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Mean curvature flow with a Neumann boundary
condition in flat spaces

Abstract

In this thesis I study mean curvature flow in both Euclidean and Minkowski
space with a Neumann boundary condition.

In Minkowski space I show that for a convex timelike cone boundary condition,
with compatible spacelike initial data, mean curvature flow with a perpendicular
Neumann boundary condition exists for all time. Furthermore, by a blowdown
argument I show convergence as t — oo to a homothetically expanding hyperbolic
hyperplane.

I also study the case of graphs over convex domains in Minkowski space. I obtain
long time existence for spacelike initial graphs which are taken by mean curvature
flow with a Neumann boundary condition to a constant function as t — oo.

In Euclidean space I consider boundary manifolds that are rotational tori where
I write t for the unit vector field in the direction of the rotation. If the initial
manifold M, is compatible with the boundary condition, and at no point has t as a
tangent vector, then mean curvature flow with a perpendicular Neumann boundary
condition exists for all time and converges to a flat cross-section of the boundary

torus. I also discuss other constant angle boundary conditions.

11



Declaration

The work in this thesis is based on research carried out in the Pure Mathematics
Group at the Department of Mathematical Sciences, Durham University. No part
of this thesis has been submitted elsewhere for any other degree or qualification and

it is all my own work unless referenced to the contrary in the text.

Copyright (© 2012 by Benjamin Stephen Lambert.

The copyright of this thesis rests with the author. No quotations from it should be
published without the author’s prior written consent and information derived from

it should be acknowledged.

11



Acknowledgements

First and foremost I would like to thank my supervisor and friend, Wilhelm
Klingenberg, for his enthusiasm, patience, advice and many interesting discussions
over the course of my postgraduate studies. I would also like to thank all of the Pure
maths group at Durham University for its discussions, Wednesday lunches and most
of all for its friendliness. I would also like to thank all PhD students in the math-
ematics department, past and present for conversations, coffee and maintenance of
sanity. In particular, and in no particular order: Ken, Andy, John, Scott, Luke,
Joey, John, Amani, Ramon, James, Ben, Rachel, Ric, Nathan and everyone else.
Others in the department I would like to thank are Mark, for his appalling puns and
Pamela for bizarre conversations. I would also like to thank Vicky Flood for proof
reading this thesis, amongst other kindnesses.

I would also like to thank all of my family and in particular my Mum and Dad,
without whose support and encouragement I would never have started this PhD,
let alone finished it. I would also like to thank all of my non mathematical friends,
they know who they are.

This thesis is dedicated to my grandfathers, Arthur Lambert and George Layer.

v



Contents

Title Page i
[Abstractl ii
[Declarationl iii
[Acknowledgements| iv
(List of Contents| %
0__Introduction| 1
0.1 What have I done?] . . . . .. ... ... o 4

(1 Semi—Riemannian geometry and mean curvature flow| 8
(1.1 Semi—-Riemannian geometry| . . . . . . . . . . . ... ... ... 8
(L1.1 Semi-Riemannian manifolds . . . . . .. ... ... ... ... 9

[LI2 Tensorfieldd. . .. ... ... ... .. ... ... ... . 10

1.3 Curvature . . . . ... ... .. 12

(I.1.4  Curvature identities|. . . . . . . . . . . . ... ... ... ... 14

[I.1.5  Derivative interchange and Simon’s identity| . . . . . . . . .. 16

(L2  Mean curvature flowl . . . . . ... . ... ... L. 18
(1.2.1  Mean curvature low without boundary| . . . . . . . . ... .. 18

[1.2.2  Special solutions in Minkowski space| . . . . . . . ... .. .. 19

[1.2.3  Mean curvature flow with a Neumann boundary condition| . . 24




Contents vi

(1.2.6  Maximum principle| . . . . . . ... ..o 32

[2  Quasilinear existence theory| 35
2.1 Holder morms| . . . . . . ... oo 37
2.2 Short time existencel . . . . . . . .. Lo 38
[2.3  Long time existence|. . . . . . . .. ... oL 40
2.4 Further remarks . . . . . . . . ..o 41

[3 Spacelike mean curvature flow inside timelike cones 43
[3.1 A reparametrisation|. . . . . .. ..o Lo 45
(3.2 The boundary manifold|. . . . . ... ... ... ... ... .. .... 46
[3.3  Evolution equations|. . . . . . . . . .. ... 47
[3.4 Boundary derivatives . . . . . .. ... 49
8.5 Gradient estimatel . . . . .. ... 51
[3.6  Improvements to estimates| . . . . . . . . ... 54
3.7 TInterior curvature estimates . . . . . .. .. .. ... 0L 56
[3.8  Convergence and renormalisation| . . . . . . ... ... ... ..... 61

[4  Graphs in Minkowski space] 66
4.1 A gradient estimate| . . . . . . . ... 67
4.2 Gradient estimate via maximum principle] . . . . . . . .. ... ... 72
4.3 Boundary issues on more general domains| . . . . .. ... ... ... 73
4.4 Long time existence and convergence| . . . . . . . ... ... ... .. 74

[> The constant prescribed boundary angle problem for mean curva- |

L__ture flow 78
[>.1  Evolution equations and boundary derivatives . . . . . ... ... .. 80
[>.2  Estimates via the maximum principlel . . . . . . . . . ... ... ... 86
.3 kExamples| . . . ... 89

[b.3.1 Cylinders| . . . . .. ... ... 89
B32 Comed . . . .. .. 90
B33 IO . . o o 91




Contents vii

[>.4.1 Integral lemmas| . . . . . . . ... ... 95
[>.4.2  The iteration argument|. . . . . . . . . ... ... 99
(.43 The final estimatel. . . . . . . .. .. oL 104
[A Graphical coordinates inside the cone| 108
(B Graphical coordinates in Minkowski space] 119
|C Graphical coordinates within tori in R""| 121

(Bibliography| 124




Chapter 0O

Introduction

Geometric flows have been of great interest in recent years, successfully proving
many new results in differential geometry and topology. Mean Curvature Flow
(MCF) is one such flow, and I begin this introduction with a qualitative description
of the simplest incarnation of this, namely the curve shortening flow. In the curve
shortening flow, we start with a smooth embedded curve in the plane v, : ST — R2,

and look for a 1-parameter family of curves v : S* x [0, 7] — R? such that

7(0,0) = 0(0) VO € S

g$

= —KV V(6,t) € ST x [0,T]

where v is a normal to the embedded curve and « is the curvature on the curve with
respect to v. We refer to the interval [0,7] as the time interval, and imagine that
the curve is deformed over time.

For example, suppose that vy is a circle of radius ry. Then under the effect of
curve shortening flow, easy calculations (see Section for similar calculations)
show that this circle will remain a circle but its radius will become smaller and
smaller until at time T' = g the circle will become a point. Indeed, it turns out that
this behaviour is true of all smooth initial curves bounding convex regions: If we
flow such a curve then the flow exists for some finite 7', and at time 7" the solution
will have shrunk down to a single point p.

So far so good, but we want to understand exactly how the curve becomes a

point. We will do this by blowing up the solution by dilations around the point p.
1



Chapter 0. Introduction 2

At each time ¢ we dilate about the point p by some factor A(¢) so that the area
enclosed by the dilated curve is equal to 1. We also define a new time variable,
s=—3 log(ﬁ). This new time interval is increasing with respect to t and has the
property that when ¢t — T then s — co. We write the dilated curve as ¥(0, s). It
was shown by Gage and Hamilton [7] that for convex initial data this renormalised
flow 4 converges to a round circle as s — co. A vital element of geometric flows is
analysing the singularities that occur.

We describe the surprising work of Grayson [10]. He showed that for any initial
embedded curve 7y the renormalised curve shortening flow would become convex
before it became singular. This implies that any embedded initial curve acting
under renormalised curve shortening flow will converge to a circle, regardless of its

initial convexity.

D-@-@-R-P
@%CDAQHQAQLO
Ve o mum—e

Figure 0.1: Curve shortening flow makes any initial closed embedded curve convex

after finite time and then converges to a circle as s — 0o

This beautiful result clearly demonstrates that flows can have very desirable
properties. A very general initial curve is taken to a very special one via analysis of
singularities.

I now briefly digress, to mention a related flow proposed by Hamilton [12]: The

incredibly successful Ricci flow. In this the metric on a Riemannian manifold (M", g)
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is deformed by the equation

%gij = —2Ricy;
Study of this evolution has been an extremely productive area of mathematics, and
this introduction cannot do it justice. I mention only the most famous
result: Perelman’s [23][24] careful analysis of possible singularities of the Ricci flow
in dimension n = 3, which completed Hamilton’s program proving the Poincaré
conjecture and Thurston’s geometrisation conjecture.

Returning to the main theme, we apply the heat flow equation to the position vec-
tor (see Section to get mean curvature flow. Suppose we have an initial manifold
parametrised by Fg : M™ — R in (n + 1)-dimensional Euclidean space, then this
flow is defined by the one parameter family of embeddings F : M™ x [0,T) — R**!
with the properties

F(0,0) = Fo(6) Vo€ S

O _ _Hy v(6,t) € S* x [0,T]

where H is the induced mean curvature and v is the normal. In 1984 Huisken [13]
showed that any initially convex hypersurface in (n+1)-dimensional Euclidean space
will shrink to a point, and if we parabolically renormalise by dilatations about the
singularity (similarly to the curve shortening flow) to hold the area of the flowing
manifold constant then the renormalised flow will converge to a sphere. We remark
here that Grayson’s result does not hold in higher dimensions — much more com-
plicated singularities may occur. A beautiful theory of such singularities has been
built up, still with many open questions, I mention here the work of Sinestrari and
Huisken [16] [17] in which 2—convex initial manifolds are topologically classified.

I will not give a proper overview of this fascinating subject now, but mention a
recent global application of mean curvature flow. This is Guilfoyle and Klingenberg’s
[T1] cunning proof of the Carathéodory conjecture. This conjecture states that any
C? orientable closed strictly convex sphere M? in R?® must have at least two umbilic
points, that is two points at which the second fundamental form has equal eigenval-
ues. Though this conjecture is simple to state it evaded proof or contradiction for

many years. Guilfoyle and Klingenberg’s method was to move the problem into the
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space of oriented geodesics in R?, that is the semi-Riemannian manifold (T'S?, G),
by identifying p € M? with the geodesic going through p in the direction of the
normal to M?. They then proved

e For any M? which has only one umbilic, there exists a small deformation of
this manifold such that the deformed manifold will not admit a holomorphic

curve in T'S? with M? as a boundary condition
e Any convex M? is the boundary condition for a holomorphic curve in T'S2.

and so the existence of a closed convex manifold with only one umbilic leads to
a contradiction. The proof of the second part of this is achieved by flowing a 2-
dimensional disc with boundary in 7'S? by mean curvature flow. (7'5? G) is a 4-
dimensional manifold which has signature (2, 2), and so at the boundary 2 boundary
conditions are required. This gives sufficient flexibility that, by choosing carefully
one Neumann and one Dirichlet boundary condition, it is possible to impose asymp-
totic holomorphicity on the flowing manifold. The flow exists for all time, and in
place of analysing a singularity, the question becomes one of what happens as time
t — oo (a recurring theme in ambient spaces of nonpositive metric). Guilfoyle and
Klingenberg showed that there exists a sequence t; — oo such that on this subse-
quence of times the flowing disc converges to a holomorphic curve with the right
properties, giving the second bullet point.

It is clear that mean curvature flow in semi—Riemannian spaces have applications
to other problems, and also is an interesting subject in its own right. In codimension
one although the Dirichlet problem and the entire problem has been studied (by
Ecker, see [3]), to the authors knowledge until this thesis nothing has been done on
the Neumann problem. I give some initial results on this.

At some point in a thesis every person must ask themselves the following:

0.1 What have I done?

Before going into this I will briefly describe what the Neumann boundary condition

is (following Stahl [26]), see Section for a full definition. We let ¥ be a hyper-
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surface in the ambient space (which will be Euclidean or Minkowski space), which
will be referred to as the boundary manifold. We will be flowing another manifold
with boundary, M, by mean curvature flow. At the boundary we impose two con-
ditions: Firstly we require that the boundary of M, that is M is contained within
>.. Secondly we require that the normal to the flowing manifold and the normal to
3, are held at some constant angle, generally 7.

There are two main results in this thesis:

The first is concerned with mean curvature flow in Minkowski space R} "', Here
I choose a boundary manifold to be a cone of timelike vectors, and flow a disc with
boundary inside this cone with a perpendicular Neumann boundary condition. In
this setting if we assume the boundary cone to be convex, then a solution to mean
curvature flow exists for all time, and moves “upwards” away from the origin. If
we renormalise to hold the area of the flowing disc to be constant then in fact
the solution converges to a hyperbolic hyperplane solution (see Example [1.2.5)), the
Minkowski equivalent of the homothetic sphere solution. I therefore describe this as
a Minkowski-Neumann equivalent of [13]. This material is contained in Chapter

The second main result is on mean curvature flow with a Neumann boundary
condition in Euclidean space R™™!. We take the boundary manifold to be any
smooth torus of rotation and again flow a disc inside the torus with a perpendicular
Neumann boundary condition. We start with any manifold M, which satisfies the
boundary condition and whose normal 1 is nowhere perpendicular to the rotational
vector field inside the torus. By modifying the Stampaccia iteration method in [14]
I have shown that under mean curvature flow with a Neumann boundary condition
any such M, will converge to a flat sheet perpendicular to the rotational vector field.
This material is contained in Chapter [3], also see Figure [0.2

Additional results are contained in Chapter [4] where I considered graphical mean
curvature flow in R7™, and showed that mean curvature flow inside a convex cylinder
with a perpendicular boundary condition exists for all time and converges to a
constant solution. Also in this Chapter there is a brief discussion on integral methods
in Minkowski space.

Also in Chapter 5] I give a sufficient condition on boundary manifolds to get long
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time existence of mean curvature flow with constant angle boundary conditions for
the boundary angle close to . This is in the form of a rough gradient estimate and
was motivation for looking at the torus problem.

In Chapters [I] and [2] I give some supporting material for these results. In
Chapter [I] I first give some background semi-Riemannian geometry before defin-
ing mean curvature with a Neumann boundary condition in Minkowski space. I also
calculate many of the evolution equations needed in Chapters[3]and [l In Chapter

I give a review of some of the standard quasilinear existence theory needed.
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Chapter 1

Semi—Riemannian geometry and

mean curvature flow

This Chapter sets out some of the basics of semi-Riemannian geometry, before in-
troducing mean curvature flow with a Neumann boundary condition in Minkowski
space.

I include the following brief section on semi-Riemannian geometry to remove
any questions regarding signs in any derived equations. For further information see
[22].

In Section we define mean curvature flow with a Neumann boundary con-
dition, and derive many of the evolution equations necessary for later chapters.
Though the evolution equations are stated in [5], few explicit calculations are in-

cluded. Therefore, I give the full details here.

1.1 Semi—Riemannian geometry

I will be working on manifolds contained in Minkowski space, some spacelike some
of indefinite metric. As the signs of the various geometric quantities will be vital
in calculations, care must be taken in derivations to ensure that signs arising from
the spacelikeness or timelikeness of vectors are correct. Also since no consistent
standard is agreed upon in the literature on choices of signs in the definitions of

curvature tensors and other geometrical objects, to avoid confusion I will give the

8
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definitions of these quantities and briefly derive the main results I will need later.
The main reference for the standard semi-Riemannian geometry I will be using here
will be [22] although I use different sign conventions to fit in with the conventions

adopted in papers on mean curvature flow.

1.1.1 Semi—Riemannian manifolds

Definition 1.1.1. Let (M",s) be a semi-Riemannian manifold, which for the
purposes of this thesis we will define to be a smooth manifold M™ endowed with
a nondegenerate smooth scalar product s (sometimes called a semi-Riemannian

metric). For V € T,M" we say
o V is spacelike if s(V,V) >0
o V is lightlike if s(V,V) =0
o V is timelike if s(V,V) <0

Additionally, we will describe the tangent space at a point p of a manifold as space-
like it VV' € T,M™", V is spacelike. If all tangent spaces of a manifold M are spacelike
then we will call M a spacelike manifold. We note that by the nondegeneracy of
the metric spacelikeness of a manifold is equivalent to spacelikeness of the tangent
space at any one point p. We say that a manifold is indefinite if the tangent space

contains both spacelike and timelike vectors.

Remark 1.1.2. A submanifold of a semi-Riemannian manifold is not necessarily
semi-Riemannian. If s is nondegenerate when restricted to the tangent space of
a submanifold M C M then we say that M is a semi-Riemannian submanifold of
M. The notions of spacelikeness and indefiniteness, now apply to semi-Riemannian

submanifolds.
Remark 1.1.3. A spacelike submanifold is also a Riemannian manifold .

We will say that V' € T, M is a unit vector if |s(V, V)| = 1. Note that this allows
timelike unit vectors of length —1 .
An example of such structures is the ambient space I will be using, Minkowski

space.
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Example 1.1.4. We define n-dimensional Minkowski space to be R}, that is R™*!

equipped with the indefinite metric (-, -) where

<X7 Y> =T1Y1+ ...+ TpYn — Tng1Ynt1

Identically to Riemannian manifolds, we may define the Levi-Civita connection
as the unique connection which is torsion free and compatible with the metric. We
may also use this to define an induced connection on semi-Riemannian submanifolds,
which again will be the Levi-Civita connection on the submanifold with respect to
the induced metric. As is usual in a coordinate system we define the Christoffel

symbols of the connection by writing

0 p O
Viow ~ g (1.1)
and we may calculate
agm’ agr' agz
Ih = g" . e 1.2
i =9 <3xﬂ * ozt OxF (1.2)

where g;; = s (%, %) and ¢¥ is the inverse of this matrix.
We define X(M) to be the set of smooth vector fields on a manifold M, X*(M)
to be the set of smooth covector fields and F(M) = {f : M — R|f smooth} to be

the set of smooth real valued functions on M.

1.1.2 Tensor fields

Let
A: X" (M) x X(M)* — F(M)

then A is a tensor field of type (r,s) if it is (M )-multilinear. We will denote the
set of all tensors of type (r,s) to be TL(M) and we will use the convention that
(M) = F(M). Although we will not go through all the properties of tensors here,
we will mention a few definitions. All that is stated here is standard, and may be
found in more detail in [22, Chapter 2].

Often tensors will be written in coordinate form. For A € ¥7(M) then in the
9

, 507} and corresponding cobasis {dz', ..., dz"} we will write

o 0
Oz D

basis {7, . . .

A — A(dah, L da
115--+yls ’ ?



1.1. Semi—Riemannian geometry 11

We can define the contraction of A over a,b locally by

aAjl 77777 jr_Ajl,m,ja—l,k,jaJrl ,,,,, Jr
Cb 11 5eenis U1yl 1,K, 004 1508

where for the rest of this section we are using summation convention on repeated
indices. This contraction is again tensorial. We may change the type of tensors

using the metric — for a (r, s + 1)-tensor we may define a (r + 1, s)-tensor by

jl ~~~~~ jrvki jl ~~~~~ jr pk
AT = AT

We will define tensor derivatives firstly for covariant tensors (that is tensors of
type (0, s)):
(VZT) (X1, Xo, ..., Xy)
= Z(T(XhXQ, . 7Xs)> — T(VZXl,XQ, e 7Xs)
—T(X1,VzXe,..., X)) — ... = T(Xy,X,...,VzX,) .
Remark 1.1.5. This may be considered a (0, s + 1)-tensor, since this is also tensorial
inY.

By considering elements of X*(M) as a (0, 1) tensor then we see we have defined
a covariant derivative on covector fields. Specifically for X = X;dz' € X*(M) then
for any -2, -2 € X(M)

Bzt Bzd
0 0X; 0
<V%X)(axi> R X(V% @xi)
X, )
= amq - Xquz .

We hence have a covariant derivative on X*(M) defined by V _o_da’ = —ngdasq with
oz

the usual multiplication formula: For f € F(M), X € X*(M), Y € X(M) then

VyfX =Y ()X + fVy X.

We may therefore extend the definition of tensor derivatives to tensors of type

(r, s) using the same familiar formula (above) to get a (r, s + 1)-tensor.

Lemma 1.1.6 (Tensor Product Rule). For A € T2(M) and A € TY(M) then let
C € %1 be defined by C’; = A" By, then

(Vpc);‘ = (va)ikBk’j + AW(VPB)W'
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Proof. This is just a question of doing the calculation.

0

(Vi) = 5o (A*Byy) + T} A" By —T5,A" B,

_ aAZT 7 T ik aBk] s

= (V,A)" By — T}, A" By + A%V, B)y; + AT}, By,

- (va)iTBTj + Aik<va)kj
]

An analogous statements can be made for tensors C' € TZigfl(M ) made from
A€ T(M) and B € T2(M). The proof is identical.
If we are on a spacelike manifold we may turn %7 into an inner product space in

a natural way by extending the metric. For A, B € T we define

[ T U S IR 7 k1,....k Jisl Jnsl
<A31, Js? Bh, Js > AJL Js Bl1, As g“vkl‘ - Yir kr 9 g

Note that we have the Cauchy-Schwarz inequality for this inner product. This is
often used to estimate otherwise complicated expressions. As a simple example let
AeTY(M) and X,Y € X(M):
AX,Y) = A,; X'Y7
= AijGacgaX Y g g¥
= <AijagaigijaYb>
< |A|\/ 9aiGoj XY gergpn XY T glighi

= [A[VIXPY]?

= [A[[X]]Y]

If we are working on a indefinite manifold although we may define a scalar product
as above this is not generally useful since in applications we will usually need the

Cauchy—Schwarz inequality.

1.1.3 Curvature

Now we will briefly deal with both intrinsic and extrinsic curvatures. Firstly, for

intrinsic curvature: Let M be a semi-Riemannian manifold with scalar product (-, -)
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and Levi-Civita connection V.

For X,Y € X(M) we define the Lie bracket, [X,Y] € X(M), at p € M by

(X, Y](p)f = (XY -YX)(p)f

for all f € F(M). As usual we have that this is zero if X and Y are coordinate
directions.
We define
R(X,Y)Z =VxVyZ -VyVxZ —=Vixy|Z .

This is tensorial, and we now define the Riemann curvature tensor on a M is defined
by
R(X,Y,Z, V) =(R(X,Y)Z,V)

Now for extrinsic curvature. For the rest of this section let (M, (—,—)) be a
semi-Riemannian manifold and (M, g) a semi-Riemmannian submanifold. We will
denote the Levi-Civita connection on these manifolds by V and V respectively. A
quantity on M denoted f will be denoted f for the equivalent quantity on M.

We define for X,Y € X(M) the shape operator to be

I(X,Y) = (VxV)"

This is symmetric and tensorial on M. We define the related notion of second

fundamental form in the direction of some vector field ¥ normal to M by
A (X,Y)=—(I(X,Y),v) = (Vx1,Y) (1.3)

where the equality comes from the compatibility of the Levi-Civita connection and
applying X to the identity (Y,rv) = 0. In the case of orientable hypersurfaces we
will drop the subscript on the second fundamental form since the choice of normal

will either be clear or not matter. We will often write

g 0
’“f—A(%’@)

On hypersurfaces locally parametrised by F with v locally defined it will also be

useful to derive the Weingarten relations. Suppose that v is a timelike unit normal,

then from equations ((1.2)) and (|1.3)) we see

0*F . OF
axiamj = FU% + hijV (14)
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whereas for a spacelike unit normal p we have that

o°F _, OF
9r0z  Liggr Mkt - (1.5)

1.1.4 Curvature identities

We now want relations between intrinsic and extrinsic curvatures. I will state these
first in semi-Riemannian generality but also as a corollary I will include the state-
ment [ will actually use, that of the special case of a spacelike hypersurface with a

timelike unit normal.

Proposition 1.1.7 (Gauss Lemma). For X,Y,Z,V € T,M then
(R(X,Y)Z,V) = (RIX.Y)Z.V) + (LY, 2), (X, V) = (I(X, 2), 1(Y, V)

Proof. Without loss of generality we consider this locally and take X = aa:iX?

Y = axiy, ... which implies that all the Lie brackets are zero. From the above

we have Vi W = VyW + I(V,W). Using this we calculate:
(VxVyZ, V) =(VxVyZ, V) + (Vx(L(Y,2)),V)
=(VxVyZ, V) + X (I(Y, Z),V) — (I(Y, Z),VxV)
= (VxVyZ, V) = (1Y, 2),VxV)

where we used the compatibility of the connection, that (I(Y,Z),V) = 0 and that
V e ToM. Since R(X,Y)Z = VxVyZ — VyV;Z, we use the difference of the
above with itself with Y and X switched to give the Proposition. ]

Corollary 1.1.8. On a hypersurface with a timelike unit normal v then since
I(X,Y) = A(X,Y)v the above may be written

R(X,Y,Z,V)=R(X,Y,Z, V) + AX, Z)A(Y,V) — A(Y, Z)A(X, V)
If M is Minkowski space then

Racyzv = haczhyv - hyzha:v
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At any point p € M we may write TPM = ToM @ Np. In an identical way
to the construction of the tangent bundle we may now construct the normal vector
bundle NM. A section of this bundle is a normal vector field, and we write the set
of normal vector fields on M by X+(M).

We define the normal connection V+ : X(M) x XH(M) — X+(M) as follows

VLY = (VxY)"

where X € X(M) and Y € X+(M). As usual for a tensor field (that is a (M )-linear
mapping) T : X(M) x X(M) — X+ (M) we may define tensor derivatives by

(VZD)(X,Y) :=VzT(X,Y)-T(VzX,Y) - T(X,VY) .
As usual this is also a tensor field.
Proposition 1.1.9 (Codazzi Equation). If X,Y,Z € T,M then
(R(X,Y)2)" = (VxI)(Y, Z) = (Vy I)(X, 2)
Proof. Similarly to the proof of the Gauss Lemma we again assume
(X, Y] =1Y,Z] = [Z, X] =0 and consider
(VxVy2)" = (Vx (Y, Z) + VxVy Z)"
=VxI(Y,2)) + I(X,VyZ)
= (VxI)(Y, 2) + I(VxY, Z2) + I(Y,Vx Z) + (X, Vy Z) .
But now as before by using the above identity with switched X and Y we calculate
(RX,V)2)" = (VxVy2) = (VyVx2)"
= (VxI)(Y,2) = (Vy )(X, 2Z) .

If we are in codimension 1 we note that

VxA(Y,Z) = X(A(Y, Z)) — A(VxY,Z) — A(Y,VxZ)
= —(VxI(Y, 2) = W(VxY, Z) = 1(Y,Vx2),v) — (I(Y, Z),Vxv)
= —((VxI)(Y, Z),v)

since <vX1/, 1/> = 0.
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Corollary 1.1.10. If we are in codimension 1 with a timelike unit normal v then
and on a hypersurface in Minkowski space we have

(VxA)(Y, Z) = (Vy A)(X, Z) = (V4 A)(X,Y) .

1.1.5 Derivative interchange and Simon’s identity

We will need the following useful identity.

Proposition 1.1.11 (Derivative Interchange). Let T' : X(M) x X(M) — F(M),
then

(VxVyT)(A,B) — (VyVxT)(A, B) = —T(R(X,Y)A, B) — T(A, R(X,Y)B) .

Proof. As usual without loss of generality assume that 0 = [X,Y] = [X, 4] = ...

and calculate

(VxVyT)(A, B)
= X ((VyT)(A, B)) = (VuvT)(A, B) — (VyT)(Vx A, B)
— (VyT)(A,VxB)
— XY(T(A, B)) — X(T(VyA, B) — X(T(A, VyB))
— (VoxyT)(A, B) = (VyT)(VxA, B) = (VyT)(A,VxB)
= XY(T(A, B)) — (VxT)(VyA, B) — T(VxVyA,B) — T(VyA,VyB)
— (VxT)(A,VyB) — T(VxA,VyB) — T(A,VxVyDB)
— (Ve T)(A, B) — (VyT)(VxA,B) — (VyT)(A,VxB) .
Hence, using that 0 = [X,Y] = VxV — Vy-X we get the formula
(VxVyT) (A, B) — (VyVxT)(A, B)
— [X,Y)(T(A,B)) — T(VxVyA — VyVxA, B)
—T(A,VxVyB -~ VyVyB) — Vo,y_v, xT(4, B)
= —T(R(X,Y)A,B) — T(A,R(X,Y)B) .
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Remark 1.1.12. The above proof holds for arbitrary covariant tensors: Let

T:X(M) x ... x X(M) = F(M) then

VxVyT(Ay, ..., An) = VyVxT (A, ..., Ay)
— CT(R(X,Y) Ay Ag,y o A — o = T(Ay, . Ay 1, RX, V)AL

Corollary 1.1.13. For a spacelike hypersurface in Minkoski space we have
VoV T — V, Vi Ty

= _Rwyaigijj}b - nybkgkl,-na

= hyahsig”? Tjp + hypharg™ Tia — healypg" Ty — haphysg™ Tia
The following will be useful when deriving evolution equations

Proposition 1.1.14 (Simon’s Identity). For a spacelike hypersurface of Minkowski

space then

Ahay = VoV H + hop||Al* — Hharg" by
Proof. We see that

vivjhab = vivahjb
= VoVihj, + hajhicg™hap + Raphicg™ hy;
— hijharg™ by — hiphapgihy
= V.Vihij + hajhic.Qthdb + habhiegefhfj

— hijhar g™ hiy — hiphapg® hy;

where we used the Codazzi equation on the first and third lines, and the interchange

formula on the second. Taking a metric contraction over ¢ and 7 we have

Ahay = g7V o Vohij + hapl| Al — Hharg™ hay
= VoVl + hap||Al|* = Hharg*' huy

since tensor derivatives of the metric are zero. O
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1.2 Mean curvature flow

In this section I will define mean curvature flow, and the Neumann boundary con-

ditions I will be using.

1.2.1 Mean curvature flow without boundary

Let M™ be a smooth n-dimensional orientable manifold and for m > n let (IV,g) be
a m-dimensional manifold with a (semi-)Riemannian metric g. N will be referred
to as the ambient space. Suppose we are given an immersion Fy : M™ — N. Then
a family of immersions F : M™ x [0,T) — N satisfies mean curvature flow if

F(z,0) = Fy(x) Vo e M™ (16)

E(x,t) = AgF(x,t) V(x,t)e M" x[0,T)

where the A, is the trace of the second derivative with respect to g, the metric
induced on M" by g at time t. We define F;(-) = F(-,¢) and M, to be the immersion
of M™ at time t defined by F.

Remark 1.2.1. A useful property of this flow is that it is invariant under isometries
of the ambient space N in that if Gy = P(Fy) where P is some isometry of A, then
flowing both by equation (1.6) we have G; = P(F,).

The above is the most general definition, indicating relations between the heat
flow equation and mean curvature flow. In the introduction we tacitly used that in
(n + 1)-dimensional Euclidean space A;F = —Hv. For most of this thesis we will be
considering spacelike hypersurfaces in Minkowski space and we will need a similar
identity. In this case recalling the Weingarten relations (equation ) we calculate:

AGF = g7 ( OF 8F)

Oxidzi Y ogk

= gijhijy

= Hv

where H and v are the mean curvature and unit normal of M, respectively.
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Remark 1.2.2. The vector Hv in Minkowski space (—Hv in Euclidean space) is
called the mean curvature vector and is invariant under choice of v: Changing the

sign of the v changes the sign of the second fundamental form and hence H.

Also note that the signature of the metric on the flowing manifold is important.
If we want parabolicity of equation (|1.6) — a desirable property, allowing the appli-
cation of the existence theory in Chapter [2] — we will require spacelikeness of the
initial manifold Fg. For further details of this see Section [3.1] and Remark [4.0.5 If
not, we will get a hyperbolic equation or worse, and even short time existence of a

solution is not guaranteed.

1.2.2 Special solutions in Minkowski space

Although we are very rarely going to be able to solve the above system explicitly,
it is useful to get an idea of what’s going on by considering special solutions which
are solvable by assuming some kind of symmetry.

For example we may choose to consider rotationally symmetric spacelike mani-
folds. All such manifolds in Minkowski space may be written as graphs, and so we
may write the mean curvature flow equations as a graph u : R x [0,7) — R. We
will show in Appendix [B] that for a graph we have

DyuD;
1-— |DU|2 = Diju (51] + Y Ju )

1 — |Du|?

Specifying that u = u(r) is a function of r = y/2? + ... 22 then we have

or O*r Oy wy
Ox; 1’ Ox;0x; r r3
or or Or *r
Diu=v'——, Djju=1u" !

So for such a radial function

!/

e 2 220 )
(i Y

_ (u’)2 r
o (n—1)u
1= (u)? + r

Now we may construct various examples.
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Example 1.2.3 (The Hyperplane). Any non-degenerate hyperplane (i.e. the metric
restricted to the hyperplane is non degenerate) has H = 0, and hence we have that

this solution will remain stationary under mean curvature flow.

This is an example of a maximal surface, the Minkoski equivalent of a minimal
surface defined by H = 0. We may also write down a non-planar rotational maximal

surface.

Example 1.2.4 (A Maximal Surface in R?). The hypersurface defined by
u = sinh™*(r) is a maximal surface in R} for r > 0. It is easy to verify this by
simply substituting u into the equation above. Note that at 0 the surface is tangent

to the light cone.

Figure 1.1: A maximal surface of revolution in R?

The next is a non-stationary example.

Example 1.2.5 (The Hyperbolic Hyperplane). Let
Yg = {z € R¥" (z,2) = —R* 2" > 0} .

Then Yk is a spacelike hypersurface, which is isometric to hyperbolic space of con-
stant negative gauss curvature K = }_z_i' This is an analogy of the sphere in Euclidean

space, and has similar properties:

e Yy is invariant (as a set) under isometries of R?™! that preserve the half of the

light cone with 2™ > 0: Isometries preserve (-,-) and therefore Yz is mapped
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Figure 1.2: The Hyperbolic plane (blue) sits inside the light cone (red)

to Y. Indeed if M is a hypersurface contained in the upper half space defined
by {z € R} : 2"*! > 0} that is invariant under these isometries then it is a

union of such Yx.

e The position vector is normal to the surface: Suppose F is a parametrisation of
Yr. Then by definition (F, F) = —R? and so by differentiating in any tangent

direction we see <g—F F> = 0.

o)

e Y is totally umbilic: Since the normal v = % then for X,Y € TgYRr we have

AXY) =+ (VxF,Y) =+ (XY).

Using Remark [1.2.1] if mean curvature flow is initially invariant under a set of

isometries then it remains so. Therefore if we flow Yz, we know that the flow must

n

remain a hyperbolic hyperplane but with varying “radii”. Using that H = %

we get
the differential equation

dR

n
t R’
Hence % = 2n and R(t) = \/R§ + 2nt and Y is a solution to 1} for N = R
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This shows that a hyperbolic hyperplane starting “near” the light cone moves away
in the z,,, direction towards infinity, existing for all time. This is the Minkowski

equivalent of the sphere solution in Euclidean space.

Figure 1.3: Under the flow the Hyperbolic hyperplane exists for all time, expanding
by dilations.

This is an example of a homothetic solution to mean curvature flow, that is, a
solution that remains the same up to dilations. For spacelike homothetic solutions

of codimension 1 we have

where 7 : M"™ x [0,T) — M™ is at each time some diffecomorphism. We can

immediately see that

H(z,t) =
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Hence

drt

dF _ Ho(r(z,t))n(7(z,1))
dt At)

OF,
oxt

= N()Fo(r(z, 1)) + \(t)

T(z,t (z,t)

Taking inner products with vy(7(x,t)) then
_HO = )\,(t))\(t> <F0, l/()>

Since only A has time dependence, then we see A(t) = /C} + Cst. We therefore
see that manifolds which move homothetically under mean curvature flow may be

characterised by one of

H = (F,v) (1.7)
H=—(Fv) . (1.8)

where solutions to equation will shrink towards the origin while solutions to
equation (|1.8)) will expand away, as in the above. In Euclidean space such solutions
are extremely important. Huisken [15] used his monotonicity formula to show that
any Type I singularity of mean curvature flow in R"*! under renormalisation will
converge to a homothetic solution. The monotonicity formula has been considered

in Minkowski space by Thorpe [2§].

Example 1.2.6 (A Translating Solution in R?). We may find the equivalent of the
“orim reaper” solution in the plane. Choosing n = 1 we look for a solution that
remains the same but moves upwards with speed 1 and has mirror symmetry. Hence
such a solution must satisfy

u//

| =Hy=—
YT

= (tanh_l(u'))/
Choosing v'(0) = 0 and solving explicitly we have u/(r) = tanh(r) and so

u(r,t) = log(cosh(r)) +t .

We therefore have a translating solution tangent to the light cone at infinity and

with mean curvature that increases exponentially as r — oo.
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Figure 1.4: The Gtim Reaper solution in R?

Example 1.2.7 (General Rotationally Symmetric Translating Solutions). In [19]
Huai-Yu Jian has studied the equation

u”’ (n— 1)
= +
1— (w)? r

1

to give that there exists exactly one such rotationally symmetric solution in all

dimensions. This solution is smooth, spacelike and convex.

1.2.3 Mean curvature flow with a Neumann boundary con-
dition

For a graph, a Neumann boundary condition is control of the derivative of the graph

in some outwards direction at the boundary. The graph only has this derivative

specified, but the height of the graph at the boundary is allowed to be any function.

We wish to get a similar notion but for some smooth n—dimensional topological

manifold M™ with boundary O9M™. Let ¥ be a smooth embedded manifold in R}

with an outward pointing unit normal, p. This will be called the boundary manifold.

The Neumann condition corresponding to the graphical case now becomes that the
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boundary of M™ must be contained within ¥ and free to move within %, but (v, u)
is specified.

More precisely, suppose we are given an initial spacelike embedding
Fo : M™ — R} where we specify that Fo(OM) C X with the extra compatibility

condition (v, p) () = 0, where as usual v is the normal to My = Fo(M").

Definition 1.2.8. Let F : M™ x [0,T] — R}*! be such that

(
® _H=Hv VY(z,t)ecM"x][0,T]

F(z,0) = Fo(x) Vo e M" 19)

F(z,t)C X V(z,t) € OM™ x [0,T]

(Vo) (2,8) =0 V(z,t) € OM™ x [0,T]

then F moves by Mean Curvature Flow with a perpendicular Neumann boundary

condition 3 (here v(x,t) is the normal to F at time t.)

Remark 1.2.9. When in Minkowski space with this boundary condition Y must be an
indefinite manifold, since the flowing manifold is spacelike the boundary condition

implies that p has positive length.

1.2.4 Notation

It is clear that geometric properties on several different manifolds will be required.
The following notation will be used throughout: A bar will imply quantities on the
ambient space R}, for example A, V,... and so on; no extra markings A, V, . ..
will be geometric quantities on M, the flowing surface at time ¢ and for any other
manifold Z A%, VZ, ... will be the Laplacian, covariant derivatives, ... on Z.

We will adopt summation convention on repeated indices, and the summation

will always be from 1 to n unless otherwise specified.

1.2.5 Evolution of curvature and metric

I end this chapter by deriving the evolution equations for curvature on the interior

of the flowing manifolds. Many of the results of this section are written down in [5]
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and [3], although few explicit calculations are given. I write them here and remark
only that they are unremarkable, and very similar to the calculations in [13], for

example.

Proposition 1.2.10. On the interior of the flowing manifold we have

dv
— =VH .
dt v

Proof. This is almost exactly the same as the Euclidean case proved in [13]:
dv OF 0 dF
_ — — YV, — —
dt ’ 8(1]1 ’ 8(1]1 dt
0
=— —(H
<V7 8I1< V)>
o0H
=—(v,—v
’ (‘9@

oH

8557;

Proposition 1.2.11. On the interior of M™ we have

dgij
=2Hh;;
dt /

Proof. We see

do; _ d [OF OF
dt — dt \ ox"’ 8:61

_ /O(Hv) OF N OF O(Hv)
N (931:Z (%cﬂ Oxt’ Oxd

([0 P\ JoF o
a ozt Ozl ozt Ozl

= 2Hh;; .

Corollary 1.2.12. For the inverse of the metric we have

dg¥

= —2HhY
dt
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Proof. Since g*gy; = 5;- then %gkj + g”% =0 and so

M — _gil@gjp )

dt dt

Substituting Proposition [1.2.11]into this gives the corollary. [

We will need to make estimates on the curvature, and so we calculate the
following.
Proposition 1.2.13. On the interior of the flowing manifold
d lm A 2

Proof. Using equation ([1.4)) and Proposition |1.2.10] and the definition of the second
fundamental form (equation (|1.3))) we see

dhy  d | O°F
dt  dt \oxziowi’”
0*(Hv) O*F
= — —— — —— VH
<8x’8xﬂ 7V> <8x’8x3 v >
=~ (5 (Gu + Hhwa ) v - T

ox' \ Oz’ I g U Ok
0*H O0°F OH
= — —y + Hhyg™ ——— T ==
(5ot Hnas ) ) 1
0’H x OH Im
T Oxidxt U ogk R g o
= V,V,H + Hhjjg"™hyi

We may now use Simon’s identity, that is Proposition [1.1.14] to get

dh;

7 = Ahzj + 2thlglmhmi - hZ]’A|2

completing the proof. O]

Corollary 1.2.14. On the interior of M™ we have

(% - A) H=—H|AP (1.10)

<% — A> |A]? = —2|A* - 2|VA]* . (1.11)
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Proof. For the first, we see using the proof of Proposition|1.2.13|and Corollary|1.2.12
that

dH _ dg“hi
dt — dt
= g" (ViV,;H + Hhjg" hyni) — 2Hh Dy

=AH - H|A* .

For the second

d|A‘2 . dgijhjkgklhli
dt dt
= 29" (Ahji, + 2Hhyy g hinj — hir| A?) " hy; — AHR by g hy;

= 2hM Ahjy, — 2|A* .

Because the compatibility of the metric implies Vg = 0 we now use the Tensor

Product Rule (Lemma [1.1.6]) to conclude

AAP = g9V (9" hweg™haa)
=297 9" 9" (haa(V5; )b + (Vi 1)0e(Vih)aa)
= 2R (AR) g + 2|VAP? .

Substituting gives equation (1.11]). ]

We now wish to derive corresponding results for higher derivatives of A. Gener-
ally the precise form of the equations are not needed so we will use the convention
adopted by Huisken in [13]: For any two tensors S and T we write S+« T in place
of any linear combination of S and T, possibly with metric contractions. This will
be used as a shorthand for terms of lower order in an evolution equation. We will
use V™A to be the m™ tensorial derivative of the second fundamental form where

we will use the convention VA = A.

Lemma 1.2.15. The Christoffel symbols evolve by

ark

dt B0t 92l FaT
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Proof. This is simply an exercise in cancellation: Using Proposition [1.2.11] and
Corollary [1.2.12] then

Ao, 09
dt  dt \ 2 (%Uigm oxd Irj (%U"g”

a a 8 T
=g {8 i (Hhwg) + 55 (Hhyi) = 2 (Hhij)] — 2HK" g, %,

— gkr[(V%Hh)r] + 0 Hhy; + T Hhg + (Vo Hh)y + 15, Hhg

oxJ

+ TS Hhyy — (Vo HR)yj — Ui Hhyj — U Hheg | — 2HR g, T
= ¢ [(V o HR)j + (Vo HB)i = (V o HR)

dx? oxJ

Thus using tensor product rule 2 ” = AxVA.

Proposition 1.2.16. For m > 1 then on the interior of M the following holds

(% _ A) VAR = 2 HAR S VAR VIAXVIAX VA
a,b,c>0
a+b+c=m

Proof. Throughout this proof we will write V; in place of V_s_, and all covariant
ozt

derivatives of tensors are tensor derivatives as defined in Section [1.1.2] that is,

Vil = (V o T)(3%, %) . Firstly, we will make some observations. For a tensor

T of any type (although here we will use a (0, ) tensor) then using that dg” =AxA
(Proposition [1.2.11]) then

d . .
|7—‘|2 dt (ﬂli%n-’irz}lj?wnjrg e te g TJT)
RN - .
—ldt j1j2,...j,~g“ﬂ C glrjr + AxAxTxT
dﬂ 12,...0
:2<Ti1i2,_,ir,#>+A*A*T*T : (1.12)

Furthermore using Proposition [1.2.15

d d (0T 4, kr
awza< e~ DT ——FT)
AT, .
=V, LA VASRT (1.13)

dt
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Now using this repeatedly for T" € T5(M) then

d AV, ... Vi, T,
Vi Vi, Ty = Vi Vi, dthm b4 AXVAXVIT

AV, ... Vi T
dt

= V/ﬂ Vk2 + Vkl (A * VA% Vm_QT)

+ AxVAxV™IT
AV, .. Vi Ty

= Vi, Vi, 7 + VA+xVAx vVorT
+ AxV2AV™ 2T + AxVAxV™IT
— v, ...v, T, > VAR VIAX VT (1.14)
- ki~ km dt . .
a,c>0, b>1
a+b+c=m

We also need to calculate for T' € T(M)

AIV'T)? = g9V Vi (Vi . Vi Tuby Vi « - - Vi, Tup)
=29"Vi(ViVi - Vi, Tup, Vi, oo Vi, Tup)
=2(V,Vi, . Vi, Too, ViV, . Vi, Top)
+2¢9(VViViy oo Vi Tup, Vi - Vi, Ty . (1.15)

We have from Corollary [1.1.13|and Remark|1.1.12|that V,V,;T—V,;V,T = Ax AxT,

which we now use repeatedly along with the product rule:

ViV, - Vi T (1.16)
=Vi,ViVi o Vi Tw + Ax Ax VT
= ViV, ViV o Vi Tap + Vi, (Ax Ax V72T) + Ax A« VIT
=ViViViVi . Vi T + AxVAX V2T + Ax A% VT

=V ViV Vi ViTa+ Y VOA«xVPAXVT . (1.17)
a,b,c>0
a+b+c=s—1
We are now in a position to show the theorem. We will consider first m = 1 to give

the idea of the proof before moving on to higher order cases. Using equations ((1.12))
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and (1.13)) and Proposition [1.2.13| we have

cl|VA|2 dV A
o <VA pm >—|—A*A*VA*VA
dA
= 2<VA’VE> +AxAxVAxVA

= 2(Vihij, Vi (Ahyj + 2Hhjig" ™ hmi — hij|A]®)) + Ax Ax VAx VA
= 29" (Vihij, ViVaVihij) + Ax Ax VAx VA .

But now using equations ({1.15]) and - we see

A|VAP? = 2|V2AP? 4 29" (Vo Vs Vihij, Vihi)

(
= 2|V2A|? +29° (Vo Vi Vihij + Ax Ax VA, Vih)
= 2|V2A + 29 (Vo Vi Vyhij, Vihi) + Ax Ax VAx VA
(

= 2|V2AP + 29" (V. V,Vhij, Vihij) + Ax Ax VAx VA .

Putting all this together gives as claimed

(% _A) VAP = —2[V2A] + A% Ax VA VA .

So far so good. Now we come to the general case. The calculations here are
effectively the same, although more protracted. From equations ([1.12)) and ( -
and Proposition [1.2.13| we have as before

|V AP d

=2 .V —
dt <v21 V'Lmhalh dt

v, . ..Vl-mhab> FAx AxV"AX V™A

o dh@b a b c m
-9 <v,1. Vi hap, Vi, .vzm7> + aéo VoA * VPA* VEA* V™A
a+7b~,kc_:m

=2(Vi ...V har, Viy ... Vi (Dhay + 2Hhig"hyy — his|APP))
+ Z VoA xVPA%VeA V™A
a,b,c>0
a-+b+c=m
=26 (V4 ... Vi, hap, Vi, ... Vi, VeV ahay)
+ Y VUAxVAXVAxV"A
a,b,c>0

a+b+c=m

As previously, we deal with the first term using the Laplacian and equation ((1.15)

AIVTAP = 2|V AP 4 2“4 (V. VY4, ... Vi, Bay, Vi, . Vi, hap)
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But by equation (|1.17))

(VeVaViy oo . Vinhao, Viy oo Vi hay )
— <chi1 N Videhab, Vil e Vim hab>

+<Vc Y VUAxVIAXVA ,vh...vimha,,>

a,b,c>0
a+b+c=m—1
= (VeVi o Vi Vahay, Viy o Vigha) + > VOAxVPAxVAxV"A
a,b,c>0
a+b+c=m
= (Vi, .. Vi, VeVaha, Vi, . Vi hay) + Y VOAxVPAXVAXV"A
a,b,c>0
a+b+c=m

Putting all of this together

(% _ A) VAR = oA+ S VAR VIARVEAXTTA
a,b,c>0
a+b+c=m

1.2.6 Maximum principle
I include a maximum principle:

Lemma 1.2.17 (Weak Maximum Principle). Let M™ be a compact smooth manifold
with boundary and let F' - M"™ x[0,T) — R be a function twice differentiable in space
and once in time. Let g;;(x,t) be a metric on M™ which varies over time. Suppose

F has the following properties:

1. At a stationary point (i.e. VF =0) we have

(%—A) F(z,t) <0 VY(x,t) e M" x[0,T)

2. On the boundary if v s an outward pointing unit normal then
V. F<0 VY(z,t)e oM x|[0,T)

Here A is the Laplace—Beltrami operator and V is the Levi-Clivita connection. Then

F < max{ sup F(:z:,O),O}.

zeM™
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Proof. This is similar to the proof of [20, Lemma 3.1]. We will consider positive
maxima of f = e F for « > 0. At a positive interior maximum of f we have
Vf=0and V2f <0 and so Af <0 . Substituting into the evolution equation we
have that at a maximum

daf

Yo .
T af <0

We therefore have that f is decreasing at any interior maximum point.

Suppose we have a non-decreasing maximum of f at (p,t) € 9M"™ x [0,T), and
we have that at this point V,f < 0. If V,f < 0 at this point then no boundary
maximum is allowed. Hence we have that at (p,t), V,F = 0. We consider f at
time ¢ in local coordinates, chosen so that the preimage of a neighbourhood of p is
a neighbourhood of 0 € {x € R"|2™ > 0} so that the direction u is —e,,. Therefore
in these coordinates —Df - e, = 0. Since f is positive at 0 and (% — A) f < -af,
there exists a neighbourhood 0 € U C {x € R"[z" > 0} such that (4 — A) f < 0.

Using this we see f satisfies

af . .
0< - < 97(x)Di; f — g7 ()L} () Dy f .

But now we may apply the elliptic Hopf Lemma (see for example [9, Lemma 3.4])

to get that DF -e, < 0, a contradiction. Therefore a positive maximum of f at the

boundary cannot be increasing.

Therefore we have

F(z,t) < e*max{sup F,0} .
€My

Now sending ae — 0 we have the estimate. ]

Corollary 1.2.18 (Which will also be referred to as Weak Maximum Principle).
Under the assumptions of the above Lemma we in fact have that
F < sup F(z,0)
xeM™
Proof. Set K = sup F(z,0) and set j = K+ 1+ F'. Since the operator above always
xeMn
contains derivatives, we may apply Lemma [1.2.17|to 7 and so we are done. [
Corollary 1.2.19 (Again Weak Maximum Principle). Suppose M",g;;,V and A

are as in Lemma but this time F' has the properties:
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1. At a stationary point (i.e. VF =0) we have

(%—A) F(a,8) >0 ¥(t)€ M x [0,T) .

2. On the boundary if p s an outward pointing unit normal then

V. F>0 Y(xt)edMx[0,T) .

Then F > inf F(x,0).

xeM™

Proof. Apply Corollary [1.2.18/to | = —F. O
We will find the following relations useful:

Proposition 1.2.20 (Product and chain rules for the heat operator). Let f,g :
M™% [0,T) — R and let 1) : R — R be twice differentiable then

d d d
(Gi=2)ro=s(G2a)ovo(G-2)s 2070

(5 -8) o =L (5-a) - e

Proof. This is simply a matter of calculus. We see
i [ 0°fg dfg
Af-g=g" e 7
fr9=yg (8x’8x7 Y Ok

y o0 f of of 0Og 0%g dg
. . k . k ZJ
g (g o0z~ iaer T i aw T apiaw /T >

=gAf+2(Vf,Vg) + fAg

and the first result follows.

Similarly for the second

(0 0
207 =g (Gt - 14 %08

— o (s~ T + a3 2L

n Oxidzi YUdg V' ok + dx? " 0xt Oxd
d d?
= Wnar+ S

and again the result follows.



Chapter 2

Quasilinear existence theory

In this chapter I will deal with existence of solutions to Partial Differential Equations
(PDEs) of quasilinear type with a Neumann boundary condition. This material is
standard and what we write here is based on selected sections of [20] rewritten with
minor alterations to better suit our purposes. It would be nice to prove existence
from first principles. Unfortunately since existence theory is, by necessity, fairly
lengthy to avoid simply copying out entire chapters we will assume results on linear
PDEs and here concentrate on selected results bridging the gap from this to the
quasilinear theory.

Let €2 C R™ be a domain with a smooth boundary 02 and outward pointing unit
normal . By crossing with a time interval we define our parabolic domain to be
Qr =0 x[0,T) C R""!. We will write in capitals X = (z,t), Y = (y, s) to indicate
elements of the parabolic domain as opposed to x, y, elements of the domain 2. For

such X and Y we define the parabolic distance
X = Y]p = max{|z —y|, |t - 5|3} .
and the parabolic cylinder
QX,R)={Y eR"xR|s<t,|Y — X|p < R} .

For the rest of the chapter we will drop the subscript on the parabolic distance —

the difference between this and the absolute value will always be clear from context.

The parabolic boundary P is the subset of all points in X € Qp such that for all
35
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R, Q(X, R) contains points not in p. For the Qr we have chosen this boundary

may be split into three parts: The bottom, the corner and the side where
B(Qr) =Q x {0}, C(Qr) =002 x {0}, S(Qr)=002x(0,T) .
Now I shall define the set of operators with which we are concerned:
Definition 2.0.21. A quasilinear operator P is defined by
Pu = —u; + a’(X,u, Du)Diju + a(X, u, Du)
and we say P is parabolic in some subset S C 2 x R x R™ if for (X, z,p) € S
MX, 2, p)[n* < a¥ (X, z, )y’ < AX, 2, p)lnl”

for some A > 0. If in addition to this we have % uniformly bounded on S then P is

uniformly parabolic on S.

We will assume from now on that a”(X, z,p) and a(X, z,p) are smooth in each
of their coefficients.

Our boundary operator will be
Mu=Du-¢=0
for some ¢ such that ¢ -y > C, > 0. We search for solutions u of the following
Pu=0 VX eQr
I Mu=0 VX eSQ) (2.1)

U = Ug VX S B(QT) U C(QT)

where we additionally assume that on C(€7) the initial data u, also satisfies
MUO =0.

The method of proof for existence of a solution for all time is as follows:

1. Proof of existence for some short time.

2. Given short time existence, under the assumption |uls; is bounded| where

2 > 0 > 1 proof of existence for all time.

3. Proof that given bounds on |Du| and u we have a bound on |u|s for some

2>6>1.

*See next section for the definition of this norm
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2.1 Holder norms

For convenience of the reader we now define the parabolic Holder norm. For
a € (0,1] a function f: Qp — R we say f is Héolder continuous at Xy with exponent

a if:

[f]oz,Xo _ sup |f(X) — f(XO)‘

xeor—x, | X — Xo|®

is finite. If

[f]a,QT = 8sup [f]a,Xo
Xo€Qr

is finite then f is uniformly Holder continuous in Q.

Differentiability of a function implies it is Lipschitz and so the above applies
with o = 1. Therefore we may think of the « is as a fractional differentiability. We
now use this to produce the parabolic Holder norm — a norm suitably weighted to
imitate the “one time derivative to two space derivatives” in parabolic equations.

First we get the equivalent of the above. For 5 € (0, 2] define

| f(z0,t) — f(Xo)]
|75—1t0|g

(f)p;xo = sup { : (20, 1) € Qp — Xo}

and as previously

(fpa=sup (flsx, -
Xoe

We define for a = k + a for a € (0,1] and 8 a multi index

{f}a;QT = Z {Da[ngf}CWI

|| +2j=k—1

[f]a;QT = Z [Dngf]a
|8 +2j=k—1

|f|a;QT = Z Sup|D£D§f|+[f]a+<f>a .
|Bl+25<k—1

We may quickly see that | — |, defines a norm on H,(Q2r) = {f : |f|]. < oo} and
under this H,(€7) is a Banach space. We will also use the elliptic Holder norms on
functions ¢ : 2 — R, that is functions on a domain without the “time” direction.
Rather than rewriting the above, we in fact define ||, = |4, where ¢ : Qp — R is

the function equal to ¢ at ¢ = 0, and constant in time.
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2.2 Short time existence

To show short time existence we will need the following fixed point theorem:

Theorem 2.2.1 (Schauder Fixed Point Theorem). Let Z be a compact convex subset
of a Banach space. Let J be a continuous map of Z into itself. Then J has a fized

point.
Also we will need the following linear existence theorem.

Theorem 2.2.2 ([20], Theorem 5.18). Given a linear operator
Lu = a"”(X)Dyu + b"(X)Diu + ¢(X) — u
and the boundary condition
Mu = 8- Du + 8’
and suppose 02 € Hoyo and also
o anm; > ANnl?, T =a"<A
o |0, <A, Vo < B, |cla <

L B72X>07 ‘6j’1+a§le

then for all f € H, and v € Hy, o for initial data ug € Hayo(Q2) with Mug = 1 on
C () there exists a unique solution u € Hoyo to Lu = f in Qx [0,T] and Mu = 1)
on 00 x [0,T], and further there exists a constant C1(A, B, c1,n, «, By, 5, X, o, A, )
such that

[ulora < Ci(|fla + [¥|14a + |uol24a)

Proof. The necessary estimates and existence arguments that lead to this theorem

are contained in the greater part of the first five chapters of [20]. ]

We are now in a position to give a short time existence theorem — the one
given here is a modification of [20][Theorem 8.2] which deals with the Dirichlet
boundary condition. Here we show the important estimates by hand rather than

via an interpolation inequality.
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Theorem 2.2.3. Let P and M be as above such that P is uniformly parabolic and
ug € Horo(Q) such that Mug = 0 on 0 then there exists an € > 0 such that a
solution to equation exists on €.

Proof. The idea here is to show that for € small enough we may make estimates
to apply Theorem to a particular map so that the resulting fixed point is the
required solution. Let 6 € (1,2) we define My = 1 + |ug|g and let

Z = {U € H@(Q€)| |U|9 < Mo} .

We now define by map J : Z — Hy by Jv = u if

/

—uy + a¥(X,v, Dv)Diju+ a(X,v,Dv) =0 for X € Q.

Mu=0 for X € S(Q,)

u(-,0) = uo(+) on B(Q)UuC(Q) ,

\
that is J is the “inverse” of a linear parabolic operator. We note here that if Ju = u
then u satisfies equation (2.1)). We know that for each v, Jv exists due to Theorem
2.2.2] and furthermore we know that

st < C(lols) < C(Mo) (2.2)

and so certainly u € Hy. To apply the Schauder fixed point theorem though, we
need u € Z.
We consider |u — ug|p and wish to show this is bounded by some constant times

€ to a positive power. Writing § =1+ « and f = u — ug then
[fliva =Y swp [Dif[+ D [Difla+sup [f] + (it -
i=1 i=1

We may deal with the first and third terms respectively by using that (D;u)i44
and sup |u;| are summands in the definition of |u|o4, and are therefore bounded by
C(My) by (2.2). Since f(-,0) = 0 then |D;f| < C(Mp)e =™ and |f] < C(Mp)e.

Similarly for the final term again using |u;| < C(M),) and hence

z,t) — flz,s t—s l-a
(Fisa = suplEDZI@ oy B2l o)t
s#t |t—8| 2 |t_8| 2
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Finally using the same trick this time using {D;u}11o < C(My), we estimate

[Dif]oc = sup ’sz(X) B sz(Y)’

X,YEQ. _ — |5
oo (ma{|z — yl, [t - s|1})

- < C(Mo)Jt—s| 2" < C(Mp)e' T,

11—«

and so assuming € < 1 we have [f|p < 2(n + 1)C(Mp)e 2z . Therefore setting e
sufficiently small we have |uly < |uolg+2(n+1)C(My)e 2* < M. Therefore J maps

Z into Z and we may apply the Schauder fixed point theorem. ]

2.3 Long time existence

We now give a condition for quasilinear PDEs to last for all time. This is a modified

version of [20][Theorem 8.3].

Theorem 2.3.1. Suppose we have short time ezistence (i.e. Theorem to equa-
tion and know that for all time a solution exists there are constants § € (1,2)
and Cs > 0 such that

luls < Cs

then a solution exists for all time.

Proof. Suppose that a solution to ([2.1]) exists for some maximal open time interval
[0,T) where T is finite.
Assuming first the linear boundary condition, we know that a solution of equation

(2.1)) is also a solution of a linear operator: Let
Lv = a” (X, u, Du)Dyv + a(X, u, Du)

then w satisfies Lu = 0 in Qp, Mu = 0 on S(Qr) and u(-,0) = wup(-) on
B(Qr)UC(Qr). Now writing 6 = 1 + a, by our bound on |u|s we have a bound
on |a" (X, u, Du)| and |a(X, u, Du)|, depending on Cjs. Therefore by the Schauder
estimate in Theorem we have the uniform estimate

ulaa < C1(Cs)|uolzra = C2 (2.3)

for t € [0,T).
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We now take a sequence of times t; — T, and define u;(-) = u(-,¢;). Due
to the bound we have equicontinuity of the u; and therefore there exists a sub-
sequence, which by abuse of notation we shall also write u;, such that the u; —
u uniformly as ¢ — oo. Furthermore by we have equicontinuity of D;u;,
Djyu; and u;, and therefore may assume (taking further subsequences and abuse)
D;u; — Dju, Djyu; — Djyu and u;; — u; uniformly where we define u; here to
be a¥ (X, u, Du)D;;u 4 a(X,u, Du). Therefore using u we extend u to the interval
[0, T]. The bound on |uls still holds by the C* convergence of u; to @, and so by the
continuity of P and M we have that u is a solution of on [0,7]. We now see
that in fact @ is C**e:

Suppose we are given z,y € Q, and write D?u as shorthand for any partic-
ular Djzu. Using the uniform convergence of the second derivatives we choose ¢

sufficiently close to T that |D?u(-) — D?u(-,t)| < € < |z — y|. Then

|D?u(x) — D?u(x)| < |D?u(z,t) — D*u(y,t)| + 2

o = 1.« <2+02
|z —y| max{|z — y|, |T — t|2}

due to the bound on [D?u], for t < T. Taking suprema we have that |u]s4, < 2+ Cs.
We may now apply our short time existence Theorem to equation (2.1)) but with
ug = u and get a solution u in .. But now we define

u(z,t) for (z,t) € Q x [0,T]
w(z,t) =

u(z,t —T) for (z,t) € Qx (T, T +¢)
Since uy(+, s) converges u;(0) as s — T', w is twice differentiable in space and once
differentiable in time and satisfies Pw = 0 and Mw = 0. Furthermore by strong

maximum principle it is the unique solution Lw = 0 implying that by Theorem [2.2.2

that it is in fact w € H***(Qr,.). This contradicts the definition of T'. O

2.4 Further remarks

I have not yet said anything about part 3 of the proof of existence of a solution:
Given an upper bound on w and |Du| can we get an estimate on [D;ul,? The

answer is under very general conditions, yes. To prove this here I would end up
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rewriting most of Chapter 12 of [20], and therefore I simply cite [20, Theorem 12.3]
for estimates on the interior of the domain and [20, Theorem 12.10] for estimates at
the boundary. The proofs of these Theorems rest upon showing that D;u is a weak
supersolution of certain linear PDEs and then using either Harnack estimates or the
theory of strong solutions.

Another issue I have not mentioned is that of uniqueness. In the cases of equa-
tions as in Chapter || and [5| we have that in the operator Pu, a¥(X,u, Du) and
a(X,u, Du) do not depend upon u. In these cases we may get uniqueness from a
parabolic comparison principle similar to |20, Theorem 9.2], although here we must
use Neumann boundary conditions. To get around this we may use a proof almost

identical to that in [9, Theorem 9.2].



Chapter 3

Spacelike mean curvature flow

inside timelike cones

In this Chapter we will be concerned with equation (1.9), where the boundary
manifold ¥ is chosen to be a timelike cone — a cone in Minkowski space with its
apex at 0 with the property that each position vector is timelike (see section for
full details). We will be flowing a manifold which is topologically an n-ball, that
is, M™ = B", which will be flowed by its mean curvature within the interior of the

cone. We recall we wish to find F : M™ x [0, T] — R} such that

p

i _H=Hy Y(zt)eM"x[0,T]

F(-,0) = Fo(:) (3.1)

F(z,t)C X V(z,t) € OM™ x [0,T]

(v, w) (z,t) =0 V(x,t) € OM™ x [0,T]

where Fy : M™ — R is an initial spacelike embedding which satisfies the boundary

condition.

Remark 3.0.1. Under these conditions we note that we have a special solution to
mean curvature flow: In Example we saw homothetically expanding hyperbolic
hyperplanes as examples of mean curvature flow. In fact, such solutions satisfy
the boundary condition described above. A hyperbolic hyperplane is normal to its
position vector, while for any cone ¥ centred at the origin the position vector is in the

tangent space, that is p € T,X. Therefore the normal of any hyperbolic hyperplane
43
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Figure 3.1: The flowing manifold sits inside the boundary manifold, >, which in

turn sits inside the light cone (again in red)

is contained in the tangent space of ¥ and the boundary condition (v,u) = 0 is

automatically satisfied.

Therefore I make the following definition:

Definition 3.0.2. Define the expanding hyperbolic hyperplane inside the cone Gy
to be the solution to , starting with the section of hyperbolic plane of initial
“radius” k inside the cone . That is at time t = 0, (G, Gi) = —k? with (Gg)ny1 >
0. We saw in Example that

— <Gk, Gk> = k2 + 2nt .
In this chapter we will begin by proving the following long time existence result:

Theorem 3.0.3. Let X be a convex cone. Given that My is initially spacelike then
a solution to equation exists for all time. Furthermore this solution stays
between two homothetic solutions G¢, and G¢, where Cy an Cy are the minimum
and maximum values of \/T,F) at time t = 0. Mean convexity is preserved by
the flow (i.e. if H > 0 initially then it will remain so for all time).
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Due to the comparison with the solution G¢, in the above, we know that in
solutions to equation , Tni1 — 00. Therefore for further convergence results
we need a suitable notion of renormalisation. To this end we define M to be the
blowdown of M, where M is M renormalised by dilations so that M has constant
unit area. By defining convergence “at infinity” to be the convergence of M , we get

the following:

Theorem 3.0.4. Any initially spacelike solution of equation with a convexr cone
boundary condition under renormalisation will converge to a homothetic solution
in the C* norm. Further, there erists an increasing sequence of t; such that ]\Zl

converge to the solution on the interior of M in the C* topology.

3.1 A reparametrisation

For simplicity we may reparametrise the above system as a graph over a topological
disc D C B7(0) defined by the intersection of the interior of ¥ with the hyper-
plane perpendicular to e,y; and intersecting (0,...,0,1). We may then describe
a spacelike manifold M inside ¥ as follows: At a point x € D, if we take the
ray from O through x then the ray will intersect M only once. If p is that point
of intersection then let u(x) = \/T,p) . The graph u now parametrises M by
F(x) = u(x)% Standard calculations give geometric quantities (see Proposi-
tion , for example:
u? TiT;
Gij = — 0 (&j + —> — DjuDju

1—[x[? 1—[x[?

and
(1 — x> )Du + ux + (Du - z(1 — |x|*) + u)e, i
(1= x*)v

V=

where v is a gradient-like function

1—|x?

U2
v= 4| —— + (Dux)? — |Du|?

Similarly we see that a solution to MCF is equivalent to a solution to the following
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parabolic quasilinear PDE: For u : D x [0,7) — R then

(

d = PVIPE _ giDu 2~ L (i +2Dux) W¥xe D
u(x,0) = up(x) Vx e D (32)
Du-(y—v-2x)=0 Vx € 0D

where

G 1= |X|2 1
g = 2 <6ij+ﬁ

2
2 u
(\Du! - 1_—‘X|2) il

is the inverse of the metric and v is the outward pointing unit normal to D. These
calculations though standard are fairly lengthy, and so are not included here — for
those who are interested they are written up in full: See Appendix [A] for 11 pages
of differentiation and linear algebra.

Long-term existence is equivalent to uniform parabolicity of the above equation
and C! bounds on u (see Chapter . By calculating eigenvalues of the metric g;;
(see Proposition we see that uniform parabolicity is equivalent bounding
max {v%, #, u2} from above.

In fact uniform parabolicity is stronger than the gradient estimate: Suppose we

have uniform parabolicity. Then v? > C > 0 and so
u2
1_—’)(‘2 —C > ’DU|2 — (DU.X)2 > |DU,|2(1 — ’X|2)

by Cauchy — Schwarz. Therefore

u2 ~

Dul? < ——
| Dul| <(1_|X|2)2<C

which gives the gradient estimate. Hence for existence on an interval [0, 7] we need

only find an upper bound on U% and upper and lower bounds on u? on that interval.

3.2 The boundary manifold

Here I will define more rigorously the boundary manifold ¥ and state formulae for

its curvature. Let S : 5" — B1(0) C R™ be a smooth embedding of a sphere into
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the open unit ball centred at the origin with outward unit normal n. Then we may
define a boundary cone g (later the subscript will be dropped) by embedding R"
into R} at height 1 and then defining Y5 to be the set of all rays going through

the origin and some point (S(x),1). More explicitly we may give a parametrisation

S:(0,00) x 5™ — R} of ¥g by
(I,z) — 1S(x) + len 1

Now we may calculate all quantities needed. For example, we may see that in these

coordinates

w20, w (L) - k)

"ol Oz’ O L <§,n>2

Therefore, for an orthonormal set of vectors e, eq,...,e,_1 € T,X obtained by

picking orthonormal coordinates on S and renormalising,

Ag(ei, Ej)

[\/1— <§, n>2

Hence we can see that, as we would expect, weak convexity of ¥ — that is

Az(ei, ej) =

(3.3)

A%(-,-) > 0 — is equivalent to convexity of the embedding §, the second funda-
mental form has a zero eigenvector along the timelike rays from the origin and the

second fundamental form decreases linearly as you move up the cone.

3.3 Evolution equations

We need the evolution of a few more quantities to those in Section which we

will derive here by straightforward calculation. I define the following:
F?>=—(F,F) >0

S=—(F,v)>F>0 .

We may think of these as in some sense C° and C' measures of how far our flowing

manifold is from a homotheic solution Gy.
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Lemma 3.3.1. Under MCF we have
d
— —A)F?*=2n .
(F-0)F =
Proof. We see
dF? dF
—=-2(— F)=2H{v,F)=2HS
and further
g 0’F OF OF OF
AF? = —24% S—— F —
g (<8x18xﬁ Y Ok’ > * <8x“ ozl >>
= —29" (hij (1, F) + gij)
=2HS —2n .
So we are done. O]

Lemma 3.3.2. On the interior of the flowing manifold we have
(i —A) S =2H — S|A?
dt
Proof. Using Lemma [1.2.10| we get
s _ _[dE N [g W
da — \dt’ T dt
=—H (v,v) —(F",VH)
=H—(F',VH)

(0 0
AS = —g' A(FT, —
S (ax{ ( ’aﬂ)

and

Now we calculate

y 0 g — T 0
ij T — 4% — —
g A(V 2 F ’8:&) =g A([V o (F Su)} ’8xj)

ox®
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which shows

AS = —VerH — H+ S|A? .

Hence

(% _A) S=H—(FT,.VH)+ Ve H + H— S|A = 2H — S|AP .

3.4 Boundary derivatives

To apply Hopf maximum principle we also need to consider derivatives of functions
at the boundary in the direction of u, the normal to ¥. As in the case of Stahl
[25] these identities come from derivatives of the boundary condition. We first

demonstrate the following simple result.
Lemma 3.4.1. For p € OM™ x [0,T) we have
(VF?* 1) =0

Proof. We know that VEF? = (VF?)T. Furthermore we have that VF? € T,X and

sSo we have

(1, VF?) = (u, VF? + (v, VF?)v)
= (u.VF?)
=0 .

Now we take spatial derivatives of the boundary condition:

Lemma 3.4.2. For W € T,M, NT,% then

A, W) = =A%, W)
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Proof. For such a W
0=W (v, t)gmns
= <vWV7 /'L> + <V7 vVVIU’>

= <VWV, ,u> + <V, VW@
= AW, ) + A>(v, W) .

For our gradient estimate we also need

Lemma 3.4.3. Forp € OM" x [0,T) we have
(VS, ) = —A%(F ,v) .

Proof. Look:

89S .. o
_ ij 2
VS =59 50

OF ov 0
(<a>+<F axi>)g D
0 0
E— T y_—
A(F ’830")9 ik

Since <FT, ,u> = (0 we may apply Lemma m to give

(VS n) = _A(FTv t)
= A¥(F",v) .

Corollary 3.4.4. At a point p as above
(VS, ) = —SA*(v,v) .
Proof. We know that the second fundamental form of 3 has a zero eigenvector in
the direction F, and so we may calculate
A¥(F", v) = A*(F — Sv,v)
= A¥(F,v) — SA*(v,v)
= —SA*(v,v) .
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Now differentiating the boundary condition with respect to time:
Lemma 3.4.5. For p € OM" x [0,T) we have
(VH, ) = ~HA>(v, )
Proof. Using Lemma [1.2.10
d
0= E <l/, /’L‘F>R?+1
= (VH,pu) + (v, DM(HV)>R71L+1
— (VH, )+ HA(v,) .
O

Remark 3.4.6. We note that if ¥ is convex then the normal derivatives of both H

and S at the boundary are negative.

On the other hand regardless of the boundary we are able to get

Corollary 3.4.7. For p € OM™ x [0,T) we have
H
Zouy=0 .
(V5s)

3.5 Gradient estimate

We now obtain a gradient estimate, that is to say, a lower bound on v. Note that
in the graphical notation of equation (3.2)
vy/1—[x|2

Hence it is sufficient to find a suitable upper bound on S and a lower bound on

u? = F?. We will need an assumption:

Assumption 3.5.1. We will assume from here on that ¥ is convex.

We will also need the weak maximum principle of Corollaries [1.2.18 and [1.2.19]

Using Lemmas [3.3.1] and [3.4.1] we see we can immediately apply the above to

both F? — 2nt and 2nt — F? to give



3.5. Gradient estimate 52

This may be interpreted as if our manifold lies between two copies of a hyperbolic
solution G¢, and G, initially, then it will do so for all time. It also gives the
required bounds on u, and further ensures that M, stays away from the singularity

of X for all the time a solution exists.

Now using equation 1) and Lemma we consider the evolution of %:

d% 1dH HdS

dt  Sdt S?dt
1 HIA?P H H?  H|AP
= GAH - = - G AS -2 4+ o

H\? H VS _H

So at a point where V% = 0 we have

(i-2)5-=(5)

Hence from this, Lemma 3.4.7]and the weak maximum principle we immediately get

< C3(My)

In fact, we can do better. At a stationary point of %(C’ + 2nt) we get

(% _ A) g(c 4 ont) = g <2n —oC+ 2@%)

Hence given that H > 0 on M, and again applying weak maximum principle we

have for C5,C4 > 0
Cs H Cy
< =<
CH+2nt — S — C+2nt

or for 53, 64 >0
-~ H -
@ggﬁgm. (3.5)

If H> 0 on M, then the constant (' is zero. This estimate implies preservation of
weak or strict mean convexity since

5 >0 .

H>C
- 4C+2nt_

If we neglect the assumption of initial mean convexity, estimate (3.5]) still holds,
although 63 < —n.
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Until now we have not used our assumption, and this is the point at which it
comes in, in the form of a sign of the boundary derivative on H (and later S). Using

equation [1.10[ we get that on the interior of M

(% - A) H? = —2H?|A)? — 2|VH|* |

and from Lemma and our assumption, V,H = —2H?A(v,v) < 0. By the weak

maximum principle we therefore have

H2<C5 .

Now using Lemmas [3.3.1}, [3.3.2, |3.4.1| and [3.4.3| we calculate for f = S — \/TC?FQ

that

(%—A)f—ZH—%ﬂ%—SMFS—ﬂAFSO

and

(Vfip) = (VS u) <0 .

Again applying the weak maximum principle we see

S < Ce(My) + \/5_5F2

and hence we get
F2
v > >0 .

VI= TP (Co+ YE2F?)

We have the estimates required, and give the following summary:

Theorem 3.5.2. Given that My is spacelike, a solution to equation exists for
all time. Mean convexity is preserved by the flow and if the solution is initially

bounded by G¢, and Ge,, it will remain so for all time.

Proof. From the above bounds we see that for any finite time interval [0,7] we
have uniform parabolicity, and therefore existence of a smooth solution from the
standard results on quasilinear PDEs in Chapter [2. Therefore we have existence of
a solution on the interval [0, 00), since otherwise we would have non existence at a

finite t < T =t 4 1. Therefore long time existence is proved. [
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3.6 Improvements to estimates

We expect our solution to move towards an expanding hyperbolic hyperplane Gy,
but if this is so, easy calculations imply that the estimates from the previous section
are not optimal. We currently have that I < S < Cg + C7F? while on a special

solution S = F. Also we only have T < H < /(5 while on a special solution

C
we know H = %. However our ratio of H to S, estimate (3.5), is of the right order.

To improve our estimates we consider

‘VF2’2 ‘FT|2 4 S2 _ F2
7 =4 7 :ﬁ<F—Sy,F—SV>:4 7

Note that this quantity is invariant under scaling and is zero on our special solution.

We wish to show that this will in fact asymptote to zero. We calculate
d d d
——A Z_FH =25 ——-A —2 2 [—=—-A)F?
()5t =os (o) s-awse— (G -2)
=4SH —25?|A]? — 2|VS]* — 2n .

S2—F?
F2

1 (d |V F2|?
+(SQ—F2)(—E(E—A)F2—2 5 )

4SH — 2S%|A)* = 2|VS|* — 2n

and so for J = we have

-l
—2nJ —8J% + % (VF?, V(5 - F2)>}

. 2 .
Since |A|? > I we estimate

2
4SH —25%|A]? <4SH — S S°H? < 2n° — = (SH —n?)* < 2n?
n n

By Cauchy—Schwarz and Young’s inequalities we also see

1 S |VEF?| Mk
73 (VF%V(S* = F?)) = |VSP < 25— |VS| = =

52 |VF2|2 VF2?
S T e
=4J% .

—[VSJ?
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Applying these estimates to the evolution equation for J we have

d 2n
- < — — —
<dt A)J_ sn—1—J]

which implies since the boundary derivative of J is (V.J, ) = 2-% (V.S p) < 0 that J
is bounded by the maximum of its initial value and n — 1. But we need convergence

as t — oo and so for C' > Cy (see equation ({3.4)) we consider

(i — A) Jlog(C' + 2nt)

dt
d 2nJ
= log(C + 2nt) <E - A) J+ Ctant
2nlog(C + 2nt) 2nJ
< N
= P2 =T e

2nlog(C + 2nt) 1
< —_ — S —
- F? {n ! <1 log(C + 2nt)) J}

and by choosing C sufficiently large such that, for example C' > max{e? Cy} then

we have the following:

Proposition 3.6.1. There exists constants C’S,DS,IN?S > 0 depending only on n
and My such that

212
|VF2 | <4 Cs <4 Cs
F log(Ds + 2nt) log(Dg + F?)
or equivalently
SQ Cs CS

F? log(Dg + 2nt) log(Dg + F?)

Now the estimate (3.5) implies the following:

Corollary 3.6.2. There exist constants CH and CH > 0 such that
c' <HF<CY
Where CH is positive if My is initially mean conver.

Remark 3.6.3. Although we may not use this to say anything more about exactly
what H tends towards we may say what the average of H will be asymptotically

if we assume that that H is initially positive. From the proof of Lemma [3.3.1] we
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have that AF? = 2HS — 2n and therefore we see using Lemma and Divergence

/HSdu—n/ du .
M M

Therefore since H > 0 we may estimate

HFd
Joy dpe log(Dgs + 2nt)

which asymptotically corresponds to what we would expect on our special solution.

Theorem that

3.7 Interior curvature estimates

Estimates on |A|? on the entirety of M are difficult. It is true that as in [25] we
are able to get estimates on V,h;; at the boundary by differentiating twice in space
and using the estimates already mentioned in Section [3.4. However, these give a
mixture of Dirichlet and Neumann conditions for h;;, which are unpleasant even
in the simplest situation of the cone having the cross-section of a round sphere.
Instead we obtain some interior estimates on |A|? and its derivatives. Note that on
the homothetic solution we know that |A|* = %, and we search for estimates of a
similar order.

We use an argument similar to Ecker’s interior estimates in [3], with the
difference that here we also want suitable renormalisation. The main issue becomes
the question of a cutoff function. To construct this, first suppose K : R — R

and define K : M™ x [0,T) — R by K(z,t) = K(F(x,t)).

Lemma 3.7.1. On the flowing manifold

Proof. First

We also calculate
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using the Weingarten relations, equation (1.4)). But now by considering locally in a

suitable orthonormal coordinate system and noting the sign of v we see
AK =HV,K +AK +V,V,K
which gives us the Lemma. ]

Now we stipulate an additional condition on K, namely that VgK = 0. That
is, the cutoff function is defined on a hyperbolic plane and remains constant on rays
from the origin. As in Example we define Y\ = {x| (x,x) = —\?, z,,,1 > 0},
that is Y, is a spacelike embedding of the hyperbolic plane of “radius” A.

Corollary 3.7.2. Under the condition VK = 0 we have at p € M

d 92— S? —
- < Yr Yr z — AYF
(dt A) K <|V'7 K|'"(p) (F2 1) AP K(p)

52
_ =2 —1 1 — /P
— vY12K Y1 <B> F2 o _Ale <_>
| | F [? F? F
Ck
Sﬁ

Proof. Since Yy is perpendicular to F and A K has no contribution from the F

direction we immediately have A K = AY* K. Similarly we have

|V, wn, Y, wn Kl

v, F)
v—-ZoF " v—"5

- ’vqu%Fvqu%FK‘}J

2— S?
< VYK " (ﬁ — 1)

by Cauchy—Schwarz, giving the first inequality.

The second is using the scaling of K on Yr. This allows us to estimate over Y}
rather that Y where F' may vary from point to point. This inequality is simply from
properties of dilations and the constancy of K on rays from 0: Keeping a function
constant but dilating the manifold by A while keeping K the same we get that Gij
becomes A?g;;, g becomes A"?¢"/, T'¥; remains I'}; and so on. This gives the stated
formula.

The third of these comes from estimating second derivatives of K on Y; and

Proposition [3.6.1] UJ
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The final two conditions we wish K to have in addition to that of the above

Corollary are:

e 0 < K < C where K restricted to Y; has compact support and
° ‘VYITKP < Ok for some C'i > 0.

The question of whether such a function exists is easily solved. For example, if
we take the Poincaré model of hyperbolic space (which is isometric to Y7) we could

take K to be the radial function K(r) = (1 — Er?)3. Then we calculate in this

metric )
e (4)" (-
K 4K
which is clearly bounded (depending on E) on the unit ball. Furthermore this

=9E**(1 — Er®), (1 — Er?)

function is zero outside a hyperbolic ball and bounded by 1, and by changing E we
may choose the radius of the hyperbolic ball which is supp(K).
For K satisfying the above we know

— _ o IS 2
Cs| VI K2

S? < 772 772
< LIVEP < OVERP < =

for Cg = 1+ 105%5 > 0 where we used the Cauchy—-Schwarz inequality on the

hyperbolic plane and Proposition [3.6.1] Therefore, for such a function we have that
at a maximum of fK, that is fVK + KV f =0 then

<1_A>ngfCK+K<i—A>f—2<VK7Vf>

dt F? dt
fCx =~ |[VVKJ? d
< L2 Lt B - _
<+ Csf e t KA S
fCx d
< —_— — . .
<o tE(o-A)f (3.6)

Now that we have a suitable cutoff function we are ready to get some estimates:

Lemma 3.7.3. Let L C R} be such that if x € L then A\x € L Y\ € R, and so
that Y1 N L is a compact set of minimum hyperbolic distance d > 0 from ¥ with a

smooth boundary. Then on M;N L

C
AP <
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where the constant C'y > 0 depends on d, the second derivatives of the boundary of

YiNL, n and M.

Proof. Since we have suitable cutoff functions (if necessary just using the radial one
with sufficiently large E) then the proof comes down to suitable evolution equations.

We calculate using equation (1.11)) that for fo = |A|*(D + 2nt):

(1 . A) fo=2n|AP2 — 2(D + 2nt)(|A[* + |VAP)

dt
2n fo 2f3
— D4+2nt D+ 2nt

Now applying equation (3.6) we have by choosing D large enough

d N
(E—A> Kf, < % [CK+2nK—BfOK}

for some B > 0 depending on €y and Cs (see equation (3.4))). Therefore since K = 0

at the boundary we have the Lemma. O

Lemma 3.7.4. For L as in the previous Lemma we have that for all m > 1 there
exists a constant Ca ,, depending on m,n, L,d, My and the second derivatives of the

boundary of Y1 N L such that

Proof. The proof is by induction. Writing J; = |A|*(D + 2nt) + E < C4 + E where

E > 0 is a constant yet to be chosen, we define
fi = (D +2nt)|VAP*J, .

Using Proposition [1.2.16, the Cauchy Schwarz inequality and the above Lemma,
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writing C), for any positive constant depending only on n and M, then

d 2n
_ < 2 o2 4|2 2 2
(dt A)fl_(D+2nt)[D+2nt|VA| Ji+ Ji (=2|VPA]? 4 Co|AP|VAP)

+ |VAP (2n|AP — 2(D + 2nt)(JA]* + |[VAP))

—2(D + 2nt) (V|V AP, V|A|2>]

< (D + 2nt) { —2J,|V2A|2 — 2(D + 2nt)|VA|*

C,(E+1

ﬁ\m\? +8(D + 2nt)\V2AHVA]2\A]]

D + 2nt 2

MWAWA\)
1

4 VAN A2 (D + 2nt)?

(|A|2(D + 2nt) + E)?

< (D + 2nt) { —2J; (|V2A| —2

—2(D + 2nt)|VA|*

Co(E+1) 5
————2|VA
D + 2nt VA
Cy
< (D + 2nt) {ﬁ]v/w(z} + 2nt) — 2(D + 2nt)|VA*
ClE+1)
——~|VA]7| .
D + 2nt VAl }
We now choose F sufficiently large that the coefficient % < % and therefore
L A) fi < (D + 2nt) —§(D + 2nt)|VA|* + Co IVA?
dt b= 2 D + 2nt
Cnfl 2
S Drom O

for some ¢; > 0, where here again we used the bound on J;. Substituting into

equation (3.6 we see:

d (&
(E —A> HE < fi (ﬁ —51Kf1)

Now we assume the Lemma holds for up to m — 1. We define
I = V" TAP(D+2nt)+ E<C, + E

and set f,, = (D + 2nt)|V™A|?J,,. Exactly as with f; we calculate, using the
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inductive hypothesis,

d
(i =2)

< (D + 2nt) [ —2Ju V™ AP2 + C (1 + E) (

VA2 V™ A|
D+2nt (D + 2nt)%
Cn

m 2
+ VAl ((D T+ 2n)?

- 2|va|2>
+8(D + 2nt)|vm+1A||va|2|vm—1A|]

< (D + 2nt) %|V’”A|4(D + 2nt) — 2|V A*

mAQ m A
reaep (AL, VAL
D + 2nt (D + 2nt)2

Again choosing F sufficiently large and using our bounds on J,, to get

fno + .

d
- _ < — 2
< A) fn < =20, f5 +Ch D+ ont

dt

for some 9, > 0 and so by equation ({3.6)

d Cy 2
(a - A) K fun < fun (m - 5mem) + K (Co/For = 0nf2)

For f,, larger that some constant P (depending only on n and M;) the second
bracket is negative, while the first becomes negative if K f,, becomes large. Hence
at every point on the support of K where f,, > P, K f,, can have no increasing

maxima, and therefore K f,, is bounded. Therefore we have an interior bound on

VmA2
VA2 -

3.8 Convergence and renormalisation

The purpose of this section is to define the shape of the solution as ¢ — oo. For this

some notion of blowdown will be needed.

Definition 3.8.1. If F : M" x [0,00) — R satisfies equation (3.1) then let
F = ¢(t)F where 9(t) is some factor such that the arca of F(M) is 1. For any
geometric quantity f on F we will denote the same quantity fon F

If G: M" x[0,00) = R then F = G ast — 0o in C°, C!, ... if F = G as

t—o0inCY Ct, ... .
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Remark 3.8.2. It is usual (as in [I3]) to renormalise time. Indeed we may do so here
by defining s = fot ¥(r)%dr. We then obtain
dF _ dFdt 1Sy H2dp - ﬁ/ S
= Hy — M T F|=H — Hdu .
ds  dt ds v (¢U 4 n [, du V+n1\7 #
In actual fact Lemma will show that s > C' log(t) and hence we need not make

a distinction between s — oo and t — 0.

We now estimate the quantity .

Lemma 3.8.3. There exist constants Cy, 6’y > 0 such that

1+—Ss A
Cy log(Ds+F?) CY
FSvi) =Gy F =F

Proof. Let Y be a parametrisation of Y;. Then any spacelike manifold contained
within the lightcone may be written as Z = u(z)Y (x). Hence we get the following

induced metric:

oY oY

We see that
o7 [ ¥ o Daugy’ Dugit
ij Y u — |VYU|2
2 Y, |2
_ 25k k u V7l

= u25f .

Therefore

9y u — |VYU|2

ai bj
ij _ i ( ij Dqugy Db”Q#)

. ) aj
We calculate for A = L g2 g3 = 67 — D’u?ﬁ# that there are n — 1 eigenvectors of

eigenvalue 1 while the remaining eigenvector is in the direction D,ug® and we see

o ) VY 2
Al g Dou = Dgugy (1 A )

u?

and therefore calculate

det gé = (u?)" det (A7) det(g?;-) = ()" Hu? — |V ul?) det(gzg) :
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But now we calculate on our manifold:
\Vu?|? = 4u’Dyugy Dju
VYl
-4 VY 2 |
(194 v

AP VY ul?
w2 — [ VY2

this gives

w2 |Vu?|?
4u? + |Vu?|?

We may write the area of the manifold as the integral over the interior of ¥ inter-

V¥ ul” =

sected with Y;. We call this set B. Therefore

/ VYu|2 Vuz?
d 1-— du —
/ H = / My, = / \/ 4’LL2 |vu2|2 Ky,
42 n 1
4u? + ]VuQPd’qu - /Bu \[1+ |V4u22|2 dpv,

Applying this to our flowing manifold, then we have u = F' and so using Proposition

3.6.1) and equation (3.4)) we see for ¢ large enough

_1 1 _1
Cy " F" —Cg/ du < Cy " F"
\/1+log~—s M

(Ds+F?2)

where Cy = (fB duyl)fn. Noting that f)\M du = A" fM dp which implies
=(/y du)fﬁ we have the Lemma. O

Theorem 3.8.4. Any initially spacelike solution of equation with a convex
cone boundary condition will converge as time tends towards infinity to some Gg_
in the C' morm. Furthermore, on any interior set uniformly away from the boundary
there exists an increasing sequence of t; — oo such that ]\Zl converge to the solution

on the interior in the C™ topology.

Proof. Under Dy, a dilation by a factor A, we have Dy(F?) = \?F? D\S = \S, and
so on. Hence from equation (3.4)), Proposition Corollary and the above

estimates on the dilation factor then we get

~ ~ ~

C, < F* < (O
5212 c

0 < VFI < oo™

cr < H < oF
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where Cy, Cy, Cs,CH > 0 and CH > 0 if C# > 0 and all of these constants depend
only on n and M,. The first of these is boundedness of the renormalised hyper-
surface, the second implies that in fact we have C' convergence to a hypersurface
with |[VF?| = 0. Therefore these estimates imply C; convergence of M to Yg, the
hyperbolic hyperplane of radius

e ()

where B is as in the above Lemma.

By Lemmas and we have that for L as in Lemma [3.7.3] then for all

time on M; N L
o 2 A
max{T,O} Ca

0 < |[VMA? < Cam

3=

IN

A

IN

where the constant depends on the boundary of L and how far L is from ..
We can now use Arzeld—Ascoli and a diagonal argument to complete the theorem:
Let U; be an open interior set of Y; such that the boundary is of at most hyper-
bolic distance 2-U+%) from the ¥ and at least 2-U*#~1 such that the boundary of
U; is C*. We note U; C U;1; and choose k sufficiently large that U; # (). We define

L; = {&x|x € U;,§ > 0} and we now construct for a 2 parameter set of sequences
t(a:b)

i

with the properties:
1. t;, > 00 as i — o0

2. |VPAP?

converges to the corresponding value on Y (that is 0 for b > 0

LaNM (4,3)

and%forble) as i — oo and

3. If we write C for “is a subsequence with respect to ¢ of” then the following

diagram holds
f(a+1,b+1) C f(a+1,b)

(]

(2

M M
f(a,b-i-l) I: fl(a,b)

7

First, by Arzela—Ascoli and the equicontinuity of ﬁab| ,on Ly (which comes from
the bound on |V A|?) we know there exists an increasing sequence of tl(-l’l), such that

hab‘ NERY uniformly converges to a Cj function on L;. Furthermore, this function
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Yr

must be }%gij since otherwise integrating would contradict the C'' convergence to

Yk

We proceed by induction. Suppose that a m xm “square” of inclusions is defined

such that conditions 1-3 above are all satisfied. The most restricted subsequence so

far will be tl(m’m).

Also by Arzeld—Ascoli we may take a subsequence tz(mﬂ’l) C t§’"’m) such that hgp
(m+1,2)

converges uniformly on L,,;;. Now taking a subsequence of this, ¢; we have
convergence of Vihgp on L1 N M mi12). We may continue along this “row” up to
the convergence of V™A under the subsequence tz(-mﬂm). Note that condition 3 of

the above will automatically be satisfied by these sequences, by our choice of initial

sequence.
pomttm) = D)
M M
A U e A
M M
M M
gaem = Y

Next we deal with the column. Again we start with a subsequence of the most

restricted subsequence, that is, we choose tgl’mﬂ) C tgmﬂ’m) such that V™14
(2,m+1)

converges to zero on L;. Taking ¢, C tz(»l’mﬂ) and so on, we define up to

t(m—i—l,m-‘rl).

: The condition 3 is automatically satisfied and so the construction is

complete by induction and repeated use of Arzela Ascoli.
7:7

Now by abuse of notation, choose t; = tz( " then as i — 00, t; — oo and ]\/4: — Yr

in C? for all p. [



Chapter 4

Graphs in Minkowski space

In this chapter we deal with graphical mean curvature flow in Minkowski space with
a Neumann boundary condition. This gives that the boundary manifold ¥ is a
cylinder.

This work came about as an attempt to take the graphical results on mean curva-
ture flow with a Neumann boundary condition from Euclidean space into Minkowski
space. In an ideal world it would be nice to imitate the integral methods of Huisken
in [14] and apply Stampaccia iteration. Indeed this is the method I initially followed.
Alas, due to issues at the boundary (see Section it became necessary to impose
weak convexity on the domain. Given this condition, these methods yielded the first
proof of the gradient estimate I give here. In actual fact this assumption means that
there is a much simpler maximum principle argument which gives the same result.
This is the second proof of the gradient estimate.

Let © be a compact domain in R” with the Euclidean metric considered as a
subspace of Minkowski space with the induced metric. For example in coordinates
as in Example we may take 2 C span{ey,...,e,}. Let 92 be C** and define
Y = {(x,y) € RI"Yx € 09, y € R} to be the cylinder over Q. We will define
to be the outward pointing normal to 92 so that u = (y',...,~",0) is the outward
unit normal to X..

As in the previous chapter we let M"™ = B", and wish to consider solutions to
equation ([1.9) with the X specified above and § = 0. Again we will require that our

initial embedding Fy : M™ — R is spacelike.

66



4.1. A gradient estimate 67

The spacelikeness condition implies we are able to consider Fy as a graph
up : 2 — R initially with the derivative bound |Dug| < 1. Using notation similar to

[8] and [14], we define

v=1/1—|Dul?

_ q
a(@) = ——— rE
ij __ aai . (Sz qiqj

=== - .
0  1—la?  (1—[qP):?

We will always take a = a(Du) and a” = a”(Du), that is @ = Du in the above.

The function v is called the gradient function (equivalent functions are commonly

used in Euclidean space, see for example [4]). Using these quantities we may rewrite

equation ((1.9) in graphical coordinates as follows:
(

du(x,t) = vD; (a') (x,t) V(x,t) € Qx[0,T]

dt

u(x,0) = up(x) Vx € Q (4.1)

Yiat(x,t) = 0= Duy"  V(x,t) € 90 x [0,T]
\
The derivation of this is contained in Appendix [B] While we will not do these

standard computations here, we state that

V= azei + —ent1, gw =wva” and H = Di(az)
v

Remark 4.0.5. The uniform parabolicity of equation is equivalent to the bound
|Du| < 1 which is in turn equivalent to spacelikeness. Therefore if we have such an
estimate on [0, T'] for bounded u we have both uniform parabolicity of the above and
a gradient estimate and may apply the quasi linear existence theory of Chapter

to get existence of a smooth solution.

We will show the following;:

Theorem 4.0.6. A smooth solution to equation exists for all time and con-

verges to a constant solution u = C as t — oo.

4.1 A gradient estimate

We will need an equation for the evolution of the gradient, v.
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Lemma 4.1.1. If we consider v as a function over ) then

ov ;
5 = ¢ D;(Hv) (4.2)

— —Ha'Djv + ij(ajkav) + vajkarua’"tDtju ) (4.3)

Proof. By definition of v we have

o /I-TDuP

= —alDl(Hv) .

The second equality comes from expressing H as D;(a’) and interchanging

derivatives:

—a'D;(Hv) = —Ha'Dyv — va'D;(D;a’)

— —Ha'Djv — vaiDj(ajkaiu) .
But
Dj(ajka’U) = —Dj(ajkarua’”) = —aiDj(ajkaiu) - ajkarua”Dtju

hence

0 4 . .
8_: = —Ha'Dyv + vD;(a’* Dyv) + va’* Dy,ua™ Dyju

]

A vital question is what happens at the boundary, answered by the following

boundary Lemma:

Lemma 4.1.2. Suppose Q) is convex then we have that for all x € 02 that
’yiaikav >0 .

Proof. This proof is based on [8, Lemma 1.2], where here we additionally use that
convexity of the domain implies that the second fundamental form with of 02 with
respect to -y is positive definite. At a point x € 0f) via a linear orthogonal trans-
formation in R™ we may take v(x) to be e,. We want to differentiate the boundary
condition

a'y' =0 .



4.1. A gradient estimate 69

Locally we may consider the boundary as a graph w : R*! — R. We know for

7 =1,...,n—1 that at the point =
0= Dj(a'y") = Dyjua™y' +a' Dy’ .
Furthermore, by the boundary condition we know that at x, ™ = 0 and so

0 =a’D;(a'y")

= aijkua]”'v' + aiDjviaj

= —Dyva®~' + aiDjyiaj .

The Lemma is reduced to the question of a sign on a’D;v'a’. Again using that
a™ = 0 at z, we see that we only need consider a®Dgy*a” where Greek indices imply

summations up to n — 1. Using the graph w we calculate

1

GV

(= Doweq + €,)

S0
5 —Dapw DoywDgpwDyw s 3

Doﬂ/ - - ag
VIFIDoP (1 +|Dw):

At our point x, Dw = 0 from choice of coordinates and hence at this point ggﬁ = 0

and so by convexity a®Dgy®a”® > 0, and the Lemma holds at z. Since z was an

arbitrary point this is true on all the boundary. ]

We will need the following Lemma on the time derivatives of certain L” norms:

Proposition 4.1.3. Let M™ be a compact n-dimensional manifold with boundary
and let F : M™ x [0,T) — R be a smoothly varying family of smooth space-
like embeddings. Suppose g : M™ x [0,T) — R is a positive function differentiable
in time and continuous in space and p > 0 is a constant. Set g, = (g — k)4

and G(t) = sup g(x,t). Suppose that there exists an € > 0 such that for all

IGM"L
ke ((G@t) =€)+, G(1)) ]

_ D <

i ([ ) <o (1.4
then G(t) is non increasing for all t € (0,T).
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Proof. Suppose not. Then at some time 7 > 0 there exists a ¢ and an 0 <€ < §
such that
G(tr+0)=G(r)+¢€

and for t € (17,7490), G(t) € (G(7), G(1+0)) (we know that G is continuous). Since
M™ is compact then there exists an x € M™ such that g(z, 7+ 6) = G(7 4+ §). We
will show that g cannot be continuous in space at (z,7 + 9).

Set

X:{xeM”:g($7T+5)>G<7)+g}

glo.7+0)

9(z,7)

Figure 4.1: A picture of an impossible situation: Here we see the set up for the

contradiction. The set X is shown in thick red.

Due to our choice of € we have that equation (4.4) holds for all
(k,t) € (G(1) = 5,G(1)) x (7,7 + 9). Hence for k in this region we may integrate:

/ grdp| = / grdp
Q t=71 Q

t=7+6

> (G(T) + % - k)pMIHH(X) :

Hence since G(7) > k we have the estimate

~\ P
€

t=1
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The righthand side of this does not depend on k, while the left hand side tends
towards 0 as k — G(7). Hence X is of measure zero with respect to p at time 7+ 9

and so cannot contain any open sets, implying ¢ is not continuous in space. O]
We may now use this to give the following.

Proposition 4.1.4. Gradient Estimate Given spacelike uy over a compact convex
domain 2 then for all the time a solution exists the gradient is bounded from below

by its initial minimum.

Proof. The above is equivalent (see e.g. [20]) to finding a bound such that |Du| < 1

w = log (%) — log(v)

for all time. We define

and

wy = max{0,w — k} .

We wish to bound w from above. To this end, defining A(k) = {x € Q|wi(z) > 0}
then

4 widH, = i/wivdm
dt Jq dt Jq

dw dv
:2/kaavdx+/ﬂw,%%dx

dv dv
=2 —d 2__d
/kadt x+/ﬂwkdtx

— —2/ wi(—Ha'Div + vD;(a’? Dyv) + va’? Dy,ua™ Dyju)dx
Q
—/w,%aiDi(Hv)da:
Q
= Q/wkHaiDivdx—Q/ wyvD;(a’” Dyv)dzx
Q A(k)
—Q/wkvaquqrua”Dtjud:v—/ wia'Dy(Hv)dz .
Q A(k)

Now using Divergence Theorem on the second and fourth terms (and using the
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boundary condition) then

d

— | widH, = 2/ wpHa!Dyvdx + 2/ D; (wkv)ajprvdx
dt Jo Q A

(k)
— 2/ yjaﬂDlvwkvdHn,l - 2/ wkvajstrua”Dtjudx
QN A(k) Q
+ Dj(wia") Hudx
A(k)
:2/wkHaiDivdx—2/ Djvajprvdm—l—Q/kajvajprvdx
Q A(k) Q
—2/ Vjalelvwkvdx—2/wkvajstrua”Dtjudx
0 Q

—2/wkHaiDivda7+/w,3H2vdx
Q Q

[Vol?

:/wzHZde—i-Q/wk Vo dx—Z/ yjaﬂwakvdx
Q Q v o0

\V4 2
—2/ ﬂdw—Q/wkvMde :
Ak) U Q

But now using Lemma , that is 77a’*Dyv > 0, and the inequality IZ—; < |4)?

then

dz .

d ) 2 |Vol|?
— dH, < — —)H%vd 2 -1
o ka < /ka(wk n2) vdx + /A(k)(wk ) .

Hence if wp < &
" d

— 2dH, <0 .
dt Jo, =

Now we can apply Proposition 4.1.3| (with € = #) to give that W (t) = sup w(x,t) is
€N
nonincreasing, which is to say that the gradient is bounded by its initial value. [

4.2 Gradient estimate via maximum principle

The above estimate is also attainable using a maximum principle method. Here we
use such a method to find an upper bound on Y = % The evolution equation of Y

on the flowing manifold was calculated in [3], namely

(% - A) Y = —|APY . (4.5)
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As usual we need a boundary derivative and since

0 — _
axi <_ <en+17 V)) = - <VV’ €£+1> - <V7 ven+l>
0
= _A(€Z+17 %)

we get

VY = _A<€£+1a 7)

As in Lemma at a point p € OM we differentiate the boundary condition in
direction W € T,0M to get

0= (Vwv,7) + (v, Vwy) = A(W,y) + A™(W,v)

We see
V.Y = A%(el,,,v) = A%(enp1 — Yr,v) = =Y AZ(1,v) <0 (4.6)

where we used that e, is a zero eigenvector of A¥(-) and the convexity of the
boundary manifold. Applying maximum principle (Lemma [1.2.17) immediately

gives the an alternative proof of Proposition [4.1.4]

4.3 Boundary issues on more general domains

The original proof was an attempt at getting gradient estimates on more general
domains, as in [I4]. This method doesn’t work here for reasons of the ambient
space: The lengths of projected vectors have to be estimated using Y = %, and it is

necessary to project at the boundary. We consider the boundary integral from the

proof of Theorem and using equation ([4.6)

, v
—/ kaDjvaJl’ylvd’Hn,l = —/ ka—wduaM = —/ kaAE(z/, v)dpon
o0 OM v oM

where we used that v is the volume element of the boundary due to the boundary

condition. We must estimate this from above. Using that e, is an eigen vector of

A%(.,-), we estimate A¥(v, 1/)‘ ) > f(x)|v —le,q]* = f(x) 1;52. Therefore we
xeOM

must estimate

1—02

—/ wp AZ (v, V) vdH,_ < C wy, dH,.,1 =C wpe ™ — vwpdH,, 1
o0 oQ v oQ
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This estimate is a good one, for exam-
ple for n = 2 in the domain pictured
supposing |Du| = 0 at the boundary
on the portions marked in blue we have
equality in this estimate for C' = 1.
From here we must estimate this
on the interior using some Lemma

similar to [8, Lemma 1.4]. The above

boundary integral makes this extremely \ i

difficult — estimating into the interior et

using methods like the mentioned

Lemma would give terms like Figure 4.2: On the holly leaf domain
Jo wie" ™ dp — a term that is of expo- 2 C R? we consider u with Du = 0 on
nentially larger order than anything we the blue regions while Du may be large
can get from the evolution of wy. This elsewhere

anecdotal evidence suggests that to get

gradient estimates we must use either conditions on the boundary such as convexity,
or further conditions on the initial manifold to get around this problems.

The issue here is exactly one of the geometry of the ambient space: In
Euclidean space we may estimate A*(v,v) < C while here, due to the fact that
the projection of a vector can be longer than the original vector we must estimate
AX(v,v) < U% which is too large. I suspect this estimate will always be a problem

when using integral methods to get gradient estimates with boundary manifolds of

indefinite metric.

4.4 Long time existence and convergence

I include the proof of a result from analysis which we will need.

Lemma 4.4.1. Suppose Q is compact and f : Q x [0,00) — R is a C function such
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that there exists constants C,C > 0 so that |Df|(z,t) < C and

0o 2
/ / IDf* + (%) drdt < C (4.7)
0 Q

then f(-,t) tends uniformly towards fq(t), the average of f over Q at each time, as

t — o0.

Proof. Suppose not. Then there exists an ¢ > 0 a sequence tA] such that
(f — fQ)|gj > ¢. Without loss of generality we may assume that tAjH — tAj > 1.

I now claim there is a sequence #; € [f;,#; + 1] such that [, |Df[?dx

t, — 0.
For otherwise there exists a subsequence tAj(Z-) such that for all ¢ € [@(i),tAj(i) + 1],

Jo |Df|?dz|, > €. But then we have

o0 Sl TR o
/ /|Df|2dxdt > Z/ / IDfPdwdt > e
o Jo =1 0 Q i=1

contradicting (4.7)).

By the Poincaré inequality (see [2I, Lemma 1.65], for example) for some C' > 0

depending on €2,

/ (fo— f)2dals, < C / DfPdrl, >0 .
Q Q

Hence we have that f(-,¢;) — fa(t;), firstly almost everywhere, but then by the

bound on space derivatives, uniformly. We now see

(/Qf(u?i)—f(.,ti)dx)Qs (/;H/Q dxdt>2§ ymf“/ﬂ(%)%xdt

by the Holder inequality. Again by summing over i to avoid contradicting (4.7]) we

df
dt

have that this integral tend to 0 as i — co. Hence we have that f(-,%;) — f(-,t;), first
almost everywhere, then as before uniformly which in turn implies that
f(t) = fa(t;) uniformly. Therefore fo(t;) — fo(t;) and so f(-,t;) — fo(t), a

contradiction. We conclude there exists no such %\Z O
We will now address the question of convergence.

Theorem 4.4.2. Equation has a smooth solution for all time converging to a

flat solution u = ¢ for some constant c.
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Proof. This is a very similar argument to in [14]. We already have bounds on
the gradient of u. A C° bound on u is rapidly obtained by quasi-linear comparison
principle (proof of this almost identical to [9, Theorem 9.2]) with the maximal surface
solutions & = ¢ where c¢ is some constant. By standard quasi-linear existence theory
(again see Chapter [2)) we have a smooth solution to equations with T = oo. By

Divergence Theorem and Lemma 4.1.1

d ,
— [ vdx = —/ a'D;(Hv)dx
Q

dt Jq
= / H?vdz .
Q
Hence since v < 1, we have

T T
/ /|d—u|2dmdt:/ /H2U2dxdt
o Jo dt 0o Ja
T
§/ /H%dmdt
o Ja
—/vdac —/de
Q t=T Q

vdx
Q t=T

t=0

IN

IA
Q

where (] is a constant depending on the gradient estimate and |Q2|. Again using the

gradient estimate we calculate the following:

d
—/u%d:czQ/qu2d:c—/u2alDl(Hv)dx
dt Jo Q Q

:2/qu2dm+/u2H2vdx+/2quaiDiuda:
Q Q

Q
:2/Hudw+/u2szdx
Q Q

:2/Di(ai)udx+/u2H2vdx
Q Q

2
:/uZHZUd:c—Q/ | Dyl dx
Q o v

where we used Divergence Theorem on the first and fourth lines. Integrating with
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time and using our C° bound on u we have

T D 2 T
/ /ﬂdwdtg/ /uQHQde+/u2vdx
o Ja U o Ja Q t=0
T
< 02/ /H2vda:dt+/u2vdx
o Ja 0

< CQ/UdSC +/u2vdw
Q t=T Q

< (4

t=0

t=0

Since none of the constants above depend on T" we deduce for some C> 0,

/ /|Du|2+|d—u|2da:dt<(7 .
o Ja dt

Therefore, by Lemma u converges uniformly to some constant C(t) = uq(t),

possibly varying in time. Since by the comparison principle, insf_2 u(z,t) is nonde-
S

creasing and sup u(z,t) is nonincreasing, we in fact see that C(¢) must converge

zEeQ)
uniformly to a constant function ¢ and we are done. ]



Chapter 5

The constant prescribed boundary
angle problem for mean curvature

flow

In this chapter I will give some results on mean curvature flow in Euclidean space,
although this time the boundary condition is not necessarily perpendicular: The
angle between v and p will be specified to be some constant to close to 7.

Let M™ be a smooth manifold with boundary oM. We look for
F: M"x[0,T] — R" such that

F(0,2) =Fo(x) xe€ M"
(Zvy=—H  zeM"x|[0,T)

dt

F(z,t)C ¥ Vo € OM™ x [0, T]

(v (@,t) ==F 2z €M™ x[0,T)

where 1 > > 0 is a constant. We have two choices to make — the choice of ¥ and

the choice of the initial manifold.

Remark 5.0.3. The inequality 8 > 0 is not a condition — suppose we want nega-
tive 3, then by simply flipping the normal v then we have a boundary condition
with positive 8. This change of sign on v does not affect the rest of the evolution

equations.

78
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Remark 5.0.4. In this definition we use reparametrised mean curvature flow: Since
the boundary angle is now no longer perpendicular at the boundary the manifold
may be flowing in or out of ¥ which in the usual form would require dynamics on
the boundary of the domain M". In fact by the usual methods (see [26], Section
2]) we may also consider this as mean curvature flow proper on the interior, but we

must bear in mind that at the boundary we need to make some provisions for the

flow out of the manifold (see proof of Lemma |5.1.10)).

Although some study has been done on the case 5 = 0 by Huisken [14], Stahl
[25] [26] and Buckland [2], less is known for non-perpendicular angles, we refer to
Altchuler and Wu [I] and Freire [6]. In [2] [6] [25] [26], the authors are concerned
with singularities that occur after some finite time. In this chapter we will be looking
for situations closer to [14] and [I] where long time existence is obtained. In these
papers graphs within cylindrical boundaries are considered: In [I4], 8 = 0 over a
general domain, and long time existence was shown along with convergence to a
flat plane. In [I] the results are restricted to n = 2 but § is a function over the
boundary of the domain and this time we have convergence to translating solutions.
We will be looking for situations which locally look like diffeomorphic cylinders, and
our goal is suitable gradient estimates and possible criteria for long time existence.

Let £ be a vector field on R™*! which is smooth away from a finite set of
singularities. We choose Y to be a smooth hypersurface made up of integral curves
of E, such that ¥ divides R"*! into an interior and an exterior, with the property
that any hypersurface S with normal parallel to F contained in the interior of ¥ is
compact. We shall also assume that S is diffeomorphically a disc. Then our initial
condition on My is being graphical with respect to F, that is (v, E) > 0 on all of
My. We will show that for suitable vector fields F, the graph property is preserved

indicating possible long time existence.

Remark 5.0.5. It is clear that there must be conditions on the vector field E. The
graph property is a gradient estimate, and leads to long time existence. As a counter
example we may take any manifold that will lead to a singularity by mean curvature
flow, take a vector field perpendicular to it and extend. This is initially a graph,

but we cannot hope to get the above estimate.
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We choose assumptions on E to allow gradient estimates. Our assumptions will
be conditions to give “nice” evolution equations (Assumption and bound-
ary conditions (Assumption . These assumptions indicate a set of interesting
boundary problems. One which had not been studied until now was a general ro-
tational torus, which is explored in Section [5.4. We modify the iteration argument
of Huisken [I4] to give both long time existence and convergence in this case (see
Theorem .

We extend p, the unit normal outwards pointing vector field on ¥, to the interior
of ¥ by defining it be —V¢(d) where d is the minimum distance to the boundary

function where ¢ : R — R. We choose

/

x x € [0,¢
¢(x) = ¢ smooth, monotonic € (0, 10¢]
0 x > 10€

\

such that ¢ is smooth everywhere. By choosing ¢ small enough we have that pu is
extended smoothly to the interior of 3. We note that the extension has been chosen

so that %M =0 at X.
Definition 5.0.6. For any vector X € T,R"™! then if p € M
X'=X—-(X,v)v
while if p € &
X=X (X, )p .

Remark 5.0.7. Unfortunately it is standard to use p both as the outward unit normal
to X and as the volume measure on the manifold. Although it will always be
completely clear from context we will write the volume measure on M; as ji to make
a distinction. The volume measures on the boundary dM,; will be written iy and

the Lebesgue measure on a portion of R™ will be written dx.

5.1 Evolution equations and boundary derivatives

We have the following well known evolution equations:
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Lemma 5.1.1. On the interior of a manifold moving by mean curvature flow the

following hold

% =VH (5.2)

% = —2Hh,; (5.3)

<% - A) H = H|AP (54)

Proof. See for example [13] O

It will be useful to have the following:

Lemma 5.1.2. For a smooth vector field Z in R"™, on the flowing manifold we

have

d i = = i =2
(% - A) (Z,v)y =(Z vy |A]® — 29" (Vi,V;Z) — g <VUZ, u>

Proof. First we calculate the time derivative:

d{Z, v)
dt

=(VH,Z)-H(v/WV,Z) .
As usual we will use the Laplacian to get rid of the highest order terms. We calculate

Ay, Z) = g" <vi(7jy) —vviiy, Z>

oxd

+ 297 (Vi,V,Z) + g <y,wvjz> Ve s z>

For the first of these terms, take a orthonormal basis {fi,...,f,} at a point
p € M. We extend this to give orthogonal geodesic coordinates at p. We calculate
that at p,

g <Vi(vju) — Vvi%u Z> = g7 (f;(fiv), Z)
= g7 (£;(hug™t,), Z)
= 97V hag" (£, Z) — g7 hag"™ (hjrv, Z)
=V, H— (v, Z)|A]?

where we used the Weingarten and Codazzi equations. Since this does not depend

on the coordinate system this holds for all p € M.
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For the final term in the Laplacian we have

e <y’vi(ﬁjz) _ Vvii.Z> = g”(<u,vi(ij) —Vﬁ,iZ>

ozJ v ozl
+ Vii,u <V,v,,Z>
ox7
— g7 (Vi Zv) — H(v,V.2) .
Putting these identities together gives the lemma. O

We wish to show that the property W = (E,v) > 0 is preserved. To do this
we will consider Q@ = —log(W), or V = % = €9 and we will require that these
quantities have suitable evolution equations. This becomes a condition on E. From

the above we see that

d 1 (d VW |2
(E‘A>Q__W<E_A>W_ g

b ) ()

W2
and therefore I Stipulate the fOHOWng:

Assumption 5.1.3. From now on we require that £ may be shown to satisfy
29 (Vv, V,E) + g <ijE, y> < CEW + (XE, VW)
for some CF and bounded vector field X*.

For such vector fields by Young’s inequality we have that

d 1
(% = A) Q< Co— AP = ZIVQP . (5:5)

We note that in the case that £ = e, 1 then V is exactly v, the well known
gradient function as used in for example [4].

We will also need an identity originally derived by Stahl for perpendicular bound-
ary equations in [25]. This comes about by differentiating the boundary conditions
once in space, and exactly the same proof applies for constant angle boundary con-

ditions.

Lemma 5.1.4 (Stahl). For at a boundary point p € OM and X € To,M NT,% we

have

AS(X, %) + AX,1T) = 0
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Proof. See [25, Proposition 2.2] O

To get an estimate on the gradient and apply a Hopf maximum principle we
will require the derivative of the gradient at the boundary. We note that at the
boundary since v* = v + Su = v(1 — %) + Bu' that

S i) P——— Y
1—p2 1—p2

Lemma 5.1.5. At the boundary

VW ={(v,V,tE)— A" E) + [BA(p", ") + AZ (v, V)]

w
1—p2
Proof. We have

VMTW = <v/ﬁlj, E> + <I/,vMTE>
=AW, E")+{(v,V,rE) .

For the first term, using that F € T,¥ and Lemma

A", BT) = A(u", E = Wv)

= A(u",E — ! EV/BQVE + 11/1/—562MT)
— —AS(F E— %vz) + %A(MTMT)
— AR B) + AN ) b AT )
=
Corollary 5.1.6. On OM,
V,rQ= & [AS0EE) — (1,V, B)] - — AR — AT T
W 1 3

The (potentially) largest term here comes from the square bracket, and suitable

bounding of this becomes a boundary assumption on the vector field E.

Assumption 5.1.7. Henceforth, we will assume that at the boundary F has the

property that
A E) = (v,V,7E) <CJW .
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In practice the the first term of this will be fulfilled by assuming that E is an
eigenvector of A*(-,-). The second is more restrictive, see the examples later (Section

. Given that the above is fulfilled then

1 g
1- 32 1— B

We must now find a way of estimating A(u', ") at the boundary. The solution to

V/LTQ = OQE - AZ(Vzv VE) - A(H’Ta ILLT) : (56)

this problem that we shall pursue is to use another gradient-like quantity namely

the extension of the boundary condition to the interior of the manifold, I = (v, u).

Lemma 5.1.8. At the boundary we have

Vurl = A’ u") + BAZ(=, %)

o
Proof. Using properties of the extension of p,
VMTI = <vMle, ,u> + <V, vlﬁ,@

= A(/J/T?MT) + 0 <V7 v112,U/>
= A(u" 1) + BAEW, %)

We also need the evolution equation of I.

Lemma 5.1.9. On the interior of M we may estimate

(% - A) I <IJAP + CL(JA| + 1)

where C, depends only on n and the first and second derivatives of .

Proof. We have from Lemma that

; o o
(a - A) 1= 1|AP =26 (Y, V) = g (v, Vi)

The Lemma immediately follows by applying Cauchy—Schwarz, and using that the

first and second derivatives of p are bounded. ]

Similarly to [25, Proposition 2.1] we use the time derivative of the boundary

condition to calculate derivatives of H at the boundary.
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Lemma 5.1.10. At the boundary we have:

H H _
Virgy = VurHV = 355 [A*(E,v*) — (v,V,7E)]
and
Vo H =+ f{ﬁQ [BA(T, 1) + AZ(W™, %)

Proof. Let v(t) = F(p(t)) be the position of M, at time t on some particular

integral curve of E in X. We calculate
dy d
— = —F(p(t
L0
_dF OF dp’

=gt e T i
OF dp’

We note that gfi dd—lj € T, M, and that the constraint that 7 is on an integral curve

implies
OF dp’

. =\Nt)E
ox' dt WE

that is, Z—;’ is the unique projection of —Hwv into the direction E by vectors in the

—Hv +

tangent space (we are assuming that M is graphical with respect to £). This implies

that
OF dp° H -+ H
A =——F =——(E-W
o dt W T V)
and so & = —%E. Now using this and Lemma then

dt

%V(p(t), t) = g;, Cgf +VH|
= —%A(ET, %)gij% +VH| )
Similarly
Culr (1) = 3 Vs
and so
0= % (v,py =V, H— %A(ET,MT) - %AE(E, Ve .

The first identity comes from the fact that from Lemma [5.1.5

V“TW = A(ET,MT) + <I/, v“TE>
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and hence
Voo H = 59,0 W = T [A%(E, %) ~ (1.9, )
Therefore
H 'V, TH HV W H _
i wo W W2 W [A%(E,v7) = (v, V,r )]

Demonstrating the second identity is similar to the proof of Lemma [5.1.5}

Vo H==—[AE" 1"+ A*(E,v7)]

W Wa
5 Vit BQMTM)

W 1%
1— 32
[BA(u", ") + A% (7, 7))

A(E —

===z

+ A%(E —
_H
-1=F

where we used Lemma [5.1.4] on the second line. O

5.2 Estimates via the maximum principle

We are now ready to prove our gradient estimate.

Proposition 5.2.1 (Gradient estimate on convex domains). Under the assumptions
that ¥ is convex, CE¥ <0 and 8 < @ then while the flowing manifold stays away

from all singularities of F,

Q < supQ(x,0) + I8 + Ot

xeM 1_62

Proof. We consider the function P = () + —=—51. This has been chosen to get rid of

= B2
unpleasant boundary terms: We see that under the above assumptions
V, 7 P=V, Q-+ B/BVTI
< 15 [—BA(", pn") = AZ(" v7) + BA(", 1) + BPA™ (V7 v7)]
AR, v7)

IN
o
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On the interior for some 5}3 > (0 we have

d B d_ 15} d_
()= (G a)er i im (G o)
<ot 1a) - (1= L 51) 1P - 5IvaP

Due to our choice of 8 we have that since |I| < 1, there exists an ¢(/5) > 0 such that

1 — —+=51 > 2¢, and therefore by Young’s inequality

152

d 1
S AP <Oy —e|AX - ZVOQ? .

We also estimate with respect to [V P|. Again using Young’s inequality we see that

17 a b kl a ? 2
)9 o 4 (Vzmv) g5 <IAP+Cr

and therefore we see that for some ﬁp, 0>0

0
I?2=|A(n', —

d ~
— —A)P<Cp—0|VP)? .
(dt ) < Cp—0|VP]

Now for a constant U > 0,

(3-s)1r-c0- (-3) -

~

<Cp—-U-§VP ,
and so by letting U > 6,3 then we have the Proposition. O

In fact with a little more work we may remove two of the conditions from the
above Proposition. First we define a set of functions on ¢¥p : R""! — R such
that 1 < ¢¥p < 2 inside X, with the property that at the boundary ¢» = 1 and
Vip = v,ﬂ/}D it = —Dp. Such functions are easily constructed using the minimum

distance function.

Lemma 5.2.2. On the interior of M we have

Proof. As usual
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and
A, 0 0
— 44 _ — -
ij SRR v d
= g" (<V£iV¢D, %> — hy; (Vip, V>)
= 9"Va o tbp — H(Vip,v)
and we are done. O]

We now put this to work:

Proposition 5.2.3. If § < ‘/52*1 then while the flowing manifold stays away from

all singularities of F,

18]

< supQ(x,0) + +CPt
Q J— XGJBQ( ) 1 _ /62
Proof. As in the proof of Lemma [5.2.1] we have
d ~
(% — A) P<Cp—4|VP]P?, V, P=Cy—A"v")<Csp .
Choosing D > IC_E—BEQ we calculate

(%‘A) (P+vYp) <Cy+Ch

We also have
VHT(P—i_wD) =V,P— D<,U7,UT> <Cy—D(1- 62) <0 .

Hence as previously by removing a large enough multiple of time again gives the

Proposition. 0]

Lemma 5.2.4 (Preservation of mean convexity). Suppose that 8 < ‘/‘?’2_1, A(.,0) s
either bounded or positive definite and initially H > C'y > 0. Then for all the time

£.6_ 5.8
a solution exists H > el =0 here C’lz”g, 022"8 > 0 depend on ¥ and (.

Proof. This is almost identical to the previous Lemma. We see from Lemmas [5.1.8

and [5.1.10| that for [ = log H — 1_’3621' that at the boundary

1
1- 3

= A2 v¥) .

Vil = [BA(RT, 1T + AR, 0%) = BA(u", 1) = BPAR (™, %))
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In the interior from Lemmas [5.1.1{ and [5.1.9 and using our bound on [ as before

then

dt H?
> el Al = Cu(lA[ + 1)

d VH|?
(——A)l2|A|2+| | —1_5621|A|2—ON(|A]+1)

> —C4

where C'; > 0 depends on 3 and the extension of p. For convex boundary we now
apply maximum principle to [ 4+ C}t to give the Lemma.

For non convex boundary we again use ¢p where D is sufficiently large that
D(1— %) > |A®(v®,v¥)|. Therefore I =1 —p has a good boundary derivative

and (% — A) 72 —(CY5. Then (% — A) I+ Cyt > 0 and we are done. O

Remark 5.2.5. The above proof does not require either of Assumptions|5.1.3jor([5.1.7]
The only place that the graph property is used is in the derivation of the gradient
of H at the boundary — we need the integral curve of E at the boundary to not be

in the tangent space of the flowing manifold.

5.3 Examples

A natural question is how common are vector fields E that may be shown to satisfy

Assumptions[5.1.3|and [5.1.7]7 Here I give three examples of situations in which these

conditions hold.

5.3.1 Cylinders

Example 5.3.1. Let E = e, 1, the constant upwards pointing unit vector. In this

case Y becomes cylinders over domains 2 C R™ where 0f2 is smooth.

Proof. In this case the interior assumption (Assumption is readily satisfied:
We note that since this is a vector field that does not change in space we have
VxE =0 for all X € T,R"". Therefore both terms disappear to give C¥ = 0 and
XE =o.
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Similarly at the boundary Assumption we have <V, vuT E> = 0. We note
that the second fundamental form of any cylinder of this kind has a zero eigenvector

in the direction E, and therefore the term A*(v*, E) = 0. O

This first example is already well studied by Huisken [14] and Altschuler and Wu
[].

The results of the previous section generalise the long time existence result of
Altschuler and Wu to dimensions n > 3 (and to more general domains in n = 2),

V5—1
S 5

but only with constant angle (8 . Sadly for convergence we need a stronger

estimate than those given: Altschuler and Wu’s strong maximum principle argument
(for example), requires a limit solution to the sequence of graphs w; = u(z,t + 7).
We would need a gradient estimate that is constant in time to be able to apply the

Arzela—Ascoli Theorem here.

5.3.2 Cones

Example 5.3.2. E = p, the position vector. This implies ¥ is a cones in R**1. The

Assumptions are satisfied for some short time 7' if we specify H, W > 0 initially.

Proof. In this case we have VxE = X and V'E = VyX — nyXE = 0.
For the boundary assumption as in the previous Example we use that on a cone

the second fundamental form has a zero eigenvector in the F direction. Therefore
A¥(V* E) — <1/,7MTE> =— <V, MT> =0 .
Applying this in Assumption [5.1.3] we have
2g" Wiu, vjE> + g" <ijE, 1/> =2H .
To show the assumption we need a little more work. Lemma [5.1.2| gives us

(i—A)W:WM]?—QH .
dt

We specify the condition that initially H > 0, and so by Lemma this will
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remain true for as long as a solution exists. Therefore we may calculate

d HP? 2
< A>W—W]A|2—2—%]A|2—2W|v C 2 wwva

a ) H H H3 H?2
9o VH HVW —WVH
N H'’ H?
W
= 242(Vieg H V—
—|—<V0g ,VH>

At the boundary we have from Lemma [5.1.10]

w w2 H
—V

Vi g T T e W T

0 .

and so by considering the evolution of % + 2t we see

w

H <
C -2t

]

The finite time under which this holds is not surprising. For example if we have
£ = 0 then we have a special solution — the homothetically shrinking sphere centred
at the point of the cone. By Stahl’s comparison theorem [26, Theorem 4.1}, this acts
as a comparison solution for all solutions with § = 0. Therefore since the sphere
solution shrinks to a point at the singularity of ¥ and E then we do not expect long
time existence.

This case has been considered for § = 0 in the special case of the cone being a
flat plane R™ by Stahl [25] where it was shown that an initially convex hypersurface

shrinks to a round sphere at some point p € R".

5.3.3 Tori

At a point p = (p1,...,Pns1) € R we define

/ 1 1
r= p%+p721+17 r:;(oa"'707pn7pn+1)7 t:;<07707 _anrl;pn) .

Example 5.3.3. Let F = rt then Assumptions[5.1.3|and [5.1.7|hold and ¥ is a torus

made from an embedding of S*~! into span{ey, ..., e,} then rotated in the e,, e, 1

plane.
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Proof. We see that by standard calculations
Vr=r,

— — 1
VXI' = <X7t> Vtr = <X,t> ;t

_ — 1

and so VxE = Vx(rt) = (X,r) t — (X, t) r. Further we have
VyxE =Vy((X.r)t = (X,t)r) = Ve, v E
= <X,7yr> t+ <X, I‘> vyt — <X,vyt> r— <X7t> Vyr
= B8 x e (X (X - (X0

r

=0 .

For Assumption we see that

For the boundary assumption, Assumption [5.1.7] we need some facts about the
second fundamental form for such boundary manifolds ¥. Let J : S*! — R” be

smooth such that (J,e,) > 0. Then set
G=J-(Je,e,+(J e, [cosbe, +sinbe, | ,

which is a parametrisation of a general ¥ of this kind. If v/ is the normal to J in

R” then the normal to G in R**! is

p=v%=v’ - <1/‘],en> e, + <1/‘],en> [cos Be,, + sin fe,, 1]

We may easily see that

0*G < o0J

prr i %,en> [—sin fe,, + cosbe, 1]
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which is perpendicular to ¥“. Therefore we know that the direction % = F is an

eigenvector of A*(-,-). We also calculate the curvature in the direction E: Since

922G
920 !

J,e,) [cosfe, + sinfe, ]

we have

A*(E,E) = — <VG, aa;;> = (v, e,) (J,en) = (V9 1) r = (ur)r .

Using this we see that

A0 B) (1.9, 8) = LB 5 ) - v (T e (0T )
w W
= 7<,U,,I'> - 7<M,I‘> —B<V,I‘> <V7t> +5<V7t> <l/,I‘>
=0 (5.7)
and so the Assumption is satisfied. ]

To the authors knowledge this situation is not yet studied.

Proposition |5.2.3| gives long time existence for < @ and if § > 0 then

Lemma gives preservation of mean convexity. In fact for § = 0 this is not a

useful condition: ~ For a vector field X € X(R"™!) then on M

div(XT) = g¥ <VA_X, %> — H (v, X). Applying this to the vector field E = rt
oxt

we have
0= —/ r{pt")di = —/ div(ET)dﬂ:/ HWdji
oM M M
since at the boundary t' and j are perpendicular for 5 = 0. We therefore see
that either H = 0 or H is both positive and negative on M. Therefore (weak)

mean convexity here implies a minimal surface, which does not make a good initial

condition.

Remark 5.3.4. We have a special solution to this flow for 5 = 0: Any flat hyperplane
going through 0 and perpendicular to t satisfies the boundary conditions and is a

stationary solution to equation (5.1)).

Regardless of 5 we may get relations between H and W. This is similar to the

relations obtained between H and S in Chapter . We have (4 — A)W = W|AJ?
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and so
d H? H? 9 |VH|2 H? 9 HQ|VVV|2 H
B |VH|2 1 H
= { 2 2 +2W2 VH,WVW
H HQ|VVV|2
+ {6W (WVH, VW) — 6?}

At a positive stationary point of V‘;I,—z we have HVW = WV H, and therefore both
of the brackets disappear. From equation and Lemma we see that
VMTVI{,—QQ = 0 and we may apply maximum principle to give H?> < CW? for some
C > 0. Since |W| < 1 we therefore have a bound on |H].

The torus situation is clearly very interesting, and we go into more details with

[ = 0 in the next section.

5.4 Gradient estimate via integral methods for
tori

We now look for better gradient estimates via integral methods in the case of tori
for 5 = 0. We will see that the Stampaccia iteration method used by Huisken in [14]
may be modified to apply to this case. This will lead to a gradient estimate uniform
in time which will be enough to show convergence as in Chapter [4 Before going
into this we look at a bound on the region in which M; may move using maximum
principles:

We may get estimates on the region in which M, is contained.

Lemma 5.4.1. Let u be the angle around the torus, taken from some arbitrary point.

Then
d 2 2
<E — A> U= (r',Vu) = —3 (v, t) (v,r)

Proof. Using cylindrical coordinates on R"! we see that

= t
Vu= -
,

and from this we may calculate the evolution equation of u. We see that

du H
- = t
dt r <V7 >
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and
st ({5 - (5 i)
- gw(<_ <r’ aiz‘> - <aii’t = %> ' <;,WW%>
(FVeam))
SR (L)
Therefore

]

At a stationary point we have Vu = %tT = 0 and therefore at such a point

(% — A) u = 0. At the boundary, again using that t' and p are perpendicular

we have V,u = 0 and so we may apply maximum principle and we get that u is
bounded above and below by its initial values. Therefore, M; may not twist itself
around the torus any more than it is initially twisted. We note that it does not

matter if the initial manifold goes around by more than 27.

Remark 5.4.2. Tt will also be useful to bear in mind for future estimates that we are
assuming that, simply by the bounds imposed in space by the boundary torus that

for some ry and r; we know 0 < rg < r < ry.

5.4.1 Integral lemmas

As is standard in proofs via integral estimates in mean curvature flow we will require
the Michael-Simon Sobolev inequality [18]. While this holds in much more general
situations, we will only require M to be smooth embedded n-dimensional manifolds
in R+,

Lemma 5.4.3 (The Michael-Simon-Sobolev inequality). There exists a constant

Cg > 0 depending only on n such that for any function f € C*(M) such that f has

compact support, we have

n—1

</ !f!*chl)nscs/ IV [+ |H|| f|dp
M M
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Since we will require such an inequality not just on functions of compact closure,
but functions that may be non-zero at the boundary 0M. We give a proof which is

in essence [§, Lemma 1.1], although no longer graphical:

Lemma 5.4.4. For any compact manifold M with boundary OM and for any func-
tion f € C*(M) we have

71 )] - C \V/ dji dji
(/Mm u) < UM| s+ sln= [ Ma]

where the constant Cs depends only on n.

Proof. Set d : D — R to be the minimum distance inside the manifold to the
boundary function. This is smooth close enough to the boundary. We define for k
large enough 7, = min{1, kd}, and let 1, be a C'' smoothing of this — the specifics of
this smoothing do not matter in the following so long as it is close in the C! norm
to Mk, and we shall estimate one with the other. Set f, = nf, and we consider the

sequence f; for i € N. Since u({z|f(x) # fi}) = 0 as i — oo we also have that

(/M|fi|’£ldﬂ)w—>(/M|f|ﬁ1dﬂ)T, /zw'HHfildﬂ_)/M'HHf'dﬂ'

For the remaining term:

/ IV fildfi < / I i + / 1| Dneldi
M M M

The first of the above may be estimated as the other terms. For the final term
we choose a special parametrisation of the collar, some neighbourhood of OM. We
parametrise so that F : OM x [0,¢] — R"™! where F(-, s) is a parametrisation of
the level set {x € M|d(z) = s}. Therefore 3% = 2 = Vd and therefore the metric

induced by F has g;, = d;, at the boundary. Therefore for k large enough

/|f||D77k|d/l§/ Kl f|di
M {zeM|d(z)<1}

= k/ok /aMn | f]1/det(gij(x, s))dzds
— |11/ det(gi;(x, 0))dz

as k — oo. Due to the properties of g;; we have the Lemma. O
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We will also need the following, which is based on [8, Lemma 1.4]:

Lemma 5.4.5. For M a compact manifold with boundary, then for all f € W1 (M)

we have
/ Fldin < Cs / V£ + (1H] + 1) fldi
oM M

where the constant C's > 0 depends only on X.

Proof. This is essentially just divergence theorem. We now use d, the minimum
distance to ¥ and note that at 3, V.d = —u. We take a smooth function ¢ : R — R
such that ¢'(0) = —1 and ¢(x) = 0 for x > R where R is less than the minimum
focal distance of ¥. We define ¢ = ¢(d) — a smooth function on R"*'. Then from
the proof of Lemma we know

A < C5— H(Ve,v)
Therefore
o = [ (195
oM M
- /M (V1.V3) + fAGd
<c / V1] + F(H] + D)
M
L]

Corollary 5.4.6. For all f € C*(M) there exists a constant C's depending on n
and X such that

(/ £ 1du> " <Cs [ V14 (H]+ Dl

We will need the following:

Lemma 5.4.7. Suppose f : M™ x[0,T) — R is once differentiable in time such that

dt, f € LY(M,). Then the following holds for t > 0 and 3 = 0:

/ fdp — H2fdpi

M dt
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Proof. This is the opposite case to Remark [5.0.4} If 3 = 0 then the manifold does

not flow out through the boundary. Specifically we know that in the parametrisation

defined by F,
fdp = / fr/det(gij(x,t))dx .
My n

Since the boundary of M™ does not change with time we only need the derivative
of the volume form. Using the well known determinant derivative formula we have
using Lemma |5.1.1

d+/det(gy;) ddetess) 1 5 )
= = _OH b, det(g;;)| = —H?4/det(g;:
dt 2 det(gij) 2 /det(gij) [ g J (g ])] (gj)

and therefore we have the Lemma. O]

Corollary 5.4.8. For § =0, the area of M satisfies

= [ dp <oty
M

Proof. We immediately see

d
— | di=—- | H*dp<0 .
dt/M” /M A0

We will also need the following iteration Lemma from [27, Lemma 4.1 i)]:

Lemma 5.4.9. Suppose ¢ : (ko,o0) — R is a non—negative non—increasing function

such that for all h > k > ko then

C (k)

¢(h) < h =)o

where C,« and [ are positive constants. Then if 5 > 1 then ¢(ko + d) =0 for

@ = Clo(ko))*'2°7
Proof (Translation from the French). We consider the sequence ks = ko + d — 2%.
Then kgy1 =ko+d — QS;‘L =ks+ % — 2;% = ks + 2%1 . From the assumption on ¢
we know

CQa(erl)

S (0(k:)7

¢(ks+1) =
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We show by induction that ¢(ks) < ‘;(_k‘f where p = 7%5. This is clearly true for

s = 0. Suppose this is true up to s. Then

O20(s+1) 20 (s+1) o(k B 02a(8+1+%s) ok B
o) < (o) < o (S (6 (k)
Clo(ko))P =125
_ aa(s+t)(1+125) _ (ko)
=2 B gb(/’fo) = o—(st1)n
Therefore we see that ¢(ko + d) = 0 as required. O

5.4.2 The iteration argument

To prove this we will again consider () = log V. We recall

d
(% — A) Q < —|A|* — |[VQ|? on the interior of M;, |V;Q| < Cy on OM; .

We now define @y, = (Q — k)4 and A(k) = {x € M|Q) > 0} . Note that QF isp—1

times differentiable everywhere and may be assumed to be smooth inside A(k). We

define
T
JA(K)] = / / djidt
o Jaw)

and we look for estimates on this quantity. We show the following;:

Proposition 5.4.10 (Partial Gradient Estimate). For all t € [0,T] we get the

following gradient estimate inside tori:
Q < k+Cll AR

where C > 0 depends on X and My and k > ki > sup Q).
My

This partial gradient estimate will follow from applying Lemma with
o(k) = ||A(k)||, showing that for some d, ||A(d)|] = 0. Then, to complete the
gradient bound we will need a final estimate on [|A(k)||, see Section [5.4.3] First

though to prove the Proposition we will need an estimate on LP norms of Q:

Lemma 5.4.11. We may estimate for all k > ki and even p that

/0 /M Qudjidt < Co(p)| k)]

where Cg > 0 depends on the power p.
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Proof. Using Lemma ((5.4.1)) we have that

d 2
(E - A) M = A {—ﬁ (v, t) (v, 1) — )\|Vu]2]
for C}" > 0. At the boundary this function has zero derivative in the p direction.
On A(k), W < e *. Given a ky large enough we may choose A > 0 large enough

such that on A(k) for k > ko we estimate

d
(% — A) M < —C¥ | Vul?

< -3

where we used our bounds on u. Writing C,, for any bounded positive constant

depending only on My, p, ¥ and n we calculate for p > 2 and k > kq:
d _
(4 - 8) @ < ~cxivubar - peog P
—eMp(p — DOLIVQP — 4pQp T (VQ, Ve)
< Qr O3 QR Vul® — pe Qi VQP?
—p(p — DIVQP + CopQi|VQ||Vul]
< Q17 [CaQr — C3QRIVul* = CLQiV QP = Co|VQP]
< GV = 203Q% — CLQVIVQP — CL.QY P IVQP
where we used Young’s inequality of the form ab = # + ;’—26 repeatedly. We may now

use Lemma and divergence Theorem to see that

u ~ d u U ~
G [ s [ (G- a) - menqun

+ / pCCs Q" djiy
oM

Estimating as above and using Lemma [5.4.5

d
dt /s

d
< /M <£ - A) QY — H2eMQ + C,QY ' + C,Q0?|VQldj

e Qrdj

< / QU2 [C, — 202Q% — CuQulV QP — CoVQPE + CoQr + ColVQ|] dii
M

< / Q2 [C, — CQ2) dji .
M
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Hence choosing k > ki = max{ko, SupQ + 1} we may integrate to get

// deudt<0// QY dudt .

We also in fact want the above to hold for p = 2. We see that

d du d
7 MQrdj = / 2eMQy ()\Qk_ + d—?) — H*eMQpdj
M
Au
:/ de Qk . H26)\Udeﬂ

On the open set A(k) = {z € M|Q(x) > k} we know that u?Q? is smooth we may

write

d d
i [ = [ acvqr(§-8)eat- i
M A(k)

where Ae* QY is calculated only inside A(k). We now wish to apply the Divergence

Theorem as before:

| s [ ai(vieqh)a
A(k) A(k)

But since V(eMQ?) = \eMQ?Vu+2eMQ,V(Q is a smooth vector field on the interior
and continuous up to the boundary of A(k) we may still apply divergence theorem
(if necessary by estimating A(k) from the interior and taking the limit — continuity
them implies the limits are the same). Furthermore we have that away from dM

this vector field is 0 and so we do not get extra terms:

| se@ian= [ 2uQuvu.wdi
A(k) OMNA(K)

and from here the rest of the above proof holds.

We may therefore estimate for p even and k& > k;

/O /M Qudjidt < Co(p)| A(K)|

We are now in a position to show the gradient bound.
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Proof of Proposition|5.4.10. We may calculate

(%_¢9 Qpl(i_A>Q plp— V@IV

< —pQV (QuIVQI* + (p — 1)|VQP)

Using C,, as in Lemma [5.4.11| we see using the bound on |H]:

d d 1.
[ uns [ (G-a)a-maics [ ot
oM

<[ (§-5)a-mra
+Co [+ [HDQY + (p = QI IVQI] di
< [ Q- pulvQr - bl - DIVGP - H2G}
M
+CoQu+ Gl VQ i

;/%ﬁw@%mu@—/p%ﬂwwumun%w

n—1

n

<02/ Q2+ QY dji — CIU Q,gld]

where on the last line we used Corollary with f = Q. Integrating with respect

to time we have:

T np et T
sup / Qvdji+ Cy / [ Q,;”d/l} dt < C, / / QP+ QPddt . (5.8)
0 M 0 M

t€0,1) J M
We now deal with the left hand side of this by the standard methods: By Young’s

: : _at b _ 11
inequality of the form ab = % + 7% where 1 = ¢ + 5 we see

T e 1%
sup / Q,I;d/l—l—C'l/ {/ Q,:ld/l} dt
tel0,1) J M 0 M
% T o "Tfl é
N%GW/QMO</[ %%ﬂ ﬁ)
tel0, 7] J M 0 M
T d . n-1 F
o[ o o0l
0 M M

Set ¢ = -7 then we now use Holder’s inequality and a careful choice of d. We
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choose d = "T“ which implies ¢ = n + 1. Then

|

=

5

oW

=«
—_
Do
=

~

(=]

S

=

and so

T - n=1 T 3
sup / Qvdji + C, / { / Q,:ldg] dt > C, ( / / Qﬁdd/zdt)
tel0,T] J M 0 M 0 M

Putting this, equation (5.8) and Lemma [5.4.11] together and choosing p to be even

T F T
( / / Q' dji dt) <, / / Qy + Qpdjudt
0 M 0 M

< Gl AR

we see

The Holder inequality now implies

T o (T OPdidt
”ddvdt) > Jo_Ju Qi
(/ /MQk ) S T A

to give
T
- kpjam) < [ [ Qe < calag) P
0o JM
where h > k. The first inequality comes from estimating the middle term not over
all of M but only over A(h) C A(k). Since 2 — % = 1+ — > 1 then applying

n+1

Lemma with ¢(k) = ||A(k)| we see that ||A(k)|| = 0 for k = k; + D where

2

DP = Cy2'd1 || A(ky) || T

and so choosing say, p = 4, the Proposition is proved. O
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Remark 5.4.12. The above proof will hold with other vector fields E with evolution
equation (5.5, on the condition that the “graph height” function, the equivalent
of u is bounded above and below and has a suitable evolution equation. Here an

example of “suitable” would be, for some constant C,,,

(i—A)ugCuW )
dt

For such evolutions the above holds.

5.4.3 The final estimate

In [T4], it was possible to get an estimate on the || A(k)|| simply using the equivalent
of the function u. Unfortunately the evolution of u in the case of the tori can be
both positive and negative and so the same proof doesn’t hold. Instead we use the

function r to estimate away the new terms in the evolution of u.
Lemma 5.4.13. The function r evolves by
d |tT|2
Z A= 2
(dt ) " r
Proof. Similarly to Lemma we have & = —H (r,v) and calculate
(0 0 0
ar=o (g {ram) ~(nVam))
g 1/ 0 0 = 0 0
g (<r <8a:” > 78x3>+<r’vaii dxi v%(‘?xﬂ >)

1
= —H{nr) +~|tTP

We now show that ||A(k)|| is bounded for k large enough.

Proposition 5.4.14. There exists a ko > 0 such that for all k > ko there exists a

constant C' depending only on My, > and n such that

[AK)] < C
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Proof. We consider the function f = u?r?. We will calculate the derivative of the
integral of this quantity over the manifold. First though we will need the evolution

equation:

(%—A)f [iu (Vr, V) = 2|Vul*| +u? [=2067 ] —2|rT}?]

— 8ur (Vr,Vu)

At the boundary we have V,f = u?V, 2. We estimate the integral over the

boundary of this using divergence theorem:

Vufd/]g):/ u2vur2dﬁ3:/ div(uZVTQ)d/Z:/ (Vu?, Vr?) + u*Artdji
oM M M

oM
= / dur (Vu, Vr) +u® [-2rH (v,x) + 2/t T+ 2rT|?] di .
M
Therefore, by Divergence Theorem,
g [gan= [ (§-8)s- i [ g
= / dru (Vr, Vu) — 2r*|Vu|® — 2u2|tT|2 —2u*r")? — 8ru (Vr, Vu)
M
+ dur (Vu, Vr) — 2u*rH (v,r) + 2u*[t 7> + 2u*v " |2 — H? fdji

= / —2r?|Vul? — 2urH (v,v) — H*fdji .
M

We note that < r) + (v, t>2 < |1/|2 =1 and so (r,r)*> <1— (v,t)> = |tT|>. Since
[Vul? =

d
4 / Fap < [ <27+ 2 Gnr) )~ HE
S / —’tT’2 + u4T2H2dﬂ
M
< / —[tT|? + O H%dji .
M
for some C; > 0 by the boundedness of r and u. We have that

d
du— / H2dji

dt

and so integrating we have for any time interval [0, 7))

T
/ /H2d/1dt§|MO|:CH : (5.9)
0 M
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Similarly we have

T T
/ / it" |didt < Cl/ / H2d/1dt+/ u2r2d/l‘ < C0g+ Cy = Cy
0 JM 0o JM M t=0

for some constant Cy > 0 depending on the bounds on u?, r? and |My|. On the
region A(k), —logW > k and so (v,t) < le7*. Choosing k, large enough that
(r,t) < \/Li then

T T T
y|A(k)||:/ / dﬂdtg/ / 2|tT|2d,1dt=2/ / tT|2djndt <205 .
0 JA(k) 0 JA(k) 0 JM

(5.10)
0

This completes the gradient estimate. We may now prove the following:

Theorem 5.4.15. Suppose ¥ is a torus of rotation and = 0. Then for any initial
disc My satisfying the boundary condition which nowhere contains the vector field t
i its tangent space, a solution to equation with initial data My exists for all

time and converges uniformly to a flat cross-section of the torus.

Proof. We take () to be a cross-section of the torus X and rewrite the manifold as a
graph over the cross-section, parametrising a point in M, by rotating it back around
to hit €2, the graph function being minus the angle by which we need to rotate. This
is exactly the function u. Standard calculations (see Appendix imply that for

both uniform parabolicity and a gradient estimate we need to bound the function

v = ﬁ = - Fortunately Propositions |5.4.10] and [5.4.14 give a constant upper
bound on this,
r
v=—<"C
w = bw

and so we have existence for all time.
For convergence we consider integrals of the derivatives of the graph over 2. We

have d—;‘ = _Hv —%. Therefore using Appendix

d r
T d 2 T H2 T
/ /(_u) dxdt:/ /—dﬁdtSCl/ /HQd/ldtSC2
o Ja \ dt o JurW o JMm

where C, Cy > 0 are constants and we used equation (j5.9)).
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We see that in coordinates |tT|2 = 1 — (1, t)* = vl TQ‘:%P

— . Therefore using

the gradient estimate again

T T 2 D 21 T
/ /yDudedthg/ /T | 2“' —d:cdtzcg/ / 672 dpdt < C,
0o Ja o Jao VU v 0o JM

for constants C5, Cy > 0 where we used equation ({5.10]).

Therefore there exists a constant C' > 0 such that

oo 2
/ / (d_u> + |Dul*dz dt < C
o Jo\dt

and so we may apply Lemma}4.4.1} Therefore as in the proof of Theorem (this

time using that by maximum principle supw is non increasing and inf u is non
I'EMt JJEMt

decreasing), M; converges uniformly to some cross-section. ]



Appendix A

Graphical coordinates inside the

cone

We consider an isometric embedding of
R™ C R™™! at height 1 on the e, axis, defining
the origin of R™ to be the point p such that
Ip|> = —1. Choose a domain contained in
D c B(1) ¢ R” to be a smooth embedding
with a smooth boundary 0D (B(1) here is the
open unit ball in R™). We define the outward
unit normal to D to be . Our boundary man-
ifold ¥ can now be constructed as the union
of all rays from the origin going through 0f).

By this construction we have that any spacelike

manifold contained within ¥ may be written as a graph u : D — R, and an explicit

parametrisation of M is given by F : D — R"™! where

u(z)(x + e,41)

F(z) =
() T Tap
We note that this parametrisation has been chosen so that |F|*> = —u?. We see
OF Diu(z) ziu(z)
i X+ €e,1)+
o0 | VI-RE  a—fep] <o

V1= x|

1 i
L [(bw Y e e

1 —[zf?

V1= e

108
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We may calculate g;;:

1 9 Tl U
= ————— -1 (D, e D. T
o= 1= | (oF =) (Pt 120 ) (P £2557)
+ uw; <Diu+ it )—i—ua:i <Dju+ it )+u25ij]

1 — |z[? 1 — |z[?
1 2 u’ 2
= —1)DsuD; 0;
1_|$|2[(\x| )D;u u+1—|x|2+u J}
u? Tk
— Y (5% )~ pubDu .
1—|x|2<f+1—|w|2) Rt
We define

u
V =Du+ 1——W(X + en+1) + (D’LL : Z’)en+1

and note that

OF 1 T;U TiU
V, — )= ——+——|Du- D; — Du — D; !
< ’8xz> —1—|x|2{ U x( u+1_|x|2)+u U u( u+1_|x|2>

2

Ui —Du~x(Diu+ﬂ>}

1 —[zf? 1 —[zf?

=0 .

Since this is a normal vector we know that M is spacelike if [V]? < 0. We see this

is equivalent to

2
V2 = |Dul2+ D g U o % Y _ " (Du.x)?
M ’“‘*”(1—@42 —Rp) ToEp P
2

u
= |Dul* - ————

— (Du - x)?

<0 .

We therefore see that on a spacelike hypersurface while V' is non-zero it is in the

upwards direction (with respect to e,;): For in the (n + 1) direction we have

u u
Y 4 Duz>—— D
1—|x|2+ ux_l—]:c|2 | Dul|

by Cauchy-Schwarz. This is positive since spacelikeness implies | e > |Dul* and

SO

4 > |Dul

u
>
TP iR
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. . 1 > ) .
where the first inequality comes from T 2 1. Furthermore we see that in fact

that 'V # 0, for if it were then Du = —ﬁx and in this case the e, coordinate
would be
u u(l — |z[*)
Du-x=—7—>=u>0
1—\x|2+ u-x e U ,

a contradiction. Hence the upwards pointing unit normal is

\Vs B Du + #(X +en11) + (Du-x)e,yq

V=IV[? \/ﬁ—i—(Du-x)z— | Du|?

UV =

We also define

u? 2 2
v = 1_—W+(Du-x) — | Du|

to be a gradient—like function. This quantity will move towards zero as the normal
moves towards the light cone, and therefore this can be viewed as a measure of
spacelikeness.

We also need the second fundamental form. We have

oF 9 = Diu+ — ) (x + eyp1) + ue;
dridr 0w \ T ap L\ 1= [aP Eret) UG

=1 6]5‘4—;i Diu+ —2 (X + eny1) + ue;
1= [z]?Oxt /1= [x]? 0 ’ 1 —|z|? (s ’
Z; OF

1 — |z|? 0z
1 |: ( 5iju -+ .TiDjU 2a:ixju
ij U

VI=TeP ) e

;U
+ (Dlu -+ 1——|33"2) e; + Djuei]

_|_

1 —|z|?202"  1—|z|? 0

1 0;il TixU
{ <Diju +—4—+ ’ ) (x + en+1)

+ -
VI=TaP T— P " =[PP

+ Diuej + Djuei]

1 —|z|?202"  1—|z|? 0

1 1
+ — [ <DWU + a(gw + DzUD]’LL)) (X + en+1) + Diuej + Djuei] .

V1 =z
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Therefore

O*F
=g )

—1 1
= U\/l—_w< <Dwu + a(gij + DluD]u)) (X + en+1) + Diuej + Djuei,
U
Du + 1——|JZ|2(X + en+1) + (Du . X)en+1>

-1 1
= ———| —u | Dju+ —(9;; + DiuDju) | +2D;uDju
v 1—|x|2{ ( ! U(g] ’ )> ’
U
+ 1_—W(D1U$] + D]uxz)}

1
= — {uDiju +9ij — DiuDju —

vy/1 — |z|?

U

We will need the trace of the above and so will need the inverse of g;;.

Claim A.0.16. In the above graphical coordinates

ij 1_‘I|2 ij 1 u?
g] :T<6J+ﬁ|i<‘Du’2—1_—‘x|2 Ty

+ DjuDju — Du - x(x;Dju + :UiDju)})

Proof. We will spare the reader the original calculation of the above, but simply
show that g¥g;; = d;. Let
2

and we recall

9ij e (5i' + ) — DiuDju

1 —[zf?

——— + (Du-z)* — |Dul* .
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We see

u? |z|? (Du - z)?
= Dul? — 1 -
Ika'“' 1—MP)(_%L4ﬂJ 1—MP]

u? 1— |z
+$kau{— (|Du|2— . ‘3:’2) Du -z ul |

1 — 2
— Du-x+ |Dul*Du - x 2 }
u?

D - 2
+ Duxy, [ﬂ—Du-x<1+ i )1
x

1 2 1 2
+ DyuDyu {1 | Du? |f| + (Du - x)? |f| ]
U u
—v? 1—| |2 2
= 1_ |x|2$2xk + 02 (% DZUD]C’U,
Therefore we may calculate
i 7 i LjLk 1 - |I|2
gjg |:(SJ—|— AJ:| (6]k+1—|’2 DuDku 2

o 1 — |zf? 1 1 — |22
=0+ —— Ttk p, iu Dy ————— 2] - TTy + il ————D;uD;u
u? 1—|z?

1— |z u?

=4
[

We now have the necessary quantities to work out the equations for

non-parametric mean curvature flow. Non-parametric mean curvature flow is defined

by
dF
- - _H
()=

that is, the movement in the normal direction is as in parametric mean curvature
flow, but the manifold is allowed to move in tangent directions over time. We see

that

dF 1/ % (x+ ent) u
Sy = (20 py s Y (xten) + (Du-a)e,
() v< VImRp TR o) (B e
ou
=—9% _ (Du-z—u—Du-x
v\/l—]xP( )

ou
—Ua

vy/1 — |z|?
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and
H = g"hy
g” { D DiuD (D D )}
= —/——|ulyu+ gi; — Diulju — ———— (Djux; + Dijux;
U\/W j 9ij j 1— [a]? j J
ug” Djju +n g"

vy/1 — |z|? o/l | |2

Now using A% as above, that is

u

2

then

A (DiuDju + Dyuzx; + Djuxi))

u
e

2
- (|Du|2 - 1_”—W> (Du - 2)% + | Dul* — 2(Du - )| Dul?

2uDu - x 9 u2 ) ) ) , )

TP K‘D“’ ‘1—\x|2>'“" +|Duf? — [x’|Duf’ — (Du - x)

= ( |Dul* — w (Du - x)* — v*|Dul* +
1—[z[?

u2

e |Du|? — (Du - z)?| Dul?

2uDu - z|z|* , 2uDu-z ) ) ) )
- 1-— D —1)(Du -
Pt + 22 [~ D+ (of? ~ 1)(Du - o]
2Dy - 2 2 Du - 2 2
_ 2 (—|Duf? - uDu a:|23:| _u( U .72:) U 2|Du|2
1 — |z 1 — |z 1 — |z

+ 2uDu - x| Duf* — 2u(Du - x)*

2uDu - z|zf? 2
= v? (—|Du|2— uDu - zlz| 4 —2uDu-x>

1—[z2 1—]af
ut N 2ulDu - x
(== 1|z

+

Therefore setting

u? 1—|z|? ut 2utDu -
- (=l 1—|zf?
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then
ug” Diju 4 n 1— [z 2, 2uDu-x o 2uDu-z|z|?
H= _ VT B (g 4 2T pypp - 22 TR
vy/1 — |x|? vu 1 — |z| 1 — [z
u? u?f
" 9ouDu- _J
T—fap TS |x|2>v2)

ug’Diju+n+1 f

vy/1 — |z|? v3y/1 — |x|?

w2

vy/1 — |x|? v3y/1 — |x|?
So on the interior of D we have that

ou ;.
o = 9 Dijut

n+1 f

uv?
.. 1 # +2Du - x
= g”-Diju + n+ _ = ‘2

V2

We also require the boundary condition in graphical coordinates, and therefore
need to calculate i, the outwards pointing normal to ¥ in terms of ~, the outwards
pointing normal to D. Fortunately by the construction of X, p is constant on
rays from the origin; consequentially we only need calculate p in terms of v on
0D C R, At a point x € D we see that the position vector W = x + e,,41, as

one of the rays making up 3, is in 7Ty >. We see that
W,y +7-zepy1) =0

and since e,; L 0D then this must be in the direction of the outwards pointing

normal. Therefore

:’Y‘i_’}/‘l'en_;'_l
I—(y-a2
The condition (v, ) = 0 becomes
1 u
<]/,M>:U 1_(7‘:1:)2 DU+1_—|x|2(x—|—en+1)+(Du-m)en+1,7+7-xen+1
1
= Du-v—Du-xzv-x
. h_(7'93)2( gl - x)

=0 .
Hence our boundary condition is

Du-(y—~-a2x)=0
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where we note that since |z| < @ < 1 then by Cauchy-Schwarz C' = v — v.ox is a

bounded outward pointing vector field with the property 1+ Q? < |C| < 1 — Q2.
Putting all of this together we see that if our initial manifold may be written in

this parametrisation as ug then u : D x [0,7") — R, satisfies non-parametric mean

curvature flow with a perpendicular boundary condition if

(

2 — gi Dyu + 2L — S (g ) € D x [0,T)
u(z,0) = ug(x) Ve € D (A1)
Du-(y—~vax)=0 V(z,t) € 0D x [0,T)

\

We now summarise the results so far:

Proposition A.0.17. Under the parametrisation defined above we may express

geometric quantities on the manifold in terms of u, explicitly

2 e
9ij = — ((5- 4 ) — DyuDju

1—[z2 7 71— |af?

1 Du + 4 (x + )+ (D )
V= — u+ ——(x+e, u-x)e,

v 1—’$|2 +1 +1

ij 1_|=T|2 ij 1 u’
gj = 2 <5] + E |: (|Du|2 - —1 — ’I‘|2 $i$j+

DuDju — Du - z(x;Dyu + xiDju)} )

1
hij = |:UDZ]U + gij — DZUDJ’LL —

vy/1—|z|?

y u?
ug Diju+n + 1 1—\—x|2’+2UD“'x

vy/1 — |z|? v3y/1 — |x|?

where

u2
v=4|—— + (Du-z)?>—|Dul? .

1—|z?
We also see that non-parametric mean curvature flow with a perpendicular boundary

condition becomes a PDE on u: D x [0,T) — R, specifically w must satisfy

( . —% S +2Du-x
9 — g Dyu+ L — (g, t) € D x [0,T)

u(z,0) = ug(x) Ve € D

Du-(y—~vax)=0 V(z,t) € 0D x [0,T)
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Naturally we will wish to calculate when the equation is parabolic so as
to be able to apply parabolic existence theory. We look to bound the greatest and
least eigenvalues of ¢“ below from infinity and above zero respectively. Clearly since
this is the inverse of the metric, if our manifold if the tangent space of our flowing
manifold hits or goes beyond the light cone then we have no hope: At this point
the metric will have a zero or negative eigenvector, removing any chance of positive
definiteness of ¢¥. This is the reason for stipulating that the initial manifold is
spacelike.

As spacelikeness is clearly an issue to the parabolicity of this PDE we expect
that parabolicity will depend in some way on v, our estimate of how close v is to

the light cone. The following comes as no surprise.

Proposition A.0.18. For spacelike M the eigenvalues Py of g¥ are bounded by

ngOQmax{i i}
u

1
)
u? 27 92

where C7 and Cy depend only on OD.

Proof. We wish to bound the eigenvalues of g¥/ but looking at the formula for this
(i.e. Claim would rather not do so directly. We instead choose to bound the
eigenvalues of g;; and use that if A is an eigenvalue of g;; then A™! is an eigenvalue
of g¥. Set

1— |z T, (1 — |z[*)D;uDju
By = T2 T o 1—|z)2 u?

We firstly note that B;; — d;; is degenerate for n > 2: The image of B;; — 9;; is
spanned by x and Du and so in fact the rank is at most 2. Therefore B;; has
n — dim(span{x, Du}) eigenvectors perpendicular to x and Du of eigenvalue 1. We
now deal with the remaining eigenvalues.

Suppose first dim(span{x, Du}) = 2. The remaining eigenvectors must be writ-

ten aDu+bx, and so the problem reduces down to solving the 2 x 2 matrix eigenvalue

problem
D 2(1_ 2
- AN
_Du.l‘(l—lle) 1 b b

u? 1—|z|?
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The determinant of the above matrix is

2
1 det 1_u|_x‘2 — |Du|2 Du.x B L2
w2 ° R
—Du.x 1

The eigenvalues are then the solutions to

Du*(1 — |z|?) 1 v?
(1] At —=0 .
( u? Tz |z|? * u?

Using the Cauchy—Schwarz inequality we have

u?
v ThEt (Du.x)* — | Dul?
— [~ 2P
_ (b= 1Dup
(1= |z[?)? 1 — |z[?
2
u
= |Dul?
= fapy ~ P!

and so the trace is bounded by

| Dul?(1 — |z*) 1 v?
T=11- >1+—=2>0
( u? * 1—|x2) — * u?

where we are using weak spacelikeness for the last inequality. Since the square root

in a concave function we know

VCW+xSKN+a%T

and so using these two estimates

where we estimated 7' < 2. Similarly
T+4/1T? - 4:1_2 v?
AL = <T——<2 .
* 2 - w?T —

In the case dim(span{x, Du}) = 1 we have one of three possibilities

1. Du is an eigenvector and x = 0. This implies

|Duf>  v?

1<A=1- .

u? U

from the definition of v.
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2. x is an eigenvector and Du = 0. Here we have

2] 1
)\:1 =
T e T 1- P

which clearly bounded above and below, the upward bound depending on 9D.

3. Du = nx is an eigenvector and in this case

fre WP Dua( o) 1 O - e
1—|z]? u? 1—|zf? u?
We note that here v? = 1_“|i|2 —n?z)?(1 — |x]?) and so
2
v

In the final case dim(span{x, Du}) = 0, clearly 0 = x = Dz and so B;; = 0;;

and we are done.

1-|af?

. . 'L ¥
=y is an eigenvalue of g

Since given that \ is an eigenvector of B;; then A=
then we see that either

1 — |x]? . 11— |zl2 1= l2/2
2u? v2 u?

Hence positive definiteness of ¢ is equivalent to a bound from below on v and a

bound from above and below on 2. O]



Appendix B

Graphical coordinates in

Minkowski space

Given (n + 1)—dimensional Minkowski space parametrised as in Example then
we have an isometrically embedded copy of n-dimensional FEuclidean space,
R™ = span{ey,...,e,}. We consider a spacelike manifold M which is a graph over
R™ — that is M is parametrised by F : R* — R by

F(x) =x+u(x)e, 1

where u : R" — R. Writing % = D;u then

OF OF OF
or =e; + Diuenﬂ and Gij = <%, %> = 5ij — DZUDJU .
Claim B.0.19. The inverse of the metric is
, D.uDu
ik _ 5. J2 7k
g ik + 1 — |Dul?

Proof. This is easily verified:

D;uDyu | Dul?D;uDyu
gy 2Ry D 4 2SR
F T Dup ( R T T Dup
Y DuDiu D;uDiu
~ U T Dul2 1= |Dul?

=0k -

119
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We define v = /1 — | Dul?and we see that the upwards pointing unit normal is
1
V= ;(DU + €n+1)

since (Du + €41, Du+ e,11) = [Du|? — 1 and (2, v) = 0. Similarly we calculate
Diju
v

h'LJ == <V7 DZJF> = - <V7 Dijuen+1> =

As in Chapter [ we define

- 0y i q'q
- 3
p=Du  /1—|q]* (1—|qf?)>

i
and ¥ = da

a(q) = 8_qﬂ

p=Du

_ L‘
V1 —lq?lp=Du

We therefore see that

0 D;uD g . D;
H = (Lk + M) Diju = a”Diju = Dz (CLZ> = Dz (—u)

v v3 /1 —|Du|?

For reparametrised mean curvature flow we require

dF du
—H={(=—,v)=—4
<dt’y> v

We therefore have that on the interior of a flowing manifold

du - D;u DuD;u
— = Hv=vD;(a") =+/1—|Dul?’D; | ——— | = 8;; + ——— | D;;u .
a = M =vbie) PP, (=) = (9 1 Tpu) Do

If we have a cylinder boundary (as in Chapter [4)) we have (v,~) = 0 then we require

1 Du -
= (7, Du+eny) = —2
v v

0=(y,v)

In Chapter [4] we are interested in the parabolicity of this, and therefore we

need to know when the coefficient matrix of the second derivatives is positive def-

D,L'UD]"U,
1—|Dul?

inite. This matrix is exactly ¢ = (&-j + ) but here I calculate the eigen-
values of this matrix’s slightly simpler inverse g;; = d;; — D;uD;u instead. Since
gij — 0ij = —D;uDju has determinant zero and rank 1, we see that all but one of

the eigenvalues is 1. We see that

and therefore the remaining eigenvector is Du with eigenvalue v? < 1. Therefore

uniform parabolicity is equivalent to a bound v > C' > 0 for C' some constant.



Appendix C

Graphical coordinates within tori

in R?H—I

Again this Appendix contains simple geometric calculations, this time in Euclidean
space with Y a torus. The results here are unsurprising, particularly given the pre-
vious two Appendices. Let Q C R"! x R, be a compact domain with smooth
boundary 0f) — this will be the cross section of the torus. Let u : © — R.
Then writing x = (z',...,2") = (y,7) = (y1,. .., Yn_1,7) € R" 1 x R, we define
F:Q— R by

F(x) =y + r(cos(u)e, + sin(u)e,11) -

The function F takes Q2 and wraps it around the inside of the torus by angle u(z).

We also define
r = cos(u)e, +sin(u)e, 1, t= —sin(u)e, + cos(u)e,r1 -

We calculate

oF e, + Ou t and oF r+ 8ut

— =e,t+r——0 n — = r—t .

oy~ oy® or or
For the duration of this Appendix let Greek a,f3,... imply indices in the range
{1,...,n — 1}, then

=4 +2%% —2au@ =142 @2
Jop = Cap T T Oy OyB’ Jor =1 oy or’ I =200 or

and so in summary letting r be the n'" direction, and writing D;u = g;fi then

gij = (5@' + TZDiuDju .
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We now see that
i r?DyuDju
97 =% 1 + r2|Dul?

since

2D.uD
(5ij +7‘2DiuDju) ((SJ — ! Ju ku)

1+ 72| Dul?
1 r?| Dul?
L+ 72|Dul> 14 r?|Dul?

= 6 + r’DjuDyu [1
=0 -

As in the previous Appendix we may quickly calculate that g;; has n —1 eigenvalues
equal to 1 and the remaining eigenvector, Du, has eigen value 1+72|Dul|?. Therefore
we have

\/det(gi;) = 1+ 72 Du>=v .

We easily see that the unit normal to the graph is

—r(Dyue, + Dyur) +t
v

V= y

because for example

OF 0
v <8_y5’y> = <e5 +ra—yuﬁt,vu> = —rDgu+rDgu =0 .

Since
0°F
= rDyput — rDyuDgur
dy*oyP
O*F
5o = (Dau + erWu) t —rDuD,ur

y*or

O°F

5 = (2D,u + rD2u) t — r(Dyu)’r

SO In summary

0°F
0xi0xI

= (erju + 0piDju + §njDiu) t —rD;uDjur .
The second fundamental form may now be calculated

’F
—vhi; = <t — r(Dyue, + D,ur), %>

= erju + (SnszU + 5n]D,L’U/ + T’2DT'LLDZ‘UDJ'U .
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Therefore

—Hv = —gijhij’v = gij (T’D?]U + (SnZD]'LL -+ 5nJD,LU -+ 7’2DT'LLDZ‘UDJ"LL)
TQDZ'UD]'U

- TQZJD?JU + (6” - Hr2—W> (5nzD]u + 5n]D1U + TZDTUDZ‘UD]'U)

.. 2D D 2
— rg D2u+ 2D, + r*DyulDuft — 2P o 2
.. 2D 2
= rg”Dizju + D,u+ 1r*Dyu|Dul* + D,u (1 T | Dl ) — 72D, u|Dul?
v

g 1
= rg”D?ju + D,u (1 + ﬁ)
For reparametrised mean curvature flow we have

OF rDyu
—H = <E,V> = (rDyut,v) = ’

Therefore on the interior of the graph mean curvature flow is equivalent to

y D, 1
Diyu = g” Djju + 4 (1 + —2)
r v

In these coordinates u = v ++"(r — e,,), where v = (y,...,~") is the outwards
pointing unit normal to d{2. Then the boundary condition becomes

Du -~y

1 (0% n
0= (v, ) =~ (=rDouy® + Dyuy") = —

We see that uniform parabolicity is equivalent to the gradient estimate
v < (' < o0o. To get uniform parabolicity we therefore wish to bound the volume

element from above, that is
1

(t,v)
and since v = /1 + r2|Dul? this estimate also supplies a gradient estimate.
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