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Abstract

Let p be an odd prime, and let K be a finite extension of @, such that K
contains a primitive p-th root of unity. Let K., be the maximal p-extension of
K with Galois group I'«;, of period p and nilpotence class < p. Recent results

of Abrashkin describe the ramification filtration {F(;

)
P}v>0’ and can be used

to recover the structure of I'), [5].

The group I'<;, is described in terms of an F,-Lie algebra L due to the classical
equivalence of categories of IF)-Lie algebras of nilpotent class < p, and p-groups
of period p of the same nilpotent class. In this thesis we generalise explicit

calculations from [5] related to the structure of I'c).
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§1 Introduction 1

Basic notions: Throughout this thesis we will assume that p is an odd prime.
By local field, we mean a complete discrete valuation field with finite residue
field. We will assume knowledge of the basic properties of local fields and their

extensions as found in e.g. [9] [16].

If G is a topological group (resp. L is a topological Lie algebra), then for
any n € N we denote by C),(G) (resp. Cy,(L)) the closure of the subgroup of

commutators of length > n.

1 Introduction

A theme of modern number theory has been to understand the extent to which
the arithmetic properties of a field are encoded in its absolute Galois group.
For global fields, it is a result of Neukirch, Iwasawa, Ikeda, and Uchida that
the knowledge of the absolute Galois group is equivalent to the knowledge
of the field itself. That is, if the absolute Galois groups of two global fields
are isomorphic as profinite groups, then the fields themselves are isomorphic
[T}, [15] 19]. This is not the case with local fields [21], in fact only limited
invariants of the field can be recovered from the group structure alone (see
introduction of [14]). However there is a local analogue of this result if one

also considers the ramification filtration.

Recall that the Galois group of an extension of local fields has the additional
structure of a decreasing filtration of normal subgroups {F(U)}uzo given by
the ramification subgroups in the upper numbering. In the local setting then,
if the absolute Galois groups of two local fields are isomorphic as profinite
groups, and the isomorphism is compatible with the ramification filtrations,
then the local fields themselves are isomorphic. This result was proved by
Mochizuki for local fields of characteristic 0 [14], and for local fields of both

positive and mixed characteristic by Abrashkin [3, [4].

For a local field then, any description of its Galois group should also describe
the ramification filtration in order to be arithmetically significant. On the
abelian level this is provided by local class field theory, which gives an iso-

morphism between £ and a dense subgroup of 'y /C2(I'g), and describes
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the ramification filtration of I'y/Co(I'g) as the images of the subgroups of
principal units of E*. At this level though, we see very little of the structure
of the ramification filtration as, by the Hasse-Arf theorem, we can recover only
integral breaks of the ramification filtration in the upper numbering. To get
a more complete picture we must move beyond the abelian setting, and of

particular interest is the maximal p-extension and its quotients.

Recall that, for a local field E, with I'y = Gal(Esp/E), the maximal p-
extension E(p) of E is the compositum (inside Egep) of all finite Galois
extensions of £ whose degree is a power of p. Let I'g(p) be the Galois group

of E(p)/E, then I'g(p) is a pro-p group.

The profinite group-theoretic description of I'g(p) is well known. If char(E) = p,
then I'g(p) is a free pro-p group with infinitely many generators [13]. If
char(FE) = 0 there are two cases; if E does not contain a primitive p-th root of
unity then I'g(p) is a free pro-p group with [E : Q,] + 1 generators [17, [1§],
and if F' does contain a primitive p-th root of unity then I'(p) is a Demushkin
group with [E : Q,] + 2 generators and one relation (of a particular form)
[8, I7]. However, as these results do not describe the ramification filtration,
then from the discussion above, they do not fully reflect the appearance of

I'g(p) as a Galois group of a local field extension.

For fields of characteristic p, the nilpotent Artin-Schreier theory developed
in [1I, 2] allows us to work with extensions of fields of characteristic p whose
Galois group has nilpotence class less than p, and period p™ for any M > 1.
Although the general theory is applicable in a wider setting, our particular
interest is in the case where F is a local field of characteristic p, and M = 1.
In this setting the nilpotent Artin-Schreier theory can be used to give an
explicit description of the Galois group of the maximal p-extension of period p
modulo the subgroup of commutators of length > p, together with an explicit

description of its ramification filtration.

The methods of the nilpotent Artin-Schreier theory cannot be applied directly

to local fields of characteristic 0, however recent results [5, [6] allow the theory
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to be applied via the field of norms functor of Fontaine-Wintenberger, which
for a particular class of infinite field extensions allows us to relate the Galois
group of a local field of characteristic 0 to the Galois group of a local field of
characteristic p [10, 20].

Outline of thesis

Let K be a finite extension of QQ, such that (, € K, where ¢, is a primitive
p-th root of unity. Denote by K., the maximal p-extension of K with Galois
group of nilpotence class < p and period p. Then I'c), := Gal(K.,/K) =
Lk /T5-Cp(T k). The results in this thesis are concerned with the structure of

I'cp,, and are based on recent papers by Abrashkin [5, [6].

In chapter [2| we follow [I] throughout to present the relevant results of the
nilpotent Artin-Schreier theory. Of particular importance to us is the case
where K is a local field of characteristic p. Let Ksep be a separable closure
of K, and G := Gal(Ksp/K). Let Ko C Keep be the maximal p-extension
of K whose Galois group has period p and nilpotence class < p, and let
G<p = Gal(K.,/K). The nilpotent Artin-Schreier theory provides us with

the following identification.
o : G<p —> G(L), (1.1)

where £ is a profinite F,-Lie algebra with F)-module of generators C* /(K*)?,
and G(L) is the group defined on the underlying set of £ with operation given
by the Campbell-Hausdorff group law.

We also present the techniques of the theory that can be used to lift automor-

phisms of K to automorphisms of K, [I} 2].

In chapter 3| we follow [5] throughout to present results related to the structure

of I'«p. The main steps of [5] are the following.

(i) Fundamental exact sequence. We fix once and for all a uniformiser m of K.
For all n > 1, let m, € K be such that 75, = m,_1, and let K= Un21 K(m,),

then the following sequence is exact.
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'y Iy Gal(K (m)/K) = (1)%? —— 1,

where To(m1) = (pm.

(ii) Relation to characteristic p. The field extension K /K is arithmetically
profinite and so the field of norms functor provides us with the construction

of a local field K of characteristic p, and an identification I' z >~ T'k.

(iii) Nilpotent Artin-Schreier theory. As K is a local field of characteristic p
we can apply the identification 79 of the nilpotent Artin-Schreier theory to

obtain the following exact sequence,

G(L) T, (o) olP —— 1.

The techniques of the nilpotent Artin-Schreier can be applied to consider lifts
T<p € I'<p, of 79, which in turn can be used to recover the kernel of G(£) — I',,

thus establishing the following exact sequence of p-groups,

1 —— G(L/L(p)) I'ep (10)2/P —— 1.

If we fix a lift 7., € I'«, of 79 then the sequence splits, and the structure of

', is determined by the action by conjugation of (1.,)%/? on G(L/L(p)).

(iv) Linearisation. Let L be the F)-Lie algebra such that G(L) = I'.;,, under
the Lazard correspondence (see §2.1)). It is shown in [5] that the lift 7,
can be recovered from the Lie structure of L. This represents a significant
simplification, as it avoids the use of the Campbell-Hausdorff group law. In
particular, we obtain the following exact sequence in the category of [F,-

modules,

0 —— L/L(p) L Fp7o 0.

The sequence splits, so that if 7., € L is a lift of 79, then the structure of
L is determined by the derivation ad,_, € Der(£/L(p))/Inn(L/L(p)). It is
proved in [5] that the set of lifts 7, of 7y are in bijection with solutions of

a recurrence formula (3.6). The form of these solutions describe a lift 7,
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and the corresponding derivation ad,_,, thus determining the structure of
L and hence the structure of I'c, = G(L). The main result in this thesis
is the recovery of an explicit solution of the recurrence formula (3.6)), which

generalises explicit calculations from [5].

In chapter [4f we introduce a recurrent procedure used in [5] that will allow us
to recover a solution of (3.6)), and demonstrate the method by recovering an
explicit solution of the recurrence formula modulo commutators of length > 2

(this case was stated in [5]).

The remaining chapters contain the original work of the thesis. In chapter
we recover a solution of the recurrence formula under a simplifying assumption,
and introduce all notation and properties that will enable us to recover a
general solution. In chapter [] we demonstrate that, although the coefficients
appearing in our solution are complicated in general they have an essentially
combinatorial interpretation, and using this interpretation we recover some
general properties of the coefficients. Finally, in chapter [7] we use our results

to give a general solution of the recurrence formula (3.6)).

This in principle fully determines the structure of I'c),. Unfortunately, the
result is not recovered in a form from which we can also recover explicitly
the generators of the ramification groups of I'<;,. This is not ideal given the
importance of the ramification filtration discussed above. As it is, we compare
our result with explicit calculations from [5] to demonstrate that the result can
be used to efficiently write down solutions of recurrence formula modulo
commutators of small degree. As we give a thorough characterisation of terms
related to the structure of I', it is reasonable to expect that applications will
be found, and at the very least, the explicitness of the solution provides an

opportunity for further study.



2 Nilpotent Artin-Schreier theory

In this chapter we present the relevant details of the nilpotent Artin-Schreier
theory [1]. The theory makes use of the Lazard correspondence [12], which
establishes an equivalence of categories of finitely generated Lie Z,-algebras of
nilpotence class less than p, and finitely generated pro-p groups of the same

nilpotence class.

2.1 Lazard correspondence

The following description of the Lazard correspondence can be found in [1],
and is derived from [7, ex 8.4, ch 2].

Let Ag be the free associative algebra over Q freely generated by the (non-
commuting) indeterminants {z,y}. Then Ag has the natural structure of a
Lie algebra over Q, with Lie product defined by [a,b] = ab — ba. Let Lg be
the free Lie algebra over Q with free generators {x, y}, then we have a natural

embedding Lo C Ag.

We define the degree of a monomial in Ag by setting degz = degy = 1, and
extending in the usual way. For n > 1, denote by C,,(Ag) the ideal generated
by all monomials of degree > n, and let Ag = Im Ag/Cn(Ag). Similarly,
for n > 1, let Cp,(Lg) be the ideal generated by all commutators of length
>n, and let Lo = Hm Lgy/Cn(Lg). Note that Cy,(Ag) N Lg = Cp(Lg) for
all n > 1, and thus the natural embedding Lo C Ag induces an embedding
Lo C Ag.

The Campbell-Hausdorff series is defined in fl@ as H(z,y) = log(expx expy).
Its first few homogenous components are well known, and are given as follows,

_ i[y, [, [z, )] mod C5(Ag).

1 1
Clearly these terms are elements of Lg, and in fact the result known as the
Campbell-Hausdorff formula states that H(z,y) € /jQ. We can define then

a group structure G (ﬁ@) on the underlying set of ﬁQ, with group operation
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given by Iy ole = H(ly,l2).

Let Hy(x,y) denote the homogenous terms of degree n in the Hausdorff se-
ries, then the terms of H,(x,y) are p-integral for 1 < n < p. In particular,
if £ is a finitely generated Z,-Lie algebra of nilpotence class < p, then a
group G(L) can defined on the underlying set of £ with group operation
ly0ly = H(l1,l2) mod Cp(ﬁQ). Then G(L£) is a finitely generated pro-p group
of the same nilpotence class as £, and there exist inverse Campbell-Hausdorff

formulas from which we can recover the Lie structure of £ from G(£).

The correspondence £ — G(L£) induces an equivalence of categories of finitely
generated Lie Zy-algebras of nilpotence class less than p, and finitely generated
pro-p groups of the same nilpotence class [12]. For any ¢ € End(L) there is a
unique ¢’ € End(G(£)) such that ¢ and ¢’ are identical as set maps. Hence
an automorphism of the Lie algebra £ is automatically an automorphism of
the p-group G(L) and vice versa, acting on the underlying set in the same

way. The correspondence has the following properties [12].

Subgroups of G(£) «<— Subalgebras of L;
Normal subgroups of G(L) «— Ideals of £;

1GeG(L’)<—>Oe£;

G(£)

L)+— —ge L.

2.2 Main theorem of the nilpotent Artin-Schreier theory

Let K be a field of characteristic p (not necessarily local), Ky a fixed sep-
arable closure of K, and I'x = Gal(Kgep/K). Let £ be an [F,-Lie algebra of

nilpotence class < p.

Denote by Lk, the extension of scalars £ @, Ksep. Let o be the absolute
Frobenius morphism of K (i.e. o(x) = P for all z € Kp). Then o and I'x

act on Lk, as follows.

— (deo)(l®z) =1®0(zx), and Lk, ., [;—iq = L;
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— for g1,92 € Tk we have (id ®¢1)((id®g2)(l ® x)) =1 ® (91(g2(x))) ;

— The actions of ¢ and 'y commute, and (Lk,, ) 5 = £ ®F, K .

Remarks: (1) For notational convenience, if | € Lk,,, and g € I'x we will
generally use the shorter notation o () and g(I). We will however retain the

full notation in certain instances for clarity of exposition.

(2) For any topological F)-Lie algebra L, and any topological F,-module F,

we will use here and below the notation Lp = L®FPF.

The main theorem of the nilpotent Artin-Schreier theory is the following.

Theorem 2.1. [I] Let K be a field of characteristic p > 0, and let L be an
[Fp-Lie algebra of nilpotence class < p. Then there exists a one to one map of

sets,
m: G(Lk)/R — {conjugacy classes of Hom(I'x, G(L))},

where R is an equivalence relation on G(Lk) such that for li,ls € G(Lk),
then Iy L ly if there exists ¢ € G(Lk) such that lo = ocoly o (—c).

The full proof is given in [I, §1.3], here we restrict our attention to demon-
strating the construction of the map 7. The first step is to relate elements of

G(Lk) to the construction of homomorphisms I'x — G(L).

Let e € G(Lk), and let F(e) :={f € Lk, : o(f) = eo f}. It is proved in [I]
that for any e € G(Lk), the set F(e) is non-empty.

Proposition 2.2. [I] Let K be a field of characteristic p > 0, and let L be
an Fy-Lie algebra of nilpotence class < p. For any e € G(Lk), and f € F(e),

the following is a homomorphism,

Te,f - 'y — G(E),
T (=f)or(f).
Proof. As 'k acts on G(Lk,,,) by functorality then we just need to show that

7e,f(7) € G(L) for all 7 € T'k, which we can do by showing that the image of

7 is invariant under o.
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Note that o and I'x commute as automorphisms of K, so that for any

7 € 'y we have

o(rf)=7(0f)=7(eof). (2.1)
Furthermore, as 7 € ' and e € G(Lk) then Te = e, and thus from we
obtain that o(7f) = e o7 f. Therefore we have
o((=f)orf) = o(=f)oo(rf) = —o(f)oeorf = (= [f)o(—e)oeoTf = (= f)oTf.
As (—f) o 7f is o-invariant, then ((—f) o 7f) € G(L). O
For a fixed e € G(Lk), we can also show that if f1, fo € F(e) then f; = fooux

for some x € G(L). Recalling that elements of G(L£) are invariant under o

then we have,

o((=fiof2) =—0o(fi)oo(fe) =(—fi)o—eoeo fo=(—f1)o f2.

Thus fi = fo ox for some x € G(L). It follows that 7 s and m.y, are
conjugated by the element x, and thus belong to the same conjugacy class of
HOm(FK, G(,C))

Therefore, for any e € G(Lx), the conjugacy class of 7,y € Hom(I'x, G(£))
does not depend on the choice of f € F'(e), and the map 7 in theorem is

then defined as follows.

7 : G(Lk)/R — {conjugacy classes of Hom(I'x, G(L))},

e — m(e),

where for any e € G(Lk), m(e) denotes the conjugacy class of e ¢.

Thereom implies the following properties.

— For any n € Hom(I'k, G(L)) there exists e € G(Lk), and f € F(e) such
that n = m

— If m1,m2 € Hom(I', G(L)) are such that m = 7, f,, and n2 = 7¢, f,,
then n,m2 are conjugate via an element of G(£) if and only if e; =

o(c)oego(—c) for some ¢ € G(Lk).
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Remarks:

(1) The above results were presented in [I] under the assumption that the
action of I'y on Kgp is given by (gi1g2)a = g2(g1a) where g1,92 € TI'
and a € Kgp. In the setting of [I] then, for any e € G(Lk) the set
FP(e) :={f € G(Lk..,) : 0(f) = foe} is non empty and the correspondence
g — g(f) o —f establishes a group homomorphism I'}Y — G(Lf ), where I'Y
is the opposite group of 'k, i.e. the group defined on the underlying set of
'k with group composition given by (g192)°? = g2g1. In [5] the presentation
of the nilpotent Artin-Schreier theory as given in [I] is called ‘contravariant’,
whereas the presentation used throughout this thesis (and in [5 [6]) is called
‘covariant’. We note that all results established in the contravariant setting
hold for the covariant setting by replacing the relevant group or Lie structures

1

with their opposites i.e. for any group G we have G ~ G°P via x — z~", and

for any Lie algebra L we have L >~ L°P via z — —zx.

(2) Let K be a field of characteristic p > 0. If £ is a one dimensional [F,-
Lie algebra, then by fixing a generator of £ we obtain the identifications
G(L) ~ (Z/pZ,+) and G(Lf) ~ (K,+). Thus, in this case, the main theorem
gives the classical Artin-Schreier isomorphism, K/(0—id)K ~ Hom(I'k,Z/pZ).

(3) Let n = m¢ s be such that n: I'x — G(L£) is an epimorphism, If we denote
by K. := Kslégr(n), then 7 induces a group isomorphism 'y, /i >~ G(L). Note
that the field K. is not dependent on the choice of f, since if f, f' € F(e)
then the main theorem of NAS implies that 7. y and 7 s belong to the same
conjugacy class of Hom(I'x, G(L)), thus both homomorphisms are epimorphic

and their kernels coincide.

2.3 Identification for local fields of positive characteristic

Let K be a local field of characteristic p. We fix a uniformiser ¢, whence
K ~ k((t)) with k& ~ F,n, for some Ng € N. Denote by K;, the max-

imal p-extension of K of period p and nilpotent class less than p. Then
Gep = Gal(K<,/K) = Tic /Cp(Tic) TR .
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Let £ be the free profinite Lie [Fp-algebra with the F,-module of topologi-
cal generators K*/K*P, and let Ly = Z@Fpk be the Lie algebra obtained
by extension of scalars by k. Let Z*T(p) = {a € N : (a,p) = 1} and let
Z°(p) = Z* (p) U {0}. It is shown in [I] that £, has the set of frec generators
{Do} U{Dapn : a € Z*(p),n € Z/Ny}. In order to treat the generator Dy in
the context of all generators we fix ap € k such that Tryp, «o = 1, and for

any n € Z/Ny we set Do, = o™ (ap)Dy.

The generators D, arise as follows. If we recall the Artin-Schreier pair-
ing K£*/K*? = Hom(K /(o — id)KC,Fp), then fixing a uniformiser t € K and
an element oy € k of trace 1 gives us an identification X = (o — id)K @
(Fpaon) @aeztpy (kt7?), whence K/(o —id)K =~ (Fpao) @aezt(p) (kt~¢). Upon

extending scalars to k we obtain

K* /K™ @, k = Homg, (K /(0 —id)K, k)
= HomFP((FpOzo) Dacz+(p) (kt™), k).

Then Dy, is the homomorphism such that Dy, (wt™%) = o¢"(w) for w € k,
and Dy, is the homomorphism such that Dy, (ag) = 0™(ag). Notice that

U(Dan) = Da,n—i—l; and Dan = Da,n+N()~

Proposition 2.3. [I], §5.1] Let K be a local field of characteristic p, with fized

uniformiser t, and let £ = E/CP(Z). Then we have the following isomorphism

o : T/ (Txe) Cp(T'c) = G(L),

where 1y is induced by Ty € Hom(F;C,G(E)) with e = Z t ™ *Dgyo, and
a€Z9(p)

feF(e).

The proof is given in [I, §5.1], and establishes for e, f chosen as above, that
the homomorphism 7, ¢ : Ix = G(L) is surjective, and Ker (e 5) = Cp(T'ic) Tk

(see remark (3) above).

Note that the elements e, f play a very important role in the nilpotent Artin-

Schreier theory. A key idea is that the relation o(f) = e o f means that
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the coefficients of f can be interpreted as roots of modified Artin-Schreier
extensions, and thus the action of I'x on f encodes the action of I'x on

p-extensions of K (see [6l, §1.4]).

2.4 Analytic automorphisms of K

Let K be a field of characteristic p (not necessarily local), £ an IF,,-Lie algebra
of nilpotence class < p, and let n : 'y — G(L) be an epimorphism. Recall
that K. C Kgep denotes the fixed field of Ker(n).

Suppose h is a continuous automorphism of K, and % is a lift of h to Kep,

i.e. h € Aut Kiep) such that ﬁ[ = h), then we have the following result.
( P K g

Proposition 2.4. [Il prop 1.5.1] The following are equivalent.

(1) h(Ke) = Ke;

(2) (idg ®/Ii)(f) = co (A®idg,,)(f) for some c € G(Lk) and A € Aut(L)
(whereby A is also an automorphism of G(L)).

Proof. Let f; = (idz @h)(f) and e; = (idz ®h)(e) (noting that e € G(Lx)
and iAL[ x = h). Then since o and h commute as automorphisms of K., we

can show that f; € F(e;) as follows,

ofi = o((ide @h)(f)) = (idg ®h)(a(f)) = (idz ®h)(eo f)
= (idz ®h)(e) o (idz @h)(f) = e10 f1.

As f1 € F(e1), we can introduce 71 € Hom(I'g, G(L£)) such that ny = m, .
Then for any g € 'k we have

m(g) = —f1og(f1) = (ide @h)(—f) o g(ide @h)(f)

R S (2.2)
= (idz ®h)((=f) o (ide ®h ™" gh)(f)) -

Note that (h~'gh) € Tk, as it acts as the identify on K. Note also that
(=f) o (h1gh)(f) = n(h~'gh). Hence (~f)o (h™'gh)(f) € G(L), and it
follows that h((—f) o (h"gh)(f)) = (—f) o (h~1gh)(f). Thus from we
obtain for all g € I'k that

m(g) = n(h~*gh). (2.3)
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(1) = (2) : Recall that K, is the fixed field of Ker(n), and since h(K,) = K.
equation (2.3) implies that Ker(n) = Ker(n;). This in turn implies the
existence of A € Aut(G(L)) (which is also an automorphism of £) such that

the following diagram commutes.

Tk G(L)

~_q = :

h gh‘ x A
T G(L
K~ (£)

Moreover, for all g € ' we have,

m(g) = A(n(g)) = A((=f) e 9f) = (A®idk,)(—f) o (A®idk.,)(9f)
= (A®idk,,)(=f) 0 g(A @ idK,., )(f)) -

Since n1(g) = —f1 © gf1 we obtain that
(A@idg,)(=f) 0 g((A@idk,.,)(f)) = =frogfi,
and upon rearrangement we have fio(A®idg,.,)(—f) = g(fio(A®idk,.,)(—f)).

Notice that fio(A®idg,,,)(—f) € G(Lk.,,) *, hence fio(A®idg,,,)(—f) =c
for some ¢ € G(Lg).

(2) => (1) : Consider n1(g) for g € T Since (idz ®h)(f) = co (A®id)(f)

we have

m(g) = (=f1) e gfr = (A@idk,,)(—f) o (=¢) e g(co (A @idrk,,)(f)),

and since ¢ € G(Lk) we have gc = ¢, so that

m(g) = (A@idg,,)(=f) 0 g(A®idk,,)(f)) -
Hence g € Ker(m) <= g((A®idk,,)(f)) = (A@idr.,)(f) < gf =
f <= g€ Ker(n).

Thus the kernels of  and 7, coincide, and it follows from (2.3) that ﬁ(Ke) =
K.. O
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If h € Aut(K) then proposition [2.4] implies that the lifts /H[Kﬁ € Aut(K,) can
be determined by the image (id¢ ®ﬁ)( f) by specifying the image in the form
(idz ®R)(f) = co (A®id)(f), with A € Aut(£) and ¢ € G(Lk).

2.4.1 Lifting automorphisms of K

In the particular case where K is a local field of characteristic p, then with
respect to the identification 7y from section proposition allows us to

P
lift automorphisms of K to automorphisms of K.}, = ICS(:;’I’)(F’C)F’C as follows.

Suppose h € Aut(K) then for any lift ho), € Aut(K.,) by proposition we
have that

(ide ®h<p)(f) = co(A®@idk,,)(f), (2.4)

for some c € G(Lx) and A € Aut(L).

By applying o to both sides of (2.4, and using that of = e o f we obtain the

following relation,

(idg ®h)(e) o c = oco (A®@idk)(e). (2.5)

Since (idz ®h)(€) = 3_,ez0(p) (™) Dao, and (A®idic)(€) = 3 ez0(5) ¢ A(Dao),
then this relation gives us the opportunity to recover lifts h<, as follows. Mod-

ulo Cy(Lx) we have that

> Wt ") D =cc—c+ > t"A(Da). (2.6)

a€Z(p) a€Z0(p)

As h is known, we can expand the left hand side, and recover solutions for ¢ and
A to specify (ids @h)(f) mod Cy(Lc ~,)- Similarly, suppose we have recovered
solutions ¢’ and A’ that specify (idz ®h)(f) mod Cn(Lx.,) for 2 <n < p, then
we have that ¢ = ¢ + X, for some X,, € C,,(Lx) and A = A" + A,, where
Ap(Dao) € Cr(Ly) and relation implies that

o Xn—Xn+ Z t=*Ap(Dgo) = h(e)od —ac'o(A")(e) mod Cpy1(Lx). (2.7)
a€Z%(p)
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All terms on the right hand side of (2.7)) are known, and so solutions for X and
A, modulo Cy,1(Lx) can be recovered, thus specifying (idz ®R)(f) mod Cny1(Lr.,).

2.5 Ramification filtration of G,

Let K be a local field of characteristic p, and let 7y be the identification
from section Although not central to our main approach, we present
here the description of the ramification filtration of G, with respect to the

identification 7).

For v > 0 let 9(;1), denote the ramification subgroups of G-, in the upper
numbering. Under the Lazard correspondence, for all v > 0 we have n0(9(<v)) =
G(L£™) where L) C L are ideals of £. The nilpotent Artin-Schreier theory

provides an explicit description of the generators of these ideals.

Definition 2.5. For any v > 0 and n € N we define the element .7:2?_” € Ly
as
.7-"37,“ = Z n(ni,...,ns)|. .. [@1Day ny» Dag sl - - Dagnsl s
1<s<p
Qq,M;
where the sum is taken over all a; € Z° (p) and 0 > n; > —n such that,
— ap" + - tasp™ =
— If0=n1=-=ng > >ngs, 41 =+ =mng, = —n (where s, =

s), then n(ni,...ns) = (51! (8m — $m—1))"}, and n(ni,...,ns) = 0

otherwise.

Proposition 2.6. [I, Thm. B] For any v > 0, let G(L®)) := 7]0(9(;}),). Then
L0 = E,(:) [o—iq, Where E,(f) 1s an ideal of L. For any v > 0 there is a
natural number ]\N/(v) such that if N > N(v) is fixed, then ES) s generated by
{0”(.7:27_1\[) iy >=v,n€Z/Ny}.

Proof. The proof is given in [I] in the context of the contravariant the-

ory. The result is adapted to the covariant theory by replacing the terms

[Da, gy -+ [Dag,os Dayypa] -+ -] with [ [Da; sy, Dag.nols - - -, Dag,ne] and not-

ing that [Da, s, - - - [Dag.iigs Day.ig) - -] = (=1)* ... [Day.iiys Dagsls - -+ » Dag s
O
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The elements }"27_“ will appear in chapter [7| when comparing our main result

with explicit calculations in [5].
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3 Main setting and fundamental exact sequences

We now turn our attention to the main setting of this thesis. Let K be a finite
extension of QQp, with residue field k ~ Fpno s and absolute ramification index
erx. We assume that ¢, € K, where (, is a fixed primitive p-th root of unity,
and we fix once and for all a uniformiser 7y of K. Let K be an algebraic
closure of K, and ' := Gal(K/K), the absolute Galois group of K.

Let K.}, be the maximal p-extension of K of period p and nilpotence class less
than p, then I'c), := Gal(K.,/K) = ' /Cp(Tk)I'}-. The main aim of this
chapter is to present recent results [5] related to the structure of I'«p,, which

provides a basis for the calculations and results obtained in the later chapters.

Consider the field extension K (71)/K, where m; € K is such that 7} = m.
Since ¢, € K, then by Kummer theory we have Gal(K(m)/K) ~ (m9)%/P
where 7( is uniquely defined by 7o(m1) = (pm1. Clearly K (m) C K<p, and thus

the Galois correspondence gives us the following exact sequence of p-groups,

1 — Gal(K<p/K(771)) F<p <7.0>Z/p — 1.

If we fix a lift 7o), € I', of 79, then the sequence splits and the structure of I',,
is determined by Gal(K<,/K (7)) and the action of 7, on Gal(K.,/K (7))

by conjugation.

In the coming sections we will follow [5] throughout. In particular, in section
we will construct an infinite field extension K /K and show that the group
Gal(K<,/K(m)) can be identified with a quotient group of I'z. In section
we will use the field of norms functor of Fontaine-Wintenberger to identify the
group I'z with the absolute Galois group of a local field K of characteristic p.
Thus the group Gal(K«,/K (7)) can be understood in terms of automorphisms
of a local field of characteristic p, and we can apply techniques from the NAS
theory to recover the structure of Gal(K,/K (1)), and lifts 7, € I'«, of 79
together with its action by conjugation on Gal(K«,/K (7)), thus recovering

the group structure of I'ep.



§3.1 Fundamental exact sequence 18

3.1 Fundamental exact sequence

For all n € N, let 7, € K be such that 72 = 7,,_1. Let K = Upen K (), and
let Iz = Gal(K/K) .

If we fix an embedding I'z C I'¢, then the natural epimorphism I'k — ',
induces a continuous group homomorphism i:T 7~ T<p Let j:Tep —
(10)%/? be the natural epimorphism, then we have the following result from

[5].
Proposition 3.1. [5, prop 6.1] The following sequence is exact,

J
| AP

(1o)2/P —— 1.

Proof. Following the proof in [5]. The extension K /K is not Galois, so we
introduce its Galois closure K’ = Ups1 K(7n, Gpr), where for all n € N we
define (,n € K such that ((n )P = Cpn—1. As we have chosen coherent systems
of roots {(pn }nen and {m, }nen it follows from Kummer theory that I'f, K
is topologically generated by (o,7) where for all n € N we have 7(m,) =
Con T, T(Cpn) = Gpny o () = Ty, and o((pn) = C;;rpso for some sy € Z, and

o lrg = 7(1+pso) ™"

Note that the extension K’/K is a Galois extension with Galois group (o),

hence I'z is generated by I';;, and a lift cel gofoel To prove

K'/K*
the proposition then, we must show that the images of I'z, and & under the

natural homomorphism I'g — I';, generate the kernel of I'c), — (1o)2/P.

It follows from the actions of 7 and o above that Ca({o,7)) C (7P) and

(o,7)P = (0P, 7P), hence F% C,(T

Oy = (0P, 7P) and we have a natural
/K

K /K)
exact sequence

(0) —— T /T%, kO T Ryk) —— (7) mod(r?) —— 1.
Since (1) mod(7P) = (10)%/? it follows from the above exact sequence that the

images of 'z, and ¢ under the natural homomorphism I'x — I'<;, generate

the kernel of T, — (79)%/. O
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As a result of proposition we can identify the image of I'z in I'<;, with the
group Gal(K,/K(m1)). In the next section we will see that the group I'z can

be interpreted as the absolute Galois group of a local field of characteristic p.

3.2 Relation to characteristic p

The field of norms was developed by Fontaine-Wintenberger in [10} 20]. This
remarkable construction allows us, for a certain class of field extensions, to
relate the Galois group of a local field of characteristic 0 with the Galois group

of a local field of characteristic p.

In particular, an infinite field extension L/K is arithmetically profinite (APF)
if the ramification groups F(KU)F 1, are open subgroups of ' for all v > 0 (i.e.
if the ramification groups are determined on finite field extensions). If K is a
local field of characteristic 0, and L/K an infinite APF extension, then the field
of norms theory gives a construction of a local field X (L) of characteristic p,
and establishes an equivalence of categories between the algebraic extensions
of L and the separable extensions of Xx(L). The following proposition shows

that the field of norms theory can be applied to the extension K /K.
Proposition 3.2. The field extension I?/K s arithmetically profinite.

Proof. Let Ky := K, and for all n > 1 let K,, := K(m,). For any n > 0
the extension K, 11/K, is a totally ramified extension of degree p. It is well

known from Kummer theory that the extension K, i/K, has the unique
K pn+16K0

upper ramification break ppeil = (here ek, denotes the absolute
ramification index of Ky).

n+1
Using the notation of |20, 1.4.2], for any n > 0 let i,, = P p_elKO, and let

by = (ig + (i1 —io)p~ L+ -+ + (in — in_1)p~"). Clearly the sequence {i,}n>0

is strictly increasing, and hﬂn in = +00. Also, noting that for any n > 1, we
have i, — i,—1 = p"ek,, then for all n > 0 we have b, = Tflo + (n—1ek,.

Thus the sequence {b, }n>0 is also strictly increasing, and h_n}n by, = +o00.

Note that for any n > 1 the points {(im,bn) : 0 < m < n} are the edge
points of the Herbrand function ¢k, /i, and in particular by, is the maximal

upper ramification break for the extension K, /K. Let {F(fg)}@o denote the
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ramification filtration of I'x in the upper numbering, then for any v > 0 the
group F(Kv) acts trivially on K, if and only if v > b,. As {by,}n>0 is strictly
increasing and unbounded it follows that for any v > 0 we can choose some n
large enough that F(Kv) acts non-trivially on K,, for all m > n. In particular,
for any v > 0, if K denotes the fixed field of I‘(Kv), then K N K is a finite
extension of K, thus the group F(KU)F 7 1s of finite index in I, and hence is an
open subgroup of I'x. By definition then, K /K is an arithmetically profinite

extension. O]

Let € := Xk (I? ) denote the field of norms of the extension K /K. Retaining
temporarily the notation Ky := K, and K,, := K(m,) for all n > 1, then we
have the following construction of K [20, §2]. By definition, X* = @n K
where the limit is taken with respect to the norm maps. An element « € K is
a norm compatible sequence of elements (v, ),>0 with a,, € K,,. For a, 8 € K
multiplication is defined component-wise by af = (@, fn)n>0, Where [,
denotes multiplication in the field K,. The definition of addition is less
straightforward. For «, 8 € K, it is proved that the arithmetic profiniteness of
K /K implies that, for any n > 0, the sequence (NK,sm /K (Qntm~+ Brtm) Jm=0
converges to an an element v, € K,, and addition is then defined by setting

o+ 5 = (7n>n>0-

With the operations defined above it is shown that IC is a local field of char-
acteristic p. Moreover, as K /K is totally ramified the residue field of K can
be canonically identified with the residue field k£ of K. It follows that upon
choosing a uniformiser ¢ of K we obtain an identification I ~ k((¢)), and we

have a natural choice of uniformiser ¢ € I such that ¢t = (7,)n>0.

The field of norms has the following functorial properties |20} §3]. For any finite
extension F'/ K in K the extension F /K is also arithmetically profinite, and its
field of norms X (F) is a finite separable extension of Xx (K). If F/K is Ga-
lois then there is a canonical isomorphism Gal(F/K) ~ Gal(Xk (F)/Xx(K)).
Moreover, let Xx(K) := lim Xg (F) where the limit is taken over all finite
extensions F/K in K, then Xk (K) is a separable closure of Xx(K), and the

field of norms theory establishes a canonical isomorphism I' A () = .
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Using the notation K := Xx(K), and recalling that Gep 1= Ti/TRCp(Tc),
then applying the field of norms theory we obtain the following.
Proposition 3.3. [5, prop 6.2] The following sequence is exact,

9<p I‘<p <7_0>Z/p — 1.

Proof. Recall from proposition [3.1] that we have the exact sequence

j
Il —">T.

<T0>Z/p — 1.

By the field of norms functor we have an identification I' z ~ 'k, and hence,
as above, a natural continuous homomorphism 7 : Tx — I'p. Clearly the
subgroup I'}-C(I'x) is in the kernel of i, and by factoring through we obtain
an induced homomorphism i : G-, — '), such that the images (T 7) and
i(G<p) coincide. O

Note that, if i : G, = I'<, is the induced homomorphism from above, then

as ', is a finite group, the kernel of ¢ is an open normal subgroup of G.,.

3.3 NAS identification

As K is a local field of characteristic p, we can apply the nilpotent Artin-
Schreier theory outlined in section [2:3] In particular, we fix the uniformiser
t = (mp)n>0 € K as above, and fix oy € k an element of trace 1, then we have
the following identification (see proposition .

Mo - 9<p ~ G(ﬁ)v
— where g is induced by n = 7y with e = ZaEZO(p) t7%Dyo and f € F(e);
— Ly, has free generators {Do} U { Dy, : a € ZT(p),n € Z/Ny} over k.

We assume throughout that the elements e, f are fixed, thus fixing the identifi-
cation 7n9. With respect to the identification 7, then directly from proposition

[3:3] we obtain the following proposition.

Proposition 3.4. The following sequence is exact,
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(1o)2/P —— 1.

As a result of this, the group I'x_, /i (r,) can be identified with a quotient
group of G(L£), and in order to recover the identification we need to recover

the kernel of the morphism i : G(£) — T').

For 2 < s < p, denote by Cs(I'<;,) the commutator subgroups of I',,, and
let i : G(L) — TI'<p/Cs(I'<p) be the morphisms induced by i. Clearly, for
2 < s < p we have that Cs(I'<p) C T'_, /i (r,)» and hence, with respect to the
identification 79, we have that Ker(is) = G(L(s)) for some ideal L(s) of L. In
particular, G(L(p)) is the kernel of the homomorphism G, — I'c).

The issue in the recovery of the ideals L£(s) lies in the following. Suppose
7 € 'k is a lift of 7y, then via the field of norms functor 7 appears as an
automorphism of Kgep, and we would like to utilise the techniques of the NAS
theory from section to recover the lifts of 79 and their action on G(L).
However as our APF extension K /K is not a normal extension, then if 7 € I'g
is a lift of 7y, its identification under the field of norms functor to an automor-
phism of Ksep does not induce an automorphism of X, and thus the techniques

of the NAS theory cannot be applied directly.

The solution to this problem was given in [5]. The method used was to approx-
imate 79 by an automorphism kg € Aut(K). The techniques of section [2.4.1]
can then be applied to hg to recover lifts ho, € Aut(K<p). Recalling that, with
respect to the identification 7, a lift ho), € Aut(K,) of hg is determined by its
action on the element f, it is shown that under suitable conditions lifts of hg to
K< correspond to lifts of 79 to K.;,. This allows the results obtained for lifts

of hg to be applied to the lifts 7, and led to a recovery of the structure of I'«, .

The techniques used to establish the validity of the approximation are beyond
the scope of this thesis. Therefore we state the relevant results in the next

section, and give only a brief overview of the methods used in [5].
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3.4 Structure of ',

To define the ideals £(s) we use the following weight function for generators
of Ly, from [5].

Definition 3.5. For any Dy, € L, let wt(Dgy) = s if (s — 1)e* < a < se*.

Let £(s)g be the ideal generated by all monomials [. .. [Dg; n1s Dagnsl, - - - s Dy, ]
such that » ) ;. Wt(Dg, n;) = 5. Then L(1)), = L, and for all s1,s2 € N we
have L(s1)r C L(s2)r < s1 < s2, and [L(s1)k, L(s2)k] C L(s1 + s2)g. Thus
the ideals L£(s) give a decreasing filtration on L, and induce a corresponding
filtration L£(s) on £ where £(s) := L(8)k[,—iq-

Recall from proposition that we have the following exact sequence,

J

(TO>Z/p — 1. (3.1)

For any 1 < s < p, let i5: G(L) = I'c,/Cs(I'<p) be the morphism induced by

i.

Proposition 3.6. [5, §6.5] The following sequence is exact for all 2 < s < p,
J

| —— G(L)/G(L(5)) —s T/ C(Tap) — 2 (7o) 27— 1.

In particular, Ker(G(L) — T'<p) = G(L(p)) therefore G(L/L(p)) =~ Tk _, /K (m)s
and we obtain from (3.1]) the following short exact sequence of p-groups,

ip J

| —— G(L/L()) (ro) /P —— 1.

r'c,
We also have, for all 2 < s < p that Cs(I'<p,) ~ G(L(s))/G(L(p)).

We give the following sketch of the methods used in [5]. Recall that (, € K is
a fixed primitive p-th root of unity. As 7 is a fixed uniformiser of K, then we
have a unique expansion ¢, = 1 + Zi> K Bimh where §; € k. Recall that eg
denotes the absolute ramification index of K, and note that vy, (¢, — 1) = £

= 2K
implies that 8., /,—1 # 0.
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Let ho € Aut(K) be such that hg acts as the identity on the residue field of K
and ho(t) = t(1+ Zz;% BPtP), where the coefficients 3; € k are given by the
fixed expansion of ¢, € K above. For convenience in future calculations we
write the automorphism ho in the following form ho(t) = t(1+ >, ate e,

where for any j > 0, &; = 87 with ¢ = S+ 7, and ag # 0.

Let Gp, := {h € Aut(Kp) : hlc € (ho)}. Recall that G-, = Gal(K-,/K),
then clearly G, C §h0, and with respect to the identification 7y we obtain

the natural short exact sequence of profinite p-groups,

The group G, was studied in 5, §2.4]. By the formalism of the nilpotent
Artin-Schereier theory from section lifts hg € Gp, of hg € Aut(K)
are uniquely determined by solutions (A;LO,C;LO) of the recurrence relation
(idz ®ho)(e) o c = oco (A ®idk)(e) (see [B, Proposition 2.3]). As we saw in
section the automorphism Aj; € Aut(G(L)) corresponds to conjugation

by hg on elements of G (L), thus we will use the more suggestive notation Ady, -

Noting that modulo Co(L)x the Campbell-Hausdorff group law corresponds
to addition in Lx, then the first step in the recovery of a solution of the

recurrence relation is to obtain a solution of the following congruence.

oc—c+ Z t aAdhO aO E Z ho D,y mod Cg(ﬁ)jc
a€Z0(p) anOO( p)
1>

Expanding the right-hand side, it was recovered that Adﬁo (Dgo) = Do mod Co (L),
and for any a € Z™(p), Adj, (Dao) = Dao — D250 @jaDex s pjta,0 mod Co (L)

(cf. analogous calculations in section [4.1| below).

Using that (7<,olo T<_I} ol ') = Ad,_,(I) — I mod C2(G(Ly)) then it was
recovered from the above that for all s > 2, Cs(gh) mod C2(G(Ly)) is generated
by all Dy, such that a > (s — 1)e*. Using general properties of Ad;l , this was

extended to recover that for any s > 2 the commutator subgroups of Sh are
given by Cy(G1,) = G(L(s)), where for all s > 2, £(s) C L are the ideals given
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in definition It was shown that exact sequence (3.2)) induces the following

exact sequence [5l, proposition 2.7].

1 —— G(£)/G(L(p)) Sh {tho) mod(hg) —— 1, g o)

where Gp,, = gho/giocp(gho)-

Finally, in [5, §6] by comparing the action of Gp, on the element f of the
NAS identification 79 with the action on f of the image of I'<;, under the field
of norms functor, it was proved that if hy(t) is defined in terms of the fixed
expansion of ¢, as above, then the groups G, and I'<;, are isomorphic, and

thus all properties of Gy, established in [5], §2] are valid for the group I'),.

IC - K:(j](gﬁ(p)) ’C<p Ksep
F— KK K
K——K(m) — K

Figure 1: Diagram of relevant field extensions, where dashed lines indicate a
correspondence under the field of norms functor Xf{/K'

3.5 Linearisation

The results in the previous subsection were obtained in [5] without the need
to specify a lift 7., explicitly. Although we can recover 7., from the relation
(idg ®hg)(e) o c = oco (A ®idk)(e), the complicated form of the Campbell-
Hausdorff group law makes it very difficult to do so. In [5] an analogue of the

recurrence relation was recovered purely in terms of Lie algebras.

Let L be the F,-Lie algebra such that G(L) = I'), under the Lazard corre-

spondence, and let F, 79 be the trivial IF,,-Lie algebra corresponding to <T()>Z/ P
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then from proposition [3.6] we obtain the following short exact sequence of

Pp-groups,

1 —— G(L/L(p)) G(L) G(Fpr0) —— 1. (3-4)

By the properties of the Lazard correspondence, exact sequence (3.4 induces

the following short exact sequence of Lie algebras,

0——> L/L(p) L Fpmo 0. (3.5)

If 7, € G(L) is a lift of 7y, then the structure of G(L) = I', is determined
by Ad,_, € Aut(G(L/L(p))). By the properties of the Lazard correspondence,
Ad

plicit calculations in [5, Lemma 2.6] the automorphism Ad,_, is a unipotent

<, 18 automatically an automorphism of L := L/L(p). Moreover, by ex-

automorphism of £ (see also sketch in previous section). Therefore, as £ has

nilpotence class less than p, we can relate Ad,_, € Aut(£) to a derivation
ad

., € Der(L) via the truncated exponential i.e. exp(ad,_,) = Ad,_,.

Although there is a natural relation between Ad; -, and ad;_,, this does not
immediately free us from the use of the Campbell-Hausdorff group law, as
we are still reliant on the recovery of solutions of the recurrence relation
(idg ®hg)(e) oc = oco (A®idk)(e) to specify a lift 7, and the corresponding
automorphism Ad,_,. The major simplification in [5] was the recovery of an
analogue of the recurrence relation given purely in terms of the Lie structure

of L, which we present below.

We set ho(t) = t(1+ 35 a;t¢ TP7) where for any j > 0, &; = B with

i= pefl + 7, and ag # 0 (recall that the §; correspond to our fixed expansion
of (p).

Let w, € t*</(P=D0O% be such that 1 + >0 a;t® Pl = exp(wh) mod t¢P.
Then ho(t) = exp(w?) mod t¢ P+ (see [5, Proposition 2.1]).
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Definition 3.7. Let M =3, t75¢" L(8)m + L(p)xc, where m denotes the
maximal ideal of the valuation ring of . Then M is a Lie-subalgebra of L.
For any i > 0, let M (i) := t**" M, then {M(i)}s>0 is a decreasing filtration of
ideals of M.

Proposition 3.8. [5, Proposition 3.7] For any a € Z°(p) let Vo := adr_,(Dqo).
The set of lifts T<p, € I'c, of 10 are in bijection with the set of solutions

{(@,{Vao}taezo)} of the following recurrence formula modulo M(p —1).

oc —¢1 + Z t7 'V, =
a€Z%(p)

1 —_ es
-3 ¥ St (@1tF0) 2] [a1Day 0, Dag,o); - - - » Day 0] (3.6a)

1<s<p ai,...,as

J=0
1 e
_ Z Z gt (a1+-+ 5)[---[Va1,07Da2,0]7"‘7Da5,0} (36b)
2<KS<P Al yerny@s
1 —(ag+-+as _
_ Z Z mt (ag+-+ 6)[,,,[Jcl,Da%()],...,Das’(]] (36C)

2<s<p az,...,as

where the indices ai, .. .,as in the above sums run over Z9(p).

Proof. This formula was established in [5l §3.5] in the context of lifts of hg, with
ho(t) = t(exp(w?)) mod tP¢"+1. The solutions of the formula, (¢, Vaotaezo))s
are shown to be in bijection with the set of images of lifts h;, in Gp, [0, remark
after proposition 3.7] . With hg chosen as above then by [B, proposition 6.4]
the images of lifts of hg in G, correspond precisely to the lifts 7., € I'), of

70, thus the result can be given in terms of 7, as above. O

Note that ad,_, € End(L£/L(p)), and hence for any D, € L we have
ad;_,(Dan) = 0™ (adr_,(Dao)) = 0" (Vao). Thus the elements Vo fully deter-

mine the derivation ad and hence the structure of L via the short exact

7'<p7

sequence (3.5)).

3.6 Summary

Within the context of this thesis we cannot give a full account of the results of
[5] with regard to the approximation of 7y by hg, and the process of linearisation.

Therefore, we give the following summary to fix the ideas relevant to thesis.
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1. We should like to investigate the structure of I',, via the exact sequence

1 —— Gal(K<,/K(m)) I'cp (r0)2/p —— 1,

where mo(7m1) = (pm1, and (p = 1+ >, Bimh with 8; € k. The group
I'.p is determined by a lift 7, € ', of 79, and Ad

T<p*

2. Via the field of norms functor and the techniques of the nilpotent Artin-
Schreier theory we have the following exact sequence (see (3.4})),

1 —— G(£/L(p)) G(L) G(Fpr) —— 1.

The structure of I'c, = G(L) is determined by a solution (Ad,_,,c)
of the recurrence relation (idg ®hg)(e) o ¢ = oco (A ® idk)(e), where
ho(t) = t(1 4 Y, BYt"). The solutions of the recurrence relation are

in bijection with the set of lifts 7., € ', of 7 [5], Proposition 2.3].

3. In [5] §3] it was established that we can replace all involved group

structures with the corresponding Lie structures (see (3.5)),

0 —— L/L(p) L Fp1o 0.

The structure of L is determined by a solution (ad,_,, ¢1) of recurrence for-
mula (3-6)), with w, € t5/P=DO% such that ho(t) = t(exp(w?)) mod tP¢"+1.

4. Moreover, any solution (ad_,, c1) of recurrence formula (3.6|) corresponds

to a unique solution (Ad,_,,c) of (idz ®hg)(e) o c = oco (A®@idi)(e).

Thus, by the results of [5], recovering the structure of I'«,, is equivalent to
recovering a solution of recurrence formula (3.6). This is the main aim of this
thesis, and a solution of (3.6) is given in theorem

Unless otherwise specified, we will assume throughout the remainder of this
thesis that we are working with a fixed choice of field K, with fixed uniformiser
mo and fixed primitive p-th root of unity ¢, € K. Similarly, we will assume

that the identification 7y of the nilpotent Artin-Schreier theory is fixed.
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4 Working with the recurrence relation

In this section we outline a recurrent procedure that will allow us to recover a
solution of recurrence relation (3.6]), and hence recover the structure of L. We
use the continuous F-linear operators R and S from [5], and we recall briefly

their definitions and basic properties.

Suppose that 9 is a profinite F,,-module, then the continuous [F)-linear op-
erators R,S : M — My are defined as follows. (Recall in (ii) below, that
k ~TF,~y, and ap € k is such that Tryr, (ao) = 1).

Definition 4.1. [5, §2.2] For any b € M, and n € Z,

(i) If n > 0 then R(bt™) =0, and S(bt") = — Zai(bt”) ;

120

(ii) If n = 0 then R(b) = agTryp, (b), and S(b) = > o/ (aga’(b));
0<j<i<Ng

(iii) If n < 0 and wvy(n) = k, then R(bt") = o *(bt"), and S(bt") =

> o).

0<i<k

Proposition 4.2. [5, Lemma 2.2] For any b € M we have,

(a) R(b) + (o — iy ) (S(5)) = b

(b) If b = by + gby — by, where by € ZaEZO(p) t M + agIN and by € My,
then by = R(b) and by — S(b) € M.

When n # 0, then definition of the operators R and S should be familiar
from the classical theory of Artin-Schreier extensions. The case n = 0 is less

straightforward and we include the following clarification from [5].

Let b € L. Recall that Try g, (a0) = 1, then b = Y-y, 0*(ag)b. For all
0 <i < Ny we set Ri(b) = ago~t(b) and S; = > o<j<i o7 (Ri(b)). Then

b= > dla)b= D dRi)= > ((o—id)S+R)(b).

0<i<Ng 0<i<Ng 0<i<Np
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We set R =3 gcion, Rir and S = 3, n, Si; whence

Sk = 3 oo i) = ( S aﬂ'(ao)>a—i(b).

0<j<i<Ng 0<i<Np \0<j<Np—1i

The operators R and S are used in the following recurrent procedure. Suppose

that for some 2 < 1 < p we have recovered recurrence relation (3.6) as

ocy —C1 + Z Vo = T; mOdM(p — 1) + Cl(ﬁjc) .
a€Z0(p)
Then by proposition we can apply the operators R and S to the right-hand

side to obtain the following expressions.

c1=8(T) modM(p—1)+ Ci(Lx),

>t Wao = R(Ty) mod M(p— 1) + Ci(Lk) .
a€Z(p)
The first congruence provides an expression for ¢ mod M(p — 1) + C;(Lx)
directly. In the second congruence, we note, from the definition of R, that all
terms appearing on the right-hand side are of the form ¢~*b with b € £, and
a’ € Z%(p). By equating terms with equal exponent of ¢ in this expression we

can recover Voo mod L(p)x + Ci(Ly) for all a € Z%(p).

Once we have recovered a solution (€1, {Va0}qez0(p)) modulo M(p—1)+Cj (L),
then we can recover the right-hand side of (3.6|) explicitly modulo M(p —1) +
C14+1(Lx), and repeating this process allows us to recover a full solution of (3.6)).

Note that there is a non-unique choice of ¢; at each step in the above process.
The non-unique choice of ¢; relates to the non-uniqueness of the choice of lift,

and choosing ¢; is equivalent to fixing a choice of lift.

4.1 Explicit calculations modulo M(p — 1) + Cy(Lx)

As a brief illustration of the method we recover a solution of recurrence relation
(3.6) modulo M(p — 1) + C2(Lx). This case was stated in [5].
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Note that w? € t¢ Ok, therefore we have WP = Z];o Ajte“rpj, where A; € k

for all j > 0, and Ag # 0.

Proposition 4.3. We have the following congruences.
Vo =0 mod L(p) + Ca(L),

Vao = — Z A;aDoyer1pjo mod L(p)y + Ca(Ly), for a € ZT(p).
>0

Proof. Consider recurrence relation (3.6). Sums (3.6b)) and (3.6c) contain
only terms of length greater than one, so that modulo Cy(Lx) the recurrence

relation is given by

ot -+ Y tWa=-—Y > AT D, 0. (41)

a€Z9(p) J20 a1€Z0%(p)

Noting that if a; = 0 then the corresponding term in the right-hand side
of (4.1) is zero, then for all non-zero terms of the sum the exponent of ¢ is

non-zero and prime to p.

Applying the operator S to the right-hand side of (4.1)) we obtain

51 = Z Z O‘n (Ajte*+pj_a1a1Dal’0) mod Cg(ﬁlc)

720 a1<e*+pj
n=0

Let N* be such that p’¥" > e*(p — 1), then modulo M(p — 1) we can assume

that n < N* in the above sum, hence we have

a= Y Y oA D, mod M(p — 1) + Co(Li).

j=0 a1<e*+pj

o<n<N*
(4.2)
Applying the operator R to the right-hand side of (4.1) we obtain
Vo =0 modL(p) + Ca(Ly),
Z t_aVao = — Z Ajt_aaDa_,_e*_;,_m”g mod./\/l(p — 1) + CQ(EK)

a€Zt (p) a€Z™ (p)
j=0
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By equating terms with equal exponents of ¢ in this expression we recover
that, for all a € Z*(p),

Ve = — Z AjaDa-I—e*—i-pj,O mod L(p)r + CQ([,k)
j=0

4.2 Considerations modulo higher degree commutators

It is quite possible to continue with these explicit calculations modulo higher
degree commutators, however the calculations naturally become more compli-
cated. Modulo C5(Lg) the calculations are reasonably simple as many of the
terms in the recurrence relation can naturally be seen to belong to C3(Ly), e.g.
terms of the form [V, Dg, 0]. Modulo Cy(Ly) this is no longer the case, and
in fact all complications for the general case already appear at this level. In
particular, as we progress to higher degree commutators complications arise as
the same term can arise in multiple ways with different coefficients. We can see

this already if we consider the recurrence formula modulo M(p — 1)+ Cs(Lx).

Consider the term — % Agt® =41 79%2a1[Dq,0, Dy,0] appearing in (3.6a). If a; >
e*, then by our explicit calculations the term —Apa; Dy, appears as a term of
Ves—ay,0 modulo Ca (L), and thus we obtain the term %Aote*_‘”_“2 a1[Dga,0, Dayo]
in . Of course, in this case the coefficients cancel, but for general terms
this is not the case. For this reason the calculations modulo higher degree
commutators are best treated with a more general approach, which we present

in the next chapter.
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5 Solving the recurrence relation

In this chapter and the next we will work with recurrence relation under
the assumption that wh, = ¢, where ¢ € pN and ¢ > e*. It is sufficient to work
with this choice as all solutions of depend o-linearly on wh, (see chapter
[7). As such we have the following recurrence congruence modulo M(p — 1)

for the elements ¢; = ¢y mod M(p — 1) and Vg0 := ad._ (Dgo) mod L(p), for

T<p
a € Z%p).
0CL — &1 + Z OV =
a€Z%(p)
1
- Y Y @t (D, 0, Dayol. - Dol (5.1a)
1<s<p ai,...,as s
1
-y Y g7:—<al+'"+as>[...[VM,D%O],...,Das,o] (5.1b)

2<5<p A1yee050

1 —(az2=+-Ta _
_ Z Z mt (ag+-+ S)[...[UChDaQ,O]v"‘7Da570] (51c)

2<s<p G2;..-,0s

where the indices ay, . ..,as in the above sums run over Z°(p).

Note that relation (5.1)) makes sense only in M := M /M (p — 1), but we will

retain the notation D, for the images of Dy, in M.

Notation: Let (a,7) = (a1,n1,...,as,ns), where 1 < s < p, all a; € Z°(p),
and n; € Z. We will also use the notation a = (ai,...,as) and n = (n1,...,ns).
If we want to indicate that our vectors have length s we will use the notation

(a,n)s. For any (a,n) we also use the following notation.

D@ ny = a1l - [Daynys Dagyna)s - -+ Dagna) 5

v(@,n) = a1p™ + -+ +ap" .
We are going to find the coefficients of decompositions via D5 of the el-
ements o¢p, and Vo for a € Z%(p) (we recover o¢; rather than ¢; as this is
better suited to sum of the recurrence formula). As noted in the previous
chapter, for any (a,7n) the term D g ,n) may appear in our recurrence formula

in more than one way, and from more than one sum. For this reason, we
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will introduce the concept of admissible partitions of (a, 7). Each admissible
partition of (@, 7n) will correspond to a different occurrence of D(55) in the
recurrence formula. Then D(; ») appears in the above decompositions with
non-zero coefficient only if (a,7) admits at least one admissible partition. For
any (a,n) we will recover the contribution of each admissible partition to the
appropriate coefficient of D5y, and prove that the coefficient of D 5y is

equal to the sum of those contributions.

There is a small but important subtlety with regard to the terms D5 ). Recall
that all Dg, depend essentially on nmod Ny (where k ~ FpNO) i.e. for any
n € Z we have Dy 4N, = Dan, therefore it is quite possible that two distinct
vectors (a,n) and (@’,n') describe the same Lie monomial, e.g. (a1, Ny) and
(a1,0). However, we will present all decompositions in terms of vectors (a,n),
with associated terms D(g 7), and by indexing the decompositions in this way
we treat the elements D; ) as though they were distinct. Note that this is

necessary in order to understand how a term arises in the recurrence formula.

5.1 Basic objects and properties

For any vector (a,n) we will be considering the associated terms D5 5y in (5.1
modulo M(p —1). As L(p) C M(p — 1) we need only consider vectors (a, n)
such that wt(D(g5)) < p. Noting from definition that for any a € Z%(p),

wt(Dgpn) = [a/e*] + 1 we introduce the following set of vectors.

Definition 5.1. Let A(e*) be the set of vectors (a,n)s such that a; € Z°(p),
and n; € Z, with » 7, ., fa;/e*] <p —s.

As we assume e* to be fixed throughout this chapter, we will agree to use the

simpler notation A.

Definition 5.2. For any (a,n) € A, we say {(ai,n;)y, : 1 < ¢ < [} is a

7
partition of (a,n) of order [ where,
— forany 1 < i<, a; = (a1, Q)T = (i1, oy Ny )
- C_L:(a117°"aa1u17a217"'aa2ugv"'7al1)"'7alul);

— n= (nu,...,nlul,ngl,...,nguZ,...,n“,...,nlul).
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Definition 5.3. We say a partition {(a;,7;)y, : 1 <@ <1} of (a,n) is locally

i

constant if for all 1 <4 <1 we have n;; = --- = nyy,,. In this case we shall

agree to use the notation n; for any of the (equal) numbers n;i, . .., Ny,

Note that any (a,n) € A admits a locally constant partition. For any (a,n) € A

@,
we denote by P(a,n) the set of all locally constant partitions of (a,n), and we
t

denote by P(A) the set of all locally constant partitions of all (a,n) € A.

Definition 5.4. For any (a,n) € A and any m € Z we set o™ (a,n) =
(@,n+ m), where n +m = (n1 +m,...,ns +m).
.1 <i<!l} e P(a,n), then for any m € Z we set

Similarly, if 7 = {(a@;, 7;)4 <
o™(m) = {(a;,n; + m)y, : 1 <i <1}

Note that if 7 € P(a,n), then o (7)) € P(c™(a,n)), for any m € Z.

Suppose ™ = {(a;, i)y, : 1 < i <1} € P(A), we will use below the notation
wli] = (a;,n;), 7 = {wli] : 1 < <1}, and 7y = {7[i] : 1 < i < t} for any
1 <t <. We will also use the notation v(7) = v(a,n), v(n[i]) = v(a;, ns),

and y(7w<t) = y(a1,n1) + - - - +7v(ag, ng). By convention we will set v(r<g) = 0.

We will often use the property that if 7 € P(A) and 7’/ = ¢™(x) for some
m € Z then y(rl;) = p™y(mgs) for all 0 <t < 1.

5.2 Admissible partitions

With all notation and properties of the previous section we now introduce the
concept of admissible partitions by induction on the order [ (recall in (b)(ii)

below that k ~ F,~;).

Definition 5.5. Let 7 € P(A), then 7 is admissible if,
(a) y(m) — cp™ € Z;
(b) one of the following holds,

(i) v(7) < ep™ and ny > 1;

(ii) y(m) = cp™ and —Ny < 7y < 0;

(iii) y(7) > ¢p™ and 7y < 0;

(c) and if [ > 1 then 0~ ™ (7<;_1) is admissible.
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Definition 5.6. For any 7 = {7[i] : 1 <1i <[} € P(A),
(a) Let lyy(m) = max{0 < i <1 :y(r<)

<
(b) Let gy (m) = max{0 < i <1 :y(rgi) < cp™}.
The following properties follow easily from basic definitions

Proposition 5.7. For any m € P(A),

(a) 4y (m<e) = min{t, {1 (m)}, and Lg)(T<¢) = min{t, o) (7)} for any 1 <t <
l.

(b) ly(m) =l (0™(7)) and lg)(7) = Lo)(c™ (7)) for any m € Z.

Remark: We will often use the simpler notation [, and [y when the
partition 7 is clear from context. Similarly, by part (b) of the above proposition

we can unambiguously use the notation /() and [(g) for both 7 and o™(7).

For any (a,n) € A we denote by Pagm(a,n) the subset of all admissible
partitions in P(a,n), and denote by Pagm the set of all admissible partitions
of all (a,n) € A. With the above notation we can give the following explicit

characterisation of admissible partitions.

Proposition 5.8. Let m € P(A) be such that y(r) — cp™ € Z, then ™ € Padm
if and only if

(a) np>ng>--- >y, >y 41 < Sy <05

(b) if l(+) <1< l(O) then n; — nj11 > —Ng.

Remark: In (a), if [() = [ we set 7,11 = 0. Similarly, in (b), if [(g) = we

set Ngy+1 = 0.

Proof. If m € P(A) is a partition of order 1 such that v(7) — ¢p™ € Z, then
the proposition follows directly from definition [5.5] Let 7 = {r[i] : 1 < i <
I} € P(A) be a partition of order [ > 1 such that v(7) — cp™ € Z, and assume

for induction that the proposition is true for all partitions of order [ — 1.

As the admissibility of © depends partly on the admissibility of o= (7<;_1)
we begin by setting 7T/<l71 = 0~ ™(m¢_1), and use our induction hypothesis to

recover the conditions under which 7, ; is admissible.
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Let lEJr) =4y (mly_y), and ll(o) i= l(o)(m%;_1)- Then by our induction assump-

tion, 7T/<l_1 € Paam if and only if the following conditions hold:

ny > >y <o <My <05 and A=y < No for all Iy < i <)

Tt
(5.2)
As ny =n; —my for all 1 <4 <1 —1it follows from (5.2) that 72, ; € Padm if
and only if the following conditions hold:

_ _ _ _ _ _ / . /
ny > > nl/(+)+1 << nyog <1y and ny—nye < Ny for all l(+) <1< l(o)'

(5.3)
Using definition and ([5.3)) then we have the following conditions for = to

be admissible.

(i) If y(m) < cp™, then [/

) = I —1. Hence m € Pygm if and only if

ny >ng > >ny > 0.

(if) If y(m) > cp™, then l{,) = l(4)(m). Hence m € Paam if and only if
ny >mng > -+ > ﬁl(+) > ﬁl(+)+1 < - <y <0; and n; — Ny > — Ny for all
l(+) <1< l(O)-

This completes the inductive step, and the proposition follows by induction
on [. O

The following propositions will be of use when applying the operators R and
08 to terms of the recurrence relation, and both follow easily from basic

definitions and proposition [5.8

Proposition 5.9. Let 7 € P(A) be such that v(7) < cp™, and let i € Z.
Then o' (m) € Paam if and only if 7y > --- > 7y and a;+1 > 1.
Proposition 5.10. Let © € Paqm be such that y(w) = cp™, and let i € Z.
(a) if Loy = | then o' (71) € Padm if and only if —No < i+n; < 0.

(b) if L) < then o' () € Paam if and only if —v,(y(7) —cp™) < i < —fiy.
In theorem below we show that the elements o¢; and Vg for a € Z%(p)
can be expressed as k-linear combinations of terms associated to admissible

partitions. We introduce the following sets to distinguish further between

terms of oc¢; and V.
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Definition 5.11. We define the following subsets of P,qm.
Pa = {7T S Padrn : ’Y(W) - Cpﬁl € pZ}7
Py = {7 € Pagm : Y(7) —cp™ € Z%(p)}.

Note that Paqm = Po U Py, and Py NPy = {7 € Paqm : ¥(7) = cp™ }.

Proposition 5.12. Let © € Pagm such that y(w) > cp™.

(a) oi(m) € Py if and only if i = —v,(y(w) — cp™).

(b) oi(m) € Py if and only if —v,(y(m) — cp™) < i < —y.
Proof. As m € Paqm then by proposition (b) we have that o'(7) € Padm
if and only if —v,(y(7) — p™) < i < —ny. Moreover as y(m) > ¢p™ then
0 (7) € Padqm belongs to precisely one of Py or P,. Therefore it is enough to

prove statement (a), which follows easily from the fact that v, (y(7') — cp™) =

vp(y(m) — cp™) + 4. O

If m € P(a,n) we will use below the notation D = D g 7)-

Theorem 5.13. (a) For all m € P, there are ko(m) € k such that
vir= 3 ko(mp? D,
WGPU
(b) For all m € Py there are ky () € k such that for any a € Z°(p)

Vo = Z K’V(W)Dﬂu

TPy,

where Py, = {n € Py : y(7) = cp™ + a}.

Proof. Consider first sum ([5.1al) of the recurrence formula. All terms of the
sum are of the form —%tC*V(a’ﬁ)D((—L())S, and hence we can associate each term
with a unique locally constant partition of order one. Therefore sum ([5.1a)

can be written in terms of partitions as follows.
= 1 S e p
s! s
1<s<p Ts

where for 1 < s < p the sum runs over all partitions ms = {(a1,0)s} € P(A)

of length s and order one.
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Clearly all coefficients are in k, and hence we need only consider the form
of the involved terms when applying the operators ¢S and R to recover the

contributions to the elements o¢;, and Vg for a € Z°(p) respectively.

If ms = {(@1,0)s} is such that c—~(ms) > 0 then the partition is not admissible
(as 7y = 0). However for such terms R(t¢~7(™) D, ) = 0 and so there are no
contributions to Vo for any a € Z°(p). Applying the operator ¢S we obtain
terms of the form "1 ) D, where ) = o(m,) with i > 1, and 7/ is
admissible by definition, as 7y = ¢ > 1. In particular all contributions to o¢;
from terms of this form correspond to o-admissible partitions, and occur with

coefficient in k.

If 75 = {(a1,0)s} is such that v(ms) = ¢ then the partition 74 is admissible.
Applying the operator R we obtain contributions to Vg of the form D, where
ml = o~%(ms) with 0 < i < Ny, and 7, is admissible by proposition
In particular 7, € Py,. Applying ¢S we obtain contributions to o¢; of the
form D, where 7, = 0 ~%(r) with 0 <i < Ny — 1, and again such terms are

admissible by proposition [5.10, and occur with coefficient in k.

Finally, if w5 = {(@s,0s)} is such that y(ms) > c then the partition 7 is
(

admissible. Let v,(c — y(ms)) = M, then applying the operator R we obtain

terms of the form "t _V(WI)DWQ, where 7, = 0=M (7r5), and hence 7/, € Py by
proposition More specifically, 7, € Py, where a = () — cp™ € Z*(p),
and the term D, contributes to Vyo. Applying the operator ¢S we obtain
contributions to o¢; of the form thﬁll _V(WI)DWQ, where 7, = ¢'(;) for some

—M < i <0 and thus 7, € P, by proposition

Therefore, all contributions to Vg9 and o¢; from terms of ([5.1a)) are of the

appropriate form. In particular, as all terms of sums (5.1b) and (5.1¢c) are
elements of Co(Lx), then the proposition is true modulo M(p — 1) + Ca(Lx),

and we can proceed by induction.

Let 2 < r < p and assume that the proposition is true modulo M(p — 1) +
Cr(Lx). As we have already established the relevant properties for terms of
(5.1a)), then we need only consider terms in ([5.1b)) and (/5.1¢)).

Consider sum (5.1b)). For any a € Z°(p) by our induction assumption all
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terms of Vo mod M(p— 1)+ C,1(Lx) correspond to V,-admissible partitions.
Therefore any term of (5.1b) is of the following form.

_ Kv(ﬂl)

(5 + 1)'tcp o )_,Y(QO)S[' s [Dﬂ/7Da2,0]7 sy Dasao] )

where 7' € Py, with a = 7(7r') — Cpﬁ/l-

To any such term we can associate a unique partition m € P(.A) such that
2 <1 < r with 7[l] = (a2,0,...,as,0) and 7¢;—1 = 7" € Py, therefore sum
(5.1bf) can be written in terms of partitions as follows.

1 S
_Zm”‘/(kl—l)tcp ‘=MD, (5.4)

where m runs over all m € P(A) such that 2 < 1 < r with iy = 0 and

T<i-1 € Py .

Note that cp™ — y(m) € Z<o, as m;—1 is V-admissible, and —y(x[l]) € Z<o.
It follows that all partitions of this form are admissible by definition [5.5] and

by inductive assumption all terms occur with coefficient in k.
Similarly, if we consider sum ([5.1c|), then by our induction assumption the
sum can be written as

1 A
-2 it ma e T OD, (5.5)

- ul).

where © runs over all m € P(A) such that 2 < | < r with iy = 0 and

T<i-1 € P,.

If 7 in is such that vy(7) < ¢p™ then the partition 7 is not admissible,
however, as y(m<;—1) < ¢p™ and m<;_1 € P, by our induction assumption,
then for such 7w we have ny > --- > n; = 0. Upon applying the operator ¢S,
all contributions to o¢; are of the form g’ ") D, where n’ = ¢’ (n) for
some i > 1 and thus 7’ € P, by proposition As in the case for terms
of , we can see that upon applying the operator R such terms do not
contribute to Vo for any a € Z%(p).

All remaining terms 7 in (5.5)) are such that v(m) > ¢p™ and 7 is admissible
for the same reasons as terms of (5.4). For these terms, and for all terms of
(5.4)) we can follow precisely the same reasoning as we did for terms of ([5.1a)
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to conclude from proposition that upon applying the operators R and
oS all contributions to the elements Vg and o¢; occur with coefficient in &
and correspond to the appropriate admissible partitions modulo M(p — 1) +
Cr41(Lx). This completes the inductive step, and the theorem follows by

induction on r. O

5.3 Coeflicients

In this section we give an explicit description of the coefficients k() and
kv (m) from theorem|[5.13] For any admissible partition m such that v(m) = cp™
the partition is both V-admissible and o-admissible, and the coefficient is more
complicated in this case. As such we introduce the notion of non-degenerate

partitions, and recover the coefficient for such partitions first.

Definition 5.14. We say a partition 7 = {7[i] : 1 < i < I} € P(A) is
non-degenerate if y(m<;) # cp™ for all 1 <t < .

We will denote by P"4(A) the subset of all non-degenerate partitions in P(A),

and similarly we will use the notation P2¢ , pnd P‘I}d to denote the subsets

adm’> " o >

of non-degenerate partitions of the appropriate sets.

If 7 € P*(A), then me; € P"(A) for all 1 < t < I, and o™ (1) € P"4(A)
for all m € Z. We also note that P2 = PrdyPid and PN PR = . In

adm

particular, if 7 € P2 then o™+ (7)) € P! for all 1 <t < [, and hence

adm’ adm

o+ (1<) belongs to precisely one of Py or P,.

Definition 5.15. For any 7 € Pagm set d.[0] = 0, and for any 1 <t <[ we
define

5 [t] 1, if l(O) <t <, and o1 (th) € Py.

0, otherwise.
Remark: If 7 is non-degenerate then d,[t] = 0 if and only if o=+ (7<) € P,.

Definition 5.16. For any 7 € P} we define

adm

r(m) = (=17 T ((ue + 6 = 1)H~"

1<t
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Proposition 5.17. Let m, 7" € Paqm be such that 7' = o™ (w) for some m € Z.
Then 0x[t] = 0x[t] for all 0 <t < L.

Proof. As ligy(7) = lig)(n'), then 6;[t] = 6[t] = 0 for all 0 < ¢ < [p). For
any ligy < t < I, since nj; = N1 +m and 75, = 0™ (7<) then we have

g—ﬁ§+1(7r’<t) = oM+ (1<), and hence d,[t] = 1 if and only if 6«[t] =1. O

Corollary 5.18. Let w7’ € P2 be such that 7’ = o™ (r) for some m € Z.
Then k() = k(r').

With respect to the decompositions by admissible partitions in theorem [5.13

we have the following result.

Theorem 5.19. For any w € P§§m7

(a) if 1 € P2 then ko () = K(7);
(b) if m € P‘I}f then ky(m) = k(m).

Proof. To prove the theorem we must prove for any non-degenerate = € Py,
that the associated term D, occurs in Vo with coefficient x(7), and for any
non-degenerate w € P,, that the associated term fept _V(W)DW occurs in o¢;

with coefficient x(7). We prove this by induction on the order [ of the partition.

In the proof of theorem [5.13| we saw that any term associated with a partition

of order one must arise from sum (5.1al), which is given as follows.

- ¥ G X,

1<s<p s
where for any 1 < s < p the index 75 runs over all s = {(a1,0)s} € P(A).
Note that a partition of order one is non-degenerate if and only if (7) # cp™.

If y(7s) < ¢, then the contributions to o¢; are given by » ;- , étpi(c_'Y(”S))ai(D,rs).
Suppose 74 = o'(ms) for some i > 1 then 7, € P24 and since é,[0] = 0 and

lioy(ms) = 1 =1 then s(n) = u%,

If y(ms) > ¢, then 7, is admissible and as 0,,[0] = 0 and [(g)(7s) = O then
k() = —u%!. If v, (cp™ —~(7)) = M, then by corollary the contributions

7 )
to o¢y are given by k(7l)tP 1_"’(”’)D7rg where 7., = 07*(mg) for some 0 < i <

M, and the contribution to Vg is given by x(m}) Dy where 7, = o~ (7,),

and a = (7)) — cp™.
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Therefore the theorem is true for all non-degenerate admissible partitions of

order one.

Let 2 < | < p and assume for induction that the theorem is true for all
partitions of order [ — 1. Consider the explicit description of sums and
given in equations and respectively. For any non-degenerate
term appearing in these sums, as m¢;—; is non-degenerate then m<;_; belongs
to precisely one of Py or P, therefore the non-degenerate terms of order [ in
are given by the following sum.

I€(7T<l_1) i _
_ < 1P 'Y(7T)D7r 5.6
2l by =T >0
where © runs over all m € P"Y(A) of order | such that m7<;—1 € P and

n; =0.

If v(7) < ¢p™ in the above sum, then 7 is not admissible and therefore the
coefficient k() is not defined, however, as 0 = 0 for all 0 < ¢ < [ then 7
occurs in with coefficient ngtgl(ut!)*l, and by proposition [5.17| we see
that the (admissible) contributions to oé; are given by (7’ )tCPﬁl_V(”’)DF/

where ' = o'(r) for i > 1.

If v(m) > cp™ then the term is admissible and appears in sum (5.6) as
k(m)tP" =MD We can then follow the same reasoning as we did for
partitions of order one to conclude that all terms contributing to o¢; and Vg

occur with the appropriate coefficient.

Therefore the proposition is true for all non-degenerate admissible partitions

of order [, and the theorem follows by induction on . O

To recover the coefficient in full we must consider all possible cases to remove
the assumption about the non-degeneracy of 7. As noted above, the coefficient
for degenerate partitions is more complicated as admissible components such
that v(m<;) = ¢p™ can appear from both Vj and o¢;. Our recurrent procedure

implies the following inductive definition.

Definition 5.20. For any m € Pagm, we define inductively kv () = ky (7<)

and k() = Ko (m<1), where for any [y <i <1,
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0 ifi=1,
kv (T<i) = { o™i+ () - F(mes) if Iy < i < )
(0x[4]) - (m<i) if Iy <i <1

H (ui!)il if i = l(+)

1Sl
Ho(ﬂ-éi) = ( Z O‘j(ao)> . AI{(ﬂ'gi) if l(+) <1< l(O)
Ni41<j<No+n;
(1 —dz[i]) - (7<) if i) <i <1
where for any Iy <i<I, K(rg)=— rv(Teic) + fo(msi-1) .
’ N (ui +1)! (u7)!

Remark: By our usual convention, if /(g) = [ then we set NYgy+1 = 0.

We prove in theorem below, that these coefficients are precisely those
implied by theorem [5.13] In preparation for the proof, we establish a property
of the coefficients with respect to o, and prove that for a non-degenerate
partition the coefficient defined in [5.20] agrees with the coefficient as given in
definition

Proposition 5.21. Let m € Paqm with y(7) = cp™ and n; = 0,

(a) if y(m) = cp™, then o~ (K(n)) = K(o~%(m)) for any 0 < i < Np.

(b) if y(m) — cp™ € N, then o~ (k(7)) = k(o (x)) for any 0 < i < v,(y(7) —
cp™).

Proof. Let m € Paqm with (7)) = ¢p™ and 7y = 0, and let 7’ = 0~%(7) € Paqm
for some ¢ € Z, then by proposition [5.10] any such ¢ necessarily satisfies

the conditions in the statements. With the above notation we prove that

o~ (R(m<t)) = R(ml,) for all Iy < ¢ <, (recall that [y () = I (7).

Let t =)+ 1, then as kv (r<,,) = HV(W’@H)) = 0 we have

KU(W%ZH))

A
uy!

~ Ko (Tl ~
R(mgt) = —M and /@(W;t) = —

Ut!
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Since O'_i(/{o-(ﬂ'gl(+))) = I{o-(ﬂ'/glﬁ_)) the statement is clear in this case.

Ifl = l(+) + 1 then we are done. Otherwise, let l(+) + 1 < t <1 and assume
for induction that o~*(k(m<¢—1)) = R(m;_;). To recover F(m<;) we must first

recover Ky (m<;—1) and kg (m<;—1), and similarly for ®(7’,).

Case 1: y(m<t—1) = cp™. In this case the coefficients ry (7<) and kq (7<) are

given as follows.

kv (mer) = 0™+ (ag)(rr),  and %wa:< 3 oﬂwgakw

g1 <j<No+7i

Similarly, as y(nl,) = cp™ then by definition we have
kv (nly) = o™+ (ap)R(nly),  and %wa=< 3 oﬂwga&»
7} 1 <J<No+iy

Since n} = Ay — 4, and 7y | = M1 — @ then it follows from our inductive as-
sumption that o~ (ky (T<i_1)) = Iﬂ/(ﬂ'/gt_l), and 0 (ko (<t 1)) = Iia(ﬂ'%t_l).

Therefore,

. _ (o kv(T<)) | o (me(m<e)\ _ <,
o (Flmece)) = - (ZolAma) | @ W) g

Case 2: y(r<t—1) > c¢p™. By proposition we have ,[t — 1] = o[t — 1].

~ 3 _ — E(ﬂ" N )
If 0[t — 1] = 1 we have K(w<;) = 7% and F(rl,) = — (uﬁl)l! .
Similarly, if (sﬂ—[t — 1] = (0 we have /’%(ﬂ_ét) — _E(ﬂ:\itt'—l) and E(ﬂ_%t) _ _I’u(ﬂ'sig'_l)

For both values of &, [t—1] our inductive assumption implies that o~ (k(7<;)) =
E(W’gt) , which completes the inductive step. It follows by induction on t,
that o~ (k(m<)) = k() for all [y < t <, and in particular o~ (k(m)) =
k(). O

Proposition 5.22. Let m € P2 be such that y(m) > cp™, then &(7) = k().

Proof. Consider k(mg;) for t =14y + 1. As dz[i] =0 for all 0 <4 <4, and
Kv(m<i,,) = 0 then it follows that K(m<:) = [ [« ((wi + 6x[t — I
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If I = l¢4y + 1 then clearly k(7<) = k(7)) and we are done. Otherwise we
note that for any [y + 1 < ¢ < [, then as 7 is non-degenerate we have
Y(m<i—1) > cp™. As we saw in case 2 in the proof of proposition if

Ozt — 1] = 1 we have RK(mg) = —E((;rtﬁl_)l!), and if 0.t — 1] = 0 we have

R(mey) = _E(Tfittlfl)
It follows easily that &(m<;) = []y<;<;((ui + 6z[i — 1])!) ™", which is precisely

the expression for x(7) in definition O

Theorem 5.23. For any m € Paam let ko(m) and ky(m) be as given in

definition [5.20. Then

oc1 = Z KU(TF)thﬁl_’Y(F)DW,
7'1'6790'

and for all a € Z°(p),
Vao= Y #y(m)Dr.

T€Py,

Proof. To prove the theorem we must prove for any = € Py, , that the associ-
ated term D occurs in Vo with coefficient ky (7), and for any 7 € P,, that
the associated term ¢"' ~Y(™ D occurs in o¢; with coefficient r,(m). If 7 is
a non-degenerate partition, then these statements follow from proposition
and theorem As such we need only establish the theorem for degenerate

partitions, which we do by induction on the order [ of the partition.

We consider first terms of (5.1a). Note that 7 = {(a1,0)s} is a degenerate
partition if and only if y(m) = ¢. Therefore the degenerate terms of (5.1a)) are

1
_ZuT!Dﬂ

my(m)=c

given as follows.

Note that all such 7 are admissible with /() = 0 and [g) = 1. Therefore,
kv (T<i,,) =0 and kq(m< ) =1, and it follows that K(m<1) = —u%!. Using
proposition [5.21], it follows that for any 7 in the above sum, the contributions
to Vp are given by aoi(n’)Dy where 7 = o~ ¢(r) for some 0 < i < No,
and the contributions to o¢; are given by (3 ;- n,—i o’ (ag))k(7") Dy where

7/ = o~ %(x) for some 0 < i < Ny — 1.
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Note here, that the operator ¢S only produces terms o~*(7) for 0 < i < No—1,
and therefore not all o-admissible terms appear in the image of ¢S. However,
for the o-admissible partition 7/ = o= No+1(7) the coefficient x, (') = 0, as
the sum > 5,4 07 (ayp) is empty. Therefore the non-occurrence of the term
o~ Not1() is reflected in the definition of the coefficient. Thus the theorem is

true for partitions of order one.

Let 2 < | < p and assume for induction that the theorem is true for all
partitions of order < [. As all terms obtained from are associated with
partitions of order one, then we need only consider sums and .
Noting that xy (7<;—1) (resp. ko (m<i—1)) is non-zero only if m<;—1 is V-(resp.
o-)admissible, then by our inductive assumption, the terms associated with
partitions of order [ in are given by

_ Z Ky (T<i-1) PVARSIZL) yep™ —y(7) D, — Z ’10(77<l*1)t6pﬁ1 (™ p. (5.7)

ul + 1 uy!

™

where the sums run over all m € Paam of order | such that n; = 0.
Clearly then, any  in the above sum occurs with associated term %(r) t" =™ D,

For any term such that «y(7) = ¢p™, then using proposition we can follow
the same reasoning as we did for partitions of order one to establish that the
contributions to Vj and o¢; occur with the relevant coefficient. Similarly, for
terms y(m) > ¢p™ it follows easily from proposition that all contributions

to Vo and o¢; occur with the appropriate coefficient.

This completes the inductive step, and the theorem follows by induction on
l. O

5.4 Main theorem

For any vector (a,n) € A we denote by P,(a,n) the set of all o-admissible
partitions of (@, 7), and for any a € Z°(p) we denote by Py, (a,n) the set of
all V,-admissible partitions of (a,n). We will say a vector (a,n) is admissible
if it admits an admissible partition, and similarly we will say a vector (a,n) is
Va(resp. o)-admissible if it admits a V,(resp. o)-admissible partition. Combin-

ing the results of the previous sections we can present the elements o¢;, and
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Vo for a € Z°(p), as decompositions of terms D a,n) associated to admissible

vectors (a,n).

Definition 5.24. For any (a,n) € A we define

ko(@n)= Y ke(r), and ky(an)= Y  wy(r).

7E€P(a,n) 7E€Py, (a,R)

Theorem 5.25. A solution of recurrence formula (5.1) is given by the follow-

ing elements.
(a) oc = Z /‘Ga(avﬁ)tCPnli'Y(a’mD(a,ﬁy

(@,n)
(b) for any a € Z°(p), Vi = Z KV, (@, 1) D (g 5)-
(@n)
Proof. Consider first statement (a). Note that for any (a,n) the coeffi-
cient k,(a,n) is non-zero only if (a,n) is o-admissible. Moreover, for all
o-admissible (a,n), any occurrence of the term thnI*V(a’ﬁ)D(aﬁ) corresponds
to a o-admissible partition of (a,n). By theorem all such partitions of
(a,n) occurs with coefficient k,(7) and hence statement (a) follows by the

definition of k. (a,n).

Similarly, for statement (b) we note that for any a € Z°(p) and (@,n) the
coefficient kv, (a,n) is non-zero only if (a,n) is V-admissible and v(a,n) =
cp™ + a. For any a € Z%(p), any occurrence of the term D@y in Voo
corresponds to a V-admissible partition of (a@,7n) such that v(7) = cp™ + a.
By theorem all such partitions of (@, n) occurs with coefficient xy (7) and
hence statement (b) follows by the definition of ky, (a,n). O
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6 Properties of coefficients

In this chapter we investigate further the coefficients sy, (a,n) and k,(a,n)
from theorem The properties of a vector (a,n) are intimately linked
with the properties of its partitions, therefore we rephrase in terms of vec-
tors some of the results and properties that were established in the previous
chapter in terms of partitions. As the coefficients ky, (a,n) and k., (a,n) are
defined as the sum of the coefficients of all appropriate admissible partitions
of (a,n), then the problem of recovering the coefficients kv, (a,n) and k,(a,n)
is essentially the combinatorial problem of recovering all admissible partitions
of a given vector. We will show that if (a,7n) is an admissible vector such
that v(a,n) < ¢p™ then it admits a unique admissible partition, and thus
the coefficient k,(a,n) has a very simple expression in this case. If (a,n) is
an admissible vector with ~y(a,n) > ¢p™ we will show that, in general, the
vector admits a large number of admissible partitions, and thus in this case

the coefficients kv, (a,n) and k,(a,n) are more complicated.

Although some results are used in chapter [7| to compare our approach to
explicit calculations from [5], this chapter is not central to our main result.
Rather, its purpose is to show that, although the coefficients are complicated,
they are accessible, and this is most easily demonstrated under the simplifying

assumption of chapter

6.1 Definitions

Definition 6.1. For any (a,n)s € A we define the following:

(a) For any 1 < i < s, vi(a,n) = aip™ + -+ + a;p™. By convention we set
o(a, 1) =
(b) s(4)
(¢) s0)(

e

—

a,n) = max{0

AN

,n) = max{0

Q

Remark: Note that if (a,n’) = ¢™(a,n) for some m € Z then ~;(a,n’') =
p™(vi(a,n)) for all 0 < i < s, and it follows easily that s, )(a,n') = s(4y(a, n)

and 5(0) (EL, ﬁ/) = S(O)(EL, ﬁ)
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Recall that we defined a vector (a,n) to be admissible if it admits at least
one admissible partition. The following proposition follows directly from our

explicit characterisation of admissible partitions in proposition

Proposition 6.2. (a,n) € A is admissible if and only if v(a,n) — cp™ € Z,
and one of the following holds:

(a) v(a,n) < cp™ andny = --- = ng > 0.

(b) v(a,n) = cp™ withny > -+ > Ns 41 < ... <ns <0, and n; —nip1 < No
for any sy <1 < 5.

Definition 6.3. For any (a,n) € A there is some (unique) 1 < m < s and

1<s1 < -+ < 8y, = s such that

nlz...:nsl#nsl_‘rl:...:n‘%?é...#nsm_l_,’_l:...:ns'

We say the elements s, ..., s, are structural points, and for any vector we

denote by S(a,n) = {s1,...,Sm} the set of structural points of (a,n).

Of course, any locally constant partition of (a, ) must respect these structural
points, and in fact these structural points determine a minimal (in the sense
of order) locally constant partition of (a,n), i.e. m € P(a,n) such that
7] = (as;_y+1,Ms;_y+1,---,0s;,Ns;) for all 1 < i < I(= m). For admissible
vectors such that v(a,n) < ¢p™ we can show that such a partition is in fact

the only admissible partition of (a,n).

Proposition 6.4. Let (a,n) be admissible such that ~y(a,n) < cp™, and let
S(a,n) = {s1,...,sm}. Then (a,n) admits the unique admissible partition
m={nfi] : 1 <i <1}, wherel = m, uy = s1 and u; = 8; — si—1 for all

2<i<l.

Proof. Consider the partition 7 = {x[i] : 1 < i < I}, where | = m, u; = s;
and u; = s; — s;—; for all 2 <i < [. As (a,n) is admissible and y(a,n) < cp™,
then n; > --- > ns > 0 by proposition and by definition of the structural
points it follows that for the partition = we have n; > --- > n; > 0, and thus

m is admissible by proposition [5.8

Now let © € P(a,n) be a partition distinct from m, then there is some

1 <t <! such that u} + - +uj # s; for any s; € S(a,n). But for such ¢ we
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have 7y = 7y, and since cp™ > ~(n') then 7’ is not admissible by proposition

b3 O

Using the expression for x,(a,n) from definition we have the following

corollary.

Corollary 6.5. Let (a,n) be admissible such that v(a,n) < c¢p™, and let
1

S(a,n) ={s1,...,5m}. Then ks(a,n) = (s1!(s2 —s1)! - (Sm — sm—1)!) "
As we saw in definition the coefficient in the above corollary appears in
the nilpotent Artin-Schreier as n(72) in connection with the generators of the
ramification ideals, and will be of use in chapter [7] when we compare results
with [5]. As such we give the following definition of n(n) in terms of our

notation.

Definition 6.6. Let (a,n) € A, and let S(a,n) be its set of structural points.
If ng, > --- > ng, then n(n) = (s1!(s2—s1)! -+ (Sm — 8m—1)!) "1, and n(7) = 0

otherwise. By convention we set 7(f)) = 1.

As noted at the beginning of the chapter, if (a,n) is an admissible vector such

that vy(a,n) > c¢p™ then the situation is not as simple.

Proposition 6.7. Let (a,n) be an admissible vector such that ny = --- = ng,
and y(a,n) = cp™. Then for any © € P(a,n), m is admissible if and only if
uy > S(4)-

Proof. By assumption we have y(a,n) — cp™ € Zzo, and hence s(4) < s. Let
7 € P(a,n) and assume that u; > sy, Then for all 1 <t < I we have
y(r<t) —ep™ > 0, and Ny = Ayt 1, thus @ € Paam(a, n) by proposition

On the other hand, if u1 < s(4), then v(r<1) — ep™ < 0, and since fi; = 7o
then 7 & Pagm(a, n) by proposition O

The above implies that if (a,n)s is as stated in the proposition then any
choice of partition in the ‘non-positive part’ is admissible. In fact, in this case

one can show that (@, 7)s admits 2" admissible partitions, where r = s—s;)—1.
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A similar result holds for a general admissible vector, and because of the
large number of admissible partitions for such vectors it is unlikely that we
will find a simple expression for the coefficients ky,(a,n) and ky(a,n) in
general. However, we can recover a reasonably simple recurrence formula for
‘non-degenerate’ vectors, from which we can deduce some properties of the

coefficients ky, (a,n) and K, (a,n), and give some special cases.

o——eo—o—0@
al a9 as

a4 as ae az as

vi(a,n) < cp™ vi(a,n) = cp

Figure 2: Heuristic interpretation of all admissible partitions of a vector (a,n),

with S(a,n) = {3,8,11} and s1(a,n) = 5.

6.2 Coefficient for non-degenerate vectors

Definition 6.8. We say a vector (a,n) is non-degenerate if v;(a,n) # cp™
forall 1 <i<s.

Note that any partition of a non-degenerate vector (a,n) is necessarily non-
degenerate (see definition |5.14)).

Definition 6.9. For any 1 < i < s let A\j(a,n) = 0if ny = --- = n;, and
Ai(a,n) = max{s; € S(a,n) : s; < i} otherwise.
Definition 6.10. Let (a,n)s be admissible. For any 0 < i < s, let §;(a,n) =1

if vy (ep™ — ~v(a,n);) = nit+1, and d;(a,n) = 0 otherwise.
The following properties follow easily from basic definitions.

Proposition 6.11. Let (a,n) and (a,n') be admissible vectors such that
(@,n’) = o™ (a,n)

(a) (&ﬁ):S(ELﬁ).

(b) \i(a,n') = N\i(a,n) for all 1
(c) 0i(a,n’) = d(a,

for some m € Z, then:
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Definition 6.12. For any non-degenerate admissible vector (a,n) such that
v(a,n) > cp™ we define recursively the coefficient «(a,n) = ks(a,n), where

for any s(;) <@ < st

Remark: For any non-degenerate vector s,y = s(g), but the use of 5(g) in the

above definition is deliberate, as that case is also valid for degenerate vectors.

From the properties stated in proposition then we have the following
property of k(a,n).

Proposition 6.13. Let (a,n) and (a,n’) be non-degenerate admissible vectors

such that (a,n’) = o™ (a,n) for some m € Z, then k(a,n) = x(a,n’).

Theorem 6.14. Let (a,n) be a non-degenerate admissible vector such that
v(a,n) > cp™.
(a) If (a,n) is Vg-admissible then ky,(a,n) = k(

Al

7).

(a) If (a,n) is o-admissible then ky(a,n) = k(a,n).

Proof. Recall from definition that for any (a,n) € A,

Kol@n)= Y ke(r), and ky(an)= >  wy(r).
7€Ps(a,n) n€Py, (@,17)

As (a,n) is non-degenerate, then all partitions of (a,n) are non-degenerate
and we can use the simpler formula for £, (7) and Ky () from definition
Moreover, if (a,n) is V,-admissible then all admissible partitions of (a,n) are
Va-admissible, and similarly if (a,n) is o-admissible. Therefore to prove the
proposition it is sufficient to prove for any non-degenerate admissible (a,n),
that k(a,n) = Zwé?&dm(ﬁ,ﬁ) k().

Let (a,n) € A be admissible such that v(a,n) > ¢p™. By proposition we
can also assume that ng = 0. Under these assumptions it follows easily from
basic definitions that for any © € P(a,n) of order > 2, 7 is admissible if and

only if m«;_; is admissible.
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If s = s(4) + 1, then v;(a,n) > cp™ for all 1 < i < s, and it follows in the
same way as proposition that (a,n) admits a unique admissible partition
7 corresponding to the structural points S(a,n). Moreover, as s = s(4) + 1
we have [ — gy = 1 and d-[t] = 0 for all 0 < ¢ < [. Thus by definition we
have > cp  an) £(m) = —n(n), which is precisely the coefficient x(a,n) as

given in definition [6.12

Suppose then that s > sy + 1, and that the proposition is true for all
vectors (a’,n’); such that Ay < j < s and (d/,7'); = (a1,n1,...,a5,nj),
i.e. the elements of the vector (a’,n’) agree with the elements a; and n;
of the vector (a,n) for 1 < ¢ < j. For any A\; < j < s, if we fix 7[l] =
(@j41,Mj41, - .., as,Ng)s—j, then the set of all partitions in P(a,n) such that
7[l] = (@j41,Mj41, - ., Gs, Ng)s—j is in bijection with P(a’,n’); via the map 7 —
T<i—1. In particular, if (a’,n'); is admissible, then by our induction assumption

the contribution to the coefficient x(a,n) is given by — k(a’,n');, and

1
(s—j+0;)
if (@’,n’); is not admissible then there is no contribution to the coefficient

k(a,n).

The proposition follows from the above by noting that if As < s(4), then

dr, =0, and (a’,7'); = (a1,n1,...,a;5,n;) is admissible if and only if j = A5 or
5(4) < J <s,and if Ay > s¢4) then (a’,n"); = (a1,n1,...,a;,n;) is admissible
for all A\s < j < s. O
@ @ o——o—0 @ o——0—0—0—@
a1 a2 as Qa4 as a a2 as Q4 as
(a) Paam(a,n) (b) {w € Pyam(a,n): «[l] = (a,n)}
° ® ™ — o &
aq a9 as a4 arg aq a9 as a4 as

(C) {7T € Padm(a'vﬁ) : ﬂ[l] = (a47n47a57n5)} (d) {ﬂ' € Padm(a: ﬁ') : ﬂ[l] = (a5rn5)}

Figure 3: Heuristic interpretation of the recovery of k(a,n), where S(a,n) =
{5}, and s(y(a,n) = 2.
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By the above proposition, we can study properties of the coefficients k,(a, n)

and ky, (a,n) for non-degenerate vectors by studying the coefficient x(a,n).

6.3 Properties of the coefficient x(a,n).

Example 1: In the case that (a,n)s is admissible and non-degenerate with

s = 8(4) + 1 then x(a,n) has a particularly simple form,

k(a,n) = —n(n).

Although ~(a,n) > cp™, this is related to the situation in proposition for
the same reasons the vector still admits a unique admissible partition in this

case.

Example 2: Let (a,n)s be admissible. In general, if x;(a,n) = 0 for some
1 < i < s this does not imply that x(a,n) = 0. However, if ¢ € S(a,n) and
i > $(g) then the implication does hold.

Proposition 6.15. Let (a,n)s be a non-degenerate admissible vector. If

ks, (@, 1) =0 for some s; € S(a,n) with s; > s(g), then k(a,n) = 0.

Proof. 1If s; = s then there is nothing to prove, so assume that sy < s; <.

It is sufficient to prove that g, (a,n) = 0 implies that x,,,,(a,n) = 0.

Note that for any s; < ¢ < s;4+1 we have \; = s;, and as s; > 5(0) then by
definition for any s; < i < sj+1 we have

ﬁi(aaﬁ) _ Z Kj(avﬁ)

. _ . . ' .
ol (t—j+ )
. _ Ks; (a,n) .. .
If i = s; + 1 then k;(a,n) = Assoy = 0. Similarly, for any s; < i < $;41

if kj(a,n) = 0 for all s; < j < ¢ then k;(a,n) = 0. By induction then
ks (@,n) =0 = Ky, (a,n) = 0.

The proposition follows by noting that if xs,(a,n) = 0 then kg, (a,n) = 0 for

all i < j < m, and in particular x(a,n) = 0. O

This proposition can be useful when performing explicit calculations, as in some

cases we can use it to rule out the occurrence of vectors of a particular form by
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showing that the coefficient is 0 without needing to recover the coefficient in full.

Example 3

Proposition 6.16. Let (a,n)s be a non-degenerate admissible vector. If there
is some 2 < @ < s such that i — \; = 2 with 0y, = 0 and 0),4+1 = 1, then

k(a,n) = 0.

Proof. Note that A\; € S(a,n) by definition, therefore we set \; = s; and prove
that the conditions in the proposition imply that xg,,,(a,n) = 0, in which

case k(a,n) = 0 by proposition

Case 1: s; < s(4).

By assumption 05,41 = 1, and hence kg, +1(a,n) = —n(ny,...,ns;+1), and
’isi+2(a7 ﬁ) = _77(7117 s )nsi+2) + %n(nlu s 7n8+1)‘
As s; > s;+ 1 then n(ny,...,ng41) =n(ni,...,ns,) -1 and n(ny,...,ng42) =

n(ni,...,ns,) - 5, (if s; = 0 we recall that () = 0). Hence kg,42(a,n) = 0.

If s;41 = s; + 2 then we are done, otherwise assume that s; + 2 < i < s;41,

and that x;(a,n) =0 for all s; +2 < j < i. We have the following expression

for k;(a,n).
Ri(@,n) = —n(ny,...,n) — > (@)
(3 ) - gy ey llg S BY]
5;<g<1 (Z J +6‘7)
K i+1(a7ﬁ)
= —77(7?,1,.. . ,'I’Li) — ﬁ
i)
But ks,41(a,n) = —n(ni,...,ns,) -1, and n(ng,...,n;) = n(nl,...,nsi)-ﬁ,

and thus k;(a,n) = 0.

It follows (for case 1) by induction that r,,_,(@,7) = 0 and thus x(a,n) =0
by proposition

Case 2: s; > S(4)-
This follows in a similar way. By assumption, ds; = 0 and ds,41 = 1, therefore

Koit1(a,n) = —kg,(@,1), and kg, 42(a,n) = — 5k, (@, 1) + ks, (@, 1) = 0.

If s;41 = s; + 2 then we are done, otherwise assume that s; + 2 < i < s;41,

and that x;(a,n) = 0 for all s; +2 < j < i. We have the following expression
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for ki(a,n).
Ki(an) =— Y. _r@n)
(2 9 - - Y]
ol (t—g+)!
_ _Iisi(d,'ﬁ) N /€5i+1(@,ﬁ)
(i—Si)! (i—si)!
But ks,41(a,n) = —ks,(a,n), thus k;(a,n) = 0. It follows (for case 2) by
induction that sy, (a,n) = 0, hence x(a,n) = 0 by proposition O

We can apply the above proposition to recover the following special case.

Proposition 6.17. Let (a,n)s be an admissible vector such that s > 2 and

a; > c. Then k(a,n) = 0.

Proof. Note that, as a1 > ¢, then sy = s = 0, therefore (a,n) is non-
degenerate, and as (a,7n) is admissible then it follows from proposition
that ng < -+ < ng <0.

By definition, dp(a,n) = 0. We will also establish that §;(a,n) = 1 and
n1 = ne, in which case the result will follow from proposition

Asaj > ¢, then a; € ZT(p), and as ¢ € pN it follows that v, (cp™ —a1p™) = n.
As stated above, n1 < ng < --- < ng < 0. Suppose for contradiction that
ny < ng, then vy(cp™ —~v(a,n)) =ny < 0 (use that vy(agp™ +---asp™) = ng).
But (@, n) is admissible with y(a,n) — cp™ € N, and we have a contradiction.

It follows that ny; = ng, and é1(a,n) =1 (as vy(cp™ —a1p™) = ny1). Moreover,
A2(a,n) =0 and thus k(a,n) = 0 by proposition O

Example 4 As a final example we have the following special case.

Proposition 6.18. Let (a,n) be a non degenerate admissible vector. If

1 <7< s s such that 6y, = --- = d;—1 =1, then

ki@, n) = ko, (@, 7) - Bi-x)
o S =)

where B,, denotes the n-th Bernoulli number.
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Proof. As 6; = 0 for all i < 5(4) then d), = 1 implies that \; > S(4)s and

as 0y, = --- = ;-1 = 1 then x;(a,n) = 3, ;o (fi(ﬂ?), We prove the
proposition by induction on the length i — \;.

Induction base: Let i = A\; + 1. As 6y, = 1, then ky,41(a,n) = —%/i,\i(d,ﬁ).
To establish the inductive base it is enough to note that % = —%.

Inductive step: Let ¢ > A\; + 1 and assume the proposition is true for all
Ai < j <i. The key to proving the inductive step is the following well known

recurrence relation for the Bernoulli numbers, which holds for all n > 1.
1

> (" )m o

o<j<n N 7

Dividing through by (n + 1)! and rearranging we obtain the following identity,
which holds for any n > 1.

e
—_— = — Y (6-1)
_ 141
0552 (n—741)y!

As §; =1 for all \; < j < then by our induction assumption we have

— a N Bj_)\i
ri(@,m) = = (@n) - ) (i =+ DG —N)!

Ai<g<i
B
= —r(a@;7) - Z . ) f 10N
PP v i v
. L . B,
Using (6.1) with n = ¢ — \; we see that k;(a,n) = ky,(a,n) - e as
1T — A¢)!

required. This completes the inductive step, and the proposition follows for

any length ¢ — )\; by induction. O

In particular, as B, = 0 for all odd n > 1, then the above proposition can be
combined effectively with proposition [6.15 when carrying out explicit calcula-

tions.

The appearance of the Bernoulli numbers is not surprising, as the recovery
of the coefficient is essentially a combinatorial problem, in which context the

Bernoulli numbers frequently arise.
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6.4 General remarks

The results of this chapter demonstrate that, for non-degenerate vectors, al-
though the coefficient is complicated in general it is still possible to work
explicitly with the associated terms, and extract general properties. The
recovery of the coefficient is very accessible to combinatorial methods, and for
vectors of short length the recurrence formula is easily and quickly handled by

programs such as Mathematica or Maple.

It is possible to define a recurrence formula for the coefficients kv, (a,n)
and kq(a,n) for degenerate vectors (a,n) in a very similar way, however the
expression is not concise due to the involved coefficients ag, and the fact that
terms arise from both Vjy and o¢;. For this reason we do not give an explicit
formula, but note that if (a,n) is a degenerate vector such that v(a,n) > cp™
then for any sy < i < s such that A; > s(g) that portion of the coefficient is
recovered as per definition [6.12] thus many of the properties of this section

can also be applied to degenerate terms.
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7 General solution of the recurrence formula

All results in chapters [5] and [6] were obtained under the simplifying assump-
tion that w? = t¢ with ¢ € pN. In the general setting we need to consider
wE=3 >0 Ajte”rpj, where A; € k and Ag # 0, therefore in order to provide
a general solution of recurrence formula we need to make some formal

adjustments to our notation.

Firstly, for any given vector (a,n) € A, all properties established in the
previous chapters correspond to ¢ = e* + pj for a fixed choice of j > 0. For
example, suppose (a,n) € A is such that 7 = 0 and ~(a,n) = e* + 1. Then
(a,n) is an admissible vector with respect to ¢ = €*, but not with respect to
c=e*+p(as y(a,n) < e*+pand n=0). As such, we adapt the notation of
chapter [5] to reflect a specific choice of j > 0.

Definition 7.1. Let w? = >, A;jt¢"FPi then for any j > 0 we denote by
Paam,; the set of all admissible partitions with respect to ¢ = €* +pj. Similarly
we set Py j = {7 € Padm,j : 7(7) — (¢* + pj)p™ € pZ}, and for any a € Z°(p)
we denote by Py, j = {T € Padm,j : 7(7) = (e* + pj)p™ + a}.

Secondly, for any j > 0 in the expression for w? we have an associated coefficient
Aj € k, which appears in . For any partition 7 € Paqm,; if one formally
follows the coefficient A; through the recurrent procedure one sees that the
cumulative effect of o on A; is precisely the cumulative effect of o on 7[1].

Therefore we introduce the following definitions.
Definition 7.2. Let wf =3, Ajt¢ TP then for any j > 0 and m € Padm,
kvg(m) = o™ (4;) kv (m), and ko (m) = 0™ (Aj) Ko (T),

where the coefficients kv (7) and k. (7) are given in definition with respect
to c=e¢e* 4 pj.

Definition 7.3. Let wf = 37, A;t* ™%/, then for any j >0, and (a,n) € A

Koj(@n) = Y kei(m), and ky;@n) =Y kyr).

T€Ps,; (C_I,ﬁ) ﬂEPVa’j (a,n)



With these adjustments, for any fixed 7 > 0, the corresponding terms con-
tributing to V,g or oc; are given by theorem and thus the following
general solution of the recurrence formula follows directly from the results of

chapter [5| by linearity.

Theorem 7.4. Let w? = Zj>0 Ajte*‘“’j, then a solution of (3.6) is given by
the following elements.

() o= 3 heyla T IEND )

j=0 (a,n)

(b) For any a € Zo(p): Vao = Z Z "iVa,J (a,n)D )

720 (a,n)

From our discussion in section the elements Voo in theorem [7.4] define a
€ Der(L/L(p))/Inn(L/L(p)), thus fully describing

the structure of L, and hence the structure of I',.

class of derivations ad,_,

It is regrettable that we are unable to present an immediate application of
the results in this thesis. However, we have obtained a very precise charac-
terisation of the elements V,g; they appear as k-linear combinations of terms
D 5 associated to admissible vectors, which are of a very predictable form.
We have also demonstrated in chapter [f] that, for any (a,7) € A, the recovery
of the coefficients k. j(a,n) and ry, j(a,n) can be reduced to essentially com-
binatorial methods, from which general properties of the elements D5 ) can
be recovered. Due to the explicitness of the nilpotent Artin-Schreier theory,
and our explicit recovery of the terms V,g, we should certainly expect that

the results of this thesis can be applied to study further the group I'c,,.

As it is, in the next section we compare our description of the elements Vg
from theorem [7.4] with explicit calculations from [5], and in the final section

we discuss briefly some opportunities for further study.
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7.1 Comparison with explicit calculations in [5]

The following expressions for the elements V,omod £(3), for a € Z°(p) were
given in [B, proposition 3.9].
Voo =—ao > 0 M(AFi0) mod L(3),

j=0
0<n<Ng

— § : 0 E : — 0
Vao = — Un(Aj‘Fe*—&-pj—i-ap—”,—n) — ag m(Aer*+pj+apm,0) mod ,C(?))k .
n>1 m=0
j=0 j=0

Recall from section that the terms .7-"2’_” appear in connection with gener-
ators of the ramification groups under the identification 7y of the nilpotent
Artin-Schreier theory. Modulo £(3)y the terms of Vo can quite naturally be
grouped in this way, as at this level the terms involved admit a unique admis-
sible partition. Because the terms .7:27_” appear naturally in the NAS-theory,
as a first approach to the recovery of a solution of we sought to recover
a general solution involving these elements. Although this was achieved, the
grouping of terms led to complicated expressions, and a complicated exposition
(cf. 5] §5.2] for associated difficulties in recovering Vjo in this form). Moreover,
there was no meaningful control on the appearance of ]-'37_71 in the various
terms. The exposition given in this thesis is more natural with respect to the

recurrent procedure, and hopefully provides a clearer picture of how the terms

of V0 and o¢; and their coefficients arise.

Whilst the above expressions for V0 mod £(3) from [5] can be recovered by
continuing the explicit calculations from chapter [4] it is informative to recover
the elements from theorem [7.4] above. We show that our solution matches
the expression for Vg given above, and note that similar calculations can be
carried out to verify that our solution matches the expression V,g for any
a € Z"(p).

Proposition 7.5.

Z Z Kvp,5 (@, 1) D(any = — Z o‘”(Aj]-"E*ijj,O) mod L(3)g .
720 @ 0N,
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Proof. 1t is sufficient to prove that the congruence in the proposition holds
for any fixed j > 0. Suppose then that j > 0 is fixed, and consider first the
sum on the left-hand side of the congruence. Note that for any (a,n) € A
the coefficient sy, ;(a,n) is non-zero only if (a,n) is (Vo, j)-admissible. If
(a,n); € A we have y(a,n) € pN, and therefore there are no (Vj, j)-admissible
vectors of length one. For any (a,n)s € A, we have v(a,n) € pN only if
ny = ng. Therefore, modulo £(3); any (Vp, j)-admissible (a,n) is of the form
(a1, —7r,ag,—r) with a1 + aa = ¢* + pj and 0 < r < Ny. Note that any such
term admits the unique admissible partition 7 = 7[1] = {(a1, —r, a2, —r)} (use
that v1(a,n) < (e* 4+ pj) and n; < 0). Therefore, by definition we have
Kvy,j(@,-T) = fozoo'_r(Aj)%.

Now consider the sum on the right-hand side of the congruence. By definition
the element FC. 4pj,0 18 given as follows.

1
Foipio= D>, @Duo+ D a1[Dayo, Dayo] mod L(3)s

a1=e*+pj ar+az=e*+pj
where ay,ay € Z°(p).

Again, no term of length one can occur, so the first sum is empty. All terms
of length two correspond to (Vp, j)-admissible vectors (a,0)s. It follows that
for any 0 < r < Ny we have

Z KVO,]'(C_L’ _F)D((_l,—'l_‘) = —Qp O-_T(Aj-/—_g*_;'_pj’o) mod £(3)k .
(6'7'77)
As (a,-7) is not (Vp, j)-admissible for any r > Ny, then the congruence in the

proposition holds for any choice of j > 0. O

7.2 Opportunities for further study

As noted in the introduction, our solution can not be considered completely
satisfactory in terms of ramification properties, as the lift 7, € of 79 described
by the elements in theorem [7.4]is not of a form from which we recover explicitly
the generators of the ramification groups of I'c;,. In order to fully describe the
ramification filtration for the group I'«,, additional care must be taken when
specifying the choice of lift 7., via a solution of . Such lifts are described

in [5] as arithmetic lifts, and although the full technical considerations are more
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involved, the situation is completely analogous to the classical case for finite
Galois extensions, where the incompatibility of the upper numbering with
subgroups means that different lifts of 7y may belong to different ramification
groups of I', (see e.g [16, IV §3]).

In [0, §6.5] a description of the ramification filtration of I'), was given as
follows. The nilpotent Artin-Schreier theory describes the ramification groups
of G, as groups defined on ideals LW of £ (see section , and due to the
compatibility of the field of norms functor with ramification, the images of £(*)
in £ = £/L(p) describe the ramification groups of the extension K.,/K (m)
via the Herbrand function ¥,k of the APF extension K /K. Furthermore,
the ramification filtration of the extension K (m)/K has a simple descrip-

tion, with unique break in the upper (and lower) numbering corresponding to

e* = pex /p— 1.

An arithmetic lift of 7, corresponds to a lift such that 7., € L) and
T<p & L for any v > e*. Therefore in [5, §6] it was recovered that for
all v > e* the ramification groups of T'—, are given by G(£")/L(p)) where
v/ =e* + p(v — €*) (using the Herbrand function for the extension K (71)/K).
If 7o, is an arithmetic lift of 7 then for v < e* the ramification group F(<UI), is
generated by 7, and G(L® /L(p)). As an application in [5] it was shown for
K[s] := K S;“(L) that the maximal upper ramification number of K|s|/K is

e*ifs=1,and e+ (e"(s—1)—1)/p f2<s<p.

The following criterion was established in [5] to determine whether a lift 7,
given by a solution (€1, {Vao}aez0(p)), of (3.6) is arithmetic.

Theorem 7.6. [5, Theorem 4.8] The following properties are equivalent.
(a) T<p ts arithmetic.

(b) (Ad,_, —idg)L C L) and for a sufficiently large N,

T<p

¢ = Z Z Ui(Ajf27_it_7+e*+pj) mod E,(Ce*) +M(p-1).
~,j >0 0<i<N
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(c) (Ad,_, —idg)L C L) and for a sufficiently large N,

c1(0) = Z Z ai(Aj]-"g*ijj’_i) mod E,(:*) +M(p-1).

7=0 0<i< N

Remark: For statement (c) of the theorem, we note that ¢;(0) is used in [5]

to denote the terms of ¢; corresponding to tV.

It would be interesting to establish whether our solution in theorem corre-
sponds to an arithmetic lift. With respect to the above criterion, any work in
either showing the the solution given in theorem [7.4]is arithmetic, or making a
different choice of lift to recover an arithmetic lift (i.e. by choosing a different
¢1), should come essentially within the ‘degenerate portion’ of a term, by which
we mean the section of (@, n) such that ~;(a,n) = ¢p™. This reduces essentially
to recovering the element Vo and the terms of ¢;(0) in the appropriate form.

Again, this is related to difficulties discussed in [5], §5.2].

As mentioned above, the maximal upper break of the ramification filtration for
the extensions K[s|/K was given in [5]. Another interesting avenue for further
study would be to recover all ramification breaks for these extensions. As re-
marked in [5, Introduction], the ramification filtration of . Cy(T'k ) /T4 C5(T k)
was studied in [22], however the explicit nature of the nilpotent Artin-Schreier
theory, together with a complete description of the generators of the ramifica-

tion ideals of L should allow for a deeper study of the ramification breaks of I',.
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