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PUBLICATION DISSERTATION OPTION

This dissertation contains the following five articles: (i). Subexponential so-
lutions of linear Volterra difference equations, pages 2549, (ii). Rate of convergence
of solutions of linear Volterra difference equations, pages 50-62, (iii). Subexponential
solutions of linear Volterra delay difference equations, pages 63-83, (iv). Bounded so-
lutions of a Volterra difference equation, pages 84-98, and (v). Asymptotic behavior
of nonoscillatory solutions of higher-order integro-dynamic equations, pages 99-113.
The article (i) is submitted. The articles (ii), (iii), and (iv) will be submitted. The

article (v) is already published in Opuscula Mathematica.



ABSTRACT

This dissertation consists of five papers in which discrete Volterra equations
of different types and orders are studied and results regarding the behavior of their
solutions are established. The first paper presents some fundamental results about
subexponential sequences. It also illustrates the subexponential solutions of scalar
linear Volterra sum-difference equations are asymptotically stable. The exact value
of the rate of convergence of asymptotically stable solutions is found by determining
the asymptotic behavior of the transient renewal equations. The study of subexpo-
nential solutions is also continued in the second and third articles. The second paper
investigates the same equation using the same process as considered in the first paper.
The discussion focuses on a positive lower bound of the rate of convergence of the
asymptotically stable solutions. The third paper addresses the rate of convergence
of the solutions of scalar linear Volterra sum-difference equations with delay. The
result is proved by developing the rate of convergence of transient renewal delay dif-
ference equations. The fourth paper discusses the existence of bounded solutions on
an unbounded domain of more general nonlinear Volterra sum-difference equations
using the Schaefer fixed point theorem and the Lyapunov direct method. The fifth
paper examines the asymptotic behavior of nonoscillatory solutions of higher-order
integro-dynamic equations and establishes some new criteria based on so-called time
scales, which unifies and extends both discrete and continuous mathematical analy-
sis. Beside these five research papers that focus on discrete Volterra equations, this
dissertation also contains an introduction, a section on difference calculus, a section

on time scales calculus, and a conclusion.
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1. INTRODUCTION

Volterra integral equations are a special type of integral equation. These equa-
tions were introduced by the Italian mathematician and physicist Vito Volterra.
Volterra is known for his contributions to mathematical biology, integral equations,
and the foundation of functional analysis. Traian Lalescu studied Volterra’s inte-
gral equations in his thesis, Sueles E’quatz’ons de Volterra, written under the direc-
tion of Emile Picard, in 1908. Lalescu wrote the first book on integral equations
in 1911. Two types of Volterra integral equations exist, namely the first and sec-
ond kind. The linear equations of the form (i) f(t) = fat k(t,s)x(s)ds and (ii)
xz(t) = f(t) + fj k(t,s)x(s)ds are known as the Volterra integral equation of the
first and second kind, respectively, where f is a given function and x is unknown.
The function k in the integral is often known as the kernel. The linear equations
of the form (iii) z(t) = f(¢) + fi k(t — s)xz(s)ds are known as Volterra convolution
integral equations. The application of Volterra integral equations can be found in
demography, viscoelastic material, and insurance mathematics.

While working on population growth models, Volterra also studied hereditary
influence. This research led to a special type of equation in which both the integral
and the differential operator appeared together in the same equation. The general
form of this special type of equation is

B d"xz

() = f(t) + A/o K(t,s)x(s)ds, where z"(t) = T

which was termed Volterra integro-differential equation in the Theory of Functionals
of Integrals and Integro-Differential Equations by V. Volterra. The initial conditions
2(0),2/(0), ..., 2"~V (0) must be defined before the solution x can be identified. They
are characterized by the existence of one or more of the derivatives z'(t), 2" (t),. ..

outside the integral sign. The Volterra integro-differential equation may be observed



at the time of conversion of an initial value problem to an integral equation by using
the Leibnitz rule. This type of equation appears in many physical applications such
as heat transfer, the neutron diffusion process, the glass-forming process, wind ripple,
reactor dynamics, viscoelasticity, and coexistence of biological species together with
increasing and decreasing generating rate.

Several variables are allowed to take any value on some interval of the real line
during mathematical representation of a real-life problem. These variables are known
as continuous variables. These variables cannot be continuous in other real-life prob-
lems (e.g., an investment with compound interest). Thus, choosing the variables to
be discrete would be more appropriate. The variables would, therefore, be evaluated
at discrete times. These values would remain unchanged throughout each time period
and then jump to another period as time moves forward (e.g., time moves from one
time period to the next). Each variable of interest in this framework is measured once
at each time period, and the number of measurements between any two time periods
is finite. The discrete variables are measured sequentially. As a result, such variables
can be represented in terms of either other values or their own prior values. This
process is known as a recurrence relation (or difference equation). Difference equa-
tions have applications in almost every area of study, such as in probability theory,
a stochastic time series, number theory, combinatorics, electrical networks, genetics,
psychology, sociology, and economics. Although difference equations were discovered
much earlier than differential equations, little research has been done on them com-
pared to differential equations. Difference equations have recently come to light due
to advancements in computer programming because solving a differential equation
with the aid of a computer requires a formulation using their approximate difference
equation. Saber Elaydi in [13] introduced the difference equations of the Volterra type
that are the analogue to the differential equations. Many works have been devoted

to these types of equations during the last few years.



Discrete Volterra equations, meaning Volterra equations with discrete time, of
different types and orders are studied here. These equations primarily arise from
the mathematical modeling of some real phenomena and from the application of
numerical methods to Volterra integral equations. Therefore, studying such equations
is important. Developing their quantitative and, notably, their qualitative behavior
is essential as well. Relatively few works have addressed discrete Volterra equations
and their asymptotic behavior. A number of researchers (e.g., Medina [23], Gy0ri
and Horvath [15], Song and Baker [29, 30], Kolmanovskii et al. [21,22], Migda [24],
Gyéri and Reynolds [16], and Appleby et al. [6]) recently investigated the asymptotic
properties (stability, oscillation) of Volterra difference equations and discrete Volterra
systems.

Much of the general qualitative theory and asymptotic properties of discrete
Volterra equation solutions need to be developed. The research discussed here was
focused on Volterra sum-difference equations, which are analogous to Volterra integro-
differential equations. In contrast, the individual discrete and continuous models may
not clearly model some physical phenomena. Discrete-continuous hybrid models are
more meaningful in this situation to describe these physical phenomena. The time
scales theory not only unifies discrete and continuous approaches but also extends
the entire theory to a much more general framework. In this framework, the discrete
and continuous counterparts are only the special cases. Hence, this theory is used to
model the asymptotic behaviors of higher order integro-dynamic equations.

This dissertation consists of five papers focusing on discrete Volterra equations.
The first three are concentrated on subexponential solutions of scaler linear Volterra
sum-difference equations of the second kind. The fourth focuses on bounded solutions
of more general scaler nonlinear Volterra sum-difference equations of the second kind.
The final paper in this dissertation examines asymptotic behavior of higher-order

Volterra integro-dynamic equations of the first kind on time scales.



By using subexponential properties, the asymptotic behavior of solutions of a
scalar linear Volterra sum-difference equation is discussed in the first paper. Some
fundamental results regarding subexponential sequences are developed first. Both the
subexponential solutions and the rate of convergence of transient renewal equations
are studied next. We show the solution of the considered scalar convolution sum-
difference equation is unique and asymptotically stable. Finally, we find the rate
of convergence of its solution assuming the kernel to be a positive subexponential
sequence and using the asymptotic behavior of the transient renewal equation. We
also give an example of subexponential sequences including verification.

The second paper is based on the same problem that was examined in the first
paper. Here, instead of assuming the kernel is positive subexponential, we assume the
kernel is positive, summable, and its first order difference converges to zero. Instead
of an exact value, we obtain a positive lower bound for the rate of convergence of
asymptotically stable solutions. Initially, we find a positive lower bound for the rate
of convergence of solutions of the transient renewal equation. This bound is used
to determine the positive lower bound for the rate of convergence of asymptotically
stable solutions of the considered difference equation.

The third paper is focused on delay difference equations. We consider a scalar
linear Volterra sum-difference equation with delay and assume that the kernel is a
positive, summable, and subexponential sequence. By the subexponential kernel, we
mean the ratio of the kernel to a positive subexponential sequence that converges
to a positive limit. Some important results on delay difference equations are estab-
lished first. The rate of convergence of solutions of delay transient renewal equations
are determined next. The rate of convergence of asymptotically stable solutions of
the considered delay equations is observed by applying the results for the rate of
convergence of solutions of delay transient renewal equations.

The existence of bounded solutions of more general nonlinear Volterra sum-

difference equations is discussed in the fourth paper. Schaefer’s fixed point theorem



is applied, under some hypothesis, to show the existence of a bounded solution on
an unbounded domain. To find the a prior: bound for the Schaefer’s fixed point
theorem, we use Lyapunov’s direct method. An upper bound is found to exist for all
solutions. Moreover, we give examples of discrete nonlinear Volterra sum-difference
equations including a bounded oscillatory solution.

The fifth and last paper is based on so-called time scales, which unifies and ex-
tends discrete and continuous mathematics. Using some assumptions and established
results, we develop some new criteria for the asymptotic behavior of nonoscillatory
solutions of higher-order integro-dynamic equations under various restrictions on con-
stants which are the ratios of positive odd integers. Finally, we present several remarks

and extensions of the obtained results.



2. INTRODUCTION TO DIFFERENCE CALCULUS

We usually do not begin with an explicit formula for terms of a sequence because
we may only know some relationship between various terms. An equation which
defines a value of a sequence as a function of other terms of the sequence is called a
difference equation or recurrence equation. These types of equations may appear in
many different settings and forms, both in mathematics itself and in its applications to
various fields such as statistics, economics, biology, dynamical systems, and electrical
circuit analysis.

Difference calculus is a collection of mathematical tools which is quite similar
to differential calculus. It is used to simplify many calculations involved in solving

and analyzing difference equations. For basic concepts, we refer to [1,2,13,20].

2.1. DIFFERENCE OPERATOR
The basic component of calculations of finite differences in difference calculus
is the difference operator. Its role is similar to the differential operator in differential

calculus.

Definition 2.1. Let x(t) be a sequence of real or complex numbers. The difference
operator A is defined by
Az(t) =z(t+1) — z(t).

We consider t € Ny, where Ny = {0,1,2,...}.

Note, there is no loss of generality by using step size 1. Consider a difference

operator with step size h > 0, say y(s + h) — y(s) and let z(¢) = y(th). Then

y(s+ ) — y(s) = y(th + h) — y(th) = y((t + D)h) — y(th) = a(t + 1) — 2(t) = Ax().



Higher order differences are iterations of the basic difference operator. For example,

the second order difference is

Ax(t) = A(Ax(t))
= A(z(t+1)—=x(t))
= (x(t+2)—z(t+1)— (z(t+1)—=x(t))

= z(t+2)—2x(t+ 1)+ z(t).
Definition 2.2. For any n € N,

Arz(t) = (-1 (Z)x(t +n—k). (2.1)

k=0

Other useful operators are the shift operator and the identity operator.

Definition 2.3. The shift operator E is defined by
Ex(t) =xz(t+1).

Definition 2.4. The identity operator I is defined by

The composition of I and FE is the same as multiplication of numbers. Clearly,

A = E — I, therefore (2.1) is in fact similar to the binomial theorem:

A'x(t) = (E—1)"x(t)



Similarly, we have

Era(t) = (Z) A"k (1),
k=0
The fundamental properties of A are given in the following theorem:
Theorem 2.5. For any m,n € N and any c € R:
(a) A™(A"x(t)) = A™x(t).
() Al(t) +y(t) = Ax(t) + Ay(t).
(c) Aex(t)) = cAx(t).

(d) Alz(t)y(t)) = () Ay(t) + Ey(t) Ax(t).

20 _ y(0)A(®)-s()Ay(t)
(e) A <y<t>) = 0my

Proof. Parts (a)—(c) are easily proven using the previous definitions. The calculation

A(z(t)y(t) = x(t+1)y(t+1) —2z(t)y(t)
= z(t+Dy(t+1) —z@)y(t+ 1) +zt)y(t+ 1) — z(t)y(t)
= ylt+ D +1) —z() + 26y +1) —y(t))
= z(t)Ay(t) + Ey(t)Ax(t)
proves (d), and (e) can be shown in a similar way. O
The next theorem states the difference formulas for some basic functions.
Theorem 2.6. Let a be any constant. Then
(a) Aa' = (a—1)a'.
(b) Asinat = 2singcosa(t+ 3).

(c) Acosat =—2sin%sina(t+ 3).



(d) Alogat =log(1+ 1).
(e) AlogT'(t) = log(t).

Remark 2.7. All formulas in Theorem 2.6 remain true for a constant shift k of ¢, i.e.,

when t is replaced by t + k.

Combinations of Theorems 2.5 and 2.6 can be used to find the differences of more
complicated expressions. In many cases, it may be easier to use the given definitions
to find these differences.

There are some functions whose derivatives are simple but differences are com-
plicated. There are other functions that are not often studied in calculus but whose
differences are easily examined. For example, in differential calculus one of the basic

formulas is the power rule

d(t") = nt"t.

Unfortunately, in difference calculus, the difference of a power is complicated and

therefore is not very useful:

A" = (t+1)" ="
_ - n k__ 4n
= Z<k>t t
k=0
n—1 n
_ k
S0
k=0

2.2. SUMMATION
In order to apply the difference operator effectively, we introduce an antidiffer-
ence operator. This is known as the right inverse operator and is sometimes called

the indefinite sum.
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Definition 2.8. An indefinite sum of x(t), denoted by > z(t), is any function such
that

for all ¢ in the domain of z.

As in integration, summation requires a summation constant, which might not

always be constant.

Theorem 2.9. If y(t) is an indefinite sum of x(t), then every indefinite sum of x(t)

can be expressed as

> al(t) = y(t) + C(),
where C' has the same domain as x and AC(t) = 0.

If the domain of x is the set of real numbers, then AC(t) = 0 implies C(t+1) =

C(t), which means that C' is a periodic function of period one.

Corollary 2.10. If the domain of x(t) is the set of the form {a,a + 1,a + 2,....},
where a is any real number, and y(t) is an indefinite sum of x(t), then every indefinite

sum of x(t) has the form

> at)=y(t)+C,
where C' 1s an arbitrary constant.

The summation of some basic functions following from Theorems 2.5 and 2.6

are given in the next theorem.

Theorem 2.11. Let a be a constant. Then for AC(t) =0,

(a) da' = (a"jl) +C(t), a # 1.

(b) > sinat = cosaltty) | C(t), a # 2nm.

: a
251n§
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~ 1
(¢) > cosat = sinality) | C(t), a # 2nm.

in &
251112

(d) Slogt =logT'(t) + C(), t > 0.
Many general properties of the indefinite sum can be derived from Theorem 2.5.
Theorem 2.12. For any constant c
(a) 2(x(t) +y(0) = X =(t) + 2 y(t).
(b) 2o(ca(t)) = e x(t).
(c) X(x(t)Ay(t)) = =(t)y(t) — 32 Ey(t)Ax(t).
(d) S(Ex(t)Ay(t)) = z(t)y(t) — X y(t)Ax(t).

Remark 2.13. Parts (c) and (d) of Theorem 2.12 are known as “summation by parts”

formulas.

Proof. Parts (a) and (b) follow directly from Theorem 2.5. From part (d) of Theorem

2.5, we have

Az(t)y(t)) = 2(t)Ay(t) + Ey(t) Az(t).

By Theorem 2.9, we have

> (@()Ay(t) + By(H)Ax(t) = a(t)y(t) + C(b).

Then (c) follows from (a) with some rearrangement. Finally, (d) is simply a rear-

rangement and relabeling of (c). O

The summation by parts formulas can be used to compute certain indefinite
sums similar to how the integration by parts formula is used to compute integrals.

Moreover, these formulas turn out to have fundamental importance in the analysis of
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difference equations. Now, for m < n, Corollary 2.10 gives us

n—1
=) w+C (22)
k=m

for some constant C' and, alternatively, for n < p,

Zyn:_zyk+c (23)

for some constant C'. Equations (2.2) and (2.3) give us a way of relating indefinite
sums to definite sums.
The following theorem is used to compute definite sums analogous to the fun-

damental theorem of calculus.

Theorem 2.14 (Fundamental Theorem of Difference Calculus). If y, is an indefinite

sum of x,, then form <n

n—1
> =l = Yo — Y-
k=m

The next theorem gives a version of the summation by parts method for definite

sums.

Theorem 2.15. If m < n, then

n—1 n—1
Z akAbk = [akbk]:; — Z(Aak)ka.
k=m k=m

Proof. Let x,, = a,, and y,, = b,, then by part (c¢) of Theorem 2.12, we have

Z a,Ab,, = a,b,, — Z(Aan)an.

By (2.2),

n—1

n—1
Z CLkAbk = [akbkm — Z(Aak)ka + C.
k=m

k=m
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Substituting n = m + 1 in the above equation, we get

> anAby = tpmsibpir — (Ady)byyr + C.

This implies C' = —a,,,b,,,, and hence, the proof is complete. O]

Remark 2.16. An equivalent form of Theorem 2.15 is Abel’s summation formula
n—1 n—1 n—1 k
Z aipbr = b, Z ap — Z (Zai> Abg, (n>m)
k=m k=m k=m \i=m
and, alternatively,
p p p p
Zakbk = bn,1 Z Ay + Z (Z al) Abk,h (p Z n)
k=n k=n k=n \i=k

We now turn to linear difference equations. There will be many parallels between
the difference equation theory and the corresponding differential equation theory.
Assume the domain is a discrete set, t = a,a + 1,a + 2,--- , and that there exists
a function p(t) with p(t) # 0 for all . Then the linear homogeneous first-order

difference equation is
u(t+ 1) = p(t)u(t). (2.4)
The solution is obtained by iteration

ula+1) = pla)u(a)

ula+2) = pla+ 1)p(a)u(a)

ula+n) = ula) Hp(a + k).
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This can be written as
t—1
u(t) =u(a) [[p(s), (t=a,a+1,--),

where H;:i p(s) =1 and, for ¢t > a + 1, the product is taken over a,a +1,--+ ,t — 1.

Consider the linear nonhomogeneous difference equation

z(t+1) —p(t)x(t) = r(t). (2.5)

This can be solved by using a similar technique as in differential equations such as
reduction of order or variation of parameters. Let z(t) = u(t)v(t), where u(t) is the
solution of the corresponding homogeneous difference equation, i.e., any nontrivial

solution of (2.4) and v(t) is to be determined:
u(t 4+ Dot + 1) — p(t)u(t)v(t) = r(t).

Using (2.4), we get

ie.,

ie.,

v(t) =Y 552) +C,

where C' is any arbitrary constant. Therefore,

-1

(1) = u(t) [Z EZEZ) 4 c} — u(a) hp(s) [Z % 4 c} |

S=a

The above results are summarized in the following theorem.
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Theorem 2.17. Let p(t) # 0 and r(t) be a given function defined ont =a,a+1,a+
2,---. Then (2.4) has solutions of the form

u(t) = ula) [[o(s), (t=a,at1,-),

and all solutions of (2.5) are given by

(1) = u(®) {Z EZ(Z) + c} — u(a) ﬁp(s) [Z ETZ(LZ) 4 0} ,

S=a

where C'is any arbitrary constant and u(t) is any nonzero solution of (2.4).



16

3. INTRODUCTION TO TIME SCALE CALCULUS

Time scales calculus is the unification of the theory of difference calculus with
differential and integral calculus. This new school of thought was introduced by
German mathematician Stefan Hilger in 1988. The key concept of the study of
dynamic equations on time scales is a way of unifying and extending continuous
and discrete mathematical analysis, which allows us to generalize a process to deal
with both continuous and discrete cases and any combination. Time scales have
applications in any field where modeling requires both continuous and discrete data
simultaneously. Because of its hybrid formalism, in the past few years, this area of
mathematics has received considerable attention. Application of time scales can be
found in various fields such as population dynamics, economics, electrical circuits,

heat transfer, etc. We refer to [8,9] for in-depth study of time scales.

3.1. BASIC DEFINITIONS

Definition 3.1. A time scale T is an arbitrary nonempty closed subset of the real

numbers.

Some common examples of time scales are given below.

Ezxample 3.2. (i) T=R and T = Z;
(i) T =hZ:= {hk : k € Z} for h > 0;
(iii) T = ¢"°o := {¢* : k € Ny} for ¢ > 1;
(iv) T = 2N .= {2% : k € Ny};

(vi) T=N2:={n?:n € Ny};

(vii) the Cantor set.
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The combination of any of the above sets is also a time scale and called a hybrid
time scale. On the other hand, the sets Q, R\ Q, C, and (a,b) with a,b € R are not
time scales.

Now, we define the forward jump and backward operator.

Definition 3.3. For t € T, the forward jump operator o : T — T is defined by
o(t):=inf{s € T:s >t}

and the backward jump operator p : T — T is defined by
p(t) :==sup{s € T : s < t}.

In this definition, for the empty set (), we put inf() = supT (i.e., o(t) = ¢ if T
has a maximum ¢) and sup () = inf T (i.e., p(t) = ¢ if T has a minimum ¢).
Definition 3.4. Let ¢ € T. Then ¢ is said to be

(7) right-scattered, if o(t) > t,
(17) left-scattered, if p(t) < t,
(731) isolated, if ¢ is right-scattered and left-scattered,
(iv) right-dense, if t < sup T and o(t) =t,
(v) left-dense, if t > inf T and p(t) = t,
(vi) dense, if t is right-dense and left-dense.

Table 3.1 summarizes the classification of points defined in Definition 3.4.

Definition 3.5. The graininess function u : T — [0, 00) is defined by

p(t) :==o(t) —t.
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Table 3.1. Classification of points

t right-scattered t <o(t)
t left-scattered t > p(t)
t isolated p(t) <t <o(t)
t right-dense t=o(t)
t left-dense t=p(t)
t dense p(t) =t=o(t)

Remark 3.6. Due to our assumption that T is a closed subset of R, both o(¢) and

p(t) are in T when ¢ € T.

In Table 3.2, the forward jump operator, the backward jump operator, and the

graininess of some common time scales are given.

Table 3.2. Some common time scales and their corresponding forward and backward

jump operators and graininess

T o(t) p(t) p(t)

R t t 0

Z t4 1 t—1 1

WL || t+h t—h h

g qt . (q—1)t
2No 2t 3 t

N2 | (VE+1)2 | (VE—1) | 2ViE+1)

Definition 3.7. If T is a time scale with left-scattered maximum m, then the set T"

is defined by T \ {m}. Otherwise, T* = T.
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Definition 3.8. For any function f : T — R, the function f7 : T — R is defined as
fo(t) = f(o(t)) for allt € T;

ie, f7=foo.

3.2. DIFFERENTIATION
In this section, we give the definition of delta (or Hilger) derivative and some of

its useful properties.
Definition 3.9. Let f : T — R and t € T*. The delta derivative f2(t) is the number
(if it exists) such that given any € > 0, there exists a neighborhood U of ¢ such that

(o) = £(s)] = fFA®)[o(t) — sl < elo(t) - s| forall s € U.

Properties of the delta derivative are stated in the next two theorems.

Theorem 3.10 (See [8, Theorem 1.16, page 5]). Assume f : T — R is a function

and let t € T*. Then, we have the following:
(2) If f is differentiable at t, then f is continuous at t.

(13) If f is continuous at t and t is right-scattered, then f is differentiable at t with

(2ii) If t is right-dense, then f is differentiable at t if and only if the limit

NGRSO

s—t t—s
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exists as a finite number. In this case

300 — 1 O = 1)

s—t t— s

() If f is differentiable at t, then

Note the following examples.

Ezxample 3.11. (a) When T = R, then we can deduce from Theorem 3.10 (7iz) that

provided that the limit exists, i.e., f : R — R is differentiable at ¢ in the usual

sense.

(b) When T = Z, then Theorem 3.10 (iv) yields that

FR) = ft+1) = f(t) = Af(2),

where A is the well-known difference operator.

(¢) When T = ¢™°, then Theorem 3.10 (iv) yields

The next theorem allows us to find derivatives of sums, products, and quotients

of differentiable functions.

Theorem 3.12 (See [8, Theorem 1.20, page 8]). Assume f,g: T — R are functions

and let t € T*. Then:
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(i) The sum f+g: T — R is differentiable at t with
(f +9)2(t) = f2(t) + g2 (1)
(ii) For any constant o, af : T — R is differentiable at t with
(af)2(t) = af(t).
(iii) The product fg: T — R is differentiable at t with
(f9)2(8) = F2()g(t) + f(a()g™(t) = F(£)g™(8) + F2(t)g(o (D).
(iv) If f(t)f(o(t)) # 0, then ; is differentiable at t with

(v) If g(t)g(o(t)) # 0, then § is differentiable at t with

3.3. INTEGRATION
Consider integrable functions on an arbitrary time scale. The following two

concepts are important in order to describe the class of integrable functions.

Definition 3.13. A function f : T — R is said to be regulated if its left-sided and

right-sided limits exist at all left-dense and right-dense points in T, respectively.

Definition 3.14. A function f : T — R is called rd-continuous if it is continuous at

right-dense points in T and its left-sided limits exist at left-dense points in T. The



22

set of rd-continuous functions is denoted by
Crqa = Ca(T) = Ca(T, R).

Some results regarding regulated and rd-continuous functions are stated in the
following theorem.
Theorem 3.15. Let f: T — R.
(2) If f is continuous, then f is rd-continuous.
(13) If f is rd-continuous, then f is requlated.
(14i) The jump operator o is rd-continuous.
(iv) If f is requlated or rd-continuous, then so is f°.

(v) Assume f is continuous. If g : T — R is requlated or rd-continuous, then so is

fog.

Definition 3.16. A function F': T — R is called an antiderivative of f : T — R if
FA(t) = f(t) forall t €T

Definition 3.17. Let F' : T — R be an antiderivative of f : T — R. Then the

Cauchy integral of f is given by
b
/ F()AL = F(b) — F(a) for all a,beT.

Note the following example.

FExample 3.18. Let a,b € T and f be rd-continuous.

(a) If T =R, then
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[ rwai= [ s

where the integral on the right is the usual Riemann integral from calculus.

(b) If [a, b] consists of only isolated points, then

/

Zte[a,b) u(t) f(t), if a<b
b
/f(tmt: 0, it a=b

- Diepay KO (), if a>0D.

(¢) f T =hZ ={hk : k € Z}, where h > 0, then

/

S fkhh, if a<b

b
/ﬂt)At: 0, if a=10
S f(kR)h, if a > b,

_b
k=%

(d) If T =Z, then

lE),  ifa<b
b

/f(t)At=<o, if a=b

|-, f(1), if a>b.

Theorem 3.19 (Existence of Antiderivatives, see [8, Theorem 1.74, page 27]). Every

rd-continuous function possesses an antiderivative. In particular, if to € T, then F

defined by

F(t):/ttf<7')A7' forall teT

is an antiderivative of f.

Some basic properties of integration on time scale are listed in the next theorem.
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Theorem 3.20. Fora,b,c €T, a €R, and f € Cyq

(i) J,(F(0) + g(0)AE = [} f(O)AE+ [ g(t) At

(i) [P(af(t)At=a [° f(t)AL

(iii) [P F(t)AL = — [* f()AL;

() [V f6)AL = [ F()AL+ [* ()AL

v) [ F(H)AL =

(vi) [, F7(£)g* (0 AL = (fg)(b) = (Fo)(a) — [, FA(B)g(t)At;
(vii) [, F(1)g™ (At = (f9)(b) = (fg)(a) — [} FA(£)g" ()AL,

Note that the formulas in Theorem 3.20 (vi) and (vii) are called “integration by
parts” formulas. Also note that all of the formulas given in Theorem 3.20 also hold
for the case that f and g are only regulated functions.

Finally, we consider a generalized form of the Leibniz rule.

Theorem 3.21 (See [8, Theorem 1.117, page 46]). Let a € T, b € T, and assume
f: T xT" — R is continuous at (t,t), where t € T% with t > a. Also assume
that f2(t,-) is rd-continuous on [a,c(t)]. Suppose that for each € > 0 there exists a

neighborhood U of t, independent of T € [a,o(t)], such that

[f(o(t),7) = f(s,7) = f2(t,7)(0(t) = 5)| < elo(t) = s| forall s €U,

where 2 denotes the derivative of f with respect to the first variable. Then

(1) g fftTAszplzesg ffAtTAT—f—f(())

ft f(t, T)AT implies h™(t ft A, T)AT — f(o(t),t).
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PAPER

I. SUBEXPONENTIAL SOLUTIONS OF LINEAR VOLTERRA

DIFFERENCE EQUATIONS

ABSTRACT

We study the asymptotic behavior of the solutions of a scalar convolution sum-
difference equation. The rate of convergence of the solution is found by determining

the asymptotic behavior of the solution of the transient renewal equation.
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1. INTRODUCTION

We consider the discrete equation

Az(t) = —ax(t) + i k(t—1—s)x(s), t€ Ny, (1.1)

where Ny = {0, 1,2,...}. We suppose that a € (0,1) and &k : Ny — (0,00). We show
that if

Z k(s) < a,

then all solutions x of (1.1) satisfy x(t) — 0 as t — oo with the rate of convergence

lim x(t) _ z(0)

oo k(1) (a— Yooy k(s))?

provided k is in a class of subexponential sequences. The result is proved by deter-

mining the asymptotic behavior of the solution of the transient renewal equation

r(t) = h(t) + i h(t —1—s)r(s), where Z h(s) < 1. (1.2)

If h is subexponential, then the solution r of (1.2) satisfies

. r(t) 1
lim = — .
tooo h(t) (1 =322 h(s))?
The same problem has been studied in [2] for corresponding linear integro-differential
equations. For basic properties and formulas concerning difference equations, we refer
the reader to [1,4,6]. We also refer to [3,5] for basic results on the existence of solutions

of scalar linear Volterra equations and Lyapunov functionals in the continuous case.
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2. PRELIMINARIES

For f,g : Ng = R, we define the convolution of f and g (see [4, Section 3.10])
by

—_

t—

(fxg)(t) =) f(t—1-1s)g(s), te€N,.

s

Il
=)

The n-fold convolution f*” is given by f*' = f and f*"+t1) = f % f** for n € N.

Definition 2.1. A subexponential sequence is a discrete mapping h : Ny — (0, 00)
with >~2, h(s) < co and

. *2 %)
(S1) limsoo "y = 232020 hl(s);

(S2) limy_,s h(]f(—z)s) =1 for each fixed s € Nj.

The class of subexponential sequences is denoted by U.

Remark 2.2. Condition (Ss) is equivalent to

. h(t+1
<82a> limy 00 % =1,

and it is also equivalent to

(Sab) limy 00 SUPg< <t ‘% — 1‘ = 0 for each T' € N,.

We show that (S2) and (S2,) are equivalent: If h satisfies (Sz2), then (take s = 1)

Bt —1)

im =1, so lim nt)

t—oo h(t + 1) o

and hence (S2,) holds. If h satisfies (S2,), then

h(t+v+1)

tlgilo hi T 0) =1 for any v € Z,
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and thus

-1

H h(t+v+1)

— 1 as t - oo for all s € Ny,
h(t + v)

and hence (S2) holds.

Remark 2.3. The terminology “subexponential” is justified by the following: If £ :

Ny — (0, 00) satisfies (Sza,), then

. (1—a)
tlggo k(t)

=0 forall a € (0,1). (2.1)

We prove (2.1): Define

k(1)
K(t) = t € Np.
( ) (1 _ a)t’ e 0
Then,
K(t+1) k(t+1)
= t . 2.2
KO  (—ak@t) 1-a "7 (22)
Hence, there exists T' € Ny so that
K(t+1) 1 a 2—a

- - 1 forall £>T.
K& ~1-a 20-a) 20-a = ¥ '=

Thus,
K({t+1)> K(t) forall ¢t >T.

Hence, K is eventually increasing, so either

lim K(t) = o0 (2.3)

t—o00

or otherwise,

lim K(t) =: K* € (0,00). (2.4)

t—o00



K(t+1)

Since (2.4) implies lim; K

Thus, (2.1) holds.

Remark 2.4. If h € U, then there exists M}, € (0,00) such that

h*2<t)
= M,.
e h(t) "

Lemma 2.5. Let h € U, n € N, and

p=> his)

Then

Z R (s) = p".
5=0

Proof. For n = 2, we have

s=0 s=0 u=0
t—2 t—1
=> h(s —1 —u)h(u)
u=0 s=u+1
t—2 t—2—u
= h(v)h(u)
u=0 wv=0

As t — 0o, we obtain

> = 33 hoid
s=0

u=0 v=

29

= 1, a contradiction to (2.2), we must have (2.3).

(2.5)

(2.6)

(2.7)

Hence, (2.7) holds for n = 2. Now, assume (2.7) holds for some n € N\ {1}. Then

—_

t—1 t—

Zh n+1

s=0 s

s—1
R (s — 1 —wu)h(u).

u=0

I
o
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Following the same calculation as above, we get

D W) =D D (@) = ut.
s=0 u=0 v=0
By the principle of mathematical induction, the proof is complete. n

Lemma 2.6. Let h € U and assume p < 1, where p is defined as in (2.6). Let
e € (0,1) satisfy (1 4+ 4e)u < 1. Then there ezists Cy € N and A > 1 such that

*n n—2
h(t) <max{\, 1+e}u" > (1+4e)* +2(1+e)u" ' (1+42)"* (2.8)

k=0

oy h(t)

for alln € N\ {1}.

Proof. For a given ¢ > 0, due to h > 0, (2.6), and (S;1), we can choose Cy € N such

that for all t > CY,
(a) Yasph(s) > (1 —2)p,

(b) "0 < 91 +¢),

and also due to h > 0 and (S), we can choose an integer Ty > C such that for all

tZT07

0 -] <cmmos s

Let

h(t—1—5)

A= XNCo, 1) := max{ )

0<s<t—1 and C’OStSTO—l}.

In order to prove (2.8), we will use the method of induction. Clearly, for n = 2, (2.8)
holds by (b). Assume that (2.8) is true for some n € N\ {1}. Therefore, if t > Ty,

then using (c) and the induction hypothesis, we have

D) N ) (M= 1= 9) S o
0] :Zh (s)( ) —1>—|—Zh (s)

s=0 s=0
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! h*( h(t—1—3s)
XC: S
1+¢) 2 h*™(s) + (max{)\, 1+epu™! ni(l + 4e)k

+2(1 + )™t (1 + 48)71—2) i h(s)h(}i(;)l —5)

(2.9)

Now, if ¢ > Tp, then using (c) and (a), we obtain

MH

(Zh (M=) _h(s))
<2u(l+¢)— (—6Zh +Zh(s))

<2u(l+e)—(1—¢)u
=(2+2—1+2—&})u

< (1+4e)p. (2.10)

Using (2.10) and Lemma 2.5 in (2.9), if ¢ > Tp, then we get

h*(n+1) (t) ) n—2 .
0] <1 +e)p™+ | max{\, 1 +e}u"" Z(l + 4e)
k=0

F2(1+ )™ (14 4e)" ) (1 + 4e)p
n—1
= (14+¢e)p" + max{\, 1 +e}u” Z(l + 4¢)*
k=1

+2(1 +&)p™ (1 +4e)" (2.11)
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Now, suppose Cy <t < Ty — 1. Then

ey S ht—1—s) S "
—h(t)( ) = ;h (S)% < A;h (s) < Au™ (2.12)

Therefore, if t > Cj, then (2.11) and (2.12) imply

h*(n+1) (t)
—F—F— < Al "
T max{\, 1+ c}p

n—1

+max{\, 1+ ehp" Y (1+42)F +2(1 + &) (1 + 42)" ™
k=1

n—1

=max{\, 1 +¢e}pu” Z(l +4e)k 4 2(1 + &)™ (1 +4e)" .
k=0

By the principle of mathematical induction, the proof is complete. n

Lemma 2.7. Let f,g : Ng — (0,00). Suppose further that g is summable, satisfies
(52)7 and

L) oW
M m T A0
Then f is summable, satisfies (S2), and
TN -YN
Jim S = v+ 306 =gl

Proof. The fact that lim;_, % = A > 0 implies that f is summable. Since g also
satisfies (Sq),
flt—s) flt—s) g(t—s) g(t)

fOy - gt—s) g f@)

implies that f must satisfy (S;). Now, note that, for all ¢ € N, we have

DO DO Sy aofany = S (FEZ1=9) N e
i Bt = X (K- g -aato),

(2.13)
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To establish the remainder of the assertions, we show that the right-hand side of

(2.13) tends to 0 as t — oco. Let € > 0. Then there exists T' € N such that

<¢ forall t>T1T.

IONS
‘g<t> A

Hence, for t > T

Also, it follows from

Jt—1-5) 1_f(t—1—8>/g(t—1—s)(g(t—l—S)_l)

O F0)/9(0) a0
t—1-s)/glt—1—5)
* ( F0)/9(0) 1)

that f satisfies (Sgp). Hence,

Y 21U ) N W DR U () BRI W
SZ:(:)( 0 1)(f() Ag( ))SOSSST 10 1820(f() Ag(s))

which tends to 0 as t — oo.
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Therefore, it has been proved that

t—1 00
) ft—=1—-ys) ) v
lim sup (——1 f(s)—Ag(s)| <el| -+ g(s) | .
wsup 3 (S (76) = xaloh)| <2 [ 5+ 009
Since € > 0 is arbitrary small, the proof is complete. O

Definition 2.8. Let h € Y. Then BC,(Np) is defined to be the space of sequences
f on Ny such that f = ¢h for some bounded sequence ¢ on Ny. We will use BCy, in

short in stead of BC,(Np). It is a Banach space equipped with the norm

f@)

Hf”h = Mj, sup (t)

teNp

where M, is defined in (2.5). We denote by BC} the closed subspace of sequences in
BC,, for which

o S
Lntf = tlggo m

exists. The operator L : BC! — R is a bounded linear operator on BC}. BC) is

defined to be the closed subspace of sequences in BC!, for which Ly, f = 0.

Theorem 2.9. Suppose that h € U. Then BCy, is a commutative Banach algebra
with the convolution as product, and BCY and BC) are subalgebras. If f,g € BC,

then
w(f*g) = thzg )+ Lng Y f(s). (2.14)
s=0

Proof. Let f,g € BCj,. Then

t—l—s
h(t—1—35)

(f*g h(t —1—s)h(s) _

h(t)

1 h*?( )
()

Mhl

‘9(8)

vl < [1£allgllu
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Hence, (2.5) implies that ||f * g|[» < ||f|lx]|g]|n. Now, let g € BCY. Then clearly g is

summable. Let € > 0. Then there exists B > 0 such that

g(t
‘% <e¢ forall t> B and Z\g )| <e.

Suppose that t > B. Since
% h S /ht—1-s
g Zg Z:; (—( 0 ) 1> g(s)
1 < 9(s) -
+ 0] ZB Eh(s)h(t —1—3s)— ;;g(s),
we have
S Zg )| < s 1P - (s)
+BSSSH£71 % %S;Zoh(s)h(t— l—s)+e
ht—s) |e= eh2(t)
S ar i Pt T

By taking the limit superior on both sides as t — oo and then using (S;) and (Sa),
we get

lim sup
t—o0

—Zg(s) §25Zh(s)+z—:

Thus, we have shown that
n(g*h) Zg ) for all g € BC). (2.15)

Also, we observe that if t > 2B, then
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) 2 g o= 1 e
h(t = s) B gt—1—s)]
: (”02353 N 1‘) 2 h—T =) O

+%SZB|9@— 1 )lh(s)

Mi—s) )& (lg] * W)(1)
) ‘1’>§'g(5>’“ N

< ¢ (1 + sup
0<s<B

Taking limit superior on both sides as ¢ — 0o and then using (Sap,) and (2.15) implies

t—

—_

1 o
limsup |— t—1—35)g(s)| < 2¢ s)|.
msup | 2 9( )g(s)| < ;Ig( )|
Thus, we have shown
Li(g*g) =0 for all g € BC). (2.16)

Now, let f € BCL. Then f := f — (L f)h € BCY. Therefore, the linearity of L, (S),
and (2.15) imply that

=2Luf Y h(s)+ Y f(s)
=2Lnf > h(s)+ > f(s) = Luf > h(s)

=Lnf Y h(s)+>_ f(s). (2.17)

Now, if f,g € BCY, then by (2.16), we get L,((f 4+ g) * (f + g)) = 0, which implies
Lu(g* g) = 0. Hence, BC) is a subalgebra. This fact and (2.17) implies that BC}, is
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also a subalgebra. For the remaining part of the proof, let f, g € BC, and put

fe=Ff—@Lnfh, §:=g— (Lrg)h.

Using (2.16), (S;1), and (2.15), we obtain
Li(f *9) = Li((Luf)h + f) = (Lng)h + §))
= LifLngLn(h s h) 4+ Lo fLy(G % h) + LugLn(f « h) + Li(f * )

:2ththZh(s)+thZ§(s)+thZf(8)
:2ththZh( +th2 — (Lng)h(s))
+thz th ( ))

= thZg<s> + thZf(s)

Thus, (2.14) holds and the proof is complete. ]

Corollary 2.10. Let h € U. Then for every n € N\ {1}, h*" € BC}, and L,(h*™") =

n—1

nu"~t, where p is defined as in (2.6).

Proof. An induction argument using Theorem 2.9 with Lemma 2.5 establishes the

claim. O
Lemma 2.11. If f € BC! and L,f # 0, then f € U.

Proof. Since f € BC!, by Theorem 2.9, we have
h

Lu(f % f) =2Lnf ) f(s)

Also, since




and Ly f # 0, f satisfies (S;). Since

flt—s) flt—s) h{t—s) h(t)

f(O - h(t—s) Rt f@)

L, f # 0, and h satisfies (Sq), f satisfies (S2). Hence, f € U.

38



39

3. TRANSIENT RENEWAL EQUATIONS

Consider the solution r of the linear scalar convolution equation
t—1
r(t) =h(t)+ > h(t—1—s)r(s), t €N (3.1)

s=0

with h € U and

p=> h(s) <Ll (3.2)

Then r is positive on N. Summing (3.1) from s =0 to t — 1, we get

t—1 t— t—1 s—1

r(s)zz +ZZh5—1—u u)

= t_ igutol
:Z +ZZh8—1—u r(u)

u=0 s=u+1

t— t—2 t—u—2

-S04 5 3w

Now, as t — 0o, we have

Using (3.2), we obtain

S r(s) = (3.3)

s=0 1_’u

It can also be represented, since r = h + (h xr) by (3.1), by the Neumann series

o0

=> hm (3.4)

n=1



r is called the resolvent of h, since every solution of
t—1
y(t) = f(t)+ Dyt —1—s)h(s), t €N,

s=0

can be represented as

40

(3.5)

(3.6)

Theorem 3.1. Let h € U satisfy (3.2). Then the resolvent r defined by (3.1) is in

BC! and

LhT’ =

FEE

Also, r € U.

(3.7)

Proof. By the representation (3.4) for r, Corollary 2.10, and the uniform convergence

implied by Lemma 2.6,

o0

Lhr—lirgﬁ:t%oo h :z;tﬁoo h

oo . 1
:;nu 1:(1_

)?

Since Lpr > 0, it follows that r € BClh, and also by Lemma 2.11, r € U.




41

4. LINEAR SUM-DIFFERENCE EQUATIONS

Consider the asymptotic stability of the scalar linear Volterra sum-difference

equation
Az(t) = —ax(t) + i k(t —1—s)x(s) + f(t), z(0) = x, (4.1)

s=0

under the assumptions that f,k > 0 on Ny and Y o, k(s) < co. It is convenient to

introduce the difference resolvent z, which is the solution of

Az(t) = —az(t) + Y k(t—1—s)z(s), 2(0)=1. (4.2)

Theorem 4.1. If a € (0,1) and k > 0 on Ny, then all solutions z of (4.2) with

2(0) > 0 are positive. If moreover,

Z k(s) < a,

then all solutions z of (4.2) satisfy Y ooy 2(s) < 0o and limy_,o 2(t) = 0.

Proof. To show z(t) > 0 for all ¢ € Ny, we use the method of induction. First,
2(0) > 0 holds by assumption. If for some T' € Ny, z(¢) > 0 for all 0 < ¢ < T, then

from (4.2) and using the assumptions, we get
-1
AT +1)=(1—a)z(T)+ Y k(T —1-s)z(s) > 0.

s=0

Now, we use a Lyapunov functional to show Y 2, z(s) < 0o, and then limy;_, z(t) = 0

follows from the property of convergent series. Let

A ::a—Zk(s) > 0.
s=0
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Since z, k > 0 on Ny, we have that

t—1 oo

V(t) :=z(t) + Z Z E(u—1—3s)z(s) >0 for all t € Nj.

s=0 u=t

Taking the difference of V'(¢) and substituting Az(t) from (4.2), we get

AV(t) = —az(t) + Z_: k(t—1—s)z(s) + 2_: > k(u—1-5)z(s)
= k(u—1=s)z(s)| + > k(u—1—1)z(t)
u=t u=t+1

t—1 t—1

= —az(t) + Z /{:(t —-1- S)Z(S) — Z k(t —1- S)Z(S)

+ i k(u—1—1)z(t)
= (—a—f— f: k(u—1 —t)) 2(t)
= <—a + Z k(s)) z(t)
= —Az(t)

Now, taking sums on both sides, we have
t—1
0<V(E) =V(0)— A 2(s).
s=0

Thus, V(t) + AY 24 2(s) = V(0). Hence 3., 2(s) < oc. O

The following lemma shows the significance of the difference resolvent.
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Lemma 4.2. If z is the difference resolvent defined by (4.2), then x defined by

x(t) = z(t)zo + iz(t —1—=13)f(s), te€ Ny (4.3)

solves (4.1).

Proof. Taking differences in (4.3) and using (4.2), we get

t—1

Az(t) =Az(t)zo + Y Azt —1—s)f(s) + 2(0)f(t)

=(—az(t) + (k* 2)(t))wo + ((—az + (k x 2)) * f)(t) + f(2)
=—az(t)zo+ (k*2)(t)xo — alz x f)(t) + ((k*z* [)(t) + f(t)
=—ax(t) + (k* (zxo + (2% ))(t) + f(1)

)+ (kxx)(t) + f(t)

=—azx(t

and x(0) = 2(0)zg = zo. O

Lemma 4.3. Let k be any sequence. The unique solution of (4.2) satisfies
Z=e€e_g+e_gxr, (4.4)

where e_,(t) = (1 —a)* fora € (0,1), t >0, h =e_, xk and r is the resolvent given

by (3.1).

Proof. Taking difference on (4.4), we obtain

Az(t) =A(1—a)' + A (1 —a)~"r(s)



44
t—1

=—a(l —a) az a) =t (s) +r(t)

s=0

= —az(t) + r(t).

Now, it remains to show that » = k % z. From (3.1), using h = e_, * k and (4.4), we

get
r=h+(hxr)=(kxe_o)+ ((kxe_q)xr)=(k*x(e_qt+e_oxr)) = (kx*2).

Thus, 2z given by (4.4) solves (4.2) O

Theorem 4.4. Let k € U. Suppose that

Zk(s) <a

Then the difference resolvent z given by (4.2) satisfies

i z(t) _ 1 i 2(t+1)

S R S O = O (4.5)

and z € BCL. Moreover, z € U.

Proof. Define h := e_, x k, where e_, is as in Lemma 4.3. First, we prove that h € U
so that we can apply the results for subexponential functions that have already been

established. Clearly, h > 0 on N, and (3.2) holds due to

=3 Y- @k
=33 (- k)

(4.6)
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Since k € U, Remark 2.3 yields

Lie_, = lim ¢~a(?)

Jim e =0 (4.8)

So, e_, € BCY. Again, by using the fact that k is subexponential, h = e_, x k € BCL.
By Theorem 2.9, (4.8), and Liyk = 1, we have

Lkh = Lk(e_a * k‘) = Lke_a io: k( + ka’ Z €_q 7é 0) (49)
s=0

Therefore, by Lemma 2.11, h € U. Now, using (4.4), (4.8), (4.9), (2.14), (3.7),
> pe—als) =1, Lpe_o =0, and (3.3), we obtain

Lyz=Lye_o+ Lp(r*xe_,)
( kh)Lh(r*e_a)
1 o0
== (LhrZe a(8) + Lpe_ azor(s)>
by (4.10)
S a(l-p)? '
Hence, z € BC!. Using (4.6) in (4.10), we get

t 1
limz ):

iwoo k(1) (a— 3.0y k(s))?
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Now, summing (4.2) from 0 to t —1 and then using z(¢) — 0 as t — oo from Theorem

4.1, by (4.6), we obtain

G 1
;z(s) = a0 (4.11)

Using (2.14), (4.10), (4.6), and (4.11), we get

o.] o0 1
Next, using (4.2), (4.12), and (4.10), we obtain
2(t+1) lim (I —a)z(t) + (k= 2)(t)
t—o0 Z(t) e Z(t)
U2 k)
—(1— ] :
(1-a)+ Jim { KO 20
1
(1= @)+ Lelh2) -
=1.
Finally, since z € BC}, and Lz > 0, Lemma 2.11 implies that z € U. H
Corollary 4.5. Let k e U. If
Z k(s) < a,
s=0
then for every f € BCL, the solution x of (4.1) satisfies x € BC and
1 > Lif
Lyx = zo+ Yy f(s) |+ = . (4.13)
(a =Y k(s))2 ( ; (@ =2 20 k(s))

Proof. Since f € BC, and z € BC, (by Theorem 4.4), we get by Theorem 2.9 that
z* f € BCL. Hence, from (4.3), we obtain € BC. Applying (2.14) to (4.3) and
then using (4.10) and (4.11), the proof of (4.13) is complete. O
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Theorem 4.6. Let k : Ny — (0,00) and z the difference resolvent defined in (4.2).
If

then the two conditions

(i) kel,

(i1) z satisfies the conditions (4.5)
are equivalent.

Proof. If k € U, then by Theorem 4.4, z satisfies the conditions (4.5). Suppose now

that z satisfies the conditions (4.5). Applying the second expression of (4.5) to (4.2),

we get
. (kx2)(t) — lim 2(t4+1) — (1 —a)z(t) .
th—glo z(t) N t1—>oo z(t) ) <4'14)

Since z is summable and satisfies (by the second condition of (4.5)) (Sa,.), z satisfies
(by Remark 2.2) (S,), and we may apply Lemma 2.7 with f = k and g = 2. Using
(4.14) and (4.11), we have

(k= k)(t) a*(1 — p)?

:a+au—ﬁ:2au:2;k(s).

lim

k(D)

Thus, k satisfies the subexponential property (S;). From the subexponential property
(S2) of z and Lz > 0 from (4.10), it follows that

k(t—s) i A9 =0

N e S TR
z(t)
holds, i.e., k satisfies the subexponential property (Sz). Hence, k € U. O

Example 4.7. Consider h(t) = where t € Ng, b € N\ {1} and n € N\ {1}.

_1
(R

Then h € U.
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Proof. We prove the statement in the case n = 2 and b = 2. Therefore, h(t) = ﬁ,

t € Ny clearly satisfies (Sz2), (Saq), and Y-, h(s) < 1. To see that h satisfies (S;), we

calculate
he2(t) < h(s)h(t — 1 — s)
h(t) h(t)

tro\2 (&L 1 — 2 P
:(F) <;(s+2)2+;(s+2)(t+1—8) Z(U+2)2>
PN 1 i1 1

Now, it is enough to show > — 0 as t — oo:

=0 (D) (t11-9)

Thus, h satisfies (Sy). O

Acknowledgements. The authors wish to thank Professor David Grow for technical

help with the statement and proof of Lemma 2.6.
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II. RATE OF CONVERGENCE OF SOLUTIONS OF LINEAR
VOLTERRA DIFFERENCE EQUATIONS

ABSTRACT

We study the asymptotic behavior of solutions of a scalar linear Volterra sum-
difference equation. A positive lower bound for the rate of convergence of asymptot-
ically stable solutions is found by assuming the kernel is a positive and summable

sequence such that k(t +1)/k(t) — 1 as t — oo.
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1. INTRODUCTION

We consider the discrete equation
Ax(t) = —ax(t) + Z k(t—1—s)x(s), t € Ny, (1.1)

z(0) = o, (1.2)

where Ny = {0,1,2,...}. We suppose that a € (0,1) and
k: Ny — (0,00) satisfies Z k(s) < oo. (1.3)
s=0

By using elementary analysis, we show that if all solutions z of (1.1) satisfy x(t) — 0

as t — oo and

E(t+1)
P k(t)

=1, (1.4)

then a positive lower bound of the rate of convergence is

()] |(0)]
11trg£f k(t) = ala—Y 2 k(s))

The result is proved by determining the asymptotic behavior of the solution of the

transient renewal equation

r(t) = h(t) + i h(t—1—s)r(s)  with i h(s) <1,

where the asymptotic behavior of r(t)/h(t) as t — oo is

r(t 1

MR T o, k)
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It is shown in [6, Theorem 4.4] that

L) (o)

oo k() (o= 002, k(s))

if (1.3),

ik(s) <a, a€c(01) (1.5)
and

iy Tt L= 90 _2§k<5) wd oy KD )

hold. Thus, in that case, the exact value of the rate of convergence of the solution x
of (1.1) is known. The relationship between these hypotheses and the present work
is that (1.4) is the second condition of (1.6) (see also [6, Remark 2.2]). In [6], in
order to prove the rate of convergence of the solution of (1.1), we also used the rate

of convergence of the solution of the transient renewal equation

lim r(t) = !
im0 h(t)  (a— 3.2y h(s))?

Note that the results obtained in [6] are discrete analogues of the work in [3] for
the continuous case. The continuous case of the problem that we are studying in
the present paper has been investigated in [2]. For basic properties and formulas
concerning difference equations, we refer the reader to [1,5,8]. We also refer to [4,7]
for basic results on the existence of solutions of scalar linear Volterra equations and

Lyapunov functionals in the continuous case.
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2. PRELIMINARIES

Definition 2.1. For f,g : Ny — R, we define the convolution of f and g (see [5,
Section 3.10]) by

-
|
—

(fxg)(t) =) f(t—1-1s)g(s), te€N,.

w
Il
o

The n-fold convolution f*" is given by f*' = f and f**+tY) = fx f** for n € N.

Consider the solution r of the linear scalar convolution equation
t—1

r(t) =h(t) + > _h(t—1—s)r(s) = h(t) + (hx7)(t), t €Ny (2.1)

s=0

with A(0) = 0, h(t) > 0 for all £ € N, limy o, "5 = 1, and

pi=>» h(s) <1l (2.2)

Then clearly (2.1) has a solution 7 with r(t) > 0 for all ¢ € N, and r is summable.
Here r is called the resolvent of h. It can also be represented, since r = h+ (h*r) by

(2.1), by the Neumann series

r= i h*". (2.3)
n=1

Theorem 2.2. Let h(t) > 0 for all t € N, limy;_, hgf(;l) =1, and assume (2.2) is
satisfied. Then the lower bound for the rate of convergence of the solution r of (2.1)

18

liminf —% > ——. (2.4)
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Proof. Since h(t) > 0 for all t € N, (2.3) shows that r(t) > S h*(t) for each
N € N. Hence, for N € N, we have

r(t) > h*”( )
hgr_lmlélf ﬁ > llgg}f h Z 12)(1)£1f (2.5)
For any 0 < T < t, we obtain
P S bt 1= s s)
h(t) h(t)
T—1 t—1
h(t—1-—2s) _ h(t—1—5s) _
s=0 h<t> s=T h(t)
T—1
h(t—1—38) ..
> —h*(n 1) (S)
s=0 h(t)
T—1 T—1
h(t —1—2s) ) N
= — 1) R (s) + Y TR (s)
s=0 ( h(t) s=0
Using
Z h*(nfl)(s> _ Iunfl (26)
s=0

(see [6, Lemma 2.5] and note that [6, (S;)] was not used in this proof), where p is
defined as in (2.2), yields

h*n< t—l—S) _ *(n—1) _ S *(n=1) (g
o :0( 1>h (s) ;h (). (@7

M’ﬂ

Now, we show that the first sum on the right-hand side of (2.7) tends to 0 as t — oc.

h(t+1)
h(t)

Since lim;_, = 1, we have for each fixed s € N,

h@—l—s h(t +v)
ht+v+s

v=—s5—1

—1 as t— oo.
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This yields

-1 -1
(t — 1 —3) _ h(t — s) _
— 1) ™ D(s)| < su -1 h*( (s
— ( ) (5) < veser | h(D) ; (s)
— 0 as t — oo.

Therefore, (2.7) implies

lim inf i (t) i “U(s) for neN and TeN (2.8)

t—00 h( ) e '
and thus by letting 7" — oo in (2.8),

R (t
lim inf h(t()) > ™! for neN. (2.9)

Using (2.9) in (2.5), we get

lim 1nf

mir h t (2.10)

||M2

By letting N — oo in (2.10), we obtain (2.4). O
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3. RESULTS

Theorem 3.1. Let k : Ny — [0,00) be summable. Suppose that x is a summable

solution of (1.1). Then there exists B > 0 such that
Z|J7(3)’ 25|$0‘Zk(5), t € No. (3.1)
s=t s=t

Moreover, if > 2 k(s) > 0 for all large t € N, then

2oy [2()]

|$0\

ala—32Zok(s))

(3.2)

Proof. Let z be a nonzero solution of (1.1). Since —z is also a solution of (1.1), we

may assume z(0) = xy > 0. From (1.1), we have

t—1

z(t+1)=(1—a)z(t)+ Z k(t—1—s)x(s),

s=0

from which, due to a € (0,1), we infer by induction that xz(¢) > 0 for all ¢ € Ny.

Summing (1.1) from ¢ to co and using the assumption x(t) — 0 as t — oo yields

co s—1

a Zx(s) =z(t) + Z Z k(s —1—u)x(u)

s=t u=0

oo s—1

> ZZk(s —1—waz(u)

s=t u=0
oo t—1 oo s—1

:ZZk(s—1—u)x(u)+zzk(5—1—u)x(u)

s=t u=0 s=t u=t

t—1 oo

> ZZk(s —1—w)az(u)

u=0 s=t
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> w(u)) k(v), for t €N (3.3)
Now, using the additional assumption Y .-, k(s) > 0 for large ¢, we get from (3.3)

Zoo (5) . 1 &
h{ggf S h(s) - Z (3.4)

| \/
@

Again, summing (1.1) from 0 to ¢ and using the assumption that the solution z is

summable, we obtain

t—1 s—1

x(t) — x(0 :—aZaU +ZZk(s—1—u)x(u)

- aZx(s) + 2_: z_: k(s —1—u)x(u)
=— aix(s) + 2_: _23 k(v)x(u)

and thus

Hence,

> als) = — Z{S, " (3.5)

5=0 s=0

Thus, estimate (3.2) for zy > 0 follows from (3.4) and (3.5). Estimate (3.1) follows

a\a—2 s=o (s

Remark 3.2. Under the hypothesis on k in Theorem 3.1, it is clear from (3.5) that x

is summable if and only if a > >"77  k(s).
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Recall that by [6, Theorem 4.4], (1.3), (1.5), and (1.6) imply

|z(t)] z(0)

lim =

oo k() (a— S k()

Then by the discrete version of L'Hopital’s rule [1, Corollary 1.8.8] for u(t) = > oo, |x(s)|
and v(t) = > o2 k(s), we get

s=t

|z(t)] z(0)

= lim =

oo Y k(s) e Av(t) e k() (a— 30 k(s))

Thus, the exact value of the right-hand side of (3.2) is known in that case.
In the remainder of this paper, instead of (1.3), (1.5), and (1.6), we only assume
(1.3), (1.5), and (1.4).

Corollary 3.3. Suppose k satisfies (1.3), (1.5), and (1.4). If zy # 0, then

lim inf @ =00 forall be(0,1), (3.6)

t—00 e_b( )
where e_y(t) := (1 — b)".
Proof. By [6, Remark 2.3], (1.4) implies

lim k(t)

t—o0 e_b(t)

= 00, (3.7)

and so, using Theorem 3.1,

lim inf () = lim inf 2(0)] k()
t—oo e_y(t) twoo  k(t) e_p(t)
> lim inf ()] - lim inf A(?)

o k() e ey(t)

for every b € (0,1), provided xy # 0. ]
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Theorem 3.4. Let k satisfy (1.3), (1.5), and (1.4). Suppose that x is a solution of

(1.1) satisfying x(t) — 0 as t — oo. Then there exists a > 0 such that

2(t)] > alzolk(t), € N. (3.8)

Moreover, if xqg # 0, then

ming 20 oo
K ORITES SazE) .

Proof. Define
h:=e_,xk, (3.10)

where e_,(t) = (1 — a)* for t € Ng. Then (see [6, Lemma 4.3]) the unique solution of
(1.1) and (1.2) is

x = (e_q+ (e_q * 7)) 0, (3.11)

where r is the unique solution of (2.1). Note that the function h defined in (3.10) is
summable with ~(0) = 0 and h(t) > 0 for all ¢ € N. Also, in [6, Theorem 4.1], it has
been shown that a necessary condition for lim; . (t) = 0 for all solutions z of (1.1)

is that (1.5) holds. Using this result, we obtain (see [6, (4.6)])

=S his) = 32]@(3) <1 (3.12)

By (3.12), h(t) — 0 as t — oo. Using the discrete L’Hopital rule [1, Theorem 1.8.9]
for u(t) = 3214 (1 —a)~°k(s) and v(t) = (1 — a)'~'k(t) together with (1.4) and (3.7),
we have

lim hit) = lim Y aso(1—a)*k(s)
tooo k(t)  tooo (1 —a)lthk(t)
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u(t)

i M) gy, AU
t—o0 U(t) t—00 Av(t)
— lim (1= o) k()
to0 (1 —a)th(t+1) — (1 — a)'~"k(t)
1
= lim

k(t+1
t—m%_(l_a)

— (3.13)

Since from (3.10), h(t) = S22 (1 — a)' ' =%k(s), we get

—_

t t—

Ah(t) = (L—a)k(s) = > (1 —a)""""k(s)

s=0 s

Il
=)

t—1

=k(t) —a) (1—a)"""k(s)

s=0

= k(t) — ah(t),
h(t+1) =k(t) + (1 —a)h(t). (3.14)
Hence, using (3.14) and (3.13), we have
h(t+1) . k(t)

Jim 0 :tli)rgloﬁ%—l—a:l. (3.15)

Since r(t) > 0 for all ¢t € N, (3.11) implies that

—_

[z (2) t L YS-a) )

o - t . t—1—s —
|:L‘0| - (1 a’) + s:0<1 CL) T(S> (1 _ a)_t + (1 _ a)l—t
Now, diving both sides by k(t) > 0, we get
1 t—1 1—q)® t—1 1—q)s
()] _ IR RO v LTI R CRA

wolk(®) KOO —a) 7 kKOO —a k(- a)
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Let 0 < € < 1. Due to h(t) > 0 for all ¢ € N, (3.12), and (3.15), we may apply

Theorem 2.2. Thus, there exists 7' € N such that

(1 —e)h(t)

forall t >1T.
1 —p

r(t) >

Therefore, for t > T,

22;5(1 —a)”°r(s) ZZ;IT(l —a)~°r(s) 1—¢ Zi;lT(l — a)~*h(s)
E(t)(1—a)t-t B k(t)(1 —a)—t > (1 —u) KO0 =) . (3.17)

It follows from (3.7), the discrete L' Hopital rule [1, Theorem 1.8.9] for u(t) = >2_) (1—
a)~*h(s) and v(t) = (1 — a)*"'k(t), (1.4), and (3.13)

lim > (1 —a)~*h(s) — lim u(t) _ i D)
oo (1 — a) ~th(t) tooo v(t) =0 Au(l)
(1—a)~th(t)

— 1
i (1—a)tk(t+ 1) — (1 — a)—tk(t)
10}
= lim ul0)
t—00 % —(1-a)

— (3.18)

Using (3.18) in (3.17) and employing (3.12) yields

e der(l—a)Cr(s) o 1—e 1-¢

im0 (L—a)=th(t)  ~ a2(1—p) a(a— Y ogk(s)

Therefore, by taking the liminf of both sides of (3.16) as t — oo and then letting
e — 0, we obtain (3.9). (3.8) follows from (3.16) and (3.9). O



1]

62

4. REFERENCES

R. P. Agarwal. Difference equations and inequalities, volume 228 of Monographs
and Textbooks in Pure and Applied Mathematics. Marcel Dekker Inc., New York,
second edition, 2000. Theory, methods, and applications.

J. A. D. Appleby and D. W. Reynolds. On the non-exponential convergence of
asymptotically stable solutions of linear scalar Volterra integro-differential equa-
tions. J. Integral Equations Appl., 14(2):109-118, 2002.

J. A. D. Appleby and D. W. Reynolds. Subexponential solutions of linear integro-
differential equations and transient renewal equations. Proc. Roy. Soc. Edinburgh
Sect. A, 132(3):521-543, 2002.

C. Avramescu and C. Vladimirescu. On the existence of asymptotically stable
solutions of certain integral equations. Nonlinear Anal., 66(2):472-483, 2007.

M. Bohner and A. Peterson. Dynamic equations on time scales. Birkhauser Boston
Inc., Boston, MA, 2001. An introduction with applications.

M. Bohner and N. Sultana. Subexponential solutions of linear Volterra difference
equations. Submitted, 2015.

T. A. Burton. Volterra integral and differential equations, volume 167 of Mathe-
matics in Science and Engineering. Academic Press Inc., Orlando, FL, 1983.

W. G. Kelley and A. C. Peterson. Difference equations. Harcourt/Academic Press,
San Diego, CA, second edition, 2001. An introduction with applications.



63

III. SUBEXPONENTIAL SOLUTIONS OF LINEAR VOLTERRA
DELAY DIFFERENCE EQUATIONS

ABSTRACT

We study the asymptotic behavior of the solutions of a scalar linear Volterra
sum-difference equation with delay. The rate of convergence of the solution is found
by assuming the kernel k£ is a nonnegative, summable, and subexponential sequence
in the sense that k(t)/h(t) converges to a positive number as ¢ — oo, where h is a

positive subexponential sequence.
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1. INTRODUCTION

We consider the discrete equation with delay

Azx(t) = — Zn: a;x(t —7;) + i k(t—1—s)x(s), t € Ny, (1.1)
x(t) = ¢(t), —7 <t<0, (1.2)

where Ng = {0,1,2,...}, 7 € Ny and 7 = max;<;<,, 7; . In this problem, we suppose
that a; > 0 with > 1 a; < 1, k : Ny — (0,00) is summable, and ¢ : {—7, —7 +
1,...,0} = R. We show that if k satisfies
k(t
lim Q >0
for some positive subexponential sequence h, then the rate of convergence of solutions

(1.1) and (1.2) is
L) 00) = ¥y i Y 0()
k() (DL - X E0k(s)”

The result is proved by determining the asymptotic behavior of the difference resolvent

r of (1.1), which is the solution of the delay difference equation

Ar(t) = — iair(t - 7))+ i k(t—1—s)r(s), te€ Ny

with



65

where the asymptotic behavior of r(t)/k(t) as t — oo is

The same problem that we have studied here has been studied in [2] for corresponding
linear integro-differential equations. We refer to [2—4,7, 8] for related studies in the
continuous and discrete cases. For basic properties and formulas concerning difference
equations, we refer the reader to [1,6,11]. We also refer to [5,9] for basic results on

the existence of solutions of scalar linear Volterra equations in the continuous case.
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2. PRELIMINARIES

Definition 2.1. For f,g : Ny — R, we define the convolution of f and g (see [11,
Section 3.10]) by

-
|
—

(fxg)(t) =) f(t—1-1s)g(s), te€N,.

w
Il
o

The n-fold convolution f*" is given by f*' = f and f**+tY) = fx f** for n € N.

Definition 2.2. (See [8, Definition 2.1]) A positive subexponential sequence is a dis-

crete mapping h : Ny — (0, 00) with Z h(s) < oo and
5=0

(S1) lim h*z =2 Z h(s

. h(t—s)
(5) tlggo h(t)

=1 for each fixed s € Nj.

If h is a positive subexponential sequence and f is a sequence on N such that

()

6] exists, then we define

liInt~>oo

_ o f@)
Lnf = lim h(t)
By [8, Remark 2.3], (Sy) implies
. h(t)
tlgélo ) 00, (2.1)

where e_,(t) = (1 —b)* for b € (0, 1).

We will use the following results from [8].

Lemma 2.3 (See [8, Theorem 2.9]). Suppose that h is a positive subexponential se-

quence. Let f and g be summable sequences on N such that Ly f and Lyg both exist.



Then Ly(f * g) exists and

Lu(f*g)=Lnf Y g(s)+Lug»_ f(s).
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(2.2)
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3. ASSUMPTIONS AND AUXILIARY RESULTS

Assume
(Al) Ti Z 0, a; Z 0, Z?:l a; < land 7 = maxi<i<n Ti;

(As) the characteristic equation

k(t
(As) lim _héti > ( for some positive subexponential sequence h.
t—o0

It is convenient to introduce the difference resolvent r of (1.1), which is the solution

of the delay difference equation

Y et - )+ YK~ 1 o)) € N (3.

with

r(t) = (3.2)
0, —7<t<0O.

The following lemma shows the significance of the difference resolvent r.

Lemma 3.1. If x solves (1.1) and (1.2), then

t—1
x(t) = —i—ZTt—l—sg%s), t € N, (3.3)
s=0
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where

o(t) = — Z aid(t — 1) X0 (1), t €Ny (3.4)

and xr denotes the indicator function of a set I.

Proof. Suppose x solves (1.1) and (1.2). We claim that (3.3) holds for all t € N.

Since

(3.3) holds for ¢t = 0. Now, assume (3.3) holds for all 0 <t < T, where T' € Ny. Then

using assumption and (1.1), we get

(T +1) = Zaaj — 1) + (k*2)(T)

Since (3.1) and (3.2), we get

(T — 5)o(s)

Mq

(T*gz;)(T%—l) =

i
Lo

(AF(T —1—38)+7r(T —1—=5))d(s) + o(T)

0

S

= (8r+8) (1) + (r  @)(T) + &(T)

— —Zai(r*iﬁ)(T—n) + (ko )(T)

+ (% 0)(T) + (7).



70

This implies,

x(T+ 1) = ¢(0) (r(T—l—l)—i—iair(T—Tl) Zaz —7)
+(rx )T +1) — +Zal T—1)

= ¢(0)r(T +1) + (r+o)(T +1) + Z a; (P(0)r(T — 7:)

+(r# O)(T = 73) = (T = ) + 6(T = )Xo (T))

= ¢(0)r (T + 1) + (r+ ) (T + 1)
since the terms in the last sum are all zero due to the induction hypothesis, (1.2),
and (3.4). O

Now, we introduce the difference resolvent z associated with the purely point

delay part of (1.1), defined as the solution of

= az(t—7), teN (3.5)
=1
which satisfies
1, t=0,
2(t) = (3.6)

0, —7<t<0.

The next theorem states the existence, uniqueness, and positivity of the solution of
(3.5) and (3.6). Note also that in [10, Theorem 2.1], the positivity of the solution of

delay differential systems has been studied.

Theorem 3.2. Suppose that (A;)—(As) hold. Then there exists a unique solution to
(3.5) subject to (3.6). Moreover, z(t) > 0 for all t € Ny.
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Proof. An elementary induction proof shows that, for each positive integer m, there
exists one and only one real function z = z,,(¢) with domain {—7, —7+1,...,m} and

satisfying
n
= aiz(t—7), 0<t<m-—1

with

0, —7<t<0.

Hence, there exists a unique solution to (3.5) subject to (3.6).

Now, we will show z(t) > 0 for all t € Ny. If > | a;7; = 0, then (3.5) reduces
to

Az(t) = — ibjz(t), m<n, bj=a;, 7, =0, t€Ny.
j=1

Then the solution of (3.5) is z(t) = (1 =i bj>tz(0) for all ¢ € Ny. Hence, by
assumption (A;) and (3.6), z(t) > 0 for all t € Ny,

Next, we assume » ", a;7; > 0. Let Ag € (0,1) be a real solution to the charac-

teristic equation guaranteed by assumption (As). Then Ao = Y1, oo > Yo a
and thus by (3.6), we have

‘— Z aiz(—n)

i=1

n

S Z a; < )\0.
i=1

Now, suppose there exists ¢; € N such that

z(t) >0 forall 0<t<t and z(t;) <O0. (3.7)



Let
- Z?:l a;z(t —

a(t) = ) for all 0 <t <t.

2(t)

We will show that

a(t) < Ao for all 0 <t <t;.

Otherwise, there exists an integer to where 0 < ty < t; such that

a(t) < /\0 forall 0 <t <ty and CL(tQ) > /\0.

Relation (3.5) yields

(it —T) B
Az(t)_< = ) (1), 0<t<t,
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(3.9)

(3.10)

and 2(0) = 1. Set b(t) = M for 0 <t <ty and y(v) = 22 for 0 < v <

(t) z(t)

t < t;. Then (3.10) yields
Ay(v) ==bt—v—1yv+1), 0<v<t<t.

Then the unique solution of (3.11) with y(0) =1 is
v 1 t—1 1
= _— | = —, 0< v <t <ty
y(v) (H 1+b(t—51)> 11 L+b(s) — ="
s1=1 s=t—wv
Therefore, from (3.9), the above equation yields

t—1 t—1

y(t—u):H;<H ! ! 0<u<t<t.

T—X  (1- )™

S=U

(3.11)
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Thus, by the definition of y(t), we obtain

1
< t—u?
(1= Xo)

0<u<t<ty. (3.12)

Denote [t — 7]+ = max{t — 7;,0}. Then for 0 <t < ¢; and because of (3.6), we have

’ —(IZZ(t — Ti) ' —(IZZ(t — TZ)Z([t — Ti]+)
2(t) ([t =7l )z(1)
_ | —CL'| Z(t_T') z([t_Ti]Jr)
Ca(lt =Tl 2(t)
B
= 717
Hence, using (3.12), we get for 0 <t < o
~ | —az(t — ) - 2([t —7l4)
; 2(t) = ; | = ail 2(t)
- 1
< ; | - (li| (1 _ /\0>t—[t—fr,-]+

IN

zn: = ail%-
i=1 (1= 20)"
Thus, using (Az)

— D i @iz(ta — 7)
z(ta)

a(ty) =

“ 1
— @] ———= = Ao,
<2 l-alg g =

which contradicts (3.9). Therefore, (3.8) holds.

From (3.10), we have for 0 <t < t; that y(¢) = % satisfies the equation

Ay(t) = —y(t 4+ 1) 2=t _:(i;(t —T) g<i<ty. (3.13)
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The unique solution of (3.13) with y(0) = ﬁ =1is

t—1 1 -1 )
y(t) = 1;[0 ppseeceny gl | fewe) 0<t<t.
Using (3.8), we have for 0 <t < 1y,
= 1 1 1

O<y(t><g1—)\0:(1—)\o)t§(1—/\0)“'

Now, if z(t1) < 0, then y(t;) = ﬁ < 0. But since a(t) = |b(t)] < Ag < 1 implies

1+b(t) >0o0n0<t<t, we obtain

t1—1

1
y(tl) = H >0,
S5 L+0(s)
which is a contradiction. Therefore, z(t;) = 0 so y(t;) = ﬁ is undefined. However,

t1—1

1 1
i) <
0< sl;[[) 1—|—b(8) y( 1)— (1_)\0)751 < 00,

which is again a contradiction.
Consequently, the assumption (3.7) is incorrect. Hence, z(t) > 0 for all ¢ €

No. O

Lemma 3.3. Suppose that (A1)—(As) hold. Then

z(t) — 0 exponentially ast — oo (3.14)
and

iz(s) = nl : (3.15)

=0 D iy Gi
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Moreover, if h 1s a positive subexponential sequence, then
Lyz=0. (3.16)

Proof. Since by Theorem 3.2, z(t) > 0 for all t € Ny and a; > 0, we observe that (3.5)

implies that z is decreasing, and hence (3.5) yields
Az(t) < =) az(t).
i=1

Using [6, Theorem 6.1], (3.6), and (2.1), we get

i=1

0<z(t) <z(0)e_yr of(t) = (1 - z”: ai) . (3.17)

Due to (Ay), (3.17) yields (3.14). Summing (3.5) from 0 to ¢ — 1, then letting t — oo

and then using (3.14), we obtain

a; Z z(u) =1,

n o0
=1 U=—T;

2

and hence applying (3.6), we get (3.15). Since h is a positive subexponential sequence,

from (2.1) and (3.14), we have (3.16). O

Now, consider the general delay difference equation

Ay(t) == ay(t —7:) + f(t), t €N, (3.18)
i=1
subject to
1, t=0,
y(t) = (3.19)
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Lemma 3.4. Suppose z solves (3.5) and (3.6) and define y by
y=z+(zx[). (3.20)
Then y solves (3.18) and (3.19)

Proof. Taking difference in (3.20) and then using (3.5) and (3.6), we get for ¢t € Ny

Ay( +Z (Az(t—1—135)) f(s) + 2(0)f(¢)

n

:_Zaiz(t ) Z Zzt—l—S—Tzf()+f(t)
—=3 asti=m) =3 <zt—n—1—8)f(8)

Y asti-) - Y 3wt - — 1 s)f(s) + 1)
. <zt_n £y z<t—n—1—s>f<s>)+f<t>

i.e., (3.18) holds. Using (3.6) in (3.20), we obtain (3.19). O
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4. MAIN RESULTS

Theorem 4.1. Suppose that (Ay)—(Ays) hold. Then the resolvent r, defined by (3.1)
and (3.2), is positive, summable, and satisfies r(t) — 0 as t — oo. In addition, if

(As) holds, then

ooor(t " > - . Ar(t
Jm % - (2 @i~ ; k<5)) L k(i)) =0 (4.1)
Moreover,
}LI& ZS;OT@?}t; — S)T<3) _ 227‘(8) (42)

Proof. Applying Lemma 3.4 to the resolvent r of (1.1), which satisfies (3.1) and (3.2),

we obtain

r=z+(z*x(k*xr))=z+ (h*r), (4.3)
where

h=zxk. (4.4)

Due to (A3) and Theorem 3.2, we get h > 0. Now, since for ¢ = 0, we have r(0) =1 >
0. Let us assume r(t) > 0 for all 0 <t < T for some T' € Ny. Then from (4.3), using
the assumption and Theorem 3.2, we obtain r(T+1) = 2(T4+1)+ 3., h(T—s)r(s) >
0. Thus, r(t) > 0 for all t € Ng. Summing (4.4) from 0 to ¢t — 1, then taking ¢t — oo
and then using (3.15) and (Ay4), we obtain

0<> hl(s)=> 2(s)> k(s)= %}%ﬁs) <1. (4.5)
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By taking the convolution of each term in (4.3) with k, we get

p="h+(hxp), (4.6)

where p = k xr. Then p > 0. Summing (4.6) from 0 to t — 1, we get for all ¢ € N

“S b £ Y o) 3 AGs)
<3 s+ 3 o) S his)

and thus

<300 < TN 0

Therefore, p is summable. It is then an immediate consequence of Lemma 3.3 and

rT=zZ+p*z,

that r is summable. Hence, r(t) — 0 as t — oo follows automatically from the

property of convergent series. Now, summing (3.1) from 0 to ¢t — 1 and using (3.2)

gives
—1=- ZaZZr(s —Ti) —l—Zr(s)Zk(s)
== a Y r(w)+ > r(s) ) k(s)
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which implies

- 1
2t TS — Yy k(s) (4.8)

s=0

Applying Lemma 2.3 in (4.4) and by (3.16) and (3.15), it deduce

Lih = Liy(z % k) = Lksz +ka2 (4.9)

z 1 al

Under the additional assumption k(t) > 0 for all ¢t € Ny, it follows that h(t) > 0 for
all t € N. Then by [8, Lemma 2.11], h is a subexponential sequence. By applying |8,
Theorem 3.1] to (4.3), we conclude that L,r exists and hence Lgr exists. Since Lyr
exits, we can infer from Lemma 2.3, (3.16), (4.9), (4.5), (4.8), and the above formulas

that

s=0
1 1 >
= n n S + Lk,r n k(S)
>oir @ (X @i — D22 k(s)) D i @i Sz:;
1

(O im @i — >0, k(s))Q.

Note that (Sy) implies Lyr(. — 7;) = Lyr, so by applying Lemma 2.3 to (3.1), using
Lyr, and (4.8), we get

LiAr = —Lyr (i a; — i k(s)) + ka:ir(s) =

Therefore, (4.2) simply implies from Lemma 2.3
Ly(r*r)=2Lr Z r(s)

The proof is complete. 0
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Theorem 4.2. Suppose (A1)-(A4) hold and that k(t) > 0 for all t € Ny. If the
resolvent r satisfies (4.1), then k is a positive subexponential sequence and (4.2) is

true.

Proof. Dividing (3.1) by k(¢) and then taking ¢ — oo, we have

I Ar(t) :_i i r(t—Ti)+l, (/{;*7’)(25)

e k(1) : YR TR ihe k()

By using the second expression of (4.1), we get

fim (k=r)(t) _ D i Qi ‘
e k() (0 @ — 2 k(s))

Hence, using the first part of (4.1),

lim (kxr) I (k*'r;(t) _ /:Etg _ iai‘

tlﬂ)o r(t) _tgg k(t t

Since r and k are positive, we have from (4.1), lim;_,o % > 0, so, [8, Lemma 2.7]
applies with f = k and g = r. Therefore, we can conclude from this that k satisfies

(S2). Now, using (4.8), we obtain
E&% = at D k) - (Za _ Zk@)) S r(s) =23 k(s).

Thus, k satisfies (S;). The proof is complete. n

Theorem 4.3. Suppose that (A1)—(As) hold. Then the solution of (1.1) and (1.2)

satisfies

m z(t) _ $(0) = >y @i Y20 (s)
tooo k(t) (00— S k()

(4.10)

(4.11)
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Proof. Since ¢ — 0 as t — oo for all t > 7;, we observe from (3.4) that Li$ =0 and

also summing (3.4) from 0 to oo, we get

Z QE(S) == Z a; Z ¢(s — 7)X[0,m)(s)

i=1 s=0
n Ti
SR OB
=1 s=0
n 0

= _Zai > o). (4.12)

By applying Ly, to (3.3), using Lemma 2.3, (4.12), Ly$ = 0, and (4.1), we obtain
Lyx =¢(0)Lyr + Lyr Z ¢+ Lio Z r(s)
s=0 s=0

=Ly <¢(0) —~ Za > ¢(s)>

S=—T;

_00) > w > ey, (5)
(> @i — > k<3))2 '

Summing (3.3) from 0 to oo and then using (4.8) and (4.12), it follows that

- 0) — >, @i,
ng(g) _ ¢(0) nZzJ a Zoosf—f, ¢(3) (4.13)
s=0 (Zi:l a; — Zs:O ]{3(8))

By applying Ly to (1.1), Lemma 2.3, (4.10), and (4.13), we then see that

Lidz ==Y aiLyx(. =) + Lz Y k(s) + Lk Y a(s)
s=0 s=0

i=1

- (Z k(s) — Z ai) Lyx + Z z(s)
¢(0) — > i, Z(s):—n (s) n ¢(0) — > i, Zgz—n o(s)
(Dimy @i — 22y k(s)) (Dimy @i — 2o k(s))

= 0.
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The proof is complete. O]

From (4.10) and (4.13), we can make the following remark

Remark 4.4. The decay rate given in (4.10) can also be expressed as

(1) Zgio (s)

lim =

t=oo k(t) Do ai — > 2 k(s)
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IV. BOUNDED SOLUTIONS OF A VOLTERRA DIFFERENCE

EQUATION

ABSTRACT

In this article, we study the existence of a bounded solution to a nonlinear
Volterra difference equation. The technique and the tools employed in the analysis

are Schaefer’s fixed point theorem and Lyapunov’s direct method.
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1. INTRODUCTION

We consider the discrete equation

Ax(t) =a(t) = b(t)f(z(t+1)) —1—2 k(t,s)g(s,z(s+1)), x(0)=0, t €Ny, (1.1)

s=0

where f : R — R and g : Ny x R — R are continuous functions and a,b : Ny — R
are real sequences, where R = (—o00,00), the set of all real numbers, and Ny =
{0,1,2,...}. Also, k(t, s) is continuous on 0 < s < t < 0.

In this paper, we study the existence of a bounded solution of (1.1) on N,
an unbounded domain. We employ Schaefer’s fixed point theorem, stated below,
as the main mathematical tool in the analysis. The mapping H in the equation
x = AHx of Schaefer’s fixed point theorem needs to be completely continuous, i.e.,
it is continuous as a mapping and it maps bounded sets into relatively compact sets.
The relative compactness property is normally obtained employing the Arzela—Ascoli
theorem when the domain of the problem is bounded. Since the domain of (1.1) is
unbounded, Arzela—Ascoli’s theorem does not apply. To overcome this problem, we
resort to a theorem, Theorem 2.1, which can be found in (see [2, Theorem 4.3.1, page
150]).

Schaefer’s fixed point theorem requires an a priori bound on all solutions of an
auxiliary equation. We employ a variant of Lyapunov’s direct method to obtain the
a priori bound. In particular, we show in Theorem 2.4 that (1.1) has a bounded
solution on Ny provided all such solutions of an auxiliary equation, (2.10), has an a
priori bound for all A\, 0 < A < 1. Then in Theorem 2.6, we obtained such an a prior:
bound on solutions of (2.10) applying Lyapunov’s method. We refer the readers to
Burton [4] for basic results on the existence of solutions of continuous case of (1.1).

For basic properties and formulas for difference equations, we refer to [1-3,5], and [6].
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For convenience, we state Schaefer’s fixed point theorem below.

Theorem 1.1 (Schaefer’s fixed point theorem [7]). Let (S,|| - ||) be a normed space

and let H be a completely continuous mapping of S into S. Then either
(i) the equation x = NHz has a solution for A =1, or
(i1) the set of all such solutions, 0 < A < 1, is unbounded.

Note that a mapping is completely continuous if it is continuous and maps
bounded sets into relatively compact sets. A set B is relatively compact if the closure

of B is compact.

Theorem 1.2. The sequence x satisfies the IVP
Az(t) = F(t,z(t)), x(ty) = o (1.2)

if and only if it satisfies the following sum equation
t—1
2(t) =z + Y  F(s,x(s)). (1.3)
s=to
Proof. Suppose x satisfies (1.2). Summing both sides of (1.2), we get
t—1
w(t) — xto) = Y Fls,(s))
s=to

and then substituting x(ty) = x¢ yields (1.3). Conversely, suppose x satisfies (1.3).
Taking difference to (1.3), we get Az(t) = F(t,2(t)) and evaluating (1.3) at t = o,

we get z(tg) = . O
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2. EXISTENCE OF BOUNDED SOLUTIONS

Assume
(A1) (1) la(t)] <a < oo,
(ii) |b(t)| < b < oo for all t € Ny;

(A,) there exist constants f and g such that

(i) [f(2) = fW) < flz —yl,

(ii) [g(t,z) —g(t,y)| < glr —yl;

(Az) (1) IF(O)] < f* < oo,

(i) [g(z,0)] < g" < o0

t—1

(Ay) sup > [k(t, s)| < k* < oo.

teNp s—=0
By adding z(¢ + 1), multiplying by 2¢, and then taking sum and finally, multi-

plying by 27% on both sides of equation (1.1), we obtain

t—1 s—1

- i: 2= =9p(s) fla(s + 1)) + Z 2~ (1=9) Z k(s,u)g(u,z(u+1)).  (2.1)

s=0 u=0

Let B be the space of bounded functions ¢ : Ny — R with the supremum norm.

Define a mapping H by the right-hand side of (2.1)

t—1

Ho(t) =Y 27g(s +1) +Zz (t=9)

t—1

— 22’(t’3)b(s)f(¢(s+ 1)) +22*<t ‘ Zk g(u, d(u+1)). (2.2)
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For any ¢ € B with |¢(t)] < ¢ < oo, it follows from (2.2) and assumptions
(A1)~(A4)

(Ho)(t)| < (a+ @) +b(fo+ f*) +k*(Go+g*) = M < 0, (2.3)

which shows that (H¢)(t) is bounded on Ny. Therefore, H maps from B into B.
Now, to apply Schaefer’s theorem, we need to show that H is completely contin-

uous, i.e., H is a continuous mapping and that H maps bounded sets into relatively

compact sets. To show the continuity of the mapping H, let ¢,% € B. Then (2.2)

and assumptions (Aj)—(A4) yield

(He)(t) — (HY)(t)] < (L+bf + kg)l|6 — |-

Therefore, H is continuous as a mapping.
Now, we will show that H maps bounded sets into relatively compact sets. To

show this, we use the following result [2] for the relative compactness.

Theorem 2.1 (see [2, Theorem 4.3.1, page 150]). Let M be the space of all bounded
continuous real-valued functions on [0,00) and S C M. Then S is relatively compact

i M, if the following conditions hold.

(i) S is bounded in M,
(ii) the functions in S are equicontinuous on any compact interval of [0,00),

(iii) the functions in S are equiconvergent, i.e., given € > 0 there exists a T(g) > 0

such that |p(t) — ¢(00)| < € for allt > T and for all ¢ € S.

Let
K={oeB: |6l <m, 6(0) =0, Jm o(r) = 0},

where m > 0 and 6 is an arbitrary but fixed real number.
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Additional assumptions:
(As) (1) limyooa(t) =a < oo,
(i) lim e b(t) = b < 00
(Ag) limy_, g(t,z) = § < oo uniformly with respect to x € K;
(A7) limy_, k(t,s) = 0 for each s € Ny;

(Ag) limy o S20f k(t, 5) < 00,
Lemma 2.2. Suppose assumptions (A4), (A7) and (Ag) hold with

ke = limy_y o0 S K(t, s). Then for every x € K,

—1
lim k(t,s)z(s) = k lim z(¢).

t—o00 t—o00
s=0

Proof. Let us consider z € K with lim;_,,, x(t) = 6. Since assumption (Ag) and

t—1 t—1 t—1
k(t,s)z(s) = Y k(t,s)[x(s) — 0]+ > k(t, )0,
s=0 s=0 s=0
it follows that it is enough to prove that
t—1
(tliglo w(t) = o) = ( 0 k(t, s)a(s) = o).

So, let x € K be such that limy_,,, z(t) = 0. Then for all ¢ > 0, there is T = T'(g) > 0

such that
lz(t)] <e forall t>T. (2.4)

For all t > T, we have

<

+

ik(t, s)x(s)

i k(t, s)x(s)

i k(t, s)x(s)
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First, by (A4) and (2.4), we have

t—1 t—1
>kt s)x(s)| < Y k(t s)||a(s)| < k7
s=T s=T
It remains to prove that for all z € K,
T—1
tlgglo k(t,s)x(s) = 0. (2.5)

For z(t) = 1, (2.5) holds due to (A7). Let n € N be arbitrary. Summing by parts, we

deduce
T-1 T-1 T—-1 s—1
k(t,s)s" =T" > k(t,s) — k(t,u+1)((s +1)" — s™). (2.6)
s=0 s=0 s=0 u=0

The first term in the right-hand side of (2.6) converges to zero as t — oo due to (Az).

Let us consider a sequence (t;); with lim; ., t; = 0o, and let

—_

pi(s) = Y k(t,u+1)((s+1)" =s"), i €N, s€[0,T].

u

I
o

Then |pi(s)] < (T + 1) +T™) 120 |k(ti,u + 1)|. By (A4), there is D > 0 such
that |p;(s)|] < D for all ¢ € N and for all s € [0,7]. In addition, due to (A7),
lim; o pi(s) = 0 for all s € [0,77].

By applying the dominated convergence theorem, we deduce that the second
term in the right-hand side of (2.6) converges to zero as t — oo.

Hence, for each polynomial sequence P, lim;_, . ZST;Ol k(t,s)P(s) =0 and from
Weierstrass’s approximation theorem, lim; .o, Y. k(t, s)z(s) = 0 for each 2 € K.

[
Lemma 2.3. H(K) is relatively compact where H is defined by (2.2).

To prove that H(K) is relatively compact, we will use Theorem 2.1 and show that
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(i) H(K) is (uniformly) bounded,
(ii) H(K) is equicontinuous on compact intervals of [0, c0),
(iii) H(K) is equiconvergent.

Proof. The work, we have given earlier to prove that (H¢)(t) is bounded, can be used
to show that H(K) is uniformly bounded. Likewise, the work, for the continuity of
(Ho)(t), shown earlier, can be used to show that H(K) is equicontinuous on compact
intervals of [0, 00).

Now, we show that H(K) is equiconvergent. It follows from the continuity of f
that there exists a constant fy := f(6) such that lim, . f(¢(t)) = fp uniformly with

respect to ¢ € K. Using Lemma 2.2, and assumptions (As)—(Ag), we get
(Ho)(00) = lim (H)(t) =0 +a — bfy + kg (2.7)

for all ¢ € K. Therefore, for any € > 0, one can easily show that there exists a T'(¢) >
0 such that [(Ho)(t) — (H¢)(oo)| < € for all ¢ > T and for all ¢ € K. This proves

that H(K) is equiconvergent and hence, the proof of Lemma 2.3 is complete. ]

So, we have shown that the mapping H : B — B is completely continuous.

For the parameter A in Schaefer’s theorem, we define the auxiliary equation

t—1 t—1
oa(t) =M | D 27 (s+ 1)+ )27 as) (2.8)
s=0 s=0

S

k(s,u)g(u,zx(u+1))|.

30 ) sl 4 1)) + 30 27

-1
s=0 u=0

Notice that (2.8) becomes (2.1) when A = 1. Also, notice that (2.1) and (1.1) are

equivalent.
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Theorem 2.4. Let assumptions (A1)—(Ag) hold. Suppose there exists a constant
B > 0 such that ||z,|| < B for all solutions x of (2.8) for all A € (0,1]. Then (1.1)

has a bounded solution x on Ny with ||z|| < B.

Proof. In the above work, we have shown that if assumptions (A;)—(Ag) hold, then
the mapping H is completely continuous. Since we assumed that there exists an
a priori bound B for all solutions x, of (2.8) for all A € (0, 1], the conclusion of

Theorem 2.4 follows from Schaefer’s theorem. O]

Lemma 2.5. The function x satisfies (2.8) if and only if it satisfies the difference

equation

Azr(t) = (A — Daa(t +1) + A [a(t) — b(t) f (At + 1))

+ 5 k(t, 5)g(s, aa(s + 1))} . 22(0) =0, (2.9)

s=0
for all X € (0,1].

Proof. Suppose z satisfies (2.8). Taking difference on both sides of (2.8) and using

(2.8) again in the resulting equation, we obtain

t—1

+ D k(t, 5)g(s, 2a(s +1)|.

s=0

Now, adding and subtracting %x A(t+1) on the right-hand side of the above equation,

we get

Azy\(t) = %Aw(t) + (A ; l)x,\(t +1)+ % [a(t) —b(t) f(xA(t +1))

t—1

+ 3T (e s)g(s. 2als + 1)

s=0
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and then multiplying by 2 on both sides and subtracting Ax,(t) on both sides of the

resulting equation, we obtain

t—1

a(t) = b() f(aa(t + 1) + ) k(t, 8)g(s,2a(s + 1))

s=0

Azy(t) = (A=Dzr(t+1)+ A

and clearly z,(0) = 0.
Conversely, suppose x satisfies (2.9). Multiplying by 2! on both sides of the first

equation of (2.9), we get

t—1

a(t) = b(t) f(xA(t+ 1)) + Y k(t,5)g(s, (s + 1))

s=0

A(242(1)) = A2ta (t+1) + 22"

for all A € (0, 1]. Now, taking sum and then dividing by 2! on both sides of the above

equation yields (2.8). O

Now, we obtain an a priori bound on all bounded solutions of (2.9) for all

A € (0,1]. We apply a variant of Lyapunov’s method as the mathematical tool.

Theorem 2.6. In addition to assumptions (A1)—(As), suppose the following condi-
tions hold.

(Ag) (i) a is summable,

(ii) b(t) > 0 fort € Ny,

(i11) xf(x) >0 for all x # 0,

(i) |f(x)| = glz| for some q >0,

(v) g(t,0) = 0;
(A1) there exists a constant a > 0 such that

1 —qb(t) + gi |k(u+t,t)] < —a,
u=1

for allt € Ny, where g is the constant in (Az2)(ii).



94

Then there exists an a priori bound on all solutions xy, of (2.9) for all X € (0,1].

Proof. Suppose z satisfies (2.9). Then

t—1

a(t) + Z k(t,s)g(s,zx(s+1))]| .

s=0

oA(t) = (2=NzA(t+ 1)+ Ab(t) f(zA(t+1)) — A

Hence,

[2A()] = [(2 = M)At +1) + Ab(@) f (At + 1))

alt) + 3 k(t, $)g(s. 22 (s + 1))

s=0

A

‘ . (2.10)
Now, if z(t + 1) > 0, then using assumption(Ag)(ii)—(iii) and (Ag)(iv), we have

[(2 = N)aa(t + 1) + Ab(t) f(wa(t +1))]
(2= N)zA(t+ 1)+ X0(t) f(xa(t + 1))
(2 = Mfaa(t + 1)+ Ab(@)[f (xA(t +1))]

> (2= A)|aa(t+ 1)[ + Agb(t)|za(t + 1)
(

= (2= X+ Agb(t))|zA(t + 1)) (2.11)
Again, if z(t + 1) < 0, then using assumption(Ag)(ii)—(iii) and (Ag)(iv), we have

[(2 = N)aa(t + 1) + Ab(t) f(@a(t + 1))
=—[2=XN)zA(t+ 1)+ (1) f(zA(t +1))]

(2 = A)(=aa(t + 1)) + A1) (= f(2a(t + 1))
= (2= A)lzalt + D+ Ab()]f (2a(t + 1))

(2= N)|xaA(t + 1) + Agb(t)|zA(t + 1)

(

= (2= A+ Agb())|za(t + 1) (2.12)
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Hence, (2.11) and (2.12) implies
(2= Nax(t+ 1)+ Ab(t) f(za(t+ 1)) > (2 = X+ Agb(2))|za(t + 1)]. (2.13)

Using (2.13) in (2.10), we obtain

t—1

[22(8)] = (2= A+ Agb(8))[eA(E+ 1) =A fa(t)] + D [k(t,9)llg(s,an(s + 1) | . (2.14)

s=0

Define a Lyapunov functional by

V(t) == V(t,xa(-) = [oa(t)| + /\i Y k(uts,9)llg(s, za(s + 1) (2.15)

s=0 u=t—s

Now, taking difference on V' (), using (2.14) along with assumptions (Aj)(ii), and

(Ayp), we obtain

AV(E) = [za(t+ DI+ XY D [k(u+s,9)]g(s, za(s + 1))
s=0 u=t+1—s

t—1 oo

— e =AY D k(u+s,9)||g(s,2a(s + 1))

s=0 u=t—s

= |$A(t+1)|+>\z_:[ Y Ik(u+s,9)lg(s, 2a(s + 1))

s=0 Lu=t+1—s

)\ Z |k(u+s,9)||g(s,zr(s + 1))

u=t—s

FAD k(u+ 6, 0)lg(t, za(t +1))] = |2a(D)]

u=1

t—1

= [zt + 1) - /\Z k(¢ s)llg(s, xa(s + 1))

s=0

+ )\Z |E(u+t,t)||g(t, xx(t + 1)) — |zA(t)]

u=1

< |1+ A7) [k(u+t,0)]| Joa(t+1)]

u=1
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t—1

= A Ik(E8)llg(s, (s + 1)] = |2a(2)]

s=0

L+ A [k(u+t,t)|
u=1

fralt-+ 1) = A Y k(s 9)llg(s,ax(s+ 1)
(2 A+ AGO)a(t+ D]+ Ma(D)] + A3 [k, 9)llg(s, (5 + 1)

s=0

<

1—qb(t) + 3 |k(u+t,1)]

u=1

<la(t)] = (1 + Xa)|zA(t + 1)

-1+ A lza(t+ 1)+ Aa(t)|

Taking sums on the above inequality yields

V(t) < V(0) — (1+Aa) i s (s + 1)] + i la(s))-

Since a is summable, there exists a constant B > 0 such that

V(t)+ (1+ Aa) i (s + 1) < V(0) + i la(s)| < B. (2.16)

This implies V(t) < B for all A, 0 < A\ < 1. Therefore, from (2.15), we get ||x,|| < B
for all A\, 0 < A < 1. This B is the required a priori bound on all solutions of
(2.9). ]

Theorem 2.7. It follows from (2.16) that x) is summable for all A € (0,1]. Therefore,

if the assumptions of Theorems 2.6 hold, then there exists a bounded solution x of

—1
(1.1) on Ny, with sup |z(t)| < Z la(s)| and x is summable.
teNg s—0

1 t+1 _
Example 2.8. Let a(t) = (—1)t+1t%fill) + ¢ tll + 3(t+1§(t+2)(1 — (5D, b(t) = 1,

275(s2 42542
f(z) =z, k(t,s) = %, and g(t,x) =

T2+ These functions satisfy all the

assumptions we used in this article. Note that in this example a = %, b=1, f=1,

§:2,&:0,5:1,f*:0,g*20,l{:*:%,gzHﬁ%,quandazl. So by
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Theorem 2.7
2t +1
Az(t) = (=1)"" ——— —z(t+1
(1) = (1) o K+ 1)
t—1
“5(s*+ 254 2) z(s+1)
= 2.1
+SZ t+1 t+2(s—|—1)<1+x2(3—|—1)  2(0)=0 (2.17)
has a bounded solution. In fact, z(t) = (7t1)t is a bounded oscillatory solution of
(2.17).

— 1'3 .
Example 2.9. Let a(t) = ﬁ, b(t) =2 t, k’(t,S) = m, f(fl') = q1’+m, q >
4, and g(t,z) = 11% + 227%. These functions satisfy all the assumptions we used in
this article. Note that in this example a=1,b=1 f=5g=2a=0, b= 0,

ff=0,9"=0,k"=1,9=+—%,qg=4and a = 1. So, by Theorem 2.7

1 4a(t + 1) 3 (t+ 1)
Arlt) = G~ ( SR T 1))2t)

+§ 1 ( 3(s+1) +x(8+1))’x(0>20

— (t—s)(t—s+1) \1+22(s+1) 2

(2.18)

has a bounded solution.
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V. ASYMPTOTIC BEHAVIOR OF NONOSCILLATORY SOLUTIONS

OF HIGHER-ORDER INTEGRO-DYNAMIC EQUATIONS

ABSTRACT

In this paper, we establish some new criteria on the asymptotic behavior of

nonoscillatory solutions of higher-order integro-dynamic equations on time scales.
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1. INTRODUCTION

In this paper, we are concerned with the asymptotic behavior of nonoscillatory

solutions of the higher-order integro-dynamic equation on time scales

2" (1) + /0 a(t,s)F(s,z(s))As = 0. (1.1)

We take T C R to be an arbitrary time scale with 0 € T and sup T = co. Whenever

we write t > s, we mean ¢ € [s,00) N'T. We assume throughout that

(Hy) a: T x T — R is rd-continuous such that a(t,s) > 0 for ¢ > s and

T
sup/ a(t,s)As =1 kp <oo forall T >0; (1.2)
t>T Jo

(Hy) FF: T x R — R is continuous and there exist continuous functions fi, fa :

T x R — R such that F(t,z) = fi(t,z) — fa(t, x) for t > 0;

(H3) there exist constants 5 and «y of ratios of positive odd integers and

pi € Ca(T, (0,00)), i € {1,2} such that
filt,z) > pi(t)z”®  and  fo(t,z) < pe(t)r? for x>0 and t>0,

filt,z) <pit)z®  and  fo(t,z) > pe(t)r?  for <0 and ¢>0.

We only consider those solutions of equation (1.1) which are nontrivial and differen-
tiable on [0, 00). The term solution henceforth applies to such solutions of equation
(1.1). A solution z of equation (1.1) is said to be oscillatory if for every t, > 0, we
have inf;>, 2(t) < 0 < sup,s, #(t) and nonoscillatory otherwise. Dynamic equations
on time scales are fairly new objects of study and for the general basic ideas and

background, we refer to [1,2].
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Oscillation results for integral equations of Volterra type are scant and only a
few references exist on this subject. Related studies can be found in [4,6-8]. To the
best of our knowledge, there appear to be no such results on the asymptotic behavior
of nonoscillatory solutions of equations (1.1). Our aim here is to initiate such a
study by establishing some new criteria for the asymptotic behavior of nonoscillatory

solutions of equation (1.1) and some related equations.
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2. AUXILIARY RESULTS

We shall employ the following auxiliary results.

Lemma 2.1 (See [3]). If X,Y >0, then

X+ A=DY* = AXYM >0 for A>1 (2.1)
and

X~ (1= NY = AXY1 <0 for A<, (2.2)

and equality holds if and only if X =Y.

Lemma 2.2 (See [5, Corollary 1]). Assume thatn € N, s,t € T, and f € Cpu(T,R).
Then

/: / - / fom) g A = (-1 .00 £ 1)

Remark 2.3. Under the conditions of Lemma 2.2, we may reverse all occurring inte-

grals to obtain

[ [ rmamanan, = [ hootrman

and then replace ¢ by ¢ty and s by ¢ to arrive at
tofin n2 ;
/ / h / FOm)Am Aty - B = / T (t, o (n)).f () An, (2.3)
to Jio to o

t

which is the formula that will be needed in the proofs of our main results in Section

3 below.
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In Lemma 2.2 above, the h, stand for the Taylor monomials (see [1, Section

1.6]) which are defined recursively by
t
ho(t,s) =1, hpy(t,s) :/ ho(1,8)Ar  for t,s€T and ne€N.

It follows that hi(t,s) =t — s for any time scale, but simple formulas, in general, do

not hold for n > 2. We define
H,(t) = ho(t,0) + hy(t,0) + ... + h,(t,0). (2.4)
Remark 2.4. Note that the properties of the Taylor monomials imply that

ho(t, to) + hl (t, to) + ...+ hn(t, to) S Hn(t) for all t() Z 0. (25)
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3. MAIN RESULTS

In this section, we give the following main results.

Theorem 3.1. Let conditions (Hy)—(Hs) hold with > 1, v =1 and suppose

1

) 1 t u = %
tllglo .00 /to hn_1(t,o(u)) /to alu, s)p; 7 (s)py ' (s)AsAu < oo (3.1)

for all ty > 0. If x is a nonoscillatory solution of equation (1.1), then
z(t) = O (Hu(t)) as t— 0. (3.2)

Proof. Let x be a nonoscillatory solution of equation (1.1). Hence z is either eventu-
ally positive or x is eventually negative.
First assume z is eventually positive, say z(t) > 0 for t > ¢, for some ¢, > 0.

Using conditions (Hy) and (H3) with 8 > 1 and v = 1 in equation (1.1), we have

2" (t) S/ a(t, s) [pg(s):r(s) —pl(s)xﬁ(s)} As
fo (3.3)

—/Ooa(t, s)F(s,x(s))As

for t > ty. Let

m = max |F(t,z(t))| < 0.

By assumption (H;), we have

- [t atnas| < [t sl psatiss

to
gm/ a(t,s)As < mkp =:b
0



for all ¢t > ;. Hence from (3.3), we get

2" (t) < / a(t, s) [pa(s)z(s) — pi(s)z’(s)| As+b  for t > t.

to

By applying (2.1) with

A= B, X = phH)eld) Yz(gmmmé@)ﬂﬂ

we obtain

pa()x(t) — pr (D)2’ (t) < (B— 1)BTrpl P (t)pd (1) for ¢ > 1o,

Using (3.5) in (3.4), we find

2 () <A@ +b for  t>t,

where
1

AW = (3= 157 [ alt.slpT7 ()] (5)s.

to

Integrating (3.6) n times from ¢, to ¢ and then using (2.3), we obtain

//5" /52 (E1)AL; -+ A&, + bhy(t, o)

—i—Zm (o) (t, to)

_ / t hu1(t, 0 (W) A(u) Au + bhn(t, to) + i 22 (to) i (£, o).

to

From (3.7), using (2.5), we get

(1)) < / oo (1, 0(w)) A(u) At + cH,o (8),

to
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(3.4)

(3.5)

(3.6)

(3.7)



where

0<k<n—1

c::max{b, max ‘xM(to)’}.

Dividing (3.8) by H,(t) and using (3.1) shows that (3.2) is valid.
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Now assume z is eventually negative, say z(t) < 0 for ¢ > ¢, for some ¢, > 0.

Using conditions (Hy) and (H3) with 8 > 1 and v = 1 in equation (1.1), we now have

2" (1) Z/ a(t, s) [pa(s)z(s) — pi(s)z”(s)] As

to

- /o Oa(t,s)F(s,x(s))As

for t > tg. With m defined as before and by assumption (H;), we have

/0 "t s)F(s, 2(s))As| < /0 "t ) F (s, 2(s))| As

to
Sm/ a(t,s)As < mkr =:b
0
for all t > t,. Hence from (3.9), we get
t
2" (1) > / a(t, s) [pa(s)z(s) —pl(s)xﬁ(s)} As—b for t>t.
to

By applying (2.1) with

we obtain

pa(t)z(t) — pr()aP(t) > —(B = 1)BT5p; " (t)py " (t) for t>t,.

Using (3.11) in (3.10), we find

22 (t) > —A(t) —b  for t >t

(3.9)

(3.10)

(3.11)

(3.12)
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where A is defined as before. Integrating (3.12) n times from ¢y to ¢t and then using

(2.3), we obtain

/ /5" /& ()AL -+ AL, — bl 1)

— Zx (to)hu(t, to) (3.13)

= </t h1(t, o (u)) A(u) Au + bhy, (t, to) + nz: 22 (to) hi(t, to)) .

to

From (2.5), we get

o(t) > — { / t B (£, 0/(w)) A () A + cHn(t)] ,

to
where ¢ is defined as before. This implies (3.8), and thus (3.2) follows as before. [

Theorem 3.2. Let conditions (Hy)—(Hs) hold with f =1, v < 1 and suppose

. 1 t w - 1
t=c0 H,(t) /to fin-a(t, 0 (1)) /t 0 alu, s)p;™ (s)py " (s)AsAu < 00 (3.14)

for all ty > 0. If x is a nonoscillatory solution of equation (1.1), then (3.2) holds.

Proof. Let x be a nonoscillatory solution of equation (1.1). First assume x is eventu-
ally positive, say z(t) > 0 for t > t, for some ¢, > 0. Using conditions (Hs) and (Hs)

with =1 and 7 < 1 in equation (1.1), we have

to

2" (t) < / a(t, s) [pa(s)x7(s) — pi(s)z(s)] As —/ a(t,s)F(s,x(s))As

to 0

for ¢ > ty. Hence

2" (1) < / a(t,s) [pa(s)x7(s) — pi(s)z(s)]As+b for ¢ > to, (3.15)

to
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where b is defined as in the proof of Theorem 3.1. By applying (2.2) with

A=r. X =pi(0e(t), Y= (;pl (t)ps v<t>) |
we obtain

1

pa(D)a () — pr(Da(t) < (1— Py Tip] T (OpF 7 (1) for 1>t (3.16)

Using (3.16) in (3.15), we find

v 1

A1) < (1 y)yTs / alt, $)p7 T (s)pT 7 (5)As + b,

to
The rest of the proof is similar to the proof of Theorem 3.1 and hence is omitted. [

Finally, we present the following result with different nonlinearities, i.e., with

g >1and vy <1.

Theorem 3.3. Let conditions (Hy)—(Hs) hold with > 1, v < 1 and suppose that

there exists a positive rd-continuous function € : T — R such that

i gy [ metteo) [ ot [ae 67 )

+ @fﬁ(s)p;j(s) AsAu < oo (3.17)

for all to > 0, where ¢c; = (5 — 1)6$ and co = (1 — V)Vﬁ. If x is a nonoscillatory
3.

solution of equation (1.1), then (3.2) holds.

Proof. Let x be a nonoscillatory solution of equation (1.1). First assume z is eventu-

ally positive, say z(t) > 0 for t > t, for some ¢y > 0. Using conditions (Hs) and (H3)
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in equation (1.1), we obtain

(0 < [ aft) [6(5)2(5) — pr(s)a”(9] As

to

+/ a(t,s) [p2(s)x7(s) — &(s)x(s)] As (3.18)

to

to
—/ a(t,s)F(s,x(s))As for t > t.
0

As in the proofs of Theorems 3.1 and 3.2, one can easily find

1

22" (1) < ta(t,s) (8 —1)BT7E7 1 (s)pi 7 (s)
/to { (3.19)

1

+ (1= ™71 (s)ps " (s)| As +D.

The rest of the proof is similar to the proof of Theorem 3.1 and hence is omitted. [J
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4. REMARKS AND EXTENSIONS

We conclude by presenting several remarks and extensions of the results given

in Section 3.

Remark 4.1. The results presented in this paper are new for T =R and T = Z. Let
us therefore rewrite the crucial condition in Theorem 3.1 (this can be done similarly
for Theorem 3.2 and Theorem 3.3) for the two special time scales T =R and T = Z.
If T=TR, then (1.1) becomes

M (t) + /0 a(t,s)F(s,x(s))ds =0

and condition (3.1) turns into

lim ! /t (t —w) /u a(u s)p%(s)p%(s)dsdu < 00
t—00 Zk 0 4 (n—1)! ‘o o 2 ’

If T =7Z, then (1.1) becomes

t—1
A"x(t) + Za(t s)F(s,xz(s)) =0
s=0
and condition (3.1) turns into
(t—u—1)2=L L] £
i e I S ) <
& Zk 0 k' u=to n s=tg

Remark 4.2. The results of this paper are presented in a form which is essentially

new for equation (1.1) with different nonlinearities.
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Remark 4.3. The results of this paper will remain the same if we replace (1.2) of

assumption (H;) by

sup a(t,s) =: Kp <oo forall T >0.

0<s<T<t

since then (1.2) is satisfied with ky = T Kr.

Remark 4.4. The results of this paper will remain the same if we replace (1.2) of
assumption (H;) by the assumption that there exist rd-continuous functions «, f :

T — R* such that a(t,s) < a(t)5(s) for all t > s,

sup a(t) =: K, < 00;
>0

and

t
sup/ B(s)As =: Kz < 00
0

>0

since then (1.2) is satisfied with kr = K, K3.

Remark 4.5. If we skip (1.2) of assumption (H;) and pick to = 0 in Theorem 3.1,
Theorem 3.2 and Theorem 3.3, then the results of this paper will remain true for an

eventually positive and eventually negative solution.

Remark 4.6. The techniques described in this paper can be employed to Volterra

integral equations on time scales of the form

x(t) + /0 a(t,s)F(s,z(s))As = 0. (4.1)

As an example illustrating Remark 4.5 and 4.6, we reformulate Theorem 3.1 as

follows.

Theorem 4.7. Let conditions (Hy)-(Hs) hold with f > 1, v =1 and assume
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Then any positive solution of equation (4.1) is bounded.

Remark 4.8. The results of this paper can be extended easily to delay integro-dynamic

equations of the form

2" (t) +/0 a(t,s)F(s,z(g(s)))As =0,

where g : T — T is rd-continuous such that g(t) < t and g®(t) > 0 for t > 0 and
limy o g(t) = o0.
Remark 4.9. We note that we can reformulate the obtained results for the time scales

T = R (the continuous case), T = Z (the discrete case), T = ¢"° with ¢ > 1 (the

quantum calculus case), T = hZ with h > 0, T = N2 etc.; see [1,2].

Acknowledgements. The authors would like to thank both referees for their valu-

able comments.
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SECTION
4. CONCLUSION

Some discrete Volterra equations, along with the qualitative and quantitative
behavior of their solutions, were examined in this study. Applications of these discrete
equations can be found in many areas of study, including biological science. These
types of equations occur, most often, during the mathematical modeling of some
real-life situations and the numerical approximation of Volterra integral equations.
Discrete versions of Volterra equations in this digital era are equally important as
continuous versions (Volterra integral equations). Thus, the study of such equations
is quite significant.

In the first paper, Subexponential Solutions of Linear Volterra Difference Equa-
tions, we started by devoting a complete section to subexponential sequences in which
we gave a definition, some properties, and also established some fundamental results.
The properties of transient renewal equations as well as the rate of convergence of
its subexponential solutions were also developed. A Banach space (B!) of sequences,
the product of any bounded sequence and a subexponential sequence, equipped with
a supremum norm, was also introduced. We have shown that all solutions z are
summable, bounded, and asymptotically stable for the scalar linear Volterra sum-

difference equation

where a € (0,1) and the kernel k is assumed to be a summable positive subexpo-
nential sequence such that > - k(s) < a. The asymptotic behavior of solutions of
transient renewal equations was applied to derive the exact value of the rate of con-
vergence of asymptotically stable solutions. Moreover, we have shown these solutions
are in B! and also in the class of subexponential sequences. A more general scalar

linear Volterra sum-difference equation was provided. These solutions were obtained
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directly from the solutions of the above equation. A general example of subexponen-
tial sequences was presented and a proof was given for a particular case to justify
all assumptions made. Uniform convergence, shown in Lemma 2.5, was needed in
Theorem 3.1. Lemma 2.5 may be generalized by removing the restrictions p < 1 and
(14 4e)p < 1. Further study, however, is needed.

The investigation of subexponential solutions of scalar linear Volterra sum-
difference equations was continued in both the second and third papers. In the second
paper, Rate of Convergence of Solutions of Linear Volterra Difference Equations, the
same Volterra sum-difference equations were considered as in the first paper. Here,
instead of assuming the kernel k is positive subexponential as in the first paper, we
assumed the kernel k is a positive, summable sequence and k(t + 1)/k(t) — 1 as
t — oo. Assuming all solutions are asymptotically stable and using elementary anal-
ysis, we have found a positive lower bound for the solutions. In contrast, in the first
paper we have shown all solutions are asymptotically stable and then observed the
exact value for the rate of convergence of asymptotically stable solutions. Following
the same pattern as in the first paper, transient renewal equations were studied and
a positive lower bound was obtained for the rate of convergence of its subexponential
solutions. Finally, a positive lower bound was derived for the rate of convergence
of asymptotically stable solutions of scalar linear Volterra sum-difference equations
using the results of asymptotic behavior of solutions of transient renewal equations.

The third paper, Subexponential Solutions of Linear Volterra Delay Difference
Equations, included an examination of the scalar linear Volterra delay sum-difference

equation

Ax(t) = — Zaix(t - 7))+ Z k(t —1—s)x(s), z(t) =¢(t), —7 <t <0,

where 7; € Ny and 7 = max;<;<, 7;. We supposed that a; > 0 with Z?:1 a; < 1 and

¢ is a sequence on [—7,0] N Z. The exact value for the rate of convergence of
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asymptotically stable solutions was established by assuming the kernel £ is a non-
negative, summable and subexponential sequence (in the sense that k(t)/h(t) > 0
as t — oo, where h is a positive subexponential sequence). Solutions of the more
general delay difference equations were expressed in terms of the solutions of the dif-
ference equations associated with the purely point delay. We also showed that the
solutions of transient renewal delay difference equations are positive, summable, and
asymptotically stable. The decay rate of the asymptotically stable solutions of tran-
sient renewal delay difference equations was also investigated. This result was used
to evaluate the decay rate of solutions of the considered delay difference equations.
In the fourth paper, Bounded Solutions of a Volterra Difference Equation, we

considered a more general scalar nonlinear Volterra sum-difference equation

t—1

Ax(t) = a(t) = b(t) f(x(t+ 1)) + > k(t, s)g(s, x(s + 1)).

s=0

Schaefer’s fixed point theorem was applied to prove the existence of a bounded so-
lution on an unbounded domain. In most cases, the domains are bounded. In our
problem, we looked for the solutions on an unbounded domain which is not regular.
Lyapunov’s direct method was used to determine the a priori bound for the Schae-
fer fixed point theorem. An upper bound was also identified for all solutions during
this process. Some examples, including the closed form of a bounded solution, were
provided to illustrate that the assumptions were valid. Some assumptions may be re-
duced, if either a different fixed point theorem or a different technique is considered.
This topic should be examined in future studies.

In the fifth paper, Asymptotic Behavior of Nonoscillatory Solutions of Higher-

order Integro-dynamic Equations, a higher-order integro-dynamic equation of the form

(A /0 a(t,s)F(s,xz(s))As =0
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was considered. This work was conducted on time scales, which combine and extend
both discrete and continuous calculus. Under various restrictions on constants a and
v, ratios of positive odd integers, we established some new criteria on the asymptotic
behavior of nonoscillatory solutions of the considered higher-order integro-dynamic
equation. The last section was prepared with many significant and interesting remarks
and extensions based on the derived results. Some of those are stated here. The
results presented were new for T = R and T = Z. They could also be reformulated
for T = ¢"° with ¢ > 1 (the quantum calculus case), T = hZ with h > 0,T = N2,
and so forth. All of the results were presented in a form that was essentially new for
the considered equation with different nonlinearities. The techniques used could be
applied to Volterra integral equations on time scales. The results we gathered could

be extended to delay integro-dynamic equations.
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