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ABSTRACT

The concept of periodic functions defined on the real numbers or on the integers is
a classical topic and has been studied intensively, yielding numerous applications in every
kind of science. It is of importance that the real numbers and the integers are closed
with respect to addition. However, for a number ¢ > 1, the so-called g-time scale, i.e.,
the set of nonnegative integer powers of ¢, is not closed with respect to addition, and
therefore it was not possible to define periodic functions on the g-time scale in an obvious
way. In this thesis, this important open problem has been resolved and the definition
of periodic functions defined on the ¢-time scale is given. Using this new definition
of periodic functions defined on the g-time scale, five distinct results involving periodic
solutions of various kinds of ¢-difference equations are presented, namely as follows. First,
Floquet theory for g-difference equations is established. Second, the Cushing-Henson
conjecture is proved for periodic solutions of the Beverton—Holt ¢-difference equation,
resulting in applications in the study of biology, in particular population models. Third,
stability for Hamiltonian g-difference systems is investigated. Fourth, the existence of
periodic solutions of a g-difference boundary value problem is examined by applying the
well-known Mountain Pass theorem. Fifth, the existence of positive periodic solutions of
higher-order functional g-difference equations is studied by applying the well-known fixed-
point theorem in a cone. Besides these five research papers that are based on the newly
introduced definition of periodic functions on the ¢-time scale, this thesis also contains
an introduction, a section on time scales calculus, a section on quantum calculus, and a

conclusion.
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1. INTRODUCTION

Differential equations began with Leibniz, the Bernoulli brothers, and others from
the 1680s, not long after Newton’s fluxional equations in the 1670s. In 1676, English
physicist Isaac Newton solved his first differential equation and was working with what
he called fluxional equations.

In 1693, German mathematician Gottfried Leibniz solved his first differential equa-
tion and that same year Newton published the results of previous differential equation
solution methods a year that is said to mark the inception for the differential equations
as a distinct field in mathematics.

Swiss mathematicians, brothers Jacob Bernoulli (1654-1705) and Johann Bernoulli
(1667-1748), in Basel, Switzerland, were among the first interpreters of Leibniz’ version
of differential calculus. They were both critical of Newton’s theories and maintained that
Newtons theory of fluxions was plagiarized from Leibniz’ original theories, and went to
great lengths, using differential calculus, to disprove Newtons Principia, on account that
the brothers could not accept the theory, which Newton had proven, that the earth and
the planets rotate around the sun in elliptical orbits. The first book on the subject of
differential equations, supposedly, was Italian mathematician Gabriele Manfredis 1707
On the Construction of First-degree Differential Equations, written between 1701 and
1704, published in Latin. The book was largely based on the views of the Leibniz and
the Bernoulli brothers. Most of the publications on differential equations and partial
differential equations, in the years to follow, in the 18th century, seemed to expand on
the version developed by Leibniz, a methodology, employed by those as Leonhard Euler,
Daniel Bernoulli, Joseph Lagrange, and Pierre Laplace.

For the recent era, there are many mathematicians who have studied and developed
the theory of differential and also difference equations as found in general. The study
about the periodic solutions of differential and difference equations is the one significant
topic in which we are familiar with. The search for periodic solutions and the examination

of their behavior are of interest not only from the purely mathematical point of view but



also because the periodic regimes of real physical systems usually correspond to periodic
solutions in the mathematical description of these systems (see Auto-oscillation; Forced
oscillations; Oscillations, theory of; Non-linear oscillations; Relaxation oscillation). How-
ever, this is a very difficult problem, since there are no general methods for establishing
whether periodic solutions exist for a particular system. Various arguments and methods
are used in different cases. Many of them relate to perturbation theory, e.g., the harmonic
balance method and the Krylov-Bogolyubov method of averaging or the method of the
small parameter, and they also touch upon research on bifurcation. Others relate to the
qualitative theory of differential equations.

Differential or difference equations involving periodic functions play also an impor-
tant role in many applications which are called Floquet equations and the study of Floquet
equations is called Floquet theory. Although it is not necessary that a Floquet system
has a periodic solution, it is possible to characterize all the solutions of such system and
to give conditions under which a periodic solution does exist. In this work, we have also
presented Floquet theory for the ¢-difference equations. However, the periodicity of func-
tions defined on the g-time scale is unlike that on R and Z time scales because for any
s,t € ¢\, s+ t is not necessarily in ¢"°. In other words, ¢"° is not closed under plus op-
eration. In this work, we define periodic functions on ¢-time scale that will be introduced
later. Furthermore, the geometrical interpreting of periodic functions is also considered
by calculating the integral of the periodic functions over some intervals and then the value
of those integrals becomes constants. Through this work we count on the periodicity idea
for the ¢-time scale to develop the five articles shown in the contents. As already men-
tioned, the Floquet theory is the one of five articles included in this work and it will be
described in more detail later. For the second article, we investigate the existence of the
periodic solutions of the Beverton—-Holt equations on the g-time scale and present a couple
of Cushing-Henson conjectures which are analogue version of the difference or differential
equations. As well known the Beverton-Holt model is a classic population model which
has the applications for the population growth and delay. We continue the study of the
periodic solutions in the fourth and fifth articles, but for the fourth we concentrate on

the ¢-difference boundary value problem by applying the Mountain Pass Theorem while



in the fifth one we look over the higher-order functional ¢-difference equations and seek
the positive periodic solutions for that given g¢-difference equations. In the third paper,
the stability theorems for the Hamiltonian ¢-difference equations are presented which are
developed from the continuous and discrete versions. The research of the stability of the
difference (differential) Hamiltonian equations has been studied by many authors, e.g.,
Rasvan [27] and [17] (Krein and Jakubovic [22]).

Throughout this work, we have presented many significant results, theorems, and
useful approaches dealing with the periodic solutions of the various g-difference equations
which are developed parallel to some portions which are related to the periodic solutions

of differential (difference) equations.



2. INTRODUCTION TO TIME SCALES

The study of dynamic equations on time scales unifies both continuous and discrete
mathematical analysis. As a result, one can generalize a process to account for both cases,
or any combination of the two. Since its inception, this area of mathematics has gained a
great deal of international attention. Researchers have found applications of time scales
to include heat transfer, population dynamics, and economics. In further sections, our
results will be extended toward applications found in electrical engineering. For a more

in-depth study of time scales, see Bohner and Peterson’s books [5, 6].

2.1. BASIC DEFINITIONS
In this subsection, the basic results on time scales are introduced to be used in later

sections.

Definition 2.1. A time scale T is an arbitrary nonempty closed subset of the real num-

bers.
This is some common examples of time scales.
Example 2.2. Some common time scales include
a. T=Rand T = %Z;
b. T=hZ:={hk : k € Z} for h > 0;
c. T=qg%?:= {qk:kGZ} for ¢ > 1;
d. T =2%:= {Zkzk’EZ};

n

. the so-called harmonic numbers, {Hn = T ne NO};
k=1

@
| =

f. T=N2:={n?:neNy};
g. the Cantor set.

Any time scale that is a combination of any of the above sets is called a hybrid time
scale. On the contrary, sets such as (a,b) and C are not time scales.

Next, both the forward and the backward jump operators must be defined.



Definition 2.3. For t € T, the following statements are defined:

a. The forward jump operator ¢ : T — T is given by

o(t):=inf{seT: s>t}. (2.1)

b. The backward jump operator p : T — T is defined as

p(t) :==sup{seT: s<t}. (2.2)

Definition 2.4. For any function f : T — R, the function f? : T — R is defined as

fo(t) = f(o(t)) forallteT, (2.3)

ie., f7=foo.

Remark 2.5. Points in T are classified as follows. If o(t) > ¢, then ¢ is said to be right-
scattered. Similarly, if p(t) < ¢, then ¢ is said to be left-scattered. If a point is both left-
scattered and right-scattered, then it is said to be isolated. On the contrary, if o(t) = ¢,
then t is said to be right-dense. Similarly, if p(¢) = ¢, then ¢ is said to be left-dense. If
a point is both left-dense and right-dense, then it is said to be dense. Table 2.1 gives a

classification of points.

Definition 2.6. If T is a time scale with a left-scattered maximum m, then the set

T% =T\ {m}. Otherwise, T® = T.

Definition 2.7. The graininess function u : T — [0, 00) is defined by

wu(t) :==o(t) —t. (2.4)

Both the forward and the backward jump operators as well as the graininess function

for some common time scales are given in Table 2.2.



Table 2.1. Classification of Points

t<o(t) t is right-scattered

p(t) <t t is left-scattered
p(t) <t <o(t) t is isolated

o(t)y=t t is right-dense

p(t) =t t is left-dense
p(t) =t =o0o(t) t is dense

Table 2.2. Examples of Times Scales

T pu(t) o(t) p(t)
R 0 t t

7 1 t+1 t—1

hZ. h t+h t—h
N t
q | (g—1)t qt —
q
t
oN t 2t —
9

N2 | 142Vt | (VE+1)? | (VE—1)?
1
H, H, H,_
n + 1 +1 1

2.2. DIFFERENTIATION
The delta (or Hilger) derivative is defined in the following. Then some useful prop-

erties dealing with the delta derivative are presented, Bohner and Peterson [5, 6].



Definition 2.8. Let f : T — R. The delta derivative f2(¢) is the number (when it exists)

such that given any € > 0, there is a neighborhood U of t such that,
[f(o(®)) = f(s)] = fA(D)[o(t) = s]| < elo(t) —s| forallseU.

Properties of the delta derivative are considered in the next two theorems.

Theorem 2.9 (See [5, Theorem 1.16]). Suppose f : T — R is a function; let t € T".

Then the following results are produced.
a. If f is differentiable at a point t, then f is continuous at t.

b. If f is continuous at t, where t is right-scattered, then f is differentiable at t and

fA@) = ==, (2.5)

Remark 2.10. Note the following examples.

a. When T = R, then (if the limit exists)

b. When T = Z, then



c. When T = ¢ for ¢ > 1, then

Next the linearity property as well as both the product and the quotient rules are

considered.

Theorem 2.11 (See [5, Theorem 1.20]). Let f,g : T — R be differentiable at t € T".

Then the following results are produced.

a. For any constants o and 3, the sum (af + fg) : T — R is differentiable at t with

(af +Bg)>(t) = af2(t) + Bg™ (D). (2.8)

b. The product fg: T — R is differentiable at t with

(f9)2(t) = f2(0)g(t) + f7(D)g™(t) = f(t)g™ (1) + f2(£)g” (). (2.9)

c. If g(t)g(o(t)) # 0, then the quotient f/g: T — R is differentiable at t with

2.3. INTEGRATION
Now integrable functions on an arbitrary time scale will be considered. However,

the following two concepts must first be introduced.

Definition 2.12. A function f : T — R is said to be regulated if its left-sided and

right-sided limits exist at all left-dense and right-dense points in T, respectively.

Definition 2.13. A function f : T — R is said to be rd-continuous if it is continuous at

right-dense points in T and its left-sided limits exist at left-dense points in T. The class



of rd-continuous functions f : T — R is denoted by
Crg = Ca(T) = Cy(T, R). (2.11)

From the previous two definitions, we have the following theorem.
Theorem 2.14 (See [5, Theorem 1.60]). Let f : T — R.
a. If f is continuous, then it is also rd-continuous.
b. If f is rd-continuous, then it is also regulated.
c. The jump operator o is rd-continuous.
d. If f is requlated or rd-continuous, then so is f°.
e. Assume f is continuous. If g : T — R s requlated or rd-continuous, so is f o g.

Definition 2.15. A continuous function f : T — R is said to be pre-differentiable with
(region of differentiation) D, provided D C T*, T* \ D is countable and contains no

right-scattered elements of T, and f is differentiable at each point t € D.
Next, we consider when the existence of pre-antiderivatives is guaranteed.

Theorem 2.16 (See [5, Theorem 1.70]). Let f : T — R be a regulated function. Then
there exists a function F' which is pre-differentiable with region of differentiation D such

that
FA(t) = f(t) forall teD.

Any such function F is called a pre-antiderivative of f.

Definition 2.17. Let f : T — R be a regulated function and let F' be a pre-antiderivative

of f. Then the Cauchy integral of f is given by

/bf(t)At:F(b)—F(a) for all a,b € T.



Example 2.18. Let a,b € T and f be rd-continuous. Note the following examples.

a. When T = R, then

Lff@Ahi[fwﬁ

b. When [a, b] contains only isolated points, then

c. When T = Z, then

c. When T = hZ, then

\

> wt)f(E) if a<b

t€la,b)

0 if a=0

— > ut)f(t) if a>0b.
t€la,b)

b—1

S FE) if a<b

t=a

0 if a=0>

a—1

S ) if asb.

t=b

b/h—1

S hf(hk)  if a<b

k=a/h

0 if a=0b
a/h—1

~ S hf(hk) if a>b.
k=b/h

10

In the following theorem, the basic properties of integration are considered on time scales.

Theorem 2.19 (See [5, Theorem 1.77]). If a,b,c € T, a € R, and f,g € Cyq, then

a. [0 +g®)At = [ A+ [ g(t)At;

b. [(af)(t)At=a [ f(

)AL,

c. [VF)AL=— [T F(t)AL;
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(o

P rAE = [CF)AL+ [P F()AL

LA IAL = (f9)(b) — (fo)(a) + [7 FA(1g(t)AL;

@D

£ [0 (AL = (f9)(b) — (f9) ) + [} FA (D) (DAL
g [Tft)At=0.
Finally, a generalized form of the Leibniz rule is considered.

Theorem 2.20 (See [5, Theorem 1.117]). Let a € T, b € T, and assume f: TxT* - R
is continuous at (t,t), where t € T% with t > a. Additionally, assume that f2(t,-) is
rd-continuous on |a,o(t)]. Suppose that for each € > 0, there exists a neighborhood U of

t independent of T € [a,o(t)] such that
[f(o(t),7) = f(s,7) = fA(tT)(0(t) = 5)| <elo(t) —s| forall seU,

where f2 denotes the derivative of f with respect to the first variable. Then

a. g(t) == [ f(t, T)AT implies g2 (t) = [ fA(t, T)AT + f(o(t),1);

b. h(t) = [ f(t,7)AT implies hA(t) = [ fA(ET)AT — f(a(t),1).

2.4. EXPONENTIAL FUNCTIONS
Exponential functions on time scales are introduced in this section. Regressive

functions on time scales are offered first.

Definition 2.21. The function p: T — R is said to be regressive, provided that
L4+ pu(t)p(t) #0 forall ¢eT".
The set of all regressive and rd-continuous functions is denoted by

R = R(T) = R(T,R).
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Some special operations for regressive functions on time scales must also be con-
sidered. The next three definitions will be given to introduce several properties of the

exponential function on time scales.

Definition 2.22. Let p,q € R. The “circle plus” addition & is then defined by

(p® q)(t) =p(t) + (1 + pu(t)p(t))q(t) forall teT" (2.12)
Definition 2.23. Let p,q € R. The “circle minus” subtraction © is then defined by

(roq(t) = % for all t e T". (2.13)

Definition 2.24. Let n € N and p € R. The “circle dot” multiplication ® is denoted
with

noOp=pOpdp>d...Dp,

where n terms exist on the right-hand side of the equation.
The notion of the Hilger complex plane is introduced.

Definition 2.25. For h > 0, the Hilger complex numbers are defined by
1
Cp = {zEC:z;«é—E}.

When h =0, let Cq = C.

The exponential function is expressed in terms of what is known as the cylinder

transformation whose range is the set Zj,, defined as follows.

Definition 2.26. For h > 0, the strip is defined as

Zn = {zG(C:—%<Im(z)§

b

SRS

When h =0, let Zq := C.
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Definition 2.27. For h > 0, the cylinder transformation &, : C;, — 7Zj, is defined by
1
&n(z) = ELog(zh +1),

where Log represents the principal logarithm function. For h = 0, £y(2) = z is defined for
all z € C.

The generalized exponential function is given as follows.

Definition 2.28. If p € R, then the exponential function is defined by

etes) = [ untplrar) for see (214

where the cylinder transformation &,(2) is the same as in Definition 2.27.

Definition 2.29. If p € R, then the linear dynamic equation

y=(t) = p(t)y(t) (2.15)

is called regressive.

Theorem 2.30 (See [5, Theorem 2.33]). Suppose that equation (2.15) is regressive and

fix tg € T. Then the solution to the initial value problem

y2 (1) = p(t)y(t), y(to) =1 (2.16)

is given by e,(-, o).
The following theorem addresses the uniqueness of the solution for (2.16).

Theorem 2.31 (See [5, Theorem 2.35)). If (2.15) is regressive, then the only solution of
(2.16) is given by e,(-, to).

Some properties of the exponential function are stated as the following.

Theorem 2.32 (See [5, Theorem 2.36] and [6, Theorem 2.44]). If p,q € R, then



h.

eo(t,s) =1 and ey(t,t) = 1;

ep(0(t),s) = (1 + u(t)p(t))ey(t,s);

cen(t: $) = oy

ep(t,s) = ﬁ = ep(s,t);

ep(t, s)ep(s,r) = ey(t,r);

™

p(t> S)€Q(t> S) = ep@g(tv S),’

= ep@q(t’ S);

Theorem 2.33 (See [5, Theorem 2.39]). If p € R and a,b,c € T, then

and

[ep(c, )] = —pley(e, )]

[ p0ete.am)ar = e - g b,

2.5. MATRIX EXPONENTIAL

first be considered.

14

Before introducing the matrix exponential, the notion of regressive matrices must

Definition 2.34. Let A be an m x n matrix-valued function defined on T. If every entry

of A is rd-continuous on T, then A is said to be rd-continuous on T.

viated by

Crd = Coa(T) = Coa(T, R™™).

It should be noted that the class of rd-continuous matrix-valued functions is abbre-

(2.17)



15

Remark 2.35. Consider the linear system of dynamic equations:

22 (t) = A(t)xz(t), (2.18)

where A is an n X n matrix defined on T. The vector-valued function v : T — R is said to
be a solution of (2.18) provided that v2(t) = A(t)v(¢) holds for all t € T*. The following

definition, however, is necessary to discuss this system subject to some initial condition.

Definition 2.36. Let A be an n X n matrix-valued function defined on T. A is said to

be regressive if I + u(t)A(t) is invertible for all ¢ € T", where [ is the identity matrix.

The class of all rd-continuous and regressive matrix-valued functions is denoted by

R = R(T) = R(T,R™"). (2.19)

The system (2.18) is said to be regressive provided A € R. The existence and uniqueness
theorems are offered as follows before considering the solution to an initial value problem

for (2.18).

Theorem 2.37 (See [5, Theorem 5.8]). Let A € R be an n x n matriz-valued function
defined on T. Suppose that f : T — R", tg € T, and xo € R. Then the initial value

problem

(1) = Aa(t) + f(1), w(to) = o (2.20)

has a unique solution x : T — R".
Next, two special operations will be introduced.

Definition 2.38. Let A and B be regressive n x n matrix-valued functions defined on T.

The “circle plus” addition & is then defined by

(A® B)(t) = A(t) + (I + p(t)A(t))B(t) for all te T". (2.21)



The additive inverse © (read “circle minus”) is defined by

(BA)(t) = —[I+p®)A@)] A®)

= AWM + p®)A@)]™ forall teT".

16

(2.22)

Next, both the matrix exponential on the time scale T and some of its properties

will be considered.

Definition 2.39. Suppose A is regressive and rd-continuous. Then the unique n x n

matrix-valued solution to the IVP
X2(t) = At)X(t), X(to) =1

is called the matrix exponential function and is denoted by ea(-,tp).
Example 2.40. Assume that A is an n X n matrix.

a. If T =7, then

t—1
H [+ A(1)] if Ais never —1
eA(tu tO) = T=tgo

(I 4 A)tto if I+ Ais a constant and invertible.
b. If T = R, then

t
exp { / A(T)dT} if A is continuous and
to

ealt,to) = A(s)A(t) = A(t)A(s) for all s,t € T

eAlt—to) if A(t) is constant.

c. If T = hZ, then

t/h—1

H [I + hA(hT)] if A is regressive
€A (t’ to) = T=to

(I + hA)% if I+ hAis a constant and invertible.
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d. If T = ¢™° for ¢ > 1, then

eat, 1) = [ [T+ (a—1rAF)].

T€TN(0,t)

Theorem 2.41 (See [5, Theorem 5.21]). Let e4(-,to) be as in Definition 2.39. Then for

r,s,t € T, the following results are derived:
a. eq(t,t) =ep(t,s) = 1.
b. ea(o(t),s) = (I + u(t)A(t))eal(t,s).
c. e, (t,s) =ea(s,t) = el r(t,s).
d. ea(t,s)ea(s,r) =ea(t,r).
Next the solution to linear systems will be found using a variation of parameters.

Theorem 2.42 (See [5, Theorem 5.24]). Let A € R be an n x n matriz-valued function
on T and suppose that f : T — R™ is rd-continuous. Let to € T and xo € R™. Then the

solution of the initial value problem
z2(t) = A@)a(t) + f(1),  x(to) = w0
s given by

x(t) = ealt, to)xo +/ ea(t,o(r))f(1)AT.

to

Theorem 2.43 (See [5, Theorem 5.27]). Let A € R be an n x n matriz-valued function
on T and suppose that f : T — R"™ is rd-continuous. Then for to € T, xqg € R", the

solution of the initial value problem

2 (t) = =A@ (t) + f(t), x(te) = 20
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s given by

() = econltto)ro + / eon(t,T)f(7) AT

= GZT(to,t) |:£IZ'0+/ GzT(T,to)f(T)AT .

to

Definition 2.44. A square matrix-valued function A is said to be symmetric if it is equal

to its transpose, i.e., A = AT,

Definition 2.45. A symmetric matrix-valued function A is said to be positive definite
(denoted A > 0) if 27 Ax > 0 for any nonzero vector x. A symmetric matrix-valued
function A is said to be positive semi-definite (denoted A > 0) if 27 Az > 0 for any

nonzero vector x.

In the next lemma, a Lyapunov function on time scales associated with the au-

tonomous dynamic equation is considered.
2 (t) = Az(t). (2.23)

Definition 2.46. Let S € C'}{(T,R"*") be symmetric. A generalized Lyapunov function

is given by
o7 (1) S(t)x(t). (2.24)
Lemma 2.47. The deriwative of the generalized Lyapunov function is given by

(2TSz)2(t) = 2T()[ATS(t) + (I + p(t)AT)S(t)A

+(I 4+ p(t)AT)S2 () (I + p(t)A)]z(t). (2.25)
Proof. Using the product rule, we have

(@7S2)2(t) = (¢79)2(B)a7(t) + (7 5)(t)a (t)

= [@")2MSE) + (@) (OS2 O)]a7(1) + (@7 S) () Ax(?).



Now using the simple useful formula (2.7), we have

(@7S)2(t) = [(«T(O)ATS() + (z + pa) T ($)S2(O)](w + pa®) () + (27 5)(1) Ax(t)
= [(aT(OATS() + 2" () + () A)TSA O + p(t) Az (t)
+(2"9)(t) Az (t)
= 2T (OIATSE) T + u(t)A) + (I + u)A)TS2 ()T + p(t)A)a(t)
+(zS)(t)Ax(t)
= 2T ()[ATS() + (I + pt)AT)S(t)A

(I + u(H)AT)SH O + p(t) A)]a(?).

This gives the result as desired.

19
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3. QUANTUM CALCULUS

The purpose of this section is to outline some of basic definitions and concepts of
g-difference equations. Some of the material in this section is contained in monographs

by Bangerezako [2], Kac and Cheung [19], and in the books of Bohner and Peterson [5,6].

Definition 3.1. The g-derivative (or Jackson derivative [2]) of a function f : T — R is

defined by

qu(t) =

We can also use the notation f2 for the g-derivative of the function f.

Theorem 3.2. The g-deriwatives of the product and the quotient of f and g are the

following, respectively,

(1) Dy(fg) = (Dyf)g+ f7(Deg) = f(Dqg) + (Do f)g7,

.. D —_#(D D o_fo(D
(i) Dy(L) = LalofDus) _ Dafi” 1 (Dug)

It follows from Definition 3.1 that the g-derivative of f satisfies

£7(t) = flat) = F(B) + (g — D, f(t)  forteT. (3.1)

Ezample 3.3. The g-derivative of ", where n is a positive integer is, L—2t""! the ¢-
q—1

Ing
(g=1)t"

derivative of % is —q%, and the ¢-derivative of Int is

After having the product rule and quotient rule of g-differentiation, one may wonder
about a quantum version of the chain rule. However, there does not exist a general chain
rule for g-derivative. An exception is the differentiation of a function of the form f(u(t)),
where u = u(t) = at” with a, 3 are constants. To see how the chain rule applies, we

consider

flag®t?) — f(at?)
(q—1)t

Dy[f (u(t)] = Dyl f(at”)] =
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flag®tP) — f(at?) ‘ ag’t? — at?

agfth — ath (q—1)t
f(¢Pu) — f(u) ulgt) — u(t)
(¢° = Du (¢ — 1)t
= (Dgsf)(u(t)) - Dgu(t). (3.2)

On the other hand, if for instance u(t) =t + t* or u(t) = sint, the quantity u(qt) cannot
be expressed in terms of u in a simple manner, and thus it is impossible to have a general
chain rule. Next let us consider the g-antiderivative. As in the usual sense, we define the

indefinite integral as the following.

Definition 3.4. The indefinite integral of the function f is given by [ f(t)d,t = F(t)+C,

where C' is an arbitrary constant and F' is antiderivative of function f.
Also the definite integral of function f can be defined in the same manner as for Z.

Definition 3.5. Let f : ¢"° — R and a,b € ¢"° such that a < b. The definite integral of

function f is given by

b/q

/ (gt = (g —1) S tf().

t=a

Definition 3.6. The exponential function e,(t,%) on the time scale T = ¢"°, where p is

regressive, is given by

ep(tito) = ] [L+ (¢ — 1)sp(s)lift > to.

s€[to,t)
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PAPER

I. FLOQUET THEORY FOR ¢-DIFFERENCE EQUATIONS

ABSTRACT

In this paper, we introduce w-periodic functions in quantum calculus and study the first-
order linear g-difference vector equation for which its coefficient matrix function is w-
periodic and regressive. Based on the new definition of periodic functions, we establish

Floquet theory in quantum calculus.
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1. INTRODUCTION

Floquet theory plays an important role in many applications such as in linear dy-
namic systems with periodic coefficient matrix functions. The study of Floquet theory
can be found in Kelley and Peterson [5], Hartman [4], and Cronin [3] for R, and for Z
in Kelley and Peterson [6]. Ahlbrandt and Ridenhour have studied Floquet theory on
periodic time scales [1].

In this paper, we are interested to study Floquet theory for g-difference equations,

namely dynamic equations on the so-called ¢-time scale, i.e.,
T:=q¢V:={¢": teNy}, where ¢>1.

We present a new definition (see Definition 3.1 below) of periodic functions on the g-time
scale and derive some Floquet theory based on the first-order linear equation, called a

Floquet g-difference equation,
8 = A(t)r, (1.1)

where
Arpy . z(qt) — ()
x2(t) = —(q Y

A is an w-periodic matrix function defined as in Definition 3.1 below, and A also is

for teT,

regressive, 1.e.,

I+ (¢—1)tA(t) isinvertible for all ¢ e T,

where [ is the identity matrix.
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2. SOME AUXILIARY RESULTS

The following definitions and theorems are useful to prove the results in Sections 3

and 4 below.

Definition 2.1. Let m,n € Ny with m < n, and f : ¢"© — R. Then

[ rwat= =03 dra),

Definition 2.2 (Matrix exponential function). Let ¢y € ¢"° and A be an n x n regressive
matrix-valued function on ¢"°. The unique matrix-valued solution of the initial value

problem

Y2 =AY, Y(t) =1,

where I denotes the n x n identity matrix, is called the matriz exponential function (at

to), and it is denoted by e (-, o).

For example, if A is an n x n regressive matrix-valued function on ¢"° and s = ¢,

t = q¢" with m,n € Ny and m < n, then

ealts)= [ 1+ (a—1)rAR)

T€GN0N[s,t)

(2.1)

n—1

= [+ (¢ - 1)g"A(d"),

k=m

where the matrix product is from the left to the right.

Theorem 2.3 (See [2, Theorem 5.21)). If A is a matriz-valued function on ¢“°, then
(i) eo(t,s) =1 and ex(t,t) = 1;
(ii) ealt,s) = e;'(s,1);

(iii) ea(t,s)ea(s,r) =ealt,r).
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Theorem 2.4 (Liouville’s formula [2, Theorem 5.28|). Let A be a 2 X 2 regressive matriz-

valued function on ¢N°. Assume that X is a matriz-valued solution of
X2 =AX, tedv.
Then X satisfies
det X (t) = ewar(g_1)aer alt, to) det X (o), t € ¢,

where trA and det A denote the trace and the determinant of A, respectively.

In the last section, we shall show an example of a Floquet ¢-difference equation,

whose coefficient matrix function is defined in terms of trigonometric functions on ¢"°.

Definition 2.5 (Trigonometric functions). Let p be a function defined on ¢"° and suppose

1+ (g—1)tp(t) # 0 for all t € ¢"°. We define the trigonometric functions cos, and sin, by

€ip + €_ip . €ip — €E—ip
e e— and sy, = —————.
2 21

CcoSp 1=
In particular, we have Euler’s formula given by

eip(t, to) = cosy(t, to) + isiny(t, o),

and the identity [sin,(¢,to)]? + [cos,(t,ty)]> = 1 need not hold.
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3. PERIODIC FUNCTIONS

Let T be a periodic time scale with period 7' > 0, i.e., t + 17" € T whenever ¢t € T.
Then a function f : T — R is called periodic if f(t +T) = f(t) for all t € T. This
definition applies for example to the prominent examples T = R and T = Z. However,
T = ¢"° is not a periodic time scale. Thus we shall introduce the definition of w-periodic

functions on ¢"° as follows.

Definition 3.1. Let w € N. A function f : ¢"° — R is called w-periodic if

f(t) =q“f(g?t) forall te g,

A first question concerns the geometrical meaning of w-periodic functions on ¢'°.

The following theorem and an example below address this issue.

Theorem 3.2. Let f be an w-periodic function on ¢"° and define

c:= /Iqw f(t)At.

/q f(t)At =c  for all n € Ny. (3.1)
q

Before we prove Theorem 3.2, let us see an example to better understand the defi-

nition of periodic functions on the g-time scale.

Example 3.3. Let ¢ € R. We define a function f : 280 — R recursively by

f(1):==c and f(2t):= @ for all ¢ € 2.

By Definition 3.1, f is 1-periodic. By Definition 3.1, we have

/1 FAL= f(1) = ¢
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and

/W FOAE = 27f(2n) =21 92t 9
= 2"l ) = =2f(2)= f(1) =c

Geometrically, Figure 3.1 shows that the areas under the graph of the function f on the

intervals [27, 2" n € {0,1,2, 3,4}, are all equal to the same constant c.

c/2

c/a

c/8
Cfrlﬁ C C |
i [ 4 8 16 32

Figure 3.1. The constant area of the rectangles corresponding to the 1-periodic function
f on the intervals [27, 2" "], n € {0,1,2,3,4}.

Proof of Theorem 3.2. We prove the statement using the principle of induction. From
Definition 2.1 and the assumption, we see that (3.1) holds for n = 0. Now let n € N and

assume that (3.1) holds for n — 1, i.e., assume

/ q FOAL = c. (3.2)

Using Definition 2.1, Definition 3.1, again Definition 2.1, and (3.2), we obtain

n+w n+w—1

/ LA = -1 Y )

k=n



n4w—2
q—l { qkf +qn+w lf(qn—I—w 1)}
k=n
n4w—2
q_l{zqkf +qn1wf<wnl)}
k=n
n4w—2
(g—1) { ¢“f(d") +¢" 1f(q”‘l)}
k=n
n+w—
(q—1) > ¢
k=n—1
gntet
[ s
qnfl

Hence (3.1) holds for n and the proof is complete.

Lemma 3.4. If B is an w-periodic and regressive matriz-valued function on ¢"°, then

ep(t,s) = ep(q“t,q¥s)  forall t,s€ g™

Proof. Suppose s = ¢™ and t = ¢" for some m,n € Ny with m < n. Using (2.1), Definition

3.1, and again (2.1), we obtain

e(q”t, ¢”s)

The proof is complete.

en <qw+n’ qw—i-m)

w+n—1

II {1+ @-1dB(d")}

n—1

II {7+ @-1d*B(*)}

k=m

H{I+ q—1)¢"¢*B(¢“q")}
H {I+(q-1)¢"B(¢")}

ep(t,s).
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Theorem 3.5. Let ty € ¢"° and w € N. If C is a nonsingular k x k matriz constant,

then there exists an w-periodic regressive matriz-valued function B on ¢ such that

eB(q“’to, to) = C

Proof. Let u; be the eigenvalues of C, 1 <i < k. For p € {0,1,2,...,w — 2}, define

J 0 ... 0
0 J
Rp = ? 9
0
0 0 J

where either J; is the 1 x 1 matrix J; = u; or

w1 0 0
0 w 1
Ji = ,
pi 1
0O ... 0 0 w

1 <1 <k, and define

w—2
1 -1
= — | | I — 1" 7
o (¢ — 1)q“’—1to{ [ +(a=1d"tR] ~C }

k=0

w—2

where [ is the identity matrix and [] [+ (g — 1)¢"toRy] ! is the product starting from
k=0

the right to left. This gives

w—1

H [1+ (¢ — 1)q"toRy] = C,

k=0
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w—1
where ] [] + (g — 1)qkt0Rk} is the product starting from the left to right. Moreover, R,
k=0

are regressive for all p € {0,1,2,...,w — 1}. We define

R;
q“m

B(qwm+jt0) — for all j € {O, 1,2,...,w— 1} and all m e Ny.

Therefore B is w-periodic and regressive on ¢™° and

w—1
e(q“to, to) = H [+ (¢ — 1)¢"toB(¢"t)] = C,
k=0
w—1
where [] [I+ (¢ — 1)¢*toB(¢"to)] is the product starting from the left to right. O

k=0
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4. FLOQUET THEORY

In this section, we consider the Floquet g-difference equation (1.1) where A is a

regressive and w-periodic matrix-valued function.

Lemma 4.1. Let ty € ¢ and suppose x is a solution of the Flogquet q-difference equation

(1.1) satisfying the boundary condition

z(to) = ¢“x(q"t0)-

Then x is w-periodic.

Proof. Define a function f on ¢™° by

ft) = q“z(q”t) —x(t) forall te g,

Then f(ty) = 0 and

A f(qt) - f(t)
_ ¢x(q¥qt) — x(qt) — ¢“x(g¥t) + =(t)
(¢ —1)t
_ o w®(qg?t) —x(g¥t)  x(gt) —x(t)
(¢ —1)g~t (¢ —1)t

= ¢“¢"z™(¢"t) — 22(t)
= ¢“q"A(q“t)x(q“t) — A(t)x(t)
= A(t) [¢°z(¢*t) — z(1)]

= AQ@)S(t).
By unique solvability of the initial value problem f& = A(t)f, f(to) = 0, we conclude
f(t) =0 for all t € ¢"o. By Definition 3.1, z is w-periodic. O

As usual, we call a matrix-valued function ® a fundamental matriz of the Floquet

g-difference equation (1.1) provided it solves (1.1) such that ®(¢) is nonsingular for all
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t € ¢"°. The following results gives a representation for any fundamental matrix of the

Floquet g-difference equation (1.1).

Theorem 4.2. Suppose ® is a fundamental matriz for the Floquet q-difference equation

(1.1). Define the matriz-valued function ¥ by
U(t) == ¢ ®(q“t), teq".

Then ¥ is also a fundamental matriz for (1.1). Furthermore, there exist an w-periodic
and regressive matriz-valued function B and an w-periodic matriz-valued function P such
that

®(t) = P(t)ep(t,ty) forall te& .

Proof. Assume ® is a fundamental matrix for (1.1) and define ¥ as in the statement of

the theorem. Then

W(qt) — V()
(¢— 1)
q“P(g“qt) — ¢ P(q*t
(g—1)t
w o P(qq?t) — B(g“t)
T T et
= P (¢"t)

= ¢“¢“A(¢“t)P(¢"t)

= ¢"A(t)P(¢"t)

V() =

= AMD)T(1).

Since det U(t) # 0 for all t € ¢"o, ¥ is a fundamental matrix for (1.1). Furthermore,

define now the nonsingular constant matrix C' by

C .= (b_l(to)qf(to)
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The function D defined by D(t) = U(t) — ®(t)C, t € ¢™o, satisfies D(ty) = 0 and

DA(t) = U2 (t) — d2(1)C = A(t)T(t) — A(t)®(t)C = A(t)D(t)

and thus, by unique solvability of this initial value problem, we conclude

¢“P(q“t) = U(t) = ®(t)C forall ¢t . (4.1)

By Theorem 3.5, there exists an w-periodic and regressive matrix-valued function B such

that

€B(qwt0,t0) = C (42)

Now define the matrix-valued function P by

P(t) := ®(t)ez' (t,t0), t €.

Obviously, P is a nonsingular matrix-valued function on ¢"°. Using (4.1), Theorem 2.3

(i), (ii), (4.2), and Lemma 3.4, we obtain

¢“P(q*t) = ¢“®(¢“t)ep' (4"t to)
= O(t)Cep(to, ¢°t)
= ®(t)Cep(to, ¢“to)en(q”to, ¢“t)
= ®(t)es(to,t)
= ®(t)ep' (¢, to)

= P(t)

for all t € ¢"o, i.e., P is w-periodic. n
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Theorem 4.3. Suppose ®, P, and B are as in Theorem 4.2. Then x solves the Floquet
q-difference equation (1.1) if and only if y given by y(t) = P~1(t)x(t), t € ¢, solves

y= = B(t)y.

Proof. Assume z solves (1.1). Then, as can be seen again by unique solvability of initial

value problems as in the proof of Theorem 4.2, we have

z(t) = ®(t)zy forall te g™, where zg:=d " (t)x(to).

Define y by y(t) = P~Y(t)z(t), t € ¢"°. Then

<
~—~
~+~
~—
Il
h
—
—~
~~
~—
K
—~
~+~
~—
X
o
I

P_l(t)P(t)eB<t,t0)$0 = €B(t,t0>$07

which solves y® = B(t)y. Conversely, assume y solves y® = B(t)y and define x by

z(t) = P(t)y(t), t € ¢"°. Again by unique solvability of initial value problems, we have
y(t) = ep(t,to)yo forall t€ ¢,  where o :=egp(to,t)P(to)y(to).
It follows that
z(t) = P(t)y(t) = P(t)es(t, to)yo = P(t)yo,
which solves (1.1). O

Definition 4.4. Let & be a fundamental matrix for the Floquet ¢-difference equation
(1.1). The eigenvalues of ¢*®~1(1)®(¢¥) are called the Floguet multipliers of the Floquet

g-difference equation (1.1).

Remark 4.5. Since fundamental matrices for the Floquet ¢-difference equation (1.1) are
not unique, we shall show that the Floquet multipliers are well defined. Let ® and ¥ be

any fundamental matrices for (1.1) and let

C:=¢® ' (1)®(¢¥) and D :=¢g“U (1)¥(g”).
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We show that C' and D have the same eigenvalues. Since ® and ¥ are fundamental
matrices of (1.1), we see as in the proof of Theorem 4.2 that there exists a nonsingular

constant matrix M such that

U(t)=d(t)M forall te g,

It follows that

D =gV 1)U (¢¥) = ¢*M o1 (1)®(¢")M = M~ 'CM.

Therefore C' and D are similar matrices, and thus they have the same eigenvalues. Hence,

Floquet multipliers are well defined.

Remark 4.6. Note also that the proof of Theorem 4.2 shows that the matrix-valued func-

tion

¢“ P () P(q7t) = ()T (t) = (1) ¥(1) = ¢" @7 (1) (g”)

does not depend on t € ¢"°, and therefore Floquet multipliers of the Floquet g-difference
equation (1.1) are also equal to the eigenvalues of ¢*®~'(¢)®(¢“t), where t € ¢ is

arbitrary.

Theorem 4.7. The number pg is a Floguet multiplier of the Floquet q-difference equation
(1.1) if and only if there exists a nontrivial solution x of (1.1) such that ¢z (q*t) = oz (t)

for all t € ¢™o.

Proof. Assume pq is a Floquet multiplier of (1.1). Let t € ¢"o. By Remark 4.6, yg is an
eigenvalue of C' := ¢*®~!(t)®(¢*t), where ® is a fundamental matrix of (1.1). Let zo be
an eigenvector corresponding to the eigenvalue iy, i.e., we have C'xg = poxg. Define x by

z(t) = ®(t)xp for all t € ¢No. Then z is a nontrivial solution of (1.1) and

¢“x(q”t) = ¢“P(q“t)xo = P(t)Cxog = P(t) oo = pox(t).

Conversely, assume that there exists a nontrivial solution = of (1.1) such that ¢“z(¢*t) =

pox(t) for all t € ¢gMo. Let ¥ be a fundamental matrix of (1.1). Then z(t) = W(t)y, for
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all t € ¢™o and some nonzero constant vector go. Furthermore, ¢*¥(¢g*“t) is a fundamental

matrix of (1.1). Hence

¢“x(q°t) = pox(t) and  ¢*W(¢"t)yo = po¥ (t)yo-
Since ¢*W(g“t) = V(t)D, where D := ¢*¥~(1)¥(¢*) and ¥ (t)Dyo = ¥ (¢)poyo, it follows
that Dyg = poyo, and hence pg is an eigenvalue of D. O]

Remark 4.8. By Theorem 4.7, the Floquet g-difference equation (1.1) has an w-periodic

solution if and only if o = 1 is a Floquet multiplier.
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5. APPLICATION AND AN EXAMPLE

Let p be defined by

1 2
p(¢*t) = e and  p(¢*"t) = e forall teg¢ andall neN,.

Then p is a 2-periodic regressive function on ¢"°. Define

0 Lcos, (%, t
At) == ¢ cos (g7t 1) ,  forall teq (5.1)
+sin, (¢*¢, t) 0

with the given 2-periodic regressive function p. We apply Lemma 3.4 to show that the
coefficient matrix-valued function A is 2-periodic:
0 ﬁ cos,(q*t, ¢°t)

CAG) = ¢
ﬁ sin, (q*t, ¢°t) 0

0 eip(qit,g*t)+e_ip(gt,g*t)
2t
eip(qit,g®t)—e_ip(qit,q%t) 0
2t

0 T cosy(g?t, t)

2 sin, (¢, 1) 0
= A(t).

The solution of the Floquet g-difference equation 2 = A(t)z, where A is defined as in

(5.1), satisfying the initial condition x(1) = g, is x(t) = ea(t, 1)xg, t € ¢"°. If py and o

are eigenvalues corresponding to the constant matrix
C:= q2€;11(17 1)€A<q2> 1) = q2€A(q27 1)7
then by applying Liouville’s formula (Theorem 2.4), we get

pipy = det O =detg’ea(q? 1) = ¢* detea(q?, 1)



q4etrA+(q71)tdetA(q2a 1) det eA(L 1)

4 2
q e(l—q)sinp005p (q 3 ]-)
t
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II. THE BEVERTON-HOLT ¢-DIFFERENCE EQUATION

ABSTRACT

The Beverton—Holt model is a classical population model which has been considered in
the literature for the discrete-time case. Its continuous-time analogue is the well-known
logistic model. In this paper, we consider a quantum calculus analogue of the Beverton—
Holt equation. We use a recently introduced concept of periodic functions in quantum
calculus in order to study the existence of periodic solutions of the Beverton—Holt g¢-
difference equation. Moreover, we present proofs of quantum calculus versions of two

so-called Cushing—Henson conjectures.
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1. INTRODUCTION

The Beverton—Holt difference equation has wide applications in population growth

and is given by

vK,x,
K,+ (v -1z,

M e n € N(], (11)

where v > 1, K,, > 0, and xy > 0. We call the sequence K the carrying capacity and v
the inherent growth rate (see Cushing and Henson [7]). The periodically forced Beverton—
Holt equation, which is obtained by letting the carrying capacity be a periodic positive
sequence K, with period w € N, i.e., K., = K, for all n € Ny, has been treated with
the methods found in [1,5,8,9]. For the Beverton—Holt dynamic equation on time scales,
one article has been presented by Bohner and Warth [6]. In [6], a general Beverton-Holt
equation is given, which reduces to (1.1) in the discrete case and to the well-known logistic
equation in the continuous case.

In this paper, we are studying a quantum calculus version of the Beverton—Holt
equation, namely, a Beverton—Holt ¢-difference equation. Using a recently by the authors
introduced concept of periodic functions in quantum calculus (see [3]), we are interested

to seek periodic solutions of the Beverton—Holt ¢-difference equation given by

22(t) = a(t)z(t) (1 . %) , (1.2)

, (1.3)

K(t)=¢"K(¢*t) forallt e T=¢", 0 € R, w € N,

{L‘A(t) — a:(qt) _ x@) :v"(t)

TES =uz(qt), teT.



42

By the definition of periodic functions on the g-time scale, i.e., on ¢ (see Definition
2.3 below), a is 1-periodic and K is w-periodic. We approach the periodic solutions of
the Beverton—Holt g-difference equation (1.2) by some strategies presented in Section 3.
In Sections 4 and 5, we formulate and prove the first and the second Cushing—Henson

conjectures on the g-time scale, respectively.
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2. SOME AUXILIARY RESULTS

Definition 2.1. We say that a function p : ¢"° — R is regressive provided
1+ (qg—Dip(t) #0 forall te g™,

The set of all regressive functions will be denoted by R.
Definition 2.2 (Exponential function). Let p € R and ty € ¢"°. The exponential function

ep(+,to) on ¢ is defined by

ep(tito) = [ L+ (¢—Dsp(s)] for t>tq.
sE€|[to,t)

Definition 2.3 (See [3]). A function f : ¢"° — R is called w-periodic if

ft)=q“f(g?t) forall tcg.

Theorem 2.4 (See [4, Theorem 2.36)). Ifp € R, then
(i) eolt,s) = 1 and ey(t,1) = 1;
(i) ep(t,s) = 57
(iii) ep(t, s)ep(s,7) = ey(t,7);
(iv) ep(a(t),s) = (1+ u(t)p(t))ey(t, s);
(v) (ﬁ)A () =~

The integral on ¢"° is defined as follows.

Definition 2.5. Let m,n € Ny with m < n, and f : ¢"© — R. Then

qn n—1

/ Fat= (-1 ¢ 1),

m k=m
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Theorem 2.6 (Integration by parts, see [4, Theorem 1.77]). For a,b € ¢ and f,g :

¢ = R, we have

/f”(t)gA(t)Ath(b)g(b)—f(a)g(a)+/ fA(g(t) At

and

| st 8t = 109 - flalgta) + [ a0

Theorem 2.7 (Jensen’s inequality, see [10, Theorem 2.2]). Let a,b € T and ¢,d € R.
Suppose g, h : ([a,b] N ¢"°) — (¢, d) and fj\h(s)ms > 0. If F € C((c,d),R) is conver,

then

F(ﬁwwmwx><ﬁm@w@@m;
Pialas ) = [Pas)As

If F s strictly convex, then “<” can be replaced by “<”.



3. THE BEVERTON-HOLT EQUATION

Throughout we assume

1
a;«é—l and o # —1,
q_

ie.,

Ai=1—(¢g—1)a satisfies AX#0 and X#gq.

This implies that

—a€R and e_,(t,s)= A2 forall s € ¢

In the dynamic equation (1.2), we substitute
1
T = —.
u

Then, using the quotient rule [4, Theorem 1.20 (v)], (1.2) becomes

The general solution of (3.1) is given [4, Theorem 2.77] by

u(t) = e_q(t, to)u(to) +/t e_a(t,a(s));((ss)) As, te g,
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(3.2)

where t5 € ¢"°. Now, we require an w-periodic solution Z of (1.2). This means that T

satisfies T(t) = ¢“T(q“t) for all t € ¢o. This implies that a solution 7 =

¢“u(t) =u(¢“t) forall te g™,

of (3.1) satisfies

(3.3)



Lemma 3.1. If (3.1) has a solution u satisfying (3.3), then

o 1 7*to a(s)
u(ty) = ey — /to e_a(to,a(s))K(S) As.

Proof. Assume (3.1) has a solution @ satisfying (3.3). Then

u(to)

q “u(q“to)

q “e_a(q“to, to)u(te) + ¢~ /tq i e—a(q“to, 0(8));(((2)) As

q ¢*to " a(s)
e_ao(q%ty, o(s As
1 — g “e_u(q“to, to) /to (¢"to, o ))K

q*w q“to
]__q——w)\w(E*a(qth? tO) / €,a(t0’ 0'(8)) K

to

o /q 0 e_a(to,a(s))la((S) As

¢ — Ay (s)
LT o(s) ) A
C]U'))\iw 1 /to —a(t()v ( ))K(S)A

Thus w satisfies the required initial condition.

46
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4. THE FIRST CUSHING-HENSON CONJECTURE

Now we state and prove the first Cushing—Henson conjecture for the Beverton—Holt

g-difference equation (1.2).

Conjecture 4.1 (First Cushing-Henson conjecture). The Beverton—Holt q-difference
model (1.2) with an w-periodic carrying capacity K has a unique w-periodic solution T

that globally attracts all solutions.

Using (3.2) and Lemma 3.1, the solution @ of (3.1) can be written as

U(t) = e_olt, to)ul(ty) + / e_olt, o(s)) [C‘(((SS))AS

to

- qwme o(s a(s) s te o(s a(s) s

= o) et gas s [ oot ga (4.)

B 7°10 Pt ) .

-, e
where

h(t,s) :=e_a(t,0(s))(B + x(t,s)) (4.2)
with
1 1 it s<t
B::q‘”)\——‘“—l and  x(t,s) =

0 if s>t

Theorem 4.2. Definex := %, where @ is given in (4.1). Then T is an w-periodic solution

of the Beverton—Holt q-difference equation (1.2).

Proof. To verify that the solution @ of (3.1) indeed satisfies (3.3), we only prove that
fA(t) = —a(t)f(t) and f(tg) = 0, where f is defined by f(t) = ¢ “u(q“t) — u(t) for all
t € ¢o. Hence u(q“t) = ¢*u(t) for all t € ¢"° which implies that the solution Z of (1.2)

is w-periodic. O]

Theorem 4.3. The solution T of (1.2) given in Theorem 4.2 is globally attractive.



Proof. Let x be any solution of the equation (1.2). We have

lx(t) —z(t)| = tl a(s)
e_a(t, to)u(to) + LO e_q(t, O-<S))K(S)A8
1
et to)ulto) + S et o(s) 2 As
] 1
s ) | [T (10(s) EIAs el y e (4 0(s)) 2 As
(10) to) le_a(t, to)]
e e (10 (s)) D As| | alin) 1 [T e (1, 0(s)) 2 As

i) ~ | [l o)l

(ftz e_q(t, O'(S));&%AS)

; a(t, o)
)

1
z(to)  =(to)
(1 —e_alt, ty))?

< K2

)

which due to [2, Theorem 2] tends to zero as t — oc.
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5. THE SECOND CUSHING-HENSON CONJECTURE

Now we state and prove the second Cushing—Henson conjecture for the Beverton—

Holt g-difference equation (1.2).

Conjecture 5.1 (Second Cushing—Henson conjecture). The average of the w-periodic
solution T of (1.2) is strictly less than the average of the w-periodic carrying capacity K

times the constant 1 + é

In order to prove the second Cushing-Henson conjecture, we use the following series

of auxiliary results.

Lemma 5.2. We have

ve_q(t,v) —ue_4(t,u)

ot o(s))As = , 5.1
[ e-altotnas - (5.1
where a is given by (1.3).
Proof. Using Theorem 2.4 (ii), (iv) and Theorem 2.6, we get
v v As
/J e_q(t,o(s))As = /u e;((;s)As
1 [° A
pu— _— s t A
oo [ s
1 v 1
= o {ve_a(t,v) —ue_q4(t,u) — /u e_a(s,t)AS}
1 v
= — {ve_a(t,v) —ue_q(t,u) — / Ae_q(t, U(S))As}
aq u
ve_q(t,v) —ue_q(t, u)
N agq+ A
_veq(t,v) —ue_q(t,u)
B 1+« ’
which shows (5.1). O

Lemma 5.3. We have

/uv Mm _q {6—a(% s) e—a(”vs)} (5.2)

12 14+« U v
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where a is given by (1.3).

Proof. Using Theorem 2.4 and Theorem 2.6, we get

[ E Y ESE

t2 o t
—1 [YePi(t
a J, t

R ST LY

Q v u qo t2
q e_a(u,s) e_q(v,s)
oa+1 u v ’
which shows (5.2). O
Lemma 5.4. We have
1o p(t
/ ULy (5.3)
to t (Oé + 1)8

where h is given by (4.2).

Proof. Using Lemma 5.3 and S¢*A™ — 8 — 1 = 0, we obtain

q“to h(t, s) @t o alt U( ) ato e_a(t,o(s))
té 2 B/ N+al@ .
52 ag {g;(ea(“” 0(s)  e_alg“to,o ())) s ea(qwunO(S))}
a+1 to q“to qs q+“to
o aq 1 e—a(qwtma(s)) Wy —w
B a+1{£+_ q“to (a2 _B_U}
B o
(a4 1)s
which shows (5.3). =

Lemma 5.5. We have

q“to t
/ h(t,s)As = “ , (5.4)

to 1"’&
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where h is given by (4.2).

Proof. Using Lemma 5.2 and $¢“A™ — 8 — 1 = 0, we obtain

w

/q ) h(t,s)As = af /qwto e-alt,o(s))As + a/t el o)A

to to to
(5.1) o q“toe—a(t, ¢“to) — toe—q(t, to) Lo t —toe_a(t, o)
1+« 1+«
= tt “AT B —1
i el to) (503 - 1))
- at
 1+4a’
which shows (5.4). O

Theorem 5.6. Let T be the unique w-periodic solution of (1.2). If w # 1, then

i/t:% T(t)At < (1 + é) {é thWtOK(t)At} (5.5)

Proof. Since K is w-periodic with w # 1, tK(t) cannot be a constant. In addition,
F(x) = % is strictly convex. Thus we may use Jensen’s inequality (Theorem 2.7) for the

single inequality in the forthcoming calculation to obtain

q“to @t q
/ T(At = / — At
to to u(t)

q“to 1

to fto% Zg Ss)
[ ( Ji A ) S
to JEOn(t s)As ) [T bt s
§ /tho t‘é ©h(t,s)F (W(s)) ASAt
to (ﬁgwto h(t, s)As>2
/qwto ft‘éwto h(t, S)SK(S)ASAt
to ( S5 n(, S)As) i

(5.4) q“to ftqwto h(t, s)sK(s)As

2

1+a
1 ato
_ (+a>/ / htssK )AsAt




q“to q“to
/ SK(S)/ h(:; s) AtAs
to

to
1 2 rg¥to
2 < i a) / SK(S)LAS
« to (a+1)s
1 q“to
= —l—a/ K(s)As,
(0% to

which shows (5.5). The proof is done.

Theorem 5.7. If K is 1-periodic, then we have equality in (5.5), i.e.,

1 q“to 1 1 q“to
—/ F(t)At = (1 + —) {— K(t)At}.
w Sy, a) w/y

Proof. Since K is 1-periodic, we have
C
K(t) = " for some C > 0.

Now it is easy to check that = given by

_ 1+&K(t): (1+a)C
a at

Z(t) :

is 1-periodic and satisfies

72(t) = a(t)7°(t) (1 - [f(((tt))> for all ¢ € ¢,

Hence, T is the unique 1-periodic solution of (1.2). Thus (5.6) holds.
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III. STABILITY FOR HAMILTONIAN ¢-DIFFERENCE SYSTEMS

ABSTRACT

In this paper, we study stability of ¢-difference Hamiltonian systems with or without
parameter A in quantum calculus. Based on a new definition of periodic functions in
quantum calculus, we obtain g-analogues of classical stability results in the continuous

case.
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1. INTRODUCTION

Stability analysis of the linear Hamiltonian system

2 (t) = TH(t)x(t), (1.1)

0 I
where H(t) = H*(t) = H(T +t) and J = , has been studied by Krein and

-1 0
Jakubovic [5], and for the discrete version of (1.1) it has been found in Rasvan [6] and [3].

In this paper, we are interested in the study of g-difference Hamiltonian systems on the

g-time scale T := ¢" := {¢' : t € Ny}, where ¢ > 1,

22 (t) = TH(t) [MT Mz (t) + MM z(t)], (1.2)

A

where 2= is as given in Definition 2.3,

0 I

-1 0 I 0

I denotes the identity matrix, H(¢) is a Hermitian matrix-valued function, and
H(t) = ¢“H(¢”t) forevery teT.

An equivalent equation of (1.2) is

S(t) = (I — p(t) THEHOMTM) ™ TH(), (1.4)
S* ()T + TS(t) + p(t)S* ()T S(t) =0, (1.5)
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and p(t) = (¢ — 1)t is the graininess function for all £ € T, see [2]. Also, if the Hermitian
matrix H(t) is given by

A(t) B(t)

B(t) C(t)

H(t) =

for all t € T, then (1.2) becomes

o(qt) = D(t)B(t) + 1 D(t)C(t) 2(0), (L6)
—pA{I + D)BA)} —p{AWG)D)C{) + B (1)} +1

where D(t) = u(t)(I — p(t)B(t))™" for all t € T. We see that the solution of (1.2) can

be constructed from (1.6) if the matrix I — pu(¢)B(t) is invertible for all t € T. Since the

stability of (1.2) is connected with the eigenvalues of its fundamental matrix at the end

point ¢* of the period, we shall discuss this issue in Sections 2 and 3. For convenience,

we give the following definition.

Definition 1.1. We call (1.2) Hamiltonian if it has the complex coefficients and U(g*)
is J-unitary, i.e., U*(¢*)JU(¢¥) = J. Moreover, (1.2) is called canonical if it has real
coefficients and U(q¢¥) is J-orthogonal (or symplectic), i.e., U (¢*)JU(¢*) = J, where

U(g”) represents a fundamental matrix at the end point ¢“ of the period.
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2. PRELIMINARIES AND AUXILIARY RESULTS

Definition 2.1 (Matrix exponential function, Bohner and Peterson [2]). Let ty € T and
A be a regressive matrix-valued function on T, i.e., I + p(t)A(t) is invertible for all ¢t € T.

The unique matrix-valued solution of the initial value problem
Y& =A@®)Y, Y(t) =1,

where [ is identity matrix, is called the matriz exponential function (at ty), and it is

denoted by ea(-, o).

Remark 2.2. Since the matrix-valued function S given in (1.3) is regressive, i.e.,
I+ (g—1)tS(t)#0 forall teT,
we obtain

es(t,1)= [] [I+(@-1)7S(r)] forall teT. (2.1)

T€TN[L,t)

Before we prove that the fundamental matrix eg(t, ) of (1.3) is J-unitary for all

t € T, Definition 2.3 and Theorem 2.4 are given as follows.

Definition 2.3 (See [4]). Let f: T — R be a function. The expression

NP f(t 0
f(t)_W7 teq®,

is called the g-derivative

The g-derivatives of the product and quotient of f,g: T — R are given by

(f9)® = f2g+ 9% = fg™ + [*¢°
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and

Y

(i>A I e U
g 99°?

where f7 = foo,g” =goo, o(t)=qt for all t € T.
Theorem 2.4 (Bohner and Peterson [2]). If A is a matriz-valued function on T, then
(i) eo(t,s) =1 and ea(t,t) =1I;
(ii) ea(t,s) = e;'(s,t);
(iil) ea(t,s)ea(s,r) =ealt,r);
(iv) ea(o(t),s) = (I + p(t)A(t))ealt, s).

Lemma 2.5. If S is as in (1.4), then
Gg(t, to)j@s(t, to) = j

Proof. Let f(t) = e§(t, to)Tes(t, to). Obviously f(ty) = J. By applying the product rule

of the g-derivative and (i), (iii), and (iv) from Theorem 2.4, we have

FR) = (e5(t t0)) Tes(a(t), to) + e5(t,to) Tes (¢, to)
= (S®es(t, t0))" T + p(t)S(t))es(t, to) + e5(t, t0) T S(t)es(t, o)

= es5(t, 1) [S"()T + TS(t) + u(t) S () TS ()] es(t, to) = 0,

because S*(t)J + JS(t) + p(t)S*(t)JS(t) = 0. This implies f(t) = J. O

Let U(t) := eg(t,1) for all t € T. If we let {p;} be the spectrum of U(¢¥), i.e., the
set of all eigenvalues of U(g*), then the spectra of U*(¢*) and U~*(¢*) are the sets {p;}
and {%i}, respectively. Since U*(¢¥) = JU 1 (¢¥)T !, the sets {p;} and {p%} coincide.
Consequently, so do the sets {p;} and {g} Thus, if p is an eigenvalue of U(g"), then
SO is E. The complex numbers p and % are symmetric with respect to the unit circle. In

general, we have the following.
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Lemma 2.6. For any matriz A such that A*JA = T, the spectrum of A is symmetric

about the unit circle.

In case of the canonical system, the spectrum is symmetric with respect to both the
real axis and the unit circle, i.e., nonreal eigenvalues that are not on the unit circle are

partitioned into p, p, /1), and %.

Definition 2.7. (i) The fundamental matrix U(¢“) at the end point of the period is

called the monodromy matrix.

(ii) The eigenvalues of the monodromy matrix U(g*), i.e., the roots p of the character-

istic equation det (U(¢”) — pI) = 0 are called the multipliers of (1.2).

Theorem 2.8 (Lyapunov—Poincare). The multipliers of the Hamiltonian (1.2) (or the
canonical (1.2)) equation allowing for their multipliers and the structure of the elementary

divisors, are symmetric about the unit circle.

We must consider the elementary divisors of the monodromy matrix U(¢*) instead
of their spectrums to obtain more precise information. Let {(p — p;)™"} be the set of the
elementary divisors of the monodromy matrix U(¢"), i.e., det (U(¢*) — pI) = 0. Then the
set of the elementary divisors of the monodromy matrix U*(¢*) is {(p — p;)""}. Repeating
the above arguments, we see that the symmetry properties of the spectrum remain valid
when the elementary divisors are taken into consideration. In other words, if py is an
eigenvalue of the matrix U(¢“) that is not on the unit circle (not on the imaginary axis)

and the corresponding elementary divisors are

1 2 %

(/)_p())m ) (p_pO)m ) R (p_p(])m )
then the number p; = pIO is also an eigenvalue with the elementary divisors

(p=p)™, (p=p)™, ..., (p—p)",

Thus the Lyapunov-Poincare theorem holds.



60

At the beginning, we mentioned periodic functions on the time scale T, and the

following is the formal definition.

Definition 2.9 (Bohner and Chieochan [1]). A function f: T — R with
f&)=q"f(¢“t) forall teT

is called w-periodic.

Definition 2.10. Let s,t € T with ¢t > s and f : T — R. Then the g-integral is defined
by

/f =(¢-1) Y 7f(n).

TE[s,t)NT
Remark 2.11. For equation (1.2) such that #(¢) is a complex symmetric matrix for all

t € T and H is w-periodic, we have the following results:
(i) UF(t)JU(t) = J for all t € T.

(ii) If a number p is a multiplier of (1.2) with the complex symmetric #, then so is %
and they have the same structure of the elementary divisors. Then its spectrum is

skew-symmetric with respect to the unit circle.
Lemma 2.12. The matriz S given as (1.4)is w-periodic.

Proof. Since p(¢¥t) = ¢“u(t) for all t € T and H is w-periodic, we have

“S(°t) = ¢ (I — p(@®) TH(@HMTM) ™ TH(g"t)
= (I —¢“u(t)TH(q wt)./\/lT/\/l) JH(t)
= (I —ut)THOMIM) ™ = 5(t)
for all t € T, i.e., the matrix-valued function S is w-periodic. O

Lemma 2.13. If x is a solution, U is a fundamental matriz, and the number p is a

multiplier of (1.2), then for anyt € T,

(i) U(t) is w-periodic if and only if U(¢¥) = ¢ “I,
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(ii) x(¢¥t) = px(t) for any t € T, where U is w-periodic.

Proof. First, we prove (i). Let

be the Hamiltonian matrix equation (with initial value) which is equivalent to (1.3). Then
its fundamental matrix U(t) is eg(t,1). By the definition of the matrix exponential on the
g-time scale and Lemma 2.12, (i) holds. Next, we prove (ii). Let (p,zo) be an eigenpair

of the matrix U(¢*). Since x(t) = U(t)x for all ¢t € T and by applying (i),
x(¢¥t) =U(¢"t)xo = ¢ “U(t)xo = ¢ “U(t) - ¢“U(q”)xo = U(t)pxo = pa(t).

The proof is complete. O]
The following theorem is used in the proof of Theorem 4.6 in Section 4.

Theorem 2.14 (Smith-McMillan). Let U(s) = [Uwi(s)] be an m x m matriz-valued func-

tion, where Uy, (s) are the rational scalar functions U(s) = 1?((;))’ where P(s) is an m X m

polynomial matriz of rank r, and l(s) is the least common multiple of the denominator of

all elements Uy(s). Then U(s) is equivalent to the matriz UM (s) given by

sarg oy _ g [E1(s) €a(s)  en(s)
U (S)_dlag(51(5)’52(5)"”’57,(3)’0"“’0)’

where (g;(s),0;(s)) is a pair of monic and coprime polynomials for i = 1,2,...,r. Fur-

thermore, €;(s) is a factor of €;41(s) and 0;(s) is a factor of d;—1(s).

The matrix UM is called the Smith-McMillan form of the matrix U.
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3. STRONG AND WEAK STABILITY

The terms of weak and strong stability of Hamiltonian g¢-difference equations are

defined as follows.

Definition 3.1. (i) The equation (1.2) is called weakly stable or stable if all its solutions

are bounded on T.

(ii) The equation (1.2) is called strongly stable if it is weakly stable and there is § > 0

such that all solutions of any equation
2 (t) = THA(t) [MTMx"(t) + ./\/l./\/lTx(t)] ,

where H; is w-periodic and Hermitian,

w

/ ") — o)At < 6

and the notation |- | means a matrix norm, are bounded on T.

We use the following terminologies given in Krein [5], Halanay and Réasvan [3], or

Réasvan [6].
(a) A vector v € C™ is plus, minus, or null vector,
(b) A matrix U is J-decreasing or [J -increasing,
(¢) An eigenvalue p is of first, second, or mized (indefinite) kind.

Proposition 3.2. All solutions of (1.2) are bounded on T if and only if all multipliers

of (1.2) have modulus one and they are simple type.

Proof. First, we assume that all solutions of (1.2) are bounded on T, and p; and ps
are any multipliers of (1.2) which are not on the unit circle. Since U(g¢¥) is J-unitary
and p1p2s # 1, n*JE = 0 for any { € L, ,n € L,,, where L, are the eigensubspaces
corresponding to the multipliers p; (¢ = 1,2). This implies U*(¢*)JU(¢¥) = 0 which
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gives a contradiction as U(¢¥) is J-unitary, and breaks up the bounded property of all
solutions. Thus all multipliers have modulus one.
Suppose there is a multiplier p of the equation (1.2) which is not simple. Then there

are two linearly independent solutions u and v of (1.2) corresponding to p such that

U@ )u=pu and U(¢”)v = pv+u.

Thus

wJv=uU(¢*)TU(¢*)v = pu*T (pv + u) = |p|*u*Tv + pu* Ju,

and then u*Ju = 0 because |p| = 1. This implies the Hamiltonian equation (1.2) is not
stable on T, which gives a contradiction. Hence p is simple.

Conversely, we assume that all multipliers of (1.2) have modulus one and they are
of simple type. Thus, for each multiplier p and its corresponding eigenvector u, iu*Ju
preserves the same sign on its eigensubspace while vanishing only at v = 0. By applying
Theorem 2.8 and matrix theory [5], this implies all solutions of (1.2) are bounded on

T. ]

Generally speaking, if the equation (1.2) is stable, then the matrix U(g*) is said to

be of stable type, i.e., all its eigenvalues have modulus one and they are simple.

Theorem 3.3 (Krein [5, Theorem 1.2]). If a J-unitary matriz U is of stable type, then

so are all J-unitary matrices V' in some d-neighborhood |U — V| < § of it.

Theorem 3.4 (Yakubovich and Starzhinskii [7]). Let Uy be a J-unitary matriz having a
definite eigenvalue py on the unit circle, i.e., the eigenvalue p is the first or second kind.

Then
(i) the eigenvalue py is simple,

(ii) for any e > 0, there exists a number 6 > 0 such that for any J-unitary matriz U
satisfying the inequality U —Uy| < 0, all eigenvalues in the neighborhood |p— po| < €

lie on the unit circle and they are simple.
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Proposition 3.5 (Krein [5]). A sufficient condition for strong stability of the equation

(1.2) is that all its multipliers lie on the unit circle and they are definite.

Theorem 3.6 (See Bohner and Peterson [2]). Let y € Crq, p € RT, p >0, and a € R.
Then

y(t) < a+ /ty(T)p(T)AT forall t >ty

to
implies

y(t) < aey(t,to)  forall t>to.

Lemma 3.7. If f and g are any nonnegative functions on T, then

w

[ rwatmar< L ([T swa) ([ awar)

Proof. We have

([ soa) ([ aar) = <Z u(qi>f<qi>) <%_1u<qj>g<qf>)

Y
=
[\
—~
<
ol
N~—r
~
—~
L)
ol
S~—
Q
—~
L
o
N~—r

v

(¢—1) i#(qk)f(qk)g(qk)
— -1 [ s

Dividing by ¢ — 1 completes the proof. m

Theorem 3.8. If the Hamiltonian equation (1.2) is stable, then there erists some § >
0 such that all Hamiltonian equations with the corresponding w-periodic Hermitian H

matrices which satisfy

w

/q 17 (1) — H(t)|At < 6,

are also stable.
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Remark 3.9. By Definition 3.1 and Theorem 3.8, the equation (1.2) is strongly stable.

Proof of Theorem 3.8. Let us consider the Hamiltonian equations
22(t) = S)a(t), w(t) = S(tw(t), (3.1)

where

S(t) = (I — p(t) THOM M) TH()

and

S(t) = (I — p(t) THEMTM) L TH(t)

for all t € T. Next we shall estimate the upper bound of ‘S(t) - §(t)‘ forallt € TN[L,¢*],
where | - | means a matrix norm. For convenience, we shall write S instead of S(t) and do

the same for the other functions. We have

q* . q“ ~ _
/ 1S — S|At = / (I — pTHMEM) P TH — (I — pTHMT M) TH| At
1 1

q ~ ~
_ / (L = pTHMOM) T (H = F) + ([ — pTHMT M) T 7
1
—(I = pTHMT M) ' TH| AL

q“ ~ ~
< IJI/ {11 = pT HMTM)TH|H = H] + |H|(I = p T HMT M)
1
—(I = pTHMT M) Y} AL
q“ q¥ _
< |7 (/ |(I—uJHMTM)‘1|At> </ |’H—H!At>
1 1
Qv q” _
+17| (/ |’H!At> (/ |(I—MJHMTM)—1—(I—MJHMTM)—l\At>
1 1
q” -
S ml/ |H—7—[|At—|—m2,
1
where

w

- (/j |ﬁ|m) (/1‘1 (1 = T HMTM)™ — (I - wﬁwm—lw)
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and

qLL)
my = m/ (1 = pTHMT M) AL,
1

Assume U and V are any fundamental solution matrices for (3.1), respectively. Let us

consider a matrix Hamiltonian equation
YAt =SH)Y +F(t), Y1)=1I, (3.2)

where S is given as (3.1) and I is the identity matrix. The matrix solution of equation

(3.2) is given by (see Bohner and Peterson [2])

Y(t) = es(t, 1)+ /: es(t,o(r))F(T)AT

= es(t,1) +es(t,1) /1 e3'(o(r), 1) F(r)AT.

If F(t) = (S(t) — S(t))V(t) for all t € T, then we have

V() = es(t,1)+es(t, 1)/1 eg'(o(7), 1)(S(1) = S(T))V(r)AT

= U(t)+ U(t)/1 U Ho(m)(S(r) — S(7)V(1)AT.

Thus
V(g”) = Ulg”) < \U(qw)l/lq U= a(m)]IS(7) = S(7)||[V(7)|AT.

Since U2 (t) = S(t)U(t) and U(1) = I, we have
¢ t
U(t) = ]—i—/ S(M)U(r)Ar and |U(t)] < o +/ |S(T)||U(T)|AT,
1 1
where a; = |I|. By Theorem 3.6,
|U(t)] < oneg(t, 1) forall teT.

This gives

U(¢)] < areysi(q”, 1) < aneli 1SOIAT
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Also in the same way, for all t € T,

V()| < et SMIAT < o o/ 1S(M)=S@)AT+[] IS(rlar

U-(t)| < ageff\S(T)lAT’

where ay and a3 are some real numbers. Hence by the inequality (3.2) and the previous

results,

w

w s q —
V() = U(¢*)] < ananage® i 1S0Iar i 5(-strjar / 5(r) — S(r)|Ar
1

w
< alagag(m15+m2)e3ff |S(T)|[AT+m1d+m2

provided

w

/lq 1H(7) — H(T)|AT < &

for some ay, as, a3 € R. Now U(g¥) is J-unitary of the stable type and if
V(g”) —U(¢")| <e
for given £ > 0, then there is 6 = d. by choosing from the inequality
ayasag(myd + m2)635+m15+m2 <e

such that

w

/lq 1H(T) — H|(T)AT < 6,

where 8 = flqw |S(7)|AT. O
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4. BVP FOR HAMILTONIAN EQUATIONS WITH A PARAMETER

The following equation is the boundary value problem for Hamiltonian equation

(1.2) with parameter A:
22(t) = ATHE) [MT"Ma? (t) + MM z(t)],  z(1) = ¢°z(¢*). (4.1)

Since sometimes we discuss the equation (4.1) without the given boundary condition, let
us denote that equation by (4.1)*. We call the number \ satisfying (4.1) (or (4.1)") an

eigenvalue or characteristic value.
Definition 4.1. We say that H belongs to the class P(¢*), and write H € P(¢*), if

(i) H(t) >0 forallt € [1,¢*] NT, and
(i) [ H(t)AL > 0.

The conditions (i) and (ii) mean that for any vector n € C*, n # 0, n*H(t)n > 0 for

all t € [1,¢”]NT, and

w

q
/ n*H(t)nAt > 0.
1

t; A
Lemma 4.2. Suppose x(t;\) = y(&:) is a solution of equation (4.1)" and shortly
z(t; A)

write x = Y for convenience. If H € P(q*), then for any solution x = x(t; \) # 0 of
z

(4.1)", the equality

* * *

qw o o
/ YY) arso (4.3)
1
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Proof. Since,

* At *At * At
Yy Yy Yy y° y y
J = J + J
z z z 2° z z
* Ay * Ay
y y° Yo — pyt y
= J J
z zZ+ p,zAt z z
*At *At * At * At
y y° y 0 y° y Py y
= J + J + J — J
z z z pzt z z 0 z
* Ay * Ay
y y° y° y
= J + J
VA VA ya VA
y° y° y° ('
= ATH J + T ATH
VA VA zZ z
- y° y°
= (A=X) H ,
VA VA

by integrating both sides of the above equality, we obtain (4.2). Since H € P(¢¥), this

gives the inequality (4.3). O

Remark 4.3. (i) A number X is a root of the equation det(U(¢“; \) — ¢ “I) = 0, where
U(g¥; ) is the fundamental matrix solution at the end point ¢* of the period for

(4.1).

(ii) A =0 is not eigenvalue of (4.1) because

Ut A) = es(tbA) = J] [+ p(r)S(7;\)]

TE[L,t)

= ] [T+ Xur) T = M) TH(T) M M) TH(7)]

TE[L,t)

and

det(U(q;A=0) —¢ 1) =det(I —q ¥I) = (1—-q )" #0,

where the number n is the dimension of the matrix considered.
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Theorem 4.4. If H € P(q*), then all eigenvalues of (4.1) are real.

Proof. From the left side of (4.2) and with the boundary condition z(1) = ¢“z(¢¥), we

obtain

y(q“; N) 7 y(gs A ) [y 7 y(1; )
2(¢“; N) 2(¢“; N) z(1; ) z(1; )
C (1) y(g”; A) 7 y(g”; A)
2(¢*; N) 2(q¥; A)
2(q“; A)
= (1 =) (y*(¢“; \) 2*(¢“; A
(y (s ) 2"(q )) p(@i )

Because of the inequality (4.3), the right side of the equation (4.2) is identical zero only
if \ =\, ie., \is real. O

Theorem 4.5. Let 0 < N < X < ... be the positive eigenvalues of (4.1) and let
0> A4 > Ay > ... be the negative ones. Here it is assumed that each \; or \_;
occurs in the sequences as given a number of times equal its multiplicity as a root of
(4.1). Suppose Hy and Hy are two Hermitian matriz-valued functions of the class P(q*)
with Hi(t) < Ha(t) for allt € [1,¢°] N'T and denote \j(H) or A_j(H) an eigenvalue
depending on H. Then \;j(H1) > Xj(Ha) and A_j(H1) < A_j(Hsz) for all j € N.

Proof. We shall only show that A\;(#;) > \j(Hs) for all j € N. For the second result, its

proof is as the proof of the first result. Let us consider the Hamiltonian boundary value

problem
z2(t) = AT He(t) [MIMaZ(t) + MM z(t)], 2.(1) = ¢“z=(¢), (4.4)

where H.(t) = Hi(t) + e(Hao(t) — Hi(t)) for all t € [1,¢*] NT, and 0 < e < 1.
Assume U.(t; \.) is a fundamental matrix solution of (4.4). By (2.1) with S = S,

thus

Uc(t; \e) = es.(¢”, 1),
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is a piecewise analytic function of the parameter €, where
So(tAe) = A (I = p(OATH(OMT M) ™" TH(2).

If A\ := A.(e) = A\j(H.) is a positive eigenvalue of (4.4), then it is also a piecewise analytic

function of . Then we can choose a corresponding eigenvector 7. with
xs<t; As) = Us(t; As)ns

subject to the normalization

* At *
qw o qw o o
—/ 1 g% a= AE/ o () ar=1, (4.5)
! Ze Ze ! Ze Ze
Ye(t; Ae) Ye . .. .
where x.(t; \;) = , or shortly z, = . By differentiating the first integral
Ze (t; )\6) Ze

of (4.5) with respect to ¢,

* Ar\ Ae * Qe Ay

w

“ [y? Y q y? Y
/ |l 7 : At + / :
1 Ze Ze 1 Ze Ze

where A, := 2. Also by differentiating the second integral of (4.5) with respect to €,
Oe

™
QY
>
~
I
=
—~
=~
(@)
~—

* *

(Yl 04 d\. [T [vZ ye
A / (Ho — Hy) A+ / ", At
1 ZE Za < 1 Z€ Z€
x Qg * Ag
qw g g g g
Iy / ve TR e I e RV At=0. (47)
1

Ze Ze Ze Ze
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Ay
, Ye (4 : : :
Since —J = A\H. and by using the equation (4.6) together with the fact
ZE ZE
Ac
Ve = a@ Y = , we obtain
€
2 z 2

H. + H. At = 0.

q
)\E/
1

Thus the equation (4.7) becomes

o
€
€
{ xy Ag * Ag

* *

A AN O “ (v :
/ ol TR At:—)\a/ -1 [ ) A
1 1

de 2 2

but since from equation (4.5),

and Hq, < Hs, hence

o

1d\. d “ [y? ye
— == —(In)\) = -\ - At <0,
N g /1 . (Hz =) .

i.e., the function A, is nonincreasing. Now recall A, := A.(¢) = \;j(H.), where H. =
Hl +E(H2 - H1> ObViOHSly, since )\5(0) = )\](7'[1) and )\5(1) = )\j(Hg), /\J(Hl) Z )\](Hg)
for all 7 € N. The proof in the case where ). is a positive eigenvalue is done. For the case

where \. := A_;(H.) is a negative eigenvalue, the following expression appears

*
g

d < vl ve
iy =i [ (o — #a)

Ze Ze

At >0,

which implies A, is nondecreasing. O
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Theorem 4.6. The multiplicity k; of any eigenvalue \; of the equation (4.1) coincides

with the number d; of the linearly independent associated solutions of the equation (4.1).

Proof. Let V(A) =U(¢¥; \) — ¢ I and \; be a root of det V() = 0. The number of the
linearly independent solutions of (4.1) for A = \; is the number defect d; of the matrix
V(A). Because V() is rational matrix, the Smith-McMillan form can be applied for V().

From Theorem 2.14, V/(\) = %, and the Smith-McMillan form for V is

e1(A) e2(N) gr(N) 0)
51()‘>752()\)7”"5T()\)7 e .

VM ()\) = diag (

But det V()) is a nonzero rational function, thus also det VS ()) is a nonzero rational

function, furthermore, dim(V') = rank(P) = r and

81()\)82()\) c. gdim(V)()\)

det V(\) = Cdet VM = C ’
(A) 01(AN)62(A) - - - dim(vy ()

(4.8)

where C' is a nonzero constant. If (A —X;)|ex(A), then A — \; divides all polynomials €, (\)
for all p > k. If the rank of V(\;) is r; and its defect is d; = dim(V) —r;, then A — ); is a
divisor of the last d; polynomials €;(\) in (4.8). Because det V() is a one-to-one rational
function, this implies that ¢;(\) for i € {1,2,...,dim(V)}, are simple polynomials. Hence

the multiplicity k; of A; is d;. O
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5. STABILITY AND ANALYTIC PROPERTIES OF THE MULTIPLIERS

In this section, we shall discuss the strong stability for (4.1).

Definition 5.1. A point )\ is called a A-point of stability of the Hamiltonian equation
(4.1) if, for A = Ao, all solutions of (4.1) are bounded on the time scale T. Furthermore,
if, for A = Ag, all solutions of the equation of (4.1) having H(t) replaced 7-[(t) which
is w-periodic and Hermitian and sufficiently close to H(t) (in some well-defined sense),
are bounded on T. Then we call A = \g a A\-point of strong stability of the Hamiltonian

equation (4.1).
The following consequences follow from Theorem 3.8.

(i) If we consider the Hamiltonian equation (4.1), we may obtain its neighborhoods

that obey Theorem 3.8 by modifying the parameter .

(ii) Since stability is expressed via the properties of the multipliers p(A) and strong
stability, this means those properties of the multipliers p(\) are preserved with
respect to the Hamiltonian perturbations. It is an important issue to discuss the

multipliers with respect to these perturbations.

We have already shown that an eigenvalue A of the boundary value problem (4.1) with
H € P(¢g*) is real. However, a complex eigenvalue A of (4.1)" may occur and the following
theorem shows that the multipliers depending on the complex eigenvalue A of (4.1) are

not on the unit circle.

Lemma 5.2. If H € P(¢*), then the monodromy matriz of (4.1)* is J-unitary, J-

increasing, or J-decreasing depending on whether Im\ s zero, positive, or negative.

Proof. For any vector n € C", n # 0, the vector-valued function x(t; \) = U(t; \)n is
solution of the Hamiltonian equation (4.1)". With the given
y(t )

z(t; N) == )
z(t; A)
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then by applying Lemma 4.2, we have

(U(g*)n)*TU(q")n— (U(L)n)*TU(1)n

*

— 2iTm(\) /qw VENY G (VEN) A )
1 z(t; \) z(t; \)

where i means the imaginary number. Multiplying both sides of (5.1) by the imaginary

number i, we obtain

L. 3 * w w sk qw ya(t7 )\) yg(t, )\)
in"U"(¢*)JU(¢")n —in"Jn = 2Im(}) H At. (5.2)

1 z(t; \) 2(t; \)
The left side of (5.2) is zero, positive, or negative depending on Im(\). This completes

the proof. n

Theorem 5.3. Consider the Hamiltonian equation (4.1) with the complez eigenvalue X,
i.e., with Im (X) # 0. Then half of the multipliers of (4.1) have moduli less than one and

the other half have their moduli larger than one provided H € P(¢v).

Proof. The proof is done by Lemma 5.2 and by Krein [5, Theorem 1.1]. O

Theorem 5.4. The points of strong stability of (4.1) form an open set which is nonempty
when (4.1) is of positive type, i.e., H € P(g*).

Proof. The proof goes as in [3] and [5] and also by applying Theorem 3.8 with \gH as H
and A\H as 7—N[, A # Xg. Thus if Ay € R is a point of strong stability, then the set of strong

stability points is open. O

Let us consider the Hamiltonian equation (4.1). If it is stable, the monodromy
matrix is of stable type, i.e., all multipliers are simple and have modulus one which may

be first kind, second kind or mixed kind. The following are some interesting results.

(i) If all multipliers are simple with multiplicity one and the stability is strong for any
sufficiently small perturbation, the multipliers cannot leave the unit circle since they

will break up the symmetry of multipliers.
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(ii) If there is a multiplier py having its multiplicity of at least two, there may be
taken away from the unit circle. In fact a newly appearing multiplier might be the
multiplier of a perturbed Hamiltonian equation. A meeting of multipliers of the
same kind will not move away from the unit circle, while the multipliers of different
kinds that meet on the unit circle may move off the unit circle under a suitable

perturbation.
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IV. EXISTENCE OF PERIODIC SOLUTIONS OF A ¢-DIFFERENCE
BOUNDARY VALUE PROBLEM

ABSTRACT

In this paper, we study a certain second-order g¢-difference equation subject to given
boundary conditions. Using a recently introduced concept of periodic functions in quan-
tum calculus, we establish the existence of solutions whose reciprocal square is periodic.

The proof of our main result relies on an application of the Mountain Pass Theorem.
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1. INTRODUCTION

Periodic solutions of difference (or differential) boundary value problems have been
studied in many papers such as [3,4,7-9]. There are many approaches when seeking
periodic solutions of difference (or differential) equations, such as critical point theory [5]
(which includes minimax theory and Morse theory), fixed point theory, and many more.

Throughout this paper, we consider the ¢-difference boundary value problem

TAA() + VF (gt () =0, t€T:=q" (1.1)

2(1) = ¢ P(g?), x2(1) = ¢*2x2(¢¥),

where
A x(qt) - $<t>
z=(t) = (q— — 1)t

F: T xR™ — R is continuously differentiable in the second variable and w-periodic in

for teT,

the first variable, i.e., F'(t,u) = ¢“F(¢“t,u) for all (t,u) € T x R™, w € N, and VF(t,u)
denotes the gradient of F(t,u) in u.

In Section 3, we show that, by applying the Mountain Pass Theorem (Theorem 2.5),
the problem (1.1) under certain hypotheses has at least one solution whose reciprocal

square is w-periodic. For the differential boundary value problem,

2'(t) + VF(t,z(t)) =0, teR,
2(0) = z(T), '(0) = 2/(T),

(1.2)

where T' > 0, F : [0,T] x R™ — R, the existence of T-periodic solutions under some
hypotheses was established by Zhang and Zhou [9], while Long [4] obtained a similar
result for the corresponding discrete boundary value problem. In both the continuous
case and the discrete case, a nonnegative function is periodic if and only if its reciprocal

square is periodic.
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2. PRELIMINARIES AND AUXILIARY RESULTS

The following definitions and results are useful in order to prove the theorems in

Section 3.

Definition 2.1 (Bohner and Peterson [2]). Let f : T — R be a function. The expression

Ay flat) = f(t)
0= (¢ —1)t
is called the g-derivative of f.

Using the notation f7(t) = f(qt), the g-derivatives of the product and quotient of

fyg: T — R are given by
(f9)d = 29+ 79> = 9>+ [29°

and

(if e
g 99°

Definition 2.2 (Bohner and Peterson [2]). Let f: T — R and s,¢ € T such that s < t.
Then

/ fene=g-1) Y f(r)

TE€[s,t)NT

is called the integral on T.

Definition 2.3 (Bohner and Chieochan [1]). A function f: T — R with
ft)=q"f(g“t) forall teT

is called w-periodic.

Let E be a real Banach space. B,(0) and 0B,(0) denote the open ball centered at

zero in E of radius p and the boundary of ball B,(0), respectively.
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Definition 2.4. Let I be a continuously Fréchet differentiable functional defined on E. [
is said to satisfy the Palais-Smale condition if any sequence {u,} C E for which {I(u,)}

is bounded and I’(u,) — 0 as n — oo possesses a convergent subsequence in FE.

Theorem 2.5 (Mountain Pass Theorem [6]). Let J € C'(E,R). Suppose J satisfies the
Palais—Smale condition, J(0) =0,

(J1) there exist constants p,a > 0 such that J|sp, ) > o, and
(J2) there is an e € E|0B,(0) such that J(e) < 0.

Then J possesses a critical value ¢ > o which can be characterized by

¢ = inf max J(u),
g€l uegl0,1]

where I' = {g € C([0,1], E) : g(0) =0, g(1) =e}.

To prove the main theorems in Section 3, we introduce a functional for the problem

(1.1) in the following way. Let
S={x={zt)}: z(t) e R™, t e TU{1l/q}}.
and define the vector subspace of S
E,={z={z(t)} €S: z(t) = ¢ “x(¢”t), te TU {1/q}}.

Now E, can be equipped with the norm || - ||g, and the inner product (-,-)g, for any

T,y € B, by
3
zlle., = <Z Ifﬁ(t)l2> and  (z,y)p, = »_ a(t) - y(t),
teQuw teQu

where

Qu=1{d": 1<k<w-1},
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| - | denotes the usual norm in R™, and z(t) - y(t) denotes the usual scalar product in R™.
It is simple to show that E,, is isomorphic to R“™, and moreover, (E,, (-, ) g, ) is a Hilbert

space. For any given number r > 1, we let
1
Hﬂh=<§:M@W>
te€Qu

for all x € E,. By Hoélder’s inequality, || - ||, is a norm on E,,. Thus we have ||-||g, = |-z

Then there exist some constants C'; and C5 such that 0 < C; < (5 and

Cillz|lr < ||z]l2 < Collz|l, forall € E,. (2.1)
Furthermore,
lzlli < Vw|z|z forall ze€ E,. (2.2)

Now the functional J on E, is defined by

w

J(z) = /1q (—%|xA(t)]2 + F(qt,x(qt))) At forall =z€E,. (2.3)

By Definition 2.1 and 2.2, the functional J can be rewritten as

Ja) =Y {—;W(t) ~ 2u(t)a(gt) +2*(qb)] + (g — LEF(gt, x<qt>>} (2.4

Lo L 2(g =1t

for all z € E,. Suppose
VE(t,z) = f(t,x) € C(T x R™,R™), where f=(f1,far. ., fm)".

Let

v={x(t)} € E,, where x(t) = (z1(t),12(t),...,2m(t))7,
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and denote pu(t) := (¢—1)t for all t € TU{1/q}. By the assumption, F(t,z) = ¢*F(q“t, x)
for all (¢,z) € T x R™,

0J(x)
O;(t)

= ju(t/q) [#22(t/9) + £3(t,2;(1))]

forall t € Q, and j € {1,2,...,m}. Therefore, x = {x(t)} € E,, is a critical point of J,

that is, J'(z) = 0 if and only if for each j € {1,2,...,m},
P2 (t/q) + fi(t, z;(t) =0

i.e., 122(t) + VF(qt,x(qt)) = 0 for all t € Q,,. Hence, if z € E, is a critical point of .J,

then it is a solution of (1.1), and the reciprocal square of x, i.e., 1/2%, is w-periodic. Let
2= ()" 2(0)", 2@ )NT with  2(t) = (21(1), 22(1), .., 2m(1)T € R™

for all t € (),,. We have

where P is the wm X wm-matrix given by
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m 2m (w—=1)m+1
10 0 00 0... 0 0 0 0
0 0 01 0 0... 0 0 O 0
0 0 0 0 0 0... 0 1 0 0 w
0 1 0 0 0 0... 0 0 0 0
0 0 0 0 1 0... 0 0 0 0

o0 ...o0oo0O0 ... 0... 0.... 01 ... O 2w

00 ... 100 ... 0....0... 00 ... 0f(m—-1)w+1L

Then the functional J given by (2.4) can be rewritten as

1
J(z) = —5(APz, P2) + > u(t)F(gt, 2(qt)) forall =€ E,, (2.5)
t€Quw
where
B 0
B

A pr—

0 B

wmxXwm
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and
[Q]O 1 0 0 0 _q—w/2+1
-1 fgh -1 0 0 0
) 0 -1 g -3% 0 0
B=—— ! '
q—1 |
0 0 0 0 -g5 [doe —z=
_q—w/2+1 0 0 0 o — qwlfa [Q}w—l
wXw

and [¢lo = 1+4¢, [¢]. = qn%l+qin, ne€i{l,2,...,w—1}. Let D = P7*AP. Since P~! = PT,
DT = D and

1
J(z) = —§(Dz,z> + Z w(t)F(qt,z(qt)) forall =z € E,. (2.6)
teQu
By matrix theory, the matrices A and D have the same real eigenvalues with the same
multiplicities. It is simple to show that the matrix B is positive definite, i.e., all eigenvalues

of B are positive real numbers. This implies that each eigenvalue of the matrix B is also

an eigenvalue of the matrix D with multiplicity m.
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3. MAIN RESULTS

Throughout this section, we denote by Apin and Apa.c the minimum and maximum

eigenvalues of the matrix D given in (2.6), respectively, and let
VE(t,xz) = f(t,z) € C(T x R™,R™).

We apply the Mountain Pass Theorem to prove the main theorems in this section.
Theorem 3.1. Suppose that F(t, z) satisfies the following:

(Hy) there ezists w € N such that F(t,z) = ¢*F(q“t,z) for any (t,z) € T x R™;
(Hy) there is a constant My such that |f(t,z)| < My for all (t,z) € T x R™;

(H;) F(t,z) — oo uniformly for allt € T as |z| — oc.

Then the problem (1.1) has at least one solution.

Lemma 3.2. Under the hypotheses of Theorem 3.1, the functional J satisfies the Palais—

Smale condition.

Proof. Suppose that {z(®} C E, is such that for all ¥ € N, [J(z®)| < M, for some

My >0, and J'(z*)) — 0 as k — oo. Then, for the sufficiently large k,
(J'(z™),z) > —||z|l2.
We have

2@ < (T(2®),2®)

= —(Da™aW) 1Y () flat, 2™ (gt))x ™ (qt)

teQuw

iz ® 3+ Mo(q — D)g*™" D~ |29 (qt)]

t€Quw
= P34+ Molg — D™ > 2B qt)] + g2 [P (1))
teQu\{g* 1}



87

Sw
< manllr® 3+ Mo(g = 1)g T > 2P
tEQw
3w _
= Dnllz® |2+ Mo(g — 1)g = HzW]|,
(2.2) “
< Aainllz® 2 + Mo(q — 1)g % Ve |lz P

This gives

lz®] <

(1 + Mo(q — 1)q37“1\/c_u)

for all k£ € N, i.e., {®} is bounded for all k¥ € N. Since E,, is finite dimensional, there

exists a convergent subsequence of {z®)}. Hence .J satisfies the Palais-Smale condition.

]

Proof of Theorem 3.1. By Lemma 3.2, the functional J satisfies the Palais—Smale condi-

tion. By hypothesis (Hj), there exist p > 0 and R > 0 such that

2w
4>\max

p* < (g—1)R and F(t,2) >R forall (t,2)€TxdB,(0)N E,.

Thus, for any z € dB,(0) N E,,, we have

J(z) = Dz z) + Z F(qt, z(qt))

teQuw

>\max
> 2Lt w(g - DR

>\max
= —— P Fwl@-1R
3w
(g —1R.
TR

Y

Hence condition (J;) of the Mountain Pass Theorem holds. Because of VF(t,z) = f(t, z)

and the hypothesis (Hs),

|F(t,2)| < My + Mylz| forall (t,z) e TxR™
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and for some number M; > 0. Let y € E, be arbitrary. Then

Jy) = Dy )+ Y ut)F (gt y(qt))
teQuw
< mm||y||2 + ) u(t)| Fqt,y(qt))]
te€Qu)
< Auin || 13+ Z ) (M + Moly(qt)))
t€EQw
/\min w w—
< =Ryl 4 Mi(g? — 1)+ Mog (g —1) Y ly(qt)|
teQuw
)\mln —
< IylI2 + My (¢ — 1) + Mog® (g — Dyl
(2'2) >\m1n _
< Iyl|2 + Mi(¢” — 1) + Mg (g — 1)vwl|y2

Vw

1yll2

= yl? < min Moq*_l(q - 1) ) + Mi(¢¥ — 1) - —0

as |lyll2 = oco. Then there exists a sequence e € E,|0B,(0) such that ||e|s is sufficiently

large and

V@
€]l

)\min Sw
J(e) < el (— T Mog® g —1)

9 )+M1(qw—1)§()

Thus J satisfies condition (J2) of the Mountain Pass Theorem. Hence the proof is com-

plete. O]

Theorem 3.3. Suppose that F(t,z) satisfies (Hy) and

(Hy) there exist constants Ry and o € (1,2) such that 0 < zf(t,z) < aF(t,z) for all
(t,2) € T x R™, |2| > Ry;

(Hs) there exist constants By, B2 > 0 and v > 2 such that F(t,z) > ay(t)|z|” — ax(t) for
all (t,z) € T x R™, where the functions ay,as : T — R are given by aq(t) = % and

CL2<t> = %,’
Then the problem (1.1) has at least one solution.

Lemma 3.4. Under the hypotheses of Theorem 3.3, the functional J satisfies the Palais—

Smale condition.
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Proof. Assume {z(®} C E, for all k € N such that |J(z®)| < Ms for some M5 > 0 and

J' (™)) — 0 as k — oo. Since lim J'(z®) = 0, for sufficiently large k, we have

k—o0

1 1 1
—§H$(k)\|2 < —§<J/(~"U(k))796(k)> < §H~"U(k)\|2-

Then
1 1
Ms + §H913(k)“2 > J(@W) - §<J/(~"C(k))795(k)>
=S (F<qt ®(gt)) - 2 f(gt, 2 (gt))a! ><qt>)
teQu
Let

Av={teQu: 1aW(g)| 2 R} and  Ay:={teQu: [2P(q)] < Ri},

where the constant number R; is from (Hy). Then

5= wte) (Flat a®lat) ~ 3 ot s la)

ica,
= t; u(t)F(qt, 2™ (qt)) — %tGZA p(t) f (qt, 2™ (gt)z®) (qt)
——tg flat, x® (qt))z™ (qt)
(I? tg pu(t)F(qt, 2™ (qt)) — %teZA p(t)Fgt, =™ (qt))
——t;:u Fqt, 2®) (qt)z® (qt)
- (1- 32) ZQ n(®)F (qt, P (gt))

.- Z [aF(qt, 2™ (qt)) — f(gt, 2™ (qt))=P(q1)] .

tG.Az
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Since aF'(t, z)— f(t, z)z is continuous with respect to (¢, z), there exists a constant number

Mg > 0 such that |z| < Ry, and then aF'(t,z) — f(t,2)z > —Mg for all t € Q,,. Therefore,

Myt e @l > (1= 5) 3wty Fat, 2 at) — 5 Mo(g® — 1)

tGQw
(%) (1 - %) p(t) [ar(qt)[2®) (qt)|" = az(qt)] — %Mﬁ(qw —1)
tEQ
> (1~ %)%q—ltez%lfc —(g—1)w qu(l—%)—éMﬁ(qw—w
> (1-2) 2 -l - (- 1>w% (1-5) - 3Msta” — 1)
> (1-9) %w — 1) 2]y — My,

where

By the inequality (2.1), we have

1 @
My + 3l > (1-3)

Hence

a\ b =3 1
1——)— e 2y aey, < M+ M
(1-3) =D = 5l < M+ by

This implies that {z(®} is bounded for all k¥ € N because 2 < v < oo. Hence J satisfies

the Palais—Smale condition. O

Proof of Theorem 3.3. By Lemma 3.4, J satisfies Palais—Smale condition. Let y be any

element in F,. Then we have

Jy) = Dy y)+ Y u(t)Fgt,y(qt))
teQu
) N
> 5 Iy 15+ w(t) [ar(gt)|y(gt)|" — az(qt)]
teQuw
)\max 61 BQ
> - yll q—Dlyl} — —w(g—1
5 1yll2 + q( Nyl — . (¢—1)
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@0 A B lylls B
> __ Z‘max 2 1 2 P2 —1
> 5 Iyllz + . —(q—1) a0 w(g—1)

= B |2 g - | - 2

Gy 2llyl3™

Since J(y) — oo as |ly|]la — oo, there exists p > 0 sufficiently large such that for any

z € TNoB,(0),

p I Amax 6
102 0 | Fa- g - 55| - Zuta-1)> 0

Hence (J;) of the Mountain Pass Theorem holds. Next we prove that J satisfies (J3) of the
Mountain Pass Theorem. By integrating both sides of the inequality zf(t,2) < aF'(t, 2)
given by (Hy) for any (¢, z) € T x R™ such that |z| > R; > 0, we have F(t,z) < by|z|*+ by

for some constants by, by, > 0. Let x € E,, be arbitrary. Then

J(x) = Da: x) + Z F(qt,z(qt))
te€Qu
)\min « w
< - l2]15+ b1 Y p()|a(qt)|* + ba(g — 1)
t€Qu
< _/\min 2 b _1 w—1 t o o
< 53 + b = 1)g > falat)]* + ¥ (1)
tEQw\{qw_l}
+b2(qw—1)
/\min w
< =l A balg = TR e (8)] + ba(g — 1)
t€Qu
)\min w S)— «@ w
=~ lwlls +bilg —1)g |2 ]|g + ba(” — 1)
21 /\min w(leey_1 || Y w
< ming gy — gty e )
1

It follows that J(z) — —oo as ||z| — co. Then there exists a sequence e € E,|0B,(0)
such that J(e) < 0. So condition (J) of the Mountain Pass Theorem holds. The proof is

complete. O

Theorem 3.5. Suppose that F(t,z) satisfies (Hy) and
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(Hg) there exists a constant o € (1,2) such that 0 < zf(t,z) < aF(t,z) for all (t,2) €
T x R™, with |z| # 0;

(H;) there exist constants f > 0 and v € (1,a] such that F(t,z) > a(t)|z]" for all

(t,z) € T x R™, where the function a : T — RT is given by a(t) = g
Then the problem (1.1) has at least one solution.

Proof. Under the given assumptions, we can show as in the proof of Lemma 3.4 that J

satisfies Palais—Smale condition. Moreover, for any = € E_, we have

J(z) = Da:a: —|—Zu F(qt,z(qt))
teQu
(H7) max
> lzl5 + Y u(t)alqt)(gt)]
teQu
)\max B
> ==l + 7= Dll=lly
@A B 13
> _ /\max 2 g —1 _2
> R+ Ll
Since there is a real number p > 0 such that p?~7 < 2(5\(‘1 107, for all y € TN 0B,(0), w
have
pla=1) , Bla=1) , 36g—=1)
J(u) > — Y Y = 7> 0.
Wz-—p et =g’ 1007 "

So condition (J;) of the Mountain Pass Theorem holds. Next we show that J satisfies
(Jo) of the Mountain Pass Theorem. By integrating the inequality zf(t,2) < aF(t,z2)

given by (Hg), F(t,2) < bs|z|* + by for some constants bs, by > 0. Then for any y € E,,

we have
Jy) = Dy y)+ Y ult)F(gt, y(qt))
teQuw
< mmH 15+ u(t) [bsly(gt)|™ + ba)
teQuw
Arl'llrl o o w
< Iyll3 +bs(g — g™ > |ygt)* + ¢ [y(1)|* + ba(g” — 1)
teQu\{qw1}
A]fl'llrl o
< Y113 + bs(q — g2 " |y ()| + ba(g” — 1)

teQuw
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)\min

w ay_1 1Y ) w
< Am e (g - g0t IS e 1) o

cy

as ||yl — oo. It follows that there exist a real number p > 0 and a sequence e €
E, N 0B,(0) such that if ||e||, is sufficiently large, then J(e) < 0. Thus condition (J) of
the Mountain Pass Theorem holds. O

Finally, we give an example illustrating Theorem 3.5.

Fxample 3.6. Let us consider the ¢-difference boundary value problem

2A8(8) + 2(8y +2)2(gD](a) + L (B +2)2(at)|=(t)|* =0, teT,
2(1) = ¢ “2(¢”), 22(1) = ¢¥%22(¢¥),

(3.1)

where a > 0, b > 0, and —1 < 3; < 5 < 0. Then we have
@ B1 b B2
VF(t, z)= 2(51—|—2)z|z\ +Z(52+2)z|z\

and

b
F(t,2) = 2|7+ 7]l

for all (¢,2) € T x R™ and some m € N. It is clear that F satisfies (H;). Let a = [ + 2
and v = f; + 2. It is simple to check that the assumptions (Hg) and (H7) of Theorem 3.5
hold. Hence, for any given w € N, the problem (3.1) has at least one solution z, and then

the reciprocal square of the solution z, i.e., 1/2%, is w-periodic.
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V. POSITIVE PERIODIC SOLUTIONS OF HIGHER-ORDER
FUNCTIONAL ¢-DIFFERENCE EQUATIONS

ABSTRACT

In this paper, using the recently introduced concept of periodic functions in quantum
calculus, we study the existence of positive periodic solutions of a certain higher-order
functional ¢-difference equation. Just as for the well-known continuous and discrete ver-
sions, we use a fixed point theorem in a cone in order to establish the existence of a

positive periodic solution.



1. INTRODUCTION
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The existence of positive periodic solutions of functional difference equations has

been studied by many authors such as Zhang and Cheng [2], Zhu and Li [5], and Wang

and Luo [6]. Some well-known models which are first-order functional difference equations

are, for example (see [6]),

(i) the discrete model of blood cell production:

1
1+ zF(n—7(n))
z(n —7(n))
14+ aF(n—7(n))’

Ax(n) = —a(n)z(n)+ b(n) , keN,

Ax(n) = —a(n)z(n)+ b(n) k eN,

(ii) the periodic Michaelis-Menton model:

This paper studies the existence of periodic solutions of the m-order functional ¢-difference

equations

w(g™t) = a(t)z(t) + f{2(t/7(1))),
w(g™t) = a(t)z(t) = f{,2(t/7(1))),

(1.1)
(1.2)

where a : ¢ — [0,00) with a(t) = a(¢“t), f : ¢ x R — [0,00) is continuous and w-

periodic, i.e., f(t,u) = ¢“ f(¢“t,u), and 7 : ¢N° — ¢ satisfies t > 7(t) for all t € ¢"°. A

few examples of the function a are given by a(t) = ¢, where c is constant for any t € ¢,

and a(t) = d;, where d; are constants assigned for each t € {¢* : 0 < k < w — 1}. By
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applying the fixed point theorem (Theorem 1.2) in a cone, we will prove later that (1.1)
and (1.2) have positive periodic solutions. The definition of periodic functions on the

so-called ¢-time scale ¢ has recently been given by the authors [1] as follows.

Definition 1.1 (Bohner and Chieochan [1]). A function f : ¢"° — R satisfying

ft)=q“f(g*t) forall teqg'

is called w-periodic.

Theorem 1.2 (Fixed point theorem in a cone [3,4]). Let X be a Banach space and P be
a cone in X. Suppose 2y and €y are open subsets of X such that 0 € €2y C O C Qy and

suppose that ® : PN (Qy \ Q1) — P is a completely continuous operator such that

(1) ||Dul| < ||u|| for allu € PNOy, and there exists 1 € P\{0} such that u # ®u+ A\
for allu € PNOQy and X > 0, or

(il) [|[Pull < ||lul| for allu € PNOQy, and there exists 1 € P\ {0} such that u # Pu+ A\
for allu e PNoOQy and A > 0.

Then ® has a fized point in PN (Qy\ Q).
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2. POSITIVE PERIODIC SOLUTIONS OF (1.1)

In this section, we consider the existence of positive periodic solutions of (1.1). Let
X ={z={z(t)}: z(t) = ¢“z(¢”t) forall teq"}
and employ the maximum norm
x| == grelgflx(tﬂ, where  Q,:={¢": 0<k<w-—1}.

Then X is a Banach space. Throughout this section, we assume 0 < a(t) < 1/¢™ for all

t € g™, where m € N is the order of (1.1). We define [ := ged(m,w) and h = w/I.

Lemma 2.1. x € X is a solution of (1.1) if and only if

¢ hﬁl a(g"™t)  n-1 im im im
1—ghm 1;% a(g™t) =0 1;[0 a(gi™t)

Proof. From (1.1) and =z € X, we get

z(q™t) () = ft,2(t/7(t)))
a(t) a(t)
a(®™t) x(g™t)  _ flg"ta(qmt/T(g"1)))
a(gmt)at)  alt) a(g™t)a(t) ’
w(g®™t) w(@™t)  f(@"t (e T(g*)))
a(g®™t)a(qmt)a(t)  algmt)a(t) a(g®™t)a(gmt)a(t)
wlg"t) w(@™m) o fle" UM a7 (g Tm))
ljo a(q'™t) ljo a(q™t) ljo a(q™t))

By summing all equations above and since x(t) = ¢“z(¢*t) for all t € ¢"°, we arrive at

(2.1). O
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In order to obtain a cone in the Banach space X, we define

h—1
M* := max {qhm Ha(qimt) Cte Qw} )
i=0
h—1
M, := min {qhm H alq™t) : t € Qw} ,
i=0
and

MZ(1— M)

= A=)

Note 0 < 6 < 1. Now we define the cone P and the mapping T : X — X by

Pi={yeX:ylt) >0, yt) >dlyll, t € ¢},

PTLA™) 11y st
10~ _2_ Zf trlg™t/r(g"™)
“Malg™) = ITalg)

— j=0

respectively. Since we have

fla™t,x(q™t/T(q™))) < (T)(t)

hmM* h—1

< S )

for any = € P, it follows that T'(P) C P. Define

©o(s) ::max{%: t e Qu, (5S§u§s},
o gmaftu()
¥(s) := min { 0= gma@®)u(d teQ,, 0s<u< s} )

Then both functions ¢ and v are continuous on R.

Theorem 2.2. Assume 0 < a(t) < 1/q™ for all t € ¢, where m is the order of the

functional q-difference (1.1). Suppose there ezist two real numbers a, f > 0 with o #
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such that (o) < a and Y(B) > 1. Then (1.1) has at least one positive solution v € X
satisfying

min{a, 8} < [l2]| < max{a, 8}.

Proof. Without loss of generality, we can assume o < . Let

Wi={reX: |z <a} and Q:={reX: |z <p}.

First, we show

IT(x)|| <|lz| forall ze PnNosY. (2.2)

Let z € PNJQ;. Then ||z = a and da < z(t) < « for all ¢t € ¢™°. Since

qmtf(t,u)
—_— <
1 —qgma(t) = pla) < a
and
T alg™)
=0 Z 1 —g™a(q™?) 1
1— qhm H a(qzmt) i=0 q(z+1)m H a(qjmt)
i=0 §=0
for all t € ¢, we obtain
T a(gmt)
q m a qzmt h1 ) ) )
=0 flg™t x(g"™t/T(q"™1)))
(Tz)(t) = = -
L—g" [] a(g™t) =0 Hoa(q””t)
= ]:
L bl
q m a qzmt he1 . i
< ¢ il;[[) (@) Z 1 —g¢"a(qg™?)
-t h-1 . - . i )
1— qhm H a(qzmt) i=0 q(z-l-l)m H a(q]mt)
i=0 §=0
< a= |z

for all ¢ € ¢™o. Hence (2.2) holds. Next, we show that

x#Ter+ X forall ze€ PNoQy, forsome A>0. (2.3)
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Suppose (2.3) does not hold, i.e., there exist 2* € PNy and A\g such that x* = T'z*+ \.
Let

X = min{z"*(t) : t € Q.

Since z* € PNy, ||z*]| = B and 68 < z*(t) < B for all t € ¢o. Thus we have y = 2*(t,)

for some ty € @,,. Since
qm(sf(t(b U)

L) S T gmalt)u

and
T algmto)
q m a qzm 0 h—1 . .
i=0 Z I—gq a(q tO)
1— qhm H a(qzmto) =0 q(1+l)m H a(q]mt0>
i=0 j=0

=1,

we obtain

I*(to) = /\0+Tl'*(t0)

h
hm im
q a\q to h-1 im *( am m
LLeld™0) ot pigimiy, 0t (gmto/7(q™10)))
h—1 i
1 —¢" T a(gi™ty) =0 a(qi™ty)
i=0 3=0

=0 Z (1 —q™a(q™to))z*(q"to/T(¢"t0))
L —g¢"™ I] a(g™to) =0 og™ [T alg’™to)
i=0 Jj=0

Y,
>
S

+

Y
>
o
+
=
i
o
—_
|
Q
2
Q@.
3
St

h—1
1— qhm 1:[ a(qlmto) i=0 q(1+l)m H a(qjmt0>

=0 7=0
= XN+8

Y]

Ao+ X > X

This gives a contradiction since x*(ty) = x and hence (2.3) holds. Therefore, by applying
Theorem 1.2, it follows that T has a fixed point x € P N (2, \ ©4). This fixed point is a

positive w-periodic solution of (1.1). O

Corollary 2.3. Assume 0 < a(t) < 1/q™ for allt € ¢"°. Suppose that one of the following

conditions holds:
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(i) lim 29 = oy < 1 and lim ¥(s) = thse > 1,
$§—00

s—0t °

(i) lim 22 = o <1 and lim ¢(s) = o > 1.

s—oo 8 s—07F

Then (1.1) has at least one positive solution x € X with ||z|| > 0.

Proof. 1t is sufficient to show only case (i). Since lim+ “"(Ss) = o < 1, we choose ¢ =
s—0

(1 —¢p)/2 and there exists 6 > 0 such that for all 0 < s < 9,

30 — 1 1
¥o <80(3) < + %o

< 1.
2 S 2

Then a € (0,0) such that p(a) < a. Since lim ¥(s) = 1) > 1, we can choose ¢ =
5—00
(Yoo — 1)/2 and then we find 8 > 0 such that ¢(f) > 1. Hence, by Theorem 2.2, (1.1)

has at least one positive solution z € X with ||z|| > 0. O

Theorem 2.4. Assume 0 < a(t) < 1/¢™ for all t € ¢™°. Suppose there exist N + 1
positive constants p1 < ps < ... < pn < pni1 Such that one of the following conditions is
satisfied:

(i) o(p2r-1) <p2e-1, k€ {1,2,..., [(N +2)/2]} and

V(paw) > 1, ke {1,2,...,[(N+1)/2]},

(i) @(pok) < por, k € {1,2,...,[(N +1)/2]} and
lpow—1) > 1, k€ {1,2,...,[(N+2)/2]},
where [d] denotes the integer part of d. Then (1.1) has at least N positive solutions x), € X
with
ok < ||kl < prs1r forall ke{l,2,...,N}.
Proof. Tt is sufficient to show only case (i). Since ¢, : (0,00) — [0,00) are continuous

for each pair {pk, pr+1} and each k € {1,2,... N}, there exist pr < oy < B < pg41 for all
ke {1,2,... N} such that

QO(O[Q]@,1> < Ogf—1, w(ﬁgkfl) > 1, k ¢ {1,2, N [(N + 2)/2]},

olagg) < gk, Y(Pox) >1, ke{l,2,...,[(N+1)/2]}.
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By Theorem 2.2, (1.1) has at least one positive periodic solution z; € X for every pair of

numbers {ag, Bx} with pp < ax < ||z|| < Bk < pry1- The proof is complete. ]
By applying Theorem 2.2, we can easily prove the following two corollaries.

Corollary 2.5. Assume 0 < a(t) < 1/q™ for all t € ¢"°. Suppose that the following

conditions hold:

®(s)

(s) _
> = Poo < 1,

(i) lim £% = o <1 and lim

s—0t S§—00

(i) there exists a constant 5 > 0 such that ¥(B) > 1.

Then (1.1) has at least two positive solutions x1, x5 € X with
0 < ||z1]| < B < ||m2]| < o0.

Corollary 2.6. Assume 0 < a(t) < 1/q™ for all t € ¢"°. Suppose that the following

conditions hold:

(i) lilgl+ W(s) =1y > 1 and le P(s) = o > 1,

(i) there exists a constant o > 0 such that ¢(a) < .

Then (1.1) has at least two positive solutions xy,xs € X with

0 < |lz1] < o < ||wa]| < 0.
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3. POSITIVE PERIODIC SOLUTIONS OF (1.2)

In this section, we discuss the existence of positive periodic solutions of (1.2).
Throughout this section, we assume a(t) > qu for all t € ¢"°, where m is the order
of the functional ¢-difference equation (1.2). The proofs of the following results are omit-

ted as they can be done similarly to the proofs of the corresponding results in Section

2.

Lemma 3.1. x € X is a solution of (1.1) if and only if

h—1
@ ILald™) not iy s (gime (g

h—1
qhm H a<qzmt) — 1 =0 H a(q]mt)
i=0

7=0

for all t € ¢™o.
We also define M™* and M, as in Section 2 but we choose

M, -1

A VSV

Clearly, 6* € (0,1). Then we define the cone
Pi={yeX:ylt) >0, teq, y(t)>yl}
and the mapping T': X — X by

LA™ ot
P = b St g g™

h—1
¢ [] alg™t) —1 =0 H a(g™t)
=0 7=0

Thus Tx(t) = ¢*Txz(¢*t) and also T'(P) C P. Define

N qrtf(t,u)
o(s) = maX{Tma(t) L te
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- { g8 f(t, u(t))

¥(s) := min 1= g a()u(d) CtEeEQ,, 's<u< 5} .

Theorem 3.2. Assume a(t) > 1/q™ for allt € ¢™°. Suppose there exist two real numbers
a,B > 0 with a # B such that $(a) < o and ¥(B) > 1. Then (1.2) has at least one

positive solution x € X with
min{a, 8} < [lo] < max{a, 8}.

Corollary 3.3. Assume 0 < a(t) < 1/q™ for allt € ¢"°. Suppose that one of the following

condition holds:

(i) lim 2% =3y < 1 and lim ¥(s) = ths > 1,

s—0t+ ¢ 5—00

(ii) lim @ = Qoo < 1 and lim @Z(s) =t > 1.

5—00 s—0F

Then (1.2) has at least one positive solution x € X with ||z|| > 0.

Theorem 3.4. Assume a(t) > 1/q™ for all t € ¢"°. Suppose there exist N + 1 positive

constants p1 < ps < ... < pn < pni1 such that one of the following conditions is satisfied:

(1) &(pgk_l) < P2k—1, ke {1, 2,..., [(N + 2)/2]} and

V(par) > 1, ke {1,2,...,[(N +1)/2]},

(ii) @(par) < poa, k € {1,2,...,[(N +1)/2]} and

Y(por—1) > 1, ke {1,2,...,[(N +2)/2]},

where [d] denotes the integer part of d. Then (1.2) has at least N positive solutions
€ X, ke {l,2,..., N} with

Pk < ||zk]| < Pt

Corollary 3.5. Assume a(t) > 1/q™ for allt € ¢™°. Suppose that the following conditions

are satisfied:

(i) lim 22 = &) <1 and lim 2 =5 <1,

s—07t $—00

(i) there exists a constant 5 > 0 such that J(ﬁ) > 1.
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Then (1.2) has at least two positive solutions x1,xo € X with
0 < ||z1]] < B < ||z2|| < 0.
Corollary 3.6. Assume a(t) > 1/q™ for allt € ¢™°. Suppose the following conditions are
satisfied:
(i) lim J(s) = > 1 and lim J(s) = oo > 1,
s—07t §—00

(ii) there exists a constant a > 0 such that () < a.

Then (1.2) has at least two positive solutions x1,x9 € X with

0 < |l < a < ||we]| < 0.
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4. SOME EXAMPLES

In this section, we show some examples of equations of the form (1.1) and (1.2) and

apply the main results of the previous sections.

Ezxample 4.1. Consider the ¢-difference equation

z(¢*t) = ax(t) +

e (4.1)

where a is a constant with 0 < a < 1/¢?, f(t,x) = 1/(tx), and 7(t) = 1/¢* for all t € ¢"°.
We have
p(s)

lim — =g =0<1 and lim ¥(s) =1y =00 > 1.

s—o0 S s—0t

By Corollary 2.3 (ii), (4.1) has at least one positive w-periodic solution.

Fxample 4.2. Let ¢ =2, m = 4, w = 5. Consider the g-difference equation

1

16t) = ax(t) + 72" 4t) + ——
2(16t) = az(t) + 707 4) + Tpnm

(4.2)

where a is a constant with 0 < a < 1/20, f(t,z) = t%2'%° +1/(16000te'*), and 7(t) = 1/4

for all ¢ € ¢o. We have

lim ¥(s) =19 =00>1 and lim 9¥(s) =1y =00 > 1.

§—00 s—0t

Since there exists a = 1/100 such that ¢(«a) < «, by Corollary 2.6, (4.2) has at least two

positive w-periodic solutions.

Ezxample 4.3. Consider the ¢-difference equation

x(¢°t) = aux(t) — t*2°(qt), (4.3)
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where a(t) = a; are constants assigned for each t € Q,, and a(t) = a(¢t) for all t € ¢™°.

We have 7(t) = 1/q, f(t,x) = t?23,

nm@:%:0<1 and  lim §(s) = the = 00 > 1.

s—0t S §—00

By Corollary 3.3 (i), (4.3) has at least one positive w-periodic solution.
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SECTION
4. CONCLUSION

We now summarize and comment on the new results and approaches presented in
our study of periodic solutions of g-difference equations.

In the our first paper, Floquet theory for q-difference equations, the basic Floquet
theory is derived on the g-time scale, in analogy with existing theories for the time scales
Z and R, for the Floquet equation, 22 = A(t)z, where A is assumed to be regressive and
w-periodic. The regressive property of A is seen to be necessary in the g-time scale setting
and the definition of periodicity for functions on a ¢-time scale is based on integration
in distinction with the standard approach taken for Z and R. The representation of the
fundamental matrix of the ¢-Floquet equation is presented in Theorem 4.2, and results
analogous to those which exist for Z and R are presented for the Floquet equation for the
g-time scale setting in Theorems 4.3 and 4.7.

The stability of solutions for Floquet equations in the g-time scale setting will be
considered in future works. For the present, we briefly sketch some issues that arise in
connection with this study: Suppose the ¢-Floquet equation, with some initial conditions
given, has n solutions and they are represented by an infinite sequence in t € ¢ of points
(ui(t),...,u,(t)) in R™". In many applications of this subject, it is useful to know the
general location of those points for the large values of time t. Central to this study is the
consideration and analysis of several possibilities that arise: the sequence may converge
to a point or at least remain near a point; the sequence may oscillate among values near
several points; the sequence may become unbounded; or the sequence may remain in a
bounded set but jump around in a seemingly unpredictable fashion.

In our second paper, The Beverton—Holt q-difference equation, we consider

(1) = a(t)a” (t) (1 B Ix(((tt))> |

where a(t) = ¢ and K(t) = ¢“K(¢*t) for all t € T = ¢"°, a a constant. Given that

a(t) = ¢ is 1-periodic, it follows from our definition of periodicity on the g-time scale that

the function a is also w-periodic for any w > 1. We have derived the periodic solutions
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of our Beverton—-Holt ¢-difference equation and, as in the Z setting, the Cushing-Henson
conjectures for our Beverton—Holt ¢-difference equation have been presented. Other close
forms of the function a which generalize the Beverton—-Holt ¢-difference equation remain
to be studied.

In our third paper, Stability for Hamiltonian q-difference systems, we have derived
the stability theory for Hamiltonian g-difference systems. Our work on locating zones
of stability for the Hamiltonian ¢-difference systems is based on the work of Krein and
Jakubovi¢ [22], and Rasvan [17,27].

For Hamiltonian ¢-difference systems without the parameter, multipliers which have
modulus one and are of simple type indicate that the solutions of the Hamiltonian ¢-
difference system are bounded; in other words, the Hamiltonian g-difference system is
weakly stable. Furthermore, a sufficient condition for strong stability of the Hamiltonian
g-difference system is that all its multipliers lie on the unit circle and are definite.

A Hamiltonian g-difference system with parameter is stable if the monodromy matrix
is of stable type, i.e., all multipliers are simple and have modulus one which may be the
first kind, second kind, or mixed kind. If all multipliers are simple with multiplicity one,
and the stability is strong for a sufficiently small perturbation, the multipliers cannot
leave the unit circle since they will break up the symmetry of multipliers. Multipliers
possessing multiplicity of at least two, may be located away from the unit circle. A
meeting of multipliers of the same kind will not move away from the unit circle, while
multipliers of different kinds that meet on the unit circle may move off the unit circle
under a suitable perturbation. Given our definition of periodicity on the ¢-time scale, our
results in this paper are slightly different from their analogs in the Z and R settings.

In our fourth paper, Existence of periodic solutions of a q-difference boundary value

problem, we consider the second order ¢-difference BVP,

228 (t) + VF(qt, z(qt)) = 0,
x(1) = 1/¢*Px(q), (1) = ¢**2%(¢?),
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where F'(t,u) is continuously differentiable in u and w-periodic in ¢. Existence theorems
for solutions of our second order g-difference BVP subject to specific boundary conditions
have been proven by applying the Mountain Pass Theorem. In this context, dependence
on F'is characterized. Explicit representations for periodic solutions associated with given
boundary conditions remains a topic to be explored. However, we have found that the
reciprocal square of the solutions of the second order g¢-difference are periodic where, in
general, they are not the solutions of our second order g¢-difference BVP.

In our fifth and final paper, Positive periodic solutions of higher-order functional
q-difference equations, we consider higher-order functional g¢-difference equations of the

form,

2(q"t) = a(t)x(t) + f (L, x(t/7(1))).

We have obtained existence theorems for solutions of two higher-order functional ¢-
difference equations and found the closed forms of those solutions. In studying positive
solutions for these equations the following conditions on a were found to be significant:
0 <a(t) <1/q™ora(t) > 1/¢™ must be held for all ¢ € ¢™°, where m is the order of that
equations. Under these conditions, a(t) will get small or large depending on the order,
m, of the equation considered. In considering the high order of functional ¢-difference
equations, one must deal with very small or very large values of the function @ which may

yield difficulties in numerical calculations; a topic for future exploration.



1]

[14]

113

BIBLIOGRAPHY

C. D. Ahlbrandt and J. Ridenhour. Floquet theory for time scales and Putzer rep-
resentations of matrix logarithms. J. Difference Equ. Appl., 9(1):77-92, 2003. In
honour of Professor Allan Peterson on the occasion of his 60th birthday, Part II.

G. Bangerezako. An Introduction to q-Difference equations. Harcourt/Academic
Press, San Diego, CA, preprint edition, 2008. An introduction with applications.

R. Beverton and S. Holt. On the dynamics of exploited fish population. Fishery
investigations (Great Britain, Ministry of Agriculture, Fisheries, and Food) (London:
H. M. Stationery off.), 19, 1957.

M. Bohner and R. Chieochan. Floquet theory for g-difference equations. 2012.
Submitted.

M. Bohner and A. Peterson. Dynamic equations on time scales. Birkhauser Boston
Inc., Boston, MA, 2001. An introduction with applications.

M. Bohner and A. Peterson, editors. Advances in dynamic equations on time scales.
Birkh&user Boston Inc., Boston, MA, 2003.

M. Bohner, S. Stevi¢, and H. Warth. The Beverton—Holt difference equation. In
Discrete dynamics and difference equations, pages 189-193. World Sci. Publ., Hack-
ensack, NJ, 2010.

M. Bohner and H. Warth. The Beverton-Holt dynamic equation. Appl. Anal.,
86(8):1007-1015, 2007.

S. Cheng and G. Zhang. Positive periodic solutions of a discrete population model.
Funct. Differ. Equ., 7(3-4):223-230, 2000.

J. Cronin. Differential equations, volume 180 of Monographs and Textbooks in Pure
and Applied Mathematics. Marcel Dekker Inc., New York, second edition, 1994.
Introduction and qualitative theory.

J. M. Cushing and S. M. Henson. A periodically forced Beverton—Holt equation. J.
Difference Equ. Appl., 8(12):1119-1120, 2002.

K. Deimling. Nonlinear functional analysis. Springer-Verlag, Berlin, 1985.

S. Elaydi and R. J. Sacker. Global stability of periodic orbits of nonautonomous
difference equations in population biology and the Cushing-Henson conjectures. In
Proceedings of the Fighth International Conference on Difference Equations and Ap-
plications, pages 113-126. Chapman & Hall/CRC, Boca Raton, FL, 2005.

S. Elaydi and R. J. Sacker. Nonautonomous Beverton-Holt equations and the
Cushing-Henson conjectures. J. Difference Equ. Appl., 11(4-5):337-346, 2005.



[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[20]

114

D. J. Guo and V. Lakshmikantham. Nonlinear problems in abstract cones, volume 5
of Notes and Reports in Mathematics in Science and Engineering. Academic Press
Inc., Boston, MA, 1988.

Z. Guo and J. Yu. The existence of periodic and subharmonic solutions of sub-
quadratic second order difference equations. J. London Math. Soc. (2), 68(2):419-
430, 2003.

A. Halanay and V. Rasvan. Stability and boundary value problems for discrete-time
linear Hamiltonian systems. Dynam. Systems Appl., 8(3-4):439-459, 1999.

P. Hartman. Ordinary differential equations. Birkhauser Boston, Mass., second edi-
tion, 1982.

V. Kac and P. Cheung. Quantum calculus. Universitext. Springer-Verlag, New York,
2002.

W. G. Kelley and A. C. Peterson. Difference equations. Harcourt/Academic Press,
San Diego, CA, second edition, 2001. An introduction with applications.

W. G. Kelley and A. C. Peterson. The Theory of Differential Equations. Pearson
Education, Upper Saddle River, NJ, second edition, 2004. Classical and Qualitative.

L. J. Leifman, editor. American Mathematical Society Translations, Ser. 2, Vol.
120, volume 120 of American Mathematical Society Translations, Series 2. American
Mathematical Society, Providence, R.I., 1983. Four papers on ordinary differential
equations.

Y. Li and L. Zhu. Existence of positive periodic solutions for difference equations
with feedback control. Applied Mathematics Letters, 18(1):61-67, 2005.

Y. Long. Applications of Clark duality to periodic solutions with minimal period for
discrete Hamiltonian systems. J. Math. Anal. Appl., 342(1):726-741, 2008.

J. Mawhin and M. Willem. Critical point theory and Hamiltonian systems, volume 74
of Applied Mathematical Sciences. Springer-Verlag, New York, 1989.

P. H. Rabinowitz. Minimax methods in critical point theory with applications to dif-
ferential equations, volume 65 of CBMS Regional Conference Series in Mathematics.
Published for the Conference Board of the Mathematical Sciences, Washington, DC,
1986.

V. Rasvan. Stability zones for discrete time Hamiltonian systems. In CDDE 2000
Proceedings (Brno), volume 36, pages 563-573, 2000.

W. Wang and Z. Luo. Positive periodic solutions for higher-order functional difference
equations. Int. J. Difference Equ., 2(2):245-254, 2007.

F.-H. Wong, C.-C. Yeh, and W.-C. Lian. An extension of Jensen’s inequality on time
scales. Adv. Dyn. Syst. Appl., 1(1):113-120, 2006.

Y. F. Xue and C. L. Tang. Existence of a periodic solution for subquadratic second-
order discrete Hamiltonian system. Nonlinear Anal., 67(7):2072-2080, 2007.



115

[31] Y. F. Xue and C. L. Tang. Multiple periodic solutions for superquadratic second-
order discrete Hamiltonian systems. Appl. Math. Comput., 196(2):494-500, 2008.

[32] V. A. Yakubovich and V. M. Starzhinskii. Linear differential equations with periodic
coefficients. 1, 2. Halsted Press [John Wiley & Sons| New York-Toronto, Ont.,, 1975.
Translated from Russian by D. Louvish.

[33] X. Zhang and Y. Zhou. Periodic solutions of non-autonomous second order Hamil-
tonian systems. J. Math. Anal. Appl., 345(2):929-933, 2008.



116

VITA

Rotchana Chieochan was born in Udonthani province of Thailand. She graduated
with a Bachelor of Science in Mathematics from Khon Kaen University, Thailand, in
1996. After graduation, she worked for Kaen Kaen University as a member of the Junior
staff for about one year. She then earned the degree of Master of Science in Applied
Mathematics from the King Mongkut’s University of Technology Thonburi, Thailand, in
2001; after which she rejoined Khon Kean University as a lecturer. Between 2004 and
2006, she pursued research in mathematics at the University of Leicester, the United
Kingdom, before moving to the United States in the fall of 2006 to enroll in the Ph.D
program in mathematics of the Missouri University of Science and Technology (formerly
University of Missouri-Rolla). After changing the focus of her research program, she
began her dissertation research with Dr Martin Bohner during the Fall of 2009. Through
the course of her program at Missouri S&T, she worked as a graduate assistant, and later
as a teaching assistant, in the Department of Mathematics and Statistics. In August of
2012, she received her Ph.D. in Mathematics from the Missouri University of Science and

Technology.



	Periodic q-difference equations
	Recommended Citation

	tmp.1411741741.pdf.JGQ4B

