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ABSTRACT

We propose an incremental algorithm to compute the proper orthogonal decom-
position (POD) of simulation data for a partial differential equation. Specifically, we
modify an incremental matrix SVD algorithm of Brand to accommodate data arising from
Galerkin-type simulation methods for time dependent PDEs. We introduce an incremental
SVD algorithm with respect to a weighted inner product to compute the proper orthogonal
decomposition (POD). The algorithm is applicable to data generated by many numerical
methods for PDEs, including finite element and discontinuous Galerkin methods. We also
modify the algorithm to initialize and incrementally update both the SVD and an error bound
during the time stepping in a PDE solver without storing the simulation data. We show the
algorithm produces the exact SVD of an approximate data matrix, and the operator norm
error between the approximate and exact data matrices is bounded above by the computed er-
ror bound. This error bound also allows us to bound the error in the incrementally computed
singular values and singular vectors. We demonstrate the effectiveness of the algorithm
using finite element computations for a 1D Burgers’ equation, a 1D FitzHugh-Nagumo PDE

system, and a 2D Navier-Stokes problem.
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SECTION

1. INTRODUCTION

Proper orthogonal decomposition (POD) is an optimal data approximation method:
It produces a basis called POD modes that can be used to optimally reconstruct the data.
POD was introduced to the turbulence community by Lumley in 1967 [1]. Before that time
it was already invented in 1901 by Karl Pearson [2] under the name principal component
analysis (PCA) as an analogue of the principal axis theorem in mechanics. POD has been
developed by several people, therefore it is known under other names such as principal
component analysis [3], and the Karhunen-Loeve decomposition [4, 5]. Proper orthogonal
decomposition (POD) has been widely used in many applications involving partial differen-
tial equations (PDESs) such as aeroelasticity [6], fluid dynamics [7, 8], feedback control [9],
PDE constrained optimization and optimal control problems [10, 11], uncertainty quantifi-
cation [12], and data assimilation [13, 14]. The most important point in the POD procedure
is optimality: it provides the most efficient way of capturing the dominant components of a
finite or infinite-dimensional data set by producing the minimum number of basis elements
(called POD modes) to reconstruct the data. In other words, POD is an effective method
for reducing high-dimensional data sets.

We formulate POD as a constrained minimization problem. Let X be a Hilbert
space with the inner product (-, -)x and norm || - ||x . Suppose snapshots xi, x, ..., x, € X
are given, where dim X > n. Define Y = span{x, x5, ..., x,} C X, and let {yj};?:l be any

orthonormal basis for Y . Then we have

n
Xi :Z(xi’yj)xyj’ I = 1,...,l’l. (11)
j=1



For any k € Nand k < n, our goal is to find the orthonormal basis {y; };‘zl (the POD modes)
of rank k which is the solution of the following problem:

min » [|lx; - £ill5,  with (yi, y))x = 6;j, for 1 <i,j <k, (12)
i=1

where the approximation of x; is

k
X = Z(xi, Vi)x Vj- (1.3)
s

J

Therefore, the POD modes are the orthonormal basis of ¥ minimizing the total mean square
error between the snapshots x; and their corresponding low order approximations %;.
There are many methods to compute the POD of a dataset; the most basic approaches
rely on computing the eigenvalue decomposition or singular value decomposition (SVD) of
amatrix constructed using the dataset. The method of snapshots introduced by Sirovich [15]
is the most widely used approach to find the POD of large data sets (see, e.g., [16, 17, 18]).
However, the SVD based technique can be used to obtain low-rank matrix approximations (to
recall SVD see [19, 20, 21]). SVD has been applied in conjunction with various techniques
such as proper orthogonal decomposition (POD), although this approach requires a large
amount of data storage and it is computationally expensive. Researchers have proposed
various methods to deal with the computational complexity and data storage issues for
POD computations (see, e.g., [22, 23, 24, 25, 26]). One of the approaches is called
incremental SVD algorithms; specifically, the SVD of a data set is initialized on a small
amount of data and then updated as new data arrives. For more information see, e.g.,
[27, 28, 26, 29, 30, 31, 32]. However, the Hilbert space inner product has not been
thoroghly explored in these works. It is important to consider the inner product in the POD

calculations for applications (see, e.g., [33, 34, 35, 36]).



Incremental SVD methods have been used in combination with numerical methods
for PDEs to compute POD modes during the time stepping without storing any of the
simulation data. For examples of this approach, see, e.g., [37, 38, 39].

In this dissertation, we focus on computing the POD of a data set in a Hilbert space
that is expressed using a collection of basis functions; therefore, the data can be generated
by many numerical methods for PDEs, including finite element and discontinuous Galerkin
methods. The main purpose of our work is to propose an incremental algorithm for the
POD computations where we account for the Hilbert space inner product. We extend
Brand’s incremental matrix SVD algorithm [27] to accommodate the Hilbert space data
expanded in basis elements. We show that the POD of the Hilbert space data expressed
in term of a basis is equivalent to the POD of the vectors in R™ of the coefficient data
with respect to a weighted inner product on R™. Therefore, we present an algorithm that
incrementally computes the matrix SVD with respect to a weighted inner product. This
algorithm involves truncations. We demonstrate the effectiveness of the truncation in the
algorithm by computing the error bound incrementally without storing the whole data. We
compute the error bound between the exact data matrix and the approximate truncated SVD
of the data matrix. This error bound allows us to bound the error in the incrementally

computed singular values and singular vectors.

1.1. BACKGROUND: SVD

Let X and Y be separable Hilbert spaces, and let A : X — Y be a compact
linear operator with Hilbert adjoint operator A* : ¥ — X. The self-adjoint nonnegative
compact operators AA* and A*A have nonnegative eigenvalues, and the square root of the
eigenvalues are equal to the singular values p; of A. A singular value of A is equal to
zero if an eigenvalue of AA* or A*A is equal to zero. Furthermore, the corresponding
orthonormal basis of eigenvectors of AA* is {£;} C Y and the corresponding orthonormal

basis of eigenvectors of A*A is {n;} C X, thus the corresponding singular value expansions



can be defined as follows:

An = Z uk (mi)x éx, ATE = Z M (€, E)y Mis

k>1 k>1

forallp € X and € € Y. This gives

An = &, A& =pumi, Yui >0

We consider different Hilbert spaces such as R¥ that denotes the space with the standard
inner product (x, y) = yT x, forall x, y € R* (i.e., the Euclidean inner product or dot product).
Let R}, denote the Hilbert space R™ with M-weighted inner product (x, y)y = yI M x, for

all x, y € R™, where M € R™™ is a symmetric positive definite square matrix.

1.2. OUTLINE

The organization of this dissertation is as follows: In paper I [40], we show that the
POD of the Hilbert space data expressed in terms of a basis is equivalent to the POD of the
vectors in R™ of the coefficient data with respect to a weighted inner product on R™. In
this paper we consider two approaches to compute the incremental SVD with respect to the
weighted inner product: (1) using a Cholesky factor of the weight matrix, and (2) without
using a Cholesky factor. The first approach follows standard POD ideas for weighted inner
products (see, e.g., [18]), but requires the computation of the Cholesky factor and also
solving linear systems involving the Cholesky factor. In the second approach, we avoid
these extra computations by directly extending Brand’s incremental matrix SVD algorithm
[27] to work with a weighted inner product on R™. In paper 1I [41], we show that we
compute an error bound incrementally without storing the whole data set by extending

the incremental SVD algorithm for a weighted inner product from paper I. This work also



displays an error analysis that discusses the effect of truncation at each step, and provides
more insight into the accuracy of the algorithm with truncation and the choices of the

tolerances. Finally, conclusions and future research ideas are presented in Section 2.



PAPER

I. INCREMENTAL PROPER ORTHOGONAL DECOMPOSITION FOR PDE
SIMULATION DATA

Hiba Fareed!, John R. Singler', Yangwen Zhang!, and Jiguang Shen?
! Department of Mathematics and Statistics
Missouri University of Science and Technology

2 School of Mathematics, University of Minnesota

ABSTRACT

We propose an incremental algorithm to compute the proper orthogonal decomposi-
tion (POD) of simulation data for a partial differential equation. Specifically, we modify an
incremental matrix SVD algorithm of Brand to accommodate data arising from Galerkin-
type simulation methods for time dependent PDEs. The algorithm is applicable to data
generated by many numerical methods for PDEs, including finite element and discontin-
uous Galerkin methods. The algorithm initializes and efficiently updates the dominant
POD eigenvalues and modes during the time stepping in a PDE solver without storing the
simulation data. We prove that the algorithm without truncation updates the POD exactly.
We demonstrate the effectiveness of the algorithm using finite element computations for a
1D Burgers’ equation and a 2D Navier-Stokes problem.

Keywords: proper orthogonal decomposition, incremental algorithm, weighted norm, finite

element method



1. INTRODUCTION

Proper orthogonal decomposition (POD) has been widely used in many applica-
tions involving partial differential equations such as aeroelasticity [1], fluid dynamics [2],
feedback control [3], PDE constrained optimization and optimal control [4, 5], uncertainty
quantification [6], and data assimilation [7, 8]. In the most basic form, POD is an optimal
data approximation method: the POD of a dataset produces a basis (called POD modes) that
can be used to optimally reconstruct the data. There are many methods to compute the POD
of a dataset; the most basic approaches rely on computing the eigenvalue decomposition or
singular value decomposition (SVD) of a matrix constructed using the dataset. The method
of snapshots introduced by Sirovich [9] is commonly used to find POD eigenvalues and
modes. For more information, see, e.g., [10, 11, 12].

For very large datasets, such as datasets arising from simulations of partial differen-
tial equations (PDEs), the basic approaches to POD computations become computationally
expensive and require a large amount of data storage. Researchers have proposed various
methods to deal with the computational complexity (see, e.g., [13, 14, 15, 16]), and both the
computational complexity and data storage (see, e.g., [17] and the references therein). The
latter class of methods are incremental SVD algorithms; specifically, the SVD is initialized
on a small amount of data and then updated as new data becomes available. This type
of incremental algorithm can be easily used in conjunction with a time stepping code for
simulating a time dependent PDE; the POD eigenvalues and modes are updated during the
time stepping without storing any of the simulation data. For examples of this approach,
see, e.g., [18, 19, 20].

In this work, we focus on computing the POD of data arising from a Galerkin-type
simulation of a PDE. Specifically, the data lies in a Hilbert space and are expressed using
a collection of basis functions; therefore, the data can be generated using many numerical
methods for PDEs, including finite element and discontinuous Galerkin methods. We

extend Brand’s incremental matrix SVD algorithm [21] to accommodate data of this type.



Specifically, we show that the POD of the Hilbert space data expressed in term of a basis is
equivalent to the POD of the vectors in R™ of the coefficient data with respect to a weighted
inner product on R” (see Appendix 1). We consider two approaches to compute the
incremental SVD with respect to the weighted inner product: (1) using a Cholesky factor
of the weight matrix (Section 3), and (2) without using a Cholesky factor (Section 4). The
first approach follows standard POD ideas for weighted inner products (see, e.g., [12]), but
requires the computation of the Cholesky factor and also solving linear systems involving
the Cholesky factor. In the second approach, we avoid these extra computations by directly
extending Brand’s incremental matrix SVD algorithm [21] to work with a weighted inner
product on R™. We analyze an idealized version of the second approach that does not
involve truncation and prove that it produces the exact SVD with respect to the weighted
inner product.

We link the second approach together with (approximate) POD of time varying
functions in Section 5, and then present numerical results in Section 4. For the numerical
results, we consider computing the POD of finite element simulation data for a 1D Burgers’
equation and a 2D Navier-Stokes equation. For the 1D problem and a coarse discretization
of the 2D flow problem, we compare the result of the second incremental SVD approach to
the true results and find excellent a greement. For a large-scale simulation of the 2D flow
problem, we compute the POD without storing all the data by calculating the incremental

SVD only. We present conclusions in Section 5.

2. BASIC DEFINITIONS AND CONCEPTS

We begin by introducing many important definitions and concepts needed throughout

this work.



For notational convenience, we adopt Matlab notation herein. Given a vector u € R”
and r < n, let u(1 : r) denote the vector of the first » components of u. Similarly, for a

matrix A € R™" we let A(p : ¢,r : s) denote the submatrix of A consisting of the entries

of A from rows p, ..., q and columns r, ..., s.

2.1. THE SVD WITH RESPECT TO A WEIGHTED INNER PRODUCT
Let M € R™ be a symmetric positive definite square matrix. Let R7, denote the

Hilbert space R with M-weighted inner product, i.e.,

(x,V)m = y'Mx forall x,y € R"™.

Throughout this work, R without a subscript denotes the space with the standard inner
product (x, y) = y’x (i.e., the Euclidean inner product or dot product).
We require two functional analytic concepts for a matrix P € R™ " considered as a
mapping P : R" — R the Hilbert adjoint operator and the singular value decomposition.
First, the Hilbert adjoint operator of the matrix P : R" — RY, is a matrix P* :

RY, — R" satisfying

(Px,y)m = (x,P7y) forallx € R"and y € R},.

We can show P* = PT M as follows:

(Px,y)p = (x, P*y) = yTM Px = (P*y)Tx = yTM Px = yT(P*)Tx.

Since this holds for all x, y, we have M P = (P*)! and therefore P* = PTM.
Second, since the matrix P : R" — R’ is a compact linear operator, it has a singular
value decomposition: the nonzero eigenvalues of PP* : RY, — R/, and P*P : R" — R"

are equal, and the nonzero singular values o > 03 > --- > 0 of P equal the square roots
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of those eigenvalues. Also, zero is a singular value of P if either PP* or P*P has a zero
eigenvalue. Therefore, there are max{m, n} singular values, counting multiplicities. The
corresponding orthonormal bases of eigenvectors, {¢;}"2,; C R and {y;}"_; c R", are

the singular vectors. This gives
Plﬁj:O'j([)j, P*¢jzo-j¢/j if0'j>0. (1)

Note that {¢; }Tzl being orthonormal in R}, means

0, ifi#j,
(B0 p)u = T M, =
1, ifi=j.
For more information about the singular value decomposition of operators acting on Hilbert
spaces, see, e.g., [22, Chapters VI-VIII], [23, Chapter 30], [24, Sections VI.5-V1.6].

In POD applications, it is typical to only need information about singular vectors
corresponding to nonzero singular values. Let k = rank(P), i.e., P has exactly k positive
singular values oy > 0 > -+ > 0 > 0. LetV = [¢1, o, ..., Pk] € Rk be the matrix
of the first & orthonormal eigenvectors of PP*, and let W = [y, ¥, ..., U] € R"™K be the

matrix of the first k orthonormal eigenvectors of P*P. Then (1) gives
PW=VY P'V=WX X =diag(o,...,o%). (2)

Since {y/; ;.‘:1 is orthonormal in R”, we have W W = I. Also, since {¢; };.‘: , is orthonormal

in R7,, we have VIMV = I or V*V = I, where V* = VI M. Therefore, (2) is equivalent to

P=vIw’, 3)
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Since we are primarily interested in the nonzero singular values and corresponding
singular vectors, we primarily consider the decomposition (3) for our theoretical results.
For the standard matrix case (i.e., without weighted norms), the decomposition (3) is
called by various names in the literature and sometimes definitions in different references

conflict.! In order to potentially avoid confusion, we call this decomposition the core SVD.

Definition 1: For a matrix P : R" — R, with exactly k positive singular values, a core
SVD of P is given by P = VEWT, where V € R ¥ e RF** and W e R™* are defined

above. ]

Just like the regular SVD, the core SVD is not unique. For example, the columns of V and
W can change sign and P = VW7 is still a core SVD of P.

Also, we sometimes consider a core SVD of a matrix in the standard sense, i.e., all
inner products are unweighted. To be clear, we call this the standard core SVD.

Below, we give some basic properties of the core SVD.

Proposition 1: Suppose V € R"™ K has M-orthonormal columns, W € R™* has orthonor-
mal columns, and ¥ € RFK js a positive diagonal matrix with X1 > 20 > -+ - Xp > 0. If

P :R" — R" satisfies P = VEW7, then V, T, W give a core SVD of P. =

Proof: First, it is clear that rank(P) < k, and therefore P has at most k positive singular
values. It is straightforward to check that (2) holds. This implies the k columns of V are

eigenvectors of PP* and the k columns of W are eigenvectors of P*P, and the corresponding
k eigenvalues are the nonzero diagonal entries of . Thus, P = VIW is a core SVD of

P. [ |

We use the next basic result frequently in this work.

'For example, Horn and Johnson [25] call this decomposition the thin SVD, but this contradicts with the
definition of thin SVD in Golub and Van Loan [26]. Furthermore, this definition is called compact SVD in
[27]; however, we do not use this terminology to avoid confusion with the SVD of a compact operator.
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Proposition 2: Suppose V, € R"™* has M-orthonormal columns and W, € R™* has
orthonormal columns. If O € R¥ has standard core SVD Q = VQZQW5 and P : R" — RY,

is defined by P = V,QW!, then
P=VioW!, V=VV, W=W,W,, 4)

is a core SVD of P. [}

Proof: First, it is clear P has the representation (4). By the above proposition, we only

need to show V has M-orthonormal columns and W also has orthonormal columns. This
follows directly since VMTM V. =1, WMT W, =1, VQT Vo =1, and WéWQ =1 [ ]
2.2. COMPUTING THE EXACT SVD WITH RESPECT TO A WEIGHTED INNER
PRODUCT

Next, we briefly outline how to compute the exact SVD of a matrix with respect
to a weighted inner product using a Cholesky factorization of the weight matrix. In our
numerical results in Section 4, we compare the incremental SVD approach in Section 4 to
the exact SVD computed using the Cholesky factorization approach discussed here. Note
that this Cholesky approach requires storing all of the data, which incremental approaches

do not require.

Let U € R™ " be a matrix considered as amapping U : R" — R, where M € R™"
is a symmetric positive definite weight matrix. We want to compute the SVD of U as defined
in Section 2.1 above.

Let

M = R},Ry



13

be the Cholesky factorization of M, where Ry, € R™ ™ is upper triangular and invertible.

Transform the matrix U using the Cholesky factor by defining
U = RyU € R™".

The standard SVD of U (i.e., the SVD with unweighted inner products) gives the SVD of

U with respect to the weighted inner product.

Proposition 3: Let U € R"", and suppose M € R™ is symmetric positive definite with
Cholesky factorization M = R Ry as above. If U = VEW? is the standard core SVD of

U = Ry U € R™"_then
U=VIW!, V=RV, =5 W=W 5)

is the core SVD of U : R" — R”A}. [ |

Proof: We have

U=R,U=VEW,

and

* T 7T p—T —1y7 7T p—T pT -1y7 71 Y7
V'V =VIMV = VTR, MR,V = VI R,T R Ry Ry} V = VTV = 1.

The result follows directly from Proposition 1. ]

Algorithm 1 Exact SVD via Cholesky factorization

Input: U € R™" and M € R"™ (symmetric positive definite)
1: Ry = chol(M)

U=RuU

[V,Z, W] = svd(D)

Solve for V: Ry V =V
return V, X, W
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3. BRAND’S INCREMENTAL SVD

Next, we briefly review Brand’s incremental SVD algorithm from [21]. The algo-
rithm updates the SVD of a matrix when one or more columns are added to the matrix. A
basic implementation of his algorithm has been used for POD computations in [18, 19, 20].

Below, we present the modified version of Brand’s incremental SVD algorithm from
[20] using single column updates. We first consider the standard inner product, and then
a weighted inner product using the Cholesky factorization of the weight matrix. We also
briefly discuss why it is beneficial to avoid the Cholesky factorization. Then, in Section
4 below, we propose an extension of Brand’s algorithm for a weighted inner product that

avoids the Cholesky factorization entirely.

3.1. STANDARD INNER PRODUCT
Suppose we already have the rank-k truncated SVD of a matrix U € R"™" denoted
by
U=ViW, (6)

where ¥ € R** is a diagonal matrix with the k (ordered) singular values of U on the
diagonal, V € R™* is the matrix containing the corresponding k left singular vectors of U,
and W € R™* is the matrix of the corresponding k right singular vectors of U.

Let ¢ € R™ be the single column to be added to U. Our goal is to update the above
SVD, i.e., we want to find the SVD of [ U ¢]. Furthermore, we want to update (X, V, W)
without forming the matrices U or [ U ¢ |.

To do this, let 4 € R™ be the projection of ¢ onto the orthogonal complement of the

space spanned by the columns of V, i.e.,

h=c-VVvTc.
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Also, let p be the magnitude of 4 and let j be the unit vector in the direction of 4, i.e.,

p=Iall, Jj=nh/p.

If p > 0, we have the fundamental identity

T
> Vie W 0

[U c]:[vsz c] = [v j]
0 »p 0 1
As in Proposition 2, we can find the SVD of the updated matrix [ U c | by finding
the SVD of the middle matrix Q in the right hand side of the above identity. Specifically, if
z Ve

Q= = VQZQ Wg
0 p

is the standard core SVD of Q, then the standard core SVD of [ U ¢ ] is given by

T

w0
v e]=(v i)™ " {wel

0 1
In practice, truncation is performed when p is very small, and also reorthogonal-
ization must be performed on the columns of the updated V and W. We discuss these
implementation steps in detail in Section 4.2. We also correct an error in the truncation

formulas for the right singular vectors in [20].

Furthermore, as is discussed in [20], we note that only the singular values and left
singular vectors need to be computed for many POD applications. However, if one wants
to retain an approximation to the data without storing the data, then it is necessary to also

compute the right singular vectors.
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3.2. WEIGHTED INNER PRODUCT VIA CHOLESKY FACTORIZATION

Next, we discuss incrementally computing the SVD of [ U c¢| with respect to a
weighted inner product using a Cholesky factorization of the weight matrix. Specifically,
consider U € R™" as a mapping U : R" — R7, where M € R™ is symmetric positive
definite. Let ¢ € RY, be the column to be added to U. Our goal is to find the SVD of the
updated matrix [ U ¢ ] considered as a mapping [U ¢ ] : R*"! — R

Suppose we already have the rank-k SVD of U with respect to the weighted inner
product given by U = VEW’. As in Section 2.1, let M = R} Ry be the Cholesky

factorization of M, and transform the data: Let
U=RyU=VEIW!, V=RyV.

Next, we update the standard SVD of U by applying Brand’s algorithm as outlined above

in Section 3.1 to the transformed updated matrix Ry [ U ¢ ] = [ U Ry c ]. This gives

[ﬁRMC] =RulUc]= Vnewznewwrz;w- (8)

We undo the transformation by multiplying (8) on the left by R ;41. Therefore, in order to

find the updated SVD of [ U ¢ ] we need to rescale the left singular vectors for U as follows:

Vhew = R]T/ll Vnew- )

This gives the updated SVD: [U c | = VneWZneng;W.

The above approach gives an incremental algorithm for the SVD with respect to a

weighted inner product; however, the algorithm has a few drawbacks if m is very large:

* A Cholesky factorization of M € R"™" is required.
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* The Cholesky factor Ry, of M may not be as sparse as M. (However, it may be
possible to avoid a significant loss of sparsity by using ordering methods; see, e.g.,

[Davis06, Davis16]).
* Solving the linear system Ry;Vyew = V. ew 1S required.

We avoid all of these drawbacks in the next section by modifying Brand’s algorithm to deal

with the weighted inner product directly.

4. BRAND’S INCREMENTAL SVD WITH RESPECT TO A WEIGHTED INNER
PRODUCT

In this section, we avoid the Cholesky factorization of the weight matrix M and
modify Brand’s algorithm to treat the weighted inner product case. In the modified algo-
rithm, we do not need to solve any linear systems; we only need to multiply by the weight
matrix M. In large-scale applications involving partial differential equations, it is common
for M to be sparse; therefore, multiplying by M is a minor computational cost. The modified
algorithm has a similar computational cost to the standard algorithm if M is sparse or if
multiplying M by a vector can be computed quickly.

We begin in Section 4.1 by describing an idealized version of the incremental SVD
algorithm, and we prove it produces the exact core SVD. Then we discuss implementation

details in Section 4.2.

4.1. IDEALIZED ALGORITHM WITHOUT TRUNCATION
Suppose we have an exact core SVD of a matrix U : R" — R, and our goal is to
update the core SVD when we add a column ¢ € R, to U. Furthermore, we want to update

the core SVD without forming U or [ U ¢ ].
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First, we propose an idealized version of the algorithm by modifying Brand’s al-
gorithm to work in the Hilbert space structure of the weighted inner product space R’
from Section 2. We use Hilbert adjoint operators of matrices, and also the weighted norm
x|l = x" Mx for x € R,

The idealized algorithm is given in the following theorem. Again, we present

implementation details in Section 4.2 below.

Theorem 1: Let U : R" — RY,, and suppose U = VEWT is the exact core SVD of U,
where VIMV = I for V e R™* WIW = [ for W € R™* and T € R¥*. Let ¢ € R and

define
Y V'

h=c=-VV'e, p=l|hly, Q= :
0 p
where V* = VI M. If p > 0 and the standard core SVD of Q € R¥*1Xk+1 is given by
Q = Vo Zo W), (10)
then the core SVD of [U ¢ ] : R™! — R, is given by

[Uc]=V,ZoW.,

where

Vi=[VjlVo, j=h/p, W,= Wo.



Proof: Since j = h/p =(c — VV*c)/p, we have ¢ = VV*c + jp. This gives

Next, note

[Uc]=[VEWT ¢]

=[VEW! VV*c+ jp]

Wi v
=[Vj]
0 p
T
Y Vie W 0
=[Vj]
0 p 0 1
- . vimv  Vimj 10
[ViIM[Vj]= =
VIMHT jTMj 0 1

since VI MV = V*V = I by assumption,

and

VIMj=V*j=V*(c-VV*)/p=Vc-V)/p=0,

Also, since WIW =1,

v L 7
P I,
T
W 0 w 0 I 0
0 1 0 1 0 1

Proposition 2 gives the result.

19
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4.2. ALGORITHM DETAILS: INITIALIZATION, TRUNCATION, AND
ORTHOG-ONALIZATION

In Section 4.1, we demonstrated an idealized approach to computing the SVD with
respect to a weighted inner product incrementally, i.e., by adding one column at a time. Next,

we give implementation details concerning initialization, truncation, and orthogonalization.

Initialization. We initialize the SVD with a single column of data ¢ by setting

S=llclly="M)? v=cx!, w=1.

We note that although the matrix M may be positive definite in theory, small round off
errors may cause ¢! Mc to be very small and negative in practice. Therefore, throughout
this work, when computing the weighted norm we use absolute values under the square
root. For example, we actually set £ = (|c! Mc¢|)!/2. We also note that ¢ should be nonzero

to initialize. The procedure is given in Algorithm 2.

Algorithm 2 Initialize incremental SVD with respect to weighted inner product

Input: c € R™1 ¢ %0, M € R™™ (symmetric positive definite)
1: 2 =(lc"Mc|)'/?
2: V=cx!
3 W=1
4: return V, X, W

Truncation part 1. The exact SVD update result in Theorem 3 requires p =
llc = VV*cl|lp > 0. When p is small enough, i.e., p < tol for a given tolerance tol, we extend

the truncation update approach of Brand [21] to the current weighted norm framework.
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If p < tol, we approximate and set p = 0. Since p = ||c — VV*c||y, this implies

¢ = VV*c. This gives

[Uc]=[VEWT ¢]

=[vEWT vv*e]

WT v
=[VO0]
0 0
T
Y V¥ W 0
=[VO0]
0 0 0 1

Similarly to Section 4.1, define Q € R¥+1Xk+1 py

X Vi
0= :
0O O
If the full standard SVD of Q is given by Q = VQZQWT, where Vp, 2o, Wy € Rk+Ixk+1
then
ZQ(l:k,l:k) 0

0=V W),
0 0

[ T
ZQ(lzk,l:k) (WQ(:,l:k))

0

T
= VQ(:,l:k)zQ(l:k,lzk)(WQ(:,I:k)) .
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This gives
T
W 0
[Uc]=[VO0]Q
0 1
T
T w 0
=[VO ]VQ(:,lzk)zQ(lzk,l:k) (WQ(:,I:k)) .
T
W 0
= VVQ(I:k,l:k)ZQ(l:k,l:k) WQ(:,l:k)
0 1
This suggests the following update
W 0
V— VVQ(I:k,l:k)’ L— EQ(l:k,l:k)’ W— 0 1 WQ(:,l:k)'

We note that the rank of the SVD is not increased even though we added a column.
Furthermore, the formula for the update of W given here corrects an error in [21] (the matrix
[W,0;0, 1] is missing from the update formula).

Orthogonalization. In the idealized algorithm in Section 4.1, the SVD update
yields orthonormal left and right singular vectors. However, in practice, small numerical
errors cause a loss of orthogonality. Following [20], we reorthogonalize when the weighted
inner product between the first and last left singular vectors is greater than some tolerance.
Specifically, we apply a modified M-weighted Gram-Schmidt procedure with reorthogo-
nalization to the columns of V; the columns of the resulting matrix are orthonormal with
respect to the M-weighted inner product. See Algorithm 3, which is a modification for
the weighted inner product of the Gram-Schmidt code in [28, Algorithm 6.11, page 307,
Section 6.5.6].
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Algorithm 3 Modified M-weighted Gram-Schmidt with reorthogonalization
Input: V € R™ M € R™"

. Qg=V

2: for k =1tomdo

3: fori=1tok—1do

4: for t = 1 to 2 (reorthogonalize) do
5: E=0G0)"TMQ(, k)

6: 0, k) = 0, k) — EQ(. i)

7: R(i,k)=R(@i, k) + E

8: end for

9: end for

10:  R(k, k) = sqrt(Q(, k)T MQ(:, k))
11:  Q(, k) = QG k)/R(k, k)

12: end for

13: return Q

Truncation part 2. The orthogonalization step described above is a large part of
the computational cost of the incremental SVD algorithm. If the incremental SVD update is
to be repeated for a large number of added columns, the number of nonzero singular values
can increase quickly and the computational cost of the orthogonalization steps will be large.
In such a case, it is important to keep only the singular values of interest to the application.
Usually, singular values very near zero (and their corresponding singular vectors) are not
required for POD applications. Therefore, during an incremental SVD update, we keep only
the singular values (and corresponding singular vectors) above a user specified tolerance.

Complete Implementation. Our implementation of the incremental SVD update
algorithm for a weighted inner product is given in Algorithm 4. Our implementation is
modeled after the algorithm in [20] (without a weighted inner product). As is noted in
[20], for many POD applications only the singular values and left singular vectors need to
be updated and stored. However, if one desires to be able to approximately reconstruct the
entire dataset (without storing the data), then one must update and store the singular values

and both left and right singular vectors.
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Algorithm 4 Incremental SVD with weighted inner product
Input: V e R™* ¥ e Rk W e Rk ¢ e R™, M € R"™"™ tol, tol,
% Prepare for SVD update

1: d=VTMec, p = sqrt(|(c = Vd) M(c — Vd)|)
2: if (p < tol) then

> d
0= [0 o]
4: else

Y d
5: 0= [O P]
6: end if

7. [ VQ, EQ, WQ ] = SVd(Q)
% SVD update
8: if (p <tol)or(k > m) then

(W 0

9 V=VVo im0 2= Z0upu W = 0 1] Wo. 1
10: else
1: j=(-Vd)/p .

i W 0
12: V:[V]]VQ,Z:ZQ,W: 0 1 Wo
13 k=k+1 ‘
14: end if

% Orthogonalize if necessary
15: if ( |V(:T’en oMVi.n| > min(tol, tol x m)) then
16: V= modifiedGSweighted(V, M) % Algorithm 3
17: end if
% Neglect small singular values: truncation
18: if (Z(r,r) > tolgy) and (E(r+1,r+1) < tolgy) then
19: X = z:(l:r,lzr)» V= V(:,l:r)’ W = W(:,l:r)
20: end if
21: return V,>X, W
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S. INCREMENTAL POD FOR TIME VARYING FUNCTIONS

POD is often used to extract mode shapes or basis functions from solutions of time
dependent PDEs. In this case, the dataset consists of a time varying function taking values
in a Hilbert space X with inner product (-, -) and corresponding norm || - ||. More information
about POD for this type of data can be found in, e.g., [29, 30, 11, 12].

In this section, we show how to compute the POD of the data in this setting using the
modified incremental SVD algorithm proposed in Section 4. We focus on approximating
continuous POD in Section 5.1, and then consider data expanded in basis functions for X
in Section 5.2. We also briefly consider data generated by a finite difference method in

Section 5.3.

5.1. APPROXIMATE CONTINUOUS POD
Let w be in L%(0,T; X), i.e., roughly, fOT lw(?)||?> dt < oo. Define the continuous

POD operator Z : L*(0,T) — X by

T
Zg:/o w(t) g(t) dt.

. . . . . . . s+1
In practice, we typically only have access to the data at discrete points in time {¢; Jag where
O0<n<nh<...<tg1 <T.Forj=1,...,5letd; =t;;; —t; denote the jth time step.

As is well-known (see, e.g., [11, 12]), we rescale the data below by 6}1./ % in order to arrive
at a discrete POD operator.
Approximate the time integral in the definition of the POD operator Z by a Riemann

sum with left hand endpoint:

Zg~ > wit)) 6 8(t))
j=1

S
1/2 1/2
=Dt wy =8 w1 =5%8)
j=1
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Therefore, define the (discrete) POD operator K : R* — X by

S

Kf =) uifis f=Ih s I

Jj=1

5.2. DATA EXPANDED IN BASIS FUNCTIONS

In POD applications, a common way to collect data from a time dependent PDE
is via numerical simulation. Many approximate solution methods for PDEs (such as finite
element and discontinuous Galerkin methods) are Galerkin-type, i.e., the approximate
solution data is expressed in terms of a basis of a finite dimensional subspace of X. Let
{#k}{L, € X beacollection of linearly independent basis functions, and assume the rescaled

datau; = 5]1./2w(tj) € X can be expressed as

Uuj :5}/2W(Ij):ZUk,j¢k, fOI'j: L...,s.
k=1

In Appendix 1, we show that the SVD of K : R®* — X can be computed using the SVD

of the coefficient data matrix U : R® — R™, where the weight matrix M € R™ has
M

entries Mj ;. = (¢;, ¢1). We leave the precise statement of the result to the appendix, but we

note that if {07, f;, ¢;} are the nonzero singular values and corresponding singular vectors of
U :R® — RY, then {0y, f;, x;} are the nonzero singular values and corresponding singular

vectors of K, where
m
X; = Z Cik Pk
k=1

and c; is the kth entry of the vector ¢;.

Let U; denote the jth column of the coeflicient data matrix U. Algorithm 5 gives
the incremental POD algorithm for time varying data. As mentioned previously, for many
POD applications only the singular values and left singular vectors (the POD modes) need

to be updated and stored. However, if one also updates and stores the right singular vectors
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then it is possible to approximately reconstruct the entire dataset without storing the data.

Furthermore, we note that the POD eigenvalues are the squares of the POD singular values.

Algorithm 5 Time varying incremental POD

Input: {6;}, {U;}, M € R™", tol, tolg, % 6;,Uj, M as described above
1: [V,Z, W] = initializeSVD(U,, M) % Algorithm 2
2: for j=2,...,sdo
3:  [V,Z, W] = incrementalSVD(V, X, W, U}, tol, tolgy, M) % Algorithm 4
4: end for
5: W = diag(6)~'/?w % undo rescaling, § = [d1, ..., O]
6: return V,2X, W

Remark 1: Many researchers remove the average of the data, and then compute the POD
of this new data. Such a computation can be performed incrementally without storing the
data. We give a brief overview of the algorithm with a weighted inner product in Appendix

2. [

In some of our numerical results, we compare the time varying incremental SVD
with the exact time varying SVD computed using the Cholesky factorization of M as in
Section 2.2. We must modify Algorithm 1 for the exact SVD to account for the rescaling
by the square roots of the time steps. Let D = diag(¢d), where § = [d1, ..., d5]. The modified
exact SVD algorithm is shown in Algorithm 6. Again, note that this exact algorithm requires

storing all of the data, which incremental algorithms do not require.

Algorithm 6 Exact time varying SVD via Cholesky factorization

Input: U =[Uy,...,Us], M, D % Uj, M, D as described above
1: Ry = chol(M)

U=RyU

[V,Z, W] = svd(D)

Solve for V: RyV =V

W =D"'2W

return V, X, W

N kW
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5.3. DATA FROM A FINITE DIFFERENCE METHOD

Although we focus on Galerkin-type simulation methods for PDEs in this work, we
briefly consider incremental POD for data generated by one type of numerical method for
PDEs that is not of Galerkin-type: finite difference methods. The key is to focus on the
Hilbert space inner product and its approximation.

Suppose a finite difference method is used to approximate the solution of a scalar
time dependent PDE on a bounded domain Q ¢ R?, and the goal is to approximate the POD
of the data with respect to the L(€2) inner product. For a function u, let u ¢ € R™ denote the

vector of approximations to the function u evaluated at the m finite difference nodes. Then

m
WV = [ UV dx Y muggvgs = viMuy
Q i=1

where {n;}!" | are positive quadrature weights and M = diag(n1, . .., 7). It is possible to
apply the modified incremental SVD algorithm in this work with the weight matrix M.
However in this case the data can be rescaled by the square roots of the quadrature weights
and Brand’s incremental SVD algorithm can be used without a weighted inner product.
Once the POD modes are computed, the modes must be multiplied by the diagonal matrix
M™% 50 that they are orthonormal with respect to the M weighted inner product.

If instead the goal is to approximate the POD of the data with respect to the H'(Q)

inner product, then we have
(U, V) = '/Qu v+ Vu-Vvdx = v?Muf.

Here, the matrix M is obtained by approximating the integral using quadrature with positive
weights and approximating the gradients by finite difference approximations. In this case,
the weight matrix M is not diagonal and so the rescaling idea described above is not

applicable; however, the incremental SVD algorithm with weight matrix M can be applied.
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6. NUMERICAL RESULTS

In this section, we present numerical results for the incremental POD algorithm
applied to time varying finite e lement s olution d ata for t wo P DEs: (i) a 1 D Burgers’
equation, and (ii) a 2D Navier-Stokes equation. The first problem serves as a small test
problem with varying time steps. For the second problem, we consider fixed time steps and
both small-scale and large-scale computations. For the small-scale problems, we stored all
of the simulation data to compare the standard SVD (computed using Algorithm 6) with
the incremental SVD (computed using Algorithm 5). For the large-scale problem, we did
not store the simulation data and only computed the incremental SVD using Algorithm 5).

For all of the examples reported here, we used the standard L? inner product for
the POD computations. This corresponds to the matrix SVD with respect to a weighted
inner product, where the weight matrix M is the standard finite element mass m atrix. For
the 1D Burgers’ equation example, we also tested the incremental POD using the standard
H'! inner product, which yields a different matrix M. We do not report these results here;
we found the algorithm performance is similar in this case to the L? performance. We also
tested the incremental approach to POD for the removed average data for the 1D
Burgers’ equation example (as outlined in Appendix 2). Again, we found that the
performance of the algorithm is similar to the other cases, and so we do not report the

results here.

6.1. EXAMPLE 1: 1D BURGERS’ EQUATION
We begin with a small test problem. Consider 1D Burgers’ equation with zero

Dirichlet boundary conditions )
ow ow 1 0w
E(l‘, x) + w(t, x) a—x(f, X) = Eﬁ(t’ x), —-l<x<l.
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Figure 1. Example 1, Re = 20: Exact versus incremental singular values

We used piecewise linear finite elements with 1000 equally spaced notes to approximate
the solution of this PDE with Re = 20 and initial condition w(0, x) = sin(zrx). We used
Matlab’s ode23s to approximate the solution of the resulting nonlinear ODE system on the
time interval 0 < ¢ < 2. The solver returned the approximate solution at 26 points in time in
that interval; the time steps were not equally spaced. At each time point, the finite element
coeflicient vector had length 998.

For the incremental POD algorithm, we set tol = 10~ and tolg, = 10715, Recall,
the first tolerance tol is the truncation tolerance for the incremental algorithm, while the
second tolerance tolyy is the truncation tolerance for the singular values. In this example and
in the examples below, we set tolg, very small in order to test the accuracy of the very small
singular values and the corresponding singular vectors; in practice, a very small singular
value tolerance is likely rarely needed.

Figure 1 shows the exact versus the incrementally computed singular values. We
see excellent agreement for all singular values down to near the singular value tolerance
(10~'%). Note that the incremental SVD algorithm only returns 21 singular values due to
the singular value truncation. A few of the exact and incrementally computed right singular

vectors and POD modes are shown in Figures 2 and 3. Again, we see excellent agreement.
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Figure 4. Example 1, Re = 20: Errors between true and incremental POD modes

Next, Figure 4 shows the weighted norm error between the exact and incrementally
computed POD modes. The errors for the dominant POD modes (corresponding to the
largest singular values) are extremely small. The errors in the POD modes increase slowly
and monotonically as the corresponding singular values approach zero. The number of
highly accurate POD modes is quite large; the first 12 modes are computed to an accuracy
level of at least 10™. The 12th singular value is O(10%). In many POD applications,
POD modes are not required for POD singular values that are this small. (Recall, the POD
eigenvalues are the squares of the POD singular values.) The incremental POD algorithm

works very well for this problem.

6.2. EXAMPLE 2: 2D NAVIER-STOKES EQUATION

For our second example, we consider a 2D laminar flow around a cylinder with
circular cross-section [31]. The flow is governed by the time dependent incompressible
Navier-Stokes equations with Reynolds number Re = 100, and we consider a rectangular
spatial domain of length 2.2 and width 0.41. The diameter of the cylinder is 0.1, and it is
centered at the point (0.2,0.2). For the initial condition, we take the steady state solution
of the same problem with Reynolds number 40 (instead of 100). On the right boundary

of the rectangle (the outlet), we consider stress free boundary conditions. The boundary
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conditions on all other walls are Dirichlet boundary conditions. The Dirichlet velocity data
on the left wall of the rectangle (the inlet) is (%, 0). The Dirichlet data on all other
boundaries is zero.

The primary goal of this example is to test the incremental POD algorithm on a
problem with more complex solution behavior than the first example (the 1D Burgers’
equation). First, we use a coarse grid and a relatively small number of time steps over a
short time interval in order to compute the exact errors compared to the exact SVD (with
respect to the weighted inner product). We do not attempt to simulate over a longer time
period in order to obtain similar numerical results to POD works in the literature (see, e.g.,
[32, 33]).

For the simulation, we consider the time interval 0 < ¢ < 1 and time step 0.01.
The finite element mesh is generated by Triangle [34, 35] with local refinement near the
cylinder; also, the mesh is polygonal and only approximately fits the circular boundary of
the cylinder. We used standard Taylor-Hood elements, and backward Euler for the time
stepping for simplicity.

We first consider a coarse mesh. At each time point, the velocity finite element
coefficients are vectors of length 55552. We have 101 total solution snapshots. For
the incremental SVD computation, we take tol = 1070 and the singular value tolerance
tolgyy = 10712,

The incremental SVD algorithm returns 33 singular values and corresponding sin-
gular vectors. Figure 5 shows the exact versus the incremental singular values. We see
excellent agreement for all singular values down to near the singular value tolerance (1071°).
The first four exact and incrementally computed right singular vectors are shown in Figure 6,

and the agreement is again excellent. Figure 7 shows the horizontal and vertical components

of the 1st, Sth, and 10th velocity POD modes.
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Figure 6. Example 2, Re = 100: Exact versus incremental right singular vectors
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Figure 8. Example 2, Re = 100: Errors between true and incremental POD modes

Figure 8 shows the weighted norm error between the exact and incrementally com-
puted velocity POD modes. The error behaves in a similar fashion to the POD mode error
in the first example (Figure 4). Again, the errors for the dominant POD modes are extremely
small, and the errors increase slowly and monotonically as the corresponding singular val-
ues approach zero. Furthermore, there are a large number of highly accurate POD modes.
Again, the incremental POD algorithm is very accurate for this problem.

We also tested the same problem with a smaller time step of 0.001 (instead of 0.01);
this gives 1001 solution snapshots. We also reduced the algorithm tolerance to tol = 1072,
Using the same the singular value tolerance tol, = 1072, the algorithm returned 97 singular
values and corresponding singular vectors. We again found that the incremental approach
gave accurate results (not shown).

Next, we return to the larger time step 0.01, but now use a fine mesh for the
finite element discretization. Each of the 101 flow velocity snapshots has a finite element
coefficient vector of length nearly 2 million (1978904). In this case, we did not store
the solution data or compute the exact SVD; we only performed the POD computations
incrementally. Also, we compared the incremental SVD to the incremental SVD computed

on the coarse finite element mesh (with the same time step). We found both incremental
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SVD computations gave similar singular values and singular vectors (not shown), as we
would expect from POD theory. Specifically, the finite element solution should converge to
the solution of the PDE as the mesh is refined; therefore, the POD eigenvalues and modes

must converge (see, e.g., [30, 11, 12].

7. CONCLUSION

We extended Brand’s incremental SVD algorithm [21] to treat data expanded in
basis functions from a Hilbert space. Many numerical methods for PDEs generate data
of this form. Specifically, we reformulated Brand’s matrix algorithm in a weighted norm
setting using functional analytic techniques. We proved that an idealized version of the
algorithm exactly updates the SVD when a new column is added to the data. We also
considered time varying data by incorporating the quadrature on the time integral into the
incremental approach.

We used the left singular vectors to compute the POD modes for the collected data.
Standard methods for computing the POD modes require storing the whole large dataset; in
contrast, using an incremental SVD algorithm only requires storing one snapshot of the data
at a time. Therefore, the incremental approach drastically reduces the memory requirement
for computing the POD of the data. Furthermore, the computational cost of the incremental
approach is also much lower than standard approaches. Moreover, by truncating small
singular values (and corresponding singular vectors) during the incremental update, we
reduce the computational cost of orthgonalizing the stored singular vectors.

We tested our approach on finite element simulation data with the L? inner product
for a 1D Burgers’ equation and a 2D Navier-Stokes equation. For the small-scale compu-
tational cases, we compared the incremental SVD results with the exact SVD and found
excellent agreement. We also found that the incremental algorithm worked very well using
a different inner product and also if we removed the average from the data (again with an

incremental approach without storing the data). We also tested the algorithm on a fine
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mesh for the Navier-Stokes problem with nearly 2 million velocity unknowns. We did
not consider an optimized or parallel implementation of the algorithm in this work; this
would be of interest to explore in the future. Although we showed the proposed algorithm
is exact in an idealized case, we did not perform an error analysis of the algorithm with
truncation in this work. In our numerical experiments, we found that the results were not
sensitive to the truncation tolerances, as long as the tolerances were chosen relatively small
(such as 1073 and smaller). An analysis may provide more insight into the accuracy of the
algorithm with truncation and the choices of the tolerances; we leave this to be explored
elsewhere. Although we showed the proposed algorithm is exact in an idealized case, we
did not perform an error analysis of the algorithm with truncation in this work. In our
numerical experiments, we found that we obtained very accurate results for many choices
of the truncation tolerances, as long as the tolerances were chosen relatively small (such as
1078 and smaller). An analysis may provide more insight into the accuracy of the algorithm

with truncation and the choices of the tolerances; we leave this for future work.

APPENDIX

1. POD IN A HILBERT SPACE AND THE MATRIX SVD WITH A WEIGHTED
NORM

Let X be a Hilbert space with inner product (-, -), and suppose {u; };zl C X. Define

the POD operator K : R® — X by

N

Kf=Yuifi f=Lfi s il (11)

J=1

The Hilbert adjoint operator K* : X — R satisfies (K f, x) = (f, K*x)gs for all f € R® and

x € X. It can be checked that

K*'x = [(x, uy), (x,u2), ..., (x, us)]T. (12)
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Since K has rank at most s, K is compact and has a singular value decomposition.
Let {0y, f;, x; } be the core singular values and singular vectors of K, i.e., the nonzero singular

values and corresponding singular vectors of K. Then

Kfl = 0;X;, (13)

K*x; = oy f;. (14)

In the proposition below, we consider the case where each u; is expressed in terms
of a finite set of basis functions. We show that the core singular values and singular vectors
of K can be computed by finding the core SVD of a coefficient matrix with respect to a

weighted inner product.

Proposition 4: Suppose {¢¢};"; C X are linearly independent, and assume u; € X is given
by

”j = ZUk,]¢k7 forj = 1,. ces S (15) u
k=1

Let the matrices M € R™ and U € R"™* have entries M, := (¢;, ¢x) and Uy, for
J,k=1,...,mandl =1,...,s. Then {0y, f;, c;} C RXR’ xR, are the core singular values
and singular vectors of U : R® — R if and only if {07, fi, x;} € R X R® x X are the core

singular values and singular vectors of K : R®* — X, where ¢; and x; are related by

X; = Z cix¢r foralli.
k=1

Proof: First, since {¢;};" | C X is a linearly independent set, we know M is symmetric

positive definite.
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Next, assume K f; = o;x; (13) is satisfied with o; > 0. Substitute in the expansion

for u; (15) and use the definition of K in (11) to obtain

N m

Z Z Ur,jfij®k = 0ixi, (16)

j=1 k=1

where f; ; denotes the jth entry of the vector f;. Therefore,

m s
1
5= )b == filly (17)
=1 j=1
Let ¢; € RYj; denote the vector with entries ¢;x. Then we have
Uf, = oic; foralli. (18)

Note the above argument is reversible, i.e., if we assume U f; = o¢; with o; > 0 as in (18),
then we obtain K f; = 0;x;, where x; is defined in (17).
Next, we proceed similarly with K*x; = o7 f; (14) and 0; > 0. Using the definition

of K* in (12), the expansion for u; in (18), and the expansion for x; in (17) gives

[(ciidr Uk16x)s - - - (i, Uk,s¢k)]T

M =

oifi =

I
D= 1=

T
[c.iMiiUsps .. ., cisMix U

M=

~
Il

—_

>~
Il

1

MU, ... MUy

1

=
= ('mu)",

1

where U; denotes the jth column of the matrix U. Since U* = U TM, we have

U'c; = o;f; foralli. (19)
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Again, this argument is reversible, i.e., U*¢; = o7 f; in (19) with o7 > 0 implies K*x; = 03 f;,
where x; is defined in (17).

Therefore, we have
Ufi = oici, U'ci=o0yf; foralli

if and only if

Kfi=0x, K'xi=o0;fi foralli.

Next, suppose {03, fi;, x;} € R X R® x X are the core singular values and singular
vectors of K : R® — X. To show {07, fi,c;} € RXR*® X R"A}I are the core singular values and
singular vectors of U : R® — R, where ¢; = O'i_lU fi» we only need to show {¢;} C RY, is
orthonormal. We show this as follows. Using ¢; = o-j‘lUfj, U'ci=0ifi (19),and { f;} C R®

is orthonormal gives

1
(ciscj)y = —(a Ufi)u
J
| -
= ;J(U Ci, fj)Rs
o
= ;;(fi’fj)Rs
_ Ty
O_J L 17

Therefore, {c;} C RY, is orthonormal.

Finally, suppose {c7, fi, c;} € RXR® xR}, are the core singular values and singular
vectors of U : R — R To show {o7, fi, xi} € R X R* X X are the core singular values
and singular vectors of K : R® — X, where x; is defined in (17), we only need to show

{x;} C X is orthonormal. This follows directly from {c;} C R, being an orthonormal set:

()Ci, )Cj) = CJTMC,' = (Sl'j.
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This completes the proof. ]

2. INCREMENTAL SVD AFTER REMOVING THE AVERAGE

Some authors apply POD on the data after removing the average of the data. Such a
computation has recently been performed incrementally in [19] by applying an algorithm for
the additive modification of an SVD [36]. A similar procedure can be done for time varying
data with a weighted norm (as considered in Section 5). We do not give the details of the
procedure here; however, we show how Brand’s algorithm for the additive modification of

the SVD [36] can be extended to the case of a weighted norm.

Theorem 2: Let M € R™ be symmetric positive definite, and let @ € R, and b € R”.
Suppose U : R" — RY, has core SVD given by U = VEWT, where VIMV = I for

V e R™k WIW = [ for W € R and ¥ € R***_ Define

m=V'a, p=a-Vm, p.=Iplu, (20)

n=W'b, d=b-Wn, dy=|d|gn, (21)

where V* = VI M and

S+mnl  dym
K =

panT Padp
If pa, d, > 0 and the standard core SVD of K € R¥*1>k+1 jg gjven by
K = VgZg Wy, (22)

then the core SVD of U + ab’ is given by

U+ab’ = V,ZxWY,
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where

Vi=[VrlVk, r=p;'p, Wu=[WqlWk, q=d;'d.

Proof: Rewrite U + ab! as

T 0
U+abl =VEIW! +ab’ =[Va] [Wb]”. (23)
0 1

Next, use the definitions in (20) and (21), respectively, to obtain

I V*a
[Val=[Vr] ,

0 pa

I WTp
[Whb]=[Wq] :

0 d

Substituting these results into (6) gives

T

- I m{|X O||I n -
U+ab" =[Vr] [Wq]
0 p.| |0 1[0 dp

Next, note
. vimv  vImr I 0
[Vr]"M[Vr]= =
(VTMr)T rTMr 01
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since VI MV = V*V = I by assumption,

VIMr = V*r =V*(a-Vm)/ps = (m - m)/p, =0,

and
2 2
gy < WPl _ el _
Pa plly,
Also, we have
; wiw  wlq 10
[Wql [Wq]= =
Wig)h 4q'q 0 1
since WI'W =1,
W'q =W'(b-Wn)/dy = (n-n)/dy =0,
and
2 2
T _ Iy, _ dll}, _
2 2
d, 4y,
Proposition 2 gives the result. ]
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II. ERROR ANALYSIS OF AN INCREMENTAL POD ALGORITHM FOR PDE
SIMULATION DATA
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Missouri University of Science and Technology

ABSTRACT

In our earlier work [1], we proposed an incremental SVD algorithm with respect to
a weighted inner product to compute the proper orthogonal decomposition (POD) of a set
of simulation data for a partial differential equation (PDE) without storing the data. In this
work, we perform an error analysis of the incremental SVD algorithm. We also modify the
algorithm to incrementally update both the SVD and an error bound when a new column
of data is added. We show the algorithm produces the exact SVD of an approximate data
matrix, and the operator norm error between the approximate and exact data matrices is
bounded above by the computed error bound. This error bound also allows us to bound the
error in the incrementally computed singular values and singular vectors. We illustrate our
analysis with numerical results for three simulation data sets from a 1D FitzHugh-Nagumo

PDE system with various choices of the algorithm truncation tolerances.

1. INTRODUCTION

Proper orthogonal decomposition (POD) is a method to find an optimal low order
basis to approximate a given set of data. The basis elements are called POD modes, and
they are often used to create low order models of high-dimensional systems of ordinary

differential equations or partial differential equations (PDEs) that can be simulated easily
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and even used for real-time applications. For more about the applications of POD in
engineering and applied sciences and POD model order reduction, see, e.g., [2, 3,4, 5, 6,
7,8,9,10, 11, 12, 13, 14, 15, 16, 17].

There is a close relationship between the singular value decomposition (SVD) of a
set of data and the POD eigenvalues and modes of the data. Due to applications involving
functional data and PDEs, many researchers discuss this relationship in weighted inner
product spaces and general Hilbert spaces [18, 19, 20, 21]. For the POD calculation, it is
important to determine an inner product that is appropriate for the application [22, 23, 24,
25, 7].

Since the size of data sets continues to increase in applications, many researchers
have proposed and developed more efficient algorithms for POD computations, the SVD,
and other related methods [26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36]. These algorithms have
been recently applied in conjunction with techniques such as POD model order reduction
and the dynamic mode decomposition, which often consider simulation data from a PDE
[37, 25, 38, 39, 40, 41, 42, 43, 44, 45].

In our earlier work [1], we proposed an incremental SVD algorithm for computing
POD eigenvalues and modes in a weighted inner product space. Specifically, we considered
Galerkin-type PDE simulation data, initialized the SVD on a small amount of the data,
and then used an incremental approach to approximately update the SVD with respect to a
weighted inner product as new data arrives. The algorithm involves minimal data storage;
the PDE simulation data does not need to be stored. The algorithm also involves truncation,
and therefore produces approximate POD eigenvalues and modes. We proved the SVD
update is exact without truncation.

In this paper, we study the effectiveness of the truncations and deduce error bounds
for the SVD approximation. To handle the computational challenge raised by large data sets,
we bound the error incrementally. Specifically, we extend the incremental SVD algorithm

for a weighted inner product in [1] to compute an error bound incrementally without storing
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the data set; see 2, Algorithm 7. We also perform an error analysis in 3 that clarifies the
effect of truncation at each step, and provides more insight into the accuracy of the algorithm
with truncation and the choices of the two tolerances. We prove the algorithm produces
the exact SVD of an approximate data set, and the operator norm error between the exact
and approximate data set is bounded above by the incrementally computed error bound.
This yields error bounds for the approximate POD eigenvalues and modes. To illustrate the
analysis, we present numerical results in 4 for a set of PDE simulation data using various

choices of the tolerances. Finally, we present conclusions in 5.

2. BACKGROUND AND ALGORITHM

We begin by setting notation, recalling background material, and discussing the
algorithm.

For a matrix A € R™", let A(,.q.s) denote the submatrix of A consisting of the
entries of A fromrows p,...,q and columnsr,...,s. Also, if p and g are omitted, then the
submatrix should consist of the entries from all rows. A similar convention applies for the
columns if r and s are omitted.

Let M € R™™ be symmetric positive definite, and let R}, denote the Hilbert
space R” with weighted inner product (x, y)y = y! Mx and corresponding norm || x|y =
(x"Mx)'/2. For a matrix P € R"™", we can consider P as a linear operator P : R” — RY,-

In this case, the operator norm of P is

1Pl £nrm) = ”Slnlp 1 Px|lm-
x||=1

We note that R” without a subscript should be understood to have the standard inner product
(x,y) = y'x and Euclidean norm ||x|| = (x"x)"/2. The Hilbert adjoint operator of the
matrix P : R" — R is the matrix P* : R}, — R" given by P* = PTM. We have

(Px,y)m = (x, P*y) for all x € R" and y € RY}.
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In our earlier work [1], we discussed how the proper orthogonal decomposition of
a set of PDE simulation data can be reformulated as the SVD of a matrix with respect to
a weighted inner product. We do not give the details of the reformulation here, but we do
briefly recall the SVD with respect to a weighted inner product since we use this concept

throughout this work.

Definition 2: A core SVD of amatrix P : R" — R, is a decomposition P = VIWT, where

V e R™k ¥ e RP*K and W € R™ satisfy

VvimMv =1, W'w=1 X =diag(o,...,ox)

where oy > 0 > --- > 03 > 0. The values {03} are called the (positive) singular values

of P and the columns of V and W are called the corresponding singular vectors of P. =

Since POD applications do not typically require the zero singular values, we do not consider
the full SVD of P : R" — R/ in this work. We do note that the SVD of P : R" — R, is
closely related to the eigenvalue decompositions of P*P and PP*. See [1, Section 2.1] for
more details.

Also, when we consider the SVD (or core SVD) of a matrix without weighted inner
products we refer to this as the standard SVD (or standard core SVD).

We consider approximately computing the SVD of a dataset U incrementally by
updating the core SVD when each new column ¢ of data is added to the data set. This
incremental procedure is performed without forming or storing the original data matrix.
Specifically, we focus on the incremental SVD algorithm with a weighted inner product

proposed in Algorithm 4 of [1]. The algorithm is based on the following fundamental
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identity: if U = VEWT is a core SVD, then

[Uc]=[VEWT ¢]
T
S Ve || w 0

=[V/J] :
0O p 0 1
where j = (¢ — VV*¢)/pand p = ||c — VV*¢||y [1]. The algorithm is a modified version
of Brand’s incremental SVD algorithm [26] to directly treat the weighted inner product.
Brand’s incremental SVD algorithm without a weighted inner product has been used for
POD computations in [42, 45], and our implementation strategy follows the algorithm in
[45].

Below, we consider a slight modification of the algorithm from [1]; specifically, we
update the algorithm to include a computable error bound e. We show in this work that the
algorithm produces the exact core SVD of a matrix U such that ||[U - U|| Lrsrmy < e, Where
U is the true data matrix. This error bound gives information about the approximation error
for the singular values and singular vectors; see 3.2 for details.

We take the first step in the incremental SVD algorithm by initializing the SVD and

the error bound with a single column ¢ # 0 as follows:
S=lclly=Uc"McD? v=cz!, W=1, e=0.

Here, the error bound e is set to zero since the initial SVD is exact. Also, as mentioned in
[1], even though M is positive definite it is possible for round off errors to cause ¢ Mc to
be very small and negative; we use the absolute value here and throughout the algorithm to

avoid this issue.
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Then we incrementally update the SVD and the error bound by applying Algorithm
7 when a new column is added. Most of the algorithm is taken directly from [1, Algorithm
4]; we refer to that work for a detailed discussion of the algorithm and details about the
implementation.

We note the following:

* The input is an existing SVD V, X, and W, a new column c, the weight matrix M, two

positive tolerances, and an error bound e.

* Lines 10, 15, 18, 21, and 26 are new, and are simple computations used to update the

error bound e.
* In the SVD update stage (lines 1-16), e, is the error due to p-truncation in line 3.

* In the singular value truncation stage (lines 17-22), ey, is the error due to the singular

value truncation in line 19.

* In the orthogonalization stage (lines 23-25), a modified Gram-Schmidt algorithm

with reorthogonalization is used; see Section 4.2 in [1].
* The output is the updated SVD and error bound.

* The columns of V are the M-orthonormal POD modes, and the squares of the singular

values are the POD eigenvalues.

* If only the POD eigenvalues and modes are required, then the computations involving
W can be skipped; however, W is needed if an approximate reconstruction of the

entire data set is desired.

* As new columns continue to be added, a user can monitor the computed error bound

and lower the tolerances if desired.
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Algorithm 7 Incremental SVD and error bound with weighted inner product

Input: V e R™* ¥ e ROk W e Rk ¢ e R™, M € R"™™ tol, tolgy, e

b

A

10:
11:
12:

13:

14:
15:
16:

17:
18:
19:
20:
21:
22:

23:
24
25:
26:
27:

% Prepare for SVD update

cd=VIMc, p=sqrt(|(c = Vd) M(c - Vd))|)

if (p < tol) then
X d

-5

else
o-|

end if

[ Vo, 2o, Wo | = svd(Q)

% SVD update

if (p <tol)or(k >m)then

> d
0 p

W 0
V= VVQ(I:k,l:k)’ L= ZQ(]:k,l:k)’ W= [O 1] WQ(:,I:k)
€p =p
else
Jj=(=Vd)/p
. w 0
V= [V]]VQ,ZZZQ,WZ [0 1] WQ
k=k+1
e, =0
end if

% Neglect small singular values: truncation
if (E(r,r) > tolgy) and (2(r+l,r+l) < tolgy) then

€sy = 2(r+l,r+1)

X = Z:(l:r,lzr)» V= V(:,l:r), W= W(:,l:r)
else

esy =0
end if

% Orthogonalize if necessary

if ( |V(:T’en oMVi.n| > min(tol, tol X m)) then
V = modifiedGSweighted(V, M)

end if

e=e+ep+eg

return V, X, W, e
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3. ERROR ANALYSIS

In this section, we perform an error analysis of Algorithm 7. We show the algorithm
produces the exact SVD of another matrix U, and bound the error between the matrices.

We assume all computations in the algorithm are performed in exact arithmetic.
Therefore, the Gram-Schmidt orthogonalization stage (in lines 23-25) is not considered
here. We note that in [1], we considered a Gram-Schmidt procedure with reorthogonal-
ization to minimize the effect of round-off errors; see, e.g., [46, 47, 48, 49]. We leave an
analysis of round-off errors in Algorithm 7 to be considered elsewhere.

We begin our analysis in 3.1 by analyzing the error due to each individual truncation

step in the algorithm. Then we provide error bounds for the algorithm in 3.2.

3.1. INDIVIDUAL TRUNCATION ERRORS
We begin our analysis of the incremental SVD algorithm by recalling a result from
[1]. This result shows that a single column incremental update to the SVD is exact without

truncation when p = ||c — VV*c||y > 0.

Theorem 3 (Theorem 4.1in [1]): Let U : R" — R™

", and suppose U = VEW' is an

exact core SVD of U, where VIMV =1 for V. e Rk WIW = I for W € R™, and

Y eRk Tetce R’} and define

. Ve
h=c-VV'c, p=|hlu, Q= ,
0 p

where V* = VI M. If p > 0 and a standard core SVD of Q € R¥*!*k+1 j5 given by

0 =VoIo W), (1)
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then a core SVD of [U ¢]: R™! — R is given by
[U c]=V,ZoW!,

where

Vo=[VjlVo, j=hlp, W,= Wo.

Next, we analyze the incremental SVD update in the case when the added column ¢

satisfies p = |[c — VV*¢||y = 0.

Lemmal: Let U = VIW?, ¢, h, p, and Q be given as in 3, and assume p = ||c —
VV*c|ly = 0. If the full standard SVD of Q € R¥ XK+ is given by Q = VpZoWI, where

Vo, 20, Wg € RE+HIXk+HL then

Vo 0 200010 0
Vo = O(1:k,1:k) , X0 = Quzk . ZQ(lzk,lrk>>0’

0 1 0

and a standard core SVD of R = Q(1.x.1.4+1) = [Z V*c] € RP¥*+ is given by

T
R = VQ(]:k,l:k)zQ(lzk,]:k)(WQ(:,l:k)) .
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Proof: Let 0p, > 09, > -+ 2 0@,,, = 0 be the singular values of Q so that Xy =
diag(cog,, ..., 0g,,,)- Also, let {vg,} and {wg,} be the corresponding orthonormal singular

vectors in R¥*! so that

Vo =1Ivo,-- -, VQ(k+l)]’ Wo = [wg,, ..., WQ(k+l)]’

with V) Vo = I and W W = I.

First, we show Q has exactly one zero singular value. Since we know

QTVQj = O'QjWQJ., (2)
QWQj =09;VQ; (3)
for j = 1,...,k + 1, the number of zero singular values of Q is precisely equal to the
dimension of the nullspace of or. Suppose v = [vy,..., vk+1]T e R¥*1 qatisfies oTv =0.

Recall £ = diag(oq,0%,...,0%) > 0, and let d = V*c = [dy,...,d;]". Then QTv = 0

implies
oV 0
oVo 0
TV 0
_dlvl +dovy + ...+ dkvk_ _0_
Since oy > -+ > o} > 0, we have v; = O for j = 1,...,k. This implies the nullspace
of QT is exactly the span of ;41 = [0,...,0, 1]T € R¥*! Therefore, the nullspace is one

dimensional and Q has exactly one zero singular value, i.e., og,,, = 0 and o, > 09, >

.2 0, > 0.
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Next, Qwg, = ojvg, for j = 1,..., k gives

Tiwg;, + diwg; ., Tjve;,
oowg;, + dszj,kH 0jVQ;»
el =
TEWQ,, + AW 4., TV,
0 ] | TjV0; k41 |

The last equation gives VO = Osinceo; > Ofor j = 1,..., k. Therefore, for j = 1,..., k,

T
ij = [ij,l’ ij,Z’ ey ij,k’ 0] .

and
Vo, =10,0,...,0,1] .
This implies
Vousaw 0
VQ _ O(1:k,1:k) ’
0 1

and so the SVD decomposition of Q is given by

0 = VQ(I:k.l:k) 0 ZQ(I:k.l:k) 0 Wé
0 1 0 0
This gives R = O(1:.k,1:k+1) = VQiQWg, where VQ = Vousrw iQ = 201140 and
Wo = W 0- It can be checked that VIV = I and W)Wo = I since V) Vo = I and

WgWQ = I. Therefore, a standard core SVD of R € R¥**! is given by R = VQiQWé :

The following result is nearly identical to Proposition 2.3 in [1]; the proof is also

almost identical and is omitted.
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Lemma 2 (Proposition 2.3 in [1]): Suppose V, € Rk has M-orthonormal columns and
W, € R™! has orthonormal columns. If R € R* has standard core SVD R = VRZRng

and P : R" — R is defined by P = VRW?, then
P=VE,W, V,=VVp Z,=3%p W,=WWg, 4)

is a core SVD of P. [}

Next, we complete the analysis of the p = 0 case:

Proposition 5: Let U = VEWT, ¢, h, p, and Q be given as in 3, and assume p = ||c —
VV*c|ly = 0. If the full standard SVD of Q € R¥ XK+ is given by Q = VpZoW1, where

Vo, 2o, Wo € RFPAH then a core SVD of [U ¢] : R™! — R% is given by
(U c]=VZW,

where

V, = VVQ(l:k,l:k)’ Xy = ZQ(l;k,l;k), W, = | WQ(:,l:k)'

Proof: Since p = 0, we have ¢ = VV*¢ and therefore

W 0
[U c]=[VZWT VV*C]=V[Z V*c]
0 1

The result follows from Lemma 1 and Lemma 2 by taking P = [U c]and R=[X V*c].m

Truncation part 1. Next, we analyze the incremental SVD update in the case when
the added column c satisfies p = |[c — VV*¢||y < tol. In this case, Algorithm 7 does not
compute the SVD of [ U ¢ ]. Instead, Algorithm 7 sets p = 0 and returns the exact SVD of

U =[U VV*c]. The approximation error in the operator norm is given in the next result.
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Proposition 6: Let U : R" — R

> and suppose U = VEWT is a core SVD of U. If

c e Ry, p=llc—VV*c|y,and

U=[UVV*],
then
ILU ¢1=Ull @i rr) = -
Proof: For x = [x1,..., x,41]" € R™!, we have
ILU ¢]1=Ullggmign) = | lHIP [0 (c=VV*e)lxl,,
x||=1
= sup [lc = VV¥cllm [Xns1l
[lx]|=1
= ”C - VV*C”M’
where the sup is clearly attained by x = [0,...,0,1]" € R™!, =

Truncation part 2. In Algorithm 7, after the SVD update due to an added column
the algorithm truncates any singular values that are smaller than a given tolerance, toly.
For the matrix case with unweighted inner products, the operator norm error caused by this
truncation is well-known to equal the first neglected singular value. This result is also true
for a compact linear operator mapping between two Hilbert spaces; see, e.g., [5S0, Chapters
VI-VIII], [51, Chapter 30], and [52, Sections VI.5-V1.6] for more information about the

SVD for compact operators. This gives the following result:

Proposition 7: Let U : R" — R, and suppose U = VEWT is a core SVD of U. For a

given r > 0, let U be the rank r truncated SVD of U, i.e.,
U = V(:,l:r)z(l:r,lzr)(W(:,I:r))T-

Then

1U = Ullg@nzm) = Zrs1r+1)-
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3.2. ERROR BOUNDS

Next, we fully explain the computed error bound in Algorithm 7. In a typical
application of the algorithm, many new columns of data are added and the POD is updated
many times. In the following result, we assume we are at the kth step of this procedure and
we have an existing error bound. We prove that Algorithm 7 produces a correct update of
the error bound.

More specifically, let k € N, let Uy, U : RF - RY;, and assume
_ T Ao T
Ur = ViZyW,, U =ViZiW,

are core SVDs of U and U. Let ¢; € RY, and define Uiy := [Ug ck] : Rk+1 R -
Furthermore, let Uy, : R — R7, be the result of one step of the incremental SVD
update applied to Uy so that

7 (7 $ 5T
U1 = Vk+12k+1Wk+1-

Therefore, we consider the sequence {Uy} to be the exact data matrices, and the sequence
{Uy} to be the result produced (in exact arithmetic) by Algorithm 7.

In exact arithmetic, there are two stages to Algorithm 7. The first stage is the SVD
update in lines 1-16. This stage of the algorithm takes U; and the added column ¢ and
produces the update Ui.1. There are two possible results for Ui depending on the value
of p in line 1. The second stage is the singular value truncation applied to Ui, (lines
17-22), which produces the final update Uy,;. Again, there are two possible results for
Ups1, depending on the singular values of Urie1. We analyze the error bound for each
possible outcome of the algorithm in the result below.

Let the positive tolerances tol and tolg, be fixed. Below, we let p; denote the value
p in line 1 of Algorithm 7. We say that p truncation is applied if p;y < tol. We say the

singular value truncation is applied if any of the singular values of Uy are less than tolg,.
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In this case, we find a value r so that the first r largest singular values of Uiy are greater
than tolgy, while the remaining singular values are less than or equal to tolg,. We let 641

denote the largest singular value of Up+1 such that &4 < tolg,.

Theorem 4: If

Uk = Ukl ey < es pic = llex = ViV cillm,

then
1Uks1 = Ukl g ) < exes

where
€ks if no truncation is applied,
ex + Pk if only p truncation is applied,

€k+1 = 9

e+ 0ril, if only the singular value truncation is applied,
ex + pr + 0r4+1, if both truncations are applied.

Proof: Stage 1 of Algorithm 7 (lines 1-16) takes Uy and produces Uy, . If p; > tol, then

3 gives that the core SVD is updated exactly, i.e.,
Uis1 = [ Uk i ] if px > tol.
Otherwise, if px < tol, then Proposition 6 implies
Uisr = [Ux VV*¢r ] if pr < tol,
and the error is given by

IOk e 1= Ussr | cest gy = P
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Stage 2 of Algorithm 7 (lines 17-22) takes Ui, and produces Uy,;. If all of the
singular values of U x+1 are greater than tolg,, then U w+1 = Ups1 and there is no error in this
stage. Otherwise, let &, denote the largest singular value of U1 such that &, < tolg,.
In this case, Uy, is simply the rth order truncated SVD of Up+1, and the error is given by
7

||(~]k+1 - Uk“”L(Rk“,R"A},) = 0pyl-

Below, for ease of notation, let || - || denote the £ (RF+!, R,) operator norm. The

error between Uy, and Uy in the operator norm can be bounded as follows:
1Uks1 = Ot | < WUkt =[Ok e W+ 11 Tk ek ] = Ot Il + 10xs1 = Uran .

As noted above, the second error term is either zero if p truncation is not applied or py
otherwise. Also, the third error term is either zero if the singular values truncation is not

applied or G4 otherwise. For the first term, we have

|Uke1 = [Uk ek 1l = N[ Uk e 1= [0k e 1l
= |(Ux - Uy) 0|

= ”SllTl_)l ||[(Uk - Uk) O]XHM

< WUk = Ukll peigen) < e

This completes the proof. ]

The result above explains the update of the error bound in one step of Algorithm
7. Now we assume the SVD is initialized exactly when k = 1, and then the algorithm is

applied for a sequence of added columns {c;} C Ry, fork=2,...,s.
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Corollary 1: Let tol and tolg, be fixed positive constants, and let {c;} c R”, for k =
1,...,s, be the columns of a matrix U. For k = 1, assume the SVD U; = 15‘.1W1T
and error bound e; = 0 are initialized exactly as described in 2. For k = 1,...,s — 1,
let Uke1 = Vi1Zea W], and ey be the output of Algorithm 7 applied to the input
Ui = ViZi WZ and ey. If T), represents the total number of times p truncation is applied and

T,y represents the total number of times the singular value truncation is applied, then

1U = ViZWsll psrm) < Tptol + Tyytoly.

Proof: The proof follows immediately from the previous result, using p; < tol and 641 <

tolgy. [}

The error bound in the result above is not as precise as the error bound computed using
Algorithm 7 since the tolerances are only upper bounds on the errors in each step. However,
this result does provide some insight into the choice of the tolerances for the algorithm.
Specifically, in general there is no reason to expect one of 7), or Ty to be significantly larger
than the other; therefore, it seems reasonable to choose equal values for the tolerances.
Furthermore, for a very large number of added columns, it is possible that 7}, and T, can
be large; therefore, small tolerances should be chosen to preserve accuracy.

Algorithm 7 computes an upper bound on the operator norm error between the exact
data matrix U and the approximate truncated SVD U = VEW? of the data matrix. (The
above corollary also provides another upper bound on the error.) This error bound allows us
to bound the error in the incrementally computed singular values and singular vectors. Let

{0% Vi, Wi }k>1 and {G, Uk, Wi }x>1 denote the ordered singular values and corresponding
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orthonormal singular vectors of U, U : R® — R, in the result below. The following result
follows directly from general results about error bounds for singular values and singular

vectors of compact linear operators in 6.

Theorem 5: Let k > 1, and let & > 0 such that ||U — U ggsrm) < &. Then
oy —d¢| <e forall £ > 1.

Also, for j = 1,..., k, define

-1 (0 —2¢;)* - o?
J J
gj=je+2 E (e,-+0',-El.1/2), E;=2|1- R AL
i=1 0'] —O'j+1

If the first k + 1 singular values of U are distinct and positive, the singular vector pairs
{Vj, w; }_;{:1 are suitably normalized, and
Oj — 0j+1

g <~ forj=1...k,

then

v =5l < E}2 lwy = will < B} + 207 'e;, forj=1,....k. 5) m
This result indicates we should expect accurate approximate singular values and also accu-
rate approximate singular vectors if & is small and there is not a small gap in the singular
values. We note that POD singular values often decay to zero quickly, and therefore we
expect to see lower accuracy in the computed POD modes for smaller singular values due
to the small gap. The examples in our first work [1] and the new examples below show both

of these expected behaviors for the errors in the approximate singular vectors.
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4. NUMERICAL RESULTS
We consider the 1D FitzHugh-Nagumo system

ov(t, x) *v(t,x) 1
o HMae "

ow(t, x)
ot

1
G0+ —f)+<, 0<x<l,
r r

=bv(t,x)—yw(t,x)+c, 0<x<l,

where f(v) = v(v — 0.1)(1 —v), u = 0.015, b = 0.5, vy = 2, ¢ = 0.05, the boundary
conditions are v,(z,0) = —5000023¢=">, v,(r,1) = 0, and the initial conditions are zero.
This example problem was considered in [53], and we used the interpolated coeflicient finite
element method from that work to discretize the problem in space. For the finite element
method we used continuous piecewise linear basis functions with equally spaced nodes,
and we used Matlab’s ode23s to approximate the solution of the resulting nonlinear ODE
system on different time intervals.

For the POD computations, we consider the data z(f, x) = [v(z, x), w(z, x)] in the
Hilbert space L%(0, 1) x L*(0, 1) with standard inner product. Now we follow the procedure
in our first work [1] to arrive at the weighted SVD problem. At each time step, we rescale
the approximate solution data by the square root of the time step; see [1, Section 5.1]. We
expand the approximate solution in the finite element basis to obtain the weight matrix M
as in [1, Section 5.2]. To compute the POD of the approximate solution data, we compute
the SVD of the finite element solution coefficient matrix U : R* — RY,, where s is the
number of time steps (snapshots) and m is two times the number of finite element nodes.

To illustrate our analysis of the incremental SVD algorithm, we consider three

examples:
Example 1 5000 finite element nodes and s = 491 snapshots in the time interval [0, 10]
Example 2 10000 finite element nodes and s = 710 snapshots in the time interval [0, 15]

Example 3 50000 finite element nodes and s = 1275 snapshots in the time interval [0, 28]
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We consider relatively small values of m = 2 X nodes and s in order to test the incremental
algorithm against exact SVD computations.

Let U denote the finite element solution coefficient matrix, and let U = VEWT
denote the incrementally computed approximate SVD of U : R* — R), produced by

Algorithm 7. For each example, we choose various tolerances and compute:

Rank = rank(U), Exact error = |U - U|| LERSRT)s

Incr. error bound = e computed by Algorithm 7 at the final snapshot.

The exact SVD of U : R* — R and the exact error are both computed using a Cholesky
factorization of the weight matrix M following Algorithm 1 in [1]. The exact computations
are for testing only since they require storing all of the data.

Tables 1-3 display the computed quantities listed above for the three exampleswith
various choices of the p truncation tolerance, tol, and the singular value truncation
tolerance, toly,. We set each tolerance to 1078, 10719, or 1072, for a total of nine tests for
each example. In all of the tests, the incrementally computed error bound is larger than the
exact error and the error bound is small. Also, the tests indicate that there is no benefit from
choosing one tolerance different than the other.

Figure 1 shows the exact and incrementally computed POD singular values and also
the weighted norm error between the exact and incrementally computed POD modes with
tol and toly, both equal to 10~!2. The errors for the POD modes corresponding to the
largest singular values are extremely small (approximately 107'2). The errors in the POD
modes increase slowly as the corresponding singular values approach zero. There are many
accurate POD modes; the first 30 modes are computed to an accuracy level of at least 107>,

The POD singular value and mode errors behaved similarly for other cases.



Table 1. Example 1 — error between true and incremental SVD

tol toly, Rank Exacterror Incr. error bound
108 108 36  3.6924¢ —07  2.8029¢ — 06
108 10710 66  3.1932¢ - 07  1.1826e — 06
1078 10712 61 8.5938¢ —07  9.0495¢ — 07
10719 107 30  3.9090¢ —08  1.4908¢ — 06
10719 10710 44 4.4893¢-10  2.7417¢ - 08
10710 10712 71  3.9349¢-10  8.9680e — 09
1072 1078 30  3.9090¢ — 08  1.4908e — 06
10712 10710 41  4.5256¢ - 10  1.5511e —08
10712 10712 55  4.4334¢-12  2.8596¢ — 10

Table 2. Example 2 — error between true and incremental SVD

tol toly, Rank Exacterror Incr. error bound
108 108 35 3.0859¢-07  3.6931e — 06
108 10710 66 1.3881e—-07  1.1429¢ — 06
1078 10712 64 3.4657¢-07  1.5321e—-06
10719 1078 31 4.1497¢-08  1.7368¢ — 06
10710 10710 45 53142¢-10  3.6491e — 08
10719 10712 74 7.7348¢ —10  1.1523¢ - 08
1072 1078 30 4.1497¢-08  1.7368¢ — 06
1072 10710 41  4.6086¢ —10  1.8671e — 08
10712 10712 59  4.8658¢—12  3.4880¢ — 10

Table 3. Example 3 — error between true and incremental SVD

tol tolgy, Rank  Exacterror Incr. error bound
108 10 38 6.5705¢-08  4.3271e - 06
1078 10710 72 6.8271e-07  1.1523¢ - 06
108 10712 67 3.6916e —07  2.3847¢ — 06
10710 108 31 4.7018¢ -08  2.2388¢ — 06
10719 10710 49  4.8302¢ —10  4.3655¢ — 08
10719 10712 78  2.4473¢-08  2.6825¢ - 08
10712 108 31  4.7018¢ - 08  2.2388¢ — 06
10712 10710 41 4.9660¢ — 10 2.5022¢ — 08
1072 10712 60 6.3200e — 12 5.7438¢ — 10
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Figure 1. Example 3 — exact versus incremental POD computations with tol = tolg, = 10712

5. CONCLUSION

In our earlier work [1], we proposed computing the SVD with respect to a weighted
inner product incrementally to obtain the POD eigenvalues and modes of a set of PDE
simulation data. In this work, we extended the algorithm to update the SVD and an error
bound incrementally when a new column is added. We also performed an error analysis
of this algorithm by analyzing the error due to each individual truncation. We showed
that the algorithm produces the exact SVD of a matrix U such that ||[U - U|| LEsRm) <€,
where U is the true data matrix, M is the weight matrix, and e is computed error bound.
We also proved error bounds for the incrementally computed singular values and singular
vectors. We tested our approach on three example data sets from a 1D FitzHugh-Nagumo
PDE system with various choices of the two truncation tolerances. In all of the tests, the
incrementally computed error bound was larger than the exact error and the error bound
was small. Furthermore, the approximate singular values and dominant singular vectors
were accurate. Also, our analysis and the numerical tests suggest that there is no benefit

from choosing one algorithm tolerance different than the other.
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APPENDIX

Let X and Y be two separable Hilbert spaces, with inner products (-, -)x and (-, -)y and
corresponding norms || - ||x and || - ||y. Below, we drop the subscripts on the inner products
and the norms since the space will be clear from the context. Assume H,H, : X — Y
are compact linear operators. In this section, we prove bounds on the error between the
singular vectors of H and H, assuming the singular values are distinct. Our results rely on
techniques from [54, 55].

Let {0, vi, wi tis1 and {0, Vi, Wy }k>1 be the ordered singular values and corre-

sponding orthonormal singular vectors of H and H,. They satisfy

Hvi = oywy,  H'wi = oyvi,  Hpvi = ofwy, Howy = op vy, (©)

where the star denotes the Hilbert adjoint operator. Also, if o > 0, then a,f is the kth
ordered eigenvalue of the self-adjoint nonnegative compact operators HH* and H*H. First,
we recall a well-known bound on the singular values; see, e.g., [56, page 30] and [50, page

99].

Proposition 8: Let & > 0 such that ||H — H,||z(xy) < &. Then for all k > 1 we have

o —ogl <e. 7 =

In the results below, we require the singular vectors {v{, w{ } are suitably normalized.
We note that any pair {v{, wi} of singular vectors for a fixed value of k can be rescaled by
a constant of unit magnitude and remain a pair of singular vectors. However, due to the
relationship 6, we note that both vectors in the pair must be rescaled by the same constant.

The proof of the following result is largely contained in [54, Appendix 2], but we

include the proof here to be complete.
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Lemma 3: Lete > Osuch that [|[H — He||gxy) < €. If oy > 02 > 0, v{ and w{ are suitably

normalized, and

g1 — 072
ST, (8)
then
o —2¢&)? — o2
=l < B =il < B2 v 2070, By =2(1-y| D2 %
ol -0
1 2
9 =

Remark 2: The larger error bound for [|[w; — w{|| is due to the way we assume the singular
vectors are normalized in the proof. It is possible to use a different normalization and make
the error bound larger for ||v; — v{|| instead. We comment on the normalization in the

proof. [

Proof: Define V| = span{v;} C X. We have X = V| & VlL, and therefore v{ = revy + x;

for some constant 7, and x, € X satisfies (xg, v{) = 0. This gives ||x,||*> = 1 — |r;|> and also

|re| < 1. Then

v = Vi1 = v = revi — x|
=1 = rsPIvil® + 1
=2(1 — Re(ry)). (10)
Note [lofwi|| = ||Hev{ || implies

oy = |[Hevi + Hvi — Hv{||
< |Hvi|l + [1H — He|llIvTl
< |[H(rgvi + x)|l +

= ||reoiwi + Hx.|| + €.



73

To estimate this norm, we use (Hx,, wi) = (xz, H*w1) = 01(xg, v1) = 0 and also

H*Hx,, H*Hx,
I

1H x| =
: [EAlS vt azo NIXI1P

2_ 2 2
Ixell” = o5 llxe I,
where we used the variational characterization of the second eigenvalue 0'22 of the self-

adjoint compact nonnegative operator H*H. These results give

lreoriwy + Hx8||2 = |r.9|20-12 + ”[_Ixs”2

< |rel*of + o3 |lxe|I?
= (0'12 - (722)|119|2 + 022.

Next, the assumption 8 for & gives € < (0 — 02)/2 < 07/2, and therefore o — 2¢ > 0.

Also, 7 gives —¢ < 0 ¥ — oy, 0r 0] —& > 0 —2¢& > 0. This gives (o] — €)? > (o —2¢)?,

and therefore

(o] - £)? — 022 . (o1 —2¢)? — 0'22

) = )
1792 0y — 0,

re|* >
g

Note that the assumption 8 for € guarantees that we can take a square root of this estimate.

If v‘f is normalized so that r, is a nonnegative real number, then 10, 1 — Re(r;) =
1 — |re|, and the above inequality give the desired estimate 9 for ||v; — v{]|. If r. is not a
nonnegative real number, then rescale the singular vector pair {v{, w{} by 7¢/|r¢| to obtain
the proper normalization and the bound 9 for |lv; —v ¢J|.

For w; and w{, it does not appear that we can use a similar proof strategy since
we have already rescaled the singular vector pair {v{,w{}. Specifically, we can obtain
wi = sgW1 + ye, but it is not clear that s, will be a nonnegative real number and we are

unable to rescale again. Therefore, we use [|H|| = o1, ||H — He|| < &, and |0 —0]| < e to
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directly estimate:
lwi = will = lloy ' Hvy = (o) Hovf|
< |loy Hvy — o7 VHYE || + (o P HYE — o7V HE ||+ (o P HevE — (0F) T HevE |
< |lvi =vill + 0'1_18 + |0'i90'1'1 -1
< vi = el + 207 e
In the result below, note that £; = € and E| is defined as in 9 in Lemma 3 above.

Theorem 6: Let k > 1, and let & > O such that ||H — H,||gxy) < & Forj =1,...,k,

define
j-1 (0j —2¢;)? — 0?
j
Ej :j8+2Z(8i+0-iEil/2)a Ej:2 1- 5 ’ 5 J+
i=1 i T

If the first k + 1 singular values of H are distinct and positive, the singular vector pairs

{vj‘i w? }5.‘:1 are suitably normalized, and

then

1/2 1/2 — .
vy =vEl < B2 llwy —wéll < B2+ 207 ey, forj=1,....k. (1) =m

Proof: The proof is by induction. First, the result is true for k = 1 by Lemma 3. Next,
assume the result is true for all j = 1,...,k — 1. Define compact linear operators for
j=2,...,kby

j-1 j-1

H'x = Hx - Z oi(x,vi)w;, Hlx = H.x - Z ot (x, v )ws,
i=1 i=1
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for all x € X. Then the ordered singular values and corresponding singular vectors of H/
and Hé arc {O’l’, Vi, Wi}izj and {0'1.8, Vlfg, Wf},‘zj.

Note that

k-1
1H x = HE x|l < N(H = Hoxll + ) ot (e vEwe = o, viwi
i=1
k—1
< ellxll + 1 ) (Iof = ol + oillv = vill + ollwg = will).
i=1

Then since the result 4 is true forall j = 1,...,k — 1, we have |H* - H§|| < g, where

1

k-1
s =&+ Z (3 + O'iEl.l/2 + 05 (E.l/2 + 20'i_18l'))
i=1

k-1

—ke+2 ) (si + aiEil/Z) .
i=1

Applying Lemma 3 to H* and H* with || H* — H¥|| < &, completes the proof. |
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SECTION

2. CONCLUDING REMARKS AND FUTURE WORK

2.1. CONCLUDING REMARKS

We extended Brand’s incremental SVD algorithm [27] to treat data expanded in
basis functions from a Hilbert space. Many numerical methods for PDEs generate data
of this form. Specifically, we reformulated Brand’s matrix algorithm in a weighted norm
setting to obtain the POD computations for a set of PDE simulation data. In this work, we
extended Brand’s algorithm to update the SVD and an error bound incrementally when a
new column is added. We also considered time varying data by incorporating quadrature
on the time integral into the incremental approach. Standard methods for computing the
POD modes require storing the whole large dataset; in contrast, using an incremental
SVD algorithm only requires storing one snapshot of the data at a time. Therefore, the
incremental approach drastically reduces the memory requirement for computing the POD
and error bound of the data. Furthermore, the computational cost of the incremental
approach is also much lower than standard approaches. Moreover, by truncating small
singular values (and corresponding singular vectors) during the incremental update, we
reduce the computational cost of orthgonalizing the stored singular vectors. We also
performed an error analysis of this algorithm by analyzing the effect of truncation at each
step, and provided more insight into the accuracy of the algorithm with truncation and the
choices of the two tolerances. We showed that the algorithm produces the exact SVD of a

matrix U such that |U — U|| £wrspm) < e, where U is the true data matrix, M is the weight

M

matrix, and e is computed error bound. This error bound allows us to find error bounds for

the incrementally computed singular values and singular vectors. We tested our approach
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on finite element simulation data with the L 2inner product for a 1D Burgers’ equation, a
1D FitzHugh-Nagumo PDE system, and a 2D Navier-Stokes equation with various choices
of the two truncation tolerances. For the small-scale computational cases, we compared the
incremental SVD results with the exact SVD and found excellent agreement. For the 1D
FitzHugh-Nagumo PDE, we found that the incrementally computed error bound was larger
than the exact error and the error bound was small. Furthermore, the approximate singular
values and dominant singular vectors were accurate. Also, our analysis and the numerical
tests suggest that there is no benefit from choosing one algorithm tolerance different than
the other. We also found that the incremental algorithm worked very well using a different

inner product and also if we removed the average from the data.

2.2. FUTURE RESEARCH IDEAS

* In the first paper, we approximated the continuous time POD using a Riemann
sum approximation for the integral. It would be interesting to develop and analyze
incremental POD algorithms using more accurate approximations to the integral, such

as the trapezoid rule.

* In the second paper, we analyzed the incremental SVD algorithm assuming all arith-

metic is exact. Future work could include a rounding error analysis of the algorithm.

* As mentioned in the introduction to the second paper, there are other existing incre-
mental SVD algorithms. It would be interesting to extend some of these algorithms
to the weighted inner product case, perform an error analysis of the resulting algo-
rithms, and thoroughly compare these new algorithms to the incremental algorithm

developed in our work.
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