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Abstract

This is a two-part thesis strung together by a common underlying theme—quantum correlations.
We present some new characterizations and quantifications of quantum correlations and an appli-
cation of one such correlation—entanglement—for quantum technology.

In Part I of the thesis, we use a Rényi generalization of the quantum conditional mutual
information (QCMI) to define and study new measures of quantum entanglement and quantum
discord. In particular, using a quantity derived from a Rényi QCMI, we introduce: a) the geometric
squashed entanglement, a faithful entanglement measure, which is a lower bound on the squashed
entanglement and which reduces to the geometric measure of entanglement for pure quantum
states, b) the surprisal of measurement recoverability, a discord-like measure, which is similarly
a lower bound on the quantum discord. The surprisal of measurement recoverability enhances
our understanding of quantum discord in terms of the ability to recover one share of a bipartite
quantum system after it has been measured.

In Part II, we discuss entanglement-enhanced quantum sensing. In particular, we consider
optical interferometric sensors that use photon-number parity detection. Using the quantum and
classical Cramér-Rao bounds (QCRB and CCRB) on phase precision as the figures of merit, we
characterize a class of two-mode pure states for which photon-number parity measurement is op-
timal for phase estimation. These states turn out to be a subset of the class of path-symmetric
states—a class for which photon-number counting-based measurements are known to be optimal.
Further, we gauge the performance of the particular interferometry based on coherent light mixed
with squeezed vacuum light and photon-number parity measurement. We show that photon-number
parity is an optimal measurement for the above state in the sense that the detection scheme is ca-
pable of achieving the best phase precision offered by the state (given by its QCRB). The state by
itself is also known to be capable of optimal phase precision for any state in linear interferometry
for a given photon budget, called the Heisenberg limit. Thus, we demonstrate Heisenberg-limited
phase estimation for the state with photon-number parity detection.
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Chapter 1
Introduction

Quantum theory undoubtedly finds a place among the most important scientific develop-
ments of the twentieth century. Its roots can be traced back to the seminal works of stal-
warts such as Planck, Einstein, Bohr, and de Broglie (only to name a few). Quantum theory
was then formalized independently by Heisenberg as matrix mechanics, and Schrodinger as
wave mechanics. These two formalisms were later shown to be equivalent by Dirac, who then
introduced a unified formalism, one that is widely used today as non-relativistic quantum me-
chanics. Quantum mechanics has been successfully applied to obtain a deeper understanding
of the structure of the atom, its constituent sub-atomic particles, the elements of the periodic
table, the interaction of different atoms to form molecules, and numerous other micro and
macroscopic physical phenomena. From a technological viewpoint, the mere departure from
classical physics marked by the emergence of quantum mechanics as a fundamental theory
of nature during the mid to late years of the twentieth century paved the way to a series of
advancements, which culminated in the development of semiconductor electronics and the
modern age of information and computation. This phenomenon has been called by some as
the first quantum revolution [52].

Quantum mechanics is fundamentally different from classical physics. If there is one
essential concept in quantum mechanics that distinguishes it from classical mechanics, it
is the non-commutativity of conjugate observables. Take the position and momentum of a
physical system for example. The operators corresponding to these attributes in quantum
theory do not commute; their commutator is given by

[z, p| = ih,

where = and p are the position and momentum operators, respectively, and A = 1.055 X
10734J-s is the Dirac constant (which is 1/(27) times the Planck constant h = 6.63 x
1073*J-s). This non-commutativity imposes a fundamental limitation on how precisely the
position and momentum of a subatomic particle can be simultaneously determined. The
much celebrated uncertainty principle given by Heisenberg quantifies this fact as

AxAp > h/2,

where Az and Ap are the uncertainties in the simultaneous estimates of position and momen-
tum of a quantum system, respectively. Thus quantum mechanics forbids the simultaneous
measurement of position and momentum with arbitrary precision. This is in contrast with
classical mechanics, where the state of a particle is in given by its position and momentum
coordinates in phase space, assuming that they can be determined simultaneously with arbi-
trarily high precisions. The state of a system in quantum mechanics, instead, is described by
a wavefunction in either the position or the momentum eigenbasis. The quantum mechan-
ical wavefunction encodes the probability amplitudes of the various possible measurement
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outcomes of an observable in the form of a superposition. For example, the wavefunction
of a quantum system in the position eigenbasis encodes the probability amplitudes of the
various possible locations at which the system could be found. Further, given a Hamiltonian
describing the dynamics of the system, the wavefunction transforms into a new wavefunc-
tion, resulting in new probability amplitudes for the various possible measurement outcomes.
Thus, quantum mechanics is inherently a stochastic theory. This too is in contrast with clas-
sical mechanics, which is a fully deterministic theory, wherein, given the initial position and
momentum of a system and the Hamiltonian, the position and momentum at all future times
can be determined precisely.

1.1 Quantum Correlations

Another salient, distinguishing feature of quantum mechanics is the novel types of corre-
lations allowed to exist between quantum systems, which are beyond what is allowed in
classical physics. This thesis is about such “nonclassical” or “quantum” correlations. If
the mere emergence of quantum mechanics marked a first quantum revolution, then we are
currently in the middle of what is a second quantum revolution, where a large global effort
is underway towards harnessing such quantum correlations towards novel technologies for
information processing and computation [52].

Quantum entanglement. Following the invention of quantum mechanics, Schrodinger in
1935 realized that the mathematical structure of quantum mechanics presented some serious
peculiarities. He observed that a joint quantum state describing two quantum systems may
be such that it is non-factorable into a product of local quantum states on the individual
systems. He called this feature entanglement. Entangled quantum states are such that a
measurement on one of, say two systems in an entangled quantum state, could instantly steer
the other system to a particular state depending on the measurement that was performed on
the first system and its outcome, independent of how separated the two entangled systems are
in distance at the time of the measurement. This peculiar feature, however, became a cause
of concern among many contemporary physicists of the time. In fact, it cast enough doubt
in the minds of Einstein, Podolsky and Rosen that they decided to call quantum mechanics
incomplete. They based their argument on the then already well-established uncertainty
principle. Consider two parties, Alice and Bob, each holding one of two systems that are in
an entangled state. Alice performs a measurement of one of two conjugate observables on her
system, while Bob measures the other observable. Since the two systems are entangled, this
way they could together learn about both conjugate properties of each system simultaneously
with arbitrary precision, which is in violation with the uncertainty principle. This paradox
became famously known as the EPR paradox. EPR reconciled the paradox by claiming
that quantum mechanics was incomplete and that reality in nature was necessarily local
and that there perhaps exist some local hidden variables, which contain information about
the outcomes of all possible measurements on the individual systems. Decades later, Bell
discovered a way to compare the predictions of quantum theory with those of any local hidden
variable theory in a quantitative fashion. These are the now famous Bell’s inequalities,
which are bounds on allowed correlations in any local hidden variable theory. Bell showed
that these bounds could be violated by entangled quantum states, thus establishing that in
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theory quantum mechanics allowed for correlations that could not always be replicated by a
local hidden variable model. Numerous experiments have now confirmed that nature indeed
violates the bounds predicted by local hidden variable theories and, moreover, the results of
these experiments agree with the predictions of quantum mechanics.

Quantum discord. Entanglement is the most prominent manifestation of quantum corre-
lations, but it is not the only type of quantum correlation. For example, there is quantum
discord, which is defined for a multiparty quantum state based on the difference between the
total amount of correlations in the state and those that can be accounted for within clas-
sical physics—with the difference being attributed to purely quantum correlations. Quan-
tum discord includes entanglement-type correlations, but goes beyond and captures other
weaker quantum correlations that result from non-orthogonality of quantum states too. Non-
orthogonality of quantum states can be understood as the following: while in classical physics
a collection of distinct states (well-defined position and momentum coordinates) are com-
pletely distinguishable (or orthogonal mathematical speaking), a collection of distinct quan-
tum states could have overlap and thus may not be completely distinguishable from one
another. This possibility with quantum states already takes us out of the realms of classical
physics when it comes to multiparty correlations.

Quantum correlations as a resource for information processing. Quantum me-
chanics, being a fundamental theory of nature, has a bearing on our ability to process
information physically. Thus, quantum mechanics has direct consequences for computa-
tional, communication and cryptographic technologies. In this regard, the classical theories
of computation, communication, and cryptography have been revisited to study the effects
of quantum mechanics with regard to their ultimate possible performances. This has lead
to exciting new possibilities in these areas, such as quantum algorithms for fast integer fac-
torization, fast database search, quantum teleportation, superdense coding and quantum
key distribution [171, 75, 14, 56, 12]. The same is also true for metrology, i.e., the study
of precision measurements. The theory of parameter estimation, which underlies metrology
has been similarly revisited based on quantum mechanics, which has enabled enhanced pa-
rameter estimation. Some of these novel and enhanced quantum technologies rely on the use
of quantum entanglement as a resource. For example, in linear metrology, probe systems
prepared in suitable entangled quantum states enable estimation of unknown quantities of
interest at precisions beyond what is known to be possible classically, the latter being known
as the shot-noise limit.

Characterizing quantum correlations using the synergy with quantum informa-
tion theory. We mentioned earlier how all information-processing technologies must take
into account the effects of quantum mechanics since information processing ultimately hap-
pened on a physical substrate, whose laws are governed by quantum mechanics. On the
other hand, it has been realized that the notion of information, and information processing
abilities of a physical substrate can also very helpful towards improving our understanding
of quantum mechanics. For example, the entropy, which is a fundamental measure of infor-
mation, and various other information quantities which are linear combinations of entropies,
find crucial meaning in the context of characterizing and quantifying quantum correlations.
Therefore, the benefits of the cross-over between quantum mechanics and information theory
in the form of quantum information theory are mutual to both theories.
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1.2 Outline and Contributions

The specific topics discussed in this thesis lie at the interface of quantum information theory;,
quantum estimation theory and quantum optics. We divide the chapters into two parts.

Part I focuses on the characterization and quantification of quantum correlations. We
consider the information quantity called the quantum conditional mutual information (QCMI),
which is widely used in quantum information theory. The QCMI captures the correlation
that can exist between three quantum systems that are together described by a quantum
state. (A detailed introduction to the QCMI is provided in Appendix A.) As with any other
information-theoretic quantity, the QCMI is traditionally defined in terms of the von Neu-
mann entropies. It has been a long-standing open question to obtain Rényi generalizations
of the QCMI. Recently, in a joint work with Mario Berta and Mark Wilde, the present au-
thor proposed and studied several Rényi generalizations of the QCMI [18, 17]. (A detailed
account of these Rényi QCMIs is provided in Appendix B.) In Part I, we use one of those
Rényi QCMIs and its variant to define bipartite entanglement measures, i.e., quantifiers of
entanglement for two-party systems. The measures we define are related to the squashed
entanglement, which is a previously proposed measure based on the QCMI. The squashed
entanglement is known to be a good quantifier of entanglement, satisfying many desired
properties of an entanglement measure. We also define measures of quantum discord based
on the Rényi QCMI. In particular, we define and study a measure of quantum entanglement
called the geometric squashed entanglement, and a quantum discord-like measure called the
surprisal of measurement recoverability.

On the other hand, Part II focuses on entanglement-enhanced quantum technologies for
sensing. (A detailed introduction to quantum-enhanced sensing is provided in Appendix C.)
We consider the optical entanglement generated by the mixing of coherent light and squeezed
vacuum light, and study phase estimation at precisions better than the classical shot noise
limit in Mach Zehnder interferometry. In particular, we focus on the detection scheme, which
is based on the measurement of photon-number parity in one of the two output modes.
We determine the Cramér-Rao bound, which is a figure of merit in quantum parameter
estimation theory, for the interferometry with coherent light and squeezed-vacuum light,
and photon-number parity measurement. We show that this can attain the best estimation
performance that is possible with the given state. We also consider the general problem of
whether photon-number parity is optimal whenever photon number detection is optimal. We
show that this is true for almost all states for which photon number detection is optimal.

Below we give an outline of the thesis.

e Chapter 2 - Preliminaries. In this chapter, we present a brief introduction to the math-
ematical machinery of quantum mechanics, quantum information theory, the theory
of entanglement measures, quantum optics and quantum parameter estimation for the
convenience of the reader.

e Chapter 3 - Rényi Squashed Entanglement and Rényi Quantum Discord. In this chap-
ter, we use a Rényi QCMI (see Appendix B) to define a squashed entanglement and
a quantum discord. By taking as a conjecture that the Rényi QCMI of a tripartite
state papc is monotone under local completely positive and trace preserving (CPTP)
maps on both systems A and B, we prove various properties of these quantities and
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establish them as valid measures of quantum correlation (up to the conjecture). This
is joint work with Mario Berta and Mark Wilde, and can be found in [164].

Chapter 4 - Fidelity of Recovery, Geometric Squashed Entanglement and Measure-
ment Recoverability. Although the Rényi squashed entanglement and Rényi quantum
discord of Chapter 3 are well-behaved correlation measures, they rely on an unproven
conjecture, namely that the Rényi QCMI of a tripartite state p4pc is monotone under
local CPTP maps on both systems A and B. In this chapter, we consider a variant of a
particular Rényi QCMI to define a squashed entanglement and a quantum discord. We
call them the geometric squashed entanglement and the surprisal of measurement re-
coverability. These quantities satisfy nearly all the same properties as their traditional
counterparts. The underlying quantity behind these measures, which is monotone un-
der local CPTP maps on both systems A and B, is the fidelity of recovery. The fidelity
of recovery for a tripartite state papc quantifies how well one can recover the full state
on all three systems if system A is lost and a recovery quantum channel acts only on
system C. This is joint work with Mark Wilde, and can be found in [167].

Chapter 5 - Optimal Phase Estimation with Parity Detection. This chapter contains
the original results of Part II of the thesis. In here, we discuss two-mode optical
interferometry with the non-classical detection strategy based on photon-number parity
measurement. In particular, we ask the question “For what class of two-mode pure
states is the photon-number parity observable optimal for phase estimation?” We
answer this question in light of Hofmann’s work on the analogous question for photon-
number detection-based measurement observables. Hofmann, in his work, derived a
condition called path symmetry as a sufficient condition on a two-mode pure state so
that photon-number counting-based measurement observables are optimal for the state.
We analyze the performance of photon-number parity detection for Hofmann’s path-
symmetric states. We show that photon-number parity is an optimal measurement
for a restricted class of path-symmetric states, and that there exists a bias phase at
which the optimality is achieved locally. We also discuss the particular interferometry
with coherent light mixed with squeezed vacuum light, which is known to achieve
the Heisenberg limit when the inputs are mixed in equal intensities. We show that
photon-number parity is optimal for this scheme and enables Heisenberg-limited phase
estimation with the state. This chapter is based on joint work with Petr Anisimov,
Sejong Kim, Hwang Lee and Jonathan Dowling, and can be found in [165, 166].

Chapter 6 - Conclusions and Outlook. In this chapter, we summarize our main contri-
butions and discuss some possible directions for future work.



Chapter 2
Preliminaries

In this chapter, we give a brief introduction to some essential concepts and the mathematical
machinery of quantum mechanics, quantum information theory, the theory of entanglement
measures, quantum optics and quantum parameter estimation theory for the convenience of
the reader.

2.1 Quantum Mechanics: The Mathematical Machinery

2.1.1 Bounded linear operators, norms and functions

Let B () denote the algebra of bounded linear operators acting on a Hilbert space H. We
restrict ourselves to finite-dimensional Hilbert spaces in Part I of the thesis, while Part II
involves infinite-dimensional Hilbert spaces. For a > 1, the a-norm of an operator X is
defined as

X1, = [oe{vax)my] . (2.1.1)

and we use the same notation even for the case a € (0,1), when it is not a norm. Let B (H)_
denote the subset of positive semi-definite operators, and let B (H), , denote the subset of
positive definite operators. We also write X > 0if X € B(H), and X >0if X € B(H),,.

We take the usual convention that f(A) = >, .o [ (@) i) (i] when given a function
f and a Hermitian operator A with spectral decomposition A = ). a;|i) (i|. So this
means that A~ is interpreted as a generalized inverse, so that A~" = 37, . a; Hd) (i,
log (A) = D ia,50l0g (i) |3) (i], exp (A) = >, exp (a;) [4) (i], etc. The above convention for
f (A) leads to the convention that AY denotes the projection onto the support of A, i.e.,
A% =37 . 20 11) (il, where the support of a positive semi-definite operator is defined as the
subspace spanned by eigenvectors corresponding to nonzero eigenvalues. We employ the
shorthand supp(A) and ker(A) to refer to the support and kernel of an operator A, respec-
tively, where the latter is the subspace orthogonal to the support.

2.1.2 Quantum states

States in quantum mechanics are most generally described by linear operators known as
density operators. An operator p is in the set S(H) of density operators if p € B(H),
and Tr{p} = 1, and an operator p is in the set S(H ) of strictly positive definite density
operators if p € B(H),, and Tr{p} = 1. The tensor product of two Hilbert spaces H 4 and
Hp is denoted by HaQ@H g or H . Given a multipartite density operator pap € S(HAQHB),
we unambiguously write pys = Trg {pap} for the reduced density operator on system A.
(Note that when we write p4, an identity operator is implicit, and the expression should be
interpreted as ps ® I[g.) We use pap, 0ap, Tap, Wap, etc. to denote general density operators
in S(Ha®Hp), while Yap, ¢pap, etc. denote rank-one density operators (pure states |¢) 5,

6



|) 45, €tc., respectively) in S(Ha ® Hp) (with it implicit, clear from the context, and the
above convention implying that ¢4, @4, ¢4 may be mixed if 1) ,5, |@) 45 are pure).

Schmidt decomposition. Any bipartite pure state |¢))ap in Hap can be written in its
Schmidt form as

VALl (2.1.2)

I

V) up =

7

I
=)

where {|i)4} and {|i)p} form orthonormal bases in H 4 and Hp, respectively, the coefficients
A; are real numbers satisfying 1 > \; > 0V, Zj;ol A; = 1, and d is the Schmidt rank of the
state. A bipartite pure state is said to be entangled if its Schmidt rank is larger than 1.

Purification. Consider a density operator on system A, whose spectral decomposition is
given by

pa =y px (@) ]z) (],

A purification of p, is a pure bipartite state |¢) ,, on the original system A and a reference
system R that satisfies the following property:

pa=Ter{|¢) (Ylgat-

An example of a purification of p4 is given by

) pa = Z Vox (@) |2) g |2) 4 -

2.1.3 Quantum channels

A linear map Nyp : B(Ha) — B(Hp) is positive if Nap(0a) € B(Hp), whenever
o4 € B(Ha),. A linear map Nap : B(Ha) — B(Hp) is strictly positive if Ny, g (04) €
B(Hp),, whenever o4 € B(H), . Let ids denote the identity map acting on a system A.
A linear map N_,p is completely positive if the map idgr ® M4, is positive for a reference
system R of arbitrary size. A linear map Ny, p is trace preserving if Tr{N4 ,p (74)} =
Tr{74} for all input operators 74 € B(H,). If a linear map is completely positive and
trace-preserving (CPTP), we call it a quantum channel or quantum operation.

2.1.4 Quantum measurements

A quantum measurement is a quantum channel which has a quantum input and a classical
output. The most general quantum measurement is a positive operator-valued measure
(POVM), which is a set {A”} of positive semi-definite operators such that »  A* = I.
Given a state p and a POVM {A*}, the probability of obtaining the outcome x is given by

p(x) =Tr{A%p}.



2.1.5 Some important classes of quantum states

Maximally entangled states. By a maximally entangled state, we mean a bipartite pure
state of the form

M—IZMJ (2.1.3)

Private states. A state yapap is a private state [94, 96] if Alice and Bob can extract a
secret key from it by performing local von Neumann measurements on the A and B systems
of yaparpr, such that the resulting secret key is product with any purifying system of yapa/p:.
The systems A’ and B’ are known as “shield systems” because they aid in keeping the key
secure from any eavesdropper possessing the purifying system. A private state of log d private
bits can be written in the following form [94, 96]:

Yapar = Uspap (Pap ® pas) Ulpap, (2.1.4)

where @ 45 is the projection onto a maximally entangled state of Schmidt rank d and

UABA’B’ Z| |A® |] ]|B®UA/B/, (215)

is called the “twisting unitary”. The unitaries that make up Uapap: can be chosen such that

UX, B = j, g Or U;,, 5 = Vi . This implies that the unitary Uspap can be implemented
either as ‘

Uspap = Y _ i) (il @ Ip ® Vi, (2.1.6)
or A

UABA’B’ = IA®Z|Z> <Z.|B®VIZ’B" (217)

2.2 Quantum Information Theory: Tools

2.2.1 Distance measures

Trace distance. The trace distance between two quantum states p,o € S (H) is equal to

o= ol =T {/to =)l (o~ )} 22.1)
The trace distance is bound as follows:
0<|lp—oal, <2, (2.2.2)

with it being equal to zero if the state are equivalent, and equal to two if they have support
on orthogonal subspaces. It has a direct operational interpretation in terms of the distin-
guishability of these states. If p or o are prepared with equal probability and the task is to
distinguish them via some quantum measurement, then the optimal success probability in
doing so is equal to (1 + |[p — ol|, /2) /2.



The trace distance obeys a triangle inequality, namely, if p, 0 and 7 are three quantum
states, then
lo=ally <llp—7lly + T = oll; - (2.2.3)
It is monotone non-increasing under quantum operations on state p and o, i.e.,
N (p) =N (@)l <llp =l (2.2.4)
where N is a quantum channel.

Fidelity. The fidelity between two quantum states p,o € S (H) is equal to

2
F(p,o) = |vevol- (2.2.5)

The fidelity is bound as follows:
0< F(po) <1, (2.2.6)

with it being equal to one if and only if the states are identical and equal to zero if and only
if their respective supports are orthogonal. It captures how well a purification of the state p
can pass as a purification of the state o. For pure states [1)) and |¢), the fidelity reduces to
the overlap between the two states

F([9),10)) = || &) (2.2.7)
For a pure state |¢)) and a mixed state o, it reduces to the expectation of o with respect to
|¥)

F([¢),0) = Wlold). (2.2.8)

For two mixed states p4 and o4 on system A, the fidelity is also equal to the following
optimized overlap between purifications [¢,) ,, and |¢,) 4 of the respective states

F(p,o) = gy A (o] &) [* (2.2.9)
= max [(1),| U ® 4 |60) |, (2.2.10)

a result due to Uhlmann, where Uy is a unitary acting on the purifying system R.
Among other properties, the fidelity is multiplicative over tensor product states, i.e.

F(p1®p270'1®0'2> :F(pl,O'l)F(,OQ,O'Q). (2211)

The square root of the fidelity is jointly concave in the state, i.e.

F (ZPX (@) pa, ZPX (z) Ua:) > ZPX (@) V F (pz, 04).- (2.2.12)

Also it is concave in the state, i.e.
F(Ap1+ (1= A)p2,0) > AF (p1,0) + (1 = A) F (p2,0) . (2.2.13)
The fidelity is monotone non-decreasing under quantum operations on state p and o, i.e.,

F(p.o) < F(N (), N (o)), (2.2.14)

where N is a quantum channel.




Theorem 2.1. The following bounds hold between the fidelity and the trace distance of two
quantum states p and o:

1
V(o) < ¢ llo—ol, < VI~ F o) (2.2.15)
Proof. See [196, Theorem 9.3.1]. m

Corollary 2.2. Suppose p is e-close to o in trace distance, i.e.,|p — o||, <€, then the fidelity
between p and o is greater than 1 — ¢, i.e., F (p,0) > 1 — €. Also, suppose F (p,0) > 1 — ¢,
then ||p — ol|, < V/2e.

2.2.2 Entropic (Information) measures

von Neumann entropy. The von Neumann entropy of a quantum state p, is defined as
H(p)=H(A),=—Tr{plogp}. (2.2.16)

It is equivalent to the Shannon entropy of the spectral distribution of the state. That is, if
the spectral decomposition of the state is

PA = ZPX WJI 77D$|A7 (2'2'17)

then
pr )logpx (). (2.2.18)

Consider that Alice prepares a quantum state from the ensemble {px (z), [¢,)} at random
and sends to Bob, who does not know a priori which state was prepared. The von Neumann
entropy then captures the average amount of “surprisal” or “information” gained by Bob
upon receiving the state in terms of number of qubits of information (assuming the log is to
the base two). The entropy of a quantum state p4 is bound as

log |A| > H (A), >0, (2.2.19)

where |A| is the dimension of A. It is equal to zero when p is a pure state and is equal to
log |A| when the state is maximally mixed, i.e.,

|A]
|9} (| (2.2.20)
Z |A| A
The entropy is concave in the state, i.e.,
H(p) > 3 px (0) H (), (2221)

where p = Y px () p,. It is invariant under the action of unitary operations on the state,
ie.,

H(p) = H (UpU"). (2.2.22)
10



It is additive on tensor product states, i.e.
H(p®o)=H(p)+ H (o), (2.2.23)
and sub-additive in general, i.e., for a bipartite state pap

H(AB), < H(A), + H(B),. (2.2.24)

Rényi entropy. The Rényi entropy is a one-parameter generalization of the von Neumann
entropy and is defined for a state p4 as

1
Hy (A), = - log Tr {p“} (2.2.25)

«
= 1 2.2.26
T og el (2.2.26)

for a € (0,1)U(1, 00) (with it being defined for o € {0, 1,00} in the limit as « tends to zero,
one and infinity, respectively.) For a state p, whose spectral decomposition is given by

pA—ZpX ) [¥a) (Pl 4, (2.2.27)

the Rényi entropy is equal to

Ho (4), = - 1 ~log > px (4)° (2.2.28)

In the limit @ — 1, the Rényi entropy converges to the von Neumann entropy. Similar to
the von Neumann entropy, the Rényi entropy is also bound as

log |A] > H, (4), >0, (2.2.29)

where |A| is the dimension of A. It is equal to zero when p is a pure state and is equal to
log | A| when the state is maximally mixed as in (2.2.20) . It is also invariant under the action
of unitary operations on the state, i.e.,

H. (p) = Ho (UpUY), (2.2.30)
and additive on tensor product states, i.e.
Hy(p®o)=H,(p)+ Hy(0). (2.2.31)

Unlike the von Neumann entropy, the Rényi entropy does not obey subadditivity in general.

Relative entropy. For p € S(H) (a density operator) and o € B(H), (a positive semi-
definite operator), the Umegaki relative entropy [189] is defined as

_ J Tr{pllogp —logal} if supp (p) C supp (o)
Diplle) = { +o0 otherwise ' (2.2.32)
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The relative entropy D(p||o) is non-negative if Tr{p} > Tr{c}, a result known as Klein’s

inequality [117]. Thus, when p,o0 € S(H) (i.e. when both p and ¢ are density operators),

the relative entropy is non-negative, and furthermore, it is equal to zero if and only if p = o.
The above definition is consistent with the following limit:

lim Tr {p [log p —log (o + £D)]} = D(po), (2.2.33)

where I is the identity operator acting on H. The statement in (2.2.33) follows because the
quantity
%i\rr‘r(l)Tr {plog (¢ +&I)} (2.2.34)

is finite and equal to Tr{plog o} if supp(p) C supp(c). Otherwise, (2.2.34) is infinite.

The relative entropy is sometimes referred to as the “mother of all entropies” since other
entropic quantities can be written in terms of the relative entropy. For example, the quantum
entropy, conditional entropy and mutual information can be written respectively as

H(A), = —=D(pallLa), (2.2.35)
H(A|B), = H(AB), — H(B), = — I2};1D(PAB“IA ® o), (2.2.36)
I(4:B), = H(A), + H(B), ~ H(AB), = min D(paslos © s). (227)

Theorem 2.3. [Pinsker inequality] The relative entropy is an upper bound on the trace

distance:
1

s (o= oll,)* < D(pllo).

Proof. See [196, Theorem 11.9.5]. m

Rényi relative entropy. For p € S(H) (a density operator) and o € B(H), (a positive
semi-definite operator), the Rényi relative entropy of order o € [0,1)U(1, 00) [140] is defined
as

Y

[ L logTr {p*c*=>} if supp (p) C supp (o) or (a € [0,1) and p £ o)
Dalpllo) = { o +00 otherwise
(2.2.38)
with the support conditions established in [183]. It is traditionally defined for o € {0,1, 00}
in the limit as a approaches 0, 1, and oo, respectively. The Rényi relative entropy D, (p||o)
is non-negative for all a € [0,1) U (1,2] whenever Tr{p} > Tr{c}. This implies that it is
always non-negative when p,o € S(H) (i.e. when both p and o are density operators).
Furthermore, it is equal to zero if and only if p = o.
The above definition is consistent with the following limit for « € [0,1) U (1, 00)
%i{r(l) - i 1 log Tr {[Tr {P}]7' P*(Q +£I)' ™"} = D,(P|Q), (2.2.39)

as can be checked by a proof similar to [132, Lemma 13].
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Sandwiched Rényi relative entropy. For p € S(H) (a density operator) and o €
B(H), (a positive semi-definite operator), the sandwiched Rényi relative entropy of order
a € (0,1)U(1,00) is defined as [132, 198]

1 (1-a)/2a , (1—a)/20\ & if supp (p) C supp (o) or
o log [Tr { (o po )} (@ €(0,1) and p £ o)
400 otherwise

Da (pllo) =

(2.2.40)
The sandwiched Rényi relative entropy Dq (p||o) is non-negative for all a € [1/2,1) U (1, 00)
whenever Tr{p} > Tr{o}, so that it is always non-negative for density operators p and o.
Furthermore, it is equal to zero if and only if p = ¢. The sandwiched Rényi relative entropy
has found a number of applications in quantum information theory recently in the context
of strong converse theorems [198], [131], [76], [184].
The above definition is consistent with the following limit

lim — i - log [Tr { [(a v 51)<1—a>/2a]aH = Duolp|lo), (2.2.41)

as proved in [132, Lemma 13]. Whenever supp(p) C supp(c) or (a € (0,1) and p L o), it
admits the following alternate forms:

D, (pllo) = - i . log [Tr{(0(1_a)/2°‘p0(1_a)/2°‘)aH (2.2.42)
o —« « —Q (e
=~ log Ho(l )20y (1=e)/2 Ha (2.2.43)
-~ —a)/
= —— log||p" gt/ (2.2.44)

The most important property of the Rényi and sandwiched Rényi relative entropies,
which makes them useful for applications is given in the following theorem:

Theorem 2.4. The Rényi relative entropy and the sandwiched Rényi relative entropy obey
monotonicity under quantum operations for o € [0,1) U (1,2] and o € [1/2,1) U (1, 00),
respectively, i.e., for a quantum operation N,

Da(plo)
Da(plo)

Proof. See [140] and [65] (also [11, 131, 198, 132] for other proofs of this for more limited
ranges of «), respectively. m

(N (p) |V (o)) Var € [0,1) U (1, 2], (2.2.45)

2 Da
> Do(N (p) ||V (0)) Yo € [1/2,1) U (1, 00) . (2.2.46)

Rényi conditional entropy and Rényi mutual information. The Rényi conditional
entropy for a bipartite state pap is defined for o € (0,1) U (1, 00) as

Ho (AIB) = — min Dy (o511 © 01) (2.2.47)
(6% a @
_ 1_alogTr{(TrA (%)Y } (2.2.48)
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where D, is the Rényi relative entropy defined in (2.2.38) and the second equality follows
from a Sibson identity [169]. The Rényi quantum mutual information of a bipartite state
pap is defined for a € (0,1) U (1,00) as

I, (A;B), = min Do (pasllpa ® op) (2.2.49)

}, (2.2.50)

== a - log Tr { (Tra{pirin})

Q=

where D, is the Rényi relative entropy defined in (2.2.38) and the second equality follows
from a Sibson identity [76, Corollary 8].

2.3 A Brief Review on Entanglement Measures

Entanglement is widely argued as the characteristic feature of quantum mechanics. Given
the role of entanglement as a resource for quantum information processing, it is important to
be able to quantify how entangled a quantum state is. The topic of entanglement measures
[96] precisely deals with this question. The theory of entanglement tries to compare and
establish an order among states based on their entanglement content. There exist two main
approaches to the theory of entanglement measures:

1. Quantification based on single-copy and asymptotic manipulation of quantum states
using Local operations and classical communication (LOCC, described below),

2. Quantification based on real-valued mathematical functions that obey certain axioms
(which of course includes monotonicity under LOCC).

We now provide a brief overview of both these approaches. Note that we restrict our discus-
sion to the case of finite-dimensional, bipartite, systems.

2.3.1 Entanglement quantification based on LOCC manipulations

What is LOCC? LOCC is a widely used paradigm in entanglement theory. As the name
suggests, LOCC defines the set of allowed quantum operations that can be performed lo-
cally on the different parts of a bi- or multi-partite quantum state in quantum information
processing. A salient feature of LOCC is that it elevates entanglement to the status of a
physical resource. Without the LOCC constraint, any bipartite state can be transformed
into any other using a suitable nonlocal quantum map.

A typical LOCC protocol consists of compositions of the following operations:

1. Alice performs a quantum instrument, which is a map that has both a quantum as well
as a classical output. She forwards the classical output to Bob, who then performs a
quantum operation conditioned on the classical data received.

2. Alternatively, Bob performs the initial instrument and transfers the classical data to
Alice, who then performs a quantum operation conditioned on the classical data.
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Let us now describe LOCC transformations mathematically. Consider a general noisy evo-
lution of a quantum state that produces both a quantum and a classical output. A map
that effects such an evolution—often referred to as a quantum instrument—can be described
using linear completely positive operators &, whose sum is trace preserving. For example,
the action of a quantum instrument (&) on a density operator p4 can be written as

pa = pan =Y (E)(pa) @ [k) (K|, (2.3.1)

where paa is a valid density operator, and system A’ holds the classical output k. LOCC
transformations of a bipartite quantum state pap refer to all those transformations effected
within the constraints of use of only unilocal quantum instruments (&) and (Fy) on the
subsystems A and B, respectively, along with the ability to exchange the classical outputs
k and k' between A and B. Clearly, the set of LOCC transformations is a subset of the set
of all allowed quantum maps on the state pap.

Maximally entangled states. Recall the bipartite maximally entangled states of (2.1.3).
In fact, for a given dimensionality, these states are not unique, but a class in themselves,
which are local unitarily connected to each other. The reason why we know they are max-
imally entangled is that any pure, or mixed, and entangled, or separable, state can be
prepared from them by means of LOCC transformations alone. Since entanglement cannot
increase, but only decrease under LOCC transformations, it is clear why such states are more
entangled than other entangled states.

Examples of measures based on LOCC manipulations. State manipulation under
LOCC transformations can be used to establish a distinction between maximal and non-
maximal entangled states as is evident from the very notion of maximally entangled states
described above. Going beyond it does not enable comparison between the entanglement
content of two arbitrary non-maximally entangled quantum states. This is because LOCC
transformations are discontinuous in the space of bipartite density operators; so, given a
single copy of two non-maximally entangled quantum states, it may not be possible to
transform either into the other. Hence, it may not be possible to conclude which of two
given non-maximally entangled states is more entangled, as ideally wished, using LOCC
transformations. However, it turns out that by considering a large number of copies of the
entangled states, in the asymptotic limit, one can establish a comparison of the entanglement
content of even such non-maximally entangled states using LOCC transformations. For
example, say we have n and m copies of entangled states p and o, respectively. Consider the
transformation p®" — o, effected by LOCC transformations on p®", where |[c®™—0,,||1 < €,
n, m are large numbers and € > 0. A rate r = m/n for the above transformation is said
to be achievable if there exists LOCC transformations such that, in the limit n — oo, the
error € — 0. Now, one can use the optimal achievable rate r4,, to define a measure of the
entanglement content of state p relative to that of state 0. Two of the most commonly used
entanglement measures defined in this fashion in the asymptotic limit are the entanglement
cost and the distillable entanglement.

For a given bipartite entangled state pap on systems A and B, the entanglement cost is
defined the best rate = m/n at which m copies of a 2-qubit maximally entangled state can
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be transformed approximately into p%p, i.e.,
Ec(p) = inf{r : Tim [inf D(p3%, A(1®)(®[35))]}, (2.3.2)

where A is an LOCC transformation, |®)4p is the 2-qubit maximally entangled state, and
D is any suitable distance measure. It turns out that this measure is the regularization of
another entanglement measure called the entanglement of formation [81], which is defined
as

Ei(p) = min > p(x)Ben(|1h0) (Vu] an), (2.3.3)

where pap = Y, p(x)[1s) (¥s|ap is a spectral decomposition of p, and Een(|¢) (1| ap) is the
entropy of entanglement of the pure state [1) 4p, which is nothing but the von Neumann
entropy of the reduced density matrix of 1)) 45 on either of the two systems A or B. That
is, the entanglement cost can be shown to be
Eq+(p3"
Ec(p) = lim M. (2.3.4)

n—oo n

The distillable entanglement of a state psp can be defined as

E = i inf [|A(pS%) — |P)(D|Fn 2.3.
p(p) =sup{r - lim [ inf JIAGE) — [8)(@I5E D), (23.5)
where A denotes the set of all possible LOCC transformations and |®)4p is the 2-qubit
maximally entangled state. In analogy with the entanglement cost, this measure is to be
understood as the maximum rate at which one may obtain 2-qubit maximally entangled
states from n copies of the state p using LOCC transformations.

Pure states: Total order. It is easy to observe that the entanglement cost and the
distillable entanglement are defined based on two opposite processes, namely transforming
multiple copies of 2-qubit maximally entangled states into n copies of the state of interest
pap, and vice versa. The natural question that arises is whether the two processes become
equivalent, or reversible under any particular circumstances. It turns out that they do be-
come reversible for pure states pap, and further, the entanglement cost and the distillable
entanglement for pure states become identical—both reducing to the entanglement entropy
of pap, namely — Tr{palogpa}. Therefore, given two pure states [1;) and [i2), when one
considers a transformation from many copies of one state to many copies of the other via
the intermediate step of distilling many 2-qubit maximally entangled states, reversibility is
maintained, which helps to establish a conclusive order between the states in their entan-
glement content based on the optimal achievable rate of the transformation (which involves
nothing but the entropy of entanglement of the relevant pure states).

However, reversibility is lost in the case of mixed states, and hence it becomes difficult
to establish total order for mixed entangled states using single-copy or asymptotic state
manipulation using LOCC transformations. Hence, one looks for alternative ways to quantify
entanglement in mixed states. This leads us to the axiomatic approach, which we discuss
next.
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2.3.2 Axiomatic approach to entanglement measures

In this approach to entanglement measures, one tries to define real-valued functions that sat-
isfy certain basic axioms which seem reasonable to characterize entanglement, such as con-
vexity, LOCC monotonicity, asymptotic continuity, faithfulness, additivity, and monogamy.
We now describe these axioms one by one.

Convexity. Consider a set of distinctly identifiable bipartite quantum states {p%z}r_,, and
another state p4p, which is their convex sum p = > p(x)p% 5. The process of going from the
former (set of identifiable states) to the latter (convex sum) involves a loss of information,
which would decrease the amount of entanglement. In line with this observation, we expect
the following relation to hold for any entanglement measure defined on the space of these
states

Floan) < 3 ) (7). (23.6)

where F refers to the entanglement measure.

LOCC monotonicity. Consider a bipartite quantum state p4p, and two unilocal quantum
instruments (&,) and (Fy,), which act on the subsystems A and B, respectively, in order
to effect an LOCC transformation. Since entanglement cannot increase under LOCC trans-
formations, we expect the following relation to hold between the input and output states of
the LOCC transformation for any entanglement measure £

E(pac) = Y plky, ko) E(750), (2.3.7)

k1,k2

where p(k1, k) = Tr{EM @EX (pac)}, e = k1 ) L (ENRER) (pac), and ki, ky are classical
outputs.

Remark 2.5. A quantity is an entanglement monotone if it is an LOCC monotone and it
is convex [192].

Additivity. A measure E is additive if F(p ® o) = E(p) + E(o) for state p and o.

Asymptotic continuity. An ideal property for an entanglement measure to possess is that,
in the case of pure states, it should reduce to the entropy of entanglement, since the latter
represents the optimal reversible rate of conversion between pure states in the asymptotic
limit. Asymptotic continuity over pure states is a property that, along with additivity,
LOCC monotonicity, and normalization over pure states, guarantees this. For a measure
E, and pure states |¢) and |¢) such that |||¢) (] —|¢)(¢]||; < €, where € > 0 is small, the
asymptotic continuity condition can be written as

E(l¢)(¢[*") — E(1¢)(4]*")
1+ logd

—0 (2.3.8)

when ¢ — 0, where d is the dimensionality of the Hilbert space. This is related to the
Fannes-Audenaert inequality, which states that for density operators p and ¢ on the same
d-dimensional Hilbert space with T =1 |[p — o,

|H(p) — H(co)| < Tlog(d— 1)+ Hy(T). (2.3.9)
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Faithfulness. A measure F is said to be faithful if F(pap) is equal to zero if and only if
the state pap is separable, i.e.;, E(pap) = 0 if and only if

min ||pag —oagl| =0, (2.3.10)

0ABESA:B

where Sy4.p is the set of separable states over the space of systems A and B.

Monogamy. A well-known property of entanglement is that it is monogamous, i.e., if a
quantum system is entangled with another, then its possible entanglement with a third
system gets constrained. For example, in the extreme case of maximal entanglement, if a
system is maximally entangled with another, then it simply cannot be entangled with a
third system. It is ideal for an entanglement measure to capture monogamy. One way for a
measure F to achieve this is by satisfying inequalities of the form:

E(A; B), + E(A:C), < E(A; BO),, (2.3.11)

where pABY is a tripartite quantum state.

2.4 Quantum Optics: Brief Introduction, Optical States

A quantized mode of the electromagnetic field is completely described by its creation and
annihilation operators, @ and a', which satisfy the commutation relation [&, &T} = 1. They
are defined by their action on the number states of the mode, |n)—also called Fock states,
given by:

aln) = v/njn — 1), a'ln) = vn+1|n + 1). (2.4.1)

Pure states of the single-mode field (vectors in Hilbert space) can be expressed in terms
of the action of a suitable function of the mode creation and annihilation operators on the
vacuum state |0). For example, a Fock state |n) is j—%|0>, where |0) is the vacuum state.

The coherent state is R
a) = D(a)[0), (24.2)

where ﬁ(a) = exp (oz&T — a*d) is called the displacement operator, and « is a complex
number that denotes the amplitude of the state. Both the Fock states and the coherent states
form complete bases (the coherent states in fact form an over-complete basis). Therefore, any
pure state of the quantum single-mode field can be expressed in terms of these states. More
generally, any state of the single-mode field, including mixed states, which are ensembles of
pure states, can be written in terms of these states in the form of a density operator. For
example, the most general state of a single-mode field can be written in the Fock basis as
the following density operator:

p=> puwln)(’|, Tr(p) =1, p > 0. (2.4.3)

Alternatively, a quantized mode can be described in terms of quasi-probability distribu-
tions in the phase space of eigenvalues x and p of the quadrature operators of the mode z
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and p. These operators are defined in terms of the creation and annihilation operators of the
mode as 2 = a'+a and p = i(a’ — a), respectively. The Wigner distribution of a single-mode
state can be obtained from its density operator of the form in (2.4.3) as:

W(a) = 5 / PaTe{pD(@)} eoe e, (2.4.4)
where a@ = 7 +1p and o = x + ip.

Squeezed light [69] refers to minimum uncertainty states of light whose fluctuations with
respect to one of any two orthogonal quadratures in phase space has been reduced at the
expense of increased fluctuations in the other. They are described mathematically using the
squeezing operator. The single-mode squeezing operator acting on a mode a is given by:

A 1

5(6) = e (e - ). (2.45)
where ¢ = re, r and  being the squeezing parameter and squeezing angle, respectively.
The squeezed vacuum state, which is the state corresponding to the action of the squeezing
operator in (2.4.5) on the vacuum state is given by

€) = S(£)|0)
= (2m)! h2™
_ 22(7712’2!)2t23h;|2m>. (2.4.6)
m=0

It has a mean photon number of 77 = sinh? . There are numerous ways to generate squeezed
light. The most common method is based on degenerate parametric down conversion using
nonlinear crystals that contain second order (yx?) susceptibility. When a x® nonlinear
crystal is pumped with photons of frequency w,, some of these pump photons get converted
into a pair of photons—of frequencies w,/2, which are in the single-mode squeezed vacuum
state of (2.4.6). The value of the squeezing parameter r is directly related to the power of
the pump beam used in the parametric down conversion process.

2.5 Quantum Parameter Estimation Theory

There exist two main paradigms in parameter estimation, (i) where an unknown parameter
is assumed to hold a deterministic value, (ii) where an unknown parameter is assumed to be
intrinsically random. In this thesis, we focus on the first one.

Consider N identical copies of a quantum state that has acquired information about
an unknown parameter of interest. Since the state carries the information about the pa-
rameter of interest, say ¢, let us denote it as p,. Now, consider a set of data points
x = {z1,%2,...,2,} that are obtained from the N copies of p, as outcomes of a gener-
alized quantum measurement. Recall that a generalized quantum measurement is a positive
operator-valued measure (POVM), which is a collection of positive operators A*, with the
index x € {1,2,..., M} denoting the outcome of the measurement, whose probability of
occurrence for a state p, is given by p(x) = Tr{pA®}. The elements of a POVM add up to
the identity > A* = I, which ensures that p(x) is a valid probability distribution. Since
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the data points are obtained by measuring identical copies of the quantum state , the X;s
Vi€ {1,2,...,v} are independent and identically distributed random variables that are dis-
tributed according to some probability distribution function p,(x). The goal is to apply a
suitable estimation rule (o, to the data points, to obtain a good estimate for the unknown
parameter .

2.5.1 Classical and quantum Cramér-Rao bounds

When estimation rule @, is applied to a set of data points x, a good measure of precision
for the resulting estimate $,(x) is its mean-square error, given by:

A*G, = E[(@u(x) — 9)7], (2.5.1)

where E denotes expectation value. For any estimation rule ¢,, which is unbiased, i.e.,

E[2,(x)] = ¢, (2.5.2)

the Cramér-Rao theorem of classical estimation theory lower bounds the mean-square error

as 1
NG, > ——— | 2.5.3
VF@@) ( )

where F'(p,) is known as the Fisher information of the probability distribution given by

. d?
F(p,) = Fai(pe, A") = E {—d—sazlogpw} : (2.5.4)

The above lower bound is called the classical Cramér-Rao bound. It gives the optimal
precision of estimation that is possible when both the parameter-dependent quantum state
and the measurement scheme are specified. Estimation rules that attain the classical Cramér-
Rao bound are called efficient estimators. The maximum-likelihood estimator is an example
of an efficient estimator that attains the lower bound in the asymptotic limit.

The quantum theory of parameter estimation further provides an ultimate lower bound
on precision of estimation when the quantum state alone is specified. It goes by the name
of quantum Cramér-Rao bound, and is given by

A5, >

> m7 (2.5.5)

where Fy(p,) is known as the quantum Fisher information, which is defined as the optimum
of the classical Fisher information over all possible generalized measurements:

Fqo(py) = max Fei(pg, 7). (2.5.6)

A measurement scheme that attains this lower bound is called an optimal measurement
scheme. The symmetric logarithmic derivative operation is one such measurement, which is
known to be optimal for all quantum states [27].
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In the case of entangled pure states, the quantum Fisher information takes the simplified
expression given by
Fo = 4A°H, (2.5.7)

where H is the generator of parameter evolution. This gives rise to a generalized uncertainty
relation between the generating Hamiltonian of parameter evolution and the estimator that
is used for estimating the unknown value of the parameter, given by

1
A5, A’H > — 2.5.8
% =" (2.5.8)

for a generating Hamiltonian H, and where v is the number of data points gathered from
measuring identical copies of the state.

2.5.2 Shot-noise and Heisenberg limits

Consider linear interferometry, i.e., where H is linear in the number of probe particles used.
Then, for an N-particle probe state, where the probes are uncorrelated, and v independent
and identical probe states, the quantum Cramér-Rao bound scales as

1
\/I/N7

referred to as the shot-noise limit. It is called so, because the scaling is identical to that of
a Poisson-distributed probe state of mean photon number 7, which is given by

AB, > (2.5.9)

1
AP, = —, 2.5.10
= ( )
known in the classical literature as shot noise. On the other hand, when the N probes are
prepared in a maximally entangled state, e.g., in the NOON state in two-mode interferometry
given by

1
V) Noow = E(\Nn@\f))ﬁ 10} @[N)) (2.5.11)
then the quantum Cramér-Rao bound at best scales as
Ap, > ! (2.5.12)
<)Ol/ - \/;Ny J.

for v independent and identical copies of the state. The above lower bound is known as the
Heisenberg limit.
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Part 1
Rényi Quantum Conditional Mutual
Information and Applications

Chapter 3
Rényi Squashed Entanglement and Rényi
Quantum Discord

3.1 Introduction

Quantum information theory is immensely useful in quantifying quantum correlations. In-
formation quantities such as the quantum entropy, conditional entropy, mutual information,
and quantum conditional mutual information (QCMI) underlie various measures of quan-
tum correlations. For example, the squashed entanglement and the quantum discord are
based upon the QCMI. Also, the operational meanings that the entropic quantities take in
information-theoretic protocols aid in understanding the correlation measures defined based
on them. The entropy finds operational meaning in the context of quantum data compres-
sion, the conditional entropy in quantum state merging, the mutual information in erasure
of total correlations and the conditional mutual information in quantum state redistribution.

In this chapter, we study two new quantifiers of quantum correlation defined based on
a Rényi QCMI (see Appendix B), namely, a Rényi squashed entanglement and a Rényi
quantum discord. We explore various properties of these measures, and some potential
applications.

3.2 Rényi Squashed Entanglement

Squashed entanglement: A brief review. The squashed entanglement mentioned above
in Section 3.1 is an entanglement measure defined based on the QCMI. We recall the formal
definition of the squashed entanglement below.
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Definition 3.1. The squashed entanglement of a bipartite state pap € S (Hap) is defined
as

‘ L,
EM(A;B), = éwl,qrgE {I(A;B|E), : pap = Trg {wasre}}, (3.2.1)

where the infimum is over all possible extensions wapg of the state pap and I (A; B|E), is
the quantum conditional mutual information from (A.2.1).

The squashed entanglement can also be equivalently defined as

inf {1 (A;B|E)s (3.2.2)

~e(app )} ’
where ¢ 4pp is any purification of the state p4p and Sg/ g is a quantum channel called
the “squashing channel”. Conceptually speaking, the squashed entanglement of a state pap
shared between Alice and Bob captures how much quantum correlations between Alice and
Bob survive despite the attempts of a third party Eve, who has access to an extension of the
state, to try and squash down the correlations.

The squashed entanglement is known to hold many of the properties that are desired of
an entanglement measure in the axiomatic approach to such measures. For example, it is
monotone non-increasing under LOCC, it is additive on tensor product states and subadditive
in general [40]. It is faithful in the sense that the measure equals zero if and only if the state
is separable [25, 120] and is asymptotically continuous [4]. The squashed entanglement is
normalized on maximally entangled states and private states: for a maximally entangled
state of Schmidt rank d, the squashed entanglement equals logd [40], and is at least logd
for a private state of (2.1.4) containing log d private bits [36, Proposition 4.19]. Further, the
squashed entanglement of a state pap is an upper bound on the rate at which Bell states
can be distilled per copy of pap using LOCC in the independent and identically distributed
(i.i.d.) limit of a large number of copies of the state [40]. Similarly, it is also an upper bound
on the rate at which private states can be distilled using LOCC in the i.i.d. limit [37].

A Rényi squashed entanglement. Likewise, a Rényi squashed entanglement can be
defined based on a Rényi QCMI. We now formally define the quantity.

Definition 3.2. The Rényi squashed entanglement of a bipartite state pap € S (Hap) is
defined for a € (0,1) U (1,00) as

L.
E3 (A B), = 5 inf {I,(4;B|E),: pap = Trg{wasr}}, (3.2.3)

WABE

where the infimum is over all extensions wapp of the state pap and 1, (A;B|E), is the
Rényi quantum conditional mutual information from Definition B.1.

We will now prove some of the afore-mentioned axioms for the Rényi squashed entangle-
ment. However, before we do so, it is important to emphasize that many of the results we
prove in this section rely on the following conjecture:
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Conjecture 3.3. The Rényi quantum conditional mutual information of Definition B.1
obeys monotonicity under CPTP maps on system A, i.e., for pape € S (Hapr) and a €
(0,1)U(1,2],

I.(A;B|E), > I (A; B|E). (3.2.4)

where Tarpg = Maa (papre) and My a is a CPTP map acting on system A alone.

3.2.1 An entanglement monotone

Assuming Conjecture 3.3, we now prove that the Rényi squashed entanglement defined in
Definition 3.2 is an entanglement monotone for a € (0,1)U(1,2]. In order to do so, we show
that under the said assumption, the Rényi squashed entanglement £ (A; B) , 18 monotone
under local operations and classical communication (LOCC) and convex.

Consequence 3.4. Assuming Conjecture 3.3, the Rényi squashed entanglement E3% (A; B)p
is monotone under local operations for o € (0,1) U (1, 2]

E¥(A;B), > B (A5 BY), (3.2.5)

where pap € S (Hag), oap = Nasa @ Mpop) (pag), and Naa and Mp_p are CPTP

maps.

Proof. This follows directly from monotonicity under local operations of the Rényi QCMI
I, (A;BIE), =

Consequence 3.5. Assuming Conjecture 3.3, the Rényi squashed entanglement E3% (A; B)p
is invariant under classical communication between A and B for o € (0,1) U (1,2], i.e

E3(XadA; B), = B3 (XaA; XpB), = E3' (A; XB),, (3.2.6)
where px,AxyB = ZPX ) |z) (zlx, ® |2) (]x, @ Pagp-

Proof. Let p?p be any extension of p% 5, and |¢#X) , pp be a purification of p% 5. Then,

PXAABE = ZPX ) |z) ([ x, ® PhpE

is an extension of px,ap, and

°) X s XnABER = Z Vox () [7) 5, @12)x, @ 19"%) Appr

a purification of px, app. Further, consider the state @&A xpxpaper defined as

¢§(AXBXRABER = ZPX |X ® |x) <‘r‘XB ® |z) <$|XR ® QOZZBERv
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where the state of X4 has been copied to Xp, and let 0x, x,x,4apErrbe a purification of
P axpxnappr We then have that I, (XaA; B|E),

= I, (B; X4A|XrR),,
> I, (B; X4A|XgR),,

- log ;px () exp { <O‘ — 1) L. (XaA; B|R),, ®W} (3:2:9)

Q

- ai T log Zx:px (x) exp { (aa 1) Lo (Xad; XpB|R) ) e, o el ®‘sz}
(3.2.10)
= I, (XpB; XaA|XgrR), (3.2.11)
A xaB B, (3.2.12)
> 22 ULt KaB).. (3.2.13)

The first equality follows from duality of the Rényi QCMI. The first inequality is a result of
monotonicity under a local dephasing operation

D la) (zly, () ]2) (2]y,, (3.2.14)

which relies on Conjecture 3.3. The second equality follows from Lemma D.6 given in
Appendix D.2.4. The third equality is an application of Lemma D.7 given in Appendix
D.2.5. The fourth equality is from another application of Lemma D.6. The fifth equality is
from another application of duality. The final inequality is a result of Definition 3.2. Since
the inequality holds for any extension of px, ap, it follows that

EHN(Xad;B), > EgH(XaA; XB), . (3.2.15)
By a similar line of reasoning, but without having to rely on Conjecture 3.3, it follows that
ESH(A; XpB), > Bt (XaA; XpB), . (3.2.16)

However, from monotonicity of E5% under local operations, we already know that

B (XaA;B), < BX(X4A; XpB),, (3.2.17)
Ezq (A;XBB)p S Ezq (XAA;XBB)p. (3218)

Therefore, (3.2.15)-(3.2.18) give the statement of the proposition. m

Consequence 3.6. Assuming Conjecture 3.3, Propositions 3.4 and 3.5 together imply that
the Rényi squashed entanglement Eqt (A; B), is an LOCC monotone for a € (0,1) U (1,2].

Proposition 3.7. The Rényi squashed entanglement E3% (A, B)p is conver for a € (0,1),
b for o state pas = 3y (2)i

x

EX(A;B), < pr ) B (A; B) . (3.2.19)
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Proof. Let p% g be any extension of p% 5. Then

PABEX = ZPX )|z) (2| ® phsE (3.2.20)

is an extension of p4p. Therefore, we have that

2B (A;B), < I.(A;B|EX), (3.2.21)

- log;px (z) exp { (O‘ - 1) L(A:B |E)pm} (3.2.22)
< pr (z) Lﬁ log exp { <O‘T_1> L(A:B |E)sz (3.2.23)

= pr o (A;BIE) . (3.2.24)

The first inequality follows from Definition 3.2. The second inequality follows from the
convexity of —log. Of course this step is applicable only for a@ € (0, 1), which forms the
bottleneck of this proof. Since the inequality holds for any extension of each p% 5, we can
conclude the statement of the proposition. m

Consequence 3.8. Assuming Conjecture 3.3, Remark 3.6 and Proposition 3.7 together

imply that the Rényi squashed entanglement E5% (A; B)p 15 an entanglement monotone for
€ (0,1).

3.2.2 More properties

Proposition 3.9. For separable state pap € S (Hagp), the Rényi squashed entanglement
E51(A; B),, vanishes for a € (0,1) U (1, 00).

Proof. Consider any separable state pap € S (Hap). We can write it as a convex sum of
tensor product of pure states as follows:

Let papx = pr ) |Ve) (Vu| 4 @ |@2) (92| be an extension of pap. Then, by applying
Lemma D.6, we ﬁnd that

I, (A;B|X) = log pr exp (5T a(A:B)y, 00, (3.2.26)

However, the Rényi mutual information is equal to zero for any product state. This
implies that

Lo (A;B|X) = —log pr (3.2.27)
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Proposition 3.10. For tensor product states pa, a,8,8, = 0A,B, @ Ty, € S (HA,4,8,8,)5
the Rényi squashed entanglement E34(A; B)p is subadditive for o € (0,1) U (1,00), i.e.,

Ezq (AlAz, BlBg)p S Ezq (Al, Bl)o‘ —|— Ezq (A27 Bz)'r . (3228)
Proof. Let 04,p,5, and 7a,p,5, be extensions of 04,5, and 74,5,. Then, we have that

WA B Ey Ay BaEy = OA1B1Ey & TAyByEy (3229)
is an extension of p4, 4,8,8,- Therefore, we have that

QEZq (AlAz, BlBg)p S Ia (AlAg; BlBQ |E1E2 )w (3230)
]a (Al,Bl |E1)U+Ia (AQ;B2|E2)T. (3231)

The inequality follows from Definition 3.2, and equality follows by direct substitution of the
state w into (B.4.11). Since the inequality is independent of the particular extensions o 4, 5, g,
and 74,5, 5,, the statement of the proposition follows. m

3.2.3 Relations to Rényi entropy of entanglement and Rényi entanglement of
formation

The entropy of entanglement [13] and the entanglement of formation [15] are among the
earliest proposed measures of entanglement for bipartite pure and mixed states, respectively.
The entropy of entanglement of a bipartite pure state ¥4 € S (Hap) is defined as the von
Neumann entropy of either reduced density operators, i.e.,

E(4;B), = H(A), = H(B) (3.2.32)

b

The entanglement of formation of a bipartite mixed state is based upon the entropy of
entanglement via an extended convex roof construction. For a state pap € S (Hap), the
entanglement of formation is defined as

EF(A;B)=  min {pr pAB—ZpX ) [47) erB}

{px (@), 1*) 45}
(3.2.33)
= min { (A|X), O'ABX—ZpX ) |z) (z]x ® [¢* ><1/)r|AB}7
{PX(z [9*) AB}
(3.2.34)

where the state psp has been decomposed into a mixture of pure states, and the state o px
is a classical-quantum state constructed based on the decomposition.

Likewise, a Rényi entropy of entanglement and entanglement of formation can be defined
with the Rényi entropies in place of the von Neumann entropies. We now formally define
these quantities.
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Definition 3.11. The Rényi entropy of entanglement of a bipartite pure state Y €
S (Hap) s defined for a € (0,1) U (1,00) as Hy (A),. Further, the Rényi entanglement
of formation of a bipartite state pap € S (Hap) is defined for o € (0,1) U (1,00) as

EE(A;B)pE{ ()irfiw }{ o (A1X), UABX—ZPX )|z) x|X®|¢x><@/}“”|A3}
(3.2.35)

where H, (A|X), is the Rényi conditional entropy of (2.2.47), o apx is the classical extension
of pap based on its decomposition into a mizture of pure states.

Proposition 3.12. For a pure state Yap € S (Hap) and for a € (0,1) U (1,2] , the Rényi
squashed entanglement is related to the Rényi entropy of entanglement as

EN(A;B)y = Hia—a)/a (A),,

Proof. Consider that any extension of a pure state ¢4 is of the form ¥ p®wg. So applying
Lemma D.7, we find that

I (A; B|E) o, = 1o (A; B),,. (3.2.36)
The Rényi mutual information of a pure state can then be evaluated as
. _ l—a, )« 1/a
I.(4; B), = logTr{(TrA {0 vs,)) } (3.2.37)
— = —log Tr { (Tea {whvas}) " | (3.2.38)
_ = -log T { (Tea {w v }) " | (3.2.39)
—a 1/a
= ——logIr { (¥} vp) } (3.2.40)
_ f log T {¢§§‘”>/a} (3.2.41)
1 -
=2 log Tr { 2=/ 2.42
—(2—a)/a® ol (3.2.42)
2H(—a)/a (B), (3.2.43)
= 2H(-0)a (A), (3.2.44)

The first equality follows from (2.2.50). The second equality follows because %5 = ¥ap
for a pure state ¢. The third equality follows because ¥} |¢) ;5 = ¥ * [¥0) 45 for a pure
bipartite state 1. The fourth equality follows by taking the partial trace over system A. The
rest of the equalities are straightforward, by applying the definition of the Rényi entropy. m

Corollary 3.13. The Rényi squashed entanglement is normalized on mazimally entangled
states, in the sense that for o € (0,1) U (1, 2]

EX(A;B)g = logd, (3.2.45)

where d is the Schmidt rank of the maximally entangled state W 4p.
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Proof. This follows from Proposition 3.12 and from the fact that the Rényi entropy of a
maximally mixed state of dimension d is equal to logd. m

Proposition 3.14. The Rényi entanglement of formation of pap € S(Hap) can be written
as

Ey (A;B),

=  min {1_alogsz [Tr 4" l/a] pAB—ZpX )17 WAB}

{PX 2),U7) 4 }
(3.2.46)

Proof. By applying the Sibson identity mentioned in [169] to H, (A]|X), in (3.2.35), we
find that

H, (A|X)a =

f " log Tr {(TrA {ij})l/a} (3.2.47)

1/a
:1fa1°gTr (T“{ZPX ) ) (x| ® (@bi)“}) (3.2.48)

1/a
:1fa10gTr ({ZPX )|x) xIXTr{(wi)“}D (3.2.49)
= o> () [T {(03)) ). (3:2.50

Finally, by an application of the Carathodory theorem, we know that the infimum can be
replaced by a minimum because 975 Ha(AlX)s can be written as a convex combination of
Tr{(%)" }1/ “, which is a continuous function of the marginals of the elements of a convex
decomposition of the state p4p and these marginals are elements of a compact set. m

Proposition 3.15. For pap € S(Hap), the Rényi squashed entanglement is upper bounded
by the Rényi entanglement of formation for o € (0,1) U (1,2) as

E?Q—a)/a (A7 B)p > Ezq (Aa B)p (3251)

Proof. Consider a spectral decomposition of p4p in terms of an ensemble{px (z), V") 45}

pAB—pr ) [7) (| 45 (3.2.52)

Let oxap be a classical extension of pap, given by

mw—Zw-mﬂm®WMwM- (3.2.53)

Consider that

Hg (A]X) =

1ogpr { { )B}W} (3.2.54)
B

5log lsz [Tr{ )5}1/5}]. (3.2.55)

29




For 8 € (0,1) U (1,00), we have from concavity / convexity of the function z° that

Hy (AJX) > — logZpX { )5}. (3.2.56)

Let f = (2 — «) /a. Then, from (3.2.56), for aw € (0,1) U (1,2), we have that

1
z\(2—a)/a
Hz—a)ja (A|X) 2 17— G0/ logpr { %) } (3.2.57)
Now consider that
1
5 1o (4 BIX), = logpr z) exp(“T ) (482 (3.2.58)
—l a g r T (2—a)/a
logpr eXp = gT{(m } (3.2.59)

T log pr { (W5 “)/”} (3.2.60)

-1 1_ logZpX { CAKE “/“}. (3.2.61)

Oé

The first equality follows by applying Lemma D.6. The second equality follows from some
steps given in the proof of Proposition 3.12. The last two equalities are straightforward.
From (3.2.57) and (3.2.61), we have that

1
Hi ayja (AlX) > EIO‘ (A; B|X). (3.2.62)
The statement of the proposition follows from (3.2.62), because
1
51. (A; B|X) > E31(A; B),, (3.2.63)

which in turn follows because the state in (3.2.53) is a particular extension of the state pap
and by definition, the Rényi squashed entanglement is equal to the infimum over all such
extensions. So putting together (3.2.62) and (3.2.63) gives the statement of the proposition.
]

We end this section with Table 3.1, which summarizes the properties of the Rényi
squashed entanglement and draws a comparison with those of the von Neumann entropy
based squashed entanglement.

3.3 Rényi Quantum Discord

Quantum discord: A brief review. The quantum discord of a bipartite state pap is
defined as the gap between the quantum mutual information I (4; B), = H (A),+ H (B),—
H (AB), and the mutual information after one of the systems A or B has been measured,
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Table 3.1: Properties of the Rényi squashed entanglement in comparison to those of the
original von Neumann entropy based squashed entanglement. question marks indicate prop-
erties that remain open for the Rényi squashed entanglement of Definition 3.2. Two of
the properties for the Rényi squashed entanglement rely on conjectures. Conj. 3.3 is the
statement that the Rényi conditional quantum mutual information obeys monotonicity un-
der quantum operations on system A, i.e., for papr € S(Hape) and a € (0,1) U (1,2],
I, (A;B\E)p > 1, (A"; B|E)_, where Tapp = Masa(pape) and My, 4 is a CPTP map
acting on system A alone. Conjecture B.25 is the statement that the Rényi conditional
quantum mutual information is monotone non-decreasing in the Rényi parameter, i.e.,

I.(A; B|C) < I5(A; B|C) for 0 < o < B.

Property Squashed Ent. Rényi Squashed Ent.
of (3.2.1) of (3.2.3)
Normalized v v
for a € (0,1) U (1, 2]
LOCC Monotonicity v if Conj. 3.3 true,
then true for a € (0,1) U (1, 2]
Convexity v v
for a € (0,1)
Faithfulness v vanishing on sep. states for v € (0,1) U (1, 00);
if Conj. B.25 true,
then true for a € (1,00)
Additivity v subadditive for o € (0,1) U (1, 00)
Monogamy v ?
Non-lockability v ?
Asymptotic Continuity v ?
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where the latter is maximized over all measurements [136, 207]. That is, if the measurement
occurs on system A, then the quantum discord is defined as

D(A;B),=1(A;B), - %%;I(X : B)., (3.3.1)

with the overbar denoting the system being measured, and

wxp =Y |x)(x|x @ Tra{(A% @ Ip)pas}, (3.3.2)

A* > 0Vz,and ) A® = I. (It is well known to be sufficient to optimize the quantum discord
over rank-one POVMs [129].) The quantum discord characterizes quantum correlations that
are different from those due to entanglement. It is non-negative, invariant under local unitary
operations, and equal to zero if and only if the state is classical on the system being measured.

We think that it is an important conceptual realization that the quantum discord can
be re-expressed in terms of the QCMI [145]. To see how this comes about, consider the
following. Let M 4, x denote the following measurement map on a state o 4:

Mousx (04) ZTr{AAaA} |z) (x| (3.3.3)

Using this, we can write (3.3.2) as wxp = Mu_x (pap). Now, to every measurement map
M. x, we can find an isometric extension of it, having the following form:

UA—)XE )4 = Z 2 x |2, 9) g (Payl g V) (3.3.4)

where the vectors {|p,,) ,} are part of a rank-one refinement of the POVM {A%}:

= " |uy) (Poul - (3.3.5)

Thus,
Masx (04) = Trp {U x5 (04) ), (3.3.6)
where
U xp (04) = Ui xp (04) (UﬁXE’)T : (3.3.7)
Figure 3.1 illustrates this equivalence between the action of a measurement map and its
isometric extension.

X

A {Aw} . A ux'gw—)XE E .
PAB wXB PAB WXEB
B B B B

Figure 3.1: A measurement map M described by {A*}, and its isometric extension U™.

Let wxgp denote the following state:

wxep = U xp (paB) - (3.3.8)
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We can use the above development to rewrite the objective function of the quantum discord
in (3.3.1) as follows:

I(XE;B),—1(X;B), (3.3.9)
= I(E;B|X),. (3.3.10)

I(A;B),—1(X;B),

Thus, the quantum discord can be defined in terms of the QCMI as follows.

Definition 3.16. The quantum discord of a state pap € S (Hap)is defined as

D (4; B)p = ?Bﬁr}%] (E; B|X),,, (3.3.11)

where the optimization is over all possible POVMs acting on system A, with X being the
classical output and E being an environment for the measurement map, so that

WxXEB = UA—)XEPABUI;_>XE’ (3.3.12)

Unoxelt)a= Y lahx ® (V)@ o)) . (3.3.13)

Here Ussxp (YUl xp is an isometric extension of a generalized rank-one POVM-based
measurement map Ma_x (-) = >, Tr{A;-} |z) (z|y acting on system A. Thus, the quantum
discord captures how much correlations are lost to the environment in the act of a quantum
measurement. This interpretation is made concrete in [197, Section 6.5].

A Rényi quantum discord. Similarly to Definition 3.16, a Rényi quantum discord can be
defined with a Rényi QCMI in place of the QCMI. We now formally define the quantity.

Definition 3.17. The Rényi quantum discord of a state pap € S (Hap) is defined for
ae (0,1)U(1,2] as )
D (A; B)p = {1/{15} I, (E; BIX),, (3.3.14)

where ppxp = Uaex (paB), Ua—ex () = Uasex (1) UIHEX is an isometric extension map
of a generalized rank-one POVM-based measurement map Ma_,x (-) = >, Tr{As-}|x) (x|
acting on system A.

3.3.1 Properties

We now prove that the Rényi quantum discord for o € (0, 1) U (1, 2] is non-negative, invariant
under local unitaries, vanishes on the set of classical-quantum states, and is optimized by a
rank-one POVM.

Proposition 3.18. The Rényi quantum discord D*(A; B), is non-negative for o € (0,1) U (1,2].

Proof. This follows easily from the fact that the Rényi conditional mutual information is
non-negative for o € (0,1) U (1,2] [18, Corollary 16]. m

Proposition 3.19. For a classical-quantum state pap € S(Hap) the Rényi quantum discord
is equal to zero for a € (0,1) U (1, 00).
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Proof. Consider a classical-quantum state pp:

pAB—pr ) [2) (2] 4 © p. (3.3.15)

Let the dilation of a von Neumann measurement of system A be |z), — |z)y |2) 5, so that
it produces

pxpB = Zp ) |2) (2l ® |2) (2] 5 @ . (3.3.16)

So the conditioning system X is Classmal. Applying Lemma D.6, we find that

oY
log ZpX ) expl %5 ) aBiB) iy gy — — log ;px (z) =

(3.3.17)

I, (E;B|X) =

Combining this with the previous proposition, we see that it is equal to zero for classical-
quantum states. m

Proposition 3.20. The Rényi quantum discord D®(A; B), is invariant under local unitaries
for a € (0,1) U (1,00).

Proof. First, from the definition of I, (A4; B|E), we can see that this quantity is invariant
under local unitaries. It then immediately follows that the Rényi discord is invariant under
local unitaries Uy ® V. That is, if the optimal measurement is given by {A%}, then the

optimal measurement under a local unitary Uy can be taken as {UI‘AQU A}.

Proposition 3.21. The infimum in the definition of Rényi quantum discord (Definition 3.17)
is optimized by a rank-one POVM for a € (0,1) U (1,2].

Proof. Consider an arbitrary measurement map
o) = Z Tr{Azo} |z) (x|, (3.3.18)

and a spectral decomposition of each A,:

A, = Z fy | Poy) (Dayl - (3.3.19)

For a fixed x, the set {|¢.,)}, is orthonormal. Furthermore, the set {uy |dsy) (duyl},,
forms a POVM (a rank-one refinement of the original POVM). We can then rewrite the
measurement map as

= > T iy 62y) (Dryl 0} |2) (2 (3.3.20)

In this way, we can already see that there is some loss of information when discarding the
outcome y. An isometric extension of the original measurement map is specified by

Ualspxoyx 19)a = D v/iy (1900) 5 (Deyla) [0)4 @ 10)x, 9y © |2) - (3.3.21)
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This is because the original map is recovered by tracing over the environmental systems
EXgY:

M M T
Trexgy {UA%EXEYXU (UAHEXEYX) }

= TrEXEY{ Z VHy /Ty (|¢w,y>E <¢w,y|A) o |¢m’,y’>A <¢ﬂc’7y’|E ® |z) <x,|XE ® |y) <y/|Y

® [x) (2’| } (3.3.22)
= > 1y (Bralp 19000 (Brula) 01600 4 ® 1) (al (3.3.23)
= i Tr{pty |Gry) (Payl o} ) (2] (3.3.24)
M (o). (3.3.25)

Let 9% 45 be a purification of the state psp on which we are evaluating the Rényi discord.
Then let wrrx,yxp be the following pure state:
_ T
WREXpYXB = UﬁEXEYXl/}f%AB (UﬁEXEYX) . (3.3.26)
Consider the following chain of inequalities:
I, (EXgY;B|X),=1,(B; EXgY|R), > I, (B; EXg|R), =1, (EXg; B|XY),_,. (3.3.27)

The first equality is by duality of the Rényi QCMI. The second inequality is from mono-
tonicity under local quantum operation. The last equality is again from duality. But now
consider that the last quantity corresponds to the quantum discord for the following refined
rank-one measurement map:

0= > Tr{uy [6ry) (ryl o} o) (2] @ 1y) (yly - (3.3.28)

Furthermore, the systems F X g above play the role of the environment of the refined rank-one
measurement map from A to X and Y. This is because

M M T
Trpx, {UA—>EXEYXU (UA—>EXEYX) }

= TI"EXE{ Z \/lu_y\/“_?/ (|¢x,y>E <¢x,y|A) g |¢$’,y’>A <¢x’,y’|E ® ’x> <x/’XE

910) 0y @10} (x| (33.29)
= Dty (@aiylp 825 (Brala) 0 12r) 4 © 1) Oy 1) ] (3.3.30)
= Z Hy (Doyla 0 1Pay) 4 @ ly) Wly ® |2) (2] (3.3.31)
= > T {1y |60) (B o} ) (alc @ J1) oy (3.3.32)
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Since a rank-one POVM always achieves a lower value of the Rényi quantum discord, it
suffices to optimize over only these kinds of POVMs when calculating it. m

A different Rényi quantum discord. At this point we would like to note that a different
Rényi generalization of the quantum discord D%(A; B),, proposed in [128], is optimized by
a rank-one POVM as well. This quantity was defined based upon an optimization over
rank-one projective measurements, but can be extended to an optimization over all POV Ms.
Consider the definition for the Rényi discord of a bipartite state psp proposed in [128,
Eq. (26)] (with projective measurements replaced by POVMs {A*}):

D (4; B), = min Dy(papl|loa ® op) — I{naX min D, (pxgllox ® op). (3.3.33)
0A,0OB

A*} ox,0B

The sufficiency of rank-one POVMs {A*} in the above definition can be proven along the
following lines. Similar to the proof of Proposition 3.21, consider a spectral decomposition
of the POVM elements {A”}:

A, = Z Hay |Pay) (Dayl - (3.3.34)

Once again, for a fixed z, the set {|¢s,)}, is orthonormal, and the set {tuy |¢ay) (Duyl},,
forms a rank-one refinement of the original POVM. The output state corresponding to the
measurement consisting of these above rank-one refinements can be written as

PXYB = Z ‘LE’> <x’X ® |y> <y|Y ® ,U/:L"y <¢$,y|A PAB |¢:p,y>A- (3335>

x7y

Due to the monotonicity of the Rényi relative entropy under local quantum operations, we
have that

min Da(pXYB||UXY X O'B) Z min Da(pXB||UX X O'B). (3336)
oXY,0OB 0X,0B
This implies
max min D, (pxyslloxy ® o) > max min D, (pxgllox ® op).
{Ny‘¢1,y><¢1,y|}z,y OXY.9B {Ny‘¢1,y><¢1,y|}z,y 9x,9B

(3.3.37)

Hence, the second term in (3.3.33) can be replaced with
max min D, (pxyslloxy ® op). (3.3.38)

{byldz,y){dzyl}, , oxV.0B

Therefore, it suffices to optimize the Rényi quantum discord defined in [128, Eq. (26)] over
only rank-one POV Ms.
We summarize the above discussed properties in the Table 3.2.
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Table 3.2: Properties of the Rényi quantum discord of (3.3.11) in comparison to those of
the original von Neumann entropy based quantum discord and the Rényi quantum discord
proposed in [128, Eq. (26)]. In the first column, cg-states refers to classical-quantum states.
The property of monotonicity in « for the Rényi quantum discord of (3.3.14) relies on
Conjecture B.25, which is the statement that the Rényi QCMI is monotone non-decreasing
in the Rényi parameter, i.e., I,(A4; B|C) < Iz(A; B|C) for 0 < o < . Rényi discord of [128]
is not monotone in a because it is equal to a difference of two Rényi relative entropies.

Property Discord of Rényi Discord of Rényi Discord of (3.3.33)
(3.3.11) (3.3.14) as in [128]
Non-negative v v v
for o € (0,1)U(1,2] | for a € [1/2,1)U(1,00)
Vanishing on cq-states v v v
for a € (0,1) U (1,00) | for a e (0,1)U(1,00)
Unitary invariance v v v
for a € (0,1) U (1,00) | for a € (0,1)U(1,00)
Rank-1 POVM optimal v v v
for o € (0,1) U (1,2] | for e €[1/2,1)U(1,00)
Monotone in « N/A if [18, Conj. 34] X
true, then true

3.3.2 Rényi quantum discord for pure bipartite states
We now give an expression for the Rényi discord of pure bipartite states.

Proposition 3.22. The Rényi quantum discord of a pure bipartite state wap € S(Hag) for
a € (0,1)U(1,2] is given by

— «
D*(A;B), = inf 1 e 3.3.39
(4:B), (o), lpe) (ool=1} o — 1 Og;p(x) (Calp V5 [62) ( )
where
e|alt
|fx>3=%, p(@) = [[{@alalé) asll2 (3:3.40)

and {|¢z) = >, |0e)(pz] = I} denotes a rank-one POVM acting on system A.

Proof. We begin by recalling Proposition 3.21, i.e., that it suffices to optimize the Rényi
quantum discord over rank-one POVMs. Let {|p;) (¢z|4}, denote such a POVM, so that
> o l0s) (pz] 4 = La. Consider a bipartite pure state

U
—

V) ap = Ay)

9) s (3.3.41)

<
Il
o

where ’1[@> and |¢,) are orthonormal bases in H 4 and . The post measurement tripartite

state is given by
wpex = Ussex¥asUl L mx, (3.3.42)
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where Us_,gx an isometric extension of the aforementioned rank-one measurement:

Uasex = Z |I>E |x>X <<Pac|,4 . (3.3.43)

The above state, and the reduced states on systems BE and B can thus be equivalently
written as

wppx = Z V(@) p () |2) (ylx @ |2) (ylp @ 1&) (&lp (3.3.44)

WBE = Zp ’33 x|E ® ’fq;) <€x|B ’ (3'3'45)

where p(z) = Tr{[ez)(palal)(Vlap} and [&:) (Clp = Tra{les)(palal)(Vlap}/p(z). The

Rényi conditional quantum mutual information of wggx is thereby given by
I, (E;B|X), =1 (B' E), (3.3.46)
= log Tr {TrB {wBEw Ua} (3.3.47)

1/
[ logTr TYB p ()" |2) (z]p ©[&) <§m|3> w}g_“} (3.3.48)

xT

log Tr

10g Tr {Zp |E Trp {|€z §m|B Wpg a}l/a} (3349)

2) Trp {|&:) (6l gl a}”a} (3.3.50)

110g%:p 7) (&l pwp ™ 161 (3.3.51)

The first equality follows from application of duality of Rényi QCMI along with the fact that
wpex is a pure state. The second and third equalities follow from the definition of Rényi
QCMI, the fact that the system F is classical, and the fact that the post-measurement states
on system B are pure whenever a rank-one POVM is performed on system A. The fourth one
follows from tracing over the E system. The fifth and sixth equalities are straightforward. m

Corollary 3.23. The Rényi quantum discord of a mazimally entangled state ®ap € S(Hap)
simplifies to -
D (4; B),, = log|A]. (3.3.52)

Proof. For a maximally entangled state, p(z) in (3.3.44) is equal to 1/|A|, and the reduced
state on system B is maximally mixed. The result then follows from (3.3.51). m

3.3.3 Conjectured remainder terms for quantum discord

Conjecture B.25 predicts that a Rényi QCMI defined based upon the sandwiched Rényi
relative entropy of (B.4.24) is also monotone in the Rényi parameter. That is, for a positive
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definite tripartite state papc and 0 < a < 3, it was conjectured that
I (A; B|C), < I3 (A; B|C), . (3.3.53)
where the “sandwiched” Rényi conditional mutual information is defined as [18, Section 6]

2
1/2 1-a)/2a (a—1)/2a (1—a)/2«
IOA/BCpAC / /)(C / (BC / e

I (A4 B|C), = — (3.3.54)

log ‘

Proofs were given for this conjectured inequality in Section B.6.3 in some special cases.

Since the quantum discord is based upon the QCMI, we now examine the implications of
this conjecture for the quantum discord, by writing down a corresponding lower bound on
it. This lower bound if true would provide a characterization for states with small quantum
discord (the von Neumann entropy based quantity that is). It has the interpretation as
quantifying how far a quantum state is from being a fixed point of an entanglement-breaking
map. In case the discord is equal to zero we can conclude that the state is a fixed point of
an entanglement-breaking map. In this case, we can apply [67, Theorem 5.3 to conclude
the known result that any zero-discord state is in fact a classical-quantum state.

Consequence 3.24. Assuming Conjecture B.25, the following lower bounds hold for the
quantum discord of pap € S(Hag):

D(A; B), > min —log F (pap,Ea(pan)) , (3.3.55)
{162):3,|62) (¢al=1}
where ]
7 = - ) 4 s 3.3.56
PB Tr{]gb;,) <¢x|ApAB} <¢ ‘ApAB |¢ >A ( )

and E4 1s the following entanglement-breaking map:

P 160) (Dul 4 P

Ealon) = Z (bl a0 |62} 0 24 o0 %‘APA} (3.3.57)
Consider a rank-one measurement {|¢,) (¢.|}, and its isometric extension
Usoxe = Y 10)x @) (@l - (3.3.58)
For a given state pap, the state relevant for discord becomes
UnsxepasUlxp =Y |2)x [2) g (Del 4 pan |6, 4 (Wl x (Wl (3.3.59)
T,y
=D (Belapanldy) 4 ® |2) (ylx ® |2) (vl (3.3.60)
@y
The lower bound in (B.6.40) for this state takes the form:
I(E;B|X) > —log F (pBEX, piery” prpxl/Qp};/fg) : (3.3.61)

39



So, we need to calculate ppx, px, and ppx:

px = > ASalapap|6s) 4 ® |7) (2]x . (3.3.62)
px = iTr{l@Q (Pal g pap} ) (2], (3.3.63)
PEX = i Tr{|y) (dzl4 pan}|2) (Yl x @ |2) (Yls- (3.3.64)
Let b ]
= T0160 (bl pan) ol PA8 0ol 550

Then we have that

1 —1/2 1/2
pE/XpX /2 PBXPx / IOE/X

= Py (Z ) (2] ® p’é) Pix (3.3.66)

; 1/2 ; 1/2
= <UAHXEpAUA%XE) Z ) (z]x ® pp (UAHXEPAUAHXE> (3.3.67)
= UAHXEIO}LX/QULHXE (Z |z} (2| ® P%) UA%XEpi/2UL~>XE" (3.3.68)

Sandwiching by U _ v (-) Ua_,xg then gives

1 2
/ UA—)XE (Z ) (x| ®PB> UA—>XEPA/

T

T 1/2
=47 D 10:04 el <z|E> (Z ) (lx @ pB) (Z 1) x1#') (= |A) " (3369)
z | 172
= 20 0 l6ela G115 Gl o) ol ) @ p3> o (3:3.70)
= Pix/z Z |02) (Pl 4 @ PB) e (3:3.71)
= Zp”? 162) (6ul4 0 ® P, (33.72)
which we can see is a density operator on systems A and B. This establishes that pg/X Px 12 PBX
1/2 1/2

pPpx is in the subspace onto which Ujs_ x EUIx _, xp Dbrojects, and since this is true also
for the state ppxg, we find that

_ 1/2 T
F (poex. pixox “oxox "oy ) = F (pAB»ZpA (62} (@l 4 Y ®p3> (3.3.73)

which is the bound in (3.3.55).
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3.4 Discussion

To summarize, in this chapter, we defined a Rényi squashed entanglement and a Rényi
quantum discord, and examined various properties of the quantities. We took as a conjecture
that the Rényi conditional mutual information of a tripartite state p4pc is monotone under
local CPTP maps on both systems A and B. Assuming the conjecture, we showed that these
quantities retain most of the properties of the original von Neumann entropy based quantities.
For example, we showed that the Rényi squashed entanglement is convex, monotone under
LOCC, that it vanishes on separable states and is subadditive on tensor-product states.
Similarly, we showed that the Rényi quantum discord is non-negative, invariant under the
action of local unitaries, vanishes on the set of classical-quantum states, and is optimized
by a rank-one POVM. Further, we proved relations of the Rényi squashed entanglement
to a Rényi entropy of entanglement and a Rényi entanglement of formation. We gave an
expression for the Rényi discord of pure bipartite states. Also, assuming the truth of a
conjecture on the monotonicity of the Rényi QCMI with respect to the Rényi parameter, we
derived a remainder term for von Neumann entropy based quantum discord via the Rényi
quantum discord.

The following are some future directions that could be considered based on the results
presented in this chapter. One could also try to prove more properties of the Rényi squashed
entanglement and discord. For example, we have left open the converse part of faithfulness
for both the Rényi squashed entanglement as well as the Rényi discord. The von Neumann
entropy based squashed entanglement is known to be superadditive in general and additive
on tensor-product states. However, we have only been able to show that the Rényi squashed
entanglement is subadditive on tensor-product states; super-additivity of the Rényi squashed
entanglement in general has been left open. As far as applications are concerned, it is an
open question if the von Neumann entropy based squashed entanglement is a strong converse
rate for entanglement distillation; the Rényi squashed entanglement may be a useful tool in
investigating this question. Also, using the Rényi squashed entanglement, one could try to
prove that the von Neumann entropy based squashed entanglement is a strong converse rate
for the two-way assisted quantum capacity of any channel (the weak converse bound being
shown in [178, 177]). It might also be interesting to determine if a Koashi-Winter type [112]
relation holds for the proposed Rényi discord.
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Chapter 4

Fidelity of Recovery, Geometric Squashed
Entanglement and Measurement Recov-
erability

4.1 Introduction

While defining the Rényi squashed entanglement and discord quantities in Chapter 3, we had
left the Rényi parameter to be any arbitrary real value o € (0,1)U(1,2]. Also, subsequently
in proving some of the properties of these quantities, we had to assume the monotonicity
of the Rényi quantum conditional mutual information (QCMI) I, (A; B|C'), with respect
to quantum operations on system A to be true. In this chapter, we define a new squashed
entanglement and quantum discord that are inspired from a particular Rényi QCMI, and
these quantities do not rely on such an assumption about monotonicity under quantum
operations.

Before defining the new Rényi squashed entanglement and discord quantities, we give
some background that led to the development of the core quantity behind these new quanti-
ties. Consider the Rényi QCMI I,, (4; B|C),, of (B.4.24). It can be written as the following
norm:

r _ 1 12 (1-a)/2a (a—1)/2a (1—a)/2a|[%®
T (A4; BIC), = —— log||plzenlic™ ™ o™ plsc | ” (4.1.1)
In particular, consider the quantity corresponding to o = 1/2
T2 (4; B|C), = —2log ||pllEerilinc ol (4.1.2)
12 1/2 —1/2 —1/2 172 172 \ V2 ?
= —logTr <pABCI0ACpC’ PBCPc PACPABC) (4.1.3)
= - ]'OgF (pABC: R@%AC (pBC)) ) (414)
where
1/2 —1/2 —1/2 1/2
REac () = pidcoc!” () o plié (4.1.5)

is a quantum channel called the Petz recovery map [80], and

o) = |vaval; (4.1.6)

is the fidelity between two positive semidefinite operators p and o. The Conjecture B.25,
if proven to be true, would imply the following lower bound for the QCMI in terms of
Il/g (A,B|C)p

[(A;B|C), > —1og F (papcs RE ac (p5c)) - (4.1.7)
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The above statement would then in turn imply that it is possible to understand tripartite
states with small QCMI in the following sense: If one loses system A of a tripartite state
pagc and is allowed to perform the Petz recovery map on system C' alone, then the fidelity
of recovery in doing so will be high. The converse statement was already discussed in Propo-
sition B.26 and independently in [62, Eq. (8)]. It has also been explicitly proven in [62,
Eq. (8)] that the following lower bound on the QCMI holds

I (A, B |C)p Z ]F (A, B |C)p = — Réngc logF (pABCa RC—)AC (pgc)) s (418)
where Re_ac () is now any recovery quantum channel acting on system C' that attempts
to recover system A.

We show that the I (4; B |C') , quantity serves as a proxy for the QCMI in the sense that
it obeys many of the same properties as the QCMI. Unlike the Rényi QCMI for arbitrary
a, Ir (A; B|C) , is a well behaved quantity for which we can prove monotonicity under local
quantum operations on both systems A and B. Consequently, we define a new squashed
entanglement and discord based on I (4; B |C') , and prove that they are valid correlation
measures without having to rely on any conjectures.

This chapter is organized as follows. We introduce the fidelity of recovery of state papc,
F'(A; B|C),, which is a quantity that underlies Ir (4; B|C'), of (4.1.8) as —log F' (A; B|C),,.
(In other words, Ir (A; B|C), is the surprisal of the fidelity of recovery.) We explain the
essence of this quantity, and prove the properties that place Ir (A; B |C) , on an almost
equal footing as the QCMI. We then define and study our new correlation measures based
on Ir(A;B|C) ,» hamely the geometric squashed entanglement and the surprisal of mea-
surement recoverability. We show that the geometric squashed entanglement is a 1-LOCC
monotone, which is also faithful and continuous. Likewise, we show that the surprisal of mea-
surement recoverability satisfies all the same properties as the von Neumann entropy-based
quantum discord.

4.2 Fidelity of Recovery

Consider a tripartite state papc € S (Ha @ Hp ® He) on systems A, B, and C. Suppose
that system A is lost, and a recovery operation is performed on system C alone in an
attempt to recover the full state on all three systems. The fidelity of recovery is a measure
that quantifies how well one can recover the full state when the optimal recovery operation
is performed. Figure 4.1 illustrates the essence of the quantity. We now formally define the
fidelity of recovery, and prove some properties.

A =N |
pPABC €B PABC FB PABC
c R[4

Figure 4.1: The fidelity of recovery of a tripartite state papc captures how closely the state
PABC approximates papc.
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Definition 4.1. Let papc be a tripartite state. The fidelity of recovery of papc with respect
to system A is defined as follows:

F(A;B|C), = sup F(papc: Resac (pac)) - (4.2.1)

Re—ac

Proposition 4.2. Let papc be a tripartite state. Then Ir (A; B|C), > 0 and for finite-
dimensional papc, Ir (A; B|C)p = 0 if and only if papc is a short quantum Markov chain,
as defined in [80].

Proof. The inequality Ir (A; B|C) , = 0 s a consequence of the fidelity always being less
than or equal to one. Suppose that papc is a short quantum Markov chain as defined in
[80]. As discussed in that paper, this is equivalent to the equality

PABC = Rg—mc (pBC) > (4.2.2)

where RE . . is the Petz recovery channel. So this implies that

F (pABCv,R’g—MC (PBC)) =1, (4.2.3)

which in turn implies that F' (A4; B|C), = 1 and hence Ir (A; B|C), = 0. Now suppose that
Ir (A; B|C), = 0. This implies that

sup F (papc, Re—ac (ppe)) = 1. (4.2.4)

Re—ac

Due to the finite-dimensional assumption, the space of channels over which we are optimizing
is compact. Furthermore, the fidelity is continuous in its arguments. This is sufficient for
us to conclude that the supremum is achieved and that there exists a channel Ro_, 4¢ for

which F (papc, Re—ac (psc)) = 1, implying that
pasc = Resac (pae) - (4.2.5)

From a result of Petz [141], this implies that the Petz recovery channel recovers papc per-
fectly, i.e.,
PABC = Rg—mc (pBC) S (4.2.6)

and this is equivalent to papc being a short quantum Markov chain [80]. m
Proposition 4.3. Let ¢ apcp denote a four-party pure state. Then
F(A;B|C)¢:F(A;B|D)¢, (4.2.7)

which 1s equivalent to
Ir (A;B|C)¢:IF (A;B|D)¢. (4.2.8)
Proof. The proof of this proposition uses Uhlmann’s theorem given in . By definition,

F(A;B|C)¢ = sup F(¢ABO,RIC_>AC (¢Bc))- (4.2.9)

1
7?'C’~>AC’
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Figure 4.2: This figure helps to illustrate the main idea behind the proof of Proposition 4.3
and furthermore highlights the dual role played by an isometric extension of the recovery
map on C' and an Uhlmann isometry acting on system D (and vice versa).

Let L{g; 4cp be an isometric map which extends R}, 4. Since ¢apop is a purification
of dapc and UR yop (dscap) is a purification of RE 4 (épc), we can apply Uhlmann’s
theorem for fidelity to conclude that

sup F (papc, Reac (dpc)) = sup  sup F <UDAA’DE (bancn)  UE, scr (¢BCA/D))-

Réac Up_a'DE L{giACE
(4.2.10)
Now consider that
F(A;B|D)y= sup F (¢aBp, RDap (¢8D)) - (4.2.11)

2
7?'D~>AD

Let Z/{Ei ADE bezan isometric map which extends R% . ,p. Since ¢apcp is a purification
of papp and UX", \pp (dBpAc) is a purification of R% . 4, (é5p), we can apply Uhlmann’s
theorem for fidelity to conclude that

sup  F (¢app, Rh_ap (08D))

R2
D—AD

= sup sup F (uCHA/CE (¢apcp) UL aps (¢BDA/C)>- (4.2.12)
Ucsarcr UR?

D—ADE

By inspecting the RHS of (4.2.10) and the RHS of (4.2.12), we see that the two expressions
are equivalent so that the statement of the proposition holds. Figure 4.2 gives a graphical
depiction of this proof which should help in determining which systems are “connected
together” and furthermore highlights how the duality between the recovery map and the
map from Uhlmann’s theorem is reflected in the duality for the fidelity of recovery. m

Remark 4.4. The physical interpretation of the above duality is as follows: beginning with
a four-party pure state ¢ apcp, suppose that system A is lost. Then one can recover the state
on systems ABC' from system C alone just as well as one can recover the state on systems
ABD from system D alone.

Proposition 4.5. The fidelity of recovery is monotone under local operations on systems A
and B, 1i.e.
F(A;B|C)p < F (A B|C)_, (4.2.13)
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where Tape = (Nasa @ Mp_p) (papc). The above inequality is equivalent to
Ir (A; B|C), > Ir (A B'|C), . (4.2.14)
Proof. Consider any recovery map R¢o_sac. We have that

F(papc; Ro—ac (pseo)) (4.2.15)
< F((Nasa @ Mpop) (pae) s Nasa @ Mp_,pr) (Resac (pBe))) (4.2.16)
= F ((Nasa @ Mp_yp) (pasc) s Nasar o Resac) (Mpos (pe))) (4.2.17)
< sup F((Nasa @ Mpop) (pasc) s Remarc (Mpop (pse))) ( )

4.2.18
Rosarc

The first inequality is due to monotonicity of the fidelity under quantum operations. The
first equality follows from the fact that the recovery map R and the noisy map M commute
since the former does not act on system B. The second inequality follows from the fact that
the supremum of the fidelity with respect to an optimization over recovery maps can only
be greater than or equal to the fidelity corresponding to an arbitrary recovery map. The
second equality follows from Definition 4.1. Finally, since the above chain of reasoning holds
for all Ro_ ac, it follows that

F (A, B|C)p = Riulic F (pABC;RC%AC (pgc)) < F (A/; B/’C>(/\/®M)(p) . (4220)

Remark 4.6. The physical interpretation of the above monotonicity under local operations
is as follows: for a tripartite state papc, suppose that system A is lost. Then it is easier
to recover the state on systems ABC' from C alone if there is local noise applied to systems
A or B or both, before system A is lost (and thus before attempting the recovery). The
only property of the fidelity used to prove the above proposition is that it is monotone under
quantum operations. This suggests that we can construct a fidelity-of-recovery-like measure
from any “generalized divergence” (a function that is monotone under quantum operations).

Proposition 4.7. Let papc be a tripartite quantum state and let

oapcer = Uasa @V @ Weer) (pase) (4.2.21)
where Ua_s a1, V_sp, and We_,cr are isometric quantum channels. Then

F (4 B]C)p = F (A B'|C),, (4.2.22)
Ir (A; B]C)p =Ip (A B'|C"), . (4.2.23)
Proof. We prove the statement for fidelity of recovery. We first need to define some CPTP
maps that invert the isometric channels s, 4/, Vg_. g/, and We_.¢r, given that Z/{l1 oA V; B

and Wg _, ¢ are not necessarily quantum channels. So we define the CPTP linear map 74 _, ,
as follows:
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where 74 is some state on system A. We define the maps 7Y .5 and 72, similarly. All
three maps have the property that

T s A OZ/[A_>A/ = idA, (4.2.25)
T ’—>B o} VB—»B’ = idB, (4.2.26)

Let Re—,4¢ be an arbitrary recovery map. Then

F (paBc, Resac (pse))

= F((Ussn ® Veop @ Woser) (pase) s Uasa @ Veop @ Weer) (Re—ac (pBe)))
(4.2.28)

= F(oapc, Uasa @Weer) (Resac Veop (PBC)))) (4.2.29)

=F (owpcr, Ussw @ Weosser) (Rosac (T 0 Vs @ Weser) (pse))))
< sup F(oapco,Rosace (Ve @ Weser) (pBe)))

Rcl *)A,C,

— F(A;B|C"),.

The first equality follows from invariance of fidelity with respect to isometries. The second
equality follows because R¢o_ac and Vp_,p commute. The third equality follows from
(4.2.27). The inequality follows because

(Ua—ar @ Weer) © Resac 0 T o (4.2.30)

is a particular CPTP recovery map from C’ to A’C’. The last equality is from the definition
of fidelity of recovery. Given that the inequality

F (paBc, Ro—ac (pse)) < F (A B'|C), (4.2.31)
holds for an arbitrary recovery map R¢c_sac, we can conclude that
F(A;BIC), < F (A B'|C"), . (4.2.32)
For the other inequality, let R¢v a4:¢v be an arbitrary recovery map. Then

F (UA’B’C’ Rersacer (0picr))
((T A & TV’%B ® ‘TCV/VHC> (UA’B’C’> (T 1A @ T g & Te ’—)C) (RC'%A’C’ (O’B/C/>>)

(4.2.33)

= F (papo, (Tha © Te5¢) (Rersaer (T g (9pc)))) (4.2.34)
=F (pasc, (T4 © T 0) (Resae (Teop 0 Vesp @ Woser) (pae))))  (4.2.35)
= F (pasc, (Th-a @ T2 0) (Rersaer Weser (pse)))) (4.2.36)
< Riugc F (paBc, Re—ac (psc)) (4.2.37)
F(4; B|C), (4.2.38)
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The first inequality is from monotonicity of the fidelity with respect to quantum channels.
The first equality is a consequence of (4.2.25)-(4.2.27). The second equality is from the
definition of op/¢cr. The third equality follows from (4.2.27). The last inequality follows
because (T4_ 4, ® T2 ,c) o Rermarcr © Weoer is a particular recovery map from C' to AC.
Given that the inequality

F (UA’B’C’y RC’—)A’C’ (O'Blc’)) S F (A, BlO)p (4239)
holds for an arbitrary recovery map R¢r_,4/¢cr, we can conclude that
RS iVal .
F (AL B|CY), < F(4;B|C),. (4.2.40)
[

Remark 4.8. The only property of the fidelity used to prove Propositions 4.5 and 4.7 is
that it 1s monotone with respect to quantum operations. This suggests that we can con-
struct a fidelity-of-recovery-like measure from any “generalized divergence” (a function that
is monotone with respect to quantum operations).

Proposition 4.9. The fidelity of recovery obeys the following dimension bound:

1
which 1s equivalent to
Ir (A; B]C)p < 2loglA|. (4.2.42)

If the system A s classical, so that we relabel it as X, then the following hold
1

X1

Ir (X;B|C), <log|X]. (4.2.44)

F(X;B|C), > (4.2.43)

Examples of states achieving these bounds are ® o ® ¢ for (4.2.41)-(4.2.42) and Pxp ® o¢
for (4.2.43)-(4.2.44), where

— 1
Dyp = X Z |z) (z]x @ |2) (2. (4.2.45)

Proof. Consider that the following inequality holds, simply by choosing the recovery map
to be one in which we do not do anything to system C' and prepare the maximally mixed
state ma = T4/ |A| on system A:

F(A;B|C)p > F(papc,T™a ® ppc) (4.2.46)
1
= |_A|F (papc, 14 ® ppo) (4.2.47)

> ﬁ [Tr {\//TBC\/MHZ. (4.2.48)
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Taking a negative logarithm and letting ¢ 4pcp be a purification of pape, we find that

Ir (4; B|C), < log|A] - 21log Tr { \/panc/Ia @ pro } (4.2.49)
=log|A| — Hyj2 (A|BO), (4.2.50)
= log |A| + Hz/2 (A|D), (4.2.51)
<log|A|+ H3/2 (A), (4.2.52)
< 2log|A|. (4.2.53)

The first equality follows by recognizing that the second term is a conditional Rényi entropy
of order 1/2 [183, Definition 3]. The second equality follows from a duality relation for this
conditional Rényi entropy [183, Lemma 6]. The second inequality is a consequence of the
quantum data processing inequality for conditional Rényi entropies [183, Lemma 5] (with
the map taken to be a partial trace over system D). The last inequality follows from a
dimension bound which holds for any Rényi entropy.

To see that P45 ® o¢ has Ir (A; B|C) = 2log|A|, we can apply Propositions 4.24 and
4.23.

For classical A system, we follow the same steps up to (4.2.50), but then apply Lemma D.8
to conclude that M, (A|BC) > 0 for a classical A. This gives (4.2.43)-(4.2.44). To see that
O xp ® o¢ has Ir (X; B|C) =log | X|, we apply Proposition 4.12 and then evaluate

_ — 1 1 :
F ((I)XB, Tx ® CI)B) = " (293: \/ﬁ |z) (x| ® |z) <:E|B> (ﬁ@ \/WIB> 1 (4.2.54)
- | ‘(Z ) (ol @ [2) <xrB> (V75 @ In) ] (4.2.55)

- %an (1l \/E!h] (4.2.56)

- [‘;(—‘Z\/Mﬂx)]
1

< gy 2 )
1

X

Choosing 7x maximally mixed then achieves the upper bound, i.e.,

— — — — 1
sup F (Pxp,7x ® Op) = F (Pxp, mx ® Pp) =

—. 4.2.57
u ] (4.257)
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Proposition 4.10. Given a four-party state papcp, the following inequality holds

Ir (AC; B|D)p > Ir (4 B\CD)p. (4.2.58)
Proof. The inequality is equivalent to

F(AC’;B|D)p < F(A;B|C’D)p, (4.2.59)

which is the statement that it is easier to recover A from C'D than it is to recover both A
and C from D alone. Indeed, let Rp_,acp be any recovery map. Then

F (pascp, Rp—acp (pep)) = F (paBcp, (Rp—acp © Tre) (peep)) (4.2.60)
< sup F(pascp,(Rep—acp) (pBep)) (4.2.61)
Rep—sAcD
:F(A;B|C’D) ) (4.2.62)
Since the chain of inequalities holds for any recovery map Rp_,acp, we can conclude (4.2.59)

from the definition of F'(AC; B|D) . m

Proposition 4.11. Let wapcx be a state for which system X is classical:

wapex = »_px () Whpe ® o) (xx, (4.2.63)

where {|z)} is an orthonormal basis, px (x) is a probability distribution, and each W%z is
a state. Then the following equalities hold

2

F(A;B|ICX), > lsz )7/ F (A4;B|O).| , (4.2.64)
1
Ir (A; B|CX),, < —2log [pr () exp {_§[F (A;BIC)MI} (4.2.65)
Proof. For any set of recovery maps R¢_ -4, we define Rex_oxa as follows:
Rexooxa(tox) = Y Réea (2l (rox) [2) ) |2) (2l (4.2.66)

so that it first measures the system X in the basis {|z) (x|}, places the outcome in the
same classical register, and then acts with the particular recovery map R¢_, 4. Then

[Z px (@) \/F (Wipc, Résca (ngc))]

=F (pr( )wWipe ® |T) x|X,ZpX ) Réoa (Whe) @ |x) <x|X) (4.2.67)

T

=F (pr () Wipe @ |z) (2| ¢ , Rex—cxa (pr (2) whe ® |x) <m|X>) (4.2.68)

T

< F(A; B|CX), . (4.2.69)
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Since the inequality holds for any set of individual recovery maps {RE_, -4}, we obtain
(4.2.64).

Finally, we recover (4.2.65) by applying a negative logarithm to the inequality in (4.2.64)
and convexity of —log. m

Proposition 4.12. Let papc = 0ap Q@ we. Then

F(A;B|C),=F(A;B), =sup F' (045,74 ® 0B), (4.2.70)
TA
Ir (A; B|C), = Ir (A: B), = —log F (4; B), . (4.2.71)
Proof. Consider that, for any recovery map Re_ ac
F(oap @ we, Resac (0p ®@we)) = F (04 @ we, 0 @ Reac (We)) (4.2.72)
< F(O’AB,O'B QR Reoa (wo)> (4.2.73)
<sup F (0ap,08 @ Ta) . (4.2.74)

TA

The first inequality follows because fidelity is monotone under partial trace over the C
system. The second inequality follows by optimizing the second argument to the fidelity
over all states on the A system. Since the inequality holds independent of the recovery map
Rec_ac, this proves that

F(A;B|C), < F(4;B),. (4.2.75)
To prove the other inequality F' (4; B), < F'(A4; B|C),,, consider for any state 74 that
F(oag,0®7Ta) = F (04 ®we, 05 @ Ta ® we) (4.2.76)
= F (O’AB ® wo, (ldc ® 'P:g) (O’B ® CL)C)) (4277)
< sup F (UAB R we, Reac (UB X wc)) . (4.2.78)
Rc—ac

The first equality follows because fidelity is multiplicative under tensor-product states. The
second equality follows by taking (ide ® Pj) to be the recovery map that does nothing
to system C' and prepares 74 on system A. The inequality follows by optimizing over all
recovery maps. Since the inequality is independent of the prepared state, we obtain the
other inequality

F(A;B), < F(4;B|C),. (4.2.79)
The equality Ir (4; B|C), = Ir (A; B), follows by applying a negative logarithm to
F(A;B|C), = F(4;B),. (4.2.80)

We note in passing that the quantity on the RHS in (4.2.71) is closely related to the sand-
wiched Rényi mutual information of order 1/2 [132, 198, 11, 76]. m

The following proposition gives a simple proof of the main result of [62] when the tripartite
state of interest is pure:

Proposition 4.13. The QCMI I (A; B|C’)¢ of a pure tripartite state 1V pc has the following
lower bound:

I(A; B|C), > —log F (4; BIC),, . (4.2.81)

o1



Proof. Let ¢p be a pure state on an auxiliary system D, so that [¢),50 ® |¢), is a
purification of |¢) , 5. Consider the following chain of inequalities:

I(A; B|C), =1(A;B|D) e, (4.2.82)
=1(A;B), (4.2.83)

> —log F (4B, 1ha ® p) (4.2.84)

> —log F'(A; B),, (4.2.85)

—log I (4; B|D) s, (4.2.86)

—log F' (4; B|C),, (4.2.87)

The first equality follows from duality of QCMI. The second follows because system D
is product with systems A and B. The first inequality follows from monotonicity of the
sandwiched Rényi relative entropies [132, Theorem 7]:

Do (pllo) < Ds (pllo) ., (4.2.88)

for states p and o and Rényi parameters a and [ such that 0 < o < 5. We apply this
with the choices o« = 1/2, f = 1, p = ¥ap, and 0 = 4 ® ¥p. The second inequality
follows by optimizing over states on system A and applying the definition in (4.2.71). The
second-to-last equality follows from Proposition 4.12 and the last from Proposition 4.3. =

4.3 Geometric Squashed Entanglement

In this section, we formally define the geometric squashed entanglement of a bipartite state
paB, and we prove its properties.

Definition 4.14. The geometric squashed entanglement of a bipartite state pap is defined
as follows:

1

Fi (A:B), = 5 0g F (A B),, (4.3.1)

where
F9(4:B), = sup {F (A; B|E), : pap = Trg {WABE}} (4.3.2)
= sup sup {F(wase, Re—ar (wsE)): pap = Trg{wase}}. (4.3.3)

wWABE RE—AE

The geometric squashed entanglement can equivalently be written in terms of an opti-
mization over “squashing channels” acting on a purifying system of the original state (cf. [40,

Eq. (3))):

Proposition 4.15. Let pap be a bipartite state and let |1) 455 be a fixed purification of it.
Then
F(A;B), = sup F(4;B|E)g, (4.3.4)
SE/—}E

where the optimization is over squashing channels Sgr_g.
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Proof. We first prove the inequality F*1(A; B), > sups,,  F (A;B|E)g,. Indeed, for
a given squashing channel Sg_,p and purification ¥ 4pp, the state Sprp (Yapp) is an
extension of pap. So it follows by definition that

F (A B‘E)S(w) < PP (A; B)p. (4.3.5)
Since the choice of squashing channel was arbitrary, the first inequality follows.
We now prove the other inequality
F(A;B), < sup F(A4;B|E)gy, - (4.3.6)

Sp'sE

Let wapg be an extension of pap. Let pappp, be a purification of wpp, which is in turn also
a purification of pap. Since all purifications are related by isometries acting on the purifying
system, we know that there exists an isometry Ug,_, pp, (depending on w) such that

‘90>ABEE1 = UE'—EEI W)ABE'- (4.3.7)

Furthermore, we know that
WABE — TI‘E1 {UE’AEEHDABE’ (Ug’—)EEl)T} (438)
= SE/%E (wABE’) , (439)

where we define the squashing channel Sg,_, 5 from the isometry Ug,_, pp, . So this implies
that
F(A;B|E), = F (A; B|E) < sup F(A;B[E)gy, - (4.3.10)
SE’—>E

S (¢)

Since the inequality above holds for all extensions, the inequality in (4.3.6) follows. m

The following statement is a direct consequence of Proposition 4.5:

Corollary 4.16. The geometric squashed entanglement is monotone under local operations
on both systems A and B:

E7 (A B)p > ER (A B, (4.3.11)
where Tag = (Nasa @ Mp_p) (pap). This is equivalent to
S . S /. /
31 (A; B)p < FM (AL B)) . (4.3.12)
Proof. Let wagp be an arbitrary extension of psp and let
Oape = Nasa ® Mpop) (WaBe) - (4.3.13)

Then by the monotonicity of fidelity of recovery with respect to local quantum operations,
we find that
F(A;BIE), < F(A;B'|E), < F** (A B')_. (4.3.14)

Since the inequality holds for an arbitrary extension wagg of pap, we can conclude that
(4.3.12) holds and (4.3.11) follows by definition. m
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Proposition 4.17. The geometric squashed entanglement is invariant with respect to local
1sometries, in the sense that

B (4 B), = ER(A'; B, (43.15)
where
onp = Uasn @ Vpp) (paB) (4.3.16)

and Ua_,a and Vp_p are isometric quantum channels.

Proof. From Corollary 4.16, we can conclude that
E7(A; B)p > E3(A BY),. (4.3.17)

Now let T ., and T2 . 5 be the quantum channels defined in (4.2.24). Again using Corol-
lary 4.16, we find that

ER (A By = Ep'(A; B)(ruervyo) = EF (4 B), (4.3.18)
where the equality follows from (4.2.25)-(4.2.26). m

Proposition 4.18. The geometric squashed entanglement obeys the following classical com-
munication relations:

B (AX4; B), < B (AXx; BXp), = B3 (A; BX3), (4.3.19)

for a state px,x,ap defined as

pxaxpan = Y px () |7) (2], ©[2) (x|, © php. (4.3.20)

T

These are equivalent to
F4(AX a; B)p > 1 (AX g BXB)p = (4 BXB)p. (4.3.21)

Proof. From monotonicity with respect to local operations, we find that

FY(AX 4 BXp), < F*(AXa; B),, (4.3.22)
P (AX4; BXp), < F*(A; BXp),. (4.3.23)
We now give a proof of the following inequality:
P (A; BXp), < F*(AX4; BX3),. (4.3.24)
Let
PxaxpXpasE = Y _px (7)) (z]y, @ |z) (2], ®|7) (2]y, ® Pips: (4.3.25)

T

where p? 5 extends p% 5. Observe that px, x,x,aBE 1s an extension of px, x,ap and px,aBE
is an arbitrary extension of px,ap. Let Rp_ap be an arbitrary recovery channel and let
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REx,—Ax,Ex, be a channel that copies the value in Xz to X4 and applies Rg_, 45 to system
E. Consider that

F(papxpe, RE—ar (PBX3E)) (4.3.26)
2

ZpX (@) VF (plipp: R ar (Phr) (4.3.27)

= (ZPX ) |rxx) mm|XAXBXE ® PaBE ZPX (z) |row) <x'rx|XAXBXE

xT

9 Rooas () ) (13.28)
= F (pAxBX3EXps REXp—sAXAEXs (PBXpEXgE)) (4.3.29)
S 34 (AXA;BXB)p. (4330)

The first two equalities are a consequence of the following property of fidelity:

VF (175,wzs) sz VF (13,05) | (4.3.31)

where

Tz5 = sz (2|, ®75, wzs= sz (2], ® ws. (4.3.32)

The third equality follows from the description of the map Rgx,ax,rx, given above. The
last inequality is a consequence of the definition of 9 because pax,pxpEx, 1S a particular
extension of papx,r and Rex,—ax,Ex, 18 a particular recovery map. Given that the chain
of inequalities holds for all recovery maps Rr_, 4z and extensions papx,r of papx,, we can
conclude that

F34(A; BXB)p < PP (AX 4 BXB)p. (4.3.33)

Remark 4.19. The inequalities in Proposition 4.18 demonstrate that the geometric squashed
entanglement is monotone non-increasing with respect to classical communication from Bob
to Alice, but not necessarily the other way around. The essential idea in establishing the
inequality F™1 (A; BXB)p < 5 (AX 5 BXB)p is to give a copy of the classical data to the
party possessing the extension system and to have the recovery map give a copy to Alice.
It is unclear to us whether the other inequality F*4 (AX 4; B), < F*4(AX4; BXp), could be
established, given that the recovery operation only goes from an extension system to Alice,
and so it appears that we have no way of giving a copy of this classical data to Bob.

The following theorem is a direct consequence of Corollary 4.16 and Proposition 4.18:

Theorem 4.20. The geometric squashed entanglement is a 1-LOCC monotone, in the sense
that it 1s monotone non-increasing with respect to local operations and classical communica-
tion from Bob to Alice.
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Theorem 4.21. The geometric squashed entanglement is convez, i.e.,

Z px () E{ (A B) . > E¥ (A; B), (4.3.34)
where
Pap = pr %) Php- (4.3.35)

Proof. Let p% 55 be an extension of each p% 5, so that

WXABE = ZpX |I CL’|X ® pABE (4336)

is some extension of p, 5. Then the definition of E7' (A; B) and Proposition 4.11 give that

2E} (A; B), < I (A; BIEX),, < pr ) Ir (A; BIE),. (4.3.37)

Since the inequality holds independent of each particular extension of p% 5, we can conclude
(4.3.34). =

Theorems 4.20 and 4.21 immediately lead to the following corollary:

Theorem 4.22. The geometric squashed entanglement is faithful, in the sense that

ER(A;B), =0 if and only if pap is separable. (4.3.38)
This is equivalent to
F*(A; B), = 1if and only if pap is separable. (4.3.39)
Furthermore, we have the following bound holding for all states:
1
EX(A:B) > ——— —SEP(A: B)||. 4.3.40
P 4B), 2 o loas — SEP(4: B (4.3.40)

Proof. We first prove the if-part of the theorem. So, given by assumption that psp is
separable, it has a decomposition of the following form:

PAB = ZPX ) [th) 1/’w|A |p2) <¢E|B . (4.3.41)

Then an extension of the state is of the form

papp = pr ) [$2) (Yl x @ |¢2) (D2lp @ |2) (2] - (4.3.42)

Clearly, if the system A becomes lost, someone who possesses system E could measure it
and prepare the state |¢,) , conditioned on the measurement outcome. That is, the recovery
map Re_ag is as follows:

Rioar (o) =Y (@|og|2) 1) (], @ |2) (@] (4.3.43)

xT
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So this implies that
F(papp, Re—ar (psE)) = 1, (4.3.44)

and thus F*1(4; B) , = 1.

The only-if-part of the theorem is a direct consequence of the reasoning in [199]. We
repeat the argument from [199] here for the convenience of the reader. The reasoning from
[199] establishes that the trace distance between psp and the set SEP(A : B) of separable
states on systems A and B is bounded from above by a function of —1/2log F* (A; B) , and
|A|. This will then allow us to conclude the only-if-part of the theorem.

Let

e=—1/2log F*(A; B), (4.3.45)

for some bipartite state p4p and let

Ewﬂg = —1/210gF(wABE,7€E_>AE (WBE)), (4346)
for some extension wapg and a recovery map Rg_,4g. By definition, we have that

e= inf e,x. (4.3.47)

w,RELAE
Then consider that )
EwR = 3 |lwape — Re—ar (wpe)|[; (4.3.48)

where the inequality follows from a well known relation between the fidelity and trace distance
[66]. Therefore, by defining 6, x = /8¢, = we have that

dwr 2 |lwape — Re—ae (waE)|l, (4.3.49)
= ||WABE - (RE—>A2E © TTAI) (UJAlBE)“l ) (4.3.50)

where the systems A; and A, are defined to be isomorphic to system A. Now consider
applying the same recovery map again. We then have that

0ur > ||[(Re—ase © Tra,) (wa,e) — Oy (RE—az 0 Tra,_ ) (wa,e)||, (4.3.51)

which follows from the inequality above and monotonicity of the trace distance under the
quantum operation Rg_,4,501r4,. Combining via the triangle inequality, we find for £ > 2
that

HWABE — Oy (Reap o Tra, ) (wAlBE)”l < 20,R (4.3.52)
< kbur. (4.3.53)

We can iterate this reasoning in the following way: For j € {4, ... k} (assuming now k > 4),
apply the maps Rp,a,p0Tra, , along with monotonicity of trace distance to establish the
following inequalities:

I [ngg (ResapoTra, ) (wa,BE)] — [ngz (Re—azoTra,,) (waBE)] H1 < 0wr
(4.3.54)
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Apply the triangle inequality to all of these to establish the following inequalities for j €
{1,...,k}: .
|wase — Oy (Re—ap o Tra,_,) (wa, )|, < kour, (4.3.55)

with the interpretation for j = 1 that there is no map applied. From monotonicity of
trace distance under quantum operations, we can then conclude the following inequalities

for j € {1,...,k}:
lpas — Tre {Os (Ream o Tra, ) (wase) |, < kdur (4.3.56)
Let v4,4,.-4, 85 denote the following state:
Yay Ay BE = RE—ae (- (REsae (WaBE))) - (4.3.57)

(See Figure 4.3 for a graphical depiction of this state.) Then the inequalities in (4.3.56) are
equivalent to the following inequalities for j € {1... k}:

HPAB — VA]-BHl < kdu,r, (4.3.58)

which are in turn equivalent to the following ones for any permutation = € Si:

7r 7r T
HpAB - TrAz'"Ak {WA1A2~~-A1€/7A1A2~--A;€B (WAIAQ...Ak) }Hl < k5w,’R> (4359)

) - . . . _
with WA1A2"~A]€ a unitary representation of the permutation 7. We can then define YAy AL
as a symmetrized version of y4,...4, B:

_ 1 . i f

TESk

The inequalities in (4.3.59) allow us to conclude that

1 ™ s T
k’éwﬂ?, 2 E Z HPAB - r:[‘I‘AQ...A,C {WA1A2"'A1C7A1A2"‘AI€B (WAlAQAk) }Hl (4361)
’ TESE
1 ™ s T
2 pAB - TrA2~~-Ak {E Z WA1A2-~~Ak’VA1A2~~AkB (WAlAQ"'Ak) } (4362)
’ TESE 1
= llpan =T, - (4.3.63)

where the second inequality is a consequence of the convexity of trace distance. So what the
reasoning in [199] accomplishes is to construct a k-extendible state 74, 5 that is kd,, z-close
to pap in trace distance.

Following [199], we now recall a particular quantum de Finetti result in [38, Theorem
IL.7’]. Consider a state wa,..a, 5 which is permutation invariant with respect to systems
Ap--- Ak, Let wa,..a,p denote the reduced state on n of the & A systems where n < k.
Then, for large k, wa,..a,p is close in trace distance to a convex combination of product
states of the form [o09" ® 7(0)y du(o), where p is a probability measure on the set of
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Ek—l R - Ek

Figure 4.3: This figure illustrates the global state after performing a recovery map k times
on system F.

mixed states on a single A system and {7 (¢)}_ is a family of states parametrized by o, with
the approximation given by
2|A n
>
A

(4.3.64)

wAlA..AnB—/af’“@T(U)B dp(o)
1

Applying this theorem in our context (choosing n = 1) leads to the following conclusion:

- (4.3.65)

Tap— [on @ (@) dulo)

> |[74,5 — SEP(4; : B)|

1

(4.3.66)

1 Y
because the state [04, @ T (o) du(o) is a particular separable state.

We can now combine (4.3.63) and (4.3.66) with the triangle inequality to conclude the

following bound
2|AP?
loan — SEP(A: B, < 22
By choosing k to diverge slower than 5;}3, say as k = |A|\/2/d,r, we obtain the following

bound:

+ kb, x. (4.3.67)

lpas — SEP(A : B)|l, < |A| /80w r (4.3.68)
= (512)"* |A] e/ (4.3.69)

Since the above bound holds for all extensions and recovery maps, we can obtain the tightest
bound by taking an infimum over all of them. By substituting with (4.3.45) and (4.3.46),
we find that

1/4 1/4
lpas — SEP(A: B)||, < (512)"/4]4] (—1/210ngq (A; B)p) , (4.3.70)
or equivalently
1
ES(A;B) = —1/2log F*¥(A;B) > ——— — SEP(A: B)||}. 4.3.71
r (A B), /2log F*4(A; B),, > S A lpan ( ) ( )
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This proves the converse part of the faithfulness of the geometric squashed entanglement. m

Proposition 4.23. Let ¢p4p be a bipartite pure state. Then

By (A;B), = —% log lSl;p (Dl ap (0A @ 6B) D) 4p (4.3.72)
Yl A

_ —%]ogHQSz‘HOO. (4.3.73)

Any extension of a pure bipartite state is of the form ¢ 4pRwg. Applying Proposition 4.12,
we find that

F (A B|E)¢®w = F (4 B)¢ (4.3.74)
=sup F' (¢ap, ¢ @ 0a) (4.3.75)
= |Sl;p <¢|AB (oA ® éB) |¢>AB . (4.3.76)

Pra

The last equality follows due to a convexity argument applied to

F(¢aB, ¢ ®@04) = (|45 0B Q@ 04|0) 45 (4.3.77)

Since the equality holds independent of any particular extension of ¢ 45, we obtain (4.3.72)
upon applying a negative logarithm and dividing by two. The other equality (4.3.73) follows
because

(0lap (P4 © 08)|9) ap = (Dlap (Pa9a © [B)[9) 45 (4.3.78)
= Tr{[¢) (9] 15 (pada ® Ip)} (4.3.79)
= Tr{¢apadat (4.3.80)
= (plad%l9)a- (4.3.81)
Taking a supremum over all unit vectors |¢) , then gives (4.3.73).
Proposition 4.24. For a mazimally entangled state ® o of Schmidt rank d,
EF (A;B)g =logd. (4.3.82)

Proof. This follows directly from (4.3.73) of Proposition 4.23 because 4 = I4/d. m

Proposition 4.25. For a private state yapa g of logd private bits, the geometric squashed
entanglement obeys the following bound:

ER (AA; BB'),, > logd. (4.3.83)

Proof. The proof is in a similar spirit to the proof of [36, Proposition 4.19], but tailored to
the fidelity of recovery quantity. Recall (2.1.4)-(2.1.7). Any extension yapa/ g of a private
state vapap takes the form:

Yapape =Uspan (Pap @ pape) Ulpap, (4.3.84)
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where p4/ g is an extension of p4/p. This is because the state ® 45 is not extendible. Then
consider that

F(AABB'|E), = Sl%pF (Vaas'B, REsaar (VBBE)) | (4.3.85)

where Rg_, 44 is a recovery map. From (2.1.4)-(2.1.7), we can write

YABAB'E = Z [0) (Gla @ 10} (Gilp @ Viegpass (Vi) (4.3.86)

2'7j

which implies that
1 : : 7 7
VBB'E = 7 D i) (il © Try {VA,B,p i (Vig) } : (4.3.87)

So then consider the fidelity of recovery for a particular recovery map Rg_,4E:

F (vapap g, RE—saae (VBBE))

= F<UABA’B/ (Pan ® pape) Ulgap

1 ; ; 7 i

C_l Z ‘Z> <Z’B ® RE—LAA'E (TI'A/ {VA/B/pA’B/E (VA’B’) }) ) (4388)
= F( (Pa ® papE),

ABA’B’ Z 1) (il s @ REsane (TYA' {leB/pA’B’E (VZ;/B/) })

UABA,B,) . (4.3.89)

where the second equality follows from invariance of the fidelity under unitaries. Then
consider that

T
UABA/B’ UABA’B’

3210 il © Resare (Tea {Viepoams (Vin)'})

= (fA ® Y1) ils ® (Vip) ) [ D210 iy © Reoae (Tea { Vi (Vin) })]
J

X (u Y i) (s ® Vj’iB,) (4.3.90)

J'

d Z | VA’B’) RE%AA/E (TI'A/ {VE’B’pA'B’E (VIZ/B,) }) Vj/B/. (4391)

If we trace over systems A'B’, the fidelity only goes up, so consider that the state above
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becomes as follows under this partial trace:

E Z ’Z> <Z’B & TrA’B/ {(VA/B/)TREﬁAA/E (TI'A/ {VA,B,pA/B/E (VA’B’)T}> VA’B’}

1 N (s i i

=4 Z |9) (il ® Trarpy {RE%AA’E (TI"A/ {VA,B,pA,B/E (VA,B,)T}>} (4.3.92)
1 N (s i i

= 8 Z ‘Z> <Z‘B & TI'A/ {RE%AA’E (TI'A/B/ {VA’B’pA’B’E (VA’B’)T})} (4393)
1 N

=7 Z 1) (i|  ® Trar {REe—aae (Tr i {piprt)} (4.3.94)
1

= 2D 1) (il ® Tra {Rpoawe (pp)} (4.3.95)

=7 ® RE—>AE (pE) s (4396)

where 75 is a maximally mixed state on system B. So an upper bound on (4.3.89) is given
by

F (P45 ® pp, 5 @ Re—ap (pr)) < F (Pap, 75 @ Re—a (pE)) (4.3.97)
— 1/ (4.3.98)

Since this upper bound is universal for any recovery map and any extension of the original
state, we obtain the following inequality:

sup F(AA;BB'|E), <1/d". (4.3.99)
YABA'B'E*
Yapa'g'=TrE{vABa B/ E}

After taking a negative logarithm, we recover the statement of the proposition. m
Proposition 4.26. Let wa,p, 4,8, = pa,B, ® 0a,B,. Then

By (A1Ag; BiBs),, < B (Ar; Bh), + B (Ag; Bs), (4.3.100)
which is equivalent to

qu (A17 Bl>p . qu (AQ, BQ)T S qu (AlAQ, BlBg) (43101)

peT

Proof. Let pa,p, g, be an extension of pa, 5, and let 74,p,5, be an extension of 74,p,. Let
1 2
Ri, a5, and Ry, 4,5, be recovery maps. Then

F (:OAlBlE1>R]1E1—>A1E1 (pBlEl)) - F (TA232E27 R2E2—>A2E2 (TB2E2))

=F (pAlBlEl ® TA2B2Es» R}E1—>A1E1 (pB1E1) ® R2E2—)A2E2 (TBzE2>) (4'3'102)
< sup sup

WA A9B1BoE RE—A A0
{F (WA 4,8, B8, RE 4,458 (W, BoE)) © paB, @ Tanp, = Trp{wa,apm Bm})  (4.3.103)
= ™ (AlAQ, BlBQ) (43104)

pRT
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. . . . 1
Since t2he inequality holds for all extensions p, B, s, and 74,,r, and recovery maps Ry, _, 1, g,
and Ry, ., 4,p,» We can conclude that

4 (Al, B1>p - 4 <A27 BQ)T S [ (AlAg, BIBQ) (43105)

pRT

By taking negative logarithms and dividing by 1/2, we arrive at the subadditivity statement
for £, m

Proposition 4.27. The geometric squashed entanglement is a continuous function of its
input. That is, given two bipartite states pap and oap such that F (pap,oap) > 1 —¢e where
e € (0,1], then the following inequalities hold

)qu (A;B), — F*(A; B),| < 8V, (4.3.106)
‘E}q (A: B), — B3 (4 B), | < 4]A] VE. (4.3.107)

Proof. One of the main tools for our proof is the purified distance [180, Definition 4], defined
for two quantum states as
P(p,o) =+/1—F(p,0), (4.3.108)

and which for our case implies that

P(pAB,O'AB) S \/E (43109)

Letting oapg be an arbitrary extension of 045, [180, Corollary 9] implies that there exists
an extension pagg of pap such that

P (papr,0ase) = P (pap,oap) < Ve (4.3.110)

Let Rg_ ag be an arbitrary recovery map. Then the above and monotonicity of the purified
distance under quantum operations [180, Lemma 7] imply that

P(Rear (pBE), RE—AE (08E)) < P (paBE, 0ABE) < VE. (4.3.111)

So consider that the triangle inequality for purified distance [180, Lemma 5] implies that

P (page, Re—ar (pBE)) < P(paBE,0aBE) + P(0ABE, RE>AE (0BE))

+ P (Re—age (0BE) , RE—ar (PBE)) (4.3.112)
<Ve+ P(oapr, Re—ar (0BE)) + Ve (4.3.113)
= P(O'ABEle/EaAE (UBE)) —|—2\/§ (43114)

This is equivalent to

V1= F(pape, Re—ae (pee)) < /1 — F (04, Re—ae (085)) + 2VE (4.3.115)

which upon squaring gives

1 — F(pape, Re—ae (pBE)) <1 — F(0aBE, RE=AE (0BE)) + 8V/%, (4.3.116)
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where we used that F (p,0) € [0,1] and ¢ < /e for ¢ € [0,1]. This in turn implies the
following inequality

F(pae; Re—ae (pBe)) + 8Ve > F (0ape, Re—ar (085)) - (4.3.117)
By taking a supremum, we find that
F®4(A; B)p+8\/52 F(0ape, RE—ar (0BE)) - (4.3.118)
Since the extension of 045 and the recovery map Rg_ ag were arbitrary, it follows that
F*1(A;B), +8Ve > F*(A; B), . (4.3.119)

By a similar argument (but tailoring an extension of o 45p to an arbitrary extension of pap),
we can conclude the other inequality

F¥ (A;B), +8VE = F*(4; B), (4.3.120)

which gives us (4.3.106).
By dividing (4.3.119) by F*(A; B), and taking a logarithm, we find that

F*1(A; B), 82
8/
A A (4.3.122)
Fsa (A B)p
< |AJ* 8+/z. (4.3.123)

where we used that log (z + 1) < z and the dimension bound from Proposition 4.9. Applying
this to the other inequality in (4.3.120) gives that

F31( A, B)p )
— | < 3.
log (qu A B)J) < |A|" 8+, (4.3.124)

from which we can conclude (4.3.107) upon dividing both sides by 1/2. =

4.4 Surprisal of Measurement Recoverability

In this section, we propose an alternative measure of quantum correlations, the surprisal
of measurement recoverability, which follows the original motivation behind the quantum
discord [207]. However, our measure has a clear operational meaning in the “one-shot”
setting, being based on how well one can recover a bipartite quantum state if one system is
measured.

Recall the definition of quantum discord from Definition 3.16. Similarly, we define the
surprisal of measurement recoverability as follows.
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Definition 4.28. We define the following information quantity:

Dy (4 B) = {i/{llf} Ir (E;B|X),, (4.4.1)

where we have simply substituted the QCMI in (3.3.11) with Ir. Writing out the right-hand
side of (4.4.1) carefully, we find that

Dr (A;B) = —log sup F (UN' x5 (paB)  Rxoxe (Masx (pag))) . (4.4.2)

UM, x5 RxX—>XE

where Ma_,x is defined in (3.3.3), UL, g is defined in (3.3.4), and U}',xp is defined in
(3.3.7).

This quantity has a similar interpretation as the original discord, as summarized in the
following quote from [207]:

“A vanishing discord can be considered as an indicator of the superselection
rule, or — in the case of interest — its value is a measure of the efficiency of
einselection. When [the discord] is large for any measurement, a lot of information
is missed and destroyed by any measurement on the apparatus alone, but when
[the discord] is small almost all the information about [the system] that exists in
the [system—apparatus] correlations is locally recoverable from the state of the
apparatus.”

Indeed, we can rewrite Dy as characterizing how well a bipartite state p4p is preserved when
an entanglement-breaking channel [95] acts on the A system:

Proposition 4.29. For a bipartite state pap, we have the following equality:

Dr (Z; B) = —logs;lpF (paB,€a(paB)), (4.4.3)

where the optimization on the right-hand side is over the convex set of entanglement-breaking
channels acting on the system A.

Proof. We begin by establishing that

sup F (UﬁXE (paB) , Rxoxe (Masx (PAB))) <sup F (pap,€a (pap)). (4.4.4)

UM, RXSXE €a

Let M4, x be any measurement map, let U}% v be an isometric extension for it, and let
Rx_ xr be any recovery map. Let Txg_, 4 denote the following quantum channel:

TXE—>A ('YXE) = (UM)T’YXEUM + Tr { (I — UM (UM)T> 'YXE} OA, (445)
where 0,4 is some state on the system A. Observe that
(TxpaoUNxi) (paB) = pas. (4.4.6)
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Then consider that

F (U x5 (pas) . Rxoxe (Masx (pap)))

< F (Txpoa U x5 (paB))  Txp—a (Rxoxe (Masx (pag)))) (4.4.7)
= F (paB, Txp—-4a (Rxoxp (Masx (paB)))) (4.4.8)
< s;lpF (paB,€a(paB)) - (4.4.9)

The first inequality is a consequence of the monotonicity of fidelity under quantum operations
and the last follows because any entanglement breaking channel can be written as a con-
catenation of a measurement followed by a preparation. In the third line, the measurement
is M s_,x and the preparation is Txg_a © Rx_xE-

We now prove the other inequality:

sup F (UﬁiXE (paB) s Rxoxe (Masx (pag))) = sup F (pag, Ea (pag)) . (4.4.10)

UM, x5 RX5XE Ea

Let £4 be any entanglement-breaking channel, which consists of a measurement M4, x
followed by a preparation Px_, 4. Let U4% 5 be an isometric extension of the measurement
map. Then consider that

F(pa,€a(pan)) = F (pap, Px—a (Masx (pan))) (4.4.11)
=F (UﬁXE (PAB) ’uﬁiXE (PX%A (MAHX (pAB)))) (4'4'12)
< sup F (U x5 (paB) , Rxoxe (Masx (pap))),  (4.4.13)

U,Q/LXE7RX—>XE

where the inequality follows because U3, v ;o Px_, 4 is a particular recovery map. So (4.4.10)
follows and this concludes the proof. m

The proof follows the interpretation given in the quote above: the measurement map
M, x is performed on the A system of the state papg, which is followed by a recovery map
Px_,4 that attempts to recover the A system from the state of the measuring apparatus.
Since the measurement map has a classical output, any recovery map acting on such a
classical system is equivalent to a preparation map. So the quantity Dp (Z; B) captures
how difficult it is to recover the full bipartite state after some measurement is performed on
it, following the original spirit of the quantum discord. However, the quantity Dpg (Z; B)
defined above has the advantage of being a “one-shot” measure, given that the fidelity has
a clear operational meaning in a “one-shot” setting. If Dp (Z; B) is near to zero, then
F(pag,(Pxsa(Ma_x (pap)))) is close to one, so that it is possible to recover the system
A by performing a recovery map on the state of the apparatus. Conversely, if Dp (Z; B) is
far from zero, then the measurement recoverability is far from one, so that it is not possible
to recover system A from the state of the measuring apparatus.

The observation in Proposition 4.29 leads to the following proposition, which character-
izes quantum states with discord nearly equal to zero.

Proposition 4.30. A bipartite quantum state pap has quantum discord nearly equal to zero
if and only if it is an approrimate fixed point of an entanglement breaking channel. More
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precisely, we have the following: If there exists an entanglement breaking channel €4 and
e € [0,1] such that

lpaB — Ea(pab)lly < e, (4.4.14)
then the quantum discord D (Z; B)p obeys the following bound
D (4; B)p < 4hy () + 8clog | A], (4.4.15)

where hy (€) is the binary entropy with the property that lime\ o ha (€) = 0. Conversely, if the
quantum discord D (A; B)p obeys the following bound for e € [0, 1]:

D(A;B) <e, (4.4.16)
then there exists an entanglement breaking channel €4 such that

lpap — Ea(pas)ll; < 2VE. (4.4.17)

Proof. We begin by proving (4.4.14)-(4.4.15). Since any entanglement breaking channel €4
consists of a measurement map M 4, x followed by a preparation map Px_, 4, we can write
E4=Px_a0Mus,x. Then consider that

D (4; B)p =1(A;B),—sup I (X; D), (4.4.18)
{A=}

<T(A;B), = 1(X;B) p (4.4.19)

<I(A;B), = 1(A;B)popy (4.4.20)

=1(A;B), —I(A;B)g, (4.4.21)

< 4hy (€) + 8clog|A|. (4.4.22)

The first inequality follows because the measurement given by M, ,x is not necessarily
optimal. The second inequality is a consequence of the quantum data processing inequality,
in which quantum mutual information is non-increasing under the local operation Px 4.
The last equality follows because £4 = Px_a 0 M a_.x. The last inequality is a consequence
of the Alicki-Fannes inequality [4].

We now prove (4.4.16)-(4.4.17). The Fawzi-Renner inequality

I(A; B|C), > —log F(A; BIC), (4.4.23)

which holds for any tripartite state papc [62], combined with other observations recalled
in this section connecting discord with QCMI, gives us that there exists an entanglement
breaking channel £4 such that

D (4; B)p > —log F (pap,€a (pan)) (4.4.24)
1
> —tog (1= { lloan — & (oan)) (4.4.25)
1
> 7 lpas = €a (pan)lli (4.4.26)

where the second inequality follows from well known relations between trace distance and
fidelity [66] and the last from —log (1 — x) > =, valid for < 1. This is sufficient to conclude
(4.4.16)-(4.4.17). m
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Remark 4.31. The main conclusion we can take from Proposition 4.30 is that quantum
states with discord nearly equal to zero are such that they are recoverable after performing
some measurement on one share of them, making precise the quote from [207] given above.
In prior work [18, Lemma 8.12], quantum states with discord ezxactly equal to zero were
characterized as being entirely classical on the system being measured, but this condition is
perhaps too restrictive for characterizing states with discord approximately equal to zero.

Remark 4.32. In prior work, discord-like measures of the following form have been widely
considered throughout the literature [129]:

inf A(pag, , 4.4.27
XA:JLBECQ ( AB XAB) ( )
inf A 4.4.2
XAlBECC (PAB; XAB) ) ( 8)

where CQ and CC are the respective sets of classical-quantum and classical-classical states
and A is some suitable (pseudo-)distance measure such as relative entropy, trace distance,
or Hilbert-Schmidt distance. The larger message of Proposition 4.30 is that it seems more
reasonable from the physical perspective argued in this section and in the original discord
paper [207] to consider discord-like measures of the following form:

i&fA(pAB,EA (pAB)); (4429)
Sinéf A (pAB, (SA X 53) (PAB)) , (4.4.30)

where the optimization is over the conver set of entanglement breaking channels and A is
again some suitable (pseudo-)distance measure as mentioned above. One can understand
these measures as being a special case of the proposed measures in [146], but we stress here
that we arrived at them independently through the line of reasoning given in this section.

We now establish some properties of the surprisal of measurement recoverability:

Proposition 4.33. Dp (X; B)p 18 1nwariant under local isometries, in the sense that
Dr (Z; B)p = Dp(A; B'),, (4.4.31)

where
OAap = (UA_>A/ & VB—>B’) (PAB) (4432)

and U, and Vg_p are isometric CPTP maps.

Proof. Let £4 be some entanglement-breaking channel and let Uy, 4 and Vg_.p denote
the local isometries, with corresponding isometric maps Uy, 4+ and Vg_,p. Let Ta 4 and
Ts—p denote the following CPTP maps:

Twsa(wa) =Ulwa U+ Te{ (I — UUT) war} 74, (4.4.33)
Top (wp) = VgV + Te {(Ip = VVT ) wp } 75, (4.4.34)
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where 74 and 75 are some states on systems A and B, respectively. Observe that

Tar—aoUasa =ida, (4.4.35)
Tp—p o Vpp = idg, (4.4.36)

where id denotes the identity map. Then from invariance of fidelity under isometries and
the above fact, we find that

F(pa,€a(pas))

= F((Ussn @ Viop) (pa) , Uasa @ Vpr) (Ea (pa))) (4.4.37)
= F((Uasa @ Vpop) (pap), Uasa 0 Ea0 Tarsa) [(Uasa @ Vpop) (pap)])  (4.4.38)
<sup F' (Uasa @ Vpp) (pag),Ea (Uasa © Vppr) (pag))) - (4.4.39)

Al

Since the inequality is true for any entanglement breaking channel £4, we find after applying
a negative logarithm that

Dr (A;B), = Dr (4; B) (4.4.40)

UeV)(p)

Now counsider that

F((Uasa @ Vpop) (pap) , Ea [(Uasa @ Vpop) (pan)])
= FUasa (pas), (Ea oUasar) (pag)) (
< F((Tarsaolasw) (pag), (TarsaoEaolUasn) (paB)) (4.4.42
= F(pap, (Tarsa o Ex oUasnr) (pag)) (

(

< S;IPF (paB,€a(pap)) -
A

Since the inequality is true for any entanglement breaking channel €4/, we find after applying
a negative logarithm that

Dr (A B), < Dr (4 B) (4.4.45)

UV)(p)’

which gives the statement of the proposition. m

Proposition 4.34. The surprisal of measurement recoverability Dp (Z; B)p 18 equal to zero
if and only if pap 1s a classical-quantum state, having the form

pas = px (@) |2) (], ® o, (4.4.46)

for some orthonormal basis {|x)}, probability distribution px (x), and states {p}}.

Proof. Suppose that the state is classical-quantum. Then it is a fixed point of the en-
tanglement breaking map > _|x) (x|, (-) |z) (2|, so that the fidelity of measurement recov-
ery is equal to one and its surprisal is equal to zero. On the other hand, suppose that
Dp (Z; B)p = 0. Then this means that there exists an entanglement breaking channel £4
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of which pag is a fixed point (since F (pag,Ea (pap)) =1 is equivalent to pap = €4 (par)),
and furthermore, applying the fixed point projection

Ei= lim — ZEA (4.4.47)

K—oo K

leaves p,p invariant. The map &4 has been characterized in [67, Theorem 5.3] to be an
entanglement breaking channel of the following form:

ZTr{M )} o, (4.4.48)

where the states o; have orthogonal support. Applying this channel to ps4p then gives a
classical-quantum state, and since pp is invariant under the action of this channel to begin
with, it must have been classical-quantum from the start. m

Proposition 4.35. The surprisal of measurement recoverability obeys the following dimen-
sion bound:

Dp (4; B)p <log|AJ, (4.4.49)
or equivalently,

sup F' (pap, €a (pag)) > (4.4.50)

£x Al
Proof. The idea behind the proof is to consider an entanglement breaking channel £4 that
completely dephases the system A. Let A4 denote such a channel, so that

Z| (il (4.4.51)

where {|i) ,} is some orthonormal basis spanning the space for the A system. Let a spectral
decomposition of pap be given by

paB = ZPX ) [F) (¥4 (4.4.52)

where px is a probability distribution and {|1)”) ,5} is a set of pure states. We then find
that

Dr (4;B) < —log F (pap, A (pas)) (4.4.53)
= —2log \/F (paB; Aa(pas)) (4.4.54)
<Xpx {—2log VF (55,5 (%))] (4.4.55)
= pr —10g (V"] 415 Ba (Vi) [07) 4] (4.4.56)
= px(2) [— log )~ [{il 4 0% |¢>A]2] (4.4.57)
< hjg 1A i (4.4.58)
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The second inequality follows from joint concavity of the root fidelity v/F and convexity
of —log. The last equality is a consequence of a well known expression for the entangle-
ment fidelity of a channel (see, e.g., [196, Theorem 9.5.1]). The last inequality follows by
recognizing

—log Z CAN (4.4.59)

as the Rényi 2-entropy of the probability distribution (i|, % i), and from the fact that
all Rényi entropies are bounded from above by the logarithm of the alphabet size of the
distribution, which in this case is log |A|. =

By making use of the special form of the entanglement fidelity for a quantum channel (see,
e.g., [196, Theorem 9.5.1]), we arrive at the following form for Dp (A; B) when evaluated for
a pure state:

Proposition 4.36. Let ©sp be a pure state. Then

Dr (4;B), = —log sup >l atoalou) ol (4.4.60)
b ) lpa): D) (pal=1

where the optimization is over pure-state vectors |¢,) and corresponding measurement vectors
o) satisfying ), |pa) (Pl = 1.

Proposition 4.37. The surprisal of measurement recoverability Dg (Z; B)q) 15 equal to logd
for a maximally entangled state with Schmidt rank d.

Proof. The following bound is a consequence of [152, Lemma 2]

F (B ap, En (Ban)) < é (4.4.61)

because £4 (P 4p) is a separable state. Since the bound holds for any entanglement breaking
channel, we get N
Dr (4;B), > logd. (4.4.62)

On the other hand, Proposition 4.35 gives Dp (Z; B) » < logd, which concludes the proof. m

Proposition 4.38. The surprisal of measurement recoverability is monotone with respect to
quantum operations on the unmeasured system, i.e.,

Dy (A:B), > Dy (4: B), . (4.4.63)

where oap = ./\/’BﬁB/ (pAB)-

Proof. Intuitively, this follows because it is easier to recover from a measurement when the
state is noisier to begin with. Indeed, let £4 be an entanglement breaking channel. Then

F(pa;€a(pap)) < F(oap,Ea(0an)) (4.4.64)
S supF(UAB/,EA (UAB’)) s (4465)

A
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where the first inequality is due to the fact that £4 commutes with Nz_, 5 and monotonicity
of the fidelity under quantum operations. Since the inequality holds for all entanglement
breaking channels, we can conclude that

supF (pAB; 5A (PAB)) S sup F (O’AB/, EA (UAB’)) . (4466)

EA gA
Taking a negative logarithm gives the statement of the proposition. m

With a proof nearly identical to that for Proposition 4.27, we find that Dp (Z; B)p is
continuous:

Proposition 4.39. Dy (E; B) 1s a continuous function of its input. That is, given two
bipartite states pap and oap such that F (pap,oap) > 1 — e where e € [0,1], then the
following inequalities hold

SélpF (paB,€a (paB)) — s;lpF(aAB,SA (JAB))' < 8v/e, (4.4.67)
‘DF (4:B), - Dr (& B)U‘ < |A|8VE. (4.4.68)

4.5 Discussion

To summarize, in this chapter we defined the fidelity of recovery F' (A; B|C) p of a tripartite
state papc to quantify how well one can recover the full state on all three systems if system A
is lost and the recovery map can act only on system C'. By taking the negative logarithm of
the fidelity of recovery, we obtain an entropic quantity Ir (4; B|C), which obeys nearly all of
the entropic relations that the conditional mutual information does (non-negativity, mono-
tonicity under local operations, duality, and dimension bounds). The quantities F' (A; B|C') p
and Ir (4; B|C),, are rooted in the Rényi generalizations of the QCMI presented in Appendix
B. Whereas we have not been able to prove that all of the aforementioned properties hold for
the Rényi QCMI from Appendix A, it is pleasing to us that it is relatively straightforward
to show that these properties hold for Ir (A; B|C),,.

We then defined a geometric squashed entanglement measure E} (A; B)p, inspired by the
original squashed entanglement measure from [40]. We proved that £ (A; B), is a 1-LOCC
monotone, is faithful, reduces to a variant of the well known geometric measure of entan-
glement [195, 35], normalized on maximally entangled states, subadditive, and continuous.
The new entanglement measure could find applications in “one-shot” scenarios of quantum
information theory, since it is fundamentally a one-shot measure based on the fidelity.

Further, we also defined the surprisal of measurement recoverability Dp (X; B )p, a quan-
tum correlation measure having physical roots in the same vein as those used to justify the
definition of the quantum discord. We showed that it is non-negative, invariant under local
isometries, faithful on classical-quantum states, obeys a dimension bound, and is continuous.
Furthermore, we used this quantity to characterize quantum states with discord nearly equal
to zero, finding that such states are approximate fixed points of an entanglement breaking
channel.

From here, there are several interesting lines of inquiry to pursue. Can we prove a
stronger chain rule for the fidelity of recovery? If something along these lines holds, it might
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be helpful in establishing that the geometric squashed entanglement is monogamous. Can we
use geometric squashed entanglement to characterize the one-shot distillable entanglement
or secret key of a bipartite state? Is it possible to improve our continuity bounds? Can
one show that geometric squashed entanglement is non-lockable [36]? Preliminary evidence
from considering the strongest known locking schemes from [61] suggests that it might not
be lockable. We are also interested in a multipartite geometric squashed entanglement, but
we face similar challenges as those discussed in [120] for establishing its faithfulness.

73



Part 11
Parity-based Quantum Optical
Metrology

Chapter 5

Optimal Phase Estimation with Parity

Detection!

5.1 Introduction

The role of measurement in any metrology scheme cannot be overemphasized. It is perhaps
as important as, if not more than, preparing probe systems. In quantum metrology, probe
systems are typically prepared in optimal quantum states such that they can acquire max-
imal information about the unknown parameter of interest. Yet, it is equally crucial that
the observable that is used to measure the probes also be optimal. In other words, the mea-
surement observable should be able to fetch all the information acquired about the unknown
parameter by the probes, so that a good estimate of the unknown value of the parameter
can be made. In quantum parameter estimation theory (see Section 2.5), this optimality of a
measurement observable translates into the condition that the classical Cramér-Rao bound
of the observable for a given quantum state be equal to the quantum Cramér-Rao bound of
the state [27].

In Appendix C, we mention various detection strategies that have been considered for
phase estimation in two-mode quantum optical interferometry. Some of them involve classical
ideas, e.g., homodyne detection [69], where a strong local oscillator is mixed with the signal-
carrying beam and intensity difference is measured at the output. On the other hand,

! This chapter is reproduced by updating and adapting the contents of Kaushik P. Seshadreesan, Petr M.
Anisimov, Hwang Lee, and Jonathan P. Dowling, New Journal of Physics, 13(8):083026, August 2011, and
Kaushik P. Seshadreesan, Sejong Kim, Jonathan P. Dowling, and Hwang Lee, Physical Review A, 87:043833,
April 2013, with the permission of IOP Publishing and APS, respectively. See Appendix E for the copyright
permission from the publishers.
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recent technological advances have enabled detection of light at the level of single-photon
resolution (at least for small photon numbers) [125]. As a result, photon-number counting-
based measurement observables have attracted a lot of attention recently. They have opened
up new vistas in low-power applications of quantum optical interferometry that could not
have been possible with classical detection schemes. In particular, it has been shown that in
the small photon number regime, photon-number counting-based observables in two-mode
interferometry could be used to achieve optimal phase sensitivities independent of the actual
value of the phase [143]—a feat impossible to achieve, e.g., with homodyne detection.

In this chapter, we present phase estimation based on a measurement observable, which
is nonclassical as is photon-number counting, and in fact very related to the latter—namely,
photon-number parity detection [72]. One way to think of the parity measurement, which
is perhaps obvious, is counting the number of photons and inferring parity depending on
whether the count is even or odd. Photon-number parity has been shown to be optimal for
several interferometric states. In our work, we make an attempt to characterize pure states
for which photon-number parity is optimal. Also, we explicitly show optimality of photon-
number parity for the interferometry with coherent light mixed with squeezed vacuum light.
This state is known to be optimal for phase estimation when the coherent and squeezed-
vacuum states are mixed in equal intensities, i.e., it is capable of Heisenberg limited phase
estimation. We show that photon-number parity is an optimal measurement observable for
this interferometry, including when the state itself is optimal. In other words, we demon-
strate Heisenberg-limited phase estimation for this optimal state with photon-number parity
detection.

The chapter is organized as follows. We begin by setting up the mathematical condition
for a measurement observable to be optimal for phase estimation with any given pure state
preparation of the probes. We then review Hofmann’s work [87] on pure-state interferometry
with photon-number counting. This includes a description of the “path-symmetric” states,
which is a class of pure states for which photon-number counting-based observables are
optimal for phase estimation. Almost all states considered for interferometric metrology thus
far, such as the coherent state, the squeezed states, the twin-Fock state, are path symmetric.
We present photon-number parity-based phase estimation for the path-symmetric states and
show that parity measurement is locally optimal at some bias values of the unknown phase for
a restricted class of path-symmetric states. Interestingly, the commonly considered states for
interferometric metrology also satisfy this restricted path symmetry condition, which seems
to be a more natural condition on two-mode states than complete path symmetry. We apply
photon-number parity detection to the particular interferometry with coherent light mixed
with squeezed-vacuum light input and demonstrate Heisenberg-limited phase estimation.
Finally, for the same optimal state prepared by mixing coherent and squeezed vacuum states
in equal intensities, we compare the performance of photon-number parity detection with
another homodyne-based detection scheme that has been proposed in the literature. We
show that although both the measurement observables are optimal at particular values of
phase, parity offers better phase sensitivities over a broader range of values of phase than
the other detection scheme.
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5.2 Condition for Optimality of a Measurement Observable with Pure States

Consider a typical MZI with an unknown phase ¢, as shown in Fig. 5.1, where we have
labeled the states at various stages of the interferometer. Here, we use the Schwinger rep-
resentation [205] presented in C.3.3 to describe the interferometer. Recall that a two-mode
N-photon state in this representation resides in the j = N/2 subspace of the angular mo-
mentum Hilbert space, with the angular momentum operators operators jx, jy, and J, given
in terms of the mode operators ay, ELJ{, 131, and IA)]; inside the interferometer as:

j 1 ~ 1

= §(a§a1 — biby), (5.2.1)

where N = ala;, + blby and J2 = N/2 (N/2 + 1) is the Casimir invariant of the group.
Also, the unitary phase evolution in the MZI is represented as (A]@ = exp(—igojz), and the

50:50 beam splitter transformation can be chosen to be Ugg = exp(—igjy). 2 Using the SU(2)

algebra of the angular momentum operators, namely [jq, J ] = i, €qrs Where g, 7, s € {z,y, 2}
and € is the antlsymmetmc tensor, and the Baker-Hausdorff lemma [160], the overall MZI
transformation, UMZ[ UBSU UBS, can be shown to be UMZI = exp(—zng ).

=z
o) 1) () |¥3)

Figure 5.1: (Color online) A MZI with a two-mode input [t)9), which after the 50:50 beam
splitter and phase shifter transformations Ugg = exp(—i i%Jy), Uy, = exp(—ipJ;) and Uls =

exp(i 7rJ ,) (in that order), is denoted by |¢1), |1)2) and |¢3), at the respective stages.

Our goal is to estimate the unknown phase ¢. The error in the estimate based on the
measurement of an observable O on state [1)9) can be written as:

S = ]AO/(@ <é> /5’@)’ . (5.2.2)

where <O> is the expectation value of O, and AO is the uncertainty in the measurement.
Based on the Heisenberg equation of motion for operators, the expectation value of observable

2Note that all the results presented in this chapter can also be obtained if the beam-splitter transforma-
tion is chosen to be exp(—i%J,) with minor modifications.
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O with respect to the state |1) satisfies

% (0) =~i[o.7]. (5.2.3)

where the commutator is with respect to the J, operator—the generator of phase evolution
in the MZI. According to the uncertainty principle [168], we have:

AOAJ, > = ( [0 J} 1 % <O> . (5.2.4)
Consequently, the error in the estimate d¢ obeys:
o = ]AO/(@ <O> /3@)’ > AT (5.2.5)

For pure quantum states |13), the right-hand side of the above inequality is identically equal
to the QCRB of the state [27]. The equivalent (necessary and sufficient) condition on an
observable O and state |1hy) for achieving the bound is identically the same as the condition
for equality in Eq. (5.2.4), given by:

O [tha) = iAJ. |s) , (5.2.6)

for any nonzero A € R, where 0O=0- <O> .f, J, = J, — <jz> f, and [ is the
(2741) x (2j+1) identity operator [168]. (Note that O and .J, are also Hermitian operators. )

5.3 Photon-Number Counting and Path-Symmetric States

We now consider the above interferometry for the case of photon-number detection. In
particular, we examine the condition in (5.2.6) for measurement observables that are diagonal
in the photon-number basis. The goal is to describe the class of pure states for which such
observables are optimal in the task of phase estimation, as originally done by Hofmann [87].

In the MZI of Flg 5 1, the photon-number difference measurement observable at the out-
put is given by a a3a3 — bgbg For the chosen beam-splitter transformation Ugg = = exp(—i% = y),
this observable is given by the J,, operator in the Schwinger representation of (5.2.1) up to
a factor of half. This is because

1 e

5 (alas — blbs) = UpsU,J.0L0 s (5.3.1)
= UsU,p5 (a{al - b{bl) Ui (5.3.2)
= J,, (5.3.3)

which follows from the Baker-Hausdorff lemma [160]. Note that the observable diagonal in
the .J, basis acts not on [ts), but instead on |¢;) (and|ty)since U, commutes with J,). In a
sense, we have transformed the observable acting on |¢)3) to an observable that acts on [i)1)
via the SU(2) equivalence given in (5.3.3).
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Theorem 5.1. In two-mode optical interferometric phase estimation, photon-number counting-
based measurement observables are optimal for pure states that satisfy the following condition

(M [2) = (my |tha)" €XV my € {—j, ..., +j} (5.3.4)

where |my) are the eigenkets of the J,, operator and the expectation is with respect to [1ha).

Proof. For a photon-number counting-based observable O acting on the state |1h9), multi-
plying both sides of Eq. (5.2.6) by an eigenbra of J,, (m,|, we get:

P (s [th2) = X (ma| J. [a) (5.3.5)
where p,, is the eigenvalue of O satisfying;
O |my) = pm [ma) - (5.3.6)
Rearranging the terms of Eq. (5.3.5), we obtain:

A <mx |77Z}2>

Since p,, and A are purely real numbers, (m,| J, |th9) / (mz]| |12) has to be purely imaginary
in order for the state |t)y) to satisfy Eq. (5.3.7). A

We can rewrite (my| J; |12) / (mq| [1P2) by inserting the identity operator I = -, .\ [m) (m]
as:

(mal J. [12) _ T (ma| J. m) (m| [1)2)

(i, [2) e 02 (5:38)

[m)
where {|m)} is the eigenbasis of the .J, operator. (Note that we call the basis elements as
Im) in order to distinguish it from a specific |m,).) The matrix elements of .J, in the J, basis
are all purely imaginary due to the cyclic property of the commutation relation between
the angular momentum operators. (For example, recall that the matrix elements of the jy
operator are purely imaginary in the J, basis.) This implies all the non-zero off-diagonal
entries of .J, are purely imaginary numbers, and all the diagonal entries are identically equal

to <jz> Therefore, Eq. (5.3.8) reduces to:

<mm|j2|¢2>: mol J. lm (m [ta) _ /3
et = o e G g~ () .

where (my| J, |m), |m) # |m,) are all purely imaginary numbers. Clearly, the following is
a sufficient condition so that the right-hand side of (5.3.9) is purely imaginary:

(m |1he) / (my |1h2) € RY {m, m,} € {—j,...,+j}, (5.3.10)
<jz> —0.
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Further, the condition in (5.3.10) can be rewritten as

(Ma [1ha) = (Mg o)™ €%, ¥ my € {—J, ..., +j}, (5.3.11)

e., the state must have purely real coefficients in the J, basis (up to a global phase) in
order for (5.3.10) to be true. That proves the statement of the theorem. m

As a result, we know that states that satisfy the condition given in Theorem 5.1 are
capable of reaching their maximal phase sensitivities at the QCRB with photon-number
counting-based detection strategies. Hofmann [87] identified these conditions with a sym-
metry property in the alternative picture, where the abstract angular momentum operator
J = {J., Jy, J.} undergo rotation instead of the state. The property can be explained
as follows. Consider the .J,-basis complex-conjugation operation of (5.3.4) on the angu-
lar momentum vector instead of the state |i5). Since in the jx—basis jx and jy are real,
but J, imaginary, the above operation leaves the former invariant, but flips the latter, i.e.,
J. = —.J.. Therefore, the condition in (5.3.4) translates to the condition of invariance under

the transformation J, — —.J,. Note that this condition implicitly conveys that <J;> = 0.

Hofmann calls this the “path-symmetry” condition, since the operation J, = —.J, corre-
sponds to an exchange of paths (modes) in the Schwinger representation. However, it is
important to realize that it is an unphysical exchange of paths, because J, and J remain
unchanged all along, while that is not the case in general with an exchange of paths.

The condition of (5.3.4) is also sometimes referred to as the path-symmetry condition on
a pure state. When transformed to the eigenbasis of the .J, operator, the condition of (5.3.4)
yields

(ma| [iha) = (=m| [iho)" e™X, ¥ m, € {—j, ..., +5}. (5.3.12)
It is easy to verify that states [i9) that obey (5.3.12) implicitly satisfy <J;> = 0. Also, if
[$2) = D~ Cmlmsz), then [¢) = Zj_ﬁc e"+#|m). Hence, (m.||va) / (=m.]|v2)" =

e~ also 1mphes (m 1) / (—m. |1)" also equals e=®X. In other words, the condition
of (5.3.12) is satisfied independently of the value of the unknown phase ¢. Thus, path-
symmetric states are capable of reaching their QCRB with photon-number counting-based
measurement, observables independent of the actual value of phase ¢. Almost all quantum
states that have been considered for interferometric metrology, such as the coherent state,
the squeezed vacuum states, the twin-Fock state, are path-symmetric states. Therefore,
photon-number counting-based observables are optimal for all such states.

5.4 Photon-Number Parity and Path-Symmetric States

Photon number parity, in a nutshell, is the Hermitian observable (—1)ﬁ, where 7 = bb is
the number operator of a mode labeled by b. It is a two-valued observable described by the
projection operators IT*, II- with eigenvalues +1 and —1, respectively, where

I = 10) (0] + [2) (2] + -
T = 1) (1] + [3) (3] +
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Consider the parity operator for the mode bs of Fig. 5.1, II = (—1)5§E3. For the chosen
beam-splitter transformation Ups = exp(—i%jy), this can be written in the Schwinger rep-
resentation as (—1)7exp(—im.J,), where j = N/2. Similar to (5.3.3), this follows from an
application of the Baker-Hausdorff lemma [160]

(—1)%0 = U, (—1) 01U, (5.4.3)
= (—1)exp(—inJ,). (5.4.4)

We call this operator Q It acts on the states |¢1) and |¢hy) of Fig. 5.1. When expanded in
the eigenbasis of the .J, operator, {|m.)}, the Q operator takes the form:

Q=>|m.){—m.]| (5.4.5)

jm-)

Our goal is to identify the class of pure states for which photon-number parity measure-
ment observables are optimal in the task of phase estimation. However, since photon-number
parity is implicitly based on photon-number counting (although it is of interest to try and
implement parity without having to count photons), we expect it to be optimal only for a
subset of any class of states for which photon-number counting-based observables are opti-
mal. Therefore, we focus our analysis on studying the performance of parity-based detection
strategies for the path-symmetric states of Section 5.3.

We now state our main theorem. The theorem is given for the parity measurement Q.
However, the result can be generalized to other observables that are diagonal in the eigenbasis
of Q. For convenience of notation, we omit the subscript z from the eigenkets of .J, {|m.)}.

Theorem 5.2. In two-mode optical interferometric phase estimation, the photon-number
parity measurement observable Q) is optimal for a path symmetric state if and only if

(Q) = +1. (5.4.6)
Proof. Let [i) be an N-photon path-symmetric state given by

J
[2) = > e m), (5.4.7)

m=—j

where {|m)} are the eigenkets of .J,. Recall the optimality condition for a measurement
observable in phase estimation given in (5.2.6). In order to be optimal, the parity observable
() acting on a path-symmetric state |¢)o) must satisfy

Qla) = iXJ|¢bn) (5.4.8)

for some nonzero A € R, where Q = Q — (Q)I, and I is the (2§ 4+ 1) x (2j + 1) identity
operator. (Note that <Jz> is zero since |¢;) is taken to be path symmetric.) Multiplying
throughout by the identity operator I =3_, ,[m)(m|, we can rewrite Eq. (5.4.8) as

Z m)(ml (Q = iAJ. ) [uz) = 0

= > (mlQMs) — <><mrw2>—mm<m|w2>) m) =0 (5.4.9)

m)
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Dividing (5.4.9) throughout by (m|¢) (assuming them to be nonzero without loss of gener-
ality), we obtain

> (M — Q) - Mm) m) = 0. (5.4.10)

2\ i)
At this point, we can say that (5.4.10) holds if and only if
N (m|Q|¢s) : :
Q)+idm=-—""—"Vme{—j,...,+j} 5.4.11
@ P € ().t} (G.411)
Let us define .
(m|Q¢e)
S(m)= ——. 5.4.12
)= ) o412
Using (m|is) = e, and the form in (5.4.5) for the Q operator, S (m) can be rewritten
as
S (m) = meizme, (5.4.13)
Cm,

Let ¢, = rme®, where r,, and 6,, are real. Then, based on the path-symmetry condition
of (5.3.12), it is easy to show that == = ¢~/ and therefore, we have

S (m) = e2me=x=bm), (5.4.14)

We note that for all m, |S (m)|* = 1. Further, for all m, we decompose S (m) as S (m) =
S"(m) + 15" (m), where S’ (m) and S” (m) are the real and imaginary parts, respectively.
Meanwhile, the expectation of the @) operator with the state |19), (@), can be written as

j
(@) = D comce™™. (5.4.15)

m=—j
Also, the real number A\ can be determined by multiplying each side of (5.4.8) with its own
conjugate transpose, to be
AQ
A=+—
AJ,’

where AQ = (Q%) — (Q)? and similarly AJ,. Since (Q?) = 1, and for any path-symmetric
state, (J,) = 0, we have

(5.4.16)

(5.4.17)

N

We note that A is a function of (Q).
The condition in (5.4.11) can now be rewritten in terms of S’ (m) and S” (m) as

S'(m)+iS" (m) =(Q) +ixm V¥V m € {—j,...,+j}. (5.4.18)

In other words, for all m € {—j, ..., +7}, the real part of the left-hand side of (5.4.18) has to
be equal to the real part of the right-hand side, and similarly the imaginary parts, i.e.,

S (m)=(Q) and S"(m)=ImV¥ me{—j, ... +j} (5.4.19)
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Notice in (5.4.15) that (Q) is independent of m and a function of ¢ alone. Then S’ (m) has
to be independent of m too in order for (5.4.18) to be satisfied.

We now prove that (5.4.6) is a sufficient condition. Say for some bias value of the phase,
ie., for ¢ = ¢y, (Q) = 1. Then, S’ (m) loo = £1 V m € {—j,...,+j} has to be true
in order for (5.4.18) to be satisfied. Since |S(m)[> =1V m € {—j,...,+j}, fixing all the
S"(m) =+1Vm € {—j,...,+j} automatically fixes all the S” (m) =0V m € {—j,...,+j}.
From (5.4.17), we find that Am = 0, when (Q) = £1. Therefore, (5.4.18) holds when
(0) = 1.

We now prove that (5.4.6) is also a necessary condition. Say for some fixed value ¢ = ¢y,
(Q) = ¢, where =1 < ¢ < 1 is a constant. Then, S’ (m)]|,, = q V¥ m € {—j,...,+j} has to
be true in order for (5.4.18) to be satisfied. However, since |S (m)[* =1V m € {—j,...,+j},
fixing all the S” (m)s to a constant automatically fixes all the S” (m)s to £4/1 — ¢ too, but
the imaginary part of the right-hand side of (5.4.18) is clearly dependent on m. Therefore,
(5.4.18) cannot hold for all values g. The only values of ¢ for which it can hold are ¢ = £1.
That completes the proof of the theorem. m

Next we ask the question, “For a given path-symmetric state |1)9) , does there exist a bias

A

phase g for which (Q)) = £17” The quantity (Q)) can be rewritten as

J
(@ =" e
m=—j
J

= > S(m)leal

m=—j
J
_ 2 _i2(mep—x—0
— E : e’ e ( m))
m=—j

where we have used (5.4.13) and (5.4.14) for S (m). Therefore, the following should hold in

~

order for (Q)) = +1:
2me—x=b0m) _ 11V m S {—j, ) +j}
= 2(mp — X = On) = nm, n € L

Although it is hard to say something general here, the following are two sufficient conditions
for the above to hold:

© 0, =0YVme{—j,..,+j}
e 0, = m# for a constant 6.

Note that both the above conditions imply x = 0 in the path symmetry condition of (5.3.12).
Consider ¢ — ¢+ ¢o and set ¢ = 0. Then the values of g in the first condition and ¢y — 6
in the second, when chosen as

, ?’7”; N odd
Y 7T7

(5.4.20)

)
N even

O vy

o
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satisfy () = %1 for the respective types of restricted path-symmetric states. Interestingly,
almost all the states considered for interferometric metrology in fact belong to this restricted
class of path-symmetric states. This is related to linearity and how the beam splitter trans-
formation Upg = exp(—i%jy) operates.

Since optimality with parity is achieved only at specific values of phase ¢, the applicability
of parity detection, is restricted to estimating “local” phases (the NOON state being an
exception since it satisfies Eq. (5.4.6) independently of the value of ¢). Local parameter
estimation is concerned with detecting small changes of parameters that are more or less
known, as opposed to the “global” one, wherein a complete lack of knowledge about the
parameter is initially assumed [54]. It is assumed that we have complete control over the
initial phase of the interferometer, which is tuned to an optimal bias phase or “sweet spot”
given in (5.4.20). At the optimal operating point, our scheme can detect very tiny changes
in phase with sensitivity at the QCRB of the quantum state used. Potential applications
include quantum sensing and imaging.

5.5 Coherent-mixed with Squeezed Vacuum Light Interferometry

In this section, we focus on a particular interferometry scheme, namely the one based on
mixing coherent light and squeezed vacuum light. This interferometric state, as mentioned
before, holds an important place in the history of quantum metrology. It is where the
possibility of sub-shot noise phase estimation was originally unearthed [34]. This scheme has
been revisited recently. Hofmann and Ono [88] showed that when these inputs are mixed in
equal intensities, namely such that sinh®r = |a|?> = /2 (for any value of average photon
number 77), then the state that results past the mixing splitter is such that each N-photon
component in the state has a fidelity higher than 90% with the corresponding NOON state.
This provides an alternative explanation for the sub-shot-noise phase precision capabilities
of the scheme. The scheme has been widely used to generate NOON states in experiments.
Afek et al. [3, 101] used this scheme to generate NOON states of up to N = 5; the state of
the art in the generation of such states.

5.5.1 Performance with photon-number detection

Pezze and Smerzi [143] calculated the classical Cramér-Rao bound for the interferometer
with coherent light and squeezed vacuum light along with photon-number detection at the
output, and found it to be:

Fo = |a)?e* + sinh®r. (5.5.1)

When the average photon numbers of the two inputs are about the same, i.e., sinh®r =
|a|? = m/2, the classical Fisher information is approximately n? + 7/2, which results in
Heisenberg scaling for the phase precision, namely Ay = 1/(1/vn), where v is the number
of data points gathered from measuring identical copies of the state. Note that the classical
Fisher information is independent of the phase. Thus, the scheme is capable of Heisenberg-
limited phase estimation independent of the actual value of phase, as was shown with the
help of a Bayesian update protocol in [143].
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5.5.2 Performance with photon-number parity detection

We now describe our analysis of the interferometry with coherent light mixed with squeezed
vacuum light for parity detection [165]. In this section, since the states are Gaussian, it is
easier to analyze the interferometry in terms of phase space representations. We choose to
use the Wigner functions.

The input to the interferometer is in the product state |ag) ® |€ = r €*+) that describes
coherent light with amplitude ag = /n.e”* in one mode and squeezed vacuum with pa-
rameters r and ¢, in the other. The corresponding Wigner function of the input state is the
product of the respective Wigner functions as well [69]:

V[/in(aaoé[);ﬂvr) - Wc<Oé,Oéo)W5(6,T’), (552)
with the Wigner function for the corresponding states being
WC(OL, Oé()) — 26—2\a—a0\2’ Ws(ﬂ, T‘) — 26—2|ﬁ\2Cosh2r—(ﬂ2—|-,6”"2)sinh2r7 (553)

and where we have made ¢4 = 0 by appropriately fixing the irrelevant absolute phase. This
choice implies that the phase of the coherent light ¢. is now measured with respect to the
phase of the squeezed vacuum state. The state of light at the output of the Mach-Zehnder
interferometer is described by the following Wigner function:
4 . i% in & @ 2
Wout(afv ﬂf) - FB 2|ie" 2 oy sin 5+8 cos §)+a
% 6_2|af cos £—f; sin %‘2 cosh 2r % 62 Re [ew(af cos & —fy sin %)2] sinh 27“

An expected signal of the parity detection scheme (fla) is calculated as the value of the
Wigner function at the origin for the corresponding mode. In the case of mode ay, (Il,,) =
2 [ Wou(0, 3)d?6, and is found to be:

exp |:_nc (\/ng—i-ns sin? o cos 2¢.—cos @ i 1):|

ns sin? p+1

Vngsin? ¢ + 1 7

where the coherent light amplitude and the squeezing parameter have been expressed in
terms of the average photon numbers, n. and ng, using the relations oy = \/n_ce*id’c and
r = sinh™* Vs

The signal of the parity detection scheme is periodic with period 27 and attains its
maximum value of one at ¢ = 0. Although this maximum value is independent of the
phase of the coherent light ¢. and the light intensities n. and ng, the visibility of the signal
and its width are functions of these parameters. The visibility of the signal is found to
be best when ¢. = 0 and to diminish as ¢. drifts away from zero, becoming worst at
¢. = m/2. Since it is reasonable to assume the coherent and squeezed vacuum light to be
locked to the same external phase, ¢. can be set to zero for optimal performance. Further,
the dependence of the signal on the light intensities is studied in terms of the total input
intensity, n;, = n. + ns, and the fraction of total intensity in the squeezed vacuum state,
1N = ng/ni,. When 7 is increased from zero, the signal is found to grow narrower until reaching
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an optimal width, and then to broaden again, but with reduced visibility as n approaches
one. For n = 0 and 1 = 1, the width of the signal is found to be proportional to m//nin,
which is narrower than the resolution of conventional interferometry by a factor of /n;, and
thus demonstrates super-resolution [22]. The fraction 7 = 0.5 is found to be the most optimal
choice for distributing the input light intensity, since it allows a higher narrowing factor of
ny. Figure 5.2 demonstrates this result by comparing the parity signals for interferometry
with only coherent light (n = 0) [68] or squeezed light (n = 1) and interferometry with
coherent and squeezed vacuum light of equal intensities (n = 0.5). We see that for the same
total input photon number, n;, = 10, the parity signal for the latter case is narrower than
any other case.

0.8}
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Figure 5.2: (Color online) The parity signal (Il,,), as a function of the accumulated phase
between the arms of the MZI ¢: dashed (purple) line for coherent light interferometry (n = 0)
with n. = 10, ¢. = 0; dotted (red) line for squeezed vacuum light interferometry (n = 1)
with ng = 10; and solid (blue) line for coherent and squeezed vacuum light interferometry
(n = 0.5) with n. = ns; =5, ¢. = 0. The dot-dashed (green) line is the scaled-down signal
for conventional coherent light interferometry with intensity difference measurement.

The phase sensitivity Ay of the scheme with parity detection can be characterized using
the error propagation formula of (C.3.13) with O = TI, ;- The smaller the value of Ay, the
higher is the phase sensitivity. Interestingly, for the parity operator, this formula is equivalent
to the classical Fisher information. The classical Fisher information is given by [190]

B 1 [dP(il)\”
re=3 i (M) 559

i de

where ¢ represents the outcome of the measurement and P(i|p) is the probability of the
measurement resulting in the i-th outcome conditioned on a specific value of phase ¢. For
parity measurement described by the operator II = (—1)", the two outcomes denoted by +
for even and — for odd, are such that
P(+]p) + P(=lp) =1,
(+DP () + (1) P(=lp) = (II). (5.5.6)
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Also, 12 = 1, and therefore,

A2 = 1 — (I1)2 = 4P(+|p) P(—|¢), (5.5.7)
dP(+|p) _ 1d(IT) _ dP(—|p)
o Tide T d (5.5.8)

From (5.5.5-5.5.8) we can see that the classical Fisher information for parity measurement
1s:

~ 2 N
d(1) 1 —(I)?
Fr= | ATI?/ | £ = | —7 . 5.5.9
o /e s (5.5.9)
dp

The phase sensitivity with parity detection for coherent and squeezed vacuum light in-
terferometry is in general a function of the actual value of the phase. (We don’t show it
here since it is a complicated expression that does’t say much anyway). However, we find
the best phase precision to be at ¢ = 0, which is given by:

1
2ney/ns(ns + 1) cos 2¢. + 2neng + ne + n,

For a detection scheme to be optimal, it has to saturate the quantum Cramér-Rao bound.
The quantum Cramér-Rao bound for the interferometry with coherent light and squeezed
vacuum was derived in Ref. [143]:

Ag02 =

(5.5.10)

1

oo |2e? + sinh® r

AQcrp = | (5.5.11)

This expression can be shown to be identical to the phase sensitivity with parity detection,
given in (5.5.10) (under the condition ¢. = 0), when oy and r are expressed in terms of the
average photon numbers, n. and ng. Thus, parity detection saturates the quantum Cramér-
Rao bound and is optimal for the considered interferometric scheme for accumulated phases
around zero.

Although parity detection is optimal for the considered interferometric scheme irrespec-
tive of the input intensities, the combination as a whole achieves its best phase sensitivity
when 7 = 0.5. Figure 5.3 is a plot of the quantum Cramér-Rao bound Apqgcrp for the
interferometry with coherent and squeezed vacuum light given in (5.5.11), as a function of
the fraction of squeezed vacuum in the input 1. The phase sensitivity Apqcrp can be seen
to be best when 1 ~ 0.5. At this value of n, under the condition ¢. = 0, (5.5.10) reveals
that the phase sensitivity Ay of the considered interferometric scheme with parity detection
coincides with the Heisenberg-limit, Ap ~ 1/n;,, while it coincides with the shot-noise limit,
Ap ~ 1/\/Nin, when n =0 or 1.

Figure 5.4 compares the phase sensitivity A¢ with parity detection for the cases corre-
sponding to n = 0, n = 1 and n = 0.5. It reveals that n = 0.5 with n. = ny, = 5 provides
sub-shot noise phase sensitivities up to accumulated phases of about 0.2 away from the
optimum value of ¢ = 0, but the phase sensitivity plummets in a dramatic fashion beyond
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Figure 5.3: The quantum Cramér-Rao bound Apqcrg for the interferometry with coherent
and squeezed vacuum light, as a function of the fraction of squeezed vacuum in the input 7.
The total input photon number n;, = 10.

these values of accumulated phase. However, n = 0 provides a fairly constant phase sensi-
tivity at about the shot-noise limit over a much broader range of accumulated phases. (The
case 7 = 0 is not of much interest since it’s phase sensitivity Ay also deteriorates rather
quickly, from the shot noise limit, as one moves away from the optimal value of ¢ = 0.)
Thus, a suggested way to perform phase estimation is to start with coherent light n = 0 and
roughly learn the value of the accumulated phase; move the accumulated phase closer to the
origin and then tune-up 7 to 0.5 for an improved phase sensitivity.

-02 “01 00 01 02

¢

Figure 5.4: (Color online) Phase sensitivity Ay with parity detection, as a function of
the accumulated phase between the arms of the MZI ¢: dashed (purple) line for coherent
light interferometry (n = 0) with n. = 10, ¢. = 0, dotted (red) line for squeezed vacuum
interferometry (n = 1) with ny = 10 and solid (blue) line for coherent and squeezed vacuum
light interferometry (n = 0.5) with n, = ns =5, ¢. = 0.

5.5.3 Performance with a particular homodyne-based detection

So far, we have shown that parity detection could be used to achieve Heisenberg-limited phase
estimation in the interferometry with coherent and squeezed vacuum light. In Ref. [137], Ono
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and Hofmann discussed a different detection scheme that implements the measurement of a
symmetric logarithmic derivative. Implementation of this measurement is based on interfer-
ence with a local oscillator and intensity difference measurement as shown in Fig. 5.5. Since
symmetric logarithmic derivative based phase estimators saturate the quantum Cramér-Rao
bound, Heisenberg-limited phase sensitivity was anticipated with this scheme for the inter-
ferometry with coherent and squeezed vacuum light mixed in equal proportions (n = 0.5).
Here, we present a brief study of the Ono-Hofmann detection scheme (in the absence of
losses), for the purpose of comparing it with parity detection.

The Ono-Hofmann detection scheme consists of a second MZI appended at the output
of the first, with a phase ¢, which is set to 7 3. A local oscillator field, which is in the
coherent state, |1,) = +/mo/Te?°, is introduced by mixing with the mode a; through a
highly reflective beam splitter of transmissivity, 7' << 1, where ny, is the average number of
photons in the field that eventually enters the interferometer, and ¢y, its phase. In the end,
the difference in intensities at the two output modes is measured.

(@‘0 e
5‘3\"‘ | YLO >
BY2, BS3

af (ALft
by T« 1

Figure 5.5: The Ono-Hofmann detection scheme for interferometry with coherent and
squeezed vacuum light. The detection scheme uses interference with an auxiliary local oscil-
lator and intensity difference measurement for phase estimation. A highly reflective beam
splitter is used to mix the local oscillator field into the interferometer.

Intensity measurements at the output provide:

- ({ere)) -3

<de> <{de}s> _ % (5.5.12)

{cTc} {de} being the symmetric form of the operator, which can be evaluated based on

3We have also analyzed the case ¢ = 0. The phase sensitivity is found to be the same, but the signal
turns out to be different.
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the final Wigner function of the state W; as:

(e} = [ [ 1aPwsta oytads, 551
< de //\5\ Wy (e, B)d*ad’B, (5.5.14)

where a and 3 are the complex amplitudes in the modes ¢ and d respectively.
The signal, which is the difference in intensities at the output ports, is thus given by:

= [ [(la]=[B]*) Wi(a, B)d*ad?B, (5.5.15)

and is found to be:

I = —2,/nni, cos £ cos (% + ¢ — gzﬁlo) — (ne — ng) sin . (5.5.16)

It is plotted in Fig. 5.6, as a function of ¢, under the condition ¢. = 0, ¢, = 7/2 and
N1e = ne(€25m (V1) 11)2 (the condition when the phase sensitivity is found to be optimal,
as mentioned later in the paper). The figure compares the signal for the interferometry with
equal intensities of coherent and squeezed vacuum light (7 = 0.5), with those of interferom-
etry with only coherent light (n = 0) and very little coherent light (n ~ 1). We see that for
the same total input photon number, n;, = 10, the signal for the former is stronger than any
other case. However, unlike with parity detection, there is no super-resolution in the signal
for the Ono-Hofmann detection scheme.

Figure 5.6: (Color online) The signal with the Ono-Hofmann detection scheme—the intensity
difference I, plotted as a function of the accumulated phase between the arms of the MZI ¢:
dashed (purple) line for coherent light interferometry (n = 0) with n. = 10, ¢. = 0, dotted
(red) line for squeezed vacuum light interferometry (n ~ 1) with ng = 9.9, n. = 0.1, ¢. =0
and solid (blue) line for coherent and squeezed vacuum light interferometry (n = 0.5) with
ne =ns =5, ¢, = 0. A local oscillator of strength nj, = n.(e25™ V") 4 1)2 and phase
¢10 = /2 is used in each case.

We calculate the phase sensitivity with the Ono-Hofmann detection scheme for the inter-
ferometry with coherent and squeezed vacuum light based on the error propagation formula

89



mentioned in (C.3.13). Variance of the signal AI? which is required in the formula, can be
shown to be:

= [ [ (jal* = 8P’ Wi(a, B)dPad?B — L. (5.5.17)
The phase sensitivity thus calculated, is found to be optimal at ¢ = m, under the condition
¢. =0, ¢, =m/2, and is given by:

72(72ns+2w/"2+ns 1)(\/7Tc V10)?+2ns+1 (5518)

2 _
ASD - 2(y/Menlo—nc+ns)?
N .. . nc(762r+e4r+66T+1)2 -1
(5.5.18) attains it’s minimum value at n,, = . (where r = sinh™" /ny),

(1)
which is only slightly different from the optimal value of ny, given in Ref. [137], namely
ne = ne(e*” + 1)2. This difference can be explained as due to not optimizing the error
propagation formula. When evaluated at ny, = n.(e*" + 1)?, Eq. (5.5.18) takes the form:

A(,OQ - L + 2(nce21+ns)2 . (5519)

nee’+ng

The leading term of this expression is nothing but the quantum Cramér-Rao bound men-
tioned in (5.5.11), while the second term is negligibly small and can be ignored. Thus,
the Ono-Hofmann detection scheme indeed saturates the quantum Cramér-Rao bound for
accumulated phases of value around 7.
For n, = n, ~ % (n = 0.5) and nj, = n.(e* + 1), (5.5.18) takes the form:
2(nin (nin+vninF2y/Min+2)+1)

2 _
nd n?n(anrm\/ﬁH)Q ’ (5520)

In the limit of large n;,, namely the regime of interest of the Ono-Hofmann detection scheme,
this can be expanded in a series as:

1\?> 3 1\*
2 f— JR— _— — JR—
Ap? = (nin> o) +0 ((%) ) . (5.5.21)

The above expression for phase sensitivity Ay shows Heisenberg-limited scaling with the total
number of photons n;, and thus proves that the Ono-Hofmann scheme provides Heisenberg-
limited phase sensitivity as anticipated.

Figure 5.7 compares the phase sensitivity Ay with the Ono-Hofmann detection scheme
for the cases corresponding to n = 0, n &~ 1 and n = 0.5. Similar to the results with parity
detection, the case n = 0.5 with n, = ny = 5, provides sub-shot noise phase sensitivities
up to accumulated phases of about 0.3 away from the optimum value of ¢ = 7, but the
phase sensitivity diminishes beyond these values of accumulated phase. However, n = 0
provides a fairly constant phase sensitivity at about the shot-noise limit over a broader
range of accumulated phases. (Note: Although the phase sensitivity of the case n ~ 1
reaches below the shot noise limit around ¢ = 7, it is found to deteriorate even faster than
the case n = 0.5 as one moves away from ¢ = 7 and hence is not of much interest with
the Ono-Hofmann detection scheme either.) Thus, very similar to what was suggested for
parity detection, phase estimation with the Ono-Hofmann detection scheme may be best
performed by starting with coherent light n = 0 and roughly learning the value of the
accumulated phase; moving the accumulated phase closer to ¢ = 7 and then tuning up 7 to
0.5 for an improved phase sensitivity.
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Figure 5.7: (Color online) Phase sensitivity with the Ono-Hofmann detection scheme Ay, as
a function of the accumulated phase between the arms of the MZI ¢: dashed (purple) line
for coherent light interferometry (n = 0) with n, = 10, ¢. = 0, dotted (red) line for squeezed
vacuum interferometry (n ~ 1) with ny, = 9.9, n. = 0.1, ¢. = 0 and solid (blue) line for
coherent and squeezed vacuum light 1nterferometry (n =0.5) with n. =ns =5, ¢. = 0. A
local oscillator of strength ny, = n,(e?smh + 1)% and phase ¢, = 7/2 is used in each
case.

5.6 Discussion

In this chapter, we discussed two-mode optical interferometry with the non-classical detection
strategy based on photon-number parity measurement. In particular, we studied the question
“For what class of two-mode pure states is the photon-number parity observable optimal for
phase estimation?” We began by reviewing Hofmann’s work on a the same question for
photon-number detection-based measurement observables. We discussed the condition of
path symmetry, which was introduced in that work as a sufficient condition on a two-mode
pure state so that photon-number counting-based measurement observables are optimal for
the state. We then analyzed the performance of photon-number parity detection for the
path-symmetric states. We showed that photon-number parity is an optimal measurement
for a restricted class of path-symmetric states, and that there exists a bias phase where the
optimality is achieved.

In the latter part of the chapter, we discussed the interferometry with coherent light
mixed with squeezed vacuum light, which is known to achieve the Heisenberg limit when the
inputs are mixed in equal intensities. We showed that photon-number parity is optimal for
this scheme and thus enables Heisenberg-limited phase estimation with the state. We also
compared the performance of parity with a homodyne-based detection scheme proposed by
Ono and Hofmann. Though this other scheme also achieves the Heisenberg limit, we showed
that parity provides better phase sensitivities than the other scheme over a broad range of
values of the unknown phase.

One may ask, what is the advantage of photon-number parity detection over photon-
number counting-based observables? On the one hand, for a path-symmetric state, photon-
number counting reveals all possible information about the unknown phase and leads to
phase estimation at the QCRB for all values of phase (global phase estimation). On the
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other hand, (assuming we are able to measure parity directly without having to count pho-
tons) parity only fetches partial information about the unknown phase and leads to phase
estimation at the QCRB for some particular values of phase (local phase estimation). The
important advantage of parity measurement over photon counting, however, is that there is
no need for any pre—, or post—data processing. Photon counting-based strategies typically
work via the construction of the likelihood function ahead of every detection event based
on the conditional probability distribution of phase conditioned on the previous detection
outcome [93, 143]. In general, after a sequence of detection events, the error in the phase
estimate is determined by the variance of the likelihood function, 0? = 1/(M F¢), where M
is the number of measurements and Fr is the classical Fisher information. The classical
Fisher information for parity detection, however, as shown in (5.5.9), is equivalent to the
error propagation formula. Hence, the phase sensitivity can be calculated as a simple func-
tion of the expectation value of parity (the signal) alone, without the need for much pre-,
or post—data processing as is required with photon-number counting.

On the flip side, parity detection suffers from some major drawbacks. First of all, its
performance is highly susceptible to photon losses. Thus, it becomes very crucial to maintain
lossless conditions in order to apply parity detection. Secondly, an efficient implementation
of photon-number parity measurement without having to count photons and infer parity
remains elusive. There have been some promising proposals for its efficient implementation.
Gerry and co-workers suggested the use of optical nonlinearities [70, 71]. Plick et al. showed
that homodyne quantum state tomography can be used to construct the expected parity
signal, at least in the case of Gaussian states, since the expectation value of the parity
operator is proportional to the value of the Wigner function of the state at the origin in
phase space for such states [149, 157]. However, remain unsatisfactory. For example, the
latter scheme of [149, 157] successfully reconstructs the parity expectation value (the signal)
from homodyne measurements. Those homodyne measurements are but themselves shot
noise limited and hence the scheme is essentially shot-noise limited. Thus, it remains an
open problem to find a way to implement photon number parity observable efficiently.
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Chapter 6
Conclusions and Outlook

6.1 Summary of Findings

In the first part of the thesis, we considered the Rényi generalizations of the quantum
conditional mutual information (QCMI) proposed in [18, 17] (also discussed in Appendix B).
Such generalizations of the QCMI have been much sought after for quite some time now. For
a tripartite state papc, the proposed quantities I, (A; B|C') and I, (A; B |C') (Definitions
B.1 and B.3) satisfy many of the desired properties of such a Rényi generalization for the
QCMI, e.g., they are non-negative, converge to the von Neumann entropy-based QCMI in
a suitable limit of the Rényi parameter, obey a duality relation and are monotone non-
increasing under local quantum operations on system B. Numerical evidence has not ruled
out monotonicity under local operations on system A either, but unfortunately it has not
been proven yet. We used one of the proposed Rényi QCMIs to define a Rényi bipartite
squashed entanglement and a Rényi bipartite quantum discord. By taking as a conjecture
that the Rényi QCMI of a tripartite state papc is monotone under local CPTP maps on
both systems A and B, we proved various properties of these quantities and establish them
as valid measures of quantum correlation.

One important contribution of the work in Appendix B on the Rényi QCMI was a con-
jecture that the proposed Rényi QCMIs are monotone increasing in the Rényi parameter. If
proven to be true, this conjecture would imply the following lower bound on von Neumann
entropy-based QCMI

I(ABIC) > I (A B|C) (611)
= —log I (PABCa Rg_mc (ch)) ) (6.1.2)

where RZ _, 4o is a quantum channel known as the Petz recovery map. Inspired by this lower
bound, we defined a new quantum called the fidelity of recovery of a tripartite state, given
by

F(A,B|C)p = 8sup F(pABCaRC%AC (ch)). (613)

Re—ac

The fidelity of recovery F (A; B |C') , of a tripartite state papc captures how well a lost system
A can be recovered by performing a local quantum operation on system C' alone. Assuming
the truth of (6.1.1), the — log of “surprisal” of the fidelity of recovery I (A; B|C') , also gives
a lower bound on the QCMI as

I(A4;BI|C) > —log F (papc, R ac (pBc)) > Ir (A;B|C),=—logF'(A;B|C),. (6.1.4)

In a recent breakthrough result, Fawzi and Renner have proven the latter lower bound on
the QCMI, namely the bound given by the surprisal of the fidelity of recovery. That is, we
now know it is indeed true that if the QCMI of a tripartite state is small, then the state
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has a smaller surprisal of fidelity of recovery, or equivalently a very high fidelity of recovery.
This gives a new operational characterization of approximate quantum Markov-chain states,
namely states with QCMI approximately zero. The new characterization is that such states
are approximately recoverable. This is in contrast with the earlier notion of approximate
Markov chain states being close in trace distance from the set of quantum Markov chain
states, for which counter examples are known. Our contribution for the surprisal of the
fidelity of recovery was to show that it obeys all the same properties are the QCMI, e.g., it
is non-negative, monotone non-increasing under local quantum operations on both systems
A and B, obeys a duality relation, and satisfies a dimension bound given by 2log |A].

Unlike the Rényi QCMIs, the surprisal of the fidelity of recovery is monotone under
local operations on both A and B. Therefore, we further defined a squashed entanglement
and quantum discord with I (4; B|C'), in place of I (A;B[C),. We proved that these
measures satisfy many of the same properties as the original squashed entanglement and
discord based on von Neumann entropies. In the case of the surprisal of measurement
recoverability, we remark that the quantity is an important step forward conceptually in
the understanding of quantum discord. While the traditional discord quantity captures
how much correlations are lost to the environment in the act of a quantum measurement,
the surprisal of measurement recoverability captures how well the lost correlations could
be recovered. Further, the quantity can be equivalently be thought of as capturing how
close a given state is from being a fixed point of an entanglement-breaking channel. This
should be put in contrast against other discord-like measures that have been proposed in the
literature that capture how close a given state is from being a zero-discord state. Given our
recent understanding of approximate quantum Markov chain states as being approximately
recoverable and not necessarily close in trace distance to the set of quantum Markov chain
states, we draw into question discord-like measures of the latter type.

In the second part of the thesis, we presented results on pure-state quantum optical
metrology based on the measurement of photon-number parity. We considered the general
problem of identifying the class of pure states for which photon number parity detection is
optimal. Hofmann had already solved the analogous problem for photon number counting-
based detection strategies. He had derived a condition called path symmetry as a sufficient
condition on pure states for which photon number counting was optimal. Since photon
number parity is a subset of photon number counting, we narrowed down our search to
Hofmann’s path-symmetric states. We analytically proved that photon number parity is
optimal for local phase estimation, i.e., at particular values of phase, for a restricted class
of path-symmetric states. The restricted class is characterized by two conditions: a) path-
symmetric states that have all real coefficients in the Schwinger basis, or b) path-symmetric
states whose coefficients in the Schwinger basis have periodic phases. We argued that these
restriction occur rather naturally in a linear interferometer, and therefore still capture almost
all pure states that have been considered for quantum metrology. This includes coherent
states, squeezed states, twin Fock states, NOONstates, etc.

Further, we applied parity detection to the particular case of coherent-mixed with squeezed
vacuum light interferometry. This state is evidently path symmetric. Therefore, as expected,
photon number parity detection was found to be optimal for this state. Since when coherent
state and squeezed vacuum state are mixed in equal intensities, the interferometric scheme
is capable of Heisenberg-limited phase estimation, we demonstrated that parity achieves
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the Heisenberg limit with this scheme at particular values of phase. We also compared the
performance of photon number parity with respect to a homodyne-based detection scheme
proposed by Ono and Hofmann, which was also shown to be optimal for the coherent-mixed
with squeezed vacuum light interferometry. We found that although both the detection
schemes achieve optimality, parity performances better over a broader range of values of the
phase around the optimum as compared to the scheme suggested by Ono and Hofmann.

6.2 Future Directions

Rényi generalizations of the quantum conditional mutual information. As men-
tioned before, the proposed Rényi generalizations of the QCMIs have only been proven to
be monotone non-increasing under local quantum operations on one of the two systems A
or B, while numerical tests have not failed in upholding the monotonicity with respect to
the other system either. It is thus an important open question to prove this monotonicity in
order to completely validate the proposed quantities as truly useful Rényi generalizations of
the QCMI. Another problem that has been left open is the proof of the conjectured mono-
tonicity of the proposed Rényi QCMIs in the Rényi parameter. Finally, it is largely left
open to use the proposed Rényi QCMIs to characterize quantum state redistribution in the
one-shot setting [7, 127].

Rényi squashed entanglement and discord. As far as properties of these quantities are
concerned, there are several of them left to be proved. For example, we have left open the
converse part of faithfulness for both the Rényi squashed entanglement as well as the Rényi
discord; i.e., the proof of the statements that the Rényi squashed entanglement is equal to
zero only if the state is separable, and Rényi discord is equal to zero only if the state is
classical-quantum. Also, while the von Neumann entropy-based squashed entanglement is
known to be superadditive in general and additive on tensor-product states, we have only
been able to show that the Rényi squashed entanglement is subadditive on tensor-product
states; super-additivity of the Rényi squashed entanglement in general has been left open.

As far as applications are concerned, it is an open question if the von Neumann entropy
based squashed entanglement is a strong converse rate for entanglement distillation. The
Rényi squashed entanglement may potentially be of use in proving this. One may also try to
use the Rényi squashed entanglement to strengthen the results of [178, 177] by showing that
the von Neumann entropy-based squashed entanglement is a strong converse rate for the
two-way assisted quantum capacity of any channel. As for the Rényi discord, one interesting
open question is to determine if a Koashi-Winter type [112] relation holds.

Fidelity of recovery, geometric squashed entanglement and surprisal of measure-
ment recoverability. At the moment, we only have a weak chain rule for the fidelity of
recovery. It is thus an open question to prove a chain rule akin to that of the von Neu-
mann entropy-based QCMI. Such a chain rule might also be helpful in establishing that the
geometric squashed entanglement is monogamous. As for the geometric squashed entan-
glement, an interesting question is if the geometric squashed entanglement can be used to
characterize the one-shot distillable entanglement or secret key of a bipartite state. Another
interesting question is on the continuity. At the moment, we have only proven continuity,
and not asymptotic continuity as in the Alicki-Fannes’ inequality. So, asymptotic continuity
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of the quantity is left open. Also, another question of interest is if we can show that geo-
metric squashed entanglement is non-lockable [36]. Preliminary evidence from considering
the strongest known locking schemes from [61] suggests that it might not be lockable.
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Appendix A

Quantum Conditional Mutual Informa-

tion!

A.1 Introduction

Quantum information theory is built on a powerful toolset consisting of the quantum en-
tropy and various other information measures that are linear combinations of entropies.
Entropic quantities emerge rather naturally in quantum information-theoretic problems,
similar to classical information theory of Shannon. For example, consider the quantum
noiseless-source coding problem studied by Schumacher [162], where an independent and
identically-distributed (i.i.d.) quantum information source emits quantum states from an
ensemble described by a density operator ps = {p (z),|¢,)}. The entropy of p4, defined as
the von Neumann entropy (discussed earlier in Section 2.2.2)

H(A),=—Tr{palogpa}, (A.1.1)

emerges as the optimal rate for error-free compression of the quantum data arising from the
source in the limit of a large number of invocations of the source. This can be understood as
due to the entropy capturing the average information content of a quantum state p4. Simi-
larly, also consider the canonical noisy channel-coding problem for classical communication
over a quantum channel [91, 163]. The relevant quantity in this context is the following
optimized mutual information between a classical input X and the quantum output B of
the noisy channel

X (V) = max I (X; B) = max [H (X),+ H(B),— H(XB)], (A.1.2)

p P

where the maximization is over classical-quantum states pxp of the form

pxp =) px (2) |2) {alx ® Nasp (V) (A.1.3)

and {¢”} are pure states that form the codebook for the communication. This is the cele-
brated Holevo information x (A) [89], whose regularization

Xn
lim XV ) WE")
n—o00 n

is found to be an upper bound on the optimal rate of channel encoding for error-free com-
munication in the asymptotic limit of a large number of channel uses.

!This appendix is reproduced by updating and adapting the contents of Mario Berta, Kaushik P. Se-
shadreesan, and Mark M. Wilde, Journal of Mathematical Physics, 56(2):022205, February 2015, with the
permission of AIP Publishing LL.C. See Appendix E for the copyright permission from the publishers.
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The usefulness of such entropic quantities transcends quantum information theory and
permeates many areas of physics too. In particular, they are naturally suited to capture
quantum correlations in various physical theories. For example, the von Neumann entropy,
which is a central measure of information is widely used under the name of entanglement
entropy to study entanglement in ground states (which are pure states) of quantum many
body systems and lattice systems [191, 53], relativistic quantum field theory [30, 31], and the
holographic theory of black holes [173, 83]. The entanglement entropy of a bipartite pure
quantum state is calculated as the entropy of the reduced state on one of the subsystems;
i.e., for a pure state |1)) 4, it is defined to be

Ep(A;B), =H(A) = —Tr{¢aloga} = —Tr{¢plogyp}, (A.1.4)

where 14 = Trp {tap} for example. It has been shown to obey many of the desired prop-
erties of an entanglement measure (see Section 2.3). In the case of a many-body ground
state, the entanglement entropy captures the entanglement shared between the subsystem,
whose reduced density matrix is considered, and the rest of the system across the boundary.
A large body of work in the quantum many-body physics literature has focused on various
questions related to the entanglement entropy, such as its scaling with respect to the size
of the subsystem. The area law establishes that this scaling depends only on the area of
the boundary [24, 20, 174, 148, 77, 55]. For a more general mixed bipartite state pap, the
mutual information I (A; B) , Offers use as a correlation measure. In essence, it captures how
much more information about a bipartite quantum state can be obtained when having joint
access to the two subsystems in comparison to when only having access to them separately.

In this appendix, we discuss the entropic quantity called quantum conditional mutual
information (QCMI). There is plenty of motivation to study this quantity in detail. For
example, in quantum information theory, while the quantum mutual information could be
used to capture how correlated two quantum systems held by Alice and Bob are, it is
sometimes also important to consider those correlations from the perspective of a third
quantum system held by an eavesdropper Eve. This is particularly relevant in quantum
cryptography, since Eve might have access to the rest of the universe (with respect to Alice
and Bob) and could potentially be correlated with Alice and Bob. Likewise, in quantum
many-body physics, the quantum mutual information could capture the resulting correlation
between parts of a large system of particles. However, it is necessary that we consider those
correlations with respect to a third system if we want to learn something about the type of
interactions that caused the correlation [10]. The QCMI is the quantity of interest in both
these scenarios.

We discuss various properties of the QCMI. We describe the information-theoretic task of
quantum state redistribution, where the QCMI finds operational meaning. This is followed
by various possible descriptions of the structure of quantum states that have zero QCMI,
namely the quantum Markov chain states. Finally, we give different possible representations
of the quantity in terms of the relative entropy. These representations pave the way forward
towards Rényi generalizations of the quantity, which are presented in Appendix B.
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A.2 Definition and Properties

Definition A.1. The quantum conditional mutual information of a tripartite state papc 1S
defined as
I(A;B|C), =H(AC),+ H(BC),— H(C), — H(ABC),, (A.2.1)

where H(F), = —Tr{oplogor} is the von Neumann entropy of a state op on system F.

The QCMI is non-negative for any tripartite quantum state, a nontrivial fact, known as
strong subadditivity of quantum entropy [122, 123]. Strong subadditivity can be viewed as a
general constraint imposed on the correlations that could exist in any tripartite state, and
finds extensive use in nearly all coding theorems in quantum information theory. Thus, it is
widely regarded as a fundamental law of quantum information theory. Strong subadditivity
also implies that the QCMI is non-increasing under the action of local quantum operations
performed on the systems A and B [40]. That is, the following inequality holds

I(4; B|C), > I(A; B|C), (A22)

where wapoc = (Nasa @ Mp_,p) (papc) with Na_, 4 and Mp_, 5 arbitrary local quantum
operations performed on the input systems A and B, leading to output systems A’ and B’,
respectively. This monotonicity of the QCMI under local quantum operations justifies its use
as a measure of correlation between systems A and B from the perspective of C. Another
interesting property of the QCMI is that for a four-party pure state ¥ 4pcp it obeys a duality
relation given by I(A; B|C)y = I(B; A|D), [49]. Further, the QCMI of a four-party state
papcop obeys an additive chain rule given by

[(AB;C|D), = I(A;C|D),+1(B;C|AD),, (A.2.3)

which augments its usability in applications. Also, the QCMI obeys a dimension bound,
given by
I(A; B|C), < 2log|A], (A.2.4)

where |A] is the dimension of system A. This bound is attained by a state of the form

pac = VYap ®oc, (A.2.5)

where the systems A and B are in a maximally entangled state, and are in product with
some state on the system C.

A.3 Quantum State Redistribution

The QCMI finds an operational meaning in the information-theoretic task called quantum
state redistribution. We describe this task now.

In quantum information theory, the task of quantum state redistribution represents the
most general bipartite noiseless source coding problem. Suppose that Bob and Charlie share
a tripartite state ppop, such that Bob holds system BD and Charlie holds system C. Let
pecp be purified by a reference system A held by Alice, so that the overall state is a pure
state |1) 4o p- Then the quantum state redistribution task requires Bob to transfer the share
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B to Charlie using minimal resources needed to do so, such that the overall state 1) 450
remains undisturbed. The allowed resources, which are also the quantities of interest, are
shared entanglement and noiseless quantum channels. (Note that classical communication
other than what can be encoded in qubits is not allowed). Figure A.1 provides a pictorial
description of the initial and final configurations of the task.

Bob Charlie

@H

_______1____________
oIl

Figure A.1: The task of quantum state redistribution. Alice, Bob and Charlie share a
large number of i.i.d. copies of a four-party pure state. Initially, Bob holds the systems
BD and Charlie holds C. At the end of the protocol, Bob would hold system D alone,
while Charlie would hold BC. The quantities of interest are the optimal rate of quantum
communication and shared entanglement that are required for a protocol that achieves the
task on an asymptotically large number of copies of the state such that the overall state is
preserved after redistribution with nearly unit fidelity.

Luo, Devetak and Yard [49, 203] studied this task in the i.i.d. asymptotic limit, where
Alice and Bob share many copies of the state pgcp. For rates of quantum communication
from Alice to Bob and entanglement consumption ) and F, Luo and Devetak proved the
converse theorem that the said quantum state redistribution can be achieved if and only if
the following conditions are satisfied:

Q> 1(4:BI0),
Q+E>H(B|C),. (A.3.1)

The theorem can be written in a compact manner in terms of the following resource inequal-
ity. It is given as
Yappic +Qlg =l + Elgq] > Yapise, (A.3.2)

if and only if ) and E satisfy the conditions in (A.3.1). Subsequently Devetak and Yard
showed that these rates are achievable. That is, they showed that for any € > 0, there exist
(n,Q, E, €)-protocols for the rates of quantum communication and entanglement consump-
tion precisely given by Q = 31 (A; B|C), and E = H (B|C),, — 51 (A; B|C),, that achieves
the redistribution from v 4 pp|c to Y4 p|pc in the limit of a large n number of copies of the
state ¥ apcp within an error €. This means that for a large number of copies of Y agep
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(denoted together as ¥’ zp), there exists a protocol that operates at the above mentioned
rates and accomplishes the task such that ||¢%zop — pargrenpr|| < €, where the output
state after redistribution is denoted by panpgrncnpn, a large combined state on n copies of the
individual systems A, B, C' and D.

When an optimal protocol is employed (i.e., when we have equalities in (A.3.1)), there
are three distinct possibilities. In the case that I (A; B C), = H(BI|C),, the optimal
protocol redistributes the state without consuming any shared entanglement, and can be
described as

1
Yaple + 51 (A B|C), g = ¢) = bapise. (A.3.3)

In the case that 17 (A4; B |C), < H(B|C),, the optimal protocol redistributes the state,
while Consuming shared entanglement, and can be described as

YaBDIC + I(A;B|C), g — g+ (H (B|C), — %f (A; B |C)w) Elqq] = Yapisc. (A3.4)

Finally, in the case that 17 (4; B |C), > H(B|C),, the optimal protocol redistributes the
state, and in the meantime generates shared entanglement, described as

Yappjc + %I(A; B|C),lqa—4d] = Yappc + (—H (BIC), + %I(/h B |C)w) Elqq].

A.4 Quantum Markov Chain States

In classical information theory, a tripartite probability distribution pa g ¢ (a,b,c) has QCMI
I (A; B|C) equal to zero if and only if it can be written as a Markov distribution

pasc (a,b,c) = pc(c)pajc (ale) psic (blc) . (A4.1)
Equivalently, it is equal to zero if and only if the distribution pa g ¢ (a, b, ¢) is recoverable
after marginalizing over the random variable A, that is, if there exists a classical channel
q (alc) such that pa o (a,b,¢) = q(alc) ppc (b, c).

The quantum analog of the above states were introduced in [1] and studied for finite-
dimensional tripartite states in [80]. Following [80], we define a state papc to be a quantum
Markov state if I (A; B|C'), = 0. Let M4_c—p denote this class of states. The main result
of [80] is that such a state has the following explicit form:

pABC = @q Oact ® Ocrp, (A4.2)

for some probability distribution ¢ (7), den81ty operators {0 41, 00rp}, and a decomposition
J J
of the Hilbert space for C' as He = @ Her @ Her. We also know that a state pape is a
. J J

J
quantum Markov state if any of the following conditions hold [142, 159]:

PABC = PA/cPc /2 ,OBC,OCI/2P,14/C2~, (A.4.3)
PABC = PB/cPc /2 PACPC ok pB/é, (A.4.4)
papc = exp {log pac + log ppc —log pc} - (A.4.5)
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Interestingly, if pc is positive definite, then the map (-) — pi@pgl/ () pgl/ Qpi@ is a quan-

tum channel from system C to AC, as one can verify by observing that it is completely
positive and trace preserving. Otherwise, the map is trace non-increasing. These same
statements also obviously apply to the map (-) — pgépglﬂ (+) pgl/Qp]lB/é. See [103, 104] for
more conditions for a tripartite state to be a quantum Markov state.

A.5 Various Representations of the Quantum Conditional Mutual Information
in terms of the Relative Entropy

In this section, we write the QCMI of Definition A.1 in terms of the relative entropy.
Consider the following function of four density operators papc € S (Hapc), Tac €
S (HAc), QBC €S (HBc), and wo € S (Hc)i

A (,OABC; TAC, 030, wc> =Tr {pABC [lOg PABC — IOg TAC — 10g QBC + log wc]} . (A51)

This function forms our core quantity in order to write the QCMI as a relative entropy.
Let I4pc denote the identity operator acting on Hpc. A sufficient condition for

%i{‘lil) A (pasc,Tac +&lape, Opc + {lape, we + §lapc) (A.5.2)
to be finite and equal to (A.5.1) is that

supp (pasc) C supp (Tac) , supp (fsc) , supp (we) (A.5.3)

for the same reason given after (2.2.33). When comparing with supp(papc), it is implicit
throughout this thesis that supp(7ac) = supp(Ip ® Tac), supp(f@pc) = supp(f4 ® 0p¢), and
supp(we) = supp(lap ® we). The condition in (A.5.3) is equivalent to supp(papc) being
in the intersection of the supports of 74¢, 0pc, and we. Note that there are more general
support conditions which lead to a finite value for (A.5.2), but for simplicity, we focus
exclusively on the above support condition. If the support condition in (A.5.3) holds, then
by inspection we can write

A (PABC’, TAC, 930, wc) =D (pABCH exp {log Tac + log Opc — long}) . (A54)

Furthermore, observe that

y{(l% A (papc, pac + ELape, pee + Elape, po + €1apc) (A.5.5)

is finite and equal to (A.5.1) because the support condition in (A.5.3) holds when choosing
Tac, Opc, and we as the marginals of pape (see, e.g., [153, Lemma B.4.1]).

Lemma A.2. Let PABC € S(HABc), TAC € S(HAc), 930 < S(HBc), and we € S(Hc)
and suppose that the support condition in (A.5.3) holds. Then

A(papcsTac,Upc,we) =1 (A; B|C),+ D (paclltac) + D (ppcll0sc) — D (pollwe) - (A.5.6)
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Proof. This follows simply by adding to and subtracting from A (papc, Tac, 0o, we) each
of Tr{papclogpact, Tr{papclogppc}, and Tr{papclog pc}. We then apply the definitions
of I (A; B|C),, D (pacltac), D (pscllfsc), and D (pc|we). =

The mutual information of a bipartite state p4p can be written as a relative entropy in
one of four seemingly different ways [41], namely

I(A;B), =D (papllpa ® pp) (A5.7)
— win D (pap 74 pp) (A58)
= IrelinD (pasllpa®Op) (A.5.9)
:TTien D (pap||Ta®6p). (A.5.10)

For the QCMI, however, there are more ways of doing so, as summarized in the following
proposition. The significance of Proposition A.3 is that it paves the way for designing many
different Rényi generalizations of the QCMI.

Proposition A.3. Let papc € S (Hapc). Then

I(4; B|C), = A(papc; pac, pacs pc) = glg A (papc,Tac, pBc, pc) (A.5.11)

= gnf A (paBcs pac,9sc, pc) = sup A (pase, pac, pec, we) (A.5.12)
BC wco

= lilg A (papc,Tac, peo.Tc) = 1£1£ sup A (pasc, Tac, PBC, We) (A.5.13)
T T we

= inf A (paBc, pac, e, 0c) = inf sup A (pasc, pac,9sc, we) (A.5.14)
Opc bBC we

= inf A(papc,oac,0Bc,pc) = inf A(papc,Tac,Vsc,pc) (A.5.15)
0ABC Tac,9BC

= inf A(papc,oac,0Bc,0c) = inf Al(papc,Tac,sc,7c) (A.5.16)
OABC Tac,9BC

= inf A(papc,Tac,0sc,0c) = inf sup A (papc,oac, oo, we) (A5.17)
Tac.OBC CABC weo

= inf supA(pABc,TAC,QBC,wC) s <A518)

TacY9BC we

where the optimizations are over states on the indicated Hilbert spaces obeying the support
condition in (A.5.3) and over oapc for which supp (papc) C supp (oapc). The infima and
suprema can be interchanged in all of the above cases, are achieved by the marginals of papc,
and can thus be replaced by minima and mazima.

Proof. We only prove two of these relations, noting that the rest follow from similar ideas.
We first prove (A.5.18). Invoking Lemma A.2, we have that

inf sup A (pape,Tac,9pc,we) = 1 (A; B|C)

TACHIBC we P

-+ inf D (pACHTAC) + inf D (p30||¢930) —inf D (pc”(.uc) . (A519)
TAC Opc we
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Invoking the fact that the relative entropy is minimized and equal to zero when its first
argument is equal to its second, we see that the right hand side is equal to I (A; B|C) o

We now prove the first equality in (A.5.16). Let o4pc denote some tripartite state for
which supp (papc) C supp (6apc). By Lemma A.2; we have that

A(pasc,oac,opc,0c) =1 (A; B|C),+D (pacl|loac)+D (ppcllose)—D (pclloc) . (A.5.20)

But it is known that the relative entropy is monotone under a partial trace, so that

D (paclloac) = D (pclloc) - (A.5.21)
Thus, we have that

D (paclloac) + D (ppcllosc) — D (pclloc) = 0. (A.5.22)
This implies that

inf A(papc,oac,080,0¢) = 1(A; B|C),+ inf [D(paclloac) + D (pecllosc) = D (pclloc)]-

TABC

(A.5.23)
The three rightmost terms are non-negative (as shown above), so that we can minimize them
(to their absolute minimum of zero) by picking a state o4p¢ such that

oac = pac, logope —logoc = logppe — log pe, (A.5.24)
or by symmetry, one such that

opc = ppc, logoac —logoc =logpac — log pe. (A.5.25)
One clear choice satisfying this is 0 spc = papc, but there could be others. m

Remark A.4. A priori, we require infima and suprema in the above proposition because
the sets over which the optimizations occur are not compact. More explicitly, suppose that
papc = wap Q Oc for wap € S (Hap) and 0c € S (He). Then the sequence of states

= —-=— 1—— A.5.26
w0 =ik () w (A020)
is such that supp (papc) C supp (wap (n)) for alln > 1, but supp (papc) € supp (wap (00)).

Corollary A.5. Let papc € S (Hapc). Then there is a Pinsker-like lower bound on the
conditional mutual information I (A; B|C)

I(A; B|C), > 1 llpasc — exp {log pac + log psc — log pc }l; - (A.5.27)

Proof. The corollary results from the following chain of inequalities:

D (papc| exp {log pac + log ppc — log pc})

> Diya (pasc| exp{log pac +log ppc — log pc}) (A.5.28)
= —2log Tr {\/m\/exp {log pac + log ppc — log pc}} (A.5.29)
> —log F (papc, exp {log pac + 1og ppc — log pc}) (A.5.30)
> —log (1= (4 lpanc — exp {log pac +log poc —log peH,)°) (A5.31)
> Hlpasc — exp {log pac + log pac — log pc }7 - (A.5.32)
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The first step follows from monotonicity of the Rényi relative entropy with respect to the
Rényi parameter (see Theorem 2.4). The equality in (A.5.29) and the inequality in (A.5.30)
follow from the definition of Dy, and the fidelity. The inequality in (A4.5.31) is a well-known
relation between the fidelity and trace distance. Finally, the inequality in (A.5.32) holds
because — log (1 — ) > z for x < 1. This line of reasoning is similar to that in the proofs of
[206, Theorem 2.1 and Corollary 2.2], which in turn follows from some of the development
in [33]. =

A.6 Discussion

To summarize, in this appendix we discussed the QCMI I (A; B |C') of a tripartite state papc
and its properties including the strong subadditivity inequality, monotonicity under local
quantum operations on A and B and duality for a purification ¥ agcp. We then discussed
the quantum state redistribution protocol, where the QCMI finds operational interpretation.
This was followed by a brief description of the states for which QCMI is zero, namely the
quantum Markov-chain states. Finally, we rewrote the QCMI as a relative entropy and
showed that there exist several possible ways to do so.

As we will see in Appendix B, these relative entropy-based expressions pave the way
towards Rényi QCMIs. It is desired that a Rényi QCMI also hold the same properties as
those of the QCMI discussed in this appendix. Therefore, we will use the afore-mentioned
properties to validate the proposed Rényi QCMIs.

The QCMI has many important applications. It underlies the squashed entanglement [40],
which is a measure of entanglement that satisfies nearly all of the axioms desired for such
a measure [4, 112, 25]. It also underlies the quantum discord [136], which is a measure of
quantum correlations subsuming those due to entanglement. We described these measures
in greater detail in Chapter 3. Newer applications of the QCMI include results in the areas
of information and communication complexity [28, 186, 185].
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Appendix B

Rényi Generalizations of the Quantum

Conditional Mutual Information!

B.1 Introduction

The Rényi entropies [154] have attracted a lot of interest both in quantum information
theory and in various areas of physics in recent times. The a-Rényi entropies have been
shown to be useful for characterizing information processing tasks in the regimes of a single
or finite number of resource utilizations [131, 92, 79, 130]. They have also been used to
establish strong converse theorems [8, 134, 116, 150, 169, 198, 76, 184]. In many-body
physics, the a-Rényi entanglement entropies have been shown to be useful in characterizing
the entanglement spectra of condensed matter systems, akin to moments of a probability
distribution [119, 63]. They have also been considered for similar applications in the contexts
of relativistic quantum field theory and holographic theory of black holes [64, 82, 60]. In
Gaussian quantum information theory, the a = 2 Rényi entropy has been shown to be useful
in studying Gaussian entanglement and other more general quantum correlations [2]. In
quantum thermodynamics, a-Rényi entropies have been shown to represent the derivative
of the free energy with respect to temperature [9] and are relevant for the work value of
information [45].

Given the rich variety of applications of the Rényi entropies, there has been a substantial
effort towards obtaining Rényi generalizations of other information measures, such as the
quantum conditional entropy (QCE), or the quantum mutual information (QMI). While
a Rényi QCE and QMI have been proposed, validated and studied extensively [134, 116,
130, 169, 132, 198, 76, 182], it has been a long-standing open problem to obtain a Rényi
generalization of the quantum conditional mutual information (QCMI).

In this appendix, we propose Rényi generalizations of the QCMI and nearly validate them
as appropriate generalizations by proving many of the desired properties of such a quantity.
As discussed in Appendix A, the desired properties are those that are held by the von
Neumann entropy-based QCMI, such as non-negativity, monotonicity under local quantum
operations and duality for four-party pure states. We used the Rényi generalizations of the
QCMI proposed here in Chapters 3 and 4 to define measures of quantum entanglement and
quantum discord.

We begin this appendix by motivating the interest behind Rényi generalizations of quan-
tum information measures. We give some background on the typical approach to obtaining

!This appendix is reproduced by updating and adapting the contents of Mario Berta, Kaushik P. Se-
shadreesan, and Mark M. Wilde, Journal of Mathematical Physics, 56(2):022205, February 2015, and Mario
Berta, Kaushik P. Seshadreesan, and Mark M. Wilde, Physical Review A, 91:022333, February 2015, with
the permission of ATP Publishing LL.C and APS, respectively. See Appendix E for the copyright permission
from the publishers.
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Rényi generalizations of quantum information measures and briefly mention about the pre-
vious attempts at Rényi generalizing the QCMI. We then present our prescription to Rényi
generalize any quantum information measure, which is a linear combination of von Neumann
entropies. We apply this prescription to the case of the QCMI, and obtain various gener-
alizations of the quantity. As said before, we prove many of the desired properties of these
quantities and state some open questions about other properties that remain to be proven.
We present numerical evidence, which suggests that these unproven properties should also
hold for the proposed Rényi generalizations of the QCMI.

B.2 Background

Suppose that we would like to establish a Rényi generalization of the following linear com-
bination of entropies:

> asH(S),, (B.2.1)

Sg{Alv":Al}

where pa,. 4, is a density operator on [ systems, the coefficients ag € {—1,0,1}, and the
sum runs over all subsets of the systems Aj,..., A;. This criterion is met by many useful
measures; e.g., the QCE, the QMI, and the QCMI are defined respectively as

H(A|B), = H(AB), — H(B),, (B.2.2)
[(A; B), = H(A), + H(B), — H(AB),, (B.2.3)
I(A; B|C), = H(AC), + H(BC), — H(C), — H(ABC),, (B.2.4)

where p is taken to be a bipartite state p4p in (B.2.2) and (B.2.3), and a tripartite state papc
in (B.2.4). A first approach one might consider is simply to replace the linear combination
of von Neumann entropies with the corresponding linear combination of a-Rényi entropies:

> asHu(S),. (B.2.5)

SC{A1,.... A}

However, the work of [124] establishes that there are no universal constraints on such a quan-
tity. For example, consider the following quantity obtained by replacing the von Neumann
entropies in (B.2.4) with a-Rényi entropies, namely

I(A; BIC), = Ha(AC), + Ho(BC), — Ha(C), — Ha(ABC),. (B.2.6)

For o € (0,1) U (1,00), this quantity does not generally satisfy non-negativity [124], while
the von Neumann QCMI is known to be non-negative, the latter being a result of the strong
subadditivity inequality [123]. Since strong subadditivity is consistently useful in applications
and often regarded as a “law of quantum information theory,” the work in [124] suggests
that the Rényi generalization in (B.2.5) is perhaps not the appropriate one to be using in
applications 2.

2There are exceptions though, if we restrict ourselves to special types of quantum states. For example,
for Gaussian states, the @ = 2 Rényi entropy satisfies strong subadditivity, as was shown in [2].
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On the other hand, one can write a quantum information measure in terms of the relative
entropy of Section 2.2.2, and subsequently replace the relative entropy with a Rényi relative
entropy of Section 2.2.2 [140], [132], [198] in order to obtain a Rényi generalization of the
measure. Recall that the von Neumann entropy of a state p4 on system A can itself be
written in terms of the relative entropy as —D (pal|la), where I4 is the identity operator.
Also, the QCE and the QMI can also be written in terms of the relative entropy as

H(AIB), = = min D (panllla @ o5), (B2.7)
1(4; B), = min D (pasllpa ® 7). (B23)

respectively, where op is any density operator on the Hilbert space Hp of system B. (The
unique optimum opg in the above expressions turns out to be the reduced density operator
pp.) Therefore, one can obtain Rényi generalizations of the above quantities by using the
Rényi relative entropy in place of the relative entropy. Rényi generalizations of quantum
information measures obtained via the above procedure converge to the corresponding von
Neumann entropy based quantities in the limit as « tends to one. They also retain most
of the desired properties of the original quantities. For example, a Rényi QMI obtained
from (B.2.8), just like the original von Neumann entropy based quantity, is non-negative and
non-increasing under the action of local completely positive and trace preserving (CPTP)
maps for o € [0,1) U (1,2]. This is because the Rényi relative entropy for a € [0,1) U (1, 2],
just like the relative entropy, is non-negative and non-increasing under the action of any
CPTP map, in the sense that

Da(pllo) = Da(N (p)IN () (B.2.9)

for a quantum map N [140].

One could also use the sandwiched Rényi relative entropy of Section 2.2.2 [132], [198]
instead of the Rényi relative entropy. Recall that the sandwiched Rényi relative entropy is
non-negative and non-increasing under the action of any CPTP map for a € [1/2,1)U(1, 00)
[65]. Sandwiched Rényi generalizations of quantum information measures as discussed above
thus also satisfy the above properties.

In order to write an information quantity in terms of a relative entropy, the key task is to
identify the second argument for the relative entropy. This task, however, can be nontrivial
in some cases. For example, it is not obvious as to what the second argument should
be for the QCMI. Taking a cue from the QMI of (B.2.8), in which the second argument
(when suitably normalized) has vanishing QMI, one may try to write the QCMI as an
optimized relative entropy with respect to the set of quantum Markov states [80], which are
defined as those tripartite states which have zero QCMI. This is indeed true for the classical
conditional mutual information of a joint probability distribution p4 pc , that it can be
written as the relative entropy distance between p4 p ¢ and the nearest Markov distribution
[100, Section II]. However, a similar approach does not succeed in the case of the QCMI.

Let M (papc) denote the relative entropy “distance” to quantum Markov states [100]:

M(pABC) = mf D(pABC||UABC)7 (BQlO)

ocABCEMa_c-B
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where M 4_¢_p is the set of quantum Markov states defined above. Clearly, it suffices
to restrict the above infimum to the set of Markov states o4pc for which supp (papc) C

supp (capc). We can now easily compare I (A; B|C) with M (papc), as done in [100]. First,
since every quantum Markov state satisfies the condition

oapc = exp {logoac +logopc —logoc}, (B.2.11)

we see that this formula is equivalent to

M (papc) = inf D (papc| exp{logoac +logopc —logoc}), (B.2.12)

0ABCEMa_c—-B

from which we obtain the following inequality:

M (papc) > inf D (papc| exp {logwac + logwpe — logwe}) (B.2.13)
WABC

= inf A(pABc,wAc,ch,wc) (B214)
WABC

= ](A;B]C)p, (B.2.15)

where the infimum is over all states wapc satisfying supp (papc) C supp (wapc) and A is the
function defined in (A.5.1) of Section A.5 in Appendix A. The above inequality was already
stated in [100, Theorem 4] (and with the simpler proof along the lines above given by Jencov
at the end of [100]), but one of the main contributions of [100] was to show that there are
tripartite states wapc for which there is a strict inequality M (wapc) > I (A; B|C),,, and in
fact [100, Section VI] showed that the gap can be arbitrarily large.

Thus, from the results in [100], we can already conclude that taking the Rényi relative
entropy distance to quantum Markov states will not lead to a useful Rényi generalization of
the QCMI as one might hope. This point was further reiterated in [58].

B.3 Prescription for Rényi Generalization

Having discussed the traditional approach towards obtaining Rényi generalizations of quan-
tum information measures of the form given in (B.2.1), and the hurdles faced, we now give
our prescription for a Rényi generalization. It is also based on the relative entropy and its
variants.

In the case that a4, . 4, is nonzero, without loss of generality, we can set a4, 4, = —1
(otherwise, factor out —1 to make this the case). Then, we can rewrite the quantity in
(B.2.1) in terms of the relative entropy as follows:

D (PAl...Az exp { Z ClengS}> , (B.3.1)

sca’
where A" = {A;,..., Ai} \Ay --- A;. On the other hand, if a,. 4, = 0, i.e., if all the marginal
entropies in the sum are on a number of systems that is strictly smaller than the number of
systems over which the state p is defined (as is the case with H(AB) + H(BC) + H(AC),
for example), we can take a purification of the original state and call this purification the
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state pa,..4,. This state is now a pure state on a number of systems strictly larger than
the number of systems involved in all the marginal entropies. We then add the entropy
H(A;...A;), =0 to the sum of entropies and apply the above recipe (so we resolve the issue
with this example by purifying to a system R, setting the sum formula to be H(ABCR) +
H(AB)+ H(BC) + H(AC), and proceeding with the above recipe).

We then appeal to a multipartite generalization of the Lie-Trotter product formula D.1
[176], to rewrite the second argument in (B.3.1) as

1/(1—a)
Cltl—rg 58/6p25<17a>/2 (IAlAl) y (B.3.2)
where the map
S} as(l—a)/Q (X) = pgs(l a)/QngS(l_a)/2 (B.S.S)

and the composition () of maps © posti-a)/2 for all subsets S can proceed in any order, and

I4,...4, 1s the identity operator on the support of the state pa, . 4,. Finally, we obtain a Rényi
generalization of the linear combination in (B.2.1) as

D, (PAl...Al

where D,, is the Rényi relative entropy, and we have used (B.3.2) in (B.3.1) and promoted
the parameter « in (B.3.2) to take the role of the Rényi parameter.
A similar Rényi generalization can also be obtained using the sandwiched Rényi relative

entropy as
D, (pAl...Al

Note that there exist a number of different possible variants of the above Rényi general-
izations since different choice of orderings of the maps @pas(ka)/z are possible. Moreover,

SCA’ Ps

1/(1-a)
[ O e pes=a)/2 (La,.. Al):| , (B.3.4)

a/(1—a)
|: O @ ag(l—a)/(2a) (]AIAZ):| > . (B35)
SCA’ Pg

we could also consider arbitrary density operators on the Sappropriate subsystems for the
maps O instead of the reduced density operators (marginals) of pg4,. 4,, and then optimize
over these operators (under the assumption that the support of p4, 4, is contained in the
intersection of the supports of these operators).

For any quantum information measure, it is possible to prove that these different Rényi
generalizations converge to the original von Neumann entropy based quantity in (B.2.1) in
the limit as a — 1. Also, consider that we can write the linear combination in (B.2.1) as

Z asH (S)p = —Tr< pa, .4 Z ag log ps . (B.3.6)
SC{A1,..., A} SC{A1,..., A}

The information second moment corresponding to this combination of entropies is then

2

V(pAll_,Al,{aS}) = TI‘ IOAl---Az Z as logpg . (B37)
SC{A1,....,. A1}
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It can be shown that the Rényi generalization in (B.3.4) has the following Taylor expansion
about v = 0, where vy =a — 1:

1 2
“log |Tr{pa,.a}+y Y, asH(S),+ %V (par..a, {as}) + O (%) |, (B.3.8)
v SC{A1,...,Ar}

thus recovering the information second moment as the second order term in the Taylor
expansion. (See [18, Appendix E.1], for example, which shows the Taylor expansion in a
neighborhood of v = 0 for the Rényi QCMI.) Note that the Rényi generalization in (B.2.5)
does not recover the information second moment in a Taylor expansion. Furthermore, we
leave it as an open question to determine whether the following statement is generally true: if
a von Neumann entropy-based measure is non-negative and non-increasing under the action
of local CPTP maps, then its Rényi generalizations of the above type are also non-negative
and non-increasing under local CPTP maps.

B.4 Definitions of Rényi Quantum Conditional Mutual Informations

We will now apply the above prescribed formula to obtain Rényi generalizations of the QCMI.
We study generalizations based on both the Rényi, and sandwiched Rényi relative entropies.
Note that throughout this appendix, for technical convenience and simplicity, some of our
statements apply only to states in S (H), | (strictly positive definite density operators). This
might seem restrictive, but in the following sense, it is physically reasonable. Given any state
weS(H)\S(H), ., there is a state w (§) = (1 = §) w+ &I/ dim (H) for a constant £ > 0, so
that w (§) € S(H),, and |lw —w (§)|; < 2§ Thus, the bias in distinguishing w from w (§)
is no more than £/2, so that w (§) can “mask” as w.

B.4.1 Rényi quantum conditional mutual informations based on the Rényi rel-
ative entropy

Let papc € S (Hapc), Tac € S (Hac), Osc € S (Hpe), and we € S (He). We define the
following quantities for a € [0,1) U (1, 00):

Qa (pasc, Tac,we,O0pc) = Tt {PABC 736 VWSV P wE TV PG a)/2}7 (B.4.1)
1
Ao (paBe, Tac,we, Upc) = log Qa (paBc, Tac, we, Upc) - (B.4.2)

-1

We stress that the formula in (B.4.2) is to be interpreted in the sense of generalized inverses,
so that it is always finite if

pase L |7 1 @)/2 gl 1/20(1 a)/2|? . (B.4.3)

The non-orthogonality condition in (B.4.3) is satisfied, e.g., if the support condition in (A.5.3)
holds, so that (B.4.3) is satisfied when T4c = pac, we = po, and Ogc = ppe. It remains
largely open to determine support conditions under which

%i\f‘% Ao (papc, Tac + Elape,we + &l ape, Osc + Elape) (B.4.4)
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is finite and equal to (B.4.2), with complications being due to the fact that (B.4.1) features
the multiplication of several non-commuting operators which can interact in non-trivial ways.
We can also consider five other different operator orderings for the last three arguments of

Qa, i.e.,

Qa (panc, Opc,we, Tac) = Tr{ phpetfe” Pwl ™ w0552, (BAS)
Qo (paBc,we, Tac,0pc) = Tr {p Cwéa 1)/27'51100‘)/20]130‘* £‘1Ca)/2 o=1) /2} (B.4.6)
Qu (paBe, we, O, Tac) ETF{ cw(c?é 1)/29goa)/2 1— ael a)/2,, (a 1)/2} (B.4.7)
Qo (paBc, Tac, 9o, we) ETY{ Paneric P05 PwaT 05 P /2} (B.4.8)
Qo (paBC, OBC; Tac, wo) = Tr {pABCQ ey PR v a)/Z‘ggca)/Q} (B.4.9)

In the above, we are abusing notation by always having the power («w — 1) /2 associated with
we and the power (1 — «) /2 associated with T4 and 0pc, but we take the convention that
the different ), quantities are uniquely identified by the operator ordering of its last three
arguments. These different @), functions lead to different A, quantities, again uniquely
identified by the operator ordering of the last three arguments.

We can then use the above observations, the observation in Proposition A.3, and the
definition of the Rényi relative entropy to define Rényi generalizations of the QCMI. There
are many definitions that we could take for a Rényi QCMI by using the different optimizations
summarized in Proposition A.3 and the different orderings of operators as suggested above.

In spite of the many possibilities suggested above, we choose to define the Rényi QCMI as
the following quantity because it obeys some additional properties (beyond those satisfied by
many of the above generalizations) which we would expect to hold for a Rényi generalization
of the QCMI.

Definition B.1. Let papc € S (Hapc). The Rényi quantum conditional mutual information
of papc is defined for a € [0,1) U (1,00) as

I, (A; B|C), = inf A, (pasc, pacs pe,0bc) (B.4.10)
oBC

where the optimization is over density operators opc such that supp (papc) C supp (0pc).

Note that unlike the QCMI, this definition is not symmetric with respect to A and B.
Thus one might also call it the Rényi information that B has about A from the perspective
of C. Note also that, for trivial C', the definition reduces to the definition of Rényi mutual
information in Section 2.2.2.

One advantage of the above definition is that we can identify an explicit form for the
minimizing opc and thus for 1, (A; B|C) ,» as captured by the following proposition:

Proposition B.2. Let papc € S (Hapc). The Rényi quantum conditional mutual informa-
tion of papc has the following explicit form for a € (0,1) U (1,00):

1/
illogTr{( R, {pfcampigcpfoam}p(ca_l)/2> } (B.4.11)
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This follows because the infimum in (B.4.10) can be replaced by a minimum and the minimum
oBc s unique with an explicit form.

A proof of Proposition B.2 appears in Appendix D.2.1.

B.4.2 Rényi quantum conditional mutual informations based on the sandwiched
Rényi relative entropy

As in the previous section, there are many ways in which we can define a sandwiched Rényi
QCMI. Let papc € S (HABC)7 Tac €S (HAC), Ogc € S (HBc), and wg € S ('Hc) We define
the following core quantities for o € (0,1) U (1, 00):

1/2 (1711)/204&}(6?471)/2019531504)/aw(c?zfl)/ZaT(lfa)/2a 1/2 ) }7

Qo (pasc, Tac, wo, 0pc) = Tr { <ﬂABcTAc AC PABC
(B.4.12)
A, (pasco, Tac, weo, 050) = - 10g Qa (papc, Tac, we, 05c) - (B.4.13)

—1
We stress again that the formula above is to be interpreted in terms of generalized inverses.
By employing (2.1.1) and (B.4.12), we can write

éa (paBc, Tac, we, Opc) = "Pz/fgcﬂ(xlc?a)/206“12?71)/2&9%5&)/2& zZ» (B.4.14)
and we see that @a (paBc, Tac,we, 0pc) = 0 if and only if
L R ) e ) (B.4.15)
S0 Qa (paBc, Tac,we, 0pc) > 0 if
Pilne L The w0 (B.4.16)

The non-orthogonality condition in (B.4.16) is satisfied, e.g., if the support condition in
(A.5.3) holds, so that (B.4.16) is satisfied when 7ac = pac, we = po, and 0pc = ppe. It
remains largely open to determine support conditions under which

%ig(l) Ao (pape, Tac + ELape, we + ELape, Opc + ELape) (B.4.17)

is finite and equal to (B.4.13), with complications being due to the fact that (B.4.12) features
the multiplication of several non-commuting operators which can interact in non-trivial ways.
As before, we define five other different (), quantities, again uniquely identified by the order
of the last three arguments:

Qa (pasc, e, we, ac) = ||ppa8ha 2 wle /2oL e /2 zz : (B.4.18)
Qa (paBc:we: Tac, Opc) = ||pipewe VPoric 20 227 (B.4.19)
Qu (pasc,wo, Opc, Tac) = || phpcwe 2005 Porls 2 ZZ’ (B.4.20)
Qu (papc Tac, Opc,we) = || piperic 2 0he P w i zZ’ (B.4.21)
@a (paBc,Osc, Tac,we) = pi/écegga)/mn(fga)/mwg"_1)/2a zz . (B.4.22)
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These then lead to different ﬁa quantities. We call the quantities above “sandwiched”
because they can be viewed as having their root in the sandwiched Rényi relative entropy,

i.e., for PABC € S(HABC)++’ Tac € S<HAC)++7 GBC € S(HBC)++’ and wo € S(HC)++:

A, (paBc, Tac,we, 0pc)

- Ea </0ABC’

_ o _ o a a/(l-a)
[Tjglca)/mw(c D/2ag(1-a)/a, (a-1)/2a (1 )/ﬂ ) (B.4.23)

Although there are many different possible sandwiched Rényi generalizations of the
QCMI, found by combining the different A, quantities discussed above with the different
optimizations summarized in Proposition A.3, we choose the definition given below because
it obeys many of the properties that the QCMI does.

Definition B.3. Let papc € S (Hapc). The sandwiched Rényi quantum conditional mutual
information is defined as

I, (A:; B|C), = inf sup Ao (paBc, pacswe,osc) (B.4.24)

oBC we
where the optimizations are over states obeying the support conditions in (A.5.3).

Again, unlike the QCMI, this definition is not symmetric with respect to A and B.
Thus one might also call it the sandwiched Rényi information that B has about A from
the perspective of C'. Also, for trivial C', the definition reduces to the usual definition of
sandwiched Rényi mutual information (see, e.g., [198, 76, 42]).

B.5 Properties of Rényi Quantum Conditional Mutual Informations

B.5.1 Limit of the Rényi quantum conditional mutual informations as a — 1

We now consider the limit of the A, quantity as the Rényi parameter a« — 1 and prove
that some variations of the Rényi QCMI based on the Rényi relative entropy converge to the
QCMI in the limit as o« — 1.

Theorem B.4. Let papc € S (Hapc), Tac € S (Hac), Osc € S (Hpe), and we € S (He)
and suppose that the support condition in (A.5.3) holds. Then

i1_>ml A, (paBc, Tac,we, 0pc) = A(pape, Tac, we, Opc) - (B.5.1)

The same limiting relation holds for the other A, quantities defined from (B.4.5)-(B.4.9).

Proof. We will consider L'Hopital’s rule in order to evaluate the limit of A, as a — 1, due
to the presence of the denominator term a— 1 in A,. To this end, we compute the following
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derivative with respect to «
d —a a— —a, (a— —a
%Qa (paBc, Tac,we, Opc) = Tr{(log,OABc) PchTﬁxlc )/2wé 1)/291130 W(c 1)/27/(110 )/2}

(a—l)/27_(1—a)/2}

- %Tr {Pch (log Tac) TSC‘QV%(C‘“”/Q%@%C e
45T o™ (logwe) w2l i)
I { et s g ) el )

(a—l)/2T(1—oc)/2}

1 —a)/2, (a— —a
i )/ZW(C 1)/291130 (logwe) we AC
(1“‘)/2} . (B5.2)

+ §T1" {PﬁB(JTAC
1 o 1-0)/2 (a=1)/2p1—a, (a—1)/2
a §Tr {pABCTﬁxc V0wV (log Tac) ThG

Thus, the function Q,, (pasc, Tac, we, Opc) is differentiable for a € (0, 00). Applying L’Hopital’s

rule, we consider
lim A 0 = li ! d 0
a1~>1’nl o (pABC; TAC, W, BC) — O{IA)I% Qa (pABC, TAC, WO, QBC) @Qa (pABC; TAC,WC, BC) .
(B.5.3)
We can evaluate the limits separately to find that
(B.5.4)

: 0 0.0 0.0
Clll_{ﬂl Qo (papc. Tac,we,0pc) = Tr { papcTacwelheweTac }

tim L0, (pape. acu e, 0nc) = Tr {(108 panc) pancoubthouliric)

_ %Tr {papc (log Tac) Thcwe 0 cweTac } + %Tr {papctSc (logwe) w28%owrle )
= Tr{papcTicwe (log0pc) OpowoTac} + %Tr {paBcTicwitne (logwe) weTic }
LT {panertewtfhent (log mac) 79} - (B.5.5)

— -Tr
2

Since by assumption supp(papc) is contained in each of supp(7ac¢), supp(wce), and supp(fpc),
we exploit the relations papc = phpcpascPipe: PhpcTac = Phpes PasclBe = Phges
P pewd = pYpe and their Hermitian conjugates to find that

(B.5.6)

clzi_>rn1 Qa (pABCa TAC,WC, 930) =1,
(B.5.7)

. d
lim —Qq (papc: Tacs we, Opc) = A(pasc, Tac,we, Opc)
a—1 da
which when combined with (B.5.3) leads to (B.5.1). Essentially the same proof establishes

the limiting relation for the other A, quantities defined from (B.4.5)-(B.4.9). m

Corollary B.5. Let papc € S (Hapc). Then the following limiting relation holds
(B.5.8)

il_)rq A (paBc, pac, po, pee) = 1 (A; B|O>p'
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Proof. This follows from the fact that supp(pasc) C supp(pac), supp(pc), supp(psc) (see,
e.g., [153, Lemma B.4.1]), from the above theorem, and by recalling that A (pagc, pac, pc, pc)
equals I (4; B|C),. m

Theorem B.6. Let papc € S(HABC)++. Then the Rényi quantum conditional mutual
information converges to the quantum conditional mutual information in the limit as o — 1:

lim I, (4; BIC), = I (4; B|C),. (B.5.9)

Proof. The idea behind the proof of Theorem B.6 is the same as that behind the proof of
Theorem B.4. However, we have the explicit form for I, (A4; B|C') , from Proposition B.2,
which allows us to evaluate the limit without needing uniform convergence of A, (pasc, Tac,
we, Opc) in Tac, we, and Opc as o — 1. A proof of Theorem B.6 appears in Appendix D.2.2.
[ ]

Remark B.7. Let papc € S (Hasc), Tac € S (Hac), 0pc € S (Hpe), and we € S (He)
and suppose that the support condition in (A.5.3) holds. If Ay (papc, Tac,we,0pc) converges
uniformly in Tac, we, and Opc to A (pape, Tac,we, 0pc) as a — 1, then we could conclude
that all Rényi generalizations of the QCMI (as proposed at the beginning of Section B.})
converge to it in the limit as o — 1.

Similarly, consider the limit of the A, quantities as « — 1. For technical reasons, we
restrict the development to positive definite density operators. It remains open to determine
whether the following theorems hold under less restrictive conditions.

Theorem B.8. Let PABC € S(HABC>++7 TaCc € S(HAO)++, (930 € S(HBc)++, and we €
S(He),y. Then

il_ﬂﬂl Ao (paBe, Tac,we, 08¢) = A (pape, Tac, we, Osc) - (B.5.10)

The same limiting relation holds for the other A, quantities defined from (B.4.18)-(B.4.22).
Proof. The proof of Theorem B.8 is very similar to the proof of Theorem B.4. m

Corollary B.9. Let papc € S (Hapc) The following limiting relation holds

++
Clylgi za (paBcs pac, pe, ppe) = 1 (4; B|C)p- (B.5.11)

Proof. This follows from the fact that supp(papc) C supp(pac), supp(pe), supp(psc) (see,
e.g., [153, Lemma B.4.1]), Theorem B.8, and by recalling that A (papc, pac, pc, pec) =
I(A;B|C),. =

Remark B.10. Let papc € 8(7'[,430>++, Tac € S(HA0)++, Opc € S(%BC)_,__,_; and

woe € S(He)yy If Aa(pasc, Tac,we, 0pc) converges uniformly to A (pape, Tac, we, 0pc)
in Tac, we, Ope as a — 1, then we could conclude that all sandwiched Rényi generaliza-
tions of the quantum conditional mutual information (as proposed at the beginning of Sec-
tion B.4.2) converge to it in the limit as « — 1. In particular, uniform convergence implies

that I, (A:; B|C), converges to I (4; B|C), as a — 1.
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B.5.2 Monotonicity under local quantum operations

The following lemma, is the critical one which will allow us to conclude that the Rényi QCMI
is monotone non-increasing with respect to local quantum operations acting on one system
for a € [0,1) U (1,2].

Lemma B.11. Let papc € 8<HA30)++, Tac € S(HAO)++, Opc € S(’HBC)++, and wg €
S (He),, and suppose that the non-orthogonality condition in (B.4.3) holds. Let Ny,
and Mp_ g denote quantum operations acting on systems A and B, respectively. Then the
following monotonicity inequalities hold for a € [0,1) U (1,2]:

Ao (paBe, Tac,we, 0sc) > Ao (Mpop (pase) , Tacswe, Mpeop (0B¢)) , (B.5.12)
A, (paso,wesTac,O0pc) > Ao (Mpop (pase) swe, Tac, Mp—p (0B¢)) , (B.5.13)
Ao (papeswe,Opc, Tac) = Ao Nassar (pape) swe, 0o, Nasar (Tac)) (B.5.14)
Ao (pase,9pc,we, Tac) > Do Nasar (pase) 00, we, Nasar (Tac)) - (B.5.15)
Proof. We begin by proving (B.5.12). Consider that Q. (papc,Tac,we,0pc) is jointly

concave in papc and Ogc when a € [0,1). This is a result of Lieb’s concavity theorem [121],
a special case of which is the statement that the function

(S,R) € B(H)4 x B(H)y — Tr {S*XR'"XT} (B.5.16)

is jointly concave in .S and R when A € [0, 1]. (We apply the theorem by choosing S = papc,
R = 0pc, and X = Tf(‘lga)/ Qwéa -/ 2.) Furthermore, by an application of Ando’s convexity
theorem [5], we know that Q. (pasc, Tac,we,0pc) is jointly convex in papc and Opc when
a € (1,2].

By a standard (well known) argument due to Uhlmann [188], the monotonicity inequality
in (B.5.12) holds. For completeness, we detail this standard argument here for the case when
a € [0,1). Note that it suffices to prove the following monotonicity under partial trace:

Qo (PAB By Tac, Wes 0B, Byc) < Qu (PaBCs Tac, we, 0B,¢) , (B.5.17)

because the (), quantity is clearly invariant under isometries acting on system B and the
Stinespring representation theorem [175] states that any quantum channel can be modeled

o d2 -
as an isometry followed by a partial trace. To this end, let {U}Bz}jfa ' denote the set of
Heisenberg-Weyl operators acting on the system Bs, with dp, the dimension of system Bj.

Then

Qo (paAB BCs TaC, We, OB, ByC)

d% -1
1 & . . . .
e Z Qa (UEQPABlBgc (Uf%)T , Tac,we, Up, 08, B,c (U}BQ)T> . (B.5.18)
Bz =0
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We can then invoke the Lieb concavity theorem to conclude that

Qo (PAB, B, TAC, We, OB, ByC)

1 , . 1 , .
< Qa (dT S UL, passac (Us,)' mac, we, o S UL 0850 (U;32)*> (B.5.19)
Ba i Bs '3

= Qa (PaB,c ® Ty, Tac, we, Up,c © Tp,) (B.5.20)
= Qo (paB.c, Tac,we, Up,0) (B.5.21)

where 7 is the maximally mixed state. After taking logarithms and dividing by a — 1, we
can conclude the monotonicity for o € [0,1). A similar development with Ando’s convexity
theorem gets the monotonicity for o € (1,2]. The inequalities in (B.5.13)-(B.5.15) follow
from a similar line of reasoning. m

Remark B.12. Let papc € S (Hape), Tac € S (Hac), Opc € S (Hpe), and we € S (He)
and suppose that the non-orthogonality condition in (B.4.3) holds. It is an open question to
determine whether the A, quantities defined from (B.4.1), (B.4.5)-(B.4.9) are monotone non-
increasing with respect to quantum operations acting on either systems A or B for a € [0, 1)U
(1,2]. In particular, it is an open question to determine whether A, (papc, pac, pc, PBC)
and infy, ., A, (papc, pac, pc,0pc) are monotone non-increasing with respect to quantum
operations acting on system A for a € [0,1) U (1,2].

Corollary B.13. Let papc € S (Hapc), Tac € S (Hac), O0c € S (Hpe), andwe € S (He).
All Rényi generalizations of the conditional mutual information derived from

Ay (paBc, Tac,we,0sc),  Aa(pasc,we,Tac,0sc), (B.5.22)

are monotone non-increasing with respect to quantum operations acting on system B, for
a € [0,1)U(1,2]. All Rényi generalizations of the quantum conditional mutual information
derived from

Ay (paBc,we,9pc,Tac),  Aa(pasc,9pc,we, Tac), (B.5.23)

are monotone non-increasing with respect to quantum operations acting on system A, for
a € [0,1)U(1,2]. The derived Rényi generalizations are optimized with respect to Tac, we,
and Opc satisfying the support condition in (A.5.3) (which implies the non-orthogonality
condition in (B.4.3)).

Proof. We prove that a variation derived from (A.5.18) obeys the monotonicity (with the
others mentioned above following from similar ideas). Beginning with the inequality in
Lemma B.11, we find that

sup A, (pasc, Tac,we, 0pc) > sup Ay (Mpop (pase) , Tac,we, Mpop (0pc)), (B.5.24)

we we
Z ,inf/ sup Aa (MB—>B’ (pABC’) ,Tgc,wc, QIBC) . <B525)

Tac 98¢ we

Since this inequality holds for all 74¢ and 6p¢, it holds in particular for the infimum of the
first line over all such states, establishing monotonicity for the Rényi generalization of the

QCMI derived from (A.5.18). m
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Corollary B.14. We can employ the monotonicity inequalities from Lemma B.11 to con-
clude that some Rényi generalizations of the quantum conditional mutual information derived
from (B.5.22)-(B.5.23) and Proposition A.3 are non-negative for all o € [0,1) U (1,2]. This
includes Ay, (pagc, pac, pc, pec) and the one from Definition B.1.

Proof. Let papc € S (Hapc),ys Tac € S (Hac),,, 0sc € S (Hpe),,, andwe € S (He) .
and suppose that the support condition in (A.5.3) holds. A common proof technique applies
to reach the conclusions stated above. We illustrate with an example for

inf sup A (pasc, pac,we, Opc) - (B.5.26)

aBC wce

We apply Lemma B.11, choosing the local map on system B to be a trace-out map, to
conclude that

A (paBc, pac,we, 0pc) > Ao (pac, pac,we, 0c) . (B.5.27)

Then, we can conclude that

Silcp Aa(papc, pac,we,Upc) 2 Silcp Aq (pacs pac, we, 0c) (B.5.28)
= Ba (pac pacs e ) (B.5.29)
- i 7 logTr {picpfjg“)/ 2glo—b2gL-agla=1)/2 p%a)/z}
(B.5.30)
— i T log Tr {pactc } (B.5.31)
-0 (B.5.32)

with the last inequality following from the support condition supp(papc) C supp(fpc) imply-
ing the support condition supp(pac) C supp(6¢c) [153, Lemma B.4.2]. Since the inequality
holds for all ¢ satisfying the support condition, we can conclude that the quantity in
(B.5.26) is non-negative. A similar technique can be used to conclude that other Rényi
generalizations of the QCMI are non-negative (including the one in Definition B.1). m

Remark B.15. If the system C' is classical, then the Rényi quantum conditional mutual
information given in Definition B.1 is monotone with respect to local operations on both A
and B. This is because the optimizing state is classical on system C' and then we have the
commutation

1-a)/2 (a—1)/2 1—a (a—1)/2 (1—a)/2 1—-a)/2 (a—1)/2 1—a (a—1)/2 (1—a)/2
P P e = o oS TVl o PV (B.5.33)

Remark B.16. [t is an open question to determine whether all Rényi generalizations of
the quantum conditional mutual information designed from the different optimizations in
Proposition A.3 and the different orderings in (B.4.1), (B.4.5)-(B.4.9) are non-negative for
ael0,1)uU(1,2].

134



We now consider monotonicity of the &a quantities under local quantum operations.
For technical reasons, we restrict the development to positive definite density operators.
It remains open to determine whether the following theorems hold under less restrictive
conditions.

Lemma B.17. Let PABC € S(HABC)++7 TAC € S(HAC)++7 QBC c S(HBC)""‘"’ and we €
S(Hp)4+- Let Nayur and Mp_p denote quantum operations acting on systems A and B,
respectively. Then the following monotonicity inequalities hold for all o € [1/2,1) U (1,00):

A, (paBc, Tac,we, Opc) > A o Mpop (pase), Tac,we, Mpop (0pc)), (B.5.34)
A, (paBc,we, Tac, 0pc) > A, (Mpop (pasc) ,we, Tac, Mpp (0c)), (B.5.35)
Ao (pae,we, 00, Tac) = Do (Nasar (pase) ,we, 0pc, Nasar (Tac)) (B.5.36)
Ao (pape,Opc,we, Tac) > Do Nassar (pac) . 0pc,we, Nassar (Tac)) - (B.5.37)

Proof. We first focus on establishing the inequality in (B.5.34) for a € [1/2,1). From part
1) of [85, Theorem 1.1}, we know that the following function is jointly concave in S and 7"

(S;T)e;B(H)++><B(H)%FF»Ty{[@(5@f¢2m(JW)¢(spy/ﬂs}, (B.5.38)

for strictly positive maps @ (-) and ¥ (+), 0 < p,¢ < 1, and 1/2 < s < 1/(p+¢q). We can
then see that Q. (papc, Tac,we, 0pc) is of this form, with

= ) s
q:l;a, (B.5.40)
B () = id, (B.5.41)
p=1, (B.5.42)
s =a. (B.5.43)

For the range a € [1/2, 1), we have that p € (0,1] and 1/ (p + q) = «, so that the conditions
of part 1) of [85, Theorem 1.1] are satisfied. We conclude that Q. (paBc, Tac,we, 0pc) is
jointly concave in g and papc. From this, we can conclude the monotonicity in (B.5.34) for
a € [1/2,1). A similar proof establishes the inequalities in (B.5.35)-(B.5.37) for ae € [1/2,1).

The proof of (B.5.34) for a € (1, 00) is a straightforward generalization of the technique
used for [65, Proposition 3|. To prove (B.5.34), it suffices to prove that the following function

(pasc,Obc) € S(Hapo)r+ X S(Hapc) v = Tr { [PXECK (o )P,lq/éc} } (B.5.44)
is jointly convex for a € (1, 00), where

K (Oé) — 7_15115(1)/2aw(cozf1)/2aegga)/aw(cafl)/QaT‘glga)/Qa' (B545)

To this end, consider that we can write the trace function in (B.5.44) as

T { [k (@) | b = supaTr {Hpase} — (o — 1) Te { [H2L () V2]V
H>0
(B.5.46)
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where
[ a—1)/2a (1-a)/2ap(a—1)/a (1—a)/2a _(a—1)/2« 1
(a) = ;A(C / ("(C )/ Q(BC / ("(C )/ TA(C )/ ) (B5 7)

so that [L (a)]"' = K (a). From the fact that the following map
S € B(H); s Tr { (7177 ”p} (B.5.48)

is concave in S for a fixed T" € B(H) and for —1 < p <1 [65, Lemma 5] and the representation
formula given in (B.5.46), we can then conclude that the function in (B.5.44) is jointly convex
in papc and Ope for a € (1, 00).

So it remains to prove the representation formula in (B.5.46). Recall from the alternative
proof of [65, Lemma 4] that for positive semi-definite operators X and ¥ and 1 < p,q < oo
with 1/p+ 1/q = 1, the following inequality holds

Tr{XV} < %Tr (X7} + éTr (v}, (B.5.49)

with equality holding if X? = Y?. To apply the inequality in (B.5.49), we set

X =K ()2 papcK (o), (B.5.50)
Y =L(a)"*HL(a)"?, (B.5.51)
p=a, (B.5.52)
(6]
= . B.5.
¢=—7 (B.5.53)

Applying (B.5.49), we find that

1 « -1 of(a—
Te{Hpapc} < —Tr { [plick (@) pifie| J+5——=me { (AL () BV} (B5.50)

«

which can be rewritten as

oTe {Hpape} = (0 = V)T {[H20 () 12 < T { [olfFe i (@) pllie] )
(B.5.55)
From the equality condition X? = Y9 we can see that the optimal H attaining equality is

L) [ (@) papo K ()] L) (B.5.56)

This proves the representation formula in (B.5.46). A proof similar to the above one demon-
strates (B.5.35)-(B.5.37) for a € (1,00). m

Remark B.18. It is open to determine whether Lemma B.17 applies to papc € S (Hapc),
Tac € S(Hac), Opc € S (Hpe), and we € S (He). That is, it is not clear to us whether
Lemma B.17 can be extended by a straightforward continuity argument as was the case in [65,

Proposition 3], due to the fact that A, features many non-commutative matriz multiplications
which can interact in non-trivial ways.
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Let PABC € S (HAB(/‘)_H_; TaC € S (HAC)++; HBC eS ('HB(j)_H_, and wo € S (Hc)++. It
is an open question to determine whether the A, quantities defined from (B.4.12), (B.4.18)-
(B.4.22) are monotone non-increasing with respect to quantum operations acting on either
systems A or B for a € [1/2,1) U (1,00). It is also an open question to determine whether
fa (A; B\C’)p s monotone non-increasing with respect to local quantum operations acting on

the system A for a € [1/2,1) U (1, 00).

Corollary B.19. Let papc € S(Hapc),y, Tac € S(Hac),y, 0sc € S(Hpe),,, and
we € S(He), . All sandwiched Rényi generalizations of the quantum conditional mutual
information derived from

Ay (paBc, Tac,we,0pc),  Aa(pasc,we,Tac,0sc), (B.5.57)

are monotone non-increasing with respect to quantum operations on system B, for a &€
[1/2,1) U (1,00). All sandwiched Rényi generalizations of the quantum conditional mutual
information derived from

A (paso,we,9pc, Tac) , A, (pasc,9pc,we, Tac) , (B.5.58)

are monotone non-increasing with respect to quantum operations on system A, for a €
[1/2,1) U (1, 00).

Proof. The argument is exactly the same as that in the proof of Corollary B.13. m

Corollary B.20. We can employ the monotonicity inequalities from Lemma B.11 to con-
clude that some Rényi generalizations of the quantum conditional mutual information derived
from (B.5.57)-(B.5.58) and Proposition A.3 are non-negative for all o € [1/2,1) U (1, 00).

This includes Ay (paBc, pac, P, pec) and the one from (B.4.24).
Proof. The argument proceeds similarly to that in the proof of Corollary B.14. m

Remark B.21. [t is an open question to determine whether all sandwiched Rényi general-
1zations of the conditional mutual information designed from the different optimizations in
Proposition A.3 and the different orderings in (B.4.12), (B.4.18)-(B.4.22) are non-negative
fora e [1/2,1)U (1, 00).

B.5.3 Duality

A fundamental property of the QCMI is a duality relation: For a four-party pure state ¥ agcp,
the following equality holds

I(A; BIC), = I (4;B|D),,. (B.5.59)

This can easily be verified by considering Schmidt decompositions of ¥ 4pcp for the different
possible bipartite cuts of ABC'D (see [49, 203] for an operational interpretation of this duality
in terms of the state redistribution protocol). Furthermore, since the QCMI is symmetric
under the exchange of A and B, we have the following equalities:

1(B;AC), = I (A; B|C), = I (A; B|D), = I (B; A|D),,. (B.5.60)
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In this section, we prove that the Rényi QCMI in Definition B.1 and the sandwiched
quantity in Definition B.3 obey a duality relation of the above form. However, note that
other (but not all) variations satisfy duality as well. In order to prove these results, we make
use of the following standard lemma:

Lemma B.22. For any bipartite pure state 14, any Hermitian operator M, acting on
system A, and the mazimally entangled vector |I) yp = 35 [7) 4 1) g (with {|j) 4} and {[4) 5}
orthonormal bases), we have that

(MA ® IB) ’F>AB = (IA ® Mg) |F>AB ) <B~5~61)
Val)ap = VB V) 4, (B.5.62)
(Y|Ma @ I|)ap = (¥|1s @ ME|Y) ap, (B.5.63)

where the transpose is with respect to the Schmidt basis.

Theorem B.23. The following duality relation holds for all o € (0,1) U (1,00) for a pure

four-party state Y apop:
I, (4; B|C),, = 1, (B; A|D), . (B.5.64)

Proof. Our proof exploits ideas used in the proof of [183, Lemma 6] and [182, Theorem 2].
We know from Proposition B.2 that

I, (A;B|C)¢— _1logTr{<TrA {@D( o Acl/2¢ABC¢Acl/2 c 1/2}> }v
(B.5.65)
Q a=1)/2 , (a—1)/2 (a=1)/2_, (a=1)/2 \ /@
[a<B§A|D)w: _1logTr{<Tr { S J(BD /wABDQ/fBD / D /}> }
(B.5.66)
Thus, we will have proved the theorem if we can show that the eigenvalues of
TrA{ (c?_l)/Z (a— 1/2¢ABC¢(Q 1)/2 (a 1)/2} (B.5.67)
and
a—1)/2 ;(a—1)/2 a—1)/2 (a—1)/2
Tep {0l et aprlsn V20l ) (B.5.68)
are the same. To show this, consider that
TrA{ (a=1)/2 (a 1)/2¢ABC@/’(Q 1)/277Z)(a—1)/2}
(a=1)/2 ;(a—1)/2 | (a—1)/2 (a=1)/2 (a—1)/2 ;(a—1)/2
:TTA{ c / AC’ / ABC/ ¢ABC?/’ABC/ AC / c / } (B.5.69)
= TrAD{ ca b/ Aac1 2 Achl /2¢ABCD¢Achl 2 Aac1 /2 Ca ) /2}- (B.5.70)
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The eigenvalues of the operator in the last line are the same as those of the operator in the
first line of what follows (from the Schmidt decomposition):

a12a12a12 a12a12a12
Trpe {¢( / AC / ABC/¢ABCD¢ABC/ AC / c /}

c
—TrBC{ (a—1)/2 (a 1)/2 (a 1/2¢ABC w(a 1)/2 (a 1)/2 (a 1/2} (B.5.71)
— Ty C{ (a=1)/2 (04 1)/2 (04 1)/277/1/1 (04—1)/2 (a 1)/2 (04 1)/2} (B.5.72)
_Tch{ (a 1)/2 <a 1)/2 (a 1/2wABCDw(a 1)/2 (a 1)/2 (a 1/2} (B.5.73)
~ Ty C{ (02 0202y )2 (o) 2 o 1/2} (B.5.74)
= Trpe { (a—1)/2 (a 1)/2 &xale) /21/JABCD1/)£;QB[1))/2 (a— 1/21/J(a 1/2} (B.5.75)
= Trp { Da 0/ ;D1/2 AaBll) /21/)ABD¢1(4QBD1)/2 53(11:)1)/2 5:? 1)/2} (B.5.76)

(B.5.77)

— Trp {wa 1)/2 BaDl/2wABDw(a 1)/2 (5 1)/2}

In the above, we have applied (B.5.62) several times. m

Theorem B.24. The following duality relation holds for all o € (0,1) U (1,00) for a pure

four-party state Yapep: B B
I, (A; B|C), = 1, (B; A|D),, . (B.5.78)

Proof. Our proof uses ideas similar to those in the proof of [132, Theorem 10]. We start by
considering the case a > 1. We recall that it is possible to express the a-norm with its dual
norm (see, e.g., [132, Lemma 12]):

1/2 1-a)/2a (a—1)/2a _(1—a)/a (a—1)/2a (1—a)/2a ;1/2 a—1)/a
{ Y2 (-a)/ta faml)/2m (e, (a=1)/2a,,(-a) 2y 1/2_ (a=1)/ } (B.5.79)

inf sup
oOBC we

ABCYAC C BC C AC ABC

‘1/}1/2 (1- a)/2aw(o¢—1)/2a0_(1—a)/aw(a—1)/2a 1-a)/2a ;1 1/2

inf sup sup Tr

9BC wc TaBC

So it suffices to prove the following relation:

1/2 (1-a)/2a (a—1)/2a (1—a)/a (a—1)/2a ;(1-a)/2a ;1/2 (a—1)/«
;gg Sup sSup Tr{ A/BC AC / W(c / U(BC / W(c Vac / ABCTABC)/ }:
wC TABC

1/2 (1-a)/2a _(a—1)/2a0 _(1—a)/a_(a—1)/2c¢ ; (1—x)/2cx ;1/2 (a=1)/«
inf sup sup Tr{ A/BD BD / TE) / 01(4D TE) / 1(40 A/BD ABD/ })

9AD Tp WABD
(B.5.80)

because

(B A|D)¢ = inf sup sup log Tr{ ,14/32D BlDa)/QQT/ga_l)/QQUSBQ)/QT/%&_I)/QQ

9AD Tp wWABD

1—a)/2a ;1/2 a—1
VR Uy (A s } (B.5.81)
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Indeed, we will prove that

1/2 1-a)/2a (a—1)/2a _(1—a)/a (a—1)/2a ,(1—a)/2a ;1/2 a—1)/a
{ A/BC AC / ( / O—EBC )/ W(C’ / w.»(LXC / A/BC .»EXBC)/ }

_ TI'{ ;/;D (B}Ba)/Za (Tg)(a—l)ﬂa (O_Z;D)(l—a)/a (TD)(a 1)/2c wB1Da /2ax

a—1)/a
ix/;D (WZ;BD)( / }7 (B-5~82)

from which one can conclude (B.5.80), which has the optimizations.
Proceeding, we observe that

1/2 (1-a)/2a (a—1)/2a _(1—a)/a (a—1)/2a , (1-a)/2a ;1/2 (oz 1)/«
ABC AC Yo 9pc  Wo AC ABCTABC

1/2 a—1)/2a (1—-a)/a (a—1)/2« 1—a)/2a0 ;1/2 a—1)/a
<F|1/’A/BC AC /2 (C / JJ(BC / g) / ,(4(} / A/BC f(ch/ ‘F>ABC|D (B.5.83)
1/2 -1)/2a _(1—-a)/a (a—1)/20 ; (1—a)/2c ;1/2 (a=1)/a
<FWA/BC AC /e (c / 01(90 / ( / ¢,(40 / A/BC (75) 1) aBcip
(B.5.84)
1—a)/2a (a—1)/2a (a—1)/200  (1—a)/a (a—1)/200  (a=1)/2a ,(1—a)/2a
= (Y| Exc / W(C / (Tg) U§3(J / (Tg) Wé / @Dixc / 1) apcp
(B.5.85)
1—a)/2a (a—1)/2a (a=1)/200 (1—a)/a (a—1)/2a0  (a=1)/2a , (1—a)/2a
= (Y| (BD / Wé / (Tg) ‘7530 / (Tg) Wé / ¢(BD / |¢>ABCD
(B.5.86)
. (a=1)/2a , (1—a)/2a (_T\(a=1)/2a0 (1—a)/a (_T\(@=1)/2a  (1—a)/2a (a—1)/2¢
= (Y| we BD (TD) Opc (TD) BD Wo V) aBep
(B.5.87)

12 (a—1)/2a gl Lo ol e (a-1)/2a ,1/2
<F|¢A/BD / BD (Tg) ’ UBC (75) ™ ¥gh Wé / A/BD|F>ABD|C’ (B.5.88)
(a=1)/2a ) 1/2 15 G 0 ot 712 a—1)/2a
= <F|Wc / A/BD BD (Tg) ’ UBC (Tg) ’ ; A/BD oy T >ABD|C (B.5.89)

D (T ) 5 Y2 i (T "‘T‘% 12 (TN p
( |(WABD) ABDYBD (TD) IBe (TD) ABD( ABD) | >ABD\C’

(B.5.90)

where we used the standard transpose trick (B.5.61) for the maximally entangled vector
1) app|c and the first identity from Lemma B.22. For the vector

_ (a=1)/2a | (1—-a)/2c ,1/2 (a—1)/2a
9) apcop = (Tg) J(B’D / A/BD (WZ;BD) |F>ABD‘C, (B.5.91)

we get from the second identity in Lemma B.22 that

Tl (Wl V5 2 pme (2TV %5 goa (+T) % 2 /2 (WT. )% |T
( |(WABD) ABDYBD (TD) OpC (TD) BD YABD (WABD) | >ABD|C’

= <90|U£ ‘90>ABCD (B.5.92)
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= (| (o%p) =" (@) ase (B.5.93)

12 5o st ™ % 1/2 T

= (I (WABD) E ABDYEBD (TD) 2 (ohp) @ (TD)W 32;5 ABD (WABD)% |F>ABD|C
(B.5.94)

= { (W) T 0200 (75)F () () 0 v () )
(B.5.95)

(a=1)/2a  (1-a)/2a ,1/2 (a—1)/c
) (BD / A/BD (WZ;BD) }

=1 {0l () (0h) T

(B.5.96)

For the case a € (0, 1) the proof is similar, where we also use [132, Lemma 12]. We omit the
details for this case. =

B.6 Conjectured Monotonicity in «

From numerical evidence and proofs for some special cases, we think it is natural to put
forward the following conjecture:

Conjecture B.25. Let papc € S(Hapc)++, Tac € S(Hac)++, O0sc € S(Hpe)++, and
we € S(He)4y. Then all of the Rényi core quantities A, and A, derived from (B.4.1),
(B.4.5)-(B.4.9) and (B.4.12), (B.4.18)-(B.4.22), respectively, are monotone non-decreasing
i a. That s, for 0 < a < [, the following inequalities hold

A, (papce, Tac,we, 0pc) < Ag (pape; Tacswe, 0c) (B.6.1)

A, (paBc, Tac,we, 0pc) < &ﬁ (paBc, Tac,we, Opc) , (B.6.2)

and similar inequalities hold for all orderings of the last three arguments of A, and Ka.

If Conjecture B.25 is true, we could conclude that all non-sandwiched and sandwiched
Rényi generalizations of the QCMI are monotone non-decreasing in_« for positive definite
operators. Another implication of monotonicity in a > 1/2 for A, (pasc, pac, pc, pec)
would be that a tripartite quantum state papc is a quantum Markov state if and only if

A, (pasc, pacs, pc, pee) =0 (B.6.3)

(with > 1/2). This would generalize the results from [80] to the case a # 1. However,
note that (B.6.3) has now been proven for o € (0,1) U (1,2) in [47].
Note that this conjecture does not follow straightforwardly from the following monotonic-

ity
Dy (pllo) < Dg (pllo) (B.6.4)

Da (pllo) < Ds (pllo) , (B.6.5)

which holds for 0 < o <  [183, 132]. However, for classical states papc, the conjecture

is clearly true for A, (pasc, pac, pc, pec) and A, (pasce, pac, pc, pc) by appealing to the
above known inequalities.
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Observe that some of the conjectured inequalities are redundant. For example, if

Ay (paBc, Tac, Opc,we) < Ag(pase, Tac, Opc, we) (B.6.6)

holds for all papc € S(Hapc)++, Tac € S(Hac)++, e € S(Hpe)++, and we € S(He) 4+,
then the following monotonicity holds as well

Ao (paBc, e, Tac,we) < Ag(pasc,9pc, Tac, we) , (B.6.7)

due to a symmetry under the exchange of systems A and B. Similar statements apply
to other pairs of inequalities, so that it suffices to prove only six of the 12 monotonicities
discussed above in order to establish the other six. However, as we will see below, a single
proof of the monotonicity for each kind of Rényi QCMI (non-sandwiched and sandwiched)
should suffice because we think one could easily generalize such a proof to the other cases.

B.6.1 Approaches for proving the conjecture

We briefly outline some approaches for proving the conjecture. One idea is to follow a proof
technique from [183, Lemma 3| and [132, Theorem 7|. If the derivative of A, (pasc, Tac,weo,
Opc) and ﬁa (paBc, Tac,we, Opc) with respect to « is non-negative, then we can conclude
that these functions are monotone increasing with «a. It is possible to prove that the deriva-
tives are non-negative when « is in a neighborhood of one, by computing Taylor expansions
of these functions. We explore this approach further in Appendix D.2.3.

B.6.2 Numerical evidence

To test the conjecture in (B.6.1) and its variations, we conducted several numerical exper-
iments. First, we selected states papc, Tac, we, Ope at random [44], with the dimensions
of the local systems never exceeding six. We then computed the numerator in (D.2.44) for
values of 7 ranging from —0.99 to 10 with a step size of 0.05 (so that a = v + 1 goes from
0.01 to 11). For each value of 7, we conducted 1000 numerical experiments. The result
was that the numerator in (D.2.44) was always non-negative. We then conducted the same
set of experiments for the various operator orderings and always found the numerator to be
non-negative.

To test the conjecture in (B.6.2) and its variations, we conducted similar numerical
experiments. First, we selected states papc, Tac, we, Opc, ape at random [44], with the
dimensions of the local systems never exceeding six. We then computed the numerator in
(D.2.53) for values of v ranging from —10 to 0.99 with a step size of 0.05 (so that o =
1/ (1 —~) goes from ~ 0.091 to ~ 100). For each value of v, we conducted 1000 numerical
experiments. The result was that the numerator in (D.2.53) was always non-negative. We
then conducted the same set of experiments for the various operator orderings and always
found the numerator to be non-negative.

B.6.3 Special cases of the conjecture

We can prove that the conjecture is true in a number of cases, due to the special form that
the Rényi QCMI takes in these cases. Let papc € S(Hapc)+y. Consider the Rényi and
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sandwiched Rényi QCMI of Definitions B.1 and B.3, respectively:

. 1 1-a)/2 (a—1)/2 a (a—=1)/2 (1—-«a)/2
Iq (AQB|C)p\p = a 1 log Tr {PABCP(AC / /)(C / P P(C / Pfaxc / }7 (B.6.8)
T _ 1/2 (1-a)/2a (a—1)/2a (1—-a)/a (a—1)/2a (1—a)/2a 1/2
I, (A§B|C)p\p = = 1Og‘pA/BCpAC / (c / SBC / IO(C / P(Ac / pA/BC ’a’
(B.6.9)
so that
Iy (4; B|C), = —log Tr L2 oo 2 L2 (B.6.10)
o (A; olp g pABC:OACpC PBCPC ' Pac
-1
I (A; B|C)p|ﬁ = logTr {p?ABC <PA/CPC 2 /)BC/JCI/QPX@ } : (B.6.11)

Recall that the following inequality holds for all o € (0,1) U (1, 00) [46]:
Da (pllo) < Da (pllo) - (B.6.12)
Using the monotonicity given in (B.6.5) and the above inequality, we can conclude that

Iy (4 B|C),, < I (4; BIC) (B.6.13)

ple -

However, we cannot relate to the von Neumann entropy-based QCMI because its represen-
tation in terms of the relative entropy does not feature the operator p A/CpC / 2chp51/ 2pi@
as its second argument but instead has exp {log ppc + log pac — log pc}-

Let papc € S(HABC)++, Tac € S(HAO)++, we € S(Hc)++, and Opc € S(HBC)++-
Tomamichel has communicated that the inequality in (B.6.2) and its variations are true for
0 < a < f and such that 1/a+ 1/8 = 2 [181]. This is because in such a case, we have that

a/(1—a)=—p(1—p), so that

1—a)/2a (a—1)2aph(l—a)/a (a—1)/2a _(1—a) /2«
A(C / (“’é )/ H(BC )/ (C )/ TA(C i ]

PU8)/28,,(5-0/28(1-9)/5, (5-0/25 (100261 7O g g

and similar equalities hold for the five other operator orderings. Since this is the case,
the monotonicity follows directly from the ordinary monotonicity of the sandwiched Rényi
relative entropy. By a similar line of reasoning, the inequality in (B.6.1) and its variations
are true for 0 < a < f and such that o + § = 2. Similarly, in such a case, we have that
l—a=—(1-p),so that

1—-0)/2 (e=1)/2pl—a (a=1)/2 _(1—a)/2 1/(1~a)
sl gl ]

. 1/1-5)
- [Tﬁfcﬂ)/ IR h s vl . (B.6.15)

and similar equalities hold for the five other operator orderings. Then the monotonicity
again follows from the ordinary monotonicity of the Rényi relative entropy. The observation
in (B.6.13) is then a special case of the above observation.
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B.6.4 Implications for tripartite states with small conditional mutual informa-
tion

It has been an open question since the work in [80] to characterize tripartite quantum
states papc with small conditional mutual information I (A; B|C),. That is, given that the
various quantum Markov state conditions in (A.4.2) and (A.4.3)-(A.4.5) are equivalent to
I (A; B|C) p being equal to zero, we would like to understand what happens when we perturb
these various conditions. In this section, we pursue this direction and explicitly show how
Conjecture B.25 could be used to address this important question.

Several researchers have already considered what happens when perturbing the quantum
Markov state condition in (A.4.2), but we include a discussion here for completeness. To
begin with, we know that if there exists a quantum Markov state papc € Ma_c_p such
that

lpapc — pasell; <€ (B.6.16)
then
I(4;B|C), =0, (B.6.17)
I(4; B|C), < 8clogmin{da,dp} + 4hs (¢), (B.6.18)
where
hy () = —zlogz — (1 —z)log (1 — x) (B.6.19)
is the binary entropy, which obeys
ll{r(l) hs () = 0. (B.6.20)

The first line is by definition and the second follows from an application of the Alicki-Fannes
inequality [4]. However, the example in [39] and the subsequent development in [58] exclude
a particular converse of the above bound. That is, by [39, Lemma 6], there exists a sequence
of states pd 5o such that

I(4;B|C),. =2log((d+2)/d), (B.6.21)

which goes to zero as d — oo. However, for this same sequence of states, the following
constant lower bound is known

min D, (PZBCHMABC) > log\/4/3, (B.6.22)

HABCEMaA_c-B

by [58, Theorem 1]. By employing monotonicity of the Rényi relative entropy with respect
to the Rényi parameter, so that Dy, > Dy, and the well-known relation 1 — ||w — 7|, /2 <
Tr{\/wy\/7} for w,7 € S(H) (see, e.g., [32, Equation (22)]), we can readily translate the
bound in (B.6.22) to a constant lower bound on the trace distance of p% 5. to the set of
quantum Markov states:

IPhne = Macsly = min lohpe = panc], 22 (1= (3/9)) = 0130,
(B.6.23)
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So (B.6.21) and (B.6.23) imply that a Pinsker-like bound of the form
I(A,B|C)p Z KHPABC_MA—C—BH? (B624)

cannot hold in general, with K a dimension-independent constant.

We now focus on a perturbation of the conditions in (A.4.3)-(A.4.4). It appears that these
cases will be promising for applications if Conjecture B.25 is true. The following proposition
states that the conditional mutual information is small if it is possible to recover the system
A from system C alone (or by symmetry, if one can get B from C' alone). We note that
(B.6.27) was proven independently in [62, Eq. (8)].

Proposition B.26. Let papc € S (Hapc), Re—sac be a CPTP “recovery” map, and ¢ €
[0, 1]. Suppose that it is possible to recover the system A from system C alone, in the following
sense

lpaBe —wapcell; <, (B.6.25)

where
WABC = RC*)AC (pBC) . <B626)

Then the conditional mutual informations I (A; B|C), and I (A; B|C),, obey the following
bounds:
I(A; B|C), < 4elogdp + 2hs (<), (B.6.27)
I (A; B|O),, < 4elogdp + 2hy (¢), (B.6.28)

where dg is the dimension of the B system and hs (€) is defined in (B.6.19). By symmetry,
a related bound holds if one can recover system B from system C' alone.

Proof. Consider that

I (A;B|C), = H (B|C), - H (BJAC), (B.6.29)
< H(B|AC),, — H (B|AC), (B.6.30)
< H (BJAC), — H (BJAC)_, + 4eclogdp + 2h; (¢) (B.6.31)
=delogdp + 2hsy (). (B.6.32)

The first inequality follows because the conditional entropy is monotone increasing under
quantum operations on the conditioning system (the map R¢_ a¢ is applied to the system
C of state papc to produce wapc and the conditional entropy only increases under such
processing). The second inequality is a result of (B.6.25) and the Alicki-Fannes inequality
[4] (continuity of conditional entropy). Similarly, consider that

1(45BIC), = H (BIC), — H (BJAC), (.6.33)
< H(B|C)p H (B|AC),, + 4elogdp + 2hs (¢) ( )
< H (BJ|AC), — H (B|AC)_, + 4elogdp + 2h; (¢) (B.6.35)
= 4delogdp + 2hy (€). ( )
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The first inequality is from the fact that (B.6.25) implies that
lppc — wpell, <€ (B.6.37)

and the Alicki-Fannes’ inequality. The second is again from monotonicity of conditional
entropy. |

The implications of Conjecture B.25 are nontrivial. For example, if it were true, then we
could conclude a converse of Proposition B.26, that if the conditional mutual information
is small, then it is possible to recover the system A from system C' alone (or by symmetry,
that one can get B from C' alone). That is, the following relation would hold for papc €

S(Hapc)++:

=—logF (pABc, piercpsepc 2%%) (B.6.39)
= —log F' (papc, Reac (pic)) (B.6.40)
1 2
> —log |1 - (5 |paBe = REac (pB(,‘)HI) ] (B.6.41)
1 P 2
> 1 H/)ABC —Resac (PBC)‘ 19 (B.6.42)
where RE 1 is Petz’s transpose map discussed in [80]
Reac() = phcec " (Dec?ilc. (B.6.43)

In the above, the first inequality would follow from Conjecture B.25, the second is a result of
well known relations between trace distance and fidelity [66], and the last is a consequence
of the inequality —log (1 —z) > x, valid for z < 1. Thus, the truth of Conjecture B.25
would establish the truth of an open conjecture from [109] (up to a constant). As pointed
out in [109], this would then imply that for tripartite states papc with conditional mutual
information I(A; B|C'), small (i.e., states that fulfill strong subadditivity with near equality),
Petz’s transpose map for the partial trace over A is good for recovering papc from ppc.
Hence, even though pspc does not have to be close to a quantum Markov state if 1(A; B|C),
is small (as discussed above), A would still be nearly independent of B from the perspective
of C' in the sense that papc could be approximately recovered from pgc alone. This would
give an operationally useful characterization of states that fulfill strong subadditivity with
near equality and would be helpful for answering some open questions concerning squashed
entanglement, as discussed in [199)].

For the quantum Markov state condition in (A.4.5), for simplicity we consider instead
the “relative entropy distance” between papc and ¢4pc, where

sapc = exp {log pac +log ppc — log pc} . (B.6.44)

So if
D (papcllsasc) < e, (B.6.45)
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then we can conclude that
1 (A, B|O)p =D (pABC’||§ABC) <e. <B646)
If desired, one can also obtain an e-dependent upper bound on I (A; B|C')_, where

Sapc = sape/ Tr{sasc}, (B.6.47)

which vanishes in the limit as € goes to zero. This can be accomplished by employing the
bound in Corollary A.5 and by bounding Tr{capc} from below by 1 — ||papc — Sapcl;- The
bound in Corollary A.5 also serves as a converse of these bounds: if the conditional mutual
information is small, then the trace distance between pspc and ¢4pc is small. However, it
is not clear that a perturbation of the quantum Markov state condition in (A.4.5) will be
as useful in applications as a perturbation of (A.4.3)-(A.4.4) would be, mainly because the
map papc — exp {log pac + log ppc — log pc} is non-linear (as discussed in [108]).

B.7 Discussion

To summarize, in this appendix we defined several Rényi generalizations of the QCMI that
satisfy the properties desired of such a generalization of the QCMI. Namely, we showed that
these generalizations are non-negative and are monotone under local quantum operations on
one of the systems A or B. An important open question is to prove that they are monotone
under local quantum operations on both systems. Some of the Rényi generalizations satisfy
a generalization of the duality relation I(A; B|C) = I(A; B|D), which holds for a four-
party pure state ¥ apcp. We conjecture that these Rényi generalizations of the QCMI are
monotone non-decreasing in the Rényi parameter «, and we have proved that this conjecture
is true when « is in a neighborhood of one and in some other special cases. The truth of
this conjecture in general would have implications in condensed matter physics, as detailed
in [109], and quantum communication complexity, as mentioned in [186]. A summary of the
properties of the proposed Rényi generalizations of the QCMI is given in Table B.1.
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Table B.1: Rényi generalizations of the conditional quantum mutual information (QCMI). The Rényi generalizations prescribed
in this work are applicable to the QCMI. The leftmost column of the table lists some desired properties of a Rényi QCMI. These
properties are satisfied by the original von Neumann QCMI I(A4; B|C), in (B.2.4) as shown in Column 2. The Rényi QCMI
in (B.2.6) obtained by simply replacing the linear sum of von Neumann entropies with the corresponding linear sum of Rényi
entropies, in Column 3, is compared with the Rényi generalizations obtained through the formula prescribed in this work, in
Columns 4 and 5. The question marks indicate open questions, with numerical evidence supporting a positive answer. The
quantity in Column 3 does not retain many of the desired properties. On the contrary, the quantities in Columns 4 and 5 retain
some of these desired properties. The table suggests that the latter are more useful Rényi generalizations of the QCMI.

| Formula | QCMI in (B.2.4) | Rényi QCMI in (B.2.6) | Rényi QCMI in (B.4.11) [ Rényi QCMI in (B.4.24) |
Non-negative v X v v
Monotone under
local op.’s on A v X ? ?
Monotone under
local op.’s on B v X v v
Duality v v v v
Converges to
(B.24)asa —1 N/A v v ?
Monotone in « N/A X ? ?
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Based on the fact that the QCMI can be written as

I(A; B|C), = D (papcl exp {log pac + log ppc — log pc}) , (B.7.1)

one could consider another Rényi generalization of the QCMI, such as

Dy (pascll exp {log pac + log ppc — log pc}) , (B.7.2)

or with the sandwiched variant. However, it is unclear to us whether (B.7.2) is monotone
under local operations, which we have argued is an important property for a Rényi general-
ization of the QCMI.

There are many directions to consider going forward on the proposed Rényi QCMI. First,
one could improve many of the results here on a technical level. It would be interesting to
understand in depth the limits in (A.5.5), (B.4.4), and (B.4.17) in order to establish the most
general support conditions for the A, A,, and &a quantities, respectively, as has been done
for the quantum and Rényi relative entropies, as recalled in (2.2.33), (2.2.39), and (2.2.41).
Next, if one could establish uniform convergence of the A, and A, quantities as a goes to
one, then we could conclude that the optimized versions of these quantities converge to the
QCMI in this limit. One might also attempt to extend Theorem B.6, Theorem B.8, and
Lemma B.17 to hold for positive semi-definite density operators.

As far as applications are concerned, we explored a Rényi squashed entanglement in
Chapter 3 and showed that several properties hold for the quantity which are analogous
to the squashed entanglement [40]. Such a quantity might be helpful in strengthening [40,
Proposition 10], so that the squashed entanglement could be interpreted as a strong converse
upper bound on distillable entanglement. More generally, it might be helpful in strengthen-
ing the main result of [178], so that the upper bound established on the two-way assisted
quantum capacity could be interpreted as a strong converse rate. We also explored a Rényi
quantum discord in Chapter 3. Such a quantity could be used to study phase transitions in
condensed matter systems [128]. More generally, the quantities defined here might be useful
in the context of one-shot information theory, for example, to establish a one-shot state
redistribution protocol as an extension of the main result of [49]. One could also explore
applications of the Rényi QCMIs in the context of condensed matter physics or high energy
physics, as the Rényi entropy has been employed extensively in these contexts [31].

Finally, these potential applications in information theory and physics should help in
singling out some of our many possible definitions for Rényi QCMI.
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Appendix C
Quantum Optical Metrology'

C.1 Introduction

Metrology is the science of precision measurements. It is fundamentally based on informa-
tion acquisition and processing by physical systems. Thus, quantum mechanics has been
considered to uncover the ultimate possibilities in metrology. Quantum metrology [74] is the
field of research that concerns with this pursuit. Strategies suggested in quantum metrology
have been found to enable measurements with precisions that surpass what is possible using
classical strategies. Potential applications of this exciting field of research include gravita-
tional wave detection [147], quantum positioning and clock synchronization [73], quantum
frequency standards [97], quantum sensing [201, 43], quantum radar and LIDAR [106, 68],
quantum imaging [170, 126] and quantum lithography [114, 113, 22].

Quantum metrology offers a theoretical framework to analyze the precision performance
of measurement devices that employ quantum mechanical probes containing nonclassical
effects such as entanglement or squeezing. The framework consists of the theory of quantum
parameter estimation (discussed earlier in Section 2.5) [84, 26, 27].

Consider the typical scenario of parameter estimation described in Fig. C.1, where we
want to estimate an unknown parameter associated with the unitary dynamics generated by a
known physical process. We prepare probes in suitable quantum states, evolve them through
the process, and measure the probes at the output using a suitable detection strategy. We
then compare the input and output probe states, which allows us to estimate the unknown
parameter of the physical process. Let us suppose that the generating Hamiltonian is linear in
the number of probes. (For example, in the case of two-mode interferometry discussed later
in the appendix, we suppose that the generator of phase evolution is the photon-number
difference between the two modes a'a — ?)TI;) When N classical probes (probes with no
quantum effects) are used, the precision is limited by a scaling given by 1/ V/N; known as
the shot noise limit. This scaling arises from the central limit theorem of statistics. On the
other hand, probes with quantum entanglement can reach below the shot noise limit and
determine the unknown parameter with a precision that can scale as 1/N; known as the
Heisenberg limit [93].

C.2 Quantum Optical Interferometry

Optical metrology uses light interferometry as a tool to perform precision measurements.
The most basic optical interferometer is a two-mode device with an unknown relative phase

!This appendix is reproduced by updating and adapting the contents of J.P. Dowling and K.P. Se-
shadreesan, Journal of Lightwave Technology, 33(12):2359-2370, June 2015, with the permission of IEEE.
See Appendix E for the copyright permission from the publishers.

150



= Uly) A
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Detection & Estimation

Figure C.1: A schematic of a typical quantum parameter estimation setup. Probes prepared
in suitable quantum states are made to evolve through a unitary process U(y), which is
an optical interferometer in our case. The process imparts information about the unknown
parameter of interest on to the probes. The probes are then detected at the output, and the
measurement, outcomes used to estimate the unknown value of the parameter.

(between the two modes). This unknown phase can be engineered to carry information
about different quantities of interest in different contexts, e.g., it is related to the strength of a
magnetic field in an optical magnetometer, a gravitational wave at LIGO (light interferometer
gravitational wave observation), etc.

Fig. C.2 shows a conventional optical interferometer in the Mach Zehnder configuration.
The input to the classical interferometer is a coherent laser source, and the detection is based
on intensity difference measurement. When a coherent light of average photon number 7 is
used, the precision of phase estimation is limited by the shot noise of 1/v/7 associated with
intensity fluctuations at the output, which have their origin in the vacuum fluctuations of
the quantized electromagnetic field that enter the device through the unused input port by.

Mirror

Mirror

Figure C.2: A schematic of the conventional Mach-Zehnder interferometry based on coherent
light input and intensity difference detection. The BS and PS denote beam splitters and
phase shifters.

However, quantum optical metrology enables sub-shot noise phase estimation. In a sem-
inal work in the field, Caves [34] showed that when the nonclassical squeezed vacuum state
is mixed instead of the vacuum state in the unused port of the same interferometer, sub-shot
noise precision that scales as 1/7%/® can be attained. Subsequently, two-mode squeezed states
were shown to enable phase estimation at a precision of 1/ [21]. With the advancement
in single-photon technology, finite photon-number states containing quantum entanglement
were also proposed and studied in quantum optical metrology. This includes the NOON
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states [51], which are Schrdinger cat-like, maximally mode-entangled states of two modes,
where the N photons are in superposition of all N photons being in one mode or the other;
the Holland-Burnett states [93] and the Berry-Wiseman states [16], to name a few. All these
states were found to be capable of attaining the Heisenberg limit 1/N. The above theoretical
results have led to many experimental demonstrations of sub-shot noise metrology with finite
photon-number states [193, 202, 3, 86, 133, 23].

Along with the different quantum states of light, a plethora of detection strategies have
also been investigated. This includes homodyne and heterodyne detection [204], the canon-
ical phase measurement [139] (which can be mimicked by an adaptive measurement [200]),
photon-number counting [155, 107], and photon-number parity measurement [72]. These
measurement schemes have been shown to be capable of attaining the optimal precisions of
different quantum states of light.

More recently, numerous studies have been devoted to investigating the effects of photon
loss, dephasing noise and other decoherence phenomena, on the precision of phase estimation
in quantum optical metrology. Useful lower bounds on precision, and optimal quantum states
that attain those bounds, have been identified in some such scenarios both numerically and
analytically [111, 48, 59, 110, 118, 50].

C.3 Tools to Study Quantum Optical Metrology

In this section, we describe the basic tools that get used in quantum optical metrology. (Note
that we restrict ourselves to pure states.)

C.3.1 Two-mode interferometry in the Fock basis

In the quantum description of the Mach-Zehnder interferometer (MZI), we associate creation
and annihilation operators with each of the two modes. Here, we call them al, a; and bz,

IA)i, i € {0,1,2}, where the different values of i refer to the modes at the input, inside,
and output of the interferometer. The two modes of an MZI could be spatial modes or
polarization modes.

Consider the propagation of the input quantum states of the two modes through the
different linear optical elements present in the MZI. In the so-called Heisenberg picture, the

propagation can be viewed as a transformation of the mode operators via a scattering matrix

Mil
&0 ~ =1 &1
=M, - C.3.1
= 3
The scattering matrices corresponding to a 50:50 beam splitter and a phase shifter are given
by

- L 11 4
~ 1 0
Mgp - |: 0 €_i<p :| 5 (033)

respectively. (Note that this form for Mg holds for beam splitters that are constructed as a
single dielectric layer, in which case the reflected and the transmitted beams gather a relative
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phase of 7/2.) The two-mode quantum state at the output of a MZI in the Fock basis, can be
therefore obtained by replacing the mode operators in the input state in terms of the output
mode operators, where the overall scattering matrix is given by: MMZI = MBSJ\%MBS and
is found to be:

e ©

~ v | sin2 cos¥
M, =je ‘2 2 .2 . C.34
MZI cos % —sin % ( )

(Note that the overall scattering matrix has been suitably renormalized.)

C.3.2 Two-mode interferometry in terms of phase space representations

In terms of phase space quasi-probability distributions such as the Wigner distribution func-
tion, the propagation through the Mach-Zehnder interferometer can be similarly described
by relating the initial complex variables in the Wigner function to their final expressions as:

Wout (1, B1) = Wiy [ao(r, B1), Bo(aa, B1)] - (C.3.5)
The relation between the complex variables is similarly given in terms of the two-by-two
scattering matrices M:
%) r—1 | Q1
=M , C.3.6
&)= (€30

g, Bo, a1, and S; being the complex amplitudes of the field in the modes aq, ZA)O, ai, and
l;l, respectively. The approach based on phase space probability distributions is particularly
convenient and powerful when dealing with Gaussian states, namely, states that have a
Gaussian Wigner distribution, and Gaussian operations [194]. Examples include the coherent
state, the squeezed vacuum state and the thermal state [69]. This is due to the fact that
a Gaussian distribution is completely described by its first and second moments, and there
exist tools based on the algebra of the symplectic group that can be used to propagate the
mean and covariances of Gaussian states of any number of independent photonic modes.

C.3.3 Two-mode interferometry in the Schwinger basis

The Schwinger model presents an alternative way to describe quantum states and their
dynamics in a MZI [205]. The model is based on an interesting relationship between the
algebra of the mode operators of two independent photonic modes and the algebra of angular
momentum.

Consider the following functions of the mode operators of a pair of independent photonic
modes, say, the modes inside the MZI of Fig. C.2, a4, di, 131, and lA)I

5 | - 1 i P L oA

Jr = E(a];bl + bJ{al)v Jy = Z(a];bl - bJ{CLl)a J. = 5( Ial - bibl)a (C.3.7)
and N = alay +biby. The operators in (C.3.7) obey the SU(2) algebra of angular momentum
operators, namely, [jq,jr = z’heqmsjs, where € is the antisymmetric tensor and where

q,7,s € {z,y, z}. Further, J? = N/2 <N/2 + 1> is the Casimir invariant of the group, which
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commutes with the operators in (C.3.7). (In fact, N itself commutes with the operators in
(C.3.7).)

In the Schwinger representation, a two-mode N-photon pure state gets uniquely mapped
on to a pure state in the spin-N/2 subspace of the angular momentum Hilbert space, i.e.,

. Ng + Np Ng — Np
|naanb>_> J = , T = 9 )

. (C.3.8)

where n,+n;, = N. The propagation of the state of the quantized single-mode field is realized
by a SU(2)-group transformation generated by the angular momentum operators J,, J, and
J.. For example, the beam splitter transformation of (C.3.2) can be written as:

GO —Us | 9 | UL, (C.3.9)
Do by

where Ugg = exp(i (7/2) J,), and likewise, the transformation due to the phase shifter inside
the interferometer can be described as

G2 | _ ot | O
AR cam

Using the SU(2) algebra of the angular momentum operators and the Baker-Hausdorff lemma
(See [160]), the overall unitary transformation corresponding to the MZI of Fig.C.2 can
be expressed as Unizr = exp(—igpjx). Operationally, for any given two-mode state inside
the interferometer, the operator J, tracks the photon-number difference between the two
modes inside the interferometer (which is o< di&l — 5131) Similarly, when the beam-splitter
transformation is chosen to be Ups = exp(i (1/2).J,), it can be shown using the SU(2)
commutation relations that the operators jy and .J, track the photon-number differences at
the input (which is o ado — blby) and the output (which is o alas — bibs), respectively.
Alternatively, the propagation through the MZI can be viewed as an SO(3) rotation of

the abstract angular momentum vector J = {jz, jy, jz}, while the state remains as it is at

the input modes ay and Z;O. For example, the MZI transformation on the angular momentum
vector can be captured as follows

! 0 0 —1\ [cosp —sing 0\ /0 0 1\ /J.
JA; = (0 1 0 sinp cosp 0 0 10 ,{y ,  (C.3.11)
J! 1 0 O 0 0 1 -1 0 0 J,
which can be simplified as
J! 1 0 0 Jo
J'l =10 cosp sing Jy (C.3.12)
J! 0 —sing cosp J.
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C.3.4 Measurement and phase estimation

After propagating the two-mode quantum state through the MZI, we measure the output
state (most generally a density operator p) using a suitable Hermitian operator O as the
measurement observable. For example, the measurement observable corresponding to the
intensity difference detection of the conventional MZI described in Fig. C.2 is the photon-
number difference operator O = l;;gl;g — alas. Another interesting detection scheme that has
been found to be optimal for many input states is the photon-number parity operator [166,
165, 6, 72] of one of the two output modes, e.g., the parity operator of mode a3 is given by
I = (—1)‘13)“5 The measured signal corresponding to any observable O is given by (O) =
Tr{éﬁ} Further, the precision with which the unknown phase ¢ can be estimated using
the chosen detection scheme, to a good approximation, is given using the error propagation
formula as [27]

Ap = AA—O, (C.3.13)
4(0)/de
where
AO =1/(0?) — (0)2. (C.3.14)

C.3.5 An example

As an example, consider the coherent light interferometer of Fig. C.2. We will use the Fock

state representation for this example. The output state is determined using the scattering
matrix of (C.3.4) as

la) @ [0) — |iasin(yp/2)e W/Q ) ® }zacos v/2)e “"/2> (C.3.15)

~

The output signal for the measurement operator O = l; by — a3a3 corresponding to intensity
difference detection is

(0) = |a*(cos?(¢/2) — sin®(¢/2)) = |af* cos ¢, (C.3.16)

which matches the classical result. The second moment (O?) for the output state is |a|* cos® o+
|a|?, with which we can then ascertain the precision of phase estimation possible with the
coherent light interferometer and intensity difference measurement to be

Vel cos? o + |al? — |alt cos? ¢

Ap = R (C.3.17)
la|”sin ¢
1

" Jal[sing| — Va|sing|’

(C.3.18)

where 7 is the average photon number of the coherent state. Say the unknown phase ¢ is
such that ¢ — @ is a small real number, where # is a control phase. Then, the precision is
optimal when 6 is an odd multiple of 7/2, attaining Ay = 1/v/71, which is the quantum
shot noise limit. Unlike classical interferometry based on intensity difference detection, it is

155



possible to get rid of the dependence on the actual value of phase by considering the fringe
visibility observable [57]. The visibility observable accomplishes this by keeping track of not
only the photon-number difference, but also the total photon number observed.

The above fully quantum result about coherent light interferometry being shot noise lim-
ited can also be arrived at using a semi-classical treatment. In the latter, light is considered
to be classical, but the detection process to be quantum. However, this result cannot be
captured by a fully classical treatment as we show below. In the classical picture, the input
laser beam to the interferometer of Fig. C.2 is split into two beams of equal intensities by the
first 50:50 beam splitter. These beams then gather an unknown relative phase as they pass
through the device. They are then recombined on the final beam splitter, and the average
intensity difference between the two output beams is measured. A simple classical optics
calculation tells us that the intensities at the output ports may be written in terms of the
input intensity I,, and the relative phase ¢ as

I, = I, sin®(p/2), (C.3.19)
I, = I, cos*(p/2). (C.3.20)

This implies the intensity difference between the two output ports is M(¢) = Iy, — I, =
I,, cos p—sinusoidal fringes that can be observed when the relative phase is varied.

The precision with which one can estimate an unknown relative phase based on the
measurement of M, in terms of the phase error, or the minimum detectable phase, Ay, may
be determined to a good approximation using the following linear error-propagation formula:

AM AM

Ap = = )
P T JdM/dg] T I, sing

(C.3.21)

The above equation suggests that at a local value of phase ¢ = 7/2, the precision of phase
estimation can be made arbitrarily small by measuring the intensity difference M with infinite
precision, and further by making the input intensity I, arbitrarily large.

However, quantum mechanics rules out the possibility of measuring intensities with infi-
nite precision, i.e., with AM = 0. This is because photon detection is intrinsically a quantum
phenomenon, where the measured quantity is not a continuously varying intensity signal, but
rather the discrete number of quanta of energy, or photons, that are absorbed by the detec-
tor. This absorption process is inherently stochastic due to the vacuum fluctuations of the
quantized electromagnetic field, and in the case of coherent laser light the photon numbers
detected obey a Poisson distribution. Hence, in such a semi-classical treatment of coherent
light interferometry, the precision of phase estimation is limited by Ay = 1/4/71, 7@ being the
intensity of the input laser beam, which is consistent with the fully quantum treatment.

C.4 Entanglement and Squeezing

Like in many other quantum information applications, entanglement is thought to be the
driving force behind the enhancements possible in quantum metrology over classical ap-
proaches. The quantum Fisher information of N independent probes in a separable state,
i.e., without quantum entanglement, cannot exceed N. Since this value of the quantum
Fisher information corresponds to precision at the shot noise limit based on (2.5.6), thus,
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separable states cannot beat the shot noise limit. On the other hand, the quantum Fisher
information of entangled states can exceed this bound. In fact it has been shown that the
Fisher information of a N-particle state being greater than N is a sufficient condition for
multipartite entanglement [144, 74]. Entangled states are therefore capable of achieving
sub-shot noise precision. However, it is important to note that the presence of entanglement
is necessary, but not a sufficient condition for achieving sub-shot noise precisions. In other
words, not all entangled states offer a quantum enhancement to precision metrology [99].
When the generator of parameter evolution H is linear in the number of probes, according
to (2.5.8), the quantum Fisher information of a state containing N probes can at best at-
tain a value of N2, which corresponds to the Heisenberg limit in the precision of parameter
estimation.

In two-mode optical interferometry, e.g., of the type in Fig. C.2, the relevant type of
entanglement to consider is entanglement between the two modes past the first beam splitter,
namely a; and b;. The most well-known mode entangled states are the NOON states [161, 51],
where are defined as

1
V2

where a; and b; denote the two modes past the first beam splitter. The NOON state has a
quantum Fisher information of N? 2 and hence is capable of achieving the Heisenberg limit
in phase estimation. It is known that both the photon-number difference operator and the
photon-number parity operator are optimal for Heisenberg-limited phase estimation with the
NOON states [19, 51]. Another example of finite photon-number states that are known to
be capable of Heisenberg-limited precision are the Holland-Burnett states |N)q,|NV)p,, which
result in a mode-entangled state inside the interferometer.

In the indefinite photon-number (continuous variable) regime, entanglement is intimately
connected to another nonclassical effect—squeezing. The connection between squeezing and
entanglement is unveiled when two single-mode squeezed vacuum beams are mixed on a
beam splitter of the type described in (C.3.2). The state that results past the beam splitter
is given by the two-mode squeezed vacuum state

‘N - O>a17b1 = (’N>a1 ® ‘O>b1 + ‘O>a1 ® |N>b1)7 (C'4'1)

€)= S2(5>’0>a1 ® [0)p, (€ = re®*m/2)
= Coihr Z(_l)nein(9+w/2)(tanh 7,>n|n>a ® |n>b, (042>

where S, (&) = exp (fdﬁf{ - 5*&1131> is the two-mode squeezing operator. This state is mode-
entangled as the state of the two modes cannot be written in a separable form. The two-mode
squeezing operator can itself also be implemented using a non-degenerate parametric con-
version process, where once again a strong pump emitting photons at frequency w, interacts
with a nonlinear crystal containing a second order nonlinearity, generating pairs of photons
at frequencies w,, and wy,, such that w,, +wy, = wp.

2The quantum Fisher information (QFI) of a pure state is 4 (AH)Q, where H is the generating Hamilto-
nian. For H = f,, — f,, the QFI of the NOON state evaluates to be N2.
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C.5 Quantum Technologies with Entangled Photons

In this section, we review some recent experiments that have demonstrated the enhanced
sensing and imaging capabilities of entangled photons in interferometry with the NOON
states. In particular, these experiments focus on the small photon-number regime, which
is relevant for sensing and imaging delicate material systems such as biological specimen,
single molecules, cold quantum gases and atomic ensembles. We also discuss a recent exper-
iment based on the NOON state for enhanced spatial resolution for applications in quantum
lithography.

C.5.1 Quantum metrology and sensing

Several experiments based on the NOON states have demonstrated phase estimation beyond
the shot noise limit, and achieving the Heisenberg limit. Here, we briefly mention two
experiments, which have used NOON states to measure useful quantities mapped on to
the optical phase under realistic conditions of photon loss and other decoherence. The
first one is by Crespi et al. [43], where N = 2 NOON states were used to measure the
concentration of a blood protein in an aqueous buffer solution. The experiment used an opto-
fluidic device, which consists of a waveguide interferometer whose one arm passes through a
microfluidic channel containing the solution. The concentration-dependent refractive index
of the solution causes a relative phase shift between the two arms of the interferometer,
which is then detected using coincidence photon-number detection. The N = 2 NOON
states were generated using Hong-Ou-Mandel interference [69] with entangled photon pairs
from a parametric down conversion source. At the output, an array of telecommunication
optical fibers were used to collect the photons, which were then detected with coincidence
detection using four single-photon avalanche photo-diodes. The photons were detected with
a fringe visibility of about 87% in the case where the micro channel had a transmissivity of
only about 61% due to photon loss. The experiment achieved a sensitivity below the shot
noise limit.

In another experiment, Wolfgramm et al. [201] used N = 2 polarization NOON states and
Faraday rotation to probe a Rubidium atomic spin ensemble in a non-destructive manner.
Atomic spins ensembles find application in optical quantum memory, quantum-enhanced
atom interferometry, etc. Such atomic spin ensembles, when interacted with via optical
measurements, e.g., to store or readout quantum information in a quantum memory or to
produce spin-squeezing in atom interferometry, inherently suffer from scattering induced
depolarization noise. Also, there is photon loss due to the scattering of the optical probes
off the ensemble. In order to minimize loss, the experiment generated narrowband NOON
states of about 90% fidelity and purity, at a frequency detuned four Doppler widths from the
nearest Rb-85 resonance containing matter-resonant indistinguishable photons. The photons
at the output were detected using condense photon-number detection with a fringe visibility
of > 90%. The experiment achieved a sensitivity that was five standard deviations better
than the shot noise limit.
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C.5.2 Quantum imaging

Another important application of optical phase measurement is that of microscopy and
imaging. In biology, the technique of differential interference contrast microscopy is widely
used to image biological samples. The depth resolution of the images produced by this
technique is related to the signal-to-noise ratio (SNR) of the measurement. In the case of
classical laser-light-based imaging, for a given light intensity, this is limited by the shot noise
limit in phase precision. While one way to enhance the SNR is to raise the illumination power,
this might have undesirable effects on delicate, photosensitive samples such as biological
tissues, ice crystals, etc. Quantum metrology, however, can provide an enhancement to the
SNR without having to increase the illumination power, and therefore could be of significant
help in this scenario. In one of the first works on the use of quantum metrology for phase
imaging, Brida et al. [29] showed that entangled photon pairs can provide sub-shot noise
imaging of absorbing samples. Later, Taylor et al. [179] showed that squeezed light could be
used to achieve sub-shot noise sensitivities in micro-particle tracking, with applications in
tracking diffusive biological specimen in realtime.

We describe two recent experiments that have used entangled photons for phase super-
sensitive imaging. The first one is by Ono et al. [138], where N =2 NOON states were used
in a laser confocal microscope in conjunction with a differential interference contrast micro-
scope (LCM-DIM) to demonstrate quantum-enhanced microscopy. The LCM-DIM works
based on polarization interferometry, where the H and V' modes are separated using a polar-
ization beam splitter or a Nomarski prism, and made to pass through different spatial parts
of the sample. These modes, depending on the local refractive index and the structure of
the sample, experience different phase shifts, whose difference is then measured at the out-
put. The experiment used N = 2 polarization NOON states generated via Hong-Ou-Mandel
interference with about 98% fidelity, and the photons were detected at the output using
photon-number parity measurement with a fringe visibility of about 95%. The microscope
attained an SNR 1.35-times better than the shot noise limit.

In another experiment, Israel et al. [102] used N = 2 and N = 3 NOON states in quantum
polarization light microscopy (QPLM) to image a quartz crystal. In QPLM, a birefringent
sample causes the H and V modes to experience a differential phase shift, which is then
measured at the output to image the sample. The NOON states for the experiment were
generated from the mixing of coherent light and squeezed vacuum light in equal intensities
(discussed later in Section 5.5), and the photons were detected using an array of single photon
counting modules. The experiment achieved quantum-enhanced imaging with sensitivities
close to the Heisenberg limit.

C.5.3 Quantum lithography

Lithography relies on the creation and detection of spatial interference fringes to etch ultra
fine features on a chip. While classical light lithography is limited by the Rayleigh diffraction
limit, as mentioned before, the NOON states can beat this limit—a result known as super-
resolution [114, 113, 22]. A few independent experiments with N = 2 NOON states had
earlier demonstrated this result. However, it was realized that the NOON state lithography
suffers from the problem that the efficiency of detecting N photons in the same spatial
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location decreases exponentially in V.

In a new theoretical development, a counter-measure was suggested based on the optical
centroid measurement [187], which does not require all the photons to arrive at the same
spatial point. The optical centroid measurement is based on an array of detectors that
keep track of every N photon detection event irrespective of which detectors fired. Then the
average position of the photons is obtained via post-processing. In a recent experiment, using
N =2, 3, 4 NOON states and the optical centroid measurement, Rozema et al. [158] for the
first time demonstrated a scalable implementation of quantum super-resolving interferometry
with a visibility of interference fringes nearly independent of N.

C.6 Discussion

In this appendix, we presented a brief overview of quantum optical metrology, with an
emphasis on quantum technologies that have been demonstrated with entangled photons. We
presented some state-of-the-art experiments for technological applications such as quantum-
enhanced biosensing, imaging, and spatial resolution lithography.

This review is by no means representative of everything there is to quantum optical
metrology. For a comprehensive review of the field, please refer [151, 115]. We did not dis-
cuss the approach to quantum metrology via the Bayesian method [90], where the unknown
parameter is assumed to be inherently random, and thus distributed according to an un-
known probability distribution. Optimal states in this paradigm have also been identified,
and adaptive protocols have been designed, which implement the optimal measurements for
such states based on measurement settings that continually changed based on the results
previously obtained [202, 86, 16, 200]. Also, we did not go into the details of how the effects
of photon loss and decoherence such as collective dephasing noise due to the thermal motion
of optical components or laser noise, etc, are handled in optical metrology. A large body of
work in the recent literature has dealt with identifying useful lower bounds on phase precision
in the presence of such decoherence [48, 59]. Further, optimal quantum states of light that
attain these bounds in the presence of decoherence have been identified in the asymptotic
limit of a large number of photons [111].

It must be mentioned here that the NOON states are highly susceptible to photon loss,
or other types of decoherence in the limit of a large photon number N. Nevertheless, the use
of the NOON state in the experiments discussed here is justified, since the NOON states still
remain optimal for relatively small photon numbers. In fact, in noisy, decoherence-ridden
interferometry, given a large finite photon-number constraint, it has been recently shown that
the best strategy for phase estimation is to divide the total number of photons into smaller
independent packets or “clusters”, where each cluster is prepared in a NOON state [111].
These clusters are then to be sent through the interferometer one at a time. (The optimal
size of the clusters will depend on the decoherence strength inside the interferometer.) In
addition, alternatives to the NOON states, of the form

(|M)|N — M)+ [N — MY|M))/2, M < N (C.6.1)

have been proposed for interferometry in the presence of photon loss [105, 98]. Such states,
when suitably chosen, offer the same benefits as the NOON states, while being more robust
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against photon loss than the latter. Both the NOON states and the states of the form in
(C.6.1) of a moderate number of photons, have been shown to perform optimally in the
presence of collective dephasing noise [156]. Therefore, the states of the form in (C.6.1)
may provide a way to perform quantum metrology in the presence of both photon loss
and collective dephasing noise in suitable regimes of photon numbers and the decoherence
parameters.
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Appendix D
Useful Lemmata

D.1 Generalized Lie-Trotter Product Formula

Proposition D.1. For invertible operators A, B and C', the following equivalence holds

exp{A+ B —-C}
=i o { 2o (5 e {2 e {58 e (2]
o oo {2 oo {2l en (2N

Proof. We shall prove (D.1.1). The other equality can be proved essentially identically. Let
us first compare the following two operators:

Xy =exp{(A+B-C)/N}, (D.1.2)
B -C A —-C B
YN—eXp{Q—N}exp{W}exp{ﬁ}exp{w}exp{ﬁ}. (D.1.3)
Consider the Taylor expansions of Xy and Yy up to first order in N1
A+ B —
XN:I++TC+O(N2), (D.1.4)
B B s C s A _2
YN—(I+2N+O(N N 2N—FO(N ))(I+N+O(N )
C L B 5
A+ B —
=1+ +TC +O(N7?). (D.1.6)

Therefore, clearly, Xy — Yy = O(N2).
Now, consider X§ — Y. For arbitrary matrices X and Y, it can be shown that

XY =y ¥ < NMPHIX =Y (D.1.7)
where M = max(||X||,||Y]]). For the case X = Xy and Y = Yy, we have
XY = VY| < NMYY | Xy - Y. (D.1.8)
Given that
[ XN < llexp {(A+ B = C)/N}| < exp{([|All + |1 Bl + [C)/N}, (D.1.9)
Y| < |lexp {%} exp {%} exp {%} exp {%} exp {22} H (D.1.10)
< exp{[[Al + B[ +CI)/N}, (D.1.11)
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we have MY < exp {||A|l + || B|| + ||C||}. Therefore,
| XN =YV < Nexp {[lA]l + IB]| + [Cll} O(N72) = O(N 7). (D.1.12)

That is, in the limit N — oo, || X§ — Y| = 0. The proof for the limit when a — +1 is
similar, so that we can conclude the statement of the proposition. m

Corollary D.2. For invertible operators o ac,0pc and oc, the following equivalence holds

s e . /()
exp {logoac + logopc — logoc} = lim [01(310 gl D2l ol 1)/205;0“)/2] :

(D.1.13)

D.2 Rényi Quantum Conditional Mutual Information

D.2.1 A Sibson identity for the Rényi quantum conditional mutual information

The Rényi QCMI in Definition B.1 has an explicit form, much like other Rényi information
quantities [116, 169, 76, 182]. We prove this in two steps, first by proving the following
Sibson identity [172].

Lemma D.3. The following quantum Sibson identity holds when supp (papc) C supp (0pc)
and for o € (0,1) U (1,00):

A (pasc, pac, pos0Bc) = Do (papcs pacs po, 0pe) + Do (05cllose) (D.2.1)

with the state o having the form

a—1)/2 (1—-a)/2 a a-1)/2) ) /@
(TI“A {P(c )/ P(A )/ /)ABCP(AC s ,0(0 / })

a—1)/2 (1—a)/2 /2 (-2 Y|
Tr{<TrA {02 0 porlic ol )

Proof. The relation for o3, implies that

a— « o a a— 1/ “
[UECTT{<TTA {P(c 1)/2/0,(410 )/QpABCpSC )/20( 1)/2}> H

a—1)/2 (1-a)/2 « 1—-a)/2 (a—1)/2
=Try {P(c / Pﬁxo / PABCP(AC )/ ﬂ(c )/ } (D.2.3)

(D.2.2)

*
:Te!

Then consider that

JAVS (PABCa PAC, PC, UBC)

= aillogTr{pABcpﬁca)/ e Pl e (D.2.4)
= aillogTr{p(ca Ve mepic o P | (D.2.5)
— ail logTr{TrA {p(a D/2-0)f2 g0 (1-a)2 (a1 )/g}g%x} (D.2.6)
:ailbyﬁ{ﬁw B¢ ) (D.2.7)
+—2 g {(Tr L e 1)/2}>1/a}_ (D.2.8)
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Now consider expanding the following:

Aa (pABC, PAC, PC, O-*BC’>

- - i log Tr { oD A0/ 0 (a2 (1) [U*Bc]l_a} (D29
= - i -log Tr {Tr s { oD/ (1ma)/2 0 p%a)/zp(g-l)/z} [Ugc]lfa} (D.2.10)
T a : p log Iy { Tra {2000 amentic ol | l/a} (D.2.11)
+ log Tr { (Tr N { P2 ez o (Le)/2 (am1)/2 }) e } (D.2.12)
= ozi ] log Tr { (TrA {p(ca—l)/2pgga)/2ijcpSC—a)/2p(g—1)/2}) 1/a} | (D.2.13)

Putting everything together, we can conclude the statement of the lemma. m

Corollary D.4. The Rényi quantum conditional mutual information has the following ex-
plicit form for o € (0,1) U (1,00):

Q a—1)/2 1-a)/2 o 1—a)/2 a—1)/2\ /@
I, (A§B|C)p T a_1 10gT1"{<P(c 2 Ty {P(Ac / pABCpEAC / }P(c Y ) } (D.2.14)

The infimum in 1, (A; B|C), is achieved uniquely by the state in (D.2.2), so that it can be
replaced by a minimum.

Proof. This follows from the previous lemma:

I, (A;B|C), = ;gg A, (paBc, pac, po, 0Bc) (D.2.15)
= inf [An (pancpacepe-7he) + Do (0close)] (D.2.16)
= Aq (paBc, pac, pc, Ope) (D.2.17)
_ ai log T { (TrA {p(g—l)/Q PI)f2 0 (102 p(ca—1>/2}>1/ a}, (D.2.18)

That proves the statement of the corollary. m

Other Sibson identities hold for other variations of the Rényi QCMI (whenever the in-
nermost operator is optimized over and the others are the marginals of papc). The proof
for this is the same as given above.

D.2.2 Convergence of the Rényi quantum conditional mutual information

Before giving a proof of Theorem B.6, we first establish the following lemma, which is a
slight extension of [132, Proposition 15].
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Lemma D.5. Let Z(a) € B(H),, be an operator-valued function and let f(a) be a
function, both continuously differentiable in « for all a € (0,00). Then the derivative
LT {Z ()" exists and is equal to

%Tr{Z( )f@} - (%f{a)) Tr{Z(a)f(o‘) logZ(oz)}—I—f(a) Tr{Z(a)ﬂa)l %Z(a)}.

(D.2.19)
Proof. We proceed as in [135] or [132]. Consider that
Z (a+ h)!t — Z ()@
- /01 dsd% [Z (o + h) Tt 7 (a)“‘s)f(‘”] (D.2.20)

1
_ / ds Z (o + )@t [1ogz (a+ h) ™ _log Z ()| Z (@)@ (D.2.21)
0
Taking the trace, we get
Tr {Z (o + B)F@HP } ~Tr {Z (a)f@}

= fla+h) /0 s T {Z (@)@ Z (a4 h) T [log Z (a0 + h) — log Z (a)]}

(f (a+h) — f(a)) /01 ds Tr {Z (@)@ 7 (a4 h) @ 10g 7 (a)} . (D.2.22)

Dividing by h and taking the limit as h — 0, we find

lim % [Tr {Z (o + h)f(a+h)} —Tr {Z (a)f(a)}]

h—0

= f(a) /O ds Tr{Z(a)(ls)f(o‘)Z( )=/ Jim h[logZ(a+h) logZ(a)]}

h—0
4l LR -
h—0 h

f (@) /1 Je T {Z (a)(ks)f(a) Z(a)sf(“) log Z (a)} , (D.2.23)

which is equal to

£(a)Tr {Z (@)@ % llog Z (a)]} n <%f (a)> Tr {Z ()@ logZ(a)} . (D.2.24)

Carrying out the same arguments as in [135, Theorem 2.7] or [132, Proposition 15] in order
to compute - [log Z ()], we recover the formula in the statement of the lemma. m

We now provide a proof of Theorem B.6. The idea is similar to that in the proof of
Theorem B.4. To this end, we again invoke L’Hopital’s rule. We begin by defining

G(a) = p(g_l)mTrA {pfjca)ﬂijcp(Alca)m} p(ca_l)/Q, (D.2.25)
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which implies that

1
Io(A4;B|0), = — log Tt {G (a)l/a} : (D.2.26)
Applying Lemma D.5 to G («) and the function 1/«a, we find that
d —Tr {G( )l/a} = —iTr {G(a)l/a log G (a)} + lTlr G ()7 iG (a) p. (D.2.27)
do a? « do

Also, we have that

d d « [0} a—
—G(a) = do [P( )/QTT { e )/QPABCPSC )/2} P(c 1)/2}
)/2 o

(IOgPC)P( e Try {Pfaxc PABCPAC /Q}Pa b/

a-1)/

1
2
1 2 2 o 2
- 5/)( o/ Tra {(IOgPAC)P(AC )/ pABCIOAC )

(1-a)/2

fol Y

a—1)/2 1-a)/2
+ g Ty, {p&c 2 (log pasc) PABCPAC }p
(

(a—1)/

(a—1)/

Po

p
1 a—1)/2 1—-a)/2 o 2
5:0( / Try {P(Ac )/ Pasc (log pac) IOAC )/

1 a— « o — a—
+§P(c VT, {Pfaxlc )/2pABCpAlC /2} log pc) pe S (D.2.28)

Applying L’Hopital’s rule gives

—Tr {G (a)*log G (a)} +aTr {G ()17 4qG (a)}

lim I, (4; B|C), = lim (D.2.29)
a—1 a—1 Tr {G (a)l/a}
Consider that
. —a)/a 0
lim G ()"~ = [0Tra {phcpancrie} ] (D.2.30)

Evaluating the limits above one at a time and using that supp(pasc) C supp(pac) C
supp(pc) (see, e.g., [153, Lemma B.4.1]), we find that

1 1
lim = D.2.32
M G@) | TR Berseich ) (D-2.32)
_1, (D.2.33)
lim —Tr {G (@) log G (a)}
a—
=—Tr { [POCTI"A {P%CPABCP%C} Poo} log [POCTTA {p?AlC,OABCP?LlC} /0(())] } (D.2.34)
= —Tr{ppclog ppc} (D.2.35)
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Clj_ffll % G(a)= % (log pc) POCTTA {p%CPABCP?qc} p% - %p%TrA {(log pAC) pE)LXCPABC’p?AC} POC
+ peTra {phc (10g panc) pancpiac} ve — %pocTrA {Pacranc (log pac) Pac ) P
+ %p%TrA {Phepascric} (logpe) pe. (D.2.36)
Putting all of this together, we can see that the limit in (D.2.29) evaluates to
lim 1, (A; B|C),, = A(pase; pac, po, pse) (D.2.37)
=1 (A B|C’)p. (D.2.38)

D.2.3 Approaches for proving Conjecture B.25 and proof for a special case

This section gives more details regarding the approach outlined in Section B.6.1 for proving
Conjecture B.25. Let papc € S(Hapc), .y, Tac € S(Hac) ., Opc € S(Hpe),,, and
we € S(He), . We begin by introducing a variable

y=a—1, (D.2.39)
and with o L
Y (7) = paioT i wiOpowe Tas (D.2.40)

it follows that A, (pasc, Tac, we, Opc) is equal to

l—a a=1 a=1 l-a 1
1 log Tr {piBCTAé’ we? Opciwe” Tal }: ;IOgTT {Y (1)} (D.2.41)
Since dry/da =1,
d 11 log Tr { 4 Z %el—a%%} T ety (. (D.242)
— r T W we' T =— |- r : 2.
Jo o =198 PapcTac We© Ypo We™ Tac dy |~ g v

We can then explicitly compute the derivative:

d 1 1 T {4y ()}
i |5 o 0 )] = Sy )+ S (D24)
ATE{EY ()}~ T {Y (1)} og Tr (Y (3))
- . (D.2.44)

YT {Y ()}
So

d ) Liy /2] Fg=y,3 7
’Yay (v) =log papcY (V) + Page [1085 Tac } TAcWEIBOWET 4G

Lty = 1 v/2 %9—7 3 %”jL 4y o %[1 9—7}9—7 35
PaBcTac |108We | WolpoWieTac T PapcTacWe 108 YBc | VpoWe Tac
it} ol J it} _
+ ol i fptwd (gl % + Y ()log T,/ (D2.45)
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If it is true that the numerator in (D.2.44) is non-negative for all p4pc, then we can conclude
the monotonicity in «.

A potential path for proving the conjecture for the sandwiched version is to follow a
similar approach developed by Tomamichel et al. (see the proof of [132, Theorem 7]). Since
we can write

A, (paBc, Tac,we, 0pc) = max Dy (p,7,w,0,7), (D.2.46)
ABC
where
50¢<p77-7w707ﬂ)
« 1/2 1—a)/2a (a—1)/2a p(l—a) /a0 (a—1)/2a (1—a) /20 1/2 a—1)/a
= _1logTr {pA/BCTIEXC / W(C / 91(90 )/ W(C / 7',510 )/ pA/BC:uELXBC)/ }a (D.2.47)

it suffices to prove that 5(1 (p,7,w,0, 1) is monotone in «. For this purpose, the idea is
similar to the above (i.e., try to show that the derivative of D, (p, 7,w, 0, ;1) with respect to
« is non-negative). To this end, now let

-1
y=2" (D.2.48)
o
and with -
A — 172 = %9—7 3.5 1/2 4 (D 9 49)
(V) = PApcTacWEIBEWETAT PABCH ABC -4
it follows that (D.2.47) is equal to
~ 1
Dy (p, 7w, 0, 1) = ;bg Tr{Z(v)}. (D.2.50)

Then since dry/da = 1/a?,

A Butprwn) = 5 Lotz o] (D.25)

Computing the derivative then results in

. I Tr{%Z(’y)}
TStz = - STz +

) VTY{%Z(’Y)} —Tr{Z (7)}log Tr {Z ()}
B VIr{Z (v)} '

(D.2.52)

(D.2.53)

The calculation of the derivative 7Tr{%Z (7)} is very similar to what we have shown above.
So, in order to prove the conjecture, it suffices to prove that the numerator of the last line
above is non-negative.

If the above approach is successful, one could take essentially the same approach to prove
all of the other conjectured monotonicities detailed in Conjecture B.25.

168



D.2.4 Conditioning on classical information

Lemma D.6. Let pxapc be a classical-quantum state of the following form:

PXABC = ZPX ) z) (2] x ® phpe- (D.2.54)

Then the following identity holds for o > 0:

I, (A4; BICX), = logZpX exp ) Ia(ABIO) (D.2.55)

Proof. Recalling the formula in (B.4.11), we have

o a-1)/2 (1-a)/2 a 1-0)/2 (a—1)/2) \/*
Iy (A§B|CX)p T a1 logTr{<TrA {P(CX / PFACXV pABCXpELXCX)/ ngx / }) }

(D.2.56)
So

a—1)/2 (1—-«a)/2 1-a)/2 (a—1)/2
p(CX / P(ACX)/ PABCXP(ACX)/ p(CX )/

(1-a)/2

(a=1)/2
— pr (z) p¢ @ |x) <:B]X] [ZPX ) Pac ® |T) <95|X] X

(1-a)/2
ZPX ) papc @ |) 93|X] [ZPX ) pac @ |z) <5E|X] X

(a—1)/2
[pr ) p¢ @ |2) <fff|X] (D.2.57)

= pr T T2 el ) TP o) T @ ) (- (DA258)
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From the fact that

{ (Tead 3208 () )™ el hmel” el ™ )"
1/a
o1r) (el }) }
- Tf{ (D20 (o) Tea {10812 [l 2 el o) [pe] 7%

® |z) (x| )l/a} (D.2.59)

a— x —a z ar o —a o 1(a— 1/
- Tr{ ZpX (x) <TYA {[PC]( b2 [pAC](l s [pABC] [pAC](l /2 [Pc]( 1)/2})

xT

Pl bl } (D.2.60)
N ZpX () Tr { (TrA {[paé] o [PZO](l_a)/z [pZBC]a [Pfxc](l_aw %]“‘””}) 1/a}

x (D.2.61)
= pr v) exp( w1 (A0 (D.2.62)

it follows that

I, (4; B|CX), logZpX exp T Ia(ABIO) (D.2.63)

D.2.5 Invariance under tensoring with product states

Lemma D.7. Let paa, BB, g, = WABE @ 04, @ T, @ YE,. Then
I, (AAq; BBl|E’E1)p =1,(A;B|E),. (D.2.64)
Proof. This follows from a direct calculation. Consider that
Traa, {Pfamla 1%5’21 PAA, BB EE, PE41A106 %921 }

= Traa {<wAE ® 04, @75,) " (WanE @ 04, ® B, @ VE,)" (WaE ® 04, ® ”YEl)(l_a)/2}
(D.2.65)
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1—a)/2 1—a)/2 [e% o (0% (0%
- TrAAl{ (wim P ool @yg ) (wipe ® 04, © 75, ©7E,)

(w(l RN T - )/2) } (D.2.66)
— Trau, {wij“W (wSpe ®78) Wiz @ 04, ® m} (D.2.67)
=Try {WSEQ)/Q WipEW SEQ)/Q} ® Tp, ® Ve, - (D.2.68)

From the fact that
Tr { <P(§E1 2T pa, {p;AlgglpAAlBBlEElp,(jAfggl} p(JgEll)ﬂ) Ua}
= Tr{( ( ) ’Y(a 1)/2> (TYA {nggf/zwABEElwfiE;fﬂ} ® 7E1>
<w§5 D2 @ Al 1’/2) ®T§1)1/a} (D.2.69)
— Tr { (ng—1>/ 2 (TrA {w;EEf/%ABEEIMEjE ;3/2}) Wwe g re @ vgl) l/a} (D.2.70)
Ty { (ng_l)mTrA {WSEa)/Q 8w San} wgv—l)ﬁ)l/a ® 7B, ® 'yEl} (D.2.71)
. { (ng—l)/QTrA {WSEQ)/2WIQ43EWSE&)/2} wg—nm)” a} | (D.2.72)

it follows that
I, (AAq; BBl|EE1)p =1, (4; B|E)w . (D.2.73)

D.3 Rényi Conditional Entropy

Lemma D.8. Let pxp be a classical-quantum state, i.e., such that

pxp = Zp ) |2) (x| © p, (D.3.1)

where p(x) is a probability distribution and {p%} is a set of quantum states. For a €
[0,1) U (1,2],
H, (X|B)>0. (D.3.2)

Proof. This follows because it is possible to copy classical information, and conditional
entropy increases under the loss of a classical copy. Consider the following extension of pxp:

PxxB = Zp ) |z) (x| x @ |z) (z] ¢ ® pp- (D.3.3)
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Then we show that Ho(X|XB) =0 for all & € [0,1) U (1,00). Indeed, consider that

HQ(X|XB)

=1 logTr{ (ZP ) |z) {z]x ® |z) <$|X®p3)
Ix® (Zp (oly @ ,oB) } (D.3.4)

_ 1ogTr{Zp )1} (aly ® [2) {als ® (55)°

Zpl (@) Ix @ ) (@] ® (p%')la } (D.3.5)
- logTr {ZP (z|x ®|2) (2|5 ® PB} (D.3.6)
= 0. (D.3.7)

Then for a € [0, 1)U(1, 2], the desired inequality is a consequence of quantum data processing
(183, Lemma 5]: )
H,(X|B)> H,(X|XB)=0. (D.3.8)
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