a unique solution X of the stochastic dynamic equation

AX = b(X, )AL+ B(X,)AW, X(to) = Xq (6.74)
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such that

E{ZjX%ﬂA{<<m. (6.75)

Proof. 1. Uniqueness. Suppose X and X are solutions of (6.74). Then for all ¢, <
t<T, tty,TeET,

The Cauchy—Schwarz inequality [28, Page 260] implies that

/t:ﬂs)As 2

for any t >ty and f: T — R. We use this to estimate

<(t-to) [ IfPAs

}

Furthermore,
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B(X(S)7S> - B(X(S),S)

- =]

< u%r4@/ﬁUX@—X@ﬁyx,

to

2y

where on the first equality we have used (5.22). Therefore, for C = 4L*(T — t,), we

2
]AS

have

EUX@—X@ﬂgCAﬁUX@—X@

provided ty <t < T'. If we now set

dﬂfE“X@—X@

|
then the foregoing reads
t
o(t) < C/ o(s)As forall to <t <T.
to

Therefore Gronwall’s lemma (Lemma 6.37), with Cy = 0, implies ¢ = 0. Thus,

X(t)=X(t) as. forall t,<t<T.

2. Existence. We will utilize the iterative scheme. Let us define

e

X)) = Xo

Xri(t) = X0+/ b(X”(s),s)As—l—/ B(X"(s),s)AW (s)

\ to to

for n € Ny and ty <t <T. Let us also define

5" (t) :=E [| X" (t) — X" (1)]] -
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We claim that for some constant M, depending on L, T" and X,
6" (1) < M"™h, 1 (tt) forall n €Ny, tg<t<T,

where h,, are the generalized polynomials defined in Subsection 2.4. Indeed for n = 0,

we have

) = E[IX'0) - x°0)°]

- E /tb(XO,s)As—k/t (X0, AW (s)|
_tot tOQ t
< 2E /to L(1+|Xo])As| | +2E Uto L2(1+|X0|)2As]
< (t—to)M
= Mhy(t,to)

for M = 4L*(1 + | X,|)?. This confirms the claim for n = 0. Next we assume the
claim is valid for some n — 1. Then
'(t) = E anﬂ(t) - Xn(t)ﬂ

- e[| [ 000 -0 6, s

to

n / (BX"(s),5) — BOX"1(s), ) AW (s)

to

|

< 9E /t (B(X"(5), 5) — B(X"(5), 5))As
+ 2K /t(B(X”(s),s)—B(X”_l(s),s))AW(s) ]
< [ | —b(X" Y | As}

+2E U (B — B(X"Y(s),9))[ As}

2(T — to) L*E { /t X" (s) — X" Y(s)” As}

IN
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+2L°E Ut X" (s) — X" Y(s)|* As}

to

< 2L3(T —ty+ 1E Ut | X" (s) — X" !(s)| As}

to

¢
= 2L*(T —ty + 1)/ " (r)AT

to

IN

t
2L*(T —to + 1) / M"h,(s,to)As
to

< Mn+1hn+1(t7 tO)J

provided we choose M > 2L*(T — ty + 1). This proves the claim.

Next using (6.76) and (6.70) we have

T
sup [ X" — X" < 2T — tO)LQ/ |X"(s) — X" 1(s)|?As
te(to,T) to

2

[ (B9~ B 69 AW ()

to

+ 2 sup
te(to,T)

Consequently the martingale inequality [62] implies

E | sup yX”“(t)—X”(t)F] < 2(T—tO)L2/ E[|X"(s) — X" '(s)]*] As

te(to,T) to

+ SLQ/t E[|X"(s) — X" (s)]*] As

CM"h, (T ty),

IN

by the claim above, where C' = 2L*(T — to +4). The Borel-Cantelli lemma [62] thus

applies, since

sup | X™HH(1) — X" (1)

te(to,T)

< ACM (T to)

1
P | sup |X"T(t) — X™(t)] > —] < 4"E

te(to,T) 2n
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and

> A" CM"h (T to) < 0.
n=1

Thus,
1
P | sup [X"*'(t) — X"(t)| > — io.| =0.

te(to,T) 2

In light of this, for almost every w

n—1
X" = X4 (X7 - X)

J=0

converges on [tg, 7] to the process X (-). Thus, if we let n — oo in the definition of

X+ (.), then we have

X(t) = Xo+ /t b(X,s)As + /tB(X, s)AW (s).

to to
That is, (6.74) holds for all times to < ¢t < T. Next we show that (6.75) holds. We
have

2

B[ OF] < CEXP]+ CE|| [ 5x"(5)5)as

to
2]

/B(X”(s),s)AW(s)
< C(1+E[Xo]?]) + (J/tE [ X"°] As,

+CE

to
to

where, as usual, C' will denote various constants. By induction, therefore,
E[|[ X" ()] < [C+ CPhiltto) + ...+ C" P hypa(t,t0)] (1+E [| Xol*])

Consequently,
E [ X" (t)]] < C(1+E [|Xol*])ec(t, to).
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Let n — oo. Then
E[|X®))"] <C(1+E[|Xo]])ec(t,to) forall to<t<T

and hence

E M: yX(T)FAT} = /t:IE [1X ()] AT

< (1+E[|Xo*]) /t Ceo(T,to) AT
= (1+E[|IXo?]) (ec(t,to) — 1)
< 090,

which proves (6.75). O



101

7. STABILITY

Conditions which guarantee almost sure asymptotic stability of solutions of
stochastic equations are crucial in diverse applications. Among such applications we
can mention asset price evolution in discrete markets and population dynamics in

mathematical biology.

Solutions of stochastic equations have been subjected to detailed study. Stochas-
tic functional-integral equations have been discussed in [12,65-67,69]. Bounded-
ness and stability of stochastic equations have been discussed in [7,47,57, 58,70,
74-76,78,79,82,83,86]. Convergence and asymptotic properties have been studied
in [6,9-11, 15,42, 71-73,81, 85]. For dynamic equations, stability and asymptotic
properties have been studied in [19,27,30,46, 55,63, 64].

7.1. ASYMPTOTIC BEHAVIOUR

In this subsection we consider a linear stochastic dynamic equation without
drift

where A{(t) are random variables such that E [A{(t)] = 0,

tlim In|1+ aA&(t)| # 0, (7.2)
Vin|l+aAl(t)]] < K <oo forall teT, (7.3)

a € Re¢, t € T with sup T = oo and obtain necessary and sufficient conditions for the

fulfillment of the following;:

(1) limy—oo X(t) = 0 holds a.s.

(ii) limy o X () = 0o holds a.s.
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Let (2, F,P) be a filtered probability space and {A&(t)}er be independent and
identically distributed (i.i.d.) random variables. We also suppose that the filtration
{F(t) her is naturally generated, i.e., F(t) is the o-algebra generated by {&(t) }er.
We use the standard abbreviation a.s. for the wordings almost surely with respect to

the fixed probability measure P.

We start by observing that the modulus of the solution X of (7.1) is given by

(X = [X| [ 11+ eag(r)
TEto,t)
= [Xolexp | D> In[l+aA¢(r)]]. (7.4)
TG[tQ,t)

From the above representation we obtain that

1tlim X(t) =0 if and only if Z In |1+ aA&(T)] = —o0 (7.5)
> TE[to,00)
and
tlim X(t) = 0o if and only if Z In|l+ aA&(T)] = 0. (7.6)
TEto,00)

Since lim;_,oo In |1 + aA&(t)] # 0 we observe from (7.4) that X (¢) can be either 0 or
oo as t — o00. Now we derive the conditions which insure fulfillment of one of the

following;:
Z In|l+ aA(7)| = —0
TE[to,00)
or
> Infl+aAf(r)] = o

TEto,00)

Let us define

k(1) = In|l+ aA&(7)],



103

Let n; = |[to, )| be the number of points in the interval [ty,?) and T be such that

> % < 00, (7.7)

T€T 7T
Then the random variables {x(7)},er are identically distributed and
V[k(7)] 1
D SK)Y <o
T€T T TeT 7

where on the first inequality we have used (7.3). So from Kolmogorov’s strong law of

large numbers [87, Page 389], we have

S(t) —E[S(t)] _ ZTe[to,t) K(T) — na _ Zte[to,t) K(T) _

g Uz i

a— 0. (7.8)
Theorem 7.1. Assume that a # 0 and T is such that (7.7) is saisfied. Then

(1) limy_oo X (t) = 0 holds a.s. for the solution {X (t)}ier to equation (7.1) if and

only if
a=E[n|l+aA&(7)|]] <0 forall Te€T. (7.9)

(1) limy_,oo X (t) = oo holds a.s. for the solution { X (t) }ier to equation (7.1) if and

only if
a=E[n|l+aA&(7)|]] >0 forall TeT. (7.10)

Proof. Case (i), sufficiency. If a < 0, then from (7.8) we can find N; = N(w, a) such

that for ¢ > N; we have
ZTG[to,t) K(T) —mea <_ 2
g - 2




104

and therefore,

a
Z k(1) < oM — =00

TG[to,t)
when ¢ — oco. Now the result is immediately obtained from (7.5).
Necessity. Suppose that lim;_.., X (¢) = 0 which, according to (7.5), is equiva-

lent to > ) 4 £(T) — —oo. Let us assume the contrary, i.e., that a > 0. Then there

is Ny = No(w, a) such that for t > Ny

Then

which is a contradiction to our assumption.

Case (ii), sufficiency. Let us suppose that a # 0. Then from (i) of this theorem
we have lim;_,o, X (t) = 0 implying that lim; ., X (¢) # oo. Hence, we conclude that

a > 0 implies lim; ., X (t) = oo.

Necessity. Let us suppose that lim; .., X () # oo. Then from the fact that
lim; o X (t) can either be 0 or oo, we have lim; .., X () = 0 and hence from (i) of

this theorem we have a < 0 or a ¥ 0. But this means that lim; ., X (¢) = oo implies

a > 0. O

Remark 7.2. Suppose there exists some k € (0, 1) such that for any ¢

lQAE(t)] < k. (7.11)

Then E [In|1 + aA(t)]] < 0. Indeed, from (7.11) we have

0<1l—k<1l+4+alA&(t)<1l+Ek,
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so that
In |14+ aA&()] = In (1 + «A&(L)) .

Expanding In(1 4 u) in a Taylor series, we get

In (1 4+ aAL(t)) = aA&(t) — %,

where || = |v(t)] € (0, |aA&(t)]). Using the estimates

1 1
1 <l+4+k d - < -
B () A (R 5

we arrive at

Elln|l +aAS@)|] = E[eAL?)] - E “;(ﬁf(,fsi
< EBlasg(]-£| 50
= 0-— WE [(Af(t))ﬂ

< 0

(note that if E [(Af’(t})ﬂ = 0, then together with E[A&(t)] = 0, makes A& deter-
ministic with zero mean and variance). This shows that when |a (A&(t)) | < 1 for all

t € T, condition (7.9) is automatically fulfilled.

7.2. ALMOST SURE ASYMPTOTIC STABILITY

In this subsection we prove a theorem on the almost sure asymptotic stability

of the solutions of the stochastic equation

X(o(t)) = X (@) [T+ a@)f(X () + 0(1)g(X(£))E(0(1))], teT, (7.12)
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where £(o(t)) are independent random variables, E[¢(t)] = 0, E[¢3(t)] = 1, a,b :
T — R, and f,¢g : R — R are continuous. We also assume that X (tp) = X, > 0.

Throughout this subsection we assume that sup T = oo.

Definition 7.3. A stochastic process {X(t)}:er is said to be an F(t)-martingale-
difference, if E[X (t)] < oo and E[X (o(t))|F(t)] = 0 a.s. for all t € T.

Definition 7.4. A stochastic process { X (¢)}ser is said to be increasing if

AX(t) = X(o(t) — X(1) >0 as.

forallt € T.

Lemma 7.5. If {X(t)}er is increasing with E[X(t)] < oo for all t € T, then
{X(t) }ter is a submartingale as defined in Definition 3.11.

Proof. If {X(t)}ter is increasing, then from Definition 7.4 we have

E[X(a(t)) — X(8)|F ()] = 0.

Then, { X (t) }ser is a submartingale by the fact that

E[X (o(1)|F(8)] = X(t)

for all t € T. O]

The following is a variant of the Doob decomposition theorem (cf., e.g., [87]).

Theorem 7.6. Suppose that {X(t)}er is an F(t)-submartingale. Then there ex-
ists an F(t)-martingale {M(t) hier and an increasing F(p(t))-measurable stochastic

process { A(t) }ier such that for allt € T

X(t) = X(to) + M(t) + A(t), a.s. (7.13)
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Proof. 1f X (t) is a submartingale, then

X(o(t) = X(to) + Y (X(a(r)) = X(7)).

TE[to,t]

By adding and subtracting E [X (o(7))|F(7)], we obtain the Doob decomposition

X(o(t) = X(to)+ Y (X(o(r)) =E[X(o(n)|F(7)])

TE [to,t]

+ Y EX(o(n)IF )] - X(7)),

TE [to,t]

where the martingale and the increasing process are given by

M(o() = Y (X(o(r)) = E[X(a(r))|F(r)])

TE [to,t]

and

Ae() = Y (EX(o(n)|F(r)] - X(1))

TE [to,t]
respectively. Here A(t) is an increasing process due to the submartingale property,

E[X(o(7))|F(1)] = X(7) > 0 for all 7 € T and Definition 7.4. O

Lemma 7.7. Let {X () }ier be a nonnegative F(t)-measurable process, E[X (t)] < oo
for allt € T and

X(o(t)) < X(t) +u(t) —v(t) +pla(t)), (7.14)

where {p(t) }+er is an F(t)-martingale-difference, {u(t) }rer, {p(t) }rer are nonnegative
F(t)-measurable processes, Elu(t)], E[v(t)] < oo for allt € T. Then

{w:Zu(t) <oo} C {w:Zv(t) <oo}ﬂ{X(t) —1}. (7.15)

Here by {X(t) —} we denote the set of all w € Q for which lim,_,., X (t) exists and

is finite.
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Proof. We have

X(o(t)) = X()+u(t)—v(t) +p(o(t))
— (X(t) = X(o(t)) + u(t) —v(t) + plo(t)))
= X()+u(t)— o)+ plo(t) —w(a(t)), (7.16)

where by (7.14)
w(o(t)) = X(t) = X(a(t) +ult) = v(t) +p(a(t)) 2 0

and w(t) is an F(t)-measurable process. Since W(t) 1= > () W(7) 18 increasing

and is F(t)-measurable with

E[w@)}E[ > w<r>} > Elu(n)] <,
)it]

T€[o(to T€[o(to),t]

we conclude from Lemma 7.5 that w(t) is an F(t)-submartingale. Therefore, from

Theorem 7.6, we have the representation
wot)= > wr)=w(ot))+ Mi(a(t) +C(t), (7.17)

where {MT(t)}yer is an F(t)-martingale and {C(¢)}ier is an F(t)-measurable and

increasing process. From these observations and summing (7.16), we obtain

Yo X(o(n) = > X+ > ur) - Y w(r)

TE[to,t] TE[to,t] TE[to,t] TE[to,t]
+ > plo(n) = Y w(o(r))
TE[to,t] TE[to,t]
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= X(to) —w(to) + U(t) — (V(t) + C(1))
+(M(o(t)) — MY(a(1))) , (7.18)

where on the first equality we have used (7.17) and

Ut) =Y ulr),
TE[to,t]
V()= Y o),
TEto,t]
Mt)y= > p()
T€[o(to),t]
We define
M(t) = M(t) — M'(t)
and

T(t) = X (t) — W(o(t)) + U(h)
Then from (7.18) we see that for all t € T

X(o(t) + (V(t) + C1) = T(t) + M(o(t)) = Y(o(t)). (7.19)

The process {Y (0(t)) her is a nonnegative F(o(t))-submartingale, and it can be de-
composed uniquely into the sum of the F(o(t))-martingale {M (o (t))}ier and F(t)-

measurable and increasing sequence {U(t)}cr, namely,

Y(o(t) =U(t) + M(o(2)).

Now we let lim; ., U(t) = Us. Then, from martingale convergence theorem [87, Page

551], we conclude that

O ={Us <0} C{Y(t) =} as. (7.20)
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This means that lim; ., Y (¢) exists a.s. on € and therefore Y (o(t)) is a.s. bounded
from above on €. From the left-hand side of (7.19) we have another representation
for Y(o(t)), namely

Y(o(t)) = X(a(t)) + (V(t) + C(1)). (7.21)

Since Y (o(t)) is a.s. bounded from above on §2; and the process X (o(t)) is nonnega-
tive, the process V (t) + C(t) is also a.s. bounded from above on ;. Since V(¢) and
C(t) are increasing, both have a.s. finite limits lim; ., V' (t) and lim;_,., C(t) on Q.

Therefore the lim;_.., X (t) also exists on 2. O

Theorem 7.8. Suppose that there exist some L, Ly € (0,00) such that for allt € T,

u € R

—1<a(t)f(u)+b(t)g(u)é(c(t)) <L a.s., (7.22)
g(u) #0 when u#0, (7.23)
a(t) < Lob*(t)g*(u), (7.24)
2Lo(1+ L)* < 1, (7.25)
D b (1) =0 (7.26)
are fulfilled. Let X be a solution of (7.12). Then
lim X(t) =0 a.s. (7.27)

t—o0

Proof. We observe that the solution X of (7.12) can be represented in the form

X(a(t) = X(to) [ [1+a(r)f(X () +b(r)g(X(T)é(o(r))]. (7.28)

TEto,t]

By the assumption that X (tg) = Xo > 0 and (7.22), we see from (7.28) that X (¢) > 0
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for all t € T. Also from (7.22) and (7.28), we have

E|X(e®))F] = E|X§ ] @+a(n)f(X () +b(r)g(X(n)é(o(r)))

TEto,t]

IN
=

Xy I a+L)y| <o

TEto,t]

forall t € T and all p > 0. Let o € (0,1). Applying the Taylor expansion of the
function y = (1 4 u)® up to the third term gives

-1
(1+u)® =1+ au+ O‘(O‘Z )14 o2, (7.29)
where 6 lies between 0 and u. Taking into account (7.22), we can estimate the
expression @(1 +0)*2 when u = a(t) f(X(t)) + b(t)g(X(¢))E(a(t)), according to

ala—1) < ala—1)
2(1 +6)2 = 2(1+ L)?>

1+0<1+u/<1+1L, (7.30)
Applying (7.22), (7.29) and (7.30) we get

Xo(t)) = X(@) [1 + a(t) f(X(2) + b(t)g(X (£))E(o (8)]
= X)L+ a(aft )

1+ 0 (a() F(X(5) + b)g (X (1)6(o (1)
X0 |5 gt (a0 F(X(0) + HOa(X (@)oo
< X7 [1+ 0 () F (X)) + HOg(X ()E(B))]
X0 | 5 gy 0K +Hg(X ()0 <>>>2}
= X°()[1 + aal®)f (X ()] + P(a(0)
X0 |G s @OLK @) - POFXO)] (7

ala—1)

Wcﬁ(t)X“(t)gQ(X(t))Q(U(t))

Pa(t)) = ab(t)X*(t)g(X(1))E(o(t)) +
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ala—1)

*‘(f]?jj?raa(ﬂb(ﬂ)(“@)f@x(ﬂ)g(ﬁxtﬁé(a(ﬂ) (7.32)

and Q(t) = £2(t) — 1. From (7.31), we get the estimate

X4(a(0) = X°(0) < aX°(0) [al0F(X(0) ~ 5 s POFCE0) | + Plo(o)
(7.33)
We substitute condition (7.24) into (7.33) and get
X(o(t) < X°() [1 F AL (X (1) - 511 pra O X))
P(a(t))
< XU - X OPOPX0) | 575 5 — Do
P(a(t)). (7.34)
By (7.25), we have
O<%—LO(1+L)2 <1
Let us define
o= % — Lo(1+ L)%
Then we have
S S el S N (7.35)
21+ L)>« 2(1+L)? 2(1+4 L)?
Substituting (7.35) in (7.34) we arrive at
X(o(t) < X°(0) ~ 5 X ORGP X 0) + Plo®).  (7.36)

We can now apply Lemma 7.7 by making the identification

X(t) = X(t)
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W0 = 5o gE 2 POX P @),

TEto,t]

to conclude that

lim X“(t) € [0,00) exists a.s.

and also that
> P (r)XA(1)gA(X () < o0 as. (7.37)

T7€T

We put
O ={w: tlim X(t,w) =0} and Q= {w: tlim X(t,w) > 0}.

We note that P(2; U Qy) = 1 since X (¢) > 0 for all ¢ € T. Using (7.37), we get for

almost every w € {2y

D BT) < e B(N)XU(7)g*(X (7)) < o0,

7T TeT
where ¢ = ¢(w) > 0 is some a.s. finite random variable. This contradicts the assump-
tion (7.26) if P(€23) > 0. In other words, we must have P(£22) = 0 whence P(€2;) =1
as desired. O
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8. STOCHASTIC EQUATION OF VOLTERRA TYPE

In this section we consider the mean square stability of linear stochastic dy-

namic equations of the form
AX = (ax X)(t)At + (b*x X)(t)AV,  X(t9) = Xo, (8.1)

where a,b: T — R, a* X is the convolution of @ and X defined in Definition 8.3 and

V is the solution of

AV = \/u(O) AW. (8.2)

In (8.2), W is one-dimensional Brownian motion. Since V2(t) = AV(t)/At =
AW (t)/+/u(t), we observe that {V2(¢)}ier are i.i.d. random variables which generate
the natural filtration {F () },er on some probability space (2, F,P) with E[V2(t)] = 0
and E [(VA(t))Q} = 1. We also assume that X(7) is independent of V2(t) for
T € [to, ).

For basic concepts of integral equations of Volterra type we refer to [32]. Sta-
bility and convergence of solutions of Volterra equations, likewise, has been discussed
in [3-5,8,33,34,37,48,54,68,77,80,84]. For improper integrals and multiple integra-
tion on time scales we refer to Bohner and Guseinov [20,21,23,24,26], and for partial

differentiation on time scales we refer to [22].

8.1. CONVOLUTION

Convolution on time scales was introduced by Bohner and Guseinov in [25].

Let supT = oo and fix ty € T.

Definition 8.1. For b : T — R, the shift (or delay) b of b s the function b : TxT — R
given by

bRi(t,o(s)) = b2 (t,s), t,seT, t>s>t, (8.3)



115

b(tv tO) = b(t)v le T7 t> lo,

where 2 is the partial A-derivative with respect to t.

For the forward difference operator, (8.3) reduces to

1w($)Ab(t,0(s)) = —pu(t)AD(t, s), t,seT, t>s>t, (8.4)

b(tatO) = b(t)v le T7 t > to,

In the case T = R, the problem (8.3) takes the form

ob(t,s)  Ob(t,s) - B
5= g ltte) = b(t), (8.5)

and its unique solution is b(Z, s) = b(t — s + ty). In the case T = Z, (8.3) becomes

b(t+1,5+1) —b(t,s +1) = —b(t, s + 1) + b(t,s), b(t,t) = f(t), (8.6)

and its unique solution is again b(t, s) = b(t — s + o).

Lemma 8.2. If b is the shift of b, then b(t,t) = b(t,) for all t € T.

Proof. By putting B(t) = b(t,t), we find B(to) = b(to, to) = b(to) due to the initial
condition in (8.3) and BA(t) = b2 (t, o (t))+b>(t,t) = 0 due to the dynamic equation
in (8.3), where we have used [22, Theorem 7.2]. O

Definition 8.3. The convolution of two functions b,r : T — R, b * r is defined as
t ~
) = [ Hol)rs)ds e (57)
to

where b is given by (8.3).

Theorem 8.4. The shift of a convolution is given by the formula

(b*r)(t,s) = / b(t, o (1))7(1, s) AL (8.8)
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Proof. We fix ty € T. Let us consider F(t, s) f b(t,o(1))7(l,s)Al. Then

F(tt)) = /tg(t,a(l))f(l,tg)Al
= [B@,au))r(zw

= (bx7)(1).
Next, we calculate
F2(t,0(s)) + F2(t, s)
= [ o) o)A+ ol )i o()

b DAL+ b(to)i(t, o(s))

/\

+

(s)
—|—/5ta As(1,5)Al — b(t, 0(s))7 (s, 0(s))
/Bta As(1,8)AL = b(t, 0 (s))(s, 0(s))

=t

= 5(2? il o(s))

(s) + /U(S) b(t7 O-(l))f t(lv U(S>>Al + b(to)f(t’ 0(8))

l=0o(s

+ *(1,8)Al — b(t, 0(s))(s, 0 (s))

t

= —b(t,t)i(t,0(s)) + b(t, 0 (s ))f(U(S)’U(S))JF/U(S) b(t, (1)) (1, o(s))Al
+ b(to)i(t o (s)) + / Bt o () (1, )AL= b(t, ()7 (5, 0(5))

= /U;) b(t, a(1))7 (1, () Al + b(t, o (s))r (o)
[ B o0)715)21 = 1,075,

= Bt o(s))r(t) — / B (9
+/: b(t, (1)) (1, )AL = b(t, o (s))7 (s, o (s))

= b(t,o(s))r(ty) + /: ) b(t, o (1) (1, s)Al — b(t, o(s))F(s,0(s))
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= B(t, a(s))r(te) + /L(s)i)(t, a(s))FAs(s, s) —b(t,o(s))7(s,0(s))
= l;(t, a(s))r(te) + B(t, o(s))[F(s,o(s)) —7(s,s)] — ZNJ(t, o(s))7(s,0(s))
= 0,

where on the eighth equality we have used Theorem 2.14. O

Theorem 8.5. The convolution is associative, that is,

(ax fysxr=ax(fx*r). (8.9)

Proof. We use Theorem 8.4. Then

((ax fy=r)(t) = /t (ax f)(t,o(s))r(s)As (8.10)
= t /( )d(t,a(u))f(u,a(s))r(s)AuAs

_ /t: /t:d(t,o(u)) Fu, o(s))r(s) AsAu

= [ et wa (8.11)
— (ax (/).

where on the second equality we have used (8.8). Hence, the associative property

holds. [l

Theorem 8.6. If r is delta differentiable, then
(r+ /)2 =r2%f+r(to)f (8.12)
and if f is delta differentiable, then

(r* )2 =r* f2 =rf(ty). (8.13)
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Proof. First note that
(rx f)2(t) = /t : 2, o(1) f(s)As + 7 (a(t), o (1) f(t)- (8.14)
From here, since #(o(), o(t)) = r(t;) by Lemma 8.2, and since
rA(t s) = P (¢, ), (8.15)

the first equal sign of the statement follows. For the second equal sign, we use the

definition of 7 and integration by parts:

(re DA = — / 4 (8, 5) F()As + r(to) (1) (3.16)
- - / (F(t, ) 1) — 71, 0 () F2(5)) As + r(t) £(8)

= (00 + (et f) + | 't 0(5)) 2 (5) As + r{t) £(0)
= e SO + (0 ),

This completes the proof. O

8.2. MEAN-SQUARE STABILITY

Theorem 8.7. If X(t) is represented as
X(t)=rt)Xo+ (r= f)(1), (8.17)

where

TA(t) =(axr)(t), r(ty)=1 (8.18)

and

F(£) = (b X)(OVA®). (8.19)
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then X is a solution of the scalar Volterra dynamic problem
AX = (ax X)(t)At + (bx X)()AV,  X(to) = Xo, (8.20)
Proof. From (8.17) we have

AX(t) = r2(t) XAt + (r* f)2(t)At
(a* 1) () XoAt + (r™ * f)(t)At + f(t)At

(a* (rXo))()At + (r® x f)(t)At + f(t)At

(a* (X —7r* )AL+ (12 % )AL+ f(t)At

(ax X)()At — (ax (r* f))(t)At + ((a*x7)* f) (L)AL + f(t)At
(ax X)(t)At + f(t)At

(ax X)(t)At + (bx X)(t)AV(t),

where on the second equality we have used (8.12) and on the sixth equality we have

used Theorem &.5. OJ

Lemma 8.8. If [ is given by (8.19), then E[f(t)] = 0 and

(

(b*E[X])* (8) = 9(t) if s =t

0 if s #t.

Proof. We first note that

E[f(t)] = E{/t B(t,O'(T))X(T)VA(t)AT
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by the assumption that X (7) is independent of VA(¢) for T € [to, ¢) and E [VA(t)] = 0.

Next, we consider

E[f(t)f(s)]
- E[/ bt o (1) X (1)V ()Atl/tsb(s o (1)) X (t2) VA ()AtQ]

— [/ b(t, o (t1))b(s o(tg))X(tl)X(tg)vA(t)VA(s)AtlAtz]
_ / t / (t, o (t0)b(s, o (82))E [X (1) X (£)VA(£)VA (5)] Aty At

_ / / (0 (0))b(s, o (1)) E [X (1) X (12)] E [V (VA ()] Aty Aty

0 if s #t
\
(

(b+E[X])* () ifs=t

0 if s #¢,

\

where on the third equation we have used the assumption that X (7) is independent
of VA(t) for 7 € [ty,t) and on fourth equation we have used E[VA(t)] = 0 and
E[(VA(t)?] =1 > 0. O

Lemma 8.9. If X(t) =r(t)Xo + (r * f)(t), then

IAm
BLXWX (m)] = r(r(m)X3 + [ 70, (s)i(m,o(9)é(s)as

where ¢ 1s as in Lemma 8.8 and I A m as in Definition 4.5.
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Proof. From (8.17) we have,

EX(N)X(m)] = E[{r()Xo+ (r [)()Hrm)Xo + (r+ f)(m)}]

2

/t /t 7(l,0(s1))F(m,o(se))E[f(s1)f(s2)] AsiAsy
- r(l)r(m)X§+/t mr(l,a(s))r(m,a(s))E [f2(s)] As
= XG0 (6)m, o(s)) o)A

where on the second equality we have used the fact that E [f(¢)] = 0 and on the third

equality we have used Lemma 8.8. O

Lemma 8.10. ¢ defined in Lemma 8.8 is given by

o(t) = (b*r)2(t)X§+/t: (/: B(t,0(1))f(z,a(s))Az>2¢(s)As

(s)
= @erPOXG+ [ P a(s)o(s)As

Proof. Using Lemma 8.8, Lemma 8.9 and (8.7), we have

o(t) = (b*E[X]) ()
_ /t /t (t o (i E [X(1)X (m)] AlAm

_ /t /t (t, o (D)B(E, o (m))r(1)r(m) X2 AL Am
+ /t: /t bt o (D)B(E, o (m)) /t:/\mf(l,a(s))f(m,a(s))gzﬁ(s)AsAlAm

N /t /t b(t, o (1))b(t, o (m))r (D (m) XAl Am
+ /t /t /t b(t, o (D)B(L, o (m)F(L, o (5))F(m, ()6 () AsALAm

_ < /t:l;(t,a(l))r(l)Al>2X§
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* / /a@ /U(S) b(t, o (1))b(t, o (m))7(L, o (5))F(m, o(5))é(s) AmAlAs

= (b*r)P()X2+ / t ( / t B(t,a(z))f(z,a(s))Az)2¢(5)As

to (S)

— (b rP)XE + / (b5 1) (t,0(3))6(s) As,

to

where on the last equality we have used Theorem 8.4. O]

Theorem 8.11. If X is a solution of (8.20), then

E[X?(t)] = r*(t)X; +/ 72 (t,0(s))p(s)As.

to

Proof. Squaring both sides of (8.17), we have

X2(t) = r*()X5 +2rt)Xo(r = f) t)
+/ (t O' 81 ASl t 2 82 SQ)ASQ

— X2+2rt) (r*f(t
/ / (£, 0(50))7(E, 0 (52)) £ (51) f (52) A1 Ao,

Now taking the expectation on both sides of the above expression, we have

E[X*(t)] = r2(t)X§+27“(t)Xo/t #(t, o(s)E[f(s)]As
+/t /t 7#(t, o (s1))7(t, 0 (s2))E[f(s1) f(52)] As1 Asy
— r2(t)X§+/ 72 (t,0(s))d(s)As,

to

where on the second equality we have used Lemma 8.8. O]

Theorem 8.12. Suppose that X is the solution of (8.20) and r is the solution of
(8.18). Then
r, 7(-,8), bxr € LA(T)
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and

/°° (b*1)%(t,o(s))At < k < 1
o(s)

for all s € T, implies that

/E [X?(t)] At < oco.

Proof. From Lemma 8.10, we have

[Towar = x3 [Corpoaes [0 /t:<m>2<t,a<s>>¢<smsm

to to

= X7 /t:o(b*r)2(t)At+/t:o /U:)(b??)%t,a(s))gb(smms

IN

X2 /Oo(b* (8 At + k/: 6(5)As.

to

Simplifying and using the fact that b* r € L4(T), we have

/: S()AL < 1{02 /tooo(b*r)2(t)At < o0, (8.21)

which implies that ¢ € L} (T). Then from Theorem 8.11, we have

/t:OE[XZ(t)} At = Xg/t:oﬁ(t)AH/t:O /t:ﬂ(t,a(s))(b@mﬂt
as [T Featorss

IN

IN

a+f /OO o(s)As
00, 0

where o, § € R such that Xg [ 7%(t)At <  and f;é) 72(t,o(s))At < f3. O
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