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ABSTRACT

In this thesis, we look at the general affine pricing model introduced in [11].
This model allows to price geometric Asian options, which are of big interest due
to their lower volatility in comparison to, for example, European options. Because
of their structure and in order to be able to price these options, we look at the
basic theory of Lévy processes and stochastic calculus. Furthermore, we provide the
detailed description of the parameters of the pricing formulas for some popular specific
single-factor stochastic volatility models with jumps and generalize the approach of

[11] to multi-factor models.
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INTRODUCTION

In this thesis, we look at [11] introduced by Hubalek, Keller-Ressel and Sgarra.
In their paper, they present a general model for the prices of geometric Asian options
in affine stochastic volatility models with jumps. There is a growing interest in Asian
options because in difference to European options, they take the average price instead
of the price at some point in time into account, which as a result reduces the volatility
of these options, i.e., the risk. Furthermore, affine models are quite easy to handle
but can still approximate the real world very well, which makes [11| an interesting
paper. For a more general overview regarding affine models, we refer to [8] and [9)].

This thesis is structured as follows. In Section 1, we discuss the basic theory of
Lévy processes and noncontinuous stochastic calculus. In the second section, we turn
to the pricing model given in [11| and provide the proofs for the statements that are
made there in order to get a further understanding of the concepts. At the end of that
section, we state and prove formulas for the prices of the geometric average price and
the geometric average strike Asian option, for which a system of differential equations
involving the so-called functional characteristics has to be solved. In Section 3, we
look at all specific stochastic volatility models with jumps that were discussed in
[11] and present further models and again provide all the proofs in detail. In the
fourth section, we generalize the approach as given in [11]| from single-factor models

to multi-factor models.



1 PRELIMINARIES

This section introduces some basic concepts regarding noncontinuous stochas-
tic calculus. We focus especially on Lévy processes, which we will also introduce.
To come up with the main result regarding Lévy processes, i.e., the Lévy—Ito de-

composition, we first look at infinitely divisible distributions. Here we closely follow
[2].
1.1 INFINITE DIVISIBILITY

Definition 1.1.1. A random vector X :  — R? is called infinitely divisible if for every

n € N, there are iid random vectors Y7, ...,Y,, such that

XEYi+.. . +Y,.

Remark 1.1.2. It is well known that X is infinitely divisible if and only if for its
characteristic function ¢x and for every n € N, there is a characteristic function ¢y

such that

dx = (oy)".

Some examples of infinitely divisible distributions are the normal distribution
as well as the (compound) Poisson distribution.

For the next result, we need one further definition.



Definition 1.1.3. Let v be a Borel measure on R4\ {0}. Then v is called a Lévy measure

provided

/ (9P A Dw(dy) < .
R4\ {0}

Theorem 1.1.4 (Lévy—Khintchine formula). Let u be a d-dimensional Borel measure.
Then g is infinitely divisible if and only if there are b € R?, A € R symmetric

positive definite and a Lévy measure v on R4\{0} such that for every u € R?

(1) = exp {z’(b, u) — %(u,Au) + /R (e =1 —i(u, y)xy<1) V(dy)}-

“\{0}

This result is amazing. It means that we can uniquely represent every charac-
teristic function of an infinitely divisible distribution by this expression.
In the next subsection, we will see that we have a similar result for Lévy

processes.

1.2 LEVY PROCESSES

We begin with the definition of a Lévy process.
Definition 1.2.1. A stochastic process X is called a Lévy process if
(L1) X(0) =0,
(L2) X has independent and stationary increments,

(L3) X is stochastically continuous, i.e.,

lim]P’HXt — X;s| >¢]=0forall € > 0.
—s



Observe that (L3) due to (L1) and (L2) is equivalent to
limP[| X;| > ¢] =0 for all € > 0.
N0

Lemma 1.2.2. Every Lévy process is infinitely divisible.

Proof. Let (X;);>0 be a Lévy process and let ¢ > 0. Then, due Definition 1.2.1, we

have

n
d
X, = g Xy — Xjp-1,
n n
k=1

where the terms are all independent and identically distributed. Hence, denoting

Y, := X;x — X,r—1, we have shown the claim. O

With this knowledge, we note that we can use the results obtained in Subsec-

tion 1.1 and hence get the Lévy-Khintchine formula for Lévy processes.
Theorem 1.2.3 (Lévy—Khintchine for Lévy processes). Let (X;):>o be a Lévy process.
Then

E[e'X)] = exp {t {i(b, u) — %(u, Au) + /]R (Y — 1 —i(u, y)x|y<1) V(dy)} } :

“\{0}
where (b, A, v) are called the characteristics of Xj.

Remark 1.2.4. Observe that, due to the uniqueness of the characteristic function,
the distribution of a Lévy process is uniquely determined by the distribution of the

process at one point in time. For simplicity, it is convenient to choose X;.



1.3 POISSON INTEGRATION

We introduce the Poisson integration in several steps. First of all, we count

the jumps of a Lévy process X until time ¢ > 0.

N(tA) =#{0<s<t: AX (w) €A} = > xa(AX,(w)),

0<s<t

where AX is the jump process, i.e., AX; = X; — X;_. Further, we have
MM@M:/N@&WW)

and we call p(-) = E[N(1,-)] the intensity measure.

Theorem 1.3.1. If A is bounded below, i.e., 0 ¢ A, then N(t,A) < oo a.s. for all

t > 0. Furthermore p(A) < oo and (N(t, A))i>o is a Poisson process with intensity
p(A).

Before we get to the Poisson integration, we introduce the following.

Definition 1.3.2. Let A be bounded below and ¢ > 0. Then we define the compensated

Poisson random measure N (¢, A) by
N(t, A) = N(t, A) — tu(A).

Observe that N(t,A) is a martingale valued measure, i.e., for all fixed A

bounded below, (N(t, A)):>o is a martingale.

Now, we can finally define the Poisson integral.

Definition 1.3.3. Let N be a Poisson random measure associated to some Lévy process

X. Let further f : R? — R? be Borel measurable and A be bounded below. Then for



all t > 0 and w € €, the Poisson integral of f is defined to be

/Af(x) (dt, da)(w) =Y f@)N(t, {z})(w) = Y FAX,)xa(AX,).

€A 0<u<t

Theorem 1.3.4. Let A be bounded below. Then for every t > 0, [, f(x)N(t,dz) has

a compound Poisson distribution, i.e.,

o i ([ f@nean) ] =ew{t [ @ -1 uan}.

Furthermore, we can define the following.

Definition 1.3.5. Let f € L'(Q, A, ua) and ¢ > 0. Then the compensated Poisson

integral is given by

/f td:z: /f td:v—t/f

Similarly to Theorem 1.3.4, we have

e {i (. [ f@F (o)} =ew{e [ @1 i) watin)}.

1.4 THE LEVY-ITO DECOMPOSITION

Now we are ready to state the following fantastic result.

Theorem 1.4.1 (Lévy—It6 decomposition). Let X be a Lévy process. Then, there exist
b € R?, a Brownian motion B, with covariance matrix A and an independent Poisson

random measure N on (RT x R?\{0}) such that for all t > 0

aN(t, dz) + / eN(t,dz).

|z[>1

X; = bt + Ba(t) +/

lz|<1



This means we can write any Lévy process as the independent combination
of a Brownian motion with some drift b and covariance matrix A and some Poisson
random measure N, i.e., each Lévy process can be split up in its continuous and
its jump part. Furthermore, the jump and the continuous part are independent of
each other and the decomposition is unique. This makes Lévy processes a very good

instrument to, for example, improve pure jump or pure continuous models.

1.5 MARKOV PROCESSES

A wider space of stochastic processes are the so called Markov processes, which

are characterized through the following.

Definition 1.5.1. Let (F;):;>o be some filtration. An adapted process is a Markov pro-
cess if for every f € B,(RY), i.e., all functions that are bounded and Borel measurable

on R% and 0 < s <t < oo

i.e., the process only depends on the present, not on the past. Define further the

operator T, by
(Tsrf) () = BIf (X)X = a].
Definition 1.5.2. A Markov process is called normal if
T (By(RY)) C By(R?) for all s, t.

Theorem 1.5.3. Let X be a normal Markov process. Then

(i) T4 is linear,



(ii) T,s =1,
(i) T,sThy = Tho.
Definition 1.5.4. A Markov process is (time-)homogeneous if Ts; = Tp ;.

Remark 1.5.5. A family of linear operators on a Banach space that fulfills Ty, = T,T;

is called a semigroup.
Definition 1.5.6. A homogeneous Markov process is a Feller process if
(i) Ty(Co(R?)) C Co(RY) for all t > 0
(ii) limyo || T3S — fll, = 0 for all f € Cp(RY).
Theorem 1.5.7. Every Lévy process is a Feller process.
Definition 1.5.8. Let (73):>0 be an arbitrary semigroup on some Banach space B.

Define

Dy = {1/) € B : There exists ¢ € B s.t. 1{%'

22t

and let Ay = ¢p. Then, Ay = limy T“wa and A is called the (infinitesimal)

generator of (7});>o.

Remark 1.5.9. If (7}):>0 is a Feller semigroup associated to a Feller process X, then

A is called the generator of X.

Theorem 1.5.10. We have

T, Ap = ATy



1.6 STOCHASTIC INTEGRATION FOR LEVY PROCESSES

Now we go back to Lévy processes and state [t6’s formula for general Lévy
processes. We do this in three steps. First we recall the It6 formula for the continuous
case and then we go on to the Poisson case and finally end up with It6’s lemma for

general Lévy processes. To do this, we have to introduce the following.

Definition 1.6.1. (i) The quadratic variation between two Brownian integrals X; =

[y FldB, + [, Glds and Y; = [, F2dB, + [ G2ds is given by
t
(X,Y], = / F!F?ds,
0

i.e., d[B, B]; = dt where B is a standard Brownian motion.

(ii) Let now X,Y be Lévy processes, i.e.,

t t t
Xt:X0+/ F;st+/ G;ds+/ /K;(a:)N(ds,da:)
0 0 0 A

and Y accordingly. Then we have

t
[X,Y], = / F/Flds+ >  AX,AY,,
0 0<s<t
i.e., the discontinuous Poisson part is added to the quadratic variation.
Furthermore, we have that d[N, N|, = dN;.

With this definition, we can now give the first version of It6’s lemma.

Theorem 1.6.2 (Ito’s lemma for continuous stochastic integrals). Let f € C?(R?). Let

further X, = [ FidB; + [, Gyds. Then

d t oy C1 d toog2 i '
x50 =3 | g (KIXE+ 53 || G PN .
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For pure Poisson stochastic integrals, i.e., X; = Xo+ fo [, Ks(z)N(ds, dx), w

have the following.

Theorem 1.6.3 (Ito’s lemma for Poisson stochastic integrals). Let X be a Poisson

stochastic integral and let f € C'(RY). Then
t
FO0) = 10%0) = [ [ 170+ Kufe) = X)) Vs o)
0
For simple Lévy processes with A bounded below, i.e.,
t t t
X = Xo +/ Gsds + / F,dBq +/ / K (x)N(ds,dz), (1.1)
0 0 0o Ja

we have the following:

Lemma 1.6.4 (Itd’s lemma). Let X be as in (1.1) and let f € C?(R%). Then

F(X0) = F(Xo) Z/%Z axi(s Z/%mj X X,

// (X, + Ku(2)) — f(X,)] N(ds, dz),

where X (s) denotes the continuous part at time s, i.e., dX.(s) = Gsds + FsdB;.
By the Lévy-It6 decomposition (Theorem 1.4.1), we know that we can display

any Lévy process as

dX, = G,dt + F,dB, + H,(z)N(dt,dz) + K (z)N(dt, dz), (1.2)

|z[<1 lz|>1

such that we now can state the most general version of It6’s lemma for Lévy processes.



11

Theorem 1.6.5 (It6’s formula for general Lévy processes). Let X be a Lévy process

as in (1.2) and let f € C*(R?). Then

d

F(X0) ~ F(X) Z [ s axics) + ;Z || g a2
/ / O ) = X)) Vs )
i / / O Hafa) = X)) N, da)

//W[ (X. 1 (o) i

In [2], it is furthermore shown that this result can be simplified to the following.

)] v(dz,ds).

Theorem 1.6.6 (Itd’s formula—2nd version). Let X be a Lévy-type stochastic integral

and let f € C*(R?). Then

Sometimes it is more convenient to work with the first version, and that is

why we have mentioned both here.
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2 THE MODEL

In this section, we deal with the model introduced in [11]. In [11], there are
mainly statements without proofs. We go over most of these statements and give

proofs in order to better understand the model and to confirm the results.

2.1 MODEL SETUP

Fix T'> 0 and let (2, F, (Ft)o<t<T, P) be a stochastic basis satisfying the usual

hypotheses and such that all processes, that we introduce, exist.

Definition 2.1.1. A stochastically continuous time-homogeneous Markov process
(Xt,P?)¢>02ep With state space D = R x R" is called an affine process if there are

functions ¢ : Ry x U +— C_ and ¢ : Ry x U — U such that
logE [e“Xt]XU} = ¢(t,u) + Xoyp(t,u) for all (t,u) € Ry x U,
where
Co:={ueC:Ru) <0}, U:=C" xiR".

The logarithm above denotes the distinguished logarithm in the complex plane
such that ¢ and ¢ are jointly continuous.
Since (X, P*) is a time-homogeneous Markov process, Definition 2.1.1 can be

extended to general 0 < s < t, i.e., we have the following.

Lemma 2.1.2.

logE [¢"*|X,] = ¢(t — s,u) + Xsb(t — s,u) for all 0 < s < ¢.
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Proof. Let 0 < s < tandlet f,(z) = e“* for u € U. Observe that f, € By(D). Denote
by Ts: = E[f.(X}:)| X] the associated operator of the Markov process X = (X, P?).

Since X is time-homogeneous, we have T, = Tj,_, and with z € D, we get

E[fu(Xt)’Xs = .I'] - TS,t(x) = TO,t—S<x) = E{fu(Xt—sﬂXO - .7}]

= ¢t —s,u) +xp(t — s,u).

Since x € D was chosen arbitrarily, we get the claim. O]

Definition 2.1.3. An affine process is regular if

9 9
Flu) = a—f(t,u)h:m, R(u) = a—f(t,u)it:w

exist for all v € U and are continuous at u = 0. (F(u), R(u)) are called functional

characteristics of (X;).

Remark 2.1.4. It has been shown in [14] that any affine process as defined in Definition

2.1.3 is regular, i.e., F'(u) and R(u) are well defined.

We are interested in stock prices given by S; = exp{(r — q)t + X}, where r
is the risk-free return and ¢ denotes the dividend yield. Hence X, is the discounted
dividend-corrected log price, where dividend corrected in this context means that we
add up the dividends. For more details on dividend models, c.f. [5].

Furthermore, we model the volatility of the price process. Let (V;)i>0, Vi : Q2 —
Ry, Vo > 0, be such that (X;, V) is a stochastically continuous time-homogeneous

Markov process.

Definition 2.1.5. (X, V}) is called an affine stochastic volatility (ASV) model if

logE [e“Xter‘/t\Xo, Vol = o(t,u,w) + Xou + Vorb(t, u, w).
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Observe that a bivariate model has functional characteristics F, R = (R, Ry).
For an ASV, we have R; = 0. Hence we denote the functional characteristics by F

and R = R,.

Theorem 2.1.6. [11, Theorem 1] Let (X3, V;)¢>0 be a regular ASV process. Then there
exist positive semidefinite matrices a,«, b, 3 € R?, ¢, > 0 and Lévy measures m,

on R? such that

F(u,w) :%(u, w)a(u, w)” + blu,w)" — ¢

eux-i-wy_l_hF T, u’wT mda:,d :
+ /D\{O} ( (2, ) (u, w)") m(dz, dy)
R(u, w) Z%(u, w)a(u, ) + Blu,w)’ —~

+ / (e" ¥ — 1 — hp(z,y)(u,w)") p(dz, dy),
D\{o}

where hr and hp are suitable truncation functions. Moreover ¢ and 1 fulfill the

generalized Riccati equations

Op(t, u,w) = F (u,y(t,u,w)), ¢(0,u,w) =0, (2.1)

O(t,u,w) = R (u,¥(t,u,w)), (0, u,w) = w. (2.2)

The first part follows by showing that R and F' are the logarithms of char-
acteristic functions of weakly infinitely divisible processes, and then the statement
follows by the Lévy-Khintchine formula (Theorem 1.1.4).

For the second part, we need the following lemma:

Lemma 2.1.7. Let ¢ and ¢ be as in (2.1) and (2.2). Then, we have the semiflow

property

ot + s,u,w) = P(t, u, w) + (s, u, Y(t, u,w)),

Wt + s,u,w) = (s, u, Y(t, u,w)).
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Proof. Let fr ) (z,y) = €™ and Ty, f(x,v) = E[f(X,, V)| Xs = 2, V, = v]. De-

noting 7, = 1o, we have

Ts+tf(u,w) (J?, U) = eqﬁ(s—i-t,u,w) f(u,z[)(s+t,u,w)) (ZE, U) .

On the other hand, we have

Ts—i—tf(u,w) (IE, U) = T‘t,s—i—t o ZZ“;5]6(11,10) ([E, U)

= s(eqb(t,u,w) f(u,w(t,u,w)) (l’, U))

= ed)(t’u’w)+¢(S’u’¢(t7u’w))f(u,w(s,u,w(t,ww))) (2, v).

Now taking logs and comparing the two approaches, we get

ot + s,u,w) = P(t, u, w) + (s, u, Y(t, u,w)),

Wt + s,u,w) = U(s,u, Y(t, u,w)),

i.e., the claim follows. [
Now we are able to prove the second part of Theorem 2.1.6.

Proof. The boundary conditions ¢(0, u, w) = 0 and (0, u,w) = w hold by definition.

So it is enough to prove, using Lemma 2.1.7, the differential equations (2.1) and (2.2):

ot + s,u,w) — o(t,u, w)

8t¢(t, U, w) = h\rlr(l) .
— lim (s, u, Y(t,u,w)) — ¢(0, u, Y(t, u, w))
s\0 S

- s¢(5’uvw(t7u7w))|s=0+ - F(Uﬂﬁ(tﬂ,w)),
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where the second equality holds due to ¢(0, u, ¥ (¢, u,w)) = 0. Similarly, we have

Wt + s,u,w) — P(t, u, w)

O(t, u, w) = lim

s\0 s
i Ul w ot ww)) — (0, u, (v, w))
s\0 3

= sw(&uvd](tvu?w)”s:o* = R(uad}(tvu’ w))

This completes the proof. O

Proposition 2.1.8. [13, Corollary 2.7] Let (X;,V;) be a regular ASV process and let

X(w) = G2 (u, ) w=o-

(i) Suppose F(0,0) = R(0,0) = 0 and x(0) < oo. Then (eXt);>q is conservative,
i.e., there are no moment explosion and no killing rates (¢ = v = 0 in Theorem

2.1.6).

(ii) Suppose (eXt);>¢ is conservative. Then (eX*);>¢ is a martingale if and only if

F(1,0) = R(1,0) = 0 and x(1) < oc.

Proof. We just state the proof for the statement that was given in [11], i.e., "<" of
(7). The rest can be found in [13]. We have 1 > 0 a.s. Since (X3, V;) is a Markov

process, we get
E [e¥|F] = E[e% |V, X] = exp{6(t —5,1,0) + Vio(t — 5,1,0) + X, }.

Hence, (eXf) is a martingale if and only if (X});>0 is conservative and ¢(¢,1,0) =

£>0
¥(t,1,0) = 0 for every t > 0. Let (eXt) be conservative, then also (X;);>o is conser-
vative. Let further F'(1,0) = R(1,0) = 0. By Theorem 2.1.6 we know that 1 satisfies

the differential equation

o(t, 1, w) = R(1,4(t, 1,w)), (0,1,w) = w.
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Observe that 1(t,1,0) = 0 is a solution to this ODE with w = 0. Since R(1,w)
is continuously differentiable on (—oo,0) by assumption, it is also Lipschitz on this
interval. Since ¢(1) < oo, R(1,w) is Lipschitz on (—oo, 0]. Therefore the ODE omits
a unique solution, i.e., the trivial solution is the only solution and hence we have
¥(t,1,0) = 0. A similar argument shows that ¢(t,1,0) = 0. Hence we have shown

that (eX*);>0 is a martingale. O

2.2 INTEGRAL FUNCTIONALS FOR ASV MODELS

Define the associated integral processes of X and V' by

t t
Y, :/ X.ds, Zy :/ Vids.
0 0

Now we can state the following proposition.

Proposition 2.2.1. [11, Proposition 2| Let (X3, V;) be an ASV model with functional

characteristics (F, R). Then the joint law of (X, V4, Y;, Z;) is described by

logE [eu1Xf,+u2Vt+u3Yt+u4Zt |X07 }/0] :(I)(t7 U, Us, U3, u4) + (ul —+ USt)XO

+ \Ij(t7 Uy, Uz, Us, U4)‘/E),
where

® = F(uy + ust, V), ®(0) =0,

‘i/ = R(Ul + U3t, \II), \I[(O) = U2.

For the proof of Proposition 2.2.1, we need the following theorem, which we

state without proof.
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Theorem 2.2.2. [12, Theorem 4.10] Let (X, P*);>0.cp be a cadlag regular affine pro-
cess on the state space D with functional characteristics (F,R). Let further Y; =
fg Xods, P@Y) = P" 00!, where 6, is a shift operator. Then, (X;,Y;);>0 is a regular

affine process on D? under P®¥) with functional characteristics

- - R(ug) + uy
F(ug, uy) = F(u, z), R(ug,uy) =

0

Proof of Proposition 2.2.1. Applying Theorem 2.2.2 to (X3, V;)i>0 yields the affinity
Of (Xt7 ‘/27 Y;h Zt); i'e'7

lOgE [eUIXt+UQw+U3E+U4Zt‘X07 }/07 }/07 Z0:| :q)(t) + wl (t)XO + ¢2(t)‘/()

+13(4) Yo + (1) Zo.

Furthermore, Theorem 2.2.2 gives

D(t) = F(ihr, 2,3, 0) = F(1,12), ®(0) =0,
_ R+ |
R(1, 9, 03,94) = o] s 0i(0) =y, i =1,2,3,4.
0

Noting that the functional characteristics of an ASV are F' and (0, R) yields

Ui(t) = Ps(t), ¥1(0) = uy,
Un(t) = R(1(t), a(t)) + a(t), P1(0) = ug,
s(t) =0, 1 (0) = us,

Ya(t) =0, Y1(0) = us.
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We see that 13(t) = us, ¥4(t) = uys. Hence 1(t) = uy + ust and finally

%(t) = R(uy + ust, o(t)) + uy.

Noting that Yy = Zy = 0 and denoting W = 1), gives the claim. O

2.3 CHANGE OF NUMERAIRE FOR ASV MODELS

In [11], the authors change the numéraire from the dividend corrected bond
(Bt)i>0 = (e(”*qﬂ)po to the stock (S;)i>0. Also they denote the martingale measure
w.r.t. (By)i>o by Q and w.r.t. the stock by Q'. The associated expectations are

denoted by E° and E!. Furthermore
log ]EO [eUlXt—’_UQVt ’X07 ‘/0] = ¢O (tv U, u?) + XOQS(l) (tv Uz, u2) + ‘/0ng (tv Uz, ’LLQ)-

The density process is given by

aQ' 40 _SMBO) _ SO _ .,

a0 = 005 = BMS©) 15~ BBS0)

To get further insight, the authors give the following lemma.

Lemma 2.3.1. |11, Lemma 1] Let (X,V) be affine under Q" with functional character-

istics F* and R°. Then (X, V) is affine under Q' with functional characteristics

F'(u,w) = F'(u + 1,w), R'Y(u,w) = R(u + 1,w).
. : . Q EF[X B |7y | 7]
Proof. To see this, we use Bayes’ rule, i.e., E¥ [X|F] = ——5—"— forall T > ¢

W‘}'t

1
Xo, Vo} : W)
W’fo

and equivalent measures Q,P. We have

Q@

log B [e"* V| Xy, V] = log (EO {e“xﬁwvﬁ 10

Fi
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= log B [e** i VieXi X0 | X V]
_ lOg ]EO [e(u+l)Xt+th’XO’ ‘/O:| . XO
= ¢"(tu+ Lw) + Xo (¥t u+ Lw) — 1) + Vogy(t,u + 1L w)
=1 0" (1w, w) + Xowy (¢ v, w) + Vty (8 v, w).
Hence, we get F'(u,w) = F°(u + 1,w) and R*(u,w) = R%(u+ 1,w). O

If we assume that (e*t);>0 is a Q° martingale, then by Proposition 2.1.8 (ii),
we have F°(1,0) = R%(1,0) = 0 and hence F'(0,0) = R'(0,0) = 0. The next lemma

describes the connection between X and its associated integral process Y.

Lemma 2.3.2. [11, Lemma 2| Let (X,V) be an ASV model. Then the joint law of
(X,Y) under Q' is described by

log B! [e" X+ X0, Vo] = ®(t, u, w) + (u+ wt) Xo + (¢, u, w)Vp,
where

d=F(u+1+wtV), ®(0) =0,

U= R(u+1+wt, V), v(0) = 0.
Proof. Applying Proposition 2.2.1 yields
log E' [ Y| X, Vo] = ®(t, u, w) + (u + wt) Xo + U (t,u,w)Vj,
where

d = Fl(u+wt, V), ®(0) = 0,

U = RY(u+ wt, ¥), T(0) = 0.



21

Now, by Lemma 2.3.1, we get
Fllu+wt,¥) = F(u+1+wt,¥) and R'(u+ wt, ¥) = R(u + 1+ wt, V).
This concludes the proof. O

2.4 GENERAL RESULTS FOR GEOMATRIC ASTAN OPTIONS
Denote the geometric average log return process (until time T°) by

_ 1 [t Y,
X, =r— — Xds =1 — —
=T q—l—T/O s=r q—l—T

and let the geometric average stock price process (until time T') be given by

~ S 1 t Y
StIEXt:eXp{T_q—i_T/O'Xsds}:exp{r_q—i_%}.

Remark 2.4.1. Note that these processes only display the average at ¢ = T". This is

good enough for our purposes since we are only interested in this point in time.

To get the formula for the average price Asian option, we need the following

corollary which follows immediately from Proposition 2.2.1.

Corollary 2.4.2. [11, Corollary 2| Let (X,V) be an ASV model. Then the law of
Y, = f[f X,ds is described by

log E [€"*| X0, Vo] = ®(t, w) + wtXo + Vo (¢, w),
where

d = F(wt, V), ®(0) = 0,

U = R(wt, U), T(0) = 0.
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Before we give the formulas for the geometric Asian options, we recall that the

payoff at maturity 7T of an

(i) average price Asian call option is given by (§T - K ) :
+

(ii) average strike Asian call option is given by (ST — §T> .
+

Here K denotes the strike price, St is the price at time T and §T is the (here:
geometric) average price over the period [0,7]. Furthermore recall that the price at
time 0 <t < T of an option is given by the present value of its future cash flows.

Now we are ready to state the first result.

Theorem 2.4.3. [11, Theorem 2| Suppose there exists a > 1 such that
E [e“XT] < 0.
Then the time zero value of a geometric average price Asian call option is given by

R —rT a+100 1 u K
E|e~T (S - K) ‘X Vol = < / — ) =Ty
[e ’ T R 2 J, K) u(u—1) ‘ "

—1300

with cumulant function k(t,u) = logE [e“Xt|X0, Vo]. Furthermore,
(T, u) =u(r —q) + &(T, u) + uXo + (T, u) Vo,
where

,w) | 6(0,u) = 0,
,1/1) | $(0,u) = 0.



Proof. First observe that a standard inverse Laplace transform gives

~ _ 1 a+1i00 1 u K _
S —K) :(XT—K) - _ —UXTd )
< g + ‘ + 2w K u(u—l)e "

a—100

Hence, using Fubini’s theorem, we get

R T a+1i00 1\% K o
E[JT _K X,V}:E € / 2 B ufry ‘X,V
e (ST )+| 05 V0 |: I aico K u(u — 1)6 UlAo, Vo

e T a+1i00 1\" K _
= — | ——E [ uXr | X, ,V] d
2mi /a (K) u(u —1) e | Xo, Vol du

—100

—rT  pratico u
_¢c / LN K kg,
2t J, K) u(u-—1)

—100

We still have to verify the formula for «(T,u). By Corollary 2.4.2, we have

K(t,u) = logE [e“Xt‘XO, VO] =logE [e“(’"_qH%YﬂXO, VO}

U ut U
—u(r—q)+<1>(t,f>+7X0+VO\I/(1§,T),

where

<
I
=
—
el
<
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Now, letting ¢t — T' gives

log E [¢ 7] X, V] = log E [lim | Xo, Vp| = lim log E [#| Xy, V;]

— tim (606, + 55 X0 + vtV

= ¢(T,u) + uXo + (T, u)Vp.

This completes the proof. O

For the second result, we need a slightly different setting, namely
X, = l/tX _ Ly 5 et
t T 0 S T ts t .
Theorem 2.4.4. [11, Theorem 3] If there exists b < 0 such that
E [ebXT} < 00,

then the time zero value of a geometric average strike Asian call option is given by

]EO [e—rT(ST . §T)+|X0 Vb] _ e~ 4T /b—i—ioo ;eﬁ(ﬂu)du
’ 210 Joioo u(u —1)

with cumulant function x(t,u) = log E° [e“XtJr(l_“)Xt]Xo, Vo]. Furthermore,
K(T,u) = ¢(T, u) + Voo (T, u) + Xo,

where

¢(t,u):F(“—t+1—u,¢), (0, 1) = 0,

¢(t,u):R(%+1—u,w>, D(0,u) =
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Proof. First of all observe that

B[ (Sr - Sr) 1%, Vo] =B [ (51— Sr) 10 0
+ +
— El |:(6(rq)T+XT . e(rfq)T+XT>+ €X07XT|X0, ‘/0:|

= Soe(T_Q)TEl [(1 - GXT_XT> |‘X707 ‘/0:| .
+
Hence, using a standard inverse Laplace transform and Fubini’s theorem yields

- {e_TT <5T - §T>+ | Xo, VO} — Sye TR} {(1 - eXT—XT>+ | X0, Vo}

e~ T b+ioco 1 %o x
—E'|S,5— / — (BT | X,V
210 J, u(u —1)

—100

—qT b+ioco 1 _
= / S, [soe“(XT—XT)\XO, vo] du
21 J, u(u —1)

e—dT b+ico 1 _
— / —EO |:6uXT+(1_u)XT|X0 ‘/0:| du
270 Jyioo u(u —1) ’

—qT b+ioco 1
S / — ey,
27 J, u(u —1)

—100

—100

It remains to show the form of x(7',u). We have

Rl u) = log B” [e*XH0-0%: X, vy | = 10g B! [en (X=X %01 v

=log E' [e X1 X, Vo] + Xo,

such that applying Lemma 2.3.2 gives

where



@:R(“%H—u,\p), T(0) = 0.

Taking ¢(t,u) = ® (t, —u, %) and ¢(t,u) =¥ (t, —u, %) yields

¢5=F<u%+1—u,¢) $(0) =0

Now, letting ¢ — T' gives

lOg EO |:€UXT+(1_U)XT|X0, ‘/0:| — log ]El [BH(XT_XT)+XO‘X0, %]
= log E! [lim e“(xﬁxt%XO]Xo, VO]
t—T
= lim log ]El [eu()?t—Xt>+X0 ’XO’ Vb]
t—=T

= lim (¢(t, u) + (u (% - 1) + 1) Xo + (t, u)Vo)

- ¢(T7 u) + ¢<T> U’)VE) + Xo.

This completes the proof.

26
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3 SINGLE-FACTOR MODELS

In this section, we study all models discussed in [11] as well as some selected
further models. For the models in [11], we provide proofs to the statements that are
made there. Furthermore we work out the details. We will work as follows. Firstly, we
obtain the form of the functional characteristics. Then we give the Riccati equations

for the average price and the average price. Finally, we solve the Riccati equations.

3.1 HESTON MODEL WITH PERFECT POSITIVE/NEGATIVE COR-
RELATION

The dynamics of the Heston model are given by

1
pr:<—§W>dr+v$ﬁW?

AV, = N0 — V;)dt + C\/Vid W2,

where X\, 0,( > 0. We assume here that the correlation between the SBMs W' and
W? is given by p = %1, i.e., W1 L L2, Using Ito’s lemma (Theorem 1.6.2), one

can obtain that the functional characteristics are given by

,w2c2

F(u,w) = Muw, R(u,w) = %(u2 —u) + — \w £ vw(. (3.1)

We give a more general proof for (3.1) in the next subsection. Furthermore, we have

the Riccati equations of the average price

b = N0, $(0) =0, (3.2)

. 2
b=5ur- (A ) vy (F-1). YO =0 (33)
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Using the standard substitution for Riccati equations ¢ (t) = _C%%’ we obtain that

(3.3) is equivalent to

" ut\ ,  Cut [ut
T > (21 = 0. 4
Y (/\ CT)y 4T (T )y 0 (3:4)

Theorem 3.1.1. The solution to (3.4) is given by

t(mm%) t(mm%)

y(t) = cin(t) + coya(t) = cre™ 2 Ai(z(t)) + e 2z Bi(z(t)),

where Ai(z) and Bi(x) are the Airy functions of the first and second kind, respectively,

and
TN F 2tud\ ¢ —2
o(t) = L F 20 +UC(§ )
Q%T (UC(C;”\)> 3
Proof. Assume p = 1 (the case p = —1 follows analogously). The Airy functions

fulfill the Stokes equation (c.f. [1, page 446])

— —aw = 0. (3.5)

and
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which yields that (3.5) is equivalent to

Fo 1
dt? /()2 a/(t)3 dt

x(t)v = 0.

¢
Now, using the integrating factor e ( 3 ), i.e., letting y(t) = e~ =2 - v(t), yields

ey (gt 0)

2 (t) (36)
(/\ — Cu—t)Q U , 1 ut\ z"(t) | ‘
+y (TT —i—Cﬁ —x(t)z' (t)* — 3 (/\ — CT) o)) " 0.
Furthermore, we have
ZE’(t) _ CU (C B 2)‘) . l’”(t) =0.
Q%T <UC(C;2>\)>§

Hence, plugging this into (3.6) gives

y'(t) + /(1) (A - Cu?t) + y(t) (O\TC — Cﬁ — x(t):v’(tf) =0,

ie.,

A1 w1 ut)? u A1 ut Cut U
+y(t)< _5)‘C +Z(<_) _Cﬁ_z+§)\CT+Z?+C )—0,

4 T T 2T
ie.,
t CPut [ut
" t / t ) — u_ 2 [ — =1 =
s0+0 (A= )+ (5 -1)
Hence, we obtained (3.4), which concludes the proof. ]

Moreover, noting that we have the condition (0) = 0 in (3.3), we have the

following:



30

Corollary 3.1.2. The solution to (3.3) is given by

2 y5(0)yi(t) —y
Cys(0)y(t) —y

b(t) =

Furthermore, we get the solution to (3.2) as

o(t) =

_Mgln{ y5(0)y (t) —

Y
¢t Ly2(0)y1(0) — v

(0)ya(t) }
(0)y2(0) J -

For the Riccati equations of the average strike, one can argue accordingly.

3.2 GENERAL HESTON MODEL

The Heston model was introduced in [10]. Here, the dynamics are given by

1
dX, = <_§v;) dt + /V,dW},

AV, = N0 — V) dt + (\/VedW2,

where X\, 0, > 0 and W' W? are SBMs having correlation p € (—1,1). It is well
known that V', which is given as a CIR-type SDE remains strictly positive if (2 < 2)0.
To relate the Heston model to the general approach as given in Section 2, our first

goal is to confirm [11] and show the following.

Theorem 3.2.1. The functional characteristics for the general Heston model are given

by

B U}QCQ

F(u,w) = Nw, R(u,w) 5

O —upQ)w+ %(uQ —u). (37)

Proof. Taking f(z,v) = e****? and applying 1t6’s formula (Theorem 1.6.2), we obtain

de XVt etV (ud Xy + wdV;)
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1 1
+ €UXt+th (§U2d[‘<’ ‘c]t + uwd[‘<7 v]t + §w2d[‘/, V]t)
1
—euXetuwVi <—§u‘/}dt + u\/ VedW} + wAdt — wAV,dt + w(/ V%de)

1 1
+ euXetult <§u2tht + (Viuwpdt + §w2C2V}dt)

1 22
_puXetwV, (Vt {i(lﬁ —u) + w2( —\w + puwg‘] + uu\&) dt + MART,

where MART are integrals with respect to the Brownian motion which are martingales

and hence will be dropped when we take the expected value to obtain

E [euXH—th o 6“X0+wVO|X0, VE)}

t 1 wZCQ
=F [/ guXstwls (VS [§(u2 —u) + 5~ Aw + puw(] + w)\Q) ds
0

X07 ‘/b:| .
Hence, we have

0

1 U)2 2
EE [e“* Ve Xo, Vo] Jimo =E [e"*0TY0V5| X, Vo {5(“2 —u) + 5 Aw + PWUC]
+ E [e"¥0tY | X, Vo] wAd
1 2,2
= Xotuloyy {E(uQ —u) + w2C —dw + puwg‘}
+ et XotwVou NG,
ie.,
DI [e" XV | Xo, Vo] =g 1 w?(?
| CXoTul } =V §(u2—u)+ 5 — Aw + puw( | + wAb.

Now, noting that (c.f. [12, (2.8)-(2.10)])

SE XtV Xo, Vol li=o
2 [ euXot+wVo :| = F(u7 ’LU) + ((Xov Vb)? R(”? U))) )
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we finally get

F(u,w) = \w, R(u,w) = w22(2 — (A —upl)w + %(u2 —u).

Hence, the result is confirmed. O

3.2.1 Average Price. To calculate the value of an average price Asian op-
tion, we combine this result now with the Riccati equations obtained in Theorem

2.4.3, i.e., substituting w := 1, u := % into (3.7). We get

¢ = N0y, $(0)=0,  (3.8)
) 2
== (A=) vz (1), WO =0 (39)

Lemma 3.2.2. Using the standard substitution

Mﬂz—zy@ (3.10)

(3.9) can be transformed into

" Uty oy Cut fut N
y+<)\ pCT)y+4T<T 1)y—0. (3.11)

Proof. Using the substitution (3.10), we get

£ (H0) - (308 ) 0 5.

ie.,
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ie.,

ie., (3.11). O

To solve this equation we use a numerical approach. We use Wolfram Alpha

to find a solution and check it by hand.

Theorem 3.2.3. One solution of (3.11) can be expressed in terms of Kummer’s con-

fluent hypergeometric function M (a,b,c(t)) = 1Fi(a,b, c(t)) with parameters

—\2 A—2u) — <
oo NEMAZ25) -5 1

85%%g 4
.l
2
1 Iy 2
T

Furthermore, we have ¢ = p> — 1 and we need the integrating factor

pPCus —2xp + (1 — u%))}

A(t) = exp {—it (2)\ — Cpu% + ¢

[N

i.e., a solution is given by y(t) = A(t)M(a,b, c(t)).

To show this, we first state the following lemma.
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Lemma 3.2.4. Kummer’s confluent hypergeometric function | Fj(a,b, z) satisfies the

differential equation
z—+(b—z)—w—aw: . (3.12)

Taking z = ¢(t), (3.12) can be transformed into

A0 + [y + (S - o -

s (28 -c0- 22

Proof. We have
Pw _d (dodty _d (w1 d (dw 1
dz?  dz \dtdz) dz\ dt &) dz \ dt (t)
Cdwd (1) d(dw) 1
~dt dz \ (1) dz \ dt ) (t)

The relationship between the operator and d% and % is given by

o _didt _df 1
dz dtdz dtc(t)

such that we get

dw  dPw 1 d'(t) dw

dz2 A ()2 ()3 dt’

Hence we can write (3.12) as

(t) dw (b— cft) c”(t)C(t)) w o (3.14)
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Now, taking into account the integrating factor A(t), i.e., y(t)

y(t)

= At)w(t), i.e., w(t) =
. A7 (t)y(t), we have

Putting this into (3.14) gives

SO LAY Oule) + 247 0 0) + A7 0 0]
N (b —c(t) (t)c(t)

S~ S ) AT e + A7 (0] = 0 0i0) =0

In the next step, we sort the arguments and end up with

y”(t)A_l(t) C(t) +y'(t) |:2(A—1)/( ) C(t) + b— C(t) ( ) ( )) A~ (t)

20 o "\ )
ol Lc?((t)))z("‘_l)”“) + (5 - e w0 - aao) =0

Finally, dividing by )2 gives the result.
Now we are ready to prove Theorem 3.2.3.

Proof of Theorem 3.2.3. By Lemma 3.2.4, we have that the time depended version of
(3.12) is given by (3.13), i.e.,

Ay o+ 2y + (8 -0 - ) )] o

+ |y (5 - - S8 o - oS0 v <o

c(t)

Observe that we will need the derivatives of ¢ and A~'.

A_l(t):exp{j1 (2)\ Cu + (u——2>\g—|—ﬁ(1—u ))},



—QCPUE 2p? Cu——2p§—lk C(1—2u%))

16
91 (3t et0).
Ml

2
— QCApu + (*p*u

A — L\:>|>—k >J>I>—‘

Loy 1c”<t>},

2> " 2
1 t . 2
ol — 1Tl = )
C7&2
sy Grad) -
&2
() = €3¢

since

1) _ 76 _ @)
2¢(t)  (3+&up)C—Ap ()

For the argument in front of y(t), we get

e+ (P98 - ¢ - S (e - Sk an

(A0 - ) - S A

:A—1<t>{i (AQ ~ 20hpuis + CQPQUZ;_Z 2 (A - gm%) 0+ (C/(t))z)

P+ ()\ _ Cpu%) ¢(t) + (d(t))?)
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- gor 0} = a5 (A= gug o) oS
_ —1(){4 ()\2—2§/\pu—+§2p2u2; <A Cpu ) (t) + (¢ ()))
-y 30 =0 (A= goug ) - S

which is exactly what we wanted. For the interested reader, we give the details of the

algebra:
Lo t YL ty , N
1 {)\ —QCApuf—i-C peu 772—i—2()\—(puf)c(t)—k(c(t)) }
1 1 1 /(41)2
- 5007 3¢ = g (A= oug ) ol
1 ! 1
=1 (A - CPU%) e <A - Cm%) d(t)+ 7(¢@®)°
1 u 1 /" 1 / t 1 (C/(t))2
_§CPT+§C(t)—§C(t)()\—Cpu >—§ ) o0
1 t\? 1. u u 1(( + Eut )C Ap)Q U1
=1 (/\—CPUT> ——CP f CT_Z ¢ _2QCT§
1 ? Lyeut) -\ —\2 A—2ug) - €
=3 ()\—CPU%> _ CP; 4((2+ Té)g P) B +PC(4£ Le) -4
= [(A Cp“;>2 (Gred) - 2 SN 40§
- {V 2 put + it —ukt - ettt - v}
Gt .
=g (v 1),

where the last line is due to & = p? — 1. O
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According to [18], the second independent solution to (3.11) is given by

I'(1-0b)
F'(a—b+1)

r-1)
I'(a)

Ula,b,c(t)) = M(a,b,c(t)) + c(t)' " M(a—b+1,2 —b,c(t)).

(3.15)

Hence, we immediately have the following.

Corollary 3.2.5. The solution to (3.11) can be expressed as a linear combination of

and

where

B(t) = (% + fu%) C—Ap.

Now, going back to (3.9), i.e.,

NG t 1Lt [t
= 2 % = — — “u—u=——1
v=gun e \ A et qup (v 1)
and recalling that we have the initial condition ¢(0) = 0, we have the following.

Corollary 3.2.6. The solution to (3.9) is given by

20 -y
Cyy(0)y(t) —y

b(t) =
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Furthermore, we get the solution to (3.8) as

Y1 (0)y2
o) = 4(0)52(0)

2 [ 50n() —
Ml {yam)yl(m—

Oy},

3.2.2 Average Strike. For the average strike, we obtain the Riccati equa-

tions

¢ = A, ¢(0) =0, (3.16)
o sl
G )

_I_ —
which are essentially the same differential equations, and they can be solved in the

(3.17)
2

same fashion as described above, i.e., we can use the transformation (3.10) to obtain

that (3.17) is equivalent to

2
y”+(A—pg<u(%—1>+1>)y’+%

) o)

(3.18)

Theorem 3.2.7. (i) One solution to (3.18) can be expressed in terms of Kummer’s

confluent hypergeometric function M(a, b, c(t)) = 1 Fi(a, b, c(t)) with parameters

W TN =25 5 1
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Furthermore, we have ¢ = p> — 1 and we need the integrating factor

Alt) = eXp{ _ it(Z)\ _¢p (u% +2(1 - u))
N & (ut +2(1—u)) — 2Ap+()}.
§

[NIES

(ii) Recalling (3.15), the second solution to (3.18) can be expressed as a linear

combination of

and

where

Proof. Observe that

+2§§(u%+1—u)]
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such that using (3.13), i.e.,

Ao + [y + (B - o -
+ [(A—l) (t) + ( (i’? c(t) — CCI/I(%)

gives that the factor in front of y/(t) is given by

t
)\—Cp(uf—i-l—u),
bc! (t) c’(t)

c(t) c(t) "

For the factor in front of y(t), we have

711 (A (u— . u) + (c’(t))2>2 - %Cp%

+ 5 — 5 {)\ ¢ (u% T u) n d(t)] _ 0P

since we still have that

_411 ()\ Cp (u% +1-— u)>2 — %CP% — ic’(t) — a(C;((?))z

:}1 ()\—Cp(u%—l-l—u))Q—%Cp%
+41£{ pcA+< - ¢ [52( <%—1>+ )2+§<u(%—1)+1)+i
+ 2CpA (5 (u (%—1)+1>+ AQ/JQ}

N = N
is)

A{ (oo () 2
o (o5 1) 1) <o) 1))
HEG) ) G)]

Hence, we have the claim. O

M N N———
Nl =
|
>
[}
|
e
[\V)
VR
I
Y
N~
|
—_
N——
+
N
N———

4
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Remark 3.2.8. Our results for the Riccati equations of both the average price and the

average strike do not match the results as given in [11].

3.3 THE BATES MODEL

For the Bates model, as introduced in [4], we add a jump process to the general

Heston model. In particular, we take a compound Poisson process, which is given by
Z = (Z)izo, Z Tk,

where (IV;)i=o is a Poisson process with intensity v, i.e., E[N;] = vt and J, = N(7, 52).

Furthermore the Poisson process is independent of Jj.

Lemma 3.3.1. The Lévy measure of Z is given by

U(dz) =

5;%6”’{_%}’

and its cumulant moment generating function is given by

k(u) = logE [e"/'] = v (67“+%52“2 - 1> .

Proof. Let us denote the characteristic function of the distribution N (v, %) by ¢,.

Then

(bZt (U) —F [eiuZt] —F [ezuzgél Jk:| — ZE [eiu22:1 Jk:| P [Nt — TL]

n=0

— e—ut f: (I/;')n ﬁE Zqu _ vt i n')n]E qu1

n=0

1
e g (w)" V(s (u)—1)
o e
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= exp {t/R (ei“” — 1) 5;% exp {—%} dx} .

The Lévy measure is uniquely defined such that it is given by U(dz). Furthermore,

we have

Ii(u) =logE [e“Zl} =logE [engil Jki| = log (iE [6“22:1 Jk] P [Nl _ TL])
n=0

o (35 Do) g 3 LR

n=0 n=

1,252
:1/<e“7+2“‘S —1).

8

=]

Hence, we have the result. O

The dynamics in the Bates model are given by

1
dX, = (—/f(l) — §Vt) dt +V\W} +dZ,
dVi = X0 — V) dt + C/ V. dWE.
Before we go on to obtain the functional characteristics, we recall some theory re-
garding stochastic integration with respect to Lévy processes.

Definition 3.3.2. Let (NV;),5, be a Poisson process with intensity A. Then we denote

the compensated Poisson process by
(Nt> 5 Nt - Nt - ]ENt — Nt - )\t
>0

Remark 3.3.3. Observe that <Nt> is a martingale and hence, integrating a L*-

>0

function w.r.t. N, also yields a martingale.
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Theorem 3.3.4. (Weak version of It6’s lemma for Lévy processes) Let Y be a Lévy

type integral, i.e.,

t t t
Yt:Yo+/ G(s)ds+/ F(s)dWSJr/ K(s)dN.,.
0 0 0

Then for f € C%*(R"), t > 0, we have

rv) - /%f WC+ZQ/%J [y, S,

7,7=1
+/ﬁﬂm_+K<»—ﬂn4wN&
0
where Y¢ denotes the continuous part of the process Y.

Remark 3.3.5. For the compound Poisson process defined above, observe that since

Zy = Ng =0 a.s., it follows that

Ny t
Zy =) Jp= / Jn,dN,
k=1 0
and hence
dZt == JNtht-

Theorem 3.3.6. The functional characteristics are, as stated in [11], given by

F(u,w) = Mw + r(u) — ux(1) R(u,w) = %(u2 —u) + %2102 — Aw + uwp(.

(3.19)
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Proof. Let f(z,v) = €"**™*". Then, by the weak version of 1td’s lemma (Theorem

3.3.4), we have

euXt—f—th _ euXo—i-wV() — /t euXS,-i-wVS, [Uch + ’lUYC]
0
t
1
+ / e S (u X, X+ 2uwd X,V + wd[VE, V)
0
t
[ U+ Vi) = S V],
0
t
:/ e Xe=FtVa Tip N0 — uk(1)] ds
0
! 1 2 CQ 2
+ [ Vi i(u —u)—i—;w — Aw + puw( | ds + MART
0
t
[ U+ Vi) = S Vi an,
0

where MART are integrals with respect to the Brownian motion which are martingales

and hence will be dropped when we take the expected value to obtain
t
E [evXitevt — guotelo| X, V] = / E [e“% TV (—uk(1) + w) | Xo, Vo] ds
0

t 1 2
+ / E [e“XSJ“”VSVS (5( 2 _w) + %wQ — Aw + puw() ’XO, VO} ds
0

+E |:/t[f(Xs— + JNsa V;—) - f(XS—7 Vs—)]st

X07 ‘/0:| .
Now, since Nt is a martingale, we get

E / (Xt T Vi) — F(Xoo Vi) dNS|Xo,vo]
LJO

5| [ [f(Xs_uNs,v;_)—f<XS_,v;_>1d<N;+ys>\xo,vo}
LJO

_E / [f(Xs_uNs,vs_)—f<Xs_,v;_>]vds|Xo,w]
0

t

E [equ—+wvs— (euJNS — 1) V|X07 ‘/Oj| dS

t

S— —,

E [euX57+wVS,

Xo, Vo] E [(e"* — 1) v| X, Vo] ds
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¢
:/ E [e“XS*+wVS*|X0,Vo} K(u)ds.
0

Similarly to the proof in the Heston model, we have

%E [€“Xt+wyt | Xo, Vo} =0
QUXO"FU)YO

=Mw + k(u) — ur(l)

2

1
+ Vo (§(u2 —u) + 5102 —Aw + puw() :

In conclusion, we get

2

F(u,w) = Mw + (u) — ux(1), R(u,w) = %(u2 —u) + %wQ — wA + Cuwp,

i.e., the claim holds. O

3.3.1 Average Price. Having the functional characteristics, we can now,

recalling that u := “Tt, w := 1, state the Riccati equations for the average price as
. ut ut
b= 200+ (37 ) = e, 5(0) =0,
NG ut lut [ut
= 29" — [ A= pl—= ——(=-1 =0.
b=y o )Vt 5 (1) $(0) =0

Observe that the equation for ¢ in the Bates model coincides with the equation for
1 in the Heston model and that the equation for ¢ in the Bates model has just two

additional terms that depend on neither ¢ nor ¢. Thus we have

borus ut?
ates = eston — ] ds — —k(1
Oraies(t) = Om <t>+/0ﬁ( )ds — 22 r)
wBates(t) = wHeston(t>-
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3.3.2 Average Strike. For the average strike, the Riccati equations are given

Again, the equation for v is the same as in the Heston model. Hence we get

GBates(t) = Ptteston(t) + /Ot f(u(Z-1)+1)ds—1 (u (% - 1) + 1) k(1)

7nDBates (t) = ¢Heston (t) .

3.4 THE TURBO-BATES MODEL

To refine the Bates model, the jump intensity is now assumed to be state
dependent. In [11], a simplified version of the turbo-Bates model is considered, where

the dynamics are given by

1 -
dX; = (—Voli(l) — (5 + 1/1/{(1)) W) dt + A/ VidW} +/ xN(V;, dt, dx),
D

AV, = =A(V; = 0)dt + ¢/ VidW7,

where N(V,,dt,dz) = N(V,,dt,dz) — u(V;, dt, dz) and N(V,,dt,dz) is a Poisson ran-
dom measure with predictable compensator u(V;,dt,dx) = (vy + 1nV;)F(dx)dt and
F being some fixed jump size distribution. Furthermore x(u) denotes the cumulant

generating function of F.
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Theorem 3.4.1. The functional characteristics are given by

F(u,w) = vok(u) — uvgk(1) + Nw,
2

1
R(u,w) = §(UQ —u) + %wQ — Aw + pluw + vik(u) — urk(1),

Proof. Let f(x,v) = "™, Then, by the It6 formula for general Lévy processes

(Theorem 1.6.5), we get

t
euXt—&-th . 6uXo—i-on :/ euXS,—&-wVS, (udXsc + wd‘/sc)
0
! 1 1
+ / S <§u2d[Xc,XC]S + wwd[X*, V] + Swid[Ve, v0}8>
0
t
O V) = FX V) ANV s, da)
0 D
t
[ U 0V = SO Vi) = uf (X Vi) (Vi ds. )
0 D
! 1
:/ euXa—Fuls- <|:—u1/01€<1) —u (§ + 1/111(1)> V;} ds + ux/Vde;)
0
+

t

eUXs—FwVs— (()\Qw — /\U)Vs)ds + wC\/VSdW‘S?)
t
1

uXs_+wVs_
(&
2

1
u?*V, + puw(V, + §w2C2VS> ds

t
_l’_

+
S— — >—

/ 7 O (" —1) dﬁ(‘@, ds,dz)
D

t
+ / / euXa=—tuVas (eut g — 1) u(Vy, ds, d).
0o Jp

Taking expectations and recalling that the integrals w.r.t. W' W2 and also w.r.t.

N(V;,dt, dx) are martingales gives

t
E [e“X“LwV‘ — euXotwlo) xo Vo} =E [/ e Xe=FuVer (_ypor(1) + Mw) ds| X, VO]
0
t 1 C‘2
+E [/ U s—twVas (§(u2 —u) — k(1) — Aw + puw( + ?wQ) Vids| X, VO]
0

t
+E [/ / euXs—twVas (gur _q _ ux)u(‘/;,ds,dm)‘Xo, VO} :
0 JD
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Inspecting the last line, we find

t
E [/ / euXe—FuwVas (U0 — 1)u(Vs,ds,dx))Xo, VO}
o Jp

t
=FE {/ / e Xe= Ve (v — 1) (v + VJ/S)F(dx)ds’Xo, Vo}
o Jp
t

{/ euXS_erVs— (VO + V1V:9) / (eux — 1= u:L‘)F(d(II)dS‘XO; VE):|
0 D

E
t
/ E {e“XS‘JFwVS‘(VO + 11 V) / (e" —1— ua:)F(dx)‘Xo, VO} ds
0 D
t

= / E [e“% Yo~ (v + 14 Vi) k(u) | Xo, Vo] ds,
0

where the last step is a consequence of the Lévy—Khintchine formula for Lévy processes
(Theorem 1.2.3). Hence using the same arguments as in the previous models gives

the claim, i.e.,

F(u,w) = vok(u) — urgk(1) + Mw,

1 2
R(u,w) = é(u2 —u)+ %w2 — Aw + pCuw + vy k(u) — uvy (1),
This concludes the proof. O

Using this knowledge, the Riccati equations for the average price are given by

b = N0 + vk (%t) — %tuo/ﬁ(l), #(0) =0,
(3.20)

_ 2

b= S - (/\ - M‘%) T (“% - 1) _y (“Tt) ~ Zun(l), $(0)=0.
(3.21)

For the average strike, we get

b =N + 1ok (u?t—i—l—u) — (%t—l—l—u) vok(1), »(0) =0,
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3.5 BARNDORFF-NIELSEN-SHEPHARD MODEL

This model was introduced in [3] by Ole Barndorff-Nielsen and Neil Shephard.
It is constructed from a subordinator, i.e., a Lévy process that is nondecreasing a.s.,
which is called background driving Lévy process, BDLP for short. We assume that
the cumulant function of the subordinator x(#) = log E[e??(1)] exists for all R(6) < I
for some [ > 0. The dynamics in this model are given as
1
dX; = (—/@(p) — §Vt> dt + /V,—dW, + pdZ\(t),
dV, = =\V,_dt + dZ,(t),

where V5 >0, A >0 and p <0.

Theorem 3.5.1. The functional characteristics are in this case given by

F(u,w) = As(w + pu) — uls(p),

R(u,w) = %(u2 —u) — Aw.

Proof. First observe that, since Z, is a subordinator, according to [15], it has the

form

o0 t
Zy(t) = Ct —l—/ / xN(ds,dz),
o Jo

where N(ds, dz) is a Poisson random measure such that N(ds,dx) = \v(dz)ds with

v(dx) being the Lévy measure of Z,. Furthermore, we have C' = 0 (c.f. [16]). Let
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now f(x,v) = e“ % Then, by Itd’s formula (Theorem 1.6.5), we get

t
euX,g_+wV}_ . euXoerVo —_ / euXS_erVg_ (UdXSC + wdv;c)
0
t 1 1
+ / et tetwles <§u2d[XC,XC]5 +uwd[ X, V] + §w2d[VC,VC]S>
0
t o0
s [ Vi ) = SO Vi) Av(dn)ds
o Jo
¢ 1
:/ U stV (—u%(p)ds + <§(u2 —u) — )\w) Vs—ds + u\/VS_dWs>
0

t o0
n / oUX s FwVio / (€(w+“P)ﬂf — 1) Av(dx)ds.
0 0

Hence, taking expectations yields

E [euth-l-thf o 6“X0+wVO|X0, %]
! 1
=E [/ U Xetules (—um(p)ds + <§(u2 —u) — )\w) Vsds) ‘Xo, VO}
0

t
+E {/ X Ves N (w + pu)ds’Xo, VO} )
0

where the last line is due to the Lévy-Khintchine formula for Lévy processes (Theorem
1.2.3). Following the proofs regarding the functional characteristics of the previous

models yields

F(u,w) = A&(w + pu) — uAs(p),

1
R(u,w) = §(u2 —u) — Aw,

which concludes the proof. O

3.5.1 Average Price. The Riccati equations for the average price are given

b= Ak (w + p—) — —X&(p), »(0) =0, (3.22)



02

= Lut (“—t — 1) — i, »(0) = 0. (3.23)

Lemma 3.5.2. The solution to (3.23) is given by

u? u

U(t) = S o) = S hill),
where
1— e M t 1—e M 22t 2(1—e N

Proof. Observe that (3.23) is a linear first-order differential equation in one variable.
Hence we take the integrating factor elo e — M anq by basic theory of ODEs, the

general solution is given by

- W2 [t u [t
= M _C + ﬁ/o s2eMds — ﬁ/o se)‘sdsl

r 2/ NE()\242 2 /N
Y u? e Nt =2t +2) — 2 u? feM(AM—1)+1
—° _C+2T2( e o7 22
u? u
= o fo(t) = 5 fi(D),
noting that ¢(0) = 0 implies C' = 0. O

Furthermore, we have the following immediate result.

Corollary 3.5.3. The solution to (3.22) is given by

o= [ e (00) + 9 ) ds = S,
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3.5.2 Average Strike. The Riccati equations for the average strike are given

by

. ut t

qb:)\/{(dth(T—f—l—u))—(u(?—l)—i—l))\ﬁ(p), »(0) =0,

1 L[t 2 t

Analogously as for the Riccati equations of the average price, one can show
that
u? u (1
Y(t) = ﬁfz( ) + 7lz v fi(t) + 5w —u) fo(t)

as well as

3.6 OU TIME-CHANGED LEVY PROCESSES

Time-changed Lévy processes were first introduced in [6]. They are able to
reflect effects that do not follow the normal timeline. Clearly there are events that
affect the price process faster and others that affect it slower, which makes time-
changed models a good instrument to deal with these differences.

Let L be a Lévy process with cumulant function (u) = log E[e**()]. Define

where ['(t) is a nonnegative increasing process that is independent of L. A popular

time change is given as an integrated Ornstein-Uhlenbeck process.
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Definition 3.6.1. The Ornstein—Uhlenbeck time change is given as

where V' is given by
dV (t) = =A\Vidt + dU;

with U being a pure jump subordinator and x(u) its cumulant function.
Theorem 3.6.2. Assuming the time change as introduced in Defintion 3.6.1, the func-
tional characteristics are given by

F(u,w) = A&(w), R(u,w) = —Aw + 0(u). (3.24)

Proof. First of all, observe that according to [6], X is a pure jump process, such that

taking f(z,v) = e** %" the It6 formula (Theorem 1.6.4) yields

t
euXt—i-th o euXo+w‘/() :/ equf-i—wVS,de;c
0
t t
+/ euXs=tuwVe (gue _ 1) X, +/ euXs=tuwVas (gwe 1) qU,
0 0
t t
:/ e X twVa (_ \wV) ds+/ X FVa 9 () Vds
0 0
t
+/ et Xa=TVam N (w)ds,
0
where the second equality is due to the independence of I'(¢) and L, and due to

the fact that V satisfies an Ornstein—Uhlenbeck equation. Hence, combining these

integrals and doing the same things as before, we get

F(u,w) = As(w), R(u,w) = —Aw + 0(u).
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This is the claim. O

3.6.1 Average Price. The Riccati equations for the average price are given

¢ = A1), ¢(0) =0, (3.25)

b=—-\p+0 (”%) : ¥(0) = 0. (3.26)

As an example, in [11] the Kou double exponential Lévy process with time
change implied by an integrated OU process as in Definition 3.6.1 is proposed. The

cumulant function 6 is given by

1 —
O(u) =rvu b P
ar—u o +u

where v is the intensity of the jump process and o, «_ describe the exponential tails.

Theorem 3.6.3. The solution to (3.26) is given by

6(1) :%ek(mﬁ—t) {Ei (—A%) i <>\ (t - %))}

R (7)) -m ()

Proof. Observe that the Riccati equations are first-order differential equations, and

hence, we can easily solve them explicitly. We use the integrating factor e* and get

t 1 _
¢(t) :e_)\t |:O +/ VE ( b us %s) 6>\8d8}
0 T oy — T a_ + T
a_AT AT (g +o_ T
—e M {C’ Y= (oz+)\pTe e Ei ()\ (t _ 4 ))
AU u
_T aT
+a_Ap—1)TEi ()\ (t + %)) + ueA< u +t))},
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where Ei(z) = — [7 Le "dw is the exponential integral. Using the initial condition

¥ (0) = 0 yields

a_ (a a_) T
0= (aMpTemf Ei (-A“* >

Au
_T a T
+a_Ap—1)TEi ()\ (%)) —1—ueA z ),

and hence we conclude

a_AT AT(ay+a_) T
() R {aJr)\pTe O (—)\QL)
Au U

+a Ap—1)TE ()\ (ﬂ)) Fue

u

(agta_) T
. oz+)\pTeAT i Fi (A <t — OZL>>
U

—a_Ap— 1)TEi <>\ (t n ﬂ)) - ue)‘<auT+t)]

u

:#g(”ifﬁ {Ei (—AQZT) — Ei (A (t - aZT))}
P (3(50)) w3 (1+4T))

+ Y e ).

v
A

3.6.2 Average Strike. For the average strike we have

¢ = Mk(1) $(0) =0
¢:—Aw+6<u<%—1>+1> (0) = 0.

Here, we can process accordingly and get

t) =vaple u

u
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w winr  Ei (AT(a,_uH)) _Ei (A(T(a,_u+1)+m)>
+va_(p— 1)Te_/\< ) - :

u

3.7 OU TIME-CHANGED GAMMA PROCESS

A Gamma process is a pure jump Lévy process with cumulant function

0(u) = —log (1 . %) ,

where 7 is a scaling parameter and 7 is the rate of jump arrivals. Recall that the
functional characteristics for a general Lévy process are given by (3.24), and thus we

have

Flu,w) = As(w),  R(u,w) = —\w —vlog (1 - %) .

The Riccati equations for the average price are hence given by

¢ = Ak(¥), ¢(0) =0, (3.27)
= -\ —~log (1 — %) : ¥(0) = 0. (3.28)

As before, we only have to solve (3.28) and then integration yields the solution to

(3.27).

Theorem 3.7.1. The solution to (3.28) is given by

W(t) = %e’\(%_t) [Ei ()\ (t - %)) ~Ei (-A%ﬂ - %log (1 - %) .
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Proof. Observe that (3.28) is of first order. Hence we use the integrating factor e

to obtain

d

At ut \
o) +tog (1- 2 ) =0

Equivalently, with C' € R, we have

=Xt _ ' _uS '\ \s
P(t)=e {C’ 7/0 log (1 TU) e ds] )

Using integration by parts yields
t

t us us '\ e t U s
log(1——)eMds=(log(1l——)— )| — | ——=—d
/0 Og( T77>€ ’ (Og( Tn) A) 0 /ous—nTA ’

1y, ut I L
_Xe 1Og<1_T_77>_X/0 s—ﬂuze ds.

Now, using the substitution w = —\ (s — %), we obtain further
1t ME
—/ T Mds = —e"u —e “dw.
Mo s =4 ()
Recalling that the exponential integral is given by Ei(z) = — [~ ~e “dw, we get

W(t) = e M [C + }eAZT [Ei ()\ (t - %)) — Ei (—)\%)} - %e” log (1 - ;—;ﬂ .

Furthermore, ¢(0) = 0 implies C' = 0, and hence the solution to (3.28) is given by

b(t) = %e’\(%_t) [Ei <)\ (t - %)) —Ei (—)\%ﬂ - %log <1 - ;—;) .

For the average strike, one can argue accordingly.



59

3.8 CIR TIME-CHANGED LEVY PROCESSES

Here, [11] assumes a time change, i.e., X (t) = L (fot V;ds), where the volatility

(Vi)i>0 is now given as a CIR-type SDE
AV, = =A(V, — 0)dt + n/V,dW,.

Further, let x(u) be the cumulant function of L. Then, by exactly the same argu-
ments as in the OU time-changed case, we find the expressions for the functional

characteristics as

2
F(u,w) = Muw, R(u,w) = %wQ — Aw + K(u).

The Riccati equations for the average price are given by

b = \OY, $(0) =0, (3.29)

ut

. . ']”2 .
) = E‘DQ — M)+ K (T) , ¥(0) = 0. (3.30)

Also here, we want to conclude with an example. As before, [11]| proposes the

Kou double exponential Lévy process, i.e.,

_ [ p 1—29}
k(u) = vu —
ar —u  oa_+tu

with v, ay, a_ as in Subsection 3.6. We further assume a symmetric jump distribu-
tion, i.e., p = % and a =a, =a_.

As a first step, we have to following.
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Lemma 3.8.1. (3.30) can be transformed into

y'(t) + My (t) + %anz(_%—gu_t)?y(t) =0, (3.31)

using ¥(t) = _n%?;((;))‘

Proof. We have

b= 2 (y'(1)* — y"()y(t)
Uk (y(t))?
2 (y'(1)*  \2¥(@1) (ut) U (Uf>
= — + A= +rl=]|==v"—-MN+r|=],
n? () 0 y(t) T 2 T
so that simplifying and multiplying by ”—;y(t) gives the claim. O
Before we go on to the solution of (3.31), we need the following lemma.
Lemma 3.8.2. The confluent Heun equation is given by
d*w B v Ydw bz—c¢
— — — =0. 3.32
d22+(a+z+z—1) dz+z(z—1)w (3:32)
It can be transformed into
d*y 4(3)t 8 v (1) \ dy
-7 A T (¢ — il
a " ( T () +2(1) {“ OO 1} 20 | at
2 2(2) (141N 8(m)'e 5z —¢
Tt +—F + (< (1))* (3.33)
e 1 EDIEGEEY

Proof. Recall from the Heston model that % = %%(t) and hence

dw dw 1 dw w1 dw 2"(t)

dz At Z(t) d2 T AR ()P dt ()7
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Thus, in the first step, we can rewrite (3.32) as

d*w , 5 2"(t)] dw Lo 02(t) —e€
TR {z (1) (a+ + ) - Z,(t)} E—i—(z (1)) FOIEOE) _1)w(t) =0.

(3.34)

Now let y(t) = e~ % <a2 - (“t)2> w(t). Then we have

dw er , 2(%)215
T oo (20|
Pw ¥ " ) 4(%)2t
gl (0

Plugging this into (3.34) yields the transformed version, i.e.,

u2 "
d2y+<A+%+z'(t){a+ A 1—z(t)>d—y
a

de? () 2(t) " 2(t) —1 '(t) ) dt
SR ) IO 2V BN 1C) TNV P
S @ @ e P Smem -

Theorem 3.8.3. One solution to (3.34) can be expressed in terms of Heun’s confluent

function (c.f. [17]) with parameters
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ON: y
A+ (7) 2+ﬂﬂ%+é+ 7}—Zﬁ)
a? — (1) z z-—1 2'(t)

4(2) 2t (%)’ : 202 1
:A+2(TL2+— %J 0+ itf+utf 2]—;
@—(3) @ 2(7)" (%) —a

w2 w)2
:ijGLZ+%—{gﬁ£5—%:A
= (%) > = (%)
For the factor in front of y(t) we get
A2 25+ 8 (%) e 0z—¢
T+ + + (2t
4 a2 — (%t)? (a2 — (uTt)?)z ((8)) z(t)(=(t) — 1)
: B, v ] (r, 2@
(olrgrmml ) G ey
X 2@y (R AR -4(3)e
oo @ -y e
A5t (ﬁ_% 2(4)°t )
i 2 w2
2 \2 e ()
A2 1 U\ 2 utt? u
1 (%f’é<f> _4T%ﬂ5+4<?0 %
()
2 ar— ()
Hence the parametrization works. O

Lemma 3.8.4. A second solution to (3.33) is given by the parametrization
i 1
0, B=2 A==
Y /8 Y ,y 2 Y
a® (A% + 2un?)
O qa(n\?
16 (%)

Q

on
I

I
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Proof. To see that this really is a solution, observe that for the factor in front of y(¢),
there is no change and for the factor in front of y/(¢), the constants are altered in the

right way. O]

Furthermore, these two solutions are independent, such that, recalling that

¥ (0) = 0, analogously to the Heston model, we have the following corollary.

Corollary 3.8.5. The solution to (3.30) is given by

where

Here C' is the confluent Heun function or CHF for short.
For the average strike, one can argue accordingly, and obtain similar results.

Remark 3.8.6. We want to point out that the results we obtained here differ from the

ones given in [11].
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4 MULTI-FACTOR MODELS

In Section 3, we saw some of the most popular single-factor models. Now
we want to extend the theory given in [11]. We will see that we can easily use the
pricing model for models with more than one factor. The significance of multi-factor
models was addressed in |[7]. One of the main aspects of multi-factor models is that
they can explain the volatility smile in a more advanced way. We work as follows.
First we study the most important details of the general pricing model and adjust
the definitions and theorems to fit the new format and then determine the details for

several specific models.

4.1 THE GENERAL MODEL

Let (X;)i>0 be an affine process as defined in Definition 2.1.1 and let (V});>o,
Vi : @ — R be such that Vj > 0 componentwise and (X, V;);>0 is a stochastically

continuous time-homogeneous Markov process.

Definition 4.1.1 (Analogue to Definition 2.1.5). Let w = (wy,...,wy,). (Xt V;) is a

affine stochastic volatility (ASV) model if

n

10gE [euXter'Vt‘XOa VE)] = ¢(t7 u, U)) + XOU + Z ngz(ta u, ’LU),
i=1

where V;' denotes the ith component of V;.

Observe that Definition 4.1.1 is the same as Definition 2.1.5, where we only
interpret w -V, as a dot product instead of a simple multiplication. In contrast to the

original model, we have not only 2 but n+ 1 functional characteristics, F, Ry, ..., R,.
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Furthermore, analogue to Theorem 2.1.6, we have the following result.

Lemma 4.1.2. ¢ and ¢;, 1 < < n fulfill the generalized Riccati equations

o (t,u,w) = F (u, 1 (t,u,w), ..., 0, (t, u,w)), (0, u,w) =0,

O (t, u,w) = Ry (u, 1 (t, u,w), ..., (L, u,w)), ;i (0, u, w) = 0.

Proof. This follows immediately from the proof of Theorem 2.1.6 applied to each

component. ]

Define Y, = fot X,ds and Z; = fot V.ds componentwise.

Theorem 4.1.3 (Analogue to Proposition 2.2.1). Let (X;, Vi) be an ASV model with
functional characteristics (F, Ry,...,R,). Then the joint law of (X, V;,Y;, Z;) is

described by

logE [eu1Xt+uz.Vt+u3Yt+u4.Zt ’XO’ ‘/0} :(I)(t’ U1, Ug, U3, u4) + (ul + u3t)X0

+ Z \Ilz(ty Uy, Uz, Us, u4)‘/0i7

i=1
where for 1 <3 <n
O = F(uy +ust, Uy, ..., 0,), d(0) =0,

Proof. This follows immediately from the proof of Proposition 2.2.1 applied to each

component. ]

Furthermore, we get the next two results, which also follow by looking at
the components and then applying the methods that were used in the proofs of the

original model.
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Lemma 4.1.4 (Analogue to Lemma 2.3.2). Let (X}, V;);>0 be an ASV model. Then the
joint law of (X, V;);>0 under the martingale measure associated to the stock being

the numéraire, Q!, is described by

log El [euXt—HUYt |XO} — (I)(t7 U, U)) + (U -+ wt)X(] + Z \Ill<t7 u, U))Vg,

=1

where for 1 <7 <n

d=Flu+1+wt,Vy,... 0,), ®(0) =0,

Lemma 4.1.5 (Analogue to Corollary 2.4.2). Let (X¢, V;)i>0 be an ASV model. The
law of Y; is described by

log B [e""* X0, Vo] = ®(t,w) + wtXo+ Y Vg Wi(t, w),

i=1
where for 1 <i<n
d = F(wt,Vy,...,0,) ®(0) =0,

Finally we have the following pricing formulas.

Theorem 4.1.6 (Analogue to Theorem 2.4.3). Suppose there exists a > 1 such that

E [eaXT] < 0.
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Then the time zero value of a geometric average price Asian call option is given by

R —rT a+100 1 u K
E|e7 (S —K) ’X Vol = & / — ) =Ty
[e ’ T R 2, K) u(u—1) ‘ "

—1400

with cumulant function k(t,u) = logE [e“Xt|X0, Vo]. Furthermore,

k(T u) =u(r —q) + &(T,u) + uXo + Zz/}i(T, u)Vy,

i=1

where for 1 <i<n

é(t,u)—F(%t,zbl,...,wn), $(0,u) = 0,
bi(t,u) = R; (u?t,l/}z') : ¥;(0,u) = 0.

Theorem 4.1.7 (Analogue to Theorem 2.4.4). If there is b < 0 such that
E [ebXT} < 00,

then the time zero value of a geometric average strike Asian call option is given by

Iy [B_TT(ST — Sr)+|Xo, Vo] _” /bHOO L rug,
270 Jy_ioo w(u —1)

with cumulant function x(¢,u) = log E° [e“Xﬁ(l*”)XﬂXo, Vo]. Furthermore,
k(T u) = o(T,u) + Xo + Z Vi (T, ),
i=1

where for 1 <3 <n

ut

d)(t,u):F<?—I—(1—u),wl,...,¢n), d(0,u) = 0,
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Ui(t,u) = R <— +(1—u), 1/)1-) : (0, u) = 0.

Remark 4.1.8. Note that due to the affine structure of the model and the independence
of the volatility factors, there are not many changes to the original model. Instead
of wV; we have the dot product and we end up having a bigger system of Riccati

equations.

4.2 SPECIFIC MODELS

The first model we are looking at is the double Heston model, i.e., n = 2.
4.2.1 Double Heston Model. According to |7], the dynamics of this model
are given by
1
dX, = (—5 (V' + VE)) dt + VW, + \/V2dWE,
AV, = X1 (6; — V') dt + G/ VirdZ]
AV = Xy (02 — V2) dt + G/ V2dZE

where Z} and W} are SBMs and the dependence structure between them is given as

Corr(W}!, W2) = Corr(W}, Z2) = Corr(W2, Z}) = 0,

Corr(th, Ztl) = p1, Corr(Wf, Zf) = pa,

which means that we have two independent volatility factors influencing the price

process.

Theorem 4.2.1. The functional characteristics are given by

F(U, w1, wg) = )\19111)1 + )\2921112, (41)



2
1
Ry(u,wy) = %wf — (A —uCipr) wy + 5 (u2 — u) ,
G, Loy
Ro(u,wy) = 5 W2 (A2 — ulopa) wo + 3 (u — u) )
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Proof. There are no jump parts in the double Heston model, so that we can apply

[to’s lemma for continuous stochastic integrals (Theorem 1.6.2) to (X, V;)i>o and

f(z,v1,vg) = ewtwivnitwzi ¢ ghtain the result, i.e.,

deuXt—&—letl-i-wQVf _ euXt—&—letl—&-wgi udXt + wlcﬂ/;1 + w2d‘/;2 + %’Lﬁd[X, X]t

4+ uwyd[ X, V], + uwad[ X, V3], + wiwqd[V?

1 1
+ 5w%d[vl, Vil + §w§d[V2, V3.

We have

d[X, X], = (V' + V) dt,
d[X, V'], = GpiV/dt,
d[vl7 v2]t - 07

dV: V', = ¢V/dt.
Letting w - V; = wy V! + wo V2, we get

1
dorerte = et Ly (V1 V2 dt o (\/V;lthl + \/\42th2>

+wi A (01 + V) dt + wi GV Y, dZ}
+ wady (02 + V2)dt + walon/V2dZ]
1
+ §u2 (V' + V) dt + wwi Gipr Vi dt 4 wwsCopaVi2dL

1 1
+ §w§gl2dt + éwgggdt :

7V2]t
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Sorting the terms, we obtain

deuXt+w'Vt — €UXt+w'Vt |:<w1>\191 + w2)\262) dt
2
1

1
+ ‘/tl (511)% — ()\1 — Clplu) wy + 5(’&2 — U)) dt

2 1
+ ‘/t2 (%wg — ()\2 — (ngu) Wao + 5(”2 — U)) dt

+ MART] :

where MART denotes integrals with respect to the Brownian motion. Hence taking

expectations and working similarly as in the other models, we get the result. O]

Remark 4.2.2. Note that the functional characteristics (4.2) and (4.3) agree with the
one for the single-factor Heston model. Only (4.1) is different and is obtained by
summation. Hence, the general form of the functional characteristics, i.e., for n € N,

will have n similar equations for R;, and F is given by F(u,w) = > \ifiw;.

The Riccati equations for the average price are given by

¢ = Mb1wi + Apbfows, »(0) =0, (4.4)

. 2 2
Yy = %wg - (A2 - C2P2u?t) wa + % <(u?t) - u%) ) %(0) =0. (4-6)

Because of the similarities to the single-factor Heston model, we can solve (4.5) and
(4.6) as before. The solution to each of them is given as a linear combination of
confluent hypergeometric Kummer functions. Also as before, ¢ can be obtained by
integration. Analogously, one can obtain the results for the Riccati equations of the

average strike.
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4.2.2 Other Models.

(i) Let us assume we have the dynamics

1
dX; = (—(/ﬁ(m) + Ka(p2)) — 3 (VL + ‘/tz)) dt + 1/ V,2dw
+ A/ V2ZAWE + p1dZy, (t) + padZy, (1),
AVl = — \VLdt + dZy, (1),

dV? = — M V2Edt + dZy, (1),

where W' are SBMs and Zy, are BDLPs with cumulant functions r;(u), A; > 0

and p; < 0. Then clearly the functional characteristics are given by

F(u,wi,ws) = A (k1(w1 + pru) + ka(wa + pau)) — u (A1k1(p1) + Aeka(p2))

1
Ri(u,w;) = §(u2 —u) — Aw;,

what can be seen analogously to the proof given in the single-factor Barndorft-

Nielsen—Shephard model.

Let us now assume that we have a mixture of CIR-type and OU-type stochastic

volatility, i.e., assume the dynamics

1
dX, = (—fs(pl) -3 (VL + Vf)) dt +\/VEAW]} + () VEAW] + p1dZ,\(2),
dVit = = AVLdt + dZ,\(t),

AV = (0 = V?) dt + ¢V VidZ,,

where W' and Z are SBMs with Corr(W?' W?) = Corr(W!,Z?) = 0 and

Corr(W*, Z%) = p; and Z) is a BDLP with cumulant function x(u) as above.
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Then the functional characteristics are given by

F(u,wy,wg) = Aky(wy + pru) — uls(pr) + nbw,,

1
Ry (u,wy) = §(u2 —u) — Awy,

S Ly
Ro(u,wq) = Swy — (0 — ufpz) wa + 3 (U - U) .

2 2

We see that we have to deal with the same equations as in the single-factor models.
Noting that Riccati equations have the nice property that the equation for ¢ is solved
by simply integrating the right hand side, we can solve the Riccati equations for the
average price and average strike by applying the results obtained in the single-factor
models on each factor.

So in conclusion, we can easily extend the model introduced in [11] to deter-
mine the average price and the average strike of geometric Asian options for multi-
factor models. Furthermore, the formulas can be obtained from the results in the

single-factor models.
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CONCLUSION

In this thesis, we first introduced some concepts of stochastic calculus that
were important in order to deal with the specific models in Section 3. Then, in the
second section, we stated the model as given in [11| and saw that there are a pricing
formulas for both the geometric average price and the geometric average strike Asian
options for general affine processes, which involve the inverse Laplace transform and
so-called generalized Riccati equations. In the third section, we discussed the solutions
to these systems of ordinary differential equations for popular models, and the fourth
section addressed the generalization of the pricing model to multi-factor models. We
saw that due to linearity and the indepenence of the volatility factors, one can deal
with the multi-factor models in the same manner as the single-factor models using
the results of the latter. In conclusion, all information regarding the pricing formulas
for the popular models was provided and proven in detail.

In order to get real prices, one needs to apply the Laplace transform. We
saw that for some models, the solution to the Riccati equations is given by special
functions like the hypergeometric functions, which makes the Laplace transform a
hard problem to face. Further research should be done in regard of solving this

issue.
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