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Abstract

Obtaining analytical solutions for nonlinear partial differential equations (PDEs)
is becoming a crucial role for many scientific researchers due to their importance in
various physical systems. Many analytical and numerical techniques have been devel-

oped to solve PDEs, yet, there is no general applicable method for such equations.

In this study, we present an efficient iterative power series method for nonlin-
ear boundary value problems that treats the typical divergence problem and increases
arbitrarily the radius of convergence. This method is based on expanding the solu-
tion around an iterative initial point. Three nonlinear systems are considered here, the
nonlinear Schrodinger equation (NLSE) with three interesting versions in which we
include the nonintegrable higher order NLSE, the ordinary form of the unsteady non-

linear Navier-Stokes equations, and the chaotic Lorenz system.

The present method successfully captures the exact solitonic solutions for the
fundamental NLSE and its higher-order versions including the localized and oscillat-
ing solutions for the nonintegrable higher order NLSE. The method reproduces also
dual solutions for both the flow and heat transfer fields. Furthermore, the method
solves accurately the Lorenz system. Some comparisons with previous works empha-

sized the validity, accuracy, and efficiency of the present method.

Keywords: Iterative power series solution; NLSE; Unsteady flow; Heat transfer; Con-

tracting cylinder; Chaotic behaviour; Lorenz system.
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Chapter 1: Introduction

Many systems in physics represent nonlinear behaviour and thus are modeled
by nonlinear equations. In fact, the majority of natural phenomena in the world are
nonlinear systems, and hence, nonlinearity is the norm rather than the exception. The
nonlinearity becomes significant when the input part of the system is large enough to
make the nonlinearity noteworthy. Many nonlinear systems are approximately linear
for small perturbations. An example of linear behaviour is an oscillating spring. The
validity of Hook’s law breaks down when the displacement of the spring (input part
of the system) becomes large, therefore, it oscillates nonlinearly. Another well known
example is a simple pendulum. The pendulum acts linearly only when the displace-
ment angle (input part of the system) is small enough. Nonlinear optical interaction
can be served as a profound example as well. The nonlinearity of a nonlinear material

is non-notable unless with high enough optical intensity.

In the mathematical sense, breaking down the linearity is associated with break-
ing down the superposition principle, and hence states that the sum of two solutions
of the equation is not a solution of the system any more. Nonlinear equations ad-
mit infinitely many independent solutions. This leads to difficulty in predicting the
possible behaviours of the nonlinear systems, and thus, finding out some interesting
physical solutions out of those infinite solutions became a considerable task for many

researchers.

Nonlinear partial differential equations (PDEs) arise in diverse physical sys-
tems such as quantum mechanics, propagation of light pulses in nonlinear optical
waveguides, Bose-Einstein condensates (BEC), plasma physics, Biological systems,

ocean waves, chemical reactions, and others. In the frame of real physical system,



the term "Nonlinear boundary value problems (BVPs)" is used instead of nonlinear
PDEs, where the boundary information of the interesting system is known. Numer-
ous phenomena in engineering and applied science fields are governed by nonlinear
BVPs. Therefore, the nonlinear BVPs have received a huge attention by mathemati-
cians, physicists and engineers for the sake of finding and analyzing their solutions.
Achieving solutions of such systems is very helpful in studying the nonlinear phenom-

ena arising in these systems.

Generally speaking, finding analytical solutions in terms of well-known func-
tions for nonlinear BVPs is often impossible. Many successful techniques have been
developed to solve nonlinear PDEs, and recently, great interest was devoted to de-
velop analytical and numerical techniques, such as Adomian Decomposition [1], Lax
pair and Darboux Transformation [2], Inverse Scattering method [3], and Homotopy
Analysis method [5, 6]. However, there is no general applicable method to solve such

nonlinear equations.

Among these valuable techniques, Power Series (PS) method is one of the most
traditional methods of solving linear equations. Its application extends to nonlinear
PDEs as well. However, it suffers in many cases from a serious problem of divergence
after a certain value of the independent variable. The divergence is intrinsic to the
nature of the solution since it persists to exist even with an infinite power series expan-

sion.

The PS method was used for solving different classes of differential equations.
However, this method is not commonly used in nonlinear physical systems because
of its accommodated typical problem of finite radius of convergence. As a result, the

work done by the PS method is so limited in this area.

Some nonlinear systems whether nonlinear ordinary differential equations (ODEs)



or nonlinear PDEs were studied by the PS method. The power series expansion is
constructed for some examples of nonlinear ODEs after they are converted into poly-
nomial format [7]. Three versions of nonlinear time-dependent Burgers equation are
solved by the PS method in [8]. Sandoval and Mello reported in [9] how it is easy to
get out the recursion relations of different examples of nonlinear PDEs. They showed
how this technique works in both the stationary (time-independent) and non-stationary
(time-dependent) states of Burger equation. The authors also represented the recur-
sion relations of the equations of a steady state laminar boundary on a flat plate; the
Korteweg-de Vries equation, and the coupled Korteweg-de Vries equation. The re-
searchers in [10] made a comparison between the obtained series solution and the
well-known exact solution of number of nonlinear PDEs. Moreover, other efforts were

devoted for building symbolic power series code for solving such equations [11].

Although the above examples of solving nonlinear PDEs by the PS technique
gave a good approximated solution, further publications represented attempts to solve
the divergence problem of this method. Scraton in [12] reported some successful func-
tional transformations that enhance the radius of convergence, however, this enhance-

ment results only in a slight increase in the radius of convergence.

In this work, we present a modified version of the power series method that
delays the convergence point, and therefore extending the radius of convergence to
an arbitrary value. This value could, in principle, approach infinity achieving exact
solutions, see a materialized work relegated to Appendix. Along this manuscript, the

method will be called Iterative Power Series (IPS) method.

Recognizing that a powerful numerical scheme based on this method is already
established [13—19], we nonetheless present a thorough investigation of the error as-
sociated with this method with the aim of showing how we can systemically reduce

errors to infinitesimal values. We will show robustness and efficiency of the method



via a number of highly-demanding boundary-value problems. Therefore, solving the
problem of finite radius of convergence will open the door wide for applying the power
series method to much larger class of differential equations, particularly the nonlinear

ones.

The outline of this thesis is organized as follows. In chapter 2, we investigate
the nonlinear Schrodinger equation (NLSE), one of the most universal nonlinear mod-
els. Specifically, we present some interesting solutions of the fundamental NLSE such
as Solitons, Peregrine soliton, and Breather solutions. We present several real physi-
cal implementations of such solutions in nonlinear optics, ocean dynamics, quantum
physics, and biological science. We close the discussion with a survey of some inves-
tigated exact solutions of the NLSE. In chapter 3, we present some analytical methods
for solving the NLSE. We employ the Separation of Variables method to solve the
NLSE with power law nonlinearity, the Similarity Transformation method to obtain
exact solutions of the nonautonomous NLSE from the standard autonomous NLSE,
and the Lax Pair and Darboux Transformation method to solve the same equation and
the NLSE with linear potential. Chapter 4 illustrates the new /PS method. We begin
by applying this technique on three versions of the NLSE, the fundamental NLSE, the
NLSE with power law nonlinearity, and the nonintegrable higher order NLSE. Note
that all the presented equations in this chapter are homogeneous nonlinear equations.
The bulk of chapter 5 is devoted to apply the IPS method on the Heat and Mass Trans-
Jorm Model. This model is described by two inhomogeneous nonlinear equations. The
governing equations for this system are the continuity, momentum, and energy equa-
tions. In chapter 6, we apply the IPS method on the Lorenz Model, one of the most
important nonlinear systems that admits chaotic behaviour. We end with a summary of

our main conclusions and future remarks in chapter 7.



Chapter 2: Nonlinear Schrodinger Equation (NLSE)

Among all nonlinear equations, the NLSE is one of the most universal integrable
differential equations. It describes multiple physical phenomena, discrete and contin-
uous systems. It is considered as a key of describing the BEC, the collapse of plasma
waves, pulses in nonlinear optical fibers, the propagation of waves in nonlinear waveg-

uides, and the interaction between solitons in nonlinear waveguides [20-25].

2.1 Fundamental NLSE

Here we present some physical applications of the fundamental version of the
NLSE which is also called in some applications the homogeneous Gross-Pitaevskii

equation (GPE)

i U+ 01 e+ 0 |ul> u=0, (2.1)

where u = u(x,t) stands for the amplitude of the envelope wave and respectively, x
and ¢ correspond to the position and time. Here u; = du/dt and u,, = d*u/dx>. The
constant coefficients, 61 = £1, corresponds to the normal (+1) group velocity disper-
sion (GVD), which has responsibility to compress the pulse and anomalous (-1) GVD,
which has responsibility to spread out the pulse, and 0, = +1, corresponds to the type
of the cubic nonlinearity, self-focusing (+1) or self-defocussing (-1), respectively. As
a result of the source of nonlinearity of the later coefficient, the equation is named also
NLSE with cubic nonlinearity, or commonly known as NLSE with Kerr law. In non-
linear optics, nonlinear Kerr effect is the variation of the refractive index of an optical
medium with the intensity of optical beam as, n(|u|?) = ng + na|u|?, where ny is the

material nonlinearity coefficient and ng is the refractive index of the material in the



absence of optical field. This effect becomes significant only with very intense beams
such as those from lasers. As a consequence of the Kerr effect, the phase is exposed to
what is called a self-phase modulation (SPM), A¢ = wt — kL(no -+ nz|u|?), where L is
the propagation distance, w is the wave frequency, and k is the wavenumber given by

27 /A, here A is the wavelength.

2.1.1 Some Physical Solutions of the NLSE

Below, we list some of the most interesting exact solutions of the fundamental
NLSE with a brief description of their appearance in some applications. In addition,
mathematical representations of these solutions and other exact solutions will be shown

in the next section.

Solitons

One of the admitted exact solutions of the fundamental NLSE is Soliton given
by the solution in (2.3) and the corresponding figure in Figure 2.2. Such solution is
considered as the most essential phenomenon of the equation. Solitons are localized
nonlinear waves that remain stable and constant during the propagation. This is due to
a dynamic balance between the group velocity dispersion, o1, and the nonlinear Kerr
effect, 0». The first observation of soliton behaviour was in a narrow water channel in
1834 by J. S. Russell [26]. Such waves can interact between themselves elastically as
if they are real particles, and return to their initial properties after the collision. They
arise in diverse physical systems including propagation of light pulses in nonlinear op-

tical waveguides and ocean waves [27,28].

Peregrine Solition
Another interesting solution of this nonlinear equation is the Peregrine soliton

which models Rogue waves, see Figure 2.5. This type of solution is localized in both



space and time given by Eq. (2.6). It appears from nowhere, causes danger, and disap-
pears without a trace. Rogue wave plays an important role in several physical nonlinear
systems. It occurs in oceans, cold matter systems, and optics [29-34]. Peregrine soli-
ton is one prototype of Rogue waves [35]. It is the lowest order rational solution of the
NLSE. This solution takes the form of one dominant peak accompanied with two side
holes that exist as a result of energy conservation. The highest amplitude of the Pere-
grine soliton equals three times the amplitude of the surrounding background. In 1983,
the British mathematician H. Peregrine was the first one who proposed the Peregrine

soliton of the NLSE [36].

Breather Solutions

Two interesting breather types of the soliton are localized in one dimension and
periodic in the other dimension with constant amplitude. These two solutions are given
by Eq. (2.7). Ma breather, Figure 2.6, was investigated in 1979 by Y. C. Ma [37]. It is
localized in space but periodic in the time dimension. Thus, it appears several times in
the same location. Akhmediev breather, Figure 2.7, is another soliton which was found
by N. N. Akhmediev in 1985 [38—40]. Such solution is localized in time but periodic

in the space. This means that, it appears at the same time in several places.

2.1.2 Some Applications of the NLSE

Some interesting applications of solitons and rogue wave solutions of the funda-

mental NLSE are listed below.

Nonlinear Optics
The fundamental NLSE describes the behaviour of optical waves and pulses
passing through fiber optics and optical waveguides. Due to the merits of NLSE soli-

ton, this solution provided an obvious shift in the optical communication. One of the



main characteristics of optical soliton communication is the ability of such kind of
pulses to propagate for long distances without any distortion, and hence more accurate
information transfer. The application of optical soliton was invented theoretically in

1973 and supported experimentally in 1980 [24,25].

Ocean Dynamics

The fundamental NLSE is more studied in deep and shallow water. Both solitons
and Rogue waves are highly applicable in water dynamics and oceanography. The first
observation of soliton was water wave soliton as we already mentioned. Tsunami is an
example of two dimensional soliton as a result of minor earthquakes and landslides.
Tsunami occurred in many regions such as the Pacific Ocean, the Mediterranean Sea,
the Atlantic Ocean, and the Indian Ocean. Oceanic Rogue waves have been seen in
various seas and oceans of the world. The highest recorded observation of the Rogue
wave, with 34 m in height, was in 1933 in the Pacific Northwest. Another miserable
case happened in the Indian Ocean in 1968 which broke the tanker World Glory and

caused the death of more than 20 crews. More recorded cases can be found in [33,41].

Cold Quantum Gases

Atomic waves of the fundamental NLSE arise due to the atomic interactions in
dilute gases. During the cooling of gas, the atoms start to transfer from fermions to
bosons condense in the same quantum state and induce the fifth state of matter, the
BEC. These condense bosons could take the form of three dimensional solitons or

rogue waves [42,43].

Biomembranes and Nerves

In 2005 the two scientists, T. Heimburg and A. D. Jackson declared the classical
theory of nerve signals which states that the voltage differences in and out neurons
create electrical signals. Under several circumstances, they proved that such signals

are not electrical signals but sound signals. The researchers reported that these signals



move along long distances through nerve cells which could in length be from a few
milliliters to a few meters, these sound waves should not expand in all directions, and
hence supported their idea and constructed their new model of the nerves communi-
cation that states that nerves communicate via sound waves, but not any sounds, the

nerve signals are acoustic solitons [44].

2.2 Survey of Some Known Solutions of the NLSE

Below we demonstrate some of the known exact solutions of Eq. (2.1).
Continuous Wave

u(x,t) = 01 giort, (2.2)

20,

1.5
lul 10}
0.5 =
0.0,
-10

Figure 2.1: Continuous wave solution given by Eq. (2.2) with o7 = 6, = 1.
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Bright Soliton

(2.3)
T
f
1.0%
lul i
045&;
0.0%2
-10
\g R ~ \&{7/;/
10~ 10
Figure 2.2: Bright soliton solution given by Eq.(2.3) with o1 = 0, = 1.
Movable Bright Soliton
u(x,t) =Asech|[A(cx—op vt —xp)] ellv(ex—xo)+3 02(47=1?) t+6o] (2.4)

_ [}
where ¢ = , /_201'

Figure 2.3: Movable bright soliton solution given by Eq. (2.4) withA =01 = 0, =1,
v=20.5,and xo = ¢p = 0.
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Two-soliton

u(x,r) = \/%ei (om1+616:0)) e [% (x— (x1 +tv1))}
+ \/%ei (¢o1+¢oz+¢2(x,t)+tan*1 [g%]ﬂanﬂ [%])

2 2
(X1—|-(X2]

ni 1
x sech|— (x—(x»+tvy))+=1o [
[4 (x=(x2 2) 8 o+ o

2

; (2.5)

where

0;(x,1) =vj (x—(xj+1v) +g (4v2+zn7),

a; = f1+em cos z, 0 = fo+e’ sin z,

= ,’;—: —njp €’r cos z, oy = % —nye’r 8in z,
flz(”i”')ﬂ”z;”')ey, fo=2(vr—v1) (1+€),
=% ((m—m)+m+m)e),

((n1—n2) x4 (1 (x1+1v1) —nma (2 +112))),

1
1
Yp :i ((nl +np)x—(ng (x1+tvy)+ny (x2+1¢ vz))),

o3

y=1%ny (x—(x1+1v1)), 2jj=—Xjvj+xvj—g (4"5_411”?)’

z=—00+z11—22, and j=1, 2.

It should be mentioned here that, the first sech term corresponds to the first soliton
(j = 1), while the second sech term corresponds to the second soliton (j = 2) with a
shift in both, the position and the phase. Here x;, v}, nj, and ¢g; + ¢;(x,t) correspond
to the center-of-mass position, the speed, the normalization, and the phase of the two

solitons, respectively [46].
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Figure 2.4: Two-soliton solution given by Eq. (2.5) with 61 = 0, =0.5, vi = v, =
0, ny = 1, ny = 1.5, and (P()] = (])02 =0.

Peregrine Soliton

[1_ 4(1+2i0y1) ol C21Hi 00
1+4(cx—xp)%+4 02212

u(x,t) = (2.6)

5 e :‘7;

1d“—]O

Figure 2.5: Peregrine soliton solution given by Eq. (2.6) with 61 = 6, = 1 and xp =
0o =0.

Kuznetsov-Ma Breather and Akhmediev Breather

2(1—2a)cosh(bt)+ibsinh(b t)] o,

ulx,r) = [1 + 2a cos(wx)—cosh(bt)

2.7)
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where a is the single governing parameter determines the physical behaviour of the so-
lution. Here, w =2 /(1 —2a) and b = /8 a (1 — 2 a). The Kuznetsov-Ma breather
is obtained when 0 < a < 1/2, Figure2.6, while the Akhmediev breather is obtained

when 1/2 < a < oo, Figure 2.7. However, when a — 1/2, a Peregrine soliton is

achieved [47].

Figure 2.6: Kuznetsov-Ma breather solution given by Eq. (2.7) with a = 0.2.

1.5‘1;
luli o

Figure 2.7: Akhmediev breather solution given by Eq. (2.7) with a = 0.65.
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Dark Soliton

u(x,r) = A tanh [A —%x] A ot (2.8)

[48].

Figure 2.8: Dark soliton solution given by Eq. (2.8) withA =07 =1 and 6, = —1.

Movable Dark Soliton

u(x,r) = Atanh[A(cx+ 0y vi—xp)] € (¢ x=x0)+3 02 (2A%+V) t+0], (2.9)

Figure 2.9: Movable dark soliton solution given by Eq. (2.9) withA =01 =0, =1,
V= 0.5, and X0 = ¢0 =0.
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Chapter 3: Analytical Methods for Solving the NLSE

Various analytical methods are used to handle nonlinear equations such as the
Inverse Scattering Transform [3, 4], the Adomian Decomposition method [1], and the
Homotopy Analysis method [5, 6]. This chapter presents three useful techniques that
are used frequently for solving nonlinear PDEs. Separation of Variables method is
our first technique that is used in solving the NLSE with power law nonlinearity. The
second presented technique is the Similarity Transformation method which will be em-
ployed to find exact solution of the NLSE with linear potential from the fundamental
version. Last but not least is the Lax pair and Darboux Transformation method which
will be used to solve two versions of the NLSE, the fundamental NLSE and the NLSE
with linear potential. These techniques are explained with the help of these illustrative

examples.

3.1 Separation of Variables (SoV) Method

In this section we deal with an elementary and powerful technique for solving
PDEs known as Separation of Variables (SoV) method which is also known as Fourier
method. This method is based on seeking a solution of the PDE in the form of a product
of functions of one variable, u(x,t) = X (x) T(t), where u(x,t) is the desired solution.
Substituting the product of functions of one variable in the original PDE will separate
it into a set of ODEs, each involving only one independent variable. Although, this
technique is quite simple, it requires a previous knowledge about the solutions of the

equation that appear. Add to that, the ability of solving the ODEs that are obtained.
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3.1.1 SoV Method to NLSE with Power Law Nonlinearity

Let us employ the SoV method to the NLSE with power law nonlinearity written

as

i 1
Eu,—l—zuxxjt]u\zsu:O, (3.1

where we set 6 = +1, 6, = +2 and s > 0 is an integer. This equation was studied
in several works [49-51] due to its importance in plasma physics and nonlinear fiber
optics. The well-known general stationary solution of Eq. (3.1) is written in the form

of
u(x,t) = Z(x) exp(iwt). (3.2)

Substituting this solution in Eq. (3.1) yields to the ODE given by

1 1
— 7775t . 3.3
5 5 (3.3)

Using 2" =Z7' (dZ'/dZ) in Eq. (3.3)

1 1., d
—z—7¥ =7 7. (3.4)
2 27 dz

Multiplying by 2 and rearranging

(z-22*Ydz=27dZ'. (3.5)
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Integrating both sides

Lo b o 10
~ 77— Z7=-7"+C 3.6
27 sl 24 T (3.6)

where () is the integration constant. Multiplying by 2 and rearranging, we achieve

2
—72_ = 7st2_(C 3.7
s+1 b (.7)

7"

where C; =2 Cy. Now Z' = dZ/dx will be

d 2
EZZ\/ZZ_SHZZHZ_CI’ (3.8)

then, separating variables, we get

d
2
\/Zz - 72542 —Cl

Z = dx, (3.9)

and integrating both sides to find the form of the independent variable, x,

11— 2s
-z V—1—s+227% tanh(—w\/%szz)
x= + G, (3.10)

222s+2
svV1+s4/2%— o

where we put C; = 0, and C; is the integration constant. Solving Eq. (3.10) for Z with

C, = 0, the general solution reads

1

Z(x) =27 ( T+ s sech(s x)> g G.11)

At s = 2, exact solitonic solution is obtained

Z(x) = (\@ sech(2 x)>5. (3.12)
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3.2 Similarity Transformation Method

We present here another useful technique that is used to handle nonlinear PDEs,
namely, the Similarity Transformation method. This method is employed frequently to
generate new solutions of a nonautonomous NLSE from those of the fundamental ho-
mogeneous NLSE [52-57], via transforming the coordinates and the solution function.
The two equations are similar if a similarity transformation will carry the first equation
to the second equation, and then one can obtain solutions of the second equation from

the solutions of the first equation and vise versa.

3.2.1 Integrability Conditions

Considering the most general NLSE written as
Flox,t) Pox(x,1) +g(x,1) [P (x,0) > P(x,1) +v(x,1) ¥(x,1)+

i y(x, 1) W(x,1) +i W(x,1) = 0. (3.13)

This equation was considered in [58] where the following Painlevé integrability con-

ditions were obtained

f(x7t):f(t)v g(x’t):g(t)’ Y(xvt):’ya)v (3.14)

v(x,1) = vo(t) + v (t) x+va(t) x°. (3.15)

Here the function coefficients, f(x,7), g(x,), and y(x,¢) denote the dispersion, nonlin-
earity, and gain/loss, respectively, and v(x,¢) indicates the external potential applied.

The functions, vo(7) and vy (¢) are arbitrary, while v,(¢) is given by

4f(x>t)3 g(x,t)2 VZ(I) +f(x7t) g(x,t) (ft(x7t) g,(x,t) +f(x7t) gtt(x7t) +
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g(xat)z(fl(xat)z _f(xat) ftt(xat)) _zftt(x;t) gt(xal)z =0, (3.16)

where the subscripts indicate differentiation with respect to ¢ and x.

While our aim is not to study or derive the integrability conditions, it is worth men-
tioning that deciding whether an equation is integrable depends on the method used.
Another definition defines the integrable system as system that provides an infinite set

of conserved quantities.

3.2.2 Generating Exact Solutions of the Nonautonomous NLSE from the Au-
tonomous NLSE
We write the fundamental or autonomous NLSE as
i

Wy = Wyx iy P> W, (3.17)

where X = X (x,¢) and ¥ is used here to represent the Kerr effect. The nonautonomous

NLSE with a linear external potential is
1
i<b,+§d>xx—cxd>+y|d>\2cl>20, (3.18)

where c is the strength of the potential. The integrability condition (3.16) can be ob-

tained by performing the following transformation
®(x,1) = A(x,1) ‘P(X(x,t),T(x,t)), (3.19)

where A(x,t) is a general complex function and X (x,¢) and T (x,¢) are the transformed

coordinates to be found. Due to their conformity in involving the independent variable
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t, one can simply represent this transformation as the following
D(x,1) = A(x,1) ‘P(X(x,t),t) . (3.20)

From Eq. (3.20) we obtain

¢[ :At \P"—A lIl[ +A \I“X X[) (3.21)

&, =A, ¥ +A Py X,, (3.22)

O =An P+2A, Py X, +A Pxx X2 +A Py Xy, (3.23)
and

P> D =|A]? |¥|PA Y. (3.24)

Substituting Egs. (3.21)-(3.24) in Eq. (3.18), we get

i (AP+AY +APx X))+ 5 (A P+2A, Py Xy +A Pxx X2 +A Px Xux) —
cxAP+y|AP |PPPAW=0. (3.25)
Using Eq. (3.17) to simplify Eq. (3.25), we find
P(AY+ D Py +iAY PP P +A Py X))+ L (A P42 A Px Xt

AWy X2+ AWx X)) —cxAP+Y AP PP AW =0. (3.26)

Collecting coefficients of ¥, Wy, WYxx, and |‘P|2 P, separately, and equating to zero,

the following equations are obtained

|
Y iA,+§Axx—ch:O, (3.27)
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1

Wyt PAX+A Xt 5 A X =0, (3.28)
A 2

Wyx: 5 (XZ-1)=0, (3.29)

P2¥: yA(A-1)=0. (3.30)

Solving Eq. (3.29) for X (x,1), we get

X(x,1) =x+C(1), (3.31)
where C(1) is the integration constant.
From Eq. (3.30), one can observe that A(x,¢) should take the form of ¢’ Gxt) | Solving
Eq. (3.28) for A(x,?), we get

Ax,1) = ¢ X dx+S(), (3.32)
which reads

Alx,t) = ¢ (€O xHHE) (3.33)

where S(¢) and H (¢) are the integration constants and the prime denotes differentiation

with respect to r. Employing this result in Eq. (3.27), we find

X () +i H(f) — cx— % )P =0, (3.34)

which implies the following two relations

xC"(t) = cx, (3.35)
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and
iH'(t) = % (1) (3.36)

These relations, (3.35) and (3.36), deduce

ct?
cr) =+, (3.37)
and
.23
H(t) = lg’ 4o, (3.38)

where A; and A, are the integration constants. Once these results are achieved, one

can construct the wave function, A(x,¢), and the transformed coordinate, X (x,?), as the

following
P —ic2t3 A
Alx,t)=e ' T, (3.39)
and
ct?
X(X,I)ZX—FT—i—Al, (3.40)

where A3 is the combined integration constant. Finally, forming ®(x,7) reads

2

. —ic?3 A ct
D(x,1) = e i¢ +3‘P(x+7+/h,t>. (3.41)
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3.3 Lax Pair (LP) and Darboux Transformation (DT) Method

In this section we analyze the NLSEs using the Lax Pair (LP) and Darboux Trans-
formation (DT) technique. In principle, Darboux Transformation method is only useful
for linear systems and can not be directly applied for nonlinear systems. A crucial ad-
ditional step to Darboux Transformation method is required to make it applicable for
nonlinear systems as well. It is to search for an appropriate pair that associates the
nonlinear equation to a linear system. This pair was introduced firstly in 1968 by P. D.
Lax [59], and accordingly named Lax Pair. The Lax Pair should be associated with the
nonlinear model through what is called a compatibility condition. The next step is to
solve the obtained linear system using a seed solution, which is a known exact solution
of the nonlinear system. This technique gives the applicability to perform new exact
solutions which is a remarkable merit. Each seed solution performs another exact solu-
tion that belongs to the family of the seed solution. The latter obtained solution could
be used as a new seed solution for the next performance round. Notice that all achieved
solutions will be under the same family of the initial seed solution. This technique was
first employed in 1972 on the NLSE by V. E. Zakharov and A. B. Shabat [2] and then

rolled up through many works, some are listed in [60—64].

Here, we present this technique through two equations, the fundamental NLSE
and the NLSE with linear potential.
3.3.1 LP and DT Method to the Fundamental NLSE

To illustrate the LP and DT technique, we start with the fundamental NLSE

written as

1
i+ e+ |u> u=0, (3.42)
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Using the search method proposed in [65], the Lax Pair of Eq. (3.42) is defined as

O, =Uy D+ U; DA, (3.43)

where U and V, the two objects forming the Lax Pair, are defined as

0 u i| |l u
Uy = ., Vo= 3 , (3.45)
—u* 0 wt —|ul?
1 0
Uy = L Vi=ilUy, Va=il, (3.46)
0 —1
Ar i Ay 0
A= , (3.47)
0 Aoy i Ayj

where u* is the complex conjugate of u(x,t), U; and V; are constant matrices, and A,

Mi» A2y, and Ay; are real constants. The auxiliary field ® is given by

b — lljl(xvl) W2(x7t) 7 (3.48)

(o) (x7t) ¢2(x>t>

where the symmetry reduction requires

O =2, ¢ =—y, (3.49)
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and @, and P, are the derivatives of & with respect to x and ¢. The compatibility

condition reads

Dy = Py, (3.50)

Substituting Eqs. (3.43) and (3.44) in (3.50), another representation of the compatibil-

ity condition can be given as a set of the following equations

Uor — Vox + [Uo, Vo] = 0, (3.51)
Ui — Vix + [Up, V1] + U1, Vo] =0, (3.52)
Vax + [Vi,Ur] + [V2,Uo] =0, (3.53)
[U1,V2] =0, (3.54)

where Uy, is the derivative of U, with respect to ¢, V,,, is the derivative of V,, with
respect to x, and [U,,V,,| is the commutator between U, and V,,, where n =0, 1 and
m=0,1, 2.

Soliton Solution of the Fundamental NLSE

For the sake of illustration, we solve the linear system given by Egs. (3.43) and

(3.44) with zero seed solution
uo(x,1) =0. (3.55)

The corresponding Lax Pair terms of this seed solution will read

0
Up=Vo=V, = , (3.56)
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while Uy, V>, and A are independent of the seed solution. From Egs. (3.43) and (3.44)
we have

| A+ Ay | i + Aoy
®, = (Mi+A) v (i Ai+2A) W2 | 3.57

—((Mi+Mr) ¢ —(i Ao+ 2A2) 92

and

(i i+ Mip)? (i Agi + Aoy )?
@, = HihitAv) v it A e | (3.58)

—i (i lli—f—llr)z o —i (i A21"*‘12r)2 (053

Matching these two matrices with the derivatives of (3.48), we get the following eight

linear equations

Vi = (i A+ A1) v, (3.59)
Vor = (i doi + Aor) W2, (3.60)
P = —(i i+ 1r) 91, (3.61)
0o = —(i i +A2r) @2, (3.62)
vie =i A+, v, (3.63)
vy =i (i di +22,)% v, (3.64)
o1 = —i (i dii+A1,)% 01, (3.65)
0o = —i (i dai+ Aar)” 9. (3.66)

Solving the above eight equations leads to

llll (x7 t) — C] ei ()Llifl' ),1,) X e*i (),121»72 i ),1,' llrfllzr) Z’ (367)
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W (xt)=C ol Pai=idon) x y=i (A3=2i ki Aoy =23,) 3 (3.68)
¢1 <x7 l) — C3 e—i (Ai—i App) x e(i 1121--0-2 i A Ap—i ﬂ,lzr) l‘7 (369)
¢2 (x, t) — C4 e*i (},2,'71' 2,2,) X e(i 2'221'+2 i AQ,' A,zr*l' )Lzzr) l‘, (370)

where C1, C2, C3, and Cy are real constants. From Eqgs. (3.67)-(3.70), one can construct
the seed of the auxiliary field, ®.

Considering the definition of Darboux Transformation in [66]

D[l =PA—0 D, (3.71)

Uoll] = U + Uy, 0], (3.72)

where ®[1] is the transformed field and [U;, o] is the commutator between U; and o,

with o is given by

c=0)AD,". (3.73)

Constructing the four elements of Up[1] matrix

Uyl Upll
Uoll] = olllary Uoll]n) | 3.74)

Uo[1](21) Uo[1]22)

as follows
Uo[1]11y =0, (3.75)
Uall . 2C1C2(—l7tli — }Llr + i)in -+ 7Lzr)ez(illﬁllﬁilzﬁlzr)x 376
0[ ](]2) o ClC462(M,1,‘+l1r)x+2i(lz,‘—i/lgr)zl _ C2C3eZ(i/lz,'-i-ﬁ.zr)x-i-Zi(/lli—illr)zt7 ( ’ )
Uil _ 2C3C4 (i + Ay — ko — Mr)ez"(’1121‘72’%”11”’llzr*(lzt'*"hr)z)’ 379
O[ ](21) o _ClC462(illi+llr)x+2i(lzi—i/lzr)zl +C2C3eZ(i/'in-Flzr)x-FZi(/'Lli—illr)zt7 ( ’ )
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U|1])(22) = 0. (3.78)

Based on the expression of Uy matrix in Eq. (3.45), Uo[l](lz) represents u1, while
Uo[l](m) represents —uj, where u; is the achieved new exact solution of Eq. (3.42).
Although they do not seem to be the complex conjugate of each other at first sight, yet
we found them as complex conjugate of each other after some simplification. From
Egs. (3.76) and (3.77), we can write the relation between the four parameters Cy, (s,
C3, and C4 as

—C3Cy

Ci = . 3.79
1 G (3.79)

Next, let us reform the solution in Eq. (3.76) to the more applicable form of the soliton

solution. We set an assumption that describes the relation between A;, and A,, as

AMr = —Agp. (3.80)

Applying Egs. (3.79) and (3.80) in Eq. (3.76), the solution reads

2 (=i Ai+iAy+2 )

u(x,t) = (3.81)
1( ) %3E1—|—%gE2
where
Ey=—2iMix+2iAlt4+2 A, x—4 M Aot =20 A3 1, (3.82)
and

Ey=—2idgix4+2iA3 1 =2 X0 x+4 Ayj Aot —2i A3 1. (3.83)



Renaming C4/Cr — ¥

2(—iA+iAy+2Ay,)

uy (x,1) = eF3 1 oFa ’
where

E3 =E; —Iny,
and

E4 = E> +1ny.

The solitonic solution is achieved when the following condition is satisfied

Mi = Agi,

and thus, the solution in Eq. (3.84) becomes

4 )Qr

Ml(.x,l) = m

. ¥ X 12 . Hiq2 .
Taking ¢~ 2742 ¥+21451=2i A5t 35 3 common factor, the solution reads
4 Ay e2i M x—2i A5 142023 1
.
ui (X, t) - €2 Aor x—4 Ay; A t—Iny + e—2 Aoy Xx+4 Ayi Ay t+1ny?
or

. o |
g (x,8) = 2 Aoy 1R 00 [0 2 (6 — 2 At — 2 >].

2 A‘Zr
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(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

(3.90)
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From the last expression, we can clearly see that 2 A; plays the role of the pulse speed.
To get the more applicable form of the solitonic solution, we do the final renaming
step, where we rename 2 A5, — A, Iny/2 A3, — xo, and 2 Ap; — —v
: iv? . A2
up(x,t) =Ae V¥ 2 2 Isech [A (x—x0+V t)] . (3.91)
Finally, the solution becomes

ui(x,1) =A e " “sech|A (x—xg+v t)] , (3.92)

where A is the hight of the soliton, 1/A represents its width, and the phase of the soliton

is given by
A2 2
() = (—vat (=5 1), (3.93)

Figures 3.1 and 3.2 show the two cases of the soliton solution, the movable and non-

movable solitonic solutions.

Figure 3.1: Movable solitonic solution of the fundamental NLSE, A = 2, xo = 0, and
v = 0.6. Evolution of the movable soliton (left). Contour plot of the solution (right).
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Figure 3.2: Non-movable solitonic solution of the fundamental NLSE, A = 2, xy =0,
and v = 0. Evolution of the non-movable soliton (left). Contour plot of the solution
(right).

Peregrine Soliton of the Fundamental NLSE

The next interesting solution of this nonlinear model is the rogue wave. This type
of solution is localized in both space and time. Many studies succeeded to derive the
Peregrine soliton and higher order rogue waves from different versions of the NLSE
using the LP and DT method [67-74]. It has been shown that, to derive such solution,
a periodic seed solution is required to construct a successful DT of the LP [67,68]. For
Eq. (3.42), we use the same Lax Pair in the previous section with a real constant A

matrix is given by

A0
A= . (3.94)

0 A

From the derivatives of the auxiliary field with respect to x and 7, we get the following

eight equations

—up 1 — A1 Wi+ Y1 =0, (3.95)
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—ug 92— A2 Y2 + Yo =0, (3.96)
A1 @1 +up wi + @1 =0, (3.97)
Ao ¢+ up Y2 + 920 =0, (3.98)
—i ALy —uo (i My ¢1+%M3 W1)+W1z—%¢1 uox = 0, (3.99)
—i 23 W —up (i 1 ¢2+éu8 W2)+W2t_é¢2 uox = 0, (3.100)
i)~12¢1+%uouf§¢1+i7u g W1+¢1r—§ll/1 o, =0, (3.101)
iﬁaz¢2+éu0u3¢2+ilzu61l’2+¢2z—%llfzbt?ix:o- (3.102)

Next, we find two functions of the auxiliary field, y; and ¢;, then we use the two
relations in Eq. (3.49) to find the other two functions, y» and ¢. From Eq. (3.95), we

get the expression of ¢; as

_ —A Y1+ Yy

O (3.103)
uo
and plug it in Eq. (3.97) to get
—A, + X * _)“ x+ xx JUO — UOx —A, + X
/11< Wi+ v )-Hto‘l/l‘i‘( 1W1x + Vi) to . ox(—A1 Y1 + vy —0. (3.104)
Employing the periodic seed solution given by
up=é'l, (3.105)

with A; = 1, and solving Eq. (3.104) for y;, we get

y1 =C1(t) +x Ca(r). (3.106)
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In order to find the two functions, C|(¢) and C;(¢), firstly, we use the expression of ¢y,
Eq. (3.103), and then we substitute the expression of y, (3.106), in Egs. (3.99) and

(3.101). The following two equations are obtained

%i (C1(t) +2+x)C(t)+2i (d(iilt(t) i dc;f”)) =0 e

and

i

s (am+ g cm- (1901 o) 1B “o Gy

Consequently, the two equations for Cy () will read

Ci(t) = —(24x) Calt) -2 (dC;t(t) +x dcst(t)) , (3.109)
and

) = —(1 . (dCi(1) ., 4G(1)

(1) = =140 Qo) =21 (= L+ x=1) == ). (3.110)

Equating the above two expressions of C;(¢), we end up with one equation for C;(¢) as

dc
41'%—02@) —o, G111

which leads to

Co(t) =Cse?, (3.112)
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where Cj is the integration constant. Employing the expression of C»(7) in Eq. (3.109)

or Eq. (3.110), and solving for Ci(¢)
Ci(t)=itCye? +Che?, (3.113)
where Cy4 is the integration constant. Now, we can construct the four functions of the

seed auxiliary field, y; and ¢; by using C(¢) and C;(¢) in Eqs. (3.112) and (3.113),

respectively, and y, and ¢, by applying the relations in Eq. (3.49), as follows

Wi =e? (C4+Cs (it+x)), (3.114)
Wo=e? (C3—Cy+iCyt—Cyx), (3.115)
dr=e? (C3—Ci—iCyt—Csx), (3.116)
$r=—e7 (C4+C; (x—it)), (3.117)

where the seed of the auxiliary field is formed from the above expressions. Applying

the DT in Eq. (3.72), Up|[1] will read

2(M—)viw
Goll) = 25 Moo o e (3.118)
* 1/ 1 ¥2
—Up+ -0 yi+01 v 0
and hence
Uo[1]11y =0, (3.119)

€"[2C3 +2C5(Cy + 2C4x) + C3(—1 — dit + 212 + 2x + 2x2)]
Uo[1](12) = — 5 5 , (3.120)
2C; 42C3(Cy 4 2C4x) + C5(1 + 212 4 2x + 2x?)

e [2CF +2C3(Cy +2Cax) + C3(—1 +4it + 21 + 2x + 2x?))]
2C7 +2C3(Cs +2Cax) + C3(1 + 212 + 2x + 2x2)

Uo[1] 21y = , (3.121)
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Uo[1]12) =0, (3.122)

where we used A} = —A,. Since Up[1] should have the same form as Uy in Eq. (3.45), it
represents the desired Peregrine solution of Eq. (3.42), Up[1](12) = uy and Up[1] 21y =

—uj, given by

i [2C2 +2C3(Cy +2C4x) + C3(—1 — dit + 212 + 2x +2x%)]

up(x,t) = —e , (3.123)

2C7 +2C3(C4 +2C4x) + C3 (1 + 22 4 2x + 2x)

see Figure (3.3).

Figure 3.3: First order Rogue wave solution of the fundamental NLSE, C3 = C4 = 1.
Evolution of the Peregrine soliton (left). Contour plot of the solution (right).

The spatial and temporal profiles of the Peregrine solution are shown in Figure 3.4. As
one can observe, the peak of the envelope is located around (x,7) = (—1.5,0). This

can be understood by the solution in (3.123).

3.3.2 LP and DT Method to NLSE with Linear Potential

The NLSE with linear potential or, the Gross-Pitaevskii equation is not less im-

portant than the fundamental one. This equation describes many nonlinear physical
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Figure 3.4: First order Rogue wave solution of the fundamental NLSE, C3 = C4 = 1.
Spatial (left) and temporal (right) profiles of the Peregrine soliton.

systems. The interaction between atoms with a mean field potential and the BEC in
the low temperature regime are two examples of its applications. This equation is given

by

i+ — B xu+ o u? u=0, (3.124)

where B3 and o indicate the strength of potential force and the Kerr effect, respec-

tively. Using the searching method in [65], the Lax Pair terms of Eq. (3.124) are

defined as
lﬁzt out
Up=| > V2P| (3.125)
_ou lﬁ t
V2B 2
4 .2 2 % . 2 u* *
Vo= —i - -Brapt (U A (3.126)
0= (fi(xﬁztu_’_ Ocux) (ﬁ_f_&_azu*u) ’ .
V2P V2 p? 2 2 2p?
1 0 2B%t —i\/E%u*
Uy = . V= , (3.127)
0 —1 V2§ —2B%t
2 0
Vo =i : (3.128)
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with a real constant A matrix is given by

A= . (3.129)

Solitonic Solution with Linear Potential
For the sake of solitonic behaviour, we consider the seed solution to be zero.

Thus, the terms of the Lax Pair read

iB2t 0
2
Up = | (3.130)
0 —F

(B2 B 0
: , (3.131)
t

4 X
0 (B + By

2 B2t 0
V= P : (3.132)
0 —2pB%t

where Uy, V2, and A are independent of the seed solution. From the derivatives of the

auxiliary field with respect to x and ¢, we get the following eight equations

1

Vie= 5 B B> 1+2 1) v, (3.133)
1

Vo= B (B2 1+2 ) o, (3.134)
1

oe=—75p (iB21+2 M) ¢, (3.135)
1

920 =~ B (i B2t 42 22) 9o, (3.136)

wl,:%ﬁz (Bx+(B2t—2iM)2) i, (3.137)
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Vo :%/32 (Bxt(B2t—2iM)2) o, (3.138)
o1 = —%ﬁz (Bx+(B*1—2iM)?) ¢1, (3.139)
Oy = —% B2 (Bx+(B*t—2i1)%) ¢. (3.140)

Solving the above eight equations yields to

w1 (x,t) = Cy [e%x(ﬁ%*ﬂﬁ M) p(§ BOP+B* Ay 17 =2i B2 A7 ], (3.141)
Ya(a,r) = Gy [e2 ¥ (B 1m21B ) G B P ept ha P22 250 (3.142)
¢l (.X,t) — C3 [e—%X(BS t—Ziﬁ ﬂ,l)e(—é ﬁ6 l‘3—ﬁ4 l] 12+2iﬁ2 112 I)], (3143)
¢2(X,l) =Cy [8_%)6([33 t—2if lz)e(—é ﬁ6 t3—[34 A 12+2iﬁ2 ).%l)]7 (3144)

where Cy, (3, C3, and Cy are real parameters. From Eqgs. (3.141)-(3.144), one can con-
struct the seed of the auxiliary field. Using the definition of Darboux Transformation,

we find the four elements of U,[1] matrix as follows

Uslt)an) = 5 B2, (3.145)

2 (M — ) €y Gy B+ 5B +(2Bx2B%%) (A +22)

Uo[1](12) = Cy C3 2BQBAI+Ix+B0ar) _ ) € 2Bx+B (B Mir+2iA3)r)” (3.146)
_ 2 (M —Ap) C3 Gy e3P
Uo[l 1) = Gy Ca P2 2P0 4 €y s P2 2pr) 14D
i
Uoll]22) = —5 B*1. (3.148)

Based on the expression of Uy matrix in Eq. (3.125), Up[1] ;) represents —u; a/v2 B,
while Up[1](12) represents uj &/ V2 B, where u; is the achieved new solution of Eq.
(3.124). Thus, the relation between the parameters Cy, C, C3, and C4 must give the

same relation as what is in Eq. (3.79). It is worth mentioning that due to the potential
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force, the resulted solitonic solution is movable, even if v does not appear explicitly.
Using the relation between the parameters in (3.79) and Eq. (3.147) with A; = — A5,

the solution reads

2V2B(2A) e 3PP
o [% B (B21+2iky) (ix—2BAat) 4 %i e (B1=2ik2) (ix+2Bat) ]

uy(x,t) = (3.149)

Expanding all brackets, taking e ~*/ B?123+iB>x1 a5 4 common factor from the denom-

inator, and renaming C4/C> — ¥

4\/5[3 A e%ﬁ6t3+4iﬁzzl§ﬂ‘ﬁ3xt
(2B 72 x—2 % 2 7y | 2 B Ao v+2 B Ja 2-lnyy o

ui(x,t) = (3.150)

Clearly, this expression gives the sech form as follows
w (x,1) = 4V2B o Ape s BOHABA—iB N o o[ 2B Ay — 2840012 +1ny], (3.151)

or

ul(xvl) = 4\/513a_1)Lze?B6t3+4i52’/122—iﬁ3xtse0h [ - zﬁAZ (x+2[33 = 21;3[ )} .
2

(3.152)

Renaming 2v2 a~ ' A, B — A, Iny/2 A, B — x0, B> — —v,and —2 B A — —A a/V/2

—i 2.3, .42, . —Aa
ui(x,t)=Ae3 V" ”“’”’sech[ x—xo—vtd)|. 3.153
Finally, the solution reads
; —A
uy(x,1) = A & ®2 (gech x—xo—vi’ ], 3.154
1(x,1) 7 (x—xo ) (3.154)
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where A is the height of the soliton, -2 /A o represents its width, and the phase of

the soliton is given by

<I>2(x,t) =

2.3 2 2
—vot A
( v « ) (3.155)

3 + ( 5 +vx)t

see Figure (3.5).

1.5

Figure 3.5: Solitonic solution of the fundamental NLSE with linear potential, xy = 1,
A =1, and o = 1. Evolution of the soliton (left). Contour plot of the solution (right).

The main difference between the solution in the absence of the external potential, Eq.
(3.92), and the solution in the presence of the potential, Eq. (3.154), is that in the ab-
sence of potential, the phase of the soliton solution is a linear function of ¢, while, in
the presence of the potential, the phase is a cubic function of ¢. In addition, the center-
of-mass in the case of linear potential is being accelerated, namely xco, = xo + v 2.
This is of course is expected since the linear potential corresponds to a constant force.
This situation is similar to the free fall problem under the force of gravity which is

constant near the surface of Earth.
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Chapter 4: Iterative Power Series (IPS) Method

Often, using power series solutions turns to be useless because the resulting solu-
tion diverges at a finite radius of convergence. The divergence is intrinsic to the nature
of the solution in the sense that it persists to exist even with an infinite power series
expansion. In this chapter, we present a new iterative procedure, the Ilterative power
series (IPS) method, which is based on successive power series expansions providing
a high accuracy numerical scheme. This method solves the typical problem of finite
radius of convergence showing that the radius of convergence can be extended arbitrar-
ily to any large value. This value could, in principle, approach infinity achieving exact

solutions.

Briefly, the present technique is based on iterative power series expansions of
the solution. The domain of the independent variable, say x, is divided into a number
I of segments each of width A, where A is smaller than the radius of convergence. A
power series solution is obtained by expanding the solution around the left end of the
first segment using the initial conditions given with the problem. Similarly, a power
series solution is obtained by expanding around the start of the second segment but
now using the first series to calculate the initial conditions. This is repeated I times till
a solution at x = I X A is obtained. In the limit / — oo and A — 0 the series solution
becomes an exact solution. This scheme is effectively equivalent to an iterative proce-
dure of repeated iterative calculation of the recursion relations of the power series in

the first segment.
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4.1 Mathematical Formalism of the IPS Method

In this section, we give a systematic description of the present method. Consider

a general ordinary differential equation of the form

Ff0 ') f" (05 [ (x),8(x)| =0, x € (x0,%s], 4.1)
with m initial conditions

fOx)=a;xi!, i=0,1,2,....m—1, (4.2)

where f() is the ith derivative of f(x), a; are real constants, and g(x) is a known
function. The factor i! is introduced, without loss of generality, for the constants a; to
correspond to the coefficients of the power series expansion below. At first, we divide
the interval [xo,x] into a number of / identical segments each of width A = (x —xg) /1.

Then we expand f(x) in a power series around the beginning of each interval, namely
. . n
Ffi =Y d (x— (xo+iA)) . iA<x<(i+1)A, 0<i<I, 4.3)

where f(x) is the power series expansion around the start of the ith segment, 7,4, is
the number of terms in the power series expansion, and af1 are the coefficients of the
power series. For additional clarification, in Figure 4.1 we employ the exact solitonic
solution of the fundamental NLSE to show the I segments of width A, where the dots

represent the iterative initial point of each round.

Recursion relations between the coefficients are obtained upon substituting the power
series solution, Eq. (4.3), in the differential equation, Eq. (4.1), which can be ex-

pressed in terms of the first m coefficients corresponding to the initial conditions
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Figure 4.1: I segments of the IPS method. The blue curve corresponds to the solitonic

solution of the fundamental NLSE.

a =a, ({ak})

i : i i
where {a; } denotes the set of coefficients ay, ai,...,a,,_,

0<k<m,

n>m, 4.4)

. The essential idea of the

IPS method is to calculate the coefficients {a’+1 of the (i+ 1)th power series from the

ith series according to Eq. (4.2),

k
al—i—l 1 d
k

which upon using (4.3) reads

+1 Nmax k Tk
l n
Z o X W AR

and simplifies to

Nmax k
;:r] Z Gy X <n: ) A",

n=0

i(x
k! dx* x=xo+(i+1) A’

4.5)

(4.6)

4.7)
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and then imposes the condition n,,,,, > k. Here, ("“,:k) is the binomial function. The last

equation is the basis for the IPS algorithm. Starting from the initial conditions {a{ }
for the power series of the zeroth interval, an iterative application of Eq. (4.7) leads to
the coefficients of the /th interval, namely {al} which give the solution at the desired
point, x = xo + I A,

Nmax

1w =Y ahx (x—(xo+1 A))n. 4.8)
n=0

Both analytical and numerical schemes may be deduced from this algorithm. For the
numerical scheme, the value of A used is inserted as a number A = (x —xp)/I. On the
other hand, leaving x as a variable, results in an analytical solution in terms of a power
series in x which is equivalent to a functional transformation on the zeroth order series,
i.e., the coefficients of the ith series are functional transformation of the (i — 1)th series.
In such a case the last power series for the /th interval corresponds to / such functional
transformations and all power series expansions of the zeroth up to (I — 1)th intervals

will be included in the /th expansion.

The coefficient af) of each ith expansion represents the value of the solution at x =
Xo + iA. which gives a discrete representation of f(x). Therefore, in the limit I — oo,
the discrete representation turns to a continuous one and thus we conjecture that the

exact solution is obtained in the limits of I — oo and 1, —
n
) =1im Y a x <x— (xo+1 A)) . 4.9)
In summary, the IPS procedure can be reduced to the following algorithm

f(A) =q —|—a1 A+a2 A2 _|_ e +anmax Anmax _|_ O(Anmax“'l), (410)

o @)
D) ) m—1 — m—1 P

@.11)
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where a,, = ap(ag, a1, az, -+, ay,—1) are the recursion relations obtained from the
differential equation. We have removed the superscripts that indicate the index of the
iteration for convenience. The scheme is thus described simply as follows: One starts
with Eq. (4.10) to calculate f(A), followed by updating the initial conditions according
to Eq. (4.11), and then using the updated values back in Eq. (4.10), and so on. The

procedure has to be repeated I times with A = (x —xp) /1.

This procedure is general and it is applicable for both, homogeneous and inhomo-
geneous nonlinear differential equations. However, in the homogeneous case, further

reduction takes place, where the recursion relations will be independent of 1.

Despite the radius of convergence of the generated power series at each iteration was
not examined, we conclude that it will not differ very considerably from the radius of
convergence of the initial power series. The following systematic reduction in error

supports our intuition.

The upper bound of the error in the IPS method can be estimated as follows. At each
iterative step an error of order A" *! results from terminating the power series at
Nmax- This error will be magnified / times due to the iterative procedure. As a result,

the upper bound of the error of the IPS method is

Eps =1 (A)™et! (4.12)

We end this section by Figure 4.2 that illustrates the iterative loop of the IPS method

starting with i = 0.
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e -~ B
fo) = ) ahlx—(xo+ A"

n=0
Nimax

£1ex) = Z nalle— (xoti A

n=0

ODE

Fm) () = Z nm—1)..(n —m + 1) akfx — (xo+i A)"™

n=04

N

b 4

. 3 i i i i
i+1—i [ am(ag, aj, ., TGy_1) ]

v

\

\

ay ' =[as+ a;A+..+ af  A"max]/O!

af*=[ai+ 2 aSA. .+ Mgy Anmar-1]/1)

i
e
Nmax

apty =[(m—1)! afy+mim—1)! aly A+..+ (Nypge — m) afy__ AMmex™1/(n — 1)

e .

Figure 4.2: Schematic loop of the IPS method.

4.2 Application of IPS Method to NLSEs

Here we are interested in the application of the IPS method to three different
versions of the NLSE, the fundamental NLSE, the NLSE with power law nonlinearity,
and the higher order NLSE to demonstrate the physical implementations of the tech-

nique. Other applications will be dealt with through the next chapters.
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4.2.1 1IPS Method to the Fundamental NLSE

The fundamental NLSE could be written as

i 1

5u,+§uxx+yu\2u:0, (4.13)
where we take o7 = +1 and 0, = +2. Using Eq. (3.2) in Eq. (4.13) yields to the
ordinary version

1 1

~z--7'-7*=0. 4.14

5473 (4.14)
This is a homogeneous second order nonlinear differential equation, where the prime
indicates differentiation with respect to x. The well-known fundamental soliton is one

of the analytical exact solutions of Eq. (4.14) given by
Z(x) = Asech(A x), (4.15)

where A is the amplitude of the envelope. First, we start by expanding the solution,

Z(x), in power series around the initial point xo = 0
Z°x) =Y a) (x)", (4.16)

and similarly for the derivatives, 7% and 7°”. Substituting in Eq. (4.14), the coeffi-
cients, ag, for n > 2, can be found recursively in terms of the initial conditions ag and

a(l) through the recursion relations. The first two recursion relations are given by

0__
5=

a [ag 2 (a8)3], (4.17)

1
2
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a

1
d=< |al—6af)? a‘f]. (4.18)

Recalculating Z° and 7" atx=A gives
ab=7A), al =Z7"(A). (4.19)

Now, a(l) and a% play the role of the initial conditions for the next series expansion,

where we expand the solution and its derivatives in power series around xo = A
Z'x) =Y a) (x—A)". (4.20)

Resubstituting these power series expansions in the differential equation, we get the

new recursion relations a)(aj, al). The next iterative step is to calculate Z!(x) and its

n
first two derivatives at t = 2A which will give the initial conditions of the new power
series. It should be mentioned here that for this equation and the upcoming equations

in this chapter, we study homogeneous cases, and hence, repeating this process I times

will produce identical recursion relations as in (4.17) and (4.18).

Figure 4.3 shows the stationary soliton solution of Eq. (4.14) at different iterations
I =10, 30, 50, 70, 90, 110, 130 together with the exact solution obtained by (4.15)
where the amplitude is taken to be A = 1. The divergence is delaying with the number
of iterations in the IPS solution. Knowing that, using the power series method to solve

such equation renders the divergence to appear at x < /2.

In Figure 4.4, we show the series solution of Eq. (4.14) at iteration, / = 1000, and
number of terms in power series expansion, n,,,, = 8, where the divergence problem
is almost eliminated. The right of the figure shows the difference between the series
and the exact solutions. As one can see, a high accuracy of the IPS solution is attained,

where the error is in the range of 3 x 10~ which is acceptable.
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LS~

Figure 4.3: Solitonic solution of Eq. (4.14). The blue curve corresponds to the exact
solution given by Eq. (4.15) and the diverging orange curves correspond to the IPS
method at different iterations, with A = 0.02, and n,,,,, = 8.
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Z1pS —ZExact

—5.x 10716}

Figure 4.4: Solitonic solution of Eq. (4.14). Left: The IPS solution, with a8 =1,
a(l) =0, gy = 8, I = 1000, and A = 0.005. Right: The difference between the IPS
solution and the exact solution given by (4.15).

4.2.2 Mathematica Code

Here we, respectively, present two codes that are used to generate and progress
the recursion relations and the IPS method of Figures 4.3 and 4.4. These codes are

compiled using Wolfram Mathematica 10.4.
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Code A

ClearAll [ “Global ’ x|

nmax = 8; nn=300; A=0.02; a[0]=1; a[1]=0;
Z[x_]:=Sum[a[n] (x—0)",{n, 0, nmax } |;
ode=142Z[x]-Z[x]?-1Z"[x];

720 =2Z[x]; ZZ1 =Z'[x];

Do [ { a[i] = Solve [ SeriesCoefficient [ ode, { x, 0,i—2 } ]| ==0,
al ] T[IVTTLIVITII2]TY, {1, 2, nmax } J;
plots = Array [ m000, nn |;

Do [ {

a0 = ReplaceAll [ ZZ0, x —ii A];

al =ReplaceAll [ ZZ1, x —iiA];

Clear| a |;

al 0] = a0;

a[l]=al;

Zlx_]:=Sum[a[n] (x—iiA)",{n, 0, nmax } |;

Z720=2Z|x); ZZ1=27"[x];

Do [ { a[i] = Solve [ SeriesCoefficient [ ode, { x, (ii) A,i—2} | ==0,

]
ali]J[[T]TTIV]TII2]]}, {4, 2, nmax } J;
plots [ [ii] ] = Plot [ ZZ0, {x,(ii—1) A, 5} |;
plotexact = Plot [ Sech[ x ], {x, 0, 5} ];
},{ii, 1,nn} |

Show | plots| [nn | |, plotexact |
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Code B

ClearAll [ “Global ’ x|

nmax =8; a[0]=a0; a[1]=al;

Z[x_]:=Sum[a[n] (x—0)",{n, 0, nmax } |;

ode=142Z[x]-Z[x]?-1Z"[x];

Do [ { a[i] = Simplify [a]i] /. Solve [ SeriesCoefficient [ ode, { x, 0,1 —2 } | ==
0,ali]][[1]]]; Print[a[i]]}, {i, 2, nmax } |;

a0 =1; al =0; x0=0; xf=5; nn=1000; A= 20,

matrix1 = Array [ m000, {nn,2} |;

matrix2 = Array [ m000, {nn,2} |;

Do [{

a2 =% (a0—2 a0%);

a3 = ¢ (al =6 .a0? al);

a4 = L a0 (1 -8 a0 +12 a0* — 12 a1?);

4
a5 = g al (—1+48 a0? — 108 a0* + 12 al?);

6 = =35 (a0 — 50 a0 + 204 a0® — 216 a0” — 132 a0 a1 + 504 a0 al?);
al = s355 (al — 414 a0? al 42556 a0* al — 3528 a0% al — 132 a1 + 1512 a0? al3);
a8 = 75455 a0 (1 —416 a0%+3384 a0* — 8640 a0 +7056 a0® — 1224 a12 4 15552 a0? al? —
30240 a0* al? + 3024 al*);
a0 =a0+al A+a2 A’ +a3 A +ad A* +a5 A +ab A® + a7 A7 + a8 A3;

al =al +2a2 A+3a3 A2 +4a4 A3 +5a5A*+6a6 A5 +7 a7 A0 +8a8 A7;

matrix1[ [ii,1 ] ] = (ii)A;
matrix1[ [ii,2 ] | = a0;
matrix2[ [ii,1]] = (ii)A;

matrix2| [ii,2 | | = a0 — Sech [ (ii)A |;
}+,{ii, 1,nn} |
solitonIPS = ListLinePlot [ matrix1 |

solitonDiff = ListLinePlot [ matrix2 |
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4.2.3 IPS Method to NLSE with Power Law Nonlinearity

Now, let us employ the IPS method on the NLSE with power law nonlinearity

11
EZ—EZMJ?ZO, (4.21)

and compare our results with the exact analytical solution given by (3.12). Expanding

the solution, Z(x), in power series around xp = 0, the first two recursion relations are

formed as
1
=3 [ag _2 <ag>5], (4.22)
1
a3 = c [a? —10 (ad)* aﬂ , (4.23)

and then following the same steps mentioned in the previous subsection. The values of
the initial conditions, ag, and a(l), can be easily found from (3.12) and its first derivative

at the initial point, xo =0
3 1
Z(0) = <_> g (4.24)

Z'(0) =0=a). (4.25)

Figure 4.5 indicates the IPS solution of Eq. (4.21), where the high efficiency can be

seen from the error curve.

4.2.4 TIPS Method to Higher Order NLSE

In the case of much shorter optical lasers, say in the femtosecond domain, it is
necessary to include higher order effects to the fundamental NLSE such as, third-order

dispersion (TOD), self steepening (SS), and self-frequency shift due to stimulated Ra-
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Figure 4.5: Solitonic solution of Eq. (4.21). Left: The IPS solution, with initial values

1
a8 = (%) " and a(l) = 0. The power series is expanded up to n,,,x = 8, with the iteration

number / = 1000 and A = 0.005. Right: The difference between the IPS solution and
the exact solution given by Eq. (3.12).

man scattering (SRS). The equation representing such case is called a higher order

NLSE (HONLSE) and is given by
LU+ O] Uy + O ‘u|2 U—1 03 Upxx — 1 Oy (’u‘Z l/t)x —1i05U (’u‘z)x = 07 (426)

where the real coefficients, o1, 07, 03, 04, and o5, correspond to the GVD, the SPM
induced by the Kerr effect, TOD, SS, and SRS effects, respectively. This equation is
studied in several works such as [75-77]. The SS effect means a change in the pulse
shape due to the intensity dependence of the group velocity, which causes a steep
intensity edge towards the back of the pulse. In the SRS, the input pulse is exposed
to energy loss or gain. In the loss case, the Stokes scattering takes place where the
lost energy is absorbed by the medium in the form of vibrations and rotations, hence
the output pulse propagates at a lower frequency. However, in the gain case, the anti-
Stokes scattering takes place, where the output pulse propagates at a higher frequency
than the original one. The following special case of Eq. (4.26), for 03 = 04 =0, is

known to be nonintegrable

iU+ O] Uy + O |u|2u—65u(|u|2)x:0. 4.27)
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Using the solution in (3.2), the ordinary version for 61 = 0, = 1 reads
7-7"-742052°7 =0. (4.28)
To employ the IPS method on this equation, we start by expanding the solution, Z(x),

and its derivatives, Z° and Z°” in power series around the initial point xo = 0. The

following first two recursion relations are obtained as

N
Do

[ — (@) +205(a) ). (4.29)

1
= [a‘f —3(ag)*a} +205(ag)’ —205(ag)’ +40sag(af)? —|—4652(a8)4a(1)] . (4.30)

For the sake of applicable initial conditions, we first search for the initial conditions
that lead to the constant solutions. To know these initial conditions, we set a constant
solution Z(x) = C, thus, the second and last terms in the ordinary equation (4.28) vanish

and the equation ends up with
cC—C*=0. (4.31)

Solving the algebraic equation (4.31) gives C = —1, 0, or 1, therefore, for a8 =—1,0,1

and a(l) =0, Eq. (4.28) admits constant solutions.

Next, we search around these values for interesting solutions. Let us start by examin-
ing the influence of the sign of SRS factor for a8 =0.1 and a(]) = 0, with 7 = 10000.
For o5 = +0.02, the solution is oscillating almost around 0. This is associated with an
increase in both the amplitude and the frequency. However, for o5 = —0.02, the solu-
tion is oscillating almost around 1. This is associated with a decrease in the amplitude

while the frequency is kept unchanged. These results are shown in Figure 4.6.
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Figure 4.6: Oscillating solutions of Eq. (4.28) using IPS method with initial values
a8 =0.1 and a(l) = 0. The power series is expanded up to n,,,, = 8, with the iteration
number / = 10000 and A = 0.0085. Left: The SRS factor is 05 = +0.02. Right: The
SRS factor is o5 = —0.02.

Figure 4.7 presents a localized behaviour of the solution for x € (0,20], when a8 =
1.429660329 and a(]) = 0, where the SRS factor is taken to be o5 = —0.02. This value
of a8 is obtained by gradually increasing its value starting from a8 =0.1. We consider

this initial condition, ag = 1.429660329, as a critical point that separates the oscillating

solution from the localized solution.

Z(x)

Figure 4.7: The IPS Localized solution of Eq. (4.28) with initial values a8 =
1.429660329 and a(l) = 0, and the SRS factor is 05 = —0.02. The power series is
expanded up to n,,, = 8, with the iteration number / = 10000 and A = 0.002.
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In the following discussion, we will make a quick and simple comparison between the
obtained IPS solutions, Figures 4.4 and 4.7, for Eqgs. (4.14) and (4.28), respectively. To
make such comparison, we will normalize the solution in Figure 4.7, Z(x)gonLsE =
Z(x)/1.429660329. Figure 4.8 illustrates this comparison. As one can see, the two

solutions look similar while the difference takes the range of 1073,

1.05 5 0.006
0.8—‘&( 2
= 0.004}
~ 060 % =
S 04 X N 0.002!
< &y
0.2t ‘\.\ ::
0oL . ,_E\ 0.000
—0.2¢ < 0,002
2 4 6 8 10 N 0 2 4 6 8 10
X X

Figure 4.8: Left: Localized solutions of Eqgs. (4.28) and (4.14), dotted curve corre-
sponds to the normalized representation of Figure 4.7 and the blue curve corresponds
to the solution in Figure 4.4. Right: The difference between the two solutions.
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Chapter S: Application of IPS Method to Fluid Flow Dynamics

The fluid dynamics and heat transfer of a viscous incompressible fluid flow past
stretching surfaces - such as a sheet or tube - have attracted considerable interests of
many researchers because of their importance in many industrial applications such as
the quality of certain products. One of the most interesting conditions for stretching
surfaces problems is the velocity at the surface, where it mainly figures the fluid char-
acteristics based upon two essential factors, fluid viscosity and suction parameter. A
remarkable interest of several researchers concentrated on tracking the existence of
dual solutions for the flow within a certain range of unsteadiness and suction param-
eters [78—88]. Although, the literature reveals numerous research papers discussing
the flow over a stretching sheet and moving plate [89-97], there are only few studies
focusing on the problem of flow past a stretching cylinder or tube, see [79—-81] and

references therein.

In this chapter we will employ the IPS technique on heat and mass transfer over
a shrinking permeable cylinder described in Zaimi et al. [79] and Elnajjar et al. [81].
A worth materialized work is presented in Appendix. For completeness, we redescribe
precisely the physical model. The flow is considered of an unsteady, laminar, viscous
and incompressible fluid with uniform velocity U and uniform temperature 7., over
a permeable shrinking circular cylinder. The cylinder is assumed to be infinitely long
and the flow has constant properties. The diameter of the cylinder is assumed to be time
dependant with the radius a(t) = rg /1 — B t, where ry is a positive constant, 3 is the
constant of expansion/contraction strength, and ¢ is the time. Clearly, the cylinder’s
radius is shrinking with time if 8 is positive and stretching with time if 3 is negative.
Notice that, since the flow is axisymmetric, the flow field should be a function of the

radial coordinate, r, and the longitudinal, z.
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5.1 Heat and Mass Transfer Model

The governing equations for the unsteady and incompressible fluid without body
force are the continuity, momentum and energy equations. These equations in cylin-
drical coordinate system with azimuthal symmetry, (r,z), are given by
du,

d

N | =

2 2
dup  Qup  Ou  19p <<9 1 du  97uy ”_) (5.2)

T P Fy i P N S P

du, du, du; 1 dp %u, 1 du, 0%u,

o oy e T T T\ Tr o T oz ) ©-3)
and

oT oT 1 0 0T

ar tr g = (;a—r “EO’ G

where r and z are the polar coordinates in the radial and axial directions, respectively, u,
and u; are the fluid velocity components in the radial and axial directions, respectively,
and T is the fluid temperature. The function p represents the fluid pressure, and the
parameters v, p, and & denote the fluid viscosity, the fluid density, and the fluid thermal
diffusivity, respectively. Notice that, we assumed that there is no azimuthal velocity
component. The assumed boundary conditions associated with Eqgs. (5.1)-(5.4) for the
velocity components and the temperature are given by

2 4v
=V = PYE o O 47 at r=a(r), (5.5)

ny1-Bt R (U-pn T Ji-B:
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and

u,=0, T=T, as r — oo, (5.6)

where 7 is the constant surface temperature and ¢ is a positive constant. The similar-
ity transformations which convert Eqgs. (5.1)-(5.4) into nonlinear ordinary differential

equations are given by [79] and [81]

2v. f(m) _ 4vg

Y TV A= ey D
T = (T,—T.) (e(n) _ Tw> 4T, (5.8)

where /(1) = df/dn and 7 is the similarity variable given by

_r21 59
"= \n) TR .

In addition, it should be noted that f represents the dimensionless stream function
and 6 represents the normalized temperature. Applying the above similarity transfor-
mations, Egs. (5.1)-(5.4) and the boundary conditions (5.5)-(5.6) reduce the system
of three variables, ¢,r, and z, and three functions, u,,u;, and T, into a system of one

variable, 1, and two functions, f and 0, as

nf" = =S+ ) =0, (5.10)
n6" +6'(1+Prf—SPrn)—SPro =0, (5.11)
subject to

)=y, fl1)==1, fl(eo)=0, 6(1)=1, 6(e0)=0, (5.12)
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where S = ,,(2) B /4 v is the unsteadiness parameter representing the strength of contrac-
tion/expansion, ¥ = —ry U /2 v is the suction parameter, and Pr = v/ is the Prandtl

number.

In the next section, we will solve Egs. (5.10) and (5.11) subject to the boundary condi-
tions (5.12) using the IPS technique in the ranges 0 <y <7and —4 <S$S<0atPr=0.7.
We will also study the normalized skin friction coefficient, f" (1), and the normalized

heat transfer rate, — (1).

5.2 IPS Method to Heat and Mass Transfer Model

The following is a detailed implementation of the IPS method used to solve Egs.
(5.10) and (5.11) subject to the boundary conditions (5.12). First, we need to render
Eq. (5.10) to be an initial-value problem; i.e.

f/// — (_f//_ff//+f/2+5(n f//‘f‘f/)), (5‘13)

S|~

with
f=y. F)=-1, f'(1)=A4, (5.14)

where A must be chosen using the shooting method [81] so that the solution satisfies
the boundary condition f”(e) = 0. Notice that, setting different initial values for A in
the shooting method, dual solutions are obtained.

We start by expanding f(7) in power series around the initial point g = 1

Nmax

=Y dmn-1, (5.15)
n=0
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and the derivatives, f O/, fOH7 and fom can be calculated simply by differentiating this

series. Substituting in Eq. (5.10), the coefficients, ag, for n > 3, can be found recur-

sively in terms of the initial conditions a8, a(l), and ag through the recursion relations.

The first two recursion relations are given by
(@) ~248 (1+df-$)+a) 5], (5.16)

)= @) (S=2-af) +2a3 (24 (af)* +a§ 3—25) ~5+5?)

+d! (2 a(2)+S(S—2—a8))} (5.17)

Recalculating f°(n), fol(n), and foﬂ(n) atn = 1+ A gives

()

(5.18)
Now, a(l), ai, and a% play the role of the initial conditions for the next series expansion,

where we expand the solution and its derivatives in power series around 19 = 14+ A

Nmax

i) = Zoai (M —(1+A)". (5.19)

Resubstituting these power series expansions in the differential equation, we get the
new recursion relations al(aj, al, al). The next iterative step is to calculate f!(n)
and its first two derivatives at N = 1 +2 A which will give the initial conditions for the
new power series. Repeating this process I times, the general forms of the first two
recursion relations of Eq. (5.10) are found to be

1

2
ol = m[(a{) ~2ab(1+ah— S~ SIA) +als] (5.20)

d = gy (@) (2~ @b+ S+ SIA) +af (2ab(14+18) +S(~2— d + 5+ SIA)
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+2ab (S(— 1 1)+ (S+SIAY +2+ (ah)’ +ah(3-25 - 2514) ) |, (5.21)

where

B 3 f]—l)// A)
ay=f"1(4), ai =), a= % (5.22)
In order to obtain accurate numerical results, we have to pay attention to the selec-
tion of the numerical algorithm parameters, /, n,,4y, and the infinity of the independent

variable domain, Ne.

It 1s worth mentioning that we succeeded to find the explicit analytical form of the

first solution for (5.10) subject to (5.12) under a condition S = —1/7; that is

fmy=ve v . (5.23)

This exact solution will play a crucial role in proving the advantages of our IPS method.
The IPS solution of the problem (5.10)-(5.12) at three different iterations / = 1,2, and
3 together with the exact solution obtained by (5.23) when § = —1 and y =1 are dis-
played in Figure 5.1. It is clearly seen that, increasing the number of iterations in the

IPS method delays the divergence point.

To achieve an “optimal choice” of 1., we solve the problem with N, =7, 8, ---, 17.
Table 5.1 shows the values of A up to 50 digits corresponding to the values of Ne. It is
clearly seen that, the value of A stabilizes at around 1. = 15; hence we choose Mo = 15
as the optimal value for the rest of the calculations in the entire paper. It should be
noted that most of the used numerical schemes for such type of problems, [79-81, 88],
had chosen Nn. = 7 to represent the infinity which, definitely, gave lower order of ac-
curacy. This conclusion can be easily tested via the exact solution (5.23) which gives

f'(7) = —0.00247875 and f'(15) = —8.31529 x 10~’. However, we will only show
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Figure 5.1: Velocity profiles, f'(n), for the first solution; exact (blue) and approximate
(dashed) solutions at different / with S = —1 and y = 1. The power series is expanded
up to nye = 8, A =0.014.

the interval up to N, = 8 for the rest of the coming figures.

Table 5.1: Stabilization of A values with e, at y=1 and § = —1.

noo

A

7

8

9

10
11
12
13
14
15
16
17

1.06032130948772355259169445286450439527129433161564
1.02826614125492573507123370718399515004546832373446
1.01244316459533191876326159442255228857229463473780
1.00535010609275538041830857835707790239466505001516
1.00221279175507729615034859048196423158532888754168
1.00084874204304334646862685662321915732040012124886
1.00030312215822976659593816307972112761442861473174
1.00016671718702637162776598969384662018793573810246
1.00003031221582297665959381630797211276144286147317

1.00003031221582297665959381630797211276144286147317

1.00003031221582297665959381630797211276144286147317

Table 5.2 presents the Central Processing Unit (CPU) time in seconds, which is machine-

dependent, versus the Ejpg given by Eq. (4.12) of the IPS method for the first solution

at y=2and S = —1, where n,,,, varies from 3 to 8.
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Table 5.2: The upper bound of the error for the first solution at y =2 and § = —1 versus
the CPU time at different values of 7;,,4y.

Minax E;ps CPU time (seconds)
3 [ =103 0.0156001
4 | ~1077 0.0312002
5 | ~107° 0.0780005
6 |~10710 0.156001
7 | ~ 10712 0.296402
8 | ~10 4 0.546004

The exact solution, (5.23), provides a unique possibility to calculate the error of the
IPS method and compare it with that of other numerical methods. Figure 5.2 presents a
comparison between the error of the IPS method and the explicit Runge-Kutta method
of order four (ERK4) for the problem at Yy = 1 and S = —1. The advantages of the IPS

technique over the other one is notable.

2 4 6 8 10 12 14 ' 2 4 6 8 10 12 14

7 7
Figure 5.2: Error of the IPS method (left) and the ERK4 (right) for the case of y =1
and S = —1. The error is defined as the difference between the numerical solution and

the exact solution (5.23). The power series is expanded up to 7, = 8, I = 1000 and
A =0.014.

A further comparison is done in Figure 5.3 on the normalized skin friction coeffi-
cient, f”(1), as a function of S with Zaimi ef al. [79] and Elnajjar et al. [81] for the
case when Y = 0. Excellent agreements are obtained. It should be mentioned herein
that Elnajjar ef al. [81] used a combination of the implicit Runge-Kutta method and the

shooting method while Zaimi et al. [79] implemented the shooting method described
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in the book by Jaluria and Torrance [82].

5 8 . . / First Solution

\ Second Solution

/")

_20" ]

-40 -35 =30 -25 =20 -15 -1.0
A

Figure 5.3: Normalized skin friction coefficient, f”(1), as a function of S for y = 0.
The IPS (solid blue), the Zaimi et al. [79] (e), and the Elnajjar ef al. [81] (%) solutions.

Notice that, several recent studies such as [81-87] reported the existence of a critical
value of § (named S.) at which the problem has no solution (for § > S;), only one

solution (at S = S.), and dual solutions (for § < S.).

Figure 5.4 shows the first and second solutions of the velocity profiles for y=0, 1, 3, 5,
7 with a fixed unsteadiness parameter, S = 2. It is clearly seen that, the first solution for
the fluid velocity inside the boundary layer region increases as 7y increases, while the
second solution shows an opposite trend. In addition, the two solutions of the velocity
profile become steeper with higher magnitudes as Yy increases. These observations em-
phasize the effect of increasing the suction parameter of the cylinder’s wall which is to

decrease the boundary layer thickness.

Figure 5.5 displays the first and second solutions of the velocity profiles for S =
1, 2, 3, 4 with a fixed value of the suction parameter, ¥ = 1. Generally speaking,

the behaviour of f'(n) is very similar to the case of the variable suction parameter;
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that is increasing the unsteadiness parameter produces steeper behaviour in the veloc-
ity profiles for the first solution while the second solution shows an opposite trend.
In agreement result with the case of the variable suction parameter in Figure 5.4, in-
creasing the unsteadiness parameter will then cause a reduction in the thickness of the

boundary layer.

Figure 5.4: Velocity profiles, f'(n), for different values of y at S = 2: First solution
(left) and second solution (right). The power series is expanded up to n,,,x = 8, I =
1000 and A = 0.014.

Figure 5.5: Velocity profiles, f'(n), for different values of S at ¥ = 1: First solution
(left) and second solution (right). The power series is expanded up to n,,,x = 8, I =
1000 and A = 0.014.

As a consequence of the results in Figure 5.4, increasing the suction parameter causes
an increment in the normalized skin friction coefficient for the first solution and decre-

ment in the normalized skin friction coefficient for the second solution, as clearly
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shown in Figure 5.6.
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Figure 5.6: Normalized skin friction coefficient, f”(1), as a function of S for different
values of y: The first solution (solid) and second solution (dotted). The power series is
expanded up to ny, = 8, I = 1000 and A = 0.014.

In a similar way, for the energy equation

9”:% (_9/(1+Prf—SPr n)+S Pr 9), (5.24)
subject to
6(1)=1, 6'(1)=o, (5.25)

where 0 must be chosen using the shooting method [81] so that the solution satisfies
the boundary condition 0 () = 0. We expand 6(1n) in power series around the same
initial point

Nmax

6°(n) =Y by (n—1)", (5.26)
n=0
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and similarly for the derivatives, 0% and 0°”. Substituting in Eq. (5.11), the coeffi-
cients, bg, for n > 2, are found recursively in terms of the initial conditions b8 and b(l)

through the recursion relations. The first two recursion relations are given by
1
b =3 [bg Pr§+5% (—1—a) Pr+Pr S)], (5.27)

By = 4 [b) Prs(—~2—af Pr+S Pr) 5 (2+ (af)* Pr? — Pr S+ Pr2 82— af Pr

+ad Pr(3-2Pr S))]. (5.28)

Employing the IPS method, the first two recursion relations are found to be

1
b — Ty [bhPrS+ b (1 - aj Pr-PrS + IAPrS) |, (5.29)
W= s [bgprs( —2—al Pr+S(1+1A) Pr) +of <2+ (a})?Pr? — PrS + Pr2s?

— PrSIA+2P2S2 A+ Pr2SPIPA% — al Pr(1+1A) +ab Pr(3 —2PrS(1 +1A))>] , (5.30)

where
ph=0""1(A), bl =(6"1)(A). (5.31)

Figure 5.7 presents the temperature profiles of the fluid flow, 6(n), at S = 2 and
Y=0, 1, 3, 5, 7. Itis obviously noticeable that both solutions for temperature profiles
admit similar behaviour, where they become wider and more relaxed as the suction
parameter decreases. These behaviours inspire us to conclude that the developed ther-
mal boundary layer and the corresponding rate of heat transfer are decreasing as S
increases. However, the second solution depicts more relaxed behaviour compared

with the first solution.

Figure 5.8 presents the temperature profiles of the fluid flow, 6(n), at y = 1 and
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S =1, 2, 3, 4. Clearly, the increase in the unsteadiness parameter or the suction pa-

rameter leads to the same trend.

7 7

Figure 5.7: Temperature profiles, 6(n), for different values of y at § = 2: First solution
(left) and second solution (right). The power series is expanded up to n,,,x = 8, I =
1000 and A = 0.014.

S=-4 -3 -2 -1

Figure 5.8: Temperature profiles, 6(n), for different values of S at y = 1: First
solution (left) and second solution (right). The power series is expanded up to
Nmax = 8, 1 = 1000 and A = 0.014.

The slight difference between the first and second temperature profiles indicates that
the second solution reflects higher thermal boundary layer than the first solution, and

thus, a larger rate of the heat transfer as confirmed by Figure 5.9.

The variation of both the normalized skin friction coefficient, f”/(1), and the heat trans-

fer rate, 6'(1), as functions of S, are shown, respectively, in Figures 5.6 and 5.9 for
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Figure 5.9: Heat transfer rate, —6’(1), as a function of S for different values of y: The
first solution (solid) and second solution (dotted). The power series is expanded up to
Nmax = 8, 1 = 1000 and A = 0.014.

Yy=0, 0.5, 1, 1.5, 2. The results demonstrate the existence of a critical value S, in
the S-domain at which the problem has no solution for S > S., only one solution at
S = 8., and dual solutions for S < S.. Figure 5.6 shows that, |f”(1)| increases as y
increases which is due to the increase in the surface shear stress coefficient. Moreover,
we observe that, | f”(1)| is decreasing with S. However, Figure 5.9 clearly shows that
increasing Yy will definitely increase the heat transfer rate while increasing S causes a

decrease in the heat transfer rate.

Finally, we finish our discussion of this chapter with Figure 5.10 which presents an
overview of the solution for problems (5.10) and (5.11) subject to the boundary con-
ditions (5.12) in the ¥ — § domain for Pr = 0.7 and 0 < y < 2. The straight line in this

figure represents the occurrence of unique solution of the problem.
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Figure 5.10: An overview of the solution for problems (5.10) and (5.11) subject to the
boundary conditions (5.12) in the Yy — S domain.
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Chapter 6: Application of IPS Method to Chaotic Systems

In a random event such as, the flipping of the a coin, the present observation has
no connection to the previous one. This event is called a non-deterministic system.
This contrasts with a chaotic dynamics where the current outcome does depend on the
previous state in a deterministic way, but the way of the measurements made on the
system does not allow the prediction of the system’s state. Chaotic dynamics, as a very

interesting phenomenon, has been studied in several publications such as [98] and [99].

Chaos has a very vigorous connection with nonlinearity. Whenever there is a
chaotic behavior, there will be an accompanied nonlinearity, but not the opposite. One
necessary condition for the nonlinear system to present chaos is involving at least three
variables. There is no one definition of chaos term, however, here we use the defini-
tion mentioned in [100]: "Chaos is aperiodic long-term behaviour in a deterministic
system that exhibits sensitive dependence on initial conditions". Aperiodic term means
that the solutions of the system do not settle down to a steady state or a periodic be-
haviour as time goes to oo, while sensitive dependence on initial conditions implies that
two solutions starting very close to each other will rapidly diverge to two completely

different results.

The bulk of this chapter is devoted on studying the Lorenz system [101], one

of the most important systems that admits chaos, using the IPS method.

6.1 Lorenz System

In 1963 E. Lorenz attempted to construct a simple system of differential equa-

tions that can be used to explain the unpredictable behaviours of the weather from the
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thermal convection model [101].

Motion of a fluid can be described by a system of differential equations that
consist of infinitely many variables. Roughly speaking, if the fluid is hotter than the
surrounding, it will rise up because its density is less than the surrounding and donate
heat to its surrounding as well. If it slowly loses energy, it will convect. The behaviour
of this convection could form different patterns starting from no flow, passing through

a simple roll, and ending up with a chaotic pattern.

Lorenz’s simplification based on pretending that all variables that describe the
fluid motion stay constant except three variables, the fluid velocity or the convection
rate, x(¢), and the horizontal and vertical fluid temperature, y(¢) and z(¢). Lorenz came
up with a dynamical system of these three time dependent variables. It is called the

Lorenz system and is defined by the following three equations

¥ =Pr(y—x), (6.1)
y=Rax—y—xz, (6.2)
?=xy-vz, (6.3)

with the initial conditions

x(0)=0, y(0)=1, z(0)=0, (6.4)

where Pr is the Prandtl number mentioned in the previous chapter, Ra=g B AT d° /v «
is the Rayleigh number, where the parameters g, 8, AT, d, v, and o denote acceler-
ation due to gravity, the constant of expansion/contraction strength, the temperature
difference, the length of the system, the fluid viscosity, and the fluid thermal diffusiv-

ity, respectively, v is a real positive parameter related to the physical size of the system,
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and the prime denotes differentiation with respect to the time, ¢.

The nonlinearity of the system (6.1)-(6.3) appears on the two quadratic terms,
xzand xy, in Egs. (6.2) and (6.3). This system also shows an interesting symmetry
(x,y) = (—x,—y), which implies that if (x(z), y(¢), z(¢)) is a solution of the system,

(—x(2), —y(t), z(2)) is a solution as well.

The Rayleigh number measures how hard the fluid system is being heated, which
implies how hard the system will be driven to dissipation. Despite the simplicity of
this system, it could behave chaotically depending on the parameter values. It is well-
known that chaotic behaviour appears when Ra > 24.74. Below this value, the system
behaves non-chaotically [101]. In the chaotic regime, the solution of Lorenz model
never settles down to an equilibrium or to a periodic state, instead, it oscillates ir-
regularly and takes an aperiodic behaviour. The original chaotic case of Lorenz was
Pr=10,Ra =28, and y=8/3. Lorenz found that when he started with two slightly dif-
ferent initial conditions, the resulting two solutions became totally different as t — oo.
This is telling us why the prediction of the future weather is impossible, very small
error in measuring the current weather parameters will lead to a completely wrong
prediction of its future state, since this small error will keep amplifying and eventually,
lead to a wrong conclusion. This is what we meant by the extremely sensitivity to

initial conditions.

In the coming discussion, we will solve Eqgs. (6.1)-(6.3) subject to the initial
conditions (6.4) using our IPS method and set Pr = 10, Ra = 28, and y = 8/3, where

we consider the chaotic Lorenz behaviour in the time range 7 € (0,50).
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6.2 IPS Method to Lorenz System

The following is a detailed application of the IPS method used to solve Egs. (6.1-
6.3) subject to the initial conditions (6.4). As we mentioned in chapter 4, we start by

expanding each of x(¢), y(¢), and z(¢) in power series around the initial point 7y = 0

L) =Y at", (6.5)
n=0
Rmax

Wiy=Y by, (6.6)
n=0
Nmax

2=y N, 6.7)
n=0

and the derivatives, x*', yol, and ¥ can be calculated simply by differentiating these

series expansions. Substituting in the Lorenz equations, (6.1), (6.2), and (6.3), the

coefficients, ag

, bg, and cg, for n > 1, can be found recursively in terms of the ini-
tial condition ag, b8, and c8 through the recursion relations. The first two recursion

relations for each function are given by

a = Pr [ad + b)), (6.8)
a = %[— Pr b) — Pr a ¢) +Pr? a) — Pr? b + Pr Raal)], (6.9)
b) = —b3 —ad )+ Rad), (6.10)
9 = 3 [a§(1+Pr)(ch ~Ra) ~ BY(~1+ () +Pr c§ —PrRa) + yaf cf], (6.11)
o} = ag by — v co, (6.12)
Y= % [Pr (b9)? + (ad)*(Ra— Q) + 7> ) — aY bY(1 +Pr—i—Ra)} . (6.13)
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Recalculating x°(¢), y°(¢), and 2°(¢) at t = A gives

ay=x"(A), bh=»"(4), ch=2"(). (6.14)

As we know, a(l), b(l), and c(l) will play the role of the initial conditions for the next series
expansion, where we expand the three solutions and their derivatives in power series

around 7o = A

Mimax

@)=Y ay (t—A)", (6.15)
n=0

yH(t) = nfxbi (t—A)", (6.16)
n=0

2t) = nfxc}, (r—A)". 6.17)
n=0

Resubstituting these power series expansions in the three differential equations, we get
the new recursion relations a(a), by, c}), bi(ad, b}, cl), and cl(al, b}, c}). The next
iterative step is to calculate x! (), y!(¢), and z!(¢) and their first derivatives at t =2 A
which will give the initial conditions for the new power series. Repeating this process
I times, the general forms of the iterative recursion relations will not differ from the

above recursion relations (6.8-6.13) due to the homogeneity of the system.

In Figure 6.1, we plot y(¢), as a functions of ¢ and show the interval up to t = 5,
where the power series is expanded up to n,,, = 8, the iteration number I = 10000,
and A = 0.002. The figure shows also the quick divergence of the zeroth iterative
power series expansion, while the power series is expanded up to 7, = 20. In Figure
6.2 we combine the three Lorenz variables, where we used same parameters as Figure

6.1.
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Figure 6.1: Trajectory, y(¢) (blue), of the chaotic Lorenz model with Pr = 10, Ra = 28,
and y = 8/3 and initial condition (a9, b, ¢9) = (0, 1, 0). The power series is
expanded up to 7,5 = 8, with I = 10000 and A = 0.002. The dashed curve represents
the zeroth order series solution with n,,,,, = 20.
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Figure 6.2: Trajectories, x(¢) (red), y(¢) (blue), and z(z) (green) of the chaotic Lorenz
model with Pr= 10, Ra = 28, and y=8/3 and initial condition (aJ, 5], c3) = (0, 1, 0).
The power series 1s expanded up to n,,,x = 8, with I = 10000 and A = 0.002.

It is well-known that the Lorenz system does not admit a closed form solution. Com-
paring our result with another numerical method such as ERK4 will not be decisive.

Instead, we will manipulate the iteration number, /, in a systematic way to show the
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systematic control on accuracy of the IPS method. This systematic analysis is illus-
trated in Figures 6.3-6.5. In Figure 6.3, we show two solutions with two different
values of A associated with I = 7500 and 8000. We believe that the obtained solution
using / = 8000 is more accurate than the one obtained by 7 = 7500. A clear sign on this
is mentioned in Eq. (4.12) where a systematic reduction upon increasing the number
of iterations or the number of terms in the power series is achieved. The two solutions
are overlapping up to just less than ¢t = 40 and then they split. As a consequence, in
Figure 6.4 we again plot two solutions with two different A associated with I = 8000
and 8500. Here, the two solutions are overlapping just above ¢ = 40 and then they split.
Notice that, the overlapping length is increasing as A decreases. We have enough con-
fidence to assert that the overlapping part represents a true behaviour of the solution
since the three curves concurred to it. If we now employ the ERK4, Figure 6.5, one
can observe that its solution overlaps with the IPS solution, / = 8000, just up to about

t = 38, which boosts our beliefs.

30

¥

10 20

Figure 6.3: Two y(t) solutions of the Lorenz system with Pr = 10, Ra =28, y=38/3
and the initial conditions (a3, b9, ¢J) = (0, 1, 0). The IPS solutions are expanded up
to Nygy = 8, with I = 7500 (green curve) and with I = 8000 (red curve).

Next, we study the sensitivity to initial conditions of the Lorenz system by plotting two
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Figure 6.4: Two y(t) solutions of the Lorenz system with Pr = 10, Ra =28, y=8/3

and the initial conditions (a), b3, ¢J) =(0, 1, 0). The IPS solutions are expanded up to
Nax = 8, with I = 8000 (red curve) and with I = 8500 (blue curve).
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Figure 6.5: Two y(t) solutions of the Lorenz system with Pr = 10, Ra =28, y=8/3

and the initial conditions (a),b9,c3) = (0, 1, 0). The IPS solution is expanded up to
Nmax = 8, with I = 8000 (red curve) and The ERK4 solution (black curve).

evaluations of y(¢) in Figure 6.6 that are differing by only 0.0001. The time range is
t € (0,50], with I = 1000, A = 0.005, and n,,,, = 8. The two solutions behave identi-

cally in the range of 7 € (0,30), but, the difference is notable after that.
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Figure 6.6: Two y(¢) solutions of the Lorenz system with Pr = 10, Ra = 28, and
y = 8/3 and the initial conditions (a3, 53, ¢9) = (0, 1, 0) (blue), and (0, 1.0001, 0)
(red). The power series is expanded up to n,,,, = 8, with I = 10000 and A = 0.005.

Furthermore, Lorenz discovered that the phase space of any two variables will lead
to the same strange structure later named as Lorenz’s butterfly or Lorenz attractor.
In the Lorenz’s butterfly, the two solutions wind around two points alternatively. He
concluded that all solutions tend to this same complicated attractor. He had a trajec-
tory look at this phase space in a two-dimensional plane, and found a repeatedly cross
between the two solutions, however, he noted that the intersection between the two

solutions never occurs in the three-dimensional trajectory picture.

Finally, we end up our discussion with Figure 6.7 which presents three Lorenz at-

tractors with / = 10000, A = 0.003, and n,,,, = 8.
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Figure 6.7: Three chaotic projections of the phase space of the Lorenz system with
Pr =10, Ra = 28, and Y = 8/3 and initial condition (aJ, b3, ¢J) = (0, 1, 0). The
power series is expanded up to 7,4, = 8, I = 10000 and A = 0.003 for ¢ € (0, 30].
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Chapter 7: Conclusions and Future Remarks

In this thesis, we presented a new numerical technique for solving nonlinear
BVPs based on iterative power series solutions. This technique is a modified version
of the PS method. We called it the iterative power series (IPS) method. We have
demonstrated its efficiency and accuracy throughout several nonlinear physical sys-
tems. We have shown that our method excels over the ERK4 by orders of magnitude
in accuracy. Moreover, the accuracy in our method is systematically controlled such

that the error can be reduced to any arbitrary small value.

In chapter 4, we demonstrated the present technique by applying it to three inter-
esting versions of the NLSE. First, we found the solitonic solution of the fundamental
NLSE and compared it with its well-known exact form. The result of the comparison
emphasized the power of the IPS method where the difference between the two tech-
niques was in the range of 3 x 10~ for I = 1000, A = 0.005, and 7,5, = 8. Next,
we found the solitonic solution of the NLSE with power law nonlinearity. Here, we
compared the IPS result with the exact solution found from the separation of vari-
ables method in chapter 3. The difference was in the range of 1 x 10~ for I = 1000,
A = 0.005, and ny,, = 8. The last considered system in this chapter was the nonin-
tegrable form of the higher order NLSE. We reached to well approximated oscillating
and localized solutions. The localized solution was compared with the solitonic solu-

tion of the fundamental NLSE.

In chapter 5, we successfully studied the unsteady viscous flow over a contract-
ing cylinder using the IPS technique. The velocity and temperature profiles of the
ordinary version of Navier-Stokes equations in the ranges 0 <y <7 and -4 < S <0

at Pr = 0.7 were obtained. Moreover, we analyzed the normalized skin friction coeffi-
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cient, f”(1), and the normalized heat transfer rate, —6’(1). The IPS results showed its

efficiency compared to the ERK4.

The Last considered model was mentioned in chapter 6. Here, we succeeded
in employing the IPS method to the Lorenz system and figured out the evaluations of
its three variables in the chaotic regime. We also constructed the Lorenz attractors us-

ing the IPS method.

The TIPS method could be extended to PDEs. This will be worth working on

in order to find out some interesting traveling solutions of such equations.

The convergence of the IPS method is considered for a future work. Although
we do not have a solid proof yet, we strongly believe that the method is convergent.
This is conjectured by the systematic reduction in error upon increasing the number of

iterations or the number of terms in the power series.

We believe this technique will serve researchers in different fields working on
nonlinear systems. In particular, the technique will be very useful for systems de-

scribed by nonintegrable nonlinear differential equations.
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We present an efficient iterative power series method for nonlinear boundary-value problems that treats the typical divergence prob-
lem and increases arbitrarily the radius of convergence. This method is based on expanding the solution around an iterative initial
point. We employ this method to study the unsteady, viscous, and incompressible laminar flow and heat transfer over a shrinking
permeable cylinder. More precisely, we solve the unsteady nonlinear Navier-Stokes and energy equations after reducing them to
a system of nonlinear boundary-value problems of ordinary differential equations. The present method successfully captures dual
solutions for both the flow and heat transfer fields and a unique solution at a specific critical unsteadiness parameter. Comparisons
with previous numerical methods and an exact solution verify the validity, accuracy, and efficiency of the present method.

1. Introduction

Numerous phenomena in engineering and applied science
fields are governed by nonlinear boundary-value problems
(BVPs). Therefore, BVPs have received a huge attention from
mathematicians, physicists, and engineers for the sake of find-
ing and analyzing their solutions. Generally speaking, finding
the analytical solutions for nonlinear BVPs is far from trivial
and often is impossible. Therefore, many numerical tech-
niques have been developed to solve such type of problems.
These methods include Adomian’s decomposition method,
homotopy perturbation method, variational iteration
method, optimal homotopy asymptotic method, operational
matrices techniques based on various orthogonal polynomi-
als and wavelets, finite difference method, and spectral meth-
ods; the reader is referred to [1-6] and references therein.
The fluid dynamics and heat transfer of a viscous incom-
pressible fluid flowing past stretching surfaces, such as a
sheet or tube, have attracted considerable interests of many
researchers because of their importance in many industrial
applications such as the quality of certain products. One

of the most interesting conditions for stretching surfaces
problems is the velocity at the surface, where it mainly figures
the characteristics of the fluid based upon two essential
factors, fluid viscosity and suction parameter. A remarkable
interest of several researchers concentrated on tracking the
existence of dual solutions for the flow within a certain range
of unsteadiness and suction parameters [7-17]. Although, the
literature reveals numerous research papers discussing the
flow over a stretching sheet and moving plate [18-26], there
are only few studies focusing on the problem of flowing past a
stretching cylinder or tube; see [8-10] and references therein.

It is established that the differential equations describ-
ing the fluid flow BVPs are highly nonlinear and demand
extremely accurate numerical schemes. In this work, we
show that an iterative procedure, based on successive power
series expansions, provides one such high accuracy numerical
scheme. Often, using power series solutions turns to be use-
less because the resulting solution diverges at a finite radius
of convergence. The divergence is intrinsic to the nature of
the solution in the sense that it persists to exist even with an
infinite power series expansion. The method presented here



solves this problem showing that the radius of convergence
can be delayed arbitrarily to any large value. This value could,
in principle, approach infinity achieving exact solutions.

Among the many different methods of solving nonlinear
differential equations [27-33], the power series method is the
most straight forward and efficient [34]. It has been used
as a powerful numerical scheme for many problems [35-
43] including chaotic systems [44-47]. Many numerical algo-
rithms and codes have been developed based on this method
[34-36, 44-48]. However, the abovementioned finiteness of
radius of convergence is a serious problem that hinders the
use of this method to wide class of differential equations,
in particular the nonlinear ones. For instance, the nonlinear
Schrédinger equation (NLSE) with cubic nonlinearity has
sech(x) as a solution. Using the power series method to solve
this equation produces the power series of sech(x), which is
valid only for x < /2.

Recognizing that a powerful numerical scheme based
on this method is already established [34-36, 44-48], we
nonetheless present a thorough investigation of the error
associated with this method with the aim of showing how we
can systemically reduce errors to infinitesimal values while
having the Central Processing Unit (CPU) time within a
reasonable range. We will show robustness and efficiency of
the method via a highly demanding fluid flow boundary-
value problem. Therefore, solving the problem of finite radius
of convergence will open the door wide for applying the
power series method to much larger class of differential
equations, particularly the nonlinear ones.

Briefly, the present technique is based on iterative power
series expansions of the solution. The domain of the inde-
pendent variable, say #, is divided into a number I of
segments each of width A, where A is smaller than the
radius of convergence. A power series solution is obtained
by expanding the solution around the left end of the first
segment using the initial conditions given with the problem.
Similarly, a power series solution is obtained by expanding
around the start of the second segment but now using the
first series to calculate the initial conditions. This is repeated
I times till a solution at y = I x A is obtained. In the limit
I — ocoand A — 0 the series solution becomes an exact
solution. This scheme is effectively equivalent to an iterative
procedure of repeated iterative calculation of the recursion
relations of the power series in the first segment. Another aim
of this paper is to apply this method to study the unsteady
flow and heat transfer characteristics of fluid flow over a
shrinking permeable infinite long cylinder. We will show that
the iterative numerical scheme resulting from this method is
exceeding the efficiency of typical numerical methods used.
In addition, we managed to find an exact solution which
enabled us to calculate accurately the error for a finite value
of number of iterations I. It should be noted that the present
work is a part of the Master thesis [49].

The rest of the paper is organized as follows. In Section 2,
a mathematical representation of our method is illustrated
using a general form of nonlinear ordinary differential
equation, while henceforth we call it iterative power series
method. Sections 3 and 4 display the implementation of
the iterative power series method on the heat and mass
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transfer model. Section 5 focuses on analyzing the validity
of this present technique and demonstrating its efficiency
by drawing comparisons with the achieved exact analytical
solution and other numerical methods. In Section 6, we
analyze and discuss the properties of the solutions obtained.
We end with a summary of our main conclusions in Section 7.

2. General Scheme of the Iterative Power
Series (IPS) Method
In this section, we give a brief description of the present

method. Consider a general ordinary differential equation of
the form

ELF ). £ o0 " ()oees f (1), g ()] =0,

1€ (1o Moo »

1

with m initial conditions
FO) =axil, i=0,1,2,...,m—1, (2)

where f @ is the ith derivative of f(#), a; are real constants,
and g(r) is a known function. The factor #! is introduced,
without loss of generality, for the constants a; to correspond
to the coefficients of the power series expansion below. At
first, we divide the interval [#,, #] into a number of I identical
segments each of width A = (y — #y)/I. Then we expand
f(n) in a power series around the beginning of each interval,
namely,

: :nma" — (1, +iA))",
1) n;,,(w (my +A)) @

iN<h<(i+1)A, 0<i<],

where f*() is the power series expansion around the start of
the ith segment and &, are the coefficients of the power series.
Recursion relations between the coefficients are obtained
upon substituting the power series solution, (3), into the
differential equation, (1), which can be expressed in terms of
the first m coefficients corresponding to the initial conditions

a :af,({a;(}), 0<k<m n=m, (4)

n
where {aj} denotes the set of coefficients a}, al,...,a),_,. The
essential idea of the IPS method is to calculate the coefficients
{a,'(” } of the (i+1)th power series from the ith series according
to (2),

il ld_k i )| )
% = ag T Wlensns
which upon using (3) reads
. 1 e d
al==VYa  x—a" (6)
k[';o T dAK
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and is simplified to

o tee  faik
a = Za:”k X ( ¢ )A" (7)
n=0

and then imposes the condition n,,,, > k. Here, ("{*) is the
binomial function. The last equation is the basis for the IPS
algorithm. Starting from the initial conditions {a{} for the
power series of the zeroth interval, an iterative application of
(7) leads to the coefficients of the Ith interval, namely, {u,'{}
which give the solution at the desired point, 5 = 1, + IA,

Pinax

I = Y ayx(n=(no+18))". @)

n=0

Both analytical and numerical schemes may be deduced from
this algorithm. For the numerical scheme, the value of A
used is inserted as a number A = (7., — #)/1. On the
other hand, leaving 1 as a variable results in an analytical
solution in terms of a power series in # which is equivalent to
a functional transformation on the zeroth order series; that is,
the coefficients of the ith series are functional transformation
of the (i — 1)th series. In such a case the last power series
for the Ith interval corresponds to I such that functional
transformations and all power series expansions of the zeroth
up to (I -1)th intervals will be included in the I'th expansion.

The coefficient a; of each ith expansion represents the
value of the solution at 1 = #, + iA, which gives a discrete
representation of f(#). Therefore, in the limit I — o0, the
discrete representation turns to a continuous one and thus we
conjecture that the exact solution is obtained in the limits of

I — co and n,,,,, — 0
o1
. n
f(n) = Jim > a, x (11~ (10 + 18))". )
n=0

3. Heat and Mass Transfer Model

In this section we will employ the present numerical tech-
nique on heat and mass transfer over a shrinking permeable
cylinder described in Zaimi et al. [8] and Elnajjar et al.
[10]. For completeness, we redescribe precisely the phys-
ical model. The flow is considered an unsteady, laminar,
viscous, and incompressible fluid with uniform velocity U
and uniform temperature T, over a permeable shrinking
circular cylinder. The cylinder is assumed to be infinitely long
and the flow has constant properties. The diameter of the
cylinder is assumed to be time dependent with the radius
a(t) = ryy/1— Bt, where ry is a positive constant, 3 is the
constant of expansion/contraction strength, and ¢ is the time.
Clearly, the cylinder’s radius is shrinking with time if £ is
positive and stretching with time if 3 is negative. Notice that
since the flow is axisymmetric, the flow field should be a
function of the radial coordinate, r, and the longitudinal.
The governing equations for the unsteady and incompressible
fluid without body force are the continuity, momentum, and
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energy equations. These equations in cylindrical coordinate
system, (r, z), are given by

10 ou,
o (ru,) + % 0,
ou, u ou, ou,
ot Tor ‘oz

1 (Pu 10w Tu w

T opor arr  ror  9z2 it

(10)

du, ou, du

_dp (Fu 10w P,
a Worr "var T2 )

T2 _g(12 ()
ot "or  \ror\ or//)’

where r and z are the polar coordinates in the radial and
axial directions, respectively, u, and u, are the fluid velocity
components in the radial and axial directions, respectively,
and T is the fluid temperature. The function p represents
the fluid pressure and the parameters v, p, and « denote
the fluid viscosity, the fluid density, and the fluid thermal
diffusivity, respectively. Notice that we assumed that there
is no azimuthal velocity component. The assumed boundary
conditions associated with (10) for the velocity components
and the temperature are given by

o
ro\/"lTTﬁ'
. 4vz
©onQ-py
%
T, = 1——ﬁt+T°° (1)
atr=alt),
u, =0,
T=T,,
as r — 00,

where T, is the constant surface temperature and ¢, is a
positive constant.

The similarity transformations which convert (10) into
nonlinear ordinary differential equations are given by [8, 10]

N )

S T
_ 4z - (12)

u:_rg(l—ﬂt)j (’])’

T= (Ts =1 oo) (6(’1) - Tm) + Toor



where f'(57) = df /di and n is the similarity variable given by

ry 1
=|— ) 13
g (r(,) 1-pt ®)
In addition, it should be noted that f represents the dimen-
sionless stream function and 0 represents the normalized

temperature. Applying the above similarity transformations,
(10) and the boundary conditions (11) reduce to

F]f’”+f”+ff”—fr2—s(r]f"+fl) :0’ (14)
70" +0' (1+Prf-SPry)=SPrd =0, (15

subject to
f=y
f=-1
£ (00 =0, (16)
ey =1,
6 (co) =0,

where S = 12 3/4v is the unsteadiness parameter representing
the strength of contraction/expansion, y = —r,U/2v is the
suction parameter, and Pr = v/« is the Prandtl number.

Our main target is to solve (14) and (15), subject to the
boundary conditions (16), using the present technique in the
ranges 0 <y < 7and —4 < S < 0 at Pr = 0.7. In this study, we
will analyze the normalized skin friction coefficient, f"'(1),
and the normalized heat transfer rate, —6'(1).

4, IPS Method for Heat and
Mass Transfer Model

The following is a detailed implementation of the IPS method
used to solve (14) and (15) subject to the boundary conditions
(16). It is worth mentioning that (14) includes only the
variable f, while (15) includes both 6 and f. Therefore, it is
more convenient to find the variable f from (14) and then
solve (15). Furthermore, for the sake of simplicity, we render
(14) to an initial-value problem; that is,

e G A SO ) an
with
f=y
== (18)
ffa=A

where A must be chosen using the shooting method [10] so
that the solution satisfies the boundary condition f "(00) =
0. Notice that by setting different initial values for A in the
shooting method, dual solutions are obtained.
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As mentioned in Section 2, we start by expanding f(#) in
power series around the initial point #, = 1

Minayx
fm)=Yan-1, (19)
n=0
and the derivatives, for, f(w, and fom can be calculated
simply by differentiating this series. Substituted in (14), the
coefficients, a,, for n > 3, can be found recursively in terms
of the initial conditions af, a}, and a} through the recursion
relations. The first two recursion relations are given by
o_ Lo _,0 0 0
= 7 [(“1) - 2a, (l +a, —S) +axS],
o_ 1170y 0
a, = 1 [(a[) (S~2~uu)

+2a) (24 (@) +a) (3-29) -5 +8)

(20)

vl (20 +S(s-2-a))]-

Recalculating f(), fo'(r]), and ‘f{)”(r]) aty =1+ A gives

aé = f(J (A),
all = fﬂl (A), (21
a0

- 2

Now, ay, a;, and a; play the role of the initial conditions for
the next series expansion, where we expand the solution and
its derivatives in power series around ry = 1 + A

Mimax
fH)=Ya(r-a+a)". (22)

n=0

Resubstituting these power series expansions in the differen-
tial equation, we get the new recursion relations a,ll (aé s a% ) a; !
The next iterative step is to calculate fl(l]) and its first two
derivatives at # = 1+ 2A which will give the initial conditions
for the new power series. Repeating this process I times, the
general forms of the first two recursion relations of (14) are
found to be

1
a;:m[(a{)272a£(l+a(§~S~S1A) .
+a{S],
1 2 )
al= TIPS [(al) (-2-ay +5+51a)
+ay (2 (1 +18) + S (-2~ ay + S+ SIA))
(24)

2

+2a (S (=1~ 18) + (S + SIAY +2 + (a))

+ay(3-25-2518))],
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where
a = f1(8),
ai= (1) @ s
4:U“Imy

In summary, the IPS procedure can be reduced to the
following algorithm:

F&) =ay+ a8+ 00" + a0 +a,8" + O (A7), (26)

a = [(4),
a = f'(8), @)
"
A
oo 1O
2
where a; = ay(ay,a,,a,) and a, = a,(ay,a,a,) are the

recursion relations obtained from the differential equation.
We have removed the superscripts that indicate the index of
the iteration for convenience. The scheme is thus described
simply as follows: one starts with (26) to calculate f(A),
followed by updating the initial conditions according to (27)
and then using the updated values back in (26) and so on. The
procedure has to be repeated I times with A = (7 - 1)/1.
Similarly, for the energy equation

6" =1 (-6' (1+Pef-SPry) +Pi),  (28)
n
subject to
A1) =1,
(29)
6'(1) =0,

where ¢ must be chosen using the shooting method [10] so
that the solution satisfies the boundary condition 8(co) = 0.
We expand 6(#) in power series around the same initial point

Py

0" (n) = Y by (n-1)" (30)

n=0

and similarly for the derivatives, 6°" and 6°". Substituted in
(15), the coefficients, bf:, for n = 2, are found recursively in
terms of the initial conditions b and b}’ through the recursion
relations. Employing the IPS method, the first two recursion
relations are found to be

] ]

I 1 1
b= T Th [ByPrS +b] (=1 agPr + PrS

+IAPrS)],

99

5
1
b= —— |b'PrS(-2—a'Pr+ S (1 +IA) Pr
¥ 6(1+IA)2[01( ? ( VEx)
+ bll (2 + (a{))z Pr’ — Pr§ + Pr’S* — PrSIA
+ 2P S7IA + PSP IPA” — al Pr (1 + IA)
 §
+aipr(3-2Prs (1+ 1))
(31)
where
by =6"" (),
1 -1\ (32)
bi=(60") ().
5. Validation

In this section we aim at demonstrating the performance and
efficiency of the present numerical scheme. Firstly, in order
to obtain accurate numerical results, we have to pay attention
to the selection of the numerical algorithm parameters, I,
o> and 77, To achieve this target we focus on studying the
following:

JCHI = ;l.(_f'” "ff” + f’Z +S(f]f” +fl)),

n (33)
LSRN
with
fM=y
ff=- (34)
=
wher.e A is uPdated using the.shooti_ng method to satisfy t.he
condition f'(co) = 0. Notice that several recent studies

such as [10-16] reported the existence of a critical value of §
(named S,) at which the problem has no solution (for § > S.),
only onesolution (at S = S,), and dual solutions (for § < §,). It
is worth mentioning that we succeeded in finding the explicit
analytical form of the first solution for (33) subject to (34)
under a condition § = —1/y; that is

£ ) =y (35)

This exact solution will play a crucial role in proving the
advantages of our numerical scheme.

The approximate solutions of the problems (33) and (34)
at three different iterations I = 1,2, and 3, together with the
exact solution obtained by (35) when § = —l and y = 1,
are displayed in Figure 1. It is clearly seen that increasing the
number of iterations in the IPS method delays the divergence
point.

To achieve an “optimal choice” of #,,, we solve the
problem with 1, = 7,8,...,17. Table 1 shows the values of A
up to 50 digits corresponding to the values of . It is clearly
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6 Complexity
TABLE 1: Progressing of A values with 7, aty = land S = —1.
Hea A
7 1.06032130948772355259169445286450439527129433161564
8 1.02826614125492573507123370718399515004546832373446
9 1.01244316459533191876326159442255228857229463473780
10 1.00535010609275538041830857835707790239466505001516
1 L00221279175507729615034859048196423158532888754168
12 1.00084874204304334646862685662321915732040012124886
13 1.00030312215822976659593816307972112761442861473174
14 1.00016671718702637162776598969384662018793573810246
15 1.00003031221582297665959381630797211276144286147317
16 1.00003031221582297665959381630797211276144286147317
17 1.00003031221582297665959381630797211276144 286147317
TasLE 2: The upper bound of the error for the first solution at y = 2 and § = ~1 versus the CPU time at different values of r,,.
Max Ejpg CPU time (seconds)
3 =107 0.0156001
+ =107 0.0312002
5 =107 0.0780005
6 =107"° 0156001
7 =107 0.296402
8 =10 0.546004
Lo T R RO T T error will be magnified I times due to the iterative procedure.
=1 As a result, the upper bound of the error of the IPS method is
/]
I
05 / 1 Eyps = 1 (A" (36)
/ =2 1=3
ST Al ~ Table 2 presents the CPU time in seconds, which is
~ = \ X machine-dependent, versus the upper bound of the error,
il \ Eppg, of the IPS method for the first solution at y = 2 and
05| \ \I‘ j S = —1, where n,,, varies from 3 to 8.
'\l ! The exact solution, (35), provides a unique possibility of
| i calculating the error of the IPS method and comparing it
== 4 3 P 1‘0' 2 with that of other numerical methods. Figure 2 presents a

Ficure 1: Velocity profiles, f' (1), for the first solution; exact (solid)
and approximate (dashed) solutions at different I with § = —1 and
y=1L

seen that the value of A stabilizes at around 7, = 15; hence
we choose #,, = 15 as the optimal value for the rest of the
calculations in the entire paper. It should be noted that most
of the used numerical schemes for such type of problems, [8-
10, 17], had chosen #,, = 7 to represent the infinity which,
definitely, gave lower order of accuracy. This conclusion can
be easily tested via the exact solution (35) which gives f "(7) =
—-0.00247875 and f'(lS) = —8.31529% 10, However, we will
only show the interval up to 4, = 8 for the rest of the coming
figures.

The upper bound of the error in the IPS method can be
estimated as follows. At each iterative step an error of order
A== pesults from terminating the power series at 11, This

comparison between the error of the IPS method and the
explicit Runge-Kutta method of order four (ERK4) for the
problem at y = 1 and § = —1. The advantages of the present
technique over the other one are notable.

A further comparison is done in Figure 3 on the normal-
ized skin friction coefficient, f ""(1), as a function of S with
Zaimi et al. [8] and Elnajjar et al. [10] for the case when y = 0.
Excellent agreements are obtained. It should be mentioned
herein that Elnajjar et al. [10] used a combination of the
implicit Runge-Kutta method and the shooting method
while Zaimi et al. [8] implemented the shooting method
described in the book by Jaluria and Torrance [11].

It is worth mentioning here that our technique success-
fully showed its definite capability to exceed the machine
precision which is 107, A clear sign on this is the systematic
reduction in the error in Table 2 when compared with the
exact solution. Moreover, all computations are performed
with at least 14 decimal digits of precision, knowing that
all computations are operated using Mathematica software
10.4 and carried out on a Lenovo PC with the following
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FIGURE 2: Error of the IPS method (a) and ERK4 (b) for the case of y = 1 and § = —1. The error is defined as the difference between the
numerical solution and the exact solution (35).
' ‘ Fi luti 00
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e Elnajjar et al. [10]
*  Zaimi et al. [8]

FiGUre 3: Normalized skin friction coefficient, f”(l), as a function
of Sfory =0.

specifications: model: Z470, processor: Core(TM) i5-2430M
CPU @ 2.40 GHz, system type: 64-bit, and installed memory
(RAM): 4.00 GB.

6. Results and Discussion

In this section, we discuss the effects of both suction param-
eter, y, and unsteadiness parameter, S, on the velocity profile,
f'(q), the normalized skin friction coefficient, f”(l), the
temperature profile, 6(y), and the heat transfer rate, fG'(q).
The numerical simulations are conducted at a fixed Prandtl
number, Pr = 0.7, while the ranges considered for the other
parametersare 0 <y < 7and -4 < S < -1.

Figure 4 shows the first and second solutions of the
velocity profiles for y = 0,1, 3, 5,7 with a fixed unsteadiness
parameter, § = —2. It is clearly seen that the first solution for
the fluid velocity inside the boundary layer region increases
as y increases, while the second solution shows an opposite
trend. In addition, the two solutions of the velocity profile

F16URE 4: Velocity profiles, f' (), for different values of y at § = —2:
first solution (a) and second solution (b).

become steeper with higher magnitudes as y increases.
These observations emphasize the effect of increasing the
suction parameter of the cylinder’s wall which is to decrease
the boundary layer thickness. Consequently, increasing the
suction parameter causes an increment in the normalized
skin friction coefficient for the first solution and decrement



8
0 -
YEZLL5 L0500 | r
~10 F e el e e 1
= =20f ]
~
—30F7 7
B y=0,05,1,152
_40 k.= e 4
750 ) 1 1 il il L L L
-40 -35 -30 -25 -20 ~-15 ~-10 -05

S

F1GURE 5: Normalized skin friction coefficient, _f”(l), as a function
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FIGURE 6: Temperature profiles, 0(s), for different values of y at § =
—2: first solution (a) and second solution (b).

in the normalized skin friction coefficient for the second
solution, as clearly shown in Figure 5. These findings are
consistent with the results reported by Elnajjar et al. [10] and
Zaimi et al. [8].

Figure 6 presents the temperature profiles of the fluid
flow, (1), at S = =2 and y = 0,1,3,5,7. It is obviously
noticeable that both solutions for temperature profiles admit
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FIGURE 7: Heat transfer rate, —0'(1), as a function of § for different
values of y: the first solution (solid) and second solution (dotted).

similar behaviour, where they become wider and more
relaxed as the suction parameter decreases. These kinds of
behaviour inspire us to conclude that the developed thermal
boundary layer and the corresponding rate of heat transfer
are decreasing as S increases. However, the second solution
depicts more relaxed behaviour compared with the first
solution. This slight difference between the first and sec-
ond temperature profiles indicates that the second solution
reflects higher thermal boundary layer than the first solution
and, thus, a larger rate of the heat transfer as confirmed by
Figure 7.

The variation of both the normalized skin friction coeffi-
cient, f”(l). and the heat transfer rate, —-6'(1), as functions
of S, are shown, respectively, in Figures 5 and 7 for y =
0,0.5,1,1.5,2. The results demonstrate the existence of a
critical value S, in the S-domain at which the problem has
no solution for § > S, only one solution at § = S_, and dual
solutions for § < S_. Figure 5 shows that | f’ "(1)| increases
as y increases which is due to the increase in the surface
shear stress coefficient. Moreover, we observe that | f"(1)|
is decreasing with S. However, Figure 7 clearly shows that
increasing y will definitely increase the heat transfer rate
while increasing S causes a decrease in the heat transfer rate.

Figure 8 displays the first and second solutions of the
velocity profiles for § = —1, -2, -3, -4 with a fixed value of the
suction parameter, y = 1. Generally speaking, the behaviour
of f'(n) is very similar to the case of the variable suction
parameter; that is, increasing the unsteadiness parameter
produces steeper behaviour in the velocity profiles for the first
solution while the second solution shows an opposite trend.
In agreement with the case of the variable suction parameter
in Figure 4, increasing the unsteadiness parameter will then
cause a reduction in the thickness of the boundary layer.

Figure 9 presents the temperature profiles of the fluid flow,
0(n),at y = 1 and § = -1, -2, -3, —4. Clearly, the increase in
the unsteadiness parameter or the suction parameter leads to
the same trend.

Finally, we end up our discussion with Figure 10 which
presents an overview of the solution for problems (14) and
(15) subject to the boundary conditions (16) in the y-S domain
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FiGURE 8: Velocity profiles, f'(q), for different values of S at y = 1: first solution (a) and second solution (b).
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FIGURE 9: Temperature profiles, 6(r), for different values of S at y = 1: first solution (a) and second solution (b).
0.0 g - v 7. Conclusions
” ) In this work, we presented a numerical technique for solving
sl Naspiahoreregion i nonlinear BVPs based on iterative power series solutions.
- . We have demonstrated its efficiency and accuracy through
g 350“‘”,0 validation against the numerical ERK4. We have shown that
: o our method excels over the ERK4 by orders of magnitude
=L ’ j in accuracy. Moreover, the accuracy in our method is sys-
: tematically controlled such that the error can be reduced
Dual solutions region " :
to any arbitrary small value. We successfully studied the
“1sf J unsteady viscous flow over a contracting cylinder using the
06 05 1.0 18 5t present techmqule. The: velqc1ty and temperature pro‘hl‘es of
p the ordinary version of Navier—Stokes equations for different

FiGure 10: An overview of the solution for problems (14) and (15)
subject to the boundary conditions (16) in the y-§ domain.

for Pr = 0.7 and 0 < y < 2. The straight line in this figure
represents the occurrence of unique solution of the problem.

suction and unsteadiness parameters are calculated. We have
obtained the exact solution of the first solution of the fluid
flow under a specific condition, § = —1/y, and have employed
it to emphasize the efficiency of the present numerical
technique.

The convergence analysis of the IPS method is considered
for a future work. However, we strongly believe that the
method is convergent. This is conjectured by the systematic
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reduction in error upon increasing the number of iterations
or the number of terms in the power series. We believe
that this technique will serve researchers in different fields
working on nonlinear systems. In particular, the technique
will be very useful for systems described by nonintegrable
nonlinear differential equations.
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