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ABSTRACT

Let f be a Lipschitz function on the special unitary group SU(2). We prove that
the Fourier partial sums of f converge to f uniformly on SU(2), thereby extending
theorems of Caccioppoli, Mayer, and a special case of Ragozin. Pointwise convergence
theorems for the Fourier series of functions on SU(2), due to Liu and Qian, were
obtained by Clifford algebra techniques. We obtain similar versions of these theorems

using simpler proof techniques: classical harmonic analysis and group theory.
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1 INTRODUCTION

In this section we give a brief history of pointwise and uniform convergence of
Fourier series on SU(2) and spheres and show how the results of this thesis fit into
the previous body of knowledge. There are two reasons to restrict our attention to
SU(2). First, SU(2) is the most elementary compact, connected, simply connected,
simple, nonabelian matrix Lie group. Second, there are many open questions regard-
ing convergence theory for Fourier series in SU(2), some of which will be examined
in section 4. Consequently, more general settings such as SU(N), or a compact,

connected, nonabelian group G, are not considered in this thesis.

The classical Fourier series of a Lebesgue-integrable complex function f on the

group T = [—m, ), with addition modulo 27, is

> f)e™

where
fo) = 51 [ Ha)e
n)=— x)e x
27
T
for n = 0,41,+£2,.... This thesis will explore some features of the analogous repre-

sentation for functions on the compact group SU(2) of complex 2 X 2 unitary matrices
with determinant one.

The natural replacements on SU(2) for the exponential functions e,(z) = ™
(n = 0,4£1,£2,....) are the continuous irreducible unitary representations 7" :
SU12) = U(Hy) (m =0,1,2,....) of the elements of SU(2) as unitary operators
on an (m + 1)—dimensional Hilbert space H,,. Whereas the exponential functions on

T satisfy the identity e,(z + y) = e,(z)e,(y), the representations of SU(2) satisfy

7" (xy) = 7™ (x)r™(y) for all matrices z and y in SU(2). That is, each 7™ is a



(continuous) homomorphism from the group SU(2) into the group U(H,,) of unitary

operators on H,,.

If f is a complex function on SU(2), integrable with respect to normalized Haar

measure u(dx) on SU(2), then the mth Fourier coefficient of f is the operator
/f \uldr) (m=0,1,2,....)
acting on the space H,,, and the Nth partial sum of the Fourier series of f is
N
S f(z Zm—i—ltr( )nm(x)) (N=0,1,2,...;2 € SU(2)).
m=0

Note two new features for the Fourier partial sums of a complex function f on
the non-abelian group SU(2) which did not appear on the abelian group T : (1) the
trace of the mth operator function f(7™)x™(z) is used in order to obtain a complex
function; (2) the dimension dim(7™) = m + 1 of the mth representation appears as
a factor on the mth term in the Fourier partial sum. The necessity of these features
for accurately representing functions on SU(2) is emphasized by the following special

case of a general 1927 theorem due to F. Peter and H. Weyl.
Theorem: [F], pp.108-110. If f € L*(SU(2)) then ||Sxf — fll2 = 0 as N — oo.

This theorem implies mean convergence of the Fourier series of f on SU(2) to
f. We now ask what smoothness assumptions on f guarantee pointwise, uniform,
and absolute convergence of its Fourier series to f. Recall a theorem of Dirichlet and
Jordan which says that if f is a continuous function of bounded variation on T then
the Fourier series of f converges uniformly to f on T(|Z], p. 57). It follows that
if f is continuously differentiable on T, i.e. f € C'(T), then the Fourier series of
f converges to f uniformly. For smooth functions on SU(2) we have the following

theorems.



Theorem: |[F|, p.168. Let x € SU(2) and f € C*(SU(2)). Then

= (m+ Dr(f(x™)x" (x)),

and the series converges uniformly and absolutely.

Theorem: [Mal]. Let f € C'(SU(2)). Then for all z € SU(2),

(0.9]

fla) =Y (m+ Der(f(x™)a" (@),

m=0

and the series converges uniformly. There exists a function in C'(SU(2)) whose

Fourier series does not converge absolutely.

A matrix z belongs to SU(2) if and only if there exist complex numbers x; and

119 satisfying |z11]? + |212/> = 1 such that

Therefore

d(z,y) = \/|$11 —y11|? + |T12 — Y12/

defines a natural Euclidean metric on SU(2) and hence shows SU(2) is isometrically

homeomorphic to the unit sphere

={§€R4: €] =1}

in R*. Consequently, the uniform convergence portion of Mayer’s theorem above was
actually obtained in 1932 by Caccioppoli in [Ca| using classical harmonic analysis
techniques on the unit sphere S3. In fact, in this same paper, Caccioppoli showed

that the Fourier series of any function in Lip,; (S*) converges pointwise to the function



on S3. Let us pause to contrast these theorems on SU(2) with absolute convergence

or uniform convergence results for smooth functions on T.

Theorem: [Z], p.240. (Bernstein) If f € Lip,(T) for some a > %, then Sy f — f

absolutely as N — oo.

This theorem is sharp; i.e. there exists [ € Lip%(T) for which Sy f does not
converge absolutely to f as N — oo. However we do have the following uniform

convergence result.

Theorem: |Z], p.63. If f € Lip,(T) for some « € (0, 1], then Sy f — f uniformly

as N — oo.

Comparing these two theorems with Mayer’s C! counterexample on SU(2) sug-
gests that a function on SU(2) must satisfy more stringent smoothness requirements
in order to be guaranteed absolute convergence of its Fourier series. To make this

precise, we introduce the following notion.

Definition: [AH|, p.68. Let k be a non-negative integer, and v € [0, 1]. The space
Ck7(S471) consists of functions on S~ that are k times continuously differentiable
and such that the kth order partial derivatives are Holder continuous, of exponent ~.

Recalling the homeomorphism between SU(2) and S®, we see that if o € (1,2],
then Lip, (SU(2)) = C17(S3) for 1+ = a. The following result in Pini’s 1985 paper
improves on the C?(SU(2)) absolute convergence theorem that appears in Faraut’s

book.

Theorem: [P| Let f € Lip,(SU(2)) for some o > 2. Then for all z € SU(2),

Z m + Dtr(f(7™)7n™(z))

and the series converges absolutely. There exists a function in Lip%(SU(Q)) whose

Fourier series does not converge absolutely.



Actually, this convergence theorem is a special case of an absolute convergence
theorem proved by Shapiro [Sh| in 1961 for unit spheres S®~! in R" using classical
harmonic analysis techniques. However, the paper by Pini gives an explicit example
of a function in Lip%(SU (2)) whose Fourier series does not converge absolutely and

this was not present in [Sh].

As a consequence of the above theorems, the question of how much smoothness is
required of a function f on SU(2) in order to be guaranteed an absolutely convergent
Fourier series on SU(2) is essentially closed. It is natural to ask the question: “To
which C*7(S3) space must a function f on SU(2) belong in order to be guaranteed
a uniformly convergent Fourier series?” The Fourier series of a function on a unit
sphere S9! in R? is sometimes called its Fourier-Laplace series, or just the Laplace

series of f. The partial sums of the Fourier-Laplace series of f on S%! are given by

Suf = Pral
k=0

where Py 4 is the projection of f into the space V¢ of spherical harmonics of order k

in d dimensions defined by

(Praf)(&) =

‘Sd 1| / f nd 77 g)dsd 1( )

where P, 4 is a Legendre polynomial of degree n with dimension d , —+5dS%!(n)

? ‘Sd ll
denotes the normalized surface measure on S% !, and N,.q is the dimension of the
space V¢ [AH|, p.26. In the special case when d = 2, the partial sums of the Fourier-

Laplace series of f on S2, denoted by Q,, f, are given by

(@Quf) ”*1/f (- €)dS(€),



where P is a Jacobi polynomial, and ﬁdSQ(f) denotes the normalized surface

measure on S? [AH|, p.151.

Theorem: |[AH], p.152. Assume that f € C*7(S?) for some k > 0 and some
€ (0,1], and further assume k + > 1. Then

Hf'_(ganx>§ ;;iL_T

+7—35

for a suitable constant ¢ > 0. In particular, the Laplace partial sums @, f of f are

uniformly convergent to f on S2.
Ragozin proved the following uniform convergence theorem in 1972.

Theorem: [R], [AH|, p.68. Let d > 3 and f € C*7(S% 1) for some k > 0 and
some 7 € (0, 1], and further assume k +~ > g — 1. Then Sy f converges uniformly to
f on S41,

A uniform convergence theorem for functions in C%'(S?) would show |f —
Snfllo — 0 with rate of decay O <\/iﬁ> as n — oo. However, Ragozin’s uniform
convergence theorem is not applicable when f € C%!(S%) due to the constraint
kE+~ > g — 1. This is the first gap in the uniform convergence theory for Fourier

series on non-abelian groups. The main result of this thesis closes this gap.

Theorem: Let f € Lip;(SU(2)). Then for all x € SU(2),

Z m + Dtr(f(7™)7™(x)),

and the series converges uniformly. Moreover, to each a € (0, 1) there corresponds
f € Lip,(SU(2)) such that the Fourier series of f does not converge pointwise at the

identity matrix of SU(2).

This theorem strengthens the uniform convergence result in Caccioppolli [Ca]

and Mayer [Mal]| and gives a sharp result for the uniform convergence of Fourier



series on SU(2). A key ingredient in the proof of this result was the discovery of an
identity for the Nth partial sum of the Fourier series of an integrable function f on

SU(2):

™

Suf(@) = =+ [ Q:F1(6)Div 1 O)sin(6)a. ()

0

Here D'y, denotes the derivative of the Dirichlet kernel on T :

Dy () = % + 3 cos((m+ 1)9) (=7 <6 < )

and
T 2’

@u10) = 1= [ [ Faut6.0,0)sin(0)dvds
where

cos(0 1sin(0) cos sin(#) sin(¢)e™
oty = | O iSO eos®)  sin(0)sine)
—sin(f) sin(¢)e™™  cos(f) — isin(6) cos(¢)

is the spherical coordinate parametrization of a general element y in SU(2). Note
that (1) reduces the question of convergence of the Fourier partial sums of f at z on

the three dimensional manifold SU(2) to an analysis of the behavior of the function

(@ f] on the one-dimensional interval [0, 7].

The identity (1) also allowed us to obtain several pointwise convergence theorems
for the Fourier series of functions on SU(2). We later learned that these pointwise
convergence results had been anticipated by Liu and Qian in 2004 [QHMS] using
Clifford algebra techniques. We provide a simpler proof of these theorems using

classical harmonic analysis and group theory.



2 FUNDAMENTALS

2.1 GEOMETRY AND TOPOLOGY OF SU(2) AND su(2)

In this section we will introduce some elementary geometric and topological prop-
erties of SU(2) and su(2). The elementary properties derived in this section help
lay the groundwork for the construction of Haar measure and representation theory
needed to develop the notion of Fourier series on SU(2). We begin with preliminary
definitions.

2.1.1 The Topology of M,(C) and GL(n;C). We will need the notion of the
exponential function defined on a matrix Lie group. The following definitions will be
our starting point.

Definition 2.1.1: The set M,(C) denotes the space of all n x n matrices with

complex entries.

Definition 2.1.2: The Hilbert-Schmidt norm on M, (C) is defined as

11l = (2 IXkﬂ)é.

k=1

The Hilbert-Schmidt norm on M,,(C) satisfies the property
XY < XY

for every X,Y € M, (C).

Definition 2.1.3: The general linear group over the complex numbers, denoted

GL(n;C), is the group of all n x n invertible matrices with complex entries.

Notation: We frequently denote the n x n identity matrix by e especially when

the dimension n is clear from context.



Remark: The Hilbert-Schmidt norm on M, (C) induces a topology on GL(n;C).
Let {x,,}>°_; be a sequence of complex matrices in GL(n;C). We say that z,, con-
verges to a matrix x if each entry of z,, converges (as m— o) to the corresponding

entry of z; i.e. if (x,,)r converges to xy, for all 1 <k, I < n.

Definition 2.1.4: A matrix Lie group is any subgroup G of GL(n;C) with the
following property: If {z,,}5°_, is any sequence of matrices in G and z,, converges to
some matrix z then either z € G, or x is not invertible. (I.e., a matrix Lie group is a

closed subgroup of GL(n;C) for some n.)

Notation: In this thesis we will denote elements of a matrix Lie group with

lowercase letters such as xz,vy, 2, . .. etc.
Definition 2.1.5: Let X be an n x n real or complex matrix. We define the matrix

exponential of X, eX or exp(X), by the usual power series:

o

Xm
€X = ZW

m=0

We pause to list some properties of the matrix exponential.

Proposition 2.1.6: Let X and Y be matrices in M, (C), then the following prop-

erties hold

3. e¥ is invertible and (eX)_l =e X,

4. elath)X — aXebX for all a,b € C.

5. If XY =Y X, then eXY = eXe¥ = e¥eX
6. If C is invertible, then e€XC¢ ™" = CeXC 1.

7. |l1eX]]] < e,
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The proofs of these properties are straightforward. The matrix exponential is

well-defined and continuous due to property 7 and the Weierstrass-M test.

Definition 2.1.7: Let G be a matrix Lie group. The matrix Lie algebra of G,
denoted by g, is the set of all matrices X such that e** is in G for every real number

t.

2.1.2 The Geometry of SU(2) of S*. In this section we will introduce the
primary matrix Lie group that will be used in this dissertation. Spherical geometry

in four dimensions will also be examined in detail.

Definition 2.1.8: The two-dimensional special unitary group is defined as

SU(2) = {z € GL(2,C) | det(x) = land z* = 27 '}.

The asterisk denotes the complex conjugate transpose operator, and x* is called the
adjoint of x. A matrix x meeting the first condition on elements in the set SU(2) is
called a unitary matrix, and the second condition on the determinant is the source of

the term special. The special unitary group is nonempty because the identity matrix,

10
e= , is in the set, but note the zero matrix is not in SU(2). We claim that

01
SU(2) is a group under matrix multiplication. To prove closure, note that if x,y €
SU(2) then (zy™')* = (y')*z* = (y*)*z7! = yz=! = (xy~!)~'. The multiplication

property of determinants yields det(zy~!) = det(x) det(y™!) = 338; = 1. So SU(2)

is a subgroup of GL(n,C) with respect to matrix multiplication, and hence SU(2)
is a group under the operation of matrix multiplication. Since matrix multiplication
is not in general commutative, the group SU(2) is non-abelian. The special unitary
group is a matrix Lie group because if we take a sequence of matrices {z;} C SU(2)
such that x; converges to x, then e = z;27 and det(z;) = 1 for every j € N. So

as j — 0o, we conclude z* = 27! holds and, since the determinant is an analytic
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function on GL(n,C), we have det(x) = 1. Consequently both conditions of a matrix

Lie group are satisfied.

Let © € SU(2) be given by

a f
xr =
v o0
From the conditions det(z) = 1 and x* = 7!, we have
a 7 s —p
B4 -y«
This gives us the relations vy = —f and § = @, so
a B
T = _
_B a

Thus a general matrix in SU(2) is completely determined by its first row (or first
column if you use the transpose of z). The equation det(z) = 1 then implies |a|* +
|82 = 1, so each element of SU(2) corresponds to a unique point on the unit ball in
C% If @« = aj +iay and B = B + ifs, then |a|?* + |8 = o + a3 + 7 + 82 = 1,
so SU(2) also can be identified with the unit sphere S® in R*. The relationship
ot + a3 + 2 + B2 = 1 implies there are only three independent real variables, and
hence we say the real dimension of SU(2) is three. Due to symmetry, we conclude S®
can be covered by eight hemispheres that come from solving o + a3+ 87 + 85 = 1 for
any one variable in terms of the other three variables. Without loss of generality, we
will take the o;—axis as the vertical axis of S2. We can obtain a three-dimensional
section of the four-dimensional sphere by fixing oy and writing a3 + 87 4 83 = 1 — 2.

If —1 < o < 0 then we are on the lower hemisphere of S® and if 0 < a; < 1 then we
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are on the upper hemisphere of S3. If a; = 0, then we are on the equator of S®. The

mapping f : SU(2) — S3, given by

/ R i = (a1, a2, B, 52)

—(B1—ifa) a1 —iay

is the natural diffeomorphism from SU(2) onto S3. Hence, SU(2) = 53, and we may
describe a point in SU(2) in three equivalent ways: as a matrix in SU(2), as a unit
vector on S% in R?*, or as a pair of complex numbers in C? whose squares of respective
moduli sum to unity. If ay = #£1, then these points correspond to the north and
south poles of S3, respectively, because f (e) = (1,0,0,0), and f (—e) = (—=1,0,0,0).
Unitary matrices are diagonalizable, and the characteristic polynomial of = €

SU(2) is
p(A) = A* — 2Re(a)\ + 1. (2)

The coefficients of the characteristic polynomial imply the product of the eigenvalues
of x must be unity, and their sum must be 2Re(«). It follows that both eigenvalues
have modulus one. This means the eigenvalues of x lie on the unit circle in the

complex plane, so for some 6 € R, let A = ¢ be an eigenvalue of x with normalized

U — . v

eigenvector . Then the other eigenvalue is A = e~ with eigenvector
—U u

This eigenvector is unique up to sign for 0 < § < 7. Hence every matrix € SU(2)

can be written as

for some y € SU(2), where the columns of y are normalized eigenvectors of x cor-
responding to the eigenvalues A and A respectively. Since Re(a) = ay, and the fact
that the trace of a matrix is the sum of the eigenvalues we get tr(z) = 2cos(). We

restrict 6 € [0, 7] because oy € [—1, 1], and interpret the angle theta as the geodesic
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distance between e and the matrix » € SU(2). If 6 € [0,F) then x corresponds to a
point on the upper hemisphere of S and if § € (3,7, then « corresponds to a point
on the lower hemisphere of S3. If § = %, then x corresponds to a point on the equator

of S3. The following two definitions are adapted from |A], pp. 274-276.

Definition 2.1.9: A latitude is a horizontal slice through the unit sphere S3 in R,
a locus of the form {(ay, s, 81, 52) € S® | ay = ¢} where ¢ € [—1,1], or equivalently,
as a subset of the form

oy + o + 1
z= v il € SU(2) | tr(z) = 2¢

—(B1 —if2) a1 —ia
in the special unitary group.
The equation a3 + 87 + 35 = 1 — o} implies every group element of SU(2) is

contained in a latitude and the matrix diagonalization of x € SU(2) implies the

latitudes are the conjugacy classes of SU(2):

c(z) ={y ey |y € SU2)} = {z € SU(2) | tr(z) = 2cos(6)}

where € and e are the eigenvalues of z.

Definition 2.1.10: Let W be any two-dimensional subspace of R* which contains
the north pole (1,0,0,0). The intersection L of W with the unit sphere S®, which is
the set of unit vectors in W, is a longitude of S®. We denote f~![L] as a longitude of
SU(2) where f is the natural diffeomorphism from SU(2) onto S3. L is a unit circle
in the plane W, and a great circle in S%, meaning a circle in S?® of maximal radius
one.

Example 2.1.11: We now list some properties of longitudes in S* and SU(2).

(a) L meets the equator of S® in two points +p = +(0, ag, 81, f2) where a3 +

B+ 6 =1.
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(b) The north pole and p form an orthonormal basis of W.

(c) If A = f~1(p) then the longitude f~'[L] in SU(2) has parametrization H(t) =
cos(t)e + sin(t) A where t € R.

(d) f71[L] is a subgroup of SU(2).

(e) Any two longitudes in SU(2) are conjugate subgroups.

(f) Every element H € SU(2) \ {+£e} lies on a unique longitude.

Proof: (a),(b), and (c) are clear.

(d) Since A belongs to the equator of SU(2), the eigenvalues of A are +i and
there exists y € SU(2) such that A = y~! y. Hence A2 = —e. The addition

formulas for sine and cosine yield H (s + t) s)H (t) for every s,t € R.

(e) For j = 1,2 let
ML) = {cos(t)e + sin(t) At € R}

be any two longitudes in SU(2); here A; are two matrices on the equatorial latitude

of SU(2). Therefore the eigenvalues of A; are +i and there exist y; € SU(2) such
i 0

that yj’lAjyj = , and thus Ay = w™'Ajw where w = y1y,* € SU(2).
0 —i

Then

w f Ly Jw = {w (cos(t)e + sin(t) A))w |t € R}
= {cos(t)e + wtsin(t)Ayw |t € R}

= f7[La.
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(f) Let H € SU(2) \ {e, —e}. Then

ay + 1o Bi + B2
—(B1 —iB2) g —iay

H—

where (v, o, 1, 32) € S% and —1 < ay < 1. Set

i B1+if2
A — \/l—cx% \/l—a%
—(B1—iB2) —ia

\/l—a% \/l—a%

and observe that A belongs to the equator of SU(2). Then
L = {cos(t)e + sin(t)A |t € R}

is a longitude in SU(2). Choose t; € (0, 7) such that sin(tg) = \/1 — a2 and cos(ty) =
1. Then

a; 0 e B+
cos(tg)e + sin(tyg) A = ' + ’ ' ’

0 aq —<51 — Zﬁg) —’L.Oég

so L contains H. If L; = {cos(t)e + sin(t)A; |t € R} is another longitude in SU(2)
which contains H then p; = f(A;) and p = f(A) are points on the equator of S*
where the two-dimensional subspace W of R* spanned by (1,0,0,0) and f(H) meets

the equator of S3. Hence p, = +p by (a). Thus 4; = +A and consequently L, = L.

o1 + 1o B1+1p
Since SU(2) = 53, we may express v = ' ’ ' ‘e SU(2) in

—(B1 —if2) a1 —ic
spherical coordinates given by oy = cos(6), as = sin(#)cos(¢), 51 = sin(f) sin(¢)cos()),
p given by () (6)cos(¢)

Pa = sin(f)sin(¢)sin(¢)), where 6 € [0, 7], ¢ € [0, 7], and ¢ € [0,2x]. There are two



useful ways to express x using spherical coordinates. Diagonalizing x we obtain

e 0
(¢, 0,0) =y ( , ) y !
0 e

where,
¢z cos (& zel% sin (¢
o (§) wun )
1€ "2 sin (%) e "z cos (%)
ei% 0 Ccos (%) 7 8in (%)
0 e it isin (%) oS (%)
Also, note

cos(#) + isin(6)cos sin(0)sin(¢)e™®
oty [ O st snpine
—sin(f)sin(p)e=™  cos(#) — isin(f)cos(¢)

= cos(f)e + sin(6)S (¢, v),

. . i
where S(¢, 1) = ( icos(¢) sin(@)e ) , and

—sin(g)e ™™  —icos(¢)

2N, 0,1) = x7(¢, 0,7)
= —x(<b,7r — 6,¢)
= cos(f)e — sin(0)S (¢, ).

16
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The matrix S(¢,) is skew-symmetric with tr(S(¢,)) = 0. We will see below that
S(¢,1) belongs to su(2) and to the equatorial latitude of SU(2). If r = ;€1 + ases +

Bies + ey, then r is a position vector on S3. In spherical coordinates,

r(¢,0,1) = cos(f)e; + sin(0)s(p, ),

where 0 € [0, 7], ¢ € [0, 7], ¥ € [0,27], and

s(¢, 1) = cos(p)eq + sin(¢) cos(v))es + sin(¢) sin()ey.

Hence, x(¢,0,1) and r(¢,0,1)) are equivalent ways of expressing points in SU(2) or
S3.

Example 2.1.12: For z,y € SU(2), the product

(b0, 00, 100)y ™" (9,0, 1) = (cos(bo)e + sin(6) S (o, 10)) (cos(0)e — sin(0)S (¢, )
= cos(6p)cos(0)e + sin(fy)cos(0)S (o, o)

— cos(bp)sin(0)S (¢, v) — sin(by)sin(0) S (¢o, o) S (¢, V).

On the other hand, SU(2) is a group, so

z(¢o, 00, o)y~ (¢,0,) = cos(O)e + sin(0)S(@, V)

for some © € [0,7],® € [0,7], and U € [0,27]. Separating out real and imaginary
parts of the first row entries of the matrix z(¢y, 0o, Vo)y~1(9, 0, 1) yields the following

system of equations,

cos(0) = cos(0) cos(by) + sin(f) sin(fy)(cos(p) cos(po)

+ sin(¢) sin(¢gg) cos(v) — 1)),
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sin(0) cos(®) = — cos(f) sin(6) cos(¢) + sin(fg) cos(¢o) cos(6)
+ sin(6) sin(6y) sin(¢) sin(¢p) sin (g — 1),
sin(0) sin(®) cos(W) = — sin(0) sin(p) cos(fo) cos(¢) + sin(fg) sin (o) cos(6) cos(¢o)
+ sin(0) sin() sin(6o) cos (o) sin(1))
— sin(6y) sin(¢p) sin(8) cos(¢) sin (),
sin(0) sin(®) sin(¥) = — sin(6) sin(¢) cos(fo) sin()) + sin () sin(do) cos(8) sin ()
— sin(6) sin(¢) sin(6) cos (o) cos(1)

+ sin(6p) sin(¢y) sin(#) cos(¢) cos(wy).

The entries of z(dg, 0o, o)y (¢, 0,1) are analytic functions of the coordinates ¢, 6,

and ¢ and hence have bounded derivatives with respect to the coordinates.

The first equation has a geometrical interpretation. Consider two position vectors

ro and r; on S? given in ordinary spherical coordinates in R? with 1,1 € [0, 27
g y

and ¢,¢9 € [0,7] by ro = cos(t)sin(¢o)i + sin(vo) sin(do)j + cos(¢o)k and 1 =
cos(1)) sin(¢)i + sin(v) sin(¢)j + cos(¢)k. The dot product of ry and r; is

ro - r1 = cos(¢pp) cos(¢) + sin(eg) sin(vhg) sin(¢) sin() + cos(bg) sin(¢pp) sin(¢) cos(v))
= cos(¢g) cos(¢) + sin(¢p) sin(¢) (cos(1)) cos(1hg) + sin(v)) sin(vy))
= cos(¢) cos(¢pg) + sin(¢) sin(pg) cos(¥) — ).

The right hand side is the parenthetical expression in the first equation of the system.
Since ry and r; are unit vectors, the left hand side is the cosine of the angle between

ro and ry. Let

cos(7) = cos(¢) cos(¢g) + sin(@) sin(¢pg) cos(1h — ),
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and note |7| measures the geodesic distance on S? between the tips of the vectors ry
and r;. This equation is a law of cosines for spherical triangles in S? with vertices at
the tips of the vectors k,rg, and r; and side lengths ¢, ¢y, and 7. The term ) — v
can be taken without loss of generality to be non-negative and is the interior angle

between the arcs ¢ and ¢y. The first equation in the system reduces to
cos(©) = cos(f) cos(by) + sin(h) sin(by) cos(7),

and we get another law of cosines in S2. By the same argument as for 5%, we conclude
© is the angle between two position vectors defined on S in spherical coordinates
and |©| measures the geodesic distance between the two position vectors on S®. The
spherical triangle on S® has side lengths 0,6, and ©, and the angle 7 measures the
interior angle between the arcs 6 and 6,. We conclude the first equation in the system
above is a law of cosines for S® and can be viewed as a composition of the laws of
cosines on S? with itself. The pattern for the composition laws will persist for the
higher n—dimensional spheres S"~'. See [AH|, p.21. For ¢ € [0,27], the geodesic

connecting ry and r; is given by
r(t) = cos(t)ro + sin(t)r;.

If ro and r; are not antipodal, then the component of r; perpendicular to ry is
r; — cos(&)rg and ||r; — cos(&)ro|| = sin(§), where ¢ is the angle between ry and r.

Hence we can define r as

r(t) = cos(t)ry + sin(t) (%) .

sin(e)

2.1.3 Topological Properties of SU(2). We now study some topological prop-

erties of SU(2). The following classical theorem will be useful in subsequent sections.



20

Theorem 2.1.12: (Heine-Borel) The compact sets in a Euclidean space are the
sets which are closed and bounded.

Example 2.1.13: The unit spheres S"~! C R" are compact sets in R".

Proposition 2.1.14: The topological group SU(2) is compact.

Proof: Since SU(2) = S3 and, by the Heine-Borel theorem, S® is a compact
subset of R%, it follows that SU(2) is a compact matrix Lie group.

Definition 2.1.15: A path in M, (C) is a continuous function t — A(t) € M, (C),
where ¢ belongs to some interval of real numbers, so the entries a;;(t) of A(t) are
continuous functions of the real variable ¢. The path is called smooth, or differentiable,

if the functions a;;(t) are differentiable.

Example 2.1.16: Three paths on SU(2) that pass through +e € SU(2) are given

by

et 0

w1 (t) = 5
0 e

() = cos(t)  sin(t) |
—sin(t) cos(t)

wi(t) = cos(t) isin(t)
isin(t) cos(t)

where 0 < t < .

Definition 2.1.17: A matrix Lie group G is path connected if given any two
matrices A and B in G, there exists a continuous path A(t), a < t < b, lying in G
with A(a) = A and A(b) = B.

Remark: For matrix Lie groups the notions of path connected and connected are

equivalent. See [H|, p. 22 for a proof.

Proposition 2.1.18: SU(2) is connected.
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a B
Proof: Let x = B € SU(2) where (o, 3) is a unit vector in C?, and
_ﬁ a
let @« = wcos(f) and f = vsin(f) for some u,v € C with |u| = |v] = 1 and some

0 € [0,7/2]. Set u = ¢+ and v = €®¥) for some ¢,7) € R. For ¢t € [0,1] the
function

H(t) = ("™ cos(0t), e'®~) sin(6t))

defines a path from the identity matrix e to the matrix z € SU(2) defined above. We

conclude SU(2) is connected.

Remark: This coordinate system on SU(2) is called the Euler coordinate system
when the parameters 6, ¢, and 1) are restricted to appropriate intervals. See [V], p.98

for more details on the Euler coordinate system.

Definition 2.1.19: A matrix Lie group G is simply connected if it is connected
and, in addition, every loop in GG can be shrunk continuously to a point in G. More
precisely, assume G is connected. Then G is simply connected if given any continuous
path A(t), 0 <t <1, lying in G with A(0) = A(1), there exists a continuous function
A(s,t), 0 < s, t <1, taking values in G and having the following properties:

1. A(s,0) = A(s, 1) for all s,

2. A(0,t) = A(t),

3. A(1,t) = A(1,0) for all ¢.

One interpretation of the preceding definition is that A(¢) is a single loop and
a family of loops A(s,t) parameterized by s shrinks A(t) to a point. Condition 1

guarantees we have a loop for all s. Condition 2 specifies that A(t) is a loop and

condition 3 says that when s = 1, the loop A(t) is a point.

The following elementary result is needed to deduce that SU(2) is simply con-

nected.
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Proposition 2.1.20: Let X be a topological space such that X = U UV, where U
and V are open sets of X. Suppose U NV is nonempty and path connected. If U and
V' are simply connected, then X is simply connected.

Proof : See [Mu| (Corollary 59.2, p. 385.)

Proposition 2.1.21: SU(2) is simply connected.

Proof: See [Mu] (Theorem 59.3, pp. 385-386.)

Remarks:

1. Note that S* = T is not simply connected, but the argument given above can

be used to show that S™ for natural numbers n > 2 are simply connected.

2. If we use stereographic projection using the south pole to construct a homeo-
morphism from S3 to R3, we can show that S® has an atlas consisting of two coordinate
charts, and this atlas is minimal. Stereographic projection is a key ingredient in the

proof of Proposition 2.1.18.

2.1.4 Geometrical and Topological Properties of su(2). We now examine
the matrices on the equatorial latitude of SU(2) in more detail. If x € SU(2) and

belongs to the equatorial latitude, tr(z) = 0 so

10rg B+ 13
—(B1 —if2) —io

where o2+ 87 + 37 = 1. The matrix x is skew-symmetric with trace equal to zero and

determinant one.

Definition 2.1.22: The space su(2) is defined as

su(2) = {X € My(C) | X* = =X and tr(X) = 0}

10 B+ 132
=X = ’a27ﬁ1762€R

—(B1 —if2)  —ioy
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The map ¢ on su(2) given by

g o i = (0, vz, B, B2)

—(br—iB2)  —iap
transforms the subset of su(2) whose elements have determinant one, i.e. the equator
of SU(2), onto a copy of S?, the unit sphere in three dimensions. In particular,
g is a homeomorphism from su(2) or;to S2. The set su(2) is not a multiplicative
group because the matrix Py = —e, which is not in su(2). Note the 2 x 2
0 —i

zero matrix is an element of su(2), but not an element of SU(2), so su(2) is not a
subset of SU(2). It follows SU(2) cannot be a vector space due to the absence of
the zero matrix, but su(2) is a real vector space. It is straight-forward to show real
linear combinations of elements in su(2) are elements in su(2), so su(2) is a closed

real subspace of My(C). Consider the following three matrices in the intersection of

SU(2) and su(2) :

From the homeomorphism from SU(2) onto S* we have f(X;) = ey, f(X3) = e3
and f(X3) = ey, where e; = (0,1,0,0)", e3 = (0,0,1,0)", and e, = (0,0,0,1)".
Thus the elements of {e, X7, X, X3} C SU(2) are identified with the standard basis
vectors in R*, and similarly the elements of {X, Xy, X3} C su(2) are identified with
the standard basis vectors in R under the map g and serve as a basis for su(2).
Moreover, { X7, X5, X3} form an orthonormal basis with respect to the inner product
on su(2) defined by
(X,7) = ir(X7"),
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which induces the norm

1
X =/ Fte(Xx0).

Recall the commutator of two square matrices A and B is [A, B] = AB — BA. The
commutator is sometimes abbreviated as ad 4B, and a straight-forward computation
shows if X and Y are elements of su(2) then [X,Y] is also an element of su(2),
but XY and Y X are not in general elements of su(2). For {1, j,k} € {1,2,3}, the
commutator relations satisfy [X;, X;] = €;;4 Xy where ¢, takes the values 1, —1, or 0
when {i, j, k} is an even, odd, or no permutation of {1,2,3} respectively. Hence, the
vector space su(2) is isomorphic to R? with the commutator on su(2) corresponding
to twice the cross product of the standard basis vectors defined on R3.

Notice X; = w((0), Xo = wj(0), and X3 = wi(0), where wy, wo, and ws are the
paths on SU(2) through e and —e in Example 2.1.13, and where ' denotes differentia-
tion with respect to . The matrices X, X5, and X3 can be interpreted as tangential
directions of the paths w; for j = 1,2, 3 at the identity matrix. Elementary computa-
tions, show exp(tX;) = w;(t) for j = 1,2, 3 and all real ¢. These observations suggest
that su(2) is the matrix Lie algebra of SU(2). In fact the function exp is an onto

mapping from su(2) to SU(2). This is clear because every matrix z € SU(2) is con-

e 0
jugate to a matrix of the form for some 6 € [0, 7], so given x € SU(2)
0 e—i@
vo6
there exists a y = B € SU(2) such that z = exp {#yX,y7'} . The matrix
-0 7
i 0 i(fP=1oP)  —2ivs

-1
0 —i =276 i ([6]* = [y?)
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is skew-symmetric and has trace equal to zero so belongs to su(2). Hence, exp is onto.
The matrix exponential is not a one-to-one map from su(2) to SU(2) because

0 46 cos(f)  sin(h)

exp =

-0 0 —sin(#) cos(0)
for all real 6. To prove su(2) is the Lie algebra of SU(2), note exp(X) is unitary if
and only if (exp X)* = exp(—X). Proposition 2.1.7 implies (exp X)* = exp(X*), and
for every t € R, exp(tX)exp(tX*) = e on SU(2). Differentiating with respect to ¢
yields,

0= % exp(tX) exp(tX™)

= X exp(tX) exp(tX™) + exp(tX) X" exp(tX™).

Setting ¢ = 0 we obtain X* = —X. We also will use the following identity from linear
algebra relating the trace and determinant of a matrix X : det (exp X) = "X). One
way to see this identity is to note every square matrix is similar to an upper triangular
matrix, i.e. X = YUY ! for some invertible matrix ¥ and some upper triangular

matrix U with eigenvalues \; for i = 1,...,n. Next,

det (exp X) = det (exp(YUY ™))
= det (Y exp(U)Y_l))

= det exp(U)

— eZ?:l )\Z
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If X € su(2) then exp X € SU(2), which implies det (exp X) = 1. For any real
number ¢, we have

1 = det (exp(tX)) = "X,

Differentiating both sides with respect to t yields the equation

0 = tr(X)e (1,

so tr(X) = 0. Therefore the conditions X* = —X and tr(X) = 0 imply su(2) contains
the Lie algebra of SU(2). To prove the reverse inclusion, assume X* = —X and

tr(X) = 0. Note that

det (exp X) = %)

and Proposition 2.1.7 implies

exp X (exp X)* = exp X exp X*
= exp X exp(—X)
=exp(X — X)
= exp(0)

= €.

Therefore, exp X is unitary and we conclude exp X € SU(2). Hence X is in the Lie
algebra of SU(2) if X traceless and skew-Hermitian. Consequently, su(2) is the Lie
algebra of SU(2).
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Remark: If X € su(2) and g € SU(2), then the conjugation of X with g, i.e.
the matrix ¢gX ¢!, is in su(2) because exp(tgXg~') = glexptX)g~! € SU(2) for all
t € R. The matrix gX g is sometimes abbreviated by Ad,X and is related to adx
by e*xY = Ad(exp X)Y or adyY = £Ad(exp(tX))Y| for X,V € su(2). The Ad

t=0
operation has geometric properties which correspond to rotations. If g € SU(2), then

(Ad, X, Ad,Y) = %tr(gX g (gYg))
= %tr(gX 9 gV g")

- %tr(X Y*)

= (X,Y).

Hence, the inner product on su(2) is Ad invariant. For more on this topic see [A], p.

279 and [Fo|, p. 145.

From the characteristic polynomial (2) of z in SU(2) we have Re(a) = 0, for
any x on the equator of SU(2), so the eigenvalues of such a matrix are +i. Hence
x is conjugate to X; and 22 = —e. The matrices X, X5, X3 in SU(2) satisfy the
relations X7 = X7 = X2 = —¢, X1Xy = X3, XoX3 = Xj, and X3X; = X,. The
real linear span of the set {e, X7, X, X3} make up the quaternion algebra. The set
{_Tle, _T“7X2, _Tng} are the Pauli spin matrices from quantum mechanics |L|, p.825

where £ is Planck’s constant. Every matrix x € SU(2) may be written uniquely as
Tr = ie+ OégXl + 51X2 + /BQX3

where (ay, g, 81, 32) € S?, so SU(2) can be identified with the real norm one quater-

nions.
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2.1.5 Central Functions on SU(2). We will now introduce an important set
of functions defined on SU(2). Their analytic and geometric properties will be used

throughout the thesis.
Definition 2.1.23: A function f on SU(2) is called central (or a class function)
if, for every x,y € SU(2), f(z) = f(yxy™?!) or equivalently f(zy) = f(yx).

Since every matrix in SU(2) is diagonalizable, for a central function

f(@)=f (yur(9)y™)
= f(wi(9))

Thus, for every central function f on SU(2), we can find a corresponding function F

on [—1,1] such that

o) = (Gut)

= F(cos(0))

where e* are the eigenvalues of z.

Remarks on central functions:

1. Since tr(w;(A)) = tr(w; () = tr(wi(—0)) for every 6 € [0, 7], we conclude
f(wi(=0)) = f(wi(0)).

2. As a consequence of 1 we obtain f(x) = f(z7!) for every z € SU(2).

3. Central functions depend only on the geodesic distance § measured from e to
x € SU(2) and hence central functions are constant on conjugacy classes, which are

latitudes in SU(2).

The following metric on SU(2) will be used in several computations throughout

the thesis.
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Definition 2.1.24: For each z,y € SU(2), define d : SU(2) x SU(2) — R* by

o) = [ o — e o).

a [ vy o0
This function is a metric on SU(2). To see this, if z = LY = B €

-8 @ —0 7
SU(2), then 1tr((z — y)(z — y)*) = |o — 7[> + |8 — d|%, so our distance function is
just the Euclidean metric in C? applied to the first rows of x and y, and agrees
with the distance function on SU(2) defined in the introduction (cf. p.8). This
metric also induces the Hilbert-Schmidt norm on SU(2) in Definition 2.1.2. Since

tr(uv) = tr(vu), the distance function is left and right translation invariant. That is,

for every x,y,z € SU(2),
d(zz, zy) = d(zz,y2) = d(z,y).

Example 2.1.25:
(a) For all z € SU(2), d(z, —z) = d(xz™t, —za™"') = d(e, —e) = 2.

(b) For all x,y € SU(2),

tr((z —y)(z —y)*) = tr(zz”) + tr(yy") — 2tr(zy”)
= 2tr(e) — 2tr(xy”)

=4 — 2tr(zy").

In particular, d*(z,27!) = d*(z,2*) = 2 — tr(2?). The eigenvalues of x are given
by e* for § € [0, 7], so the eigenvalues of 2% are e**?. Consequently, d*(z,z~!) =
2 — 2co0s(20) = 4sin*(0). Hence d(z,r~!) = 2sin(#) and, by translation invariance,

d(z?,e) = 2sin(6).
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(¢) Since z = ww; (A)w™" for some w € SU(2), and some 6 € [0, 7], consider the

matrix v = ww; () w™!. Then u? = z and from translation invariance and part (b),

d(z,e) =d(z7',e) = d(u? e) = 2sin (%) .

There appears to be no simple way to express the distance between two general
points in SU(2). If x ~ w;(6p) and y ~ w;(0) where ~ denotes similarity of matrices,

then

tr(wy”) = (a7 + B3) + (@ + B3)
= 2Re (oﬁ + 65)

= 2cos(0)
for some © € [0, 7|. Hence

d(z,y) = \/2 — 2cos(O)
2 (9)

If a € (0,1] and there exists a real number M > 0 such that

d(f(z), f(y)) < Md*(z,y)

for all x,y € SU(2), then we write f € Lip,(SU(2)). In particular if f is a central

function on SU(2), then for 6,60 € [0, 7],

d(f(x), f(y)) = d(f(wi(0)), f(w1(60)))

< M (2 —2cos(d — 6,))2
o5
Sin

2

This final lemma for central functions will be used in the next section.

— 9a
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Lemma 2.1.26: The following statements are equivalent for a function f : SU(2) —

1. For each y € SU(2), the value of f(y) depends only on the #—coordinate
of y.

2. For each y € SU(2), the value of f(y) depends only on the trace of y.

3. For each y,z € SU(2), f(zyz7") = f(y).

Proof: (1) = (2). Suppose (1) holds. Since 6 — cos(f) is an injection on [0, 7],
for each y € SU(2) the value of f(y) depends only on 2cos() = e + e~ = tr(y)
where e are the eigenvalues of y. (2) = (3). Suppose (2) holds and let y, z € SU(2).
Then det(zyz~! — Xe) = det(z(y — Ae)z~!) = det(y — Ae). Hence y and zyz~! have
the same eigenvalues, so by (2) f(zyz™') = f(y). (3) = (1). Suppose (3) holds and
let y € SU(2). There exists z € SU(2) which diagonalizes y; i.e. zy2z~' = w(6y), and
0y € [0, 7] is unique from Example 2.1.26. By property (3) we conclude (1) holds.

This completes our discussion of the geometry and topology of SU(2), and in the

next subsection we develop the Haar measure on SU(2).
2.2 HAAR MEASURE AND FUNCTION SPACES ON SU(2)

In this section we will construct the Haar measure on SU(2) and describe some
of the function spaces on SU(2) used in our main result.

2.2.1 The Haar Measure on SU(2) and its Properties. We begin with
some preliminary definitions. We have the following theorem due to Von Neumann.

Theorem 2.2.1: On every compact group G there exists a unique regular Borel
probability measure p which is left invariant, in the sense that for ¢ € G and f €
(@),

[ Hooutis) = [ santas).
G G
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This p is also right invariant:

[ #ag Hutd) = [ st

G

and satisfies the relation

This p is called the Haar measure of G.
Proof: See [Ru2|, p. 123.

We expect Haar measure on SU(2) to coincide with Lebesgue measure on S®
for the following reasons. First, SU(2) is a compact group and homeomorphic to
S3. Second, Lebesgue measure on S® is rotation invariant. Finally, multiplication
of matrices in SU(2) correspond to orthogonal transformations, i.e. rotations and

reflections, in Euclidean space. The following lemma justifies the expectation.

Lemma 2.2.2: [DE|, p.152. The map SU(2) — S3, mapping the matrix = €
SU(2) to its first row, is a homeomorphism. Via this homeomorphism and the natural
identification of C? with R*, the normalized Lebesgue measure on S* coincides with

the normalized Haar measure on SU(2).
Proof: See [HR], pp. 133-134.

2.2.2 Integration and Convolution on L'(SU(2)). To construct the normal-
ized Lebesgue measure on a sphere of radius r in R* we need to compute the Jacobian
matrix for the spherical coordinate transformation ay = rcos(f), as = rsin()cos(¢),
1 = rsin(0) sin(¢)cos(y), By = rsin(f)sin(p)sin(¢y)), where r € [0,00), 0 € [0, 7],

¢ € [0,7], and ¢ € [0,27]. The Jacobian matrix J of this transformation on R* is
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o Ju Ji2
given in block form as J = where
o1 Ja2
cos(6) —rsin(0)
JH = ’
sin(f) cos(¢p) 1 cos(6) cos(¢)
0 0
J]Q — ’
—rsin(f) sin(¢) 0
o sin(0) sin(¢) cos(v)) rcos(f) sin(¢) cos(v))
N sin(f) sin(¢) sin(¢)) 1 cos(f) sin(¢) sin(1)) ’
o rsin(6) cos(¢) cos(v)) —rsin(f) sin(¢@) sin(¢))
. rsin(f) cos(¢) sin(y))  rsin(@) sin(¢) cos() 7

and the metric tensor on R* is given by the matrix

1 0 0 0
0 r? 0 0
J'J =
0 0 r*sin(6) 0
0 0 0 r? sin(6) sin(¢)

The volume element on R* is given by
Vdet(JTJ)drddpdd = r® sin®(0) sin(¢)drdipdeds.

The volume element shows the spherical coordinate parametrization is degenerate
when ¢ € {0, 7} or 6 € {0,7}. To find the normalization we take r = 1 to restrict to

S3 and note

T w27

/ / / sin®(6) sin(¢)dydgdo = 27°.
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The quantity 55 sin®(6) sin(¢)did¢df is normalized Lebesgue measure on S . Lebesgue
measure is rotation invariant on S® in the following sense. If R is a 3 x 3 orthogonal

matrix, f is an integrable function on S3, and x = x(¢,0,1) € S then

T T 27 T w27

Iy CLIRAWIRIPREY § § F—

Normalized Lebesgue measure is, up to a positive constant multiple, the only rotation
invariant probability measure on S?® and directly corresponds to left, right and inverse

invariance of the Haar measure on SU(2).

Definition 2.2.3: For 1 < p < oo, the LP norm of a measurable function f on

SU(2) is denoted by || f||zr(sv(2)) and is defined by

3 =

flisvay = | [ 1@Paa)

SU(2)

Let ® denote the map from [0, 7] x [0, 7] x [0, 27| onto SU(2) given by

® cos(6) + isin(f)cos sin(f)sin(¢)e™
(6.0.0) % y(o.0,0) = | O FImOees®) SO
—sin(f)sin(p)e=™  cos(#) — isin(6)cos(¢)

The following result reduces integrals on SU(2) with respect to normalized Haar

measure to a three-dimensional Lebesgue integral.

Proposition 2.2.4: [F|, p. 135. If f is an integrable function on SU(2), then

T w27

/f pldr) = 5 2///fo<1> 6,0, ) sin?(6) sin(¢)ddédo.
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In particular, if f is a central function then the above proposition reduces to

[ st == [ senopsint 6)as
SU(2) 0

e’ 0
where wy(0) = forall0 <0 <.
0 efié?
Definition 2.2.5: Let p be the normalized Haar measure on SU(2). The con-
volution product of two integrable functions f; and fy is defined for all x € SU(2)
by

(fix fo)(z /fl zy ™) fa(y)p(dy).

If fy € LP(SU(2)) and fy € LI(SU(2)), then f1 x fo € C(SU(2))if 1 < p < 00
and 1—17+% =1.If f; € L"(SU(2)) and fy € L*(SU(2)), then f1 x fo € LY(SU(2)) if
1 <rs<ooand % = % + % — 1 > 0. These facts are standard and their proofs can

be found in [HR], Vol. 1, pp. 295-296.

The change of variables z = xy~! yields

(fox fi)(z /fz 2y~ ) fi(y)u(dy)

- / file ) h(ld2)
SU(2)

due to the inverse invariance of Haar measure. As a consequence, fi x fo # fox fi

because SU(2) is non-abelian. The convolution is commutative on abelian groups.

Example 2.2.7: Suppose f; is a central function on SU(2). Then

(o x fo)(a /flxy ) ) a(dy)
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_ / Fi(y2) foly)(dy).

SU(2)

Let z = y~'x. Then due to the inverse invariance of Haar measure,

/ £1(5712) ol dy) = / f1(2) oz V()

SU(2) SU(2)
= (f2* f1)().
. . . . . 629 O
In this case convolution is commutative. Recall the matrix w;(0) =
0 6—19

from Example 2.1.13. Since f; is central, fi(z) = fi(wi(0)) for some 6 € [0, 7], so by

inverse invariance of Haar measure and the fact tr(w;(6)) = tr(w; '(6)),

/ f1(2) Falz ) pa(dz) = / £ (2 falw2)u(d=Y)

SU(2) SU(2)

_ / £1(2) falw2)u(d2).

SU(2)

That is, Definition 2.2.5 is equivalent to

(i fo) () = / £1(9) Falay™ ) paldy) = / £1(9) Falay)a(dy).

SU(2) SU(2)

Fix x(¢o, 0y, 10) € SU(2) in spherical coordinates, and let fi, fo € L'(SU(2)) where

f1 is a central function. Then

(1 5 f2) (2o, B0, o)) = / £1(0) Faley)uldy)
U2

SU(2)

=2 [ A Qe n(0) s 0)i0,
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where the central function

(Qutsnanin N(@1(0) = 5 [ [ 160,800y (6.0,0) sin(é)ado

will be studied below.

2.2.3 The @, Operator on L'(SU(2)) and its Properties. The following
definition will be useful in developing the integral form for the Nth partial sum of the

Fourier series on SU(2).

Definition 2.2.8: For a fixed x € SU(2) and y € SU(2) in spherical coordinates

and f € L'(SU(2)) define y — (Q..f)(y) by

@)y / / F (60,60, 10)y ™ (6,0,10)) sin(@)dibds,

and define 6 — [Q. f](0) on [0, 7] by

Qu11(0) = 1 / / F (0, O, Y0y~ (6.6, 9) sin(0) s

Using this definition, we can express the preceding convolution more succinctly

as

(1 % f2)(@ (o, 00, %0)) / £1(w1(0))(Qu o) () sin®(6)do),

and this formula will be useful in our disscussion of the Fourier partial sum operator

on SU(2) in spherical coordinates below.

Remark: By Lemma 2.1.26, the function y — (Q.f)(y) in Definition 2.2.8 is a

central function on SU(2) whether or not f is a central function on SU(2).

We will now record some properties of the mapping 6 — [Q,.f](6) on [0, w]. The

following inequality will be needed in this endeavor.
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Theorem 2.2.9: (Jensen Inequality) Let ¢ be a convex function on (—oo, 00) and

f an integrable function on [a,b]. Then

Proof: |[RF], p. 133.

Example 2.2.10: The function ¢(x) = a? for p > 1 is convex on [0, 00), so by the

Jensen inequality

/1|f(t)|dt p§/1|f(t)]pdt

for every f € LP[0, 1].
Proposition 2.2.11: The function 0 —— [Q.f](0) defined on [0, 7] satisfies the

following properties.

(a) [Quf)(0) = & [T S5 F(2(0, 00, Yo)y(6, 0, 0)) sin(¢)dipdg.

(b) If f € LP(SU(2)) for some p > 1 then the function 6 — [Q,f](6) belongs
to (LP(0,7), 2 sin*(6)df) for p > 1.

(c) If f € C(SU(2)), then the function 6 —s [Q,f](A) is continuous on [0, ],

and
L lim [Q.)(0) = ()
2. 1im [Qu](6) = f(~2)

(d) If f € Lip,(SU(2)), then the function § — [Q.f](#) belongs to Lip, |0, 7].

Moreover, 8 — [Q. f](0) has finite total variation independent of x € SU(2).

Proof: Let f € LP(SU(2)) for some p > 1, and denote the measures du =
%sinQ(H))dQ, dv = # sin?(0) sin(¢)ddpdd. Let x = x(¢o, 0o, 1) € SU(2) be param-
eterized in spherical coordinates defined previously. Part (a) follows from Example

2.2.7. For (b), the Jensen Inequality and translation invariance of Haar measure on



39

SU(2) yield

™

QeI (10,2 ) =~ | 1@ DO sin?(©))at

0

T 2w
47r//f($y(¢707¢))5in(¢)d¢d¢ du
0

T
/ 1
0 0

T 7w 27

< [ [ [1seuo.0.ppar

=]]7WWMWWW

= 111 (st 2))

Part (c) is a direct consequence of the Lebesgue Dominated Convergence theorem.
For z = x(¢o, 0o, o),y = y(¢,0,1) € SU(2) parameterized in spherical coordinates,
as  — 0%, zy~' — xe = x, s0 1 of (¢) holds and by a similar argument 2 of (¢) holds.
For (d), suppose |f(u) — f(v)| < Kd(u,v) for some constant K > 0 and all
u,v € SU(2); here d is the translation invariant metric of Definition 2.1.24. Let
z,y € SU(2), 61,65 € [0, 7], and dv = - sin(¢)ddg. Then using the note following

Example 2.1.25,

1Quf1(62) - @xwu<//u@¢%w%ﬂwm%wwu

T 21

< K// zy(p,02,v) , xy(@, 01,7))dv

T 2T
:K!!&M@%wywmwmw

—K]?d(wl(eg),wl(el))du
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=2K

. <92
S

< K|y — 01].

T 27
0 1
)‘E | [ sintoyivas
0 0

Let P:=0y=0<6; <...<6,=m be a partition of [0, 7]. Then,

= 11Q=f1(6k) = [Quf1(Or—1))|
k=1

< [ [ 321560, B0 (6. 01.16)) = o0, B o) (6. 61, 0))

T 27
SK//Zd(x(¢0a007w0)y(¢70k7¢>7x(¢07‘90)¢0)y(¢70k—17¢>>dlj
k=1

2T

< / / Zd (6,0, ) y(, 11, )

0 0

T 27w

_ //Zd w1 (0k), w1 (0r—1))dv

0
sin —Qk — Ok
2

T 2w

]

sin(¢)dide

Remark: The central function @, f on SU(2) is a special case of the quotient
integral formula found in [DE], p. 21, and we also note the similarity of @), with the

spherical mean of a function on R? as defined in [M], p. 84.

When x = e, Q. f has a geometric interpretation. Let z,y, and g be matrices in

SU(2) parameterized in spherical coordinates.
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Definition 2.2.12: The orthogonal projection of a function f in L*(SU(2)) onto

the space of square integrable central functions on SU(2) is defined as

(Qf)(z) = / F(gzg )u(dg).

SU(2)

We pause to verify that the operator () has the properties asserted in this defi-

nition. Tt is clear @) is a linear operator on L*(SU(2)). For z, 2 € SU(2)

Q) (zazt) = / Flgza=g " Yuldg)

SU(2)

_ / F((g2)x(g2) " p(dg)
SU(2)

— / fwzw™ M) p(dwz"")
SU(2)

_ / flwrw™)p(dw)
SU(2)

= (Qf)(z)

by translation invariance of Haar measure. So @ f is a central function on SU(2) and
for convenience we write [Qf](0) = (Qf)(x) where x is unitarily equivalent to ws(6)

for 0 € [0, w]. Next, @ is a projection because

Q*f(x) = / (QF) ey uldy)

SU(2)

- / (@) (@)uldy)

SU(2)

— (Qf)(=) / u(dy)

SU(2)

= Qf ().
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Let f1, fo € L*(SU(2)) and

< fi, fo >= / fl(x)mu(dx)

SU(2)

denote the usual inner product on L?*(SU(2)). We now verify @ is a self-adjoint
operator on L?(SU(2)). An application of Fubini’s theorem and a change of variables

yields

<Qfifo> = / Q) (@) Fal@u(de)

SU(2)

= / / filyry™) fo(@) p(dy) p(dz)
SU(2) SU(2)

_ / fi(w) / FolyVwy)u(dy)p(dw)
SU(2) SU(2)

=< flan2 >

Hence Q is self-adjoint on L?*(SU(2)), and so an orthogonal projection on L?(SU(2)).

By the Cauchy-Schwarz inequality and the Fubini theorem,

1QF 22 50 = / (QF) () Puldr)

- | s

) sU(2)

< / | 15wy P a(dy)ntas)

SU(2) SU(2)

=[] Vtwsy ) Eutdontay

SU(2) SU(2)

= [ ] P

SU(2) SU(2)

p(dz)
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= 12502 / p(dy)

SU(2)

= Hf”%?(SU(Q))'

Hence, ||Q||L2(SU(2)) S 1. Clearly Q(l) = 1, SO ||Q||L2(SU(2)) = 1.

Theorem 2.2.13: Let f € L'(SU(2)) and 0 < 6 < m, then
1 T 27
— [ [ 16000 sin()avde,
00

Proof: This is an easy consequence of the previous definitions.

Remark: If we fix x € SU(2) \ {e}, then f —— Q,f is neither a projection nor

self-adjoint operator on L?(SU(2)).

If fe L' (SU(2)) and z € SU(2) then

2 [lnelsweem < o | / / 7 (ry(6,6,1)| s (9) sin()dydodd
=/mew@>
SU(2)
::/u@w@>
SU(2)

= || fllzr sy

Therefore f —[Q,f] is a bounded linear transformation from L'(SU(2)) into the
function space L' ([0, 7], du) with norm at most one. If f € L>®(SU(2)) then for

almost every 6 € [0, 7]

T 2w

QA1 < 1 [ [ 150000, 60)0(6.0.0) sne)dvs
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< || fllLe(sv2))-

Therefore f — [Q.f] is a bounded linear transformation from L*>°(SU(2)) into

L> ([0, 7], 2 sin*(0)df) with norm at most one. By the Riesz-Thorin interpolation

theorem, [K|, p. 97, f — [Q.f] is of strong type (p,p) for all 1 < p < oo as well, with

norm at most one; i.e., for all f € LP(SU(2)),

H[Qa:f]||Lp(o,7r],%sin2(9)d9) < ||f||LP(SU(2))~

Moreover, if f € C'(SU(2)) then [Q.f] € C([0,7]) and ||[Q.f]]|cc < 1 with equality if
f=1

2.2.4 Differential Operators on SU(2). We will now begin our discussion
of differentiation on SU(2). The main objective is to obtain the Laplace operator A

in spherical coordinates on SU(2) which will useful in deriving the Fourier series of

f € L*(SU(2)) in the next section.

Definition 2.2.14: Let U be an open subset of SU(2). A complex function f is of

class C* on U provided:

i) for every g € U, and X € su(2), the function

t — flgexp(tX))

is differentiable at ¢ = 0, and then one puts
d
(p(X)f)(g) = Ef(g exp(tX))|i=o;

ii) the map
su2) x U = C, (X,g)— (p(X)[)(9),
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is continuous.

iii) For k > 1 a natural number, a function f is C* on U if f is C*, and if, for
every X € su(2), the function p(X)f is C*1.

Remark: The operator p(X) is also called an infinitesimal generator and p is a
representation on su(2).

Example 2.2.15: Express g € SU(2) in spherical coordinates, and for t € R, let

cos(0(t)) + isin(6(t)) cos(o(t)) sin(6(t)) sin(¢(t))e*®
—sin(A(t)) sin(p(t))e™™®  cos(A(t)) — isin(A(t)) cos(H(t))

g(t) =

be a smooth path in SU(2).

The ordered triple (¢(0), 6(0), ¥(0)) will be denoted by (¢, €, ¥). By the chain rule,

of of of

OB = S010) + Lo 0) + SLu0)
t 0
If X1 = s then
0 —1
Jexp(tXy) = cos(#) + isin(6) co§(¢) sin(6) sin(¢)e™ et O'
—sin(f) sin(¢p)e=™¥  cos(#) — isin(f) cos(¢) 0 e
_ e'(cos(6) + isin(f) cos(¢)) sin(#) sin(¢)e’ Y
—sin(f) sin(¢)e W) e7(cos(f) — isin(f) cos(¢))

Since SU(2) is a group under matrix multiplication we must also have for ¢t € R,

cos(0(t)) + isin(6(t)) cos(o(t)) sin(6(t)) sin(¢(t))e*®
—sin(A(t)) sin(p(t))e™™®  cos(A(t)) — isin(A(t)) cos(¢(t))

gexp(tX,) =
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We have the following relationships:

cos(0(t)) = cos(f) cos(t) — sin() cos(¢) sin(t),
sin(0(t)) cos(¢(t)) = cos() sin(t) + sin(@) cos(¢) cos(t),

sin(0(t)) sin(¢(t)) cos(¢(t)) = sin() sin(¢p) cos(v) — t).

We differentiate each equation with respect to t and evaluate at ¢ = 0. For the

first equation,

—sin(0)0'(0) = — sin(h) cos().

So, 0'(0) = cos(¢). For the second equation,

cos(8) cos?(¢) — sin(6) sin(¢)¢’(0) = cos(h),

so ¢'(0) = %zg)os(@)' The angle v maps to 1) — ¢t when ¢ is multiplied on the right
by exp(tX1)), so ¢'(0) = —1. Hence,

Similar computations lead to

p(Xa) = sin(g) cos(v)
N cos(f) cos(¢) cos(v) + sin(0) sin(¢)) 0

sin(0) 0o
N sin(6) cos(¢) cos(y) — cos(f) sin(y)) 0
sin(#) sin(¢) o’
and
0

p(Xs) = sin(9) sin(v)
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N cos(0) cos(¢) sin(¢)) — sin(0) cos(¢p) O

sin(6) 0¢
N cos(f) cos(¢)) + sin(f) cos(¢) sin(y) 0
sin(#) sin(¢) o’
0 1 0 ¢
where Xy = and X3 =
-1 0 1 0
In matrix notation,
p(X1) %
p(XQ) =M sinl(G) % ’
p(Xs) ) 3) 9

where the columns of M are denoted as follows. The first column of M will be denoted

by the vector f and is defined as

cos(¢)
F= sin(¢)cos(v)
sin(¢) sin(¢))

The second column of M will be denoted by the vector g and is defined as

— cos(#) sin(9)
g = | cos(f)cos(¢)cos(1)) + sin(f) sin(v))
cos(0) cos(¢) sin(y)) — sin(0) cos())

The third column of M will be denoted by the vector h and is defined as
— sin(6) sin(¢)

h = [ sin(f) cos(¢) cos(¢)) — cos(f) sin(v))
sin(0) cos(¢) sin(1)) 4 cos(6) cos(v))
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A straightforward computation with the standard euclidean dot product and norm

on R? shows the matrix M is orthogonal and det(M) = 1. Consequently,

20 p(X1)
_ T
sinl(G) % =M p(Xa2)
1 2]
sin(0) sin(¢) 0 p(X3)

Remark: The set

0 1 9 1 0
90’ sin(0) 8¢ sin(f) sin(p) Ov
forms an orthonormal basis for the space of tangent vectors on SU(2) and is called

an orthonormal frame. From this orthonormal frame we deduce that an orthonormal

basis for the dual space to the space of tangent vectors, called the cotangent space, is

{df,sin(0)de, sin(0) sin(¢p)dip} .

Remark: The p(X;) operators are analogous to angular momentum operators in
spherical coordinates up to scaling factors as seen in [L|, p. 380, but in one extra

dimension.

The following computation will be used in the next subsection. Write

0
+ hj(0,0,9) 7

P = £1(6,0,0) 5+ 5(6,0,4) 5 55"

d¢

where for j = 1,2,3, f; denotes component j of the first column of M, g; denotes

component j of the second column of M scaled by and h; denotes component j

sm(0

of the third column of M scaled by m

Definition 2.2.16: The Casimir operator of p is denoted by 2, and is defined by

0, = Z?:l P(Xj)z-
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Remark: This definition is independent of the orthonormal basis for su(2) as
long as {X1, Xo, X3} forms a basis for su(2). The Casimir operator also commutes
with the p operators defined above. See [F|, pp. 120-122, for details. The Casimir

operator is analogous to the total angular momentum operator in physics |L], p. 365.

Next, we will show that

% = 5o |0 (" 035) * w9 (M955) * w9 am |

To begin we compute

2
1i(¢,0:9) 55 +gg(¢,9 w) hi(¢,0, w)&»

+

2 92

(Qf]g]808¢+ 9j Jaqbaw—i_ h]fjawae)
f; (3 af; af;\ 0
(15 0% 150 3

g agj dg;\ 0

( 98 " 990 *’”aw) 9

Oh; oh 0
+ (0% o5 a0 ) g

Let f =f; be the first column of M, and let g; be the second column of M scaled

_|_

by and let h; be the third column of M scaled by and for j =1,2,3,

5111(0 sin(6) sm( )?

-
define the column vector (; = ( fis 95, hy ) . Let x and y be column vectors in

T

R?, and set < x,y >= X'y, [|x]|> = x"x, and let D denote the operator

g 0 0
D:<%,a—¢,%>
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Then
0? 0? 0?
0, = (1617 gz + ol + Il )

9? 0? 9?
2 < f 2 h 2 < hyf
+<<1’g1>898¢+ < 81, 1>8¢8¢+ < 1’1>8¢80)

) B
+;(< ¢, Df; > +<€J,Dg] 25" <G Dhy >a¢)

I

and the second

Since M is orthogonal, |/ |? =

- ]'7 Hgl ||hl||2 - sln2(0)1sin2(¢)’

SlIl

term in parentheses is equal to zero. Elementary computations yield

cos(0)
sin(6)’

3
Z < Cj?ij >=2
j=1

3
cos(¢)
Z<Cj7ng>:.2 X 5
= sin”(0) sin(¢)
3
Z < Cj,Dh]’ >=0.
j=1
Hence
3
Qp = Z p(XJ)2
j=1
_ (9_2+2COS(9)£+ 1 0 N cos(p) O 1 0?

T 902 TYn(0) 90 T sin2(6) 997 | sin’(0) sin(e) 96 | sin?(0) sin (o) D972
1 9 (., .0 1 0?  cos(¢) O 1 02

B sin%@)% o (9)%) * sin?(6) (8¢2 * sin(¢) 0o * sin?(¢) (9_w2>
(o ., D 9/ 0 1o

- 5 |5 (" Om) + @ s (M05) s ]

Remark: The operator (2, is the same as the angular part of the Laplace operator

in R* in spherical coordinates, denoted by Ags. Thus we will call 2, the Laplace

operator on SU(2) in spherical coordinates, and also frequently denote Q, by A. The
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operator Ag: = Sin1(¢) 33 (sm(gb)%) + maa—é is the Laplace-Beltrami operator on

R3 in spherical coordinates.

Example 2.2.17: If 2, operates on an f € C?*(SU(2)) which is a class function,

then

& d
O,f = d_é§+2 t(e)d—é

- sml(e)je <sz(e)%) '

The solutions to the eigenvalue problem ,f = Af subject to éir% sin(0)f(0) =
%

;im sin(0)f(#) = 0, are A\, = —n(n + 2) and f,(cos(d)) = W for n a non-
—T

negative integer [BRJ], p. 309. The functions U, (cos(f)) = W are the Cheby-
chev polynomials of the second kind [Sz|, p.60, and we use these polynomials and
their generalizations to construct the Fourier series of a function f € L*(SU(2)) in

spherical coordinates in the next subsection.

Example 2.2.18: Let f,g € C'(SU(2)) and let x € SU(2) and X € su(2). With

respect to the usual inner product defined on L?(SU(2)),

<pX)f,9>=—<f,p(X)g >

To see this we compute

g(x)p(da)

t=0

p(X)f, g >= / %f(xexp(tX))

SU()

/ f(wexp(tX))g(@)p(dz)

t=0

/f gwexp(—X))(dx)

t=0
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— [ s)atwes(-4)|  p(a

t=0
SU(2)

If we assume f,g € C%*(SU(2)), then we conclude the Laplace operator is symmetric

because
<Afg>=<g,Af>,
and the negative of the Laplace operator is positive since

<-brf>= [ Z\p ) Puld).

su) 7

For completeness we list the expressions for the gradient, divergence, and curl

~

on SU(2) in spherical coordinates. Let § = Z, b = sinl(O) 8%) Y = m%, and

~

F € C'(SU(2)). Define a vector field V (6, ¢,v) = f@ —|—g¢+ hi, where the functions
f,g, and h are sufficiently smooth functions on SU(2) in the parameters (6, ¢, ).
Elementary computations from [Pal, p. 29 yield the gradient, divergence and curl on

SU(2), respectively:

OF ~ 1 OF~ 1 OF ~
V= 00 200 T @ sin(0) 0¢ 260 sin(6) sin(¢)
of COS(Q) 1 dg cos(¢) 1 oh
vov= a0 2 sin(6) i sin(6) A N sin?(0 )sin(¢)g i sin(f) sin(¢) 9y
B 1 0 ag \ ~
Y = e (3 O 55

1 of _ a . >
) <% — sm(gb)% (51n(9)h)) ¢

t g (g G009 = 52V

sin(6)
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This ends our discussion on Haar measure and function spaces on SU(2), and in the

next subsection we will discuss the representation theory of SU(2).
2.3 REPRESENTATION THEORY ON SU(2)

In this subsection we will define the Fourier partial sums for a square integrable
function on SU(2) and obtain integral representations for them in spherical coordi-
nates. A key ingredient is to identify all continuous irreducible unitary representations
on SU(2) up to equivalence. To construct representations of a Lie group, one usually
obtains representations of the Lie algebra. Once this is done, the matrix exponential
is used to transfer the Lie algebra representations to the Lie group. However SU(2)
has such an elementary structure that we can skip working with su(2) and use a direct
approach.

2.3.1 The Subspaces M,, and M,,. The following subspaces are fundamental
in developing the representation theory on SU(2). We begin with some preliminary
definitions.

Definition 2.3.1: A function F : C? — C is homogeneous of degree m if for a > 0
and (u,v) € C?, F(au,av) = a™F(u,v).

Let M be the vector space of all polynomials P(u,v) = 3 ¢jpu/v* in two complex
variables, and let M,, C M be the subspace of homogeneous polynomials of degree

m:

M, = {P : Plu,v) = chujvm_j,co,cl c . Cp € (C} )
§=0

The set M,, is a finite dimensional complex vector space with dim(M,,) = m + 1.

Definition 2.3.2 To each P € M,, we associate a unique continuous function

p: SU(2) — C by the formula

=

p(y) = P(a, B) where y = “ € SU(2).

|
=
Ql
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We shall call such a function p, obtained by lifting P from M, to SU(2), a homo-
geneous polynomial on SU(2) of degree m and denote by M, the vector space of all

homogeneous polynomials on SU(2) of degree m.

Remark: Since M,, C C(SU(2)) € L?(SU(2)), there is a natural inner product

on | J>*_, M,,
(p.q) = / p(y)a(y)u(dy).
SU(2)
Proposition 2.2.4 implies
T T 27T
(0.0) = 55 t///?o@¢9¢ﬁo@¢9¢ﬁm<wamwww

where

cos(#) + isin(6)cos sin(0)sin(¢)e™®
6.0,0) = B(p,0,) = | 0T EROEsE)sm(@n(o)
—sin(f)sin(p)e=™  cos(#) — isin(f)cos(¢)

But, normalized Haar measure p on SU(2) corresponds to normalized surface measure

o on the unit sphere S* by Lemma 2.2.2, so if

x(¢,0,1) = (cos(0),sin(f)cos(¢), sin(f)sin(¢) cos(¢)), sin(f)sin(¢) sin(v)))

for 6 € [0, 7],¢ € [0, 7], and ¢ € [0, 27| then

T w27

,—§J/ﬁ<w¢ a(u(6. 0, 0)) sin? (6) sin() vt

- / / 713 (6,0, 0))QX(. 8, ) sin’(9) sin()dydodd

0
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SS
=< PQ >.
The inner product < -,- > is not convenient for computations, so we will define

another inner product on M, via

(Fi|F) = ﬂi / Fy (u, v) Fy(u, v)e PP N (du) A (dv),

2
Cc2

where I} and F; are homogeneous polynomials on C? and A denotes Lebesgue measure
on C ~ R?. We will show the inner products < -,- > and (- | -) are proportional on

M,,. To do this, we need some preliminary facts.

Definition 2.3.3: The gamma function is defined for Re(z) > 0 by

o0

[(x) = /tx_le_tdt.

0

Using the substitution ¢ = 72, we obtain

The following facts about the gamma function are standard [Sz], p.14:
L. Nz +1) = 2I'(x);

2. '(n+1) =n! for every n € N.

Definition 2.3.4: For Re(p) > 0 and Re(gq) > 0, the beta function is defined by

1

B(p,q) = /tp_l(l — )27 1dt.

0



Using the substitution ¢ = sin?(f) yields

B(p,q) =2 | sin®7'(6) cos®~(0)d6.

o\
SIE]

Applying previous identites and a polar coordinate change-of-variables gives

o0

[e.e]
2/y le=v’ dy 2/:1:2q_1e_x2dx

0

/yQp 1 2q 1 fery dl'dy

0

/7“2p+2q1 sin® () cos® 1 (0)e " drdb
0

2/ 24201612 g 2 [ sin®71(0) cos® 1 (6)db
0

o\
NIE]

In particular, when p and ¢ are positive integers, we have

(p—1Dlqg—1)!
(p+qg—1)!

B(p.q) =
Lemma 2.3.5: If F': C* — C is homogeneous of degree m > —4, then

/F(x)da(x) = m/F(u,U)e—(lu2+|v|2))\(du))\(dv).
2 &

S3

Proof: Using polar coordinates,

/ F(u,v)e” PPN\ (du)Mdv) = 27 ]O / F(rx)e " r*do(x)dr

Cc? 53
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_on? 7Tm+3eTQdT (5/ F(x)do(x)
- (% + 2) / F(x)do(x).

5‘3

Lemma 2.3.6: If p,q,r and s are nonnegative integers then,

1

w2plr!

/zpiqwr@se_(lz|2+wz))\(dz))\(dw) = 0pgOrs-

(CQ

Proof: A direct computation using Fubini’s theorem and polar coordinates yields

/szqwr@Se_“z2+|w|2))\(dz))\(dw) = /zp2q6_2|2)\(dz) /w’”@se_m'Z}\(dw)

Cc? C C

oo 2w

— / P00 o= prat1 g1 0
0 0

oo 2w
x / / O
0 0
= 472 / e ety / e UL | 60
0 0
o (1 1
=T (§(p +q+ 2)) r (5(7" + 5+ 2)) OpgOrs

m2plr! if p=qgandr=s,

0 otherwise.

Proposition 2.3.7: The spaces M, (m = 0,1,2,...) are mutually orthogonal in

L?(S?), and
(m+1)! . :
E:(u,v)= | ——=uv"7:0<j5j<m

is an orthonormal basis for M,,.
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Proof: Let F': C* — C and G : C?> — C be homogeneous polynomials of degrees
m and n respectively. Then F'G is a homogenous polynomial of degree m +n > 0, so

Lemma 2.3.5 shows that

In particular, when m = n then < F,G >= ((F|G). Hence < -,- > and (-|-)

T (m+1

are proportional on M,,. The orthogonality of monomials in Lemma 2.3.6 gives

1
(’LL] m— ]’uk n— k) P/ujvm ]ukvn k *(|u|2+|v )\(dU))\(dU)

C2
= j‘(m - j>!5jk5mfj,nfk

= 7l (m — §)10;k0mn-

This implies (F|G) =0 =< f,g > if m # n. If m = n then

, A 1
m— k. m—k o o™ k. m—k
<UJU ],U v >—m(ﬂj ]|U )
_ Jim —J)
(m+1)!

and hence < I}, B, >= 0, if 0 < 5,k < m.
By Proposition 2.3.7, Definition 2.3.2, and its subsequent remark, the spaces M,,

are mutually orthogonal in L?(SU(2)) with respect to the inner product (-, -) and

a f B (m+1)!

=[5 @8 0< < m
B & jl(m — j)!
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is an orthonormal basis for M,,.

2.3.2 Continuous, Irreducible, Unitary, Representations on SU(2). Let
V' be a nonzero normed vector space over R or C, and let L(V') denote the algebra of

bounded operators on V.
Definition 2.3.9: [Ba], p. 37. An action v of a group G on a set X is a function
v:Gx X — X, for which we write v(g,z) = gz, satisfying the following conditions

for every g,h € G, x € X and e € GG, the identity element:

L. v(gh,z) = v(g,v(h,x));

2. ex =1x.

Definition 2.3.10: [Ba], p. 38. Let G be a topological group and X be a topo-
logical space. A group action v : G x X — X is a continuous group action if the
function v is continuous.

Example 2.3.11: [Bal, p. 39. We use the natural correspondence between func-

tions f on M,, and F on M,, given in Definition 2.3.2 to define a continuous group

action of SU(2) on the set M,, by

a f u v

B f :F(au—Bv,ﬁlﬁ—av)
—p

o]
[
<
I

I
[z
N
-
VRN
<03
N———
N
>~ 3
[
<
N——
Q@.
T
|
SN—"

T

o
T

3

3

!

=

t
N——

e

=

(o4

3

\.??‘
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where the substitution j = k — ¢ was used to interchange the order of summation.
From linearity, SU(2) acts on the vector space M,, and produces another element of

M,,,, so the group action is invariant.

Definition 2.3.12: A continuous representation of SU(2) acting on a Hilbert space
V is a map 7 from SU(2) into L(V'), the space of bounded linear operators on V, such
that:

L. m(x129) = m(x1)m(22) for all 1,z € SU(2);

2. m(e) =idy;

3. for every v € V, the map from SU(2) into V' given by = — 7(x)v is continuous.

Definition 2.3.13: Let H be a Hilbert space. A representation 7 of SU(2) on H
is said to be unitary if, for every g € SU(2), 7(g) is a unitary operator; i.e. for every
g € SU(2) and for every v € H, ||m(g)v| = ||v||.

Definition 2.3.14: Let m; and 7y be two representations of SU(2) on V; and V5,
respectively. If a continuous linear map A : V; — V; satisfies Am(g) = ma(g)A for
every g € SU(2), then we call A an intertwining operator or say A intertwines m; and
To.

Definition 2.3.15: Let m; and 7y be two representations of SU(2) on V; and V5,
respectively. We say 7 is equivalent to m if there exists a linear isometry A : V; — V5
which is onto and intertwines m; and 7.

Definition 2.3.16: A subspace W C V is said to be invariant for the representation
7 of SU(2) on V if, for every g € SU(2), m(g)W C W.

Definition 2.3.17: The left regular representation of SU(2) on L?(SU(2)) is given
by

(L(9)f)(z) = f(g~"x), (x€SU(Q2),
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and the right regular representation of SU(2) on L?(SU(2)), given by
(R(g9)f)(@) = f(zg), (x€SU(2)).

The following proposition shows how the left and right regular representations of
SU(2) on L?(SU(2)) relate to the differential operators p and A discussed in Section

2.2. We will use this proposition in the proof of our main result.

Proposition 2.3.18: Let g € SU(2), X € su(2) and L(g) and R(g) denote the left

and right translation operators, respectively, on L*(SU(2)).

(a) If f € C'(SU(2)), then p(X)L(g9)f = L(g)p(X)f, and
p(X)R(g)f = R(g)p(Ad(g~")X)f.

(b) If f € C*(SU(2)), then A(f o L(g)) = (Af) o L(g) and A(f o R(g)) =
(Af) e R(g).

Proof: See |F|, pp. 160-162, and Definition 2.2.11 and the remark on p. 26.

The following elementary example is a demonstration of the preceding six defi-

nitions.

Example 2.3.19: Let g, g1, g» and z € SU(2), and f; and f, € L*(SU(2)). We will
show the left and right regular representations of SU(2) on L?(SU(2)) are equivalent,
unitary representations. The left and right regular represenations are linear maps on

L?*(SU(2)), and from the translation invariance of Haar measure on SU(2),

(L(g)fr, L(g) fo) = / f1(g™ W g 9)uldy)
SU(2)

_ / f1(2) fa(2)(dg2)

SU(2)

- / £1(2) Fa (D) a(d2)

SU(2)

= (f17f2)7
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and similarly

(R(9)f1, R(9)f2) = (f1, [2)-

Consequently, the left and right regular representations are unitary operators on
L*(SU(2)) and taking f; = f, implies the norms on L*(SU(2)) of the left and right

regular representations are equal to one. Next, for all z € SU(2),

L(g1)(L(g2) ) (@) = (L(g2).f) (91 @)
= f(93 g1 ')
= f((9192)" ')
= (L(g192) f)(z),

and

R(g1)(R(g2)f)(x) = (R(g2) f)(wg1)
= f(z9192)

= (R(9192)f)(x),

so requirement 1 of Definition 2.3.10 holds.

Requirement 2 of Definition 2.3.10 clearly holds. We will now prove the right
regular representation is continuous on L*(SU(2)). Let f € L?(SU(2)), and € > 0 be

given, and let g1, go € SU(2). Since R satisfies requirement 1 and is unitary

IR(g1)f — R(g2)fll2 = |R(95 ") R(g1) f — R(g; )R (g2)f |2
= |R(g5"'91)f — R(g2 " 92) f I
= |R(g5 ' 91)f — R(e) fll2

= |R(gz'91)f = fll2
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= B(g)f = fll2

where g = g; 'g1. Since C(SU(2)) is dense in L2(SU(2)), we may select ¢ € C(SU(2)),
such that [ — fll2 < § ([RF], p. 153). Since SU(2) is compact, and hence ¢ is
uniformly continuous on SU(2), there exists a neighborhood N of e in SU(2) such

that ||R(g)¢ — ¢lle < £ for all g € N. Consequently, for all g;'g; € N, we have

|R(g)f — fll2 < [[R(9)f — R(g)ella + [[R(g)e — ¢ll2 + |l — fll2

<l = fllz + |1R(g)¥ — ©llso + lo = fll2

2¢ €

<
3+3

= €.

This completes the verification of requirement 3 for R(g) and the proof for L(g) is
similar. Consequently, both R(g) and L(g) are unitary representations on L?(SU(2)).
Next, the left and right regular representations of SU(2) on L*(SU(2)) are unitarily
equivalent. To see this, for all f € L?(SU(2)) and g,z € SU(2), let (Af)(x) = f(z™1),

and note

Hence, A intertwines the right and left regular representations, and the fact that
A is a unitary operator on L?(SU(2)) is clear from the inverse invariance of Haar

measure on SU(2). Finally, if V = L*(SU(2)), W = M,, for some integer m >
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u v a f
0, z = € SU(2), g = € SU(2) then the right regular

T T -5 @

representation of f € L2(SU(2)) restricted to M,, is defined by

(m™(9)f)(z) = f(zg)

:F(au—gv,ﬁu—kav).

o f
We pause to check that this yields a representation. Let g; = B and
_ﬁ o
vy 0
go = B belong to SU(2). Note,
-9 7

(7™ (9192) f)(x) = f(xg192)

=F ((ay = B8) u— (By+ad) v, (ad + B7)u+ (@y — Bd) v)),
and

™" (g1) (7" (g2) f)(x)) = (7™ (g92) f) (zg1)
f((zg1)g2)

F((a’y—ﬁg)u— (374—65) v, (ad + 7)) u+ (04_7—35) v)) .

The second requirement of Definition 2.3.12 is satisfied because of the identity

and the third requirement is satisfied because x — f, is continuous from SU(2) to

LP(SU(2) for all 1 < p < oco. Thus, the requirements of a continuous representation
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of SU(2) on M,, are satisfied. The computation in Example 2.3.11 shows M, is an
invariant subspace of L?(SU(2)).

Remark: Let g € SU(2) with ¢ # e. Urysohn’s Lemma (cf. [RF|, p. 239)
guarantees ¢ € C(SU(2)) such that ¢ is positive and real with ||¢||2 = 1 and the

supports of ¢ and R(g)p are disjoint. Then,

IR(9)¢e — ¢ll3 = (R(g)e — ¢, R(g9)¢ — )

—IR)13 -2 [ plagp@indo) +1ol3
SU(2)

= 2.
Hence ||R(g) — R(e)llop > v/2, where

IR(g) = R(e)llop = sup{[|(R(g) — R(e)fll2: [ € L*(SU(2),[If]l2 = 1}.

Hence the right regular representation R is not a continuous mapping from SU(2)
into the bounded linear operators on L?(SU(2)), equipped with the operator norm.

Definition 2.3.20: The representation m of SU(2) on V is said to be irreducible

if the only invariant closed subspaces for = are {0} and V.
Remark: From the definition, a one dimensional representation is irreducible.

Theorem 2.3.21: The restriction 7™ of the right regular representation R of

SU(2) to M,, is irreducible.
Proof: See [F|, pp. 137-140.

Theorem 2.3.22: Let m be an irreducible representation of SU(2) on a finite

dimensional complex vector space V. Then 7 is equivalent to one of the representations

7.

Proof: See [F|, pp. 140-141.
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Remark: Example 2.3.18 and the previous theorem shows that to get all of the
continuous, irreducible unitary representations on SU(2), the choice of whether to

use the right or left regular representation is arbitrary.

2.3.3 The Dual Object of SU(2) and Schur’s Orthogonality Relations.
In this section we will find a natural ordering of the continuous, irreducible, unitary

representations on SU(2). We begin with the following definition.

—

Definition 2.3.23: The dual object of SU(2), denoted by SU(2), is defined to
be the set of equivalence classes of continuous irreducible unitary representations of

SU(2).
Theorem 2.3.24: @ = {n0 7l 7% ..}
Proof: See [Fo|, p.143.

Remark: The dual object of SU(2) may be parameterized by the nonnegative
integers, and thus gives us a way to order the continuous irreducible unitary repre-
sentations on SU(2) according to increasing dimension; i.e. we order these matrices

—

by their size. We will call this ordering the natural ordering on SU(2).

Theorem 2.3.25: Every continuous irreducible unitary representation of SU(2) is

finite dimensional.
Proof: See [F], p. 105.

Remark: Since SU(2) is compact, the continuous irreducible unitary represen-
tations on SU(2) are n x n matricial functions on SU(2). Therefore, equivalent
continuous irreducible unitary representations on SU(2) such as L and R in Defini-
tion 2.3.17 are similar of matrices of dimension n x n. Since L and R are equivalent,

we will only determine the matrix elements of R below.

Theorem 2.3.26: (Schur orthogonality relations) Let g € SU(2), and for each

—

nonnegative integer n, let 7 € SU(2) and {mj5(g) : i,j = 0,..,n} be a set of coordi-

nate functions for 7" on SU(2) with respect to a fixed orthonormal basis {ey, ..., €, }
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in the representation space M, of 7" :
mi;(g) = (7" (g)e;. €).
Then the set of functions v/n + 17} form an orthonormal set in L*(SU(2)) :

n “mi N 1
/ ﬂ-i]'(g)ﬂ-kl (g):u’(dg> = n—_i_l5nm5m(5ﬂ

SU(2)
Proof: See [F|, p. 105 or [HR], vol. 1, p. 344.

a f
Example 2.3.27: Let g = € SU(2). The matrix elements of 7™ (g)

on SU(2) are given by

where

[ .
e =4 'ujvmfj 0< < m.

Note

e || 7] = ( a_ ’

(m+1)!
|

(m = 12:)' au — Bo)k(Bu + av)™F,

k!

and on the other hand, since {ey, e, ..., €,,} is an orthonormal basis for M,,,

(7™ (g)ex) = Z w7 (9)e;
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Hence, for every u,v € C,

i (m+1 o (m+1)! — e
;\/ _J, Tik(g)u' o™ = m(au—ﬁv)k(ﬁu-Fow) g

2mit

In particular, if u = e“™ and v = 1, then the previous identity reads

— / 1)! 1 - .
Z m +_ j ' ]k 27rz]t ksf'(?:n_l— ]){) ( 2mit 6)k<ﬂe2rzt + a)m—k'
7=0

The value of the coordinate function 77 (g) is obtained using standard Fourier anal-

ysis,
1

N Y ‘ _ ' )
Wﬂ(g) = M /(&€2ﬂzt _ 5)k(ﬁ€2mt _i_a)mfkefzmjtdt.
. 0

Remark: It is difficult to use this formula for a given matrix g € SU(2) in

spherical coordinates to deduce the values of the individual matrix elements 77} (g).

See [HR]| , vol. 2, p. 130 for m = 0, 1,2, 3. The following example is useful.
e’ 0
Example 2.3.28: Suppose w;(0) = , then
0 e—i@

1
[ 31 (m — j)! k0 2mikt\ [ —i(m—k)0\ —2mij
= m (6 62 t) (6 ( ) )6 2 ]tdt
_ el(2k‘ m)6 l / 2m(k )t

_ l(2k m)6 5
k:'(m k) o

i(2k—m)0

Hence the functions e , 0 <k < m, are the eigenvalues of 7 (w(0)).

2.3.4 Characters and Dirichlet Kernel on SU(2). In this section we will

develop the irreducible characters on SU(2). We begin with the following definition.
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Definition 2.3.29: Let z € SU(2) and let 7™ be a finite dimensional unitary

representation of SU(2). The character x,, of 7™ is the function on SU(2) given by
Xm () = tr(7™ (2)).

Since the characters depend only on the trace, they are central functions on
SU(2). In particular, if z = e € SU(2), then x,,(e) = tr(7™(e)) = m + 1.

Example 2.3.30: Since every z € SU(2) is unitarily equivalent to w;(f) for 0 <
0 < 7 and tr(m(wi(0))) = tr(r(w;1(0))) = tr(r(wi(—0))), the characters on SU(2)
must be real, inverse invariant, and even functions. On SU(2), if x,, is the character

of 7™ and 0 < 6 < 7, then

Xm(w1(0)) = tr(7™ (wi(6)))

m
— E ez(Qk—m)Q
k=0

_ sin((m +1)0)
sin(6)

These functions are the Chebychev polynomials of the second kind denoted by
Upm(cos(9)) = W as in Example 2.2.13. As 6 — 07, x,u(e) = xm(e™!) =m+1,
and as 0 — 7, xm(—€) = xm((—€)™') = (=1)"(m + 1).

Remark: The characters on T are x,,(t) = €™ where m € Z. This family
of functions is uniformly bounded, whereas the family of characters on SU(2) are
Chebychev polynomials of the second kind and this family is unbounded. This causes

a difference when comparing convergence of Fourier series on T and convergence of

Fourier series on the space of central functions on SU(2) which we will discuss below.
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Example 2.3.31: From the definition of convolution and the Schur orthogonality

relations,

(Xn * Xm) (7) = waale) Afn=m
0 if n #m.

To see this, note that

X (@Y ™) X () 11(dyy)
)

n m

(Xn * Xm)(x) =
S

S
s Se—0_

o (z) / T ) ()(dy)

i=0 j=0 k=0 SU(2)
4
B n+r1 E?:o Z?:o EZZ:O b (2)0ik sk if n=m,
0 if n # m.
;
X mh(x)  ifn=m,
0 if n # m.
>
%Hxn(x) if n =m,
0 if n # m.

Definition 2.3.32: The Dirichlet kernel on T is defined as

for N =0,1,2,.....
Remarks:

1. A useful alternative expression for the Dirichlet kernel on T is given by

Dy(0) =1+ 22%;3 cos((m +1)0) = W7



71

and as € — 0, Dy tends to 2N + 1. This means Dy has linear growth at the origin.

2. Observe that |Dy(0)] < m o7 if |0] < 7. On the other hand, for k =
+1,£2,..,£N, the pomts 2% are uniformly distributed in the set [—7r, —%} U [N,ﬂ

and

po (1) - 2D
N sin(é“—;\r,

sin (/mr + %)

~—

Hence, outside every open neighborhood of the origin in T, Dy is uniformly bounded

but does not tend to zero.

Definition 2.3.33: Let « € SU(2). The Dirichlet kernel on SU(2) is defined by

N
Z m + 1) Xm(z
m=0

for N=0,1,2,....
Remarks:

1. In spherical coordinates

where x € SU(2) is unitarily equivalent to wy(#), 0 < 6 < 7. Since the characters y,,

are real, inverse invariant, and even, so is the Dirichlet kernel on SU(2).

2. The growth of the Dirichlet kernel is much different on SU(2) than T. For ex-

ample, Dy(e) = w7 Dy(X;) = (=1)VN, and Dy(—e) = (—1)N*! N(Z\;+1).
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The Dirichlet kernel on SU(2) is oscillatory as N — oo at X; and —e and con-

sequently isn’t uniformly bounded as N — oo outside every neighborhood of the

identity. This divergent behavior is typical near almost every point in SU(2); see

Problem 6 in section 4 for more details.

Each term in the Dirichlet kernel is a class or central function on SU(2), and if

x is unitarily equivalent to wi (@), then Example 2.3.34 implies

DN(ZL’) =

where Dy (0), k=0,1,2, ...

1 d
142 1)6
2sin(0)d9< * ZCOS m ”)
_1 ,

= mDNH(@)

is the Dirichlet kernel on T.

The Dirichlet kernels on SU(2) and T integrate to unity over their respective

groups. The computation on SU(2), using Proposition 2.2.4 and Example 2.3.35, is

as follows:

T
0
2 & sin(
= Z m+ 1) / 51n2(6’)d9
™ sin(6
= 0

2.3.5 Schur’s Lemma and Fourier Coefficients on SU(2). We will need the

following lemma to compute the Fourier coefficients of a square integrable function

on SU(2) below.
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Theorem 2.3.34 (Schur’s Lemma):

i) Let m and my be two finite dimensional irreducible representations of SU(2)
on Vi and V5, respectively. Let A : V; — V5 be a linear map which intertwines the

representations m; and 7y :

Ami(g) = m2(9)A

for all g € SU(2). Then either A =0, or A is an isomorphism.

ii) Let 7 be an irreducible C—linear representation of SU(2) on a finite dimen-
sional complex vector space V. Let A:V — V be a C— linear map which commutes

with the representation 7 :

Ar(g) = m(g)A

for every g € SU(2). Then there exists A € C such that

A=A

Proof: i) Suppose A # 0. Let vy € ker(A), so Av; = 0. Then for all g € SU(2),

0= ’/TQ(Q)AUl

= Ami(g)v:.

Hence, m(g)v1 € ker(A) for all g € SU(2), i.e. m(g)ker(A) C ker(A). But m is
irreducible and A # 0 so ker(A) = {0}. Let vy € Im(A); then there exists v € V] such

that Av = vy. For every g € SU(2),
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Hence, m(g)Im(A) C Im(A). But my is irreducible and A # 0 so Im(A) = V4. Hence,

A is a linear isomorphism from V; to V5.

ii) The fundamental theorem of algebra guarantees that the polynomial det(A —
Al) = 0 has aroot \g € C, so there exists a nonzero vector v such that (A—MX\gl)v = 0.
But 7(g)A = An(g) for all g in SU(2) implies (A—XoI)7(g) = m(g)(A—NoI). Because
0 # v € ker(A — \oI), part i) implies A — Ao/ =0 on V.

Definition 2.3.35: Let f € L'(SU(2)) and n be a nonnegative integer, then we

define the Fourier transform of f at 7" as an operator on M, in the following way

fam) = / F(g)n" (g~ )u(dg).
)

SU(2

Suppose we choose an orthonormal basis for M, so that 7"(g) is represented by the

matrix [775(g)]. Then

f(x™)i; = / Flo)mli (g ) u(dg)
SU(2)

_ / F(9)73:(g)u(dg).
SU(2)

Remark: Since dim(M,) = n + 1, the Fourier transform f(7") may be regarded
as an (n+ 1) x (n + 1) matrix.
Proposition 2.3.36: Let a,b € C, x € SU(2) and f,g € L'(SU(2)). Then for any

n>0:

L. (af +bg)(z") = af(z") + bg(7");
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5. If f € C2(SU(2)), then Af(r™) = —n(n + 2) f(7™);
6. If f is central, then f(x™)a"(z) = n"(z)f(x™).
Proof: See |F|, p.168, and [Fo|, p. 135, for the proof. The proof of 6 is as follows.

Note that if f is central, then

Example 2.3.37: If f € L'(SU(2)) is a central function, then by Schur’s lemma
and 6 of Proposition 2.3.36, to each integer n > 0 there corresponds ¢, € C such that

~

f(7™) = cpl(ns1)x(n41)- Taking the trace of both sides of the last identity we find

(n+1)e, = tr(f(7™))

_tr / F) T (V) u(dy)

SU(2)

~ [ ety
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Hence,

are the Fourier coefficients for f.

Example 2.3.38: The following computation involving the Fourier transform will
be useful. Let 7" be a continuous, irreducible, unitary representation of SU(2) and

f € LY (SU(2)). Note that

>

tr(

(r)7"(2)) = o / F)r (5 ) ()

SU(2)

= tr / F)"(y~ x)pu(dy)

SU(2)

/ St () u(dy)
SU(2)

/ Y)xn (Y~ ) p(dy)
SU(2)

= (f % xn)(2).

Define P,f = (n + 1) f % x, for each integer n > 0. Then P, is a linear operator on
L'(SU(2)) and using Example 2.3.19,

Pl f = Pu((n+1)f % xn)
= (n+ 1)(Pa(f * xn))
= (n+1)°(f * (xn * Xn))
= (n+1)f * xn

— P,f.



77

Therefore P, is an idempotent, and also an orthogonal projection onto M, if f €
L2(SU(2)). In particular, if f is a central function, then for all z € SU(2), Example

2.3.37 implies

(Pof)(x) = (n 4 1)(f * xn)
= (n+ Dtr(f(z")7"(2))
= (n+ Dtr(enlinsnyxmpny™ ()
= (n+ 1)eptr(n™(x))

= (n+ 1)cyxn(x).

2.3.6 The Peter-Weyl Theorem. The following theorem is key to mean

convergence of Fourier series on SU(2).

Theorem 2.3.39: (Peter-Weyl) For all 7" € S/U_(?) and 7,5 € {0,1,..,n}, define

the coordinate functions 77 as in Theorem 2.3.26. The set of functions v/n + 177 is

J

an orthonormal basis for L?(SU(2)). For f € L*(SU(2)), we have

ZZmHﬁm

where ¢} = (m+1)(f, 7}}) = (m+1) fSU(2) f(z)m}} (x)p(dx) are the Fourier coefficients

for f and the series converges in the metric of L?(SU(2)).
Proof: (See [HR] pp. 26-28).
Remarks:

1. For x € SU(2) and N a nonnegative integer, the Nth partial sum of the
Fourier series of f € L?(SU(2)) is denoted by

N

(Snf)(x sz+1 i )i (%)

m=01,7=0
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and Sy f is a trigonometric polynomial of degree N and belongs to @7]1\]:0 M, The
direct sum is orthogonal because the coordinate functions ;7 are orthonormal func-
tions on SU(2) by the Schur orthogonality relations. The terms in the partial sums

(Snf)(x) are grouped in blocks, i.e.

(Sof)(x) = C(l)lﬂ-?l(x)a

(S1f)(x) = [0(1)17(1)1($)] + [01177%1 (z) + 01277%2(@ + C%lﬂ-%l (z) + 0%27722@)]7

and (Sy2f)(x) will have fourteen terms. For convenience we will find an alternative
expression for (Sy f)(z) in terms of the linear operators P, in Example 2.3.38. The

definition of ¢f} in the statement of the Peter-Weyl theorem yields

Z r(z) = (m+1) / F)TEudy) | 7 @)
7=0 53=0 \si7(2)

P / o i (5 @ntdy)

=(m+1)

/ <Z iy~ (@ )) p(dy)
SU(2) Lg=0
=(m+1) / <Z7T”y x> (dy)
SU(2)
— (m+1) / F()ex(x™ (5~ )l dy)
SU(2)

(m+1) / Y)Xm(y ™)) pu(dy)
sU(2)

= (m+1)(f % xm)(z)
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= (Bnf)().

Therefore, the Fourier partial sums (Syf)(z) for f € L*(SU(2)) can be expressed

more succinctly as a sum of orthogonal projections:

(Snf)(@) =Y (Puf)(@).

m=0

The purpose of this thesis is to examine under what conditions the above sequence
of partial sums converges in the pointwise or uniform senses.

2. On T, the linear span of the characters e, where m is an integer and
t € [0,27), is dense in L?*(T), and so all of the vector space analogues of M, on
T are one dimensional. On SU(2) the linear span of the characters y,, for m a
nonnegative integer cannot be dense in L?*(SU(2)) because the characters on SU(2)
are the Chebychev polynomials of the second kind given by x,,(z) = W for
0 € [0, 7] and these are functions of a single variable whereas a general function on
SU(2) is a function of three independent real variables. This is one reason to suspect

that convergence theory on SU(2) for central and non-central functions on SU(2) will

be different than on T.

3. The appearance of the m + 1 factor in the Peter-Weyl theorem on SU(2)
is also much different than on T because all of the vector spaces M, on T are one
dimensional and so this factor is equal to one in Fourier partial sums on T. This is
another reason the convergence theory for Fourier series on SU(2) is different than
convergence of Fourier series on T. In particular, some convergence problems on T
can be resolved by requiring the Fourier coefficients to be sparse. The m + 1 factor in
the Fourier partial sums on SU(2) prevents proving analogous convergence theorems

by making the Fourier coefficents sparse.
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Example 2.3.40 : Let x,y,g € SU(2) and f € @Z:o M,,. The Peter-Weyl theo-

rem implies f can be represented as

Recall from Example 2.2.7 that

(Quf)(y) = / F(zgyg™"n(dg),

SU(2)

and using the Schur orthogonality relations we obtain

[ e = [ 3 sp@ion o)
SU(2) su(2) klr=0
= Y m@) [ wem@ed
k,l,r=0 SU(2)
1 - m m
= m+1 Z T ()70, () Ok O
k,l,r=0
N 1 m m
- Z m+ 1 Z C?J%TZL(‘%)ZT(ZZ (v)
m=0 i,j=0 1=0
N 1 m
=2 e D )
m=0 1,j=0
Consequently,
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where (P, f)(z) = (m 4 1)(f * Xm)(x). In particular, if f € M, then

(Qzf)(y) = / flzgyg)p(dg)
SU(2)

. Xn(Y)
=2l pi

and since y, € Mn,

(Quxn)(y) = / Xn(zgyg ") p(dg)

SU(2)
. Xn(x)
= )
Therefore Xn”—f”l) are eigenvalues of (), with eigenfunctions y,,. This result is a particular

case of the Funk-Hecke Theorem for spheres in [F|, p. 204.

Remark: For functions f which are not trigonometric polynomials on SU(2),

Theorem 2.2.9 yields

(@Quh)(w) = / F(xgyg™")du(g)

SU(2)

T 27
- %//f(x(%,@o,%)y(éb,ﬁ,w))sin(¢)d¢d¢
0 0

in spherical coordinates.

Example 2.3.41: We also can write a formula which will be useful in finding an
integral representation for the Fourier partial sums of a central function on SU(2).
Suppose x and y are unitarily equivalent to wy(6y) and wy(0), respectively. Multiplying

both sides of the identity

/ Xn(zgyg™")p(dg) = X"(x)x (v)

1"
SU(2)
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by n 4+ 1 and summing from zero to N yields, from Definition 2.3.33 and Example

2.3.30,
/ Dy (zgyg " )u(dg) = D xn(®)xn(y)
SU(2) n=0
= m Z sin((n + 1)6p) sin((n + 1)6)
- 28111(901) =0 Z (cos((n+1)(6g — 0)) — cos((n+ 1)(6p + 0)))
= S (v —0) = 1= Dty +0) - 1)
= 4sin(901) sin(g) (Pri(fo=0) = Do +0))

We would rather have an integral form for Sy involving a convolution between
f and a kernel, analogous to the integral form of the Fourier partial sums on T. On
T, we find an integral representation for the Nth partial sum of a square integrable

function f as follows. Recall that

N

(Sxf)(z) = D c;e

j=—N

1 2w

5= Jo f(t)e~7'dt. Substituting these expressions for the coefficients into

where ¢; =

the Fourier partial sum for f yields

N 2
1 —ijt ijx
(SNf)():Z %/f(t)e Tdt ) e
Jj=—N 0
1 27 N
- ij(z—t)
— | f®) Z e dt
0 j=-N
2
1
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where Dy (t) = Zjvz, ~ €% is the Dirichlet kernel on T. Now we will find an analogous
expression for the Nth Fourier partial sum of a square integrable function f on SU(2)

using a similar argument as on T. We will demonstrate that
(Svf)(x / D (y)f(zy™")u(dy).
SU(2)

Substituting in Sy f the expressions for the coefficients ¢} of f, the Peter-Weyl the-

orem yields

A change of variables then yields
(S f)(x / Div(y)f(ry ™ ()

as desired.
Remarks:

1. In spherical coordinates, let z = (0, ¢o,10) and y = y(0, ¢, 1) be matrices

in SU(2). Then Dy(y) = D§V+1(9). Suppressing the arguments in x and y and

2 sin(

using Proposition 2.2.4, the integral form for the Nth Fourier partial sum in spherical
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coordinates for f € L*(SU(2)) is

(Sw () = / Dy (y) f ey~ )pa(dy)

SU(2)
T w27
1 -1
) / / m%ﬂ(@f@y”)sin?(e) sin(¢)dvdpdd
00 0

:_71 / D'y, (6)sin(6 ( / / F(ay™") sin( d¢d¢) d
b

_ —?1 / Diy1(0) sin(6)[Q. f1(0)d

2. From the Peter-Weyl theorem, the set {y, : n € {0,1,2,...}} forms an
orthonormal basis for the subspace of central functions on L?*(SU(2)). In this case

we get the following elementary expression for the Fourier partial sums:

(Swf)w) = g | Fr(6)) snl6) D60 — )

To see this, Example 2.3.41 implies that the Nth Fourier partial sum of a square

integrable, central function f on SU(2) is

(Svf)(@) =Y Puf(w)
= (n + enxn()
_ / FW)xa()i(dy) | xala)
=0 \st7(2)
- / f(y)Zx ()Xn () (dy)
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- %/f(w1(9))4sm(901) Sin(6) (Dn+41(80 — 0) — D41 (6o + 6)) sin®(0)db

0

1 g .
- /_ Fer(0)) sin(0)Da (b — 0)d0

where x is unitarily equivalent to wi(6y) and y is unitarily equivalent to wy(6). We
will see this representation for the Nth Fourier partial sum agrees with the expansion
of f in terms of zonal functions on the sphere in the next section. This completes
our discussion of representation theory on SU(2), and in the next subsection we will
construct the Fourier series for a square integrable function on SU(2) and study some

applications to partial differential equations.
2.4 FOURIER SERIES ON SU(2)

In this section we will use elementary examples to illustrate some of the differ-
ences in the convergence of Fourier series on the abelian group T and the non-abelian
group SU(2). Applications of Fourier series on SU(2) to partial differential equations
will be given at the end of this section, as well as more sophisticated convergence
results for multiple Fourier series on T and SU(2), which will lead to the main result

in the next section.

2.4.1 Spherical Harmonics on S®. We first give an alternative derivation
for the Fourier series on SU(2) in spherical coordinates with the goal of determining
an alternative formula for the matrix elements of the continuous irreducible unitary

representations on SU(2). The following theorem is useful in this endeavor.
Theorem 2.4.1: Every nonzero function f in M,, is an eigenfunction of A with
eigenvalue k,, = —m(m + 2).
Proof: See [F|, pp. 163-164.

Example 2.4.2: Let 7™ denote the m + 1 dimensional continuous irreducible

unitary representation of SU(2) on M,, and let g € SU(2). Since the matrix elements
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77k (g), of 7™ (g), belong to M,,,
A (g) = —m(m + 2)77i(9),
where k,, are constants. In particular,

Axm(g) = —m(m + 2)xm(9),

must also hold for all ¢ € SU(2). This is consistent with the results in Example
2.2.13.

The equation Au = —Au is called the Helmholtz equation and can be solved
by the method of separation of variables. The primary references for the following
calculation are [AH|, pp. 74-81 and [St], pp. 270-277. We propose to solve the
Helmholtz equation on S* which is equivalent to solving the Helmholtz equation on
SU (2). Using spherical coordinates in S* and the expression for A in these coordinates

(cf. p. 59), we will solve

1 o (.5, ,.0u 1 0 (. ou 1 0%u
il el il il il 4
sin(6) {ae (Sm (6) ae) O (Sm((b) a¢) TS (9) aw} o (4)
in0<fd<m0<¢<m and 0 <y < 2w, subject to the boundary conditions

ou ou
@(67 ¢7 0) = _(97 ¢7 271—) (5)

u(0,6,0) = u(0, ¢, 2r) and 5

if 0 <0 <m, 0<¢ <m, and the regularity conditions
u(6, ¢, 1) is finite (6)

if € {0,7} and 6 € {0, 7}.
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In the method of separation of variables we seek a nontrivial solution to (4), (5)

and (6) of the form u(0, ¢, v) = p(0)q(¢p)r(¢). Substituting this functional form for u

sin?(0) sin?(¢

in (4) and multiplying through by p(9)q(¢)r(w)) and rearranging, we have

si(9) d [, dp\ sin(@) d (. dg\ . ., . . 1 &r
0) 7 (sm (9)@) + ) % <sm(¢)%> + Asin®(0) sin®(¢) = () d0E
(7)

Since the right hand side of (7) is a function of ¢ while the left hand side of (7) is a

function of 6 and ¢, it follows that there exists a constant y such that

1 dr
Cr(wya "

for all 0 < ¢ < 27 and

sin®(¢) d (. 5, . dp sin(¢) d [ . dq .9 Y
S0 d (U O%) S d (O g) Asose =n o

for all 0 < § < 7,0 < ¢ < 7. Dividing (9) by sin?(¢) and rearranging leads to

L d (e @ sin?(f) = —&— — ! i sin @
p(0) dé (S‘” (H)de)“ ®)= 2 q<¢>sin<¢>d¢( (¢)d¢>'

By a similar argument, there exists a constant v such that

a — 1 i sin @ =v
2(9) q(¢>sin<¢>d¢( (@) ) (10

for all 0 < ¢ < 7 and
5 AP .2
——— | sin (9)@ + Asin®(f) = v (11)

forall 0 < 0 < 7.
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Applying the first boundary condition of (2) with u(0, ¢, ) = p(8)q(¢)r(¢) yields
0 =p(@)q(o)(r(2r) —r(0)) for all 0 < 0 < 7, 0 < ¢ < 7. If r(27) # r(0), then it
follows that 0 = p(0)q(¢) for all 0 < 0 < 7, 0 < ¢ < m, and hence u(f,p,v) = 0 on
0<0<m0<¢p<mand 0 <1y < 2. This contradicts the assumed nontrivality
of u so we must have 7(0) = r(27). Similar arguments using (5) and (6) and the
nontrivality of u(6,¢,v) = p(0)q(¢)r(y) leads to the conclusions 7'(0) = r'(27) and
q(0),q(m),p(0), and p(m) are finite. Consequently, taking into account (8), (10), and

(11), we arrive at the following system of coupled boundary value problems satisfied

by u(0, ¢, ) = p(0)q(o)r(v) :

——5 Tur() =0, r(0) = r(2r), r'(0) = r'(2m); (12)

i d— 1/—L = an m) are finite;
)91 ) + (v~ ) 0(6) = 0. a(0) and g ave it (13

1 d (., ,.dp v B .
sin(6) a0 (Sm (9)@) + (A - m) p(#) =0, p(0) and p(7) are finite.  (14)

The eigenvalues of (12) are p,, = m?

and the eigenfunctions, up to a constant
multiple, are r,,,(¢)) = ™ where m is an integer. These eigenfunctions are orthonor-

mal on the interval [0, 27] with respect to the weight function w(v¢) = 1 because

27 2

1 1 ,

o / ra()rm (V)Y = o— / et = G
0 0

Substituting 1 = m? into (13) gives

s (058) (v g ) 1) =0 a0) and o) ave e 15
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The eigenvalues of (15) are v, = (I 4 1), and the eigenfunctions up to a constant

multiple are the associated Legendre functions given by ¢, (¢) = P (cos(¢)) where

(_1)m dl+m

B(s) = g (1= 50 g

w[3

(82 - 1)l7

s = cos(¢), | is a nonnegative integer satisfying [ > |m|. See [St], p. 273. The
second linearly independent solution of (15) is discarded because it is singular at the
origin, so it doesn’t satisfy the condition ¢(0) is finite. See [Sz|, p. 65. The associated
Legendre functions ([St|, pp. 260-261) are orthogonal on [0, 7] with respect to the
weight function w(¢) = sin(¢), i.e.

™

/ P (cos(@)) Py (cos(6)) sin(¢)dg = 0,

0

for nonnegative integers [ and I’ with [ # I’. The normalizing constants are determined

using

s

/ (P (cos())? sin(6)dé =

0

See [St], pp. 275-276.

2 (I+m)!
204 1 (1 —m)!

Remark: On S? the eigenfunctions of the Helmholtz equation are

(20 + 1)(I — m)

! .
e F eos(@))e ™,

Y™ (¢, ¢) = (—1)m\/

where m and [ are integers satisfying 0 < |m| < [ and are the normalized spherical

harmonics on S? found in [St], p. 275, i.e:

T 27

1
= [ e oy ey sin@asas = b
0 O
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where * denotes complex conjugation. The spherical harmonics are polynomials in
the variables z = cos(v) sin(¢), y = sin(¢) sin(¢), and z = cos(¢) of even degree if
[ —m is even and of odd degree if [ —m is odd, and they form a complete orthonormal
set in L*(S®). See |AH|, p. 90 for a proof. The index m is called the magnetic
quantum number and the index [ is called the orbital quantum number in quantum

mechanics ([St], p. 279).

Substituting v = [(I 4+ 1) into (14), it only remains to solve

sin;(e) % (sinQ(e)%) + <)\ — l;fﬂ;;;) p(0@) =0, p(0) and p(w) are finite. (16)

The eigenvalues of (16) are A, = n(n + 2) and the eigenfunctions up to a constant

multiple are p,,;(0) = P, 4,(cos()) where

(="'l () d

Bl = e T ) )~ (%) (@) (1—17)"ts,

t = cos(f), n is a nonnegative integer, and 0 < [ < n . See [AH]|, p. 76. Similarly, the
second linearly independent solution of (16) is discarded because it is singular at the
origin. The eigenfunctions P, 4;(cos(f)) are called associated Legendre functions of
dimension four. The associated Legendre functions of dimension four are orthogonal
on [0, 7] with respect to the weight function w(f) = sin?(9), i.e.

™

/PTLAJ (cos(8)) Py 4.(cos(6)) sin2(9)d9 =0,
0

for nonnegative integers n and n’ with n # n’. Also

% / [Poai(cos(8))]? sin?(0)df =

0

(n!)?
m+Dn—0Dn+1+1)I
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Hence,

Bouall) = Vin+1)(n—=0D(n+1+1)

o P (t)

are the normalized associated Legendre functions of dimension four on [—1,1]. See

|AH], p. 80-81.

Remark: Our definition of P, 4,(t) differs slightly from [AH], because the surface

measure on S? is normalized whereas [AH| does not normalize the surface measure.

Therefore, the normalized eigenfunctions for A on S? in spherical coordinates

are of the form

w(0, ,1) = nim Prnai(cos(0)) P (cos(¢))e™

= nlm(ea (bv Z/})

where m, [, n are integers satisfying 0 < |m| <1 <n (n=0,1,2...), and

i+ =D+ I+ D2+ 1) —m)!
Cnlm = (I + m)(n)?

are chosen so that the functions Y, (6, ¢, 1) are orthonormal on S3; i.e.

T w27

= / / / Yt (0, 6, )Y (0, 6, ) sin(0) sin () dbdddh = 6 Srumr.
0O 0 O

272

Consequently, the Fourier series of u € L'(S%) in spherical coordinates is formally

o n l
U(&, ¢, w) ~ Z Z Z ’)/nlenlm(ea ¢7 w)a

n=0 =0 m=—1
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where

1
Tnim = 55 u(0, &, )Y, (0, &, 00) sin®(0) sin(d) dypdde.

Remarks:

1. The functions Y,;,,, (0, ¢, 1) are the three dimensional spherical harmonics and,
when lifted to SU(2), provide an alternative representation for the matrix elements for

the continuous irreducible unitary representations of SU(2) given in Example 2.3.27.

2. In quantum mechanics, the index n is sometimes labeled by integers and half-
integers instead of integers and is used to describe the spin of particles. Particles with
integer spin (or even integers for us) are called bosons and particles with half-integer

spin (or odd integers for us) are called fermions. See |DD], pp. 90-91.

3. The separation of variables presented here can be extended to R™. It can
be shown that the separated solutions of the /A eigenvalue problem are higher di-
mensional spherical harmonics which are complete in L?(S%"!). These functions were
mentioned in the introduction. See [AH| and |[DX] for more information on these
topics.

Example 2.4.3: When [ = 0 the associated Legendre functions of dimension four
reduce to P, 40(cos(f)) = U,(cos(f)) as in Example 2.3.26. Functions on S® which
only depend on the variable 6 are called zonal functions, and their Fourier series

reduces to the formal expansion
u(0) ~ > (n+ 1)e,Un(cos(6)),

n=0

where

(n+1)e, = 2 /0 " sin((n + 1)0)u(6) sin(8)db,

™

in agreement with the results for central functions on SU(2).
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Theorem 2.4.4 (Addition Formula) If {Y,,;,} is an orthonormal basis for M,

where —[ < m <[ and [ =0,1,2,... are integers, then

N

Z(n + 1)U, (cos(©)) = Z Z Z o )Yoim (0o, do,10),

n=0 n=0 =0 m=-I

where cos(©) is defined immediately preceding Example 2.1.26.

Proof: See [AH], p. 21.

The integral form for the Fourier partial sums in the general case is derived as

follows. Let u € L?(S?) and

N n l
(Svw) (B0, @0, %0) = 3 Y > Yot Yatm (00, G0, %0),
n=0 [=0 m=—I

where
T w27

Tnlm = QL///U nlm Cb, 77/1) SiHQ(Q) Sln(¢)d¢d¢d9

Substituting for the coefficients, interchanging the orders of summation and integra-

tion, and applying the addition formula yields

N n
(Snu) (6o, ¢o, o) = ZZ Z Yt Ynim (6o, Po, Vo)

n=0 =0 m=-1

T w2

-5 / / / 0,6, sin(6) sin(9)

N n l
x (zzz 060t ) st

n=0 =0 m=-1

T w27

:%///u 6, ¢) sin?(0) sin(¢)

0 0 O

(Z n + 1)Uy, (cos( ))> dydpdl
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S / / / Doy (w1 (0))u(6, 6, ) sin(6) sin () durdebdo.
0 O

where cos(0) is the angle between the two unit vectors with initial points at the origin
and terminal points at (0y, ¢o, o) and (0, ¢, ). This formula for the Nth partial sum

agrees with the previous result for noncentral functions on SU(2), i.e.

T w27

By ///DN w1(0))u(l, ¢, 1) sin*(0) sin(¢)dydpdd = (D  @)(x)

where x = x(6y, ¢o, 10) € SU(2), and @ is the lifting of u to SU(2) in Definition 2.3.2.

Remark: In spherical coordinates on S? if cos(©) = r;-ry, then cos(©) = Rry- Rry
where R is a rotation matrix. The function (0, ¢,1) — Dy(w1(f)) is an example of
a reproducing kernel for the space of spherical harmonics of degree N on S3. See [F],

p. 202.

2.4.2 Elementary Convergence and Divergence of Fourier Series. We
will now present two examples of computations to illustrate divergence of Fourier

series on SU(2).

Example 2.4.5: [Ma3|. Each x € SU(2) is unitarily equivalent to

for a unique 6 € [0, 7]. Define a central function f on SU(2) by

.

L if 6€(0,3),
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It is clear that f € L>(SU(2)). By Proposition 2.2.4 and Examples 2.3.30 and 2.3.37,

the Fourier coefficients of f are

™

(n+nmf:2A2mﬂm+1wnmwm&

If n =0, then

If n > 1, then

(n+1)a, = /02 sin((n + 1)0) sin(0)d6é

/Og(cos(nﬁ) —cos((n +2)0))dd
1 (sin(%) B sin((n+2)’—2’)> '

n n+2

This quantity will be zero when n is even, so suppose n = 2k + 1 where k is a

nonnegative integer. Then

(2k+2yhmlzvi((—1w (_Dhﬂ)

2%+1 2k+3
A1)k k+1
o7 <@k+nek+$>‘

Using Examples 2.3.30 and 2.4.3, if x is unitarily equivalent to w;(6p) then the Nth

partial sum of the Fourier series of f is given by

LTJ A(—1)F ( k+1 ) sin(2(k + 1)6o)
(2k + 1)(2k + 3) sin(fo)
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The continuity of Sy f and the facts that elimow = 2(k+1) = lim Sn@rt)
0o—

sin(fo) Go—s sin(fo)

imply

1 NT (k+1)?
(Snf)(xe) =5 + ; ™ (2k+1)(2k+3))'

Therefore, the Fourier series for f diverges at +e since the N** term doesn’t go to

zero as N tends to infinity.

Example 2.4.6: [CW]. Define a central function f on SU(2) by f(z) = 27t2r(x).

e’ 0
Note that if x is unitarily equivalent to , where 0 € [0, 7|, then f(z) =
0 e

Proposition 2.2.4 implies

2 (" 1 P
||f||Lp SU(2 %/0 (TOS(Q)) Sin2(9)d9
9 [T 1 Y 0\ >
= ;/0 (W) (2 sin (5) cos (§>) df
= 2:p /07r sin?~% (g) cos? <g> do.

The integral will converge when 2 — 2p > —1. Thus f belongs to LP(SU(2)) for all

1
1—cos(0) "

p < % Using the elementary identity

2sin((m + 1)0) sin(0)

1 — cos(0) = D1 (0) + Din(6)

where D,,(0) is the mth Dirichlet kernel on T, the Fourier coefficients of f can be

computed using Proposition 2.2.4, Examples 2.3.30 and 2.4.3:
(m+ D = [ FoxaluIn(dy)

_2 /O ) (1 . 0108(9)) Sm(g;(g)m) sin?(0)do
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Thus the Fourier series for f at x, which is unitarily equivalent to wq(6p), is

2isin (m+1) 90)'

sin(fy)
— 0)

We will show that this series diverges for all 6, € [0, | by slightly modifying the proof
in |Ha|, p. 125-126.

First, it is clear if 6y = 0 or 6y = 7 the series must diverge because the argument
of Example 2.4.5 shows that m-th term does not approach 0 as m — oo. Assume
0<byg<m IfOy = §7T where p and ¢ are positive integers, then 0 < 6y = §7r <7
implies 0 < p < q. Without loss of generality, we may assume p and ¢ are relatively
prime so s = ¢ is the smallest positive integer s such that s <§> is a positive integer.

When m =0,1,..,q — 2, the values of sin ((m +1)- §7T> are

{sin (%) ,sin <%w> e ((q—Tan) } ,

when m = ¢q,q+ 1, ...,2¢ — 2, the values of sin ((m +1)- §7T> are

{(—1)psin (Sﬂ') ,(—1)Psin (%w) oy (—1)Psin (Qw) } ,

and so forth, so the sequence is repeating and and not identically zero. Consequently

the nth term doesn’t tend to a finite limit as m — oo.

Now assume 0y = am where 0 < a < 1 is an irrational number. Since the sine
function is bounded in absolute value by one, sin((m + 1)) cannot tend to +oo as

m — o0o. Assume that lim sin ((m + 1)an) = L where L is finite. Then

m—o0

0= lim sin ((m + 1)ar) — sin (man)
m—0oQ

. 1 . o/am
=2 lim cos m—+ — | ar | sin (—) )
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Since sin (%) # 0, ﬂil_rgo oS ((m + %) om) = 0. Therefore (m + %) am = (km + %) T+

€m Where k,, is an integer depending on m and ¢, tends to zero as m — oo. Hence,

(s 1
1 1
= (km+§>7r+€m_(km—1+§)ﬂ-_€m—l

= (km — km—1)7™ + (€ — €m_1)-

The left hand side is a fixed number in (0, 7) whereas the right hand side is an integer
multiple of © added to a sequence that tends to zero as m — oo. Therefore, there

exists an integer mg > 0 such that k,, = k,,_1 for all m > mgy. Thus

ar = lim €, — €,_1
m—ro0

=0,

L : i 1)
a contradiction, and we conclude the series > ~_, w

s (o ) diverges for every 0 <
00 S .

Remarks: 1. For N e Nand 0 < 6y < 7 let Sy = ZT]Z:O sin((m + 1)6p). To find

a closed form for the partial sums note that

Hence,
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In classical harmonic analysis Sy () is denoted by DNH(HO), which is the conjugate
Dirichlet kernel on T. See [Z], p. 2.

2. If p= %, then there is a central function whose Fourier series diverges almost
everywhere. See [Me2] for details. If p > 2, then Syf — f a.c. whenever f is a
central functon on SU(2). See [Po| for details.

The following theorem is useful for proving convergence of Fourier series of

smooth functions on SU(2).

Theorem 2.4.7: [F|, pp. 168-169. If f € C?(SU(2)), then

> (m+ D)¥2[| f(7™)]]] < oo,
m=0

and

Z m 4 1)tr(f(@™)x™(z)),

where the series converges uniformly and absolutely on SU(2).

2.4.3 Applications to the Poisson and Heat Equation on SU(2). We
will now present some applications to elliptic and parabolic partial differential equa-
tions on SU(2). The computations in this section will be formal, and more rigorous

arguments will be provided in the appendix.
Example 2.4.8: For a € R, let ¢, be the central function determined on SU (2)\{xe}

by,
sin(a(m — 0))

Ga(w1(0)) = sin(0)

where
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The function ¢, is integrable because Proposition 2.2.4 implies

2 [T .
lanllzsisvy = = | laalen(6))|sin* 0)a
2 s

/ [sin(a(r — 0))| sin(6)d0

0

N[ 3

<

Using the identity

(m + 1) sin(an)

sin(a(m — 6)) sin((m + 1)0) = (m+1) -

9

the Fourier coefficients are computed using Proposition 2.2.4 and Examples 2.3.30

and 2.3.37 as follows:

(m+ 1)y, = / 1 Gl @)

2

-2 /O " sin(a(m — 6)) sin((m + 1)6)d6
2(m + 1) sin(am)
7((m+1)2 —a?)’

Example 2.4.9: Let A € C\ {-m(m +2) : m = 0,1,2,...}, and let f be a
continuous function on SU(2). We shall solve the equation —Au + Au = f, where u
is a C*—function on SU(2). Computing the Fourier transform of both sides of the
partial differential equation at the representation 7™ and using the properties of the

Fourier transform in Proposition 2.3.36,

o~

(m(m +2) + Nu(r™) = f(z™).
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Hence u(m) = % since A # —m(m + 2). Multiplying both sides by the repre-

sentation 7" evaluated at an arbitrary x € SU(2) yields

~

Sy myoy @) ()
u(m™)mw (x)—m

Taking the trace of both sides gives

Sy Ny (™) ()
tr(a(r™)n™(x)) = tr (m) :

Lastly, we multiply both sides by m + 1 and sum over all continuous irreducible

unitary representations of SU(2) :

S N f ) ()
mzzom—i-ltr ) (x))_rnzz()(m+1)tr(mm+2)+)\>
> m+1 ~

The left hand side of the above equation is u(x) by Theorem 2.4.7 | so

u(m) =3 (MT;’:—%) te(Fa™)m (@)).

m=0

The series on the right converges uniformly on SU(2). Setting A = 1—a? and assuming
the Fourier series of ¢, in Example 2.4.8 converges pointwise to g, on SU(2), we claim

that

i(m—“) te(f(rm)a™ (@) = 5o / Go(zy ™) f (y) pu(dy).

m+2)+ A\

To see this note that

gmﬂ (m) tr(Frm)a ()
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Example 2.4.10: Let f be a continuous function on SU(2). We shall solve the

equation —Au = f, where u is a C*- function on SU(2). Let ¢ be the central function

determined on SU(2)\{%e} by,

The function ¢ is integrable because

2 (7 .
lallsuay = = [l (8))sin(0)d9

_1 /0 | — 6) cos(6)] sin(9)d8

We will now show the Fourier coefficients are given by

%1 m =0

Cm =
2 m # 0
m(m+2) :

If m # 0, then the Fourier coefficients of ¢ are given by

2 [T (m—0)cos(0) (sin((m+1)0)\ . ,
(m + e = ;/0 2sin(6) ( sin(6) ) sin™(6)df
1

== /OW(W — 0) cos(0) sin((m + 1)0)do

™
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1 s

:% ;

1<7T T )
=——++
T\m m+2

2m + 2

m(m + 2)
~ 2(m+1)
- m(m+2)

(m — ) (sin((m + 2)0) + sin(m@))do

If m = 0, then the Fourier coefficient is

2 [T (m—0)cos(0) . ,
Co—;/o QSi—n(H)Sln (0)do

_1 /O "(r = 0) cos(6) sin(6)d8

us
_1 "
_go
1

1

(m — 0)sin(20)do

If uis a C?— solution of —Au = f, then “Au = f and using Proposition 2.3.36

-~

implies m(m + 2)a(7™) = f(7"™). When m = 0 we get that [o, ., f(z)u(dz) = 0

™)

is a necessary condition for the PDE to have a solution. Next, u(z™) = T

Multiplying both sides by the representation 7" evaluated at an arbitrary x € SU(2)

yields R
~my mgoy LT ()
u(r™)r™(z) = mmt2)

Taking the trace of both sides gives
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Lastly, we multiply both sides by m 4 1 and sum over all continuous irreducible

unitary representations of SU(2) :

o] ) s m > fﬂ'm " (w
> (m+ Dr(@(r)a (@) = Y (m+ D (%)

m= B :f:l <m7(nm++12>> tr(f(x™)r™(x))

The left hand side of the above equation is u(z) by Theorem 2.4.7, so assuming the

Fourier series of ¢ converges pointwise to ¢ on SU(2) \ {e}, we have

o) = S m+1) (=l o)

m=1

St e ([ xules o)

m=1

Il
—

o f(2) <Z(m + 1)mem(fvz_1)) p(dz)

U m=1

_ / . q(zy™) f(y)u(dy).

Example 2.4.11: We will now study the diffusion equation on SU(2). Let f be a
smooth function on SU(2). We seek a function u continuous on [0, 00) x SU(2), and
C? on (0,00) x SU(2), such that

ou

for all ¢ > 0, and u(0,z) = f(z) for all x € SU(2).

To solve the problem we will use the Fourier method. Let u,, (¢, ) = e ™" 2y, (z),
where v € M,,. Since vy, € M, vy, satisfies Av,, = —m(m+ 2)v,, by Theorem 2.4.1.
The Laplace operator is linear and time independent so the function w,, is a solu-

tion to the heat equation. To satisfy the initial condition we use an eigenfunction



105

expansion:
o

u(t,x) = Z e Mty (x).

m=0

The initial condition implies

S () =

m=0
If fis a C?—function, then the convergence theorem 2.4.7 implies f is equal to its

Fourier series on SU(2) :

Z m+ 1) tr 7)™ (x));

here the series converges absolutely and uniformly on SU(2). Choose v, (z) = (m +

o~

Dtr(f(7™)7™(x)). Then the solution to the Cauchy problem (17) is given by

-~

ult,z) =Y (m+ D)e ™ fam)r™ (),

and the series converges absolutely and uniformly on [0, 00) x SU(2). To prove unique-
ness, assume u; and us are solutions to the Cauchy problem. The linearity of the
diffusion equation implies w = u; — us also satisfies the diffusion equation with a

homogeneous initial condition. Consider the energy function of w :

E(t) = / w?(t, x)p(dx), (t>0).

SU(2)

It is clear E(t) > 0, and the initial condition implies £(0) = 0. Next,

B(t) = / w(t, 2wy (t, 2)p(dz)

SU(2)

_ / w(t, 2)Aw(t, ) p(de) < 0

SU(2)



106

since —A\ is a positive operator. Therefore F is decreasing and E(0) = 0, implies
E(t) <0. Hence, E(t) = 0 for all £ > 0 which yields w(¢) = 0 and implies the solution

of the Cauchy problem is unique.

Remark: Another proof of the uniqueness of the Cauchy problem based on the

maximum principle can be found in [F|, pp. 176-177.

Definition 2.4.12: For x € SU(2) and ¢ > 0, the heat kernel H on SU(2) is given
by
= Y (m+ e (@)

m=0

The series defining the heat kernel on SU(2) is absolutely and uniformly con-
vergent because |xn,(z)] < m + 1, with equality when x = e. We will also need the
following function.

Definition 2.4.13: [WW], p. 457. Let (z,7) be a pair of complex numbers
with Im(7) < 0. The theta function, denoted by ©s, is defined as O3(z,7) = 1 +
2352, e~ cos(22). If (2,7) = (4,=2%)  then O (4, =2) = 14232 e *t cos(mb).
From the Poisson summation formula ([F|, pp. 174-175,180-181), we also have the

identity

0 —it m? —(0=2km)?
@(5 >_1+226 cosm9 \/726 E

k=—o00

Since characters are central functions, if y € SU(2) is unitarily equivalent to w;(0) =

(5
then
0 e
H(t,y) = Y (m+1)e ™m0y, (wi(6)) (18)
m=0

sin((m + 1)8))
sin(#)

(m_|_1> —m(m+2)t

Mg

m=0
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m=1
—Gt 8 > —m2t
= 2em(0) 96 <1 + 2;6 cos(m@))
—el 0 s —(9—2km)>
B 281H(9)%< t Z <" )

To find an integral representation for the solution u to the Cauchy problem (17) and

(18), consider the identity

H(tay ) f(y) =D (m+De ™™y (wy™) f(y).

The absolute convergence of the heat kernel and boundedness of f allows term-by-

term integration of the series. This yields

™) fldy) = 3G+ e . Xl ()

SU(2) A

m

~

(m + 1)6_m(m+2)ttr(f(7rm)7rm(x))

[
NE

0

3
]

I
I~
=
&

A change of variables yields the integral representation for solutions to (18) and (19) :

u(t, z) = o H(t,y) f(xy " u(dy).

Remark: In spherical coordinates, solutions to (18) and (19) can be expressed using

Proposition 2.2.4 and (19) as follows:

w(z(¢o, 00,%0),t) = H(t,y) f(zy " u(dy)
SU(2)
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= o [ [ 68,005l 800007 0,000

x sin?(6) sm(gzﬁ)d@bdgbd@

“wi [ e (5

X F(2(60, 8o, o)y~ (6,0, 1)) sin(9) sin(@)ddedd
—et [T 0 0 —it
i >ae@3( 7)

< [ sttt i 6.0.00) sn(o)vts ) as

:_TGt " in(6 );@3 (9 it) Q2 11(0)do

0

where [Q.f](0) = &= [ fo% z (o, 0o, o)y (¢, 0,v) sin(¢)dipdg which was defined
in Definition 2.2.8.
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3 CONVERGENCE THEOREMS ON SU(2)

In this section, we will prove the main results of the thesis. We will first demon-
strate that central functions in Lip, (SU(2)) have uniformly convergent Fourier series,
but Holder continuous functions on SU(2) need not have a pointwise convergent

Fourier series.
3.1 ELEMENTARY CONVERGENCE OF FOURIER SERIES ON T.
Let us recall some well-known theorems on T and a classical example.

Theorem 3.1: (Riemann-Lebesgue) Let f € L'(T), then lim f(n) = 0.

[n]—o0

Proof: See [K], p.13.
Theorem 3.2: If f € BV(T), then f(n) = O (|—ib|> .If f € Lip,(T) for some a €
(0, 1], then f(n) =0 ( 1 ) . If f is absolutely continuous on T, then f(n) =0 <l> )

|n|* In

Proof: See [K], pp. 24-25.

Theorem 3.3: If f € Lip,(T) for some a € (0, 1] then Sy f — f uniformly.
Proof: See [Z], p.63.

In fact we have the following theorem.

Theorem 3.4: (Bernstein) If f € Lip,(T) for some o > 5 then Syf — f abso-

lutely.
Proof: See [K], p.32.

Theorem 3.5: Let f be of bounded variation on T; then {(Sy f)(z)}%_, converges

fa)+f(a”
2

to ) and, in particular, to f(x) at every point of continuity. The convergence

is uniform on closed intervals of continuity of f.
Proof: See [K], p. 53.

Remark: In some texts, such as |Z], p. 57 and [Pn], p. 27, this theorem is

attributed to Dirichlet and Jordan.
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The following function space and norm will be used in our main result.

Definition 3.6: The space A(T) is the space of continuous functions on T having
an absolutely convergent Fourier series. The norm we will use for A(T) is given by
Ifllacry = Xz 1f ().

Example 3.7: For a € (0,1) and o € T, let fo(z) = Y52, sre™® * and observe
that the series converges absolutely and uniformly on T. We will prove that f, €
Lip,(T) and the Fourier coefficients of f, tend to zero as N — oo at precisely the

rate O (=) . To begin, consider the difference
N

o0

— 1 2k (z+h) L ok
falz+h) = fal2) = Y | 5o =Dt
k=0 k=0
_ i 1 <6i2k(:r+h) _ ei2k1>
2ak

e
I

0

where x and x + h belong to T with h # 0. We will split this sum into two pieces. Let

1 . )
S, = Z ﬁ <612k(:p+h) _ 612’“1)

2k <y

and
1 . ,
52 _ Z ﬁ <ez2k(x+h) o 67,2kx>
2k >y
where v € R* will be chosen later. To estimate the finite sum S, note that for every
sin (g)

6 € T we have |e? — 1| =2 < 10|. Therefore

1S)] = Z Tikeim <€i2kh _ 1)‘
2k <y
< Z TLJGQ’% _ 1’
2k <y
Lok
< Z WD h

2k<p
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)k
Let ko be the natural number for which 2F < 1 < 2ko+1 Then

ko k
DS ( )
k=0

1] 1= ()|
L

||t~
< .
= 1201

1
2&—1

-3 (

2k <y

1
2a—1

The sum Sy will be bounded above by a geometric series as follows. By the triangle

inequality,

|Ss| =

Z 2% (ei2’“(:c+h) _ ei2k2>

2k>p

1 . )
< Z ﬁ’eﬂk(aﬂrh) _ ez2kx|

2k>p

If we choose v = ﬁ, then

1 21+a
fale + 1) = o) < (1 —gms + o p ) W

= M, |h|°.
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Therefore f, € Lip,(T) for o € (0,1). The Fourier coefficient for f, at n € Z is zero
unless n = 2% for some nonnegative integer k, and in this case uniform convergence

yields

=)

Jj=0

Fo(2F) = %/e—mk’t (i 2% 123t>

™

_ 1 1 i(2k—29)t
—Q—ZQTJ/ di

Jj=0

=)

—T

- 2ak

Hence, the Fourier coefficients fa tend to zero as N — oo at a rate of precisely

Remark: Notice that M, is undefined when o € {0,1}. The function f, can be
shown to be nowhere differentiable and is due to Weierstrass. We refer to [SS|, pp.
114-118 for a proof.

3.2 CONVERGENCE FOR CENTRAL FUNCTIONS ON SU(2).

We will state and prove the main results of this thesis. We begin by showing
the convergence problem of Fourier series for central functions on SU(2) reduces to a
convergence problem for Fourier series on 1" that we already know how to solve, and
to analyzing the behavior of a Fourier integral on T. This will be a recurring theme
throughout this section.

Theorem 3.8: If f is a central function which belongs to Lip,(SU(2)) for some

€ (0,1), then:

(a) the Fourier series for f converges uniformly outside every neighborhood of
*e;

(b) the Fourier series for f need not converge pointwise.



113

If f is a central function which belongs to Lip,(SU(2)), then the Fourier series

for f converges uniformly.

Proof: To prove (a), recall from Remark 3 following Example 2.3.41 that the

Nth Fourier partial sum of f is given by

sin((m + 1)6y)
sin(6p)

(SHH)@) = ($n)er(00) = D+ Ve

=0

Here x = x(¢y, 0o, 1) is the spherical coordinate expression for z,

(m+1)c, = 2 /07T sin((m + 1)0) f (w1 (0)) sin(0)db,

™

e 0
and wy(0) = . In that same Remark, we derived an integral formula
0 6719

for the Nth Fourier partial sum of f:

(S ) (@i (6)) = ﬂ / £(1(6)) $in(6) Dy 11 (6 — 6)d6.

If the central function f belongs to Lip,(SU(2)) for some « € (0, 1], then there exists
a function F defined on [—1,1] such that f(w(f)) = F(cos(#)) for all § € [0,].

Hence, there exists a constant M > 0 such that

|F'(cos(02)) — F(cos(01))] = [ f(wi(0a)) — f(wi(01))]
< Md*(wi(02), w1 (61)))

= (ein (7))

< M|6y — 6|

for all 6;,05 € [0, 7]. Therefore v(0) = F(cos(f)) belongs to Lip,(T) whenever f €

Lip,(SU(2)) for a € (0,1] and f is central. Since % = (Snv_1f)(w1(bp)) for
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0 < 0y < 7w, by Theorem 3.3 Syf — f as N — oo uniformly on intervals for

0o € [e,m — €] for every € > 0. This completes the proof of (a).

To prove (b), we will examine the case where 6y € {0, 7}, i.e. when w;(6y) = +e

respectively. If g = 0, then y,,(e) =m + 1 and

(Snf)(e) = (m+1)°cy,

- mi_oon #1) (2 [ sintlm -+ 10) (6 sin(0)a9)
:%_ OW o (6)) sin(0 i m + 1) sin((m + 1)0)d0
- OWD;Hl(e)f(wl?m;smw)de
=2 [Ceo (5) Dxa (00
2D e (o (5+3)) s
Defne
5= [ o (§) Dra@)sronas
and

b O L (B4 )Y s

The strategy for showing convergence or divergence of the Fourier partial sums
on SU(2) is broken down into two steps. The first step is to observe that J; converges
to f(e) as N — oo by Theorem 3.3 and the proof of part (a). The second step is to

show that J, can diverge as N — oo. Using the trigonometric identity

cos (g) cos ((N + g) 9> — 2 (cos(N +2)8) + cos((N + 1))
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we may rewrite Jo as

Jo = (NQ—ZE) /07T (cos((N +2)0) + cos((N +1)8)) f(w1(0))d6.

Take f(wi(0)) = fo(0) in Example 3.7. We observe J, diverges as N — oo because
the Fourier cosine coefficients of f, go to zero at a rate of precisely O (%) as N — oo
and at most one of the two consecutative Fourier cosine coefficients of f, whose sum

is Jy can be nonzero. This completes the proof of (b).

To prove (c) let f be a central function which belongs to Lip,(SU(2)). We first
need to show that (Syf)(xe) — f(+e) as N — oo. This can be deduced from our
previous work in an elementary way. When 6y = e, J; in the proof of (b) tends to
f(e) as N — oo by Theorem 3.3, and Js in the proof of (b) tends to zero as N — oo,
by Theorem 3.2. A similar argument holds for 6, = —e, and so (Sy f)(£e) — f(Le)

as N — oo.

In the rest of the proof of Theorem 3.8, we will assume the central function
f satisfies |f(x) — f(y)] < Md(z,y) for all x,y € SU(2) and some real number
M > 0. To complete the proof it suffices to show that (Syf)(z) — f(z) uniformly

for v € SU(2) \ {%e}. This clearly follows from the next sequence of four lemmas.

Lemma 3.9: If 0 < 6y < w and N > 1 then

(S enl00) (00 = [ 0,0y ((v+3)0)a

0

where

(Af) (0o, 0) sin(fy + 0) + (Af) (0o, —0) sin(bo — 6)

0y, 0) =
9(6,0) 27 sin(fp) sin (g) |

and

(Af)(00,0) = f(wi(Bo +0)) — flwi(o).
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Lemma 3.10: If 0 < fy < m and 0 < § < 7, then [g(6,, 0)] < 2.

Lemma 3.11: Let 6,0, € (0,7) and h € (0,%). Then g(6o,0 + h) — g(6o,0) =

A(6y,0,h) + B(6y,0, h) where:

(2) ]\}im A(0o,0,hy) = 0if {hy}3_, is any sequence in (0, g) converging to zero;
—00

(24 3)Mh+ (1+3z) b if0<2h<0<m,

12M fo0<8<2h<m.

s

Lemma 3.12: Let 0 < 6y < m and hy = Nié for N =1,2,3,... For every ¢ > 0,
2

there exists Ny = Ny(€) such that

3T

2S5 en(t) — Fartol < (2w ) e (2ot 54 55 arny

3 T
1+— | Mhyln| —
(1) a5

for all 0 < 0y < 7w and all N > N,.

The proofs of these four lemmas are rather technical. Moreover, the result for
central functions in Lip, (SU(2)) is a special case of a more general result which will
appear later in this dissertation: The Fourier series of any function in Lip,(SU(2))
converges uniformly on SU(2). Consequently, we will relegate the proofs of Lemmas

3.9 through 3.12 to the Appendix.

Remark: Part (a) of Theorem 3.8 is a special case of the Jacobi Equiconvergence

Theorem. See [Sz|, p. 246 and pp.253-256.
3.3 CONVERGENCE FOR NON-CENTRAL FUNCTIONS ON SU(2)

We will now study pointwise convergence of Fourier series on SU(2), and we will

need the following function space for our next result.
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Definition 3.13: [M], p.156. Let Q C R be a domain. The Sobolev space W7(2)
consists of functions which belong to LP(2) and whose weak derivative also belongs
to LP(2).

We will also make use of the following result.

Theorem 3.14: [Le|, p. 223. Let © C R be an open bounded set and let u :  —
R. Then v € WH1(Q) if and only if it admits an absolutely continuous representative
v:Q— Rand o € LY(Q).

Remarks:

1. Theorem 3.14 is actually a corollary of a more general result. See [Le|, pp.

222-223 for this result and the proof.

2. We will need to extend Theorem 3.14 to the closed interval Q = [0, 7]. Given

the conditions of Theorem 3.14 with Q = (0, 7), note that

v(0) = v(6y) +

—
Q\'\
S
IS
-
S

0o

for all y,6 € (0, 7). If 6, is fixed then f;o V'(¢)do is defined for 6 € [0, 7] because v’
is integrable on (0, 7). Consequently, v(0) and v(m) are well-defined using (x). The
right hand side of (*) is also a continuous function of § € [0, 71]. To see this let {0;}32,

be a sequence in [0, 7] which converges to 6. Then

<

0o

o
v(0;) = v(bo) + [ v'(p)d
= v(bh)

o
+ / X0,y (D) (6)d.

0
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Note that |x(g,6,)(0)v'(¢)| < [v'(¢)] for all j > 1 and all ¢ € [0, 7], so by the Lebesgue

dominated convergence theorem

0;
lim v(0;) = v(by) + lim V' (@)do
o
0
— () + | v'(¢)do
/

Theorem 3.15: Let f € L*(SU(2)) and z € SU(2). If

(1) the function 6 — [Q,f](#) belongs to W1(0,7), and

(2) the function 6 — [sz](G’) [Qx f1(0 belongs to L1[0, ],
then ]\}I_IgOSNf(IIJ) = [Q.f](0). In particular, if f is continuous at z then ]\}i_I)nOOSNf(a:) =
f(x).
Proof: By Theorem 3.14 and the subsequent remarks, we may assume the func-
tion 6 — [Q,f](0) is absolutely continuous on [0, 7]. Making use of Remark 2 just

before the end of section 2.3, we consider the difference

(Sv1)() = [Qu1(0 / Dl 1 0)sin(0)((Q.1(6) — [Q.f1(0))
/ Dava(6) 5 (sm(O)(1Q.F1(6) ~ [Qe1(0))) 6
- / Dy 1(0) cos(0) (1Qf1(6) — [Q.£1(0))do

_|_%/DN+1(9) Sin(@)%([Qxf](e))dg
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using (1). Let

i = 2 [ Dvea()cos(6)([Q:11(6) ~ (@108

and

d
/ Dy (6) sn(6) ([0 f1(6))d6

As N — oo, I tends to 0 by Theorem 3.5. Another way to see this is to first

extend 0 — ([Q.f](0) — [Q.f](0)) to an even function on T = [—m, 7). Note that

o=~ [ Da(6)cos(0)(Qu1)6) - [Qu11(0))as

NN () (0 (1QA0) - [Ru11(0)
= o [ sin((V + Ue)sm(g) (2) ( @ )de

—T

T

+ % cos((N + 1)0)([Qx11(0) — [Q=£1(0))do

—T

Since

and

are L'—functions on T by (2) and (1), respectively, it follows from Theorem 3.1 that

I, > 0as N — 0.

To show that I, tends to 0 as N — oo, Theorem 3.14 implies 6 — [Q,f](0) is

equal a.e. to an absolutely continuous function v, : [0, 7] — R such that v/, € L'[0, 7].
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Extend 6 — sin(0)v’,(0) to an even function on [—m, 7|, and note that

b=~ [ Dyer(6)sin(6) 55(Qu11(0)d0

— %/DNH(G) sin(6)v..(0)do

0
- o

= —/DN+1(9) sin(0)v, (0)do
2m

_ %/sin ((N + ;) 9) cos (g) o (6)do

—T

_ % f sin((N + 1)) cos? (g) o (6)d0

e / cos((N + 1)0) sin(0)0/. (6)do.

—T

Since 6 — cos? () v/,(f) and 6 — sin(6)v’,(9) belong to L'(T), I, tends to 0 as N —

2
00, by Theorem 3.1. The second conclusion follows from property (¢) of Proposition

2.2.11 for the function 6§ — [Q. f](6).

Remark: A similar version of the previous result was proven in [QHMS], pp.
144-146, but using Clifford algebra methods. Our proof requires only the expression
for the Dirichlet kernel on SU(2) and some elementary convergence theorems for

Fourier series on T.
Corollary 3.16: Let f € C(SU(2)) and = € SU(2). If
(1) the function 6 — [Q,f](#) belongs to W10, 7], and
(2) the function @ +—s QeAOCIO) Kejongs to L]0, 7],
then ]\}EI;OSNJC(@ = f(x).

Corollary 3.17: If f € Lip,(SU(2)) then Apm Syf(x) = f(x) for all z € SU(2).
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Proof: Let f € Lip,(SU(2)) and =z € SU(2). By property (d) of Proposition
2.2.11 the function 0 —— [Q.f](0) is in Lip,([0,7]). Pointwise convergence then

follows from Corollary 3.16.

Remark: Corollary 3.17 was first proved in [Ca| using much different methods

including non-orthogonal coordinates on S3.
We will now develop the tools necessary to strengthen Corollary 3.17.

Theorem 3.18: Let C be a compact three-dimensional interval in R3 and let
F : C' — R be Lipschitz continuous with Lipschitz constant K. Then for every € > 0
there exists a constant K3 > 0, independent of C', and a continuously differentiable

function F. : C' — R such that

(a)] {z € C': DFi(x) # (DF)(2)}] < -,

(b)sup|F.(x) — F(z)| < ¢, and

zeC

(c) Sug||DE(ﬂf)l| < KK,
xe

Proof: Let 6 > 0. By the approximation theorem for Lipschitz continuous func-
tions, |[EG|, p.81, there exists a constant K3 > 0, independent of C, a C'—function

Fs: C — R, and a closed set £ C C such that

(1) |C\ E| <9,
(2) Fs = Fand DFs = DF on E, and

(3) sup| | DFy(2)]| < Ks K.
S

Note: Here D denotes the gradient operator.

We assert that if x € C then

Pl - Fato)l < (14 5) (122)
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Since F' and Fj agree on E, to prove the assertion we may assume that © € C'\ E.
Consider the closed ball B,.(x) in R? centered at z with radius r such that ”l—r; = 0.
Since the volume of C'N B,(x) is at least 3 the volume of B,(x), it follows that
|C'N B.(x)] > 20. But |C'\ E| < 6, so the sets C'N B,.(x) and E cannot be disjoint.
Let y € C N B.(z) N E. Then

|F(x) — Fs(x)| < |F(x) = F(y)| + |F(y) = Fs(y)| + [F5(y) — F3(x)]
< Kd(z,y) + 0+ KKsd(z,y)

<(1+ K3)Kr
126\ 3
= (1+ K3) (—> ,
T

1

proving the assertion. If we choose § > 0 such that (14 K3) (122)2 < ¢, then (a), (b),
and (c) are satisfied with F, = Fj.

Lemma 3.19: Let f be Lipschitz continuous on SU(2) with Lipschitz constant
K > 0, and let ¢ > 0 be given. Then there exist constants K3 > 0 and M > 0 and
ge € CY(SU(2)) such that

() = ge(z)] <€

and

H[sz]/ - [nge],HLQ[O,ﬂ < (K3 + l)KMz\/E

for all x € SU(2).

Proof: There exists a finite collection of proper regular coordinate patches X, :
C; — SU(2) for 1 < i < n with partial derivatives uniformly bounded by a constant
M > 0 and such that SU(2) = J_, X;[C;]. Let F; : C; — R be the function induced
by X; and f such that

Fy(9,0,7) = f(X;(®,0,T)), for all (¢,0,T) € C



123

for 1 < i < n. Clearly each F; is Lipschitz continuous with Lipschitz constant which
is at most K M. Let E; = C1, for 2 < k <n let

k—1

X (G \ [ X565

Jj=1

By =X;"

Y

and set £ = J;_, Ey. Note that E; N E, = @ if j # k. Define F by

if (®,0,¥) € E; for some ¢ € {1,2,..,n}. Then F is Lipschitz continuous with
Lipschitz constant at most K M as well. By the approximation theorem for Lipschitz
functions [EG], p. 251, and Theorem 3.18 there exists a C'—function F, : E — R

and a constant K3 > 0 such that:

(a) E.={(®,0,¥) € E| DF(®,0,¥) # DF(®,0,¥)} has Lebesgue measure

at most € :
(b) [F(®,0,¥) — F(®,0,V)| < e for all (®,0,V) € E;
(c) IDF(®,0,¥)| < Kz3KM for all ($,0,V) € E.

Let g. be the function on SU(2) induced by F. :
9:(X;(®,0,V)) = F (9,0,V)

if (®,0,V¥) € E; for some i € {1,2,..,n}. The chain rule for Lipschitz functions [Sta],

guarantees that

hmf(x(%’ 00, 00)y(¢,0 + h, 1)) — f(x(do, 0o, P0)y(b,0,7))

h—0 h
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exists for a.e. 6 € [0, 7] and is equal to

OF OB OF 0O OF OV
ob o 0000 OV 96

Thus, for a.e. 6 € [0, 7], the bounded convergence theorem implies

2t

Q. f7(6) = —lim / /{ zy(,0 + h, w) f<xy<¢,e,w>>]

47 h—0

sin (@) dipdd

iﬂ 7 ] lim [f (zy(¢,0 + h, w); — flxy(o, 0, zﬂ))} sin()dds

2T T

1 OF0® OF00 OFOoVY\ |

_E//(a_@%Jr%%*a—@@) sin(¢)dyde,
0 0

where © = x(¢g, 00,1%0) € SU(2) is parameterized in spherical coordinates. On the

other hand, for every 6 € [0, 7],

[Q29]'(0) = _hm sin(¢)dyde

47 h—0

// {ge zy(¢,0+ h w>> (l‘y(¢,9,w))]

| //ﬂm [ge wy(6,0 + h, @Z))})L—ge(:vy(gbﬂ,@/z))} S

0

1//(8F8<I) OF. 00 OF. 0V

00 06 90 06 | v ae) sin(g)dyde.

For a.e. 6 € [0, 7], we have by Jensen’s inequality

2

Qu170) - 1Quad O < [ / DF . 2((8,6,0)) - DF.- (2.6,1)| dS

2

das,

IO/O/(DF—DE)-%@,@,%
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where dS = ﬁ sin(¢)dydp.Hence,

T 2t 7

11Qu1Y = Qe < [ [ [ I10F - DEP
0O 0 O

s// |DF — DF|?
Ec
4 // |DF — DFP

C\E.

2
o,0,T)|| dSds

0
BTl

2
3,0, T)|| dSdo

0
79

2
®,0,0)|| dSdo

0
59

= J1+J2.

For a.e. point (¢,0,V) in E., DF.(®,0,¥) exists and ||DF.(P,0, V)| < KM, and
IDF.|| < K3K M so

J < (K3 +1)2K*M*|E|

< (K3 +1)’K*M*e.

Moreover, DF = DF, on C'\ E, so Jy = 0. Hence,

11Quf) — [Qugd) |20 < (K3 + 1)K M?/e.

Theorem 3.20: If f is Lipschitz continuous on SU(2), then Sy f — f uniformly

on SU(2) as N — oo.

Proof: Let f be Lipschitz continuous on SU(2) with Lipschitz constant K > 0
and let € > 0 be given. By Lemma 3.19, there exist constants K3 > 0 and M > 0
and g. € C*(SU(2)) such that

H[Qxf}/ - [QIQE]IHLQ[O,ﬂ < (KS + 1)KM2\/E,
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and

f(@) = go)] <

for all x € SU(2).

By Mayer’s theorem |[Mal|, the Fourier partial sums of g. converge uniformly to g.
on SU(2). Therefore there exists an integer No > 1 such that [(Snge)(z) — gc(z)| < §

for all N > Ny and all z € SU(2). By the triangle inequality

((Sn ) (@) = f(2)] < |(Snf)(w) = (Snge) (@)] + [(Snge) (€) = ge()| + |ge(x) — [ ()]

2€

<|(Snf)(x) — (Snge)(z)| + 3

for all N > Ny and all x € SU(2). We estimate the quantity [(Syf)(z) — (Syge)(x)]
as follows:

N%ﬁ@%w%wwﬂz—l/DﬁﬂﬁmU@AfgMUW‘

™

- /DM4 ()45 (@) Q7 — 0](0) ]

IN

;/DMJ ) cos(8)[Qu(f — 9))(6)d6

—+ ‘%/DN+1(9) Sln<9)[Qx(f - ge)]/(e)de

:‘%/LMHWﬁﬂMNQAf—&HWMQ

%jm%(N+g)@aﬁ()K%u 9)) (6)d0

= [1 +[2

+
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To estimate I set F,(0) = cos(0)[Q.(f — g.)](0) for 8 € [0, 7]. Then

I = ‘% f DNH(e)Fx(e)de‘

= [(SnE3)(0)].

Since Proposition 2.2.11 (d) implies F,(6) is absolutely continuous on [0, 7], we

have for a.e. 6 € [0, 7]
F(6) = —sin(0)[Qu(f — g)](0) + cos(0)[Qx(f — g.)]'(6).

Hence F! € L?[0,7] by Proposition 2.2.11 (d) and Lemma 3.19, and from the

triangle inequality,

sy = | — sin()[Qu(F — 9]C) + cosOIQuf — gl lzziom
< = sOIQuS — Ol om + 08 @ulf — 9Ol 20
< 5Ol 10 — 60l + 05O lIQuF — 6 t0m
< \/51QuF = 0l + @2t = 90120

< g\/g 4 (Ks+ 1)K M2 /e,

Consequently, the Fourier series of F). is absolutely convergent with

1

o0 1 2
1l aqomy < NPl + 12> — | 1Flz20m
n
n=1

< 20Qu(1 — gl + 22 (53 + (s DIV

2 ww (K3 + 1)K M?\/e
< (§+3—\/6)6—|- \/g .
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Hence,

I = |[(Sn F2)(0)]

< (| Fell ao,m)
2 7T\/_ (K3 + 1)K M?*\/e
S( 3f> i V3 '

From the Cauchy-Schwarz inequality,

h<l / sm((mg) 0) ( )‘[an(f g (O)]d8

™

] s (w4 3)0) eost (5) a0 | [ [110utr - aororas

0

N
[N

IN
3w

1[Q2(f — gl 22j0,7)

(K3 + 1)K M?V/e,

=1|l\3>1|t\9

for all N > 1 and all z € SU(2).

Hence,

(Swf — )l >|_( ?j) +(% §)<K3+1>KM2¢E

for all N > Ny, and all x € SU(2). Hence Sy f — f uniformly on SU(2) as N — oo.
This completes section 3. In the final section we will discuss directions of further

research.
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4 CONCLUSIONS

There are many unsolved problems regarding convergence of Fourier series on
nonabelian groups. We will first concentrate on SU(2) as it is the most elementary

of the compact, nonabelian Lie groups.

Mean convergence is settled on SU(2). If f € L*(SU(2)) then the Peter-Weyl
theorem guarantees mean convergence of the Fourier series of f and the analogous
result is false in LP(SU(2)) for p # 2. See |ST| for a proof of the latter result on a

general compact Lie group G. A similar result holds on spheres; see [BC| for a proof.

Regarding absolute convergence of Fourier series on SU(2), elementary argu-
ments show that if f € C?(SU(2)) then the Fourier series of f converges absolutely;
see |F|, p.168-169 for a proof. On the other hand, [Mal] gives a concrete example
of f € C'(SU(2)) whose Fourier series does not converge absolutely. We will need
the following definitions for further study of absolute convergence of Fourier series on
SU(2).

Definition 4.1: Let x € SU(2) and f € LP(SU(2)). The n'® order differences of
f are defined as

n

(Dh (@) = 3 (—1m (?)f(xexp (jhX))

J=0

where h > 0 and X € su(2) such that || X| = 1.

Definition 4.2: Let a = k + v where k is an nonnegative integer and 0 < v < 1.
We say that f € Lip,(SU(2)) if there exists a positive constant M such that, for

every h € (0,1] and every X € su(2) satisfying || X|| = 1,

1AhxP™ (Xar) -+ 0" (Xa,) fllo < ME?
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where

ivtia+---+i. =k, and oy € {1,2,3}for 1 <i <.

If & =1 in Definition 4.2, then v = 1 and k = 0. Hence ||A? y f|lco < Mh, which
means the second differences for f are bounded. Definition 4.2 does not imply the
usual definition of a Lipschitz continuous function on a metric space, i.e. |f(x) —
f(y)| < Md(z,y) for some constant M > 0 and all  and y. However if f is Lipschitz
continuous on SU(2) assuming the usual definition, then Definition 4.2 is satisfied as
a consequence of the triangle inequality. It is also important to note that in definition

4.2 we can have nonconstant functions when a > 1. See [P] for a concrete example.

The connection between a function’s smoothness and absolute convergence of
its Fourier series on SU(2) was clarified significantly in [P] where it is shown: (1)
any function in Lip, (SU(2)) for some o > 3 has an absolutely convergent Fourier
series and (2) to each o < 2 there corresponds an explicit function in Lip,(SU(2))
whose Fourier series is not absolutely convergent. However, on T additional regularity
hypotheses on f € Lip,(T) guarantee absolute convergence of the Fourier series for
f. For instance, if f € Lip,(T) for some a > 0 and if f is also of bounded variation
on T then its Fourier series will converge absolutely; see [Z|, p. 241 for a proof. On
SU(2), the definition of a function of bounded variation is a generalization of that for

T.

Definition 4.3: We say that a real function f on SU(2) is of bounded variation

on SU(2), and write f € BV(SU(2)), if f has a distributional derivative which is

also a bounded Borel measure.
This leads to the first problem.

Problem 1: Can additional hypotheses regarding f € Lip,(SU(2)) be made which

will guarantee that f has an absolutely convergent Fourier series? In particular, if
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f € Lip,(SU(2)) for some a < 2 and f € BV(SU(2)), does the Fourier series of f

converge absolutely?

With regard to uniform convergence, in section 3 we proved that if f € Lip,(SU(2)),
then f has a uniformly convergent Fourier series. Also, it was demonstrated that
Lip,(SU(2)) was the best possible result in the sense that the result fails for any
other Lip,(SU(2)), with a € (0, 1).

Problem 2: Let f € Lip,(SU(2)) for some « € (0, 1).

a) Can one or more additional hypotheses be made regarding f which will guar-

antee that f has a pointwise convergent Fourier series?

b) Can one or more additional hypotheses be made regarding f which will guar-
antee that f has a uniformly convergent Fourier series?

¢) In particular, if f € Lip,(SU(2)) for some o € (0,1) and f € BV (SU(2)),
does the Fourier series of f converge pointwise or even uniformly on SU(2)?

We have not discussed in this dissertation sufficient conditions for a function
on SU(2) to have a Fourier series which converges almost everywhere. In [Mal] it
was shown that if f € L?*(SU(2)) and f € C'(SU(2)) a.e. then f has an almost
everywhere convergent Fourier series. In [Me2| the condition of f € C'(SU(2)) a.e.
is relaxed to f having a distributional derivative which is also square integrable.
However, on T, Carleson proved Lusin’s conjecture: If f € L?(T) then the Fourier
series of f converges almost everywhere on T; see [JAdR|. This makes one wonder
whether any additional hypotheses on a square integrable function on SU(2) are
necessary to conclude almost everywhere convergence of its Fourier series. That is,

we can ask the following question.

Problem 3: If f € L*(SU(2)), then does f have an almost everywhere convergent

Fourier series?
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If f is a central function, then the answer to problem 3 is yes, and a proof can be
found in [ST]. It was also shown in [ST| that if G is a compact, semi-simple Lie group,
then to each p < 2 there corresponds f € LP(G) whose Fourier series diverges almost
everywhere, but the example is not constructive. We contrast this with a result in
[Po] which says that if f is a central function and f € LP(SU(2)) for some p > 3,
then f has an almost everywhere convergent Fourier series on SU(2). It was shown
in [Mel] that there exists a central function f which belongs to L2(SU(2)) whose
Fourier series diverges almost everywhere, but the proof is not constructive. These

nonconstructive existence theorems lead to the following two problems

Problem 4: Does there exist a constructive example of a noncentral function

f € LP(SU(2)) for 2 < p < 2 whose Fourier series diverges everywhere?
The following result is proved in [K], p. 59.

Theorem: Let B be a homogeneous Banach space on T satisfying the following

conditions.
1. If f € Band n € Z then €™ f € B and |[e™ f||z = || f]5-
2. B2 C(T).
Then either there exists f € B whose Fourier series diverges at every point of T or
every f € B has an almost everywhere convergent Fourier series.
Problem 5: Is there an analog of the previous theorem for nonabelian groups?

It follows from a general theorem in [CT]| that the Dirichlet kernel Dy on SU(2)
diverges for almost every x € SU(2) as N — oc.
Problem 6: Ts it true that lim Dy(x) is infinite as N — oo for every z € SU(2)?
Graphical and numerical evidence obtained by the author suggests that the limit

supremum in problem 6 is infinite for every z € SU(2), but a proof has not been

discovered.
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It would be desirable to obtain convergence results for Fourier series for higher
dimensional spheres and compact, connected, Lie groups. For example, we can pose

the following questions.
Problem 7: Let N > 2 and f € C'(SU(N)).
a) Need f have a pointwise convergent Fourier series?
b) Need f have a uniformly convergent Fourier series?

The principal idea in the proof of the main result of this dissertation was to
express the Dirichlet kernel on SU(2) in terms of the Dirichlet kernel on T, and then
reduce the uniform convergence problem on the curved manifold SU(2) to the flat
torus T where convergence results for Fourier series are well known. The Dirichlet
kernels are central functions on any compact group, and so only depend on the vari-
ables used to parameterize a maximal torus in a compact group. On a compact,
connected Lie group G, the following theorem is due to Cartan.

Theorem: [S], p.155. Every compact, connected Lie group has the form G =
K/H, where K is a finite product of T's, the spin groups, the special unitary groups,
the symplectic groups and the five exceptional Lie groups, and H is a finite subgroup

of the center of K.

Problem 8: For which compact, connected Lie groups GG can the Nth partial sum

of the Fourier series of a function f € L*(G) be written as

(Snf)(x) = (Dn* f)(2)

_ / Du(t) / Flay™ ) u(d(G\ T))dt
T G\T

where T' is a maximal torus of G, and p(d(G \ T)) is a G-invariant Borel measure

defined on the homogeneous space G'\ T' of left cosets of T in G?
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By Theorem 2.4.9 and Corollary 2.51 in [Fo], pp. 57-58,

/ i) = [ [ atueydgutayr).

G\T T

By Theorem VIIL.1.1" in [S], p. 167, to each z € G and maximal torus T of G, there

1 = ¢. In particular, to each y¢ € G

corresponds w € G and t € T such that wzw™
there corresponds w € G and t € T such that wyfw™' =t € T. In light of these two
results, we would like to know which compact, connected Lie groups G are isomorphic

to a direct product G 2 T x (G \ T), and the Nth partial sum of the Fourier series

of a function f € L?(G) can be written as

(Snf)(z /KN /f zw ™ tw) p(d(w twT))dt.

G\T

Let f € L*(G), fix x € G, and define a function Q,f on G by

»= [ fey e\ 1),
G\T
This is called the quotient integral formula in |[DE|. For the groups G for which the
answer to Problem 8 is yes, we need to study the following problem.
Problem 9: Given f € LP(G) for some p > 2, and a fixed z € G what can be
said about the properties of the function Q. f7
In the case G = SU(2), we have G \ T = 52,

T 27

(Quh)(6.0.0)) = (Quf)(n //fw (6,0, ) sin(@)dido,
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and

(S5)(@) =~ [ Dy (6)sin0)(Quf r(8)) s

(See Remark 2 near the end of Section 2.3.) Proposition 2.2.11 then gives many
properties of ), f on a maximal torus 7' = [—7, 1) that reflect the properties of f on
SU(2).

Finally, there are many fields in science and engineering for which noncommu-
tative harmonic analysis is useful. For applications in fields such as robotics and
tomography see [Crl] and [Cr2]. We have mentioned nothing about noncommutative
harmonic analysis on finite groups which is important in signal processing. See [SM J]
for more details. Representation theory on unitary subgroups, especially SU(2) and

SU(3), is used in particle physics; see [G] for more details.
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APPENDIX

In this appendix we begin by proving that the Fourier series in Example 2.4.8

converges a.e. Consider the series

3 mflﬂ _sin((m+1)0) (1)

m:O

where « € R\ Z and 0 < 0 < 27. If a,, = —"—, for m € N, then a,, > 0 and
A1 <y for m > |a]. Hence (1) converges uniformly in each interval e < 6 < 27 —e¢
for every € > 0 (cf. [Z], Vol. 1, p.4). Note that n%ii?)omam # 0, so the convergence
is not uniform in [0,27] (cf. [Z], Vol. 1, p.182). However ma,, = O(1) as m — oo
so the partial sums of (1) are uniformly bounded on [0, 27| (cf. |Z], Vol. 1, p.183).

Observe that

« m  (m+1) lm
mgkl'Aamln(m)—m%' m? — a? (m+1)2—a2>1 (m)

_ N (mlm 12 —0®) = (mP —a®)m+ 1N,

=3 (M ey

1+ _a®
m(m+1) 1n<m)

(1 525) m+ 1+ o) (14 2) (m = Ja)
= 21In(m)
<2 G T Jal) (]




Therefore the sum function of (1),

> (m+1)
Z sin((m + 1)8),
— (m+1)2 —a?

is integrable on [0, 27| and

=0

L1[0,27)

pa— 2_((’"—+2”s1n<<m+ ()

.
Hn‘ ¢ (m+1)* — o

N—oo

(cf. [Z], Vol. 1, p.185).

Let the central function g € L'(SU(2)) be determined by

for 0 < 6 < m. The Fourier coefficients of g satisfy

™

(m + 1)a,, = % / 9(n(0))xom (1 (6)) sin(6)dB

_ 2sinfam) Si“;‘”) / pa(6) sin((m + 1)6)d8
— sinETom) /pa(Q) sin((m + 1)0)d6
_ (m+1)sin(am)

 (m+1)2 -2
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for m a nonnegative integer by (2). Therefore the functions g and ¢, of Example

2.4.8 are integrable, central functions with the same Fourier coefficients, so g = q,.

Consequently ¢, is equal to its Fourier series for a.e. 6 € [0, 7.
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Next, let f € C(SU(2)). From Example 2.4.9:

u(r) = lim 5=r— ZfX:o(m + Dam [0 @) xa(y™)p(dy)

N—o0

=3 hm 271-2 fo fo ¢07‘907¢0) (qﬁa‘gud)))
x (o m&”i;llaz Sl““;Z:lt;;””xn(wl(e))) sin? () sin (@) dydgde.

o0

Since f is continuous on SU(2) and the partial sums {ZZ:O % sin((m + 1)())}
N=0

are uniformly bounded on [0, 2], it follows that the integrand is uniformly bounded
on [0, 2] x [0, 7] x [0, 7]. Hence Lebesgue’s Dominated Convergence Theorem and the

fact that g, is equal a.e. to its Fourier series yields

u(z) = lim ﬁ(aﬂ) ZZ 0(m+ Lem fSU ) flay)xn(y= ) p(dy)

- 251n (am fSU )M(dy)

= em(an) fSU(z) f( y)C]a(I?fl)M(dy)-

Consequently, this rigorously verifies the integral representation of the C?—solution

u to the inhomogeneous Helmholtz equation on SU(2) in Example 2.4.9.

We will now restate and prove Lemmas 3.9 through 3.12 which are used in the proof

of Theorem 3.8.

Lemma 3.9: If 0 < 6y < w and N > 1 then

™

(S )er(80)) — Fer60) = [ 6 0)sin ((V-+3) 0)

0

where
(Af) (6o, —0) sin(fo — ) + (Af) (6o, 6) sin(6o + )

0y, 0
9(60,0) = 27 sin(fp) sin (g)

Y

and

(Af)(0o,0) = f(wi(fo+0)) — fwi(6o)).
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Proof: Recall from Example 2.3.41 and Remark 3 following Example 2.3.41:

(SN f)(wi(bo)) — f(wi(bp)) / Dy (zy 1 — f(z))p(dy)
SU(2)
-2 / (Fr(®)) ~ F(e(60) 509
LT o
X (EO/O/DN(xy )sm(gb)d@bdqﬁ) do
2 ™

T /(f<w1(0)) — f(wi(60))) sin*()

™
0

1
8 (4 sin(fy) sin(6) (D160 = 0) = Duv1(60 + 9)>> 4o

1 .
- 0/ (F@1(8)) — F(wr(0))) sin(6)

X (DN+1(90 — 0) — DN+1(90 + 9)) do

if 0 < 6y <. Let

1 .
b= 27 sin(6y) O/(f(wl(e)) = f(wi(6o))) sin(0) Dy 1(6o — 6)db
and
h=s— ” 4 00))) sin(0) Dy 1 (6 + 6)d6
2 — QWSiH(QO) O/(f(wl( )) - f(WI( 0)))Sln( ) N—i—l( o + ) .

Then (Syf)(wi(6o)) — f(wi(6)) = Iy — I5. To combine the integrals let ¢ = 6 in I

and ¢ = —60 in I5. Since f is central, on Iy we obtain
I, — 1 I 0 , D . ;
2= " 2msin(6o) /(f(wl(—¢)) — f(wi(60))) sin(=¢) Dnv+1(6o — ¢)do

0
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0
1

= —m /(f(w1(¢>> — f(wi1(6p))) sin(@)Dy11(0 — ¢)do.

—T

Therefore switching ¢ back to 6, yields

% /(f(m (0)) — f(w1(6p)))sin(0) Dy 1(6g — 0)do

27 sin

(Snf)(wi(bo)) — f(wi(bh)) =

—Tr

™

/ (AF) (60, —0) sin(fy — 0) D1 (0)d0

—Tr

1
N 2w sin(@o)

because of the translation property of convolutions on T. Next, we write the integral

as the sum of two terms:

(SNf)(wl(Ho))—f(wl(Qo 27r81n 60 /Af 00,—9 sm(é’o Q)DN_H(Q)CZQ

0

1

+ 27 sin(6y) /(Af>(00’ —8) sin(fo — 0) Dn41(6)d6.

—T

Using the change of variables # — —6 and the fact that Dy, is even yields

™

/ (AF) (60, —0) sin(fy — 0) D1 (0)d0

0

1

(Sx/)er(00) = fer(bo)) = 5=

T

/(Af) (90, 9) sin(@o + Q)DN_H(@)dQ

0

1
T o sin(6o)

Combining these two integrals, we obtain

(Af)(0o,0) sin(bo + 0) + (Af)(6o, —0) sin(6y — 0)

27 sin(6p) sin (%) ’

(607 9)
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and

(3 er00) @) [ oty (v2) o)

0

Lemma 3.10: If 0 < 6y < m and 0 < § < 7, then [g(6,, 0)] < X

Proof: Let f be a central function in Lip, (SU(2)) with Lipschitz constnat M > 0,
let 0 < 0y < mand 0 < @ < 7, and let g(6p,0) be the function defined in Lemma
3.9. To show that ¢ is uniformly bounded, substituting the standard trigonometric

identites

sin(fy £ 0) = sin(6p) cos(0) £ sin(f) cos(by),

sin(f) = 2sin (g) (g)

into the definition for g yields

and

_(D%f)(00,0) cos(0)  (Df)(6o,0) cos (%) cos(bo)
9(00.6) = 27 sin (g) * 7 sin(fy)
where
(Df)(0o,0) = f(wi(bo +0)) — f(wi(0o —0))
and

(D*f)(6o,0) = f(wi(0o +0)) + f(wi(fo — 0)) — 2f (wi(6o)).
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Using the Lipschitz hypothesis, translation invariance of the metric, and Example

2.1.25(c):

[(Df) (0o, 0)] < |fwi(fo + 0)) = flwi(bo —6))|
S Md(wl(ﬁo + 0),0)1(0{) — 9))

= 2M sin(0),
and since f(wi(6p —0)) = f(wi(0 — 6p)) a similar argument yields
(Df)(60.0)] < 2M sin(6y).

The second difference (D?f)(y,6) can be estimated using the triangle inequality as

follows:

[(D?f)(60,0)| < |f(wi(Bo +0)) + f(wi(bo — 0)) — 2 (wi(60))]
< |[f(wi(bo +0)) — f(wi(0o))] + [ f(wi(Bo — ) — f(wi(6o))]

< Md(wi(0), e) + Md(wi(—0),€)
i (2|2 (2)
o

=2M

Consequently,

‘(D2f)(9o,9) 008(9)‘ < M sin (3)
27 sin (g) ~ 27sin (g)
_2M

)

™
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and

(Df)(6o,0) cos (&) cos(bo) - 2M sin(6y)
) 7 sin(fy)
_ A

aM
M

Therefore ¢ is uniformly bounded on (0, 7) x (0, 7) by

Lemma 3.11: Let 6,6y € (0,7) and h € (0,%). Then g(6o,60 + h) — g(6o,0) =

’2
A(6y,0,h) + B(0o,0, h) where:

(2) A}im A(0o,0, hy) = 0if {hy}3_, is any sequence in (0, 2) converging to zero;
—00

54 3h 37\ Mh )
5y M4 (14 3) M g0 <2 <0 <7,
(3) |B(0o,0,h)| < (W 4) ( 2) 0

12M if0<0<2h<m.

™

Proof: Let f be a central function in Lip, (SU(2)) with Lipschitz constnat M > 0.

We will show that
6

(00,0 + h) — g(00,0) = > _ A;(0, 0, h)

j=1
where

1

A1(007 07 h) = )

™

(D*f)(0o,0 + h) cos(6 + h)

>

11 ]
sin (%5")  sin () |

cos(0)[(D?f) (6o, 0 + h) — (D*f)(6s, 0)]

Ax (b0, 0, h) = 27 sin (2) ’

) — _<D2f><eo,9:sgf‘;2 (3) cost0)

A0, — D)0 0+ l;) cos (g) sin(h)

As(6o,6,h) = %(Dﬁ(@o, 0+h) <COS (#) — o8 (g))
Ag(60,0,h) = ;;iffgz> [(Df)(60,0 + k) — (Df)(0o, 0)] cos (g) :
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Using the notation of Lemma 3.10, and suppressing the arguments of the functions

Aj for 5 =1,2,..,6 we obtain

cos(6y)

7 sin(6y)

X ((Df)(&o,e + h) cos <¥) — (D f)(6o,0) cos (g))
= Al + A5 + AG
\ (D21)(80,0 + h) cos(0 + h) — (D*£) (6, 6) cos(6)

27 sin (g)

= A + A5 + Ag

(D?f)(0y,0 + h)[cos(0) cos(h) — sin(6) sin(h)]
* 27 sin (g)
_(D?[)(0o, 0) cos(0)

27 sin (g)

= Ay + A5 + Ag

N (D?f)(0y,0 + h)(cos(h) — 1) cos(f)
21 sin (g)
cos(0)[(D*f)(60,0 + h

* 2m sin(
(D?f)(00,6 + h) cos (

™

~—

— (D*f)(60,9)]
)

) sin(h)

N[

N

=> A

j=1

We begin by estimating A (g, 0, h). Our first task is to estimate the term ﬁ —
Sin T

. Ee) The mean value theorem yields

11 5

<6’+h>_ (Q)‘_ sin(T)—sin(
“NT27) TN | T e (B s (@
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We have two cases:

Case 1: If @ + h < 7, then using the estimate sin(f) > 26 for 6 € [0, 2] yields

< h?
)sin (§) ~ 2(0 4+ h)6

= >

2sin (¢

l\j|

Case 2: If0+h>7r,then9>gand&—l—hg%ﬂ,so

= >
>

2 sin (HT) sin (g) - 2( )2

< 3hm?
2(0+h)0

Now assume 0 < 2h < 6 < 7. The triangle inequality yields the following estimate

for Ay1(6p,0,h) :

AMY| . [0+ h 3hm?
o Sm( 2 )'(2<9+h>9)
<4M(9+h)( 3hm? )

- 2 2 20+ h)6

~ 3Mhm

20

|A1(907 97 h’)| S

We will need the following identity to estimate Ay (6,6, h). Note that

(D?f)(00,0 + h) = (D*f)(00,0) = f(wi(0o + 0 + h)) — f(wi(fo +0))

+ flwi(fo — 0 — 1)) — f(wi(bo — 0)),

SO

(D2 ) (8,0 + h) — (D) (60, 0)| < 2M sin (g) oM sin (g)



Since 0 < 2h < 6 < 7, we obtain

These two observations imply

|As (6,8, h)]| < (%) (Z_g)

_ Mh
===

To estimate A3(6p, 0, h) observe that

Consequently,

7 sin (g)
4M

=@M (* 3;) e ()
()6
_ 3Mh?

e

sl 0, 1) < ’ (D)8, 6 + h)sin® (§) cos(6) ‘

146
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Previous work yields the following estimate for A4(6y,0,h) :

((D?f)(00, 6 + h)| sin(h)

’A4(0070>h)‘ < T
AM 6+h
< - sin( —;_ ) sin(h)
4Mh
< —.

(e

To estimate As(6p,0,h) we will need two facts. First, by the mean value theorem

there exists a £ € (g, %) such that

Second, our work in Lemma 3.10 implies
[(Df)(6o,0 + )| < 2M sin(6p).

Hence

2M sin(6y)h
As(6p,0.h)] < —————

_ Mh

T
Estimating Ag(0y, 0, h) again follows from our previous work. Note that

AM sin(6y)
msin(6y)
AM
< =

|A6(90a 07 h)| S
- .

Let {h,}5°, be a sequence in (O, g) converging to 0. The continuity of f implies
lim Ag(0o, 0, hy,) = 0 for every 6,6, € (0,7). Setting A(6y, 0, h) = Ag(6o, 0, h) proves
n—oo

(1) and (2). Setting B(6y,0,h) = 2?21 A;(6y,0,h) and adding up the estimates yields
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(2) for 0 < 2h <0 < 7. 1f0 < 0 < 2h < 7, Lemma 3.10 and the triangle inequality

yields

|B(0o,0,h)| = |g(0o,0 + h) — g(6o,0) — A(bo, 0, h)|

4M  4M  4M
=+ +

e T T
12M

™

which is (3).

Lemma 3.12: Let 0 < 6y < m and hy = Nig for N =1,2,3, ... For every ¢ > 0,
2

there exists Ny = Ny(€) such that

2S5 en(t) = Frtol < (2w ) e (2ot 545 arny

3T T
1+ — | MhyIn| —
+<+8> Nn(hN)

for all 0 < 6y < w and all N > N,.
Proof: Replacing 6 by 6 + hy in

T

(S (60) — flen(t0) = [ o605 (343 ) 0)

/ 2
yields
(Sx ) (80)) — F(n(@) = W/hNgwo, ot hopsin (4 3) 04 ) )

™

= —/g(00,9+hN)sin((N+;> (9+hN)) df + Ey

0
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where |Ey| < %hN. To see this, Ey is the sum of two integrals, each over an interval
of length hx. Therefore the estimate is a direct consequence of Lemma 3.10. Adding

the two expressions for (Syf)(w1(6o)) — f(w1(0y)) yields

™

2((Sw ) e (60) ~ F1(80))) = [ (9(60,6) = 91600 + b))

X sin ((N + g) 0+ hN)) df + Ey.

Lemma 3.1 yields
(S 0~ Fr) = | [ 4013 ( (02 (04 00)

hn
+/|B(90797 hN)’ sin ((N+
0

DN W

) 6+ hN)) df

DO | o

+h[\3(90,9,hw)! sin ((N+ )<6+hN)) v

=I5 + I+ I,

respectively. Part (3) of Lemma 3.11 yields for all N > 1,

120
Ll < My (22 o+ (145 b ()
T 2 7 2 hn

Therefore for any sequence hy tending to zero as N — oo we conclude I + I3 tends
to zero uniformly for every 6y € (0,7). Given any ¢ > 0, Egoroff’s theorem and
the continuity of f guarantees the existence of a measurable set £ C (0, 7) such that
m(FE) < eand A(0,0y, hy) — 0as N — oo uniformly for 6, € (0,7) and 6 € (0, 7)\ E.
Choose Ny = N(e) such that |A(6, 0y, hy)| < € for all §y € (0,7) and 6 € (0,7) \ F
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and N > N,. For such N we have

sin ((N + g) 0+ hN)) ‘de
sin ((N + ;) 0+ hN))) ‘d@

I < / LA, 60, h)|
E

n / LA(8, 6, )|
(0,m\FE
AM

< —m(E) + me
T

Hence (Sy f)(wi1(6p) converges uniformly to f(wi(6y)) as N — oo.

Remark: A more general version of this theorem is proved in [Be| for Jacobi

Series using different techniques.
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