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Abstract: We examine the phenomenological properties of certain heterotic

string theories through the computation of one and two-loop amplitudes.

Initially, we consider the fate of shift-symmetries in effective string models

is considered beyond tree-level. Such symmetries have been proposed in the

past as a way to maintain a hierarchically small Higgs mass and also play a

role in schemes of cosmological relaxation. It is argued that on general grounds

one expects shift-symmetries to be restored in the limit of certain asymmetric

compactifications, to all orders in perturbation theory. This behaviour is verified

by explicit computation of the Kähler potential to one-loop order.

We then turn to the two-loop cosmological constant in non-supersymmetric

heterotic strings where two independent criteria are presented that together guar-

antee its exponential suppression. They are derived by performing calculations in

both the full string theory and in its effective field theory, and come respectively

from contributions that involve only physical untwisted states, and contributions

that include orbifold twisted states. The criteria depend purely on the spectrum

and charges, so a model that satisfies them will do so with no fine-tuning. An

additional consistency condition (emerging from the so-called separating degen-

eration limit of the two-loop diagram) is that the one-loop cosmological constant

must also be suppressed, by Bose-Fermi degeneracy in the massless spectrum. We
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Abstract iii

comment on the effects of the residual exponentially suppressed one-loop dilaton

tadpole, with the conclusion that the remaining instability would be under per-

turbative control in a generic phenomenological construction. We remark that

theories of this kind, that have continued exponential suppression to higher or-

ders, can form the basis for a string implementation of the “naturalness without

supersymmetry” idea.
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Chapter 1

Background

The major developments in fundamental physical theories in the twentieth cen-

tury came through general relativity (GR) which describes the force of gravitation

through the geometric structure of spacetime, and quantum field theory (QFT)

where particles arise as the excited states of a physical field. The theoretical study

of QFT alongside experimental observation later culminated in the development

of the standard model.

The standard model contains three generations of chiral leptons and quarks,

describing all visible matter in the universe, along with gauge bosons which me-

diate the strong, weak and electromagnetic forces. The gauge group is SU(3)C ×

SU(2)L × U(1)Y above the electroweak scale, which is then broken through the

Higgs mechanism, giving masses to the matter particles and to the W± and Z

gauge bosons. The standard model has proven to be highly consistent with exper-

imental tests, most recently with the detection of the Higgs Boson at the LHC.

Nevertheless it still suffers from a number of problems. These include the absence

of a description of the gravitational force, the observed Higgs mass in relation to

the hierarchy problem, and the seemingly ad hoc construction involving a large

number of arbitrary numerical constants and a specific gauge group. Therefore,

it seems that while the standard model certainly approximates the physical world

to high precision, there are still areas of study beyond the standard model which

need to be addressed.
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1. Background 2

One of the aforementioned problems in the standard model, the hierarchy

problem, deals with the idea of naturalness, and the apparent need for the re-

quirement of considerable fine-tuning of corrections to the Higgs mass in order

for it to be so many orders of magnitude lower than the Planck mass. One pro-

posed solution to this problem is supersymmetry, a symmetry relating bosons

and fermions. This symmetry results in each elementary particle having an as-

sociated superpartner with equal mass but differing in spin by a factor of a half.

If supersymmetry were exact above some intermediate scale, contributions from

bosonic and fermionic loops would cancel exactly and so radiative corrections

to the Higgs mass above this scale would be suppressed. The symmetry must

necessarily be broken in order to account for the fact that the known standard

model particles do not have observed superpartners of equal mass. However, no

evidence for these supersymmetric particles has been found so far leading to some

doubt into its existence.

H

f

H

f

H H

f̄

Figure 1.1: One-loop corrections to the Higgs mass.

Nevertheless, if we were continue with the assumption of the existence of

supersymmetry in some form, we can consider what happens if we treat it as a

local symmetry. The result is a field theory known as supergravity that contains

a spin 2 field associated with the graviton, the force carrier for the gravitational

force. One might hope that this could address one of the other issues of the

standard model, the absence of a description of gravity. However, it is a well

known fact that the theory of gravity as described by general relativity cannot be

consistently formulated as a quantum field theory in the same way as the other

three fundamental forces due to its non-renormalisablility. At best, supergravity

2



1. Background 3

could only serve as an effective field theory of some more complete theory at

higher energies. Therefore, there is still considerable interest in formulating a

correct description of quantum gravity in order to have a single unified theory.

One of the most studied candidates for quantum gravity is string theory,

in which the concept of point particles appearing in QFT are replaced by one-

dimensional extended strings, which trace out a two-dimensional worldsheet in

target space. The usual elementary particles in the standard model should then

correspond to particular vibration modes of these strings. In fact the graviton

naturally emerges as a quantum vibration of the relativistic string, and so in some

sense string theory predicts gravity, rather than having to insert it by hand.

The simplest construction of string theory, the bosonic string, provides a use-

ful introduction into the basic concepts of the theory, and requires 26 spacetime

dimensions for anomaly cancellation. However, these theories contain physical

tachyons in the spectrum and do not have spacetime fermions, leaving them

phenomenologically unappealing. Both of these issues may be dealt with by con-

sidering superstring theories, which can be constructed by adding supersymmetry

to the worldsheet. The most studied theories are those for which supersymmetry

is then extended into the target space, due to their stability. Superstring theories

require 10 spacetime dimensions and so some process is required to match these

theories with the four-dimensional universe we observe. One method of doing so

is by compactifying the extra six dimensions on some 6D manifold. This has the

added advantage of allowing for control over breaking the gauge group, ideally to

one that contains that of the standard model, while also affecting the number of

spacetime supersymmetries present.

Superstring theory has several different descriptions which are all related to

each other through a set of dualities. They are the Type I, IIA, IIB and the

SO(32) and E8 ×E8 heterotic strings. The heterotic E8 ×E8 theories have been

the traditional preference for phenomenology since they tend to lead to smaller

gauge groups in the simplest compactifications. They are theories of closed strings

only, for which the left and right moving sides are independently taken to be that

3



1. Background 4

of a bosonic string and superstring respectively. The result is a ten-dimensional

theory where the extra degrees of freedom on the bosonic side form the E8 × E8

gauge group. The gauge group can then be broken as one compactifies down

to four dimensions, with the appealing property that the gauge group of the

standard model fits easily into E8 through the embeddings

SU(3)× SU(2)× U(1) ⊂ SU(5) ⊂ SO(10) ⊂ E6 ⊂ E7 ⊂ E8. (1.1)

In order to attempt to relate string models to physical observations, we are

often only interested in looking at the theory at large distance scales. We then

study the properties of this low energy effective theory which usually appears

as some supergravity theory. Computations carried out in the full string theory

can then provide the precise structure of the supergravity theory. Considerable

effort has been made to demonstrate that it is indeed possible that the standard

model appears as the low-energy effective theory of some particular string model.

There are certainly examples of string models which contain the standard model

gauge group along with some hidden sector and also contain three generations

of chiral fermions. Nevertheless, even if string theory turns out not to be a true

fundamental theory itself, its study may still provide useful insight into how a

true theory of quantum gravity might behave.

If superpartners of the standard model particles were to be detected, it would

seem natural to consider some superstring theory which contained the SM gauge

group, work with its low-energy effective theory and apply field theoretic super-

symmetry breaking techniques to try and find agreement with physical obser-

vations. However, the non-detection of such superpartners has lead to interest

in superstring theories where supersymmetry is not broken at some low-energy

scale in the effective theory, but it is broken in the string theory itself by its very

construction. One of the greatest problems with these models is a generically

large value of the cosmological constant. In superstring theories with unbroken

spacetime supersymmetry, there are guaranteed to be an equal number of bosons

and fermions at each mass level. This leaves the one-loop cosmological constant

4



1. Background 5

trivially equal to zero since bosons and fermions contribute to the loop with op-

posite signs, while higher loop contributions are also known to vanish. It is an

area of ongoing research to find whether there exist non-supersymmetric string

theories where the value cosmological constant is, if not identically zero, at least

exponentially suppressed.

Much like when studying quantum field theories, one can learn a good deal

about string theories, and their effective field theories, through the use of pertur-

bation theory. In QFT one can consider a loop expansion of Feynman diagrams

and similarly in string theory one can work with a genus expansion of super

Riemann surfaces. The evaluation of amplitudes in this way in string theory is

potentially much more efficient than in QFT. The reason is that a single diagram

in string theory will usually contain many different Feynman diagrams. However,

in general the techniques to evaluate string amplitudes in this way are not as

fully developed as their counterparts in QFT. At tree and one-loop level in string

theory the difference between Riemann surfaces and super Riemann surfaces is

immaterial and so the evaluation of such processes is much simpler that those

of higher genus. The evaluation of one-loop amplitudes involves the insertion of

vertex operators corresponding to external states, and integrating over all physi-

cally distinct surfaces. An additional benefit of computations in string theory is

that the integrals result in the absence of UV divergences entirely.

Further difficulties arise in the study of higher genus amplitudes. Beyond

one-loop order, the distinction between Riemann surfaces and super Riemann

surfaces is critical. The surface is not only described by moduli, but also by super

moduli which need to be integrated out. At two-loop order the three moduli

are assigned to the three independent components of the super period matrix,

and after integration over the odd supermoduli, one is left with an expression

involving only integrals over the even bosonic moduli only. Going beyond two-

loop order results in further complications still, which may require adaptations

to the methods developed at two-loop.

The layout of this thesis is as follows. In chapter 2, we begin with an in-

5



1. Background 6

troduction to string theory and related phenomenological properties. We then

proceed in chapter 3 to consider the low energy effective theories of a class of het-

erotic string models with non-vanishing Wilson lines where the compactification

includes a factor of a T2 torus. The tree-level Kähler potential of these theories

exhibits a shift symmetry relating to the Wilson lines. We compute one-loop per-

turbative amplitudes to determine one-loop corrections to the Kähler potential,

allowing us to test whether the shift-symmetry holds to higher orders. In chapter

4 we study the cosmological constant in non-supersymmetric string models be-

yond one-loop order. We determine that the dominant contributions come from

the massless states, while all others are exponentially suppressed. We analyze the

contributions coming from both the untwisted and twisted sectors separately, by

both computing the q-expansions for individual models in the full string theory,

and by computing contributions from Feynman diagrams in the effective field

theory. We discuss what conditions on the massless spectrum need to be satisfied

to give an exponentially suppressed cosmological constant.

6



Chapter 2

String theory

This chapter provides a brief review into several aspects of string theory that are

relevant to the subsequent chapters. The main references are [1–6].

2.1 Classical string theory

2.1.1 Bosonic string theory

The starting point of string theory is to replace the QFT notion of point particles

by extended 1-dimensional objects which propagate in D-dimensional spacetime.

Whilst a point particle can be thought to trace out a worldline as it propagates

in spacetime, a classical string traces out a 2-dimensional worldsheet embedded

in the D-dimensional target space as depicted in Figure 2.1. The worldsheet is

parametrised by one time-like coordinate τ and one space-like coordinate σ, and

spacetime is subsequently given by a set of D fields Xµ(τ, σ) on the worldsheet,

where the index µ denotes the spacetime dimension. We will come to see that the

vibration modes of these fields correspond to different types of elementary parti-

cles. The action of the string should be independent of the choice of coordinates

τ and σ while the area of the worldsheet should also be minimised. This leads to

the Nambu-Goto action

SNG = −T
∫
d2σ
√
−h, (2.1.1)

7



2.1. Classical string theory 8

where d2σ ≡ dτdσ, h = dethab and the induced metric hab = ηµν∂aX
µ∂bX

ν is

the pull-back of the Minkowski metric ηµν onto the worldsheet. The constant

T = 1
2πα′ , where α

′ is the Regge slope, is the tension of string and its presence

keeps the action dimensionless.

σ

τ

Figure 2.1: A closed string sweeping out a worldsheet.

The Nambu-Goto action has two types of symmetry:

• Poincaré invariance, a global symmetry under which the worldsheet fields

transforms as

Xµ → Λµ
νX

ν + aµ. (2.1.2)

• Reparametrisation (or diffeomorphism) invariance, a local symmetry for

which the action is invariant under

Xµ(τ, σ)→ X ′µ(τ ′, σ′), (2.1.3)

for a change of coordinates to τ ′(τ, σ) and σ′(τ, σ).

The equations of motion for the Nambu-Goto string are

∂a
(√
−hhab∂bXµ

)
= 0. (2.1.4)

However, the Nambu-Goto action is difficult to work with due to the square root.

Instead, we can introduce an independent worldsheet metric gab(τ, σ) to obtain

the classically equivalent Polyakov action

SP = −T2

∫
d2σ
√
−ggabhab, (2.1.5)

8



2.1. Classical string theory 9

where g = det gab. This action is classically equivalent to the Nambu-Goto action

and from the worldsheet perspective it describes a number of scalar fields cou-

pled to 2d gravity. In addition to the Poincaré and reparametrisation invariance

present in the Nambu-Goto action, the Polyakov action has an extra symmetry:

• Weyl invariance, a local symmetry where Xµ(τ, σ) → Xµ(τ, σ) while the

metric changes as

gab(τ, σ)→ Ω2(τ, σ)gab(τ, σ). (2.1.6)

The equations of motion for Xµ are again given by

∂a
(√
−ggab∂bXµ

)
= 0, (2.1.7)

but the metric gab is now fixed by its own equation motion giving, up to a factor,

gab = ∂aX
µ∂bXµ. (2.1.8)

In order to simplify the equations of motion, we may choose a gauge based on the

freedom provided by both the reparametrisation and Weyl invariance. Together

they allow us to set the worldsheet metric to be the flat metric in Minkowski

coordinates, gab = ηab, which is referred to as the conformal gauge. With this

choice the Polyakov action simplifies to

SP = −T2

∫
d2σ∂aX

µ∂aXµ, (2.1.9)

describing a theory of D free scalar fields, while the equations of motion for Xµ

simplify to give the free wave equation

∂a∂
aXµ = 0. (2.1.10)

Of course we still need to take into account the equations of motion for the metric

gab. To do so we consider the variation of the action with respect to the metric,

which gives rise to the stress-energy tensor Tab, defined as

Tab = − 2
T

1√
−g

∂SP
∂gab

. (2.1.11)

9



2.1. Classical string theory 10

Setting gab = ηab as before gives

Tab = ∂aX
µ∂bXµ −

1
2ηabη

cd∂cX
µ∂dXµ. (2.1.12)

The equation of motion for the metric gab is just the condition that the energy-

momentum tensor vanishes, Tab = 0. Overall the equations of motion of the string

are simply the free wave equations subject to the constraint Tab = 0. Explicitly

the constraints from the stress-energy tensor give

Ẋ ·X ′ = 0, (2.1.13)

Ẋ2 +X ′2 = 0, (2.1.14)

where Ẋ ≡ ∂τX(τ, σ) and X ′ ≡ ∂σX(τ, σ). These are known as the Virasoro

constraints. Defining the worldsheet light-cone coordinates as σ± = τ ± σ and

similarly ∂± = 1
2 (∂τ ± ∂σ), while η++ = η−− = 0, η+− = η−+ = −1

2 , we can

rewrite the equations of motion for Xµ as

∂+∂−X
µ = 0. (2.1.15)

Specifying to the case of closed strings, we need a solution to the equations of

motion that satisfies the periodicity condition

Xµ(τ, σ + 2π) = Xµ(τ, σ). (2.1.16)

A general solution to the equations of motion can be separated into a left and

right-moving part

Xµ(τ, σ) = Xµ
L(σ+) +Xµ

R(σ−), (2.1.17)

where Xµ
L and Xµ

R can be expanded into modes

Xµ
L(σ+) = xµ

2 + α′

2 p
µσ+ + i

√
α′

2
∑
n6=0

α̃µn
n
e−inσ

+
,

Xµ
R(σ−) = xµ

2 + α′

2 p
µσ− + i

√
α′

2
∑
n6=0

αµn
n
e−inσ

−
,

(2.1.18)

where the variables xµ and pµ are the centre of mass position and total momentum

10



2.1. Classical string theory 11

of the string respectively.

The vanishing of the energy-momentum tensor now takes the form

T++ = ∂+X
µ∂+Xµ = 0,

T−− = ∂−X
µ∂−Xµ = 0,

(2.1.19)

while the vanishing of the trace is expressed through T+− = T−+ = 0. The mode

expansions of the energy-momentum tensor are

T−− = 2α′
∞∑

m=−∞
Lme

−2imσ− , T++ = 2α′
∞∑

m=−∞
L̃me

−2imσ+ (2.1.20)

where the modes are also known as the Virasoro generators and are given by

Lm = 1
2

∞∑
n=−∞

αm−nαn, L̃m = 1
2

∞∑
n=−∞

α̃m−nα̃n. (2.1.21)

The Hamiltonian is given by the sum of the two zero modes of the Virasoro

generators

H = 2
(
L0 + L̃0

)
=

∞∑
n=−∞

(α−nαn + α̃−nα̃n) . (2.1.22)

The vanishing of the energy-momentum tensor implies the vanishing of all Fourier

modes Lm = 0 ∀ m ∈ Z. An expression for the mass of the string can be derived

from the classical constraint

L0 = L̃0 = 0, (2.1.23)

and so for the closed string we have

M2 = 2
α′

∞∑
n=1

(α−nαn + α̃−nα̃n) . (2.1.24)

Bosonic strings provides a simple introduction to the subject of string theory,

although it is not sufficient on its own from a phenomenological standpoint. We

will come to see that the spectrum of the full quantised theory contains physical

tachyons and there is a notable absence of spacetime fermions. However, we

may fix both of these problems by introducing supersymmetry directly onto the

worldsheet, leading us to the study of superstring theory.

11



2.1. Classical string theory 12

2.1.2 Superstring theory

The approach of obtaining a theory of superstrings by introducing supersymmetry

directly onto the worldsheet is known as the Ramond-Neveu-Schwarz (RNS) for-

malism. The bosonic fields Xµ(τ, σ) are paired with fermionic partners ψµ(τ, σ)

which are spinors on the worldsheet with components ψµ− and ψµ+. The theory now

has an N = 1 superconformal algebra on the worldsheet where the supergravity

multiplet contains the metric and a gravitino χa.

The analogue of the bosonic Polyakov action is given by

SP = T

2

∫
d2σ
√
−g

[
gab∂aX

µ∂bXµ + i

2ψ
µ/∂ψµ + i

2
(
χaγ

bγaψµ
)(

∂bXµ −
i

4χbψµ
)]
,

(2.1.25)

where the two-dimensional gamma matrices are given by

γ0 =

0 −i

i 0

 , γ1 =

0 i

i 0

 , (2.1.26)

which satisfy the anticommutation relation

{
γa, γb

}
= 2ηab. (2.1.27)

The Polyakov action is invariant under a local N = 1 left-moving supersymmetry

with the transformations given by

δXµ = iεψµ,

δψµ = γa
(
∂aX

µ − i

2χaψ
µ
)
ε,

δψ̄µ = 0,

δgab = iε (γaχb + γbχa) ,

δχa = 2∇aε,

(2.1.28)

where ε is a left-moving Majorana-Weyl spinor. There is also a similar right-

moving N = 1 supersymmetry associated with the fermions ψ̄µ. In a similar

way to the case of the bosonic string, diffeomorphism and Weyl invariance can be

used to work in the superconformal gauge, in which gab = ηab and χa = 0. The

12



2.1. Classical string theory 13

Polyakov action hence simplifies to

SP = T

2

∫
d2σ

[
∂aX

µ∂aXµ + i

2ψ
µ/∂ψµ

]
, (2.1.29)

while the equations of motion can be written in the form

∂+ψ− = 0, ∂−ψ+ = 0. (2.1.30)

The non-zero components of the energy-momentum tensor are given by

T++ = ∂+X
µ∂+Xµ + i

2ψ
µ
+∂+ψ+µ,

T−− = ∂−X
µ∂−Xµ + i

2ψ
µ
−∂−ψ−µ.

(2.1.31)

There is also a conserved current associated with the worldsheet supersymmetry,

known as the supercurrent. Its non-zero components are

J+ = ψµ+∂+Xµ, J− = ψµ−∂−Xµ. (2.1.32)

The superconformal symmetry causes both the energy-momentum tensor and the

supercurrent to vanish; conditions known as the super-Virasoro constraints.

For a closed string the fermionic fields can have either periodic or antiperiodic

boundary conditions which correspond to two different sectors with separate mode

expansions. Considering the right-movers only, we have the following sectors:

• Neveu-Schwarz (NS): Given by ψµ−(σ+2π) = −ψµ−(σ), with mode expansion

ψ−(τ, σ) =
∑

r∈Z+ 1
2

bµr e
−2irσ− . (2.1.33)

• Ramond (R): Given by ψµ−(σ + 2π) = ψµ−(σ), with mode expansion

ψ−(τ, σ) =
∑
n∈Z

dµne
−2inσ− . (2.1.34)

So far we have only considered classical strings. In the following section we

will quantise the theories and see how the full physical spectrum is constructed.

13



2.2. Quantisation 14

2.2 Quantisation

2.2.1 Canonical quantisation

The classical relativistic strings can be quantised in several ways, one of which,

covariant canonical quantisation, shall be presented here while a brief mention

of BRST quantisation will follow. We begin by taking the fields Xµ and their

conjugate momenta P µ = TẊµ and promoting them to operator valued fields

obeying equal-time commutation relations

[Xµ(τ, σ), Pν(τ, σ′)] = iδ(σ − σ′)δµν , (2.2.1)

[Xµ(τ, σ), Xν(τ, σ′)] = [Pµ(τ, σ), Pν(τ, σ′)] = 0, (2.2.2)

while the worldsheet fermionic fields are similarly promoted to operators satisfy-

ing the anticommutation relations

{ψµa (τ, σ), ψνb (τ, σ′)} = πηµνδabδ(σ − σ′). (2.2.3)

Using the mode expansion for Xµ we obtain the commutation relations for the

oscillators and centre of mass positions and momentum

[xµ, pν ] = iδµν , (2.2.4)

[αµn, ανm] = [α̃µn, α̃νm] = nδn+m,0η
µν , (2.2.5)

while all other pairings commute. Similarly, the fermionic modes satisfy the

anticommutation relations

{dµm, dνn} = δµνδm+n,0, {bµr , bνs} = δµνδm+n,0. (2.2.6)

Defining

aµn = αµn√
n
, aµ†n = αµ−n√

n
, n > 0, (2.2.7)

(and similarly for left-moving modes) gives a set of D creation and annihilation

operators obeying [aµn, aν†m ] = ηµνδmn. The negative frequency modes act as raising

operators, while the positive frequency modes act as lowering operators of L0. The

14



2.2. Quantisation 15

ground state of the Hilbert space is defined as the state that is annihilated by all

of the lowering operators. Therefore, the ground states in the R and NS sectors

respectively are defined by

αµn|0; k〉R = dµn|0; k〉R = 0 ∀n > 0,

αµn|0; k〉NS = bµr |0; k〉NS = 0 ∀n, r > 0.
(2.2.8)

We can then act on the ground states with the negative frequency modes to

build the spectrum of states. In the R sector there exist anticommuting zero

modes, {dµ0 , dν0} = ηµν . This leads to the fact that the vacuum state is a spinor in

this sector, hence allowing for the presence of spacetime fermions in the physical

spectrum.

We now introduce the generators of the super-Virasoro algebra, which are

the modes of the energy-momentum tensor and the supercurrent. The modes of

the supercurrent can be split into contributions coming from bosonic modes and

those from fermionic modes, Lm = LBm + LFm, and for the closed string there are

an equivalent set of modes given by L̃m. We have

LBm = 1
2
∑
n∈Z

: αµm−nαµn :, (2.2.9)

while the fermionic mode contributions and the modes of the supercurrent, Gr

and Fn, are dependent on the sector. In the NS sector

LFm = 1
2

∑
s∈Z+1/2

(
m

2 − s
)

: bµm−sbµs :,

Gr =
∑
n∈Z

αµnb
µ
r−n, r ∈ Z + 1

2 .
(2.2.10)

Similarly, in the R sector

LFm = 1
2
∑
n∈Z

(
m

2 − n
)

: dµm−ndµn :,

Fm =
∑
n∈Z

αµnb
µ
m−n, m ∈ Z.

(2.2.11)

Normal ordering in the above places all positive frequency modes to the right of

15



2.2. Quantisation 16

the negative frequency ones. These operators obey the super-Virasoro algebra

[Lm, Ln] = (m− n)Lm+n + Amδm+n,0,

[Lm, Gr] =
(
m

2 − r
)
Gm+r,

{Gr, Gs} = 2Lr+s +Brδr+s,

(2.2.12)

where the anomaly terms Am and Br are dependent on the sector. In the NS

sector we have

Am = D

8 m
(
m2 − 1

)
, Br = D

8

(
r2 − 1

r

)
, (2.2.13)

while in the R sector we replace Gr with Fm and

Am = D

8 m
3, Br = D

8 r
2. (2.2.14)

For the purely bosonic string we only have the Lm modes which obey the Virasoro

algebra given by the first equation in Equation 2.2.12 where Am = D
12m(m2 − 1).

We find that the bosonic string is only Weyl invariant for spacetime dimension

D = 26, while for superstrings we require D = 10 for Weyl anomaly cancellation.

2.2.2 BRST quantisation

We briefly mention some key aspects of BRST quantisation. This involves quan-

tising the path integral and it exhibits Lorentz invariance manifestly. It is the

analogue of the Fadeev-Popov procedure for gauge theories in QFT. It involves

extending the Hilbert space through the introduction of a pair of fermionic ghost

fields, b and c, and a pair of bosonic superghost fields, β and γ. The path integral

is invariant up to a total derivative under a set of BRST transformations, which

are generated by the BRST charge QB. For a consistent theory we require that

the BRST charge is nilpotent, Q2
B = 0, while all physical states must be BRST

invariant, satisfying QB|phys〉 = 0.

16



2.2. Quantisation 17

2.2.3 The closed string spectrum

All of the physical states in a bosonic theory must obey the constraints

Lm|phys〉 = 0 ∀m > 0, (L0 − a)|phys〉 = 0, (2.2.15)

and similarly for the L̃′s. From this we obtain the mass-shell condition

α′m2
R = N − a, (2.2.16)

where N is the number operator, given by

N =
∑
m>0

αµ−mαµm, (2.2.17)

and similarly for m2
R and Ñ . The physical state conditions imply level-matching,

so we require m2
L = m2

R. For the bosonic string we find the value a = 1, which

results in the ground state having the mass-shell condition α′m2 = −1, and so it

is tachyonic.

For closed superstrings, we have both a left and right moving super Virasoro

algebra. We can build the spectrum of states by considering ground states corre-

sponding to NS or R boundary conditions independently for each direction, and

acting with raising operators. For now we will only describe the right movers,

with the knowledge this should be paired with corresponding left movers. In the

R sector we have the additional constraint Fm|phys〉 = 0 ∀m > 0 find a = 0,

while in the NS sector we have the requirement Gr|phys〉 = 0 ∀r > 0 and a = 1
2 .

The number operator now takes the form

N =
∑
m>0

αµ−mαµm +
∑
m>0

rψµ−mψµm, (2.2.18)

where ψµm denotes the modes bµr or dµm depending on the sector.

The NS sector ground state |0; k〉NS has mass-shell condition

α′m2 = −1
2 , (2.2.19)

which is again tachyonic, while the first excited state ψµ− 1
2
|0; k〉NS is massless and

17



2.2. Quantisation 18

can be interpreted as a spacetime boson Aµ. All states in the NS sector are

spacetime bosons.

Conversely, states in the R sector are spacetime fermions, where the R sector

ground state |0; k〉R has mass-shell condition

α′m2 = 0. (2.2.20)

2.2.4 The GSO projection

The spectrum of physical states for the superstring still seems to contain tachyonic

states. However, these states are actually projected out of the spectrum through

the Gliozzi-Scherk-Olive (GSO) projection. This procedure applies a projection

operator to the physical states

|phys〉 → PGSO|phys〉, (2.2.21)

which arises due to the requirement of modular invariance. In the NS sector the

projection operator is

PGSO = 1
2
[
1− (−1)Nf

]
, (2.2.22)

where the fermion number operator Nf is defined as Nf = ∑
r>0 b

µ
−rbµr. Therefore

in this sector all states should have an odd number of b oscillator excitations,

while those with an even number are removed by the GSO projection. Clearly,

this eliminates the tachyon that arises from this sector. It corresponds to the NS

ground state |0; k〉NS which clearly has Nf = 0. Meanwhile, in the R sector their

is a choice of projection operator is given by

P±GSO = 1
2
[
1∓ Γ11(−1)Nf

]
, (2.2.23)

where now Nf = ∑
n>0 d

µ
−ndµn Γ11 is the 10d analogue of the Dirac matrix γ5 in

4d. For type II superstrings the GSO projection is applied separately to the left

and right moving directions. For the R-R sector we can choose the projection

operator for the two directions to be the same or different, corresponding to the

type IIA or type IIB superstrings.

18
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2.2.5 The heterotic string

For closed strings, the left and right-moving sectors are independent. Therefore,

we can set the right-moving side to be that of a superstring with an N = 1 super-

conformal algebra, while the left-moving side is purely bosonic with a Virasoro

algebra. Anomaly-free theories of this kind are 10-dimensional, where the extra

degrees of freedom on the bosonic side are compactified on a 16-dimensional lat-

tice Λ. In the following section, we will come to see that consistent strings theories

are required to be modular invariant, which in this context imposes the constraint

that the lattice must be even self-dual. Therefore, lattice vectors P ∈ Λ must

satisfy P2 ∈ 2Z and Λ∗ = Λ. There are two inequivalent sixteen-dimensional lat-

tices that satisfy this requirement, the E8 ×E8 lattice and the O(32)/Z2 lattice.

Focusing on the E8 × E8 lattice, it is spanned by vectors of the form

(n1 + a

2 , . . . , n8 + a

2;n′1 + b

2 , . . . , n
′
8 + b

2), (2.2.24)

where nI , n′I ∈ Z, ∑I nI ,
∑
I n
′
I ∈ 2Z, and a, b ∈ {0, 1}. The theory has N = 1

supersymmetry in 10d, it is chiral and contains a massless supergravity multiplet,

and a massless vector supermuliplet in the adjoint of E8×E8. In the NS sector the

massless states are ψi−1/2α̃
j
−1|0; k〉NS, giving the graviton, antisymmetric tensor

and dilaton, and ψi−1/2J̃
a
−1|0; k〉NS, giving vectors in the adjoint of the gauge group

E8 × E8. In the R sector, the massless states are α̃j−1|0; k〉R giving a gravitino

and a dilatino, and J̃a−1|0; k〉R giving Majorana-Weyl fermions in the adjoint of

E8 × E8.
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2.3. The one-loop partition function and modular invariance 20

2.3 The one-loop partition function and modu-

lar invariance

2.3.1 The torus

A key condition that string theory must satisfy to be consistent is the property

of modular invariance. We can describe its impact by looking at the one-loop

partition function, or equivalently to the one-loop vacuum to vacuum amplitude.

We will describe the perturbative series expansion in string theory in more detail

in a later section, but for now we only need to know that at this order for closed

strings, the amplitude has the topology of a torus.

0 Re(ω)

Im(ω)
τ τ + 1

1

Figure 2.2: Torus as a quotient of the complex plane.

We can parametrise the points on the torus by the complex quantity ω = σ1 +

τσ2, where τ = τ1 + iτ2 is the complex modular parameter labelling conformally

inequivalent tori. The associated metric is a symmetric and positive-definite

matrix given by

gij = 1
τ2

 1 τ1

τ1 |τ |2

 . (2.3.1)

The space of conformally inequivalent tori parametrised by τ is called the

moduli spaceM. We can consider two transformations acting on τ , called the T

and S transformations, which leave the torus unchanged

• T : τ → τ + 1

• S : τ → − 1
τ

20
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τ1−1
2

1
2

τ2

Figure 2.3: Fundamental domain.

A general modular transformation can then be constructed from combinations of

S and T transformations, taking the form

τ → aτ + b

cτ + d
, with ad− bc = 1, (2.3.2)

where a, b, c, d ∈ Z. This forms the group SL(2,Z).

The group of modular transformations maps the upper half plane to a region

known as the fundamental domain which contains all points which cannot be

mapped to any other through any modular transformation. The fundamental

domain F of the group SL(2,Z) is defined as

F =
{
τ ∈ H

∣∣∣∣ |τ1| ≤
1
2 , |τ | ≥ 1

}
, (2.3.3)

as depicted in Figure 2.3. After gauge fixing diffeomorphism and Weyl invariance,

computation of the amplitude involves the integration of the parameter τ over

the fundamental domain, with the SL(2,Z) invariant measure given by
∫ d2τ

τ 2
2
. (2.3.4)
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2.3.2 The one-loop partition function

We consider here the one-loop vacuum to vacuum amplitude in more detail for

certain models. The torus path integral in the Hamiltonian representation takes

the form

Z(τ, τ̄) = Tr
[
qL0− c

24 q̄L̄0− c̄
24
]
, (2.3.5)

where q ≡ e2πiτ , and c, c̄ are the right and left moving central charges of the CFT.

This is the spectrum-generating partition function, where the trace is over all the

states that propagate around the loop.

The partition function involves an integral over the fundamental domain and

can be written in the form1

Z =
∫
F

d2τ

τ2
Z(τ), (2.3.6)

where the integrand Z is a SL(2,Z) modular invariant quantity.

The contribution to the partition function from a free scalar field is given by

Zscalar ∼
1

√
τ2ηη̄

, (2.3.7)

while for a single complex fermion, the contribution is dependent on the spin

structure and is given by

Zψ
[
a

b

]
=
ϑ
[
a

b

]
η
, (2.3.8)

for a, b ∈ R. In the above, η(τ) is Dedekind eta function and ϑ
[
a

b

]
are the Jacobi

theta functions as given in Appendix A. The full partition function includes a

sum over spin structures. Finally, ghosts contribute a factor of (ηη̄)2, while the

superghost insertions cancel the contributions from the longitudinal worldsheet

fermions ψ0,1. The full partition function for the bosonic string in 26 dimensions

is given by

Z ∼
∫
F

d2τ

τ 2
2

1
(√τ2ηη̄)24 . (2.3.9)

1Note that the integrand itself is sometimes referred to as the partition function. We will
refer to both in this way where the distinction should be clear through the context.
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For the heterotic string the contribution from the 16 left-moving compact bosons

φI is

Zcompact(q̄) =
∑
~pR

q̄~p
2
R

η̄16 = Γ̄16(q̄)
η̄16 , (2.3.10)

where ~pR is a lattice vector, and so the full partition function for the heterotic

string is of the form

Z ∼
∫
F

d2τ

τ 2
2

Γ̄16(q̄)
τ 4

2 η
12η̄24

1∑
a,b=0

eπi(a+b+ab)ϑ4
[
a/2

b/2

]
. (2.3.11)

For superstring models with unbroken spacetime supersymmetry, the partition

function vanishes due to a cancellation between spacetime bosons and fermion.

This can be seen explicitly for the one-loop partition function of the heterotic

string in the sum over spin structures which vanishes through the abstruse identity
1∑

a,b=0
eπi(a+b+ab)ϑ4

[
a/2

b/2

]
= 0. (2.3.12)

In general, the integrand of the one-loop partition function can be expressed

as an expansion into Fourier modes

Z =
∑
m,n

amnq
mq̄n, (2.3.13)

where the exponent gives the mass level, and the coefficient amn gives the differ-

ence in the number of bosons and fermions at each mass level. Naturally, all of

the Fourier coefficients will be identically zero in any supersymmetric theory.
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2.4 Compactification

2.4.1 Toroidal compactification

Superstring theories in their most basic constructions are ten-dimensional. There-

fore, we require some process that ultimately results in a four-dimensional space-

time to begin to construct phenomenologically viable models. One method of

reducing the dimension of the 10D string theories is through compactification,

with the simplest type achieved by taking the internal compact space to be a

d-dimensional torus Td. If we specify to the case of compactifying two dimen-

sions on a T2 torus, the worldsheet dynamics can then be described by two free

compact scalars, where the periodicity of each around the two cycles of the torus

are

XI(σ1 + 2π, σ2) = XI(σ1, σ2) + 2πnIRI ,

XI(σ1, σ2 + 2π) = XI(σ1, σ2) + 2πmIRI .
(2.4.1)

In the above nI ,mI ∈ Z are referred to as winding and momentum numbers

respectively and RI are the compact radii. The solutions to the classical equations

of motion are given by

XI
class(σ1, σ2) = RI(nIσ1 +mIσ2), (2.4.2)

and the path integral can now be written as an integral over quantum fluctuations

and an instanton sum over the exponential of the classical action.

The metricGij and antisymmetric tensor field Bij associated with the compact

torus are given by

Gij = T2

U2

 1 U1

U1 |U |2

 , Bij =

 0 T1

−T1 0

 , (2.4.3)

where T = T1 + iT2 and U = U1 + iU2 are the Kähler and complex structure

moduli respectively. The imaginary partsof these moduli are related to the two

compact radii by T2 = R1R2 and U2 = R2/R1. The partition function on the
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torus in the Hamiltonian form is given by

Z2,2(G,B) = 1
|η(τ)|4

∑
n,m

qP
2
L/2q̄P

2
R/2, (2.4.4)

where

P 2
L,R = P i

L,RGijP
j
L,R, (2.4.5)

P i
L = Gij

√
2
[
mj + (Bjk +Gjk)nk

]
, (2.4.6)

P i
R = Gij

√
2
[
mj + (Bjk −Gjk)nk

]
. (2.4.7)

One may also write the partition function in the Lagrangian form by performing

a Poisson resummation on the integers mi. The partition function then takes the

form

Z2,2(G,B) = Γ2,2(G,B)
|η(τ)|4

, (2.4.8)

where the Narain lattice Γd,d(G,B) is given by

Γ2,2(G,B) = detG
√
τ2

∑
n,m

e
− π
τ2

(Gij+Bij)(mi+niτ)(mj+nj τ̄)
. (2.4.9)

The partition function contains a symmetry known as T-duality, which for a

d-dimensional torus is given by the symmetry group O(d, d+ 16;Z). For the case

of the T2 torus, this splits into two independent PSL(2,Z) symmetries for the

moduli T and U , along with a symmetry under T ↔ U .

2.4.2 The Z2 orbifold

While toroidal compactifications offer the simplest method of achieving consistent

string theories in four spacetime dimensions, the number of unbroken supersym-

metries in the resulting theories is too high from a phenomenological point of

view. However, it is possible to reduce the number of supersymmetries by com-

pactification on an orbifold. These surfaces arise when we take the quotientM/G

of a manifold M by a discrete symmetry group G. The resultant surfaces are sin-

gular, being flat almost everywhere except at certain fixed points which are left

invariant under the symmetry group G. The particular orbifold of interest for
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our purposes is obtained by taking the quotient of the T2 torus by the discrete

group Z2 as depicted in Figure 2.4.

Figure 2.4: The T2/Z2 orbifold. The red dots indicate the 4 fixed points.

For closed strings the periodicity condition generalises to

Xµ(σ1, σ2 + 2π) = gXµ(σ1, σ2), (2.4.10)

for some g ∈ G. There are two types of physical states that occur in the spec-

trum of strings on an orbifold background geometry. The first are called untwisted

states, which are those that are invariant under the symmetry group G and so

correspond to g = 1. Note that some of the states from the original theory are

projected out of the spectrum. It is from this fact that the number of supersym-

metries can be reduced.

The second type of physical string states are called twisted states, and are

new closed string states that appear after orbifolding. The twisted states are

localised at orbifold singularities, living on the boundary of the compact space

while the untwisted states live in the bulk. Therefore, it is only the untwisted

states which can have any dependence on the radii corresponding to the compact

dimensions. This result proves to be important when supersymmetry breaking

by coordinate dependent compactification is considered since the supersymmetry

breaking becomes manifest through certain states receiving shifts in their mass

proportional to the compact radii. In this mechanism the twisted states are

guaranteed to remain supersymmetric.

The twisted sectors must necessarily be included for modular invariance, and
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the partition function is obtained by summing over all sectors

∑
h,g=0, 12

Z
[
h

g

]
. (2.4.11)

The contribution from a twisted compact boson is given by

Z
[
h

g

]
= 2

∣∣∣∣∣∣∣∣
η

ϑ
[

1/2− h

1/2− g

]
∣∣∣∣∣∣∣∣, (2.4.12)

with (h, g) 6= (0, 0), while a twisted fermion gives the contribution

ZF =
ϑ
[
a + h

b + g

]
η

. (2.4.13)

2.4.3 Wilson lines

Compactification allows for the presence of non-vanishing Wilson lines

UI = ei
∫ 2πRI

0 dxIAI , (2.4.14)

where I runs over the compact dimensions. The Wilson lines AI are massless

scalars with zero field strength. They are moduli and their presence can break

the gauge symmetry and modify the physical spectrum of the lower dimensional

theory. Therefore, this mechanism can prove useful for the purposes of construct-

ing phenomenologically appealing models. The inclusion of non-vanishing Wilson

lines has the effect of altering the Narain lattice Γd,d and results in a redefinition

of both the Kähler and complex structure moduli.
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2.5 Free fermionic models

2.5.1 Bosonisation

There is a physical equivalence between 2d quantum field theories with bosonic

degrees of freedom and fermionic degrees of freedom due to the absence of a

proper concept of spin in 2d. The relationship allows for the construction of

free-fermionic models, and may be derived from the operator product expansions

(OPE) of bosons and fermions. The OPE for bosonic fields X(z) is given by

X(z)X(0) = − ln|z|2 +O(z), (2.5.1)

and so if we instead consider the operators e±X(z), we have

eiX(z)e−iX(z) = 1
z

+O(z),

eiX(Z)eiX(0) = O(z),

e−iX(Z)e−iX(0) = O(z).

(2.5.2)

Similarly, we may now consider the operator product expansion between two

complex Majorana-Weyl fermions

ψ = 1√
2
(
ψ1 + iψ2

)
, ψ̄ = 1√

2
(
ψ1 − iψ2

)
, (2.5.3)

where ψ1,2 are real fermions. Their OPE’s are

ψ(z)ψ̄(0) = 1
z

+O(z),

ψ(z)ψ(0) = O(z),

ψ̄(z)ψ̄(0) = O(z).

(2.5.4)

We can see that Equation 2.5.2 and Equation 2.5.4 are equivalent and so we find

the correspondence

ψ(z) ∼ eiX(z), ψ̄(z) ∼ e−iX(z). (2.5.5)

We can demonstrate the equivalence of a complex fermion and a compact

boson with radius R = 1/
√

2 by consideration of the one-loop partition function.
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Beginning with the partition function for the fermion and Poisson resumming

over the theta functions we find

Z = 1
2

∑
a,b={0, 12}

∣∣∣∣∣∣∣∣
ϑ
[
a

b

]
η

∣∣∣∣∣∣∣∣
2

= 1
2|η|2
√

2τ2

∑
a,b={0, 12}

∑
n,m∈Z

e
− π

2τ2
|n+τm|2+πi(m+2a)(n+2b)

= 1
√
τ2

∑
m,n∈Z

exp
[
− π

2τ2
|n+ τm|2

]
,

(2.5.6)

which is the partition function for a compact boson at radius R = 1/
√

2.

2.5.2 The construction of free fermionic models

Free fermionic models are constructed by fermionising all internal worldsheet de-

grees of freedom at special points in moduli space as specified in the previous

subsection. They allow for the direct construction of string models with space-

time dimension less than ten. For a single complex left-moving fermionic degree

of freedom Ψ(σ1, σ2), the boundary conditions on the torus in the σ1 and σ2

directions can be specified by

Ψ(σ1, σ2 + 2π) = e−2πiuΨ(σ1, σ2),

Ψ(σ1 + 2π, σ2) = e−2πivΨ(σ1, σ2),
(2.5.7)

where 0 ≤ u, v ≤ 1. The associated contribution to the partition function takes

the form

Zv
u = Tr

(
qĤve2πi(1/2−u)N̂v

)
, (2.5.8)

where Ĥv and N̂v are the Hamiltonian and fermionic number operator respectively

for complex fermionic left-movers with boundary conditions twisted by e2πiv.

In the free fermionic formulation a model is described in terms of a set of

basis vectors Vi which give the boundary conditions of all the fermions on the

worldsheet. Denoting both left and right-moving fermionic degrees of freedom by
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Ψl(σ1, σ2), the boundary conditions can be written in the form

Ψl(σ1, σ2 + 2π) = e−2πiV lΨl(σ1, σ2), (2.5.9)

where 0 ≤ V l < 1. A vector V of boundary conditions V l can be split into right

and left-moving vectors VR and VL so that

V = (VR | VL) . (2.5.10)

The overall contribution to the one-loop partition function from the fermion

fields is a sum over all possible boundary conditions, each with an associated

GSO coefficient

Zf =
∑
{α,β}

Cα
βZ

αV
βV , (2.5.11)

where we can write

ZαV
βV = e2πiβV·αV 1

η8η̄24

∏
iR

ϑ
[
αVi

−βVi

]∏
iL

ϑ̄
[
αVi

−βVi

]
, (2.5.12)

and the GSO coefficients are given by

Cα
β = exp

[
2πi(αs+ βs+ βikijαj − βV · αV)

]
, (2.5.13)

where kij are the structure constants. The notation is αV ≡ ∑
i αiVi, where the

αi are integers with values from 0 to mi − 1, where mi is the lowest common

denominator of all the components in Vi. We also have si ≡ V 1
i , which gives the

spin-statistics of the vector Vi.

The worldsheet supercurrent is defined as

TF (z) = ψµ(z)∂zXµ(z) +
∑
I

χIyIwI , (2.5.14)

where χI is a compact fermion and yI and wI come from the fermionisation of

a compact boson. In order for this supercurrent to be well defined, each of the

terms must have the same boundary conditions. Therefore, we have a constraint

on the boundary conditions (aI , bI , cI) for the triplet (χI , yI , wI) given by

aI + bI + cI = s mod (1). (2.5.15)
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For a string model to be consistent it must satisfy constraints which guarantee

modular invariance, correct spacetime spin statistics and invariance of the world-

sheet supercurrent. These constraints (known as the KLST rules) are guaranteed

to hold if

mjkij = 0 mod (1),

kij + kji = Vi · Vj mod (1),

kii + ki0 + si = 1
2Vi · Vi mod (1),

(2.5.16)

where the basis vectors and choice of structure constants kij specify the theory

completely.

The mass formula for states in the spectrum is given by

M2
L,R =

∑
`:left,right

EαV ` +
∞∑
q=1

[
(q − αV `)n̄`q + (q + αV

` − 1)n`q
]

− (D − 2)
24 +

D∑
i=1

∞∑
q=1

qM i
q,

(2.5.17)

where the sum over ` is over left or right-moving worldsheet fermions, nq and n̄q
are occupation numbers for complex fermions and Mq are occupation numbers

for complex bosons. D is the number of uncompactified spacetime dimensions

and E
αV

` is the vacuum energy from the fermions, given by

E
αV

` = 1
2

[(
αV

`
)2
− 1

12

]
. (2.5.18)

As usual, the level-matching constraint, M2
L = M2

R, must be satisfied for physical

states.

2.5.3 Coordinate dependent compactification

Scherk-Schwarz in field theory

There has been recent interest in superstring theories which have broken space-

time supersymmetry by construction. We focus on models that make use of a

technique of supersymmetry breaking arising from the compactification of extra
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dimensions, known as Scherk-Schwarz supersymmetry breaking. We begin here

with a description as it arose in field theory before giving its generalisation to the

context of string theory.

We begin by taking a theory of a scalar field φ in a (4 + 1)-dimensional

spacetimeM1,3 × S1, and impose the periodic boundary conditions

φ(xµ, x5 + 2πR) = φ(xµ, x5), (2.5.19)

where µ = 1, . . . , 4. We can then Fourier expand in the compact coordinate to

give

φ(xµ, x5) =
∑
n∈Z

e
inx5
R φn(xµ), (2.5.20)

giving the well known Kaluza-Klein tower of states with mass m2 = n2

R2 . Instead,

consider what happens when the theory is invariant with respect to a symmetry

operator O = exp(iQθ). The periodicity conditions are now given by

φ(xµ, x5 + 2πR) = eiQθφ(xµ, x5). (2.5.21)

After making the field redefinition

φ(xµ, x5) = e
iQθx5
2πR φ̂(xµ, x5), (2.5.22)

the field φ̂(xµ, x5) can be Fourier expanded in the compact coordinate as before,

resulting in a tower of states with mass

m2 =
(

2πn+ qθ

2πR

)2

, (2.5.23)

where q is the charge of the state acted upon by the symmetry generator Q.

The result of the Scherk-Schwarz mechanism is that the Kaluza-Klein masses are

shifted by value proportional to the charge of the state.

The string theory realisation

The stringy generalisation of the Scherk-Schwarz SUSY breaking mechanism is

known as coordinate dependent compactification (CDC). This process lifts the
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mass of some states and splits the spectrum at scale of order 1/R, where R is

a generic radius of the compact dimensions. We proceed by deforming a model

through the introduction of a local generator Q of the U(1) worldsheet symmetry,

noting that the worldsheet supercurrent must be invariant under the discrete

symmetry in order for the SUSY breaking to be spontaneous.

We can consider the effect of compactifying two dimensions on a T2/Z2 orb-

ifold using CDC. This introduces a vector e of shifts in the charge lattice that

will modify the Virasoro generators in a way that is dependent on the two radii

Ri=1,2 of the T2 torus. The modified Virasoro generators are given by

L′0 =1
2 [QL − eL(n1 + n2)]2 + 1

4

[
m1 +me

r1
+ n1r1

]2

+ 1
4

[
m2 +me

r2
+ n2r2

]2
− 1 + additional oscillator contributions,

L̄′0 =1
2 [QR − eR(n1 + n2)]2 + 1

4

[
m1 +me

r1
− n1r1

]2

+ 1
4

[
m2 +me

r2
− n2r2

]2
− 1

2 + additional oscillator contributions,

(2.5.24)

where Ri = ri/
√
α′ and all dot products are Lorentzian and

me = e ·Q− 1
2(n1 + n2)e · e. (2.5.25)

Therefore, we have

L′0 + L̄′0 = L0 + L̄0 − (n1 + n2)(eL ·QL + eR ·QR) + 1
2(n1 + n2)2(e2

L + e2
R)

+ 1
2

(
1
r2

1
+ 1
r2

2

)
m2

e +
(
m1

r2
1

+ m2

r2
2

)
me,

L′0 − L̄′0 = L0 − L̄0.

(2.5.26)

The level-matching condition (and fermionic number projections) is unaffected by

the presence of the CDC. The physical states present in the original theory are

unchanged apart from their masses, and so the symmetry breaking is spontaneous.

However, only the states living in the untwisted sector can be affected by the
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breaking of supersymmetry. States in the twisted sectors live at the fixed points

of the orbifold and so do not feel the effects of the extra dimensions. Therefore,

the entire spectrum in the twisted sectors remains supersymmetric.

The cosmological constant

The value of the cosmological constant Λ in superstring theories broken by CDC is

generically non-zero, putting it at odds with phenomenological observations which

place it at the order Λ ∼ 10−122. Nevertheless, there are classes of non-SUSY

string models which have an exponentially suppressed value of the cosmological

constant at least up to one-loop order. One such class of models [7] can be

constructed by starting with a 6D theory in the free-fermionic formulation, where

models are defined by a set of 28-dimensional basis vectors Vi and structure

constants kij which obey the KLST rules. Compactifying the model down to 4D

on a T2/Z2 orbifold would give a N = 1 theory, while if we simultaneously utilise

coordinate dependent compactification, supersymmetry is instead spontaneously

broken to N = 0.

The twisted sectors remain supersymmetric and so their contribution the cos-

mological constant vanishes. An analysis of untwisted sector determines that

contributions from non-level matched and massive states are exponentially sup-

pressed while the dominant and potentially large contributions come solely from

the massless states, which are found to be proportional to Nb−Nf , the number of

massless bosons minus fermions. Clearly, before supersymmetry is broken fully,

the spectrum is guaranteed to contain an equal number of bosons and fermions

within each mass level. After supersymmetry is broken, however, this degener-

acy between bosons and fermions no longer holds generally. Nevertheless, it is

possible to have an equal number of massless bosons and fermions through a suit-

able choice of basis vectors and structure constants. The one-loop cosmological

constant in the untwisted sector for these models can be written as

Λ(D)
1-loop = −1

2M
(D)

∫
F

d2τ

τ 2
2
Z1-loop(τ), (2.5.27)
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where the partition function is given by

Z1-loop(τ) = 1
τ2η8η̄22

∑
~l,~n

Z~l,~n
∑
α,β

C̃α
β

∏
iR

ϑ
[
αVi − nei

βVi + lei

]∏
jL

ϑ̄
[
αVj − nej

βVj + lej

]
, (2.5.28)

and the Narain lattice factor is

Z~l,~n = r1r2

τ2η2η̄2

∑
~l, ~n exp

{
− π
τ2

[
r2

1|l1 − n1τ |2 + r2
2|l2 − n2τ |2

]}
. (2.5.29)

The generalised GSO coefficients are given by

C̃α
β = exp

{
−2πi

[
ne · βV− 1

2nle
2
]}
Cα
β , (2.5.30)

and where the coefficients Cα
β are those of the original theory before CDC is

implemented2,

Cα
β = exp [2πi (αs+ βs+ βikijαj)] . (2.5.31)

2Note that here the factor of e2πiβV ·αV from the partition function has been absorbed into
the definition of Cα

β
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2.6 String perturbation theory

2.6.1 The genus expansion

One can consider a perturbative series expansion for string scattering amplitudes,

where the series is taken as a loop expansion in the genus g. To obtain the S-

matrix, the incoming and outgoing states are taken to infinity, and subsequently

Weyl invariance is used to map the external states to local disturbances on the

worldsheet. The state-operator map can then be utilised to place vertex operators

at these points. This method restricts the amplitudes to those which are on-

shell only. One then proceeds to sum over all physically distinct cases, while

accounting for diff×Weyl gauge invariance. This is the Polyakov approach to

string perturbation theory, for which the overall n-particle amplitude is given by

An(ki, εi) =
∑

topologies

∫ D(geometry)D(coordinates)
Vol(symmetry group)

∫
σ

n∏
i=1

d2ziV(ki, εi; zi, z̄i)e−S.

(2.6.1)

Physically distinct surfaces are described by moduli (and also supermoduli

for genus g ≥ 2) all of which need to be integrated over. As mentioned earlier

in the context of the one-loop partition function, at this order the modulus τ

was integrated over the fundamental domain, a region in the upper half-plane

which notably does not include the origin, resulting in the absence of any UV

divergences in the amplitude. For surfaces of genus g ≤ 1 it is also necessary to

deal with the presence of conformal Killing vectors (CKVs). This may be done

by fixing the position of some of the vertex operators, three for g = 0 or one for

g = 1. Meanwhile, CKVs are absent for all surfaces with g ≥ 2.

Figure 2.5: Perturbative series expansion of the genus g.
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For the bosonic string we consider the worldsheet as a Riemann surface while

for superstrings we have a super-Riemann surface. Nevertheless, for genus g = 0, 1

the difference is inconsequential and the distinctiveness is only apparent when

g ≥ 2, due to the appearance of supermoduli. The dimension of moduli space for

genus g is given by

dim(Mg) =



(0|0), g = 0
(1|0), g = 1, δ = even
(1|1), g = 1, δ = odd
(3g − 3|2g − 2), g ≥ 2

(2.6.2)

Note that there is actually a supermodulus at genus 1 for the odd spin structure

only, however this is easily dealt with. If we specify to two-loop order, there are

now three moduli and two supermoduli. The way to proceed is by integrating

over the odd Grassmann-valued supermoduli leaving only integrals over the three

remaining even moduli. Great care must be taken during this process to ensure

the results obtained are independent of the choice of gauge, a problem which

plagued many of the early attempts. The correct way to proceed is by assigning

the three complex moduli to the three independent entries of the superperiod

matrix of the genus 2 super-Riemann surface. This ensures invariance under

local worldsheet supersymmetry while the supermoduli are integrated over.

2.6.2 Vertex operators

Vertex operators are worldsheet operators representing the emission or absorption

of a physical on-shell string mode from a particular point on the worldsheet.

Physical states and vertex operators exhibit a one-to-one mapping and each closed

string vertex operator is accompanied by a string coupling constant gs. A given

incoming or outgoing state j has a D-momentum kµ and a corresponding local

vertex operator Vj(k).

Consider compactifying the spatial coordinate σ so that σ = σ+2π and define

the complex coordinate

w = σ + iτ. (2.6.3)
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σ

τ
Re z

Im z

Figure 2.6: Map from cylinder to the complex plane.

The semi-infinite cylinder maps onto the unit disk with coordinate z = e−iw as in

Figure 2.6. This implies that incoming states from the infinite past are mapped

onto the origin on the complex plane for the coordinate z. Specifying the initial

state is equivalent to defining a local operator associated with the state, known

as a vertex operator, at the origin.

The vertex operators for Kähler and complex structure moduli in the natural

picture are given by

V −1
Ti

= v
(Ti)
IJ : e−φψI ∂̄XJeik·X :, (2.6.4)

where φ is a bosonic field coming from the bosonisation of the superconformal

ghosts and where

v
(Ti)
IJ = ∂

∂T i
(GIJ +BIJ). (2.6.5)

The superscript -1 is referred to as the φ-charge, or picture, and is given by

the power of the factor of eφ in the vertex operator. For one-loop closed string

amplitudes it is necessary for the total φ-charge to equal zero and so we need

some method of altering the φ-charges of the vertex operators. This is achieved

through the use of the picture changing operation, given by

V i+1(k, z) = lim
w→z

eφTF (w)Vi(z). (2.6.6)

Therefore, the vertex operators for Kähler and complex structure moduli in the
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Figure 2.7: One-loop 4-point scattering.

zero picture are given by

V 0
Ti

= v
(Ti)
IJ

(
∂XI + ik · ψψI

)
∂̄XJeik·X . (2.6.7)

Note that for higher loop superstring amplitudes the vertex operators need

to be modified in order for the result to be consistent under the integration of

the supermoduli. The only two-loop amplitude we will consider in this thesis is

the one with zero vertex operator insertions and so we will not go into further

details.
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2.7 Supergravity as an effective theory

In order to examine many phenomenological aspects of particular superstring

theories, one can examine the low-energy effective theory, which is typically some

supergravity theory. Supergravity can be obtained by taking a supersymmetric

quantum field theory and promoting supersymmetry to a local symmetry, which

results in the manifestation of gravity within the theory. Therefore, it is a natural

candidate for an effective theory since string theory necessarily includes gravity.

Consider N = 1 supergravity which includes vector multiplets containing

vectors and their Majorana gaugini, chiral mulitplets containing a complex scalar

and a Weyl spinor, and a linear multiplet containing an antisymmetric tensor, a

scalar and a Weyl fermion (Note that the linear multiplet can be dualised into

a chiral multiplet). Any given supergravity theory can be determined by three

independent functions, the Kähler potential K, the superpotential W , and the

holomorphic gauge-kinetic function fa. The bosonic part of the Lagrangian is

given by

LN=1 = −R2 −Gij̄Dµφ
iDµφ̄j̄−V (φ, φ̄)+

∑
a

(
1

4g2
I

Tr[FµνF µν ]a + θa
4 Tr[FµνF̃ µν ]a

)
,

(2.7.1)

where the Kähler metric Gij̄ = ∂i∂j̄K(φ, φ̄), and φi are complex scalars of chiral

multiplets. The gauge couplings and θ-angles depend on the moduli through the

gauge-kinetic function fa,

1
g2
a

= Re fa(φ), θa = − Im fa(φ). (2.7.2)

Assuming there is no D-term contribution, the scalar potential is given by

V = eK
(
DiWGij̄D̄j̄W̄ − 3|W |2

)
, (2.7.3)

where

DiW = ∂W

∂φi
+ ∂K

∂φi
W. (2.7.4)
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The action is invariant under Kähler transformations given by

K → K + Λ(φ) + Λ̄(φ̄), W → We−Λ, fa → fa. (2.7.5)

In the following chapter, we will consider a theory with two dimensions compact-

ified on a T2 torus, for which the tree-level Kähler potential is given by

K = − log
[
−(T − T̄ )(U − Ū)− (B + C̄)(B̄ − C)

]
, (2.7.6)

where T and U are the Kähler and complex structure moduli respectively, and

the scalars B and C are matter fields or Wilson line moduli.

An important property of these effective theories is that the Lagrangian of

the is invariant under target space SL(2,Z) modular transformations of both

the Kähler and complex structure moduli. This symmetry is inherited from the

T -duality present in the full string theory. If the Kähler modulus transforms as

T → aT + b

cT + d
, a, b, c, d,∈ Z, ad− bc = 1, (2.7.7)

then the matter fields transform as

B → B

cU + d
, C → B

cU + d
, (2.7.8)

while the complex structure modulus transforms as

U → U − c

cT + d
BC. (2.7.9)

The Kähler modulus T transforms similarly under SL(2,Z) transformations of

U , while there is also a symmetry under the interchange T ↔ U . One can show

that the tree-level Kähler potential given in Equation 2.7.6 is indeed invariant up

to a Kähler transformation,

K → K + log(cT + d) + log(cT̄ + d). (2.7.10)

The modular symmetries restrain the form that functions such as the Kähler po-

tential can take. If we determine corrections to this quantity from calculations in

the string theory, these symmetries provide a useful check on the results obtained.
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Chapter 3

Shift-symmetries at higher order

3.1 Introduction

An interesting property of the effective field theories that emerge from string

theory is that they often possess non-compact shift-symmetries. These are sym-

metries under which two fields, B and C say, transform as B → B+c, C → C− c̄.

The Kähler potential of a theory with such a symmetry, written as a power series

expansion in the matter fields, has to take the form

K = G+
∣∣∣B + C̄

∣∣∣2f + . . . , (3.1.1)

where the coefficients G and f will generally have some dependence on the Kähler

and complex structure moduli of the compactification. Consequently the orthog-

onal combination B − C̄ remains massless. An observation made by [8–15] and

discussed further in [16–19], is that these seemingly ad-hoc continuous symmetries

appear naturally at tree-level due to the underlying discrete modular symmetries

of the full string theory. They were initially suggested as a way of directly pro-

tecting Higgs masses. Furthermore it has been observed that shift symmetries

may be linked to the apparent vanishing of the Higgs self-coupling at intermediate

scales [16–19].

It is an unfortunate fact that the shift-symmetries in question are only acci-

dental and global. One does not expect them to be preserved, even at the string
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scale, because the full string theory does not respect them. Nevertheless an inter-

esting question is how quickly such symmetries are eroded in perturbation theory,

and whether there is a parametric way of controlling them or possibly even restor-

ing them in the string thresholds. Although there has been some work done on

one-loop corrections to the effective µ-term for example [10, 11], this particular

issue has not to our knowledge been explored in any detail.

Although it is a generic expectation that non-compact shift-symmetries af-

ford no more than a loop’s worth of protection for any would-be Higgs field, the

purpose of this chapter is to show that in the limit of certain asymmetric compact-

ifications the symmetries are preserved. Indeed they can be made parametrically

good at the string scale.

There is a simple general argument that supports the restoration of shift-

symmetries in asymmetric compactifications which is as follows. Consider the

class of heterotic string theories that exhibit N = 1 supergravity as their low

energy effective field theories, and have a T2/Z2 orbifold subfactor in their com-

pactification (although almost certainly the heuristic argument we are about to

present applies more generally). The Kähler and complex structure moduli of

the T2/Z2 are denoted T, U . We will consider our theory in the presence of two

continuous Wilson lines associated with each of the two compact dimensions of

the T 2, a linear combination of which corresponds to the matter fields B and C.

For the untwisted components we are then interested in whether the coefficients

HBC(T, U), ZBB̄(T, U) and ZCC̄(T, U) in

K = G+ ZCC̄CC̄ + ZBB̄BB̄ + (HBCCB + c.c.) + . . . , (3.1.2)

exhibit the correct relation at one-loop order, so that it can be cast in the form

of Equation 3.1.1.

At tree-level, the Kähler potential is well known for such models, and is given

by [8–11],

K = − log
[
−(T − T̄ )(U − Ū)− (B + C̄)(B̄ + C)

]
, (3.1.3)

clearly exhibiting the shift-symmetry in question. To see why we expect the

43



3.1. Introduction 44

shift-symmetry to be preserved at higher order in certain limits, we recall the

particular linear combination of complex Wilson lines A1 and A2 (where upstairs

indices label two different Cartan subalgebra U(1)’s) giving rise to B and C:

B = − 1√
2

(iA1 + A2), C = − 1√
2

(iA1 − A2). (3.1.4)

These are each further related to two real Wilson lines as Aa = UAa1−Aa2, where

the lower indices label the two T2 cycles). The real Wilson lines represent shifts

in the internal momentum/charge lattice (a.k.a. Narain lattice) of the compactifi-

cation, so they can be thought of as directly corresponding to the original stringy

degrees of freedom. The crucial point is that in the highly asymmetric (U2 � 1)

limit, Aa is dominated by the term iU2Aa1, where in our convention U = U1 + iU2.

Comparing the expressions for B̄ and C in this limit, we see that they are both

given by,

B̄, C = U2

2 (A1
1 + iA2

1) +O(1). (3.1.5)

Not surprisingly at large U2 the two Wilson lines are both dominated by one of

the cycles and they become degenerate. The general expectation therefore is that

all radiative corrections to the Kähler potential exhibit degeneracy for B and C

in the limit of large U2. In particular one would naturally expect the coefficients

of BB̄ and BC to become degenerate to all orders.

We would like to test this heuristic expectation, and in order to do so we will

compute the relevant corrections to the Kähler potential at one-loop, allowing

us to determine and study the coefficients HBC(T, U), ZBB̄(T, U) and ZCC̄(T, U)

appearing in Equation 3.1.2. It will be sufficient to find the one-loop corrections

to the Kähler potential up to quadratic order in the untwisted matter fields.

Therefore we will proceed by computing the CP even part of one-loop two-point

functions involving the moduli T and U as the external states but with the

continuous Wilson line moduli in place. We can then focus on the O(k2) piece

of the amplitude, and compare it with the corresponding kinetic terms in the
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effective supergravity Lagrangian. Those terms are of the form,

Kij̄∂φ
i∂φj̄, (3.1.6)

so essentially it is the Kähler metric Kij̄ that we compute, from which one could

then hope to determine the Kähler potential. This method was utilised in [20]

to calculate one-loop corrections to the Kähler potential for type-II strings com-

pactified on orientifolds, and a similar procedure was also performed for heterotic

strings in [21]. Furthermore, loop corrections to low-energy effective theories of

heterotic strings have also been investigated in [22, 23].

The bulk of the computation is carried out in the next section: we first intro-

duce the notation for the moduli and partition function in the presence of Wilson

lines, and then consider the two-point amplitude between moduli T and T̄ , eval-

uating the relevant correlation functions. Then we compute the integrals over τ

by the unfolding method. In section 3 we use the results to write a consistent

expression for the one-loop corrections to the Kähler potential up to quadratic

order in the Wilson lines, and confirm the general picture outlined above. Indeed

in theories of this kind we find that ε = 1/(T2+U2) is a small parameter governing

shift-symmetry violation in the limit that U2 � 1, while conversely when U2 ∼ 1

there is no shift-symmetry at all in the effective theory at the string scale1.

3.2 The calculation

3.2.1 Moduli definitions, vertex operators and partition

function

Let us begin by gathering some necessary ingredients. As per the introduction,

we will focus on models where the compactification includes an orbifolded two-

torus, and focus on the contributions that arise due to the presence of the two real

1Note that there is no-scale symmetry which sets all the relevant scalar masses zero at
tree-level, but shift-symmetry itself is absent.
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non-zero Wilson lines Aa1 and Aa2. These are mixed with the Kähler and complex

structure moduli in their relation to the metric and antisymmetric tensor; the

required relation is [8, 9, 24]

T = i
√
G+B12 + 1

2
∑
a

Aa
Aa − Āa

U − Ū
, (3.2.1)

where, as above, the complex Wilson lines are defined as Aa = UAa1 − Aa2. The

U modulus is unchanged by the presence of Wilson lines and so it can simply be

defined in the usual way as,

U = 1
G11

(
i
√
G+G12

)
. (3.2.2)

From the above, we can then write the metric GIJ and antisymmetric tensor BIJ

for the torus as follows,

GIJ =
(
T − T̄
U − Ū

− (Aa − Āa)2

2(U − Ū)2

) 1 U1

U1 |U |2

 , (3.2.3)

BIJ =
(
T + T̄

2 − (Aa − Āa)(Aa + Āa)
4(U − Ū)

) 0 1

−1 0

 . (3.2.4)

The specific calculation we will perform is the two-point function between the

moduli T and T̄ , so next we need the corresponding vertex operators. In terms

of real coordinates, the vertex operators for the moduli in the zero picture are

given by [1, 25],

VT i = v
(T i)
IJ : (∂XI + ik · ψψI)∂̄XJeik·X :, (3.2.5)

where T i denotes both the moduli T and U , and,

v
(T i)
IJ = ∂

∂T i
(GIJ +BIJ). (3.2.6)

We find it more convenient to use a similar notation to [20], and to write the
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vertex operators in terms of the complex coordinates Z and Ψ defined as,

Z =

√√√√T2 + (A−Ā)2

8U2

2U2
(X5 + ŪX6), Z̄ =

√√√√T2 + (A−Ā)2

8U2

2U2
(X5 + UX6),

Ψ =

√√√√T2 + (A−Ā)2

8U2

2U2
(ψ5 + Ūψ6), Ψ̄ =

√√√√T2 + (A−Ā)2

8U2

2U2
(ψ5 + Uψ6).

(3.2.7)

The vertex operator for the T modulus can then be written in the zero picture

as,

VT = − i

T2 + (A−Ā)2

8U2

(∂Z − ik · ψΨ)∂̄Z̄eik·X , (3.2.8)

while for the U modulus we have,

VU = − i(A− Ā)2

8U2
2

(
T2 + (A−Ā)2

8U2

)(∂Z − ik · ψΨ)∂̄Z̄eik·X + i

U2
(∂Z − ik · ψΨ)∂̄Zeik·X .

(3.2.9)

We shall also need the internal partition function associated with the torus.

With the inclusion of the Wilson lines, the relevant contribution can be written

as [24],

Z~m,~n(T, U, ~Aa) =
T2 + (A−Ā)2

8U2

τ2

∑
~m,~n∈Z

e−S(~m,~n)∑
Qa
q(Qa+ ~Aa·~n)2/2e−2πi ~Aa·~m(Qa+ ~Aa·~n/2),

(3.2.10)

where,

S(~m,~n) = π

τ2
(GIJ +BIJ)(mI + nIτ)(mJ + nJ τ̄) , (3.2.11)

and Qa are the elements of the charge/momentum lattice on the gauge side that

are shifted by the Wilson lines. Hence only q appears here: the full partition

function includes an additional factor we shall refer to as Zrest(q, q̄) that is un-

shifted by the Wilson lines, which incorporates the remaining degrees of freedom

(for example those coming from the remaining K3 factor in the compactification).

3.2.2 Two-point amplitudes

As previously mentioned, we will obtain the one-loop corrections to the Kähler

potential by computing one-loop amplitudes between the various modulus and
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anti-modulus pairs, specifically those corresponding to corrections to KTiT̄j
. This

will then allow us to determine the form of the Kähler potential itself. The

amplitudes we need are therefore of the form,
∫
F

d2τ

τ 2
2

∫
d2z〈VTi(k, z)VT̄j(−k, 0)〉Z~m,~nZrest. (3.2.12)

The correlation function between the vertex operators is

〈VTVT̄ 〉 = − 1(
T2 + (A−Ā)2

8U2

)2 〈(∂Z − ik · ψΨ)∂̄Z̄eik·X(∂Z̄ + ik · ψΨ̄)∂̄Ze−ik·X〉.

(3.2.13)

In a supersymmetric theory, the only non-zero contribution to the amplitude

arises when all four of the fermionic coordinates are contracted, because the

remaining pieces are spin independent and will therefore vanish by the non-

renormalisation theorem (i.e. they get multiplied by the partition function which

is zero). Even in non-supersymmetric theories, as in [7], the remaining pieces

would be proportional to the cosmological constant and hence suppressed if the

latter is suppressed. Of course the vanishing of the cosmological constant beyond

one-loop in such theories is very much still under investigation and so the sta-

bility of such models can not be guaranteed. Nevertheless, for the models under

consideration we need only consider the spin dependent term,

− 1

4
(
T2 + (A−Ā)2

8U2

)2k
2〈ψ · ψ〉〈ΨΨ̄〉〈∂̄Z̄∂̄Z〉. (3.2.14)

For the bosonic correlation function we will only need to consider the contribu-

tions arising from the zero-modes, for which we have,

〈∂̄Z(z)∂̄Z̄(0)〉 =
∑
~m,~n

π2
(
T2 + (A−Ā)2

8U2

)
τ 2

2U2
[m1 + n1τ̄ + U(m2 + n2τ̄)]

× [m1 + n1τ̄ + Ū(m2 + n2τ̄)].

(3.2.15)

Given the lack of z-dependence in the above, in order to compute the integral over

z we need only take into account the contributions from the fermionic correlation
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functions. The integral is calculated as in [7]:

I =
∫
d2z〈ψρψσ〉〈ΨΨ̄〉

=
∫
d2z

(
℘+ 4πi∂τ log

√
ϑab(0)ϑcd(0)/η(τ)

)
=
∫
d2z

(
−∂2

z log ϑ1(z) + 4πi∂τ log
√
ϑab(0)ϑcd(0)

)
= π + 4πiτ2∂τ log

√
ϑab(0)ϑcd(0) ,

(3.2.16)

where a, b and c, d refer to the spin structures of ψ and Ψ respectively, which is

being summed over. Note that, analogously to the usual beta function calculation,

the second term can also be written as 2πi∂τ (ZψZΨ). Here, we can now take note

of the fact that our amplitude includes a sum over all of the spin structures. The

spin independent contribution therefore vanishes after the sum is taken, and so

we are left only with the term proportional to τ2.

What remains is to calculate is the following integral,

−π2k2

4
(
T2 + (A−Ā)2

8U2

)
U2

∫
F

d2τ

τ 3
2

∑
~m,~n

[m1 + n1τ̄ + U(m2 + n2τ̄)]

× [m1 + n1τ̄ + Ū(m2 + n2τ̄)]Z~m,~nZ̃rest.

(3.2.17)

where now Z̃rest is given by Zrest with the inclusion of the extra spin dependent

piece from the fermion correlators as given by Equation 3.2.16. Note that the

factor of τ2 has already been extracted from this additional piece, and Z̃rest also

contains the sum over spin structures. We now proceed to expand this expression

in terms of the Wilson lines. We can then focus on the quadratic terms, and

subsequently evaluate the corresponding integrals.

3.2.3 Modular integrals

In order to compute the modular integrals arising from the two-point functions,

we can use the unfolding technique of [26] (also utilised in [21, 27, 28]), in which

the integral is split into representative orbits of SL(2,Z). This decomposes the

integral over the fundamental domain into simpler integration regions, depending

on the type of orbit. There are three types of orbits, the zero orbit, degenerate
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orbits and non-degenerate orbits. We begin by writing the partition function in

terms of complex Wilson lines in the form [24, 29]

Z~m,~n(T, U, ~Aa) =
T2 + (A−Ā)2

8U2

τ2

∑
Qa
qQ·Q/2eG(M,τ), (3.2.18)

where

G(M, τ) =
−π

(
T2 + (A−Ā)2

8U2

)
τ2U2

|M|2 − 2πiT detM + π

U2

(
Q · AM̃ −Q · ĀM

)
− πn2

2U2

(
A · AM̃ − Ā · ĀM

)
− iπ(A− Ā)2

4U2
2

(n1 + n2Ū)M,

(3.2.19)

and

M =

n1 m1

n2 m2

 , M =
(

1 U

)
M

τ
1

 , M̃ =
(

1 Ū

)
M

τ
1

 . (3.2.20)

The orbits of SL(2,Z) are then defined in terms of the matrix M .

Zero orbit

This orbit consists only of the matrix M = 0, with the integration being per-

formed over the fundamental domain. However its contribution trivially vanishes

due to the presence of the overall factor from the bosonic zero modes.

Degenerate orbits

These consist of matrices of the form,

M =

0 j

0 p

 ,
where the sum is over all integer values (j, p) 6= (0, 0) and the integration is

extended from the fundamental domain to the half-strip, E = {−1
2 < τ1 <

1
2 , τ2 > 0}. The integral we need to evaluate is of the form,

I1 = −π2

4
(
T2 + (A−Ā)2

8U2

)
U2

∫
E

d2τ

τ 3
2

∑
(j,p)6=(0,0)

|j + pU |2Z(j,p),(0,0)Z̃rest, (3.2.21)
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where the partition function becomes,

Z(j,p),(0,0) =
T2 + (A−Ā)2

8U2

τ2
exp

[
− π

τ2U2

(
T2 + (A− Ā)2

8U2

)
|j + pU |2

]

×
∑
Qa
qQ·Q/2 exp

[
π

U2

[
Q · A(j + pŪ)−Q · Ā(j + pU)

]]
.

(3.2.22)

As mentioned, we are primarily interested in calculating the Kähler potential only

up to quadratic order in the Wilson lines. Therefore, we can write the above as

an expansion in Aa and Āa, and focus only on the relevant terms.

To begin, we can evaluate the Wilson line independent part of Equation 3.2.21:

I ′1 = −π
2

4U2

∫
E

d2τ

τ 4
2

∑
(j,p)6=(0,0)

Qa

|j + pU |2e−
πT2
τ2U2

|j+pU |2
qQ·Q/2Z̃rest

= c1
4i

π(T − T̄ )3
E(U, 2) + . . . ,

(3.2.23)

where we have written only the most dominant contribution, and c1 is some

constant of order one that we do not calculate. It is dependent on the coefficients

of the power series in q and q̄ in qQ·Q/2Z̃rest, the sum over spin structures, and also

on a restricted sum over the lattice vectors Qa. In the above, the real analytic

Eisenstein series are defined as,

E(U, s) =
∑′

l,m

U s
2

|l +mU |2s
, (3.2.24)

where the prime means we do not include the case when l1 = l2 = 0 in the sum.

We now extract the terms proportional to AaĀa and AaAa. The former term

is given by,

IA,Ā1 = −π
3

4U3
2

∫
E

d2τ

τ 4
2

∑
(j,p)6=(0,0)

Qa

F (A, Ā)|j + pU |2e−
πT2
τ2U2

|j+pU |2
qQ·Q/2Z̃rest, (3.2.25)

where

F (A, Ā) =
( 1

4τ2
AaĀa − π(Q · A)(Q · Ā)

)
|j + pU |2. (3.2.26)
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The integral over τ can be performed with the result

ĨA,Ā1 = −12ic1E(U, 2)
π(T − T̄ )4(U − Ū)

+ 4π2c2

(T − T̄ )3(U − Ū)
[
3− 2 log(−e−2γπ(T − T̄ )(U − Ū)|η(U)|4)

]
,

(3.2.27)

where γ is the Euler-Mascheroni constant and IA,Ā1 = ĨA,Ā1 AĀ. Note that in order

to arrive at the above result it is necessary to regulate the divergent parts of the

integral (proportional to τ−4
2 in the integrand) that have arisen because we have

exchanged the order of summation and integration. These can be dealt with by

including an additional factor of τ−ε2 , performing the integration, evaluating the

sum and extracting the ε independent piece as described in [30, 31]. Alternatively,

one finds the same result using the regularisation procedure of [26]. As before,

the constants c1 and c2 come from the coefficients of the power series in q and q̄

in Zrest, the sum over spin structures, and from the sum over lattice vectors Qa;

they are completely independent of moduli.

Similarly, the expression we need for the term proportional to AaAa is,

IA,A1 = −π
3

4U3
2

∫
E

d2τ

τ 4
2

∑
(j,p)6=(0,0)

Qa

F (A,A)|j + pU |2e−
πT2
τ2U2

|j+pU |2
qQ·Q/2Z̃rest, (3.2.28)

F (A,A) =
(
− 1

8τ2
|j + pU |2AaAa + π

2 (j + pŪ)2(Q · A)2
)
, (3.2.29)

where again the integral over τ can be performed with suitable regularisation and

we obtain the result,

ĨA,A1 = 6ic1E(U, 2)
π(T − T̄ )4(U − Ū)

+ 4π2c2

(T − T̄ )3

[
2∂U log η(U) + 1

(U − Ū)

]
. (3.2.30)

Finally, the result for the term proportional to ĀaĀa is just given by the complex

conjugate of ĨA,A1 .
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Non-degenerate orbits

These consist of matrices of the form,

M = ±

k j

0 p

 ,
where the sum is over 0 ≤ j < k, p 6= 0 and the integration is over the upper half

plane H. The expression to evaluate is of the form,

I2 = −π2

4
(
T2 + (A−Ā)2

8U2

)
U2

∫
H

d2τ

τ 4
2

∑
0≤j<k
p6=0

Q̃UQ̃ŪZ(j,p),(k,0)Z̃rest, (3.2.31)

where the torus partition function is,

Z(j,p),(k,0) =
T2 + (A−Ā)2

8U2

τ2

∑
Qa
qQ·Q/2 exp

[
π

U2

(
Q · AQŪ −Q · ĀQU

)]

× exp
[
− πT2

U2τ2
|QU |2 − 2πiTkp− π(A− Ā)2

8U2
2 τ2

|QU |2 −
πi(A− Ā)2

4U2
2

kQU

]
(3.2.32)

and where,

QU = (j + kτ + pU),

QŪ = (j + kτ + pŪ),

Q̃U = (j + kτ̄ + pU),

Q̃Ū = (j + kτ̄ + pŪ).

(3.2.33)

As for the degenerate orbits, we will evaluate the first few terms in a series

expansion of Equation 3.2.31 in the Wilson lines. The result for the Wilson line

independent part (after summing over j and p) is,

I ′2 = −π
2

4U2

∫
H

d2τ

τ 4
2

∑
0≤j<k
p 6=0, Qa

Q̃UQ̃Ūe
−2πiTkpe

− πT2
τ2U2

|j+kτ+pU |2
qQ·Q/2Z̃rest

= −4c1

(T − T̄ )3(U − Ū)
∑
k>0

{
2kπT2

[
Li2
(
qkT
)
+Li2

(
q̄kT
)]

+
[
Li3
(
qkT
)
+Li3

(
q̄kT
)]}

+ . . . ,

(3.2.34)
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where qT ≡ exp(2πiT ) and the polylogarithms Lin(z) are defined as,

Lin(z) =
∑
k>0

zk

kn
. (3.2.35)

In the above we are again only writing the dominant contributions. A more

complete expression could be obtained along the lines of [21], but taking only

these terms is sufficient for the comparison between the terms Z and H in the

Kähler potential.

Now, as in the case for the degenerate orbits, we can look at the terms pro-

portional to AaĀa. These are given by,

IA,Ā2 = −π
3

8U3
2

∫
H

d2τ

τ 4
2

∑
0≤j<k
p 6=0, Qa

F (A, Ā)Q̃UQ̃Ūe
−2πiTkpe

− πT2
τ2U2

|j+kτ+pU |2
qQ·Q/2Z̃rest,

(3.2.36)

where,

F (A, Ā) =
[
−2πQUQŪ(Q · A)(Q · Ā) +

(
ikQU + 1

2τ2
|QU |2

)
AaĀa

]
. (3.2.37)

Performing the integration over τ and summing over j and p we obtain the result,

ĨA,Ā2 = 4
(T − T̄ )4(U − Ū)2

{
c1
∑
k>0

[
π2(T − T̄ )2k2

[
log

(
1− qkT

)
+ log

(
1− q̄kT

)]

− 3πik(T − T̄ )
[
Li2

(
qkT
)

+ Li2
(
q̄kT
)]

+ 3
[
Li3

(
qkT
)

+ Li3
(
q̄kT
)] ]

.+ π2ic2(T − T̄ )2(U − Ū)
[
∂T log η(T )− ∂T̄ log η(T̄ )

]
− π2c2(T − T̄ )(U − Ū) log|η(T )|4

}
.

(3.2.38)

Moving on to the terms proportional to AaAa, we wish to calculate,

IA,A2 = −π3

16U2
2

∫
H

d2τ

τ 4
2

∑
0≤j<k
p 6=0 ,Qa

F (A,A)Q̃UQ̃Ūe
−2πiTkpe

− πT2
τ2U2

|j+kτ+pU |2
qQ·Q/2Z̃rest,

(3.2.39)

where,

F (A,A) =
[
2πQ2

Ū(Q · A)(Q · A)−
(
ikQU + 1

2τ2
|QU |2

)
AaAa

]
. (3.2.40)
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Again, computing the integration over τ and summing over j and p, we have the

result,

ĨA,A2 = −2c1

(T − T̄ )4(U − Ū)2

∑
k>0

{
π2(T − T̄ )2k2

[
log

(
1− qkT

)
+ log

(
1− q̄kT

)]
−3πik(T − T̄ )

[
Li2

(
qkT
)

+ Li2
(
q̄kT
)]

+ 3
[
Li3

(
qkT
)

+ Li3
(
q̄kT
)]}

.

(3.2.41)

3.3 One-loop Kähler potential

From the results of the previous section it is possible to establish the form of the

one-loop corrections to the Kähler potential. In order to compare them to the

corresponding kinetic terms in the supergravity Lagrangian, we Weyl rescale to

the Einstein frame giving an additional factor

e2Φ = 2i
S − S̄

. (3.3.1)

We wish to express the Kähler potential in the form in Equation 3.1.2,with the

Wilson lines and their complex conjugates defined as in Equation 3.1.4. Taking

the sum over the index a we find, ∑aA
aĀa = BB̄ + CC̄, and the one-loop

corrections to the coefficients ZBB̄ and ZCC̄ both then satisfy,

∂T∂T̄Z
(1) = 2i

S − S̄

(
ĨA,Ā1 + ĨA,Ā2

)
, (3.3.2)

where ĨA,Ā1 and ĨA,Ā2 are contributions from the degenerate and non-degenerate

orbits respectively, as computed in the previous section.

Similarly, using ∑aA
aAa = −2BC, the one-loop correction to the coefficient

HBC in Equation 3.1.2 (where again we perform a Weyl rescaling) satisfies,

∂T∂T̄H
(1)
BC = −4i

S − S̄

(
ĨA,A1 + ĨA,A2

)
. (3.3.3)

An additional constraint for the Kähler potential that gives the above Kähler

metric terms is of course that it is required to be invariant under modular trans-

formations of the moduli, up to Kähler transformations. Taking all of this into
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account, we find,

Z(1) = −2c1

π(S − S̄)(T − T̄ )(U − Ū)

{(
E(U, 2)
(T − T̄ )

+ P(T )
(U − Ū)

)}

− 4π2c2

(S − S̄)(T − T̄ )(U − Ū)
log

[
−e−2γπ(T − T̄ )(U − Ū)|η(T )η(U)|4

]
,

(3.3.4)

H
(1)
BC = −2c1

π(S − S̄)(T − T̄ )(U − Ū)

{(
E(U, 2)
(T − T̄ )

+ P(T )
(U − Ū)

)}

− 4π2c2

(S − S̄)

{
π2

36 +
[
2∂U log η(U) + 1

(U − Ū)

] [
2∂T log η(T ) + 1

(T − T̄ )

]}
,

(3.3.5)

where

P(T ) = 2π2 ∑
m>0

m [Li2(qmT ) + Li2(q̄mT )] + π

T2

∑
m>0

[Li3(qmT ) + Li3(q̄mT )] . (3.3.6)

The above expressions for Z(1) and H(1)
BC can also be shown to be consistent with

the other two point amplitudes involving U and Ū or T and Ū .

3.4 Restoration of shift-symmetry

Let us now return to our goal, which is to compare the coefficients Z(1) and

H
(1)
BC in order to determine whether the shift-symmetry holds at one loop. Were

this symmetry to be exact at this order, one would find equal Z(1) and H
(1)
BC .

However, only the first lines of Equation 3.3.4 and Equation 3.3.5 are explicitly

equal. Note also that at large T2 these terms are actually sub-leading. Therefore

further examination of the remaining terms is required to determine the extent
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of the breaking of shift-symmetry. These terms can be expressed respectively as,

Z̃ = −4π2c2

(S − S̄)(T − T̄ )(U − Ū)

{
log[−e−2γπ(T − T̄ )(U − Ū)]

+ 2
∑
k>0

[
log(1− qkU) + log(1− q̄kU)

]
+ 2

∑
k>0

[
log(1− qkT ) + log(1− q̄kT )

] }

− 4π2c2

(S − S̄)

{
π

12U2
+ π

12T2

}
,

(3.4.1)

H̃ =−4π2c2

(S − S̄)

{
2π2

3
∑
k>0

[
kqkT

1− qkT
+ kqkU

1− qkU

]
− 16π2 ∑

k>0

kqkT
1− qkT

∑
m>0

mqmU
1− qmU

+ 2π
∑
k>0

[
1
U2

kqkT
1− qkT

+ 1
T2

kqkU
1− qkU

]
− 1

4T2U2

}
− 4π2c2

(S − S̄)

{
π

12U2
+ π

12T2

}
.

(3.4.2)

Aside from the final terms appearing in each of the above expressions, Z̃ and H̃

are not equivalent in general, and so the shift-symmetry will not generically hold.

Nevertheless, we are interested in the possibility that in the large U2 limit the

shift-symmetry is restored as discussed in the introduction. Any breaking of shift

symmetry translates directly into shifts in the typical induced soft-terms of the

form
δm2

m2 = Re(H̃ − Z̃)
Z(1) , (3.4.3)

where m2 is the mass-squared of the heavy Wilson line scalar. Note that in

writing this expression we are using the fact that the tree-level masses of all the

scalars are zero in these theories due to their no-scale structure. Therefore the

expression above incorporates the leading one-loop contribution proportional to

the gravitino mass m3/2. We should also remark that additional contributions to

masses come from other one-loop effects such as the Green-Schwarz mechanism,

if there is one operating in the theory. Moreover what we are calculating here

are stringy thresholds and there will be contributions from lighter modes such

as stops in a complete model. Of course if one could construct a completely

phenomenologically accurate broken MSSM within the string theory one would be
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able to compute such effects within the string theory as well; so we are focussing on

the violations of shift-symmetry that are certain to exist in the string thresholds

of any theory of this type.

Let us now test our expectation that this ratio tends to zero in asymmetric

compactification; as this implies T2 � 1, the terms in the Kähler potential with

any dependence on qkT are exponentially suppressed, and we can write,

H̃ − Z̃ = − 4π2c2

(S − S̄)

{
2π2

3
∑
k>0

kqkU
1− qkU

+ 2π
∑
k>0

1
T2

kqkU
1− qkU

+ log[4πe−2γT2U2]
4T2U2

+ 1
T2U2

∑
k>0

[
log(1− qkU) + log(1− q̄kU)

]
− 1

4T2U2

}
,

(3.4.4)

while for Z(1) we have,

Z(1) =− ic1E(U, 2)
4π(S − S̄)T 2

2U2
− 4π2c2

(S − S̄)

{
log[4πe−2γT2U2]

4T2U2
+ π

12T2
+ π

12U2

+ 1
T2U2

∑
k>0

[
log(1− qkU) + log(1− q̄kU)

] }
.

(3.4.5)

In the limit U2 � 1, recalling that we also have the condition T2 > U2, we find

the dominant contribution to be

δm2

m2 ∼
3 log[4πe−2γT2U2]

π(T2 + U2) , (3.4.6)

which clearly vanishes in the T2 > U2 → ∞ limit as expected, with 1/(T2 + U2)

being the small parameter. Conversely, when T2 � 1 but U2 � 1, we find

δm2

m2 ∼
4πU2

3
∑
k>0

kqkU
1− qkU

, (3.4.7)

which grows as U2 decreases and moreover it is not small.

We should point out that in taking the limits T2 → ∞ and U2 → ∞, one

needs to be sure that a perturbative computation is still a sensible thing to

do. These limits correspond to a large volume theory where the modified loop

counting parameter remains small for sufficiently large S2 = Im(S), in which case

a perturbative expansion may still be valid at all energies. One-loop threshold
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corrections imply an upper bound on T2 and U2 [32]; indeed the loop expansion

parameter (essentially the ‘t Hooft coupling) is order T2/S2, implying that large

volumes can be achieved with weak string coupling.

We conclude that ideas such as those presented in ref.[16–19] can be extremely

effective in highly asymmetric configurations for the general reasons outlined in

the Introduction. Indeed for the class of compactifications considered here, the

heavy Higgs is already one-loop suppressed with respect to the gravitino mass

(gaining a mass through RG running as usual in no-scale models), while the light

Higgs is further parametrically suppressed by the asymmetry. A more model

dependent question is of course if and how shift-symmetries are violated by the

RG effects of the low energy theory, which may be computed in the effective field-

theory as in ref.[16–19]. In a complete picture, such violations of shift-symmetry

would arise from spontaneous breaking due to for example flavon fields, leading

to light pseudo-Nambu-Goldstone modes, which may or may not mix with the

Higgs. In principle the techniques presented could be applied to those more

complete cases in an entirely stringy setting. Here we have seen that even if shift

symmetries appear to be a strong feature of the classical field theory, asymmetric

compactification is required to protect them in the threshold corrections as well.

It would of course be useful to consider these questions in more general set-

tings such as constructions involving D-branes in type II, or smooth Calabi-Yaus.

Whilst radiative violations of shift-symmetries in the former would almost cer-

tainly be calculable (as per [20]) if the backgrounds are sufficiently flat, the latter

is notoriously difficult to treat perturbatively. One could hope to develop heuris-

tic arguments along the lines of those in the introduction, and indeed there may

be interesting overlaps with shift-symmetry restoration in certain limits of the

type II systems in [33]. We should remark that shift-symmetries have also come

to the fore because of their central role in schemes that try to explain the weak-

Planck hierarchy by means of cosmological relaxation [34, 35], a subject which has

recently received much attention [36–49]. Although these often feature axionic

(i.e. compact) symmetries, non-compact shift-symmetries may be of more utility
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given the need for trans-Planckian field excursions. Moreover in supersymmet-

ric theories the two are in any case related by complexification of the Goldstone

manifold. Therefore it may be of interest to revisit this question in the present

context.
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Chapter 4

The cosmological constant in

non-SUSY strings at two loops

and beyond

4.1 Introduction and conclusion

There has been interest recently in non-supersymmetric string theories, in which

one might build the Standard Model (SM) directly. One particular object of

focus has been the partial solution of the instability problems that generally

arise in the absence of space-time supersymmetry (SUSY). In refs.[7, 50, 51] it

was pointed out that a natural starting point for non-supersymmetric strings is

a certain set of Scherk-Schwarz (SS) string models that have accidental Bose-

Fermi degeneracy in their massless spectra. In these theories successive Kaluza-

Klein (KK) levels are unable to contribute to the one-loop cosmological constant,

which can only get contributions from heavy winding modes, string excitation

modes and also from non-level matched states. As these modes are all short-

range, they are unable to explore the whole compact volume. Consequently, even

if the compactification scale is only moderately large, their contribution to the

cosmological constant (and hence destabilising dilaton tadpoles) is parametrically

exponentially suppressed. Such a cosmological constant, generated entirely by
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heavy modes, allows novel separations of finite UV and IR contributions to the

potential [52].

An open question is what happens at two-loops and beyond in such theo-

ries. Does the exponential suppression continue? Field theory intuition says that

generic two-loop contributions will start to make their appearance, but it is con-

ceivable that some kind of string “miracle” appears to save the day, or that a

further subset of one-loop suppressed theories may have two-loop suppression in

the cosmological constant as well. This chapter shows by explicit calculation that

(while we cannot rule out the former) the latter is highly likely. We derive two

criteria that define a sub-class of theories which continue to enjoy exponential

suppression at two-loops. Like the one-loop case, this suppression is simply an

accidental consequence of their particle content.

Our programme, and this entire approach, is reminiscent of the field theory

ideas of refs.[53–56] which attempt to achieve naturalness without supersymmetry,

by essentially extending the Veltman condition of ref.[57] to all orders. Indeed, it

is a remarkable fact that, thanks to the theorem of Kutasov and Seiberg [58], non-

supersymmetric string theories with D = 4 whose cosmological constant vanishes

at one-loop must also satisfy the “field independent” Veltman condition, namely

Str(M2) = 0 [59, 60]. Hence although the object of study here is the cosmological

constant, not the mass of some putative Higgs, there is a direct link. However

the string case goes even further than the field theory one: there are no freely

adjustable couplings, since couplings are all either zero or one (or themselves

exponentially suppressed by the volume), so there is absolutely no fine-tuning

involved. Theories either have the correct massless particle content or they do

not.

At the one-loop level, because of this connection to the Veltman condition,

any model with vanishing cosmological constant can be thought of as a stringy

UV completion of the scenario outlined in ref.[56]. Although we stress that the

operator being considered here is the cosmological constant, the exact same pro-

cedure could be carried out for the Higgs mass-squared itself. This is discussed
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in more detail in ref.[61]. In the models of ref.[7], this is achieved because a

Scherk-Schwarz deformation preserves the Bose-Fermi degeneracy of the massless

modes in all of their KK levels as well. In the logarithmically running low energy

theory, one then assumes that the relevant scale at which such a relation should

be applied is the compactification scale, above which the theory becomes extra

dimensional. An important difference though is the motivation for imposing the

condition at that scale which has nothing to do with SUSY being restored there,

but rather the one-loop cosmological constant vanishing1.

At the two-loop level, we will find as mentioned two rather different looking

criteria for vanishing cosmological constant. The criterion for the vanishing of the

entirely untwisted contributions (that is diagrams whose propagators contain only

the descendants of broken N = 2 supermultiplets) is a complicated combination

of parameters (numbers of gauge bosons, gauginos, hypermultiplets and so forth)

that essentially counts the two-loop effective field theory divergences. As we will

demonstrate, this parameter is most easily extracted from the constant term in

the “q-expansion” of the two-loop string partition function. By contrast diagrams

that contain twisted loops (that is loops of twisted states that still appear in

complete N = 1 chiral supermultiplets) can vanish due to the cancellation of

combinations of “field dependent” Veltman conditions. Such diagrams have a

different dependence on the volume modulus from the entirely untwisted ones,

so to avoid fine-tuning one has to impose a second independent criterion for the

twisted states, of the form ∑
U(−1)FUTr|YUTT |2 = 0 where U stands for generic

untwisted fields in the theory, and the trace is over the pairs of twisted states to

which they couple, with tree-level coupling YUTT . This criterion is quite Veltman-

like, but note that it is the sum over the Veltman conditions of all the twisted

states that appears; we do not need to apply them individually. Furthermore the

couplings are degenerate, so again the vanishing of this quantity is a question of

1Note that we cannot even say the theory becomes approximately supersymmetric at the
scale 1/R because of the arguments presented in ref.[7]: whilst at order 1/R the KK spectrum
is indeed supersymmetric, the other stringy modes, in particular winding modes, manifestly
break SUSY.
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particle content.

An important aspect to bear in mind is that one requires an absence of gravi-

tationally coupled products of one-loop divergences in order to produce the above

criteria. This contribution would normally come from the so-called separating de-

generation limit of the two-loop partition function, which we will discuss in some

detail. Such terms are absent only if one has chosen a theory that already satisfies

the criterion for the one-loop cosmological constant to vanish, namely massless

Bose-Fermi degeneracy, N (0)
b −N

(0)
f = 0. Indeed, more generally one can see that

at each order, a sensible criterion for continued suppression can only be achieved

when the criteria for all the orders below are satisfied.

The work contained in this chapter naturally follows on from previous research

into non-supersymmetric strings. The idea of Scherk-Schwarz SUSY breaking

[62] was first adapted to the string setting in refs.[63–66], which introduced Co-

ordinate Dependent Compactification (CDC). Subsequently, there has been ex-

tensive research into the one-loop cosmological constant [50, 51, 58–60, 67–87],

their finiteness [59, 60, 69–71, 88], how they relate to strong/weak coupling du-

ality symmetries [89–94], and ideas relating to the string landscape [95, 96]. The

mechanism of CDC has been further developed in refs.[97–101] while phenomeno-

logical ideas have been explored further in refs.[74, 75, 94, 102–111]. Additionally,

solutions to the large volume “decompactification problem" have been discussed

in[112–115], while numerous other configurations of non-supersymmetric string

models have been discussed in refs.[116–132], which have included the study of

relations between scales in different schemes [133–139].

The results we have found are a natural extension of this work, which leads

one to speculate on the existence of three-loop and beyond cancellations, and

whether there might be a universal condition for string theories that, like the

one conjectured for field theory in ref.[53], ensures cancellation to all orders.

Conversely, it raises the possibility that imposing the requirement of continued

exponential suppression to ever higher order could give interesting predictions for

the particle content of the theory.
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4.2 Two-loop amplitudes

4.2.1 The set-up in the ϑ-function formalism

Let us begin by collecting and digesting the necessary results for the calculation

of the two-loop cosmological constant. Multiloop string calculations of the cos-

mological constant have been considered in the past in refs. [50, 51, 86, 140–

150]. However, care is required from the outset as there are possible pitfalls. In

particular, one of the major difficulties in calculating string amplitudes beyond

one-loop proved to be the integrating out of the supermoduli. If done incorrectly,

computations of this type typically give ambiguous results that depend on the

choice of gauge. For example, attempts were made in the past to determine the

value of the two-loop vacuum amplitude for the non-supersymmetric models pre-

sented in refs.[50, 51] (the so-called KKS models). The initial claim was that

the cosmological constant is vanishing, but contradictory evidence was presented

in ref.[86]. In fact both of these results suffered from the aforementioned issue

of gauge dependence. A correct gauge-fixing procedure was later introduced in

the work of refs.[151–154], and the computation was re-done in ref.[155] with the

conclusion that the two-loop contribution is indeed non-vanishing for the KKS

models. It is these later papers that form the basis of our analysis.

For the type of non-supersymmetric model described in ref.[7], one does not

actually expect the two-loop contribution to the cosmological constant to be

identically zero. As described in the Introduction, the best one can achieve at

one-loop is for it to be exponentially suppressed if the massless spectrum contains

an equal number of bosons and fermions. Therefore we seek a similar suppression

at higher loop order.

Note that as the main source of the cosmological constant (a.k.a. Casimir

energy) in large volume Scherk-Schwarz compactifications is the massless spec-

trum, one might think it is preferable to approach the entire problem from the

perspective of the effective field theory. However at two loops, it is not always

obvious how the string computation factorises onto the field theory diagrams.
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In addition one would have to perform an analysis in the effective softly broken

supergravity, and there are certain purely string contributions, in particular the

separating degeneration limit (of which more later), that one has to check. These

issues are exacerbated by the fact that the string models typically have a large

rank making it tedious to count states, and by the fact that one would in any

case have to determine all the tree-level couplings of the effective field theory. As

we shall see, it is by contrast far easier to simply extract the coefficient of the

relevant (constant) term from the q-expansion of the two-loop partition function.

The structure of two-loop superstring amplitudes is built upon the represen-

tation of the worldsheet by a super Riemann surface of genus two. Let us start

with a brief outline of the essential properties of such surfaces, and as a warm-up

exercise then perform the computation of the two-loop cosmological constant in

an entirely supersymmetric theory.

Consider a super Riemann surface of genus g with a canonical homology basis

of AI and BI cycles as shown in Figure 4.1. The period matrix ΩIJ is given by

holomorphic abelian 1-forms wI dual to the AI-cycles such that
∮
AI
ωJ = δIJ ,

∮
BI
ωJ = ΩIJ . (4.2.1)

In addition to the period matrix there is the super period matrix, Ω̂IJ , which can

be defined in a similar way, by integrating superholomorphic 1/2 forms over the

AI and BI cycles.

The supermoduli space Mg of a genus g super Riemann surface contains 3g−3

even moduli and 2g − 2 odd moduli for g ≥ 2. Specialising to the case where

B1 B2

A1 A2

Figure 4.1: Canonical homology basis for genus 2.

66



4.2. Two-loop amplitudes 67

g = 2, the super period matrix gives a natural projection of the supermoduli

space of a super Riemann surface onto the moduli space of a Riemann surface,

and its 3 independent complex entries provide complex coordinates for the moduli

space of even moduli,M2. The super period matrix can be expressed in a simple

way in terms of the period matrix and, following the procedure of refs.[151–154],

one can work in the so-called split gauge, which has the main advantage that the

period matrix and super period matrix are equivalent, and one can simply use

ΩIJ to denote both. It can be parametrised by

Ω =

τ11 τ12

τ12 τ22

 , (4.2.2)

where τ11, τ12 and τ22 are the complex variables corresponding to the three moduli

(i.e. playing the same role as τ in the one-loop diagrams). To make the discussion

widely accessible, we present the result (which derives from refs.[151–154] after

some work and carefully accounting for the measure) in terms of two-loop ϑ-

functions, the most natural extension of the standard one-loop formalism.

For a genus 2 surface there are 16 independent spin structures, labelled by

half-integer characteristics2

κ =

κ′
κ′′

 , κ′, κ′′ ∈
(

0, 1
2

)2
, (4.2.3)

where κ′ is a 2-vector of spin structures on the AI-cycles, and κ′′ is a 2-vector of

spin-structures on the BI-cycles.

The ϑ-functions with characteristic v are defined by

ϑ[κ](v,Ω) ≡
∑
n∈Z2

exp{iπ(n+ κ′)t Ω (n+ κ′) + 2πi(n+ κ′)t(v + κ′′)} . (4.2.4)

A given spin structure is said to be even or odd depending on whether 4κ′ · κ′′ is

even or odd. For vanishing characteristics, v = 0, all of the 6 odd spin-structure

2Note that in our conventions, the spin structures are given as the transpose of those ap-
pearing in refs.[151–154]
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ϑ-functions are identically zero (much like ϑ11 in the one-loop case), so that

ϑ
[

1
2 0
1
2 0

]
= ϑ

[
0 1

2

0 1
2

]
= ϑ

[
1
2

1
2

1
2 0

]
= ϑ

[
1
2

1
2

0 1
2

]
= ϑ

[
1
2 0
1
2

1
2

]
= ϑ

[
0 1

2
1
2

1
2

]
v→0= 0 . (4.2.5)

The even spin structures will be denoted generically with a δ, and the even ones

with a ν: for example even ϑ-functions will be written as ϑ[δ].

After integrating over the supermoduli, enforcing the GSO projection and

summing over spin structures, the cosmological constant for the supersymmetric

heterotic string can be written [151–154]

Λ2−loop =
∫
F2

d3ΩIJ

(det Im Ω)5
Υ8(Ω)Ψ8(Ω)
|16π6Ψ10(Ω)|2

, (4.2.6)

where d3ΩIJ = d2τ11d
2τ12d

2τ22, and the integration is over the fundamental do-

main of the moduli, F2, typically taken to be [156–158]

1. −1
2 < Re(Ω11),Re(Ω12) Re(Ω22) ≤ 1

2 ,

2. 0 < 2 Im(Ω12) ≤ Im(Ω11) ≤ Im(Ω22) ,

3. |det(CΩ +D)| ≥ 1 ∀

A B

C D

 ∈ Sp(4,Z) .

The modular forms appearing in Equation 4.2.6 are defined as follows. First

it is useful to define

Ξ6[δ](Ω) ≡
∑

1≤i<j≤3
〈νi|νj〉

∏
k=4,5,6

ϑ[νi + νj + νk]4(0,Ω) . (4.2.7)

This expression uses the fact that any even spin structure can be written as the

sum of three odd spin structures, δ = ν1 + ν2 + ν3; in the sum, ν4,5,6 are the

remaining three odd spin structures, and

〈κ|ρ〉 ≡ exp{4πi(κ′ · ρ′′ − ρ′ · κ′′)} . (4.2.8)

In term of Ξ6 we then have

Υ8(Ω) =
∑
δ even

ϑ[δ]4(Ω)Ξ6[δ](Ω) ,
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Ψ10(Ω) =
∏
δ even

ϑ[δ]2(0,Ω) , (4.2.9)

where the product is obviously over even spin structures only. In the end the

two-loop cosmological constant in a SUSY theory is of course zero, as it should

be; this is due to the genus two version of the abstruse identity, namely Υ8 = 0.

4.2.2 The Scherk-Schwarzed cosmological constant

Adapting the technology of the previous section, one can now start to build up

the two-loop cosmological constant for the non-supersymmetric theories of ref.[7].

These theories are constructed by taking a 6D theory in the free fermionic for-

mulation and compactifying down to 4D on a T2/Z2 orbifold, breaking spacetime

supersymmetry through a coordinate dependence in the compactification (CDC).

This is the equivalent of the Scherk-Schwarz mechanism in string theory. Sectors

that are twisted under the final orbifolding remain supersymmetric under the de-

formation, and so their spectrum is unchanged. (Whenever we refer to “twisted"

or “untwisted" this will always mean with respect to the final orbifolding.) At

genus two there can be a twist associated with each loop, but the focus will

mainly be on the totally untwisted sectors since twisted states are involved in a

very restricted set of diagrams due to their remaining supersymmetric structure.

It is worth elaborating on this last particular aspect before we start the cal-

culation of the totally untwisted diagrams in earnest. One can proceed by con-

structing an extension of the argument of refs.[7, 65]. At one-loop the partition

function of the N = 0 deformed theory (whose orbifold action we shall denote by

g) is decomposed as

Z(e) = 1
2
(
Z0

0 (e)−Z0
0 (0)

)
(4.2.10)

+ 1
2
(
Z0

0 (0) + Zg0 + Z0
g + Zgg

)
, (4.2.11)

where the indices represent the orbifold action on the A and B cycle. The Scherk-

Schwarz phases on the world-sheet degrees of freedom are denoted by a vector e.

The only dependence on them is in the first totally untwisted term. The second
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term is (up to the factor of 1/2) the partition function of the non-orbifolded and

non-deformed N = 2 theory, while the second line is the partition function of an

entirely undeformed N = 1 theory; both are zero, and hence only the first term

can give a non-zero contribution to the cosmological constant. (So for example

any N = 2 e→ N = 0 un-orbifolded theory with Bose-Fermi degeneracy implies

the existence of a chiral orbifolded N = 1 e→ N = 0 theory that also has Bose-

Fermi degeneracy.)

Continuing to two loops, a similar decomposition would look like

4Z(e) = Z00
00 (e)−Z00

00 (0) + Z0g
00 (e)−Z0g

00 (0) + . . .

+
(
Z00

00 (0) + Z0g
00 (0) + Z00

0g (0) + Zg000 (0) + Z00
0g (0) + . . .

+Zgg00 + Zg00g + . . .+ Zgggg
)
, (4.2.12)

where now of course there are two cycles. The bracket is the undeformed N = 1

theory and must vanish by supersymmetry, and the first term is the partition

function for the entirely un-orbifolded theory, representing contributions contain-

ing the untwisted fields only. Clearly the one loop argument would go through as

before, were it not for the additional e-dependent terms on the first line, which

represent diagrams that have twisting on one pair of AI , BI cycles, with the other

pair of AI , BI cycles remaining entirely untwisted. Such diagrams will be referred

to as “mixed” diagrams. What remains is therefore to determine the contributions

of the mixed diagrams at leading order, and the contribution from the entirely

untwisted first term, Z00
00 (e). It is these two different kinds of contribution that

lead to the two criteria mentioned in the Introduction.

The former will be dealt with explicitly later, but for the moment let us now

turn to the calculation for the entirely untwisted contribution which is (up to

a factor) the cosmological constant of the un-orbifolded theory. To define the

sums over spin structures, the CDC and vector notation is the standard one,

summarised in ref.[7]. In particular dot-products are the usual Lorentzian ones,

while a separate sum over basis vectors Va is understood; thus explicitly the

collection of spin-structures in a particular sector are αIV ≡ αIaVa and βIV ≡
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βIaVa, with a labelling the basis vectors and, recall, I = 1, 2 labelling the AI and

BI cycles. The right- and left-moving fermions have spin-structures denoted

S′R =
[

(αV )′

(βV )′

]
R

, S′L =
[

(αV )′

(βV )′

]
L

.

The primes represent the shift due to the CDC deformation, that is

(
αIV

)′
= αIV− nIe(

−βIV
)′

= −βIV + `Ie , (4.2.13)

where nI = n1I + n2I , `I = `I1 + `I2 and niI are the winding numbers and `Ii are

the dual-KK numbers in the Poisson resummed theory. In the present context,

there are 16 transverse right-moving real fermions and 40 transverse left-moving

real fermions on the heterotic string (so that S′R/L are vectors containing 16 and

40 different spin structures respectively).

After a little work, the techniques of ref.[151–154] yield the two-loop cosmo-

logical constant expressed purely in the ϑ-function formalism:

Λ2−loop =
∫
F2

d3ΩIJ

(det Im Ω)3

∑
{αa,βa}

Γ(2)
2,2

|Ψ10|2
C̃ ′
[
α

β

]
Ξ6

[
α1s α2s

β1s β2s

] 16∏
i=1

ϑ[S ′R i]1/2
40∏
j=1

ϑ̄[S ′L j]1/2 ,

(4.2.14)

where d3ΩIJ = d2τ11d
2τ12d

2τ22 and where ‘s’ denotes the non-compact space-time

entries of the spin-structure vectors.

Let us describe the factors in detail. In addition to the self-evident fermion

factors, the compactification from 6D to 4D has introduced an extra factor of

the two-loop Narain partition function for the two compact bosonic degrees of

freedom, Γ(2)
2,2. In its original non-Scherk-Schwarzed and un-Poisson resummed

format it would look like

Γ(2)
2,2(Ω;G,B) = det Im Ω

∑
(mIi ,niI)

e−πL
IJ Im(ΩIJ )+2πimIi n

iJ Re(ΩIJ ) , (4.2.15)

where

LIJ = (mI
i +Bikn

Ik)Gij(mJ
j +Bjln

Jl) + niIGijn
jJ , (4.2.16)

and where Gij and Bij are the usual metric and antisymmetric tensor respectively.
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After introducing the CDC shift and performing a Poisson resummation on all of

the m’s, it takes the form

Γ(2)
2,2 = T 2

2
∑
`Ii ,n

I
i

exp
{
− πT2

U2 det Im Ω
[
|M1

1 +M1
2U |2 Im τ22 + |M2

1 +M2
2U |2 Im τ11

−
(
(M1

1 +M1
2U)(M2

1 +M2
2U)∗ + c.c.

)
Im τ12

] }
× e−2πiT (n1

1`
1
2+n2

1`
2
2−n

1
2`

1
1−n

2
2`

2
1)

(4.2.17)

where

M1
1 = `1

1 − n1
1τ11 − n2

1τ12 ,

M2
1 = `2

1 − n2
1τ22 − n1

1τ12 ,

M1
2 = `1

2 − n1
2τ11 − n2

2τ12 ,

M2
2 = `2

2 − n2
2τ22 − n1

2τ12 .

(4.2.18)

We should point out that in the above equations and in what follows, we have

lowered the ’i’ index on the winding numbers purely to simplify notation; they

have not been lowered through the use of the metric Gij. A word of warning is also

required concerning the definition of the {αa,βa} summation in Equation 4.2.14:

the partition function Γ(2)
2,2 is of course a function of `Ii , nIi , but now so are the

S′L and S′R due to the CDC induced shift. Therefore one cannot really factor the

summations as we appear to do above: everything to the right of Γ(2)
2,2 is to be

correctly included in the sum over `Ii , nIi . However the case of ultimate interest

is when the radii are moderately large, since as described in the Introduction we

wish to determine the presence or otherwise of unsuppressed SS contributions to

the vacuum energy. These can only correspond to nI = 0 mod (2) as is evident

from Equation 4.2.17, while we require at least one of the `I=1,2 to be equal to

1 mod (2) to avoid cancellation by supersymmetry. The Poisson resummation

could have been done for different choices of the `I separately but it would amount

to the same result. The result is leading terms that carry the usual volume

dependence but are otherwise not suppressed. Conversely the sub-leading terms

coming from the non-zero nI modes would involve a simple generalisation of the

saddle-point approximation used for the one-loop case in ref.[7] leading inevitably
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to exponential suppression.

The final ingredients in Equation 4.2.14 are the GSO projection phases, C̃
[
α

β

]
.

These can be deduced from the fact that two-loop partition functions factorise

onto products of two one-loop partition functions in a certain limit of moduli

space, at which point the GSO coefficients must factorise as well [85, 159]. Since

the GSO coefficients are completely moduli independent, this factorization must

hold everywhere. They can therefore be written as a product of the known genus

one coefficients

C̃
[
α

β

]
= C̃

[
α1

β1

]
C̃
[
α2

β2

]
. (4.2.19)

As described in ref.[160], most generally these are functions of the structure con-

stants kab, keb, kae and kee, that take the following form

C̃
[
αI

βI

]
= exp

[
2πi

(
`Ikeen

I−`IkebαIb−βIakaenI
)]

exp
[
2πi(αIasa+βIasa+βIakabαIb)

]
,

(4.2.20)

with the vector e assuming a projective role, completely analogous to that of the

other basis vectors. For the canonical assignment of structure constants for the

CDC vector e, there is no sector dependence in the phases, that is

C̃
[
αI

βI

]
= exp

[
2πi

(
1
2 `

Ie2nI − βIV · enI
)]

exp
[
2πi(αIasa + βIasa + βIakabα

I
b)
]
.

(4.2.21)

However, note that in Equation 4.2.14 we actually have C̃ ′
[
α

β

]
rather than C̃

[
α

β

]
.

This primed definition does not include the factors of exp[2πi(αIasa + βIasa)] ap-

pearing in the above equations, which are effectively contained within Ξ6 instead.

Equation 4.2.14 is the “master equation” that provides our first criterion. It is

straightforward to check that it has the correct modular properties under Sp(4,Z)

by considering the transformations given in Equation B.5. As we are about to

see, one can also use it to determine the leading contribution to the cosmological

constant by deduce the q-expansions, by inserting the explicit expressions for the

two loop ϑ-functions, in Appendix B. Writing the cosmological constant as

Λ2−loop =
∫
F2

d3ΩIJ

(det Im Ω)3ℵ , (4.2.22)
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the criterion for vanishing untwisted contribution to the two-loop cosmological

constant is then that the constant term in the q-expansion of

ℵ =
∑

{αa,βa}

Γ(2)
2,2

|Ψ10|2
C̃ ′
[
α

β

]
Ξ6

[
α1s α2s

β1s β2s

] 16∏
i=1

ϑ[S ′R i]1/2
40∏
j=1

ϑ̄[S ′L j]1/2 , (4.2.23)

vanishes. Note that ℵ is a product of the measure and the partition function.

4.2.3 The q-expansion of ℵ

Let us proceed to examine the q-expansions for the cosmological constant in cer-

tain limits, in particular the large radius limit. The general form of the integrand

in the two-loop cosmological constant is

ℵ = Γ(2)
2,2

∑
a,b∈Z3

Cabq
a1
1 q

a2
2 q

a3
3 q̄

b1
1 q̄

b2
2 q̄

b3
3 , (4.2.24)

where ai ≥ −1/2 and bi ≥ −1. It is useful to define variables YI=1..3 such that

τ11 ≡ Y1 +Y2, τ12 ≡ Y2, τ22 ≡ Y2 +Y3 with qI = exp{2πiYI}. Letting LI = Im(YI)

so that

Im Ω =

L1 + L2 L2

L2 L2 + L3

 , (4.2.25)

the variables L1, L2, L3 can be interpreted as Schwinger time parameters for the

three propagators of the two-loop sunset Feynman diagram shown in Figure 4.2.

With this parametrization, det Im(Ω) = L1L2+L2L3+L1L3, and the fundamental

domain F2 restricts the variables so that 0 < L2 ≤ L1 ≤ L3.

By parameterising the period matrix in this way, the qI-expansion of ℵ is

symmetric with respect to the three qI . It can be relatively straightforwardly

evaluated. The q-expansion of Ψ−1
10 is given by

212

Ψ10
= 1
q1q2q3

+ 2
∑
I<J

1
qIqJ

+ 24
∑
I

1
qI

+O(qi) . (4.2.26)

The rest of ℵ is model dependent and can be determined using the qI-expansions

of the ϑ-functions in Appendix B.

As an example of the whole procedure we will consider an SO(10) model

74



4.2. Two-loop amplitudes 75

L1

L3

L2

Figure 4.2: Generic sunset diagram for the two-point function.

that has massless Bose-Fermi degeneracy, and hence exponentially suppressed

cosmological constant at one-loop. The model is presented in Appendix C, where

it is shown explicitly that in the SUSY theory (i.e. the theory without any CDC

deformation) the two-loop cosmological constant vanishes. It is also shown there

that the one-loop cosmological constant in the broken theory is exponentially

suppressed because there is Bose-Fermi degeneracy at the massless level, and

hence the constant term in the one-loop partition function is absent.

Recall that non-vanishing two-loop contribution to the cosmological constant

comes from sectors in which at least one of `1 and `2 is equal to 1 mod (2). For

example, if `1 = `2 = 1, the q-expansion of ℵ in the full non-SUSY SO(10) theory

is found to be

ℵ ∝ 1
|Ψ10|2

(q1q2q3 + . . .)
(

1 + 1
2 q̄1q̄2 −

33
2 q̄1q̄3 + 1

2 q̄2q̄3 − 116q̄1q̄2q̄3 + . . .
)

= 1
q̄1q̄2q̄3

+ 2
q̄1q̄2

+ 2
q̄1q̄3

+ 2
q̄2q̄3

+ 49
2q̄1

+ 15
2q̄2

+ 49
2q̄3
− 147 +O(qI q̄J) .

(4.2.27)

The terms with `1 = 1 and `2 = 0, and with `1 = 0 and `2 = 1 have the coefficients

of 1/q̄i permuted but are otherwise identical. In particular the constant term is the

same. In total then, we find a non-vanishing constant piece, and conclude that this

particular model gets a generic (i.e. not exponentially suppressed) contribution

to the cosmological constant starting at two-loops.
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−4T (a)g2 −15
4 T (a)g2 1

4T (a)g2 15
2 T (a)g2

−2T (r)g2 −4T (r)g2 −3T (r)g2 3T (r)g2

6T (r)g2

Figure 4.3: The Feynman diagrams for the two-loop cosmological constant in the
effective N = 2 field theory of the untwisted sector with dashed lines indicating
scalar components of hypermultiplets, solid lines fermionic components. Likewise
“photon” lines represent the bosonic component of the gauge supermultiplet (i.e.
vector plus scalar adjoint), while the gaugino lines represent the N = 2 gauginos.
Leading order corrections (i.e. not exponentially suppressed) contributions are
proportional to the sum over all these coefficients in the entire theory. In a
supersymmetric theory the contributions vanish line by line as they should. In
a Scherk-Schwarzed theory, only those diagrams with all masses unshifted count
(twice) towards the cosmological constant. Cancellation in a non-supersymmetric
theory can achieved by choosing field content.

4.2.4 Field theory factorization: identifying leading con-

tributions

Note that the constant piece in ℵ includes various field theoretical contributions,

not only the ones corresponding to the sunset topology. For reference the con-

tributions in the field theory are displayed in Figure 4.3 in the parent N = 2

formalism. They can in principle be computed in the 6D field theory following

ref.[161]. Given the complexity of the theories involved, and the fact that one

would have to determine the spectrum and all the effective couplings, this would

be an extremely arduous task, and it is actually much easier to simply determine
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the two-loop partition function directly as above. Nevertheless it is instructive

to see how the expression of Equation 4.2.27 does indeed give the corresponding

field theory contributions in the various degeneration limits.

First note that for sufficiently large compactification volume the non-zero

winding mode contributions are extremely exponentially suppressed compared

to those with nIi = 0. In addition the supersymmetric minimum for the CDC

deformations is around U1 = 1 as discussed in ref.[52]. Expanding around this

point and using Equation 4.2.17, the dominant contributions to the cosmological

constant are given by
∫
F2

d3ΩIJ

(det Im Ω)3 Γ(2)
2,2

∣∣∣∣∣
nIi=0

∑
a,b∈Z3

Cabq
a1
1 q

a2
2 q

a3
3 q̄

b1
1 q̄

b2
2 q̄

b3
3 ≈

∫ ∞
∼1

∫ L3

∼1

∫ L1

0

dL2dL1dL3

(det Im Ω)3T
2
2

∑
`Ii ,a∈Z3

Caa e
−4π(a1L1+a2L2+a3L3)

× exp
{
− πT2

U2 det Im Ω
[
(`1

1 + `1
2)2L3 + (`2

1 + `2
2)2L1 + (l11 + l12 − l21 − l22)2L2

]
− πT2U2

det Im Ω
[
(`1

2)2L3 + (`2
2)2L1 + (l12 − l22)2L2

]}
(4.2.28)

In the regions of the fundamental domain in which the real parts of the three

moduli are integrated from −1/2 to 1/2, the only non-zero contributions come

from the physical states with ai = bi ≥ 0, and are given by the physical coeffi-

cients Caa. (This result is also a consequence of the fact that modular invariance

requires ai − bi ∈ Z.) The approximation sign is there because, as was also the

case for one-loop integrals, there is a small region of the fundamental domain for

which the integration over the real parts of the moduli does not extend over the

full domain −1/2 < Re(ΩIJ) ≤ 1/2. In this region, there is no level-matching

and so unphysical states contribute to the vacuum amplitude. Nevertheless as

in ref.[7], we find that the contributions from these unphysical states are also

extremely exponentially suppressed compared to the both the massless contribu-

tions and the lowest lying string excitation mode contribution, provided that the

compactification radii are sufficiently large.

As per the previous subsection we are therefore interested in the value of
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C00, the coefficient of the constant piece giving leading order contributions. The

important observation is that for these massless modes (with a1 = a2 = a3 = 0)

the expression in Equation 4.2.28 has simply degenerated to the 4 dimensional

field-theory result in the Schwinger formalism, so the coefficient C00 could also

be calculated in the effective 6D→4D Scherk-Schwarz field-theory. The relevant

diagrams are shown together with the coefficients of their contribution to C00 in

Figure 4.3, which are deduced from the calculations in ref.[161]. (Note that all

coefficients are written for the fields as they decompose into boson or fermionic

components of N = 2 multiplets.)

Different limits of the integral in Equation 4.2.28 generate all the field-theory

diagrams in Figure 4.3. In particular the “double-bubble” diagrams come from

the region where L1, L3 → ∞, while L2 & 1. Explicitly in this limit, one still

requires a1 = a2 = a3 = 0 to avoid exponential suppression, but can everywhere

replace det Im Ω ≈ L1L3. The L2 integral then may be trivially performed (with

its upper limit L1 being effectively infinite). Taking for example `2
2 = `1

1 = 1 in

this limit results in an integral proportional to

≈
∫ ∞
∼1

∫ L3

∼1

dL1dL3

L2
1L

2
3
C00 exp

{
− πT2U2

L3
− πT2

U2L1

}
,

which (taking the upper limit L3 → ∞ on the L1 integral) has the form of a

product of two one-loop Poisson resummed Schwinger integrals in a KK theory

with two extra dimensions. A more complete way to reach this conclusion would

be to first go to the “non-separating degeneration” limit of ref.[154], i.e. τ22 → i∞

with τ11, τ12 fixed, and from there take τ11 → i∞.

The field theory recipe for evaluating C00 for the Scherk-Schwarzed string

theories is therefore as follows: retain in the list of two-loop diagrams only those

that are exactly massless, meaning that the states on all propagators do not receive

any CDC shift. Then C00 is precisely twice the resulting sum of coefficients.

The reasoning is straightforward and exactly mirrors what happens in the

one-loop case. First recall that we are (for this calculation) considering only

untwisted states in the diagrams of Figure 4.3. This implies that there is KK and
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e charge conservation at the vertices, which in turn implies that the CDC shifts

pairs of either Fermion-Fermion or Boson-Boson masses on the sunset diagrams.

The nett effect of such a shift is that the space-time statistics of an entire loop

on the diagram is reversed, and consequently these diagrams contribute with

an additional minus sign. Meanwhile the “superpartner” diagram (in which the

space-time statistics really is reversed on that loop) is still present: hence a factor

of two.

In principle the sum of coefficients can vanish, and the important aspect that

makes this possible is the coupling degeneracy, which is due to the underlying

supersymmetry of the undeformed theory, and the N = 2 structure of the un-

twisted (i.e. SUSY breaking) sector. This is a well-known feature of effective

string theories, but the crucial point here is that while at the level of the field

theory a complete cancellation of contributions may seem like a miraculous tun-

ing, at the level of the string theory it is merely a consequence of the particle

content and the corresponding partition function and measure (and indeed there

are no independent couplings). It is worth repeating that from this point of view

(and in practice), it is far easier simply to work with the q-expansion of the string

partition function, than to attempt to evaluate C00 for the entire field theory.

4.2.5 The separating degeneration limit

There is one limit that would not be covered by the field theoretic treatment

described in the previous sub-section, namely the separating degeneration limit.

For a two-loop string vacuum amplitude this corresponds to taking the limit

τ12 → 0 keeping τ11, τ22 fixed. This gives a Riemann surface that looks like

two one-loop vacuum amplitudes connected by a long thin tube, as shown in

Figure 4.4. The limits of various objects appearing in the two-loop cosmological
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constant are given by [154]

ϑ[µ1, µ2](Ω) = ϑ1[µ1](0, τ11)ϑ1[µ2](0, τ22) +O(τ 2
12) ,

ϑ[ν0, ν0](Ω) = −2πiτ12η(τ11)3η(τ22)3 +O(τ 3
12) ,

Ξ6[µ1, µ2](Ω) = −28〈µ1|ν0〉〈µ2|ν0〉η(τ11)12η(τ22)12 +O(τ 2
12) ,

Ξ6[ν0, ν0](Ω) = −3 · 28η(τ11)12η(τ22)12 +O(τ 2
12) ,

Ψ10(Ω) = −(2πτ12)2212η(τ11)24η(τ22)24 +O(τ 4
12) ,

(4.2.29)

where µ1,2,3 and ν0 are the three even and unique odd genus 1 spin structures

respectively, while the genus two Narain lattice Γ(2)
2,2 splits into a product of two

genus one Narain lattices. Therefore the full two-loop cosmological constant in

τ12

τ11 τ22

Figure 4.4: The separating degeneration limit.

the separating degeneration limit takes the form

Λ =
∫ d2τ11d

2τ22d
2τ12

(Im(τ11) Im(τ22))3

∑
{αi,βi}

C̃
[
α

β

] 1
218π4|τ12|4

1
η(τ11)12η(τ22)12η̄(τ11)24η̄(τ22)24

×Γ(1)
2,2(τ11)Γ(1)

2,2(τ22)
∏
η∈F ′R

ϑ
1/2
1

[
(α1V )′

(β1V )′

]
ϑ

1/2
1

[
(α2V )′

(β2V )′

] ∏
φ̃∈F ′L

ϑ̄
1/2
1

[
(α1V )′

(β1V )′

]
ϑ̄

1/2
1

[
(α2V )′

(β2V )′

]
+O

( 1
τ12

)
,

(4.2.30)

which is essentially two one-loop vacuum amplitudes connected by a divergent

propagator. We therefore make the crucial conclusion that the separating de-

generation limit contains the divergence due to any uncancelled one-loop dilaton

tadpoles. In general, i.e. at higher loop order, one expects such terms to always

be present. That is at n-loop order, any uncancelled tadpoles from the (n − 1)-

loop theory will contribute to divergences in the cosmological constant. Thus

if the one-loop partition function has Bose-Fermi degeneracy, these terms are a
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divergence multiplied by an exponentially suppressed coefficient.

One may confirm that the same conclusion is arrived at using the full q-

expansion in the separating degeneration limit. First of all in this limit we have

212

Ψ10
= − 1

(2πτ12)2

(
1
q1q3

+ 24
q1

+ 24
q3

+ 576 +O(qI)
)
. (4.2.31)

Returning to the non-SUSY SO(10) model with massless Bose-Fermi degeneracy

given in Appendix C, for the untwisted sector with `1,2 odd, the leading term in

the q-expansion of the partition function after summing over spin structures is

given by

ℵ = 1
|Ψ10|2

(
−1

4 + 6q1 + 6q3 − 144q1q3 + . . .
)

(q̄1q̄2 + . . .)

= 1
|2πτ12|4

(
−576

4 + 6 · 24 + 6 · 24− 144 +O(qI)
)

(1 +O(q̄I))

= 0 + O(qI) (1 +O(q̄I))
|2πτ12|4

.

(4.2.32)

The constant term has vanished as expected in this limit, for this model.

4.2.6 Comments on the effect of the one-loop tadpole

For the class of non-SUSY string models that we are considering in this chapter, it

is known that at one-loop order there is an exponentially suppressed but non-zero

dilaton tadpole. If this tadpole is left uncancelled, then as we saw in the previous

section, it can contribute through the separating degeneration as a divergence in

the two-loop cosmological constant. It is well known that infrared divergences can

appear in this degeneration [162–164], however, our experience from QFT is that

these divergences typically arise because we are asking the wrong questions. As

we have learned from QFT, what one should in principle do is stabilise the theory

in the correct one-loop vacuum so that the tadpole is effectively cancelled. The

two loop separating degeneration divergence would then be seen to be merely

an artifact that disappears if we perform this procedure. It might also be the

case that one could live with the tadpole and have a dynamical cosmologically

evolving background as in ref. [165]. These issues have also been discussed in
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refs. [166–168].

In generic non-supersymmetric string models the dilaton tadpoles can be large.

Any attempt to cancel the tadpole through a background redefinition would re-

quire such a large shift that it is highly unlikely that the new vacuum bears any

resemblance to the original, thereby negating any positive phenomenological as-

pects of the originally constructed model. The key point about the specific types

of models we consider here is that the dilaton tadpoles are exponentially sup-

pressed. If one were to employ a background redefinition, the shift to achieve this

should be sufficiently small so as not to result in any appreciable alteration in the

phenomenological properties, including the spectrum of the massless states. If

this were not the case then clearly there would be a problem, since the construc-

tion of models with suppressed cosmological constants is dependent on a careful

cancellation of bosonic and fermionic massless degrees of freedom at one-loop

order. In theory one is able to perform this background shift at the string theory

level (see ref.[169]), however in practice this would be rather involved.

An alternative argument is built around balancing the one-loop tadpole itself

against another contribution as in ref. [52] where the mechanism is incorporated

in the effective supergravity theory, and of course should not itself result in a

large cosmological constant. In a framework that is completely stable, where the

dilaton tadpole is cancelled, the divergent contribution to the two-loop cosmo-

logical constant should then vanish, while crucially the remaining contributions

remain unaltered. For the models which contain a bose-fermi degeneracy, the

potential can be written as

V = VIR + VUV, (4.2.33)

where VUV is computed in the full string theory while VIR arises from non-

perturbative effects in the effective field theory. The key point is that because

VUV comes from the contribution of heavy modes only, it is independent of the

low-energy IR physics. Therefore, we can introduce some stabilising mechanism

in the IR to cancel the UV contribution, and provided this does not alter the

masses of states in any way that is not exponentially suppressed, then the mass-
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less spectrum will remain unchanged.

A full treatment of the tadpole is beyond the scope of this work and so a com-

plete study of the dynamics is left to future work. With this in mind, we assume

it is fact consistent to study the cosmological constant in our naive vacuum, with

the knowledge that the conditions on the structure of the massless spectrum that

guarantee exponential suppression will still be satisfied after the shift to the cor-

rect vacuum. We emphasise that this would not be the case without exponential

suppression of the one-loop tadpole. Those theories would undergo large shifts

in the metric upon finding their true vacua, and any putative dilaton stabilisa-

tion would most likely be completely invalidated in the process, along with any

two-loop discussion.

4.2.7 Suppression of the “mixed” diagrams

This completes the derivation and discussion of the first criterion for vanishing

two-loop cosmological constant. It remains to consider the contributions with

one untwisted propagator and two twisted ones, i.e. the mixed diagrams. In the

untwisted sector, the compactification from 6D to 4D resulted in the inclusion

of the two-loop Narain partition function for the two compact bosonic degrees

of freedom. This term meant that, for sufficiently large compactification radii,

contributions to the cosmological constant from non-level matched states (includ-

ing the proto-graviton) were exponentially suppressed compared to contributions

from both massless states and the lowest lying string excitation modes. By con-

trast, for the twisted sectors, the partition function for the two compact bosonic

degrees of freedom is given by [155, 170]

Z[ε] = Zqu[ε]
∑

(pL,pR)∈Γ
exp

{
πi
(
p2
Lτε − p2

Rτ̄ε
)}

(4.2.34)

where τε is the Prym period and

Zqu[ε] =
∣∣∣∣∣ϑ[δ+

i ](0,Ω)ϑ[δ−i ](0,Ω)
Z(Ω)2ϑi(0, τε)2

∣∣∣∣∣ (4.2.35)
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where Z(Ω) is the partition function for two bosonic degrees of freedom in the

uncompactified theory.

For twisted sectors involving some twist on only one of the two loops we an-

ticipate that the cosmological constant may still receive a non-zero contribution.

First we can see that again it is the massless states which provide the dominant

contributions to the cosmological constant, while massive states receive exponen-

tial suppression after integrating over the real parts of the three moduli as before.

The contributions from non-level matched (i.e. unphysical) states are also expo-

nentially suppressed (for sufficiently large compactification radii), despite the fact

these sectors do not include the two-loop Narain partition function. Instead, in

these sectors there is the factor,

Γ(1)
2,2(τε) =

∑
(pL,pR)

exp
{
πi
(
p2
Lτε − p2

Rτ̄ε
)}

(4.2.36)

which just has the form of a one-loop Narain partition function involving the

Prym period τε. As usual we can perform a Poisson resummation giving

Γ(1)
2,2(τε) = T2

τε

∑
~l,~n

exp
{
− πT2

τεU2
|l1 − n1τε + (l2 − n2τε)U |2

}
. (4.2.37)

In order to show that the unphysical states are suppressed even in the twisted

sectors, we make use of the fact that there is a relation between the Prym period

τε and the period matrix Ω. The Schottky relations state that for any i, j = 2, 3, 4

ϑi(0, τε)4

ϑj(0, τε)4 = ϑ[δ+
i ](0,Ω)2ϑ[δ−i ](0,Ω)2

ϑ[δ+
j ](0,Ω)2ϑ[δ−j ](0,Ω)2 . (4.2.38)

In the notation above, for any given twist ε 6= 0, there are 6 even spin structures

δ where δ + ε is also even. These 6 spin structures are denoted δ+
i and δ−i , for

i = 2, 3, 4, where δ−i = δ+
i + ε. The region of moduli space where there is no level-

matching is when L1, L2, L3 are all sufficiently small and are at most O(1). When

the imaginary parts of the three moduli are small, the Schottky relations tell us

that Im(τε) is also small (while it is large when both L1 and L3 are sufficiently

large) and so by considering the Poisson resummed form of Γ(1)
2,2(τε) we see that

small values of τε result in exponential suppression.
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What remains therefore are the diagrams with a twisted loop and an untwisted

propagator containing only physical states. (Due to the Z2 orbifold, there can

only be either UUU or TTU vertices in the superpotential of the unbroken theory,

and hence no diagrams with a single twisted propagator.) The coefficients of these

diagrams can be easily evaluated in the field theory. The integral for a loop of

fermions of mass m1 and m2 coupling to a scalar are of the form

Σ(k2) = −i
∫ d4q

(2π)4
/q +m1

q2 −m2
1

(/q + /k) +m2

(q + k)2 −m2
2
. (4.2.39)

We can assume one mass to be zero, and first consider the fermion as the KK

states. Thus we have to consider the Euclideanised integrals

ITfTsUf = 2
∫ d4q

(2π)4

∫ d4k

(2π)4
q · (q + k)
q2k2

1
(q + k)2 +m2

f

. (4.2.40)

We also have the case where the scalar is the KK state which involve the integral

ITfTfUs =
∫ d4q

(2π)4

∫ d4k

(2π)4
q · (q + k)

q2
1

(k2 +m2
s)

1
(q + k)2 . (4.2.41)

These diagrams will come with a coefficient TrY 2
UTT where YUTT is the tree-

level UTT Yukawa coupling in the superpotential; it takes the value
√

2gYM or 0

depending on whether the charges are conserved at the vertex. The double-bubble

diagrams (for Yukawas) will have the same coefficient with a minus sign

JTsTs = −
∫ d4q

(2π)4

∫ d4k

(2π)4
1
q2

1
k2 . (4.2.42)

JTsUs = −2
∫ d4q

(2π)4

∫ d4k

(2π)4
1
q2

1
k2 +m2

s

. (4.2.43)

In the untwisted sector, it is possible to show that the sunset diagrams can be

reduced to the form of scalar double-bubble diagrams by basic manipulation

[161]. However, similar manipulations do not produce the same result in the

twisted sectors and so we must evaluate the sunset diagrams as they are. Using

the Schwinger formula

1
Aν

= 1
Γ(ν)

∫ ∞
0

dyyν−1 exp(−yA), Re(A) > 0, (4.2.44)
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and the integrals ∫ d4q

(2π)4 q
2n exp(−αq2) = Γ[2 + n]

α2+n16π2 , (4.2.45)

we find that the sunset diagrams can be written in the following form, where

either ms = 0 if the single untwisted propagator is a fermion, or mf = 0 if it is a

scalar:

I = − i

(16π2)2

∫ ∞
0

dy1dy2dy3e
−y3m2

s−y2m2
f × 2y3

(y1y2 + y1y3 + y2y3)3 . (4.2.46)

The above integral has UV divergences when at least two of the Schwinger pa-

rameters y1, y2, y3 approach zero. Therefore, when we come to evaluate these

diagrams later we will introduce a regulator e−N
(

1
y2

+ 1
y3

)
.

Figure 8 diagrams

Wemay proceed to calculate the relevant integrals in a similar manner to refs.[171,

172]. In the untwisted sector the scalar figure 8 diagram is proportional to

J(m2
Bl

)2 where

J(m2
Bm) =

∑
mi∈Z

∫ d4p

(2π)4
1

p2 +m2
Bm

. (4.2.47)

We need to consider the case with two compact dimensions with radii R1 and

R2. We will begin by considering the supersymmetric case in order to verify

cancellation between all diagrams. For the scalar mass we therefore have

m2
B`

= 4m2
1

R2
1

+ 4m2
2

R2
2
, (4.2.48)

where m1 and m2 are Kaluza-Klein numbers. Therefore, again making use of the

Schwinger formula and integrating over the momentum p we obtain

J(m2
B`

) = 1
16π2

∑
mi∈Z

∫ ∞
0

dt
1
t2
e
−4
(
m2

1
R2

1
+
m2

2
R2

2

)
t

(4.2.49)

To proceed with the calculation we introduce a regulator e−N/t, allowing us to

interchange the order of summation and integration. From there we can perform
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a Poisson resummation on the KK numbers and finally obtain

J(m2
B`

) = 1
16π2

∫ ∞
0

dt
1
t2
πR1R2

4t
∑
`i∈Z

e−
π2
4t (R2

1`
2
1+R2

2`
2
2)e−Nt

= 1
16π2

[
πR1R2

4N2 −
4E (iU2, 2)
π3R1R2

+ 32NE (iU2, 3)
π5R2

1R
2
2

] (4.2.50)

where U2 = R2/R1 and E(U, n) is the real analytic Eisenstein series with U =

U1 + iU2

E(U, n) =
∑′

`1,`2

Un
2

|`1 + `2U |2n
. (4.2.51)

For a twisted loop there are no associated KK states and so we only have the

contribution from the massless state. In this case we simply have J = 1
16π2N

and

so for the figure 8 diagram with a single twisted loop we find

JTsUs = 1
(16π2)2

[
πR1R2

4N3 −
4E (iU2, 2)
π3R1R2N

+ 32E (iU2, 3)
π5R2

1R
2
2

]
. (4.2.52)

Sunset diagram

When the untwisted propagator in the sunset diagram is a scalar we obtain the

result

Is = − 1
(16π2)2

∑
mi∈Z

∫ ∞
0

dy1dy2dy3e
−y3m2

s × 2y3

(y1y2 + y1y3 + y2y3)3 e
−N
(

1
y2

+ 1
y3

)

= − 1
(16π2)2

(
πR1R2

12N3 −
16

π5R2
1R

2
2

[(
3 + 2 log N

π2

)
E(iU2, 3) + E(0,1)(iU2, 3)

]

−4E(iU2, 2)
π3R1R2N

+ 32E(iU2, 3)
π5R2

1R
2
2

)
,

(4.2.53)

where the notation E(0,1)(U, n) ≡ ∂nE(U, n). On the other hand when the un-

twisted propagator is a fermion we have

If =− 1
(16π2)2

∑
mi∈Z

∫ ∞
0

dy1dy2dy3e
−y2m2

f × 2y3

(y1y2 + y1y3 + y2y3)3 e
−N
(

1
y2

+ 1
y3

)

=− 1
(16π2)2

(
πR1R2

6N3 + 16
π5R2

1R
2
2

[(
3 + 2 log N

π2

)
E(iU2, 3) + E(0,1)(iU2, 3)

])
.

(4.2.54)

87



4.2. Two-loop amplitudes 88

Therefore the total contribution from the sunset diagrams with unbroken super-

symmetry is

Is + If = − 1
(16π2)2

{
πR1R2

4N3 −
4E(iU2, 2)
π3R1R2N

+ 32E(iU2, 3)
π5R2

1R
2
2

}
(4.2.55)

which exactly cancels the contribution from the figure 8 diagram as expected.

Finally we can obtain the two-loop contribution to the vacuum energy from

the twisted diagrams in a theory with supersymmetry broken by the Scherk-

Schwarz mechanism. The masses of the twisted states themselves are unaffected

by the supersymmetry breaking, but the masses of the untwisted states to which

they couple may still be shifted. The result of Scherk-Schwarz supersymmetry

breaking amounts to shifting the KK numbers by 1
2 . We may proceed with the

calculation in the same way as before, and find the shift in the KK numbers results

in a replacement of the real analytic Eisenstein series E(U, n) by E 1
2
(U, n), where

E 1
2
(U, n) =

∑′

`1,`2

Un
2 e

πi(l1+l2)

|`1 + `2U |2n
. (4.2.56)

Therefore, we find the contribution from the twisted sectors to be

Tr(Y 2
UTT )NT

(
NU
b −NU

f

)
16π9R2

1R
2
2

[(
3 + 2 log N

π2

)
Ẽ(iU2, 3) + Ẽ(0,1)(iU2, 3)

]
(4.2.57)

where Ẽ(U, n) is an Eisenstein series restricted to l1 + l2 = odd, NT is the number

of twisted degrees of freedom, and NU
b and NU

f denote the number of untwisted

bosons and fermions respectively that couple to the twisted states and whose

masses remain unshifted after supersymmetry breaking. Therefore, we see that

if the spectrum contains a degeneracy in the number of massless bosons and

fermions in the untwisted sector that couple to twisted states, then the leading

contribution from the twisted sectors is zero. Noting that the functional form

of this term makes it unnatural for it to cancel against the entirely untwisted

contribution, this gives us a second criterion for the vanishing of the two-loop

cosmological constant: i = 0 where in terms of the couplings we have

i =
∑

U=massless
(−1)FUTr|YUTT |2 , (4.2.58)
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and where for a given U , the coupling YUTT is considered to be a matrix with

indices running over all the twisted states, and includes both gauge and Yukawa

couplings. Taking account of the degeneracy in the couplings, we can write a

simple operational expression for i, namely

i =
∑

U,T,T ′=massless
(−1)FU δQ(QU + QT + QT ′) , (4.2.59)

where the sum is over all massless physical untwisted fields, and pairs of twisted

fields. The δQ-function imposes either simple charge conservation for the charge

vectors of the triplet of fields (i.e. representing superpotential φψ̄Lψ′R type cou-

plings), or charge conservation with an extra unit in the non-compact space-time

index (representing gauge Aµψ̄Lγµψ′L type couplings that have an extra Dirac

matrix).

4.3 Conclusion

In this chapter we have derived two criteria for the exponential suppression of

the two-loop cosmological constant in string theories with spontaneously broken

supersymmetry. These two criteria determine respectively when the leading or-

der entirely untwisted and partially twisted contributions vanish. The untwisted

criterion, in Equation 4.2.23, is most easily determined in any given model from

the vanishing of the constant term in the q-expansion of the integrand in the

two-loop cosmological constant. Note that this object contains factors from the

partition function but also from the measure; the criterion can not be determined

from the partition function alone. The twisted criterion can be determined from

the effective field theory, but can most easily be evaluated in a very simple oper-

ational way simply with the knowledge of the states in the spectrum and all of

their charges. The resulting condition, in Equation 4.2.58, is the vanishing of a

“sum of Veltman conditions” for the twisted fields; that is, in terms of the effec-

tive field theory, one can imagine that at the one-loop level the twisted states in

the spectrum will receive quadratically divergent contributions to their mass from
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the leading quadratic divergence in the cosmological constant. At the two-loop

level, these terms will enter into “sunset” diagrams, but the degenerate nature of

the couplings implies that the sum of such contributions may vanish, depending

on the spectrum.

For consistency, one should also impose the vanishing of the one-loop leading

contribution to the cosmological constant, which is achieved in theories that have

Bose-Fermi degeneracy in their massless physical states. Divergences associated

with the one-loop dilaton tadpole would appear at two loop level in the so-called

separating degeneration limit of the diagrams, a limit that resembles two one-loop

torus diagrams connected by a long thin tube. However, their presence does not

actually affect the phenomenology of these models since the crucial point is that

because the tadpoles are exponentially suppressed, their effect on the physical

spectrum is in fact negligible.

The two criteria we have presented here can be thought of as a stringy im-

plementation of the “naturalness without supersymmetry” idea first proposed in

ref.[53] up to the two-loop level. The existence or otherwise of models that satisfy

these conditions, and their properties should they exist, is a subject of current

study, which will be reported elsewhere [173].

It would also be of interest to search for a subset of theories that mimic

the supertrace rules in models involving D3-branes, where vanishing one-loop

supertraces are known to extend to higher order automatically [174].
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Chapter 5

Summary

This thesis has detailed how explicit calculations of both one and two loop am-

plitudes in heterotic string can be used to test the phenomenological properties

and viability of given classes of string models.

In chapter 3 we considered models that included compactification of two di-

mensions on a T2 torus. We computed one-loop two-point amplitudes involving

the Kähler and complex structure moduli as external states, which allowed us

to determine the one-loop corrections to the Kähler potential. Previous observa-

tions of the tree-level Kähler potential showed that it contained a non-compact

shift symmetry. Prior to performing any calculations, we reasoned that while this

shift symmetry would not necessarily be guaranteed to hold beyond tree-level in

general, we anticipated it would do so in a particular limit of the moduli space.

Indeed through an explicit one-loop computation we were able to show that the

shift symmetry only holds in this limit. We conjecture that the symmetry should

also hold in this limit to all orders in perturbation theory.

In chapter 4 we carried out a study of the cosmological constant in non-

supersymmetric heterotic string models. We considered a class of models that

have been shown to have an exponentially suppressed value of the cosmological

constant to one-loop order. The question was whether this exponential suppres-

sion continues to higher orders, or if not, are there further conditions that one

can impose so that it will.
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Two-loop superstring calculations are notoriously more complex than their

one-loop counterparts, primarily due to the presence of supermoduli. Neverthe-

less, after integrating out the supermoduli, one may work in a formulation that

has many similarities with the corresponding one-loop amplitude in terms of Ja-

cobi theta functions. In this way we have demonstrated that it is still possible to

perform explicit computations at this order.

For the models under consideration, the dominant contribution to the cosmo-

logical constant comes from the massless states, while contributions from both

massive and unphysical states are exponentially suppressed. This is similar to

what was previously found at one-loop, however at two-loop order twisted sectors

can potentially give large contributions. In the untwisted sector, we were able

to explicitly compute the q-expansions for individual models. The first condition

for exponential suppression is that the constant term in such an expansion must

vanish. For the twisted sectors, it proved simpler to instead work in the effective

field theory, where a second condition was found, namely the requirement of the

vanishing of a “sum of Veltman conditions” for the twisted fields. In addition,

clearly the one-loop cosmological constant must also be exponentially and in fact

is also a requirement so that one-loop dilaton tadpoles do not have divergent

contributions at higher order. It would be highly desirable to find a particular

example that satisfied these conditions, so that one could analyse its spectrum

and gauge group. However, it must be left to further investigation as to the

existence of such models or whether there is systematic way of finding them.

92



Appendix A

Jacobi theta functions

The ϑ-functions with characteristics are defined as

ϑ
[
a

b

]
(z, τ) ≡

∞∑
n=−∞

e2πi(n+a)(z+b)q(n+a)2/2, (A.1)

where q = exp(2πiτ). For particular values of a, b ∈ {0, 1
2}, these functions are

often denoted by

ϑ11 ≡ ϑ
[

1/2

1/2

]
= −ϑ1,

ϑ10 ≡ ϑ
[

1/2

0

]
= ϑ2,

ϑ00 ≡ ϑ
[

0

0

]
= ϑ3,

ϑ01 ≡ ϑ
[

0

1/2

]
= ϑ4.

(A.2)

The Dedekind eta function is given by

η(τ) ≡ q1/24
∞∏
n=1

(1− qn). (A.3)

The behaviour of the theta functions under modular transformations are given

by

ϑ
[
a

b

]
(z, τ + 1) = e−πia(a+1)ϑ

[
a

a + b + 1/2

]
(z, τ),

ϑ
[
a

b

]
(z,−1/τ) =

√
−iτe2πiabeπiτz

2
ϑ
[
−b

a

]
(−zτ, τ),

(A.4)
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while for the Dedekind eta function they are

η(τ + 1) = e
2πi
24 η(τ),

η(−1/τ) =
√
−iτη(τ).

(A.5)

The theta functions satisfy the identities

ϑ2ϑ3ϑ4 = 2η3, (A.6)

ϑ4
2 − ϑ4

3 + ϑ4
4 = 0, (A.7)

where we always denote ϑab(τ) ≡ ϑab(0, τ).

The Weierstrass function is defined by

℘(z) = 4πi∂τ log η(τ)− ∂2
z log ϑ1(z). (A.8)

Poisson resummation

Define the Fourier transform f̃ of a function f(x) as

f̃(k) ≡ 1
2π

∫ ∞
−∞

f(x)eikxdx, (A.9)

then Poisson resummation gives that

∑
n∈Z

f(2πn) =
∑
n∈Z

f̃(n). (A.10)

When f is a Gaussian function we have

∑
n∈Z

e−πan
2+πbn = 1√

a

∑
n∈Z

e−
π
a

(n+i b2 )2
, (A.11)

while the multidimensional case is given by

∑
mi∈Z

e−πmimjAij+πBimi = (detA)− 1
2
∑
mi∈Z

e−π(mk+iBk/2)(A−1)kl(ml+iBl/2). (A.12)
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Appendix B

Two-loop theta functions and

modular transformations

Letting τ11 ≡ Y1 + Y2, τ12 ≡ Y2, τ22 ≡ Y2 + Y3 and defining qI = exp{2πiYI}, the

genus two theta functions have the following expansions in qI up to linear order

(note that the convention for cycles,
[
α1V α2V

β1V β2V

]
, is the transpose of that used in

[151–154])

ϑ
[

0 0

0 0

]
∼ 1 + 2q1/2

1 q
1/2
2 + 2q1/2

1 q
1/2
3 + 2q1/2

2 q
1/2
3 + . . .

ϑ
[

0 0

0 1
2

]
∼ 1 + 2q1/2

1 q
1/2
2 − 2q1/2

1 q
1/2
3 − 2q1/2

2 q
1/2
3 + . . .

ϑ
[

0 0
1
2 0

]
∼ 1− 2q1/2

1 q
1/2
2 − 2q1/2

1 q
1/2
3 + 2q1/2

2 q
1/2
3 + . . .

ϑ
[

0 0
1
2

1
2

]
∼ 1− 2q1/2

1 q
1/2
2 + 2q1/2

1 q
1/2
3 − 2q1/2

2 q
1/2
3 + . . .

ϑ
[

1
2 0

0 0

]
∼ 2q1/8

1 q
1/8
2 (1 + q

1/2
3 ) + . . .

ϑ
[

1
2 0

0 1
2

]
∼ 2q1/8

1 q
1/8
2 (1− q1/2

3 ) + . . .

ϑ
[

0 1
2

0 0

]
∼ 2q1/8

2 q
1/8
3 (1 + q

1/2
1 ) + . . .

ϑ
[

0 1
2

1
2 0

]
∼ 2q1/8

2 q
1/8
3 (1− q1/2

1 ) + . . .

ϑ
[

1
2

1
2

0 0

]
∼ 2q1/8

1 q
1/8
3 (1 + q

1/2
2 ) + . . .

ϑ
[

1
2

1
2

1
2

1
2

]
∼ 2q1/8

1 q
1/8
3 (1− q1/2

2 ) + . . .

(B.1)
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For ease of reference we also collect here the large radius q-expansion for the

weight 10 Igusa cusp form:

212

Ψ10
= 1
q1q2q3

+ 2
∑
i<j

1
qiqj

+ 24
∑
i

1
qi

+O(qi) . (B.2)

Modular transformations for a genus 2 Riemann surface form the infinite

discrete group Sp(4,Z) defined by

M =

A B

C D

 , M

 0 I

−I 0

M t =

 0 I

−I 0

 , (B.3)

where A,B,C,D are integer valued 2×2 matrices. The Siegel upper half-plane is

defined as the set of all symmetric 2× 2 complex matrices with positive definite

imaginary part. Modular transformations under Sp(4,Z) act on the Siegel upper

half-plane by

Ω→ Ω̃ = (AΩ +B)(CΩ +D)−1, (B.4)

giving the following transformations,

ϑ[δ̃](0, Ω̃)4 = ε4 det(CΩ +D)2ϑ[δ](0,Ω)4,

Ξ6[δ̃](Ω̃) = ε4 det(CΩ +D)6Ξ6[δ](Ω),

Ψ8(Ω̃) = det(CΩ +D)8Ψ8(Ω),

Ψ10(Ω̃) = det(CΩ +D)10Ψ10(Ω),

det Im(Ω̃) = |det(CΩ +D)|−2 det Im Ω,

d3Ω̃ = |det(CΩ +D)|−6d3Ω,

(B.5)

where ε4 = ±1.
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Appendix C

SO(10) model with massless

Bose-Fermi degeneracy

C.1 Model definition, and vanishing of SUSY

partition function

The model is defined by the following set of basis vectors Va and CDC deforma-

tion vector e, which correspond to the SO(10) model of ref.[7]:

V0 = −1
2[11 111 111 | 1111 11111 111 11111111]

V1 = −1
2[00 011 011 | 1111 11111 111 11111111]

V2 = −1
2[00 101 101 | 0101 00000 011 11111111]

b3 = −1
2[10 1̄00̄ 0̄01̄ | 0001 11111 010 10011100]

V4 = −1
2[00 101 101 | 0101 00000 011 00000000]

e = 1
2[00 101 101 | 1011 00000 000 00011111] ,

(C.1.1)
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while the corresponding structure constants kij are given by

kij =



0 0 0 1
2 0

0 0 0 1
2 0

0 1
2 0 0 0

1
2 0 0 0 0

0 1
2 0 0 0


. (C.1.2)

It is easier to verify the vanishing of the two loop cosmological constant in SUSY

models by taking a set of equivalent basis vectors where V0 and V1 are replaced

by

V ′0 = V1 = −1
2[00 011 011 | 1111 11111 111 11111111]

V ′1 = V0 + V1 = −1
2[11 100 100 | 0000 00000 000 00000000] .

(C.1.3)

Beginning with a simple model defined only by the vectors V′0 and V′1, one finds a

contribution appearing as an overall factor in the expression for the cosmological

constant. This factor comes from the components corresponding to iR = 1, 2, 3, 6

and is given by ∑
a,b,c,d∈{0, 12}

Ξ6

[
a b

c d

]
ϑ
[
a b

c d

]4
= 0 . (C.1.4)

A similar story applies to the model defined by the three basis vectors V′0, V′1
and V2 where the identity that now guarantees a vanishing cosmological constant

is

∑
a1,b1,c1,d1∈{0, 12}

(−1)c2a1+d2b1Ξ6

[
a1 b1

c1 d1

]
ϑ
[
a1 b1

c1 d1

]2
ϑ
[
a1 + a2 b1 + b2

c1 + c2 d1 + d2

]2
= 0 , (C.1.5)

for any a2, b2, c2, d2 ∈ {0, 1
2}. By inspection, this identity also guarantees a van-

ishing contribution to the one-loop vacuum energy of the full non-SUSY SO(10)

model above, from the untwisted sectors in which both `1, `2 = 0 mod (2) (where

`1 = `1
1 + `1

2 and similar for `2).
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C.2 Massless Bose-Fermi degeneracy and the 1-

loop q-expansion

The one-loop partition function after the applying the CDC is proportional to

Z ∝ 1
η(τ)12η̄(τ̄)24

∑
α,β

C
[
α

β

]
Γ2,2

∣∣∣∣∣
n=0

∏
iR

ϑ
[
αVi − nei

−βVi + `ei

]∏
iL

ϑ̄
[
αVi − nei

−βVi + `ei

]
. (C.2.1)

The q-expansions of η(τ)−12 and η̄(τ̄)−24 are

1
η(τ)12 = 1

√
q

+O(√q),

1
η̄(τ̄)24 = 1

q̄
+ 24 +O(q̄) .

(C.2.2)

The source of the exponential suppression of the one loop cosmological constant

is then that, in the sectors where ` = `1 +`2 is odd (so that the contributions does

not just vanish by supersymmetry), the q-expansion of the partition function is

found to be missing the constant term due to the Bose-Fermi degeneracy among

the massless states:

Z ∝ 1
η(τ)12η̄(τ̄)24 (128√q − 3072q̄√q + . . .)

= 128
q̄

+ 0 +O((qq̄)1/2) .
(C.2.3)
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Appendix D

The two-loop cosmological

constant

D.1 The hyperelliptic formalism

In the hyperelliptic formalism, a genus two surface is represented as a two sheet

covering of the complex plane described by the equation

y2(z) =
6∏
i=1

(z − ai) , (D.1.1)

where the complex numbers ai are the 6 branch points. Three of these represent

the moduli of the surface while the other three can be fixed arbitrarily. In this

formalism the even spin structures are equivalent to ten different splittings of the

six branch points into two non-ordered sets {A1, A2, A3}, {B1, B2, B3}. For each

even spin structure one can define a spin structure dependent quantity Qδ as

Qδ =
∏
i<j

(Ai − Aj)(Bi −Bj) , (D.1.2)

which is proportional to the usual ϑ-functions ϑ4
δ(0) through the Thomae for-

mula, which will be shown explicitly in the following section. In the hyperelliptic

representation the Szegö kernel is then given by

Sδ(z, w) = 1
z − w

u(z) + u(w)
2
√
u(z)u(w)

, (D.1.3)
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u(z) ≡

√√√√rA(z)
rB(z) =

3∏
i=1

(
z − Ai
z −Bi

)1/2
, (D.1.4)

where we define

rA(x) = (x− A1)(x− A2)(x− A3),

rB(x) = (x−B1)(x−B2)(x−B3).
(D.1.5)

In split gauge,

[rA(q1)rB(q2)]
1
2 + [rA(q2)rB(q1)]

1
2 = 0, (D.1.6)

and so u(q2) = −u(q1). For future reference we also define

Sn(x) =
3∑
i=1

[
1

(x− Ai)n
− 1

(x−Bi)n

]
. (D.1.7)

D.2 The two-loop cosmological constant in non-

SUSY theories

D.2.1 General result in the ϑ-function formalism

The untwisted sector contribution to the cosmological constant for the 4D N = 0

theory in the hyperelliptic language is given by [142, 143]

Λ2−loop =
∫
F2

dµ(ma)
(det Im Ω)3

∑
{αi,βi}

Γ(2)
2,2 C̃

[
α

β

]
L̄S′(φ̄)RS′(η) , (D.2.1)

where the measure dµ(ma) can be written

dµ(ma) =
∏6
r=1 d

2ar

dV
∏6
k<l|akl|

2 = d3ΩIJ |detK|6. (D.2.2)

In the above, d3ΩIJ = d2τ11d
2τ12d

2τ22, and the elements of the matrix K are given

by

Kij =
∮
Ai

xj−1dx

y(x) . (D.2.3)

The contributions L̄S′( ¯(φ)) and RS′(η) are expressed in terms of chiral determi-

101



D.2. The two-loop cosmological constant in non-SUSY theories 102

nants, which in the hyperelliptic representation are given by [142]

det ∂̄1/2 =
6∏

k<l=1
(akl)−1/8

 3∏
k<l=1

AklBkl

1/4

, (D.2.4)

det ∂̄1 = detK
6∏

k<l=1
(akl)1/4, (D.2.5)

det ∂̄3/2 =
6∏

k<l=1
(akl)3/8

 3∏
k<l=1

AklBkl

1/4

, (D.2.6)

det ∂̄2 =
6∏

k<l=1
(akl)5/4 , (D.2.7)

where for example Akl = Ak − Al, so the terms in brackets in Equation D.2.4

and Equation D.2.6 are equal to the right hand side of Equation D.1.2. The

expressions for L̄S′( ¯(φ)) and RS′(η) are

L̄S′(φ̃) = (det ∂̄1)−3(det ∂̄2)
∏
φ̃

(det ∂̄1/2)1/2
S′(φ̃)

= (det K̄)−3
6∏

k<l=1
(ākl)−2 ∏

φ̃∈F ′L

Q̄
1/8
S′(φ̃) , (D.2.8)

RS′(η) = 1
detψI(qJ)

∫ 2∏
α=1

dζα(det ∂̄1)−3(det ∂̄2)(det ∂̄3/2)−1
S(β)

(
1 +

6∑
i=1
Xi
)

×
∏
η

(det ∂̄1/2)1/2
S′(η)

= 1
detψI(qJ)

∫ 2∏
α=1

dζα(detK)−3
6∏

k<l=1
(akl)−1

(
1 +

6∑
i=1
Xi
) ∏
η∈F ′R

Q
1/8
S′(η) ,

(D.2.9)

where the sets F ′L and F ′R denote all the transverse left and right moving fermions

respectively, and ψI(qJ) are the holomorphic 3/2-differentials for I = 1, 2. The

points q1 and q2 are arbitrary points on the super Riemann surface representing

the superghost insertion points. The final result is independent of the particular

choice of points so we may work in the split gauge where Sδ(q1, q2) = 0. With

this choice, one finds that

X1 + X6 = X2 = X3 = X4 = 0, (D.2.10)
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while

X5 = ζ1ζ2

16π2

∑
a

[Sδ(paq1)∂paSδ(pa, q2)− Sδ∂paSδ(pa, q1)]$a(q1, q2)

= ζ1ζ2

64iπ2

∑
a

[
(q1 − q2) [u(pa)2 − u(q1)2]

(pa − q1)2(pa − q2)2u(pa)u(q1) + 2S1(pa)
(pa − q1)(pa − q2)

]
$a(q1, q2)

(D.2.11)

where

$1(q1, q2) = ων2(q1)ων3(q2) + ων2(q2)ων3(q1)
2ων2(p1)ων3(p1) ,

$2(q1, q2) = ων1(q1)ων3(q2) + ων1(q2)ων3(q1)
2ων1(p2)ων3(p2) ,

$3(q1, q2) = ων1(q1)ων2(q2) + ων1(q2)ων2(q1)
2ων1(p3)ων2(p3) ,

(D.2.12)

where

ωνi(z) = Nνi(x− ui)
dx

s(x) . (D.2.13)

The holomorphic 3/2 differentials are given by

ψA = rA(x) 1
2

(
dx

s(x)

)3/2

, ψB = rB(x) 1
2

(
dx

s(x)

)3/2

, (D.2.14)

and so in the split gauge

detψI(qJ) = 2rA(q1) 1
2 rB(q2) 1

2

s(q1) 3
2 s(q2) 3

2
= −2i
s(q1)s(q2) . (D.2.15)

Collecting everything together then, the cosmological constant can be written as

Λ2−loop =
∫
F2

d3ΩIJ

(det Im Ω)3

∫ 2∏
α=1

dζα
∑
{αi,βi}

Γ(2)
2,2 C̃

[
α

β

] 6∏
k<l=1

(akl)−1(ākl)−2

× X5

detψI(qJ)
∏
η∈F ′R

Q
1/8
S′(η)

∏
φ̃∈F ′L

Q̄
1/8
S′(φ̃) .

(D.2.16)

Now, we would like to express the cosmological constant entirely in the ϑ-

function representation rather than the hyperelliptic representation. One may do

this using the aforementioned Thomae formula,

ϑ4
δ(0) = ±det2KQδ . (D.2.17)
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This gives on the left-moving side
6∏

k<l=1
(ākl)−2 =

∏
δ even

Q̄
−1/2
δ = (det K̄)10 ∏

δ even
ϑ̄[δ]−2(0, Ω̄) = (det K̄)10Ψ̄−1

10 (Ω̄) ,

(D.2.18)

where Ψ10(Ω) is the weight 10 Igusa cusp form. We also find on the right-moving

side
6∏

k<l=1
(akl)−1

∫ 2∏
α=1

dζα
X5

detψI(qJ) = . . . = Ξ[δ](Ω)
Ψ10(Ω) , (D.2.19)

where

Ξ6[δ](Ω) ≡
∑

1≤i<j≤3
〈νi|νj〉

∏
k=4,5,6

ϑ[νi + νj + νk]4(0,Ω) . (D.2.20)

The even spin structure δ in the definition of Ξ6[δ] is written as a sum of three dis-

tinct odd spin structures, δ = ν1 +ν2 +ν3. We arrive at the two-loop cosmological

constant expressed purely in the ϑ-function formalism:

Λ2−loop =
∫
F2

d3ΩIJ

(det Im Ω)3

∑
{αi,βi}

Γ(2)
2,2

|Ψ10|2
C̃
[
α

β

]
Ξ6

[
α1s α2s

β1s β2s

] ∏
η∈F ′R

ϑ
1/2
S′(η)

∏
φ̃∈F ′L

ϑ̄
1/2
S′(φ̃) .

(D.2.21)
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Appendix E

Evaluation of the massless

contribution to the two-loop

cosmological constant

We may evaluate the massless contribution to the cosmological constant which,

after integrating over the real parts of the three odd moduli, is proportional to

Λ0 ∝
∫ dL1dL2dL3

∆4 T 2
2
∑
lIi

exp
{
− πT2

∆U2

[
(l11)2L3 + (l21)2L1 + (l11 − l21)2L2

]

− πT2U2

∆
[
(l12)2L3 + (l22)2L1 + (l12 − l22)2L2

] },

(E.1)

where ∆ ≡ det Im Ω = L1L2 +L1L3 +L2L3. To compute this integral, we redefine

the integration variables so that the integral takes the form of a one-loop integral

together with an additional integral over some volume. To do so, we let

τ1 = L2

L1 + L2
, τ2 =

√
∆

L1 + L2
, V = 1√

∆
, (E.2)

so we can take our expression for Λ0 and substitute in

L1 = 1− τ1

V τ2
, L2 = τ1

V τ2
, L3 = |τ |

2 − τ1

V τ2
. (E.3)
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The measure of integration can hence be written

dL1dL2dL3 = 2dV
V 4

d2τ

τ 2
2
. (E.4)

By taking the two-loop fundamental domain into consideration we find that the

integration over V must be taken over the range 0 ≤ V < 1 while the integration

over τ is taken over the usual one-loop fundamental domain with the modification

that τ2 has an upper limit of 1/V . So we can define the integration domain for τ

as

F ′ =
{
τ ∈ H : |τ |2 > 1, |τ1| <

1
2 , τ2 <

1
V

}
. (E.5)

So overall the massless contribution to the cosmological constant is given by

Λ0 ∝
∫ 1

0
dV V 4

∫
F ′

d2τ

τ 2
2
T 2

2
∑
lIi

exp
{
−πV
τ2

[
T2

U2

∣∣∣l11τ − l21∣∣∣2 + T2U2

∣∣∣l12τ − l22∣∣∣2]}
(E.6)

We can now proceed to compute this integral using the method of orbits. Before

doing so, recall that the only non-vanishing contributions can arise when either

l11 + l22 =odd or l12 + l21 =odd. Therefore, there is no contribution coming from the

zero orbit where all lIi = 0.

The contribution from the degenerate orbits is

1
2π3T2

∑′

m+n=odd

U3
2

|m+ nU |6
, (E.7)

while contributions from non-degenerate orbits are exponentially suppressed for

large T2.
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