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ABSTRACT

In the first section, we consider small sample equivalence tests for exponential-
ity. Statistical inference in this setting is particularly challenging since equivalence
testing procedures typically require a much larger sample size, in comparison to clas-
sical “difference tests”, to perform well. We make use of Butler’s marginal likelihood
for the shape parameter of a gamma distribution in our development of equivalence
tests for exponentiality. We consider two procedures using the principle of confidence
interval inclusion, four Bayesian methods, and the uniformly most powerful unbiased
(UMPU) test where a saddlepoint approximation to the intractable distribution of a
canonical sufficient statistic is used. We perform simulation studies to assess the bias
of various tests and show that all of the Bayes’ posteriors we consider are integrable.
Our simulation studies show that the saddlepoint-approximated UMPU method per-
forms remarkably well for small sample sizes and is the only method which consistently
exhibits an empirical significance level close to the nominal five percent rate.

In the second section, we consider small sample equivalence tests for mean-
to-variance ratio from two normal populations. In general, optimal equivalence tests
for the means of two homoskedastic normal populations do not exist unless the com-
mon population variance is known. However, we show that if one considers the mean-
to-variance ratio then there does exist a uniformly most powerful unbiased (UMPU)
equivalence testing procedure. Furthermore, our procedure involves an intractable con-
ditional distribution which we reproduce to a high degree of accuracy using saddlepoint
approximations. We also develop six competing equivalence testing procedures for the
mean-to-variance ratio. Four of these procedures are Bayesian and the remaining two
are based upon the principle of confidence interval inclusion. Small sample simulation
studies show that our UMPU method outperforms all competing methods by exhibiting
an empirical significance level which is not statistically significantly different from the

nominal five percent rate, for all simulation settings.
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1. SMALL SAMPLE EQUIVALENCE TESTS FOR EXPONENTIALITY

With a test for exponentiality one would like to provide evidence that data comes
from a distribution which is at least close to exponential. Existing tests for exponen-
tiality are designed to provide evidence that data comes from a distribution which is
not exponential, and lack of such evidence from these tests is usually interpreted as
meaning that it is fine to assume the data follows an exponential distribution; see for
instance Henze and Meintanis (2005). Wellek (2010; sec. 1.2) points out that interpret-
ing a nonsignificant p-value as evidence in support of the null hypothesis generally fails
to yield a valid test procedure. This idea can be formulated as the truism “absence of
evidence is not evidence of absence”; see for instance Altman and Bland (1995).

With this in mind, it is worthwhile to consider “goodness of fit” rather than the
traditional “lack of fit” tests for exponentiality. Wellek (2010; sec. 1.2) makes the point
that a bonafide goodness of fit test should be formulated as an equivalence test where
the alternative hypothesis states that the data are consistent with the distribution of
interest modulo a minor difference which he refers to as tolerable difference.

We develop seven small sample (goodness of fit) equivalence tests for exponential-
ity of three different types. These types correspond to the three general small sample
approaches for constructing an equivalence test; see Wellek (2010; ch. 3). The first
approach relies upon the principle of confidence interval inclusion and involves the con-
struction of a 100 (1 — 2«) % confidence interval, where « is the nominal significance
level for the test. The second approach is Bayesian in nature and the third approach
involves the construction of a uniformly most powerful unbiased (UMPU) test for equiv-
alence.

All of the approaches we develop depend upon Butler’s marginal likelihood for the
shape parameter in a gamma distribution (Butler, 2007, sec. 5.4.4) and two of these
make use of saddlepoint approximations which are remarkably accurate in approximat-
ing nonnormal distributions (Butler 2007). In particular, the UMPU equivalence test,

which we will discuss next, makes use of the Luganani and Rice (1980) saddlepoint



approximation to the cumulative distribution function (CDF) of a canonical sufficient
statistic is used to obtain an approximate UMPU test possessing a significance level

that is consistently close to the nominal 5% level.

1.1. SADDLEPOINT-APPROXIMATED UMPU EQUIVALENCE TEST
The likelihood for a random sample Xi,..., X, from gamma distribution with

shape parameter # > 0 and rate parameter A\ > 0 is

L(O,N) xexp{=A_x;+ (@ —1)> In(z;) +n[@lnX—1InT(0)]}.

This corresponds to a regular exponential family with canonical sufficient statistics
T, = > In(z;) and To = > z; and canonical parameters —\ and 0, respectively. In
this setting an equivalence test for exponentiality can be formulated in terms of the

following null and alternative hypotheses:

Hy:0<60,0or60>6, and H,:0, <0 <0, (1.1)

where 0; =1 — ¢; and 0y = 1 4 &, for tolerable deviations e1,e9 > 0.
The optimal UMPU test for the above hypotheses is constructed from the condi-
tional distribution of 7} given the observed value of Ty; see Lehmann (1986, sec. 4.4)

and Wellek (2010; sec. 3.3). However, Butler (2007, sec. 5.4.4) notes that

P(T1 S t1|T2 = t2,9) = P(Tl —nln (TQ) S tl —nln (tg) |T2 = tg,e)

— P(T < t]0)

where 7' = > In (x;/> x;) and the fact that 7" is independent of T3 is used. As a result,
an UMPU equivalence test for exponentiality can be constructed from the unconditional

distribution of 7. For n > 1, Butler (2007, sec. 5.4.4) develops a marginal likelihood



for 6 of the form
Ly (0) xexp{( —1)T +1InT (nf) —nlnl(0)} (1.2)

which is also the likelihood for a regular exponential family with canonical sufficient
statistic T'. Therefore, the level a UMPU equivalence test for exponentiality based upon

Butler’s marginal likelihood has a rejection region of the form:
Cy <T <0y
where
P(Ci<T<Cy0=6;) =« (1.3)

for i = 1 and 2 (Lehmann, 1986, sec. 3.7). The determination of cut-off values Cy
and C5 is hindered by the intractable distribution of 7. Fortunately, Butler’'s marginal

likelihood also provides a closed-form expression for the cumulant generating function

(CGF) of T
Kr(s)=nln{l'(s+0)\I'(0)} —In{'[n(s+0)\I'(nd)]}.

This transform, in turn, provides easy access to highly accurate saddlepoint approxi-
mations to distribution of 7. In particular, the Luganani and Rice (1980) saddlepoint
approximation to the CDF of T is given as

. () + ¢p() [t — a7, if t+# E(T)

P(T <t;0) = (1.4)

~1/2
%+K9mﬂmm#MW} . if t=E(T)

where @ () and ¢ (-) are the standard normal CDF and PDF functions respectively,

K}i) (s) is the ith derivative of this CGF for i = 1,2,3, 0 = sgn (8) /2[5t — Kr (3)],



=38 K;2)(§) and saddlepoint § is the solution to saddlepoint equation Kg) (§) =t

This saddlepoint approximation is used to determine approximate (C, Cs) values.

1.2. BAYESIAN EQUIVALENCE TESTS FOR EXPONENTIALITY
Butler’s marginal likelihood is also the starting point for our Bayesian exponen-
tiality tests. Wellek (2010; sec. 3.2) considers the nominal level a Bayesian equivalence

test for which
P(61<9<02|5L’1,...,In)21—0é (15)

leads to the rejection of the nonequivalence null in (1.1) as well as the double one-sided

Bayesian test where this condition is replaced with
P60, <Olzy,...,2p) >1—a and P (0 <bs|zy,...,2,) >1—q. (1.6)

With each type of Bayesian test we considered two prior distributions on 8; a flat

prior, m (f) x 1, (Box and Tiao, 1973), and the objective Jeffreys’ prior (Berger, 1985);

™ (0) o< \/1(0) = \/ng' (0) — n?y/ (nd)

where I () denotes the expected Fisher information for § and v’ (9) is the trigamma
function which is defined as the second derivative of the log-gamma function. These
prior distributions were chosen in hopes that they would have a minimal impact on
the posterior distribution. It is shown in the appendix that both yield proper posterior

distributions for all n > 1.

1.3. PRINCIPLE OF CONFIDENCE INTERVAL INCLUSION
We also consider two methods which make use of the principle of confidence inter-
val inclusion; see Wellek (2010; sec. 3.1). This principle is equivalent to the intersection-

union test principle applied to equivalence null hypotheses; see Berger (1982). For



methods of this type, a (1 — 2a) 100% confidence interval (éL, éU) for 6 of is generated.
The nominal level « test based on the confidence interval inclusion principle then rejects
nonequivalence null in (1.1) if <é L éU> is contained in (6, 62), the region corresponding
to the equivalence alternative hypothesis in (1.1). We consider two confidence interval
methods and take v = 0.05 for the sake of concreteness.

1.3.1. Large Sample Confidence Interval. First the 90% classical marginal

likelihood-based confidence of the form
. ~N1-1/2
0+ 1.645 [I (9)} (1.7)

where marginal maximum likelihood estimates (MMLE) 0 is the maximizer of the
marginal likelihood for 6.

1.3.2. Pivotal Confidence Interval. We also consider a 90% pivotal confidence
interval where the pivotal quantity is the CDF of canonical sufficient statistic 7"in (1.2).
For a further discussion of the pivotal CDF see Berger and Casella (2002, sec. 9.2.3).
Here, we determine a confidence interval for 6 through the solution of the following

equations:
P (T <t éL> —095 and P <T <t éU) = 0.05. (1.8)

This confidence interval has exact coverage under the assumptions of that the family of
approximated CDFs {P (T < t;0)} is stochastically decreasing in 6 (Berger and Casella
2002, sec. 9.2.3). In practice, however, we use the saddlepoint approximation in (1.4)
in place of the true but intractable CDF P (T' < ¢;0). Pivotal CDF confidence intervals

often yield lengths and coverage probabilities that compare favorably with those from



basically any competing method; see Paige and Trindade (2008), and Paige, Trindade
and Fernando (2009).

1.4. MONTE CARLO STUDIES

In our simulation studies we took n = 10,20 and 30, let tolerable differences
€1 = 69 = ¢ = 0.1,0.2,0.3,0.4 and 0.5, and set 6;,.,., the true value of 8, to be #; =
1—¢corf#, =1+ e Note that in Table 1.1 040 = 1 — ¢ and 04y = 1 + ¢ are
represented as “—&” and “c”, respectively. For each combination of n, € and 6;,.,. values
we simulated 100,000 data sets from a gamma distribution with shape parameter ;..
and rate parameter A = 1. Note that this choice of A was completely general since all of
the equivalence testing methods we consider originate from Butler’s marginal likelihood
for 6, and its canonical sufficient statistic T'= Y In (x;/> z;) has a distribution which
is invariant under scalar transformations of the data. Table 1.1 presents the empirical
significance levels for the saddlepoint-approximated optimal UMPU (O) procedure; the
four Bayesian procedures, (1.5) with a flat prior (F1), (1.6) also with a flat prior (F2),
(1.5) with the Jeffreys’ prior (J1) and (1.6) using a Jeffreys’ prior (J2); the saddlepoint-
based CDF pivot method (CP) in (1.8) and the classical marginal likelihood method in
(1.7). Here, empirical significance levels for which the associated 95% Wald confidence
interval for proportions contains 0.05 are shown in bold.

We see that the saddlepoint-approximated optimal UMPU (O) procedure is re-
markably accurate in terms of significance level even for very small sample sizes. In fact,
it is only when n = 30 and very wide tolerable differences that any of the competing
methods are close to being unbiased. The poor performance of the confidence interval
methods is likely due to their wideness for small samples. The poor performance for
the Bayesian methods is probably due to the inability of the likelihood, with so little

data, to minimize the impact of the prior on the posterior.

1.5. CONCLUSIONS
We developed seven small sample equivalence tests for exponentiality from Butler’s

marginal likelihood for the shape parameter in a gamma distribution. We considered at



Table 1.1. Empirical significance levels of equivalence tests for exponentiality

Empirical significance levels for n = 10, 20 and 30
n| e | O [F1L[F2] Jl [ J2]CP|ML
10 | —0.1 { 4.99 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
10| 0.11]4.990.00|0.00| 0.00 | 0.00 | 0.00 | 0.00
10 | —0.2 { 5.09 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
10| 0.2 5.15 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
10 | —0.3 | 4.98 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
10| 0.31]4.96 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
10 | —0.4 | 5.05 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
10| 0.41{4.87|0.00|0.00 | 0.00 | 0.00 | 0.00 | 0.00
10 | —0.5 | 5.04 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
10| 0.5{5.01|0.00|0.00| 0.00 | 0.00 | 0.00 | 0.00

20 | —0.1 | 5.01 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
20| 0.1]5.04|0.00(0.00| 0.00|0.000.000.00
201 —0.2 1 4.93 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
20| 0.2]5.00|0.000.00| 0.00 | 0.000.00|0.00
20 | —0.3 | 5.14 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
20| 0.3]4.95|0.000.00 | 0.00 | 0.00 | 0.00 | 0.00
20| —0.4 | 4.97 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
20 041494 |0.000.00 | 0.00 | 0.00 | 0.00 | 0.00
20| —0.5 | 5.15 | 449 | 6.57 | 0.00 | 3.34 | 3.30 | 1.25
200 05484 1341239 0.00 392 | 390 | 3.43

30| —0.1 { 5.05 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
30 0.1]5.02|0.000.00 | 0.00 | 0.00 | 0.00 | 0.00
30| —0.2 | 5.01 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
30 0.2 ] 5.07 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
30| —0.3 [ 5.03 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
30 0.3 ]4.92|0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
30| —0.4 | 5.02 | 0.00 | 4.73 | 0.00 | 2.51 | 249 | 1.10
30 041494 |0.00|232] 0.00 | 3.08 | 3.06 | 2.44
30| —=0.5]5.13 | 8.05 | 8.07 | 492 | 495 | 4.92 | 3.10
30 0.5(1495|292]301] 475|493 |4.92 | 6.02

least one method from each of the three general small sample approaches for construct-
ing an equivalence test. The saddlepoint-approximated optimal UMPU procedure was
virtually unbiased in nearly all settings and is clearly superior to the six competing

methods.



2. OPTIMAL EQUIVALENCE TESTING FOR NORMAL POPULATIONS

Tukey (1991) succinctly makes a strong argument for equivalence testing: “It
is foolish to ask ‘are the effects of A and B different?” They are always different-
for some decimal place”. Wellek (2010, sec 1.2) makes the argument that optimal
equivalence tests are needed since equivalence testing requires much larger sample sizes
than “difference” testing which is much more common. We consider the practically
important problem of equivalence testing for two independent normal samples.

In general, optimal equivalence tests for the means of two homoskedastic normal
populations do not exist unless the common population variance is known; see Romano
(2005). If instead one considers standardized means then there exists a uniformly most
powerful invariant (UMPI) procedure, as described in Wellek (2010, sec. 6.1). Here the

non-equivalence null hypothesis is

Hy i1 <apyorp >y

with associated equivalence alternative hypothesis

Hy iy < <y

where 1 is the distributional parameter;

M1 — H2
w =
o
and, ¥, < 0 and 15 > 0 are constants which describe to within what tolerance will the
standardized means be considered equivalent.
We show in section 2.1 that if one considers the mean-to-variance ratio, with

distributional parameter

¢:/~01—/~02

)
0-2




then there does in fact exist a uniformly most powerful unbiased (UMPU) equivalence
testing procedure. This procedure involves UMPU testing theory for regular exponential
families and, as is often the case for tests of this type, is based upon the intractable
conditional distribution of one canonical sufficient statistic given the observed values of
the others. In section 2.2 we reproduce this conditional distribution to a high degree
of accuracy using Skovgaard’s saddlepoint approximation to the conditional cumulative
distribution function (CDF); see Butler (2007, sec. 5.4.5). The development of the
resulting saddlepoint-based equivalence testing procedure involves a non-unique interest
parameter preserving (IPP) reparametrization of the likelihood function. However,
we show in section 2.1 that the underlying conditional exponential family for ¢ is
invariant under the choice of IPP transformation and in section 2.2 we show that our
saddlepoint-based procedure is also invariant to the choice of IPP reparametrization.
We also develop six competing equivalence testing procedures for the mean-to-variance
ratio. The four Bayesian methods are discussed in section 2.3. Here we perform all
of the required integrations in closed-form up to a univariate integral which is easy to
approximate. We also establish the properness of our posterior distributions for the
two testing paradigms we consider and the improper flat and Jeffreys’ priors that we
assume. The two remaining procedures discussed in section 2.4 are based upon the
principle of confidence interval inclusion. Here the equivalence test is performed with
a (1 — 2a) 100% confidence interval for 1, where « is the nominal significance level for
the equivalence test. In section 2.5 we consider simulation studies which show that our
UMPU procedure outperforms all competing methods, for all simulation settings, by
exhibiting an empirical significance level which does not differ significantly from the

nominal 5% rate. Finally, we present concluding remarks in section ?77.

2.1. CHOICE OF EXPONENTIAL FAMILY
First we discuss the appropriate choice of exponential family structure for the

equivalence tests we develop. We assume that we collect two independent random
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samples from a N (u1,0%) population and a N (ug, 0?) population, respectively;
Yit, ..o, Yip, ~ iid N (p1,0%)

Yoi,..., Yo, ~iid N (u2,0°)

where i.i.d. is the abbreviation for “independent and identically distributed”. Recall

that the likelihood function for a univariate normal random variable W ~ N (u, 0?) is

L (M,UZ) X \/%exp{—%}

B 1 5 u?  Ino?
- P T TR T T

= exp {90w2 + 01w + ¢ (6, 91)}

where

2

1
0(90, 91) = 9—1 + = In (—290)

46, 2
and
o | [ -
0, L
The joint likelihood for the two independent normal random samples can be writ-
ten as
L (/,61, M2, 0'2) X exp {6051 + 9152 + 9253 + nyc (90, 91) + nec (90, ‘92)} (21)
where
to — 5ty S1 SUT YU
0=10, | = 4 and S=| 6, | = S
92 % S3 Z Y2
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are the canonical parameters of this likelihood and the associated canonical sufficient
statistics.

That leads to the following expression for the likelihood function:
L (00, 81, 82) oC exXp {QTS —+ nyc (907 91) —+ noyc (00, 02)} . (22)

We are, however, primarily interested in making inference about

Since this parameter is a linear function of #; and #, we can in fact rewrite our likelihood
function so that interest parameter 1) is a canonical parameter in the new likelihood
function with the resulting nuisance parameters denoted as A\; and As. In the process
we will implicitly define a new set of canonical sufficient statistics which we shall de-
note as 71,75 and T3. One possible reparametrization can be obtained by adding and
subtracting a 65 > 7; term in the likelihood function and then rearranging the resulting

terms to yield

L (Y, A1, Ag) o< exp {PT1 + MTo + ATs + ¢ (¥, A1, A2) } (2.3)
where
(0 -5 T — D
M| = | = and | Ty | = Syt + 0
A2 5 T3 Dyt 2y

and

c (1, A, A2) = nye (A1, A2) + nac (A, Ade — ).

Note that we shall henceforth refer to a reparametrization from original likelihood (2.2)

to a likelihood in which ¢ is a canonical parameter as a primary reparametrization.
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Furthermore, we can write likelihood (2.3) in matrix-vector form as

L (7y) < exp {WTT +c (’y)} (2.4)
where

(0 Ty
v=1 N and T=| T,
Ao T3

Optimal UMPU tests for ¢ depend upon the conditional distribution of canonical

sufficient statistic 77 given the observed values of statistics Ty and T3;

I (ti]te, ts, ) (2.5)

since it is known that this conditional distribution, which also has an exponential family
form, only depends upon interest parameter ; see Lehmann (1986, sec. 4.4).

Note however that the likelihood in (2.4) is but one of an uncountably infinite
number of likelihoods that can be gotten by reparametrizing the original likelihood
(2.2) so as to make 1 a canonical parameter. Butler (2007, sec. 5.1) provides a general
procedure for reparametrizing exponential family likelihoods. We use this procedure to
develop a characterization of all interest parameter (¢) preserving (IPP) reparametriza-
tions.

Here after a choice of an appropriately chosen nonsingular matrix B we have for

likelihood (2.4) that

7T =4"BB~'T = (B™)" (B™'T).
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To preserve interest parameter ¢ as a canonical parameter, this nonsingular B” matrix

must have the following form

1 00
B'=|4 b ¢

d e f

Note that the collection of all nonsingular matrices of this type;

1 00
M = a b c|:abecde feRandbf #ce
d e f

form a group under matrix multiplication. Also, the reparametrizations determined by
the elements of M shall henceforth be referred to as secondary or IPP reparametriza-
tions.

Note also that the reparametrized likelihood in (2.4) is obtained from the original

likelihood in (2.2) via a transformation determined by a nonsingular matrix A;
607S = ITAAT'S = (ATH)" (A'S)

where

01 —1
AT=110 o0
01 0

It follows that any reparametrization from original likelihood (2.2) to a likelihood
with a structure like (2.4) in which ¢ is a canonical parameter can be generated from

AT by an appropriate choice of BT matrix. To see this note that for any BT € M we
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have that
1 0 0 0o 1 -1 0 1 —1
a b c A B C | =] Ab+cD a+Bb+cE —a+Cb+ Fc
d e f D E F fD+ Ae d+ fE+ Be —d+ Ff+Ce

Conversely, suppose you have a general primary reparametrization of the form

0o 1 -1
Ag = Al Bl Cl
Dy E, Fy

then the answer to the question regarding existence a unique secondary reparametriza-

tion which generates this from primary reparametrization

01 —1
AT=110 0

01 O

is simply given as

0 1 -1 01 —1 10 0
B'=| 4, B ¢ 10 0 =| -0, A, B+,
D, B, F 01 0 _F, D, F +E

It turns out that, without lack of generality, we can restrict ourselves to the original
primary reparametrization from likelihoods (2.2) to (2.4) for the purpose of developing
optimal UMPU tests for . This is because the conditional exponential family for ),
which is conditional distribution of T} given observed values for T, and T3, is invariant
under the the group of secondary reparametrizations in M as stated in the following

theorem.
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Theorem 2.1. The conditional exponential family for 1 is invariant under the choice of
IPP transformations in matriz group M or equivalently the choice of canonical sufficient

statistics in a reparametrized likelihood for which v is a canonical parameter.

Please see the appendices for the proof.

Next we consider saddlepoint approximations for f (1|t2,t3;) and the associ-
ated conditional CDF F (¢;|ty, t3; %), and the application of the CDF approximation to

UMPU equivalence testing.

2.2. SADDLEPOINT-APPROXIMATED UMPU EQUIVALENCE TEST
From classical UMPU testing theory for regular exponential families (Lehmann,

1986, sec. 4.4) the size « test for hypotheses

Hy:y <y or ¥ >y versus H,:1; < <y (2.6)
rejects null hypothesis Hy and finds statistical evidence of equivalence if

c1 <t <co

where cut-offs c;and ¢, satisfy the following equations simultaneously

Plan<Ti <co|Th =t3, T3 =13, =91) =«
Pco <Th <co|To =t9, Ty = 13,9 =1y) =«

Note that (PDF) f (t1|t2,t3;¢) and CDF F (t|te, t3;%) are intractable and cannot be
evaluated in a closed form due to the intractable surface integral in the normalization
constant for f (t1|tg, t3;1).

The saddlepoint approximation to f(t1|ts, t3; 1) is given in Butler (2007, sec 5.4.2)

as

(A0 42|
i (930 @) A () | £ (% 4)

f(t1|t2,t3;¢) = (QW)*l/Z
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where 1, A; and )y are the maximum likelihood estimates (MLEs) for their respective
parameters, and A; (1) and A (1) are the conditional or constrained MLEs of \; and
Ay for fixed .

To numerically determine ¢; and ¢, we will use Skovgaard’s approximation to

conditional CDF F' (t;|te,t3;1)) described in Butler (2007, sec 5.4.5) as

F(tilta,ts;) = P(T1 < t|Ty = ta, Ty = t3,) (2.8)
1 1
- 2w o (1-1)

where

: 5 (A0
u=(b-v) |
‘]AA <¢, A (1), A (TP)) ‘
® () and ¢ (-) denote the PDF and CDF for a standard normal random variable, A =
[A1, A2o] and where sgn () denotes the sign function.
Next, we derive the likelihood quantities appearing in the above saddlepoint PDF

and CDF approximations. Recall the joint log-likelihood function for our setting;
L (Y, A1, M) o< exp {11 + MTy + AT3 4 ¢ (P, A, A2) }

To obtain MLEs @ZA), A1 and Ay we compute the score equations as follows

PLWMA) — L (my + 20T — Agiy)

oY
OL(b,A1,A2) nitng _ n2($=X2)’+niA3
O - T2 + 21 4>\%
0L M, A2)

OAz o QAT — hna + Aany + o)
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Next we set each equation to zero and solve for the MLES;

[ (

MJr7%>(711+712)

ni

>

2
Ty— (T1+475)2 _Tf

)
_(m+19)2 T
ni ng

T

ni+ng

2
(T1+73)% 7§
K r—ry

T1+T3
n1

(n14+n2)

ni ng -

Note that by the invariance property for MLEs we can easily obtain the above results

using the MLEs for original likelihood (2.1) ;

and

Next we need to derive conditional MLEs A; (¢) and A ().

~ —

S —3) + 3 (v — )’

Hr = Y
2 = Y2
52 =

o

52 T 52

!

262

fin

6-2

n1 + Na

These are obtained by

solving the following set of equations in A\; and Ay for fixed ¥:

OL(Y,A1,M\2)
2281

OL(Y,A1,A2)

02

The solutions are

A (¥)
A2 (¢)

ni )\%
422

ni

=15 — +on

na(Ae—1)? ma
422 + 2>\21 =0

=Ty + 7121)\)\12 + n2(la—9) _

21

—(n1+n2)?— \/(nl +na)* +4ninoth? [(m +n2)T —Tg]

nayp—271 ()13
ni+nz

4 [(nl +n2)T2 —T32]

Here again details are provided in the appendices.
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The Fisher information matrix and the partial information matrix for A\; and Ay

are given as follows;

[ L) 9PL(AN)  _ BPL($A))
92 DO DN
. 2 2 2
A\ — _O0PL(p A1 e) 0P L(p A1 )2) OPL(A1,)0)
3@, A1, A2) ENE By, DAL
_PLWALA) 2L A Ne) OPL( A1)
D20 DA20A1 X2
[ o _n2(de—v) ng
221 222 221
— _”20\2—’1)) _”1A§+”2(>\2—¢)2—>\1(n1+n2) _TL22/177“L1/\277“L2/\2
222 23 222
no _ n2Y—nida—nala __ni4ng
L 2); 222 21
[ PLwAe) LWL
. - ON2 - OX102
In@, A, Ae) = oY X
_ O LA A2) O2L(P A, A0)
A2 X2
[ _nl)\%+n2(>\2—¢)2—>\1(n1+n2) _ notp—nida—nadg
_ 2X3 2%
_ n2p—nida—nalds _ nitne
B 227 2

Theorem 2.2. The conditional saddlepoint approximations to PDF and CDF' are in-
variant under the choice of IPP transformations in matrixz group M or equivalently the
choice of canonical sufficient statistics in a reparametrized likelihood for which v is a

canonical parameter.

Please see the appendices for the proof. However due to the reparametrization in-
variance described in theorems 1 and 2, it suffices to simply work with the primary
reparametrization given in (2.4) for the purpose of developing saddlepoint-approximated
UMPU equivalence test for .

Wellek (2010, sec. 3.3) provides an algorithm for estimating cut-offs ¢; and cs.
However, we developed an alternative approach which we found easier to implement

with saddlepoint approximations. Recall that we need to determine c; and ¢y that
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satisfy following two equations simultaneously:

Fo(e2) = Fu(c)) = a (2.9)
Fy, () = Fy, (1) = a (2.10)

where

Fy, (1) = F (-[t2, t5;n)
and

Fyy () = F (-[tasts;09)

From the first equation we can solve for ¢y as

A

e = E)) [a + By, (cl)} . (2.11)
Plugging this solution into the second equation yields

Fy, {Fw_ll [a + Fy, (cl)} } — Fy, (¢1) = .
The solution to this equation can be recast as the root of the following function:

G (e1) = Py {1 o+ By (e)| } = P () = 0

To find the root of G (c;) we perform a grid search followed by the bisection method to
generate a G (c1) value of order 107%. We then determine ¢, from our estimate for ¢;

via equation (2.11).

2.3. BAYESIAN EQUIVALENCE TESTS
Wellek (2010; sec. 3.2) considers two types of nominal « level Bayesian equiva-

lence tests. The first type rejects the nonequivalence null in (2.6) when the posterior
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probability of the alternative hypothesis is sufficiently large

P < < oler,. o) > 10 (2.12)

The second type is known as the double one-sided Bayesian test and it rejects the

nonequivalence null when

P>z, ..,zp) > 1—a and P (¢ <iglay,...,z,) > 1—a. (2.13)

In our setting the sample data

[xl, e ,I‘n] = [yl,b . 73/1,11171/2,17 . 73/2,112] .

For each type of Bayesian test we considered two different prior distributions on
¥; a flat prior, m (¢, A1, A2) = 1, (Box and Tiao, 1973), and the objective Jeffreys’ prior
(Berger, 1985);

T (@D, )\1, )\2) = \/[d@t] (ZZ), )\1, )\2)]
= /[det j (1, A1, Aa)]

_ [ (ning + minj)
87

These improper prior distributions were chosen in hopes that they would have a

minimal impact on the posterior distribution. Moreover, it is shown in the appendix
that both yield proper posterior distributions provided that n; > 1 or ny > 1.

For notational convenience, in the integrals which follow, we will often use v, A and
x to denote [0, A1, Ao, [A1, A2] and [z1,. .., x,] respectively. The posterior distribution

of v is given as

f(wv)‘lv)‘%x) _ f(X|7/17)\17)\2>7T(¢7>\17>\2)
T [ w000 dy

~

f (¢> )\17 )‘2|X) =
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where

21
A + = (nl + 77,2) In (—2>\1) +

4)\1 2 4)\1

2
f(x]1, A1, Ag) o exp {WTT + ny (Ay — 1) } .

To make inference about v one needs to integrate out nuisance parameters A = [Ay, Ao

to obtain the posterior distribution in ¢ alone;

d\ = S (19, A0, A0) 7 (1, Ay, Ag) d

(2.14)
/f (XW, At >\2) ™ W» A1, )\2) dy
v

fwwzlﬂMMMm

The posterior probability in (2.12) is obtained by integrating posterior f(1|x) over the

alternative hypothesis region;

512 Sy f (x|, A, A2) 7 (10, A, Ao) dAdap
/f (%[0, A, A2) (0, A1, Aa) dy

2
P (1 <9 <thalx) = ; f(W]x) dip =

In a similar fashion, the posterior probability in (2.13) is obtained by integrating pos-

terior f(1|x) over lower and upper portions of the alternative hypothesis region;

> N AL A AL Ag) dAd
P> nlx) = [ f (o) dyp = S T O A A T Ra) dAd
. /f (XW> )\17)\2)77'(1/},)\1,)\2) d’y

P2
P2 fAf(XW}a)\l,)\Q)W(@D,/\l,)\z) d)\d@/)
Pl <thpx)= [ fl)dp="—

/}M%MMMwwah

2.3.1. Two-Sided Bayesian Equivalence Procedure. For this procedure we

need to compute

v v ALy A A Ag) dA
Py < <tholx)= [ f(]x)dp =" oS (Klwo; M, o) (1, M, Ag) dAdY
. /f (x|1), A1, A2) T (1, A1, Aa) dy

. (2.15)
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It is shown in the appendices that under a flat prior this posterior probability is

oo/\%wexp “\ (41 — N2V (P, — Py) dN
P(¢1<¢<¢2’X)=fo - { 1F(<nll+nﬁz) ) sy} (P2 — 1) dNy

ni+no+4
2

{(n1+n272)s§}

and under a Jeffreys’ prior it is

A\ Mtna? A 41y —2) 2V (By — D) dN
P<w1<w<w21x>:f° : e { IE?M; ) sy} (P2 — @1)dNy

- ) nl-gnQ
{(nl—i—ng 2)sp}

where sf, is the pooled sample variance,

21 (n1 T14+n2Th +n2T3)
Y +

CI)l - @ mn2
_ 2M(na+n2)
nine

and

2X1 (n1T1+n2T1+n2T3)
Py +

By = B ynp
_ 2XM1(na4n2)
ning

For both cases, the single integral in the numerator is easily approximated numerically.
2.3.2. Double One-Sided Bayesian Equivalence Procedure. The two new

integrals we need to evaluate here are

/ /}\f (X|@Z’a>\17>\2)7r(¢,)\1,)\2) d)\ld)\gd'l,b (216)

and

2
/ / £ (It At o) 7 (8, A Ao) dAgdadlis (2.17)
—0co0 J A
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It is shown in the appendices that under a flat prior these pairs of posterior probabilities

are
nyi+ng+2
foo )\1 2 exp {—)\1 (77/1 + ngo — 2) 82} (I)Qd)\l
P(w < w2|X) = =0 F(n1+;2+4) =
ni+no+4
{(n1+n2—2)sg} 2
and
fooo )\1 n1+22+2 exp {—)\1 (n1 + ng — 2) 812)} (]_ - CI)1> d)\l
P(w > ’QD1|X) = F(n1+n2+4) .
{(n1+n2 2)s }n1+"2+4

Also, it is shown that for a Jeffreys’ prior this pair is

00 n +n2—2
I = exp { =1 (ny +ny —2) 21 Dod)y
P(¢ < ¢2|X) = . { F(n1+n2) p}

{(n1+n2_2)82} ni+ng

and

ni+ng—2
> )\1 2 exp —)\1 (n1 —+ ng — 2) 82 (1 — @1) d)\l
P () > ]x) = J { ey . '

ni +n2

{ ni1+no— 2)52}

2.4. PRINCIPLE OF CONFIDENCE INTERVAL INCLUSION

We also consider two methods which apply the principle of confidence interval
inclusion; see Wellek (2010, sec. 3.1). The confidence interval inclusion methods we
consider are equivalent to methods based upon the application of intersection-union
tests to an equivalence null hypothesis; Berger (1982). For methods of this type, a
(1 — 2a) 100% confidence interval (@L, @U) for v of is generated. The procedures reject
the nonequivalence null in (2.6) if confidence interval (1&,;, 1/}U) is contained in (¢, ¥s);
the region corresponding to the equivalence alternative hypothesis in (2.6). We consider
two confidence interval methods which condition upon the observed values of canonical

sufficient statistics 75 and T3.
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2.4.1. Conditionally Studentized Confidence Interval. The approximate

asymptotic variance of 1& given the observed values for Ty and T3 is

Vary, (1/3)

as described in Butler (2007, sec. 5.4.5). The conditionally studentized statistic for

(A @) Rew)]
i (k) A )]

has an asymptotic standard normal distribution under null hypothesis Hy : ¢ = 1y and

is given as

b — o

Loy = .
" e (9)

0

Note that the invariance of this statistic under the choice of interest parameter preserv-
ing transformations in matrix group M is shown in the appendix as part of the proof
for Theorem 2.

For the test of Hy : ¢ =1y we fail to reject the null hypothesis at 2« significance
if

| Zpo| < 21224

where z1_5, denotes (1 — 2a)th quantile of the standard normal distribution. An associ-
ated (1 — 2a) 100% confidence interval can be generated from conditionally studentized

statistic Zy, by simultaneously solving the following equations:

Z"Z)U = —Z1-2a

ZQZJL = Z1-2a-

A grid search followed by the bisection method is used to solve these equations to an

error of 1076,
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2.4.2. Pivotal Confidence Interval. We also consider a (1 — 2a) 100% pivotal
confidence interval where the pivotal quantity is the conditional CDF of canonical suf-
ficient statistic T} given the observed values of T, and T5. For a further discussion of
the pivotal CDF method see Berger and Casella (2002, sec. 9.2.3). Here, we determine

a confidence interval for v through the solution of the following equations:

F(tl‘tg,tg;wL) = 11—« (218)

F(ti|ta, ts;90) = «

This confidence interval has exact coverage under the assumption that the family of
CDFs {F (t1|ts,t3;)} is stochastically decreasing in ¢ (Berger and Casella 2002, sec.
9.2.3). In practice, however, we use Skovgaard’s saddlepoint approximation in place in-
tractable CDF F (t1|to, t3;1). Pivotal CDF confidence intervals often yield lengths and
coverage probabilities that compare favorably with those from basically any competing

method; see Paige and Trindade (2008) and Paige, Trindade and Fernando (2009).

2.5. MONTE CARLO STUDIES
In our simulation studies we assume that o2 = 1 and took our common sample
size to be n = 10,20 and 30. Here we assumed that Y7 has zero mean and Y5 has mean

—e for

£=0.1,02,...,1.

This results in 1 values of

v =0.1,02,...,1.

Furthermore, we set 11 = —e and 1y = ¢ so that the true value of ¢ is on the rightmost
boundary of the null hypothesis. For each combination of n and e values we simu-

lated 100,000 data sets. Table 2.1 presents the empirical significance levels for the (i)
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saddlepoint-approximated optimal UMPU (O) procedure; (ii) the four Bayesian proce-
dures: the two-sided procedure with a flat prior (Fy) and Jeffreys’ prior (J;), and the
double one-sided procedure with a flat prior (Fg) and Jeffreys’ prior (Jo) and (iii) the
saddlepoint-based CDF pivotal confidence interval method (C.I.;) and the confidence
interval generated from the conditionally studentized statistic for ¢ (C.I.5). Here, the
empirical significance levels for which the associated 95% Wald confidence interval con-
tains nominal rate 0.05 are shown in bold.

We see that the saddlepoint-approximated optimal UMPU (O) procedure is re-
markably accurate in terms of significance level even for very small sample sizes. In fact,
it is only when n = 30 and very wide tolerable differences ¢ that any of the competing
methods are even close to being unbiased. The poor performance of the confidence in-
terval methods is likely due to their wideness for small samples. The poor performance
for the Bayesian methods is probably due to the inability of the likelihood, with little

data, to dominate the prior distribution.

2.6. CONCLUSIONS
We developed seven small sample equivalence tests from two independent normal

samples for distributional parameter

Y= (m —Mz)/Uz-

We considered at least one method from each of the three general small sample ap-
proaches for constructing an equivalence test. The saddlepoint-approximated optimal
UMPU procedure was virtually unbiased in nearly all settings and is clearly superior

to the other six methods.



Table 2.1. Empirical significance levels of equivalence tests for normal data

Empirical significance levels for n = 10,20 and 30
n ‘ g ‘ O ‘ Fl ‘ Jl ‘ F2 ‘ JQ ‘ CIl ‘ CIQ
10 | 0.1 | 5.125 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
10 1 0.2 | 4.929 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
10 | 0.3 | 4.945 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
10 | 0.4 | 5.042 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
10 | 0.5 | 5.047 | 0.000 | 0.000 | 0.000 | 0.001 | 0.001 | 0.000
10| 0.6 | 4.973 | 0.000 | 0.008 | 0.017 | 0.150 | 0.170 | 0.023
10 1 0.7 | 4.985 | 0.018 | 0.195 | 0.265 | 0.962 | 1.064 | 0.236
10 | 0.8 | 4.908 | 0.288 | 1.102 | 0.973 | 2.354 | 2.569 | 0.854
10 1 0.9 | 4.906 | 0.898 | 2.420 | 1.770 | 3.403 | 3.769 | 1.447
10 | 1.0 | 4.915 | 1.674 | 3.449 | 2.256 | 3.963 | 4.425 | 1.835

201 0.1 | 5.193 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
201 0.2 ] 4.988 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
201 0.3 | 4.989 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
201 0.4 ]4.921 | 0.000 | 0.000 | 0.000 | 0.010 | 0.008 | 0.019
201 0.5 ] 5.068 | 0.014 | 0.061 | 0.334 | 0.772 | 0.819 | 1.074
201 0.6 | 4953 | 0.659 | 1.431 | 1.977 | 3.061 | 3.191 | 3.308
201 0.7 | 5.060 | 2.449 | 3.721 | 3.159 | 4.413 | 4.655 | 4.015
20 1 0.8 | 4.999 | 3.226 | 4.554 | 3.350 | 4.649 | 4.950 | 3.866
20109 | 4.975 | 3.180 | 4.570 | 3.205 | 4.583 | 4.973 | 3.497
201 1.0 | 4.969 | 2991 | 4.472 | 2.993 | 4.474 | 4.969 | 3.016

30| 0.1]5.036 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
301 0.2]5.035 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
30| 0.3 ]4.962 | 0.003 | 0.000 | 0.000 | 0.002 | 0.000 | 0.000
301044964 | 0.002 | 0.007 | 0.181 | 0.377 | 0.390 | 1.231
301 0.5]4.913 | 0.939 | 1.626 | 2.568 | 3.317 | 3.421 | 4.365
30 1 0.6 | 4.959 | 3.304 | 4.257 | 3.676 | 4.589 | 4.777 | 4.970
30 1 0.7 | 4977 | 3.661 | 4.676 | 3.690 | 4.693 | 4.970 | 4.694
30 1 0.8 |4.990 | 3.518 | 4.651 | 3.519 | 4.652 | 4.990 | 4.343
30 10.9|5.024 | 3.356 | 4.608 | 3.356 | 4.608 | 5.024 | 3.939
30 | 1.0 | 5.056 | 3.233 | 4.582 | 3.233 | 4.582 | 5.056 | 3.567




APPENDIX A

PROPERNESS OF POSTERIOR DISTRIBUTIONS FROM SECTION 1
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In this section we establish that the posterior distribution for # is proper for both
the flat prior and the objective Jeffreys’ prior. For the flat prior, integrability of the
posterior from zero to a finite positive constant, call it ¢, is guaranteed since marginal
likelihood (1.7) is bounded and continuous in . To establish integrability from ¢ to
infinity we need to consider the tail behavior of the posterior. Note that by Gauss’s

multiplication formula we have that

n—1
FUW)Z(%ﬂaL“Mﬂ“QIIF<H+E)
n

k=0

and by equation 6.1.47 of Abramowitz and Stegun (1972)

I'(z+a)
[(x)

NIQ

«

for a > 0 where “~” denotes asymptotic equivalence meaning that for large enough =

the function on the left is essentially the same as the function on the right. As a result,

for n > 1,
T (nf) Lon) o1 T 0k
—— ~ (2m)2 n"z| |0
ro) 1

NI

o2~

NG

= (2m)2( 7 -
and the posterior is proportional to

exp{(6 —1)T +InT (nf) — nInT ()} ~n™ 262" 3 exp {(§ — 1) T}

Q%n—%e—% Inn—>"1In zi€9[nlnn+z In z;]

where z; = z; (Zazi)fl for i = 1,...,n. The well-known inequality of arithmetic and
geometric means (Abramowitz and Stegun, 1972, eqn. 3.2.1) states that the mean of

nonnegative real numbers is less than or equal to their arithmetic mean (with equality
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when all of the numbers are equal). Therefore, with probability one

21+ 20+ ....2p .

1
"Lzl...zn e
n n

which implies that

Zlnzi < —nlnn

and, as a result, the posterior asymptotically equivalent to a finite constant times a
gamma density and as such is integrable.

For the Jeffreys’ prior posterior integrability from a positive constant ¢ to infinity
follows from the fact that Jeffreys’ prior approaches zero as # — oo and posterior
integrability with a flat prior that was proven above. Posterior integrability from zero
to a finite constant, however, needs to be investigated since the trigamma function
approaches infinity as § — 0.

Differentiation of Gauss’s multiplication formula yields equation 6.4.8 of Abramowitz

and Stegun (1972);
n—1 k
Y () =n"2) ¢ <9 + —)
k=0 "
and, as a result, the following identity:
n—1 k
n (0) = 026 (1) = (n— 1) (0) = >4 (e+—) |
k=1

From equation 6.4.10 of Abramowitz and Stegun (1972) we have that

, =1 I = 1
¢(8):Z(e+¢)2:ﬁ+2(9+¢>2

i=0 i=1
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and
4 24y n :l n — 2 n — S #_n_l ! E
Vol (8) = w0 ) = 5, | 1>+9{< DY G o (9+n)}-

The reciprocal gamma function is an entire function (Abramowitz and Stegun, 1972,

ch. 6) with the following Taylor series expansion around zero

1 2 2
F(>_9+79+ =0+ o0 (6%)

where v ~ 0.5772 is Euler’s constant. From this we obtain

k=1

n—1
1 k
= 0" (2m)2 W o2 T (0 + —) + 0 (0?
g ) +o(?)

and it is now easily verified that the posterior converges to zero as # — 0 and is therefore

integrable from zero to infinity.



APPENDIX B

PROOFS AND DERIVATIONS FOR SECTION 2
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B.1. Proof of Theorem 2.1. A transformation B” in matrix group M equates

to the following changes in canonical parameters and sufficient statistics:

(0 (0
5/ = BT/Y = CH/) + DA + ¢y = :\1
di + edr + o o

with associated canonical sufficient statistics

Ty —Tyee=td + oo (af — cd)

ce—bf ce—bf
= i -
T=B"T= T3cefbf - fce—2bf
c—2— — p1a

ce—bf ce—bf

The associated likelihood function is

L(¥) o exp {wﬂ + MTh + MTs+c <1p, A, :\2>}

= exp {&TT Yo (B’Tﬁ)} .

The optimal UMPU test for ¢ depends upon the following conditional distribution:

f(tilt2, 15, 0) .
Therefore we need to show that

f(Eulta, ts,00) = f (ti]ta, t5, ).
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First note that

[ (tilta, tsp) = exp{vty — c(Plta, t3) — d (1,12, t3)}

ni+ng

= (2m) 5 exp (vt — ¢ (W2, 1)}
(mgm2) exp (Yty)
exp {c (¢Y[ta, 3)}

ni+ng

(2m) (75 exp ()
(ZW)_(W%) exp (¥tq) dt;

= (2m)

f{tls(tl,tz,t:s)es}

where S is the joint support of (¢, ts,%3).
Note that

i = —Zyz
ty = Zﬁ*‘Zyg
l3 = Z%%—Z%-

Since the joint support S of (¢1,ts, t3) is a complicated surface in R? it appears that the
surface integral in (B.1) cannot be evaluated in closed-form.
Consider a reparametrization from matrix group M as determined by transforma-

tion matrix B. We can then reparametrize the joint likelihood function as

exp {VTT +c (7)} X exp {'yTBBflT+c (7)}
= exp {(BTv)T (B7'T) +c (7)}

= exp{FT+c(B7)]

where

Py: )\1 7T: tz ,':).'/:BT")/: )\1 5 andT:B_lT: £2
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The regular exponential family form for the density is

T

f<£1,7?2,t~3;¢,5\1,5\2> = eXp +¢t~1+0<1/),5\1,5\2>

/\2 t~3
Then the conditional distribution of Tl given Tg =ty and Tg = {5 can be expressed as

f (51|T2 =1y, T3 = t5; z/1> = exp {wfl +c (¢, A1, 5\2>}
exp (gbfl)
exp {c (w, AL 5\2) }
_ exp (¢t~1)
(i )esy o (V1)

Therefore it suffices to show that

exp (1/151) _ exp (¢tq)
f{£1:<£1,£2,£3>€,§} exp (¢t1> dtl f{tl : (t1,t2,t3)ES} exXp <¢t1> dtl

Recall that

t=B 't
so that
t~1 = B_lt

(1)

where B(_S denotes the first row of B~1.

Then the left-hand side of (B.2) can be written as

exp (v11) ) exp (vBG)
Jniesy o0 WB) oy gy o0 (VB dBG

Y]
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Now consider the change variable for the right side of (B.2) in which we replace ¢ with
Bt;

exp <¢B(—1§t> exp (wB(—lgBt)

-1 —-1 - -1 -1 )
f{B(St : B—lteB—ls} exp <¢B(1)t> dB(l)t f{Bal)Bt : B—1Bt€B—1BS} exp <¢B(1)Bt> dB(l)Bt

But note that
BB = [ 100 ]

so then

-1
exp (@Z)B(l)Bt) B exp (Vt1)
B} O (¢B(—1§Bt> dB'Bt it (s X0 (W) dty

f{B(’SBt . B-1BtcB-

B.2. Derivation of Conditional MLEs. Setting the score equations equal to

zero, we have

OL(Y,A1,02) _niA3 ny_ na(he—1)? ny
oM =T a2 T2 42 T T 0
0L A1,h2) nide | n2(Ae—v) _
2 =15+ 2X1 + 2 =0

which yields

4T2/\% — nl)\g + 2n1)\1 — Ny ()\2 - 77[))2 + 2712/\1 =0
2T3)\1 + nl)\g + Ny ()\2 — w) =0.

From the second equation, we obtain

notp — 213\

n1+ ng

Plugging this expression into the first equation and simplifying yields

4 (m + TLQ) [(nl + TLQ) T2 — T32] )\? +2 (m + n2)3 )\1 — n1n2¢2 (n1 + HQ) = 0.



Solving for A\; we obtain two possible solutions

. —(n1 + n2)2 + \/(nl + n2)4 + 4Aningtp? [(ng + ng) Ty — T2

A -
() 4[(n1 +n2) Tz — T7]
It is easy to show that

(1 +ng)To —T5 >0

if ngy > 1orny > 1.

Since

then the \; (1) is the negative solution given in (B.4);

~ — (m + n2)2 — \/(m + 7’Lg)4 + 4TL1TL21/J2 [(m + 712) Tg — T32]

)\1 (m) = 4 [(m + ng) Tg - T32]

Plugging this solution into (B.3) yields

o . HQ@ZJ — 25\1 (’QD) T3
A (V) = n1 + Ng '
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(B.4)

B.3. Proof of Theorem 2.2. Consider the likelihood function obtained by

applying a transformation B” in matrix group M to primary reparametrization (2.4)

L(y) o< exp l/JTl +MT + M5+ ¢ (1/17 5\1, 5\2)}

{
= exp {'?TT +c (B_Tﬁ)}
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where
Tl B T3 Z: II)]? + ce— bf (af o Cd) Tl
= im B .
T=B"T= 3ce— bf fce bf o T2
C 12 _ b 1 Tg

ce—bf ce—bf

The associated log-likelihood is

() o o+ AT+ ATy +c (v, A, o) (B.5)

= AT +¢(B779).
The log-likelihood for primary reparametrization in (2.4) is
C(y) xy"T+¢(v).
The score equations for this log-likelihood are
T+Ve(y)=0

where V is the gradient symbol which represents the first partial derivative of ¢ (-) w.r.t.

each element in 7. MLE # is the solution to above score equation which means that
T+Ve(§) =0.

The derivative of £ (%) w.r.t. 4 can be expressed in the following way:
T+B 'Ve(B75) =B 'T+B'Ve(B75) =B~ [T+Vc(B™'3)]  (B.6)

using matrix derivative formulas from Harville (2000, sec.15.7).

Let % denote the MLE of 7, then

B! [T+vc (B‘T§)} —0.



Since
T+Ve(d) =0
then it follows that
7=B"3
and

7=B"4
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due the uniqueness of MLEs in canonical exponential families. Note also that this result

is to be expected due to the invariance of MLEs. A similar argument shows that the

conditional MLEs follow the same idea, that is

X () .
~ =By | M (¥)

where B(T2) denotes the last two rows of BT.

Next we consider the likelihood quantities in Skovgaard’s CDF approximation

(2.8) and show that they are invariant under the interesting parameter 1) preserving

reparametrizations induced by transformations in matrix group M. Note that this result

will also establish invariance for the saddlepoint conditional PDF approximation (2.7) as

well since it depends upon the same likelihood quantities as Skovgaard’s approximation.

First we consider likelihood ratio

£ (A @), de (1)
£ (A k)
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which appears in the expression for the w parameter in (2.8) . We first show that the

maximized likelihood is invariant under reparametrizations in M. To see this note that

L <:~y\) X exp {%T'i‘ +c (B’T;y\) }
— exp{(B"3)" T+e(B'B"9) }
= exp {7 T+c(H)}

= L(9).

The profile likelihood has similar invariance properties;

~

(@M @) 2 @) « ep{s T+e(B75))
= exp{(B"5,) T+c(BTB'5,) }
= exp {3, T +c(%)}

= £ (05 @), @)

where é; and 4, are augmented MLE vectors defined as

P (&
=1 @) | and F,= | A (@)
X2 (¥) A2 ()

Next consider the invariance of the ratio of determinants for the full and partial

Fisher information matrices;

i (304
i (4 @), e (1)

which appears in the expression for the u parameter in (2.8).
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Recall from (B.6) that derivative of £ (¥) w.r.t. 7 can be expressed in the following

way:

o (3 : s
g—?):B [T+Ve(B9)].

Therefore, again using results from Harville (2000, sec.15.7), we have that the Hessian

matrix for ¢ (%) is given as

20 o
W:BI[HC(B T’Y)]BT

where Hc () is the Hessian matrix for ¢ () and is given as

0L (v)
He(y) = Do
Therefore
PLF) a0 (A) nor
T T i

and
i (02 %) =B (0,0, 2) B

To consider partial information matrix for A= [5\1, 5\2] we first partition the full infor-

mation matrix for v in the following way:

jiﬁlﬁ (1/]7 )\17 )\2> jlﬂ/\ (¢7 )\17 >\2)
I (0, A1, 02) G (0, A1, Ag)

j(¢,)\1,)\2) =

where

0L (3, A1, Ao)

]"lﬂfl (¢7 >‘17 >‘2) - - a¢2 )
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. ) ,
Jor (0w, 3a) = [ OB e |
and
jAw W; )\17 )\2> = ]g)\ (w, )\17 )\2) .
Note that

j(d&&j\z) = Bflj(waAh)\z)B*T

Joa (¥, A1, A2) I Oix2
j)\)\ (¢7>\1>)\2) Agxl ngQ

where

Jup <¢, A1, 5\2) = Gy (U, A1y A2)+HAng (0, A1, Aa) 4 (0, A1, o) AT+AG (¥, Mg, Ag) AT

Ty (% A, )\2> = [un (10, A1, A2) 4+ Ajan (10, A1, A2)] C7,
.]5\1/; (wu 5‘17 5‘2) - ]ZS\ <¢7 5‘17 5‘2)
and

J55 (7%5\175\2) = Cjan (¥, A1, A2) CT.

Consider now the following ratio of determinants of the full and partial Fisher informa-

tion matrices for a secondary reparametrization;

7 (A, %)
‘jx; (?/), A, 5\2> ‘




43

Recall that

J <¢,5\1,5\2> =B (¥, A1, A0) BT
so then

(430, 3%)| = 17 (A1, Ao B2
Also

J3x (7?7;\17;\2> = Cjm (¥, A1, Ag) CT
which means that

s (%0, 32) | = Liaa (9, M1, 2a)] (€.
However note that

Bl=|C|"

so then it follows that

(oA )| )
in (030 %) P (0 )1

This result has a number of ramifications including the reparametrization invariance
of the u parameter in Skovgaard’s CDF approximation (2.8) and the invariance of the
approximate asymptotic conditional variance of 1& given that T, = t5 and T3 = t3 which

is given in Butler(2007, sec. 5.4.5) as

i (4 ()2 )]
5 (A (), A )]
= Juw (¥ A1, X2) = o (8, An, A2) Gy (9 A A2) s (¥, A1, A2) ] 5 ) s

1
Jyprpor
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This asymptotic conditional variance is used to define the conditionally studentized
statistic for ¢ in section 2.4.

OJ

B.4.1. Two-Sided Bayesian Equivalence Procedure: Flat Prior. With a
flat improper prior 7 (1, A1, A\2) = 1 we are able to evaluate most of our integrals in

closed-form. The denominator of (2.15) is given as

00 o) 0
B A ) dy = A Ag) dAydAad B.7
/j(ﬂ 1, A2) dy /_w/_m/_oof(xw 1, A2) dA1dAodyp (B.7)

where

A2 fng(Ag—u)2
(X|w )\1 )\2) o 61/1T1+/\1T2+>\2T3+w+%(n1+n2)ln(*2)\1)
) ) .

One can integrate this function in closed-form over ¥ and A, since the associated inte-
grands are proportional to a normal density.
First we integrate with respect to (w.r.t.) As. Separating out the portions of

f (x]1), A1, A2) which do not depend upon As yields

2
/ / 2)\1 e exp {¢T1 + M1, + Tif;i } Iy, (¥) dypd X,

where

o ny+n
I, () _/ eXp{ e <T —%) AQ}dAQ

—00

is the inner integral w.r.t. A\s. Applying the well-known Gaussian integral identity, i.e.

00 b2
/ exp{—axZ—Hm}dx—\/Eexp{—} for a > 0,
oo a 4a
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to Iy, (v) yields the following closed-form expression:

2
Yna
—47\ —A (15— 55
I)\2 (1/}) = . exp < 1>

n1 + N9 ni + ng

This leads to the following integral in ¢ and Ay;

2
Yna
0 poo ning [ —drA ngy? M <T3 - W)
—2A 2 T, + MT: — dipdA,.
/_oo/_oo( ! n1+nzexp Yh+ a4 4\ ny + ngy vih

Separating out the portions of the above integrand which do not depend upon v yields

0 . 4 T2
/ (—=2A1) R o eXp{)\lTQ B n)\l 3 }]w (A1) d\y

NS ny + No 1+ N9

where the inner integral w.r.t. 1 is given as

> ning 2 noTs
I, (\) = _ T, di.
¢’( 1) /ooexp{4>\1(n1+n2)¢ +( 1+n1+n2)¢} ¢

Applying the Gaussian integral identity to the above inner integral results in the fol-

lowing closed-form expression:

Iy (M) = \/—47r)\1 (1 + 1) exp {M <T1 . noT; ) } '

ning n1M2 ni + ng

After some simplification we are left with a single integral only in \;. Since its integrand

is proportional to a gamma density after a change of variable it can be evaluated in

closed-form. With the substitution z = —\; this integral is proportional to
0 S 2 2 2 _
/ (_)\1) 1+22+2 exp {_)\1 (Tl ni + Tl Ng + T3 N9 + 2T1T3n2 T2n1n2> } d)\l
— 00 nino
= / 2 e Py
0
I'(a)
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where
kst
2
and
g Tina+ Tina & Ting + 211 Tym — Tomana.

ning

Note in the above integration we assumed that S > 0 which is in fact always the case

in practice (provided that n; > 1 or ny > 1). To see this recall that

Ty —ZQQ
L | =] Xvi+>y
T; Sy + >y

It follows that

. _T12n1 —+ Tan —+ T32n2 —+ 2T1T3n2 — T2n1n2

ning

= Z (= )° + Z (42 — 52)°

= (n1 + ng — 2) 812).

where sf, is the pooled sample variance. Therefore the flat improper prior yields a proper
posterior distribution provided that n; > 1 or ny > 1.
In summary the denominator of posterior distribution (B.7) is given in closed-form

as

nitng 47 r mtngtd
/f <X|'l/), )\17 )\2) d7 = 2 2 ( 2 )n1+n2+4 *
Y V1T {(m + ng — 2) 512)} 2

The numerator of (2.15) is given as

o) o o] 0
/ / F ([t s, D) dAd — / / F (<t A, Do) s dhod).
1 A Y1 —o00 J —c0
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We first integrate w.r.t. A in closed-form as before separating out the portions of the

resulting integrand which do not depend upon v yields

0 nying [ —4m)\ MT?
/ (=2\1) 2 ! exp{)\ng— L3 }Iw (A1) dAq.

—o ny + N9 n1 + No

where the inner integral w.r.t. 1 is given as

2 nin Nl
I, (\) = L N 273 di.
v (A1) /¢ eXP{4>\1(n1+n2)1/1 +(1+n1+n2 o dy

1

The integrand in the inner integral is proportional to a normal density in ¢ and

as such can be evaluated in closed-form. Recall that for X ~ N (i, 0?)

I — (& —p)’
P(r; <X <) = / exp{ ————— pdx

202
(50
o o

where @ (-) is the CDF for the standard normal density. As a result

T2 1 2 _ _
/ exp{——2x2+%x} dxr = V/2mo exp (,u_2> {CID (xQ ,u> —@(xl N)}
- 20 o 20 o o

To evaluate inner integral

2 nin Nl
I, (\) = 2 2T 273 di.
v () /wl exp{4>\1(”1+n2)w +(1+n1+n2 ] dv

we set-up the following correspondences:

ninq 1

4)\1 (n1 + n2) 202

and




which yields

2 —2)\1 (m + n2>
niny

o

and

—2A T
p= 1 (n1 +n2) (T1+ Nnol3 )
NN ny + No
—2>\1 (TllTl + n2T1 + nng)
ning ‘

Therefore, we have that

V2 niMsy 5 naT3
_ T d
/1 eXp{4)\1(n1+n2)w +< 1+n1+n2) w} ¢

1 |:2>\1(n1T1+n2T1+n2T3)i|2
_ \/— TA (n1 + n2) exp ning ((1)2 B (I)l)

n1n2 _4)\1 (n1+n2)
ning

where

by + 2X1 (n1T1+n2Ti+n2T3)
P, = b =

. 21 (n1 +n2)
ning
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and
w + 2M1 (n1T1+noT14+n2T3)
Oy =P Ll
21 (n1+n2)
ning
Simplifying this expression and doing a sequence of change of variables z = —\; and

then \; = z yields :

/11&2/ / f x|z AL, Ag) dAydAody

n1 +nog ni+no+2

2 exp{ A1 (ng +ng —2) p} (g —

= 2

A/ 112 !
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Thus the two-sided posterior probability under the flat prior is

oo)\%wexp N (ng + 19 —2) 82V (B, — Pq) dN
P(¢1<w<wgyx):fo 1 { 1F((n11+nﬁz) )p}(z 1) L

ni+no+4
2

{(n1+n272)sg}

B.4.2. Two-Sided Bayesian Equivalence Procedure: Jeffreys’ Prior. As
before we first consider the denominator in (2.15). Since Jeffereys’ prior is flat in ¢ and
A9 integration over these parameters is performed in closed-form like in the previous
section. Recall the final univariate integral in A; to calculate the denominator for (2.15)

using a flat prior;

ni+ng 47 0 nitno+2

AL, ) dy =272 —A 2 —A —2) 2 d)\.
/vf(xhﬂa 1 2) Y 2 \/m _OO( 1) eXp{ 1(”1_'_”2 )Sp} 1

For the Jeffreys’ prior computation we need to simply perform a sequence of change
of variables z = —)\; and then A\; = z and then multiply the resulting integrand by

Jeffereys’ prior

n’ng + nin3
w(¢,A1,A2)=\/—( T 2),
1

The resulting integral is proportional to the integral of a gamma density and may be

evaluated in closed-form to yield

ni+no+1 F (%)
f x|, A, ) dy=2""2""\/ny +nem T
v {(TL1+TL2—2)S%} 2
Here we assumed that the gamma scale parameter as in (B.8) is positive. Hence
the Jeffrey’s prior also yields a proper posterior distribution when n; > 1 or ny > 1.
With regards to the numerator recall the final univariate integral in A\; to calculate

the numerator for (2.15) using a flat prior;

ni+no+2

P2 oo
/ /f (x[1), A1, Ag) dAdi) o / A1T 2 exp {—>\1 (n1+ny —2) 5129} (Py — ®y) dy.
1 A

0
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Multiplication of the above integrand by Jeffereys’ prior results in the following numer-

ator expression

Y2
/ /f(XIw,Al,Az)w(z/z,Al,Az) d\dy)

n1+n2+1

nq n2 2
\/n1+n27r/ M exp {= A1 (m1 4 g — 2) 52} (@5 — By) dAy.

In summary the posterior probability of the alternative hypothesis under Jeffereys’

prior is

N\ g2 exp{ =\ (ng +ng —2) 2} (&y — &) d)\y
P(@Z)l < ¢ < ¢2|X) = fO { F(”l‘;r@) 7’} ’

{(n1+n2_2)sg} ni+ng

B.4.3. Double One-Sided Bayesian Equivalence Procedure: Flat Prior.
To evaluate integrals (2.16) and (2.17) we can first integrate w.r.t. Ag, as in the two-

sided Bayesian equivalence calculations to yield

00 0 nitng —47 )\ _ M7y
/ / F (X A, Aa) dhaddodtp — / (can)™5 [N R )
1 JA —o0 ny + ng

with inner integral

i T
It _ ning 2 T Nal3 d
v (M) /1 eXp{4>\1(n1+n2)w + 1+n1+n2 vy

and

2 0 nitng —4 7T2
/ /f (x[1h, A1, A2) dArdAadyp :/ (—270) " \/ M Nl 5 (M) dhy
—oco0 J A —00 ny + N

with inner integral

2 nimn noT:
2 _ 1M2 9 T ol3 ‘
» (A1) /OoeXp {—4/\1 (nl+n2)¢ +( 1+n1+n2 Y| dy




o1

Applying the Gaussian identity to the inner integrals yields

¢ 72

2)\ ) 221 (1 T14n2T1+n2T3)
/o 1 (N1 +ne I niny |
\/ ning P _ A (natna) e
ning
\ /
(T 12
2)\ n i n ) 21 (niTi+n2T14+n2T3)
2 . 1 (11 2 i nina ] B
I = V2 - exp RGeS > (1 — D).
ninsg
\ Vs
After a sequence of change of variables z = —A; and then A\; = z we then have

Jo M gt exp { =1 (nq +ny — 2) sf,} Dyd)

P(@Z) < ¢2|X) = F<"1+;2+4>
{(nﬁ—ng—?)s% R
and
fooo )\1 n1+;12+2 exp {—)\1 (n1 + ngo — 2) SZ} (1 — (I)l) d)\l
P(w > ¢1|X) = F(n1+n2+4) .

n1+n2+4

{(nl +no— 2)82 }

B.4.4. Double One-Sided Bayesian Equivalence Procedure: Jeffreys’

Prior. The computations in this setting follow immediately from our previous results

to yield
fooo )\1 n1+;272 exXp {—)\1 (n1 —+ ng — 2) 5127} q)gd)\l
P(w < 7,D2|X) = F("lJ’”?)
n1tng
{(7’L1+n2 2 32} 2
and
0oy Mtno—2
f )\1 2 exXp —)\1 (n1 + ng — 2) 82 (1 — (I)l) d)\l
P(lb > ¢1|X) = =0 { F(n1+n2) p} :

ni +n2

{n1+n2 2)s }
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