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Abstract

This thesis deals with understanding quantum gravitational effects in those anisotropic spacetimes
which serve as black hole interiors. T'wo types of spacetime are investigated. Kantowski-Sachs spacetime
and Bianchi-IIT LRS spacetime. The former, in vacuum, is the interor spacetime for Schwarzschild
black holes. The latter is the interior for higher genus black holes. These spacetimes are studied in
the context of loop quantum cosmology. Using effective dynamics of loop quantum cosmology, the
behavior of expansion and shear scalars in different proposed quantizations of the Kantowski-Sachs
spacetime with matter is investigated. It is found that out of the various proposed choices, there is
only one known prescription which leads to the generic bounded behavior of these scalars. The bounds
turn out to be universal and are determined by the underlying quantum geometry. This quantization
is analogous to the so called ‘improved dynamics’ in the isotropic loop quantum cosmology, which is
also the only one to respect the freedom of the rescaling of the fiducial cell at the level of effective
spacetime description. Other proposed quantization prescriptions yield expansion and shear scalars
which may not be bounded for certain initial conditions within the validity of effective spacetime
description. These prescriptions also have a limitation that the “quantum geometric effects” can occur
at an arbitrary scale. We show that the ‘improved dynamics’ of Kantowski-Sachs spacetime turns out
to be a unique choice in a general class of possible quantization prescriptions, in the sense of leading to
generic bounds on expansion and shear scalars and the associated physics being free from fiducial cell
dependence. The behavior of the energy density in the ‘improved dynamics’ reveals some interesting
features. Even without considering any details of the dynamical evolution, it is possible to rule out
pancake singularities in this spacetime. The energy density is found to be dynamically bounded. These
results show that the Planck scale physics of the loop quantized Kantowski-Sachs spacetime has key
features common with the loop quantization of isotropic and Bianchi-I spacetimes.

The loop quantum dynamics of Kantowski-Sachs spacetime and the interior of higher genus black
hole spacetimes with a cosmological constant has some peculiar features not shared by various other
spacetimes in loop quantum cosmology. As in the other cases, though the quantum geometric effects
resolve the physical singularity and result in a non-singular bounce, after the bounce a spacetime with
small spacetime curvature does not emerge in either the subsequent backward or the forward evolution.

Rather, in the asymptotic limit the spacetime manifold is a product of two constant curvature spaces.
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Interestingly, though the spacetime curvature of these asymptotic spacetimes is very high, their effective
metric is a solution to the Einstein’s field equations. Analysis of the components of the Ricci tensor
shows that after the singularity resolution, the Kantowski-Sachs spacetime leads to an effective metric
which can be interpreted as of the ‘charged’ Nariai spacetime, while the higher genus black hole interior
can similarly be interpreted as anti Bertotti-Robinson spacetime with a cosmological constant. These
spacetimes are ‘charged’ in the sense that the energy momentum tensor that satisfies the Einstein’s field
equations is formally the same as the one for the uniform electromagnetic field, albeit it has a purely
quantum geometric origin. The asymptotic spacetimes also have an emergent cosmological constant
which is different in magnitude, and sometimes even its sign, from the cosmological constant in the
Kantowski-Sachs and the interior of higher genus black hole metrics. With a fine tuning of the latter
cosmological constant, we show that ‘uncharged’ Nariai, and anti Bertotti-Robinson spacetimes with a

vanishing emergent cosmological constant can also be obtained.
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Chapter 1
Introduction

Einstein’s century old general theory of relativity has been extremely successful in explaining
our cosmos and its dynamics. We now know that our universe is expanding, light bends in
gravitational field, rotating binary neutron stars loose energy due to gravitational waves, there
is a black hole at the center of our galaxy and so on. In most situations thrown out by the
cosmos, general relativity is a perfectly adequate theory to explain it, but the theory has one
major drawback. It is not compatible with the other main pillar of modern Physics, quantum
mechanics. Hence, in phenomena where quantum effects are important along with gravity,
physicists hit a road block. This inability to attain a harmony between general relativity and
quantum mechanics is one of the deepest conceptual problems in present day physics. The
very first solution found for Einstein’s equations of general relativity corresponds to spherical
non-rotating black hole (Schwarzschild black hole). This solution was singular (a point where
the equations break down) at the center of spherical symmetry. Such singularities - where
spacetime comes to an abrupt halt was seen in other solutions of Einstein’s equations as well.
Arguably the most famous of such singularities is the putative big bang singularity at the
‘beginning’ of our universe. The singularity theorems proved by Geroch, Hawking and Penrose
showed that singularities arise naturally in Einstein’s theory. On the observational front, there
are evidences for existence of black holes (rotating ones, though) and for expansion of the
universe (which when traced back leads to a singular point). Hence there is a pressing need to
understand black holes, big bang and other such singularities that appear in general relativity.
This issue of understanding singularities in general relativity is related to one of the most
important conceptual problems in modern day Physics - the dissonance between the quantum
theory and general relativity. Quantum field theory - the theory of subatomic particles and
their interactions with each other has not yet found a way to incorporate gravity. Similarly,

general relativity that governs the large scale evolution of cosmos does not confirm to laws of



quantum mechanics. It is clear that to comprehend this universe better, it is absolutely essential
to have a theory which accounts for both gravity as well as quantum mechanics. Our research
aims to contribute towards the growing body of work trying to achieve this goal. Specifically,
our research revolves around the two puzzles of interior of the black hole and the quantum
‘beginning’ of our universe. It has been long thought that a quantum theory of gravity will
provide important insights on these problems.

Loop quantum gravity (LQG) [1] is one of the leading candidates for a theory of quan-
tum gravity. It is a non-nonperturbative approach to quantizing gravity that maintains the
background independence of general relativity. The name arises from the usage of holonomies
around loops as basic variables. LQG has already produced a lot of impressive results such
as the existence of a minimum area gap and calculation of black hole entropy. Though a full
theory of quantum gravity is not yet available, insights on the problem of classical singulari-
ties have been gained for various spacetimes in loop quantum cosmology (LQC) in recent years
[2]. LQC is a quantization of symmetry reduced spacetimes using techniques of loop quan-
tum gravity (LQG)which is a nonperturbative canonical quantization of gravity based on the
Ashtekar variables: the SU(2) connections and the conjugate triads. The elementary variables
for the quantization are the holonomies of the connection components, and the fluxes of the
triads. The classical Hamiltonian constraint, the only non-trivial constraint left after symmetry
reduction in the minisuperspace setting, is expressed in terms of holonomies and fluxes and
is quantized. Quantization of various isotropic models in LQC demonstrates the resolution of
classical singularities when the spacetime curvature reaches Planck scale. The big bang and big
crunch are replaced by a quantum bounce, which first found in the case of the spatially flat
isotropic model [3, 4, 5] is tied to the underlying quantum geometry and has been shown to
be a robust phenomena through different analytical [6] and numerical investigations [7, 8, 9].
This was a huge improvement over the previously popular Wheeler-de Witt (WDW) approach
to quantum cosmology which could not achieve the resolution of singularities in cosmology. One
of the key differences of LQC when compared to WDW theory is that the basic configuration
variables are holonomies. The existence of a minimum area in LQG implies that the loops
around which holonomies are constructed cannot be made to shrink arbitrarily. The correc-

tions to dynamics due to these holonomies make gravity repulsive at scales comparable to the



Planck scale. Thus when evolving the FRW spacetime backwards, before reaching the putative
singularity, the quantum corrections stop the contraction and the make time to expand towards
further past. Thus instead of the big bang of classical (or WDW) cosmology, the universe un-
dergoes a big bounce. A generalization of these results has been performed for Bianchi models
(10, 11, 12, 13, 14, 15, 16, 17], where the quantum Hamiltonian constraint also turns out to be
non-singular.

The LQC equations governing the evolution of the universe are typically difference equa-
tions that are not too conducive for extracting physics analytically. The intractability of the
equations become even more pronounced in anisotropic or inhomogeneous settings. However,
under simplifying assumption that the bounce occurs at a high volume (compared to the Planck
volume), and that the wavefunction of the universe is highly peaked, one can approximate the
difference equations of LQC with a set of differential equations. For sharply peaked states which
lead to a macroscopic universe at late times, it is possible to derive an effective spacetime de-
scription [18, 19, 20]. Additionally, instead of calculating the expectation values of observables
as in LQC, one can apply techniques of classical mechanics to an effective Hamiltonian that
incorporates quantum corrections. Due to its tractability and the remarkable agreement with
LQC, the effective theory has been widely used in literature. For example, the effective the-
ory was used in calculating the effect of LQC in pre-inflationary dynamics of FRW spacetimes
and to prove that strong singularities (points in spacetime beyond which geodesics cannot be
extended) do not occur in flat isotropic model. Due to recent progress in numerical techniques
in LQC achieved here in LSU, it was possible to test the effective theory for FRW spacetimes
for very general states[21, 8]. Introduction of high performance computing techniques to loop
quantum cosmology has facilitated the comparison of evolution of widespread wave functions
in LQC with that of predictions of effective theory. Effective dynamics has been extremely
useful in not only extracting physical predictions, but also to gain insights on the viability of
various possible quantizations. In particular it has been shown that for isotropic models there
is a unique way of quantization, the so called ‘improved dynamics’ or the fi quantization [5],
which results in a consistent ultra-violet and infra-red behavior and is free from the rescalings
of the fiducial cell introduced to obtain finite integrations on the non-compact spatial manifold

[22, 23]. Note that the fiducial cell which acts like an infra-red regulator is an arbitrary choice



in the quantization procedure. Hence a consistent quantization prescription must yield physical
predictions about observables such as expansion and shear scalars independent of the choice of
this cell if the spatial topology is non-compact.

The improved dynamics quantization of the isotropic LQC results in a generic bound on
the expansion scalar of the geodesics in the effective spacetime and leads to a resolution of all
possible strong singularities in the spatially flat model [24, 25]. These results have also been
extended to Bianchi models, where i1 quantization results in generic bounds on expansion and
shear scalars [23, 27, 28, 17], and the resolution of strong singularities in Bianchi-I spacetime
[27]. There are other possible ways to quantize isotropic and anisotropic models, such as the
earlier quantization of isotropic models in LQC — the p, quantization [29, 4] and the lattice
refined models [30]. In these quantization prescriptions,! quantum gravitational effects can
occur at arbitrarily small curvature scales and the expansion and shear scalars are not bounded
in general [22, 23].

In the context of the black holes, effective Hamiltonian techniques in LQC can again be
employed to gain insights on the Planck scale physics in the interior spacetime. In particu-
lar, the Schwarzschild black hole interior corresponds to the vacuum Kantowski-Sachs space-
time. Similarly, Schwarzschild de Sitter and Schwarzschild anti-de Sitter black hole interiors
can also be studied in minisuperspace setting using Kantowski-Sachs cosmology with a positive
and a negative cosmological constant respectively. Additionally the Bianchi III LRS spacetime
which is analogous to Kantowski-Sachs spacetime but with a negative spatial curvature, turns
out to be corresponding to the higher genus black hole interior. Using symmetries of these
spacetimes, the connection and triad variables simplify and a rigorous loop quantization can
be performed which results in a quantum difference equation, and an effective spacetime de-
scription. Loop quantization of Kantowski-Sachs spacetimes has been mostly studied for the
vacuum case [32, 33, 34, 35, 36, 37, 38|, where the quantum Hamiltonian constraint has been

found to be non-singular. Ashtekar and Bojowald proposed a quantization of the interior of the

LOur usage of term “quantization prescriptions” in loop quantization here is different from an earlier work
in isotropic LQC [31]. Here different quantum prescriptions refer to the way the area of the loops over which
holonomies in the quantum theory are constructed are constrained with respect to the minimum area gap.
Whereas in Ref. [31], different quantum prescriptions were used to distinguish the quantum Hamiltonian con-

straints in the f quantization of isotropic LQC.



Schwarzschild interior and concluded that the wavefunction of universe can be evolved across
the classical central singularity pointing towards singularity resolution [32]. Spherically symmet-
ric spacetimes have been studied in the midisuperspace setting by Campiglia, Gambini, Pullin
[37, 35, 36], to quantize Schwarzschild black hole [38] and calculate the Hawking radiation [39].
Though these works provide important insights on the quantization of black holes in LQG, it
is to be noted that the quantization prescription used in these works is analogous to the earlier
works in isotropic LQC (the u, quantization) which was found to yield inconsistent physics. In
particular, the loop quantization in these models is carried out such that the loops over which
holonomies are considered have edge lengths (labeled by ¢, and d.) as constant. As in the case
of the u, quantization in LQC, the constant § quantization of Schwarzschild interior has been
shown to be dependent on the rescalings of the fiducial length L, in the z direction of the R x S?
spatial manifold [40, 41, 42]. To overcome these problems, Boehmer and Vandersloot proposed
a quantization prescription motivated by the improved dynamics in LQC [40], which we label
as i quantization in Kantowski-Sachs model. In this prescription, d, and . depend on triad
components in such a way that the effective Hamiltonian constraint respects the freedom in
rescaling of length L,. This prescription has been used to understand the phenomenology of the
Schwarzschild interior [43] and has been recently used to loop quantize spherically symmetric
spacetimes [42]. It is to be noted that this prescription leads to “quantum gravitational effects”
not only in the neighborhood of the physical singularity at the origin, but also at the coordinate
singularity at the horizon, which points to the limitation of dealing with Schwarzschild interior
in this setting. This problem has been noted earlier, see for eg. Ref. [43] where the problem
with the fiducial cell at the horizon in this prescription is noted. However, note that such an
issue does not arise in the presence of matter which is the focus of the present manuscript.

In literature, another quantization prescription inspired by the improved dynamics, which
we label as the fi’ prescription? has been proposed. In this prescription though edge lengths 4,
and J, are functions of the triads, problems with fiducial length rescalings persist [41]. These

prescriptions have also been analyzed for the von-Neumann stability of the quantum Hamiltonian

20ur labeling of the ji and ji’ prescriptions in Kantowski-Sachs spacetime is opposite to that of Ref. [41].
This difference is important to realize to avoid any confusions about the physical implications or the limitations

of these prescriptions while relating this work with Ref. [41].



constraints which turn out to be difference equations [30]. It was found that i’ quantization,
in contrast to the i quantization, does not yield a stable evolution. These studies indicate that
if we consider fiducial length rescaling issues, i quantization in the Kantowski-Sachs spacetime
is preferred over the constant 0 quantization [32] and the i’ quantization prescription [41].
However one may argue that these issues which arise for the non-compact spatial manifold, can
be avoided if the topology of the spatial manifold is compact (S' x S?).

Our first goal, which is studied in Chapter 2, deals with the following issue. For all the models
studied so far, it has been found that all three prescriptions lead to singularity resolution.
Still, little is known about the conditions under which singularity resolution occurs for the
arbitrary matter. Hence, various pertinent questions remain unanswered. In particular, which
of these quantization prescriptions promises to generically resolve all the strong singularities®
within the validity of the effective spacetime description in LQC? Is it possible that in any of
these quantization prescriptions, expansion and shear scalars may not be generically bounded in
effective dynamics which disfavor them over others? Are there any other consistent quantization
prescriptions for the Kantowski-Sachs model, or is the ji quantization prescription unique as in
the isotropic LQC? Finally, what is the fate of energy density if expansion and shear scalar are
generically bounded? Note that in the isotropic LQC, and the Bianchi-I model similar questions
were raised in Refs. [22, 24, 27], and the answers led to i quantization as the preferred choice.
It turned out to be a unique quantization prescription leading to generic bounds on expansion
and shear scalars, which were instrumental in proving the resolution of all strong singularities
in the effective spacetime [24, 27].

We answer these questions in the effective spacetime description in LQC for Kantowski-
Sachs spacetime with minimally coupled matter. The expansion and shear scalars are tied to
the geodesic completeness of the spacetime and are independent of the fiducial length at the
classical level. We will be interested in finding the quantization prescription which promises to
resolve all possible classical singularities generically. Such a quantization prescription is expected
to yield bounded behavior of these scalars. It is also reasonable to expect, due to the underlying
Planck scale quantum geometry, that in the bounce regime, depending on the approach to the

classical singularity, at least one of the scalars takes Planckian value. We find that in the effective

3For a discussion of the strength of the singularities in LQC, see Ref. [24].



dynamics for constant 6 and i’ prescriptions, these scalars are not necessarily bounded above.
In the cases where the classical singularities are resolved, it is possible that the expansion and
shear scalars in these prescriptions can take arbitrary values in the bounce regime. In contrast,
for the i quantization prescription, we show that the expansion and shear scalars turn out to
be generically bounded by universal values in the Planck regime. It is to be noted that in the p
prescription, the bounded behavior of the expansion scalar has been mentioned earlier for the
Schwarzschild interior [44].

We find that the behavior of expansion and shear scalars in the i prescription is similar to
the improved dynamics of isotropic and Bianchi-I spacetime in LQC where the universal bounds
on expansion and shear scalars were found. Next, we address the important question of the
uniqueness of the i prescription. For this we consider a general ansatz to consider edge lengths
dp and 0. as functions of triads, allowing a large class of loop quantization prescriptions in
the Kantowski-Sachs spacetime. We find that demanding that the expansion and shear scalars
be bounded leads to a unique choice — the i quantization prescription. In this quantization
prescription we also investigate the behavior of the energy density and find that its potential
divergence is determined only by the vanishing gon component of the spacetime metric. This is
unlike the behavior in the classical GR, and other quantization prescriptions where divergence
in energy density can occur when either of ¢,, or goo components vanish. An immediate
consequence of this behavior is that the pancake singularities which occur when g,, component
of the line element approaches zero, and gqq is finite, are forbidden. It turns out that energy
density is bounded dynamically, since goq never becomes zero and approaches an asymptotic
value. This property of goq was first seen in the case of vacuum Kantowski-Sachs spacetime,
and turns out to be true for all perfect fluids [45]. These results show that the @ quantization
in the Kantowski-Sachs spacetime is strikingly similar to the ji quantization in the isotropic
and Bianchi-I spacetimes. It leads to generic bounds on the expansion and shear scalars and is
independent of the rescalings of the fiducial cell.

Our first main result is that the analysis of the expansion and shear scalars for the loop
quantized Kantowski-Sachs spacetime reveals that there exists a unique quantization prescrip-
tion which leads to their universally bounded behavior [46]. In Chapter 3, similar conclusions

hold for the higher genus black hole interiors. Using the corresponding effective Hamiltonian



approach for this quantization prescription, singularity avoidance via a quantum bounce due
to underlying loop quantum geometric effects in black hole interior spacetimes has been found
[40, 41, 47]. These studies noted that the emergent spacetime is “Nariai type” [40, 47]. Further,
these “Nariai type” spacetimes were found to be stable under homogeneous perturbations in
the case of vacuum [48]. However, the detailed nature of these spacetimes and their relation if
any with the known spacetimes in the classical theory was not found. An examination of these
spacetimes, which is a goal of Chapter 3, reveals many novel interesting features which so far
remain undiscovered in LQC.

The spatial manifold of Kantowski-Sachs spacetime has an R x S? topology whereas the
higher genus black hole interior has the spatial topology of R x H2. Numerically solving the
loop quantum dynamics one finds that on one side of the temporal evolution, in the asymptotic
limit, the spacetime emergent after the bounce has the same spatial topology, but has a constant
radius for the S? (H? in the case of higher genus black hole) part and an exponentially increas-
ing R part. We thus obtain a spacetime which is a product of two constant curvature spaces.
Interestingly, though the emergent spacetime has a high spacetime curvature, yet it turns out
to be a solution of the Einstein’s field equations. In the analysis of these spacetimes, the sign
of the Ricci tensor components provide important insights. Here we recall that in the classical
GR, properties of the sign of the Ricci tensor components have been used to establish dualities
between (anti) Nariai and (anti) Bertotti Robinson spacetimes [49]. Analysis of the components
of the Ricci tensor reveals that the emergent spacetime in the evolution of Kantowski-Sachs
spacetime with positive or negative cosmological constant is a ‘charged’ Nariai spacetime, where
as the emergent spacetime in the evolution of higher genus black hole interior with a negative
cosmological constant is actually an anti-Bertotti-Robinson spacetime with a cosmological con-
stant [50]. These emergent spacetimes are ‘charged’ in the sense that they are solutions of the
classical Einstein’s field equations with a stress energy tensor which formally corresponds to the
uniform electromagnetic field. In addition, these spacetimes in the same asymptotic limit after
the bounce also have an emergent cosmological constant, different from the one initially chosen
to study the dynamics of black hole interiors. We find that the asymptotic emergence of ‘charge’
and cosmological constant that develop after the bounce is purely quantum geometric in origin.

The ‘charged’ Nariai and anti-Bertotti-Robinson spacetimes occur in only one side of the tempo-



ral evolution in the Kantowski-Sachs spacetime with positive and negative cosmological constant
and in higher genus black hole interior spacetimes with a negative cosmological constant respec-
tively. The higher genus black hole interior with a positive cosmological constant does not yield
any of these spacetimes in the asymptotic limit. The emergence of ‘charged’ Nariai and anti-
Bertotti-Robinson spacetimes present for the first time examples of time asymmetric evolution
in LQC, and indicate the same for the black hole interiors in the loop quantization. However,
note that the uncharged Nariai spacetime which is a non-singular spacetime classically [51], can
be considered as the maximal Schwarzschild-de Sitter black hole where the cosmological horizon
and the black hole horizon of a Schwarzschild-de Sitter black hole coincide [52]. Thus the emer-
gent spacetimes in the above cases in LQC are closely related to the original spacetimes - but
are rather special as they are nonsingular and are parameterized by an emergent ‘charge’ and
an emergent cosmological constant. Our analysis shows that with a fine tuning of the value of
the cosmological constant in the Kantwoski-Sachs spacetime, it is possible to obtain ‘uncharged’
Nariai spacetime. However, such a spacetime turns out to be unstable [45]. Similarly, for the
higher genus black hole interior, an anti-Bertotti-Robinson spacetime with a vanishing emergent
cosmological constant can arise, but it too is unstable.

All the above interpretations of emergent spacetime after the bounce is based on the fact that
it is a product of two spaces having constant curvature R} = R} = k; and R3 = R3 = ky, which
could be written as k; = A+ a1, ks = A+ as. Now if we set a; = —ap < 0, it is charged Nariai
while for a; = —ap > 0, it is anti-Bertotti-Robinson with a cosmological constant. Note that
anti-Bertotti-Robinson spacetime has electric energy density negative. The moot point is simply
that what emerges after bounce is a product of two constant curvature spaces which by proper
splitting of these constants lead to a nice interpretation as a mixture of Nariai and Bertotti-
Robinson spacetimes which are exact solutions of classical Einstein equation. It is remarkable
that emergent spacetime is solution of classical equation albeit with a proper choice of constants.
This may be an innate characteristic of quantum dynamics of this type of spacetimes and is
perhaps reflection of discreteness in spacetime structure.

In summary, our studies of Kantowski-Sachs spacetimes and higher genus black hole interiors
in LQC reveals many so far unexplored features of quantum geometry. We show that there

is a unique quantization prescription which results in a bounded behavior of expansion and



shear scalars. Thus, limiting many other potential loop quantizations of the Kantowski-Sachs
spacetime. It is rather surprising that this quantization results in a highly asymmetric evolution
across the bounce. The spacetime after the singularity resolution retains high quantum curvature
and can be interpreted as a classical spacetime with an effective ‘charge.” It is for the first time
in literature, one finds such a phenomena resulting from the underlying quantum geometry. In
the future research, it will worthwhile to understand this effective charge in more detail. It is
tempting to relate this result with ideas of geometrodynamics where many properties matter
are envisioned to result from the underlying features of geometry [53]. At this stage, however,
this is only a speculation.

Finally, it is important to state that our results are in the caveat of assumption of homo-
geneity and the validity of effective dynamics. It can be hoped that our results do capture some
element of truth of the full quantum gravitational dynamics of these spacetimes, and open a new
window to explore the quantum geometric effects in black hole interiors and spacetime beyond

the would be central singularities.
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Chapter 2
Generic Bounds on Expansion and Shear

Scalars in Kantowski-Sachs Spacetime!

In this Chapter, based on Ref. [46], we study the way loop quantization prescriptions can
be restricted by demanding that the expansion and shear scalars have a bounded behavior.
This Chapter is organized as follows. In the next section we summarize the Kantowski-Sachs
spacetime in terms of Ashtekar variables and obtain the classical equations. In the next section,
we introduce the effective Hamiltonian constraint, and derive expressions for expansion and
shear scalars for three quantization prescriptions. We discuss the boundedness of these scalars
and for completeness also discuss their dependence on fiducial cell. Then we consider a general
ansatz and investigate the conditions under which a quantization prescription yields bounded
behavior of expansion and shear scalars. This leads us to the uniqueness of the i quantization
prescription. Then the behavior of energy density is discussed, which is followed by a summary

of the main results.

2.1 Classical Hamiltonian of Kantowski-Sachs space-time

We consider the Kantowski-Sachs spacetime with a spatial topology of R x S2. Utilizing the
symmetries associated with each spatial slice, the symmetry group Rx.SO(3), and after imposing
the Gauss constraint, the Ashtekar-Barbero connection and the conjugate (densitized) triad can

be expressed in the following form [32]:

Aindx“ = c¢rda + brodf — b7y sin 0d¢ + 3 cosfdo | (2.1)

E~f7'7;8a = PcT38in 00, + PpT2sin 00y — pp710y (2:2)

1Sections 2.1 - 2.5 are reproduced from A. Joe and P. Singh, Class. Quant. Grav. 32, 015009 (2015)
(Copyright 2015 Institute of Physics Publishing Ltd) [46] by the permission of the Institute of Physics Publishing.

See Appendix A for the copyright permission from the publishers.
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where 7; = —i0;/2, and o; are the Pauli spin matrices. The symmetry reduced triad variables

are related to the metric components of the line element,?

ds* = =N (1)*dt* + gueda® + gag (d6” + sin® 6d¢”) . (2.3)
as
N e
Grax = pTv and gon = |pc| (24)

The modulus sign arises because of two possible triad orientations. Without any loss of gener-
ality, we will assume the orientation to be positive throughout this analysis. Since the spatial
manifold in Kantowski-Sachs spacetime is non-compact, we have to introduce a fiducial length
along the non-compact x direction. Denoting this length be L,, the symplectic structure is given

by

Lo /o=
2= <2db A dpy + d& A de> . (2.5)

Here ~ is the Barbero-Immirzi parameter whose value is fixed from the black hole entropy
calculations in loop quantum gravity to be 0.2375. Since the fiducial length can be arbitrarily
rescaled, the symplectic structure depends on L,. This dependence can be removed by a rescaling
of the symmetry reduced triad and connection components by introducing the triads p, and p,,

and the connections b and c:
Po = Loy, Pe=Pes b="b, ¢ = Loc. . (2.6)
The non-vanishing Poisson brackets between these new variables are given by,

{b,p} = G, {c,pc} =2Gy. (2.7)

Note that p, and p. both have dimensions of length squared, whereas b and ¢ are dimensionless.
Also note that ¢ and py, scale as L, where as other two variables are independent of the fiducial
cell.

In Ashtekar variables, the Hamiltonian constraint for the Kantowski-Sachs spacetime with

minimally coupled matter corresponding to an energy density p,, can be written as

—N Do
= 2b - b2 2y 22
3G |2bevP + ( jw)\/]Tc

2This metric can be expressed as the one for the Schwarzschild interior by choosing N (t)? = (2—’” — 1)71

Ha + N ATpyr/Depum, (2.8)

2m

where m denotes the mass of the black hole, and identifying g,, = ( = 1) and goq = t°.
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and the physical volume of the fiducial cell is V' = 47py/p.. In the following, the lapse will be

chosen as unity.> Using the Hamilton’s equations, for N = 1, the dynamical equations become,

. o chl - 1 bpb
» = —Gvy B (C\/chr \/_> (2.9)
a1
pc = _2G76;[ 1 = ;2b\/pc (210)
; chl -1 2 ( 8pm)
b = G = b+ + 447G e | pm + 2.11
Yo 2 \/E( V) + 47 Gy\/De | P + Do o, (2.11)

) OHa -1 ( 9 Db ) (
¢ = 2G be — (b° + + &mvG
" op. /Pe (" )2pc TP 24/Pe

The vanishing of the classical Hamiltonian constraint, H¢ ~ 0, yields

apm> . (2.12)

% B 1
= — = 87Gpn (2.13)
Voo VP Pe

which using the expressions for the directional Hubble rates H; = \/.gn- /+/9i can be written as
the Einstein’s field equation for the 0 — 0 component:

. . . 2

T 1

Viza vI9Q | [(VIOQ) T griip, . (2.14)
vV Gzz A/ 900 V90 gaon

Introducing the expansion § and the shear o2 of the congruence of the cosmological observers

V Zjb pc
f=_ =Lty Pe 2.15
V Dy 2pc ( )
and
3 2 : N 2
1 1 L (P Dy
2 _ 2 H—=0) === -2 2.16
oty () =5 (0 210
we can rewrite eq.(2.14) as
62 5 1
— -0+ — =81Gp,, . 2.17
3 oo p (2.17)

To investigate if the Kantowski-Sachs spacetime is singular, we consider the expansion and
the shear scalars of the geodesics. At a singular region one or more of these diverge. This
divergence causes the curvature invariants to blow up. To see this, we can compute the Ricci

scalar R, which for the Kantowski-Sachs metric turns out to be

e 2
3_2@4_29 + = (2.18)
Pb DPe  Dc

3To make a connection with the Schwarzschild interior, a convenient choice of lapse is N = TYP<[32]. For

studies of the expansion and shear scalars and the phenomenological implications of Kantowski-Sachs spacetime

with matter, the choice N = 1 is more useful, and is thus considered here.
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Using the equations for the expansion and the shear scalar, the Ricci scalar can be expressed as

.4 2
R:20+§62+202+—. (2.19)
Pe

% signals a divergence in the Ricci scalar. For this reason, un-

Thus, a divergence in 6 and o
derstanding the behavior of expansion and shear scalars is important to gain insights on not
only the properties of the geodesic evolution, but it is also useful to understand the behavior of
curvature invariants. The scalars, § and o2, diverge if either one or both of % and Zf diverge.
From the Hamilton’s equations of motion (3.8) and (3.9), these ratios are,

j 1 e b
B —(ﬂ+ ) (2.20)
Db Y\ Db V/Pe

: 2
pe _ 2 (2.21)
Pe /P

It is clear from equations (2.20) and (2.21) that the expansion and shear scalars diverge as

the triad components vanish, and/or the connection components diverge. In the Kantowski-
Sachs spacetime with perfect fluid as matter, classical singularities occur at a vanishing volume.
The structure of the singularity can be a barrel, cigar, pancake or a point [54]. For all these
structures, either p;, or p. vanish, causing a divergence in § and 2.4

At the above classical singular points, the energy density also diverges. From the vanishing

of the Hamiltonian constraint H¢ ~ 0, the expression for energy density becomes

1 2 2 2
[E ) } . (2.22)

T 8nG [ Pe
Thus, if either of p, or p. vanishes, p,, grows unbounded as the physical volume approaches zero.
2.2 Comparison of different quantization prescriptions

Due to the underlying quantum geometry, the loop quantization of the classical Hamiltonian of

the Kantowski-Sachs spacetime yields a difference equation [32]. The difference equation arises

4Note that for the vacuum Kantowski-Sachs spacetime, the expansion and shear scalars are ill defined at the

2 is regular at the horizon, and can be used to

horizon because of the coordinate singularity. However, 62/3 — o
understand the behavior of the curvature invariants. As an example, in this case, the Kretschmann scalar at the
horizon can be written as Ki—o, = 12(0?/3 — 02)?, which being finite shows that the singularity at ¢t = 2m is

not physical.
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due to non-local nature of the field strength of the connection in the quantum Hamiltonian
constraint which is expressed in terms of holonomies of connection components over closed
loops. The action of the holonomy operators on the triad states is discrete, leading to a discrete
quantum Hamiltonian constraint which is non-singular.® The resulting quantum dynamics can
be captured using an effective Hamiltonian constraint derived using the geometrical formulation
of quantum mechanics [55]. Here one treats the Hilbert space as a quantum phase space and
seeks an embedding of the finite dimensional classical phase space into it. For the isotropic
and homogeneous models in LQC, such a suitable embedding has been found using sharply
peaked states which probe volumes larger than the Planck volume [19, 20]. For these models,
the dynamics from the quantum difference equation and the effective Hamiltonian turn out to
be in an excellent agreement for states which correspond to a classical macroscopic universe
at late times. Recent numerical investigations show that the departures between the effective
spacetime description and the quantum dynamics are negligible unless one consider states which
correspond to highly quantum spacetimes, such as states which are widely spread or are highly
squeezed and non-Gaussian, or those which do not lead to a classical universe at late times
[8, 9]. Though the effective Hamiltonian constraint has not been derived for the anisotropic
spacetimes in LQC using the above embedding approach, an expression for it has been obtained
by replacing b with % and ¢ with Si’g—:ac in (2.8), where ¢, and 6. are the edge lengths of the
holonomies [41, 40]. Following this procedure for the case of the loop quantization of the vacuum
Bianchi-I spacetime, the resulting effective Hamiltonian dynamics turns out to be in excellent
agreement with the underlying quantum evolution [56]. In the following we will assume that the
effective Hamiltonian constraint for the Kantowski-Sachs spacetime as obtained from the above
polymerization of the connection components, and assume it to be valid for all values of triads.
For a general choice of §, and J., the effective Hamiltonian constraint for the Kantowski-Sachs

model with matter is given as [41, 40]:

5In principle, there can also be inverse triad modifications in the quantum Hamiltonian constraint. However,
such modifications can not be consistently defined for spatially non-compact manifolds since they depend on the
fiducial length. For this reason, we do not consider inverse triad modifications in this analysis. However, this
problem does not arise if the spatial topology is compact, and conclusions reached in this manuscript remain
unaffected in this case. It is also possible to get rid of terms depending on inverse triad using a suitable choice

of lapse.
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—N [_sin (bdy) sin (¢d,) sin? (b6,) 5\ Do
= 2 — — N4 : 2.2
=06y 5 5, Vet (T ) ] TN pem (2.23)

Note that (2.23) goes to the classical Hamiltonian (2.8) in the limit , — 0 and §. — 0. However,
due to the existence of minimum area gap in LQG, in the quantum theory, one shrinks the
loops to the minimum finite area. Different choices of the way holonomy loops are constructed
and shrunk lead to different 9, and J., and different properties of the quantum Hamiltonian
constraint. We will identify these choices as different prescriptions to quantize the theory, which
lead to different functional forms of 9, and J. in the polymerization of the connection, and hence
result in different effective Hamiltonian constraints. This is analogous to the situation in the
quantization of isotropic spacetimes in LQC, where the older quantization was based on constant
0 (the so called p, quantization [29, 4]), and improved quantization is based on a ¢ which is
function of isotropic triad § oc 1/,/p (the so called fi quantization [5]). As in the isotropic case,
the physics obtained from the theory is dependent on these holonomy edge lengths and hence
they have to be chosen carefully. This can be further seen by noting that sin (bd,) and sin(cd.) in

353 oy - .
63'0 + . Hence 1t 18 requn"ed

(2.23) can be expanded in infinite series as bd, — b?;)—fg +... and cd.—
that bd, and cd. should be independent of fiducial length. Else different terms of the expansion
will have different powers of L, and any calculation based on this Hamiltonian will yield results
which are sensitive to the choice of L,. Of the possible choices of holonomy edge lengths that
can be motivated, we have to choose the one that gives a mathematically consistent theory
which renders the physical scalars such as expansion and shear scalars independent of the choice
of fiducial length, as in classical GR. There are three proposed prescriptions in LQC literature
for the choice of holonomy edge-lengths in the Kantowski-Sachs model: the constant ¢ [32],
the i (or the ‘improved dynamics’) prescription [40], and the f’ (inspired from the improved
dynamics) quantization prescriptions [41]. Due to their similarities with the notation of the
isotropic model, we will label the effective Hamiltonian constraint for constant § with p,. The
effective Hamiltonians for ‘improved dynamics’ inspired prescription will be labeled by i, and

that of ‘improved dynamics’ prescription with f.
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2.2.1 Constant § prescription

The simplest choice of §'s is to choose them as constant. The resulting effective Hamiltonian
constraint then corresponds to the loop quantization of Kantowski-Sachs spacetime where the
holonomy considered over the loop in x — 6 plane, and the loop in the 8 — ¢ plane has minimum
area with respect to the fiducial metric fixed by the minimum area eigenvalue A in LQG:
A = 4/31v1,. In the quantization of the Schwarzschild interior proposed in Ref. [32], the &'s
were chosen equal® 8, = §. = 41/3. Loop quantization with constant &, and d. is also considered
in various other works on the loop quantization of black hole spacetimes [39, 35, 36], and is
analogous to the p, quantization in the isotropic LQC [29, 4]. Here we will assume the same
prescription in the presence of matter. The resulting effective Hamiltonian constraint for N =1

with minimally coupled matter is:

HMO =

—1 [_sin (bdp) sin (o) sin? (b0y) 5\ P»
2 / -~ 7
2G~2 [ S Oe bet of ") b

Using the Hamilton’s equations, the equations of motion for the triads are

} + AT py\/Depim- (2.24)

, oH 1 sin (cd,.) sin (bdy) cos (bdy) pe )

_ g _ _( o) SO o L (22
Dy b ~ cos (bdp) 5. D 5 N ( )
— OHyy 2 sin (béy)
Pe = QG’}/T = ; COS (C(sc)(s—b\/pc. (226)

From these one can find the expressions for expansion” and shear scalars for Kantowski-Sachs

spacetime with matter as follows,

_ 1 (y/pccos (bdp) sin (cd.)  sin (bdy) o cos (¢
6 = S ( 3 + X (cos (bdy) + cos ( 56))) (2.27)
5 1 sin (b8,)  cos (bdy) sin(cd,) /Pe \
o? = 33 ((2 cos (¢d,) — cos (bdy)) 51)\/}9_2’ — b(SC o ) . (2.28)

It is clear from the above expressions that the expansion and shear scalars are unbounded and
blow up as p, or p. approach zero, precisely as in the classical Kantowski-Sachs spacetime if

the effective spacetime description is assumed to be valid for all values of triads. Note that

6Since [32] was using an area gap of A = 2\/577711%1, the corresponding holonomy edge lengths were 2v/3. For

A = 44/377, edge lengths should be 4v/3.
"The expressions for 6 in three prescriptions studied in this section were also obtained for the Schwarzschild

interior in Ref.[44], however no physical implications were studied except for noticing the bounded behavior in

the case of i prescription.
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the effective spacetime description is expected to breakdown in the regime when the volume of
the spacetime is less than Planck volume [8]. Hence, in this quantization prescription there are
no generic bounds on the expansion and shear scalars within the expected validity of effective
dynamics. Even if one considers a specific matter model which results in a singularity resolution
and a bounce of the mean volume, the dependence of # and o2 on the triads shows that these
scalars may not necessarily take Planckian values in the bounce regime. The spacetime curvature
in the bounce regime can in principle be extremely small in this effective dynamics. Note that
the maximum value of expansion (2.27) and shear scalars (2.28) depends on the values of p,
and p.. Since the values of triads at the bounce can be made arbitrarily large or small by the
choice of initial conditions and the matter content, the maximum values of expansion and shear
scalars, reached near the bounce, can hence take arbitrary values. This problem is analogous
to the dependence of energy density at the bounce on the momentum of the scalar field or the
triad in the u, quantization of isotropic LQC. There too by choosing different initial conditions
it is possible to obtain “quantum bounce” at arbitrarily small spacetime curvature.

Let us now consider the issue of fiducial cell dependence for this prescription. Since &, =
5. = 4v/3, they are independent of the rescaling under the fiducial length L,. However, since ¢
is proportional to L,, therefore c¢d. depends on the fiducial length L,. Due to this reason, the
resulting physics from the effective Hamiltonian constraint (2.24), in particular the expressions
for expansion and shear scalars, unlike in the classical theory, are not independent of the fiducial
length rescaling. Again this problem of constant d prescription in the Kantowski-Sachs spacetime
is analogous to the one for the p, quantization of the isotropic LQC, where the resulting physical
predictions such as the scale at which the quantum bounce occurs and the infra-red behavior
depend on the fiducial volume of the fiducial cell [4, 22]. This problem is tied to the dependence
of the expansion and triad scalars in this quantization prescription on triads as discussed above.
Since p, can be rescaled arbitrarily by rescaling L,, the curvature scale in the bounce regime
inevitably depends on the fiducial length L, and hence can take arbitrary values.

In conclusion, we find that constant d quantization prescription does not provide a generic
bounded behavior of expansion and shear scalars. Further, it is possible to obtain “quantum
gravitational effects,” originating from the trigonometric functions in eq.(2.24), at any arbitrary

scale.
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2.2.2 An ‘improved dynamics inspired’ prescription

For the isotropic models in LQC, the problems with constant ¢ (i.e. p,) quantization were
overcome in the improved dynamics (the @ quantization) [5], where f is related to the isotropic
triad as o = A/,/p [5]. This quantization turns out to be independent of the various problems of
the p, quantization, and is also the unique prescription for the quantization of isotropic models
in which physical predictions are free of the dependence on the fiducial cell in the effective
spacetime description [22]. Motivated by the success of i quantization, a different prescription

for the choice of 9, and 6. for Kantowski-Sachs model has been considered [41], where

(51,:”%, and 50:,/é. (2.29)
Py Pe

We note that this choice for ¢'s is also motivated from the lattice refinement scheme [30]. The

effective Hamiltonian constraint for this quantization becomes:

Do

VPe

As we noted above, for the effective Hamiltonian constraint to yield a consistent physics, the

2 sin(b6,) sin(cde)per/py + (sin®(b8,)py + 7> A) } + 47py/Depm - (2.30)

-1
[ Te

argument of trigonometric functions should be independent of the fiducial length. However
since b is independent of L, and p, is proportional to L,, bd, = b\/g depends on fiducial length.
Similarly cd. also depends on the fiducial length. This clearly shows that this quantization is
unsuitable for Kantowski-Sachs spacetime because the resulting physical implications will be
sensitive to the fiducial length L,.

The equations of motion for the triads in this quantization are

Dy = Gva;é C(;S\(/bg)) <pc sin(cde) + Py /%sm(béb)) (2.31)

: OH
pe = —2Gv e \/_w/pbpcsm(béb)cos(cé) (2.32)

using which the expansion and shear scalars turn out to be as follows:

= — cos(bdy) sin(c Pb cin p) (cos(bdy) + cos(cd,)) | , .
0 - Vf[ (b6, sin(cb.) + \/; (85,) (cos(béy) + <6>>} (2.33)

ol = 3712A [Zi cos(bdy) sin(cd,.) + \/Esin(béb) (cos(bdy) — 2COS(C§C))} : (2.34)

Db DPe

We see that the i’ quantization has the same problem as the constant § quantization as far as the

divergence of § and o? is concerned. These scalars can potentially diverge for p, — 0, p, — 00,
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pe — 0 or p. — co. As in the constant § quantization prescription, even if the singularities are
resolved, the curvature scale associated with singularity resolution can be arbitrarily small and
depends on the initial conditions. Also remembering that it has spurious dependency on the
fiducial length we are led to the conclusion that i’ quantization is not apt for Kantowski-Sachs
spacetime. The results that constant ¢ and i’ quantizations do not yield necessarily consistent
physics is in accordance with a similar study in FRW model in LQC [22]. As remarked earlier,
problems of this prescription have also been noted in the context of the von-Neumann stability

analysis of the resulting quantum Hamiltonian constraint [30].%

2.2.3 ‘Improved Dynamics’ prescription

The improved dynamics prescription is based on noting that the field strength of the Ashtekar-
Barbero connection should be computed by considering holonomies around the loop whose
minimum area with respect to the physical metric is fixed by the minimum area eigenvalue
(A) in LQG. This is in contrast to the constant ¢ prescription where the minimum area with
respect to the fiducial metric was fixed with respect to the underlying quantum geometry. In

this scheme we obtain the holonomy edge lengths as [40]:

A N/
==, 6, = V2P (2.35)

DPe Do

Now the effective Hamiltonian (2.23) becomes,

_ . . ‘ , 2A
Hy = % [2 sin (bdy) sin (c6,) + sin® (b)) + Vpc + AT Py\/Pefm- (2.36)

Before we proceed further, we note an important property of this effective Hamiltonian not
shared by H,, and H,. Due to the scaling properties of b, ¢, p, and p,, bd, and cd, are invariant
under the change of the fiducial length L,. Thus sin (bd;) and sin(cd,.) are independent of fiducial
length. Due to this reason, we expect that the physical predictions concerning scalars such as
expansion and shear scalars will be independent of L, in this prescription, as in the classical

theory.

8For different prescriptions, the problems in the effective dynamics and the numerical instability of the
quantum difference equation in the corresponding quantization run in parallel. See Ref. [7] for a discussion of

these issues in different quantizations in LQC.
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The evolution equations for triads and cotriads turn out to be as follows:

B = Gy :pbcyoj(zbéb) (sin (cd,) + sin (b)) (2.37)

87—[,1 o 2pc
86 fy\/z

p. = —2Gv sin (bdy) cos (¢d,) (2.38)

(2.39)

Using (2.15), (3.14) and (3.15), we obtain the following expression for the expansion scalar,

1
WA

Unlike the case of H,,, and H;, the expansion scalar turns out to be independent of the fiducial

9 pu

(sin (bdy) cos (¢d..) + cos (by) sin (¢6..) + sin (bdy) cos (b)) - (2.40)

length L,, and is generically bounded above by a universal value:

2.
o)< > _~ 218 (2.41)
29V A Ipy
Similarly for the shear scalar, using (2.16), (3.14) and (3.15), we get
1
o’ (2sin (bd,) cos (¢d,) — cos (bdy) (sin (¢de) + sin (b6)))” . (2.42)

T 3pA

As for the expansion scalar, o2 turns out to be independent of L, and has a universal maximum:
o < 5’2ﬁ. (2.43)
Ip)

Hence both shear and expansion scalars are bounded above in this quantization prescription
of the Kantowski-Sachs spacetime. Unlike constant § and 7' quantization prescriptions, the
expansion and shear scalars take Planckian values in the bounce regime and curvature scale
associated with singularity resolution does not depend on the initial conditions. Note that for
the improved dynamics prescription, similar properties of expansion and shear scalar were earlier
found for the isotropic model [24] and the Bianchi models [23, 27, 28, 17]. In the isotropic and
Bianchi-I model, using the boundedness properties of expansion and shear scalars it was found
that strong singularities are generically resolved in the effective spacetime description [24, 27].°
Above results provide a strong evidence that strong singularities may be generically absent in

this quantization of Kantowski-Sachs spacetime.

9These results have also been extended to the effective description of the hybrid quantization of Gowdy

models [57].
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2.3 Uniqueness of ji prescription

In the previous section, we found that of the three proposed quantization prescriptions for the
Kantowski-Sachs spacetime in LQC, only the the i1 effective Hamiltonian leads to consistent
physics and results in generic bounds on expansion and shear scalars. In this section we pose
the question whether i quantization is the only possible choice for which the expansion and
shear scalars are generically bounded singularity resolution in the Kantowski-Sachs spacetime?
A similar question was posed in the isotropic models in LQC, where the answer turned out to be
positive [22, 23]. We will see that in the Kantowski-Sachs spacetime, under the assumption that
0y and J. have a general form given in eq.(2.47), the answer also turns to be in an affirmative in
the effective spacetime description.

We start with the effective LQC Hamiltonian (2.23), where the holonomy edge lengths ¢, and
0. are any general functions of the triads. Then the Hamilton’s equations lead to the following

expressions for shear and expansion scalars.

1 (/fpecos (bdy(py, pe)) sin (cde(py, pe)) | sin (b (P, pe)) o o
0= v ( Po0c(Pos De) + /Pe00(P pe) (cos (bdy(pe, pe)) + cos ( 5c(pb,pc))))
(2.44)
L L cos(c — cos Sin(béb(pb’pc))
= 5 (2 cos (cde(pp, pe) (b3 (Pos Pe))) AOAN
_ cos (b8 (py, pe)) sin(cde(pp, pe)) \/Pe 2
0cl(py, pe) m | (2.45)

We now find what general choices of 0,(pp, pe),0c(Pp, Pe) vield a bound on expansion and shear
scalars. These scalars become unbounded when either an inverse power of a triad blows up as
that triad tends to zero or when a positive power of triad blows up as that triad tend to infinity.
In egs. (2.44) and (2.45), the trigonometric factors are always bounded and hence the terms

that will decide the boundedness of the expansion and shear scalars are

1 VPe
Ihy=———— and T, =—"——. 2.46
’ \/]Tc(sb(ppr) pbdc(pbapc) ( )

Then the task at hand reduces to finding general functions of triads which when chosen as the

holonomy edge lengths, give an upper bound on 7, and 7. To this end we make an assumption
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that J, and d. are functions of p, and p. such that one can express their inverses as

, = ZBZpr ¢ 6c_1 = chpb e (2.47)

where m;,n; € R. This ansatz includes all the three choices of d, and . discussed in Sec. III,

but is more general. Using (2.47), one can write (2.46) as

T.= Z Cz-jp?"_l W? , (2.48)

Z Bijpy'pe (2.49)

We now require that if § and o2 have to be bounded then T, and T}, should not diverge as triads
tend to zero or infinity. This is possible only if m; and n; in (2.48) and (2.49) satisfy certain

12 and 6, pi/z/pb, the same

constraints. We find that these constraints only allow d, o< (p.)~
as in the fi quantization (3.13).

First let us take a closer look at (2.48) from which we wish to obtain constraints on 0.
Keeping p. as nondiverging and nonvanishing, one can obtain bounds on values of m;, the
powers of p, with nonzero coefficients. As p, — 0, for each term in T, to be nondiverging, they
should all have a non-negative power of p,. Thus, for any nonzero Cj;, m; > 1. Also, as p, — 00,
any positive power of p, diverges. Hence for T to be bounded, for any nonzero Cj;, m; < 1.
Therefore, the only possible value for m; that leaves T, bounded for p, — 0 and p, — o0 is
m; = 1. Similarly, to find the allowed values for n;, we study the behavior of Ti. as p. goes
to zero and infinity for a finite nonzero value of p,. It is clear that positive powers of p. will
result in a divergence of T, as p. — oo where as negative powers will result in a divergence when
pe — 0. This implies that the only choice of n; that leaves T, bounded for the whole range of p.
is n; = —1/2. Finally, we consider the case of both the triads simultaneously approaching one of
the extreme values - zero or infinity. For m; = 1 and n; = —1/2, from (2.48) it can be seen that
T, is independent of triads i.e, it is just a constant. Hence for both the triads simultaneously
approaching an extreme value, 7. remains bounded. For any other choice of m; or n;, T. can
diverge, causing a divergence in the expansion and shear scalars.

Repeating the same analysis, for T} in (2.49), it can be seen that the only values of m; and
n; which keep 7, bounded for the whole domain of p, and p. are m; = 0 and p. = 1/2. Thus

from (2.47) it can be seen that the only choice of ¢§’s which keeps 6 and o2 bounded throughout
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the entire domain of triads correspond to

B 1
de X VP (2.50)

s 550(

Db VPe
These are precisely the functional dependencies of the holonomy edge lengths on these triads in
the ‘improved dynamics’ prescription. (2.36). Thus, for the general ansatz (2.47) we find that
the only possible choices of §, and §. which result in bounded expansion and shear scalars for the
geodesics in the effective dynamics correspond to i prescription. It is important to stress that
we found the uniqueness of ji quantization prescription by only demanding that the expansion
and shear scalars be bounded, and our argument is not tied to requirements based on fiducial
cell rescaling freedom or to the topology of the spatial manifold. But, it is rather interesting
that the prescription which results in generic bounds on scalars is the one which is also free from
the freedom under rescalings of the fiducial cell. It is straightforward to see that requiring bdy,
and cd. to be independent of fiducial length L,, and assuming that J, and . are constructed
from the triads p, and p,, one is led to the i1 prescription.

In the above analysis we have seen that by requiring that the expansion and shear scalars
be always bounded, one can find the exact dependence of §, and . on the triads. The same
functional forms of ¢, and d. can be obtained from an independent physical motivation. Note that
holonomy corrections in the effective Hamiltonian arise from the field strength of the connection
components b and ¢, where one has to take the holonomies around closed loops with edge lengths
determined by 9, and d.. To compute the field strength, the loops over which the holonomies
are considered are shrunk to the minimum area eigenvalue in LQG. One could in principle form
loops from holonomies with constant edge lengths &y, 0. or as in the g’ scheme, where §, = \/g
and §, = \/%' But loops with such edge lengths do not have physical area matching the
minimum area gap from LQG. The constant § quantization takes the holonomy loops to have
constant fiducial area, but not the physical area. However, fiducial area is not independent of
rescaling of fiducial length and thus is not a physical quantity. In this quantization, a loop with
edges of length §; along 6 and ¢ directions will have a physical area 7p..'° This area is clearly
dependent of the triad and can even vanish as p. — 0, thus becoming smaller than the minimum

area eigenvalue of LQG. Similarly, in i’ quantization, the area of a loop with edge d, each along

10Tt is straightforward to see that the same conclusion is reached or the loop in = — 6 plane.
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0 and ¢ directions will be %. Once again this area is not constant and can go below the
minimum area gap of LQG if p./p, becomes less than unity. In contrast the loops constructed
in the improved dynamics with &, = v/A/p. and 6, = v/Ap./py in © — 6 and 6 — ¢ planes have a
physical area A, which is same as the minimum area gap. Thus, this argument further supports

the improved dynamics or the ji prescription for the Kantowski-Sachs spacetime.

2.4 Energy density in the ‘improved dynamics’

We have so far seen that out of various possible quantization prescriptions, the i prescription
for the Kantowski-Sachs spacetime is the only one which results in bounded expansion and
shear scalars for all the values of triads. Also, the resulting physics turns out to be independent
of the rescalings under fiducial length. In this sense, this is the preferred choice for the loop
quantization in the Kantowski-Sachs model. We now investigate the issue of the boundedness
of the energy density in this prescription. It will be useful to recall some features of classical
singularities in this context. In classical GR, approach to singularities in the Kantowski-Sachs
spacetime is accompanied by a divergence in the energy density for perfect fluids when the
volume vanishes [54]. The nature of the singularity — whether it is isotropic or anisotropic
depends on the equation of state of matter. Apart from the isotropic or the point like singularity,
cigar, pancake and barrel singularities can also form in the classical Kantowski-Sachs spacetime.
For the point singularity both g,, and gnq vanish, for the cigar singularity g¢,, — oo and
gao — 0, for the barrel singularity g, approaches a finite value and goq — 0, and for the pancake
singularity g¢., vanishes and goq approaches a finite value. In terms of the triad components,
for point, cigar and barrel singularities both p, and p. vanish. However, the pancake singularity
occurs at a finite value of p., with p, vanishing.

We now investigate whether the energy density is bounded in the effective spacetime descrip-
tion of the i quantization. The energy density can be obtained from the Hamiltonian constraint
Hy; =0 as

A

- - ; : )
Pi SeGA 2sin(bdy) sin(cd,) + sin®(bdy) + ol (2.51)

It is clear that this energy density is bounded for all values of triads and cotriads except when

p. — 0. Especially, we note that even if the triad p, is vanishing, the energy density is bounded

as far as p. is nonzero. Since a pancake singularity is attained when p. remains finite, we can
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Figure 2.1: Evolution of p. for the massless scalar field evolution

already conclude that such a singularity is absent in the effective description of the Kantowski-
Sachs spacetime for the ji quantization.'!

Let us now return to the properties of the energy density in general, and understand its
behavior for the generic singularities. The energy density in i approach will be bounded if
p. does not vanish. In the non-singular evolution, one expects that the dynamics results in a
non-zero value of p.. The pertinent question is whether in effective dynamics this happens to
be true. Numerical analysis of the Hamilton’s equations shows that the answer turns out to be
positive. The first evidence of this behavior of p. was reported in the vacuum Kantowski-Sachs
case, where it was found that due to holonomy corrections, p. (as well as p,) undergo non-
singular evolution, and p. never approaches zero throughout the evolution [40]. It was found
that p. approaches an asymptotic non-zero value after classical singularity is avoided. Detailed
numerical analysis of effective Hamiltonian constraint (2.36) for different types of matter fields
shows that a similar behavior occurs for p. in general [45]. An example of this phenomena is
shown in Fig. 2.1, where we plot the behavior of p. versus proper time for the case of massless
scalar field in a typical numerical simulation. Giving the initial date at ¢ = 0 we numerically solve
the Hamilton’s equations for the effective Hamiltonian constraint (2.36). The initial conditions
are py(0) = 5 x 10°, b(0) = —0.1, p.(0) = 4 x 10°, ¢(0) = 0.16 (all in Planck units). Initial value

of energy density is obtained by solving the Hamiltonian constraint. During the past and future

UTn contrast, this is not true in the constant § and the ‘improved dynamics inspired’ quantizations discussed
earlier. For these prescriptions, the expression of energy density contains inverse power of p; as well as p. in the

expression for energy density. Thus, allowing all kinds of singularities.
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evolution, the physical volume does not go to zero when the classical singularity is approached,
but instead bounces. The triad p. never goes to zero in the entire evolution, but asymptotes
towards a constant value. A similar plot is obtained for the vacuum case, where it was shown
that some cycles of classical phases appear before p, reaches Planck regime [41]. These results,
and also of Ref. [40], confirm that dynamically p. is always bounded away from zero. Hence,
we conclude that the energy density (2.51) is always bounded in the loop quantization of the

Kantowski-Sachs spacetime.

2.5 Discussion

Classical Kantowski-Sachs spacetime is singular for generic matter choices, which calls upon a
quantum gravitational treatment to see if the singularity persists. A good understanding about
the geodesic completeness of a spacetime can be obtained via expansion and shear scalars.
Any divergence in these scalars indicates presence of a singularity. Since singularity denotes
break down of the theory which is used to describe spacetime, it is hoped that the right theory
of quantum gravity will resolve these singularities in general. A quantum theory of spacetime
should pass various consistency tests. If the spatial manifold is non-compact, then the expansion
and shear scalars must be independent of the choice of the fiducial cell. If the singularities are
indeed resolved, then the curvature scale associated with singularity resolution should not be
arbitrary. Due to quantization ambiguities, various prescriptions can exist for quantization of a
spacetime. Is it possible that a particular prescription is favored over others? This question was
earlier posed in the isotropic [22] and Bianchi-I spacetime in LQC [23], where it was found that
quantization prescription in contrast to other quantization prescriptions leads to generic bounded
behavior of expansion and shear scalars, and physical predictions free from the rescaling under
fiducial cell. The goal of this analysis was to answer this question in the loop quantization of
Kantowski-Sachs spacetime assuming the validity of effective spacetime description for minimally
coupled matter.

Previous works on loop quantization of Kantowski-Sachs spacetime have been mostly devoted
to study the vacuum case, for which the expansion scalar has been partially studied earlier [44].
Little details about the physics of singularity resolution for generic matter were so far available.

Three quantization prescriptions were proposed in the literature. Of these, only one was shown

27



to be preferred in the sense that the effective Hamiltonian does not depend on the rescalings of
the fiducial length. This quantization prescription (denoted by i) is the analog of the improved
dynamics in isotropic LQC [5]. The other two quantization prescriptions, denoted by u, and
i’ lead to resolution of singularities in the vacuum case, but were known to be problematic
under rescalings of the fiducial cell. Unlike i prescription, these also yield quantum difference
equations which are von-Neumann unstable [30]. We obtained the expansion and shear scalars
using the effective dynamics in each of these prescriptions and found that except the case of [
quantization, in both the other choices these scalars are not necessarily bounded in the effective
spacetime. Thus it is possible that a strong curvature singularity may not get resolved for g,
and i’ prescriptions for some choices of matter depending on the initial conditions in effective
dynamics. Even if the singularities are resolved, we found that the associated curvature scale
is arbitrary. In contrast, the g quantization leads to universal bounds on the expansion and
shear scalars which are dictated by the underlying Planckian geometry for Kantowski-Sachs
spacetime with matter. These bounds point towards a generic resolution of singularities in
this prescription. Analysis of the behavior of energy density in f prescription reveals that it
is dynamically bounded because p. is bounded from below. It turns out that this is a generic
feature of all types of perfect fluids, whose details will be reported in a future work [45]. Tt is
interesting to note that without solving dynamical equations, it is possible to rule out pancake
singularities in the i prescription. The bounded behavior of expansion and shear scalars and
energy density is a strong indication that curvature singularities may be generically resolved in
the 1 quantization prescription of the Kantowski-Sachs spacetime with matter, as in the case of
isotropic and Bianchi-I model [24, 26, 27].

To investigate whether there is another quantization prescription which gives a bounded
behavior of expansion and shear scalars, we considered a general ansatz of the edge lengths of
the holonomies. It turns out that i1 quantization is a unique choice for which the expansion
and shear scalars are bounded. For any other prescription, expansion and shear scalars can be
unbounded in the effective dynamics. It is remarkable that the demand that these scalars are
bounded also chooses the prescription which is free from the rescalings of the fiducial cell. This
property is shared by the i quantization in the isotropic and Bianchi-I spacetime in LQC [22, 23].

All these similarities between the i quantization of the isotropic, Bianchi-I and Kantowski-Sachs
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spacetimes bring out a harmonious and robust picture of the loop quantization.

Finally, it is important to stress that though this analysis provides further insights on the loop
quantization of Kantowski-Sachs spacetime, singling out the i prescription on various grounds,
more work is needed to rigorously formulate the pi prescription in the quantum theory. It is
known that for the Schwarzschild interior, the ji quantization results in quantum gravitational
effects at the event horizon where the spacetime curvature in the classical theory can be very
small [40]. The existence of these effects is tied to the choice of the coordinates which lead to
the classical coordinate singularity at the horizon. Not distinguishing it from the curvature sin-
gularity, quantum geometric effects resulting from the holonomies of the connection components
thus become significant at the horizon resolving even the coordinate singularity. Note that this
coordinate artifact does not arise in the Kantowski-Sachs spacetime in presence of matter. These
issues will be closely examined in the i quantization of the Schwarzschild interior [58]. Further,
it has been reported that the Kantowski-Sachs vacuum spacetime in the i prescription leads
to the Nariai-like spacetime after the bounce in the asymptotic approach [40].1213 Tt turns out
that this feature is more general, which reveals some subtle properties of the effective spacetime
in LQC [50]. A deeper understanding of these issues is required to gain further insights on the

details of the physics of singularity resolution in the Kantowski-Sachs spacetime in LQC.

12Tt is important to make a distinction here with the classical Nariai spacetime, since in the asymptotic

approach to Nariai-like spacetime, the spacetime is quantum.
13Before the Nariai-like phase is asymptotically approached, the spacetime gives birth to baby blackhole

spacetimes [41].
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Chapter 3
Emergence of ‘Charged’ Nariai and Anti-

Bertotti-Robinson Spacetimes in LQC!

In the previous chapter, we summarized the way a unique quantization prescription for the
Kantowski-Sachs spacetimes emerges in LQC. The goal of this chapter, based on Ref. [50], is
to understand the nature of the spacetime beyond the classical singularity in this quantization
prescription. We study Kantowski-Sachs spacetimes with cosmological constant, which serve as
the interior of the Schwarzschild-DeSitter black holes, and Bianchi-III LRS spacetimes with a
negative cosmological constant which serve as the interior of higher genus black holes. We show
that in these spacetimes, the evolution is highly time asymmetric and results in a spacetime
which is a product of two constant curvature in the evolution in one branch of the singularity
resolution. Interestingly, such a spacetime is a solution of general relativity with an effective
‘charge’. In the loop quantum evolution of Kantowski-Sachs spacetime beyond the classical
singularity one obtains a ‘charged’ Nariai spacetime. And, in the loop quantum evolution
Bianchi-IIT LRS spacetime, one obtains the anti-Bertotti-Robinson spacetime. The emergence

of this ‘charge’ is purely quantum geometric in nature.

This chapter is organized as follows. In Sec. I, we summarize some of the main features of
the classical theory for the higher genus black hole interior in terms of the Ashtekar variables
and the way the symmetry reduced triads are related to the metric components in these models.
This is based on the similar analysis for the Kantowski-Sachs spacetime in the previous chapter.
In the same section, we introduce the classical Hamiltonian in Ashtekar variables and derive the

classical Hamilton’s equations which result in a singular evolution. Note that in the classical

1Sections 3.1 - 3.6 are reproduced from N. Dadhich, A. Joe and P. Singh, Class. Quant. Grav. 32, 185006
(2015) (Copyright 2015 Institute of Physics Publishing Ltd) [50] by the permission of the Institute of Physics

Publishing. See Appendix A for the copyright permission from the publishers.
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evolution of the Kantwoski-Sachs or the higher genus black hole interior, there is no emergence of
the classical Nariai or anti-Bertotti-Robinson spacetimes. The loop quantum evolution derived
from the effective Hamiltonian constraints is discussed in Sec. II, which is non-singular. Here
after deriving the modified Hamilton’s equations, we first discuss the boundedness of expansion
and shear scalars, and then study the numerical solutions in different cases. In section III we
consider the properties of the asymptotic spacetime emerging in the loop quantum evolution
and find them as the ‘charged’ Nariai spacetime and the anti Bertotti-Robinson spacetime
of classical GR. These spacetimes have an emergent ‘charge’ and an emergent cosmological
constant, both arising from the loop quantum geometry of the spacetime. The values of these
quantum geometric ‘charge’ and cosmological constant are computed in Sec. IV. We then
consider the fine tuned case where there is no ‘charge’ in the spacetime emerging from the loop
quantum model of Kantowski-Sachs spacetime and a vanishing emergent cosmological constant
in the loop quantum model of higher genus black hole interior in Sec. V. We summarize with a

discussion of the results in Sec. VI.

3.1 Higher genus black hole interior: classical aspects

In this section, we summarize the classical Hamiltonian constraint for the higher genus black
hole interior [47]. This analysis is parallel to the one for the Kantowski-Sachs spacetime which
we discussed in the previous chapter. In this case, the Ashtekar-Barbero connection and the

conjugate triads simplify to [47]

Alrdz® = crda + brpdf — bry sinh §d¢ + 75 cosh 6dé | (3.1)
E!1.0, = p.m3sinh00, + py72sinh 00y — p,70, . (3.2)
Here 7, = —i0;/2, and o; are the Pauli spin matrices. The symplectic structure is determined
by
@ = L2 (2db A dp, + de A dp,) (3.3)
= c .
ZG’Y =4 Db I~ Ec 9

where L is a fiducial scale. It is convenient to work with rescaled triads and connections,

Py = LOEba Pe = Dg, b= }_)7 c= LOQ (34)
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which are independent of any change to rescaling of the fiducial cell. These variables satisfy the

following Poisson brackets:

{bapb} = G/% {Cvpc} = 2G’77 (35)

where v &~ 0.2375 is the Barbero-Immirzi parameter whose value is set from the black hole
thermodynamics in LQG.

The physical volume of the fiducial cell for the higher genus black hole interior, differs from
that of the Kantowski-Sachs spacetime by an overall factor and is given by? V' = 27 (cosh(6y) —
1)pyy/De- Further, the metric of the spacetime in this case is similar to the Kantwoski-Sachs
spacetime albeit which is spatially open, and is same as of the Bianchi-IIT LRS spacetime.
Thus, as the Schwarzschild case, the higher genus black hole interior can also be studied using a
homogeneous anisotropic spacetime metric. Due to this reason, in the following discussion the
higher genus black hole interior spacetime in our analysis will also be referred to as Bianchi-III
LRS spacetime.

The gravitational part of the classical Hamiltonian for the interior of higher genus black

holes in Ashtekar variables turns out to be [47]

!/

@ _ —N 5 o\ Db
ch—m 21)0\/]9_04‘(1) —’}/)

V/Pe

where we have absorbed the factor (cosh(6y) — 1)/2 in to the lapse N'.

(3.6)

Our goal is to study the dynamics of Kantowski-Sachs and higher genus black hole interior
spacetimes in the presence of cosmological constant. Since the forms of the gravitational Hamil-
tonians for the Kantowski-Sachs as discussed in the previous chapter and the Bianchi-III LRS
spacetime (higher genus black hole interior) are very similar, we can write them together in the
following form by setting N and N’ to unity, and add a term corresponding to the cosmological

constant. We obtain the classical Hamiltonian as:

—1 Do
= 2bcy/pe + (0% + kry? 4T Ppr/De :
He G cp+( —l—v)m + 47Tpp/Pe PA (3.7)

where k = 1 for the Kantowski-Sachs spacetime and k = —1 for the higher genus black hole

interior, and py = A/87G with A allowed to have both signs.

2In higher genus black hole interior spacetimes the area of constant t — z surface is given by

0" Jy? sinh(6)d6dg = 2 (cosh(f) — 1).
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Using the Hamilton’s equations, the classical equations of motion for the symmetry reduced

connection and triads turn out to be,

po= = (e ) (33)
oH 1

i = —2Gy—= = 29 .

Pe Gy o5 N2 (3.9)

b = Gva—H i (b* + k7*) + 47 Gvy/Pepa (3.10)
opp  27/Pe ‘

) OH —1 D PA

¢ = 2G = be — (b? + k~? —)+47TG 3.11
7@vc Y/Pe ( ( 7) 2p. 7 pb\/ . (3:11)

where the ‘dot’ refers to the derivative with respect to proper time.

In the classical theory, unless the matter violates weak energy condition, evolution deter-
mined by the above equations generically leads to a singularity. For matter satisfying weak
energy condition, there are two special but highly fine tuned cases which lead to a singularity
free spacetime. These two cases are allowed by demanding that b = 0 at all times for: (i) the
positive cosmological constant for £ = 1, and (ii) the negative cosmological constant for k£ = —1.
The first case leads to the classical uncharged Nariai spacetime which is topologically dS, x S?,
which is discussed in Ref. [41]. It is straightforward to see from the above equations that the
second case leads to the uncharged anti Nariai spacetime which has a topology AdS,; x HZ.
These spacetimes are non-singular in the classical theory [51]. In general, when b = 0 is not
assumed, for arbitrary values of cosmological constant, the evolution is singular. The same is
true if instead of p one chooses energy density sourced with perfect fluids or matter fields obey-
ing weak energy condition. In the backward or the forward evolution from a finite volume at a
small spacetime curvature, the behavior of the triads and connections is such that the spacetime

curvature becomes infinite in a finite time when the physical volume approaches zero.

3.2 Effective loop quantum dynamics

In the loop quantization, the elementary variables are the holonomies of the connection and the
fluxes of the corresponding triads. In the case of the homogeneous spacetimes, fluxes turn out to
be proportional to triads, thus the key modification, in terms of the variables, from the classical
to the quantum theory appears in the usage of holonomies, which are the trigonometric functions

of the connection components. The Hamiltonian constraint expressed in terms of holonomies
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and then quantized results in a quantum difference equation in the triad representation with
discreteness determined by the minimum area in LQG. The physical states obtained as the
solutions of the quantum Hamiltonian constraint exhibit non-singular evolution, a result which
is a direct manifestation of the underlying quantum geometry. Interestingly, the underlying
quantum dynamics can be captured using an effective Hamiltonian constraint. As discussed in
the previous chapter, the effective dynamics, derived from the Hamilton’s equations, has been
shown to capture the quantum evolution to an excellent degree of accuracy in different models
at all the scales. In the following, we assume the validity of the effective spacetime description
for the Kantowski-Sachs and higher genus black hole interior spacetimes.

In the effective spacetime description, the LQC Hamiltonian for Kantowski-Sachs and the

higher genus black hole spacetime can be written as [40, 47]:

—1 [_sin (bdy) sin (cd,) sin? (bdy) 5\ Db
= 2 v/ —— +k — 4 Tppy/ A2
2G,—Y2 (56 60 De + 55 + Ry \/ZTC + 4 7TPp\/DepAs (3 )

where £ = +1 and —1 for the Kantowski-Sachs spacetime and the Bianchi-III LRS /higher

H

genus black hole spacetime. Here 9, and . are the functions of triads, whose exact form is
dictated by the loop quantization. For the quantization corresponding to the improved dynamics
prescription in LQC [5], these are given by

1/2

5= VA 5 = VAP

o C
pi/2 7 Do

(3.13)

where A = 4\/§7r’yll%1 corresponds to the minimum area eigenvalue in LQG. Recently, this quan-
tization prescription has been shown to be the unique choice which leads to physical predictions
independent of the choice of the fiducial length L,, and yield universal bounds on expansion
and shear scalars for the geodesics in the effective spacetime description in the Kantowski-Sachs
model for arbitrary matter [46]. These properties, which are not shared by other possible quan-
tization prescriptions, also hold true for the Bianchi-III LRS spacetimes as shown later in this
section.

To obtain the effective dynamics, we first obtain the Hamilton’s equations from (3.12) which

are then numerically solved. The resulting Hamilton’s equations are:
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Py cos (bdy)

Py = VT (sin (¢d.) + sin (bdy)) , (3.14)
Pe = 72\2/9% sin (bdy) cos (¢d.) (3.15)
b= —Tc_gin (béy) cos (¢d..) (3.16)

PyVA

(cos (bdp) (sin (bdy) + sin (cd.)) % — csin (bdy) cos (C(SC)) + 71;%’ . (3.17)

1
WA
where the ‘dot’ refers to the derivative with respect to the proper time 7, and we have used the
Hamiltonian constraint H & 0 to simplify the equations.

In a similar way, modified Hamilton’s equations can be derived for arbitrary matter energy
density. Unlike the classical theory, the solutions from these equations are non-singular. Various
properties of singularity resolution for the vacuum case were studied in Refs. [32, 40]. The case
of the massless scalar field for k& = 1 is studied in Ref. [41], and the case of £ = —1 was
earlier investigated in Ref. [47]. General properties of Kantowski-Sachs model and the issues
of singularities are discussed in [46], and details of the evolution for different types of matter
are studied in Ref. [45]. In particular, there are no divergences in expansion and shear scalars
in the Kantowski-Sachs model, thus pointing towards the nonsingular nature of the spacetime
[46]. This result can be easily generalized to the higher genus black hole interior as well, so it is
worthwhile to discuss it further.

The expansion of a geodesic congruence can be written in terms of triads as

oV _ Dy, Do
V Do 2pc

(3.18)

where the derivative is with respect to proper time. Thus for the expansion scalar to be bounded,
% and % have to be bounded. From egs.(3.14) and (3.15), we note that the relative rate of
change of triads with respect to proper time is the same for Kantowski-Sachs spacetime and the

higher genus black hole interior (the difference due to the sign of curvature affects only the ¢

equation). Using these equations, the expansion scalar can be obtained as

1
WA

The dependence of expansion scalar on phase space variables is only through bounded functions.

0= (sin (bdp) cos (¢d.) + sin (¢d.) cos (bdy) + sin (bdp) cos (b)) (3.19)

Thus there is a maxima that expansion scalar can reach, corresponding to saturation of the
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trigonometric terms. Thus the expansion scalar in the Kantowski-Sachs or the higher genus

black hole interior has a universal bound given as

2 )
0] <

= \/_ (3.20)

where we have used v ~ 0.2375. The shear scalar which signifies the anisotropy seen by an
observer following a geodesic congruence in Kantowski-Sachs or the higher genus black hole
interior spacetimes can be written as
12(;[__9) :1(&_@>2 (3.21)
2= 3\ ) '
where H; = a;/a; are the directional Hubble rates. Using egs.(3.14) and (3.15), we obtain
1
o’ = A (2sin (bd,) cos (¢d,) — cos (bdy) (sin (¢de) + sin (b8)))” . (3.22)
g

As the expansion scalar, the shear scalar is also bounded with a universal bound [46]
o> < ——. (3.23)

The boundedness of both expansion and shear scalars point towards the geodesic completeness
of the loop quantum model of Kantowski-Sachs and the higher genus black hole interior in
the improved dynamics prescription (3.13). These results are in synergy with similar results is

isotropic and Bianchi models in LQC [24, 23, 26, 27, 28, 59].

3.2.1 Kantowski-Sachs spacetime with a positive cosmological constant

We now discuss the results from the numerical simulations performed for positive cosmological
constant using the effective dynamics of Kantowski-Sachs model. As discussed earlier, in this
case the classical dynamics in general leads to a singularity where p, and p. vanish, and the
spacetime curvature diverges. In LQC, the evolution is strikingly different. Starting from a
large value of triad components and a small spacetime curvature, we find that p, and p. undergo
bounces due to quantum gravitational modifications in the effective dynamics. The triads have
different asymptotic behaviors as t — +o0o. In all the numerical simulations that we carried out
with a value of cosmological constant not greater than 0.1 in Planck units, it was observed that

p. expands exponentially in the asymptotic regime, after few bounces, in one of the directions in
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Figure 3.1: Triads for Kantowski-Sachs spacetime with positive cosmological constant.

time whereas it reaches a constant value in the other 3. This behavior is shown in the top left plot
of Fig. 3.1. In this figure, initial conditions are chosen at ¢ = 0 as p,(0) = 8 x 102, p.(0) = 5x 107,
b(0) = —0.15, pA(0) = 1077, (All values in the numerical simulations are in Planck units). Initial
value of connection component ¢ is obtained from the vanishing of the Hamiltonian constraint.
The top plots show the behavior in the forward and the backward evolution, where as the
bottom plots show the zoomed in behavior of p, and p. in the future evolution for positive
time. In the forward as well as the backward evolution, the triad p, undergoes exponential
expansion in proper time in the asymptotic regimes. The rate of exponential expansion for p,
in both of the asymptotic regimes turns out to be different. Interestingly, in the asymptotic
region in which p. is exponentially expanding, p, has the same rate of expansion as p. and
this rate approaches a constant value. In this regime, the holonomy corrections are negligible

and the spacetime behaves as a classical spacetime with a small spacetime curvature which is a

3For close to Planckian values of cosmological constant this may not be true. For rather large values of A,
say greater than 0.1 (in Planck units), one finds de Sitter expansion after quantum bounce in both the directions

of time.
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solution of the classical Hamilton’s equations for the Kantowski-Sachs model, egs.(3.8-3.11) with
a positive cosmological constant. The exponential behavior of the triads shows that the classical
spacetime in this regime is a de Sitter spacetime. The other side of the temporal evolution, i.e.
when for positive values of time, leads to a spacetime not having small spacetime curvature even
long after the bounce. In this region, shown in the large ¢ range of bottom plots in Fig. 3.1,
while p. takes a constant value in the asymptotic regime, p, grows exponentially. The holonomy
corrections are large, denoting that the quantum effects are very significant in this regime. This
is evident from the left plot in Fig. 3.2, which shows that cos(cd.) approaches zero, and hence
|sin(cd.)| is unity. The left plot shows the case for the positive cosmological constant, and
the right plot shows for the negative cosmological constant. The initial conditions correspond
respectively to those in Fig. 3.1. In the same regime, b is also finite and non-vanishing, and
takes a constant value. It turns out that this asymptotic regime is not a solution of the classical
Hamilton’s equations of the Kantowski-Sachs model (egs.(3.8-3.11)), which do not allow p. to
be a constant when b is non-vanishing. A more detailed characterization of this region, will be
carried out in the next section. As we will show, the loop quantum spacetime in this regime is
a product of constant curvature spaces with an effective metric which is a solution of Einstein

field equations for a ‘charged’ Nariai spacetime.
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Figure 3.2: Behavior of cos(cd..) is shown in the asymptotic regime where p, is a constant.

3.2.2 Kantowski-Sachs spacetime with a negative cosmological constant

In the presence of the negative cosmological constant, the mean volume in the Kantowski-Sachs

spacetime undergoes a recollapse at large scales in the classical theory when the expansion is
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halted by the negative energy density pertaining to the cosmological constant. Due to the
recollapse, the classical Kantowski-Sachs spacetime with a negative cosmological constant in
general encounters a past as well as a future singularity with triads vanishing in a finite time.
As a result of the quantum gravitational effects originating from the holonomy modifications
in the effective Hamiltonian constraint, the classical singularity is avoided in the loop quantum
dynamics, generically, as is in the case for the positive cosmological constant. In contrast to the
latter case, the effective dynamics in LQC involves several cycles of bounces and recollapses.
Thus, the evolution is cyclic. The behavior of the triads in each cycle is such that one triad
grows whereas the other decreases. The physical volume oscillates between fixed maxima and
minima thanks to the fixed potential due to the negative cosmological constant. An example of
a typical evolution is shown in Fig. 3.3, where for the considered initial conditions, p. increases
through multiple bounces in the backward evolution whereas p, decreases. The initial conditions
are chosen at t = 0 as p,(0) = 8 x 10°, p.(0) = 8 x 105, b(0) = —0.05, pA(0) = —10~® (in Planck
units). The behavior of the triads in this regime is such that the mean volume undergoes periodic
cycles of expansion and contraction. In contrast, for the evolution in positive time, the series
of bounce and recollapses damps down and p. approaches a constant value in the asymptotic
regime. In the same regime, p, grows exponentially. As in the case of the positive cosmological
constant, holonomy corrections are significant in this regime, as can be seen in the right plot
in Fig. 3.2. The regime where p. approaches a constant value asymptotically is not a solution
of the classical Hamilton’s equations for the Kantowski-Sachs spacetime. Further details of this

asymptotic solution are discussed in the next section.

3.2.3 Bianchi-IITI LRS spacetime with a negative cosmological constant

The evolution of triads in the Bianchi-IIT LRS spacetime/higher genus black hole interior with
a negative cosmological constant is cyclic in nature, similar to the case earlier discussed for
the Kantowski-Sachs spacetime. An earlier study of this spacetime in LQC was performed in
Ref. [47], where its non-singular properties were first noted. It turns out that to carry out the
numerical simulations in this case, it is more convenient to work with a lapse N = 1/py/pe.
For any given choice of initial conditions, on one side of the temporal evolution, the triad

p. undergoes several bounces and recollapses until it approaches an asymptotic value. In this
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Figure 3.3: Triads in Kantowski-Sachs model sourced with a negative cosmological constant.

regime, p, increases linearly in coordinate time for lapse N = 1/p,/pe. One finds that p, grows
exponentially in this regime with respect to the proper time, whereas p. attains a constant value.
For the initial conditions in Fig. 3.4, we show that such an asymptotic region occurs in positive
time (see also Fig. 3.5). The lapse for the simulations of this case is chosen to be N = 1/py./pe.
The initial conditions are chosen at t = 0 as p,(0) = 8 x 10°, p.(0) = 8 x 10°, b(0) = 0.05,
pa(0) = —107® (in Planck units). Note that in contrast to the Kantowski-Sachs spacetime with
a negative cosmological constant, the transitions are not as smooth which can be seen in the
zoomed version of p, and p. in the above figure. In the negative time, p, decreases whereas p.
increases after several cycles of bounces and recollapse as is shown in Fig. 3.4. For large positive
time, the mean volume of the spacetime increases in each cycle of loop quantum bounce and the
classical recollapse. Finally, we note that in the asymptotic regime where p. attains a constant
value, holonomy corrections are significant similar to the case of asymptotic spacetime in the

loop quantum model of Kantowski-Sachs spacetime shown in Fig. 3.2. As in the case of the
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Figure 3.4: Triads for negative cosmological constant in higher genus black hole spacetime.

Kantowski-Sachs spacetime, this regime is not a solution of the classical Hamilton’s equations
for the Bianchi-III LRS model with a negative cosmological constant. In the following section

we discuss further properties of this asymptotic regime.
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Figure 3.5: Triads for the higher genus black hole interior is shown in the asymptotic regime.
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3.3 Properties of the asymptotic spacetime with a constant p.

The main conclusion from the numerical simulations of the Kantowski-Sachs spacetimes with a
positive and a negative cosmological constant, and the Bianchi-III LRS spacetime (or the higher
genus black hole spacetime) with a negative cosmological constant is that the spacetime in one
side of the temporal evolution after the singularity resolution has a constant value of triad p..
Let us look at some of the key features of this asymptotic regime. As was illustrated in Fig. 3.2,
in this regime cos(cd.) = 0. Thus, c¢d. takes a constant value, and eq.(3.15) implies that p. = 0.
Further, using eq.(3.16) we find that b is a constant in proper time for this asymptotic regime
in Kantowski-Sachs model as well as the higher genus black hole interior. Since 9, = \/m, in
this regime bd, is also a constant. Using the constancy of bd, and cd. in (3.14) one finds that %’:
is a constant. That is, p, expands exponentially in proper time, both for the Kantowski-Sachs
and higher genus black hole spacetimes. For the case of the higher genus black hole interior,
where numerical simulations were carried with lapse N = 1/py\/pe, ps is a constant with respect
to the coordinate time in the asymptotic regime. Note that since . = \/Zpi/ 2 /Dy, for ¢d. to be
a constant, pib has to be a constant. Hence ¢ also exhibits an exponential behavior with respect
to proper time. In the simulations discussed in the previous section, one finds that both ¢ and
py expand exponentially in such a way that pib is a constant in the asymptotic regime.

Since the triads are related to the metric components, knowing the asymptotic behavior of
the triads allows us to find the asymptotic behavior of the metric components. The radius of

the 2-sphere part, ggs = p., hence has the same asymptotic value as the triad p.. Setting this

asymptotic value to be R%, we have asymptotically
9oo(T) = Rﬁ, (3.24)

a constant value, where 7 is the proper time. Also, it is obvious that in the asymptotic region,
9o = RE sin? @ for the Kantowski-Sachs spacetime and 9o = RE sinh? ) for the Bianchi III LRS
spacetime.
In the asymptotic regime, while the triad p. is constant, triad p, is expanding exponentially.
Let us first consider the case when one reaches this asymptotic region in the forward evolution.
0) ar (0)

Then, asymptotically p, = p, e*”, where « is a positive constant. The coefficient p,~ is a

positive constant which formally has the following meaning. If the exponential expansion began
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) (i)
at some proper time 7y, with the initial value of p, as p,(f), then, pl()o) = % Note that this is not

e *
the initial value of p, where the numerical evolution was started with at 7 = 0. Since pj scales

linearly with the fiducial length, pl(,o) is also a fiducial cell dependent quantity. If the asymptotic
region with the exponential behavior of p, had been in the backward evolution, then o would

have been a negative quantity and p, would increase exponentially as 7 — —oo. Either way,

2 02 207
P (py )7e

Note that since p,()o) depends on the fiducial length linearly, g, is independent of the fiducial
cell. Once we have the metric components from (3.24) and (3.25), we can analyze the properties
of these asymptotic spacetimes and ask if they satisfy the Einstein equations for some 7},,. We
do this separately for the Kantowski-Sachs spacetime and the Bianchi IIT LRS spacetime in the
following subsections.

We can now obtain the effective metric of the asymptotic spacetime for the Kantowski-Sachs
case with a positive and a negative cosmological constant, and the higher genus black hole interior
with a negative cosmological constant. Using equations (3.24) and (3.25), the line element of

the emergent asymptotic spacetime in the LQC evolution of Kantowski-Sachs spacetime can be

written as
(p(o))Qezm
ds® = —dr® + 20 ——da® + R} (d6” + sin® 0d¢?) . (3.26)
Since 7 — oo in the asymptotic region, it is permitted to substitute e®” with cosh (a7). Addi-
tionally, using the redefinition x — Lf ;‘;Ox, the line element can be written as
ds®> = —dr* + cosh® (ar)dz® + R} (d6> + sin® 0d¢”) . (3.27)

The above line element (3.27) is formally similar to the Nariai metric written in its homogeneous
form [51, 52, 40|, with the difference that for the Nariai metric o = P%o‘ This formal similarity had
led the earlier authors [40] to call the asymptotic spacetime obtained as Nariai-type spacetime. In
classical GR, for o # 1/ Ry, the spacetime metric corresponds to a charged Nariai spacetime with
a uniform electromagnetic field. Thus, the effective metric obtained above formally corresponds
to a charged Nariai solution of the Einstein’s theory. Such spacetimes are often discussed

in literature [60, 61, 62] in static coordinates. One can go to those coordinates using the
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transformations k7 — sinh(k7), R = i7 and T = iz. The line element (3.27) becomes

dR?

2 2 2 2
dS :—(l—kR)dT +1——]€2R2

+ R (d6? + sin® 0d¢?) . (3.28)

One can do yet another coordinate transformation k? = % and sin? y = 1 — k2R?, to write the
0

static line element in the form used in the references [60, 61, 62],
. 1§ .2 2 2 2 (102 | w2 2
ds® = . (—sin®(x)d7> + dx*) + R§ (d6” + sin®*(0)d¢?) . (3.29)
0

Thus we see that the asymptotic spacetime we obtain in the evolution of Kantowski-Sachs
spacetime corresponds to a classical charged Nariai spacetime. However, the quantum spacetime
is different from these classical charged spacetimes in the sense that the ‘charge’ in LQC evolution
of Kantowski-Sachs spacetime is purely of quantum geometric origin and is not electromagnetic.

Similarly, one can write the line element for the asymptotic constant p. spacetime obtained
in the LQC evolution of Bianchi III LRS spacetime (or higher genus black hole interior) with
negative cosmological constant using (3.24) and (3.25) together with e®” — cosh (ar) and x —

Py
LoRo

x as,

ds®> = —dr? + cosh® (ar)d2® + R} (d6? + sinh® 0d¢?) . (3.30)

Following the coordinate transformations used to reach from (3.27) to (3.29), one can write

the line element (3.30) in the static coordinates as

2
ds® = % (— sin?(y)dr* + dx2) + R? (d92 + sinh? 9d¢2) . (3.31)
0

This metric corresponds the anti-Bertotti-Robinson spacetime, which in classical GR is an elec-
trovacuum solution. As in the case of emergent 'charged’ Nariai spacetime discussed above, even
though classically these spacetimes are solutions of Einstein equations with matter as uniform
electromagnetic field in the loop quantum case the energy momentum tensor in these emergent
spacetime originates from the quantum geometry and is not electromagnetic in origin.
‘Charged’ Nariai and anti-Bertotti-Robinson spacetimes that emerge in LQC evolution of
black hole interiors are product of constant curvature spaces. ‘Charged’ Nariai spacetime has a
topology of dS? x S? where as the anti Bertotti-Robinson spacetime has the dS? x H? topology.
Thus, both are product manifolds with each of the two manifolds (¢t —x manifold whose curvature

may be denoted by k; and € — ¢ manifold whose curvature may be denoted by k_) having
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constant curvature. For a discussion of these product of constant curvature manifolds in classical
general relativity we refer the reader to [49].* For classical charged Nariai spacetime (as well
as for the quantum ones with the non electric or magnetic charge), both the t — x manifold
and 6 — ¢ manifold have positive curvatures. The special case of both these curvatures being
equal k; = k_ > 0 corresponds to the ‘uncharged’ Nariai spacetime (or just Nariai spacetime
as it is commonly referred to in the literature). For anti-Bertotti-Robinson spacetime, k. is
positive where as k_ is negative. The special case of k, = —k_ corresponds to a spacetime with
no cosmological constant and is a conformally flat spacetime. There are two other spacetimes
(anti-Nariai and Bertotti-Robinson spacetimes) for different choices of the sign of k, and k_ as
tabulated below.

Table 3.1: Some features of (anti) Nariai and (anti) Bertotti-Robinson spacetimes.

Type Topology R! R2 A
Nariai dSy x S? +ve +ve +ve
Anti-Nariai AdS, x H? -ve -ve -ve
Bertotti-Robinson AdSy x S? -ve +ve any sign
Anti-Bertotti-Robinson dSy x H? +ve -ve any sign

In the present context, the necessary condition to respect positivity of energy is k_ > k.
This is never true in anti-Bertotti-Robinson spacetimes as k- < 0 and k; > 0, and hence they
always violate positive energy conditions. Even though negative energy solutions of Einstein
equations are deemed unphysical, it is plausible that in scenarios where quantum geometric
effects are important, the energy density may be allowed to be negative. Such a scenario where
a modified gravity theory gives rise to negative energy density has been observed earlier in the

context of brane world models [64, 65].

3.4 Emergent ‘charge’ and cosmological constant in loop quantum cosmology

The charged Nariai and anti Bertotti-Robinson solutions in classical general relativity have

electromagnetic field as its matter content. The asymptotic spacetimes obtained in the loop

4Nariai and Bertotti-Robinson spacetimes have also been shown to be solutions of modified Einsteinian

gravity in presence of one loop quantum corrections to the stress energy tensor, see for eg. Ref.[63].

45



quantum evolution of Kantowski-Sachs and Bianchi III LRS spacetimes are identical to these
classical solutions as far as the metric and curvature components are concerned. Hence from
a computational point of view determining the energy momentum tensor of these emergent
spacetimes follow that of the corresponding general relativistic spacetime. However one must
be cautious in interpreting the nature of this energy momentum tensor. Specifically, one should
not attribute the energy momentum tensor to the existence of a uniform electromagnetic field
as one would do in the classical geometrodynamical setting. The ‘field” and ‘charge’ arising in
loop quantum evolution of black hole interiors is not electromagnetic but quantum geometric.
It is plausible that these quantum spacetimes are sourced by some energy momentum tensor
of quantum gravitational origin but similar to that of the uniform electromagnetic field in its
effect on curvature. This is the sense in which we use the word ‘charge’ or ‘field’ to describe the
matter content of emergent spacetimes. The situation is similar to the case of the bulk/brane
models, where the Weyl curvature of the bulk induces a ‘charge’ on the brane [64]. Further
studies are required to exactly pin point the nature of this ‘charge’ and to determine if this
charge is identical to the electromagnetic charge in geometrodynamics. For now, we adopt the
techniques of geometrodynamics [53] for computational purposes, relegating the interpretation of
the ‘charge’ to future works. In the following subsection we summarize the calculation of energy
momentum tensor and charge in a classical setting, which then will extended to the calculation
of non electric (or magnetic) charge in the quantum spacetimes obtained in the evolution of
black hole interiors.

Let us first consider the classical aspects of charged Nariai and anti-Bertotti-Robinson space-
times. In classical geometrodynamics, with a vanishing cosmological constant, for a spacetime
to admit a uniform electromagnetic field, the Ricci tensor components must satisfy R} = R} =
—R3 = —R3. For a spacetime satisfying above conditions, the electromagnetic field tensor that

satisfies the Einstein equations

Rj_ggj:

. FEE,,
(F““ij - g%> (3.32)

1
4 4 J

can be found uniquely from the Ricci tensor [53]. This result was extended to the case in the

presence of a non-zero cosmological constant by Bertotti [66].

The electromagnetic field tensor in charged Nariai spacetime (3.29) is [62, 60]
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F = gsinfdf N do (3.33)

when the field is purely magnetic and

_a
F = 7 sin xdr A dx (3.34)
0

when field is purely electric. Here ¢ is the electric or magnetic charge. In geometrodynamics, g
is purely geometric in origin and has nothing to do with the quantized charge, of say an electron
[53]. The electromagnetic field is constant in spacetime and hence one might expect that there is
no localized charge. This is indeed true, and one can see that the 4-current vanishes as F*;;, = 0.

Thus the field can be visualized as created by effective charges at the boundary of the spacetime

[49]. The energy momentum of the field is [60]

: ¢ —¢ ¢ ¢
diag(T?) = ) 3.35
iag( ]) (87TR3’ 8T Ry’ 8T Ry’ 87TR61) ( )

Since the above energy momentum tensor is traceless, the cosmological constant in the charged
Nariai spacetime is determined by the Ricci scalar. The energy momentum tensor and cosmolog-
ical constant of anti-Bertotti-Robinson spacetime can also be found in the same way. The only
difference for anti Bertotti-Robinson spacetime from the above calculation is that one should
use sinh 6 instead of sin @ in (3.33) and —¢? instead of ¢* in (3.35).

The emergent loop quantum spacetimes obtained in Sec. III have the same curvature and
Einstein tensors as the one discussed in the classical theory above. The difference however is
that for these quantum spacetimes the energy momentum tensor in (3.35) is purely of quantum
geometric origin. Thus the electric or magnetic charge ¢ in (3.35) should be substituted with an
emergent ‘charge’ ¢ which is neither electric nor magnetic. Similarly the cosmological constant
is also of quantum geometric origin and we refer to it as A. The emergent ‘charge’ § and A is

related to ko and Ry in (3.29) as in the classical case [60]

~2:k_k0

k—o*R3
q —_—
2

2

R} = R3. (3.36)

and
- k+ky k+o’R?
A= — , 3.37
TR (3:37)

where £ = +1 for the ‘charged’ Nariai spacetime and k = —1 for the anti-Bertotti-Robinson

spacetime. In the latter case, since the electric energy density is negative, the corresponding
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emergent charge satisfies ¢ < 0. Note that this interpretation is based on the appropriate choice
of splitting of the constant curvatures k; and k_ giving rise to a mixture of Nariai and (anti)
Bertotti-Robinson spacetimes.

> and R3 obtained numerically from the LQC evolution

Using the asymptotic values of «
in Kantowski-Sachs and the higher genus black hole interior, the values of emergent ‘charge’ ¢
and emergent cosmological constant A can be computed. For the Kantowski-Sachs case, with
A in eq.(3.12) zero, the the emergent ‘charge’ and cosmological constant of the ‘charged’ Nariai
spacetime in geometrized units evaluates to ¢2 = 0.151 and A = 1.610. The emergent ‘charge’
and cosmological constant change by less than 0.1% of these vacuum values for small magnitudes
of cosmological constant (|pa| < 107%). For higher values of |pa|, the change in these emergent
quantities from the values in the vacuum case are more appreciable. It was found that both
the emergent ‘charge’ and the cosmological constant varies monotonically with p,, such that ¢
decreases and A increases with increasing py. For example, for py = —1072, we find ¢% = 0.164
and A = 1.487 in geometrized units. The same quantities turn out to be 0.139 and 1.734
respectively for pp = 1072, Further work is required to find the precise dependence of these
quantities on p,. Also note that these quantities depend on the choice of A as any change in
the holonomy edge length will result in a change in asymptotic values of p. and f}—:.

We have already seen that the electric energy density developed in the anti-Bertotti-Robinson
spacetime obtained in the evolution of Bianchi IIT LRS/higher genus black hole interior is nega-
tive. It turns out that the emergent cosmological constant is also negative for these spacetimes.
Once again, the values of these emergent quantities depend on p,. Unlike the case of Kantowski-
Sachs spacetime, constant p. asymptotic regime occurs only if the cosmological constant is neg-
ative for the Bianchi III LRS spacetime in LQC evolution. In this case, ¢*> decreases with
increasing (decreasing magnitude) p, whereas A increases. For example, for pr = —1x1078, we
get ¢2 = —0.050 and A = —4.997 in geometrized units, whereas for py = —1 x 1072, §2 = —0.053
and A = —4.647. The dependence of both the emergent quantities were seen to be approxi-
mately linear with p,, as in the case for emergent cosmological constant in LQC evolution of
Kantowski-Sachs model.

In summary, the emergent asymptotic spacetimes in the loop quantum evolution of Kantowski-

Sachs spacetime and Bianchi III LRS spacetime are a product of constant curvature spaces
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whose matter content is parameterized by an emergent ‘charge’ and cosmological constant, both
of which are of quantum gravitational origin. The emergent charge in these spacetimes should
not be a priori identified with electric or magnetic charge but is a result of quantum geometry.
This is similar to the emergence of a ‘tidal charge’ in the brane world scenario discussed in [64]
arising from the projection of the Weyl tensor of a 5 dimensional brane world model on to a

four dimensional brane.

3.5 ‘Uncharged’ Nariai spacetime and A = 0 anti-Bertotti-Robinson spacetimes

A natural question to be posed in the light of last section is if loop quantum evolution of
Kantowski-Sachs spacetime can lead to ‘uncharged’ Nariai spacetime which corresponds to the
special case of k, = k_ i.e, a spacetime where all the diagonal components of Rj- are equal.
Similarly one could also ask if the special anti Bertotti-Robinson solution with &, = —k_ (which
corresponds to A = 0) may emerge from LQC evolution of Bianchi III LRS spacetime/higher
genus black hole interior.

Let us rewrite the loop quantum Hamiltonian constraint (3.12) for the Kantowski-Sachs

spacetime and for the Bianchi IIT LRS/higher genus black hole interior spacetime as
sin?(b,) + 2sin(bdy) sin(cd.) + B8 =0 (3.38)

where 8 = v?*A(k/p. — A) with k = 1 for Kantowski-Sachs spacetime, and & = —1 for the higher
genus black hole. Any solution with f < —3 is unphysical as it does not solve the Hamiltonian
constraint.

We now check what additional conditions should be satisfied for a constant p. spacetime to
exist. Since cos (¢d.) = 0 for derivative of p. to vanish, sin (¢d.) = £1 in the constant p. regime.

Hence, the Hamiltonian constraint for the constant p. regime is a quadratic equation in sin(bdy),

sin?(bd,) & 2sin(bd,) + B = 0 (3.39)

Existence of a real solution requires § < 1. Hence [ is constrained to lie between -3 and 1.
It is convenient to introduce x = /1 — 8 which varies from 0 to 2, in terms of which o? and

1/p. become:
x? 1 k(1 — 2?)

A Pe 7?A (340)



For the curvature components to satisfy k. = k_ or k, = —k_, or equivalently a? = :I:pi,

the following equation needs to be satisfied
ot —22° + k(-2 +1++°AN) =0. (3.41)

The function f(z) = 2* — 223 — kx? with x € [0,2] has a range [—4,0] for ¥ = 1 and a range

[0,4] for k = —1. Hence, the plausible range of cosmological constant is
(3.42)

for the existence of both ‘uncharged’ Nariai spacetime as well as anti Bertotti-Robinson space-

time with A = 0. So, for a A lying in the above range, one may find a suitable value of z which

will yield a spacetime with equal magnitudes for all the non-vanishing Ricci components.
Another condition which has to be satisfied for any constant p. spacetime is that cd. should

be a constant. This is satisfied when ¢/p, is a constant, which yields (using (3.14) and (3.17))

2 2
VAN+ 1 -2
e R 0. (3.43)

Since we need to solve equations (3.41) and (3.43) simultaneously, we obtain

1 —x + cos(

1 —x + cos(zv2x — x2) = 0. (3.44)

One of the solutions of the above equation is at x = 2, which corresponds to a = 0 and such a
spacetime will have constant p,, not an exponentially expanding p,. In fact such a spacetime will
have all the triads and cotriads constant. Since we are interested in obtaining an ‘uncharged’
Nariai spacetime or anti-Bertotti-Robinson spacetime with a vanishing cosmological constant,
this solution will not be considered. The second root of (3.44) was numerically found to be
x = 1.31646. Note that this solution is true for both the Kantowski-Sachs and the higher genus
black hole interior spacetimes. Knowing z, one can find the asymptotic values of p, and a? as
pe = 0.18697 and a? = 5.34842 in Planck units.

For the above values of asymptotic p. and «, one can obtain an ‘uncharged” Nariai solution
in the LQC evolution of Kantowski-Sachs spacetime or anti Bertotti-Robinson spacetime in the
LQC evolution of Bianchi III LRS spacetime. The cosmological constant needed for obtaining
such a Nariai spacetime turns out to be 7.86251 in Planck units. This is a huge value, especially

since the corresponding energy density is around three fourth of the critical energy density of
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isotropic loop quantum cosmology. For Bianchi III LRS spacetime, the cosmological constant
needed to obtain an anti-Bertotti-Robinson spacetime without emergent cosmological constant
turned out to be -2.83432 in Planck units.

For these special spacetimes to emerge naturally from the loop quantum evolution of black
hole interiors, the corresponding constant p. regime should be stable, which turns out to be not
the case [45]. The stability was tested by choosing initial conditions from the exact solution, such
that the Hamiltonian constraint is satisfied, and then using LQC equations of motion to evolve
the spacetime. It was found that the ‘uncharged’ Nariai spacetime evolves to a deSitter spacetime
in both past and future evolution and thus is not stable. This does not come as surprise given the
high value of positive cosmological constant, for which generic initial conditions lead to de Sitter
spacetime in both the forward and backward evolution of Kantowski-Sachs universe in LQC. The
anti-Bertotti-Robinson solution with vanishing emergent cosmological constant was also found to
be unstable. It evolved in to an anti-Bertotti-Robinson solution with a smaller constant p. (and
thus a nonzero emergent cosmological constant) on one side where as p. kept on increasing after
each recollapse on the other side. In summary we did not find a stable emergent ‘uncharged’
Nariai spacetime or anti-Bertotti-Robinson spacetime with vanishing emergent cosmological
constant in the loop quantum evolution of Kantowski-Sachs or Bianchi III LRS spacetimes.
Thus whenever a constant p. regime emerges from the quantum evolution of these spacetimes,
there is an associated emergent ‘charge’ and an emergent cosmological constant. In the presented
scenario spacetime which is a product of constant curvature spaces with equal magnitudes for
all the non-vanishing Ricci tensor components seems to be disfavored in the LQC evolution of

black hole interiors.

3.6 Discussion

Loop quantum evolution of Schwarzschild and higher genus black hole interiors were studied
in a minisuperspace setting using their isometries to Kantowski-Sachs spacetime (in [40]) and
Bianchi III LRS spacetime (in [47]) respectively. These studies found that the black hole interior
spacetime undergoes a quantum bounce and the classical central singularity is resolved, similar to
the singularity resolution in other loop quantum cosmological models. However, the post bounce

evolution in these black hole interior models has the surprising feature that it asymptotes towards
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a spacetime where the triad p. which is the radius of the two-sphere part attains a constant value
where as the triad p, undergoes an exponential expansion. Also, these spacetimes were found
to have non-negligible holonomy corrections asymptotically after the bounce, i.e, the quantum
geometric effects do not fade away after the bounce. Due to its similarity with the Nariai
spacetime which also has a constant ggg and an exponentially increasing ¢,,, these asymptotic
regions were termed ‘Nariai type’ spacetimes in previous works [40, 47]. In this work, we
re-examined the loop quantum evolution of black hole interior spacetimes in the presence of
cosmological constant to study the asymptotic spacetime in detail assuming the validity of the
effective spacetime description in LQC.

We find that the asymptotic constant p. spacetime obtained in the effective loop quan-
tum evolution of Kantowski-Sachs spacetime can be interpreted as a ‘charged’ Nariai solution
of classical GR. The asymptotic solution obtained in the evolution of Bianchi III LRS space-
time with a negative cosmological constant (or the higher genus black hole interior) can be
similarly interpreted as an anti-Bertotti-Robinson spacetime, again a solution to the Einstein
equations. Both these solutions are product spacetimes of constant curvature manifolds [49]
with R) = R} = +R2 = +R3. The constancy of Ricci components was verified numerically for
the asymptotic spacetimes emergent in LQC evolution of black hole interiors. These curvatures
were found to be Planckian even though the effective metric is a solution of the Einstein equa-
tions. Thus the emergent spacetime has the peculiar nature of being isometric to a classical
spacetime while the quantum gravity effects (via the holonomy corrections of LQC) are large.
It is also noteworthy that classical ‘charged’ Nariai and anti-Bertotti-Robinson spacetimes are
nonsingular and thus the geodesics in black hole interiors can be extended to infinity in the loop
quantum evolution. Another striking feature of these spacetimes is the existence of an emer-
gent ‘charge’ and cosmological constant - both of quantum geometric in origin. One could fine
tune the asymptotic p. and i—: to obtain ‘uncharged’ Nariai spacetime or anti-Bertotti-Robinson
spacetime with vanishing cosmological constant. However these fine tuned spacetimes turn out
to be unstable and evolve to more generic ‘charged’ Nariai spacetime or anti-Bertotti-Robinson
spacetime with cosmological constant. Thus emergence of the quantum geometric ‘charge’ and
cosmological constant seems to be inevitable in the LQC evolution of black hole interior space-

times. The basic property of emergent spacetime is that it is a product of two spaces of unequal
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constant curvatures. The interpretation of these constant curvature spaces in LQC as ‘charged’
Nariai and anti-Bertotti-Robinson spacetimes comes about by a proper splitting of the two cur-
vature constants of product spaces. This is indeed remarkable that emergent spacetime after
the bounce is classical GR solution.

The emergence of a quantum geometric ‘charge’ in the LQC evolution of black hole interior
spacetimes is in parallel to a similar result in the brane world scenario [64]. There, the projection
of the Weyl tensor of a 5 dimensional bulk spacetime on to a four dimensional brane gave rise to
Weyl or ‘tidal’ charge (and not an electric charge) which was taken to be negative on physical
considerations. The metric however had exactly the same form as that of Reissner-Nordstrom
solution with Q? — —@Q?. The parallel between the current work and the findings of [64] are
striking. In both cases, a theory of modified general relativity gives rise to an emergent ‘charge’
which mimics an electric or magnetic charge in the way it affects the geometry of spacetime,
but which has its origin not in electromagnetism but in the modifications to general relativity.
Thus this emergent charge’ is purely gravitational in nature. However it seems that we are
finding evidence that attempts to capture quantum corrections to general relativity through
such a ‘charge’. Much further work and analysis is required to further nail its actual character

and significance.
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