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Abstract

Two main results are proved. The first is for the maximal graph system in semi-
Euclidean spaces. Existence of smooth solutions to the Dirichlet problem is proved,
under certain assumptions on the boundary data. These assumptions allow the
application of standard elliptic PDE methods by providing sufficiently strong a priori
gradient estimates. The second result is a version of Brian White’s local regularity
theorem, but now for the spacelike mean curvature flow system in semi-Euclidean
spaces. This is proved using a version of Huisken’s monotonicity formula. Under the
assumption of a suitable gradient bound, this theorem will give a priori estimates

that allow such flows to be smoothly extended locally.
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Chapter 1

Introduction

This chapter provides a quick introduction to minimal and maximal graphs, and
to mean curvature flows. To avoid wasting too much time on preliminary material,
some knowledge of partial differential equations (PDEs) and semi-Riemannian mani-
folds is assumed. The relevant definitions and facts (for PDEs and semi-Riemannian

geometry) are given in the appendix, where they will not be a distraction.

1.1 Minimal and Maximal Graphs

A semi-Riemannian manifold is a pair (M, g), where M is a smooth manifold and g
is a metric tensor defined on M. The most obvious examples are the semi-Fuclidean

spaces R = (R™" ) with metric

m m—+n
§:Zda:i®dxi— Z dz? ® dx”.
i=1 y=m+1

When n =1 and m > 2, these are just the well-known Minkowsk:i spaces from Rel-

ativity. When n = 0, they are just the Euclidean spaces R™ with the usual metric.

If we have a submanifold M of some semi-Euclidean space R then we can
take the induced metric g on M in the usual way. If the induced metric is positive
definite then we say that M is spacelike, since all tangent vectors will be spacelike in
R™" . Taking the Levi-Civita connections V and V on R™*" and M (respectively),

we define the second fundamental form by B(V,W) = VyW — VW for any pair of
1
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tangent vector fields V, W on M. Taking the trace of B with respect to the induced

metric gives a normal vector field, H = trace,B, on M called the mean curvature.

Definition 1.1.1. An m-dimensional, spacelike submanifold of a semi-Euclidean
space R (Buclidean space R™%™) is called o maximal submanifold (minimal

submanifold ) if it has mean curvature zero everywhere.

We will consider submanifolds that can be written as graphs,
M = {(z,u(z)) | = € Q}

for some smooth function u : Q2 — R” and some domain 2 in R™. Since /02" =
(s, 0u/0x"), the induced metric on M will be given by the matrix g(Du) = I +
Du” Du in R™™ or g(Du) = I — Du” Du in R™™ where [ is the m x m identity

matrix.!

Given a system of PDEs, a domain and a function defined on its boundary, a
Dirichlet problem is the question of whether there exists a solution to the system, in
this domain, with the given boundary values. For example, the problems of proving
existence of minimal or maximal graphs with a given boundary. These problems are
interesting for many reasons. For example, they are related to a variational problem
for the volume functional, Vol[u] = [, \/W dz. Differentiating this functional
(to get its Euler system) shows that solutions of Ayu = 0 will be critical points,
where Ay is the induced Laplace operator on the graph of u. But Ay (x, u(x)) gives
the mean curvature vector (by Proposition A.1.1), and therefore mean curvature
zero graphs are critical points. By differentiating further (to check the Legendre-
Hadamard condition), we see that the minimal/maximal graph Dirichlet problem
is related to the problem of minimizing/maximizing the volume among all graphs

with the given boundary.?

"'We consider R™ with the standard basis of unit vectors e; and with coordinates denoted by
z'. We denote by g;; = 6;; £ (0u?/0z")(0u? /0x7) the components of g, and by g/ the components
of its inverse. We always use the summation convention over repeated indices ¢,7,... € {1,...,m}

and v,v,...€ {m+1,...,m+n}.
2See [4] or [3] for more on variational problems, and in particular for an explanation of Euler

systems and the Legendre-Hadamard condition.
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Problem 1.1.1. Suppose that we are given a bounded domain €2 in R™ and a func-
tion ¢ : 0L — R™ on its boundary. Does there exist a function u : Q@ — R™, smooth
in Q and continuous on Q, such that w = ¢ on ) and the graph of u over Q is a

mazimal submanifold of R (or minimal submanifold of R™*")?

This is just a Dirichlet problem for the mean curvature zero system. We will see
later (equation (2.1) and the comment that follows it) that the mean curvature zero

system for graphs is equivalent to

. 0%u
g7(Du) Ori0zi 0

which is a second order system of PDEs. The system is elliptic since the coefficient
matrix g% is positive definite, and it is quasilinear since ¢” depends on Du. This

will be the system that we actually deal with.

In the case of minimal graphs with any dimension m > 2 and codimension n = 1
in R™*" this problem involves a single equation. It is dealt with by standard el-
liptic methods (as seen in [10]). Jenkins and Serrin proved in [8] that if 092 and ¢
are smooth, and if 0{2 has non-negative mean curvature, then the minimal graph
system has a unique smooth solution with the given domain and boundary data.
Roughly, the assumption on the boundary gives an a priori gradient estimate and
then higher order estimates come from the De Giorgi-Nash theorem. These allow
the application of Schauder fixed point theorem (see chapter 11 of [10], or Theorem

B.2.5 in the appendix here) to get existence of a solution.

Still considering the minimal graph problem, when n > 1 the problem becomes
more difficult since the standard estimates available for single equations do not hold
for systems. In [19], Lawson and Osserman give an example which shows that this
problem is sometimes not solvable when n > 4, even for very ‘nice’ domains and
boundary data. Most importantly, this tells us that it will not be possible to get a

very general existence theorem as we have in the codimension 1 case.

Some examples of existence theorems for higher codimension minimal graphs can
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be seen in [19], [20] and [23]. Theorem 4.2 of [20] uses the inverse function theorem
to prove the existence of solutions to the Dirichlet problem whenever the C** norm
of the boundary data is less than some constant (but this method gives us no idea
of how small the constant actually is). The main result claimed in [23] is more
interesting. It roughly says that a solution exists if the domain is convex and if the
C? norm of the boundary data is bounded by some known constant. This is proved
by showing that a solution to the mean curvature flow system, with boundary values

given by ¢, exists on Q x (0,00) and converges to a minimal graph.

For maximal graphs with codimension 1 in Minkowski space R}*"!, we again
only have a single equation. Therefore, if we can get an a priori gradient estimate
stronger than the spacelike condition, we can again use Schauder fixed point theo-
rem in the usual way by applying the standard higher order estimates. This problem
was first dealt with by Flaherty in [6], by using boundary conditions similar to those
used in the minimal graph case (as in [8]). A more general existence theorem was
then proved in [2] by Bartnik and Simon (in fact, they even consider the problem of

prescribed non-constant mean curvature).

For the maximal graph problem with higher codimension n > 2 in R very
little is known. This is the case that we will consider. Unlike the higher codimension
existence theorems mentioned above (in the Euclidean case), we will use standard
elliptic methods by proving a suitable gradient estimate. However, we will have to
deal with the fact that the higher order estimates that hold for single equations
do not necessarily hold for systems. For this reason, we will only prove existence
theorems either in the case of graphs with dimension m = 2, or for m > 2 when the
gradient estimate is sufficiently strong. We can state our main results (Theorems

2.3.1 and 2.4.1) roughly as:

Claim 1.1.1. Suppose that we are given a smooth, bounded and convex domain in
R™, and a smooth function ¢ from the closure of this domain into R™. If the C?
norm of ¢ is small enough, then there will exist a smooth mazimal graph in R

over the given domain, with boundary values given by ¢.
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1.2 Mean Curvature Flow

Here we are interested in families of submanifolds that evolve with velocity equal
to their mean curvature vector at each point, in either Euclidean or semi-Euclidean
spaces. In the case of semi-Euclidean spaces, we will continue to assume that the

submanifolds are spacelike.

Definition 1.2.1. Let {M,;}e; be a family of smoothly embedded, spacelike, m-
dimensional submanifolds M; of RI*™ (or R™*™)_ for some interval I C R. For
each timet € I, let H(x,t) be the mean curvature vector at each point x € M. Then

this family is called a mean curvature flow if it satisfies the system Ox /0t = H(x,t).

These flows are closely related to minimal and maximal submanifolds, which are
clearly stationary solutions of this system. If each manifold in the flow is a graph

over a domain €2 in R™,
M, = {(SL’,U(I,t)) ’ LS Q}

for some smooth u : 2 x I — R™, then the mean curvature flow condition becomes a
more useful second order, parabolic (again since g% is positive definite), quasilinear

system of PDEs for w,
ou . 0%u
— =g“(D —
ot = 9P g

where g = I & Du? Du. This is proved later in Theorem 3.3.1.

For mean curvature flow problems, the usual goal is to prove long time existence.
In other words, we want a solution on the full time interval (0, 00). For an example,
see the proof of the main theorem in [23]. The idea is to split the problem up into
shorter steps. The first is short time existence of a solution, on some small time
interval (0,7"). This is usually proved by using Schauder fixed point theorem and
standard methods for parabolic equations (see the proof of Theorem 8.2 of [18], or
Theorem B.3.4 here). The next step, and usually the most interesting, is to extend
the flow smoothly to the interval (0,7]. This is done by obtaining certain a priori
estimates (we will explain in more detail soon). The last step is to extend the flow

past time 7', by applying the short time existence result again but now starting from
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the solution at time 7. If each of these steps can be successfully completed, then
they combine to tell us that the interval of existence of our solution is both open
and closed in (0,00), and therefore we will have long time existence. (For example,

see [20] for a more detailed explanation of these steps.)

As mentioned above, the most interesting step is usually proving that the flow

can be extended. We will therefore concentrate on this problem.

Problem 1.2.1. Given a graphic mean curvature flow, in R™™ or R which
exists smoothly (and is spacelike in the semi-Euclidean case) on some time interval

(0,T), can we extend the flow smoothly to (0,T)?

To attempt to answer this question, we need certain estimates. For example,
Theorem 3.24 of [5] explains how local estimates (near some point in space) on the
second fundamental form of a mean curvature flow will allow a smooth extension of
the flow (in a neighbourhood of the point) to the time 7". This theorem is proved for
flows in Euclidean spaces, but also applies in semi-Euclidean spaces. It would also
be enough to get certain Holder estimates on the derivatives of the flow (compare

to Theorem 8.3 of [18]).

In the Euclidean case, White’s regularity theorem (see Theorem 3.5 of [24] or
Theorem 5.6 of [5]) answers this question whenever we can prove that a quantity
called the Gaussian density is close enough to 1 at time 7. For spacetime points
(y,s) € R™™ x (0,T], the Gaussian density of a mean curvature flow is given by

lim L exp —M dx
t=s Joen, (4m(s —1))m/? As—1))

where the integrals are taken with respect to the induced metric on each M; for

times ¢t < s. White’s theorem says that there exists ¢ > 0 such that the second
fundamental form (or C** norm) of the flow will be bounded in a neighbourhood of
any spacetime point where the limit above is less than 1+ €. At such a point (y,T),

we then have the estimates needed to extend to time 7' locally near y.
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Our goal will be to prove a semi-Euclidean version of White’s theorem, which
would allow us to deal with the problem of smoothly extending spacelike flows. Our

main result (Theorem 3.6.2) will be:

Claim 1.2.1. If we have a graphic mean curvature flow in a semi-Fuclidean space,
smooth on (0,T) and satisfying a uniform gradient bound stronger than the spacelike

condition, then we can extend the flow smoothly to time T'.

The idea is to define a version of the Gaussian density for spacelike flows, prove
a version of White’s theorem, and then use the gradient bound to show that the
regularity theorem can be applied to extend the flow. We will also give an example

of boundary assumptions which give the required gradient estimate.



Chapter 2

The Maximal Graph Dirichlet
Problem

In this chapter, we will consider the maximal graph Dirichlet problem for higher
codimension in semi-Euclidean spaces R7*". We prove a gradient estimate for m-
dimensional maximal graphs in R**" (where m > 2 and n > 1), under certain
assumptions on the domain and boundary data. We use this estimate to prove
existence theorems, first in the case of graphs with dimension m = 2, and then in

the case m > 2 when the gradient estimate is strong enough.

2.1 Preliminaries

For integers m > 2,n > 1 we will, as usual, denote by R™*" = (R™*" (. .)) the

semi-Euclidean space with metric tensor (v, w) = >, v'w' — ZT:;LL 0w We

will consider submanifolds that can be written as graphs over a domain {2 in R™,
M = {(z,u(z)) € R |z € Q}

for some smooth u : {2 — R"™. The induced metric on the graph will be given by the

matrix g = I — Du” Du.

It will be convenient for us to use the following norms for the maps Du(x) :
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R™ — R™ and D%u(x) : R™ x R™ — R",
|[Dull|(z) = sup [Du(z)(v)]  and [|[D*ul]|(z) = sup | D*u()(v, v)],

where | - | denotes the usual Euclidean norm. It is possible to show that |||Dull|?
will be equal to the largest eigenvalue of Du? Du at each point, and that ||| Dul|| <
|Du| < v/m]||Dul||. Using the obvious relationship between |||Dul|| and the eigen-
values of g, we see that the graph will be spacelike if and only if |||Dul||| < 1, and
that (for any 0 < C' < 1)*

Vdetg > C = |||Du|||2§1—02,
|[Dul[? < C = /detg > (1—CO)"~.

Using Proposition A.1.1, the mean curvature vector of a graph is

1 0 0
H = . det gg¥ —
dets O ( et 99" 5 (w,U(l')))
1 0 ) a2
— (/N 17
e (Vietgg") 5 (@, u()) + g5, u(a))
1 0 y ou - 0%u
= - K L— Rl I 2.1
V/det g 0z ( det g9 ) (e], 891;J> * (O,g (‘%@1‘3) (2.1)

Since the mean curvature vector is normal to the graph, and the first term on the
right hand side is tangential, it is clear from this that the mean curvature vector is
zero if and only if? g% (Du)d%u/0x'0x? = 0. This is a quasilinear elliptic system of n
equations for u. Given a bounded domain €2 in R™ and boundary data ¢ : 92 — R",
we would therefore like to prove the existence of a smooth solution to the following

Dirichlet problem:

Q
o
<

gij(Du)axiaxj =0 and |[|Dul|]| < 1in 2, u = ¢ on 09,

!To prove these inequalities, let A\? be the eigenvalues of Du’ Du (which are all < 1 by the
spacelike condition), then 1 — A? are the eigenvalues of g. If y/detg > C then [[,(1 — \?) > C?,
so each (1 — A?) > C? and therefore |||Dul||> < 1 — C%. If ||| Du|||*> < C then each A\? < C, so
VAstg = TL(1 - X)Y2 2 (1— )2,

2Here the ‘if’ direction is obvious. For the ‘only if’ direction, if H = 0 then equation (2.1)
implies that the vector v = (0, g% 8%u/0x'0x7) is a tangent vector and hence can be written as

v = v¥(eg, Ou/0x*), which obviously implies that each v¥ = 0 and hence v = 0.
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where u is at least C? in  and C° on Q. Of course, we will only be able to do this
under certain assumptions on the domain and boundary data. In particular, we will
look for solutions in Holder spaces. For o € (0, 1) we say that a function u : Q — R

lies in the Holder space C**(Q;R") if and only if it is in C*(€2; R™)? and

DFu(x) — DFu
lullie = fulls + sup 12702 = Dluly)

z,yeq) | - y|a
TFY

= |lullx + [D*ula

is finite. Here ||ul|x = Zf:o supg |D*u| is the usual C* norm. Note that, with the
norm || - ||1.q, the space C*(Q; R") will be a Banach space. We will sometimes just
call functions in these spaces C*® functions. Functions that are C*® on compact

subsets of a domain will be called locally C** on the domain.

We will need the following fact, which uses the Leray-Schauder fixed point the-
orem to get existence of solutions to the Dirichlet problem under the assumption of

suitable a priori estimates.

Lemma 2.1.1. For some o € (0,1), let Q be a bounded C** domain in R™ and let
¢ € C*(Q;R™). Suppose that there exist constants k € (0,1) and C' > 0 such that

supg [[|Dé]||> < 1 — K, and such that estimates
sup|[|Dul||> < 1=k and |ul1o <C
Q

hold whenever u € C**(Q; R™) satisfies supg, ||| Dul||*> < 1—k and is a solution of the
mazximal graph Dirichlet problem with u|gq = o¢|aq for some o € [0,1]. Then there
exists u € C%(Q;R"™) which is a solution to the mazimal graph Dirichlet problem

in R™™ with boundary values ulgq = @laq-

Most of the details can be seen in Theorem 11.4 of [10]. The proof is slightly
more complicated here since g”/(Dw) is only positive definite when the graph of w
is spacelike. This is why we need to define the set R, to avoid the non-spacelike
functions for which the map 7" would not make sense. Also unlike Theorem 11.4

of [10], we are considering a system here. So, when we apply the Schauder estimates

3C*(Q;R™) denotes the set of functions u : Q) — R™ with components u” € C*((Q).
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in this proof, we think of ¢”(Dw)d%*u/dz'dz? = 0 as a system of decoupled linear
equations (with Dw fixed in the coefficients) for the components u? of u. The
Schauder estimates then give C% bounds on each «”, which combine to give a C*

bound on wu.

Proof. We let R = {u € CY*(;R™) | ||[|Dul|]*> < 1 — k}, and we define maps
f: O QRY) — Rand T : R — CH(Q;R").

v if supg, [||Dv]|[* <1 -k

flv) = ,
(1= #)!2v/supq [[[Dul|]if supg [||Dov][]> > 1 — .

For any w € R, we define T'(w) to be the unique solution u to the system of n linear
Dirichlet problems given by

9%u

g’ (Dw) o0xt0xI

=0in Q, u= ¢ on 0.

Since w € R implies that the system is elliptic and that the coefficients ¢g*(Du)
are C%% functions,* we know that such a solution must exist in C2%(Q; R") by the

existence theorem for linear equations (see Theorem B.2.3 here, or 6.14 of [10]).

We claim that T = T o f : CY*(Q;R") — C'*(Q;R") will be continuous and
compact (i.e. the images of bounded sets are precompact). The map f is continu-
ous® and clearly maps bounded sets to bounded sets (with respect to the C* norm).
By the Schauder estimates (see Theorem B.2.2 here, or 6.6 of [10]), sets in R with
bounded C''* norm are mapped by T to sets with bounded C? norm.® But, by the

Arzela-Ascoli theorem,” bounded sets in C%(Q; R") are precompact (have compact

closure) in C?(€; R™) and CH(Q; R™).

4p — ¢ (p) is smooth and hence Lipschitz on {|||p|||> < 1 — &}, so ¢¥(Dw) is C%% if w is C'1*.
*When v; — v in C1* as J — oo, obviously supq, |||Dvs||| — supg ||| Dv]||.
5The bound on the image depends only on ||¢||2.. and the C* bound on the subset of R. This

is because |[u?| = |T'(w)”| < sup |¢”| by the maximum principle, and eigenvalues of g/ are > 1.
"This says that any uniformly bounded and uniformly equicontinuous sequence of functions

on § has a uniformly convergent subsequence. A uniform C?® bound gives uniform bounds and
equicontinuity on a sequence, and on the sequences of all first and second order derivatives. Arzela-

Ascoli then gives a subsequence for which all derivatives up to second order converge uniformly.
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Now we just need continuity of 7', which we will prove exactly as in the proof
of Theorem 11.4 of [10]. Let v; be a sequence in R converging to v with respect
to the C** norm as J — oo. The sequence obviously must be bounded with
respect to the C* norm, so the set {T'(v;)} is precompact in C?*({;R™), and
therefore any subsequence has a convergent subsequence. Let T'(9;) be such a
convergent subsequence, converging to some w in C?(£2;R"). Then by definition
of T we have 0 = ¢”(Dv;)0*(T(vy))/0x'0x7, where g (Dv;)0*(T(0;))/0x'0z? —
g9 (Dv)0*w/dz'dz’ by the C? convergence. So ¢”(Dv)d?w/dx'0x’ = 0, and the
only possible limit is w = T'(v). Therefore the sequence T'(v;) must converge to

T(v).

Now we need to make use of the estimates that we have assumed to exist.
Suppose that, for o € [0,1], we have a fixed point v € CH*(Q;R") of the map
oT. We have two possible cases. First, if supq |||[Dv||[> > 1 — k& then we have
oT(vy/1 — K/ supg |||Dv|||) = v, so w = vv/1 — K/ supg ||| Dv]|| solves the maximal
graph Dirichlet problem with w = (0v/1 — &/ supq, |||Dv|||)¢ on the boundary. But
(0+/1 — K/ supg ||| Dv]|]) € [0,1], so the assumptions that we make here imply that
supg |||Dw|||? < 1—k, which contradicts the fact that supg |||Dw|||* = 1—x. There-
fore we only need to consider the case supg, |||Dv|||> < 1 — &, where v will be a fixed
point of ¢T" and will be a solution of the maximal graph Dirichlet problem with

boundary values o¢. Our assumptions now imply that ||v||1. < C.

We conclude that T is a compact map from the Banach space C*(Q; R") into
itself and, for any o € [0,1], any fixed point v of o7 satisfies |[v||,o < C. Then
Theorem 11.3 of [10]® tells us that 7 has a fixed point. As explained above, but
now just taking o = 1, this fixed point must have |||Dul||*> < 1 — k. So it will be
a spacelike solution of the maximal graph Dirichlet problem with boundary values

given by ¢. ]

8This is a version of the Schauder fixed point theorem. It states that if F is a continuous
compact map of a Banach space B to itself, and if there exists a constant C' such that |z|p < C

for all z in B and o € [0,1] with = o Fx, then F has a fixed point.
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It is important to note that any C%® solution to a maximal graph Dirichlet prob-
lem (as given by the lemma) will be smooth on Q if the domain and boundary data
are both smooth. This is proved by induction using Theorem 6.19 of [10] (also see
B.2.4 in the appendix here), which says that if u is a C*® solution then the coeffi-
cients g¥(Du) are C*~1@ and therefore u must be C*™9 We also note that any
solution with boundary data ¢ will have |u| uniformly bounded in terms of supg, |¢|.

This follows directly from the elliptic maximum principle (see Theorem B.2.1).

The assumption on the gradient in Lemma 2.1.1 looks ugly, but we can quickly
give some examples where it holds. One example is the codimension n = 1 case,
where the gradient estimate from section 3 of [2] can be applied. But we are really
only interested in systems, so we give a more relevant example for dimension m = 2
and codimension n > 2. Let © be a bounded domain in R? and let ¢ : 99 — R",
but now assume also that each component ¢” satisfies a bounded slope condition'’

on 0f2 with constant K, such that
2
Z K <1—k,
¥

for some x € (0,1). Then Lemma 12.6 of [10] says that, since ¢” satisfies a bounded
slope condition with constant K, we will have supg, |Du?| < K, whenever u” is a
solution of some linear elliptic equation in 2 with u” = ¢” on the boundary (which
will be true for any solution to the maximal graph Dirichlet problem). Combining
these estimates!! gives us supq |||Dul||> < 1 — k. Obviously the same estimate will
hold for all spacelike maximal graphs over 2 with boundary values o¢ for o € [0, 1],

thus providing a gradient estimate that we could use to apply Lemma 2.1.1.

9Instead of 6.19, we could have used Theorem 6.17 of [10] which says that a locally C**< solution
will be locally C¥+1:. This can be used even when the domain and data are not smooth, but only
gives smoothness of solutions on the interior. Almost everything we do here could be repeated,

with very little extra work, using 6.17 with non-smooth domain/data.
10We define the curve I' = {(2,¢(2)) | z € 90} and we say that ¢ satisfies a bounded slope

condition with constant K if, VP € T, there exist planes z + (z,75(2)) through P such that

75 (2) < ¢(2) < 7h(2) and |Dr| < K for all 2 € Q. (See section 12.4 of [10], or [11].)
"Dul|* < [Du* = 32, D < 30, K3 <1k
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We will prove a more useful gradient estimate in the next section for any dimension

m > 2 and any codimension n > 1.

2.2 A Gradient Estimate

In this section, we will prove a gradient estimate for maximal graphs, using methods
from [23] (also see chapter 14 of [10]). Although we follow [23], there are a few dif-
ferences that should be pointed out. First, we are using an elliptic system, while the
gradient estimate in [23] is for a parabolic system. Therefore the assumption of a
gradient bound of the form |||Du|||* < 1 — & here seems strange, but it actually does
make sense given the form of Lemma 2.1.1. Secondly, the inequalities that we get for
maximal graphs are slightly different to the corresponding inequalities for minimal
graphs. In particular, the constant « will appear in our inequalities in a different
way, affecting the estimates that we get and the assumptions that we need to make.
We therefore need to explain the details of each step here, to make sure that we get

the correct inequalities, even though the structure of the proof is the same as in [23].

Given some x € (0,1), we will find conditions on the bounded domain Q2 C R™
and boundary data ¢ : QO — R" such that any smooth solution to the correspond-
ing maximal graph Dirichlet problem with supg |||Dul||* < 1 — x must satisfy
supq |||Dul||* < 1 — k. First we assume that  and ¢ are both C?, and that Q

1S convex.

Given such a solution u, we define a linear elliptic operator

62
0zioxi’

L = ¢(Du)

Fixing any v € {m+1,...,m+n} and any p € 99, we define a function S : Q — R
by
S =vlog(l+{d) — (v —¢7),

where d(x) is the distance from any point €  to the (m — 1)-dimensional hyper-
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plane tangent to 92 in R™ at the boundary point p.'?> The positive constants v and

¢ will be chosen later.

5? v 0% vC? 9d dd

driow V1081 =) = T e T T car 0w oo

and we already know that Lu = 0, and Ld = 0 since d is linear, so

o Lodod
LS =5 guiow T

The assumed bound on the gradient tells us that the eigenvalues of g~! are bounded
between 1 and 1/k.'3 Tt is also easy to calculate that |Dd| = 1. These two facts,
along with d(z) < |z — p| < diamQQ, give

v, 0d od vC?
1+ ¢d)2? 0207 = (1+ CdiamQ)?

By our choice of norm for D?¢,
m
L8] < 21Dl

If we assume
vC 2
(1 + CdiamQ)2 "

then LS < 0, so we can apply the elliptic maximum principle to see that the infimum

> m||[D*¢ll, (2.2)

of S occurs on the boundary. But it is clear that S > 0 on the boundary (by the
Dirichlet condition), so we have S > 0 on all of 2 and therefore vlog(l + (d) >
u’ — ¢7. If we also define S = vlog(1l + (d) + (u” — ¢?), then we can repeat this to
get —vlog(1+(d) < u”—¢7. This means that, at the point p, the normal derivative

of u” satisfies

A~ - )l
_ i [t tn) — @ (p+tn)] - [ (p) — ¢7()]
t—0 t
_ iy (@) — ()]
a=p |p—a
. vlog(l+{d(@)
= d(laz)rgO d(x) =

12Tf we denote by n a unit normal to dQ at p, then we have d(z) = |n - (z — p)|.
13Since ||| Dul||? < 1 — &, the eigenvalues of g = I — DuT Du are between x and 1.
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where we have used the substitution x = p + tn and the fact that ¢(p) = u(p).
We can assume that du?/0On = 0 at p for all v except v = m + 1. We do this
by rotating the coordinates of R™.* Then we have |0u/On| < (v + |0¢/On|. We
define, at p € 99, |||D%|||(p) = sup, |||Du(p)v||| where we take the supremum
over unit vectors tangent to the boundary of €2 at p. Since u = ¢ on the boundary,

11D%ul|(p) = [[1D?*¢[l|(p), so we get

ou ¢
I1Dull < |G|+ 1Dl < w6 -+ G2+ 110726l < v + 21Dl

at the point p (and hence at any boundary point). To minimize v in such a way that
inequality (2.2) holds, we take ¢ = 1/diam2 and v¢ = 4mdiamQ supq, ||| D?¢|||/x.*

With this choice of constants, we have the boundary estimate

4mdiam§?
sup ||| Dul|| < ————sup ||| D?*¢||| + 2sup ||| Dg]||.
o0 R Q o0

We can use this to get a gradient estimate on the full domain.

Proposition 2.2.1. Let Q be a bounded, convex, C? domain in R™ and let ¢ : Q) —

R" be a C? function. Assume, for some r € (0,1), that ¢ satisfies

dmdiam§?
I sup [[0% |+ 2sup 1Dl | < 1= R, 23)

If u is a smooth solution of the corresponding maximal graph Dirichlet problem in

R™ " and if supg ||| Dul||* < 1 — &, then supg ||| Dul||* < 1 — k.

Proof. To get a gradient estimate on all of £, we use an inequality which follows

from inequality 4.6 of [16] (also see inequality (A.3) in the appendix here, taking

4By the choice of norm on D¢ and D?¢ the assumptions on ¢ are preserved by this rotation,
which we denote by R (since, for example, |||D¢||| involves D¢? D¢ = Dp” RT RD¢). The mean
curvature zero system is also preserved (since g = I — Du? Du = I — DuT RT RDu), so everything
seen so far still holds after rotating. We can rotate back (for the same reasons) when we have the

final gradient estimate.
Y5 Defining f(v, () = v(, we see that Df = ((,v), which is never zero since v, > 0. By defining

g(v,¢) = v¢%— (m/K) supq ||| D?¢|||(1 + (diam)?, we use the usual Lagrange multiplier method to
see that, under the condition g = 0, the minimum of f occurs when AD f = Dg for some constant

A. Solving the resulting equations for A, ¢ and v, we get A = ¢ and exactly the v and { given here.
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the time derivative to be zero),!

Ajrlogy/det g < 0.

Applying the maximum principle to this tells us that y/det g > infyq y/det g on Q.
If |[|Dul]|> < 1 — kY™ on 9 then \/k < infsq+/detg < /detg. This implies

that |||Dul|]* < 1 — k on Q. Now, since our boundary gradient estimate gives

[|Dul||? < 1—~kY™ on 092 whenever inequality (2.3) holds, this proves our claim. [J

2.3 An Existence Theorem in R%™"

The previous section gives us a gradient estimate as required in Lemma 2.1.1, under
certain assumptions on the domain and boundary data. Now we need a suitable a
priori C1® estimate. Since we are only interested in codimension n > 1, we have
a system of equations, and therefore the C'%* estimates used for single equations
are not available. However, in the case of 2-dimensional graphs in R2*" we can
make use of the strong a priori estimates that hold for linear elliptic equations in
two variables. In particular, we use the fact below, which follows directly from a

comment on page 304 of [10].

Lemma 2.3.1. Let Q be a smooth, bounded domain in R?*. Let L = a"(x)0*/0x'0x’
be a linear elliptic operator, where a*(x) is smooth on 0 with eigenvalues \(x) <
A(x) such that A/\ < 1 for some constant n. Let ¢ : Q — R be smooth. Suppose
that u is a C? solution of Lu = 0 in Q, and is C° on Q with u = ¢ on 0. Then
there exist constants o, C' > 0 such that u is C* on Q with ||u|];o < C. Here C

depends on S0, ||9||o and n, while o depends on n and Q.17

This is useful to us because it applies to linear equations, rather than quasilinear

equations. So we can again think of our system as a system of decoupled linear

16Note that the Laplace operator can be thought of as an elliptic operator on Q by equation
(A.1), which implies that Ay f = g¥9%f/0x 027 + (1/+/det g)(0(v/det gg™)/0x?)df /02", where
g% is positive definite.

YTf Lu = 0 in Q with u = 0¢ on the boundary, for any ¢ € (0, 1), then the linearity of L allows

us to apply this lemma to u/o to see that ||ul|1 o < oC.
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equations (thinking of Du as being fixed in the coefficients), and then apply the
lemma to get estimates on each component of u. These combine to give an estimate
on u. Unfortunately, it seems unlikely that an analogue of this lemma would exist for

more than two variables (see chapter 12 of [10] for the proof and related comments).

Theorem 2.3.1. Let Q be a smooth, convex and bounded domain in R?. Let ¢ : Q) —
R™ be a smooth function satisfying inequality (2.3) with m = 2 and supg, ||| D¢|||* <
1 — K for some k € (0,1). Then there exists a smooth solution u to the mazimal

graph Dirichlet problem in R2t™ with |||Dul||> < 1 — & on Q and u = ¢ on 0.

Proof. If u is a C%“ (for any a € (0,1)) maximal graph with boundary values o¢
(for some o € [0, 1]) and supg, ||| Dul||> < 1 — &, then the gradient estimate from the
previous section gives supg |||Du|||* < 1 — k. The eigenvalues of ¢*/ are between 1
and 1/k, so we can take n = 1/k in Lemma 2.3.1 to get an a priori C'1® estimate on
such maximal graphs (with o = «a(n,2) as in the lemma). This allows us to apply

Lemma 2.1.1 to prove the theorem. ]

The result claimed in the introduction, in the case of dimension m = 2, now
follows directly from this since the assumptions on ¢ in the above theorem will be

satisfied whenever the C? norm of ¢ is small enough.

Corollary 2.3.1. Given a convex, smooth, bounded domain Q in R? and any k €
(0,1), there will exist a smooth solution u : Q0 — R™ to the mazimal graph Dirichlet
problem in R*™ satisfying |||Dul||* < 1 — k and ulsq = ¢|oq, for any smooth

¢ : Q — R™ with sufficiently small C* norm.

Also note that, if we use the bounded slope condition mentioned in the first

section of this chapter, we can prove the following theorem.

Theorem 2.3.2. Let Q be a bounded, smooth domain in R* and let ¢ : Q — R
be smooth with |||D¢[||> < 1 -k on Q for some k € (0,1). Suppose that each ¢”
satisfies a bounded slope condition with constant K., such that Zw Kz <1—k. Then

there exists a smooth solution u to the mazimal graph Dirichlet problem in R2T" with

| Dul||? <1 — kK on Q and u = ¢ on O,

Proof. As in Theorem 2.3.1, but now using the bounded slope condition to get the

gradient estimate. O
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2.4 An Existence Theorem in R

Here we will prove C'® estimates in the case of maximal graphs in R”™ of dimen-
sion m > 2 and codimension n > 1, whenever we have a sufficiently strong gradient
estimate. These will then be used to prove an existence theorem for the Dirichlet
problem. As in the case of single quasilinear equations, we get such estimates by
reducing to the problem of finding estimates for supersolutions of linear equations
in divergence form. Similar methods can be seen in chapter 13 of [10], but these
results do not apply to systems. Since we are dealing with a system here, we will
need the assumption of an estimate on the gradient strong enough that we can
ignore certain terms in our inequalities. This will be made more clear later. Obvi-
ously, if our domain is convex and our boundary data has small enough C? norm,

then the required gradient bound will exist (by the gradient estimate proved earlier).

It is important to note here that we will aim for a fast proof, rather than being
careful to get the best possible estimates or the most general results. It would be
possible to follow through the proofs given here more carefully, to weaken the as-
sumptions used (or possibly even to apply them to more general quasilinear systems,
under some structure conditions). However, given the form of the main theorem that
we hope to prove, this does not seem to be worth the effort here. Instead we will

just aim to explain the methods used as quickly and clearly as possible.

Suppose that we have a maximal graph in R given by a smooth function
u:Q CR™ — R" with |[|Dul||*> < 1 — &k for some x € (0,1). For some v €

{m+1,...,m+n}and r € {1,...,m} to be chosen later, we define a function

ou”

w=CV1—k=— +uv,
ox™

where ( is some constant depending on m and n to be chosen later, and where

ou’\?
V=2 ((%ﬂ)
4
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Then, writing g(p) = I — p'p for p = (P%);

0 ow o , . ow 0*w
_ Y (i Y i
o < "Dz J) g (97(DW) 55+ 9" (Du)g
g o*ur Ow
= ot PV 5ot o
pY ri0xk Ox
Puy *v
gl V1
(Du) <C " 0ur 991 * 890"(%])
But
v 5 v 0P 4 Pur ou
0xidxd " Oxidxk Oz Ox* 0xk0x'0xI Dk
and
y Pu 0 y 0% o , . 0*uY
(D — = (D — | — (D —
97 U)Oxhax@aﬂ oxh (g ( u)axlaﬂ) oxh (97 (D) Oxtoxi
0g" 0*u’ 0P
= 0= 5 PV ourar drioms
therefore
0 y ow 0g" *ur Ow
ij it _
oz (g (D “)axa') opr P griar o
,—ag” 0?u’ %Y
= 1_'% ( )8:6’“83:’" oxt oI
B 82 v aQuu
ij
200 D)y
v ij 2,0 2,V
_28u dg o°u’  0°u (2.4)

o2t opt PV 50k 0t dwios
We would like to remove the second derivatives of w in the right hand side, so that
we are left with a useful inequality for the left hand side. This is where we need to
use the gradient estimate. We want to show that the right hand side of the above
equation is dominated by the third term whenever 1 — x is small enough. First we
need to remember that the eigenvalues of g% will be between 1 and 1/k, so in this
third term we have

y w0 O2ur \? o2ur \?
ij > _ 2,12,
20" (D) 5 i0at ot = 2; Z (axi&vk) Z (axjamk) 2107l

J

Also, g(p) = I — p’p implies that

agij
T () =0 — Spp” — Spip,
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which, by differentiating g;;¢’" = d;, gives

g’
opy.

(p) = g™ g™’ + g g7 pl.

By the equivalence of matrix norms,'® the Schwarz inequality'® and the bound on

the eigenvalues of g, this then gives us the inequality

dg’" 112 2m?
<2|g~ < ——|p|.
(%)) <210l < 250

We also know that

P 8u” 0*u”
- ‘C” oeior 20w drow

< [¢|V1~&|D*| +2|Dul - |D?u|
< ([¢] +2vm)V1 — &|D?ul,

ow
oxt

where we have used |Du| < v/m|||Dul|| < /m+v/1 — k. Now we can combine all of

g
(3292)‘ D%l

the inequalities above and apply them to equation (2.4) to get
0 y ow gt

- ¢"(Du)—— - - |D?u| - |Dw| — 1—
o (#0055 ) = =|(52)]: 1ol 1pul - 1evI=R

g
+2|D%uf2 =2 |Dul - | 2 )| - [Dul?
op;,

D2u|2,

1—
> 9Dt — — "

where the constant C' > 0 depends only on m and n (since ¢ does). So for 1 — &

small enough (how small depending on m and n) we will have

0 ow
>
Ozt ( (D) 81’]) 0

and therefore w will be a subsolution®® of the linear divergence form equation

o (37055 =o. (25)

where g¥(x) = g¥(Du(x)).

18Given any norms |- |1, | - |2 on the space of real m x m matrices, there exist constants C, K > 0

such that C|A|, < |A]p < K|A]; for each A. We usually apply this when [A]; = (/3. A7, and

ij
| A5 is the square root of the largest eigenvalue of AT A, taking C' = 1/m and K = 1.

By w| < |v| - |w| for all v, w.

20A function u is a subsolution (supersolution) of an elliptic equation Lu = 0 if Lu > 0 (< 0).
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Lemma 2.4.1. Let Q be a domain in R™. There exist constants k,a € (0,1)
and K > 0 such that if a mazimal graph in R is given by a smooth function

w: Q) — R™ with |||Dul||* < 1 — &, then u will satisfy
[Du‘gl]a < Kdist(Q/, 89)*0‘

on any subdomain Q' with closure contained in ). Here k, a and K depend on m

and n.

Proof. First we take ¢ > 0 and define w® = +(v/1 — kOu? /92" +v. Choosing a ball
B (y) with closure contained in €2, we consider R € (0, Ro/4). Taking r and 7 to
be such that?!

ouY ou”

0SCBy (1) —(%gr > 0SCB (y) O

foralli=1,...,mand v=m+1,...m +n. We easily check that??

oY ouY
V1—r(C— 2mn)oscBTR(y)% < OS(:BZLR(y)wi < V1= k(¢ + 2mn)oscpm () p
(2.6)

Choosing ¢ = 10mn and setting W+ = SUP g () w*, we get (using (2.6) and the

footnote again)

N
inf Z(Wi—wi) > sup (C\/l—kaau + inf v)

Bih(y) £~ B, (y) dz" Bl
ou”
+ sup (—C\/l—li ur + inf v) —2 sup v
B (y) 0x"  BI4(y) B (y)

ol gl
= \/1—/<C<Sup our inf 8u>_2( sup v — inf v)

B (y) 02" By Ox" Br(y)  Bix®
\/— ou?
= 1— mCoscBﬁ%(y)% — 208Cpm 1)V
ou”
> V1—-k((— 4mn)oscBﬁz(y)%

¢ —4mn
— 0
¢+ 2mn
OSCBZIL%(y)’lUi

= —r— (2.7)

+
SCBY () W

Hoscpf =sup, yep [f(2) — f(y)l. ‘ 4 ,
PHere we use v(z) —v(y) = 3, ;[(0u”/927)*(x) — (Qu”/027)*(y)] = 3, ;[(0u”/027)(x) +
(0w 09 )[(Ou* /029)(&) — (O [0 )(w)] < 5525w IIDullosc(@u/0z7) < 2mn(1 -

#)/20sc(0u” /02") by the choice of v, 7.



2.4. An Existence Theorem in R 23

The choice of ( is the last real difference between the system case and the equation
case for this proof, but we will give the few remaining details just so that the steps
above make sense. From here we can apply the weak Harnack inequality?® (Theorem
8.18 of [10]), to the supersolution W* — w¥ of equation (2.5), to get
(inf (W* —w*) 4+ 0) > i/ (W* —w*) (2.8)
B (y) R™ Jm )
for some positive constant C' depending on x and m. By inequality (2.7), we have
inf gy () (W= — wF) > oscpp (,w* /4 for either w' or w™. Assume that it holds for

w™, then

C

Rm Bm

( )(VVJr —w") > C'oscpm (yw™ (2.9)
2rY

for some constant ¢ depending on x and m. If we define @,,(R) = oscpm (,yw™ and

wiv(R) = oscpr () (0u”/dz"). Then inequalities (2.8) and (2.9) give

C'o(R) < inf (WH—wh)

BE (y)
< sup wt — inf wt+ inf wh— sup wT
Bik(y) BYx(v) B (y) B (y)

= By (R) — @0 (R/Y),

50 Wry (R/4) < @y (R)(1-C"). It also is easy to see that @, (Ro/4) < supgm (,) w" <
0
C" (1 — k) for some constant C” depending on m and n, and by inequality (2.6) that

out _ oscgpmw’  @(R)
W) ox — /1 —r8mn /1 — k8mn’

These facts allow us to apply Lemma 13.5 of [10]** to get w;,(R) < C"R*/RY for

wir(R) < oscpm.

each i and v, and for all R € (0, Ry/4), where the constant C"” depends on m, n, k.

ZLet L be a linear elliptic operator, Lw = (9/0z*)(a% (x)0w/dx7) on Q, with eigenvalues of a%/
between two positive constants A < A. Let f € L™(Q) and let w € C?(Q) be a supersolution of
Lw = fin Qwithw > 0in Bij(y) C Q. Then [[w||p1 By, (y)) < R™C(infpm(y) WA R fl|Lm(0));
for some constant C' depending on m and A/X. Here LP(Q) is the set of functions with ||u||z» ) =

(fo lulPdz)'/? < oo (for p > 1).
MLet {wa} and {wa} for A =1,..., N be sequences of non-decreasing functions on an interval

(0, Ry), such that for each R < Ry there exists wp € {wa} with @p(R) > every dowa(R) (for some
constant 6y > 0) and such that op(R/4) < vwp(R) + o(R) (for some non-decreasing o and some
constant 7 > 0). Then, for each R < Ry, we have wa(R) < C[(R/Rp)* maxa @a(Ro) +o(v/RoR)],

for some constants «, C' depending on N, ~, dg.
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We finally take 2Ry be the distance between 2" and 02 (for example). If x,y € ¥
with [z —y| = R < Ro/4 then |(0u”/0x")(x) — (Qu” [0x")(y)| < oscpm (,)Ju” /It
which is less than (R/Ry)® = |z —y|*/R§ multiplied by some constant depending on
m, n and x. Obviously if |x—y| > Ry/4 then, by the gradient bound, |(du”/dz")(x)—
(Ou” /0z")(y)| is less than |z — y|*/ Ry multiplied by some constant depending on k.
This gives the expected estimate. [

This lemma is just an interior estimate, and we really need an estimate on the
full domain. Therefore we will need some kind of C''® estimate at the boundary of
(). To do this, we need to adjust our problem in such a way that we only need to
consider a solution which is zero on a flat boundary portion. We will need to be
careful about where the gradient (of a solution) appears in our inequalities. We have
to make sure that, as before, a strong enough bound on the gradient will allow us to
assume that certain terms dominate. Unfortunately, the fact that we have to trans-
form our domain and boundary data means that the gradient bound needed will

depend on the transformation and therefore on the original domain €2 and boundary

data ¢.

Given a smooth, bounded domain €2 in R™, let B be some ball in R™ with centre
on 0f). Taking B to be smaller if necessary, we can assume that there is a coordinate

change F': B — F(B) C R™ such that F' and F~! are smooth, with
F(BNnoQ)c{y|y" =0} and F(BNQ) C{y]|y™ >0},

and such that the matrix DEFDFT has eigenvalues bounded from above and below
by positive constants Ar and Ap respectively (since this matrix can be assumed to

be smooth and positive definite on the closure of B).

We assume that a smooth function u : Q — R" gives a maximal graph with
|[Dul||> < 1 — k. We also assume a Dirichlet boundary condition, u|pq = ¢|oq
for some smooth ¢ : Q — R", where ||¢|]; < @, and ||§]|3 < @3 for some positive
constants ®o and ®3. We define u by a(F(z)) = u(z). Then Du = DuDF and
ou ou” o <31§L" 8F’“) (6@” 8Fh>

j

9ig(Du) = 0ij = Ox' Oz oy Ozt oy OxJ
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If we define

Ayl i) = 3~ (G050 ) (G G0,

then
o 0%u
— 4
0 I oriow
OFF _OFh 0% O*FF 9u
= ~ AV ——— + A ————.
ox’ 0xd ) Qykoyh 0x'0xd JyF

We also define ¢ by ¢ = ¢(F), and take & = @ — ¢ so that & = 0 at points on
F(0Q2N B). Then u satisfies the system

k h 2.
0 = OF A OF | 0*u
ox’ 0xd ) Qykoyh

LY A ou 9o OFF _OFM\ 9%
i L)
i (A (%if)xj) <8y’f - 8yk> * (89& A Oz ) dykoyh’

where the coefficients AY = A%(y, Di) = A¥(y, Dt + D¢), and where the matrix

A~ = (AY) has eigenvalues between 1 and 1/k. If we define

y - OF% OF"
kh ~ _ ij ~ -1 -1
G™(y, Da) Ay, Di+ Do)5—(F ) 5= (F ),
-~ 2y o 0 %9
B(y,Du) = AY(y,Du+ D — (F Y| =—+—2L khiy DG)——

where the matrix G~ = (G*) has eigenvalues between A\ and Ar/k, then we have

the elliptic system

0

— kh DA v
0=G"(y, “(y))aykayh+

Now we define a function

B(y, Di(y)). (2.10)
o — (i
w=V1-ng0 +Z£:ZI (ayf

1/)2
v

for some y € {m+1,...,m—+n}andr € {1,...,m—1}. It is important to remember
that we will apply the summation convention over the usual ranges for all indices

except £, where we will only take sums over £ = 1,...,m — 1. This means that w
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only involves the tangential derivatives at the flat boundary portion. We get

v e —_— Y ____
oy’ (G @yj) ooy

B 357 2V 2NV AV 35V
+Gw<<\/1T U 28u 0%u +28u ou )

K@yiayﬂ' oyr + Oytoyt Oyl Oyt Oyt Oytoy oyI

R )
_Cmafﬂ" (@) aiig;f e aiig;f %
- (G - VTR ()
—(V1—k 8§T<Gij>aijg;j YL, 88;;; %

% AU 25V
ou” o B 28u 0 i 0“1

oy ar”) a7 0y ooy =

We will use the obvious fact (where we will take z = y* or p¥) that?
0AY __ fih ik OAwn N 0AY <A1 OAn < C | OAkn
0z K2 0z

0z 0z 0z
for some constant C' depending on m. We will also stop labelling constants here and

Y

will, for now, just denote all constants by C. First,

04, 9 [OF" OF/ ,
< o )| <
0AY 0A;; C
< [A-1P2 G\ <« 22
;‘Kayk)'(y,p)_lfl | <ayk)‘_ﬂ2lpl,

where the constants depend only on F' and m. Similarly,

ij g h f
(8/13) B <0A,]) _C (aF V(’?F) e
opy, apy, K2

oar O g )| < a
where the constants depend on F' and m again. We can use these inequalities to get

pl,

2 (Gii(y, Da(y)))‘ = ‘_ (Afh(y’ D+ Do)z 5o

0 0 - OFi OF
oy* oy
C - ) :
< (IDi+ Do + D%+ D*|| D+ Dol + 1)

25Here the notation |(-)| indicates that we are taking the norm of a matrix, not just a component.



2.4. An Existence Theorem in R 27

and similarly,

0

¢
Ay 2

(B Di)| = 5 (1Di+ DI +Di+ DIPID* + D73])
C . 7 24 27
+t <|Du+D¢| +|D*t+ D ¢y)
C’ ~
+— (IDi+ D + | D%+ D] + 1) | D)
+—|D3<z>|,
K
where all constants again depend on F' and m. Applying the Schwarz, triangle and
Young?® inequalities, we get
|Di+ D¢| = |Dia| < |Du| - |DF| < CvV1—r<C,
|Dw| < C|D*a|v/1 — &,
D%+ D*¢| < |D%i| + |D*9],
|D*4| < |D*al?/2 +1/2,
where the constants C' depend on m, n and F. We apply all of the inequalities

above, along with the Schwarz inequality and 0 < k < 1, to equation (2.11) to get

27V 25V
9, (Gija—w>22Gij Fur 9w CV1

oy’ oy’ Oyt oyt Oyl Oyt K2

—E (1% + 1+ D%]) (212)

for some constant C' depending on m, n, F' and ®, (by dependence on the second
derivatives of ¢). We can take the coefficient of the second term on the right hand

side to be small by taking « to be close to 1. We hope that the term

Gij 82@1/ 82 v /\ ZZZ 82 v (2 13)
Oyioyt Oy 6?% = - 6y oyt '

will dominate when « is close enough to 1. Obviously this term contains all second

order derivatives of 4 except 9?0/0x™dz™. By using the system satisfied by 4,

and the obvious bounds on |B| and |G™!|, we can estimate this remaining second

264ab < ea?/2 + b /2¢ for a,b € R and € > 0.
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derivative

‘ 0*u”

1 . 0%
| = | i___ _p

(4,5)#(m,m)

. aQaV 2
= ol 2 (3yi3yj> + 18]
(i29)#(m.m)
C 92 \? R ) N
<9l (ayiayj) +(1Da + Dal + |D*3))
(i.9)#(m.m)
2ar \ 2 )~
< - > v + V1= k+ |D%*)|
\ Gormamy N0V
C 2 \?
< - > (ayiaya') +1], (2.14)
(i29)#(m.m)

where C' depends on m, n, F' and ®5 but not x. This implies that

i = (2 (ZEV (Y
) OytoyI Aymoy™

v (6,5)#(m,m

82AV 2
< Z Z (ayzayﬂ> +1], (2.15)

v (i,5)#

where we have used Young’s inequality and x < 1, and where C depends on m, n, F’
and ®,. The right hand side of this inequality again contains all derivatives except
0?1/0x™dz™. Combining this with (2.13) gives

82 ~U 82 ~U
8y26y5 oy’ 83/ -

and then inequality (2.12) gives (for constants again depending on m,n, F, ®5)

9 i Ow 21212 — 1 CV 2412 3
5y (Gﬂayj)ZC(/f |D*a> —1) — (|D |+1+|D¢>|)

which implies that if we choose r close enough to 1 then the terms involving | D*@l?

0 ow
’Lj >
Ay’ (G (91/]) = ¢

for some (not necessarily positive) constant C' depending on m, n, F' and ®3. There-

C(r*|D*al* - 1),

will cancel. This leaves

fore w will be a subsolution of a linear divergence form equation

a?/ (Gij (y)a—w.> e (2.16)

0yl
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where G (y) = G (y, Di(y)). We now have the inequality that we were hoping for.
It is important to note that our choice of k is determined only by the dimension
m, the codimension n, the domain € (through dependence on F') and the upper
bound ®, on the C? norm of ¢ (since the term |D3@| only appears on its own in our

inequalities, never multiplied by |D?@l).

Lemma 2.4.2. Let 2 be a smooth, bounded domain in R™, and let ¢ : Q — R™ be
a smooth function with ||¢|la < Po and ||¢||3 < P3 for some constants Py, P53 > 0.
There exist constants k,« € (0,1) and K > 0 such that if a mazimal graph in R
is given by a smooth function u : Q — R", with ulsq = ¢loq and |||Dul||> < 1 — &,
then

[Dul, < K.

Here k depends on m, n, ®o and ), while o and K depend on m, n, € and ®3.

This is proved by combining the interior estimates from Lemma 2.4.1 with bound-
ary estimates proved by applying a boundary Harnack inequality to supersolutions
of (2.16). This is done exactly as in section 13.4 of [10], and we have seen the most
important steps in the proof of Lemma 2.4.1. We will therefore only give a quick

outline of the proof.

Proof. Since we choose F' such that F'(B N 0S2) lies in the plane y™ = 0, and since
we defined u such that it is zero on this flat boundary portion, we know that the
tangential derivatives 9a/0y’ will be zero there, and therefore so will w. Using this
fact, we apply the boundary weak Harnack inequality (Theorem 8.26 of [10])?" in
balls with centre on F(B N df2). Using the same ideas as in the proof of Lemma
2.4.1, we get C%* estimates on the tangential derivatives. Now we just need a

C%* estimate on the normal derivative d4/9y™, which we get from the estimates

2TLet L be a linear elliptic operator, Lw = (0/0z*)(a% (x)0w/dx7) on Q, with eigenvalues of a%/
between two positive constants A < A. Let f € L™(Q) and let w € C?(Q) be a supersolution of
Lw = f in Q with w > 0 in the intersection of  with BJ;(y) C R™. Then Hw(_)”Ll(B;’ﬁ(y)) <
R™C(infpp(y) w=) + A7LR||f||zm(q)), for some constant C depending on m and A/A, where we

define w(~)(z) to be equal to min(w(z), infpanpy, () w) when z €  and equal to infpanpy, () w

when x ¢ Q.
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on the tangential derivatives by using inequality (2.14) (see section 13.4 of [10] for
details). Returning to the original domain and boundary data gives [Dul, estimates
(dependent on F') in balls with centre on 0. Since the domain is bounded, we
only need to consider finitely balls (i.e. finitely many transformations F'). Then
we can take the maximum (over all of the balls and transformations needed) of the
constants involved, thus getting the required estimates in a neighbourhood of 052,
with finite constants depending on €2, etc. Combining with the interior estimates

from Lemma 2.4.1 completes the proof. O

Theorem 2.4.1. Given a convex, smooth, bounded domain €2 in R™, there will exist
a constant C' (depending on 2, m,n) such that the mazximal graph Dirichlet problem
in R™™ will have a smooth solution, with ulsq = ¢|aq, for any smooth ¢ : Q2 — R™

with C? norm less than C.

Proof. Let ||p||la < P9 and ||¢||3 < 3, for constants Py, P3 > 0. Let v =
k(m,n,, ®y) be as in Lemma 2.4.2. Assume further that [|¢||s is small enough
that |||D¢|||* < 1 — k and that inequality (2.3) holds for this x. This gives the
gradient estimate needed to apply Lemma 2.4.2. Then we have an a priori estimate

on the C* norm. These estimates clearly also hold for solutions with boundary

values ¢, for any o € [0, 1], allowing us to apply Lemma 2.1.1. ]

2.5 A Gradient Estimate for Mean Curvature Flow

Soon we will see a situation where we would like to have a gradient bound on
graphic solutions to the spacelike mean curvature flow system in R, Although
this system will be discussed in more detail later, it is convenient to prove a gradient
estimate now since the idea is roughly the same as in the proof of gradient estimates
for maximal graphs seen in this chapter (also, see [23] and [20] for a similar gradient
estimate in the Euclidean case). Another reason for proving this estimate now is
that it will give us some confidence that our assumptions in the next chapter are
reasonable. More precisely, it provides us with examples where an a priori gradient

bound stronger than the spacelike condition will hold (compare to Assumption 3 in
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the next chapter).

Our goal in this section will be to prove a gradient estimate for spacelike mean
curvature flows satisfying certain boundary /initial conditions. Suppose that we have
a graphic mean curvature flow in R”"*" given by some function u : 2 x (0,7) — R"
for a bounded, convex, C? domain 2 C R™. We assume u is smooth on the interior
of its domain and C' on the closure. We take the induced metric from R on
spatial slices M; = {(z,u(z,t)) € R"*™ | x € Q} for each t € [0, T], and we assume
that these are spacelike (i.e. that |||Dul||| < 1, where D is taken with respect to the
space variables in R™ only). By the mean curvature flow condition, u satisfies the

parabolic system Ou/dt = g"(Du)d?u/0x'dz7 (we will see why in Theorem 3.3.1).

Proposition 2.5.1. Let ¢ : Q x [0,T] — R" be a C? function and let k € (0,1).
If the function u above satisfies the boundary/initial condition that u(x,t) = ¢(x,t)
whenever x € O or t = 0, then the inequality supq |||Dul||* < 1 — & will hold for

all times in [0, T) if the (parabolic) C* norm of ¢ is small enough.

Proof. For ¢ small enough in C?, we can assume that at time ¢ = 0 we have
supg, ||| Du(-, 0)|||? = supq |[|Do(-,0)|||*> < 1 — k™ < 1 — k. Suppose that there
exists some first time e € (0,7 such that [||Dul||> = 1 — & for some point in €.
Then we have |||Dul||> < 1 — & on Q x [0,¢]. Now we take the linear parabolic
operator L = 9/0t — g (Du)0*/0z'0x?, and we define S and S’ exactly as we did
earlier (where d is still a function of the space variables on Q only, independent of
the time variable). We get

2
v i3 9d ﬁ — L¢Y and LS =

v ad od
(1+ A2 9 dad

1+ Cd)2? 0xi 0ud

LS = 1 Lo,

and we have
v(2g¥ ﬁ od < v(?
(14 ¢d)? 02t 027 — (1 + (diam2)?

dp| m
< = |+ —|I|D%9]|].
w1267 < 52|+ Z00l)

If we have
v¢? - ¢
(1 + ¢diam$2)? — | Ot

then we can apply the parabolic maximum principle (see Theorem B.3.1) to the

+ = [lID%l| (2.17)

inequalities LS > 0 and LS” > 0 to get S > 0 and S’ > 0, and then a bound on
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the normal derivative of u at 02 exactly as in the maximal graph case. This again
gives us a bound of the form |||Dul|| < v{+2|||D¢||| at OS2, where we can minimize
v¢ in such a way that inequality (2.17) holds by taking ¢ = 1/diam(2 and v{ =
4diam€Q supg,. o 71(|0¢/0t| +m|||D?¢|[|/x). Then, for ¢ with small enough parabolic
C? norm, we will have |||Dul||*> < C on the parabolic boundary 92 x [0,¢] UQ x {0}
for some constant C' < 1 — /™. Since we already know (by the definition of €) that

||Dul||> <1 —x on Q x [0, €], we can use

d
(E — Am) log v/det g > 0,

which follows from the proof of Proposition 5.2 in [17] (see inequality (A.3)) and
where Ay, is the induced Laplace operator on M;.?® We use this to extend our
boundary gradient estimate to all of Q2 x [0, €]. By applying the parabolic maximum
principle to this inequality, we see that |||Dul||> < 1 — k on Q x [0,¢]. This is a
contradiction to the definition of €, so no such € can exist. Therefore, if the C? norm
of ¢ is as small as described, the gradient estimate |||Dul||* < 1 — & will hold for all

times for which this mean curvature flow exists. ]

Paying closer attention to this proof gives a more general condition on ¢ which
guarantees the existence of such a gradient estimate (supg, ||| Do (-, 0)||| < V1 — s1/m
and 4diam®supq,.o1,(16/01| +m| D26]]|/%) + 250D, 18| < VI 7).
It is also worth noting that, along with suitable regularity theorems (see the next
two chapters), this estimate could possibly help us to prove long time existence for
certain mean curvature flow problems. This would possibly lead to another existence

theorem for the maximal graph system Dirichlet problem.

Z8We think of d/dt — Ay, a parabolic operator on Q x (0,¢€) since Ay, f = g¥0%f/0x 027 +
(1/y/det g)(0(y/det gg'?)/0x7)0 f /0x" and df /dt = O f /Ot+ D f-Ou/Ot, where g% is positive definite.



Chapter 3

Regularity for Spacelike Mean

Curvature Flows

Let M be a mean curvature flow in a Euclidean space. Let M(t) be the m-
dimensional submanifold of R™*" given by the flow at each time ¢. For spacetime
points (y, s), the Gaussian density ratio of the flow is defined by taking the integral
of the backward heat kernel,

(4n(s - )z P (‘%) |

over each M(t) at times ¢ < s. In [12], Huisken proved an important monotonicity

O(x) =

formula which roughly says that the Gaussian density ratio will be non-increasing
with respect to ¢ on mean curvature flows. A local version of this formula is proved
by Ecker in Proposition 4.17 of [5]. One application of these monotonicity formulas
is the proof of Brian White’s local regularity theorem (see [24]) for mean curvature
flows in Euclidean spaces. This theorem says that such a flow will be smooth in

regions of spacetime where the Gaussian density ratios are close enough to 1.

Our goal in this chapter is to prove a similar regularity theorem, but now for
spacelike mean curvature flows in semi-Euclidean spaces. We will assume that these
flows are graphs and that they satisfy some uniform gradient bound stronger than
the spacelike condition. Roughly, we will prove that if such a flow is smooth on an
interval (0,7"), then it can be extended smoothly to time 7". This should be com-

33
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pared to Theorem 3.5 of [24]. We prove this by defining a quantity that has similar
properties to the Gaussian density ratio. This quantity is chosen in such a way that
the evolution equations for spacelike mean curvature flows will allow us to prove
monotonicity formulas similar to Huisken’s and Ecker’s. The proof of the regular-

ity theorem itself is then similar to the proofs in [24] and [5], with some adjustments.

The main differences between this case and the Euclidean case are caused by the
semi-Euclidean metric. Obviously, the mean curvature flow system is only parabolic
when the spacelike condition is satisfied. Therefore any gradient estimates are only
useful if they are stronger than the spacelike condition (for example, the gradient
estimate that we proved earlier). This is why we will use Assumption 3. This
seems like a significant restriction, but it is not surprising that we need it since most
parabolic problems require a gradient estimate anyway. Assumption 3 is also useful
when defining our modified version of the Gaussian density ratio. For example, we
need a gradient bound to guarantee that this quantity is finite on a smooth flow
(since we need the eigenvalues of the induced metric to stay uniformly away from
zero). We will frequently need Assumption 3, used with inequality (3.12), to get the
uniform bounds needed to use the dominated convergence theorem (such arguments

here are more difficult than in the Euclidean case).

Other difficulties due to the semi-Euclidean metric appear in the proofs of the
monotonicity and regularity theorems. For example, Ecker’s local formula involves
a nice localisation function which is not useful in the semi-Euclidean case, thus
making our proof of local monotonicity slightly more awkward (see Theorem 3.5.1
and compare to Proposition 4.17 in [5]). We also get different signs in the evolution
equations for various quantities, meaning that the inequalities seen in the Euclidean
case are often reversed here. Finally, when proving regularity theorems, the metric
prevents us from using White’s local C*® norm, since the definition of this norm
involves rotations in space. We need to use the spacelike condition, as well as a

slightly different version of the Schauder estimates, to avoid the need for rotations.
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3.1 Preliminaries

When N > 2, RY will be Euclidean space with elements denoted by x and the
usual norm |z|. B (z) will be the ball of radius R and centre z. We will denote by
RY:! the spacetime RY x R with elements X = (x,t) and parabolic norm || X|| =

max{|z|, [t|'/2}. We write
By'(X) = BN(z) x (t — Rt + R?) and Uy (X)= BY(z) x (t — R ].

The function 7 : RM! — R will be the projection 7(x,t) = t onto the time axis. For

any A > 0, we define the parabolic dilation Dy : RM! — R by
Dy(x,t) = (Ax, \*t).

It is important to notice that ||DyX|| = A||X||. For subsets U of R™! and functions

f from U into some Euclidean space, we define (as in [24]) the distance
d(X,U) = mf{[|X =Y | Y ¢ U},
and the parabolic Hélder norms (for non-negative integers p and 0 < av < 1)

1/l = fllere@y =Y 11D"@)" fllo.as

k+2h<p
where 0,f = 0f/0t, Ouf = 0f/0z4, D = (1,...,0n),
_ f(X) — fY)] _
o= s MEIZIEN and 1l = s 01+ 71

In the obvious way, we also define the parabolic C* norm by

11l = I fllerwy =Y sup|D*(@)" fI.

k+2h<p

If we say that a sequence of functions converges in C? or CP on some set, then we

just mean that it converges on that set with respect to the corresponding norm.

For integers m > 2 and n > 1, it will be convenient here for us to consider the
space R™*™ with elements denoted by x = (, %), where & € R™ and € R™. With
this notation, we can write R7*" = (R™*" (.,-)) with (z,y) = Z-g— & -g. If we use
the summation convention with indices 7,5 =1,..., mand v,y =m+1,...,m+n,
then (z,y) = z'y* — 27y” and we denote by g the corresponding diagonal matrix

with gij = 5ij7 gl/’y = _5V'y-
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3.2 Mean Curvature Flows

We will consider subsets M of the spacetime R x R, where 7(M) = I for some
interval I and 7 has no critical points. We define the spatial slices M(s) = {x €
R+ | (2,5) € M}, and assume that each M(s) is an m-dimensional spacelike

submanifold of R, We will assume, for each s € I, that there exists some open

set U in R™*" x [ such that M(s) C U and
MNOU ={(F(z,1),1) | (2,1) € £},

for some open set £ in R™ x I and some smooth F': &€ — R™ ™ where each F(-,t)
is an embedding. We call M a flow. If we denote by H(x,t) the mean curvature
vector of M(t) in R™™ at each point x, then we call M a mean curvature flow if

each of the functions F' above can be chosen to satisfy 0,F(z,t) = H(F(z,t),t).

Assumption 1: M is a mean curvature flow of the form above, where each spatial

slice is an m-dimensional spacelike submanifold of R

It is not difficult to prove the following facts (note that we will repeatedly use
the fact that Ay F = H, as proved in Proposition A.1.1). The first is a version of

the divergence theorem on mean curvature flows,*

/ (HV) = / (AmwF V)
M(t) M(t)
1
= / < det gg”0; F), >\/det dz
Q

det g

= / Z< detg”@FV>
Q¢
—/ (0,F, 0,V g"+/det gdi
Q

= - / divayV
M(t)

'We use the usual equations for the induced Laplace operator and divergence (see equations

(A.1)), and the usual divergence theorem on a domain in R™: f{m V-n= [,divgnV where n is

the outward unit normal to 0S2.
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for vector fields? V' with compact support on M(t), where the integrals are taken
over M(t) with respect to the induced metric g = (g;;) = ((0;F, 0,F)), and where
) is the domain of F(-,t).3 If f(z,t) is a real valued function defined on M, then

d

= O f +(gDf,0F)
1 .
1 -

= ———0;(\/detgg”"Df-0.F
1 . .

= 9,(\/det 940, F) - Df + g 8,(Df) - O; F

\/m ( et gg J ) f+g ( f) J

= (DmwF.gDf) + 97 (0:(gDf), 0;F)
= <AM(t)F, ng> + diVM(t) (ng)
= (H,gDf)+ divpme) (gDf) , (3:2)

where ¢ is the matrix defined in the previous section. The second equation here,

along with the divergence theorem above, gives?

/ (DA MmN — nDMmp9) = / odivaqygrad v yn — / ndiv vy grad vy @
M(t) M(t) M(t)

= /M . (divmep (Pgrad vyn) — (grad iy n, grad @)
t

- / . (divagy (ngrad sy @) — (grad g, grad v
Mt

= - / (H, pgrad v yn)
M(t)

+ / (H, ngrad ) 0)
M(t)

= 0

“These are not necessarily tangent, since we can still define the divergence by g% (9, F, 9;V).
3Whenever it will not cause confusion, we will write integrals of the form I8 M) flx, t)dx as

/ M) f to save space. Such integrals are always taken with respect to the induced metric from

Ry 7. Similarly, we write A f(2,t) as Apqe)f when the meaning is clear.
“We use the facts that Ay = divagnygrad gy and divag (@V) = g9 (0;F,Vy,(¢V)) =

<gij8j¢8,»F, V> + ¢g' <6iF, VajV> = <gradM(t)¢,V> + ¢divag)V, as well as the fact that the

gradient is a tangent vector field, while H is a normal vector field.

)

(3.3)
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whenever ¢ and 7 are C? on M(t) with ¢ having compact support. Finally, using
the usual formula for differentiating determinants, we have the following evolution

equation on mean curvature flows,

a4 detg = ! "7 det L

atV T o deg? I ad
NGETI

= 51970, (0F,0,F)

— det gg" (0,0, F, 0, F)

= det gg” (0;H, 0, F)

= /det gg"0; (H,0;F) — \/det gg" (H, 0;; F)
= 0—+/detg(H,(g70,;F)")

= —y/detg(H,H).

Definition 3.2.1. Let X, = (wg,ty) € R™™1 then we define a function ®x, :
R™ ™ x (—o00,ty) — R by

_ 1 ex _<x—xo,$—ﬂf0>
Py, (z,t) = (dn(ty — 1) p ( 4(tg —t) ) .

For a flow M we define

O(M, Xo.1) — / By (,1),

zEM(L)
when t < ty.
We see that
0Dy, (.t) — mPx, (v,1) (v —xo,x — 1) P, (, t)’ (3.4)
ot 2t — t) Aty — 1)?
o
gD, (1) = —4<to—)ﬁt)§ D (x — xg, 2 — 70)
Cx, _
— 0 5.96(r —

2ty — 1)
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These equations, combined with equations (3.1) and (3.2), give

d . _
( +AM(t)(I)Xo = at(I)XO+2<gD(I)XO,H>—f—leM(t)(gD(DXO)

dt
<(gD(I)Xo)J_7 (gD(I)XO)J_>
D,

><I>X0 +(H,H)Dy,.
(3.6)

= 0,Px, +divae(gDPx,) +

— <H— (gD(I)Xo)L H— (gD(I)Xo)L
Oy, Dy,

But the first three terms on the right hand side of this equation add up to 0 since
(using equations (3.4) and (3.5))

divp (gDPx,) = g7 (9;(gD®x,),0;F)

= ¢7(D(gD®x,) - O;F, 0;F)

g
= 3 —p (Ple — w0)®x] - GF O F)

—(I)Xogij
o1 (BiF, 0, F) +

gijq)Xo
R (o 20 OF) (2~ ). )

_m(I)XO (I)XO - -
2(to — 1) " 4(tg — t)? ((@=20)", (z = 20) ")

and

((gDPx,)*, (§DPx)) — @x, 1 L
P, = Tt — g (@ w0 @) )

We now use this, and the evolution equation for v/det g, to differentiate

/ q)Xo (x7t>¢(x7t>
xeM(t)

when ¢ is some non-negative C? function with each ¢(-,¢) having compact support

on M(t). First we see that

N I jt 0, (P, 1), 0P (3, 1), 1) dek g

M(t)

= O(Px, (F(z,t),t)p(F(z,t),t)\/det g)dz

Qi

_ / <¢ <I>X0+<I>X0dq§ B b HH)\/det di
Q

dP dg
. —°¢+<I>XO——®XO¢<H,H>>,
//Vt(t)( dt dt
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and then

d 502 do
E Mt <I>Xo¢ / ( ®XOE - <H7 H> gb@Xu)

d
B /M(t) Pxo (dt ~Amo >¢+ ((dt + Ame ) dx, — (H, H) <I>X0> o

d (gD®x,)* (gD® )L>
= Oy, | —— A —(H———""— H———=2 ) ¢pdy,,
/M(t . (dt M(t)> Qb < (I)Xo (I)Xo ¢ *

where in the second step we used equation (3.3) and the last step uses equation

(3.6). By (3.5) this gives:

d d
N P 0¢ = / o 0 <_ -A > ¢
_ L o s
_/ <H_M,H_M>¢¢XO. (37)
M(2)

2(to — t) 2(to — 1)
This will be very useful later, and it is our first step towards the proof of monotonicity
formulas. It is important to remember that the second term on the right hand side
is non-negative (since the flow is spacelike, which means that normal vectors will be

timelike or zero).

Proposition 3.2.1. Let X, Y € R™™! s < 7(Y) and X\ > 0, then
O(Dy(M — X),Y,s) = O(M, X + DY, 7(X) + s/\?). (3.8)

Proof. Let M be given by F near the time ¢ +s/A?, where F(-,t+s/A?) has domain
Q. If X = (2,t) = (2,7,t), then the flow Dy(M — X) is given by the function
Fyxx(,) = MF(/XN+ 2, /A +t) — x) near the time s. Obviously DF) x(+,) =
DF(-/A\+,-/A2+t). Now, for Y = (y,r) = (§,9,r), we see that O(D\(M—X),Y, s)

is equal to

7<F)\,X(7378)7y7F)\,X (275)7y>

eXp ( 4(r—s) )
det DFT  GDF) x|(z,5d%
/)\(Q 2) (4m(r — s))™/2 \/ AX x| (z)

—(AF-Az—y  \F—Az—y)

/ exXp < 4(r—s) > At DETZDE | dz
= \/ det g 2/ Ati,s /22 4+1) A2
AN@—5) ( — S))m/g (Z/A+i&,5/ A2 +1)

4 (r

NP —z—y/\F—x—y/)\)

meXp < 4(r—s) ) — R
= /Q A ))m/2 V det DFTgDF |(2’s/,\2+t)dz

(Am(r —s
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exp <_<z_(ﬁ§’ﬁl’f/§§”ym))

B /zEM(s/)\2+t) (47 (r — 5)/A2)™/?
= @(M7X + Dl/)xy7t + S/A2>)

where we have applied the transformation formula for integrals,” using a transfor-

mation ¢ : Q — A(Q — &) with ((2) = A2 — 2). 0

Proposition 3.2.2. Let M be a spacelike mean curvature flow, as in Assumption
1, with I = (—o00,0] and such that each spatial slice M(t) is a graph over Q = R™.

If we have
L

(3.9)
for every point (x,t) on the flow, then M is invariant under parabolic dilations.

Proof. The idea (as for a similar result in [13]) is to assume that there is some point
Y = (y,t) on M but not on Dy M for some A. We then take a compactly supported
C? function ¢ with ¢(y) =1 and ¢ = 0 on Dy M(t). Let M be given by a function

F(-,-) near t, as usual, then
[ o= [ ORI ) et gl s
DA M(t) R™

— ™ PAF(2,t/N%))/det g(s.4/x2)d
Rm

_ / (1),
M(t/72)

where we have again used the transformation formula for integrals, taking a trans-

formation & — AZ. But our evolution equation for \/det g gives

2t
(v det gl/ney) = (ﬁ (H, H) \/det 9) |@./22)

and we easily see that

ONBF (3t NIN) = A 608 (0,8/39) 4 A"DOOE) - (F = 0 ) say

°If ¢ : U — V is a diffeomorphism between open subsets of R™ and f : V — R is integrable,
then [. .y f(y)dy = [;; f(¢(x))] det D{(x)|dz. See Theorem 18.2 in [9].
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These give us

d 2t m
= \" Ax) (H, H) + —o(A
S = L et )+ Ko

+Do(Ax) - x — 2—D¢(/\x) H]
_ )\m/ [ﬁgb()\x) <H i>
B Mt/azy A "2t /N2

2
+Dé(Ar) - 1 — )\—I;ng()\x) H+ %gb(m)],

where we have used equation (3.9) to get H = x+/(2t/)?) on M(t/)\?), and the fact
that 0,F' = H. Now we can deal with the first term of the right hand side of this

equation by using the divergence theorem,

/ (H, d(Aa)at) = / (H, o(\a)z) = — / div e (9()2),
M(t/A2) M(t/A2) M(t/N2)

where we have used the fact that H is a normal vector. So

d 1
N /MWAQ)[—Xdivm(t/,w)(gb()\x)x) + Do) -z
—%DW:C) - H + %)(Ax)]
B Am/ [_ldiVM(t/m(cb(M)f) + Do(Ax) - 2 + o)),
M2 A 3

(3.10)

where we have again substituted H = x+/(2t/A\?) in the last step. Finally we note
that, in terms of F', the function div /a2y (¢(Ax)x) is given by

97 (0i(BNF)F),0;F) |aenzy = g7 (O(AF)OF 4+ (ADG(AF) - ;F)F,0;F) | z.0/x2)

= (¢(AF)g"gij + ADH(AF) '\(@‘F)gij (F ajFZ)|(§3,t/)\2)
T

= (mOAF) + ADGNF) - 1) |z.e/2)-

We substitute div /a2y (¢(Az)z) = mp(Azx) + AD¢(Az) - 2" into equation (3.10) to

get

d
¢ = 0.
S

So f DM ¢ remains constant as A varies, which is a contradiction and proves our

claim. O
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3.3 Graphs

We continue to consider flows M satisfying Assumption 1, but now we add:

Assumption 2: M is a graph over 2 x [,
M = {(z,u(z,t),t) | (Z,t) € Q x I},

for a domain €2 in R™, interval I in R, and smooth function u : Q x I — R".

When we say that such a flow M is smooth (or locally C*%, etc.), we mean that
the function u is smooth (or locally C*?, etc.). We will also discuss sequences M ;
of such flows (where J =1,2,...). When we talk about convergence of M in some

space of functions, we actually mean convergence of the corresponding u .

Proposition 3.3.1. If M satisfies Assumptions 1 and 2, then the function u will

be a solution to the quasilinear parabolic system of equations
Ou = §"” (Du)d;ju
on  x I, where g;j = 0;; — Oju”0;u”.

Remember that the system here will be parabolic because the spacelike condition
implies that ¢ = I — Du” Du will be positive definite.
Proof. With F' as in Assumption 1, we write F' = (F, F) such that F(z,t) =

A A

(F(z,t),u(F(z,t),t)). Differentiating with respect to ¢, using the chain rule,
OF (&,t) = (I, Du(F(&,t),1)) - ,F(2,t) + (0, 0,u(F(2,1),1)),

where the first term on the right hand side is a tangent vector. Therefore (since we
know that the left hand side is equal to H, which is normal) we have 0,F(z,t) =
(O,Gtu)H(F(f’t)’t). We already know that 0,F(z,t) = H(F(z,t),t), but the mean
curvature at F(#,t) is given by (0, §70;u)"| (P2 (see the proof of Proposition
A.1.1). Hence (0,0,u)*" = (0,§90;u)*. Since (0,0u — §¥0;;u)* = 0 implies that
(0, 0pu — g d;;u) is a tangent vector, we can write (0, du — g0, u) = V*OL(Z, u) =

v*(ey, Opu). Clearly then each v* = 0, which implies that (0,0u — §¥0;u) =0. O



3.3. Graphs 44

Proposition 3.3.2. Let Q) be a domain in R™ and let I be an open interval in R.
If u: Q x I — R™ is a smooth solution to the system from Proposition 3.3.1, and
if the graph M of u (as in Assumption 2) gives a spacelike flow (with respect to the
induced metric from R on spatial slices), then M is a mean curvature flow (i.e.

Assumption 1 is satisfied).

Proof. For each s € I, we would like to find an open set £ C ) x I containing
Q2 x {s}, and a function ¢ : & — Q such that F(z,t) = (¢(z, 1), u(o(z,t),t)) satisfies
O F(z,t) = H(F(Z,t),t). But we know that the mean curvature of our graph is
(0,970, ;u)* and that du = §¥d;;u. These facts and the chain rule applied to F
imply that we need 0;,F = (9;¢, Dud;p) + (0, d;u) to be equal to (0,9;u)*. This is
equivalent to (9;¢, Dud,p) = — ((0,0pu), (€;, Ou)) §" (e;, Oju) = dyu - Dyug™ (e;, dyu),
which means that we want a solution to the system 0,¢/ = dyu - 9;ug" (Du)|(4(.0).0)
for j = 1,...,m. Denoting the right hand side of this system by G, we can write this
as 0,0(z,t) = G(p(z,t),t), where G is smooth (since u is). We prove the existence
of a solution to this system by considering the nonautonomous (time dependent)
system of ordinary differential equations given by

) = Go(0). 1),
with initial condition ¢(s) = z for any & € Q2. By the usual existence and uniqueness
theorems for such systems,® solutions ¢; 4(¢) will exist for each # € Q and s € I.
Writing ¢z 5(t) = ¢s(Z,t), we see that ¢s(-,s) is the identity map, ¢, is defined on

some open set £ containing Q x {s}, and each ¢4(-,t) will be a diffeomorphism.

Therefore ¢, is the required function, so Assumption 1 is satisfied. ]

It will be convenient for us to again use the norm ||| Dul|| = supy,_; |Du - v| for

the differential map Du(z,t) : R™ — R™.

6See Theorem 17.15 and Problem 17-15 of [15]. Suppose that Q is a domain in R™, J is an
open interval in R and V : J x 2 — R™ is a smooth vector field. Then there exists an open
set € and a smooth map 0 : £ — Q such that y(¢) = 0(¢,s,p) is the unique maximal solution
of the initial value problem dvy/dt = V(t,~(t)) with v(s) = p. Let (t,s) € J x J and define
Qs={pe](tsp) €&} then O(t,s,-) : Qs — Qs is a diffecomorphism with inverse (s, t, ).

Also, see [1] for similar results.
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Assumption 3: With M as in Assumption 2, the function u satisfies ||| Dul||* <

1 — & for some x > 0 and the domain 2 is smooth and convex.

Of course, the assumption on |||Dul||| would follow from any suitable a priori
gradient estimate for such flows. When this assumption is satisfied, the eigenvalues
of the matrix ¢ will always be between x and 1. It is also worth remembering that
this gradient bound is preserved under parabolic dilations of the flow.”

With this assumption, we get the following inequality for any ¢ € I,

u(é 1) = (@ )] < sup [ DuC Do =51 < (1 —r)Ple =3l (310

and then

IN

’u(‘@vt) - u(@a t)‘ + |u(g>t) - u(@? 5)’

< (L=8)E =gl + (s =) Sup Opu(y, )l (3.12)
t,s

|u(@,t) = u(g,s)l

whenever s > t are both in 1.

Proposition 3.3.3. Suppose that u : Q x [a,b) — R™ is smooth with |||Dul||* <
1 — k and satisfies the system from Proposition 3.3.1. Then u can be extended to a

continuous function on Q X [a, b].

Proof. Take the linear operator P = 9, — §"(Du)d;; (where we have positive upper
and lower bounds on the eigenvalues of ¢”/, by the bound on Du). Using Pu = 0,
Theorem 2.14 of [18] (in particular, the comment that follows it)? on cylinders in

2 x (a,b) tells us that, for any & € 0, the function w(z,-) is uniformly continuous

"This is obviously true since, if uy is the function corresponding to the dilation (by A > 0) of

the graph of u, then Duy(-,-) = D(Au(-/),-/22)) = Du(-/),-/\2).
8To prove this, let Q be open in R™, let u :  — R™ and let & € Q and h € R™ be such that

#+6h € Qforall 6 € [0,1]. Then |u(@+h)—u(Z)| = |([; Du(@+8h)ds)-h| < [} |Du(@+06h)-h|ds =

1 .
1] [y 1Du(@ + 6h) - h|/|h|d6 < |h|supg || Dulll.
9This comment says that, if u satisfies a linear parabolic equation where the coefficient matrix

has positive upper and lower bounds on its eigenvalues, and if Du is bounded in some cylinder

{|Z—d0| < p} x (t1,t1 4+ p?), then u(Zg, -) will be uniformly C%'/2 with respect to the time variable.



3.4. Monotonicity for Entire Flows 46

on some interval with supremum b. It can therefore be extended continuously to
[a,b]. On Q x [a,b) we know that |u(z,t) — u(g,t)] < (1 — K)/2|& — g|. Take the
limit of this inequality as ¢ — b to see that it holds on all [a,b], so the extension
is continuous with respect to 2 € 2 since |u(#,t) — u(9,t)| < (1 — K)Y2|2 — g| < €

whenever |2 — | < § = ¢/(1 — K)Y/2. O

3.4 Monotonicity for Entire Flows

In this section our flows will satisfy Assumptions 1, 2 and 3, but will also be entire

flows (in other words, the spatial slices will be graphs defined over all of R™).

Assumption 4: With M as in Assumption 2, = R™ and I = (—oo, T for some

T € (—00, ).

If M is such an entire flow, it is easy to check that ©(M, Xy, t) is finite at points
Xo = (Zo, u(Zo, to),to) on M for times t < to. We know that /det g < 1. We also
have inequality (3.12) which gives us a bound on the exponent in ®x, on the flow

in terms of |Z — Zy| and finite constants,

(= mg,w — 1)

A(to — 1)
_ <<§j> U(.QA?, t)) B ('%07 U(i’o, tO)); (jja U(i‘, t)) B (:Z'Oa u(ii'o, tO))>
Aty — 1)
. —|£—§30|2+‘U(j,t) —U(i‘o,to)|2
; 4(to — t)
L. S . 2
_ —|2 = @0+ (1 — K)V2|& — Zo| + (to — t) SUD (1 4,) |Osu(Zo, )
= Aty — 1)
 —hlE = Eo A 2(1 = K) VP (to — t) sup( 4, [Drulio, -)[|E — Fo
B 4(tg — 1)
(to — 1)* sup(y 4, |0 (o, )|
(3.13)
Aty — 1)

Here we can use the fact that the flow is smooth, so the time derivative in this in-
equality will be bounded on (¢,ty) by some constant, and the fact that t < ¢, being
fixed means that 4(t, —t) will be just a positive constant. This means that, for large

|& — 2|, the first term in the right hand side of equation (3.13) will dominate. So
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we have a bound on ©(M, X,, ) by some integral which is clearly finite.!”

The simplest example of the kind of flow that we consider in this chapter is a
non-moving plane, where each spatial slice is equal to a spacelike plane (independent
of time). Then Du is constant and dyu = 0. Obviously this implies that

lu(z,t) — u(Zo, to)|*> = |Du-2 — Du- 2ol
= |Du- (& — )]?
= (& —20)" Dul Du(d — 2y),
where we know that g = I — Du’ Du. For any point Xy = (Z¢, (%, o), %) on the

flow, we therefore see that the exponent of ®x, on the flow will involve

—|& — Zo]* + |u(@,t) — u(do, t)]? = —(& —20)" (I — Du' Du)(& — 2o)

which gives

O(M, Xo,t) = /Rm (47r(t0it))m/26Xp<_(§j_%) 4& = 2 )\/@d;g

det \/ (27)
(47 (to — 1))/ | det(g/2(to — )

= 1,
where we again use the usual Gaussian integral formula.
Proposition 3.4.1. © is equal to 1 on non-moving planes.

Proof. As above. ]

The following theorem gives us a monotonicity formula, similar to Huisken’s,
for entire spacelike mean curvature flows. Roughly, it tells us that © will be non-

decreasing with respect to the time variable on such flows.!!

10Tt is clear that this integral is finite from the usual formula for Gaussian integrals,
Jam exp(—Asjy'y? /2)dy = +/(2m)™ ] det(A;;), where the matrix A;; is constant, symmetric and
positive definite. Almost all of the bounds on integrals that we use in the future will follow from

this formula.
"This is different to the Euclidean case, where the Gaussian density ratio would be non-

increasing.
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Theorem 3.4.1. Let M be a mean curvature flow satisfying Assumptions 1, 2, 3,

4, and let the mean curvature H be bounded on M. Then

(x —xo)t

2t — 1)

Lom, Xo,t) = —/

dt zEM(?)

(2 —mo)*t

JH(x,t) + 20— 1)

<H(:E,t) i ><I>Xo<x,t>,

when Xo = (xg,tg) € M and t < tg.
Proof. For each R > 0 we can choose'? functions x5 : R™ — R such that'?
Xp©) < XE < XBpo and RIDxR|+ R*|D*g| < C
for some constant C. Using these functions, we define x : R™*™" — R by taking
Xr(2) = Xr(Z, T) = X§ (2)

for any x = (#,7). We now apply equation (3.7) with ¢ = xr to get

d d
— Pxoxr = / P (——AM )x
dt Jm HoAl M) o\ dt © ) A8

- (x = 20)” (z — )"
/M(t) <H " 2<t0 - t) H A+ Q(to _ t) > (I)XOXR‘
(3.14)

Using equations (3.1) and (3.2), the Schwarz inequality and the bounds on the

eigenvalues of § (from the assumed bound on the gradient), we have'*

d . _
‘ (% - AM(t)) Xr| = 10k = divame (GDxR)]

= [0 =" (9:(gDxr), 9;(2,u))|
= 1§90,(2,u) - D*xg - 0;(7,u)"]
= §7(Du)dy x|

(4] ij
= [g7'(Du)| - |D*x%

C
OO(“)@XB;"R(O%BQ(O), (3.15)

VAN

12See the proof of Theorem 4.13 in [5], for example.
BFor a set K, we denote by yx the characteristic function of K.
“Note that, from now on, C(,...,-) will always denote a positive constant depending on the

quantities in parentheses.
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where we have also used the facts that |~ (Du)| < Cy(k), that (gv,w) = v-w, and
that 7 is constant outside B}y (0) — B (0).

Now we will restrict to any fixed bounded time interval I’ = [a,b] C (—o0,ty),
considering only times ¢ € I’. The first thing to note here is that
1 1
< < ,
to—a - to—t - to—b

a<t<b =tg—b<ty—t<tyg—a =

so we have uniform upper and lower bounds, independent of ¢, on to—t and 1/(to—1).

Next we note that the flow is smooth on (—o0, ] (by our assumptions in the

statement of the theorem) and Xy = (Zo, u(Zo, to), to) lies on the flow, so we have

sup [Oyu(Zo, -)| < sup [Opu(Zo, -,
[tvtO} [a,t()]

where supy, ;) [0iu(Zo, -)| is a finite constant independent of ¢ € I" (but dependent
on I” and Zy, which are fixed). We can use this to apply inequality (3.12) to bound

the exponent of ®x, on our flow, getting

—(z — mg, T — ) —k|& — Zo|? +2(1 — k)2 (ty — 1) SUD( 10 [Ovt (o, -)| 2 — Zol
-1 = 20— 1)
(to — t)? supy 4 [Oru(Zo, )2
(o — 1)
1/2 .
LR R e L L AL
n (to — @) supy, 4. [Oru(o, ')|2'

4
We denote the right hand side of this inequality by Q(|Z —Z¢|), where the coefficients

of the polynomial (Q depend on I’ and Zy but are independent of ¢t € I’.

We would now like an upper bound on the (non-negative) term'®

e ey

2o — 1) " 2t — 1)
= —(H,H)— P— (H,x — o) — m {(x — z0)*, (z — m) )
< HP + g (Hor = 20) [+ gl (= o) e = 20) )|

15We use the fact that | (v, w) | = [vgw| < |v|.|w].
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1
< |H|2+t0—_b|H||$—l’o|

+4(t0 1_ b)2| ((z = @), (x — w0)) — <($ —x0) ", (z — xO)T> |
< HP + o Hlle -
1 ) 1 . .
+—4(t0_b)2lx—:co| +m<(x—xo) Sz —10)T) .

We know |H| is uniformly bounded (by our assumptions here), and inequality (3.12)

gives

‘iIZ' — Q?o|2 = ‘HAZ' — i'o‘z + |U(i',t) — U(i’o,to)’Q

[a,to]

2
< 3 — @) + ((1 — k)Y2|3 — Zo| 4 (to — a) sup |dyu(Zo, )|> )
So we just need a bound on

| <(I - xO)T7 (ZE - xO)T> | = <(.T - x0)78i(invu(*%’t))> gZ](Du> <(I - 1170),8j(§],u(i‘,t))>

A IA
ANy
NN
| T
§ =
o |
M &
e
J— —
S ("b
s S
e T
£ =
e e

where we have already obtained a bound on |xr — zo| and |(e;, Q;u)| is obviously

bounded since |||Dul||*> < 1 — k. Combining these inequalities gives

(z —mo)t (r — x0)* o
(et oI < b - ),

where P is some polynomial with coefficients again independent of ¢ € I'.

Now we recall equation (3.14) and use it to get
d (x —x0)" (x —x0)*
@t Sy " /M(t < T T 2y ) O
( — Io)L (x — x0)t
/M(t) ’ (to —t)’ 2ty — 1) o )
< / Dy, (_ > -
M(t)
)L (37 - 170)L>
H+ ——— H by (1—
‘/M(t < to —t) 2(tg — t) xo(1 = Xr)
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. / CoC' XBy,(0)-BR () explQ(|2 — &o|))d

R? (4n(to — 0))™/?

1—xpnm
R <iﬂ(tofB§>(fif/2 explQ(|2 — o) Jd,

where we have used all of the inequalities above, as well as y/detg < 1. Both

integrands in the right hand side are bounded by an integrable function (by the
usual Gaussian integral formula, since @ is dominated by the —|Z — o|? term and P
is just a polynomial) which is independent of R. Both integrands converge pointwise
to zero on R™ as R — oo, which allows us to apply the dominated convergence
theorem!® to see that the right hand side of this inequality converges to zero. Since

the right hand side is independent of ¢ € I’, this convergence is uniform. So we have

. d (x —mo)t (r — x0)*
| — ) = — H+——"— H+ —-7— YDy .
R dt /M(t) XX /M(t) < - 20t — ) - 20ty —t) /

The uniform convergence allows us to swap the order of the limit and the derivative

on the left hand side to get

(x — x0)t (x — xo)l> d ..
— H+—7""+ H+-——""-)Px, = — lim Px . XRr
/M(t) < 2<t0 — t) 2(t0 — t) 0 dt R—oo M(t) 0
d
= (I)X ’

where we have again used a dominated convergence argument (involving @, etc.) and
the fact that x5 converges to 1 pointwise. Since we can do this for any such interval

I’, the equation above holds for all ¢t < to. This finally proves the theorem. ]

The proof of this theorem should be compared to the proof on page 55 of [5]. Note
that the choice of xg also gives the possibility of a kind of weighted monotonicity
formula (see [5]). We could even weaken the assumption on H, but for now it is

enough to assume that it is bounded.

Corollary 3.4.1. Let M be as in Theorem 8.4.1, then ©O(M, X, t) < 1 for all
X eMand allt < 7(X). Also, ©O(M, X, t) =1 for all X € M and all t < 7(X)

if and only if M is a non-moving plane.

16Suppose we are given a sequence of integrable functions on R™, converging pointwise almost
everywhere to some limit function. Suppose that the absolute value of each function in the sequence
is bounded by some fixed integrable function. Then the limit of the sequence of integrals of these

functions is equal to the integral of the limit function. See Theorem 16.5 of [9].
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Proof. Let Y = (y,s) € M, then we claim that lim, ., ©(M,Y,t) = 1. We prove

this by considering dilations of the flow, using Proposition 3.2.1.
@(M, Y, t) - @(Dl/(s—t)1/2 (M - Y), O, —1) (316)

and, since the flow is smooth at Y, the flows Dy ;;_y1/2(M —Y’) converge to a non-
moving plane as t — s. To understand why, write A = /s — ¢ (which converges to 0
as t — s) and let each of the flows D;,3(M —Y') be given by the graph of a function
uy. If the flow (M —Y) is the graph of a function u, then uy(2,7) = u(Az, \?r)/A

and the definition of the derivative of this function with respect to A gives us

. . . u(A2, %)
Jimny (2, 7) = Him —=———

= (A2, \*1)|x=0 = Du(0,0) - 2+ 0 - 2rd,u(0,0),
and therefore our sequence of flows Dj,\(M — Y') converges pointwise to a non-
moving plane as A — 0. We can easily see that Duy(2,7) = Du(A2, \*r) — Du(0,0),
so that det g(Duy) converges pointwise to det g(Dwu(0,0)). Also,

sup |atu/\(07 )’ =A sup ’atu(oa )’ —0

[~1,0] [=A2,0]
as A — 0 (since u is smooth). We can use these facts now to apply the dominated
convergence theorem to ©(D;/\(M —Y),0,—1), by again using inequality (3.12) in
the usual way to get an upper bound on the exponent of ®y(-, —1) on each of the

flows Dy/x(M =Y),

—|JA7 — 0’2 + ‘U)\(j?, —1) — U)\(O, 0)|2
40 — —1)
— |2 + (1 = 5)"2[2] + (0 — —1) sup_y g [0ux (0, -)])*
- 4
—k|Z]2+2(1 — k)22 + 1
— 4 )

whenever A is small enough such that sup;_; g [0;ux (0, -)| < 1. Now we have a bound
(for all small A) on the integrands of each ©(D;,,(M —Y),0, —1) by some function
(integrable over R™), and we know that D;/,(M —Y’) converges pointwise to a non-
moving plane. We can therefore apply the dominated convergence theorem to get
O(Di\(M =Y),0,—-1) = 1 as A — 0, since © is always equal to 1 on non-moving
planes. Obviously, this fact and equation (3.16) give

O(M,Yt) —1
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as t — s. The monotonicity theorem tells us that ©(M, Y, t) is non-decreasing with

respect to t < s and therefore must be < 1.

For the second part of the corollary, if ©(M,Y,t) = 1 then the monotonicity

formula gives

d (x—y)* (z—y)*
oza@(/\/t,y,t):—/ —H+—>c1>y,

o <H+ 260 a0

and therefore (since normal vectors are timelike or zero)
H(z,t) = —(z —y)*/2(s — t).
This means that the flow
M=M-=-Y)n{X|7(X) <0}

satisfies equation (3.9) and must be invariant under parabolic dilations. As A — oo,
the flows Dy M’ again converge to a non-moving plane, which must be equal to M’

itself. This is true for all Y € M, so M must be a non-moving plane. ]

3.5 Local Monotonicity

In this section we prove a kind of local monotonicity theorem which will be used to
prove a local regularity theorem later. We continue to make Assumptions 1, 2 and

3, but we add:

Assumption 5: With M as in Assumption 2, €2 x I is bounded and u is contin-

uous on its closure.

Note that if our flow (satisfying Assumptions 1, 2, 3) is smooth on an interval
I = [a,b), then Proposition 3.3.3 tells us that it can be extended continuously to
time b. By taking a subset of (2 if necessary (remember that we are interested in
local theorems here), Assumption 5 will hold. We also note that inequality (3.11)

will continue to hold on the closure of €2 x I when Assumption 5 holds.
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We can choose a C? function ¢ : R™ — R which satisfies
X By, (0) < ¢ < xBr@o and |D?*¢| < O,

where (' is some positive constant depending only on m. Then, for any spacetime

point Xy = (Zo, Zo, to) and any p > 0, we define a function on R”*" by

%%@0=@m$@@=¢(x;%),

which will have X BT, (0) xR < Pp,x0 < XBp(30)xrn and |D*¢,.x,| < C1/p7

It will also be convenient now for us to define the sets Q7™ (X) = B (&) x
R™ x (t = p*,t) and P»"(X) = B*(&) x R" x (t — p*,t 4 p?) for any spacetime
point X = (z,7,t).

Definition 3.5.1. Let M be a flow satisfying Assumption 2. If Xo € R™™! and
p >0 are such that Q"™ (Xo) C Q x R™ x I, then we define

@M«%mm:/' B, (2, 1) bpx ()

zEM(t)

fort < 7(Xo) in I.
With © as in this definition, we have the following two simple but useful facts.
Proposition 3.5.1. O(D)(M — X),Y,t,p) = O(M, X + DY, 7(X) + /X2 p/N).

Proof. This is proved exactly as in the proof of Proposition 3.2.1 by using the trans-

formation formula for integrals. [
Proposition 3.5.2. O(M, X s, p) is continuous with respect to X € M.

Proof. Remember that we are considering smooth flows satisfying Assumption 2, so
take a sequence X; = (25, u(Z,,ts),t;) on M which converges to X = (&, u(z,t),t)

as J — oo. Then ©(M, X, s, p) is the integral of

—|2=2g 2 +u(2,5) —u(@ st o)

eXp < 4(t,—s)
(A (ty — s))m/?

>¢ (Z ‘pf*’> JAtgDuEs)  (317)



3.5. Local Monotonicity 55

over z € (), and this function obviously converges pointwise to the integrand in
OM,X,s,p). But X; — X and ¢ > s imply that we can take some small
R > 0 such that 2; € BR(2) and 0 < t —s — R> < t; —s <t — s+ R* for
large enough J. Then, by smoothness of u, we have a bound sup , y [Gyu(Z,, )| <
SUP g (3) SUP(s ¢4 2) |Oyu| independent of J. Using this with inequality (3.12) in the
usual way, along with ¢ < 1 and y/det g < 1, we get a bound on (3.17) by some in-
tegrable function independent of .J. This allows us to apply dominated convergence

theorem to get O(M, X, s,p) — O(M, X, s, p). ]
Now we prove a kind of local monotonicity theorem.

Theorem 3.5.1. Let M satisfy Assumptions 1, 2, 3, 5, and let p > 0. Then there
exist positive constants Co(M, p) and §(M, p) < p? such that, whenever Xo € M is
such that Q™' (Xo) is contained in Q x R™ x I, the function

t— O(M, Xo,t,p) + Cat
will be non-decreasing with respect to t € (7(Xg) — 6, 7(Xo)).

Note that Cy and § will be independent of such points Xj.

Proof. We know from equation (3.7) that (since our assumptions here imply that

b,.x, has compact support on each M(t))

d

— >
dtQ(M)X(btap) - /,/\/[

d
Px, <— - AM(t)) ®p,Xo- (3.18)
(t) dt

As before (see the proof of Theorem 3.4.1), it is easy enough to show that

d
' <E — AM(t)) ®p.x0

where O3 = C3(k, p) is constant. Let 2,9 € Q and ¢t < s in I be such that p/2 <

< C3XBgl(§:o)><Rn—B;’;2(:EO)><R";

|z — y| < p. Then, by (3.11) and the triangle inequality, we have

H(lu(#, ) — u(@, )] + [u(@, t) — u(y, t)])*
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< |z -9

+(Ju(, s) = u(@, t)| + (1 - x)?|7 — g|)?

< —klE—g?
1215 . .
+2(1 = k) 5|2 — gllu(z, s) — u(z,t)]
+|U(JA],S) - U(JA}7t)|2
< —kp'/4

+2(1 — r)Y2plu(i, s) — u(i, t)]

+u(, s) — u(z, )] (3.19)

But, by uniform continuity of u (since it is continuous on the closure of  x I),
we can take (M, p) (not depending on Z, 7, s,t) such that |u(z,t) — u(z,s)| will
be small enough that the right hand side of the inequality above will be < —kp?/8
whenever |t —s| < §.17 Taking s = 7(Xp) and combining the above inequalities with

the fact that v/det g <1 gives

d CsX By (30)- B, (20) —p*K/8
Dy, (——A < . = ——
VM@) o <dt M‘@) PoXo| = / (A (r(Xo) — )2 P <4<T<Xo> - t>) ’

for 0 < 7(Xy) —t < §. Taking ¢ — 7(Xj) in the right hand side shows that

it is bounded by some finite constant Cy(M, p) for these values of t. Therefore
LO(M, Xo,t,p) > —Cy for t € (1(Xo) — 6,7(Xo)) and this proves the theorem. [

Corollary 3.5.1. Let M be as in Theorem 3.5.1. If Xy lies in the closure M and
po > 0 is such that Q™' (Y) C Qx R™ x I for all Y € Q7™ (Xo), and if

PO

i Q) Xo. t >1—
i (M, Xo, 1, po) €

for some € > 0, then there exists p € (0, po) such that
OM,Y t,pg) >1—¢

forallY € Q"' (Xo) "M and all t € (7(Y) — p*,7(Y)).

17Uniform continuity implies that for any e > 0 there exists § > 0 such that ||(#,s) — (9,t)|| < J

implies |u(Z, s) — u(y,t)| < e. Taking & = ¢ and a small enough ¢ here proves our claim.
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Proof. Let limy_-(x,) ©(M, Xo,t,p0) > 1 — € +n for some n > 0 (note that this
limit exists in R U {oo} by the local monotonicity theorem). Then there must exist

p1 € (0, po] such that
O(M, Xo,7(Xo) — p3,p0) > 1 —€+n/2.

We can choose p; to be as small as we like, so we take p? < min{d(M, po), n/4Co(M, po)}
(with ¢ and Cy as in the Theorem 3.5.1). By continuity, there will exist p € (0, p1)
such that, for all Y € Q7™ (Xo) N M,

O(M,Y,7(Xo) — pi,po) > 1 —€e+n/4

and (7(Y) — p*, 7(Y)) C (7(Xo) — o7, 7(Xo0)) C (7(Xo) — 6,7(Xp)). So we can apply
Theorem 3.5.1 to O(M, Y, t, po) for t € (7(Y) — p*,7(Y)) to get

O(M, Y, 7(Xo) — pi, po) + Ca(T(Xo) — pi) < O(M,Y 1, po) + Cot,
which implies

OM.Y t.po) > Co(r(Xo) =t —pi) +1—c+n/4

> 1—e+(n/4—piCy),
for all such Y and ¢, where the last term is non-negative by our choice of p;. ]

Proposition 3.5.3. Let M satisfy Assumptions 2, 3 and 5, and let Xy and p be as
in Theorem 3.5.1, then

lim O(M, Xy, t,p) = lim O(M, Xy, t).

t—7(Xo) t—7(Xo)

In particular, the limit on the left hand side is independent of p.
Proof. Tt is easy to see that, if we write X = (&g, u(Zo, to), to),

0 S @(M,Xo,t) - @(M,Xo,t, p)
- / (I)X0<1 - ¢P,X0)
M

(t)
—|&—&0|24|u(d,t)—u(do,to)|?

e

p
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But /detg <1 and 1 — ¢ (ﬂ”_—pzo) < 1 is zero for = € B;’}Q(ﬁzo). Therefore we only

need to consider |& — Zg| > p/2 and, as in inequality (3.19), we get

—|& — Zo|® + |u(Z,t) — (o, to)]?

< —k|E — Zo| + 2(1 — K)V2E — @o|[u(Fo, t) — u(do, to)] + |u(Zo, t) — u(o, to)|?
< —kp 4+ 2(1 — g)Y2diamQ|u(zg, t) — uldo, to)| + |u(do, t) — u(Zo, to)|?
< _ﬁp2/87

where the last step again involves choosing |u(zg,t) — u(Zo,to)| small enough (by
continuity) by taking ¢ close enough to t,. Therefore, for such ¢, the right hand side
of inequality (3.20) is less than or equal to

[ mlr it ),
o (Gl -0y

which converges to 0 as t — t;. [

3.6 Local Regularity

In [24], a regularity theorem for mean curvature flows in Euclidean spaces is proved.
To do this, a kind of local C** norm is used (defined at each point of a flow and
denoted by Ks,). If, for a sequence of C** flows M, this norm is uniformly
bounded on compact subsets as J — oo, then a version of the Arzela-Ascoli theorem
(Theorem 2.6 of [24]) gives local parabolic C? convergence of a subsequence to
some locally C*% flow. However, the definition of this norm involves rotations,
which would cause problems in the semi-Euclidean case (for example, because of
the spacelike condition). It is convenient for us to define a slightly different quantity
with similar properties. The idea will be to use the gradient bound (from the
spacelike assumption) to ignore the first few terms in the C*“ norm, thus removing

the need to translate and rotate in the definition of Ky ,.

Definition 3.6.1. Suppose that we have a spacelike flow M satisfying Assumption
2 (not necessarily a mean curvature flow) and that X € Q x R™ x I. Then, for any

constant a € (0,1), we define Goo(M,X) to be the infimum of the numbers A > 0
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such that

Uy x|yma satisfies [Duy x| + ||D2u,\7X||0,a + [|0vur x| < 1, (3.21)

where uy x s the function whose graph gives the flow D\(M — X)), and uy x|gma is

the restriction to the intersection of its domain with U™' = By™(0) x (—1,0].

This quantity will be finite when the flow is smooth (to understand why, see
how each term in (3.21) is affected by dilations'®). It is important to note that, for
any X = (2,7,t), Ga.o(M, X) is independent of Z (since the definition only involves
derivatives of u). We will also need the obvious facts that this quantity will be zero

on non-moving planes and that we have Gy (Dx(M — X),0) = Goo(M, X)/A.

The most important property of Gs, is a version of the Arzela-Ascoli theorem.
Roughly, if we have a sequence of smooth spacelike flows M ;, each containing the
origin and with G5 ,(M,-) uniformly bounded on compact subsets of spacetime
as J — o0, then we have local parabolic C? convergence of some subsequence to a
locally C%¢ limit flow. Comparing Go, to K, and applying Theorem 2.6 of [24]
gives us this fact, but we will still explain in detail in Proposition 3.7.1 in a special
case. Furthermore, if each of the flows satisfies the system in Proposition 3.3.1 then
so will the limit (by the C? convergence), which must then be smooth (again see the

proof of Proposition 3.7.1).

The next theorem is the most important result of this chapter. It is a version of
White’s local regularity theorem. The proof should be compared to a combination
of the proofs of Theorem 3.1 of [24] and Theorem 5.6 of [5]. As in [5], we will use
the local version of © so that we can avoid the boundary of spatial slices the flow.
As in [24], we aim for bounds on the C** norm and use the Schauder estimates,
rather than aiming for bounds on the second fundamental form and using related

interior estimates as in [5].

8For example, |D?*uy x(+,-)| = |D?*u(-/\ + &,-/A\* 4+ 7(X))|/A which, for large enough A, will be
less than any € > 0 on U™! (since u is C°°). Similar reasoning applies to all other terms in the

definition of G, allowing us to take A large enough such that the sum of these will be < 1.
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Theorem 3.6.1. Let o,k € (0,1) be given. Then there exist positive constants €

and Cs such that if

(a) M is any mean curvature flow satisfying Assumptions 1, 2 and 3, with sup [ =

0 € I and with u(0,0) =0,
(b) po > 1 is such that Q™' (Y') is contained in Q@ x R™ x I and
O(M,Y t,po) >1—¢
for allY € Q7™ (0)N M and all t € (7(Y) —1,7(Y)),

then
sup  Gao(M, X)d(X, P (0)) < Cs.

XeQ™(0)
It is important to notice that the constants € and C5 will depend on &, a, m,n,
but will be independent of M. It is also worth noting that, since G, scales like
the reciprocal of parabolic distance, the inequality in the conclusion of the theorem

is invariant under parabolic dilations.

Proof. Let € be the infimum of numbers € > 0 for which the theorem fails (i.e. for
which no such C5 exists). We need € > 0, so we assume € = 0 to get a contradiction.
We take a sequence €; — € with €; > €. Then there exist sequences M ; and p; > 1,
satisfying all of the assumptions of the theorem (with the same a and x), but with
ey, My, py in place of €, M, py (respectively), and with
vy= sup d(X,P""(0)Ga0(My, X) — o0
XeQ™(0)

as J — oo. Each v; is finite, since M is smooth and the closure of the projec-
tion of Q"™'(0) onto the spacetime R™! is a compact subset of the set Q; x I
corresponding to M ;. For each .J we can choose Y; € Q7™ (0) such that

Gaa(My, Yo)d(Ys, PP (0)) 2 2,

and we can assume that Y; € M;.' We define \; = Go,(M,Y;) and consider

9Remember that G o(M, (&, &,t)) is independent of Z, and so is d((z, Z,t), P;""™"(0)).
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the flows
My =Dy, (M;—Y;),
which all contain the origin (in spacetime). Then Gy o(My,0) = 1 for all .J, and

Dy, (P"™H(0) = Yy) = PY"™!(=D,,Y;). But now

% < Gaa(My,Y))d(Yy, P™10))

= Gaa(My,0)d(0, Y™ (=Dy,Yy))
= d(0, P\""™(=Dy,Yy)),

SO d(O,P/\”i’"’l(—DAJYJ)) — 00 since 7; — oo as J — oo. Let X be a point in

QY™ (=D,,Y), then
d(X, PN (= Dy, Y)))Gaa(My, X) < v5 < 2d(0, PY"™ (= Dy, Yy)),

and therefore

- 2d(0, PY"™' (=D, Y.
G (M, X) < ( ianl( Y1)
d(X, P\ (=Dy,Y7))
The triangle inequality gives ||0 — Y]] < [|0 — X|| + ||[Y — X]|, and taking the

supremum over all Y ¢ P\" "H(—Dy,Y;) gives

d(X, PZ’”’I(—DAJYJ)) > d(0, PZ’”’I(—DAJYJ)) — || X7

_ 2d(0,Pg’”’1(—DAJYJ))

~d(0, PN (=Dy, Yy)) — || X]]
2

= — , (3.22)
1 - ||‘XV||/d(07P)\J7 ’ (_DAJYJ»

= GQVQ(/\;{J, X)

whenever the right hand side is positive. Since d(0, P," =Dy, Ys)) — oo, this
inequality tells us that Gyq(M., X) is uniformly bounded (as J — o0) on com-
pact subsets of spacetime with 7(X) < 0.2! This allows us to apply Proposition
3.7.1 to the sequence M, N {X | 7(X) < 0} to get parabolic C* convergence, on

compact subsets of R™ X (—o0,0], of a subsequence to a limit flow M’. We can

20Note that the flows M and M ; will be graphs of functions u; and @ on sets Q; x I; and

Oy x I respectively, where supI; = 0 = sup I;= 7(=Dy,Yy) > 0.

21For example, for any such compact set we can assume G27a(./\;l 7,X) < 4for all X in this set by

assuming || X|| < R (by compactness) and taking J large such that d(0, PZ’"’l(fD,\JYJ)) > 2R.
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assume that this subsequence is our original sequence, and will therefore continue
to use the notation M. The limit M’ will be a smooth entire graph defined on
R™ x (—00,0] (since A\; — o0). It will be the graph of a function u’ satisfying the
system in Proposition 3.3.1 (since the convergence is C?) and will therefore be a
mean curvature flow for times < 0. Also, since the gradient bound is unaffected
by parabolic dilations, sup|||Dv’||[|* < 1 — k. Proposition 3.7.1 tells us that M’
has uniformly bounded mean curvature. This allows us to apply the monotonicity

theorem and related results to the flow.

Now we use the assumption that ©(M,Y,s,ps) > 1—¢; for all Y € Q7™ (0) N
My, se€ (r(Y)—1,7(Y)). By Proposition 3.5.1, this is equivalent to the inequality
O(M,Y, s, ps) > 1—e;forY € QTJ’"’I(—DMYJ)HMJ and s € (7(Y)—\%, 7(Y)).
Given any Z = (Z,u/(2,t),t) € M' with s < t < 0, we can take a sequence
Z; = (3,0y(2,t),t) € My with Z; — Z. Then, for large enough .J, the fact that
d(0, PA";’"’I(—DAJYJ)) — oo implies that Z; (which is bounded since it converges)
will be in QT;”J(_D)\JYJ). Obviously we will have s € (7(Z;) — A3, 7(Z;)) for all
large J. This gives O(My, Z;,5,\;ps) > 1 — €, and we want to apply the domi-
nated convergence theorem to this inequality. We see easily that ©(M , Z;, s, A\;p,)

is equal to

_l‘%_2|2+‘ﬂJ(£75)_ﬁJ(27t)|2

/Q exp< — _4(;—)); . ) 5 <x - Z) Vet §(Diy (i, 5))de,  (3.23)

AIpJ

where we can think of each of these integrals as an integral over R™ since ¢ is
compactly supported in ;. By the C? convergence 4, — u' and the fact that
psA; — o0 with @ = 1 in some ball with centre 0, the integrands above will converge
pointwise to the integrand

— |22+ (2,5)—u/ (2,1)|?

exp ( A(t—s)
(47 (t — s))m/2

) x 1 x /det g(Du'(, s))

of the integral ©(M’, Z, s). But we have ¢ < 1, /det g < 1 and t—s > 0 independent
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of J, as well as

_|‘% - 2|2 + |1-LJ(‘%7 S) - ﬂJ(éat)F < _li|‘% - 2|2
+2(1 — K)Y2|& — 2|(t — s) sup |Oyiig (2, )]
(s:t)
+(t = 5)? sup |0piis (£, )],
(s,t)

by inequality (3.12). By the parabolic C* convergence, we can assume for large
J that sup, ) [0ii;(2, )| is arbitrarily close to sup g, [0yu'(Z, )|, which is finite (by
smoothness of «’) and independent of J. These inequalities combine to give a bound

on the integrands of (3.23) by some function, independent of J and integrable over

R™. This allows us to apply the dominated convergence theorem to get
@(M/,Z,S) %@(MJ,ZJ,S,)\Jp]) Z 1—6J—> 1—€
So, for all Z € M’ with s < 7(Z) <0, we have O(M’, Z,s) > 1 — €.
Now we assume that € = 0. Since M’ is entire, the fact that O(M’, Z,s) > 1
(whenever s < 7(Z) < 0) implies by Corollary 3.4.1 (since H is bounded) that

O(M’',Z,s) =1 and therefore M" must be a non-moving plane for times < 0 (and

then for times < 0 by smoothness).

Let u' be as above and consider the constant coefficient linear parabolic operator

Oy — §”(Du')0;; applied to the functions @,. Proposition 3.3.1 then gives
(8t — QZJ(DU')@]) fLJ = (Q’LJ(DZNLJ) — gij (DU/)) 8ijﬂJ.
Since v’ is linear and independent of time, 0;;u’ = O,u’ = 0 and therefore

(8 — 97(Du)0y;) (g — ') = (0 — §7(Du')y;) iy

= (97 (Duy) — g” (Du'))0;0,.

For the subset Uy™" (0) of R™ x (—o0, 0], the Schauder estimates for linear parabolic
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equations (see Theorem B.3.2) give us

1@y — ) ymagllza < Coll (9 — §7(Du)dy;) (itg — u')|yma g llo.a

+Cs sup |ay — |
Uy (0)

= Coll (§7(Diiy) — §7(Du)) Oiztis] 1 gy lo.a

+Cs sup |ay — |,
Uyt (0)

whenever J is large enough that UJ"'(0) € Q x I, and where the constant Cg
will depend on m, n, a, k. But both terms on the right hand side converge to 0 as

J — oo by the fact that 9,4, is bounded in C%* on compact subsets (by inequality
(3.22)) and the fact that

(§"(Day) = §”(Du')) — 0

in C' on compact sets (since §”(p) depends smoothly on p when |||p||| < 1 and
since convergence of i to u' is C? on compact sets). This means that, on U" ’1(0),
the convergence @iy — u' is C*®. In particular, the terms of the C** norm of @
involved in the definition of Gy (M, 0) will converge to 0 (since these terms are
zero on u'). This finally gives a contradiction because we dilated in such a way
that Goo(My,0) = 1> 1/2 for every J, which implies that [Diis]a + || D%is||o.0 +
|10+t.7]|0.o is bounded from below, independently of J, on the set UIY/L’(ll/Q)(O) NOxT =

U5 (0) (see inequality (3.32)). This contradiction means that € cannot be zero. [

Corollary 3.6.1. Let € and C5 be as in Theorem 3.6.1. Suppose that M is a
mean curvature flow satisfying Assumptions 1, 2 and 3, with Xo € M and 7(Xo) =
sup I.22 Suppose that py > p > 0 are such that Q’;})’”’l(Y) 15 contained in 2 X R™ x [

and

O(M,Y, s,pg) >1—¢

m,n,1 2
0 ) .
for allY € Q7™ (Xo) N M and all s € (7(Y) — p*,7(Y)). Then

sup G0 (M, -)d(-,P;"’”’l(Xo)) < Ck.
MNQE™ (Xo)

22By these assumptions, the flow will be smooth at time 7(Xy), since we are taking X, to be a

point on the flow.
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Proof. We take the dilated and translated flow M’ = D;,,(M — X). Then, by

Proposition 3.5.1 and our assumptions in this corollary, we have
Q(M/a Za r, PO/P) = @(Ma XO + DpZﬂ 7—<X0) + pQ’I", PO) Z l—e

(where po/p > 1) when D,Z + X, € Q™'(Xo) N M and p*r 4 7(Xo) € (7(Xo +

D,Z) — p*,7(Xo + D,Z)), which is equivalent to Z € Q7™ (0) N M’ and r €

(1(Z) — 1,7(Z)). Theorem 3.6.1 then gives

C’5 Z sup GQ,a(Mlv )d(7 P1m7n71(0)) = sSup GQ,a(Ma )d(a P;mn’l(XO))'
MIOQT™(0) MOQE™ (Xo)

[
The next corollary should be compared Theorem 3.5 of [24].

Corollary 3.6.2. Let M be a mean curvature flow satisfying Assumptions 1, 2,
3 and 5. Let Xy lie in the closure M such that 7(X,) = sup 1.2 Suppose that

po > p >0 are such that Q™' (Y') is contained in Q x R* x I and
G(Ma}/asapﬂ) Z I—e

for all Y € Q" (Xo) N M and all s € (1(Y) — p*,7(Y)). Then M will be smooth

in some spacetime neighbourhood of X.

Under the assumptions of this corollary, our flow is given by a function u, smooth
on €2 x I and continuous on the closure, so the point X is (&g, u(Zg, 7(Xo)), 7(Xo))
for some o € 2. The corollary then says that, even if 7(Xy) = sup ¢ I, there
exists some R > 0 such that all of the derivatives of u have continuous extension to

Ut (20,7(Xo)) = B (&0) x (1(Xo) — B2, 7(Xo)].

Proof. We take a sequence X; — Xy (as J — o0) in M with 7(X;) < 7(X,) and
with Z; = Zo. For large J, || X; — Xo|| < p/2 and we define

My =1{Y e M| 7(Y) < 7(X,)}.

2By these assumptions, M is continuous at time 7(X,) but not necessarily smooth, since we

only assume Xg to be on the closure and not necessarily on the flow itself.
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Now ©(M,,Y,s,p0) > 1 —€for Y € QU (X,) N My € Q™ (X)) N M and

p/2
se(t(Y)—p*/4,7(Y)) C (1(Y) — p*, 7(Y)).2* Then, by Corollary 3.6.1,

sup Gao(My,-)d(-, P;r/g"’l(XJ)) < (s (3.24)
MnQu (X )

for sufficiently large J. Now we take some sequence Y; in M ;N QZ}; ’I(X 7) with
97 = Zo and Y; — Xj. For large J we can obviously assume d(Y7, P:;’Q"’l(XJ)) >
p/4, and then inequality (3.24) gives Ga (M, Y;) < 4C5/p. Therefore, on the sets
U:}ilcs (20, 7(Yy)), we have ||ulla.q = ||ts]|2,o uniformly bounded as J — oo. This
implies a uniform bound on ||u||2, on each of the sets U;’;;fcs(fcg, T(Xo))N{(z,t) | t <
7(Y;)}, and hence on U;‘fcs (%0, 7(Xp)) since 7(Y;) — 7(Xp).?> We get smoothness

from the usual parabolic differentiability theorem (Theorem B.3.3). O

The following is the exact statement of the result described in the introduction.
We do not assume that the domain is convex or bounded here, only that the flow is

a smooth graph up to (but not including) time 7" with bounded gradient.

Theorem 3.6.2. Let M be a mean curvature flow satisfying Assumptions 1 and 2
with I = (0,T) and |||Dul||> <1 — & for some r € (0,1). Then M can be extended
smoothly to time T'.

Proof. We can extend the corresponding function u continuously to T" by Proposition
3.3.3 and let Xy = (Zg, u(Zo,T),T) for any o € 2. We can take a convex, bounded
neighbourhood Qg C Q of Z and some 5 € (0,7). Then the flow M, given by the
restriction of u to Qy x (to,T") will satisfy Assumptions 3 and 5. Choosing py > 0
to be sufficiently small, we first apply Theorem 3.7.1 and Proposition 3.5.3 to get
lim; 7 ©(My, Xo,t,p0) > 1 — €. Then we can apply Corollary 3.5.1, which allows
us to use Corollary 3.6.2 to get smoothness of M in a neighbourhood of X,. We
can do this at any 2y € {2, and therefore M can be extended smoothly to 7T'. ]

24We have used Y € QZ’;L’l(XJ) = Xs=Y|| < p/2 = ||Y = Xo|| < ||Y =X ||+ X —Xol| < p.

25We have used the facts that Holder continuity of a function on a domain implies uniform
continuity, and that uniform continuity implies that the function has a unique continuous extension

to the closure of its domain.
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3.7 Long Proofs

Here we prove some facts that were used in this chapter. These proofs were left
until now because they are fairly long and not particularly interesting, so it is likely

that they would have been a distraction from more important points.

3.7.1 Lower Bound on the Limit of ©

To apply our main regularity theorem, we need a lower bound on limy_.,(x,) ©(M, X, )

by 1—e. As a quick example, suppose that we have a gradient bound ||| Dul||*> < 1—k

m/2

strong enough that ™/ > 1 — €, then we have

—_— #
im O(M,Xotip) = jfggﬁ( 1y M = X0), 0,71, r(Xo>—t>

1 2
> lim —e“’”' 144m2 43
/2\/T(X0) t
1

. m/2 —|2?/4 5

= K /Rm (47T)m/26 dz

_ K,m/2

> 1 —e¢,

where we have used Proposition 3.5.1, the fact that ¢ = 1 in B{%(O), the inequality
det g > k™, and finally the usual formula for Gaussian integrals. But the assumption
on the gradient in this example is not very nice and involves an unknown constant.

We can do much better than this, as we will see in the next theorem.

Theorem 3.7.1. Let M satisfy Assumptions 1, 2, 3 and 5, with [ = (0,T). For
any Xo = (%o, u(%o,T),T) € M with &y € Q, the limit lim, .7 O(M, X, 1) is greater

than or equal to 1.

It is important to remember that we are not assuming the flow to be smooth on
Q2 x (0,T], only continuous. The proof of this theorem is roughly the same as the

proofs of similar results in [22].

Proof. We will first define a function on the flow,

¢ =1+ log(1/s™?) —log (cosh ),
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where 6 is the hyperbolic angle defined on page 3 of [17].2° An evolution equation
in [17] (see inequality (A.3) in the appendix here) tells us that

d

——A > k| B|?
(dt M(t))C_/ﬂ e

where |BJ|? is the norm of the second fundamental form on the spatial slices. We
note that there exist constants C7,Cs > 0 (depending on «) such that C7|B|? <
|D?u|? < Cg|B|>.*" Another useful fact is that, by the assumption |||Dul||* <1 — &,
there exists a constant Cy > 0 (again only depending on k) such that if v € R

is any tangent vector to M(t) then (v,v) < |v]? < Cy (v,v).%

We use ¢, x, from Definition 3.5.1 for small enough p. Equation (3.7) gives

a d
— > d |
dt M) CI)X()CQSP’XO = /AA(t) q)Xo (dt AM(t)) (<¢p,X0)

It is easy to check (compare to Lemma 3.14 of [5]) that we have the product rule,*

(5~ 800) Gnxed) = A(0e0) ~ divasoaD(0yx0)
= (O0t9px, + p,x00iC
—divm (CGDdpx0) — divae (0px,9DC)
= ((8:9p.x, — divamindD(dp.x,))
+0p.x0 (0:¢ — divaggD(C))
—2 (grad vy bp.xo, grad vy C)
= ¢ (% - AM(t)) Pp,x0 T Pp.x0 (% - AM(t)) ¢
—2 (grad v 6p.x0, grad ) C)

26 At any point on the flow, cosh @ is equal to the value of 1/y/det § at the corresponding point
in Q x I. Therefore we have the obvious bounds on cosh # which follow from the bounds on Du.

In particular, ¢ is bounded and positive.
2TWe can write |B|? = | (B, Bri) §°*¢7!|, see [17] for details. |D?u| just denotes the Euclidean
norm of D?u, and to prove the inequality we need the fact that the eigenvalues of Du” Du are

bounded above and below thanks to the gradient bound. Compare to page 31 of [13].
2 (v,v) < |v|? is obvious. Let v = v'(e;, d;u) and then, since |||Dul||? < 1— &, (v,v) = giv'v? >
kY, ()% and v|? = v (I + Dul Du)v < (2 — k) >, (v%)%.
29This is proved easily using equations (3.1) and (3.2), with the facts that (gDf)" = grad v f

and div ) (fV) = fdivay)V + <V> gradM(t)f>-
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By Young’s inequality,°

grad vy Pp, xo
grad vy Pp,x, 8radyyC) = { ——F——: V @p.xo8rad \ ;)¢
< M(t) ¥ p,Xo M(t) > \/m P£,X0 M(t)

l |gradM(t) Dp, X0 |2

€
+ §¢P7X0|grad/\/l(t)€|2

N 26 ¢p7XO
1 D¢ X 2 €

< —010M + =0, x, (grad vy ¢, grad ¢ ,
€ ¢p7XO 2

where Cig(k) > 0 and € is any positive number. Since ¢, x, is compactly supported
on the flow, Example 3.16 of [5]*! implies that |D¢, x,|?/dpx, < 2max|D?*¢, x,|.
where we remember that |D?¢, x,| < Ci/p*. By inequality (A.4), we see that
(grad ¢, grad ) ¢) < Cu|BJ* for some constant Cyy (k). So there exist con-

stants C'9, Cy3,C14 > 0 (depending on &, p) such that
G
€

d
(E — AM(t)) Opxo < Ch,

2 <gradM(t)¢p,Xo7 gradM(t)Q < +€C139, x, |BJ%,

where we prove the second inequality as in Theorem 3.4.1. Combining all of the

inequalities above,

d
En ®X0C¢P7X0 > /

dt J pme) M(

C
)(I)Xo <"f<15p,X0|B|2 — C15C14 — % - 6013¢p,X0|B\2> ;
t

where we use the fact that ( is clearly less than or equal to some constant C'5(k).

Choosing € = k/2C13 and Cg = C15C14 + C1a/€, we have

d K
d_ @XOC¢p,X0 Z 5/ ¢X0¢07X0|B|2 - 016/ ®X0
tJm) M(t) M(t)
K

_ §/ By, 6y xa| B2 — CrsO(M, Xo, ).
M(t)

We can now use this to prove the theorem. We assume that lim; . O(M, X, t) < 1
and hope to get a contradiction. So for ¢ close enough to 7(Xo) = T (say t €

(T'—6,T) for some § > 0) we can assume that

d K

Cx,COpxy = = / ®x,bp.x0| BI* — Cie. (3.25)
M(t)

30This implies that (v,w) = viw’ — vVw? < |i|w!| + [07||w?] < Y, [e(v")?/2 + (w')?/2€¢] +

2o e(@)?/2+ (w7)?/2€e] = €|v[? /2 + |w]?/2e.
31 D¢|? /¢ < 2max |D?¢| for compactly supported C? functions.
32We could even prove this directly, using the Schwarz inequality and |D?u|? < Cg|B|?.
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We can see how this inequality is affected by parabolic dilations, D, for A > 1, by
noting that ¢ involves first derivatives and |B| involves second derivatives. To save

space here, it is convenient to define

f(M7X07t710) = / (I)XOC(ZSP,XW
M(t)
k(M7X07t7p) = / ¢X0¢P7X0|B|27
M(t)
and the inequality above becomes
d K
Ef(MVXVOatap) > §k<M7X07tap) - 016' (326)
But, applying the transformation formula for integrals in the usual way, we have

F(DA(M = Xp),0,8,Ap) = f(DxM, DxXo, s+ 7(DxXo), A\p)

= f(M, Xo, /N + 7(Xo), p)

d 1 df(M, X, t, p)
= S f(DAM = X),0,5,0p) = 55— lapoinxo)
1

> 55 (5HM. X, /3 +7(X0), ) = Cuo)

—016 /{/ ( 1 9
- 2 2,053, ( 1B
A2 2 Jamsprar(xo) PO\ N2
_CIG KJ/ 9
- 9 OO ,0|B’
A 2 J Dy (M=X0)(s) 8
—-C
= )\216 + gk(Dx(M — X0)(5),0, s, Ap).

So we have

d C K
I Qo(Prp0 = — )\126 + = / Do| Bl*dapo
§ JDA(M=Xo)(s) Dx(M—Xo)(s)
for s € (—A?3,0), remembering that A > 1. We now take 7 < §/2 and integrate
with respect to s over the interval (—d/2 — 7, —0/2) to get

—5/2

—5/2
{ / <I>X0<¢p,xo} - { / q’og@\p,o}
M(s/N2+7(Xo)) —8/2—7 D (M=Xo)(s)

—8/2—71

C' 7' —8/2
> G / / Bo| B2 0.
6/2—7 J Dyx(M—Xo)(s)

The left hand side and the first term on the right hand side clearly have limit zero
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as A — 00,%® therefore we must have

5/2
/ / | B*prp0 — 0. (3.27)
—6/2—7 J D\(M—Xp)(s)

As on page 26 of [22], we can use the integral mean value theorem®! to choose

sequences \; — 00, 7; — 0 and s; € [—0/2 — 77, —d/2] such that

/ <I>0|B|2gb>\‘,p,o — 0 as J — oo.
D, (M—=Xo)(s)

To do this, we first choose a sequence 7; < §/2 which converges to 0 and then let

C'y be such that C;/7; — 0. Since 7; < 0/2, the limit (3.27) tells us that

5/2
/ / @0|B|2¢,\p70 —0 as A — oo,
—6/2—7175 J DN\(M—Xo)(s)

and therefore is less than C; for large enough A. For each J we choose such large A

and denote them by A; (we also choose these such that \; — o0). Then

5/2
/ / ‘I)o|B|2¢,\Jp,o < Cy,
—6/2—7; J Dy, (M=Xo)(s)

but by the mean value theorem we have

—5/2
Lo o @lBFO = 0/ 572 m) B0lB 62,00
D) ; (M—=Xo)(

—§/2-1; Dy, (M—=Xo)(s)

for some s; € [—=§/2 — 75, —0/2]. Therefore

/ Do|Blpx 00 < Cy/71 = 0, (3.28)
Dy ; (M=Xo)(s)

as expected.

We have §/2 < |s;| <6, so

exp ((—|2* + [Z[*)/4]ss]) _ exp (=|&[*/20)
(dn]s )2 = (dmo)ms?

(b0(£‘7*%7 8]) -

33The limit on the left hand side involves lim,_.7 f, which must exist since f < C150 < Cy5 for

t close to T and df /dt > (k/2)k — Ci6 (which implies that f + tCg is monotone).
34fff = f(x)(b— a) for some z € [a, b].
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The function ¢, is zero outside BY' ,(0) x R" and is equal to 1 inside BY' ,(0) X

R™. For any R > 0 we can take J large enough such that B (0) x R C BY* ,(0) x

Asp/2

R™, and then we have (as J — 00)

—R?/26
gy R A
( T ) DAJ(M—XO)(SJ)QBEL(O)XR’” D/\J(M—XO)(SJ)

— 0.

Now consider the functions @;(#) whose graphs give the spatial slices D), (M —
Xo)(ss). The fact that \; — oo tells us that, for any R > 0, we can take J large
enough such that B (0) is contained in the domain of @;. Since we also have a
uniform bound on the gradients Duy, the usual Arzela-Ascoli theorem argument
gives a subsequence (which we continue to denote by u;) converging pointwise on
R™, and uniformly on each B} (0), to some limit 4. As explained earlier, we have

Cq7|B|* < |D?*uy|? < Cg|BJ?, so the inequality above gives

/ |D?ii;|* — 0 as J — oo.
B (0)

If we define v = 9@t} and &7 = me(o) o5 Jvol(B(0)), then the limit above tells
R
us that

Lot Seuars [t
B B(0)

k . .
as J — oo. We can take a convergent subsequence ¢, — ¢*7 (since the sequence is

clearly bounded due to the gradient bound on ;) and apply the Poincaré inequal-

/ Wb — 52 < 017/ |DVA 2 — 0.
7 (0) 7 (0)
k

¢ — 0 with respect to the L? norm on B(0). Now we can assume®® that

ity>® to get

kry
S0 v}

the derivatives of our sequence converge pointwise almost everywhere to constants.

35TIf Q is a bounded open subset of R™ with Lipschitz boundary, then there exists a con-
stant C(€2, p) such that every function in the Sobolev space W' (Q) satisfies ||f — fallrr(o) <
C(LP)|Dfl|Lr (), where ug = [, f/volQ2. Here WLP contains weakly differentiable functions

with finite L” norm whose weak derivatives also have finite LP norm.
36See Theorem 19.12 of [9], which says that LP convergence implies pointwise convergence almost

everywhere.



3.7. Long Proofs 73

These constants will be the weak derivatives of @,3” which therefore must be linear.

Remember that we are assuming lim, .7 ©(M, Xy, t) < 1, so we can write

lim @(D)\J<M —Xo),O,SJ) = lim @(M,XmT‘I‘SJ/)\%)

J—00 J—00

= lim @(M, )(07 t)

t—T

= 1—n (3.29)
for some n > 0. Let M‘LR be the graph of @ ;| g (o) and let Mp be the graph of | B (0)-
Since we know that © is equal to 1 on non-moving planes, and since the graph of
u will be a spatial slice of a non-moving plane, we can choose fMR Dy(-,—6/2) to
be as close to 1 as we like by taking R large. We choose R such that 1 —n/2 <
iz, @o(-,—0/2). We also have

My r

@(D)\J(M_XO),O,SJ) > / (DQ(',SJ)

—|2—0[*+]a,(2)—0[?

eXp ( 4(0—s) )
= Vdet g(Duy)dz,
/B;P(o) (47 (0 — s,))m/? )

where the terms in the integrand all converge pointwise on the set B (0), with

uy converging uniformly. Then, by the dominated convergence theorem and since

Sjg — —5/2,

My r Mpg

@(DAJ(M—XO),O,SJ)>/ Bolss) = | Bol-—5/2) > 1 /2.

This gives a contradiction by equation (3.29). O

3.7.2 Properties of G,

Although the properties of Gy, can easily be understood by comparison with White’s
K5 o norm, we will explain in more detail here just so that everything is clear. First
we need to understand exactly what it means for Gy, to be bounded from above
or below. Let G o(M,Y) < A for some fixed Y = (9,7, s) € M and some positive
constant A. By the definition of G ,, this implies that

[Dupyla + [D*upyla + sup |D?up y| + [Qsuny]a + sup |Oruay| < 1

37See Theorem 20.7 in [9], which says that if a sequence of smooth functions f; converges in

LP(Q) to some f, and if 9;f; converges in LP(€2) to some v, then v is the weak derivative of f.
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on the set U™ N DA(Q2 x I — (§,s)), where u : Q x I — R" is such that M is
the graph of u and upy(-,-) = A(u(-/A + 9,-/A* + s) — §). But, for example,
we have Qyupy () = (1/N)Ou(-/A + 9,-/A? + s) and therefore supyma |Opupy| =
(1/A) sup B (§)x(s—1/A2,s] |O¢u|. Similar reasoning applies to each of the other terms
in the inequality above, giving

A[Duly + A7 D?u) + A sup | Dl + AT 0] o + A sup || < 1 (3.30)
on the set B}, (9) x (s — 1/A?,s] N Q x I. In particular, we will have

[Duly + [D*u]q + sup |D?u| + [0yulq + sup |Oyu| < C(A) (3.31)

on BY), (9) x (s — 1/A% s]NQ x I, for some constant C'(A) dependent only on A.

Now suppose that Gy ,(M,Y) < A for every Y in a compact subset K of space-
time, then inequality (3.31) gives a bound [Dul, + [D*u]s + sup |D?u| + [Ou]s +
sup |Oyu| < C(A, K) on the projection of K onto R™! where C'(A, K) is a constant
depending only on A and K. Assume further that the origin lies in both M and K,
then inequality (3.12) and the spacelike assumption (that |||Dul|| < 1) tell us that

(@, 1) — 0] = |u(#, 1) — u(0,0)] < 1.|# — 0] + |t — 0.C(A, K) < C'(A, K)

for some constant C’(A, K') depending only on A and K. Combining all of these
inequalities gives a bound on ||u||2, (on the projection of K onto R™!) which is

dependent only on K and A.

By similar reasoning, a lower bound G5 ,(M,Y) > A at a point Y corresponds

to a lower bound on the C%® norm of u. In particular we have
[Dulq + [D?u)q + sup | D?u| + [Oyu]q + sup [Opu| > C"(A) (3.32)

on the set BY, () x (s — 1/A% s]NQ x I, where C”(A) > 0 is a constant depending

only on A.

We only need the following fact in the proof of Theorem 3.6.1. Here we will go
through the details of the Arzela-Ascoli theorem for sequences of flows with Ga,

bounded on compact sets.
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Proposition 3.7.1. The sequence M;N{X | 7(X) < 0}, from the proof of Theorem
3.6.1, has a convergent subsequence (this is parabolic C* convergence on compact
subsets). The limit is a smooth flow M’ satisfying Assumptions 2, 3 and 4 with

T =0. Also, M" has uniformly bounded mean curvature vector.

Proof. Let @y, My, etc. be exactly as in the proof of Theorem 3.6.1. Then, since
A — oo and supI; > 0, any compact subset of R™ x (—o0,0] will be contained
in the domain of @, for large enough J. By inequality (3.22), Gao (M., -) will be
uniformly bounded on compact subsets of spacetime with 7(X) < 0 as J — oo.
Therefore we get uniform bounds on ||t||2,, on compact subsets of R™ x (—o0, 0]
(i.e. bounds which are independent of J, for all large enough J, but do depend on
the subset itself and the Gs, bound). We can use this to prove convergence of a

subsequence by following the same steps as in the proof of the Arzela-Ascoli theorem.

We use the Cantor diagonalization process to choose a convergent subsequence
(compare to the proof of Theorem 5.20 of [9]). Take a countable dense sequence
{(Zy,t7)}jen of R™ x (—00,0] (we can do this since Euclidean spaces are second
countable). Take the point (Zy,¢;) and a subset D; C R™ X (—o0, 0] containing this
point and the origin. By the reasoning above, we can choose J large enough such
that ||ty||2,. is bounded independently of J on D;. In particular, the sequence @,
(and it derivatives up to second order) will be uniformly bounded on D;. Since the
sequence is bounded (independent of .J) we can take a subsequence 1, ; for which
Uy,7(21,t1) converges. Iteratively, we choose a subsequence g y of @ix_1 s such that
Uk j(Tx,tx) converges. U,y is a subsequence of i1 s, so inductively the sequences
Ug,j(Z1,t1), ..., Uk g (Zx_1,tx_1) converge as J — oo. Then Uy j(Zy,ty) converges
as J — oo for all H < K, so the diagonal subsequence @ ;(Zp,ty) converges as

J — oo for every H.

Now we claim that, on any compact subset D of R™ x (—o0,0], the sequence
U,k converges uniformly on D as K — oo. Suppose that we are given € > 0
and (2,7) € D. By the C?“ bound, we already know that the original sequence is

uniformly equicontinuous on D (for large K') and therefore so is the subsequence
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Uk . We use this to choose 6 > 0 such that ||(z,t) — (y,s)|| < ¢ in D implies
that |ux x(2,t) — axx(9,s)] < €/3. Since {(z,,t;)} is dense in R™ x (—o0,0],
we can choose some (Z;,t;) such that |[(2,7) — (Zs,t5)]] < 0. Then we have
lax k(2,7) —trL(2,7)| < |ugr(z,7)—txx(Tsts)|+ g x(Ts,ty) — UL (Ts,ts)|+
|Gr,(Zy,t7) — Ur,(2,7)]. The first and last term on the right hand side here are
clearly < €/3, and the second term is < €/3 (for large enough L and K) since we know
that @y 1 (Z,,t,) converges for every J as L — oo. Hence |tk i (2,7)— UL (2, 7)| < €
for large K and L, so the sequence @k x(Z,7) is Cauchy and must converge. This
applies at any point (Z,r) of D and gives us pointwise convergence of the diagonal
subsequence on D. The uniform equicontinuity of the sequence and the fact that D

is compact imply that the convergence is also uniform on D.

Again by the C*“ bounds, we have uniform boundedness and equicontinuity of
all sequences of derivatives up to second order (in the parabolic sense). We can
therefore repeat this process, taking subsequences for which each of these deriva-
tives converge uniformly on compact subsets. The result is a subsequence which
converges in C? (parabolically) on compact subsets to some function u’' defined on
R™ x (—o0,0]. By the fact that the C* bounds are independent of all large enough
J on compact subsets, it is clear that this limit will also be locally C%“ and will
therefore be smooth by the standard differentiability theorems for parabolic equa-
tions (since the C? convergence implies that the equation from Proposition 3.3.1 will
hold for «’). This smoothness follows from Theorem B.3.3 by, as in the elliptic case,
using induction (if «’ is C*< for k > 2, it satisfies a strictly parabolic linear system

with C*=1e coefficients and must be CH1).

For any X = (#,,t) with 7(X) < 0 we use inequality (3.22) and take J large
enough such that d(O,P;';’"’l(—DAJYJ)) > 2||X]|. Then we have G (M, X) < 4.
Then inequality (3.30) implies that |D?*a,|(Z,t) + |0yay|(2,t) < 4 as J — oo, and
then the C? convergence to u’ implies that |D?u/| +|9;u’| < 4. This applies at every
(#,t) € R™ x (—00,0]. Obviously we also have |||Du/|||[*> < 1 — &, and therefore

we must have a uniform bound on the mean curvature vector of the spatial slices
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of the graph of «/, since this vector is given by (0, g” (Du')d;;u’)* (see the proof of
Proposition A.1.1). O



Chapter 4

Final Comments

Our main theorems for the maximal graph system say that a solution to the Dirich-
let problem will exist for boundary data with C? norm less than some constant. In
the case of 2 dimensions, we only need to choose the constant such that a gradient
estimate will hold. For arbitrary dimension and codimension, we need to choose
the constant to be even smaller, such that both the gradient estimate and the O
estimate will hold. Obviously, it would be nice to improve our result in such a way
that, even for arbitrary dimension and codimension, we only need to choose the
constant small enough to get the gradient estimate. Since such a result (in the case
of the minimal graph system) is the goal of [23], it makes sense to attempt to follow
the same steps. The proof there uses two main tools. The first is a gradient estimate
and the second is White’s regularity theorem. We have already proved that we have

both of these in the case of spacelike mean curvature flows in semi-Euclidean spaces.

In the proof of the main theorem in [23], White’s theorem is used to get C*
estimates at time 7" on flows that exist on (0,77). This allows a smooth extension
of the flow to T, and is used to prove long time existence. However, there is a
problem with this step, since White’s theorem only gives local estimates. These
estimates are enough to extend to T', but are not enough to allow the application
of short time existence at T to extend further by some fixed time. This would
require at least a uniform C%® estimate over all of 2. Therefore [23] fails to prove

its claim that the minimal graph Dirichlet problem is solvable when €2 is convex
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and 8mdiamQ supg |||D?¢||| + vV2supyq ||| D||| < 1. After communicating with
Professor Wang, he eventually agreed that this gap in his proof exists. He also
suggested an alternative method to get a similar existence theorem. Our proofs of
the C1® estimates used in Theorem 2.4.1 are based on this suggested method. These

proofs could easily be repeated in minimal graph case to prove:

Theorem 4.0.2. Let Q2 be a bounded, smooth and convex domain in R™. There is a
positive constant C' (depending on 2, m,n) such that there exists a smooth solution
to the Dirichlet problem, for the minimal graph system with boundary values ¢|aq,

whenever the function ¢ : Q — R™ is smooth with C* norm less than C.

This would be proved by using the condition on ¢ to apply the gradient esti-
mate of [23], allowing us to assume that the gradient of any solution would be small
enough that a C1“ estimate holds (as in Lemma 2.4.2), giving existence of a solution
in the usual way. This assumption on ¢ is stronger than in Wang’s original claim, so
this theorem is weaker. To prove the original claim, we would probably need to ap-
ply the method used in [23] but with the help of some boundary regularity theorem
to get the estimates needed for long time existence. Examples of such regularity
theorems, using a modified Gaussian density at the boundary, can be seen in [24].

It is not clear exactly how we could apply these to this particular problem.

This leaves us with some obvious questions. Can White’s boundary regularity
theorems be applied to correct Wang’s proof? How would we get the required esti-
mates on the modified Gaussian density at the boundary? Would this need stronger
estimates on the gradient? Do we need extra assumptions on the boundary data
(e.g. a compatibility condition), weakening the result? If so, can the boundary regu-
larity theorems be improved in such a way that we will not need these assumptions?
These questions also apply to the semi-Euclidean case. In fact, it is not known if
such boundary regularity theorems even exist in the semi-Euclidean case. The an-
swers to these questions would provide applications for the local regularity theorem
proved here, and would possibly lead to stronger existence theorems for both the

minimal and maximal graph problems.



Appendix A

Semi-Riemannian Manifolds

A.1 Basic Definitions and Facts

When dealing with problems in semi-Euclidean spaces, it is useful to know some
basic definitions and facts related to semi-Riemannian manifolds. We will give some
here, and more can be seen in [21]. First, we note that a semi- Riemannian manifold
is defined to be a pair (M, g) where M is a smooth manifold and ¢ is a metric tensor
(a symmetric nondegenerate (0, 2) tensor field of constant index) defined on M. The
most obvious examples are the semi-Euclidean spaces. We say that a tangent vector

v to a semi-Riemannian manifold is:
- spacelike if g(v,v) > 0 or v =0,
- null if g(v,v) =0 but v # 0,
- timelike if g(v,v) < 0.

If (N,g) is a semi-Riemannian manifold, and M C N is a submanifold of N with
inclusion map f : M — N, then we can take the pullback g = f*g in the usual way.
If g is a metric tensor on M, then we get a semi-Riemannian submanifold (M, g),
where g is called the induced metric on M. If we denote by V and V the Levi-Civita,
connections (defined as for Riemannian manifolds) corresponding to the metrics g

and g respectively, then we have Vi, W = (VW) for any pair of tangent vector
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fields V, W on M.! We can define the second fundamental form B on M by taking

difference of the two Levi-Civita connections,
B(V,W)=VyW — VyW = (Vy W)+,

which is bilinear and symmetric in V' and W. The mean curvature vector of M is

the normal vector field defined by taking the trace of B with respect to the induced

y o 0
H = trace,B = ¢” B ( ) .

metric g,

Ozt Oz
If M is a spacelike manifold (i.e. if the induced metric is positive definite, so that
every tangent vector is spacelike) and H = 0 at every point on M, then M is a

mazimal submanifold of N.

On a spacelike submanifold M with coordinates 2, we can define the gradient,
divergence and Laplace operator on M in the usual way (see chapter 3 of [21]), and
we have the formulae

i 0f 0
g ENWE
Ox' Oz’
| 0
divyV = g”g( .,VaV)
ox?

o)

- \/dle—tgﬁaxi (\/thw) ’

Ay f = divygrad,, f
- G ( det gg* af) , (A.1)

grady, f =

/det g dx7 O
for any smooth function f : M — R and vector field V = V'9/0x". We will
sometimes use the fact that, given a vector field W on M, the component tangential
to M is given by
W' =g (W,0/0z") g"0/07.
With these formulae, we can prove the following useful fact. We will frequently need

some of the equations that appear in its proof.

IFor a tangent vector V to N, we denote by VT the component tangential to M and by V+

the component normal to M (with respect to the metric g).
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Proposition A.1.1. Let Q be a domain in R™ and let F : Q — R™™ be a smooth
embedding such that M = F(Q) is a spacelike submanifold. Then the mean curvature
at each p € M is given by H(p) = ApF(p), where Ay is the induced Laplace

operator on M.
Proof. We first prove that A F' is a normal vector. We already know that

1 0 . OF
Ayl = —— \/dt R
M V/det g Ox? ( 99 8x1)
0*F

1 0 N\ OF y
_ 7 g\ i
V/det g Ox' ( det g9 ) 00 9 orow (A4.2)

where the first term on the right hand side is a tangent vector. For each of the

tangent vector fields OF/0x",
OF 1 0 LOFY OF
AyF,— ) = |/ gt ) 2
< M ’8xk> detg<831:Z ( det g9 8x3)’8xk>

) OF OF ./ OF O*F
= . det 99" —, — ) — 9" ( =—, =—=— ),
Vdet g 0zt Oxd’ Ozk Oxd’ Qxtoxk

and we can apply the usual formula for differentiating determinants? to the first

5

term here, which will be

1 0 1 0 ./ O°F  OF
—(\/ ) = W g — i =
Vdet g 0z (v/det g3ux) 2detg det g9 ok =9 <8xi8xk Oz > '

This cancels the second term in the equation above, giving <A uF,0F |0x* > = 0 for
all k, and therefore Ay, F is normal. By definition,

) A OPF O\
_ i o _ ij )
=g <V§zi Oxj> <9 axiaxa')

Combining this with equation (A.2), and the fact that Ay, F' is a normal vector field,

gives

Y

02F \ T
AyF =(AyF)Yr=(¢g9—— ) =H
M (AuF) (g 8:623.7&)

at each point of M. O

20(det g)/0s = (det g)g"Dg;;/0s
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A.2 Spacelike Graphic Mean Curvature Flows

Since we make use of several facts from [17], it will be convenient to state them
here. In [17], graphic mean curvature flows in semi-Riemannian product manifolds
are considered. Given two Riemannian manifolds (31, ¢;) and (29, g2), we define
the product manifold N = ¥; x 3, with semi-Riemannian metric g = g; — go. For
the graph M = {(p,u(p)) | p € X1} in N, of a smooth function u : 31 — ¥s, we can
take the induced metric ¢ = gy — u*gs on M and define the hyperbolic angle 6 by

1
Vdet(g — u*gs)

Obviously, if we take ¥ = Q and ¥y = R" with the Euclidean metrics, this includes

cosh @ =

the case of graphs in the flat semi-Euclidean spaces that we are interested in, and

cosh § corresponds to the quantity 1/4/det(I — DuT Du). In section 4 of [17], an
evolution equation for log cosh on a mean curvature flow is proved which, in the
case of semi-Euclidean spaces, has the form

(% — At ) log cosh 6 = —|B> + > " AZ(h[ ) +2 ) - NN R
ki k,i<j

where B is the second fundamental form, \? are the eigenvalues of Du’ Du, and
h;fj are the components of B with respect to some orthonormal frame. Under the
assumption that we have \? < 1 — ¢ for each i, with § € (0, 1) constant, it is shown
in section 5 of [17] that this evolution equation implies

(jt A ) log cosh § < —4|BJ*. (A.3)

We also use the following two facts from sections 3 and 5 (respectively) of [17],

2
<grad/\/t(t) cosh 6, grad cosh9> _ Z (Z(Azhﬁﬂ)) and |B|* > Z hm+]

2
cosh” 0 - - vy

to easily see that, when \? < 1 — 4,
<gradM(t) log cosh 6, grad 4, log cosh 6) < C|BJ?, (A.4)

where C' is some constant depending on 9.



Appendix B

Second Order Elliptic and
Parabolic PDEs

B.1 Notation

On any domain €2 in a Euclidean space, or its closure €2, we define:

- O*(Q), the set of functions u : Q — R with all derivatives of order < k

continuous on ) (for £ =0,1,2,..., or k = o00).

- C*(Q), the set of functions in C*(Q) whose derivatives of order < k have

continuous extension to €.}

When v € C*(D) for some set D, we say that u is C* on D (or smooth on D if

k = o0). For parabolic problems, time derivatives are considered to be second order.

"We will frequently use the fact that any uniformly continuous function u : © — R™ has
a unique continuous extension to Q (in particular, we will apply this to uniformly Lipschitz or

Holder continuous functions).
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B.2 Elliptic Equations

All of the definitions and facts in this section come from [10]. We will consider

second order operators () of the form

. 0? : 0
Qu(z) = a" (z,u, Du) 8$i8u:pj + b (, u)a—;,
where a” is symmetric and x = (z!,...,2™) lies in a domain 2 of R™ for m > 2.

We say that the operator is elliptic if the matrix a¥ is positive definite everywhere.
We say that it is linear if ¥ and b° are independent of w and Du, and that it is
quasilinear otherwise. One of the most important tools when dealing with elliptic

operators is the maximum principle:

Theorem B.2.1. Let Q be a linear elliptic operator on a bounded domain 2. Sup-
pose that Qu > 0 (< 0) in Q, withu € C*(Q)NC(Q), then the mazimum (minimum)

of u is achieved on the boundary OS).

To understand other useful facts, we need to define the (elliptic) Holder spaces.

For a € (0,1), we say that u : Q — R is Hélder continuous with exponent « in € if

[U]a = sup |U(ZL‘) B u(y)| < o0,

z#y in Q |l’ - y|a
Cke(Q) is the subset of C*(Q)) containing functions whose derivatives up to k-th

order are Holder continuous with exponent . We take the norm?

k
ko = |[ullcra@) = ngp |Diu| + [D*u],.

Jj=0

||l

on this space. With this norm, the space C*%(Q) is a Banach space (a complete
normed linear space). We say that a function is locally C** on some set if it is C*2
on compact subsets. We say that a domain is C* if, at each point of the boundary,
there is some neighbourhood in which the boundary is the graph of a C** function

of m—1 coordinates. The next three theorems all come from chapter 6 of [10]. First

2Note that the definition of this norm varies in many of the textbooks that we will refer to
(see [10], [14], etc.), but these norms are all equivalent. Therefore a bound on one version of the

norm is equivalent to a bound on any other version.
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we note that an operator @ is called strictly elliptic if a”(;(; > N|C|?, for all { € R™,
for some positive constant \.

Theorem B.2.2. Let Q be a bounded C** domain in R™ and let u € C**(Q) be a
solution to Qu = 0 in Q with u = ¢ on OS2, for some linear strictly elliptic operator

Q. Then ||ullaq < C, where C is some constant depending on supq |ul, ||¢]|2.a, ™,

a, A, Q and the C%* norm of the coefficients of Q.

This is called a Schauder estimate. The following is the standard existence theorem

for linear elliptic equations.

Theorem B.2.3. Let Q) be a strictly elliptic linear operator defined on a bounded
C** domain Q. Suppose that the coefficients of Q are in C¥%(Q), and let ¢ €
C%%(Q). Then there is a unique solution u € C**(Q) to Qu = 0 in Q with u = ¢
on 0f).

We will also need the following differentiability theorem for solutions.

Theorem B.2.4. Let Q) be a bounded C**2% domain and let ¢ € C*2%(Q). Let
Q be a strictly elliptic linear operator on Q with coefficients in C**(Q). If u €
C%Q) N C%Q) with Qu =0 in Q and u = ¢ on the boundary, then u € C*+%(Q).

It is worth mentioning the following existence theorem for quasilinear problems
(even though we will not apply it directly) since it makes clear the usual method
used to solve Dirichlet problems for single equations. This is a reduced version of
Theorem 11.8 of [10], and it is proved by applying the Schauder fixed point theorem

to Holder spaces.

Theorem B.2.5. Let Q be a bounded C** domain. Let Q be a quasilinear elliptic
operator on Q with b* = 0 and a¥ € C®°(Q x R x R™). Let ¢ € C2%(Q). Suppose
that, for some constant M, the estimate ||ull1o < M holds for any u with Qu = 0
in Q and u = o¢ on I for some o € [0,1]. Then there exists u € C**(Q) with
Qu =10 1in Q and u = ¢ on ).

It is clear from this that we need a priori C** estimates to solve a quasilinear

Dirichlet problem. The usual method involves splitting this estimate into four parts.
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First we estimate supg, |u| in terms of the boundary data using the maximum prin-
ciple. Then we use conditions on the domain and boundary data to get a boundary
gradient estimate of | Du| on 0€2. We then extend this to an estimate for | Du| on all
of €2, before finally getting an a priori bound on the C** norm in terms of the esti-
mates that we already have. There are standard C'b* estimates for single equations,

but such estimates are much more difficult to get for systems.

B.3 Parabolic Equations

There are many similarities between elliptic and parabolic equations. For example,
we get parabolic versions of the maximum principle and the Schauder estimates.
We will avoid going into too much detail for quasilinear parabolic equations, but
we will state a very simple existence theorem that gives an example of short time

existence for a boundary value problem. We will consider second order operators ()

of the form
ou 0%u , ou
t) = — —a¥ t,u, D —— + b’ t —
Qu(x,t) 5 ¢ (x,t,u, Du) EIE + 0" (z,t,u) Et
where a¥ is symmetric, x = (2',...,2™) lies in a domain Q of R™ for m > 2, and

t lies in an interval in R. We say that the operator is parabolic if the matrix a¥ is
positive definite everywhere. We say that it is linear if ¥/ and b® are independent of
u and its derivatives, and that it is quasilinear otherwise. Now we have the parabolic

maximum principle (see Theorem 8.1.2 of [14], for example):

Theorem B.3.1. Let Q x (0,T) be bounded. Suppose that a real valued function
u is continuous on the closure of Q x (0,T) and C? on the interior. If Q is a
linear parabolic operator on this domain and if Qu < 0 (> 0), then the maximum

(minimum) of u is achieved on the parabolic boundary, O x (0,T)UQ x {0}.

It is important to note that, for parabolic problems, we treat the time (¢) deriva-
tive in the same way as we treat the second order space (z) derivatives. So when
we say u is C?, as in the theorem above, we mean C' with respect to t and C?

with respect to z. On a subset U of the spacetime R™! = R™ x R, taking the



B.3. Parabolic Equations 88

parabolic distance ||(x,t)|| = max{|z|, [t|'/?}, we define the parabolic Hélder norms

(for non-negative integers k, and 0 < o < 1)

1 flka = 1 llora@y = Y 11D (9/08)" flloas

j+2h<k

|f(z,t) — f(y,5)]
a — d . | )
/ <x,t>§<35> wu @) — @ s ™ £ 1o, (;3163[]|f(x )| + [f]

The parabolic Hélder space C*(U) of functions with finite || f||.. norm on U will
be a Banach space with this norm. We say that a function is locally C** on U if this
norm is finite on compact subsets of U (but this notation will not cause confusion
because it will always be clear whether we are dealing with elliptic or parabolic
problems). As in the elliptic case, we have Schauder estimates. We only use a local
version of these estimates for constant coefficient parabolic equations, which will

follow directly from Theorem 8.11.1 of [14].

Theorem B.3.2. Let Q = 0/0t—a0*/0x'0x’ be a parabolic operator with constant
coefficients, with eigenvalues of a” between positive constants A > \. Let U;g’l(O) =

BE(0) x (—R?,0], then

sup M)
Uz (0)

for any u € C’za(U%’l(O)), where N is some constant depending X\, A, o, R and m.

HU|U§”71(0)H2,& <N (HQu’U;}iI(O)HO,O& +

We also have the standard differentiability theorems from chapter 3 of [7]. First
note that an operator Q is called strictly parabolic if a”(;¢; > M(|?, for all ¢ € R™,

for some positive constant .

Theorem B.3.3. Let Q be a strictly parabolic linear operator on 2 x (S, T] in R™!,
with coefficients locally C* on Qx (S, T]. Then any solution of Qu = 0 on Qx (S, T

will be locally CF+22,

The following is an existence theorem for quasilinear parabolic equations. We
will not use it here, but it gives a nice example of the idea of short time existence,
and is roughly what we would use to prove the existence of short time solutions to

mean curvature flow problems.
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Theorem B.3.4. Let Q0 be a smooth and bounded domain in R™, and let ¢ :
Q x [0,T] — R be smooth. Let Q be a strictly parabolic quasilinear operator with

coefficients smooth in all arguments. Then there exists € > 0 such that there exists

a locally C** solution to Qu =0 in Q x (0,€) with u = ¢ on Q x {0} UIQ x [0, €.

This is proved as in Theorem 8.2 of [18] for single equations, but (as in section
4 of [23] for example) the same ideas can be used to get short time existence for

systems. The proof again involves Schauder fixed point theorem.



Bibliography

1]

[10]

H Amann, Ordinary Differential Equations: an Introduction to Nonlinear Anal-

ysis, De Gruyter, Berlin (1990)

R Bartnik and L Simon, Spacelike Hypersurfaces with Prescribed Boundary
Values and Mean Curvature, Commun. Math Phys. 87, 131-152 (1982)

Y Z Chen and L. C Wu, Second Order Elliptic Equations and Elliptic Systems,
American Mathematical Society (1991)

B Dacorogna, Direct Methods in the Calculus of Variations, Springer-Verlag,
Berlin (1989)

K Ecker, Regularity Theory for Mean Curvature Flow, Birkhauser, Boston
(2004)

F J Flaherty, The Boundary Value Problem for Maximal Hypersurfaces, Proc.
Natl. Acad. Sci. USA, Vol. 76, No. 10, 4765-4767 (1979)

A Friedman, Partial Differential Equations of Parabolic Type, Prentice-Hall,
New Jersey (1964)

H Jenkins and J Serrin, The Dirichlet Problem for the Minimal Surface Equa-
tion in Higher Dimension, J. Reine Angew. Math. 229, 170-187 (1968)

J Jost, Postmodern Analysis (Third Edition), Springer, Berlin (2005)
D Gilbarg and N Trudinger, Elliptic Partial Differential Equations of Second

Order, Springer, Berlin (1998)

90



Bibliography 91

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

P Hartman, On the Bounded Slope Condition, Pacific J. Math., Vol. 18, No. 3
(1966)

G Huisken, Asymptotic Behaviour for Singularities of the Mean Curvature

Flow, J. Diff. Geom. 31, 285-299 (1990)
T Ilmanen, Singularities of Mean Curvature Flow of Surfaces, preprint (1997)

N V Krylov, Lectures on Elliptic and Parabolic Equations in Holder Spaces,
American Mathematical Society, Rhode Island (1997)

J M Lee, Introduction to Smooth Manifolds, Springer-Verlag, New York (2003)

G Li and I Salavessa, Graphic Bernstein Results in Curved Pseudo-Riemannian

Manifolds, J. Geom. Phys. 59, 1306-1313 (2009)

G Li and I Salavessa, Mean Curvature Flow of Spacelike Graphs, to appear in
Math. Z (accepted in May 2010)

G M Lieberman, Second Order Parabolic Differential Equations, World Scien-
tific, Singapore (1996)

H Lawson and R Osserman, Non-Existence, Non-Uniqueness and Irregularity

of Solutions to the Minimal Surface System, Acta Math. 139 (1977)

L Martinazzi, The Non-Parametric Problem of Plateau in Arbitrary Codimen-

sion, arXiv:math/0411589v1[math.AP] (Nov 2004)
B O’Neill, Semi-Riemannian Geometry, Academic Press, New York (1983)

M T Wang, Mean Curvature Flow of Surfaces in FEinstein Four-Manifolds, J.
Diff. Geom. 57, no.2, 310-338 (2001)

M T Wang, The Dirichlet Problem for the Minimal Surface System in Arbitrary
Codimension, Comm. Pure. Appl. Math. 57, no.2 (2004), 267-281

B White, A Local Regularity Theorem for Mean Curvature Flow, Ann. Math.
161, 1487-1519 (2005)



