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Abstract

A Singular Theta Lift in SU(1,1)

Following the work of Bruinier and Funke in the orthogonal setting, we consider a
regularised theta lift from weight 0 harmonic weak Maass forms on non-compact
quotients of SU(1,1) to meromorphic modular forms of weight 2, and realise the
result of the lift as a generating series of modular traces of those Maass forms on
CM points. We also lift the non-holomorphic Eisenstein series of weight 0 and realise
the derivative of a suitably normalised weight 2 Eisenstein series as the lift of the

logarithm of the modular A function.
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Introduction

Hirzebruch and Zagier in [HZ76] show that the intersection numbers of certain al-
gebraic cycles in Hilbert modular surfaces occur as Fourier coefficients of classical
modular forms of weight 2. This result gave rise to widespread interest in geodesic
cycles in other locally symmetric spaces and their relationship to modular forms,
e.g. [Shi75], [OdaT7g].

Throughout the 1980’s Kudla and Millson (see e.g., [KMS86] and [KM87]) built a
framework to vastly generalise these results using the theta correspondence. They
consider the dual pairs (O(p, q), Sp(n,R)) and (U(p, ¢), U(n,n)) to realize generating
series of certain “special” cycles for the orthogonal group O(p,q) and the unitary
group U(p, q) as holomorphic Siegel modular forms and as Hermitian modular forms,
respectively. Their main tool is the explicit construction of certain theta series with
values in the closed differential forms on the locally symmetric spaces attached to
those orthogonal and unitary groups of signature (p, q). Furthermore, these forms

give rise to Poincaré dual forms for the special cycles in question.

However, their result was subject to certain restrictions, e.g. it is assumed that
the orthogonal or unitary locally symmetric space is compact. In the orthogonal
case, several papers considered the non-compact situation. In [Fun02], the non-
compact theta lift for SO(p, 2) was considered. Together with the recent work [FM14]
this properly recovers the orginal Hirzebruch-Zagier result (which is the Q-rank 1
case for SO(2,2)). Also, in a long running collaboration, Funke and Millson have
been working on various aspects of the orthogonal case in this context, see [FMO02],
[EMOG6], [FM11], [FM13]. Further generalisations have been made in the orthogonal
case in [BE04], [BF10] relating it to the Borcherds lifts, see [Bor95|, [Bor9§].

In [BF06], Bruinier and Funke considered in detail the non-compact case for
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SO(1,2), when the locally symmetric spaces in question are modular curves and the
special cycles are the classical CM points on the upper half plane. In particular,
they extended the Kudla-Millson lift beyond its original cohomological setting to
allow for more general input, in particular for functions with exponential growth at

the cusps such as the classical j-invariant.

The goal of this thesis is to study the analogous situation for the dual pair
(G,G") = (SU(1,1),SLy(R)), where the relevant symmetric space for the unitary
group is the upper half plane H. (Note that we can identify the second factor with
SU(1,1) to get to the setting described above). In this sense, this thesis can be
viewed as the unitary equivalent of [BE06].

Some of the modular forms which arise as a result of the lift are also related
to those appearing in [Hof11] and [Hof13|, in which Hofmann constructs Borcherds
products for unitary groups. For SU(1, 1), the logarithmic derivative of these prod-
ucts are the same as the modular forms produced by the theta lift in this the-
sis. This is due to the inherent symmetry in the dual pair (SU(1,1),SLs(R)) ~
(SU(1,1),SU(1,1)).

In Chapter [I, we define most of the basic objects we will be working with.
Let F' be an imaginary quadratic field of discriminant D and let V' be a split 2-
dimensional F' Hermitian space of signature (1, 1), with inner product ( , ) and an
isotropic basis {¢,¢'}. We let Vg = V ®p C be the complexification of V. Then
SU(Vg) = SU(1,1) = SLy(R). Using the map w(wl + w'l) = [w : w'] € P(C),
we identify the space of positive definite one-dimensional subspaces with the usual
complex upper half plane H, and the space of isotropic lines with the boundary of
H in C. If X has positive length then we denote its image in H under m by Dy.

We let L be an integral Op-lattice in V. For simplicity, we assume in this
introduction that L = Opl @ Opl'. It is unimodular (i.e., equal to its dual lattice)
and its stabiliser is I' = SLy(Z). In general, L will not be unimodular, and we treat
the general case in the main body of the thesis by working in a vector-valued setting.

We can take the set of length m vectors as L, = {X € L : $(X,X) = m}, and
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then we can form the special cycle
1
T(m)=2 > F—[]DX].
X€M\Ln, Tx|
The 2 here comes from the fact that —I acts non-trivially in L, but trivially on H.

For L as above we have explicitly

T(m)=2 Y {“C; b} .

ad=m
0<b<d

Here ( = D+vVD

>, and the sum is taken as divisors in the modular curve I'\H. Note

that in this case we have that the degree of the cycle T'(m) is equal to the sum of
divisors 20 (m).
From this, we define the m-th modular trace (when m > 0) for a I'-invariant

function H by
try(m) = Y f(2),
z€T(m)

and the 0-th modular trace as

1 [ dzdy
f(z) )

try(0) =

Y

A I\H
where the integral is defined by an appropriate regularization process. This is highly
analogous to the SO(1,2) case outlined in [BF06]. However, note that while for
SO(1,2) the cycles are given by CM points of discriminant —m in the present situ-

ation they arise by Hecke correspondences. More precisely, we have that

try(m) = 2m(To(m) f)(C),

where To(m)f defines the weight 0 Hecke operator.
The main result of this thesis is to realize the generating series of these traces

for various f as modular forms of weight 2 as the result of a theta lift.

In Chapter [2] we introduce the representation theoretic background needed for
the rest of the thesis. We consider a dual reductive pair of type II, (SU(Vg), SLa(R)).
Then the Schrodinger model of the Weil representation with respect to a central

character v is the space of Schwartz functions S(Vg) with the following actions of
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SU(Vr) x SLy(R). The unitary group SU(VR) acts by its natural linear action on
S(VR)Z
M[glf(v) = f(g™ ).

On the other hand, SLy(R) acts by the following formulas:

a 0
Moa (0 )] 7] @) =lal e
_ s Z
Msen - £ (@) = y(5(8z, ) f(2);
0 1 ] R
Msen f | ()= f(=).
-1 0 |

Here f is the Fourier transform with respect to v on Vg. We define a theta function

for a lattice L in V and ¢ € S(V) by

0((9.9),,L) = 0((9,9") - 0, L) = Y My[g)Msenlg]io().

z€L
In Chapter [3| we construct a suitable Schwartz function ¢ for the theta kernel.
This follows the work of Kudla and Millson, and we refer to it as ¢, the Kudla-
Millson Schwartz function. We let eq,es be a standard Hermitian basis of Vg (so

(e1,e1) = —(eq,e9) = 1), and for X = vye; + voey we write
(X, X)o = [o1]” + |va]?
for the standard majorant of the Hermitian form (X, X). We let
ws(X) = exp(—m(X, X))

be the standard Gaussian on S(Vg). The definition of ¢k ps comes from [KMSG],
where it is the image of ¢g under the operation of a certain differential operator
which they attribute to Howe. We have

1

() = g (4l = 2 ) expl-n(X, X))

We let K = SO(2) ~ U(1) be the standard maximal compact subgroup of SLy(R).
Then it is fairly easy to see that ¢k is invariant under the My-action of K C SU(Vg)
(i.e. has weight 0), while for the Mg.,-action of K C SLy(R) it has weight 2.
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For ease of use, we want concrete formulas in terms of variables in H rather than
elements of the groups SU(Vz), SLa(R). We now construct My[g]Msen |9 (X)
as a function in variables z = x 4+ iy, 7 = u+7v in H. We let g, € SU(Vg) =~ SLy(R)
and g, € SLy(R) be any element which maps the base point i € H to z and 7
respectively. We let du(z) = y~2dzdy be the invariant measure on H. Then we set

prm (X, 2,7) = v My[g:] Msen g )o i (X)dp(2).
We can describe g (X, z,7) a bit more explicitly. We first set
(X, X). = (9" X, g7 X)o.

We also set

R(X,z) == ((X,X), — (X, X)).

1
2
This quantity is real and always greater than or equal to zero, with equality if and

only if 2 = Dyx. We then set

prom (X, 2) = Mylg:]orn (X)du(z) = orm(g: ' x)dp(z).
For convenience we also set
P (X, 2) = exp(m(X, X))pru (X, 2).
Finally, we then have

orm(X,2,7) = 0o (VUX, 2) exp(mi(X, X)7).

Writing 6 directly as a function on H x H we get

O(r,z, L) = Z % (VUX, 2) exp(mi(X, X)7T).

XeL

Note that as a function of z, the theta series 0(7, z, L) defines a differential 2-form

on M = I'\H, while in 7 it is a non-holomorphic modular form of weight 2 for (in
general congruence subgroup of) I

As mentioned earlier, we will realise the theta lift as the generating series of the

modular traces. The following theorem will be the tool we use to accomplish this.
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Theorem [3.2.9 Following Kudla for O(1,2) in [Kud97], we set for X # 0
fO(Xu Z) = El(_Qﬂ-R(Xa Z))7

where Ei(t) is the exponential integral. Then £°(X, z) is a Green function for the
cycle Dx.
More precisely, we have that for any linear exponentially increasing function

f(2) = O(exp(2mny)) with n € N, and for any non-isotropic vector X, the integral

/D F(2) 65 (VOX, 2)

m

converges for v > ) and in this range we have

7 f (VI 2) Ao (f)dp2) if (X, X) <0

/ FE) e (ViX,2) = T |
b [ (X, 2) Ao f)dp(z) + F(Dx) if (X, X) >0

Here m = %(X, X) and Ag = —y? <88—;2 + g—;) is the hyperbolic Laplace operator.

The method of proof essentially is the same as Kudla’s treatment of the anal-
ogous statement for O(1,2) in [Kud97], see also [BF06], where test functions of
exponential growth are discussed. Note however, that in the present situation the
growth considerations lead to a much more delicate statement.

In Chapter [d, we introduce the theta lift of a harmonic weak Maass form f of
weight 0. The space of such forms was introduced by Bruinier and Funke in [BF04].
For simplicity we only describe in the introduction the lift for a weakly holomorphic

modular form

f(z) = Z ¢y (n) exp(2minz) € M(T).

n>—N

We then define the theta lift I(7, f) of f by

I(r.f) = /M f(2)0(r, 2, L).

However, this integral does not converge for all 7, since the linear exponential growth
f(2) is not (completely) offset by 6 which has only linear exponential decay. We

have

Theorem [4.1.2, The theta integral I(7, f) converges for Im(7) = v > N;+/|D]
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This contrasts to the orthogonal case of signature (1,2) considered in [BEQ6]
where the theta function has square exponential decay and hence the lift converges

for all 7. We therefore regularise the lift by setting

Hrp = Jim [0,

which we also call the cut-off lift, as the domain of integration is cut off at height T’

of the standard fundamental domain for I'.

Theorem Let f € M}(T') be a weakly holomorphic form of weight 0 for T
Then the regularised theta lift is defined for all 7 € H except a discrete set of points.
The singularities of I(7, f) lie on the divisor
Z2(f)= ) cf(—5(X, X)Dx].
XeL

(X,X)>0

Hence I(7, f) defines a modular form of weight 2 with singularities.

These singularities are of linear type, as defined in [Bor98], in the sense that
for each point in the set described above there exists p such that I(7, f) — —£—

T—Dx

is a smooth function in 7 in a neighbourhood of Dy, where p is given by p =

ot
_f;'z—<\/)|%(>)' This theorem is proved by defining a more convenient domain of

integration to calculate over, and showing that the singularities of both integrals are
the same.

The next result characterises the behaviour of the lift under the Bruinier-Funke
& = 2@'11’“% operator.
Theorem Let f € M}(T') be a weakly holomorphic form of weight 0 for T'.
Then image of I(7, f) under the map &, is

c; (0)
AT

&U(7, f)) = -

In particular, if C}F(O) =0, then I(7, f) is a meromorphic modular form of weight 2.

In Chapter [5| we explicitly calculate a formula for the Fourier expansion of the
lift, which is the generating function of the modular traces defined in Chapter [I}

The main theorem is
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Theorem |5.1.1} Let f(2) € M}(v). Then the Fourier expansion of (7, f), valid in
the region I'm(7) = v > N;y/|D| of the theta integral, is given by

C

+ 0 00
I(r, f) = i;v) + Ztrf(m)qm.

In order to prove this, we split up the theta function into several sums, and
integrate over these separately. For the non-isotropic vectors, we can use the current
equation to obtain the modular traces, and for X = 0, we just get the 0-th trace.
However, for the sum over the non-zero isotropic vectors we cannot use the current
equation. We instead use an idea from [Fun02] in order to subdivide the summation
into something more manageable. After some careful manipulation of the sums,
this allows us to use the Rankin-Selberg unfolding technique, after which everything
becomes more manageable to compute. We still have to use a certain regularisation
technique of Borcherds’, after which we are left with the weighted sums of residues

of the Epstein Zeta function, an idea which reappears in Chapter [6]

We also examine two interesting cases of an input function f. Firstly, we take

f =1, the simplest of all possible examples; we then have

Theorem |5.1.3 Let f = 1. Then the theta integral I(7, f) converges for all 7 and

we have
1
I(7,1) = ——F .
Here
3 [o@)
Eq(1) = - +1-—24 E o1(m)q™

m=1

is the classical weight 2 Eisenstein series for I'.

This result which we recover in a different way in Chapter [] as well.
Let J(z) = Ji(2) = j(z) — 744, where j(z) is the classical j-invariant, and set
Im(2) = mTy(m)Ji(z). By comparing principal parts we obtain

Theorem [5.2.1]. Let J) (1) = 5=--4.J,,(7), then

I (7)
(7 ¢) = Im(7)

I(1, J) =

S|

~yeT'\ Mz (m,Z)
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When m = 1, we can also use the Fourier expansion formula to recover from this

from the expression
n J'(7)
In ==,
2O = =

nez
which is a partial result of a theorem due to Faber.

In Chapter [0 we examine a couple of interesting examples of input function f
for the lift which are not harmonic weak Maass forms. Let I'y . C I'g(V) be the
stabiliser of cusp at infinity. The weight 0 Eisenstein series with respect to the group
['o(N) at the cusp oo is defined by

Eon(zs)= Y (S(2)
"/EFN,OO\FO(N)

and the modified Eisenstein series of weight 0 is
Eon(z,s) =C"(2s)Egn(2,9)

where (*(s) = 77%/2I'(s/2)((s) is the completed Riemann zeta function. We also
define a modified weight 2 Eisenstein series by
1
&1, s) = —EC*(Qs)svs_l (%;1|c7' +d|726 D (er +d)72

Theorem [6.2.1] For L = Opl & NOpl' with N € N
I(1,& N (2, 8)) = wrlp(s, [OF])Nl_Sgg(NT, s),

where

Ci(s.[OF]) = D*7°T(s) Y N(I)™*

IE[OF]

is the extended partial Dedekind zeta function for the trivial ideal class [OF].

By taking residues at s = 1 on both sides, we recover the lift of the constant
function.

From the weight 0 Eisenstein series for I'((N), we can form a Kronecker limit
formula, but we choose to do so in a slightly non-standard way. The formula we end

up with is

1 A
i (E0(2.) — b wrGh (5, 05) = o tog (S D)),
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The quantities in this equation need some explanation. The constants dy, Dy and

ky are all dependent only on N. They are defined by
dN == [SLQ(Z) : Fo(N)]

1 24
kn = lem (4, §¢(N) o1 dN))

DN = exp(DN(l))

where

Dy(s) = 5= og(J. (V)

and

Je(n) = n* [ (1 - %)

pln

is the Jordan totient function. By 7, we mean the usual Dedekind eta function, and
the variation of the usual modular A function, Ay used here is essentially defined

by the above limit; it is a modular form for I'¢(/V) of weight kx. We then prove
Theorem [6.3.1l.
1 [An(2)] K ))
——— T (7 log | =2Zll (yDy)kn/? =&, v(7,1).
(7108 (gt 00 anlr )
where the differentiation on the RHS is in the s variable.

This result should have an interpretation in Arakelov theory and the Kudla
Programme in the same way as the analogous result for the CM points. Note that
the unitary situation has been recently considered in [How15] and [BHYT15]. It would
be interesting to compare the approach suggested by this thesis systematically.



Chapter 1

Lattices and Modular Traces

In this chapter we establish some of the basic notation and the geometric framework
we will be working in. We prove some simple results, showing that the specific
objects we are working with are isomorphic to some very familiar ones, i.e. the
groups SLy(R) and SLy(Z), and the complex upper half plane H as a symmetric
space.

Following a brief discussion of the kinds of lattices we will be using, we then
introduce the special cycles of Kudla and Millson. These are, in our case, divisors
on the modular curve I',\H which have a close association to the Hecke operators.
These are used to define the modular traces of weakly holomorphic modular forms
which are, in this setting, similar to the traces of singular moduli found in [Zag02],

for example.

1.1 Lattices and Symmetric Domains

This section establishes the fundamental notation used throughout this thesis. We
also recall some number theoretic concepts which will be useful to us, and define
most of the basic geometry of the setting we will be using. This includes realising
the usual upper half plane H as the symmetric space associated to the group SU(Vg)
of invertible linear maps of determinant 1 of a vector space with respect to a split
signature (1,1) Hermitian form.

There then follows some discussion of the types of lattice we will be considering.

11



1.1. Lattices and Symmetric Domains 12

These are number theoretic in nature, with the prototypical example being defined
by the ring of integers of the underlying imaginary quadratic space. Finally, we
consider carefully the cusps of the modular domain, and define the cut-off domain,
which essentially chops off the usual fundamental domain at a height T away from
each cusp. This is necessary for a certain regularisation of integrals used in later

chapters.

1.1.1 Basic Definitions

Let F' = Q[v—d|, where d is a positive, squarefree integer. Let D denote the
discriminant of F, i.e.

—d d=1 (mod4)

—4d d=2,3 (mod 4)

D=

We will be concerned with ideals of the ring of integers of the field F'. It will be

useful to write the ring of integers of F' by Op = Z @ Z[(], where

HT_CZ —d=1 (mod 4)

(= :
V—d —d=2,3 (mod 4)

Definition 1.1.1. The Z-dual of O with respect to the bilinear form Tr(zy) is 0!,
the inverse different ideal. Let § = id = v/D. Then 0 is generated by §. We may

also write the ring of integers of F' as Op = Z ® Z [2F2]. We note that $(¢) = g,

Let V be a 2-dimensional F-vector space with an Hermitian form of signature
(1,1). By this, we mean that V splits over F into E* 1 E~, with the Hermitian form
being positive definite on ET and negative definite on £~, and dim E* = dim E~ =
1, as in [Lan02, Ch. XIV, §11]. We take the Hermitian form to be anti-linear in the
first variable and linear in the second variable.

Furthermore, we assume V' to be split, i.e. we can define an isotropic basis {¢, ('}
over F for V such that (¢,¢') = 207!, Let Vg = V ® C be the equivalent C-vector
space via the usual extension of scalars. We may write this explicitly for X,Y € V
as (X,Y) = XHY where

0 261
-2571 0



1.1. Lattices and Symmetric Domains 13

There is another basis {ej,es} where (e1,e1) = —(ea,e2) = 1 and (ey,e3) = 0.
Clearly then, ET = span(e;) and E~ = span(ey) represents a possible choice for E*

and E~. The coordinate transformations are given as follows:

—1\/_ S(L+il') e —1\/_ — il
é_\/g (e1 + e2) —Z\/_ (3 —e1)

Hence, for example,
wl+w'l = w (\/gl(el + 62)> +w' (z’\/gl(eg — el)>
—\/_ —iw')er + (w + iw')es)
We also have the following expression for the length of X = wl + w'(':
(X, X) = 407 'S (w').

which is a scaling of the canonical symplectic form on C2.
We note that, in terms of co-ordinates, the isotropic vectors are those where

either w' = 0 or S(w/w') = 0.

1.1.2 The group SU(V)
We may now say what we mean by SU(V') (resp. SU(VR)).

Definition 1.1.2. Let SU(V') (resp. SU(VR)) be the group invertible linear maps

of determinant 1 which preserve (,-), i.e.

SUV)={A e GL(V): (Azx, Ay) = (z,y) Vx,y € V det(A) =1}
SU(VR) ={A € GL(V¢) : (Ax, Ay) = (z,y) Vz,y € Vg det(A) = 1}

Proposition 1.1.3. The groups SU(Vg) = SU(1,1) and SLy(R) are isomorphic.

Proof. Is is well known, e.g. [Kud79], that SLy(R) = SU(1, 1) and, by the coordinate
transformation from the basis {e1,es} to {¢,¢'} it is easy to see that SU(VR) =
SU(1,1) by definition, as the change of co-ordinates from X = vie; + v9ey to X =
wl + w'l’ is represented by
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~

and hence we are done. However, we provide also a direct proof that SU(Vg) =
SLo(R) for completeness. This will partly illustrate the reason for choosing the
basis {/, ('}, namely, that in this basis the isomorphism to SLy(R) is given by the

identity map.

a b
We write out the conditions for a matrix A to be in SU(Vg). Let A =
c d
Then we must have
— 0 25! 0 25!
A=
—2571 0 —267% 0
ca —ac c¢b—ad 0 1
— _ _ _ =
da —bc db—bd -1 0

which is equivalent to the following system of equations:

At least one of a, b, ¢, d must be non-zero. For simplicity we assume it is a. Then
we may write a = e, and let A’ = e"%A. Since (A'z, A'y) = (Ax, Ay), we may

assume then that $(a) = 0. This clearly implies that &(¢) = 0. Hence we are

reduced to
R(a)R(d) — R(D)R(c) =1
—R(a)I(d) + 3(b)R(c) =0
S(b)R(d) — R(b)I(d) =0
from which it is clear that we must have (b) = (d) = 0. Finally, since we
must have det(A) = 1, we must have e=® = 41. Hence we have shown that

SU(VR) € SLy(R). That SLy(R) C SU(VR) is relatively straightforward; it follows
from noticing that if A € SLy(R) then (Az, Ay) = (x,y) by simple substitution into

the system of equations defining SU (V). O
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The Siegel Domain Model

Let P!(C) denote the complex projective line and let 7 : (Vg — {0}) — P!(C) be the
natural projection, i.e.

m(wl +w'l') = [w: w'
We let V™ be the positive cone of Vg, i.e. the set of all X € Vg such that (X, X) > 0.

Proposition 1.1.4. There is a bijection between the space of positive lines of Vg and
the complex upper half plane H. By the former, we mean the set of one (complex)
dimensional subspaces generated by a vector in Vg, which is the first Grassmannian
of Vi, which we denote Gr(Vg") = D. This bijection is made explicit by the map

.

Proof. If X = wl + w'¢' then (X, X) > 0 is equivalent to ¥(ww’) > 0, which in
particular implies that w’ # 0. Hence (V) = {z € C : $(2) > 0} = H, whence
surjectivity. Injectivity comes from realising that the inverse image of any z € H is

the line in Vi~ generated by z¢ + ¢'. ]

Proposition 1.1.5. The linear action of SU(Vg) on Vg preserves Vi , and so it acts

on D. It does so as fractional linear transformations, i.e. any A € SLy(R) just acts

as A-z = ‘Cljis for any z € D.
Proof.
a b w aw + bw’ az+b
i =7 = =A-z O
c dJ) \w cw + dw’ cz+d

Definition 1.1.6. Let K be the stabiliser of the line z generated by il + ¢ € Vi.
Clearly, 7(29) = ¢ and we call X (z9) = i¢ + ¢’ the basepoint. Hence K = SO(2).

We have realised D = H = SU(Vg)/K as the symmetric space for SU(Vg), where
the group action on D is inherited via the bijection. This is well defined, as we have
m(AX) = A-7(X) for any X € V" and any A € SU(Vg). We note that —I acts
non-trivially on V', but acts trivially on D.

Let g. be any element in SU(Vg) such that m(g,29) = z. We then define X (z) =

g.20- We note that g, is not unique; it is only defined up to multiplication on the
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right by any element which stabilises zg, i.e. it is a left K coset. We also see that

this map behaves very nicely under the action of some v € SLy(R),

X(vz) =vX(2)

where the action on the LHS is by fractional linear transformation and on the RHS

by matrix multiplication from the left. Since we have that
(X (2)) = 2,

it is clear that X (z) actually provides a section of the projection map .
We may make the map z — g, explicit in the following way. Let SLy(R) = NAK

be the Iwasawa decomposition, as in [Iwa02] defined by
0
N = x€RY, A= 1 ca€RT S

cos(f) sin(f
K = (©) (6) 0 eR
—sin(f) cos(0)
Then, since D = H = SLy(R)/K, we have the identification of NA and D via the
normal matrix multiplication on the basepoint i+ /', regarded as a the vector (i, 1)".

We can take

1 2\ (Vg O VI VI

gz: =

0 1 0 vy 0o vy

as the matrix which takes the base point to z = x+iy. We note that (X (2), X(2)) =
451,
We now define the minimal majorant. Pick a positive definite (one complex

dimensional) subspace of V' and call it z. Then define

(X, X) Xez
<X , X >z =
—(X,X) X ezt
which is positive definite Hermitian form. However, as we saw before, the space of
positive lines is bijective to H, so by abuse of notation we actually regard z € H
from now on.

We also note that
(X, X). = (97" X, 97" X) 2.
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The Poincaré Disk Model
Using the basis {e1, e5}, we see that the space of positive lines is
VR+ = {X = vie1 + vges € Vi : ’1)1|2 — ‘U2|2 > 0}

Under the projection wvie; + vpes + [v; : v3] € PY(C) this is equivalent to the

Poincaré disk - i.e. we must have |[}2|* < 1. We can also see this using the co-

ordinate transformations between the two bases. We recall that
v —1 (1 —2 w
"=V
Vg 1 +i w'

and so, applying the projection on both sides, we obtain

1 —i
21 = T 22
1+

which is exactly the Mobius transformation which takes the upper half to the

Poincaré disk.

SU(1,1) and SO(2,2)
Let ¢ : Vg — M>(R) be the R-linear map defined by

, 1 T2
L((Cx1 + z2)l + (Cxs +24)l) — (1.1)

T3 T4
Viewing M,(R) as a 4-dimensional vector space with the det map as a real split
(2,2) quadratic form, we have that SOg(M3(R)) = SO((2,2) = SLy(R) x SLy(R).
In fact, this defines an isometry of Vg with My(R). If M € M(R) and (g,h) €

SLy(R) x SLy(R), then this action is explicitly matrix multiplication
(g, )M = gMh™".

Then the action of SU(Vg) will transfer under ¢ to a subgroup of SO(2,2), pro-
ducing a mapping ¢, : SU(Vk) — SO(2,2).

Lemma 1.1.7. In this realisation, this is just projection onto the first factor, i.e.

if g € SU(Vx)
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and, for g € SU(VR) and X € Vg,

L(gX) = t(g)L(X).
Proof. Explicitly, we have
a b T, To 10 ari + brs ars + bry
c d T3 T4 01 cry +drs cxe +dry

C(awy + bxs) + (axy + bay)
c((x1 + dxs) + (cxe + dxy)
a b (ry + 29
c d (r3 + x4

]

We can see this using the following formulation from [vdG88]. To each z =

(21, 22) € H x H, we define the set

V,=1<qv €& MMR): (21w =0
1

which, under the determinant form, is a 2-dimensional positive definite linear sub-
space of M,(R). This gives a bijective map H x H — Gry, the Grassmannian of all
2-dimensional linear subspaces of Ms(R) on which the determinant form is positive

definite. This in turn can be identified with the symmetric space
SO0(2,2)/(SO(2) x SO(2))
and hence we have an isomorphism of symmetric spaces HxH 2 SOy(2,2)/(SO(2) x

SO(2)).

1.1.3 Hermitian Lattices

Let L be any lattice in V. As in [Hof11], we say that L is integral if (X, X) € 07!
for all X € L and that L is even if (X, X) € 2Z for all X € L. The dual of a lattice,
denoted L', is defined by

I'={XecV (X,)Y)er'VYelL}
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Clearly, if L is integral, then L C L'. If L =2 L' then we say L is unimodular.
The stabiliser of a lattice is Stab(L) = {y € SU(V) : vL = L}, which for
an integral lattice is contained within Stab(L’), however, we are interested in the

subgroup I';, of Stab(L’) which fixes all L-cosets of L', i.e.
I',={yeSUWV):v(L+h)=L+h, forallhe L'/L}
We also define 'y, the stabiliser of a point as
Ix ={yelL:7X = X}.

Let p, g be prime, integral Op-ideals which are not fixed under conjugation. Let

N(p) =pp = p and N( = ¢, with ged(p,q) = 1. For N € N, let

o
IS

q) =4qq
a b
I°(N) = ( €SLy(Z):b=0 mod N

Q

b
Fo(N) = € SLQ(Z) :c=0 mod N

o
ISH

be the usual congruence subgroups.

Lemma 1.1.8. Let L = pl @ q'. Then L is even, L' = § 4 ®p 'V, Stab(L) =
Lo(q) NT°(p) and T, =T (pq).

Proof. This follows directly from the relevant definitions. The lattice is even (and

therefore integral) because for any X € L = pf & qf’, we have
(X, X) = 467 'S(w)

and, since w € p C Op and w’ € q C O are all in Op, it is clear that J(ww') € %5Z
and hence (X, X) € 2Z. Since, if X = wl + wil' and Y = wal + whl’

<X, Y> = —2(5_1(111/2@1 — U}lel)

that § ¢ @ p ¢ C L' is fairly clear. To show that L' C % @& p ¢ C L', we
note that for a vector X to be in L', the above must be true for all Y € L, in

particular, on each component individually, which shows that L’ splits; then for
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Y = pl, X is characterised by 26 'pw] C 0! and for Y = q¢', X is characterised
by 20~ 'pw; C 971. Hence X C g Y @p 0.
To find Stab(L), we need to find conditions on a, b, ¢, d such that

a b w aw + bw'
= CcL
c d w’ cw + dw’

, which by the fact that p and ¢ are prime and integral, means that we must have
q|candp|d.

By a similar calculation, we see that the conditions on a,b, c,d to be in I'j, are
aw+bw' Cp+h

and

cw—+dw' Cq+h

for w = h (mod p) and w’ = A’ (mod q) for all h € L’/L. Since ged(p,q) = 1 and
p and q are both prime, the only possible solution which works for any h € L'/L is
pqlc,pg|band a =1 (mod pg) and d =1 (mod pq), where we have incorporated
that we must still have ad — bc = 1. ]

Remark 1.1.9. For any even Op-lattice L, it is possible to find some integer N such
that
N710F€ D Nflopgl DL DLD NOpl © NOFKI

In the case L = NOpl & NOg{, then we have that L' = N"'Opl & N~'Opl" and
I, = [(N?).

Example 1.1.10. Let L = Opl & NOgl'. Then Stab(L) = I'¢(N), and this group
also stabilises the h = 0 coset. This example will play an important role in Chapter

6.

Consider the extension of the projection map 7 : I'y/\V, — 'y \H. This is well
defined, and commutes with the natural projections V' — I'y/\V and H — T'/\H.

We denote the locally symmetric space I'f\H by M.
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1.1.4 Cusps

Since we have that the preimage of the real line and infinity under the projection 7
is just the isotropic vectors, it is clear that we can identify the cusps of I';, with the
isotropic lines in I'/\V. We let Iso(V') the space of isotropic lines in V.

We compactify I',\H = M by adding a point at each cusp. The compactified
Riemann surface M contains a one-parameter family of submanifolds with boundary,
which we call Mp. They are defined by taking an open neighbourhood around each
cusp of height 7" and deleting it. We always assume that 7' is sufficiently large that
no two of these neighbourhoods intersect. For example, if M = SLy(Z)\H there is
only the cusp at infinity and this process amounts to literally cutting the standard
fundamental domain off at height T". For surfaces with more than one cusp, we can
imagine that we use the transformation which maps the cusp to the one at infinity,
performing the same procedure, then doing the inverse of this transformation.

More formally, as in [BF06], let x € '\ Iso(V'), and let kg € I'z\ Iso(V') be the
line generated by ¢, i.e. the line which corresponds to the cusp at infinity. Then
there exists o, € SLy(Z) such that o,k = k. If T'x is the stabiliser of the line &,

then

. 1 ko,
o, lwo. =< £ kel
0 1

where a,, is the width of the cusp x. Around each cusp in M, we have an open neigh-
bourhood Uy, and we can write the chart Q, — C as Q.(z) = exp(2mio, 'z/a,).

For T > 0, let Dyjr ={z € C: |z] < 525}. We now formally define

Mr=M — H Qg_lDl/T

k€' \Iso(V)

as the cut-off domain.
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1.2 Modular traces

1.2.1 Harmonic Weak Maass Forms

We recall that the slash operator |i[y] for k& € Z and v € SLy(Z) is defined, for a
function f: H — C by

Flel)(2) = j (v, 2) ™ f(v2)

a b
for the cocycle j(v, z), which if v = , then j(v, z) = cz + d.
c d

Definition 1.2.1. A congruence subgroup is a discrete subgroup of SLy(7Z) contain-

ing a principal congruence subgroup of some level N, which is defined as
I'(N)={y€SLy(Z):v=1d (mod N)}

We define harmonic weak Maass forms as in [BF04]. Let I' be a congruence

subgroup, and k € Z. Let f : H — C such that
e flx[7](z) = f(z) forall y €T and z € H

e for any cusp k of I'\H there is a o, such that o,00 = k and f(o.2) =

O(exp(Cy)) as y — oo uniformly in z

o Apf(z) =0 where

0? o? 0 0
g Y (8x2+8y2) o y(@:ﬁjw@y)
is the hyperbolic Laplacian in weight k.

We denote the space of harmonic weak Maass forms of weight k for I' by Hy (). If
f satisfies these conditions, then we have a Fourier expansion around each cusp &

given by

2minz

o) = e (7205 ) 4 cp, (o

ne”L
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where here we define Hj, as

Hy(w) = exp(—w)/ exp(—t)tFdt.
—2w
We sometimes use the notation

[H(on2) =D cfo(n) exp (272”2 )

K

nez
2mny 2mine
“(oxz) = ¢, (0)y'F c.(n)H
7o) = O+ St (52 ) o (777
n#0

so that f(o.2) = fT(0x2) + f~(0x2). Given the growth condition on f in y, we
must have that all but finitely many of the c;(n) for n < 0 (respectively, ¢ (n)
for n > 0) must vanish. In [BE04], they also define the &, operator by (§xf)(z) =

y* 2L, f(2) = R_1y" f(2) for the raising and lowering operators given by

0
Ly = —2iv* —
k A0 az
Ry, = Qig +ky b
0z

The image of Hy(T') under &, lies in M) ,(T), the space of weakly holomorphic
modular forms of weight 2 — k. Under this mapping, we let H,' (T') be the preimage
of Sy ('), the space of cusp forms. What this means for f is that all the c;(n)
vanish for n > 0.

The space of harmonic weak Maass forms contains the space of weakly holomor-
phic modular forms, which are simply the harmonic weak Maass forms for which f~

is identically zero for all cusps.

Example 1.2.2. Let ¢ = €?™*. The modular j-function
j(2) = ¢ 4 744 4 196884¢ + 214937604> + - - -

is a weakly holomorphic modular form of weight 0 for the full modular group. It

clearly has a pole of order 1 at the cusp at infinity.

We examine the weakly holomorphic modular forms of weight 0 for the full mod-
ular group. It is well known (see [Zag02] for example) that the space of automorphic

forms of weight 0 for SLy(Z) is C[j], and it is clear that we can form a basis for this
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space indexed by the order of the principal part, i.e. each function in the basis is
of the form ¢~™ + O(q) for m € N. For technical reasons, we prefer to work with
J(z) = j(z) — 744. We call this basis J,,. As suggested by the notation, J; = J.

These functions will provide an important example later.

1.2.2 Hecke Operators

Though there are multiple ways to introduce Hecke operators, we take the point
of view of double coset operators. Following [DS05 §5.1], let I' be a congruence

subgroup, and let a € GL3 (Q). Then

Fal’ = {yiavs : 71,72 € '}

For any a € GLj (Q), we can define as usual, an action on the upper half plane

via fractional linear transformations, i.e. if « = (2%), then

ar +b
ct+d

aT =

and the cocycle j(a,7) = e + d.

We can extend the definition of the slash operator to matrices in GL3 (Q).

Definition 1.2.3. For any o € GL$ (Q) and k € Z, the weight k slash operator on
functions f : H — C is defined by

(flela])(r) = (det a)*2j(a, 7) 7" f(a7)

Now let {5} be a set of orbit representatives for the double coset, i.e. I'al'y =

U; I'1B; is a disjoint union.

Definition 1.2.4. The weight k£ double coset operator I'al’ is defined by
Il [Cal] = flel5],
J

and is a linear map on the space of modular forms of weight k for the group I'. This

definition is independent of the choice of coset representatives.
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Now let I' be any congruence subgroup of level N, and define

* % * %
r I, where ely(N) if (n,N)=1

(n) = x n x n
0 if (n,N) > 1
and
a 0
Tn= Y (a)l I (1.2)
ad=m 0 d
ald

Then T,, is the usual Hecke operator, realised as a double coset operator. For
more information, see [DS05, Ch. 5]. The following theorem is well known, see e.g.

[Zag02], [BKOO4].

Lemma 1.2.5. Let T, be the usual Hecke operator. Then we have that
I (2) = m(T,, J)(2),

where the J,, form a C-basis for the space of weight 0 weakly holomorphic modular

forms for SLa(Z).

Proof. We cite formula (5.13) from [DS05], which gives the formula

(Tnf)(2)=>_ | > d tam (d)f) | ¢

d
n€Z \d|(n,m)

for the Fourier coefficients under the action of 7,,, then we see that, for f = J, we

have that

(@) =3 3 d s () | ¢

n€Z \d|(n,m)
and, since the principal part of J is just ¢~!, the coefficients of the principal part of
T,,J are zero, unless —mn = d?, which is only the case if m = —n = d and so the

principal part of T,,J is %q*m. O]

1.2.3 Special Cycles

Let L be any even, integral lattice, and let X € L be such that (X, X) > 0.
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Definition 1.2.6. Let Vx be the complex line in the direction of X in V', which is
given by
Vx ={Y € Vg : Y = AX for some A\ € C}.

We denote by (Vx); ={Y € Vx : (Y,Y) > 0} the positive cone sitting inside
Vx. In this case, we have that (Vx), = Vx — {0}, however, this would not be so
for the equivalent formulation in higher dimensions. We let Dy = 7((Vx) ). Thus,
for any vector of positive length in the lattice L, we have associated to it a point
Dx € D= H.

Let h € L'/L. We can decompose the coset L + h of the lattice L’ into subsets
depending on the length m. It is clear that m takes values in Z + %(h, h). We define

Lonw={X€eL+h: %(X,X> =m}
to be set of vectors of a given length. For each such m > 0 we define the divisor

T(m,h)=c Y _L[DX]

XET\Lm n U]

which naturally sits on 'y \H. Here, I'y is the projection of 'y into PSLy(Z). We

define € by
2 —-lely

1 otherwise

For example, if I';, = T'(N), a principal congruence subgroup, then

2 N=1,2
1 otherwise '
This divisor is closely related to certain Hecke operators. By using the embedding

into SO(2,2), i.e.

r1 X2
L((Coy 4+ o)l + (Caz + xg)l) =
T3 T4

we may identify L, , with

Apn={a € GLy (Q) : mi(a) = h, det(a) = m}.
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For any orbit I'y X; in L,, , we have
WP X;) = t(I'p)u(X;)

and clearly, if we have a set of coset representatives A, = [[¢(I'1)5;, then we

have that
Lnn = [[T0B;(¢L+ )
We can relate these cosets to Hecke operators in certain cases. The divisor
T'(m,0) is equivalent to the Hecke operator
Z Iral'p (1.3)
a€TL\Am,o/Tr
acting on the point (, viewed on the modular curve I, \H. For these Hecke operators,
we have a finite set {f;} of orbit representatives for which decomposes into
disjoint I',-cosets, i.e.
> Tpalp =) TpB;
a€l' \Am,0/T'L J
We refer to [Shi71, Chap. 3] for more details. We can then write the divisor T'(m, 0)

in terms of the {f3;} decomposition using the formula

T(m,0) = =3 13 -¢)

where 3; acts on ¢ as a fractional linear transformation. Such a decomposition is
valid for any h, however, for nonzero h the set A, , does not form a semi-group
due to it not being closed under addition and so we cannot call it a Hecke operator
in general. We give a simple example to make this clearer, using the case of a

unimodular lattice (where the only coset is the h = 0 one):

Example 1.2.7. Let L = Opl & Opl', then I';, = SLy(Z) and
a b
18i} = cad=m, 0<b<d
0 d

and so

T(m,0)=2 Y {“CJ b]

ad=m
0<b<d
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where, by a slight abuse of notation, we consider the RHS to sit on SLo(Z)\H.
We note that the degree of this divisor is 207(m), and that these are the Fourier
coefficients of the holomorphic part of 75 E»(7), the Eisenstein series of weight 2.

This is not a coincidence.

Example 1.2.8. Let L = Opf @ NOgpl'. We recall that the h = 0 coset is stablised
by ['o(N). Therefore the T'(m,0) are characterised by the coset representatives of

X1 T2
To(N)\ cx; €2, N(ximy — 2023) =M
ng Nili’4
In particular, we note that the length must always be divisible by N. We will see

in Chapter [6] that in this case the degree of the divisor is o1 (m/N).

1.2.4 Modular traces

We will now define something which we call modular traces. They are analogous to
the traces of singular moduli, however they are not equal to them - except in certain
special cases.

We will later construct a process for producing a meromorphic modular form of

weight 2 which has positive Fourier coefficients which are these modular traces.

Definition 1.2.9. For m # 0, the (m, h)-th trace of a modular function f is defined
to be

try(m,h) = > f(z

z€T (m,h)

This definition gives us two ways to think about the trace. On the one hand we
can think of taking a function and evaluating over a set of points 7'(m,h). On the
other hand, using that T'(m,h) = fic > 18j - €] where A,y = [1e(I'r)B;, we can
(abusing the notation) let 7'(m, h) act on f via

T(mvh)f = Zf |0 63'
Bj
and simply evaluate T'(m,h)f at the point (. In other words, if we define a coho-

mological pairing by

then we have the following
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Lemma 1.2.10.
(1T, ) = (T(m . 0.

¢
Definition 1.2.11. The (0, h)-th trace is defined by the regularised integral
dxdy
= [ g

This definition seems arbitrary, but falls quite naturally out of the definition of

the theta lift in Chapter [4]

Theorem 1.2.12. As in [BF06] and [Bor98], we calculate the (0,h)-th trace to be,

for a weakly holomorphic form with Fourier coefficients a.(n) at the cusp K,

iry0.h) = 200 S S G

47
kel \Iso(V) neizzo

where
. -2 c(0) - .
Es(2) = j(op,2) “Ea(0z) = | be(0) + Y + Zbg(n/ag) exp(2minz/ay)
n=1
s the weight 2 Fisenstein series at the cusp L.
Proof. See [BF06, Remark 4.9] and [Bor98, §9] O

We now discuss a few properties of these modular traces, and a simple example,

to help get a feel for what they are like.

Proposition 1.2.13. The values of trj(m,h) always lie in a real subfield of the
Hilbert class field of the field F.

Proof. This follows firstly from the fact that a general theorem of class field theory
tells us that the J function, evaluated at quadratic irrationalities, always takes values
in the Hilbert class field [Sil09, Appendix C, Thm. 11.2(c)]. Secondly, we observe
that m = J(—%), and it is easy to see therefore that in the set of modular divisors,

all points occur in pairs of (z, —%), hence, the modular trace will be real. O

Example 1.2.14. The case of L = Opl@Opl’ and f = J is the easiest to calculate.
Since L = L/, there is only the h = 0 coset to consider and so as discussed in Example

the cycles are just the usual T}, Hecke operators. Is therefore easy to calculate
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these traces because T,,J = J,,, and so the traces are, in this case, J,,(¢). If the
class number of F'is 1, then J(¢) obviously lies in Z.
Using the tables below, it is easy to calculate tr;(m,0) for some low values of d

and m.

d A
1| 492

2| 7256
-3 | -248

-5 | 631256+2828804/5
6 | 2416728+1707264/2

-7 | -4119
210 | 212845656+95178240+/5
-11 | -33512

-13 | 3448439256+956448000v/13

m | Polynomial in J; generating J,,,

1 |z

2 | 2% — 393768

3 | 23 — 590652z — 64481280

4 | ot — 78753622 — 859750402 + 7406919032

These traces also are related to some of the traces defined in [DIT11], namely the
cases where the class number is 1. Then we only have one Hurwitz-Kronecker class,
and so the (minimum polynomial of the) quadratic irrationality ¢ must therefore be
equivalent to (the bilinear form @Q(x, 1), whose solution gives rise to) 7o under the
action of I' = SLy(Z). This explains why, in the cases d = —1,—2, -3, -7, —11, —19,
—47,—163 we have that

try(m,0) = Tr_p(Jn) (1.4)
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where the left hand side comes from Definition in this thesis, and the right
hand side from [DITTIl pp. 6].

Example 1.2.15. Using the same lattice as in the previous example, we can consider
the trace of the constant function, which is obviously the degree of the divisor

T(m,0) = 201(m). As noted before, these are the Fourier coefficients of — Es(7).



Chapter 2

The Weil Representation

We construct the Weil representation using the Schrodinger model, and discuss dual
reductive pairs and the theta series map on the space V. Using a construction
of Kudla we give formulas for the action of the Weil representation. The primary

references are [LV80], [Pra93|] and [Kud79].

2.1 The Weil Representation

Let W be a finite dimensional vector space over R, equipped with a non-degenerating
alternating form (, ). The pair (W, (, )) form a symplectic space of even dimension

2n. We define the Heisenberg group H (W) as the set of all pairs
{(w,t) :w e W, teR}
with the group operation
(w1, 1) (wa, t2) = (w1 + wa, t1 + b + (w1, ws)).
We have the following well-known theorem:

Theorem 2.1.1 (Stone, von Neumann [LV8&0]). The Heisenberg group H(W) has
an irreducible smooth representation on which R operates via the non-trivial central

character 1, which we call py. This representation is unique up to isomorphism.

We now give a realisation of p,. For any such space W, we can decompose it

into maximal totally isotropic subspaces W = W; @ Wy, We call W; (resp. Ws)
32
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a Lagrangian subspace. Let us take some additive character on R, called 1. Then
there exists a smooth representation p, of H(W) on S(W;), the Schwarz space of
W1 being the space of rapidly-decreasing functions on W;. Formally, this is the set
S(Wy) = {f € C™ : sup |[2°0° f(x)| < oo for all multi-indices &,B} ,
zeW;
which we can understand as the smooth functions on W; all of whose derivatives
decay faster than any inverse power. The representation p, acts on f € S(W;) as

follows:

py(wi) f(x) = f(x +w)

This is known as the Schrodinger representation.

The Weil representation is a projective representation of the symplectic group
constructed from the Schrodinger representation. We observe that the symplectic
group Sp(W) acts on H(W) via g (w,t) = (gw,t). This defines another irreducible
representation of H(W) twisted by g, with the same central character; hence by

Stone-von Neumann there exists an operator wy(g) on S such that

py(gw, t)wy(g) = wy(g)py(w, ) (2.1)

for all (w,t) € H(W). By Schur’s Lemma wy(g) is unique up to a non-zero com-
plex scalar. This forms a group under pointwise multiplication,gfaw(W), called the
metaplectic group, defined as the set of all pairs (g,wy(g)) such that (2.1)) holds.

We have the following short exact sequence:
0 — C* — Sp, (W) — Sp(W) — 0.

The obvious projection onto the second factor (g,wy(g)) — wy(g) gives a repre-
sentation of the metaplectic group, called the Schrodinger model of the Weil repre-
sentation.

We now give explicit formulas for the Schrodinger model Mg, of the metaplectic

representation. Let {ey,..., e, fi1,..., fu} be a symplectic basis for W = W; & W,
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where e; € Wy, fi € Wy and (e;, f;) = ;5. The Metaplectic group is generated by

Qo 0

gla) = for any o € GL(WW1)
O ta—l
1

t(p) = p for any f ="' 3
0 1
0 1

0’ pr—

-1 0

Then, using the map g — ¢ from the metaplectic group to the symplectic group,

we have the following:

<MSCh [g(a)] f) (z) = |det a| V2 f (faz)
(Msen [HB)] ) () = w3 (B2, 2) f @)
(Mser, [5] f) () = v (@)

where f (x) is the Fourier transform defined by, using the convention z = > x;e;

and y = > yse;,
foy=| fly (Z l’z%) dy
Wi i=1

and 7 is an eighth root of unity.

Remark 2.1.2. The specific situation we will be considering later will be a dual pair

sitting inside Sp(8,R). In [KVT78], they show that for W = Sp(8,R), the root of

n/2

unity is ¢"/¢, and so for our case this root of unity is 1.

It is important to note that the Schrodinger representation depends on the choice
of polarisation, i.e. on the choice of W;. However, by the Stone-von Neumann

theorem, there must exist some intertwining operator F : S(W;) — S(W7) (uniquely

defined up to a scalar) such that
F o Msenw,[9] = Msenwilg] o F

This operator is in fact the (partial) Fourier Transform [LV80], given by

(Fy) = / @)oo, y))de

Wl/W1ﬁW{
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for dz a positive W} invariant measure on the homogeneous space Wy /Wi N W7.
Let W = W; @& W, be a polarisation. We now define a linear functional © on
¢ € S(Wy) by
O(¢,A) =) o(x)

TEA

for some lattice A in W;. We now define a function on g € %(W) by

For a dual reductive pair (G,G"), let G and G’ be full inverse images of G and G’
in %(W) Then the function above restricted to G x G’ defines the theta kernel. If
the groups G and G lift to the metaplectic group (e.g. they are unitary groups, as
will be the case in the next section) then the Weil representation realises this as a

function on G x G'.

2.2 Dual Pairs and Theta Functions

Following [Pra93], a dual reductive pair is a pair of subgroups (G, G’) of a symplectic
group Sp(W) such that

e they are mutual centralisers, i.e. G is the centraliser of G’ in Sp(WW) and G’ is

the centraliser of G

e the actions of G and G’ are completely reducible on W, i.e. the complement of

an invariant subspace of W under G or GG’ is itself invariant under that group.

If we have two dual reductive pairs (G1,G}) in Sp(W;) and (G, GY) in Sp(W3)
then (Gy x G, G2 X GY) is a dual reductive pair in Sp(W; @& W3). Any dual reductive
pair not constructible in this way is called irreducible.

Irreducible dual reductive pairs can be classified into one of two types, according
to how G - G acts on W. If the action is irreducible, we say that it is of type I, and
if it is reducible then we say it is of type II.

In particular, for type II irreducible dual pairs, there exists a division algebra D

and a right D-vector space Wi and a left D-vector space W5 such that

W =Wy &p W) ® (W, @p Wa)*
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and

(G, G/) = (AUtD(Wl), AUtD(Wg))

We now make this more explicit by describing this for a specific dual pair which
we will be concerned with for the rest of this thesis. Recall the vector space V' and
Hermitian form ( , ) defined in Chapter [I] Kudla in [Kud79] gives a construction
which realises ((U)(Vr),U(V2)) (for Va described below) as a dual pair of type II,
which we reproduce here.

Let V5 be a 2 dimensional complex vector space with an Hermitian form given
by (, )2. Then we can form a symplectic vector space W = V ®¢ V, with the

symplectic form given as follows. There is a natural Hermitian form on W given by
(V1 ® v, V] @ h)s = (v1,v7)(Va, V)2

We then define a symplectic form by

(N =3C)s

and we have homomorphisms
UV)xU(Va) — UW) — Sp(W,{(, )))-

The space V5 has an isotropic basis {ug, ub} such that (us, ub)s = i. This allows

the identification W =2V x V via
V1 @ Uy + vy @ uh — (v, vg)

and identifies SU(V3) with SLy(R).
Kudla also calculates the action w of the Weil representation on a Schwartz

function on V. We are particularly interested in the action of g € SU(Vk) and

2mit

g € SLy(R). This action is implicitly for the character t — e*™" and the polarisation

given by the isotropic basis on V5, i.e. we choose for our Langrangian V ® uj, = V.

a b
For ¢’ = 0 4 € SLy(R)

w(g)f(v) = lae™ ™ f(av) = Mg 9] f (v).
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and
0 1 . .
0 (0) = [ expmio, ) f(u)du = fo)
1 0 v
Kudla does give a more general formula for the action (e.g. when ¢ # 0), but we do
not need it.

We have then for ¢ € SU(VR) an alternative model which we call M, induced

by the natural action of g on V', which is given by

w(g)f(v) = flg~ v) = My[g]f(v).

Of course, these formulas are dependent on the choice of Langrangian, which
we took to be V ® u,. If we instead took the Langrangian to be ¢ ® V, then the
operation of the Weil representation is given by the intertwining operator F, which

is the partial Fourier transform - as seen by the fact that

W\WL1NW)e = (Ve @ u)\(Vk @ us N ' @ Vo)
= Ve @ uy\ (' @ uh) = CH.

By symmetry, we can see that the action of g € SU(Vg) is now given by the

Schrédinger model, and hence we have the following formula

F(My[g)Msenlg'1f)(v) = Mseng]My[g'](F f)(v)

In the next chapter, we will be constructing a suitable test function . This
function will behave particularly nicely under the maximal compact subgroup K of
SU(VR) x SLy(R). This will allow us to realise ©((g, ¢’), ¢, A) as a function (actually
as a modular form) on H x H.

Let F': SLy(R) — C be a function on SLy(R) which is semi-invariant with weight

k under right multiplication by ry € K the maximal compact subgroup, i.e.
F(gre) = ™ F(g)
and is left-invariant under some congruence subgroup I', i.e.

F(vg) = F(g).
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We can define a new function f(z) : H — C by

f(z) = F(g.)j(g:,0)"

where the equation g,t = z defines the group element g, up to a multiple of K =
Stab(i). First we establish that this is well defined, namely, if ¢/i = z then clearly

g. = g,re for
cos(f) sin(0)
—sin(#) cos(f)

Te =
so we simply have

F(g.)i(g.. 1) = F(g:)e™ j(gz,ro - 1) j(re,1)* = F(g.)j(gs,4)"

by the semi-invariance of I, the co-cycle relation and the fact that j(ry,i)* = e=**.

This shows that f is a well defined function on G/K = H. We can also show that

f is a modular form for I' of weight &k, under the action of v € I' we have

F(v2) = F(g42) (g2, 9)".

Clearly, by the definition of g., we have that g,. = vg., hence

f(v2) = F(v9:)i(vg=, )

so we see that a function F' on the group which is semi-invariant under K of weight
k and left invariant under I' defines a modular form of weight k for I'. In a similar

way, every modular form also defines a I" invariant function on the group, by F'(g) =
We can apply this to the functions ©((g,¢'), ¢, A). Assume that

My[grlp(X) = e*px

and

M;g'rg)(Fe)(X) = e (Fp)(X)
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We can then realise O((g,9), p, A) as
Oz, 9,0, M) =y > My[g.]Msen[g']p(X)
XeA
and, using the mixed model
O(g, 7,0, A) = v Y F 1 (My[g:] Msenlg)(F o) (X))
XeA
hence it makes sense to think of © as being a function on H x H. If we assume that
9,9 € Stab(A), then the fact that ©(g, ¢’) is invariant under the action g — ~g is
pretty obvious - it merely transfers to an inverse action on X € A. If we also assume
that A contains its own dual under Fourier inversion in the first co-ordinate, then
we can, by using Poisson summation, conclude that © is invariant under ¢’ +— ~g’
by the same argument. Hence, under all these assumptions, © will be a modular

form for I' = Stab(A) with weight &k in z and weight &’ in 7.

2.3 Vector Valued Modular Forms

The primary references used for this section are [Bru02] and [Kud79], both of which
rely on calculations in [Shi75]. We first make some general definitions necessary for
discussion of vector valued modular forms, before specialising to the case we need.

First, we recall that SLy(Z) is generated by

-1 0

Now let L C V be an even Op-lattice of full rank and let {en }ner/ 1 be a basis of the
group algebra C[L’/L]. There is a unitary representation o of SLy(Z) on C[L'/L],
defined for the generators of SLy(7Z) given above by

or(T)en = exp(m’(h h))ey

or(S)en = > exp(mifk, h))ex

Vv LI/L kel'/L
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These formulas follow from [Kud79, Prop. 2(i)], or from [BF04].

Since the signature of the lattice we are using is even, this representation in
fact factors through SLy(Z/NZ) where N is the smallest positive integer such that
N(h,h) € Z for all h € L’ (see [Bru02]). In general (i.e. in odd dimension) one
needs to consider the Metaplectic group, the pre-image of SLy(Z) in topological
double cover of SLy(R).

We now define the slash operator on C[L'/L]-valued functions. Let k € 3Z,
M € SLy(Z) and f :H — C[L'/L]. Then the weight k slash operator is defined as

(f [x M)(7) = (M, 7) " or(M)~" f(MT)
We are now in a position to define a vector-valued modular form.

Definition 2.3.1. A vector valued modular form of weight k with respect to oy, is

a function f:H — C[L'/L] which satisfies:
o f|x M= fforall M € SLy(Z)
e f is holomorphic on H

e f is holomorphic at the cusp oo, i.e. has a Fourier expansion of the form

f(r) = Z Z c(h,n) exp(2minT)ey

heL'/L ezt L (hh)

n>0

We can extend this definition in several ways. For example, we can define vector
valued forms for a congruence subgroup I' C SLy(Z) by requiring that the function
f need only be invariant under the |, operator for that subgroup, but must be
holomorphic at all cusps associated to I'. We can also define the notion of a weak

vector valued form, by allowing poles of finite orders at cusps.



Chapter 3

Constructing the Theta function

We will begin this chapter by explicitly constructing some geometrical quantities
which are key to the construction of the theta kernel. This theta kernel is constructed
by summing over the lattice L a Schwartz function gy, which is from [KMS86] and
[KMS8T]. It is essentially the normal Gaussian function under the image of a certain
differential operator.

The function ¢9%,, depends on a vector X and point z € H. We will construct a

function £° for which, as currents, we have the relation

dd[§°] + dp = [Pren]-

which is key in our calculation of the Fourier coefficients of the lift of harmonic weak

Maass forms in Chapter [5

3.1 Construction of ¢y,

Analagous to the real signature (1,2) case in [Kud97], we make the following defi-
nitions. Let X € V', so that for any z € H we may decompose X as

(X, X(2))

A=) X))

X(2)
where X1 is the component of X orthogonal to X (z). Hence we have

(X.X) = (X5 X5 + X X )P

41
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We then define

R(X,2) = (X7, X7) = (X, X ()" — (X, X). (3.1)

= S

Lemma 3.1.1. R(X, z) is real and always greater than or equal to zero, with equality

when X = 0 or when z lies on Dx, i.e. if we write X = wl+w'l’, then when z = 5.

Proof. The case of X = 0 is obvious. For any X # 0, we must have that X
generates a negative definite subspace if it is not equal to 0, since (X (z), X(z)) >0
and hence X (z2) generates a positive definite one. If X} = 0, then X lies in the

direction of X (z), which is equivalent to z = D. O

We can relate R(X,z) and |(X, X (2))|* to the minimal majorant by

~

(X, X), = g|<X,X(z))|2 — (X, X) =2R(X, z) + (X, X). (3.2)

We now give explicit formulas for each of these quantities.

Proposition 3.1.2. Let X = wl +w'l' and z = x + 1y. The quantities mentioned
above are given explicitly by
(X, X ()7 =46y~ 20 — w|’
R(X,z) = (y8) " |2w’ — w]?

(X, X): = 250) ™" (Jow’ = wl* + 2w’ ?)

Proof. We recall that

1 =z 0 ) 1 z
X(z) = VY -
o1)\o yg')\1)] V¥\1
and hence
o 0 207\ [y 'z
(X.X(2)) = (w.7) -
—-267t 0 Y
2 —
= — W — W
55 )
and hence
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We recall that
(X, X) = 46~ 'S(ww)

and using Equation ((3.1)),

R(X,z) = - |(X, X (2))]* — (X, X)

=] S

Sy

=0y zw — w]? — 407 S (ww')
= (yb) ™" |z’ — w|*.
Finally, we can use these explicit formulas and Equation (3.2)) to show that
(X, X), =2R(X,2) + (X, X)
= 2(yd) " 2w’ — w|® + 467 'S (ww)
= 2(y0) 7 (Jaw’ = wf’ + ')

]

We now construct the Schwartz function we will use to construct the theta func-
tion. This Schwartz function was originally defined (in much greater generality) by
Kudla and Millson in [KMS86] and [KM8T], where many properties of the lift in the
compact case were considered.

Recall that V' has a basis {e1, ea} such that (e;,e;) = —(e2,€2) = 1 and (ey, €2) =
0. Let X = vie; + 1€, and define the Gaussian

ps(X) = exp(—m(|v]* + [v2]*))
noting that, in the notation established above,
ws(X) = exp(—7m(X, X),).

This is weight 0, in the sense that it is invariant under K-action on the vector X.

In [KMS6], they define a certain differential operator

— 1 1 0 10
V=3 ( B ;a—v—l) ( B %aTl)

and a new Schwartz function, the Kudla-Millson Schwartz function by

orm(X) = vaog(X).
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Simply applying the operator in a straightforward manner gives

1 2
(4\vl|2 — ;) exp(—7(|v1|* + |v2]?)).

Prm(X) = 3

We can rewrite this formula in the following useful way:

Grear(X) = 16% (1 (VarR(n)) + B (VErS(w1)) ) s().

Here, Ho(z) = 42? — 2 is the second Hermite polynomial.

We now define
erm (X, 9) = Mygloxm(X) = xm(g ' X)

and we claim that this function is right K-invariant. Since the action of g is simply
the natural left action in the {¢, ¢’} basis, it follows by the co-ordinate transforms

that
cos() sin(0)

—sin(#) cos(0)

- (viey 4+ vaey) = ePvie; + e Pugey

and therefore |v1|? and |vy|? are invariant under K and so is @x (X, g). Hence we
write O (X, 2) = Pxm (X, g.) with no ambiguity. Finally, we define
v (X, 2) = eru (X, 2)du(z)
where du(z) = y~2dxdy, and we have,
Definition 3.1.3. For X € V,
pra(%,2) = 5 (XN = 2 ) exp(- (X, X))t
where z € H.

For notational convenience later, we also define
@%M(Xv Z) = exp(w(X, X>)90KM(X’ Z)

- % (SKX,X(Z))’Q —~ %) exp(—2mR(X, 2))du(z)

Let o = \/é%((X,X(z))) and = \/é%((X,X(z))), then we have that
1

1o (H2(Vma) + Hy(V)) exp(—7(a” + %)) exp(2m(X, X))du(z)

@%M(Xa Z) =

which will be useful later.

We now prove a few properties of wx (X, 2).
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Proposition 3.1.4. The functions pxr and @Y%, are invariant under diagonal ac-
tion of v € SLy(R), i.e. orm(7X,72) = oxm(X, 2) and ©% (v X, v2) = ¢% 1, (X, 2)

Proof. Firstly, we note that the hyperbolic metric y~2dxdy is invariant under SLy(R).
Since, for any v € SLy(R), by definition, (yX,7Y) = (X,Y), and X (vz) = vX (z),

it is clear that

~

ROX. ) = 20X, XD - (X, 7X) =

= S

|<X7X(Z)>|2 - <X7X> = R(X7Z>

hence,

<8|<7X7 X))l — %) exp(—2mR(v X, 72)>dxy/\2dy

(1 X, vz2) =
dx N dy
y2

| = ool

<5|<X, X)) - %) exp(—27R(X, 2))

and @ follows similarly. ]
Analogously to [BEO6][Prop 3.2], we have

Theorem 3.1.5. Assume that (X, X) = 2m > 0. The form ©%,,(X,2) has linear

exponential decay in y and square linear exponential decay in x in all directions, i.e.
O(exp(—Cz?)du(z)) as x — +o0
O(exp(—Cy)du(z)) asy — oo
O(exp(—C/y)du(z)) asy — 0

for some constant C > 0 in each case, uniformly in y in the first case and uniformly

TIm

i x in the other two. In particular, C' = S0 in the case y — o0.

Proof. This is clear from the formula for R(X, z). In particular, for y — oo it is

clear that the y term dominates, and its coefficient is |w’ |23_1. By the formula for

the length of a vector X, we see that |w'|? = #E‘i(), whence the result. O

Theorem 3.1.6. The 2-form ©%,,(X, z) is normalised to have a volume of 1 over

the upper half plane, i.e.
[ a2 =1,
H
for any X such that (X, X) > 0. Similarly, for X such that (X, X) < 0 we have

/ (X, 2) = 0.
H
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Proof. The integral we are concerned with is

1/ 2 dz Nd
[ 5 (e xtene - 2) ep-2arex, ) L
The first step is to use the fact that 2R(X, z) + 2(X, X) = g|(X7 X(2))]?,

dxdy
y?

/Hé <5I<X,X(z)>|2 _ %) exp(—ﬂg|<X,X(z)>| ) exp(2r (X, X))

We now substitue in the formula for [(X, X (z))/?

dxdy
y:

/Hé (4(5,@)_1 zw’ — w|® — %) exp(—m2(dy) " [2w’ — w|”) exp(27(X, X))

Since we are assuming that (X, X) # 0, then we can assume that w’ # 0, and hence

the integral we are concerned with is

T

/Hé( (0y) 7 ' ((a %(w/w'>>2+<y+g<w/w/>>z)_2)

exp(—27(8y) " ' ((z — Rw/w))? + (y + S(w/w'))?)) exp(2m (X, X>>d§dy

but since we are integrating x between —oo and oo, this is equal to

1

1z [, (2r0) 7 P @+ + S /e~ 1)
dxdy

exp(—2m(0y) " [uw'|* (@ + (y + S(w/w'))?)) exp(27 (X, X)) )

From here it is relatively straightforward to calculate this integral using standard
results, and we see that the value depends on the sign of ¥(w/w’), i.e. the sign

(X, X).

o [ (ot w6 - Sy 1)
exp(=2m(8y) " [w'|” (2 + (y + S(w/w))?)) exp(2m (X, X>)dz(2iy
_ exp(—87r(§—1%(wm)) exp(2m(X, X)) =1 (X,X)>0
0 (X,X) <0

O

This is actually a prerequisite for Theorem [3.2.7] but in order to state it we need
to introduce the notion of a current. In a loose sense, currents play a similar role to

forms as distributions do to functions.
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3.2 Currents and Greens Functions

Definition 3.2.1. [Lan88, Ch.1, §3] Let d be the usual exterior differential. For

any function f on a complex manifold, we define operators 9, 0 such that d = 9+ 0

of = _
8f—&dz, af—£dz
where
9 _1(90 .9 o _1(o .9
0z 2\ 0z Z@y ’ 0z 2\0x 0y)’
We also define
c __ 1 )
= 47Ti(8 )
so that
c __ 1 ¥
dd® = QMO&

Definition 3.2.2. [Sou92| §I1.1] A current is a linear functional on A™(X), the space
of complex valued differential forms with compact support of degree n of a smooth
manifold X of complex dimension d, which is continuous in the sense that for any
sequence {w,} C A™(X) which are all supported in some fixed compact set K and

for any T" a current, we have T'(w,) — 0 if w, — 0.

Example 3.2.3. Any differential form a of degree (p,q) defines a current on the
differential forms of codegree (d — p,d — q) via

@8 = [ anp
X
Proposition 3.2.4. [Sou92, §11.1,1.2] For any «, a form of degree n, we have
d[a](8) = (=1)""[a](dB)
and similarly for 0, 0 and d°.

Example 3.2.5. The usual Dirac delta function defines a current on functions (i.e.

0-degree forms) in the obvious way, i.e.

for some z € X.
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The standard definition of a current is too restrictive for our purposes. We wish
to allow our currents to act on differential forms which do not have compact support.
This necessitates a trade-off; consider Example above, whatever we do, this
integral must converge. Clearly the worse the behaviour of 5 we want to be able to
deal with, the better behaved o must be. In distributions, this logic plays out with
the notion of a tempered distribution, whereby in exchange for restricting ourselves
to distributions with at most logarithmic growth, we are allowed test functions which
are Schwartz functions (i.e. rapidly decaying), rather than compactly supported.

We wish to take as our input differential forms with linear-exponential growth.
In order for this to be valid, we will take care that the (equivalent of the) integral
given by Example [3.2.3] always converges.

We quote now a definition and theorem about currents on compactly supported

forms.

Definition 3.2.6. A Greens current for a point P with respect to a Schwartz func-
tion ¢ is a function gp : M — P — R such that dd°gp = ¢ away from P and, for a

compactly-supported function f we have

[ avidr+ 1Py = [ 1 (33)
M M
Equivalently, we say

dd°[gp] +0p = [¢]

as currents.

Theorem 3.2.7. [Lan88, Ch. 11,51, Thm 1.5/Let M be a Riemann surface over the

complex numbers. Let ¢ be a normalised (1,1)-form, i.e.

[~
M

Let D be a divisor on M, represented by f. Then there exists a Greens current for

P e M with respect to p,

We do not prove this here, however we quote the following very useful Lemma

which the proof essentially reduces to, and which we need later.



3.2. Currents and Greens Functions 49

Lemma 3.2.8. [Lan88, Ch. 11,51, p.p. 23] Let C(P,a) be the anticlockwise oriented
circle around P of radius a. If B is a smooth function in a neighbourhood of P and
a = klogr + O(1) for some constant k, then
lim ad®B = 0.
=0 Jc(Pe)
If B =1logr*+ O(1) and « is continuous, then
lim ad’f = a(P)
=0 Jope
If we wish to extend Theorem to f which do not have compact support,
we must be able to make sense of Equation [3.3] This will depend highly upon the
properties of gp and ¢ of course - the “badness” of growth allowed in f must be

balanced by well-behaved decay in gp and ¢, so that the relevant integrals converge.

3.2.1 A Greens function for @%M

We will construct a Green’s function for the point Dy with respect to the function
W% (VUX, 2) for v > 0, following a method used by Kudla in [Kud97]. In order

to do this, we now recall a few facts about the exponential integral function, Ei(z),
defined for z € C by
z t
Ei(z) = / %dt.

The path of integration stays away from the ray defined by {z € C : R(z) <
0, ¥(z) = 0}. We may rewrite this as

et — 1
t

Ei(z) = v +log(—2) + /OZ dt (3.4)

where ~ is Euler’s constant. We note that the integral on the right hand side is an
entire function, which implies that Ei(z) has a logarithmic singularity at 0 [GRO7,
Sec. 8.21]. Hence Ei(z) has logarithmic growth as z — 0 and linear exponential

decay as z — —o0.

Theorem 3.2.9 (Extended Current Equation). Let

VX, 2) = —Fi(-21R(VvX, 2))
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be defined for all X € Vg and for v > % for some n € N. Then, for each
X #£0, 9/vX, z) is a Greens current for Dx with respect to ©%,,(v/vX,z) and
for any function f(z) = O(exp(2mny)) as y — oo,

/f O(VUX,2) = Jo (VU X, z)dedf ?f (X, X) <0
Jp WX, z)dedf + f(Dx) if (X, X) >0

and hence, as currents,
dd°[€°(VvX, 2)] + 0oy = [P (VX 2)].
Proof. We first show that
dd¢® = ©Y%,, for all z # Dy (3.5)

and then we examine the behaviour in a neighbourhood of D.
We firstly deal with behaviour on the complement D — Dy . This basically goes
as in [Kud97, Prop 11.1]. We have that

—27R —27R

ORANOR + ——(—0R AN OR + ROOR) (3.6)

—008°(X,2) = =21

and we may calculate from Proposition that

OR = R+ — w’z—w)dz 3.7
(Qy 5y( ) (3.7)

IR ( Lpy >>d— (3.8)

=|—-—= —(w'z—w Z )
2y oy

and hence,

_ o dz A dz

ORNOR = —6R\(X,X(z))]2 5

~

J

1
OOR = 211 <R+ Z|<X,X<z)>|2> dzndz

y2

Substituting this into (3.6), and using that —00 = 2widd® and y 2dz A dZ =
—2iy~2dx A dy, we obtain that for z away from D,,

. 1/ 2 AT N dy
X, 2) = g (BVEX X = 2 ) eI g (X
We now prove the full result. Firstly, we deal with convergence issues. We know

that f(z) = O(exp(2mny)) and that £°(v/v X, ) and p%,,(v/vX, 2) are O(exp(— S0.g))-
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Hence, since v > %WJLDX) by assumption, £2(vVv X, 2)d°df and f(2)¢% (v X, 2) are
O(exp(—2mey)) for some € > 0. Therefore these integrals converge. We note that
the bound on v is essential, without it, the integrals diverge and none of what follows
makes any sense.

Now, we slightly restate the claim. We put the integration all on one side, and

break it up into two parts;

lim 0dedf — foln
=0 Jx_C(Dx.e)
and
lim §0dcdf — fcp%M.
e—0 C(Dx,é)
Since

dodf — flen = —€°dd°f — fdd°€® = —d(&d°f + fd°€°)
on the complement of Dy, we can now apply Stokes’” Theorem; clearly the second
part vanishes and so we now need to prove
lim d°f + fa°e® = f(Dx)
e—0 C(]D)X,E)

which is readily apparent from Lemma and the logarithmic growth of £&°. [

3.2.2 The theta function

We define our theta function on the group SU(Vg) x SLy(R) as

O(g,g', L) = > MylglMsenlglprcnr(X)ex

XeL

As discussed above, by the right K-invariance of © in the SLy(R) argument, it
makes sense to think of this as a function on G/K = H. Since, as we showed in
Chapter (1} SU(VR) = SLy(R), it is natural to ask whether we can do the same on
the ¢’ component and thus realise © as a function on H x H. The answer to this
question is yes, and furthermore, we have that © is left-invariant under Stab L in
the ¢’ component as well. We refer to [KM86, Thm 3.1] for the K-invariance on ¢/,
and we will recover the transformation formula for 7 later, which is equivalent to

left T'y, invariance on ¢’. Hence we make the following definitions:
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Definition 3.2.10. Let g, € SLy(R) be defined by g,i = 7. It is only defined up to
a factor of K, one realisation of which is

1 wu Vo o0

01 0 o

The theta function associated to the lattice L is, for z,7 € H

@(7-7 Z, L) = Z UﬁlMSCh[gT]SO(;{M(Xa Z)?X

Xel’

9r =

We decompose the sum into L cosets to obtain theta functions for each h € L'/L

so that
O(r,z,L) ZQhTzL

hel’/L
where

911(7', Z? L) = Z UﬁlMSCh[gT]SO?(M(‘X} Z)'
L+h

The factor of v~! appears because of the weight in the 7 variable, or more
specifically, because of the way Ms.,[g'] @K (X, z) transforms under right K action,
i.e.

Msenlg'rolern (X, 2) = €2 Msen[d' ) o (X, 2).
Then, in order to make this a function on H rather than on the group, we need to
multiply by j(g-,4)*> = v~!. We note that when this was done previously to convert
from a function in ¢ to a function in z no additional factor was necessary as the
weight is 0, i.e. the g variable is invariant under the right action of K.

By now we have established a number of different notations for expressing the
theta function throughout this chapter. We collect them together in the proposition

below for ease of reference.

Proposition 3.2.11. We have the following equivalent expressions for Oy (7, z, L)

On(T,2,L) = Z orm(X,T,2)

= 3" Ghu(VoX, 2) exp(mi(X, X)7)
— Z é (51;|<X,X(z)>|2 — %) exp (—W—U(SKX X(2) )

exp (mi(X, X)T) du(z)
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Where we define i by the equality

i (X, 7, 2) = v Men[g-) Mylg: ] (X )dp(2).

Additionally, if we make the following substitutions:

A ~

o=\ ORIXXE)) . A= DSX X))

this allows us to write

1

pra(X,7,2) = T (Ha(v/7a) + Ha(V/7B)) exp(—m(a® + 57)) exp(mi(X, X)7)du(z)

where H,(x) is the n-th Hermite polynomial, which is defined by

d?’L
Hy = (—1)e”’ e,

and, 1n particular,

Hy(z) = 42* — 2.
For reference, we state the transformation laws for © in each argument.

Theorem 3.2.12. For any v € ', we have that

On(T,72,L) = On(T,2,L)
Proof. This is fairly immediate by Proposition and the definition of I'y,. We
have that

On(m, 72, L) = Y (VX 72) exp(mi(X, X)7)

XeL+h

= > (Vo 2) exp(rily X, 7 X))

XeL+h

S (VX expli Y, X))

y~l1X€eL+h

- gh(Ta Z, L)

Theorem 3.2.13. For any v € 'y, we have that © is invariant under |2[v], i.e.
(®|2[’7])(7—7 2, L) = @(T7 z,L).

Proof. This is implicit in [KM86], [KM87]. However, we will recover this result in
Section 3.4l O
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3.3 Some commutativity relations

Definition 3.3.1. The lowering operator in 7 is defined by

L, = —22'@22

oT

A small calculation yields

oT

0
— _ 2 i(—
=—v 8UE1( 2mvR(X, 2))

,O(—2mvR) e ™R
—v
ov —2mvR
o —2TR o~ 2R
—2mvR

L& = —22'@2@( — Ei(—2mnvR(X, z)))

2 _—2mvR —

= —v’e —ps.

We now seek to establish the following commutative diagram:

L.
& — —ps

ddcl lddc
0 Lz
Yy —— @
Where ¢ is implicitly defined by the diagram.
It is clear that the operators must commute (hence ¢ is well defined), so really
it really only remains to show that L.£° = ¢g. However, we calculate ¢ directly in
both ways for completenesses sake.

We now calculate dd®py and L.k and see that they are equal. We first

calculate

) 1 a S 2 —2mv
Lias = ~2ivg o (Bl (X XN - 2 ) e

((dul0x. xR = 2) (-2n) + 5106 X P ) )

(2R + X, X (2)) P — mouR|(X, X(z)>|2> e 2R (z)

] S| S 00| S

<2<X, X), — w6uR|(X, X(z)>|2> =2 R ().
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This last equality follows from Equation [3.2] Alternatively, we can easily calcu-
late that

-1 —
ddcgps = 2—7”88(,05

_ e (OR,  OROR
~ W\ Tz 02

) e R A dz.

From Equation [3.7] we can see that

OROR  OR
i X, X (2))]?

and also that

°R 1
= (X, X).
020z 4y2< X
hence,
c —iv? : 2\ —2mvR -
dps =5 (20, X). = mudRICX, X (2)) ) €7 Rdz A dz.

Finally, using that dz A dz = —2idz A dy, we have

1)2

dd'ps = <2(X, X), — 7T51)R|(X,X(z)>]2> e 2Ry (2),

as expected.

3.4 Rewriting theta

The definition of © is essentially as a Fourier series in the 7 variable. For the
purposes of our lift however, it would be much more useful to have © written as a
Fourier series in z. It turns out this is possible via a relatively simple (but detailed)
calculation, which is taking the Fourier transform on one component of the lattice.
The explanation for this comes from changing our point of view, and again viewing

© as a function on SU(VR) x SLy(R). Recall we have

O(g,9’, L) = > Mylg|Msenlg'lorca (X)ex

XeL
and also recall that the definition of the Schrodinger model of the Weil representation
is implicitly dependent on a choice of polarisation of the underlying space. If we take

a different polarisation, then the actions of the two different Schrédinger models are
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related - they have an intertwiner - which is exactly the partial Fourier transform!
Initially, we chose a polarisation for W =V ®¢ V5 based on ¢, € V5, however, there
is another obvious polarisation based on ¢ € V. Now the inherent symmetry of our
space comes into play, and what happens is that the two different models (natural
and Schrodinger) of the Weil representation swap places. This is all made explicit
in Theorem [3.4.2] below - if we rewite the formula below as a function on the group

we have

1
voly(L)

On(g.9' L) = > exp (4730 S(wh) ) Msenlg) Mg/ (X)dg

XeL*
This expression contains the new terms ¢’ ,,(X), vol, and L* which we define below.
As we will show later,

P (X) = Drvaps(X)
and by vol, we mean the volume of the lattice on the /-component, which, if A = Z2S
over the basis {1,(} for some integral matrix S, then vol,(A) = 46~ det(S). Now

let (21, 20) = 26'3(2,73) be a sesquilinear form on C and define

F(f)(21) = /C £(22) exp(—2mi(z4, 22))deadyy

then what we really have is that
On(g, 9 L) = Y F (Msenlg) My[g'cr) (X)dg
XeL+h
and

Pren(X) = F(erar)(X),

and the relationship between L 4+ h and L* is that L* is Z-dual to L + h under the
form ( , ) on the ¢ component.

This also makes the transformation formula for 7 more transparent; it follows
from left I'y invariance and right K-invariance (up to a character) by the usual

correspondence. As before,

cos(f) sin(h)
—sin(0) cos()

(vieg + veg) = ePvier + e ugey

so we have that
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Lemma 3.4.1. Let rg be defined as above and @y, = —0109 exp(—7(|v1]? + |v2]?)),

then
M[ro) e p (X) = €7 p (X)

Proof.

Mylrol@iers(X) = @en (rg ' X) = =(e"01) (e vz) exp(=m(Jor [ +]v2]*)) = ¥ )y (X)
O

and left I'; invariance simply follows from the fact that I'j, stabilises the lattice.

Since the calculation for the taking the partial Fourier transform of just ¢ (X)
is not that much simpler than just doing it over the whole sum in one go, we present
below the partial Fourier transform calculation in full detail.

We wish to take the Fourier transform of 6,7, z, L) in the w variable on the u
component. We recall that

On(T, 2, L) = Z O (VuX, 2) exp(mi(X, X)7)

= % 5 (Blerxenr - 2 e (—”—’”SKX X(: >>|)
exp (mi(X, X)T) du(z)

We make the usual substitutions:

~ A

o= /ORI XE) . 8= D X ()

which allows us to write

(2 D) = 1= 3 (Ha(Vra) + Hylv/76)) exp(—n(a? + 7)) exp(mi(X, X)7)

XeL+h

where H,(x) is the n-th Hermite polynomial.

Theorem 3.4.2. Let L = A0+ N0 and h € L'/L. By taking the partial Fourier
transform of the summand in Oy(7, 2, L), we obtain the following formula for the

theta function:
On(T, 2z, L) = Z exp (4%@5 (wh)) exp(miz(X, X))

(7w’ — w) (Tw' — w) exp(—7y(X, X),)du(z)
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where
L' ={wl+w'l':weAN, welN+hn}.
and

A* = {w;, € C: 207 'S(uyw3) € Z, for all wy € A}

Proof. First, we prove a lemma concerning the partial Fourier transform of the sum.
We then use this, combined with Poisson summation to prove the theorem. First,

we recall that we may write the theta function in terms of the variables

o=\ DROX X)), 6= \/%%«X,X(z»)

as

1

On(T,2,L) = 16—7T(H2(\/?a) + Hy(v/7B)) exp(—m(a® + %)) exp(mi(X, X)T)du(z).

We may write the length of a vector in terms of o and 3 so that we have

(36,X) = 20/ SLIRG) — () — 45"yl

We now define

fx1,22) = (Ha(V/ma) + Hy(V7pB)) exp(—m(a® + 57))
exp (m’? (2 %_y (BR(w') — aS(w')) — 451y|w'|2>>

where

so that
(L) = 1o 30 SORw), S(w)d(z)

XeL+h

We now calculate the Fourier transform of f.

Lemma 3.4.3. Let Y = %(—yg +iy )+ w'l'. The Fourier transform of the function

(=12 — iyﬁ) (ﬂv' - g (—y2 + iy1)>

exp(miz(Y,Y)) exp(—7my(Y,Y),)

f as defined above is given by

; dmy® [
fyi,p2) = — 2 (Tw' -

N S
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Proof. By definition

Flon) = [[ rlorims) expl-2ritei + aape))dordes
RQ
Since we have that

o Sy —/ . Sy (@Y ~rii
xl—\/%a+%(zw), T = %ﬁ—\s(zw),

we now write the integral in terms of the variables a and f:

Flonae) = [ far,aa) expl=2i(am + )

5
exp(—2mi(y, R(=W') — yg%(zw’))))%dadﬂ.

Focussing on only the piece dependent on « and (3, we will evaluate

//]1&2(H2(\/7_TQ) + Hy(v/7B)) exp(—m(a? + %))

exp (2#2’\/3—3 <a(y1 —207'S(w)) + Blys + 2513?(74/)))) dadf  (3.9)

using the standard (see e.g. [GROT]) Fourier transforms

Fi(y) = /Rexp(—ﬂxZ) exp(—2mizy)dr = exp(—7y?)
Fy(y) = /RHQ(\/EZ‘) exp(—nz?) exp(—2mizy)dr = —4ny? exp(—7ny?).

Hence,

o . 5 .
(3:9) = 1 ( %(yl - 2513(“’/))) £y ( %(?/2 + 261%(10/)))

+ B (\/%(yz + 2513?(11)/))) Fy ( g_z(yl - 251%(“’/)))

= = 2 (g = 2071 (W))? + (3 + 267 R(w))?)

exp (‘g_(iy ((yl — 267" () + (32 + 25‘1%(10’))2))
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It is now useful to make the substitution

(y1 = 207'S(w))? + (g2 + 26" R(w'))?
=467 (Tw - g(yz + iyl)) (ﬂUl - 2(92 - Zyl)) .
Putting everything together, we have now arrived at
) . 2 . 2
Flon ) =~ (m’ St y>> + (m’ . y>)

exp (—27i (1 R(zW') — 1S (2W"))) exp (—ArwiTy|w'[?)
2m b , _ o :
exp |~ 7w — —(ya +iy1) | | 7w — =(y2 — itn)
v 2 2

and by collecting  and y terms separately in the exponent, and using the explicit
formulas for (X, X) and (X, X), given in Proposition [3.1.2) we arrive at the result.
[

Now we assume that L = Al & A’/ and let S be the matrix such that

T.(Z*S) = A

where, for Op = Z[(],
77—*(3717'7:2) = + CxQ-

Then we have the following, by Poisson summation

tirzl) = 3 FRw),S(w))du(z)

w' €N +h' weA+h

= 3 S (@ m2)S + Wduz)

w' €N +h! ;€7
1
= Ton DD gnlw ws)dpu(2)
w' €N +h! ;€7
1 .
= Ton DD dnlw ws)dpu(2)
w' €N +h! ;€7

where we define
gn(x1,22) = f((x1,22)S + (h1, ha)).
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We have adopted the convention that f((x1,z2)) = f(x1,x2) for notational conve-

nience. Using the notation x = (21, x2) and H = (hq, hs), a simple calculation shows

that
(i, 02) = - exp(2miH! (x'S ™)) f(x'S )
0 1
We substitute this in, and, noting that tS—! = = 3 iSJSJ where J = , We
-1 0
obtain
. 1 . IRTRN _
Zgh(xl,xg) = Z et S exp(2miH' (x'S™1)) f(x'S™1)
T, €L T, €L

=) ;| t < exp(2miH (xJSJ 1) det S71) f(xJ ST det S71)
€

T, €L

Since the sum over xJ (where x runs over all the integer pairs) is clearly just a
reordering of the sum, we may write

Sinlrnm)= Y g ep@miH (x5 [ )

. 1 2
z. €L detSZ S

= Z de}c 5 exp (2mi(S(w)hy — R(w)hs)) f (S(w), —R(w))

wE oy (Z2S)

= > det 5 P (45*1“(%(10)% — R(w)h,)

5
WE ggers ™ (£25)

N—

F (26718 (w), —25 " R(w))

S mexp (4mid S (wh)) F (267 S(w), ~25~"R(w) )
wWEA* Y4

We note here that the sesquilinear form $(z1Zz) is, in some sense, equivalent to
the form on R? defined by xJ%y. This explains the appearance of A*, which, up to
scaling, is the Z-dual of J pulled back under the 7, map.

Finally, substituting in with the formula for f from Lemma and simplifying,

we have that
On(T, 2z, L) = Z exp (4#26 (wﬁ)) exp(miz(X, X))

(7o' —w) (Tw' — w) exp(—my(X, X),)du(z)

where

L' ={wl+w'l:weAN, weA+h}. O
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In order to link this back to our earlier discussion (and prove our formula for

F (%) (X)), we observe that

Mylg-) Msen[g:)(=B102)p5(X )dg. = L= (70 — ) (7w’ — w) exp(i (X, X))

vo

exp(—my(X, X);)du(z)

and hence

1

On(r, 2, [) = ——
n(7,2, L) vvoly(A)

> Mg Msenlg.)(=51v2) s (X )dg.

XeL*
which, by Poisson summation is
7' Z, L Z J—" 1Mﬂ gT]MSch[gzK @11}2)905()()) dgz
X€eL+h

Hence our formula for F(%,,)(X) was correct, and since I';, necessarily stabilises

L*, we have also recovered the transformation formula in 7.



Chapter 4

The Theta Lift

4.1 Defining the lift

We shall now let f be a harmonic weak Maass form of weight 0 in the space Hy (T'z,).
This means in particular that there exists a polynomial Pj, € Clexp(—2miz/a,,)],

for each cusp ¢ such that

f(0x2) = Pry(2) = O(exp(=Cy))

for some C' > 0. This will turn out to mean that the convergence properties of
the lift (and hence the location of the singularities of the lift) depend only on the
principal parts Py .. In particular, the degree of the polynomial will play a crucial

role.

Definition 4.1.1. We define the lift of f € H; (T'z) of weight 0 by

I(1, f) = Mf(z)@(T,z,L): > (T, fen,

hel'/L

where

L(r, f) = /M (20 2, ).

There are serious questions to answer though, as to whether the definition as
given even makes sense. The growth of such a f(2) as Im(o.2) — k is O(e*™=Y),
whereas 6, has decay of O(e=2™ '*Nav) for some constant Ny depending on the

lattice L = AL @ A’¢’ in this limit, as can be seen in Chapter [3] We then have
63
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Theorem 4.1.2. Let v > %—’Z‘? for all cusps Kk, then I(1, f) converges.

Proof. 1t is clear from that Oy(7,2,L) = O(e‘z’rg_l”NA’y) as y — 00, as
(X, X), > 26~ w|w'|?, and since for non-zero w’ we have that |w'|? > Ny, hence the

integrand is O(—2wey) for some € > 0. O

Of course, we would like to extend the lift beyond this boundary. We will show
that, outside a discrete set of points and for a certain regularisation (the so called

cut off integral) that the definition does indeed make sense for small v.

4.1.1 Regularisation

The regularisation used is the cut off integral, or capped lift. This is a more basic
version of the regularisation used in [Bor98|, [BF06], but is good enough for our

purposes. We take
Tf—hm/f O(r,z, L)

T—o0
where My is the canonical fundamental domain for I'y\D, but cut off at height T

around each cusp. For example, if [' = PSLy(Z), then
. 1 9
My = z:x+zyEH:|x|<§, |z°>1, y<Ty.

For more complicated fundamental domains, with more than one cusp, we recall
that, for each cusp x € I'\P'(Q), we have the existence of a matrix o, such that
0,00 = K, and so when we consider oMy, this should be cut off at the height T

in the natural way. See the discussion in for more detail on this.

4.2 Statement of Results

We will prove here that the regularised lift converges everywhere except a discrete
set of points (and, if considered on the modular curve, then actually only a finite

number of points).

Theorem 4.2.1. The lift of the harmonic weak Maass form f(z) € Hy (T'L), con-

verges everywhere except a discrete set of points. Furthermore, I(1, f) = O(exp(—C"W))
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as S(0,7) = K for k € T \PY(Q), for some C > 0. The singularities of In(T, f) lie

on the divisor

= > Y (X X)) Dy]

XeL} kelp\PHQ)
(X,X)>0

These singularities are of linear type, as defined in [Bor98], in the sense that for

each point in the set described above there exists p such that

Ih(T7 f) - P

0.7 — Dy
1s a smooth function in u, v in a neighbourhood of Dx, where p is given by

1 anet, (—H(X, X))
2mi dvoly(A)

p=— exp(4mid "' S(wh)).

In fact we can make a stronger statement than this. Using the &, operator defined

in [BF04], which for weight 2 is given by 2w , we have

Theorem 4.2.2. Let f(z) be a harmonic weak Maass form of weight O for the group

I'y, with Fourier expansion

flowz) = Z ¢ «(n) exp(2minz/a,) +ZCM VHo(2mny/a,) exp(2mina /au,)

n>—Ng n<0

around each cusp k € T \P(Q). The image of I(t, f) under the map

5 0
— —2 —_
& i* oT

18

E(In(T, f)) = KeF%l 7T(5 V01€<A>

and hence I(t, f) is a harmonic Maass form of weight 2 with singularities, described

i Theorem |4.2.1).

This theorem clearly implies that the lift is harmonic; it also implies a simple
condition on the input function to ensure meromorphicity of the lift, namely the

vanishing of the constant terms at all the cusps.

Corollary 4.2.3. Assuming c}fn(n) #0 and ¢t (0,k) =0, I(7, f) is a meromorphic
form of weight 2 for T', with poles where 0,7 = Dx, for X € T \L; , for alln <0
and k € T \PY(Q).
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4.3 Proof of Theorem [4.2.1]

Proof. We define the cut-off box region By by
Br={zeH:0<z<a, 1<y<T}

where ay, is the width of the cusp at infinity. We prove the theorem by comparing

the lift of f to the boxed cut-off lift

1 In(r, f) = hm Z flox2)bn(T, 042, L)

T—00
kel \P!(Q) Y BT

The convergence properties of I are the same as I, as the domains of integration
differ only by a compact region.
Any harmonic weak Maass form has a Fourier expansion around each cusp s

given by

flokz) = Z ¢ «(n) exp(2minz/a,) +Zcfﬁ VHo(2mny/a,) exp(2mina /o)

n>—N n<0

= [T(ox2) + [ (0x2)

where «,, is the width of the cusp, and N, is the order of the pole at k.
Expanding the formula on the RHS, we get the equation

In(r.f) = lim %~ // F(0,:2)0n(, 0,2, L).

HEFL\]P’l

We now recall that 0y, (7, z, L) is of order O(e~¢Y), and at the cusp &, the order of f is
O(e?™Nev/ex) which is potentially problematic. However, for the non-holomorphic
part, we have rapid decay everywhere, since we assume that c;ﬁ(n) = 0 for all
non-negative n. Hence we only have to that part of the integral which is over f.
We recall that we have the following expression for the theta function associated

to the lattice L = AL AV -
—y° -1 s
On(r,2,L) = ———— exp | 4mio S (wh) | exp(mix(X, X
h(7,2, L) %%MX% p( (wh) ) exp(riz(X, X))

(7w’ — w) (Tw' — w) exp(—7y(X, X),)du(z)
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where X = wl + w'¢" and
Ly, = {wﬁ + 'l : 207 S(wiwy) € Z for all wy € A, w' € q+ h'} :

We examine this expression for 6, and we note that the integral in the x variable
is,
e . . o, if 3(X, X) = -1
/ exp(miz(X, X) 4 2mian/a,)dx = A
0 0 else
hence,
In(r, f) = — lim Z Ar

Tmeo I Q) 2020 voly(A)

> > (mAX, T, h)BHT, X, T, 2)

n2—Ne Xe(og'L*)_p

where
A(Xa T, h) = eXp(47Ti(§_1%(wE))(m’ _ w)(?w/ . w)
T
BH(T, X,7,2) = / exp(—my(X, X),) exp(—2myn/ o) dy.
1

We can now examine the integral BT. For the positive coefficients c}rﬁ(n), we have,

since $(X, X) = —n/a,, that

T
BHT, X, 7 2) = / exp(~2ryR(X, 7))dy
1

_ exp(—2rR(X, 7)) — exp(—271TR(X, 7))
21 R(X, T)

If we have that R(X,7) > 0, the second term goes to 0 in the limit, and the sum is
convergent in this case. In which case it is also clear that I(7, f) = O(exp(—CW))
as v — K for some C' > 0.

However, for R(X,7) = 0 the sum does does not converge. This only happens
when 0,7 = Dy for X € L;l_n, which necessarily means that n < 0. Hence there
are only a finite number of places on each copy on the modular curve embedded into

H where the series does not converge, and they are where

0.7 =Dy
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for X € I'\Lj,,, where k € T \P'(Q), and n < 0 and ¢, (n) # 0.

We now calculate the residues at each pole. Again, since the domain of inte-
gration of the integrals Iy (7, f) and Iy(7, f) differs only by a compact region, this
means that, as functions in 7, they differ only by a bounded function in 7. Since
they share poles, the residue at a pole of Iy, (7, f) is equal to the residue of the same
pole of fh(T, f).

Pick a pair x and X from the set of singularities. Then, in the notation estab-
lished above, we have

lim (0,7 —Dx)Iu(r, f) = lim (0.7 —Dy) lim Z "

orT—Dx oxT—Dx T—o0 W ETL\PL(Q) 21}25 VOlg(A)

> > chu(mAY,7,h)BNT,Y, T, 2)
n2=Nuye(o'L*) -
by definition; at this point all we have done is very fancily rewrite the inner limit.
We know that this limit converges except when 0,7 = Dy for a certain set of X
described above. In the outer limit, all the terms will vanish except for when we

have X =Y and k = «/, and so, writing explicitly, we are left only with the term

i, (o7~ Ba)Ra(r.f) = _lim (.7 D) et 1)
omlgﬁ)x onT X)W J)= omli%)x ot * 2v23v01g(A)
exp(—27R(X,T))

exp(4mid " S(wh)) (T0' — W) (Tw' — w) 2 R(X. 1)

and hence by the explicit formula for R, we have

iy (707 —Dx)fa(r,f) = lim (o — D) a1
m (0,7 — T,/)= lm (0,7 — T e—
oxT—Dx R oxT—Dx * 4mvd voly(A)

.7 —Dx) (7.7 — Dy)

exp(4m5*1%(wﬁ))< o D]

which simplifies to

lim (0,7 —Dx)Iu(7, f) = lim M(ﬁ—ﬂ)x)exp(élmg_l%(wﬁ))
oxT—Dx ox=Dx 41 voly(A)
and hence
lim (0.7 — Dx)In(r, f) = — (1) exp(4mid LS (wh)). O

oxT—Dx 2mib volg(A)
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4.4 Proof of Theorem 4.2.2

Proof. First, we recall that
&K, ) = g exp(~2muR(X, 2)) = o A(VIX, 2)
2iv ’ 2102 ’
and we define a differential 1-form

w(X7 T, Z) - iaé()g T, Z)

— ;@ <(5R(X z) — 2iw' (w'z — )) exp(—2mvR(X, 2)) exp(—m(X, X)7)dz.

Lemma 4.4.1. Let f(z) be a harmonic function. Then
0 = 0 =, 0
1(1(:) 06 = Bf() -6 ) = 1(:)0-¢°
Proof. By definition, d = 0 + 0, so
1 ()06 ~ D) 260 ) = OF (1050 + F(:)0°  + D ()0 6"
=, 0 - 0 = 0
+ f(Z)aa%ﬁo - 85f(2)§50 - 5f(2)§850
()~ (et

and by the fact that 0% = 9 =d:Ndz = dZANdE = 0, we have that virtually all the
terms above vanish. Using the fact that f(z) is harmonic, i.e. 99f(z) = 0 we are

simply left with the result. ]

We have that

0 _ 0
§Ih(7'af = —7_111_{20/ f(2)0(2, 7, xcar)
_ 1 o 0
—QMTIgrOlO/ f(z 027’685)
Sy

— " lim [ d (f( )0(z,7,) = 9f ()9 (z”’ﬁ“‘”))

271'2 T—o0 Jar,,

= ot Loy (f (2)0(z,7.¢) — Of (2)0 (z 7, %g}s))
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by Stokes’ Theorem, and the Lemma above. Since df(z) is a cusp form, as f+
vanishes under 0 and f~ has no constant term by assumption, the second integral
vanishes. Hence we are reduced to calculating the first integral,

—1 lim (2) Z (X, T, 2).

2mi T Jonry X€L+h
This proves to be a longer and more challenging task. What follows is essentially the
calculation from Section repeated for the kernel function . Doing this calcu-
lation has similar results, in that it changes the sum from being written essentially
as a Fourier series in 7 to being a Fourier series in z which allows us to perform the
integration explicitly. We do this by first explicitly calculating the differential one
form 8%650(\/5)( ,z), and then we will use partial Poisson summation.

We again recall that
go(Xv Z) = —El(—QWR(X, Z))

and hence

- 0 OR(VvX, z)
§8£ (VuX, 2) = - (— exp(—27R(VvX, Z))W) :

Since the RHS has no dependence on u, and R(y/vX, z) = vR(X, z), we have

%ag%ﬁx, 2) = ; (27 exp(—2m0R(X, 2))OR(\/iX, 2))

Using the substitutions

o= |2 (Rw) - Rw) — yS(w)
oy

8- 2— (S(w) — 23 (w) + yR(w))
)

we have that

20R(VvX,2) =+ 32

1 2@y2 2vy2
OR(X,2) = — | |a+ W'y — + (s —wy/— dz
o= g (e ) () )

and hence
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where

1 2vy 2 20y ?
Flw,w,z,7)=— | |a+iw]— + (8- — )
( ) 4vy<( 5) <5 V7S )

-exp(—m(a® + B%)) exp(—mi(X, X)7T).

We now want to do partial Poisson summation in the w variable. For this, we now
regard F' as being a function only of w, holding all other variables constant, and by

abuse of notation write it as F'(xq,x2), so that

ﬁm, f(2)) = lim () > F(R(w),S(w))dz

oT T— o0
oMt XeL+h

where the dependence on the variables w’, z and 7 has been suppressed in the

notation.

Lemma 4.4.2. Let Y = g(yg — iy )l +w'l'. The Fourier transform of the function
F(z1,x9) defined above is

Flonose) = gz (20R07) = ) expl-2myR(Y.7) exp(i(y, )

Proof. We can rewrite the length of a vector in terms of a and :

(X, X) =46"'S(ww)

F(R(w), S(w)) = ﬁ((a + i %y) e w',/Zgyf) exp(—n(a® + 5))

exp(4mid 1/ g—z(ﬁéﬁ(w’) — aS(w)7 + Amid " y|w'|Pr)
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The Fourier transform of F' is

~

F(y1,90) = /2 F(x1, x2) exp(—2mi(x11 + Toy2))dx1dzs
R
id

= % exp(—2mi (1 R(zw') + 12.S(2w))) exp(driy|w'|*T)

-, 2Uy 2 — 2Uy 2 2 2
[ (s iw 202 4 5w 2D expl-n(a + )

exp<4m'8-1\/% (BR(w) — aS(w)r)) exp(—2ri|| L(ay, + By))dads

2v

We now calculate the integral above. We do this by using the standard result
/ exp(—2mzy) exp(—ma?) H,(V2rx)dz = exp(—my?)H,(V2my)i"
R
from [GROT, Sec. 7.376]. For brevity, we now write

_ 5y S—1cx( s,/
a=1] 2U(y1—|—2(5 I(w')T)

8y c—1 /
Y (2 — 25~ R(u!)7)

k:w/mfyw’
0

so that the integral we are interested in calculating can be written more compactly

b:

as
/RZ((oz +ik)* + (8 — k)?) exp(—m(a? + %)) exp(—2mi(aa + Bb))dadp.
This is completely separable, so we write it as
</R(a +ik)? exp(—ﬂa2)exp(—2ﬂaa)da> </R exp(—ﬂﬁQ))exp(—Qmﬁb)cw)
+ ( /R (8 — k)2 exp(—m82) eXp(—Qﬂﬁb)dﬂ) ( /R exp(—m2))exp(—2ma)da)
and solve each of these. Two of them are are very simple:
/ReXp(—ﬂ'CYQ)) exp(—2miaa)da = exp(—ma?)

/Rexp(—ﬂﬁQ)) exp(—27iBb)d3 = exp(—mnb?®)



4.4. Proof of Theorem 4.2.2 73

are standard formulas, see e.g.[GRO7]. We calculate the other two integrals by
rewriting the polynomials in front as sums of Hermite polynomials and using (4.4)).

It is easy to see that

(o +ik)* = % (}LHQ(\/%Q) +ikV2r Hy (vV2ra) + Ho(V2ma) (kz _ %))
(6= 17 = o (JH(VER0) — R (VBR) + Hu(VErp) (12 - 7))

so, by applying (4.4) and linearity, we obtain

[ (a4 9+ (5 = ) expl=r(a + 52) exp(~2milca + b)) dad3

— _exp(—n(a? + %) ((a F R (bt k) — 1)

T
We will now substitute a, b and k£ back out of the equation. First however, we note

that we have following tidy expression:

2

A~

) ) ,
~(yo —ign) —w'r

2
m+kf+®+mP:gg2

[

Similarly, in the exponent, we have

) .
— w(a® + b*) — 2mi % (1 R(zw") + 123 (zw')) — 4mid ™~ ty|w'|*r
2
4 iz, Y)

A

) )
5(@2 - Z?h) —w'r

21y

ov

where Y = g(yg — 1y )l + w'l'. Using this, and the explicit formula for R, we see
that

~

Flnooe) = 5oz (20R(V.7) = 2 ) exp(-2myR(Y,7) expli(Y. V)
]

The proof of the theorem now proceeds similarly to Theorem [3.4.2] As before,
we assume that L = AV @ A0 and we let S be the matrix such that

T.(Z*S) = A

where

T (21, 2) = 21 + (2o
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We recall that, in such an arrangement, we have that 46! det S = voly(A). Now let
G(xy,29) = F (xS + H)

so that

0 .
Gl = Jim [ fe) 3 3 Gl an)ds

w' €N +h! x;€Z

:Th_lfolo Z ZG$17$2

w' €N +h! x;€Z
by Poisson summation. We may easily calculate the Fourier transform of GG in terms
of the Fourier transform of F', in a calculation almost identical to that in Theorem
0.4, 2)

Gu(x1,13) = —— exp(2miH' (x'S™)) F(x'S™1)

det S
We have adopted the convention that f((x1,22)) = f(x1,22) for notational conve-

nience. Using the notation x = (21, 22) and H = (hy, ha), a simple calculation shows

that
G (1, 1) = TS exp(2miH! (x'S™1))F(x!5~")
0 1
We substitute this in, and, noting that 15—t = = 3 i 5JS J~1 where J = , wWe
-1 0
obtain
1 STTt (ot Q1) Tt @1
Z Gh(xy1, ) Z T tSexp(2mH (x'STH))F(x'S™)
T; €7 €Z
1
Zdtsexp 2riH (xJSJ ") det ST F(xJSJ " det S7)
T, €L

Since the sum over xJ (where x runs over all the integer pairs) is clearly just a
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reordering of the sum, we may write

~ 1 ~
Z Gp(zy,29) = Z ot S exp(2miH (xSJ 1)) F(xJ ™)
T, €L x€ 1728 ¢
1

Torg O 27i(S(w)h = R(w)ha)) F (3(w), ~R(w))

I
(]

weﬁw*(ZQS)

— Z det G OXP <45A’17ri(%(w)h1 — %(w)hﬂ)

)
WE ggers ™+ (£25)

I3 (28*1%@)), —25*1%(11;))

4 . _
= ———exp (4mid IS (wh
Svole(A) T < (wh)

weA*

2 (25’1%(11)), —25*13%(11}))
We now use the formula for F from the lemma to obtain

0 1 i 1
3_?]h(7’f(z>)_m%£§o - (2) X;;(QyR(Xﬁ)—;)eXP(—QW?JR(X,T))

exp <47rz'(§_1%(w5)> exp(miz(X, X))dz
We recall that
flowz) = Z ¢ .(n) exp(2minz/a,) + Z c; .(n)Ho(2mny) exp(2minz /)
n>—Nyg n<0
so that

KN N 0)) up— T / " Ploy)

or 2028 voly (A) Te S o i

L) exp(—2my R(X, 7)) exp(miz(X, X))

(e

> (2yR(X,7)

Xeoi 'Ly,

exp <4m’(§_1%(wa;1h)) dz
We can think of this as an integral in x, i.e. we just need to solve

an ) . Qg %(X,X>:—TL/O(,.@
/ exp(2minz /) exp(miz(X, X))dr =
0 0 else
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Hence, we have

%[h(r,f(z))—;hm S S )

20026 voly(A) T=° "5 o) ez

> (ZTR(X, T) — %) exp(—2nTR(X, 7))

Xeo 'Ly,

exp (4Wi(§_1%(wﬁ)>

It is clear that the limit converges to 0 if and only if R(X,7) > 0. However, by
definition R(X,7) > 0, and we have R(X,7) = 0 if and only if 0,7 = Dx for
X € L, orin the case of X =0, which we deal with below.

Since 0,7 = D is only possible for X of positive length, and c}rﬁ(—n) is always
equal to 0 for n big enough, we only have a finite number of terms where we do
not have have convergence, coming from from the negative powers in the Fourier
expansion of F'. More explicitly then, the finite set of points on the curve M where

the series diverges are the set of 7 € H such that
.7 =Dy

for all X € T \Lj,, and all & € T, \PY(Q) provided ¢, (n) # 0 and n < 0. This is
completely expected, as these are exactly the singularities from Theorem [4.2.1
It remains only to deal with the case of X = 0, in which we note that we must

have h = 0, so we get

—5}1 06+
th(ﬂ =) ooty

a7 er e o) 2078 vole(A)
hence
a9 —0n 00+ (0>
In(r, f)) = =2iv* ==Iu(r, f(2)) = —
52( h( f)) 8? h( f( )) Z Q) 775v01g(/\)

KEFL\IFM(



Chapter 5

The Fourier Expansion

We can now calculate the Fourier expansion of the lift of a harmonic weak Maass
form. We do this by utilising the current equation which was proved in Chapter [3|
Since the current equation is only valid for v >> 0, the Fourier expansion we obtain
for the lift will also only be valid in this domain. The Fourier coefficients will turn
out to be the harmonic weak Maass form f evaluated on the divisor described in

Chapter [1}

5.1 The unfolding method

In this method we use an unfolding technique, similar to that of Rankin-Selberg
unfolding. This unfolding is only valid for the non-isotropic vectors of the lattice

however, and so we are forced to deal with the isotropic vectors separately.

Theorem 5.1.1. Let f(z) be a harmonic weak Maass form for Ty, lying in Hy (T'),
with Fourier expansion

flokz) = Z ¢ .(n) exp(2minz/a,) + Zczﬁ(n)Ho(47rny/a,i) exp(2minx /o)

nZ—Nf n<0

around each cusp k € T )\PYQ) with width a,. Then, for v > Ny Nb, (with
Ny € Zy defined below)

axct, (0
I(Tv f) = Z Z 554];(—”0() + Z Z f(Z) qm Ch
)

hel’/L \ kel \P1(Q) m€Z+%(h,h> z€T(m,h

7
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where 6, = 1 if the line corresponding to k in V has non-empty intersection with

L+ h, and is O otherwise.

Proof. Recalling that

1
On(z, 7, L) = z:<PKM\/_XZ)§XX>

XeL+h
we define
XeLh,m
so that
In(r, ) = (/ F(2)60, (0 )
m€Z+

For m # 0, we can unfold the 1ntegral:

05 (v) f(2) = > Y fEu (VX 2)
M T'\D

XEFL\Lh m ’YGFL

= / T VXA

XelL\Ln,m vel'L

- /f ()% (VI X, 2)

XEFL\Lh |PX|

which follows by the invariance of the two form d;gy under any v € SLy(R) and

Proposition It is important to note here that such unfolding will not work for
m = 0, as then interchanging summation and integration is not valid as it an infinite
sum in that case. We also need to be careful that the inner integral converges - this
is the reason for the condition on v. By our previous analysis, we know that this

%m(DX), but we would like a more uniform bound

integral will converge for all v >
(not depending on X) on this. We note that 23(Dx)/m = d|w'|%, and so if Ny is
the smallest positive integer such that Ny/|w'|?> € Z for all non-zero w' € A’ + I,
then we can take v > Ny N f& Since this bound will be attained by the definition
of Ny, it is sharp.

We now recall the current equation

dd°[§°(X, 2)] + 0x = [¢"(X, 2)]
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and apply it above (which is valid for our restriction on v), by Theorem this
shows that

| 1= 3 ﬁfﬂ@x)

XGFL\Lhﬁm
since dd°f(z) = 0.
To deal with the case m = 0, first we look at the case of X = 0: this gives the

5h0/f d:vdy

which is exactly the constant term that we expect. For X # 0 things are more

term

tricky. We will show that the integral over the non-zero isotropic vectors must be a
multiple of the constant term in the Fourier expansion of f(c.z). This calculation
is very similar to the one in Section 4.3.2(C) of [Fun02].

Let k1,..., K be a set of I'-representatives of the isotropic lines in V. For each
k; we let d,, be equal to 1 if the intersection x; N (L + h) is non-empty, and be 0
otherwise. Moreover, for each r; there exists o; € SLy(Z) such that o, = X, which
is clearly seen by the fact that under the projection map 7, we can identify the k;
with the cusps of '/ \H*. We then have the usual formulation for the stabiliser of
X; as for the stabiliser of the cusp, namely that

. 1 no
o, I'x,0i = :n € L
0 1

where the width of the cusp k; is denoted «;. We now have

/M S W (VX 9)f(2) =

Xe(L+h)o
X7£0

Za (i / F(2) e (VX 2).

M xer; (rin L+h))
X#0

Examining the integral we have

/M F(2)Penr (VX 2) =

XEFL Hlm L+h))

/M Y ) F)ekm (VX v2).

XeriN(L+h) veT\I'L
X#£0
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We identify M with I',\H, and for notational convenience we now write IV =
0, 'T' 10, so that,

/M > (WX, 2) =

Xe(L+h)o
X;éO

/F,\H >, Z, f(10:2)renr (07 VX, 07 y0:2).

YETAT L X €riN(L+h)
where the ' on the sum means we omit X = 0 if A = 0.
Now, we observe that since X € k;, o, 1 X must therefore be some multiple of
Xo =/, as this is the preimage of the cusp at co. Therefore, for some set of values,

which we call K; we have that

/M S ) (ViX, ) =

Xe(L+h)o
X;éO

/p\H > D F o) (VikXo, 2).

yET \I" keK;

Now, we observe that we may unfold the integral, and that we have a nice

) dp(2)

which we note has no dependence on x. Indeed, after unfolding, we have

/ S F012)Pens (VIR X0, 2)
F/XO\H keK;

expression for ¢%,, at these values, namely,

1 (2nv
@?{M(\/EkXo,z) = ( ) exp <— ~

and the = part of the integral is simply

/ai floiz)de = aiczﬁi(O)
0

which picks out the constant term in the Fourier expansion. In order to then com-
plete the calculation and evaluate the integral in y, we need to employ a trick (also
used by Borcherds in [Bor98]) of multiplying inside the integral by y—* and then
taking the limit as s — oo after calculating the integral. Hence, we wish to calcu-

late

! > 1 2mv 2mv dy
5,9/ a;ct (0)— ( — 1) ex ( k ) . 5.1
b [ oz 3 (% o (<) a6

keK;

To do this, we need
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Lemma 5.1.2. For A # 0,
/Oo(fly‘1 — Dexp(—Ay )y Pdy = sT(s + 1) A7,
0
Proof. We make the substitution Ay~ = ¢, to obtain
/OO(Ay_1 1) exp(—Ay Yy 2 5dy = A71* /Oo(t — 1) exp(—t)t°dt

0 0

which, using the integral representation
['(s) = /OO exp(—t)t*'dt
0

and the fact that I'(s + 1) = sI'(s), we get

Als/ (t — 1) exp(—t)t°dt = A~1% (/ eXp(—t)f“dt—/ eXp(_ﬂﬁdt)
0 0 0

= A" (D(s+2) —T(s+1))
= A (s+D(s+1) = T(s+ 1))

= A5 (s + 1)

So using the lemma above[5.1]is equal to

t —1-—s
1 2mv
T _
;:1 5Hiach,m(0) An Sr(l + S) E ( 5 ) .

keK;

So we need to characterise the set K;. But it is clear that all we need to recognise

is that K is an Op ideal. Then we have that
D k7P = wple(1 + 5, [Ki])
kEK;
where wp is the number of roots of unity in F' and (r(s, [K;]) is the partial Dedekind
zeta function for the class containing K; in the ideal class group.
Now, in the limit s — 0, this is equal to

Z(S,ﬂa cfﬁ ReSCF( [K;]).

87Tvsl
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By the analytic class number formula, the value of this residue is 27rwp(§*1, hence

the contribution for the non-zero isotropic vectors is

which is equivalent to the expression in the statement of the theorem by the identi-

fication of the I'y, equivalence classes of isotropic lines with the cusps of '/ \H. [
We examine a few different cases of input f, beginning with the most simple.

Theorem 5.1.3. Let L = Opl & Opl', and so 'y, = SLy(Z). Then L = L' = L*, so
there is only the trivial coset h = 0 to consider (which we drop from the notation),
and only the one cusp at oo. If we lift the constant function 1, we obtain the following

formula, using Theorem |5.1.1

I(r,1) = —% (—% +1- 24201<m>qm> = ‘%EQ(T)

using the formula for the traces of 1 we calculated in Chapter [l We noted then
that the fact that the traces of 1 produced the Fourier coefficients of the weight 2
Fisenstein series for SLo(Z) was not a coincidence and we see now that it is not;
we obtain the constant term from the seemingly arbitrary (at the time) definition of
the 0-th trace, and we obtain the non-holomorphic part from the non-zero isotropic

vectors.

This gives us a general principle: non-holomorphic parts of the Fourier expansion
are due only to Eisenstein series. We can see why by examining the formula in the
statment of Theorem [5.1.1]- the non-holomorphic parts come from the constant term
(at each cusp) of the input function f. However, the lift of the constant term is an
Eisenstein series, and so it is possible (if messy) to subtract on the one hand, all
the constant terms at all the cusps from the input function, whilst on the other,
subtracting the Eisenstein series which are the images of these from the Fourier
expansion, to obtain the holomorphic (in a neighbourhood on infinity) function

which is the lift of the Maass cusp form we generated by this procedure.
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5.2 The case of the j function

In the following section, we use the notation
1 d

" 2midr

J'(7) J(7).

We do this to follow convention; this is equivalent to taking the derivative in q.

Theorem 5.2.1. Let My(m,Z) be the 2 X 2 matrices with integer entries and de-

terminant m. For 7 > (

_ 2 I (T)
I(7, Jn) = —VEF\%WZ) T O =T (5.2)

Proof. From Theorem [4.2.1] we can see that the poles of both functions are the

same, namely, they lie on the divisor 7'(1,0). Hence, their difference,

2 J (1)
f(r) =1(1,Jn) — —
m ver\%m’z) I (7 + Q) = Jm(7)

is, a fortiori, a holomorphic modular function of weight 2 for the full modular group,

and hence much be equal to a constant. By examining the limit 7 — oo, we can
calculate what this constant is. This amounts to calculating the constant terms in

both I(r, J;,) and 2 D el Mo (m.2) % The constant term of I(7,.Jp,) is

given by Theorem |1.2.12 which says, if J,,(7) = >_, o, a(n)q",

trs,,(0,0) =2 Y a(—n)oy(n),

nEZZO

and we can calculate that tr;, (0,0) = 20,(m).

The constant term of % Zwel“\ Ma(m,2) m can be calculated by simply

adding up the constant term over each summand, so for each v in the sum we have

lim I (7) iy (ZmaT" +0(q))
00 S (v Q) = Jn(7) a0 Jn(v - C) — 7™ + O(q)
i (—=m +0(q))
=0 ¢ Jpn (7€) =1+ O(q)

and so,

2 T 2 -
L TTID DR v e Rk TR D

~yelr\ Mz (m,Z) ~yel'\ M2 (m,Z)

= 201(m)



5.2. The case of the j function 84

hence f(7) is identically 0, and the proof is complete. ]

As we recall from Example [1.2.14] for m = 1, we have
I(r,J) =2 Ju(Q)q™
meZ

hence, in combination with the previous theorem, we have (partially) recovered an

old result due to Faber, namely

I
2 " = =iy

meEZ

We have only shown that this is true when 7 > ( for ( a quadratic irrationality.



Chapter 6

Lifting the Eisenstein series

We now calculate the lift of some functions which are not harmonic weak Maass
forms. First, we use the weight 0 Eisenstein series as input, and the result of this
is a modified version of the Eisenstein series of weight 2 with respect to the group
[o(N), which we call &(7,s). Using this result, we take residues in the s variable
to show that the lift of the constant function is the usual weight 2 Eisenstein series
with respect to I'z, up to a certain multiplicative factor which we calculate.

We then use these results, combined with a Kronecker limit formula, to show
that the lift of the logarithm of a level N analogue of the modular A function is the
derivative of the extended weight 2 Eisenstein series, which was carried out in the
SO(2,1) case in [BF0G].

For this chapter, we take a non-vector valued approach. Let L = Opl & NOgl'.
Then, by Theorem

0(z,7,L) = Z erm(X,2,7)

XeL
is a modular form in z for weight 0 and in 7 for weight 2 for the congruence subgroup

To(N).

6.1 Eisenstein Series

We define an Eisenstein series for I'y(N) based at the cusp oo.

Definition 6.1.1. Let I'y o, C I'¢(/V) be the stabiliser of cusp at infinity. The
85
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weight 0 Eisenstein series with respect to the group ['o(/V) at the cusp oo is defined
by
Eon(z,8)= > (S(r2)

WGFN,OO\FO(N)

and the modified Eisenstein series of weight 0 is

Eon(z,8) = (*(28)Eon (2, 5)

where (*(s) = 77%/2I'(s/2)((s) is the completed Riemann zeta function. This has an
analytic continuation to the whole of the complex plane via the functional equation
[Miy89], Section 7.2]

Eon(z,s) =En(z,1—5).

We note for later use that & n(z, s) has a simple pole at s = 1 with residue equal to
2[SLs(Z) : To(N)]~'. In order to save space in later formulae, we set dy = [SLy(Z) :
Lo(N)].

We also define a modified weight 2 Eisenstein series.

Definition 6.1.2. Let (*(2s) be as above, and 7 = u + iv as usual. We define a

modified weight 2 Eisenstein series

1
Ey(T,8) = ——(*(28)s0° ! Z ler +d| 2 V(er +d) 2

4
(e,d)=1

Initially, it is not clear that this makes sense if R(s) < 1, however, from [Miy89|
Ch. 7] we have the following

Proposition 6.1.3. The Fisenstein series
Es(z,8) = Z ler 4+ d|7*(cr 4+ d) 2
(e,d)=1
1 analytically continued to a meromorphic function on the upper half plane. It is

a modular form of weight 2 for the full modular group. Miyake also calculates the

Fourier expansion of Es(z,s), but we only need that

s—0

3 o
lim Ey(z,s) = —— 4+ 1 — 242 o1(n) exp(2minz).
Ty n=1
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Later in this chapter, we will need the partial Dedekind zeta function for the
trivial ideal class, given by
Cr(s, [0F]) = Y N(U)™
I€[OF]
This is related to the Epstein zeta function (g(s) for a positive definite quadratic

form Q(m,n) = am? + 2bmn + cn? by

Gr(5.0r) = =—Gals)

where wp is the number of units in the imaginary quadratic field F'. Presently, we
prefer to work with the Epstein zeta function using [Sie65] as our source, however
later in the chapter we will prefer to write formulae in terms of the partial Dedekind
zeta function.

We now state some properties of the Epstein zeta function. Let the Epstein
Zeta function for a positive definite quadratic form Q(m,n) = am? + 2bmn + cn? be

defined as
Cols) = > Qm.n)™,

and let b*> — ac = —d be the discriminant of the quadratic form in [Sie65]. Let the

completed Epstein Zeta function be defined as

Co(s) = (07 — ac)*m~"T(s)Co(s).
We also need a Kronecker Limit Formula for (g(s).

Proposition 6.1.4. We recall the definition of (o(s) as

Cols) =wr S N = 3 (Qm,y )~

ze0p m,nel

:m+c+0(s—1), (6.1)

where the' indicates we omit summands with vanishing denominator. Let w = %&_

The value C' in is

C = 2md™2 (7~ log(2) — log(v/S()n(w)))

where n(z) is the Dedekind eta function and -y is the Euler-Mascheroni constant,

which can be defined by v = —I"(1) and whose value is approrimately 0.577.
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A proof for this result appears in [Sie65, Thm. 1, p.p. 13]. In particular, we will
want to use this result when @) represents the norm form on the field F'. Then we
have

Golis) = —= + 7~ log(4aln(Q)1") + O(s — 1)

where Q(m,n) =m? + 2Dmn + @Tﬂ, and Op = Z[(] as usual. We also write

wrCr(s, [OF]) = (5(s)

in order to make the connection with the underlying field F' clearer.
Finally, we define a level N version of the modular A function. This is motivated
quite naturally from a Kronecker limit type formula for & y(z, s). From [Vas96], we

have the following expansion for Fy y(z,s) at s =1

Eon(z,s) = jﬁﬂl + Oy — 2way log(2) — an2mlog (y1/2|77N(z)|2) +O0(s—1)
where .
3
o = S5o(V) [ N[0 -)
pIN
and
_ 3 _,¢(2)

where

Dy(s) = 5= 10g (Jo(V)

where Jos(N) is the Jordan totient function, defined by

Je(n) =n* T (1 _ %) |

pln

Also from [Vas96] we have

77N<Z)¢(N) — HU(VZ)M(N/V)V
v|N
which clearly implies that, for v € T'g(N)

v (72)°0) = (7, 2) 2N T [ ew () N7 (w2 )N
v|N
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In particular, there exists an integer Iy such that ex (7)™ =1 for all v € T'o(N).
We then define

An(2) = (nx(2))?

which is a modular form of weight ky = 3¢(N)ly for Io(N).

In order to find a formula for [y we use a theorem from |[Raj06]

Theorem 6.1.5. Let

filz) =[] n(va)

v|N

where r, are integers such that
Z r,v =0 (mod 24)
v|N

N
Z —r, =0 (mod 24)
v

v|N
then, f1 is a modular form for T'o(N) of weight
=53
N — 9 Ty
v|N

and character

Lemma 6.1.6. If we set

In = 2¢(N) " lem (4, %gb(N) (242’2N))

then An(2) satisfies the conditions for Theorem [6.1.5, and en (7)™ = x(d)™ = 1
for all v € To(N) and is thus a modular form for To(N) of weight kn. The given

value for Iy is the smallest for which this is the case.

Proof. Since we have that r, = p(N/v)vly, the conditions in Theorem [6.1.5 and
the condition that forces ex (7)™ = x(d)'¥ =1 for all v € ['y(N) translate to

dyo(N)ly =0 (mod 24)

[ =0 (mod 24)
Iy =0 (mod 4),
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which are all definitely satisfied by (. That this is the smallest possible [y that
does the job is not too hard to see, indeed, for N = 1 this all reduces down to

the usual formulas for the definition of the A function, and of course we have that

]{31 =12 and ll = 24. ]

There is a Kronecker limit formula for & y(z, s), which is similar in spirit to the

one for the usual real analytic Eisenstein series for the full modular group.

Theorem 6.1.7. Let ¢ be the generator over Z of the ring of integers of F', so that
Op = Z[(]. Let N be a positive integer and Ey n(z, s), An(2), dn, and ky be defined

as above, and let Dy = ePNM) | Then we have that

1 A
lim (Eo.v (2, 8) = 3dx"wrCi(s, [Or])) = =7 —=—log ("n(g(,i?l <yDN>kN/2) .

Proof. This is mainly a matter of using the expansions already given and juggling

the terms. We note that

¢"(25) = % + g (—7 —log T+ 22((22)>> (s—1)+0((s = 1)%,

and hence

Eon(zs) = Gf‘st?) + BN(;TQ - 2”2‘” log(2) 1“7 <_7 gl + 25(?)))

- OéN627T2 log (y'*|nn(2)?) + O(s — 1)
We use that
ajéﬂ _ ldj_\,l
and
b= S (1= 4a0) - £2).

to obtain the more compact

1 1
Eav(e18) = 55" (527 +°+ D() = log(am) — 21og (5 2lan(2)P) ) + O(s ~ 1)

and we compare this to the expansion

by G (5 108) = 345 (2 4 = loa(aala(O1Y)) +0(s — 1)
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where now it should be obvious that the (s — 1)~! terms cancel in the limit, so we
do indeed only get a constant. Moreover, we note that all the v terms cancel as
well, and the 47 in the logarithm also cancels. Thus we have

2

lim (Eo,v(2, 5) — 35 wrCi(s, [OF))) = %dzvl (_DN(l) — 2log <y1/2%>)

All that is left to do now is to collect all of the terms into the logarithm. When

we pull down the correct factor so that Ay(z) appears, we obtain the result. O

Corollary 6.1.8. For N =1, we simply have

i (01(219) — JurGi (s, [06) ) = T og (1250057)

It is worth pointing out some differences here between Theorem and the

usual presentation of the Kronecker limit formula. In the normal Kronecker limit
formula one subtracts the (completed) Riemann zeta function, rather than the par-
tial Dedekind zeta function. Although it presently seems arbitrary to change the
zeta function in this way, it will turn out that this is the most natural choice in
the situation of Theorem The effect of doing so is to make sense of the extra
terms in the logarithm, which now depend entirely on either F', the underlying field,

oron N.

6.2 Lift of & n(z,s)

Theorem 6.2.1. Let L = Opl & NOgpl' for N € N. Then the lift of o n(z,5), as

defined above, is
I(7,E0,n(2,5)) = wrCp(s, [OF)N'"E(NT, 5).

Proof.

(1, Eon(z,5)) = / 0(r, 2, L)Eon (2, s)d“%,

Lo (N)\H

which, by the Rankin-Selberg unfolding trick, is

dxdy
y*

(7, Eon(2,5)) = C*(25) /0 h /0 o(r 2 L)y’
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We now substitute in our expression for 6(z, 7, L) to obtain

I, Eon(z,5)) = — 2 / /0 exp(riz(X, X)) (F7 — @) (Fu/ — w)

2002 XelL

exp(—my(X, X), )y dzdy.

When we do the integration in the x variable, we obtain

I(1,& . n(2, )

/ Z (Tw" — w) exp(—my(X, X))y’ dy,

2‘57}2 XeLo

where Lo ={X € L: (X, X) = 0}. We now use the standard integral

| e apydy = 47T (s )
0

to complete the integration in the y variable, and we are left with

I(r, Eo(z,5) = —2) ™ (mf — ) (7l — w) (w(X, X)) °T(1 4 5).

2
20v Xelg

We recall the following formulas for the minimal majorant

(X, X); =2R(X,7) + (X, X),
R(X,7) = (00) Y rw' —wl|?,

and substitute these into the sum, to now obtain

TW —W

A s+1 —
I, Eon(z,) = o) (‘5—> D(L4s) 3 fraf -2 ()2 L .

—
25U2 2m XeLg

We now examine the lattice Ly. For any wl + Nw'¢’ € Ly we must have that
S(wN w,) = 0, indeed, this condition is equivalent to the statement that X € L.

However, since N € N, this is again equivalent to S(ww’). Hence,

2002

I(t,&n(2,8)) = —Ci(?s) (%) ['(1+s)

(e STNw —w

g ITNw' — w] 26D (rNw' — w) 2 —————

- TNW —w
w,w €Op
S(ww')=0

We can see that for any w,w’ € O such that S(ww') we must have that

d

w
w'
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for some d/c € Q*. Assume now that this fraction is written in lowest terms, i.e.

(¢,d) = 1. Then

w d
w oo
for which the only solutions are w = ck and w’ = dk for some (non-zero) k € Op.
Hence the sum over Ly may be written,

_,7Nck — Ndk

> ) IrNck — dk| 27D (rNek — dk) 7 —————
7Nck — dk

kEOF (c,d)=1
We can pull out all of the k dependence from the inner sum to obtain

ST Y ENe—d| D (rNe — d) 2.
¢,d)=1

keOF (

This is just (g(s) times the inner sum. Hence, using the definitions given above, we

clearly have

[(’7’, 507]\](2, S)) = ’LUFC;;(S, [OF])Nl_SgQ(NT, S). ]

Corollary 6.2.2. Taking residues at s = 1 on both sides in gives the lift of

the constant function, i.e.
I(T, 1) = Qngz(NT, 1)

We can use this formulation to say something about the Fourier coefficients of
the holomorphic part of & (N7,1). Since, by the same unfolding argument as in
Therorem we have that the m-th Fourier coefficient for the lift of 1 must be

c(m) =2 Z b

XeTo(N)\Lm U]

which is essentially the degree of the divisor defined by the cosets of I'g(IV)\ L,,. By
the isometry ¢ defined in ([1.1)) we know that a vector X in L, is in bijection with

a matrix
T T2

N(L’g N$4
with determinant m. This of course implies that N | m and so were we to form
the generating series of the number of such matrices modulo T'g(N), with the action

being matrix multiplication from the left, we only get terms where the index is
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divisible by N. Examining (N, 1) we see that this is so, in fact, the m-th Fourier
coefficient is
201(m/N) if N |m
20, (1) N) = 1(m/N) | |
0 else

which gives an extraordinarily roundabout proof of
Corollary 6.2.3. The size of

L1 L2
To(N)\ i N(x1xy — 2023) =M
N.I‘g NI4

is equal to o1(m/N).

6.3 Lift of log|An(2)|

Theorem 6.3.1. Let N be a positive integer, L = Opu & NOpu', where F =
Z + Z[C], and let kn, Dy and An(z) be defined as above. Then

1 [An(2)] K ))
——— I (7 log | =t (y Dy )V /2 =& v(T,1).
by ( ° <|n<<>|2kw S i)
where the ' on the RHS indicates differentiation in the s variable.

Proof. We use Theorem and lift both sides. Since we have shown that Ay(z) is

kn /2

a modular form of weight ky for I'y(N), then we have that |Ay(2)|y"/* is a modular

function (i.e. is of weight 0) for I'o(N). We can then calculate

I(T, }glil} (80,]\/(2', s) — %d;,leC}f—»(S, [OF])) )

= lirri (I(1,&0,n(z2,8)) — Sdy'wpCh(s, [OF])I(T,1))

S—

= lim (wrCp(s, [Or)) €, (2, 8) = wrlp(s, [OF]) & N (T, 1))

— lim 827]\[(2, S) — (927]\[(7', 1)
s—1 S — 1

using Corollary and the expansion of (5 (s) at s = 1. The right hand side is
then obviously the definition of & y(7,1). O

We compare the above Theorem to Theorem 7.3 in [BF06]. The choice made
in Theorem to use the partial Dedekind zeta function now reveals its utility,
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namely, to exchange the need for the constant (47)%e ™7 in favour of using functions
which depend on N and F' and have some interpretation. In [BEF06] they go on the
explain how to interpret the lift of log|A| in terms of arithmetic geometry. This is
done by realising the Fourier expansion as the generating function of an arithmetic
intersection pairing, see [Yan04]. We hope that a similar interpretation exists here

in the unitary setting.
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