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ABSTRACT OF DISSERTATION

MULTIFACTOR DIMENSIONALITY REDUCTION WITH P RISK SCORES
PER PERSON

After reviewing Multifactor Dimensionality Reduction(MDR) and its extensions, an
approach to obtain P(larger than 1) risk scores is proposed to predict the continuous
outcome for each subject. We study the mean square error(MSE) of dimensionality
reduced models fitted with sets of 2 risk scores and investigate the MSE for several
special cases of the covariance matrix. A methodology is proposed to select a best
set of P risk scores when P is specified a priori. Simulation studies based on true
models of different dimensions(larger than 3) demonstrate that the selected set of
P(larger than 1) risk scores outperforms the single aggregated risk score generated
in AQMDR and illustrate that our methodology can determine a best set of P risk
scores effectively. With different assumptions on the dimension of the true model, we
considered the preferable set of risk scores from the best set of two risk scores and
the best set of three risk scores. Further, we present a methodology to access a set of
P risk scores when P is not given a priori. The expressions of asymptotic estimated
mean square error of prediction(MSPE) are derived for a 1-dimensional model and
2-dimensional model. In the last main chapter, we apply the methodology of selecting
a best set of risk scores where P has been specified a priori to Alzheimer’s Disease
data and achieve a set of 2 risk scores and a set of three risk scores for each subject
to predict measurements on biomarkers that are crucially involved in Alzheimer’s

Disease.
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Chapter 1 Introduction

1.1 Introduction

Currently, many common diseases in human could be explained by the theory in
genes, including genetypes’ interaction with genotypes|l, 2] or with environment|3,
4]. For example, type 2 diabetes[5]|, Alzheimer’s[6] and breast cancer[7] could be
results from multivariate genetic and environmental interactions. Usually, phenotypes
or occurrence of disease is decided by interactions among numerous gene factors
simultaneously and thus, carriers of those genotypes have higher risks of disease than
non-carriers. The following is a brief example of using a 2 x 2 contingency table to
detect interaction between two factors.

Suppose there are two factors, smoking and genes relating to cancer. Further as-
sume there are four groups of individuals of size 100 persons randomly selected. Each
group is formed by individuals who smoke and carry genes which might cause cancer,
individuals who smoke but do not carry genes which might cause cancer, individuals
who do not smoke but carry genes which might cause cancer, and individuals who
don’t smoke and don’t carry genes which might cause cancer. The numbers of cancer

patients are displayed in the following table.

Table 1.1: Table of Cancer Patients Number Example

individuals with cancer | smoker(A) | non-smoker(a)
genes carrier(B) 70(AB) 35(aB)
genes non-carrier(b) 35(Ab) 40(ab)

From this table, the number of individuals with cancer in group consisting of
smoking gene carriers is larger than the number of individuals with cancer in the rest
three groups; the number of individuals with cancer in group consisting of nonsmoking
gene non-carriers is larger than the number of individuals with cancer in the group
consisting of smoking gene non-carriers and the number of individuals with cancer

in the group consisting of nonsmoking gene carriers, i.e., AB > ab > aB&Ab. The



number of cancer patients in this table could be written as n = 40+ 14 X (=5) + Ip X
(=5) + 14 ana B X (30). Thus, there is an interaction between smoking and genes.

To identify the probability to obtain some phenotypes caused by genotypes or
the relationship between some phenotypes and genotypes, parametric methods such
as logistic regression has been adopted to predict discrete outcomes by genotypes|8].
However, when the problems are of large dimension including large amount of possible
interactions within genotypes or between genotypes and environment, the method of
regression will be limited because that empty cells present in contingency tables [9].
Besides, in situations involving large dimensional data, huge financial expenses will
also limits experiments which intends to find interactions of all possible orders[10].
Further, “traditional approaches such as Fisher’s exact test and Chi-square test which
assess only marginal main effects of risk factors” will also be limited in their ability
to find the relationship between genotypes and phenotypes in complex network with
numerous genes|[10].

In order to address these issues, Ritchie et al developed a novel statistical tech-
nique to compute and analyse [9], multifactor dimensionality reduction (MDR), [9]
in 2001. MDR makes it possible to consider a one-dimensional variable which is
transfered from data of high dimension and with gene-gene interactions. Upon de-
velopment, MDR has been widely studies[11] and many extensions were developed
to deal with problems of various types of phenotypes[12, 13], sparse cells[14, 15] and

mis-classification into high and low risk groups|[16], etc.

1.2 Multifactor-Dimensionality Reduction

Ritchie et al. first developed the MDR method to identify the possible interactions
within genes or with environmental factors in high dimensional data[9]. This non-
parametric statistical method increases the power to identify high order interactions
when there are sparse cells in the contingency tables[9]. The outline of MDR method
is presented as follows:

MDR uses a 10-fold cross-validation. In each CV fold,

1. Use 9/10 of the data to be the training set and the rest 1/10 to be the test set.



2. Suppose there are M single nucleotide polymorphisms(SNPs) in a case-control
dataset, each SNP is carrying a unique gene allele pair. If the highest order interaction
of interest is m (m < M) , select m SNPs.

3. Use those m SNPs to construct contingency tables for all possible multiloci
interactions of 2-way, 3-way,..., m-way, based on training data.

4. In each contingency table of i-way interaction (i = 2,...,m), label each mul-
tifactor cell with “high risk” if the case-control ratio exceeds some predetermined
threshold T (e.g., 0.5 or 1.0); otherwise, label the cell with “low risk”.

5. Separate the data into two groups using the binary variable “high risk” or “low
risk”. And make predictions on test set using this binary variable.

In each fold of the 10 folds CV, the prediction error is calculated as the proportion
of individuals in test data with incorrect prediction. The classification error is the
proportion of individuals misclassified into “high risk” or “low risk” groups in the
training data. The best k-way interaction model is determined by the least average
classification error across the 10 folds, 2 < £ < m. The best overall model is chosen
by average prediction error across the 10 folds.

Thus, by MDR, we could either find the best model of each k-way gene-gene
interaction or do an exhaustive search to find the overall best model among all possible
order of interactions. This best overall model is evaluated by a hypothesis test on
the CV consistency, i.e., how many times this model will be chosen as the best model
by the least classification error rate in the training data across 10 folds. The right
tail Monte Carlo P-value from a null distribution of CV consistency generated by
1000 permutations is used to conclude on the significance of this model’s effect on
outcome.

After testing MDR on a simulated data with predetermined threshold T=1 to
evaluate its ability to decide the best multifactor model and it is reasonable to use
CV in analysis, MDR with threshold 1 is applied to the Sporadic Breast Cancer data,
which is a balanced case-control data with 10 polymorphisms isolated from 5 genes as
the genotypic factors. The best model is chosen by two criteria, CV consistency and

prediction error. A four way multilocus interaction model is determined to be the best



model among 2-way to 9-way interactions with the largest CV consistency=9.80 at
significance level 0.001, which is obtained by the empirical distribution from permu-
tation test, and the smallest prediction error 46.73 out of 200 cases and 200 controls.
Thus, there is a significant interaction between the four SNPs: COMT, CYP1A1ml,
CBP1B1 codon 48, and CYP1B1 codon 432, on phenotype of sporadic breast cancer.

1.3 Quantitative Multifactor-Dimensionality Reduction (QMDR)

Developed by Gui et al. in 2013, QMDR is an extension of MDR aiming to “detect
gene-gene interaction effect on quantitative outcomes such as BMI, tumor size and
survival time”[17], with an advantage in identifying gene-gene interactions for high
dimensional data with quantitative phenotypes and large variability[17]. The outline
of QMDR method is similar to that of MDR, only differing in the following two
aspects:

1. In the procedure to define High/Low risk level, one mean value for each entry
in a contingency table associated with m selected SNP’s is compared with the over-
all mean and it is labeled of high risk if the mean value exceeds the overall mean,
otherwise, it is labeled with low risk.

2. The best multifactor model in each interaction order and the best overall
model are not decided by BA because the outcomes are quantitative, but by a t-
statistic whose distribution under null hypothesis, which is there is not any gene-gene
interaction, has an approximately normal distribution with mean 0.

Two simulations are performed before applying QMDR, to the PREVENT study(
Prevention of Renal and Vascular End-Stage Disease)[18]. The first simulation is to
study the null distribution of t-statistic and find the critical value for the t-test from
the empirical null distribution. The second simulation is to compare the effectiveness
of QMDR with MDR and GMDRJ[19] in finding the best overall model for predict-
ing quantitative traits. The simulation results show QMDR and GMDR are more
effective than MDR in performance and QMDR is the more efficient than GMDR in

computation.



In the real data analysis, an unbalanced gender dataset is chosen to “explore
genetic predictors of tissue plasminogen activator(t-PA) and plasminogen activator
inhibitor-1(PAI-1), which are gender specific” with 7 reported SNPs. Thus the best
overall interaction models are found for females with t-PA, females with PAI-1, males
with t-PA and males with PAI-1, respectively. QMDR with a 10 fold CV is applied
to the residual generated by linear regression on factors with significant main effects
to find the best overall interaction model. Then the p-value of each of the above best
overall models selected by QMDR,found by carrying out a 10000 fold permutation
test, is compared with the corresponding p-value from previous simulated empirical
null distribution.

By the permuted p-value, only the interaction model for females with PAI is
significant, a 4-way interaction model among SNPs. And it is also found the empirical
p-values are very close to the permutation p-values, thus empirical p-values could be
applied to estimate the significance of QMDR models instead of using permutation

test.

1.4 Aggregated Multifactor-Dimensionality Reduction (AMDR)

Proposed by Dai & Charnigo et al. in 2013[10], AMDR, addresses aggregated gene-
gene interaction effect in predicting the outcome using a cumulative risk score. The
risk score is based on all significant gene-gene interactions where the significance of the
interactions is decided by three measures: predisposing odds ratio(pOR), predisposing
relative risk(pRR) and predisposing chi-square test statistic(pChi).

The reason to use these three measures is that, in MDR method, after labeling
each cell as “High risk” or “Low risk” in one contingency table, every subject in the
table is contributing to either the cases in “High risk” group or “Low risk” group,
which is a Bernoulli trial. However, one subject’s assignment to “High risk” group
or “Low risk” group is not independent of all the other cases’ assignments. Thus,
with the aid of F' and Fy, pOR;, pRR; and pChi;, we could know whether there

nyn
is any significant interaction in each i-way interaction(F is the cdf of 1 22,F0 is

Ni12N21



n11M22

the cdf of

p— if there is no interaction, n;;=number of cases in “High risk”
cells, nlzznuglbzlr of controls in “High risk” cells, ny;=number of cases in “Low risk”
cells, ngg=number of controls in “Low risk” cells). The critical value for the above
statistics could be judged by permutation test.

For the nth selected individual, his aggregated k-way risk score R(k,n) is the
number of significant gene-gene interactions labeled as “high risk” for that individual,
out of the number of his all possible gene-gene interactions.

In order to find the best cutoff for significance in interactions, ROC curves are
built with aggregated risk scores using interactions identified at different significance
levels ap, g, .... And the final cutoff for significance is chosen to be & which maximizes
the area under ROC curve(AUC).

AMDR with measure pOR, AMDR with measure pRR and AMDR with measure
pChi are compared with MDR on the performance of four models with three scenarios
of gene-gene interactions. Each model has a unique penetrance function, but Modell
and Model2 are with MAF (minor allele frequency) 0.5 and Model3 and Model4 are
with MAF 0.25. There are 5 SNPs from five loci, [, ..., [5 into consideration and the
three scenarios are: (I)only one 2-way interaction of I; x lo, (IT)genetic heterogeneity
where some of the cases are related to interaction of [; x [y and the rest of the cases
are related to interaction of Iy x I, (IIT)additive interactions from [y X Iy and Iy X I5.
100 balanced datasets are randomly generated to perform the assessment and the
assessment is evaluated by power and Type I error rate. For scenario I, AMDR
and MDR both have strong power to find the interaction; for scenario II, MDR has
less power to find the interaction with weaker effect on phenotypes; for scenario I1I,
AMDR has more power to find both interactions.

AMDR is applied to a dataset including 34 SNPs collected from 104 individuals
in order to investigate the gene-gene interaction effect on the effectiveness of using
MTX(methotrexate) to treat JIA(Juvenile Idiopathic Arthritis). AMDR detected
15 significant 2-way interactions among 7 SNPs. & = 0.0167 is selected to be the

threshold maximizing the AUC. The average or median aggregated risk scores of

patients without weaker MTX effect are significantly higher than those with stronger



MTX effect(p < 0.0001). AMDR has an accuracy of 82%in prediction while MDR

only has a 75% prediction accuracy.

1.5 Other Extension of MDR

Pair-wise MDR(PW-MDR)

Introduced by He et al. in 2009[20], PW-MDR aims to solve the problem caused by
sparseness in cells of contingency table. Supposing the highest order of interaction
among SNPs is M, for specified m SNPs, 1 < m < M, consider (7;) contingency
tables for each individual and classify each individual into “High risk” group or “Low
risk” group by case-control ratios in each contingency table. The risk score for one
subject is how many times he is assigned to “High risk” group minus how many times
he is assigned “Low risk” group among the (7;) contingency tables. Each subject is
classified to be a case if his risk score is not smaller than 0, otherwise, this subject
is classified to be a control. The theoretical support for this classification is that if
there is no interaction among m SNPs, their joint distribution should be the same
in case group and control group[20]. The best model among all plausible m-way
interactions, where m is fixed, is determined by CV consistency or prediction error.
An exhaustive search could also be performed for any m-way interaction where m
is allowed to change from 1 to M and the best model is determined by largest CV

consistency or smallest prediction error.

Robust MDR(RMDR)

Gui et. al introduced RMDR in 2011 to address the issue when the case-control ratio
is close or equal to the predetermined threshold 7' as well as sparse or empty cells
in contingency tables in MDR[12]. RMDR differs from MDR in labeling contingency
table cells as “High risk” or “Low risk”. For each contingency table with a cases and
b controls, a Fisher’s Exact test is performed on a symmetric 2 x 2 contingency table
with a first row entry a and a second row entry b. If the critical value is smaller than

the threshold « for Fisher’s Exact test, the interaction is labeled as “High risk” or



“Low risk” by case-control ratio, as presented in MDR, otherwise, it is assigned to an

“unknown” group. The authors also used an adjusted BA(balanced accuracy) score,

(BA — 0.5)/coverage + 0.5, where coverage is the proportion of contingency tables

labeled not as “unknown group”, to measure accuracy of RMDR.

Copyright®© Ye Li, 2018.



Chapter 2 MDR with P Risk Scores per Person

2.1 Motivation

Assuming there are n subjects and M genes with possible two-way interactions be-
tween different genes, it is of interest to consider the risk score of ith individual where
1< <n.

Let S be a k x 1 vector where k = (]\24) . 8" = (s1, ..., s) where s; is the indicator
of whether the jth interaction is significant or not, 1 < 57 < k. If the jth interaction
is significant, s; = 1, if the jth interaction is not significant, s; = 0.

Let G; be a 1 x k vector where k = (]\24) . G; = (9a, ..., gir) where g;; is the
indicator of whether the ith subject with the jth gene-gene interaction is of “High”
risk level to be with the outcome or not, 1 < j < k. If the ¢th subject with the jth
gene-gene interaction is of “High” risk level , g;; = 1, if the i¢th subject with the jth
gene-gene interaction is not of “High” risk level, g;; = 0.

Risk score of ith subject can be obtained by G;S[21]. A 1l-dimensional linear
model can then be fitted to predict a continuous outcome , such as blood pressure,
using data collected from the n subjects to form a fitted risk score by Y; = Bo+51GyS
and the true model is denoted as Y; = By + 81G;S + ¢;.

If G; is a (]\24) X (]\24) diagonal matrix, a (A;)—dimensional linear model can be
fitted to predict a continuous outcome using data collected from the n subjects to
form (]\24 ) risk scores per person. The fitted model is denoted by Y = Bg + ,éllGiS
and the true model is denoted as Y; = 3y + 31'G;S + ; where 31 and 3, are (1‘24) x 1

vectors.

But if there is an agreement on a determination to just use p risk scores per person,

M

2), then 3y is a p x 1 vector, G;

i.e., to use a p-dimensional prediction and p << (

M

2) x 1 vector. Then the question becomes how to

isapXx (1\24) matrix, S is still a (
choose G; such that MSE of prediction is minimized?

For example, suppose M = 3 and p = 3, there are three genes A, B, C and all the



possible two-way interactions, AB, AC, BC are significant. Suppose the true model
is Y = Bo+ Bilapyi + B2 (Bcyi + B3l (acy +€; where I apyi, (o), I(acy: are indicators
of whether the ith subject with genotype AB, BC, AC, respectively, is of “High” risk.

ga 0 0
Then G; = 0 g2 O is a 3 x 3 diagonal matrix with each element on diagnal
0 0 gs
to be 0 or 1, indicating whether the ith subject is with “High” risk genotype AB, BC,
1
AC, receptively. S = | 1 | isavector of length 3 with every element to be 1 because
1

the assumption above is that all the possible two-way interactions, AB, AC, BC are
significant. The fitted 3-dimensional model is Y, = 60 + 61I(AB)Z' + BQI(BC)i + 63.7(,40),-.
In this situation, the risk score G;S for each subject is a vector of length 3, or to say
3 risk scores.

Further, suppose there is an agreement that it is sufficient to use just 1 risk
score(or 1-dimensional model) and still assumes all the possible two-way interactions,
AB, AC, BC are significant.

The fitted 1-dimensional model is YZ = Bo + B(I(AB)Z- + Iy + I(AC)Z-) where
51 = 82 = 53 = B , even though it is not necessarily true that g; = By = (3.

In this 1-dimensional situation, G;; = ( gin G2 93 ), with each element to be 0
or 1 and g;; indicating whether ¢th subject has high risk genotype AB, g;» indicating

whether ith subject has high risk genotype BC, g¢;3 indicating whether ith subject
1

has high risk genotype AC, respectively. S = | 1 | because the assumption is still

1
that all the possible two-way interactions, AB, AC, BC are significant.

Similarly, suppose there is an agreement that it is sufficient to use just 2 risk
score(or 2-dimensional model) and still assumes all the possible two-way interactions,
AB, AC, BC are significant, i.e., M = 3 and p = 2. There are three 2-dimensional
models in selection:

Y =60+ 51 X1+ o(Xo + X3) + ¢

10



Y = 60 —+ /BlXQ + /BQ(Xl + Xg) +e
Y =00+ 51Xz + Po(Xy+ Xo) ¢
where Y =Y;, X1 = Iiapyi, Xo = Ilacy, X3 = Iy

1
For the above three models, S = | 1
1
If the ith person is of “High” risk on all the three gene-gene interactions, G;
100 010 0 01
is , , , respectively for each model. G;S is
011 1 01 110

for all the three models.

2
L . gn 0 0 0 g2 O
If for a more general situation, Gj; is , ,
0 g2 i3 gn 0 g
0 0 gi3 .
, respectively for each model.
g1 g2 0

The goal becomes to choose the best model from the above three models in order

to minimize the MSPE(Mean Square Prediction Error).

2.2 MSE of MDR with P Risk Scores per Person

Theorem 2.2.1 (taken from [22] with editing and changes in notation)

Y
Suppose Y € R', X € R" and vector € R™ 1 with finite expectation

X
. ) Uy Y
and covariance matriz X, where E = and cov =3 =
X Hx X
o1 X2 . . . . T 2
. If 399 is positive definite, then ming, crn et E(Y —B1" X —[0)? =
o1 Moo

. _ . AT
011 — X12309 ' Xo1 when B = ZJ221221, Bo=py —B1 px-

Proof 1 E(Y — 31" X — )2 = var(Y — B1" X) + (uy — B  ux — 5o)*
Given (31, the above is minimized at 50 =y —B1’ px. Next find Bl to minimize

var(Y — 317 X).

11



Since Y — 317X = (1, —,31T) v ;
X
var(Y — ,31TX) = 011 — /61T221 — Y1201 + ,31T222,31 = 011 — 2,31T221 +
B1" B2
Let b= 330261, thenB:T %2281 = bTb. Let ¢ = b — 53,7 Say, then infs, (011 —
2[’31T221 + 51T22251) = infe(on — E1222_21221 + CTC)-

This is minimized when ¢ = 0, then Bl = 22_21221. O

X1 X,
By theorem 2.2.1,let Y =Y, X =| X, |, ux =] px,
X3 Hxs
Y . . Ly . .
And suppose has finite expectation and covariance matrix X,
X nx
Ky
Y o b
where Y = H and X = cov = H 12
nx X, X o1 Yoo
Hxs
Y
then X has mean M 'uY and covariance matrix MXM",
X
Xo+ X5
Y
Y 10 0 0
. X1
since X, =M , where M = 0100
Xo
Xo+ X3 0011
X3
1,0 00
Partition matrix M as | 0 : 1 0 0 |,and denote this partition as
|
0/0 1 1
my Mz
My Moss

12



Y

my; Mz 011 Y12 my; Mz
Then cov X, =
X0+ X My, My, IPRD PS My, Mso
2 3
B myon + MiaS12T mXie + MiaYas my Mg "
My011 + MysX1" Mo 3qs + Mooy M;," May,"
(my1011 + M12212T)m11 (my1011 + M12212T)M21T
B +(m11 212 + M12222)M12T +(m1 212 + M12222)M22T
(Mzy011 + M22212T)m11 (Mzy011 + M22212T)M21T

+(M21X12 + M22222)M12T +(M31312 + Mzzzzz)MzzT
Since my; = 1, My = (0,0,0) and My " = (0,0),

Y T
011 Y12Moo
cov X = - -
M3, M350 Moo
Xy + X3

Further, without loss of generality,

011 O12 013 014

. o Y12 021 022 023 024
write X = as ,
T
212 Yoo 031 032 033 034
041 O42 043 Oy4q
022 023 024
where 2122(012 013 014)and Yo2=| 03 033 O3
O42 043 044
1 0
T
Then Y12Moo :<0'12 013 0'14) 01 :<0'12 013+014>
01
022 023 024 T
. 10 0 1 00
M3y3i95Msy' = 032 033 034
011 01 1
O42 043 Oy4
022 023 024 10
1 00
= 023 033 034 0 1
011
024 034 Oy4 0 1
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092 093 + 094

093 + 024 033 + 2034 + 044

Y 011 012 013 + 014
Thus, cov X, = 012 099 023 + 024
Xo + X3 013+ 014 023+ 094 033+ 2034 + 04
Y REVEEN
(1) o 11 12
Denote cov X, as X\ =
2(1) 2(1)
21 22
Xy + X3

T
where ‘7511) = 011, 2512) = Egll) = ( 012 013+ 014 )a

(1) 0922 093 + 094
E22 =

093 + 024 033+ 2034 + 044
The minimal MSE for the first 2-dimensional model is
1 1 N-1laa
Ugl) - 2§2)2§2) 221) .
022 023 + 024 012

=011 — ( 012 013+ 014 )
093 + 024 033 + 2034 + Oy o13+ 014

033 + 2034 + 044 — (023 + 024)

( — (093 + 024) 0922 012
=011—\ o o13+0 )
H 2o H 022(033 + 2034 + 044) - (023 + 024)2 o013 + 014
- 0%2(033 + 2034 + 044) — 2012(013 + 014) (023 + 024) + (013 + 014)2022
=0y — .
022(033 + 2034 + 044) — (023 + 024)?
Y
Similarly, X, is with mean P Y and covariance matrix PXPT,
Kx
X1+ X5
Y
Y 1000
. X1
since X5 =P , where P = 0010
X
X1+ X5 0101
X3
1,0 00
.. . U D1 pu P2
Partition matrix P as 0'0 1 0 |, which is denoted as
| P, P,

14



Y T

pi1 Pi2 o Y12 pi1 Pi2
Then cov X5 =
Py P, Si7 B Py, P,
X1+ X3
- P11011 + P37 pr1212 + Pi2Xa D11 Py,"
Pyio1) + Pp312" PorXip + PasXay P Pyt
(p11<711 + P12212T)p11 + (p11212 (p11011 + P12212T)P21T + (p11212
B +P12222)P12T +P12222)P22T
(Paro1 + P22212T)p11 + (P21X12  (P21011 + P22212T)P21T + (P21X12
+P22222)P12T +P22222)P22T
Since p;; = 1, Pia = (0,0,0) and Py " = (0,0),
Y T
011 Y12Ps2
cov X5 = - -
Pyy312" Pa33i0sPoy
X1+ X5

Further, without loss of generality,

011 O12 013 014

. o Y12 021 022 023 024
write X = as ,
T
212 Yoo 031 032 033 034
041 O42 043 Oy4
022 023 024
where 2122(012 013 014)and Yoy = 032 033 O34
O42 043 044
01
T
Then Y1255 =<012 013 014> 1 0 :<013 012 + 014 >>
01
022 023 024 T
T 010 010
P339 Phy' = 032 033 034
1 01 1 01
O42 043 Oy4q
022 023 024 01
010
= 023 033 034 L0
1 01
024 034 Oy4 0 1

15



033 O3 + O34

093 + 043 022 + 2094 + Oy

Y o11 013 012 + 014
Thus, cov X, = 013 033 032 + O34
X1+ X3 Ol2 + 014 023+ 043 02 + 2024 + Osa
. ® 5@
Denote cov X, as 23 = ,

=g =
X1+ X3
T

where Uﬁ) = 011, 2522) = 2521) = ( 013 012+ 014 )7

5 033 032 + 034
Eg; =
093 + 043 022 + 2094 + 04y
The minimal MSE for the second 2-dimensional model is

2 2)«w(2) (2
Ugl) - 2§2)2§2) 221) .
033 032 + 034 013

=01 - ( 013 012+ 014 )
093 + 043 02 + 2094 + Oug 012 + 014

022 + 2094 + 044 —(032 + 034)

( —(023 + 043) 033 013
=011 —\ o O12t+0 )
H BT H 033(022 + 2094 + 044) - (023 + 034)2 o192 + 014
g 0%3(022 + 2094 + 044) — 2013(012 + 014) (023 + 034) + (012 + 014)2033
H 033(022 + 2094 + 044) — (023 + 034)?
Y
For the last model, X5 has mean Q Hy and covariance matrix
Kx
Xi+ Xo
QTQ",
Y
Y 1 0 00
. X4
since X; =Q ,where Q=1 0 0 0 1
X
X1+ Xo 0110
X3

16



Partition matrix Q as 6 T()i 7()7 i , which is denoted as o Qi
0 : 110 Q21 Q22
|
Y
g1 Q2 o 212 g1 Q12
Then cov X5 = .
X4 X Q21 Q22 Y2t Yo Q21 Q22
1 2
o q11011 + Q12212T Q11212 + Q12222 q11 Q21T
Q21011 + Q22127 Q21312 + Q2222 Q12" Q2"
(qr1011 + Q12212T)Q11 (qrio11 + Q12212T)Q21T
B +(q11 212 + Q12222)Q12T +(q11 212 + Q12222)Q22T
(Q21011 + Q22212T)Q11 (Q21011 + Q22212T)Q21T

+(Q21X12 + Q22222)Q12T +(Q21X12 + Q22222)Q22T
Since ¢11 = 1, Q12 = (0,0,0) and Q21" = (0,0),

Y T
011 212@?22
cov X3 = - .
Q22212 Q22322Q) 22
X1+ Xo

Further, without loss of generality,

011 012 013 014

) o 12 021 022 023 024
write X = as ,
T
212 Yoo 031 032 033 034

041 049 043 044
O22 023 024
where Y19 = ( O12 013 014 ) and Yap = 032 033 O34

O42 043 044

01
Then ElezzT = ( 012 013 O14 ) 01 = ( 014 012+ 013 )
1 0
092 093 094 T
T 001 0 01
Q22322Q22" = 032 033 034
1 10 110

042 043 O44

17



022 023 02 01
0 0 1
= 023 033 034 01
1 10
024 034 044 10
B 044 042 + 043

024 + 034 022 + 2093 + 033

Y 011 014 012 + 013
Thus, cov X5 = 014 44 O42 + 043
X1+ X, O12 + 013 024+ 034 022 + 2093 + 033
Y e »®3)
(3) - 11 12
Denote cov X5 as X'\ = :

2(3) 2(3)
Xl i X2 21 22

T
where Uﬁ’) = 011, Eg) = Eg?i) = ( 014 012+ 013 )a

(3) 044 042 + 043
E22 =
094 + 034 022 + 2093 + 033
The minimal MSE for the third 2-dimensional model is
3 3)«(3) (3
Ugl) - 2§2)2§2) 221) .
44 O42 + 043 014

=011 — ( 014 019+ 013 )
Oo4 + 034 099 + 2093 + 033 012 + 013

T2 + 2093 + 033 —(042 + 043)

— (024 + 034) 044 014

=011 — ( 014 012+ 013 )
044(022 + 2023 + 033) — (042 + 043)? o192 + 013

0%4(022 + 2093 + 033) — 2014(024 + 034) (012 + 013) + (012 + 013)2044

= 0 —
H 044(092 + 2093 + 033) — (042 + 043)?

2.3 Special Cases

All of the following cases are considering the simplified model Y = Gy 4+ 51 X7 +

Bo(X2 + X3) + € vs the true model Y = 5y + £1.X1 + B2 Xo + B3X3 + ¢ with respect

1 000

to transformation matrix M = 01 00

0011
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Casel

1 000
Y 0100 o
Assume ¥ = cov = , which is a case that Y, X;, X5, X3
X 0010
0001
are pairwise uncorrelated.
o011 012 013 + 014 100
»M = 012 022 093 + 024 =1010
013+ 014 023+ 094 033+ 2034 + 0y 00 2

MSEf,ye = 011 — X12822 ' Bay =1 -0 = 1.

MSEsimpiisica = 0t — SHEE T BH =1

In Case 1, MSE 1,4 =MSEgimpiifiea because the covariance of Y and X, covariance
of Y and X, covariance of Y and X3 are the same and X;, X5, X3 are pairwise

uncorrelated.

Case2

1 o1 o013 ou
Y 0921 1 0 0

Assume X = cov =
X o310 1 0

041 0 0 1
This is a case where Y is correlated with X, X5, X3 and correlation coefficient

012 = 091, 013 = 031, 014 = 041, respectively and X, X5, X3 are pairwise uncorre-

lated.
1 012 013+ 014
> = 012 1 0
oi3+ou O 2
100\ [ on
MSETrueZUn—Elezz_lEzl=1—<012 013 014> 010 013
0 0 1 014

=1- (‘7%2 + 0%3 + 054)‘
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-1
MSEsimpisfica = 03y — S5 555 55
1 0 012

:1_<012 013+014>
0

|

013 + 014

[\

=1— o7y + 5(013 + 014)%].
In case 2, MSEq,. is less than or equal to MSEg;ppificd because

MSE7,ye— MSEsimpiifica=1 — (‘7%2 + ‘7%3 + 0%4) —{1- [‘7%2 + %(‘713 + ‘714)2]}

1
= —5(013 —014)? <0

and MSETrue:MSESimplified when 013 = O014-

Case3

Assume X = cov =
X 031 0 1 034

on 0 o3 1
This is a case where Y is correlated with X7, X5, X3 and correlation coefficient

012 = 091, 013 = 031, 014 = 041, respectively, X is uncorrelated with X, or X3 and
X, is correlated with X3 with correlation coefficient o34 = 043.
1 012 013+ 014
2(1) = 012 1 O

o13+o014 O 24 2034
MSE7, e = 011 — 212222_1221

1 0 0 012
=1- ( 012 013 014 > 0 1 O34 013
0 o034 1 014
0% + 0% — 2013014034
:1_[0%24‘ = 114_ 2 J-
O34 .
- 1
MSEgimpiisied = 03y — Sy 58y B
1 0 012
:1_<012 013+014) 1
242034 o13 T 014

_ 2 (o013+014)?
=1- [012 + 242034 ]

In case 3, MSETme— MSESimplified
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2 2
013 + 014 — 20’130’140’34

o13+014)2
; J = {1 — [0, + G52}

1 [A+2
=1 [012 + 242034

1—o03

=20l + 0%, — 2013014034) + (015 + 014)*(1 — 034)

2(1 — 0'34)(1 + 0'34)
—0ty — 014 + 2013014034 + 2013014 — 013034 — 014034
2(1 — 0’34)(1 + 0'34)

(o013 — 014)*(—1 — 034)
N 2(1—0'34)(1—|—0'34)
—(013 - 014)2

2(1 — o34)
Thus, MSE7,e < MSEgimpiifiea and MSEz,e = MSEgimpiified When o3 = 014.

Case4

1 o012 o013 ous
Y 0921 1 093 0

Assume X = cov =
X 031 032 1 0

041 0 0 1
This is a case where Y is correlated with X7, X5, X3 and correlation coefficient

012 = 091, 013 = 031, 014 = 041, respectively, X3 is uncorrelated with X; or X, and

X is correlated with X5 with correlation coefficient 093 = 039.

1 012 013+ 014
n® = 012 1 0923
013+ 014 093 2
MSE 7 e = 011 — 2123022 ' 2a; .
1 0923 0 012
=1- ( 012 013 O14 ) o3 1 0 013
0 0 1 014
]_ —023 O
=1- ( O12 013 014 ) —o% 0 013
0 0 1 T14

2 2
_ 1 _ [012—2012013023+073 2
=1—] 102, + 014

—1
MSEsimplisicd = 01 — S5 S5y Sy
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-1

:1_<012 013+014>

093 2 013 + 014
2 —0923
—023 1 012
:1_<U12 013+014> 9 _ o2
23 013 + 014
-1 20%2+(013+014)2*2012013023*2012014023
2-03; '
Caseb
1 o012 o013 ous
Y o1 1 093 o
Assume X = cov =
X 031 032 1 034

041 042 043 1
This is a case where Y is correlated with X7, X5, X3 and correlation coefficient

012 = 091, 013 = 031, 014 = 041, respectively; X is correlated with X5 and X3 with
correlation coefficient 093 = 039, 094 = 0492, respectively and X5 is correlated with X3
with correlation coefficient o34 = 043.
1 012 O13 + 014
=M = 012 1 023 + 024

013 + 014 0923 + 0924 2 + 20’34
MSEfyue = 011 — X12X22 " 3ag

-1

1 023 o 012
=1- ( 012 013 014 ) o3 1 o34 013
O 034 1 014
2
11— O34 024034 — 023 023034 — 024
2
034024 — 023 1 — 09y 023024 — 034
9 012
. ( 093034 — 094 023024 — O34 1—o03;
=L1l=1\ 012 013 01 ) 2 2 2 013
Il — 033 — 034 — 034 + 2093034024
014

2 2 2 2 2 2 2 2 2
— 1 _ 0'12"1‘0'13“1‘0—14_0—120'34_0—130'24_0'140—23_2(0120230—13+0—130—14U34+0120140—24)
1—0'33—0'34—0'32,44-20'230'340'24

- 2(012013024034+013014023024+012014023034)
1—(7%3—034—054—&—2023034024
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-1
MSEsimpiisicd = 1) — S5 85 B X

1 093 + 024 012
:1_<U12 013+014)
O3+ 024 2+ 2034 o13+ 014
2+ 2034 — (093 + 094)
) ( — (093 + 024) 1 019
=1—1 0 o013+ 0 )
12 013 14 (2 + 2031) — (023 + 020)? 613+ oL

—1_ 02, (2+2034)—2(013+014)(023+024)+ (013 +014)2
(2+42034)—(023+024)2 ’

2.4 Numerical Evaluation of Special Cases

The following simulation is on comparison between simplified model Y = 5o+ 31 X1 +
Pa(Xo + X3) 4+ € and the true model Y = Sy + 51 X1 + 5o Xs + f5X3 + €.

Since in case 1 above, MSEp,,.=MSEgimpiified, the simulation is performed for
cases 2-5 only.

In case 2, let 019,013,014 equal 0.3 or 0.7, respectively. Thus, there would be
8 possible combinations of (012,013, 014). For each combination, if the covariance
matrix is positive definite, then calculate the corresponding MSE7, e, MSEgimpii fied,
MSE7,ue-MSEgimpii fiea and MSEq,e /MSEgimpii fiea; otherwise, take this combination
out of consideration.

In case 3, let 019,013, 014, 034 equal 0.3 or 0.7, respectively. Thus, there would be
16 possible combinations of (o712, 013, 014, 034). For each combination, if the covariance
matrix is positive definite, then calculate the corresponding MSEr,c, MSEgimpii ficds
MSE1yue-MSEgimpii fiea and MSEr,.e /MSE ginp1i fiea; otherwise, take this combination
out of consideration.

In case 4, let 019, 013, 014, 023 equal 0.3 or 0.7, respectively. Thus, there would be
16 possible combinations of (012, 013, 014, 023). For each combination, if the covariance
matrix is positive definite, then calculate the corresponding MSEz, e, MSEgimpii fied,
MSE7,ue-MSEsimpii fiea and MSEq,e /MSEgimpii riea; otherwise, take this combination
out of consideration.

In case 5, let 019,013, 014, 093, 024, 034 equal 0.3 or 0.7, respectively. Thus, there
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would be 64 possible combinations of (012, 013, 014, , 023, 024, 034). For each combina-
tion, if the covariance matrix is positive definite, then calculate the corresponding
MSErrue; MSEgimpiifieds MSErrue-MSEgimpiified and MSEq, e /MSEgimpii fica; other-
wise, take this combination out of consideration and the corresponding rows are left
blank.

The simulation results are listed on the following Table 2.1, Table 2.2, Table 2.3,

Table 2.4, respectively.

Conclusions on patterns found in tables are:
(i) In case 2, when X;’s are independent, the simplified model performs relatively
good, especially when 013 and o4 are relatively close.

Table 2.1: Simulation results of MSE comparison between true model and simplified
model in Case 2

o12 | 013 | 014 | MSErrye | MSEsimpiified | M S Errye — MSEgimplified W
Simplified

031031 0.3 0.73 0.73 0 1

0.7]1031]0.3 0.33 0.33 0 1

0.31]0.71]0.3 0.33 0.41 -0.08 0.805

0.710.71]0.3

031]103]0.7 0.33 0.41 -0.08 0.805

0.7103]0.7

0.310.7]0.7

0.710.7]0.7
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(ii) In case 3, if 013 and o4 are relatively close, the simplified model performs
relatively good. But if 013 and o014 are of relatively big difference, the simplified
model performs bad if o5 is small and o34 is large, the simplified model performs
worse when o34 is small and oy, is large and the simplified model performs relatively
good when o34 and o9 are close.

Table 2.2: Simulation results of MSE comparison between true model and simplified
model in Case 3

o12 | 013 | 014 | 034 | MSErpue | MSEgimplified | MSErrye — MSEgimpiificd ]ﬁﬂ
Simplified
03103103103 0.772 0.772 0 1
07103103103 0.372 0.372 0 1
03107031 0.3 0.411 0.525 -0.114 0.782
07107031 0.3 0.011 0.125 -0.114 0.089
0310307103 0.411 0.525 -0.114 0.782
0710307103 0.011 0.125 -0.114 0.089
03107107103 0.156 0.156 0 1
0710707103
031031031 0.7 0.804 0.804 0 1
07103031 0.7 0.404 0.404 0 1
0310703107 0.349 0.616 -0.267 0.567
0.7107103]0.7
031030707 0.349 0.616 -0.267 0.567
071030707
031070707 0.334 0.334 0 1
0710707107
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(iii) In case 4, if 013 and o014 are relatively close, the simplified model performs
relatively good, except when o5 and o.3 are large. But when o3 and o014 are of
relatively big difference, the simplified model performs bad if 013, 093 are small and
014 is large and if o4, 012 are small and o3, 093 are large. The simplified model
performs relatively good for the rest values of 15 and o093.

Table 2.3: Simulation results of MSE comparison between true model and simplified
model in Case 4

o12 | 013 | 014 | 023 | MSErrue | MSEgimplified | MSErrye — MSEgimpiificd ]ﬁﬂ
Simplified
03103103103 0.772 0.774 -0.002 0.997
07103103103 0.411 0.43 -0.019 0.955
03107031 0.3 0.411 0.476 -0.065 0.863
07107031 0.3 0.156 0.183 -0.027 0.852
0310307103 0.372 0.476 -0.105 0.78
0710307103 0.011 0.183 -0.172 0.061
03107107103 0.011 0.012 0 0.964
0710707103
031031031 0.7 0.804 0.809 -0.005 0.994
07103031 0.7 0.349 0.502 -0.153 0.696
0310703107 0.349 0.497 -0.147 0.703
0.7107103]0.7 0.334 0.338 -0.004 0.988
031030707 0.404 0.497 -0.093 0.814
071030707
031070707
0710707107
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(iv) In case 5, it MSEryye — MSEgimplifiea < —0.2 or

MSETrue
M S Egimplificd

< 0.6. The

simplified model is considered to perform relatively bad. Thus, simplified models

with index numbers 14, 20, 35, 36, 37, 38, 42, 43, 45, 50, 51, 53, 59, 60, 61, 62

in Table 2.5 performs relatively bad.

Table 2.4: Simulation results of MSE comparison between true model and simplified
model in Case 5

O12 | 013 | 014 | 023 | 024 | 034 | Index | MSEppye | MS ES'impli fied MSEprye —MS ES'impli fied M
]\/JSESimpli fied
03]03]03[03]0.3]0.3 1 0.831 0.831 0 1
07]103]03[03]0.3]0.3 2 0.496 0.496 0 1
03]07]03[03]0.3]0.3 3 0.496 0.61 -0.114 0.813
0.7107]031]03|0310.3 4 0.246 0.36 -0.114 0.682
03]03]07(031]0.3]0.3 5 0.496 0.61 -0.114 0.813
07]103]07(031]0.3]0.3 6 0.246 0.36 -0.114 0.682
03]07]07(031]0.3]0.3 7 0.246 0.246 0 1
07]07]07(03]0.3]0.3 8 0.081 0.081 0 1
03]03]03(07]0.3]0.3 9 0.852 0.854 -0.002 0.998
07]103]03[07]03]0.3 10 0.422 0.504 -0.082 0.838
03]07]03(071]0.3]0.3 11 0.422 0.604 -0.182 0.699
0.7107]031]07]|0310.3 12 0.42 0.454 -0.033 0.926
03]03]07(071]0.3]0.3 13 0.499 0.604 -0.104 0.827
07]103]07(071]03]0.3 14 0.133 0.454 -0.321 0.292
03]07]07(071]03]0.3 15 0.133 0.154 -0.021 0.863
0.7]07]07(07]03]0.3 16 0.194 0.204 -0.01 0.953
03]03]03[031]0.7]0.3 17 0.852 0.854 -0.002 0.998
07]103]03[03]0.7]0.3 18 0.422 0.504 -0.082 0.838
03]07]03[03]0.7]0.3 19 0.499 0.604 -0.104 0.827
0.7107]031]03|0.71]0.3 20 0.133 0.454 -0.321 0.292
03]03]07(031]0.7]0.3 21 0.422 0.604 -0.182 0.699
07]03]07(03]0.71]0.3 22 0.42 0.454 -0.033 0.926
031]07]07(031]0.71]0.3 23 0.133 0.154 -0.021 0.863
07]07]07(031]0.71]0.3 24 0.194 0.204 -0.01 0.953
03]03]03(071]0.71]0.3 25 0.859 0.859 0 1
07]103]03(07]0.7]0.3 26 0.284 0.284 0 1
03]07]03(07]0.7]0.3 27 0.27 0.384 -0.114 0.703
0.7107]031]07|071]0.3 28 0.395 0.509 -0.114 0.776
03]03]07(071]0.71]0.3 29 0.27 0.384 -0.114 0.703
07]03]07(071]0.71]0.3 30 0.395 0.509 -0.114 0.776
031]07]07(071]0.7]0.3 31
0.7]07]07(07]0.71]0.3 32 0.234 0.234 0 1
03]103]03(03]0.3]0.7 33 0.852 0.852 0 1
07]103]03[03]0.3]0.7 34 0.499 0.499 0 1
03107]03]03|03]0.7 35 0.422 0.689 -0.267 0.613
0.7107]103]03|03]0.7 36 0.133 0.399 -0.267 0.332
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Table 2.4(continued)

012 | 013 | 014 | 023 | 024 | 034 | Index | MSEpye | MS ESimplified MSEre —MS ESimplified M
AlSESimplified
03]103]07(03]0.3]0.7 37 0.422 0.689 -0.267 0.613
07]103]07(03]0.3]0.7 38 0.133 0.399 -0.267 0.332
031]07]07(03]0.3]0.7 39 0.42 0.42 0 1
07]107]07(03]0.3]0.7 40 0.194 0.194 0 1
03]103]03(0.7]0.3]0.7 41 0.859 0.872 -0.013 0.985
07]103]03(07]0.3]0.7 42 0.27 0.506 -0.236 0.534
03107(03]07]03]0.7 43 0.284 0.706 -0.421 0.403
07]07]03]07]0.3]0.7 44 0.395 0.473 -0.077 0.836
03]103]07(071]0.3]0.7 45 0.27 0.706 -0.436 0.383
07]103]07(0.71]0.3]0.7 46
031]07]071(071]03]0.7 47 0.395 0.406 -0.011 0.974
07]107]07(071]0.3]0.7 48 0.234 0.306 -0.071 0.766
03]103]03(03]0.7]0.7 49 0.859 0.872 -0.013 0.985
0.7103(031]03|0.7]0.7 50 0.27 0.506 -0.236 0.534
03107]031]03|0.7]0.7 51 0.27 0.706 -0.436 0.383
07]07]03]03]0.7]0.7 52
03]103]07(03]0.7]0.7 53 0.284 0.706 -0.421 0.403
0.7]103]07(03]0.7]0.7 54 0.395 0.473 -0.077 0.836
031]07]07(03]0.7]0.7 55 0.395 0.406 -0.011 0.974
0.7]107]07(03]0.7]0.7 56 0.234 0.306 -0.071 0.766
03]103]03(0.7]0.7]0.7 57 0.888 0.888 0 1
0.7103(031]07|0.7]0.7 58 0.41 0.41 0 1
031]07]03(0.7]0.7]0.7 59 0.41 0.676 -0.267 0.606
0.7]07]03]0.7]0.7]0.7 60 0.243 0.51 -0.267 0.477
031]103]07(07]0.7]0.7 61 0.41 0.676 -0.267 0.606
0.7]103]07(0.7]0.7]0.7 62 0.243 0.51 -0.267 0.477
031]07]07(0.7]0.7]0.7 63 0.243 0.243 0 1
0.7]107]071(07]0.7]0.7 64 0.388 0.387 0 1

2.5 Simulation of Model Selection

Suppose there are M = 3 SNP alleles A(a), B(b), C(c) with possible two-way interac-
tions A(a)B(b), A(a)C(c), B(b)C(c). The interaction results from A(a)B(b) produc-
ing elevated outcomes with either AA or BB, i.e., AABB, AABb, AAbb, aaBB, AaBB.

The interaction results from A(a)C(c) producing elevated outcomes with either AA or
CC, i.e., AACC, AACc, AAcc, aaCC, AaCC. The interaction results from B(b)C(c)
producing elevated outcomes with either BB or CC, i.e., BBCC, BBCc¢, BBcc, bbCC,
BbCC. Then build contingency tables for A(a)B(b), A(a)C(c), B(b)C(c), respectively.

In each contingency table, if any of the cell mean exceeds the overall table mean then

the individuals in the corresponding cells are labeled as “High” risk to the outcome,

otherwise, those individuals are of “Low”risk of the outcome.[17]
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Let X7 be the indicator function of whether one individual is labeled as“High”
risk in the contingency table for A(a)B(b), X3 be the indicator function of whether
one individual is labeled as“High” risk in the contingency table for A(a)C(c), X3
be the indicator function of whether one individual is labeled as“High” risk in the
contingency table for B(b)C(c).

The aim for this simulation is to compare the following 2-dimensional models and
1-dimensional models with the 3-dimensional model.

The 3-dimensional model is

Y = 5o+ 51 X1 + B2 Xo + B3X3 + €

The three 2-dimensional models are

Y = By + f1 X1 + f2(Xa + X3) + ¢,

Y = 0o+ 51 Xe + B2(Xi + X3) + ¢,

Y = 6o+ /1 X5 + Bo(Xy + Xo) + .

The three 1-dimensional models regressing on one single variable are

Y = 0o+ 51 X1 +¢,

Y =5+ /i Xe +e,

Y =0+ 0 X5+,

The 1-dimensional model regressing on the sum of three variables is

Y =B+ B/i( X1+ Xo + X3) +e.

The true 3-dimensional model is Y = 100 + 30 X Iaaor5B + 15 X Laa0rcc + 10 X
Ipporcc + €, € ~ N(0,20%). And 100 iterations are performed with a training set
consisting of 1000 individuals and a test set consisting of 500 individuals.

In each iteration, after fitting 2-dimensional models and 1-dimensional models
based on training data, the following models are taken to make comparisons in pre-
diction on the test data, the fitted 3-dimensional model, the best fitted 2-dimensional
model which is with least MSPE(mean square prediction error) among all the 2-
dimensional models, the best fitted 1-dimensional model which is with least MSPE
among the first three 1-dimensional models, the fitted fourth 1-dimensional model.

Then, the testing data is used to calculated MSPE(Mean Square Prediction Error)

of the above four models, respectively.
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The average MSPEs with standard errors of 100 iterations for the above four

models are given in Table 2.5.

Table 2.5: Average MSPEs from 100 iterations for simulated dimension reduced mod-
els and the 3-dimensional model

2-dim model(SE) | 3-dim model(SE) 1-dim model(SE) 1-dim model(SE)
(regress on single variable) | (regress on sum of 3 variables)
401.3685(2.6339) | 400.1580(2.6399) 486.0222 ( 3.0842) 429.2796( 2.8158)

Table 2.5 shows that the 3-dimensional model and 2-dimensional model out-
perform the 1-dimensional models. But the MSE of prediction of 3-dimensional
model is almost the same as the 2-dimensional model because the MSPE ratio is
400.1580 + 401.3685 = 0.9970.

Next, in order to show the 2-dimensional model is significant in its ability in

prediction, the following statistic is used
r

- 23],
= ae ey

where r is the correlation coefficient of observed response variable and predicted

value of response variable. N is the size of dataset. This ¢ statistic follows a t-
distribution of degree freedom N — 2 approximately under the null hypothesis that
there is no significant linear correlation between observed response variable and
predicted response variable. Average r and ¢ statistic with corresponding stan-
dard error in 100 iterations from test data is calculated for the above 2-dimensional
model, 3-dimensional model, 1-dimensional model regressed on single variable and 1-
dimensional model regressed on the sum of 3 variables, as in Table 2.6. Applying the
t-statistic on testing data can avoid the problem caused by over-fitting the model on
training data. By introducing a testing data, we could study the performance of pre-
dicted response variables fitted by models of different dimensions on an independent

dataset.

Table 2.6: Average r statistics and t statistics from 100 iterations for dimension
reduced models and the 3-dimensional model

2-dim model(SE) | 3-dim model(SE) | 1-dim model(regress 1-dim model(regress
on single variable)(SE) | on sum of 3 variables)(SE)
r | 0.7442(0.0017) 0.7451(0.0017) 0.6782( 0.0020 ) 0.7229(0.0018)
# | 24.9188(0.1283) | 24.0871(0.1203) 20.6343(0.1117) 23.4008( 0.1253)
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Since each test data’s size is 500, t ~ t495 under Hy : p < 0 approximately. The
one-sided critical value for significance level 0.05 of t49g is 1.64. Thus, according to
the average t-values, all four models’ abilities in prediction are statistically significant
at 0.05 level.

Further, for comparison, table 2.7 gives the average difference in r-statistic and
t-statistic between the best 2-dimensional model and the rest 3 models from table
2.6 along with their standard error from 100 iterations. Table 2.7 exhibits that the
best 2-dimensional model does not perform as good as the 3-dimensional model in
prediction on average as the average value of 2-dimensional models’ r-statistic and
t-statistic minus those of 3-dimensional model’s are negative, respectively. But the
best 2-dimensional model does outperform the 1-dimensional models in prediction
on average in view of the fact that the average value of 2-dimensional models’ r-
statistic and t-statistic minus those of 1-dimensional models’ are positive, respectively.
Similarly, we could compare and give conclusions on the average performance for
models from different dimensions by the rest tables on models’ difference in average

r-statistic and ¢-statistic.

Table 2.7: Average differences in r statistic and ¢ statistic over 100 iterations between
the 2-dimensional model and the rest models from table 2.6

2-dim model - 3-dim model | 2-dim model - 1-dim model( 2-dim model -1-dim model(
(SE) regress on single variable)(SE) | regress on sum of 3 variables)(SE)
r “06-04 (26-04) 0.0661( 0.0012 ) 0.0213(0.0008)
-0.0684(0.0172) 4.2845( 0.0804) 1.5179(0.0564)

Then use “test of difference between two dependent correlations with one variable
in common”[24] to test the difference between 2-dimensional model and 3-dimensional
model, difference between 2-dimensional model and 1-dimensional model regressed
on single variable, difference between 2-dimensional model and 1-dimensional model
regressed on the sum of 3 variables. Table 2.8 gives the average p-value with standard
error on test data of these three test in 100 iterations, how many p-values out of the
100 iterations are significant at 5% level,how many p-values out of the 100 iterations

are significant at 10% level, respectively.
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Table 2.8: Average p-values from 100 iterations comparing difference between the
2-dimensional model and the rest models from table 2.6

2-dim vs 3-dim(SE) | 2-dim vs 1-dim(single var)(SE) | 2-dim vs 1-dim(sum of var’s) (SE)
pvalue | 0.3918(0.0312) 26-04(1e-04) 0.0391(0.0084)
5% sig. 16 100 80
10% sig. 24 100 90

The average p-value for difference between 2-dimensional model and 3-dimensional
model is larger than 0.05, thus the difference between 2-dimensional model and 3-
dimensional model is not significant at 0.05 significance level. 16 out of 100 iterations
are with a p-value that is significant at a 0.05 significance level, 24 out of 100 iterations
are with a p-value that is significant at a 0.10 significance level.

The average p-value for difference between 2-dimensional model and 1-dimensional
model regressed on single variable is smaller than 0.05, thus the difference between 2-
dimensional model and 1-dimensional model regressed on single variable is significant
at 0.05 significance level. 100 out of 100 iterations are with a p-value that is significant
at a 0.05 significance level.

The average p-value for difference between 2-dimensional model and 1-dimensional
model regressed on the sum of 3 variables is smaller than 0.05, thus the difference
between 2-dimensional model and 1-dimensional model regressed on the sum of 3
variables is significant at 0.05 significance level.80 out of 100 iterations are with a
p-value that is significant at a 0.05 significance level, 90 out of 100 iterations are with
a p-value that is significant at a 0.10 significance level.

The second model selection simulation is to suppose that there are M = 4 SNP al-
leles A(a), B(b), C(c), D(d) with 6 possible two-way interactions A(a)B(b), A(a)C(c),
A(a)D(d), B(b)C(c), B(b)D(d), C(c)D(d). The interaction results from A(a)B(b)
produce elevated outcomes with either AA or BB, i.e., AABB, AABb, AAbb, aaBB,
AaBB. The interaction results from A(a)C(c) produce elevated outcomes with either
AA or CC, ie., AACC, AACc, AAcc, aaCC, AaCC. The interaction results from
A(a)D(d) produce elevated outcomes with either AA or DD, i.e., AADD, AADd,
AAdd, aaDD, AaDD. The interaction results from B(b)C(c) produce elevated out-
comes with either BB or CC, i.e., BBCC, BBCc¢, BBce, bbCC, BbCC. The interaction
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results from B(b)D(d) produce elevated outcomes with either BB or DD, i.e., BBDD,
BBDd, BBdd, bbDD, BbDD. The interaction results from C(c)D(d) produce elevated
outcomes with either CC or DD, i.e., CCDD, CCDd, CCdd, ccDD, CcDD.

Then build one contingency table for A(a)B(b), A(a)C(c), A(a)D(d), B(b)C(c),
B(b)D(d), C(c)D(d), respectively. In each contingency table, if any of the cell means
exceeds the overall table mean then the individuals in the corresponding cells are
labeled as “High” risk to the outcome, otherwise, those individuals are of “Low” risk
of the outcome.

Let X7 be the indicator function of whether one individual is labeled as “High”
risk in the contingency table for A(a)B(b), X be the indicator function of whether
one individual is labeled as “High” risk in the contingency table for A(a)C(c), X3 be
the indicator function of whether one individual is labeled as “High” risk in the con-
tingency table for A(a)D(d), X4 be the indicator function of whether one individual
is labeled as “High” risk in the contingency table for B(b)C(c),X5 be the indicator
function of whether one individual is labeled as “High” risk in the contingency table
for B(b)D(d), X be the indicator function of whether one individual is labeled as
“High” risk in the contingency table for C(c)D(d).

The aim for this simulation is to compare the following 2-dimensional models and
1-dimensional models with the 6-dimensional model.

The 6-dimensional model is

Y = Bo+ 51 X1 + BoXo + B3X3 + BuXy + B5X5 + B X6 + €

The 31 2-dimensional models are

Y = 8o+ Bi(X1 + Xo + Xz + Xy + X5) + 82X + ¢,

Y = 8o+ Bi( X1+ Xo + Xz + Xy + Xg) + B2 X5 + ¢,

Y = fo+ (X1 + Xo+ Xz + X5 + X)) + 5o Xy + ¢,

Y = B+ Bi( X1+ Xo + Xy + X5 + Xg) + B2 X3 + ¢,

Y = fo+ Bi(Xq + Xz + Xy + X5 + X) + (2 Xo + ¢,

Y =G+ Gi(Xo+ X3+ Xy + X5 + Xo) + 52 X1 + ¢,

Y = By + B1( X3 + Xy + X5 + Xo) + Bo( X1 + X2) + ¢,

Y = By + B1(Xo + Xy + X5 + Xg) + Bo( X1 + X3) + ¢,
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Y = By + B1(Xo + Xz + X5 + Xo) + Bo( X1 + Xy
Y = 8o+ Bi(Xo + Xz + Xy + Xg) + Bo( X1 + X5
Y = B0+ Bi(Xo + Xz + Xy + X5) + Bo( X1 + X
Y = Bo+ Bu(X1 + Xy + X5 + Xg) + B2(Xo + X3
Y = B+ (X1 + Xz + X5+ Xe) + Ba(Xo + Xy
Y = B0+ B1(Xa + Xo + X5+ Xg) + o (Xo + X5
Y = B+ (X1 + Xz + Xy + X5) + Baf
(
(
(
(
(
(

>~

(
(
(
(
(
(
( 2 + X
( X3+ Xy
( X3+ X5
Y:50+51(X1+X2+X4+X5 + Ba( X3+ X5
Y =B+ (X1 + Xo + X5+ Xe) + Bo( Xy + X5
(
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(

) ) +e€
) )+e
) )+e
) )+e
) )+e€
) )+e
) )+e
Y = fo+ Bi(Xy + Xo + X5+ Xo) + Bo ) +¢
) )+e
) )+e
) )+e
Y =P+ Bi(Xi + Xo + Xg + X5) + Bo(Xa + Xo) + ¢,
) )+e
( )+e¢
( ) +e€
( )+e
( )+e
( )+e
( )+e€
( )+e
( )+e¢
( ) +e€

Y = 6o+ 5i1(Xi + Xo + Xy + Xs) + B2

Y =By + Bi(X1 + Xo + X3+ Xy) + Bo( X5 + X

Y = Bo + B1(Xy + X5 + Xe) + So( X1 + Xy + X3

Y = B+ Bi(Xz + X5 + Xo) + B2( Xy + Xo + Xy

Y = fo+ bi(Xs + Xy + Xo) + Bo( X1 + Xo + X5

Y = 8o+ B1(Xs + Xy + X5) + Bo( Xy + Xo + X

Y = By + Bi(Xa + X5 + X) + Ba( Xy + Xz + Xy

Y = By + B1(Xao + Xy + X) + Bo( Xy + X3+ X5

Y = 8o+ B1(Xao + Xy + X;5) + Bo( Xy + X3+ X

Y = Bo+ B1(Xo + X3+ Xg) + So( X1 + Xy + X5

Y = B+ Bi(Xa + Xz + X5) + Ba2( X1 + Xy + X

Y = 8o+ Bi(Xo + Xz + Xy) + Bo( Xy + X5 + Xe) + ¢,
The six 1-dimensional models regressing on one single variable are
Y = 0o+ /1 X1 +¢,

Y =5+ i X+,

Y =05+ 0 X5+,

Y =05+ Xy + e,

Y = 0o+ 51 X5 +¢,

Y =[G+ 01 X6 + €,
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The 1-dimensional model regressing on the sum of six variables is

Y=0+/(X1+Xo+ X5+ Xy + X5+ Xg) +e.

The true 6-dimensional model is Y = 100 + 30 X T4 40,88 + 55 X Tqa0rcc + 10 X
Tasorpp + 70 X Ipgorcc + 15 X Igporpp + 40 X Iccorpp + €, € ~ N(0,20?). And 100
iterations with a training set consisting of 1000 individuals and a test set consisting
of 500 individuals are performed.

In each iteration, after fitting 2-dimensional models and 1-dimensional models
based on training data, the following models are taken to make comparisons in predic-
tion on the testing data, the fitted 6-dimensional model, the best fitted 2-dimensional
model which is with the largest R-squared among all 2-dimensional models, the best
fitted 1-dimensional model which is with the largest R-squared among the first six
1-dimensional models, the fitted seventh 1-dimensional model.

Then, the testing data is used to calculate MSPE(Mean Square Prediction Error)
of the above four models, respectively.

The average MSPE’s of 100 iterations with corresponding standard error for the
above four models are given in Table 2.9.

Table 2.9: Average MSPEs from 100 iterations for simulated dimension reduced mod-
els and the 6-dimensional model using the first 6-dimensional true model

2-dim model(SE) | 6-dim model(SE) 1-dim model(SE) 1-dim model(SE)
(regress on single variable) | (regress on sum of 6 variables)
463.7085(3.0789) | 404.1943(3.1983 ) 2288.9661(14.9826) 1044.7537 (6.6488)

Table 2.9 shows that the 6-dimensional model and 2-dimensional model outper-
form the 1-dimensional models. And the MSPE ratio of 6-dimensional model and the
2-dimensional model is 404.1943 = 463.7085 = 0.8717.

Next, in order to show the 2-dimensional model is significant in its ability in

prediction, the following statistic is used
r

- 3,
=iy

where r, N and the distribution of ¢ are same as before. Average r and t statistic

in 100 iterations with corresponding standard error from test data is calculated for

the above 2-dimensional model, 6-dimensional model, 1-dimensional model regressed
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on single variable and 1-dimensional model regressed on the sum of 6 variables, as in

Table 2.10.

Table 2.10: Average r statistic and ¢ statistic from 100 iterations for dimension
reduced models and the 6-dimensional model using the first 6-dimensional true model

2-dim model(SE) | 6-dim model(SE) | 1-dim model(regress 1-dim model(regress
on single variable)(SE) | on sum of 6 variables)(SE)
r | 0.9634 (0.0003) | 0.9682 (0.0003) 0.8034(0.0016) 0.9153 ( 0.0007 )
t | 80.3798 (0.3301) | 86.5693(0.3861) 30.2014(0.1723) 50.8539(0.2445)

Since each test data’s size is 500, t ~ t498 under Hy : p < 0 approximately. The
one-sided critical value for significance level 0.05 of t49g is 1.64. Thus, according to
average t scores, all four models’ abilities in prediction are statistically significant at
0.05 level.

Further, for comparison, table 2.11 gives the average difference in r-statistic and
t-statistic between the best 2-dimensional model and the rest 3 models from table
2.10 along with their standard error from 100 iterations.

Table 2.11: Average differences in r statistic and ¢ statistic over 100 iterations between
the 2-dimension model and the rest models in table 2.9

2-dim model - 6-dim model | 2-dim model - 1-dim model( 2-dim model -1-dim model(
(SE) regress on single variable)(SE) | regress on sum of 3 variables)(SE)
r -0.0048 (0.0001) 0.1600(0.0015 ) 0.0481(0.0007)
t -6.1895(0.1835) 50.1784( 0.3220) 29.5259(0.3375)

Then use “test of difference between two dependent correlations with one variable
in common” [24]to test the difference between 2-dimensional model and 6-dimensional
model, difference between 2-dimensional model and 1-dimensional model regressed
on single variable,difference between 2-dimensional model and 1-dimensional model
regressed on the sum of 6 variables. Table 2.12 gives the average p-value with corre-
sponding standard error on test data of these three test in 100 iterations, how many
p-values out of the 100 iterations are significant at 5% level,how many p-values out

of the 100 iterations are significant at 10% level, respectively.

36



Table 2.12: Average p-values from 100 iterations in comparing difference between the
2-dimension model and the rest models in table 2.9

2-dim vs 6-dim(SE) | 2-dim vs 1-dim(single var)(SE) | 2-dim vs 1-dim(sum of var’s) (SE)
pvalue | 0.0041(0.0012) 1.0547¢-53(6.5998¢-54) 2.5058e-14(2.5059¢-14)
5% sig. 97 100 100
10% sig. 100 100 100

The average p-value for difference between 2-dimensional model and 6-dimensional
model is less than 0.05, thus the difference between 2-dimensional model and 6-
dimensional model is significant at 0.05 significance level.97 out of 100 iterations are
with a p-value that is significant at a 0.05 significance level, 100 out of 100 iterations
are with a p-value that is significant at a 0.10 significance level.

The average p-value for difference between 2-dimensional model and 1-dimensional
model regressed on single variable is smaller than 0.05, thus the difference between 2-
dimensional model and 1-dimensional model regressed on single variable is significant
at 0.05 significance level. 100 out of 100 iterations are with a p-value that is significant
at a 0.05 significance level.

The average p-value for difference between 2-dimensional model and 1-dimensional
model regressed on the sum of 6 variables is smaller than 0.05, thus on average the
difference between 2-dimensional model and 1-dimensional model regressed on the
sum of 6 variables is significant at 0.05 significance level. 100 out of 100 iterations
are with a p-value that is significant at a 0.05 significance level.

Thus, even though the 2-dimensional model is not as good as the 6-dimensional
model, it outperforms the 1-dimensional models.

Next, the true 6-dimensional model is set to be Y = 100 + 30 X I440r85 + 15 X
Tasorcc+10x Taorpp+15 X Ipporcc+10 X Igporpp+10X Iccorpp €, € ~ N(0,20%).
And 100 iterations with a training set consisting of 1000 individuals and a test set
consisting of 500 individuals are performed.

Same as previous simulations in this section, in each iteration, after fitting 2-
dimensional models and 1-dimensional models based on training data, the following
models are taken to make comparisons in prediction on the testing data, the fitted

6-dimensional model, the best fitted 2-dimensional model which is with the largest R-
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squared among all 2-dimensional models, the best fitted 1-dimensional model which
is with the largest R-squared among the first six 1-dimensional models, the fitted
seventh 1-dimensional model. Then, the testing data is used to calculate MSPE(Mean
Square Prediction Error) of the above four models, respectively.

The average MSPE’s of 100 iterations with corresponding standard error for
the above four models fitted with data generated from the above second true 6-
dimensional model are given in Table 2.13, average r and ¢ statistic in 100 itera-
tions with corresponding standard error from test data are listed as in Table 2.14
and table 2.15 gives the average difference in r-statistic and t-statistic between the
best 2 dimensional model and the rest 3 models from table 2.14 along with their
standard error from 100 iteration. Listed in Table 2.16 are the average p-value
with corresponding standard error on test data to perform “test of difference be-
tween two dependent correlations with one variable in common”[24] to test the dif-
ference between 2-dimensional model and 6-dimensional model, difference between
2-dimensional model and 1-dimensional model regressed on single variable,difference
between 2-dimensional model and 1-dimensional model regressed on the sum of 6
variables, how many p-values out of the 100 iterations are significant at 5% level,how
many p-values out of the 100 iterations are significant at 10% level, respectively.

Table 2.13: Average MSPEs from 100 iterations for simulated dimension reduced
models and the 6-dimensional model using the second 6-dimensional true model

2-dim model(SE) | 6-dim model(SE) 1-dim model(SE) 1-dim model(SE)
(regress on single variable) | (regress on sum of 6 variables)
402.7036 (2.6789) | 402.4459( 2.6522) 707.1826 (4.3715 ) 453.8246(2.9847)

Table 2.13 shows that the 6-dimensional model and 2-dimensional model outper-
form the 1-dimensional models. And the MSPE ratio of 6-dimensional model and the

2-dimensional model is 402.4459 + 402.7036 = 0.9993.
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Table 2.14: Average r statistics and t statistics from 100 iterations for dimension
reduced models and the 6-dimensional model using the second 6-dimensional true
model

2-dim model(SE) | 6-dim model(SE) | 1-dim model(regress 1-dim model(regress
on single variable)(SE) | on sum of 6 variables)(SE)
r | 0.8398(0.0011) 0.8399(0.0011) 0.6948(0.0019) 0.8172 (0.0014)
t | 34.6306(0.1809) | 34.6395(0.1825) 21.5923(0.1339) 31.7939( 0.1692)

Since each test data’s size is 500, t ~ t495 under Hy : p < 0 approximately. The
one-sided critical value for significance level 0.05 of t49g is 1.64. Thus, according to
average t statistic, all four models’ abilities in prediction are statistically significant

at 0.05 level.

Table 2.15: Average differences in r statistic and ¢ statistic over 100 iterations between
the 2-dimension model and the rest models in table 2.13

2-dim model - 6-dim model | 2-dim model - 1-dim model( 2-dim model -1-dim model(
(SE) regress on single variable)(SE) | regress on sum of 3 variables)(SE)
r -0.0001( 0.0002) 0.1450( 0.0016 ) 0.0226(0.0006)
t -0.0163( 0.0214) 12.9959( 0.1450) 2.8691(0.0715)

Table 2.16: Average p-values from 100 iterations in comparing difference between the
2-dimension model and the rest models in table 2.13

2-dim vs 6-dim(SE) | 2-dim vs 1-dim(single var)(SE) | 2-dim vs 1-dim(sum of var’s) (SE)
p-value 0.5034( 0.0324) 6.9737e-13(5.1026e-13) 0.0062 (0.0028 )
5% sig. 10 100 96
10% sig. 15 100 99

The average p-value for difference between 2-dimensional model and 6-dimensional
model is not less than 0.05, thus on average the difference between 2-dimensional
model and 6-dimensional model is not significant at 0.05 significance level. 10 out of
100 iterations are with a p-value that is significant at a 0.05 significance level, 15 out
of 100 iterations are with a p-value that is significant at a 0.10 significance level.

The average p-value for difference between 2-dimensional model and 1-dimensional
model regressed on single variable is smaller than 0.05, thus on average the difference
between 2-dimensional model and 1-dimensional model regressed on single variable
is significant at 0.05 significance level. 100 out of 100 iterations are with a p-value

that is significant at a 0.05 significance level.

39



The average p-value for difference between 2-dimensional model and 1-dimensional
model regressed on the sum of 6 variables is smaller than 0.05, thus on average the
difference between 2-dimensional model and 1-dimensional model regressed on the
sum of 6 variables is significant at 0.05 significance level. 96 out of 100 iterations are
with a p-value that is significant at a 0.05 significance level, 99 out of 100 iterations
are with a p-value that is significant at a 0.10 significance level.

Thus, for the dataset generated upon the true 6-dimensional model Y = 100+ 30 x
TasorBB+15 X Laporcc +10 X Lyaorpp +15 X Igporcc +10 X Ipporpp +10 X Iocorpp +
g, € ~ N(0,20?%), the best 2-dimensional model outperforms the 1-dimensional model.
Further, from the p-value of test for difference between models, there is no significant
difference between the performance in prediction of the best 2-dimensional and the
6-dimensional model, which is a different result when the true 6-dimensional model
is set to be Y = 100+ 30 X Taa0rB + 55 X Laaorcc + 10 X Taporpp + 70 X Igporco +
15 X Iggorpp + 40 X Iccorpp + €, € ~ N (O, 202).

This is because

Y =100 + 30 X IgaorB + 15 X Iga0rcc + 10 X Taa0rpp + 15 X Ipporce + 10 X
IpBorpp + 10 X Iocorpp + €

could be written as

Y =100 + 30 X Tasors + 15 X (Laaorcc + IBBorcc) + 100(Laaorpp + IBBorDD +
Iccorpp) + €, which could be viewed as a 3-dimensional model.

So the performance of best 2-dimensional model works better when the model

could be viewed as a lower dimensional model than a 6-dimensional model.

2.6 A Method to Obtain a Relatively Good P-dimensional Model, Given
P

This subsection gives a method, as shown below, to answer the following question:

when M is given, how to get a relatively good p-dimensional model? It is necessary

M

k) is large and p is relatively small, where M

to answer the above question when (
is number of SNPs and k is order of multi-locus interaction. As an example, assume

there are M = 6 SNPs and the multi-locus interaction order of our interest is k = 2,
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then (g) = 15 is the number of explanatory variables assuming that every 2-way
. . D . 15 15 15 15
multi-locus interaction is significant. Then, there will be (1) + (2) + ( 3) + ( 4) +

(155) + (165) + (175) possible 2-dimensional models. Thus, it becomes very complicated
when (A,f) >>p.

Stepl Determine the indicator variables of risk of every significant SNP-SNP
¥

interactions for all subjects, denoted as X1, Xo, ..., X,,, where n = (,C

Step2 Randomly assign the variables into p groups, and use the sum of variables
in each group to define p variables, noted as Y1,Y5,...,Y,. Fit a linear regression of
response variable Y on Y7, Y5, ..., Y,. Denote its R-squared to be R1.

Step3 Randomly select one variable from any of the p groups, if the group con-
tains no less than two variables, and randomly put this variable into another group
of variables, otherwise repeat step3. Denote the sum of variables in each group as
Y, Yy, ., Y;. Fit a linear regression of response variable Y on Y], Y, ..., Y;. Denote
its R-squared to be R2.

Step4 If R2 is not less than R1, keep the movement in step 3, otherwise, keep
the group assignment same as those in step2.

The number of permutations is how many times step3 are performed. The above
permutation strategy is performed 1000 times on training data to find a relatively
good p-dimensional model and evaluate it on the test data. Even though this above
methodology is referred as “permutation method” in this thesis, it is performed as a
“rearrangement” process.

There are two simulations performed regarding the above method.

First, use the same true 3-dimensional model as in section2.5.

Y =100 + 30 X Taaorss + 15 X Laaorce + 10 X Ippocc + €, € ~ N(0,20?). 100
iterations are performed with a training set consisting of 1000 individuals and a test
set consisting of 500 individuals.

After choosing a relatively good 2-dimensional model, evaluate it with the 3-
dimensional model, the best 1-dimensional model fitted on single variable and the
1-dimensional model fitted on the sum of all variables with average MSPE from

100 iterations, average r statistic and ¢ statistic mentioned in Section 2.5 from 100

41



iterations, along with their standard error, as shown in Table 2.17. Further, table
2.18 gives the average differences in r-statistic and t-statistic between the relatively
good 2-dimensional model and the rest 3 models from table 2.17 along with their
standard error from 100 iterations. Table 2.19 displays average p-value of testing
for difference in significance in making predictions from 100 iterations, how many
p-values out of the 100 iterations are significant at 5% level,how many p-values out
of the 100 iterations are significant at 10% level, respectively.

Table 2.17: Average MSPEs, r statistics, ¢ statistics from 100 iterations for relatively
good 2-dimensional model, 1-dimensional models and the 3-dimensional model

relatively good 2-dim(SE) 3-dim(SE) 1-dim(SE) (regress | 1-dim(SE) (regress
on single variable) | on sum of 3 variables)

MSPE 401.3684( 2.6339) 400.1580(2.6399) | 486.0222 ( 3.0842) 429.2796( 2.8158)
r 0.7442(0.0016) 0.7451(0.0017) 0.6782( 0.0020 ) 0.7229(0.0018)
t 24.9187( 0.1282) 24.9871(0.1293) 20.6343(0.1117) 23.4008( 0.1253)

Table 2.18: Average differences in r statistic and ¢ statistic over 100 iterations between
relatively good 2-dimensional model and 1-dimensional models, and the 3-dimensional
model

2-dim model - 3-dim model | 2-dim model - 1-dim model( 2-dim model -1-dim model(
(SE) regress on single variable)(SE) | regress on sum of 3 variables)(SE)
r -0.0009 (0.0002) 0.0661( 0.0012 ) 0.0213 ( 0.0008)
i 20.0684( 0.0172) 1.2845( 0.0804) 15179 (0.0564)

Table 2.19: Average p-values from 100 iterations comparing difference between rel-
atively good 2-dimensional model and 1-dimensional models, and the 3-dimensional
model

2-dim vs 3-dim(SE) | 2-dim vs 1-dim(single var)(SE) | 2-dim vs 1-dim(sum of var’s) (SE)
p-value 0.3918(0.0312) 2e-04(1e-04) 0.0391(0.0084)
5% sig. 16 100 80
10% sig. 24 100 90

The average p-value for difference between relatively good 2-dimensional model
and 3-dimensional model is larger than 0.05, thus on average the difference between
2-dimensional model and 3-dimensional model is not significant at 0.05 significance
level. 16 out of 100 iterations are with a p-value that is significant at a 0.05 significance
level, 24 out of 100 iterations are with a p-value that is significant at a 0.10 significance

level.
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The average p-value for difference between relatively good 2-dimensional model
and 1-dimensional model regressed on single variable is smaller than 0.05, thus on av-
erage the difference between 2-dimensional model and 1-dimensional model regressed
on single variable is significant at 0.05 significance level. 100 out of 100 iterations are
with a p-value that is significant at a 0.05 significance level.

The average p-value for difference between relatively good 2-dimensional model
and 1-dimensional model regressed on the sum of 3 variables is smaller than 0.05,
thus on average the difference between 2-dimensional model and 1-dimensional model
regressed on the sum of 3 variables is significant at 0.05 significance level.80 out of
100 iterations are with a p-value that is significant at a 0.05 significance level, 90 out
of 100 iterations are with a p-value that is significant at a 0.10 significance level.

Second, use the first true 6-dimensional model as in Section 2.5.

Y =100 4 30 X TaaorBB + 95 X Laaorcc + 10 X Taaorpp + 70 X Ipporcc 4+ 15 X
IgBorpp + 40 X Iccorpp + €, € ~ N(0,20%). 100 iterations are performed with a
training set consisting of 1000 individuals and a test set consisting of 500 individuals.

After choosing a relatively good 2-dimensional model, evaluate it with the 6-
dimensional model, the best 1-dimensional model fitted on single variable and the
1-dimensional model fitted on the sum of all variables with average MSPE from
100 iterations, average r statistic and ¢ statistic mentioned in Section 2.5 from 100
iterations, along with their standard error, as shown in Table 2.20. Further, table
2.21 gives the average differences in r-statistic and t-statistic between the relatively
good 2-dimensional model and the rest 3 models from table 2.20 along with their
standard error from 100 iterations. Table 2.22 displays average p-value of testing
for difference in significance in making predictions from 100 iterations, how many
p-values out of the 100 iterations are significant at 5% level,how many p-values out

of the 100 iterations are significant at 10% level, respectively.
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Table 2.20: Average MSPEs, r statistics, ¢ statistics from 100 iterations for relatively
good 2-dimensional model, 1-dimensional models and the 6-dimensional model using
the first 6-dimensional true model

relatively good 2-dim 6-dim(SE) 1-dim(SE) (regress | 1-dim(SE) (regress
(SE) on single variable) | on sum of 6 variables)
MSPE | 465.1182( 3.1956 ) | 404.1943(3.1983 ) | 2288.9661(14.9826) 1044.7537 (6.6488)
r 0.9633( 0.0003) | 0.9682 (0.0003) | 0.8034(0.0016) 0.9153 ( 0.0007 )
t 80.2577 (1 0.3296 ) 86.5693(0.3861) 30.2014(0.1723) 50.8539(0.2445)

Table 2.21: Average differences in r statistic, ¢ statistic from 100 iterations between
relatively good 2-dimensional model and 1-dimensional models, and the 6-dimensional
model using the first 6-dimensional true model

2-dim model - 6-dim model | 2-dim model - 1-dim model( 2-dim model -1-dim model(
(SE) regress on single variable)(SE) | regress on sum of 6 variables)(SE)
T -0.0049 (0.0001 ) 0.1599 ( 0.0015 ) 0.0480 ( 0.0007)
t -6.3115( 0.1781) 50.0563( 0.3197) 29.4039 ( 0.3489 )

Table 2.22: Average p-values from 100 iterations in comparing the difference between
relatively good 2-dimensional model and 1-dimensional models, and the 6-dimensional
model using the first 6-dimensional true model

2-dim vs 6-dim(SE) | 2-dim vs 1-dim(single var)(SE) | 2-dim vs 1-dim(sum of var’s) (SE)
p-value 0.0053( 0.0019) 7.5806e-53(7.3677e-53) 2.5058¢-14(2.5058¢-14 )
5% sig. 96 100 100
10% sig. 99 100 100

The average p-value for difference between relatively good 2-dimensional model
and 6-dimensional model is less than 0.05, thus on average the difference between
2-dimensional model and 6-dimensional model is significant at 0.05 significance level.
96 out of 100 iterations are with a p-value that is significant at a 0.05 significance level,
99 out of 100 iterations are with a p-value that is significant at a 0.10 significance
level.

The average p-value for difference between relatively good 2-dimensional model
and 1-dimensional model regressed on single variable is smaller than 0.05, thus on av-
erage the difference between 2-dimensional model and 1-dimensional model regressed
on single variable is significant at 0.05 significance level. 100 out of 100 iterations are
with a p-value that is significant at a 0.05 significance level.

The average p-value for difference between relatively good 2-dimensional model

and 1-dimensional model regressed on the sum of 6 variables is smaller than 0.05,
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thus on average the difference between 2-dimensional model and 1-dimensional model
regressed on the sum of 6 variables is significant at 0.05 significance level. 100 out of
100 iterations are with a p-value that is significant at a 0.05 significance level.

Thus, even though the relatively good 2-dimensional model is not as good as the
6-dimensional model, it outperforms the 1-dimensional models.

Further, the true 6-dimensional model to generated dataset is set to be

Y =100 4 30 X Iaaore + 15 X Taaorce + 10 X Lgaorpp + 15 X Ipporcc + 10 X
Isorpp + 10 X Iocorpp + €, € ~ N(0,20°).

The relatively good 2-dimensional model is evaluated with the 6-dimensional
model, the best 1-dimensional model fitted on single variable and the 1-dimensional
model fitted on the sum of all variables with average MSPE from 100 iterations, av-
erage r statistic and ¢ statistic mentioned in Section 2.5 from 100 iterations, along
with their standard error, as shown in Table 2.23. Further, table 2.24 gives the aver-
age differences in r-statistic and t-statistic between the relatively good 2-dimensional
model and the rest 3 models from table 2.23 along with their standard error from
100 iterations. Table 2.25 displays average p-value of testing for difference in signif-
icance in making predictions from 100 iterations, how many p-values out of the 100
iterations are significant at 5% level,how many p-values out of the 100 iterations are
significant at 10% level, respectively.

Table 2.23: Average MSPEs, r statistics, ¢ statistics from 100 iterations for relatively

good 2-dimensional model, 1-dimensional models and the 6-dimensional model using
the second 6-dimensional true model

relatively good 2-dim 6-dim(SE) 1-dim(SE) (regress | 1-dim(SE) (regress
(SE) on single variable) | on sum of 6 variables)
MSPE | 408.3385( 2.7239 ) | 402.4459( 2.6522) | 707.1826 (4.3715 ) | 453.8246(2.0847)
r 0.8373(0.0012) 0.8399(0.0011) 0.6948(0.0019) 0.8172 (0.0014)
7 34.2610 (0.1695) | 34.6395(0.1825) | 21.5923(0.1339) 31.7939( 0.1692)
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Table 2.24: Average differences in r statistic and ¢ statistic over 100 iterations between
relatively good 2-dimensional model and 1-dimensional models, and 6-dimensional
model using the second 6-dimensional true model

2-dim model - 6-dim model | 2-dim model - 1-dim model( 2-dim model -1-dim model(
(SE) regress on single variable)(SE) | regress on sum of 6 variables)(SE)
r -0.0026 ( 0.0004) 0.1425( 0.0017) 0.0201 (0.0006)
t -0.3543( 0.0478) 12.6580( 0.1486) 2.5311 ( 0.0774)

Table 2.25: Average p-value from 100 iterations in comparing difference between
relatively good 2-dimensional model and 1-dimensional models, and the 6-dimensional
model using the second 6-dimensional true model

2-dim vs 6-dim(SE) | 2-dim vs 1-dim(single var)(SE) | 2-dim vs 1-dim(sum of var’s) (SE)
p-value 0.3148(0.0292) 9.2503e-10(9.2439¢-10) 0.0092 ( 0.0031 )
5% sig. 20 100 95
10% sig. 33 100 99

The average p-value for difference between relatively good 2-dimensional model
and 6-dimensional model is not less than 0.05, thus on average the difference between
2-dimensional model and 6-dimensional model is insignificant at 0.05 significance
level. 20 out of 100 iterations are with a p-value that is significant at a 0.05 significance
level, 33 out of 100 iterations are with a p-value that is significant at a 0.10 significance
level.

The average p-value for difference between relatively good 2-dimensional model
and 1-dimensional model regressed on single variable is smaller than 0.05, thus on av-
erage the difference between 2-dimensional model and 1-dimensional model regressed
on single variable is significant at 0.05 significance level.100 out of 100 iterations are
with a p-value that is significant at a 0.05 significance level.

The average p-value for difference between relatively good 2-dimensional model
and 1-dimensional model regressed on the sum of 6 variables is smaller than 0.05,
thus on average the difference between 2-dimensional model and 1-dimensional model
regressed on the sum of 6 variables is significant at 0.05 significance level. 95 out of
100 iterations are with a p-value that is significant at a 0.05 significance level, 99 out
of 100 iterations are with a p-value that is significant at a 0.10 significance level.

Thus, even though the relatively good 2-dimensional model is not significantly

different from the 6-dimensional model, it outperforms the 1-dimensional models.
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With permutation numbers to be 1000 in the permutation method introduced in
this secion, the “relatively good” 2-dimensional model found by permutation could
reach the best 2-dimensional model in 100 iterations out of 100 iterations when the
true model is

Y =100 + 30 X TasoreB + 15 X Iiaorco + 10 X Igporcc + €, € ~ N(0,20%);

the “relatively good” 2-dimensional model found by permutation could reach the
best 2-dimensional model in 52 iterations out of 100 iterations when the true model
is the 6-dimensional model

Y =100 + 30 X Iga0rBB + 55 X Igaorcc + 10 X Tga0rpp + 70 X Ipporce + 15 X
IBorpp +40 X Iccorpp + €, € ~ N(0,20%);

the “relatively good” 2-dimensional model found by permutation could reach the
best 2-dimensional model in 67 iterations out of 100 iterations when the true model
is the 6-dimensional model

Y =100 4+ 30 X Iaaore + 15 X Taaorce + 10 X Lgaorpp + 15 X Ipporcc + 10 X
I8orpp + 10 X Iocorpp + €, € ~ N(0,207).

Last, we consider the true model Y = 100 4 30 X Iqa0rBB + 15 X g p0rcc + 10 X
Tasorpp+15 X IBporco+10X I5porpp +10X Iccorpp+€, € ~ N(0,50?). The variance
of the random error is increased from 20? to 502 because the response variables of
the Alzheimer’s disease data in Chapter 5 are with variances about 502. Table 2.26
lists the average MSPEs, average r statistics and average t statistics, along with their
standard errors from 100 iterations, from 100 iterations for the best 2-dimensional
model, relatively good 2-dimensional model, 6-dimensional model and 1-dimensional
model regressing on single variable and 1-dimensional model regressing on the sum

of six variables.

Table 2.26: Average MSPE, r statistic and t statistic from 100 iterations for the
2-dimensional models, 6-dimensional model and 1-dimensional models using the true
model with larger variance

Model best 2-dim rela. good 2-dim 6-dim 1-dim(single var.) | 1-dim(sum of var.)
MSPE(SE) | 2569.6046(15.1543) | 2571.6297(15.7251) | 2512.3330(15.1976) | 4417.1766(26.4874) | 3132.2641(18.6894)
r(SE) 0.8355(0.0012) 0.8354(0.0012) 0.8396(0.0012) 0.6935(0.0021) 0.7948(0.0015)
t(SE) 34.0210(0.1663) 34.0091(0.1695) 34.5715(0.1683) 21.5318(0.1240) 29.3019(0.1509)

Table 2.26 illustrates that with a larger variance in response variable, the relatively
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good 2-dimensional model selected by our method on average performs close to the
6-dimensional model in MSPE, r statistic and ¢ statistic and it well represents the
performance of best 2-dimensional model on average. The 2-dimensional models in
table 2.26 also perform much better on average than the 1-dimensional models in
MSPE, r statistic and ¢ statistic.

Table 2.27 exhibits the average p-value for comparing performance difference be-
tween 2-dimensional models and the models of other dimensions mentioned in table
2.26, along with the standard errors on p-values from 100 iterations.

Table 2.27: Average p-value from 100 iterations in comparing difference between 2-

dimensional models and 1-dimensional models, and the 6-dimensional model using
the true model with larger variance

Comparison p-value(SE) 5% sig. | 10% sig.
best 2-dim vs. 6-dim 0.210(0.024) 36 45

best 2-dim vs. 1-dim(single var.) 17113e-11(4.5121e-11) | 100 | 100
best 2-dim vs. 1-dim(sum of var.) 2.3447¢-04(9.21234e-05) | 100 100
rela. good 2-dim vs. 6-dim 0.2363(0.0286) 37 52

rela. good 2-dim vs. 1-dim(single var.) | 5.1820e-11(4.5266e-11) | 100 100
rela. good 2-dim vs. 1-dim(sum of var.) | 3.3966e-04(1.6707e-04) | 100 100

Results from table 2.27 shows that the 2-dimensional models are not significantly
different in prediction performance with the 6-dimensional model on average. Among
100 iterations in comparing the difference in prediction between best 2-dimensional
model and 6-dimensional model, 36 are significant at 5% significant level, 45 are
significant at 10% significant level. Among 100 iterations in comparing the difference
in prediction between relatively good 2-dimensional model and 6-dimensional model,
37 are significant at 5% significant level, 52 are significant at 10% significant level.
In the tests comparing difference in prediction performance between 2-dimensional
models and 1-dimensional models, every iteration is with a significant p-value at 5%
significance level, thus on average the difference in prediction performance between
2-dimensional models and 1-dimensional models are significant. We also noticed
that, considering table 2.12 and table 2.22, when the variance of response variable
is increased from 202 to 502, the number of iterations with significant p-values in

tests comparing difference in prediction performance between 2-dimensional models
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and 6-dimensional models decreased. However, every iteration is with a significant p-
value at 5% significance level in testing difference in prediction performance between

2-dimensional models and 1-dimensional models when the variance increases.

Copyright®© Ye Li, 2018.
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Chapter 3 Methodology for Determining Value of P

In this chapter, cases of MDR with 3 risk scores is first discussed in order to analyze
the effectiveness of MDR with p risk scores when p = 3. Then the function of MDR
with 3 risk scores and MDR with 2 risk scores are compared of true models of different
dimensions. At last, a methodology to determine the dimension of model to use given

data is discussed.

3.1 Multifactor Dimensionality Reduction with Cases of 3-dimensional

Models

This model selection simulation is to suppose that there are M = 4 SNP alleles
A(a), B(b), C(c), D(d) with 6 possible two-way interactions A(a)B(b), A(a)C(c),
A(a)D(d), B(b)C(c), B(b)D(d), C(c)D(d). The interaction results from A(a)B(b)
produce elevated outcomes with either AA or BB, i.e., AABB, AABb, AAbb, aaBB,
AaBB. The interaction results from A(a)C(c) produce elevated outcomes with either
AA or CC, ie., AACC, AACc, AAcc, aaCC, AaCC. The interaction results from
A(a)D(d) produce elevated outcomes with either AA or DD, i.e., AADD, AADd,
AAdd, aaDD, AaDD. The interaction results from B(b)C(c) produce elevated out-
comes with either BB or CC, i.e., BBCC, BBCc¢, BBcc, bbCC, BbCC. The interaction
results from B(b)D(d) produce elevated outcomes with either BB or DD, i.e., BBDD,
BBDd, BBdd, bbDD, BbDD. The interaction results from C(c)D(d) produce elevated
outcomes with either CC or DD, i.e., CCDD, CCDd, CCdd, ccDD, CcDD.

Then build one contingency table for A(a)B(b), A(a)C(c), A(a)D(d), B(b)C(c),
B(b)D(d), C(c)D(d), respectively. In each contingency table, if any of the cell means
exceeds the overall table mean then the individuals in the corresponding cells are
labeled as “High” risk to the outcome, otherwise, those individuals are of “Low” risk
of the outcome.

Let X7 be the indicator function of whether one individual is labeled as “High”
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risk in the contingency table for A(a)B(b), X5 be the indicator function of whether
one individual is labeled as “High” risk in the contingency table for A(a)C(c), X3 be
the indicator function of whether one individual is labeled as “High” risk in the con-
tingency table for A(a)D(d), X, be the indicator function of whether one individual
is labeled as “High” risk in the contingency table for B(b)C(c), X5 be the indicator
function of whether one individual is labeled as “High” risk in the contingency table
for B(b)D(d), X be the indicator function of whether one individual is labeled as
“High” risk in the contingency table for C(c)D(d).
The aim for this simulation is to compare the following 3-dimensional models and
1-dimensional models with the 6-dimensional model.
The 6-dimensional model is
Y = B0+ f1 X1 + B2 Xo + B3X5 + B4 Xa + 55 X5 + B6 X6 + €
The 90 3-dimensional models are
Y = B+ 1 X1 + BoXo + B3( X3 + Xy + X5 + Xg) + ¢
Y =B+ Bi Xy + BoXz + Ba(Xo + Xy + X5+ Xo) + ¢
Y = fBo+ B1X1 + B Xy + B3(Xo + X3 + X5+ Xo) + ¢
Y = By + 51Xy + B X5 + Ba(Xo + Xz + Xy + Xg) + ¢
Y = fo+ B Xy + BoXp + Ba(Xo + Xz + Xy + X5) + ¢
Y =B+ fiXo + foXz + Ba( X1 + Xy + X5+ Xg) + ¢
Y =00+ B1Xo + Bo Xy + B3( X1 + X3 + X5+ Xo) +¢
Y = fo+ 1 X + Bo X5 + B3(Xy + X3+ Xy + Xg) + ¢,
Y =B+ fiXo + foXo + Ba( X1+ Xz + Xy + X5) + ¢
Y = o+ B1X3 + SoXa + B3(X1 + Xo + X5+ Xo) +¢
Y = B+ fi1 Xz + B X5 + Ba( X1 + Xo+ Xy + Xg) + ¢
Y = Bo+ 01X3 + BaXo + B3(X1 + Xo + Xy + X5) +¢
Y = B+ fi Xy + BoXs + Ba( X1 + Xo + Xz + Xg) + ¢
Y =B+ B1Xy+ BoXe + B3( X1 + Xo + X3+ X5) +¢
Y = Bo+ 51 X5 + BaXe + B3(X1 + Xo + X3+ Xy) + ¢,
Y = Bo+ 51Xy + Ba(Xo + X3) + B3( Xy + X5 + Xg) + ¢,
Y = B0+ 51Xy + Bo(Xo + X4) + B5(X3 + X5 + Xi) +¢,
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Y = Bo + 51Xy + B2(Xo + X5
Y = By + 51 X1 + B2 Xo + X6
Y = B0+ f1 X1 + Ba( X3 + X4
Y =By + 1. Xy + Ba(Xs + X5
Y = By + 1. X1 + Ba( X35 + X6
Y = B0+ f1 X1 + Ba( Xy + X5
Y = By + 51Xy + Bo(Xy + X6
Y = 5o+ 51 X1+ Ba(X5 + X6
Y = B0+ f1 X2 + Bao( X1 + X3
Y = B0+ f1Xe + Bo( Xy + X4
Y = Bo + 51 Xo + Bo( Xy + X5
Y = By + 1 Xe + Bo(X: + X6
Y = By + 51X + o X3 + X4
Y = By + B1.Xs + B2( X5 + X5
Y = By + 1. Xo + B2( X5 + X6
Y = By + 1 Xs + Bo(Xy + X5
Y = By + 51X + B2( Xy + X6
Y = By + 1 Xo + B2( X5 + X6
Y = B0+ f1 X5 + Ba( X1 + X2
Y = o+ 51 X5+ B2
Y = By + 81 X5+ Bo( Xy + X5
Y = 5o+ 51 X3+ B2(X1 + X6
Y = B0+ f1 X5+ Ba( X2 + X4
Y = B0+ 1 X3 + Ba( X2 + X5
Y = 5o+ 51 X3+ F2(X2 + X6
Y = B0+ f1 X5 + Ba( Xy + X5
Y = B+ 1 X3 + B2 Xy + X6
Y = By + 81 X5+ B2(X5 + X6
Y = 5o+ 51Xy + Bo(X1 + X2
Y = By + 51Xy + Bo( X1 + X3
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Y = 0o+ f1Xa+ 52
Y = B0+ f1 Xy + Bo( X1 + X6) + B3(Xa + Xz + X5) + €
Y = B0+ 1 Xy + Ba(Xo + X3) + B3(X1 + X5 + X¢) +¢
Y = By + 51Xy + B2(Xo + XB) + G3(Xq + Xz + Xg) +¢
Y = B0+ f1 Xy + Ba(Xo + X6) + B3(X1 + Xz + X5) + €
Y = B0+ f1 Xy + Bo( X3 + X5) + B3(X1 + Xo + Xe) + €
Y = B0+ 1 Xy + B2 X5+ X6) + B3(X1 + Xo+ X5) + ¢
Y = Bo+ f1Xs + Ba( X5 + X6) + B3(X1 + Xo+ X3) +¢
Y = B0+ 01 X5 + Bo( X1 + X2) + B3(X5 + Xy + Xe) + €
Y = B0+ £1X5 + Ba( X1 + X3) + B3(Xo + Xy + Xo) + ¢
Y =By + 51 X5 + Bo( X1+ X4) + G3(Xo + X3 + Xg) +¢
Y = B0+ 1 X5 + Ba( X1 + X6) + B3(Xa + Xz + Xy) +€
Y = B0+ 1 X5 + Bo(Xo + X3) + B3(X1 + Xy + Xe) + €

(X1 + X5) + B3(X )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
Y = By + BiXs + Bo( Xy + X4) + Bs(X1 + X3+ Xg) + ¢
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )+
( ) + Bs( ) +
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( )
( ) + Bs( ) +

o+ X3+ Xg) +¢

Y = 5o+ 51 X5 + Bo(Xo + X6) + G3(Xq + Xz + Xy) +¢
Y = B0+ 01 X5 + Ba( X3 + X4) + B3(X1 + Xo + Xg) + €
Y =fFo+ 51 X5 + Ba( X3 + X6) + B3(Xs + Xo+ Xy) + €
Y =By + 51 X5 + So(Xy + X6) + G3(Xy + Xo + X3

Y = B0+ 1 X6 + Ba( X1 + X2) + B3(X3 + Xy + X5) +

Y = fo+ 01 Xe + Bo( X1 + X3) + B3(Xo + Xy + X5) + ¢
Y = Bo+ 51 Xe + Fo( X1+ X4) + B3(Xo+ X3+ X5) + ¢
Y = By + 51 Xe + Bo(X1 + XB) + B3(Xo+ Xz + Xy) +¢
Y = B0+ 1 X6 + Ba(Xo + X3) + B3(X1 + Xy + X5) + €
Y = B0+ 1 X6 + Ba(Xo + X4) + B3(X1 + X3+ X5) +¢
Y = By + 51 X6 + B2(Xo + XB) + G3(Xq1 + Xz + Xy) +¢
Y = Bo+ 1 X6 + Ba( X3 + X4) + B3(X1 + Xo + X5) + €
Y = B + 1 X6 + Ba( X3 + X5) + 3(X1 + Xo + Xy) +

Y = By + B X + Ba(Xy 4+ X5) + Ba(X1 + Xo + X3) + ¢,
Y = B+ Bi(Xi + Xa) + Bo( X3 + X4) + B3(X5 + Xi) + ¢,
Y = By + Bi( X1 + Xa) + Bo( X3 + X5) + B3(Xy + X¢) + ¢,
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Y = Bo+ B1(X1 + Xa) + Bao( X3 + X6) + B3(Xy + X5) + ¢
Y = By + Bi( X1 + X3) + Bo(Xo + X4) + B3(X5 + Xg) + ¢
Y=o+ Bi(Xi + X3) + Ba(Xo + X5) + B5(Xy + Xo) + €
Y = By + Br(X1 + X3) + Bo(Xo + X6) + B3(Xy + X5) + ¢
Y = By + Bi( X1 + Xy) + Bo(Xo + X3) + B3(X5 + Xg) + ¢
Y = By + Bi( X1+ Xy) + Bo(Xo + X5) + B3(X3 + X¢) + ¢
Y = Bo+ Bi(Xq1 + Xa) + Bo(Xa + X6) + B3( X3+ X5) +¢,
Y = Bo+ Bi(Xy + X5) + Bo( X + X3) + B5(Xu + X) +
Y = fo+ Bi(X1 + X5) + Bo(Xo + X4) + B5(X3 + Xg) + €
Y = 8o+ Bi( X1+ Xs) + Bo(Xo + X6) + B3(X3 + Xy) + ¢
Y = By + Br( X1 + Xe) + Bo(Xo + X3) + B3(Xy + X5) + ¢
Y = By + Bi( X1 + Xe) + Bo(Xo + X4) + B3(X3 + X5) + ¢
Y = Bo + B1(X1 + X) + Bo(Xo 4+ X5) + f3(X3 + Xy) + ¢,

( ) + B
( ) + B
( ) + B
( ) + B
( ) + B
( ) + B
( ) + B
( ) + B
( ) + B
( ) + B
( ) + B
( ) + B

The six 1-dimensional models regressing on one single variable are

Y = 0o+ /1 X1 +¢,

Y =5+ /i Xe +e,

Y =05+ 0 X5+,

Y = 0o+ /1 Xs+¢,

Y =5+ 5 X5 +e,

Y = 6o+ 01 X6 + €,

The 1-dimensional model regressing on the sum of six variables is

Y =By + Bi(X1 + Xo 4+ X3+ X4 + X5 + Xg) +¢.

The true 6-dimensional model is Y = 100 4+ 30 * I440r8B + 95 * Taaorcc + 10 *
Tasorpp + 70 % Ipporco + 15 % Ipporpp + 40 * Iocorpp + €, € ~ N(0,20%). And 100
iterations with a training set consisting of 1000 individuals and a test set consisting
of 500 individuals are performed.

In each iteration, after fitting 3-dimensional models and 1-dimensional models
based on training data, the following models are taken to make comparisons in pre-
diction on the testing data, the fitted 6-dimensional model from training data, the

best fitted 3-dimensional model which is with the largest R-squared among all 3-
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dimensional models from training data, the best fitted 1-dimensional model which is
with the largest R-squared among the first six 1-dimensional models from training
data, the fitted seventh 1-dimensional model from training data.

Then, the testing data is used to calculate MSPE(Mean Square Prediction Error)
of the above four models, respectively.

The average MSPE’s of 100 iterations with their standard error (SE) for the
above four models are given in Table 3.1. Average r statistic and t statistic and their
standard error in 100 iterations are given in Table 3.2. Table 3.3 displays the average
difference in r-statistic and t-statistic between the best 3 dimensional model rest 3
model from table 3.2 along with their standard error from 100 iterations. Table 3.4
gives the average p-value with standard error on test data of these three test in 100
iterations, how many p-values out of the 100 iterations are significant at 5% level how
many p-values out of the 100 iterations are significant at 10% level, respectively.

Table 3.1: Average MSPEs from 100 iterations for best 3-dimensional model, 1-
dimensional models and the 6-dimensional model
3-dim model(SE) | 6-dim model(SE) 1-dim model(SE)

(regress on single variable)
2293.6515( 11.9864)

1-dim model(SE)
(regress on sum of 6 variables)
1057.0427 ( 7.5004)

429.5159(3.1562) | 404.7234( 3.1081)

Table 3.2: Average r statistic, t statistic from 100 iterations for best 3-dimensional
model, 1-dimensional models and the 6-dimensional model

3-dim model(SE) | 6-dim model(SE)

1-dim model(regress
on single variable)(SE)
0.8032( 0.0014)
30.1588(0.1431)

1-dim model(regress
on sum of 6 variables)(SE)
0.9145( 0.0007)
50.5961(0.2465)

0.9662 (0.0003 )

r 0.9682(0.0003)
t | 83.8884( 0.3651)

86.6079(0.3945)

Table 3.3: Average r statistic and ¢ statistic differences over 100 iterations between
best 3-dimensional model and 1-dimensional models, and the 6-dimensional model

3-dim model - 6-dim model | 3-dim model - 1-dim model( 3-dim model -1-dim model(
(SE) regress on single variable)(SE) | regress on sum of 6 variables)(SE)
7 | -1.9717¢-03 (7.6088¢-05) 0.1629( 0.0012 ) 0.0517(0.0006)
t -2.7196( 0.1082) 53.7296(0.3269) 33.2923(0.3234)
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Table 3.4: Average p-values from 100 iterations in comparing difference between best
3-dimensional model and 1-dimensional models, and the 6-dimensional model

3-dim vs 6-dim(SE) | 3-dim vs 1-dim(single var)(SE) | 3-dim vs 1-dim(sum of var’s)(SE)
pvalue | 0.0566 ( 0.0145) 1.0665¢-62 (1.0408¢-62) 2.1479¢-22( 1.5794¢-22 )
5% sig. 7 100 100
10% sig. 85 100 100

Table 3.1 shows that the 6-dimensional model and best 3-dimensional model out-
perform the 1-dimensional models. The performance of best 3-dimensional is close
to the 6-dimensional model since the MSPE ratio of best 3-dimensional model to
6-dimensional model is 404.7234 <+ 429.5159 = 0.9423.

In Table 3.2, r statistic and ¢ statistic are the same that was introduced in Chapter
2.5. Since the sample size of testing data to calculate r statistic and ¢ statistic is 500,
t ~ ty95 under Hy : p < 0 approximately . The one-sided critical value for significance
level 0.05 of t495 is 1.64. Thus, according to average t scores, all four models’ abilities
in prediction are statistically significant at 0.05 level.

Table 3.3 displays that the 6-dimensional model perform a little better than the
best 3-dimensional model in prediction on average and the best 3-dimensional model
has a slightly higher ability in prediction than the 1-dimensional models.

However, table 3.4 indicates that all 100 out of 100 iterations are with a p-value
that is significant at a 0.05 significance level for testing on the difference in prediction
between 3-dimensional model and 1-dimensional models. However, in the tests of
prediction difference between 3-dimensional model and 6-dimensional models, 77 out
of 100 iterations are with a p-value that is significant at a 0.05 significance level, 85
out of 100 iterations are with a p-value that is significant at a 0.10 significance level.

By the methodology to find a relatively good p-dimensional model proposed in
chapter 2, a relatively good 3 dimensional model is found using testing data and
compared with the relatively good 1-dimensional model regressed on single variable,
the 1-dimensional model regressed on sum of all variables and the six dimensional
model in MSPE, r statistic and ¢ statistic, as listed in Table 3.5, and in significance
of difference, as listed in Table 3.7, along with how many p-values out of the 100

iterations are significant at 5% level,how many p-values out of the 100 iterations are
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significant at 10% level. Table 3.6 exhibits the average differences in r-statistic and
t-statistic between the relatively good 3-dimensional model and the rest 3 models
from table 3.5 along with their standard errors from 100 iterations.

Table 3.5: Average MSPEs, r statistics, t statistics from 100 iterations for relatively
good 3-dimensional model, 1-dimensional models and the 6-dimensional model

relatively good 3-dim 6-dim(SE) 1-dim(SE) (regress | 1-dim(SE) (regress
(SE) on single variable) | on sum of 6 variables)
MSPE | 425.3672(3.3451) | 404.7234(3.1081) | 2293.6515(11.9864) | 1057.0427(7.5004)
T 0.9665(0.0003) 0.9682(0.0003) 0.8032(0.0014) 0.9145(0.0007)
i 81.3162(0.4059) | 86.6079(0.3945) | 30.1588(0.1431) 50.5961(0.2465)

Table 3.6: Average r statistic and ¢ statistic differences over 100 iterations between
relatively good 3-dimensional model and 1-dimensional models, and the 6-dimensional
model

3-dim model - 6-dim model | 3-dim model - 1-dim model( 3-dim model -1-dim model(
(SE) regress on single variable)(SE) | regress on sum of 6 variables)(SE)
r -0.0017 (0.0001) 0.1633(0.0013) 0.0520 (0.0006)
¢ 22.2618(0.1621) 54.1874(0.3709) 33.7501 (0.3582)

Table 3.7: Average p-values from 100 iterations in comparing difference between
relatively good 3-dimensional model and 1-dimensional models, and the 6-dimensional
model

3-dim vs 6-dim(SE) | 3-dim vs 1-dim(single var)(SE) | 3-dim vs 1-dim(sum of var’s) (SE)
p-value 0.1376(0.0250) 1.0662e-62(1.0408e-62) 4.4738e-21 (4.4735e-21)
5% sig. 65 100 100
10% sig. 7 100 100

3.2 Selecting from 2-dim and 3-dim Models

In this section, there are six true models in study, with dimensions of 1, 2, 3, 4,
5, 6, respectively. The performance of best two-dimensional model and best three-
dimensional model are compared for each true model on simulated testing data, then
the performance of relatively good two-dimensional model and relatively good three-
dimensional model obtained by methodology in Chapter 2 are compared on simulated

testing data.
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In each case below, it gives the true model to generate data in 100 iterations. In
each iteration, there are 1000 individuals in the training data and 500 individuals in
the testing data.

The training data is first used to fit the best 2-dim model and the best 3-dim model
whose average MSPE, average r statistic, average ¢ statistic, average p-value for test
of difference from 100 iterations are compared in testing data. Then the training data
is used to find the relatively good 2-dim model and the relatively good 3-dim model
by the permutation methodology introduced in Chapter 2.6 whose average MSPE,
average r statistic, average t statistic, average p-value for test of difference from 100
iterations are compared in testing data.

We make the same assumption for SNPs numbers and SNP-SNP interactions as
in Section 3.1, X1 = Iqa0rBB, X2 = Iaaorcc; X3 = Iaaorpp, X4 = Ipporcc, X5 =

[BBorDDa X6 = ICCOT‘DD'

Case 1
True Model: Y =100+ 100 Xx X7 +0x Xo+0x X34+0x X3 +0x X5+0x Xg+¢,
e ~ N(0,20%)
best 2-dim best 3-dim rela. good 2-dim | rela. good 3-dim
MSPE(SE) | 401.3794(2.6598) | 402.5526(2.6716) | 498.8267(8.7246) | 403.158896(2.7260)
r(SE) 0.9277(0.0005) 0.9274(0.0005) 0.9092(0.0017) 0.9273(0.0005)
t(SE) 55.5553(0.2230) | 55.4596(0.2213) | 49.4672(0.5556) | 55.4160(0.2296)
p-value for 0.4340(0.0303) 0.1457(0.0275)
diff test(SE)
5% sig. 10 69
10% sig. 20 74
best 2-dim - best 3-dim rela 2-dim - rela 3-dim
MSPE(SE) | -1.1732( 0.2032) 95.6678(7.7940)
r(SE) 2.2028e-04(3.7941e-05) -0.0181(0.0015)
t(SE) 0.0956(0.0165) -5.9488(0.4726)
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Case 2

True Model: ¥ =100+ 70 x X; +30 x Xo +0 X X34+ 0 x Xy +0x X5 +0 x X¢+¢,
e ~ N(0,20?)

best 2-dim best 3-dim rela. good 2-dim | rela. good 3-dim
MSPE(SE) | 465.2058(3.0922) | 415.3998(3.1395) | 471.4914(3.5272) | 423.8685(3.322)
r(SE) 0.8913(8e-04) 0.9035 (8e-04) 0.8897(9e-04) 0.9014(8e-04)
t(SE) 43.9715(0.1877) | 47.1735(0.223) 43.6114(0.2095) | 46.601(0.2326)
p-value for 0.0125 ( 0.0054 ) 0.0454 ( 0.0155 )
diff test(SE)
5% sig. 93 86
10% sig. 97 93

best 2-dim - best 3-dim rela 2-dim - rela 3-dim
MSPE(SE) | 49.806 ( 1.8765 ) 47.6229 ( 2.4072)
r(SE) -0.0122 ( 5e-04 ) -0.0117 ( 6e-04 )
t(SE) -3.202 ( 0.1204 ) -2.9897 ( 0.1503 )
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Case 3

True Model: Y =100+ 50 x X7 +30 x Xo +20 x X3 +0x X4 +0x X5+0x X¢+¢,
e ~ N(0,20%)

best 2-dim best 3-dim rela. good 2-dim | rela. good 3-dim
MSPE(SE) | 474.711(3.5697) | 450.8205(3.2387) | 474.9487(3.5448) | 454.4775(3.4849)
r(SE) 0.8727(0.0010) | 0.8794(9e-04) 0.8726(0.0010) 0.8784(0.0010)
t(SE) 39.9766(0.1870) | 41.3308(0.1893) | 39.9626(0.1876) | 41.1338(0.2025)
p-value for 0.1812 ( 0.0262 ) 0.2194 ( 0.0294 )
diff test(SE)
5% sig. 51 51
10% sig. 60 56

best 2-dim - best 3-dim rela 2-dim - rela 3-dim
MSPE(SE) | 23.8905 ( 2.0405 ) 20.4712 ( 1.9887)
r(SE) -0.0068 ( 6e-04 ) -0.0058 ( 6e-04 )
#(SE) -1.3541(0.1166) -1.1712(0.1160)
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Case 4

True Model: Y =1004+40 x X; +20 x Xo +5 x X3+ 15 x Xy + 0 x X5+ 0 x Xg + ¢,
e ~ N(0,20%)

best 2-dim best 3-dim rela. good 2-dim | rela. good 3-dim
MSPE(SE) | 418.3904(2.7692) | 409.5602(2.6311) | 422.1417(2.7566) | 410.8684(2.7198)
r(SE) 0.8331(0.0013) 0.8370(0.0012) 0.8315(0.0012) 0.8364(0.0012)
t(SE) 33.6944(0.1681) | 34.2108(0.1647) | 33.4771(0.1611) | 34.1374(0.1684)
p-value for 0.2028 ( 0.0272 ) 0.1741 ( 0.0246 )
diff test(SE)
5% sig. 49 47
10% sig. 57 60

best 2-dim - best 3-dim rela 2-dim - rela 3-dim
MSPE(SE) | 8.8302 ( 0.6503 ) 11.2734 ( 0.9141 )
r(SE) -0.0039 ( 3e-04 ) -0.0049 ( 4e-04 )
t(SE) -0.5163 ( 0.038 ) -0.6603 ( 0.0544 )
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Case 5

True Model: Y =100+ 20 x X; +30 x Xo+10 X X5+5x X3 +35 X X5+ 0 x Xg + ¢,
e ~ N(0,20%)

best 2-dim best 3-dim rela. good 2-dim | rela. good 3-dim
MSPE(SE) | 412.2716(2.8760) | 409.4685(2.8269) | 417.0436(2.8454) | 410.1979(2.9674)
r(SE) 0.8613(0.0010) 0.8623(0.0010) 0.8596(0.0010) 0.8621(0.001)
t(SE) 37.9148(0.1756) | 38.0897(0.1732) | 37.6235(0.1728) | 38.0598(0.1764)
prvatue fOr 1 4o (0.0279 ) 0.3474 ( 0.0308 )
diff test(SE)
5% sig. 6 26
10% sig. 16 34

best 2-dim - best 3-dim rela 2-dim - rela 3-dim
MSPE(SE) | 2.8031 ( 0.5529 ) 6.8457 ( 1.1581 )
r(SE) -0.001 ( 2e-04 ) -0.0026 ( 4e-04 )
t(SE) -0.175 ( 0.0344 ) -0.4363 ( 0.0706 )
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Case 6

True Model: ¥ =100+ 30 x X7 +55 X Xo + 10 X X354+ 70 x X4 + 15 x X5 +40 x X4 + ¢,
e ~ N(0,20?)

best 2-dim best 3-dim rela. good 2-dim | rela. good 3-dim
MSPE(SE) | 465.7856(3.0297) | 429.2765(2.7712) | 469.3885(3.2331) | 425.0592(3.0735)
r(SE) 0.9634(3e-04) 0.9663(2e-04) 0.9631(3e-04) 0.9667(2e-04)
t(SE) 80.3682(0.2977) | 83.9571(0.3015) | 80.0703(0.3171) | 84.4411(0.3227)
p-value for 0.0642 ( 0.0127 ) 0.0996 ( 0.0219 )
diff test(SE)
5% sig. 74 79
10% sig. 81 82

best 2-dim - best 3-dim rela 2-dim - rela 3-dim
MSPE(SE) | 36.5092 ( 1.6347 ) 44.3293 (1 2.4278 )
r(SE) -0.0029 ( 1e-04 ) -0.0035 ( 2e-04 )
t(SE) -3.589 ( 0.1607 ) -4.3709 ( 0.2369 )

In Case 1, the best 2-dimensional model has a smaller MSPE on the testing data
than the best 3-dimensional model on average in 100 iterations. This is because the
true model is just 1-dimension and 3-dimensional model has more error in prediction
due to over-fitting. The relatively good 2-dimensional model has larger MSPE than
the relatively good 3-dimensional model obtained through permutation methodol-
ogy(Chapter 2.6) with permutation number 1000 on average in 100 iterations. This
because the relatively good 2-dimensional model has more variation which can be
reflected by its MSPE’s standard error. The p-values of testing on difference in pre-
diction that are significant at 5% and 10% displays that there is almost no significant
difference between the best 2-dimensional model’s and 3-dimensional model’s ability
in prediction, but due to the large variation of relatively good 2-dimensional model,
a relatively good 3-dimensional model is more likely to have better performance in
prediction than than a relatively good 2-dimensional model. The last few columns
of the summary table displays the average differences between MSPE, r-statistic and

t-statistic of best models of 2-dimension and 3-dimension, relatively good models of
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2-dimension and 3-dimension, which illustrates a best 2-dimensional model would
perform a slightly better in prediction than a best 3-dimensional model on average
since the difference in average MSPE is negative and differences in average r-statistic
and average t-statistic are positive, a relatively good 3-dimensional model would per-
form much better in prediction than a relatively good 2-dimensional model on average
since the difference in average MSPE is positive and differences in average r-statistic
and average t-statistic are negative. Conclusions about prediction performance be-
tween models can be drawn for the rest 5 cases in a similar way by average differences
between MSPE, r-statistic and t-statistic.

In Case 2, the best 2-dimensional model has a larger MSPE on testing data than
the best 3-dimensional model on average in 100 iterations. Even though the true
model is 2-dimensional and the best 3-dimensional model might be over-fitting, the
3-dimensional models has a larger chance to reach the expression of the true model
than the 2-dimensional models. For example, given the true model in Case 2, the
pattern for the 2-dimensional models is Y = By + 51241 + P2 25 +¢€, where Z; is the sum
of some of the X;’s, i =1,2,...,6, and Z is the sum of the rest X;’s, i =1,2,...,6. it
will reach the true model only when Z; contains X; and Z5 contains X5 or Z; contains
X, and Z5 contains X;. 15 out of the 31 2-dimensional models will have this format.
However, the pattern for the 3-dimensional models is Y = By+ 5121+ B2 22+ P323+¢€,
where Z1 + Zo + Z3 = X1 + Xo + X35+ X4 + X5 + Xg. It will reach the true model
when Z; contains X; and Z; contains X, where 4,7 = 1,2,3,7 # j. 65 out of the
90 3-dimensional models will have this format. Since the best models are chosen by
R? and variability exists in the data, the selected best models can’t be certain to
reach the true model in every iteration, thus the 3-dimensional model has a smaller
MSPE on average. The p-values of testing on difference in prediction shows that there
exists significant difference between the best 2-dimensional model’s and 3-dimensional
model’s ability in prediction, between the relatively good 2-dimensional model’s and
relatively good 3-dimensional model’s ability in prediction, respectively. Besides,
the last three columns shows the best 3 dimensional model outperforms the best 2

dimensional model on average, the relatively good 3 dimensional model outperforms
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the relatively good 2 dimensional model on average.

In Case 3-6, best 3-dimensional model has a smaller MSPE on the testing data
than the best 2-dimensional model on average in 100 iterations. The relatively good
3-dimensional model has smaller MSPE than the relatively good 2-dimensional model
obtained through permutation methodology(Chapter 2.6) with permutation number
1000 on average in 100 iterations. And their MSPE’s differences are relatively small,
respectively. But from the information provided from p-value to test difference in
prediction, for Case 3 and Case 4, with around 50% opportunity, a 3-dimensional
model will perform significantly better than a 2-dimensional model at 5% significance
level. For Case 5, with around 60% opportunity, a best 3-dimensional model will
perform significantly better than a best 2-dimensional model at 5% significance level,
with around 30% opportunity, a relatively good 3-dimensional model will perform
significantly better than a relatively good 2-dimensional model at 5% significance
level. For Case 6, with around 80% opportunity, a 3-dimensional model will perform
significantly better than a 2-dimensional model at 5% significance level.

In Case 1-6, the average r statistic of best 2-dimensional model is close to that
of best 3-dimensional model, the average r statistic of relatively good 2-dimensional
model is close to that of the relatively good 3-dimensional model, and the average
t statistics where t ~ t 98 under Hy : p < 0 approximately shows the four models
ability in prediction are statistically significant at 0.05 level.

For all six cases, relatively good 3-dimensional model outperforms the relatively
good 2-dimensional model in MSPE on average. The difference of average MSPE
between relatively good 2-dimensional model and relatively good 3-dimensional model
selected by permutation decreases from Case 1 to Case 4, then begins to increase from
Case 5 to Case 6. Same pattern is observed for difference of average MSPE between
best 2-dimensional model and best 3-dimensional model from Case 2 to Case 6, where
best 3-dimensional model outperforms the best 2-dimensional model in MSPE on
average, except for Case 1, where best 3-dimensional model does not outperform the
best 2-dimensional model in MSPE on average. The average r statistic for best 2-

dimensional model, best 3-dimensional model, relatively good 2-dimensional model,
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relatively good 3-dimensional model also preserves the same pattern that it decreases
from Case 1 to Case 4 and then increases from Case 5 to Case 6, respectively.
The above trend is presumably caused by the variance of response variable. The

variance of Y is listed below for Case 1 - Case 6.

Table 3.8: Average variance of response variable over 100 iterations

Case 1 2 3 4 5 6
Var(Y) | 2868.226 | 2276.492 | 1992.234 | 1369.719 | 1583.819 | 2101.865

If the response variable has larger variability, in those cases where 3-dimensional
model outperforms 2-dimensional model on average, it will have larger MSPE differ-
ence.

If the response variable has larger variability, in all six cases r statistic will have
larger value because if the responses move in a larger range, then the predicted
responses are also anticipated to move in a larger range. Thus, they will have a larger

correlation than those moving in a smaller range.

3.3 Methodology to Select Relatively Good P Dimensional Model, P

Unknown

Supposing there are N observations, m predictive variables and the dataset is avail-
able, this section gives a method to find the relatively good p-dimensional model to
apply to the dataset. A 5-fold cross validation strategy is adopted.

Stepl Separate the dataset into 5 pieces, use the first piece as testing data and
the rest as training data.

Step2 Use the length of [ where [ is the previous integer of \/m to cut m into
n + 1 pieces, approximately ? + 1 pieces, namely, my=1, mg,..., m,y1 = m with
m; =~ (j —1)y/m where j =2,...,n

Step3 Find relatively good m;-dimensional model, ms-dimensional model,..., m,,-
dimensional model with the permutation methodology introduced in Chapter 2.5 by
training data. Obtain their MSPE using testing data, noted as MSPFE,, MSPFE,...,
MSPE, ;.
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Step4 Repeat Step3 five times using different fold, respectively. Calculate the
average MSPE, noted as MSPE|,MSPE,,..., MSPE, .

Step5 Find the least MSPE;, i = 1,2,...,n, noted as MSPE;,. If there does
not exist MSPE; with a larger or smaller dimension than MSPE;,, keep M SPE;,
and the next largest M SPE;, noted as M SPE; (example shown as Figure 3.1), reset

Miesr = man(io, 1), Myigne = max(ip,41) ; If there exist WPE/S with a larger
and a smaller dimension than MSPE;, keep both of them, noted as MSPE;,
and MSPE;,(example shown as Figure 3.2), reset Miepe = min(iy,la), Myight =
max (i, iz).

Step6 Set the range of predictive variables from [1,m] to [myest, Myignt], Which
means 1m = Myight — Myefr + 1 in Step2, repeat Stepl-Stepd until m < 8, then move
to Step 7.

Step7 Use the permutation method to find relatively good p-dimension models,
P = Myept, Mieft + 1, Miepe + 2, ..., Myigne, respectively by training data in each CV
fold and choose the model with the least average MSPE in 5-fold CV to be “relatively

good” p-dimensional mdoel. Thus, the dimension is determined.
MSPE;
MSPE,

MSPE;

MSPE, «— JISPE,
MSPE, «—MSPE,

14 My 1Mty My g

Figure 3.1: First example for Step 5
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MSPE;
MSPE,
MSPE; «——MSPE,
MSPE,«—ISPE;
MSPE,, «——MSPE,

S| g 1y 1My g

Figure 3.2: Second example for Step 5

Next, a hypothetical example is listed below to demonstrate how to use the above

methodology.

e The assumption of this example to start is that the curve of number of prediction
variables and MSPE is of the shape in Figure 3.2 where the lowest point of
MSPE curve is not at either of the endpoints.

e Second assumption is that there are 98 explanatory variables and one continuous
outcome, which means m = 98, /m = 9.89 &~ 10. Thus, | =10, m; =1, my =
1x10, mz = 2x10, my = 3x 10, ms = 4x10, mg = 5x10, m; = 6x 10, mg =

7X10, m9:8><10, m10:9><10, m11:98.

e Separate the data set into 5 parts randomly, use the ith part as testing data and
the rest as training data in ith fold of 5-fold cross-validation, ¢ = 1,2,3,4,5.
On training data in i¢th fold, apply the permutation method in Chapter 2.5
to find “relatively good” mj-dimensional model, j = 1,...,11. respectively.
Then apply the eleven “relatively good” mj-dimensional models, j = 1,...,11
on testing data to obtain MSPE;;, i = 1,2,3,4,5, j = 1,...,11, respectively.
Calculate M SPE; = %(MSPEU+MSPE2j+MSPE3j+MSPE4j+MSPE5j),

j=1,...,11, respectively.
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For illustration, assume MSPFE; = 500, MSPE, = 200, MSPFE; = 100,
MSPEy; = 110, MSPEs = 115, MSPEs = 120, MSPFE; = 130, MSPEy =
145, MSPEQ - 170, MSPElO == 2007 MSPEll - 240

The smallest average MSPE from cross-validation is M.SPE3, noted as MSPE;,.
There does exist M SPE, = 200 based on ms that is smaller than ms in di-
mension and M SPE, = 110 based on my that is larger than ms in dimension.
Denote MSPE; = 200 as MSPE;,, Denote MSPE, = 500 as MSPE,,, set

Mieft = 10, Myight = 30.

Reset the range of prediction variables’ number from [1,98] to [10,30], reset
m=30—1041 =21, /m = 458 ~ 5. Thus, | = 5, reset m; = 10,my =
15,m3 = 2O,m4 = 25, ms = 30.

Separate the data set into 5 parts randomly, use the ith part as testing data and
the rest as training data in ¢th fold of 5-fold cross-validation, ¢+ = 1,2, 3,4, 5.
On training data in ith fold, apply the permutation method in Chapter 2.5 to
find “relatively good” mj-dimensional model, j = 1,...,5. respectively. Then
apply the five “relatively good” mj;-dimensional models, j = 1,...,5 on testing
data to obtain MSPE;;, © = 1,2,3,4,5, j = 1,...,5, respectively. Calculate
MSPE; = %(MSPEU + MSPFEy; + MSPFEs; + MSPE,; + MSPEs;), j =
1,...,5, respectively.

For illustration, assume

MSPE, = 200, MSPFE, = 150, MSPE3; = 100, MSPE; = 95, MSPE; =
110.

The smallest average MSPE from cross-validation is M. SPE,, noted as MSPE;,.
There does exist MSPE; = 100 based on ms that is smaller than my in di-
mension and MSPEs; = 110 based on ms that is larger than my in dimension.
Denote MSPFE; = 100 as MSPE;,, Denote MSPE5; = 110 as MSPE,,, set

Mieft = 20, Myight = 30.
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e Reset the range of prediction variables’ number from [10,30] to [20, 30], reset
m=30—-20+1 =11, y/m = 3.32 = 3. Thus, [ = 3, reset m; = 20,my =
93, ms = 26, my = 29, ms — 30

e Separate the data set into 5 parts randomly, use the ith part as testing data and
the rest as training data in ¢th fold of 5-fold cross-validation, ¢+ = 1,2, 3,4, 5.
On training data in ith fold, apply the permutation method in Chapter 2.5 to
find “relatively good” mj -dimensional model, j = 1,...,5. respectively. Then
apply the five “relatively good” m -dimensional models, j = 1,...,5 on testing
data to obtain MSPE;;,
MSPE; = %(MSPEU + MSPEs; + MSPEs; + MSPE,; + MSPEs5;), j =

1 =1,2,3,4,5, j = 1,...,5, respectively. Calculate

1,...,5, respectively.

e For illustration, assume

MSPE, = 100, MSPE, = 93, MSPE; = 97, MSPE, = 105, MSPE; = 110.

e The smallest average MSPE from cross-validation is MSPE, = 93, noted as
WPEZ-O. There does exist MSPE; = 100 based on m; that is smaller than
ms in dimension and MSPE; = 97 based on mg that is larger than ms, in
dimension. Denote WPE?, = 100 as WPEW Denote MSPE; = 97 as
WPEZ-Q, set mMyepe = 20, Mypigne = 26.

e Now m = 7 < 8,separate the data set into 5 parts randomly, use the ith
part as testing data and the rest as training data in ¢th fold of 5-fold cross-
validation, ¢+ = 1,2,3,4,5. On training data in ith fold, apply the permuta-
tion method in Chapter 2.5 to find “relatively good” 20-dimensional model,21-
dimensional model,22-dimensional model,23-dimensional model,24-dimensional
model,25-dimensional model,26-dimensional model, respectively. Then apply
the seven “relatively good” models on testing data to obtain MSPE;;, i =
1,..,7, j=1,..,5 respectively. Calculate M SPE; = %(MSPElj‘i‘MSPEQj""
MSPEs; + MSPEy; + MSPE;5;), j =1,...,5, respectively.
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e For illustration, assume

MSPFE; =100, MSPFEy, =99, MSPE; =91, MSPE, =93, MSPFE; = 93.5,
MSPEs = 95, MSPE;, = 97. Thus, the relatively good model is deter-

mined to be 22-dimensional model because M SPE3 = 91 is the smallest among

MSPE;, i=1,..,T7.

However, in real data, there might be multiple lowest average MSPEs from 5-fold
cross-validation in Step 3 which are close to each other in value due to data’s varibility,
shown in Figure 3.3. In those cases, we could flexibly apply the above method, such
as applying Step 5 respectively on each lowest average MSPE to narrow down the
range of prediction variables by segments to find the relatively good p-dimensional
model in each segment, then comparing the relatively good segment p-dimensional

models to find the relatively good overall p-dimensional model.

MS5PE
Theoretical
Curve

my My 13 Ty ms

Figure 3.3: Example for multiple lowest average MSPEs

Copyright®© Ye Li, 2018.
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Chapter 4 Theoretical Support

In this Chapter, the response variable Y = By + 81 X1 + £ X5 + 53X3 + €, where X7,
X5, X3, € are mutually independent, € ~ N(0, 0?).

Without loss of generality, we assume each observation of X; has a Bernoulli
Ber(p,) distribution, each observation of X5 has a Bernoulli Ber(ps) distribution,
each observation of X3 has a Bernoulli Ber(ps) distribution. The square error of
prediction on a testing data of size 500 is expressed as below.

500

SPE = Z[g//\i,test - yi,test]2

=1
500

= Z[Xi,testﬂtrain - yi,test]2

i=1

= [Xtestgtrain - Y;test}T[XtestB\train - thest]

Where Btrain = (XtTrainXtrain)_l(XtTrainY;rain)
ThUS, SPE = [Xtest(XT Xtrm‘n)_l(XT

train train}/t’f’ain) - ifteSt]T[XtESt (Xg;ainXtTllm)_l
(XtTrainY;frain) - Y;fest]-

4.1 Asymptotic Estimation on MSPE of 1-Dimensional Model Fitted by

Single Variable

1 xl,l,test 1 xl,l,train
1 L1,2 test 1 T1.2 train
NOW7 assume Xtest = . ’ . ) Xtrain =
1 1,500, test 1 1,1000,train
- 1000 1000X 1 tr4in
Then7 XtrainXtrain =

1000X 1 4rqim  1000X2

1 train

where Xl,train = (xl,l,train + L1,2 train + ...+ xl,lOOO,train)a

1000
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2 _ 2 2 2
Lirain — 7000 (zl,l,tmin + 272 train T - T xl,lOOO,train)'

1000X7 4 0in —1000X 1 train
B —1000X 1 4rain 1000
(Xirain Xirain) ™ = 10002X7 o — 10002X 3 4,0,
X2 1 train —X 1 train
( -X 1,train 1
1000(XZ 4 0in — X1 train)

xl,l,test —
Xl train _XLWGWL
_Xl,train 1
L 1500, test
Xtest (XtrmnXtrazn - J—;}
1OOO(X1 train Xl,train)
1 train xl,l,testXl,train _Xl,train + T1,1 test
1 train xl,?,testXl,train _Xl,train + T1,2 test
X2 train — T1,500,testX Ltrain  —X 1,train T £1,500,test
2
]‘OOO(XI train Xl,t’/‘ain)
yl,train
1 1 e 1 Y2, train
Xtraan;Tain =

T11train L12train  *°°  L1,1000,train
Y1000, train
1000?t7‘ain
]-OOOXl,trainY;f'rain
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) _ T —1y5T
Xtestﬂtrain - Xtest (Xt Xtrain) X Y;Tain

rain train

~3 — — — -
(Xl train xl,l,testXl,train)Ytrain + (_Xl,train + xl,l,test)Xl,train}/train
2

~3 —
- (Xl train Xl,train)
(X12,train - xl,Q,testXl,train>Ytrain + (_Xl,train + xl,Q,test)Xl,train}/train
-y 2
— 2
- (Xl Jtrain 1,train>

<5 — — - B —
(Xl train x1,500,testX1,train)Ytrain + (_Xl,train + xl,500,test)X1,trainY;frain
5 2
2
(X - Xl,train)

1 train

Xtestﬁtrain - }/test =

3 — — — -
(Xl train ml,l,testXl,train)Ytrain + (_Xl,train + xl,l,test)Xl,tTainKTam

p— ) - yl,test
2
(Xl train Xl,train)
~3 — — i e
(Xl train xl,?,testXl,train)Ytrain + <_X1,t7’ain + xl,Z,test)Xl,trainY;frain
— —2 — Y2,test
2
(Xl Jgtrain 1,train>
~3 — — — e
(Xl train xl,SOO,testXl,train)Ytrain + <_X1,tra,in + xl,SOO,test)Xl,trainY;Srain
— — — Y500,test
2
(Xl train l,train)

SPE = [Xtestgtrain - Y;fest]T[XtestBtrain - Ytest]

5 — — — -
500 (Xl train xl,j,testXl,train)Ytrain + <_X1,train + xl,j,test)Xl,train}/train]

= Z Azl[ — p— ) - yj,test]27
! (X2 - Xl,train)
MSPE = E(SPE)

1 train
2

— — — 19
500 [(Xl train xl,j,testXl,train>Yt7"ain + (_Xl,train + xl,j,test>X1,t7‘ainY;f7"ain]

= E(Zj:l (F . 7315 ‘ )2
500 Jtrain
+ E(ij1 yj,test)

1 train
500
+E(Zj:1(_2)yj,test

Next, denote

2 5% Y Y Y. v ]2
500 [(X1 train xl,j,testXl,train)Ytrain + <_X1,train + xl,j,test)Xl,train)/train]

A= Z - — — ,
= (X2 - Xﬁ tTain)Q
B 2500 2 ’

1 train
7=1 yj,test )

= — — — —
[(Xl train xl,j,testXl,train)Ytrain + (_Xl,train + xl,j,test)Xl,trainY;Tain}
2

(ﬁ - Yl,train)

1 train

C o ZSOO ( 2)y [(X127train_xl,j,testyl,train )?train+(_Y1,train+x1,j,test)Xl,trainYtrain]
= 1\ j test ~2 2 !
j=1 I (X%)train_Xl,train)
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and calculate the asymptotic estimation of E(A), F(B), E(C), respectively.

500
_ E Y2 5% 27,2
A= (X -2 9 [(Xl gtrain mlyjytEStXl,thm) Ytrain

1 train ~ Xl,train)

2

_|_

— o
(_Xl,t’/‘ain + xl,j,test) Xl,t’/‘ainY;frain

+ 2(X1 train — I 27 testXl trazn)Ytrazn( Xl,train + xl,j,test)Xl,trainY;Tain]

1 — —
= (X22 'Y?rain)

5 1,train
— 2 ’
=1 (Xl Jtrain Xl,train)

2
1train

2
train )

(230X Y

1,7,test

— 2
(X2 in ‘le,train)2

1 train

1 — o
2
—2 e 2 (Xl ,train$17j,t€StXLtTflinYtrain)

(Xl train 71,t7"ain)2

+ Z ~ 9 2 (71 traanl traln}/;frazn )

- Z -2 ( 1,7, testXl traln}/;frazn )

_ 2
1 Jtrain Xl,train)

1 — —
-2 — —9 (Xl,train$1,j,testXl,t'rainS/train )

(Xl train Xl,train)2

<3 — — -
-2 E ~3 J—) 5 (Xl ’trainX1,trainYtrainXl,trainY;Tain)
j=1 (Xl Jgtrain — Xl,train)

+ 2 E (F —»o 9 (xl,j testXl traantrainXI,trainY;rain)

1,train =~ “* 1train

1 R — B —
E 2
+2 <3 J—) 9 (Xl ’tm”'nx1,j,testhraz'nXl,trainY;traz'n)
j=1 (Xl Jgtrain — Xl,train)

9 — — -
-2 § ~3 —9 5 ('Il7j,testX1,trainYtrainX1,trainy;frain)
(X in Xl,train)

1 train

[(X2 . —mlyjytcstXl train)Ytrain+(_Xl,tra.in+931,j,test)X1,train}/train]

1,train 1,t'rain)

C — Z?iol (—2>yj,t65t 1 train > (72 —

o 2 1 tramytra”l 500 xl,j,testXl,trainYtrain
- j:1<_ )yj,test pu— —9 + Z] 1 y],test )

(Xl train Xl,train) (X12,train - 71,t1‘ain>

500 Xl,trainXI,trainY;rain 500 xl,j testXl,trainY;rain
2 5=1 Witest —5 2 2= (=2)Yjtest == — :
(Xl train Xl,t’/‘ain) (Xl train Xl,t’/‘ain)
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To estimate the asymptotic approximations, the following expansions for X in

different dimensions are used.

e Case 1

X, 0 o? o
Assume +/n( o™ ) 2 N( ), ¥ = PP and

2
Xn2 2 0 012 03

g(z1, x2) has continuous second order partial derivatives with

9%g(p1,p12) 4 O?g(u1,p2)  9%g(pa,p2) 4 9%g(p1,p12)

9%g(p1,12)
8x% Oxr10x2 8x§ Oxr10xe

where 0 is used for denoting
1

0%g(x1,x2 ’
Bacil (p1,p2)

Define the Hessian matrix at point (pg, pe2) to be

O?g(p1,p2)  0%g(pa,p2)

_ 6m2 81‘18%2
H(Mla /‘LQ) - 2 ! 2
0%g(pa,p2)  0%g(pa,p2)
Ox10x2 8:1:%

by second order Taylor expansion of g(x1, z3),

g(x1,T2) — 9(#1»#2) ~

T T
dg(p1,p2)
—a T — U1 1 Ty — 1 T — M1
Satpmsn) "3 H{jur, )
gg;:m T2 — H2 Ty — 2 To — o
9g(pu, pi2) 09, p12) 10%g(pu, p2) 2
= 6—:1:1(x1 p1) + 6—xQ<x — p2) + 56—93%@1 fi1)
10%g(p1, p12) 2, g, po)
o LRy )+ R ) — o).
9 a2 (x2 — p12) 921024 (21 — pu)( 12)
For convenience, denote a = P ((9’; L12) p — azx(fés’f), c= 829;’;12#2)> d= 8g(géim)>
1 2
e = Og(p1,p2)
Oxo :

d
Then, g(fﬁl,ﬁz)—g(ﬂbﬂz)”%b(fﬁl—ul+$2—ﬂ2) %(a b)[(xl—ul+r)2_

(L be = Dl — o+ ) — ()

Substitute 1, xo by X1, X,2[25], similar to what is on page 47 of that book,

n(g( X1, Xn2)—9g(p1, pi2)) ~ (01—1-02—1-2012)%(\/_\/)(”1 L) \/_\/ (Xn2—p2) )2

02+U§+2012 02+02+2012

(CL - b) [( ﬁ(an - Ml) + \/ﬁd )2 _ ( \/ﬁd )2]

2
o1 2 o1 o1(a —b) o1(a —b)
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2 (c— ) (X2 — p2) Vvne vne .,
o3 2 [V 09 +02(c—b)) ~ oy(c—b) I

By Central Limit Theorem,
Xn1 — Xno —
(X1 — 1) 1 /n (X2 — p2) D

— N(0,1),
Vi + 03+ 201, Vo2 + 02+ 2019 (0,1)
(X1 — 1) vnd D Vvnd
~ N 1
\/ﬁ 0_1 _'_Ul(a—b) (0_1<a_b)7 )7
(X2 — p2) vne D V/ne
~N(———,1).
Therefore,
(X1 — ) (X2 — p2) D
| Vol + 03+ 201 \/0%+J§+2012] !
(Xn1 — 1) Vvnd 2D, Vvnd )
Vn o1 +01(a—b)] NXI((Ul(a—b)) )
(X2 — pi12) vne ., D, vne
[\/ﬁ o +O'2(C—b)] NXI (UQ(C—b) )
Thus,

E[n(g( X, Xn2) = g1, 2))] ~ (07 + 0F + zaw)g
a—Db) N vnd

2 ( )
ToiT [ (al(a—b) _m)]

2(c—b) vne vne
T M ) - Gemn)
:(Jf+0§+2012)g+0%(a;b)+0§(C;b)
:U%g‘i‘Ugg—Falgb.
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e Case 2

X TR 0 0% 012 013
Assume /n(| X0 | = | w2 |) at N o [.X), 2= o1n 0} o093
X3 13 0 O13 O3 O3

and g(z1, xg, x3) has continuous second order partial derivatives with

2 g(p,p2,43) £ 2 g(p,p2,43) + 02g(p1,p2,43)
27 Ox10x2 Ox10x3

92g(p1,p2,13) 4 OPg(pr,pa.p3) | 02g(p1,pe,u3)
8x§ Ox10x9 Ox20x3 )

9%g(p1,p2,u3) 4 9%g(p1,pa,u3) + 9%g(p1,p2,13)
axg Ox10x3 Oxo0x3 )

82 9, ) ] 82 9 3
g,p2:43) o ysed to denote Z9@122,23)

where 907 022 | (11,12,13)

Define the Hessian matrix at point (p1, fo, i13) to be

D?g(p1,pa,pu3)  O2g(pa,pa.us)  02g(pa,p2.pm3)

O0x? Ox10x2 Ox10z3
— 0%g(pi,pouz)  %g(pr,pz.ps)  0%g(pi,po,us)
H(ul’ K2, 'MS) B Ox10x2 ng Oxo0x3
Pg(pi,p2.p3)  Pg(prpz.ps)  0%g(pa,p2,m3)
Ox10x3 Ox20x3 x5

By second order Taylor expansion of g(x1, zs, x3),

T

89(#5,3[/:2,#3) T1 — pi

9(@1, 2, 3) — g, pia, p3) ~ MMT“;”%) T2 — M2

a 9. bl
9(u+32u3) T3 — s
T
T1 — L1 — M1
1

+§ Ty — Lo H (s po, p13) | 2o — 1o

T3 — U3 T3 — U3

- 0g (1, pia, p13) g, pr2, p13)
= o1, (1 — ) + D1y (22 — p2)

89(/1/1, M2, ﬂS) (Ig o M?’) 1 a2g(lul7 M2, HB)

- _ 2
* x3 T3 x? (21— 1)
9%g(pr, pia, pi3) 107g(pa, o, pi3) 2
+ 0210 (21 — pa) (22 — pi2) + B 022 (w9 — p2)
829(”‘17 H2, /~L3>
+ axlaxg (xl _,Ul)(.’L'g _,u3)
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329(#1, M2, ,u3) 1 an(ﬂlu M2, M3)

2
+ (22 — po) (3 — p3) + 3 (w3 — p3)”.
0x9015 ) 2 3
. 82 62 62
For convenience, denote a = g(uahgz,u:a)’b _ géu17u27u3)’ _ w’d —
] 1012 Ox5
?g(pa,pz.ps) o 0%g(p1.p2.ps) f= 2g(uvpzopis)  — O9(paspzs) ;o Og(pimzps) ;o
Ox10x3 ) Oxr20x3 ) 8:(:% ) ox1 ) Oxo 1J
Ag(p1,12,13)
ox3 :

1 1
Then, 9($1,$27933) - 9(#1#27#3) ~ 55(931 — M+ Ty — M2)2 + 5‘1(-751 — M1+

3 —:3)2 + %e(i«“z — pio + x5 — p3)® + %( - b—d)|(z — T #F B
(m)Q]+§(c—b—e)[(x2—u2+c_lﬁ)2—(—C_Z_€>2]+§(f—d—
Mas = s+ 52 = (g =o))

Substitute 1, o, 3 by X1, X2, X,3[25], similar to what is on page 47 of that
book,

n(Q(anXnQaXnS) - g(ﬂl?ﬂQ?MZ})) ~

b Xp1 — Xno —
(03 + 03 + 2010) S (et~ 1) Koz i) o
2 V02 + 03 + 201 Vo2 + 03 + 201,
d Xn1 — Xng —
+ (0’% +O'§ +20’13)—(\/ﬁ (2 ! 5 Ml) (2 > 3 ,LLg) 2
2 V03 + 03+ 2013 Vo2 + 03 + 2013
(X2 — o) (Xn3 — p3)

)2

e
+ (03 +0i+ 2023)5(\/5

03 + 02 + 2093 V032 + 02 + 2093

(0 —b—d) VA(Xm — ) Vah vah
+0'1( 2 )[( (Xo-l ) +O'1(a\/—_b—d)) _(W) ]
21¢70 7€ n2 — H2 ni , i )
+0_2(de)[(\/ﬁ (X o )+0'2(C?/2'—6>) _<0'2(C——\/b_—6>) ]
2\ 747 € n3 — 13 nj R
+03 2 [<\/ﬁ o3 +O'3(f—d—€)) <O'3(f—d_e))]
By Central Limit Theorem,
(X1 — 1) (Xo2 — p12)
Vo2 + 03 + 201, Vo + 03+ 200 — N(0,1),
(an - LL1) (Xn?) _ ,u3) b
\/U%+U§—|—2013 \/O%+0§+2013 %N(Ovl)a
Koo — i) (Xos = #13) D, i 1)

V03 + 03 + 2093

/03 + 03 + 2023
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(X1 — 1) V/nh D V/nh
~N(———— 1
v o1 +01(a—b—d) (al(a—b—d)’ )
(XnQ —ILLQ) \/ﬁl D \/ﬁl
~N(———— 1
Vi o9 +02(C—b—€) ogalc—b—e) )
X, — . .
\/ﬁ( 3 M3)+ Vg gN( Vg ).
o3 os3(f —d—e) o3(f —d—e)
Therefore,
(an - ,U/1) (Xn2 - /JJ2> D
NG +/n e
| \ 0} + 03 + 2019 \/a%+a§+2012] !
X — X3 —
/7 (2 1 — 1) +Jn (X3 — p3) 2 gx%’
\0? + 02+ 2013 Vo2 + 02 + 2013
Xn - Xn -
[ o ( 2 ,U2) T Jn ( 3 Ms) ]2 2} X%,
Vo2 + 02 + 2093 V032 + 0% + 2093
(an _Nl) \/ﬁh 2 2 2 \/ﬁh 2
[\/ﬁ o +01(a—b—d)] NXl((O'1<CL—b—d)) )7

N

* os(c—b—e)

P oo(c—b—e)

sV ks ),

et VR ko gy

—~

03 O'g(f—d—e) Ug(f-d-@)
b
ThUS, E[n<g<Xn17 Xn27 Xn3) - g(ﬂl? H2, Mg))] ~ (O—% + 0% + 20—12)5
d e a—b—d nh
+(0%+0§+2013)§+(0§+032,+2023)§+Uf( 5 )[JF(Jl(a(b_d))Q—
Vnh (c—b—e) /i ni
(—L ey 2 L (— YV g
o1(a—b—d) 2 os(c—b—e) os(c—b—e)
(f—d—e) Vnj n;j
+o3 M+ ) (%W
2 o3(f —d—e) o3(f—d—e)
b d —b—d
= (02 + 03 —|—2012)§ + (01 + 03 +2<713)5 + (03 + 02 +2023)§ +a$¥
(c—b—e) (f—d—e)
o5 5 + 02 5
= O'%% + Ugg + agg + 019b + o13d + oa3€.

From the above cases, there is a generalization to the following theorem with its

proof.

80



Theorem 4.1.1 Assume that

2
Xni 251 0 01 012 -+ O1k

2
X2 H2 D 0 012 03 ... O3

Vn( : - ) = N( : ), ¥=

2
Xk Pk 0 O Oz '+ Of
Define the Hessian matriz at point (yy, po, -+ , jx) to be
Pg(pipa, o) OPg(papa, o) . 9% g(pa e, k)
8:0% Ox10z2 O0x10xy
% g(p,piz, o o) 529(/11,#227“'7%) L 9%g(pi,pe, )
o Ox10x2 ox Ox20xy
H(Nl?ﬂ??‘“a,uk)_ '2
Pg(pi,pz, o) OPg(papey-ope) . 9%g(pi,pe, )
O0x10xy 0x20Ty Bwi
Pg(pr,pa, i) ?g(z1,x2, - k) Cos
where T o, 18 to denote ka,uzwwuk)? ,7=1,..,k
. 9 .
For convenience, denote l; = W, i=1,..k,
7
hir hia -+ D
hor hoy -+ hyy
H(p, phoy -+ pig) = _ o ' where h;j = hj;, 1 =1,..,k, j =
hig  hor -+ hgk
1.k, 1 # 7.
Further, assume that g(xq, %2, -+ ,xk) has continuous second order partial deriva-

tives with h“ 7§ Z;?:Li?éj hi]‘, 1= 1, ceey k. Then,

B
k 1 k
Eln(g(Xn, Xn2, -+ Xok) = g(p, 2, -+, )] ~ D250 0?7 + 2 j=1i>j Oighis-
Proof By second order Taylor expansion of g(xy, zg,- -+, zx),
T
i T —
Iy Lo — M2
g1, @, xy) — g, oy s i) ~
Iy T — g
T
1 — M1 1 — 1
1| 72— 2 T2 — M2
+§ . H(:ulalu%”' 7luk)
T — Mk T
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Then,

k k
h’ii
9@y, @, ) = gpa, poy - 5 ) ~ Zli(% — 1) + Z 7(% — i)’
=1 =1
+ Z hij (@ = 15)
1,j=1,7>1
G
= Z §hij($i — pi + x5 — p)?
ij=1,j>i
- L, i I
oY Y ol ) )]
i =L hn- — Doz Mg hii = 2251 g Mg

Substitute x1, 9, -,z by Xpn1, Xn2, -+, Xpk[25], similar to what is on page 47 of
that book, then

n(g<Xn17Xn2>" : 7Xnk> - g(ﬂl?ﬂ??' o 7/’616)) ~

k
hi Xoi — 1)
DG R R ootV tci il L) Sy e ) W
ig=1,j>i \/02-2 + 0]2 + 20y \/0' + aj + 20y
k k
+ Z o2 (h” _ ijl,j;éi hU) [( ﬁ(Xm - :ui) + \/ﬁlz )2
p 2 i 0i(his = 351 541 i)

0i(hii = >y ji hij)
By Central Limit Theorem,

Xni — Hi Xnj — 1y i | >
i oo m) o Kt ) D g1y, =k,
\/012 —|—0'J2-+20ij \/Ui2+0j2' + 204

V(X — ) Vil 2 Vil 1), i=1,..,k

+ z ~ N( z ; =
0i oihi — D251 jzi hig) oi(hi = D51 jzi hig)
Therefore,
KXni — i Xnj — Hj D . .
I:\/ﬁ ( ) +ﬁ ( ! ]) ]2 %X%7 Z?j :17”']{;7 ._7 >Z7
\/01-2+0]2-—|—20,-j \/01-2—1—0]2-+20ij
[\/E(Xm — 1) i \/ﬁli ]2 D XQ(( \/ﬁli )2) i =
k ~ Al k ’ -
Ti oi(his = 3251 41 hag) i(his = 32521 41 hag)
1ok
Thus,
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E[n(g(ana Xn27 T
(hii - Z?:l,j;éi hij)

hig
7Xnk) - g(ﬂla Moy ,Mk))] ~ Zf,j:l,j>i<0'i2 + 032' + 2Uij)7]

vVl )2 — Vnl;

+ Zf:l ‘71'2 9 [1+(
- Zijzl,pi(azz + 032‘)7] + Zle o? 92 Lj#i

ok ohu k
= i10; o + D i im1isy Tighii O

oi(hi; — Z?:l,j;éi hi;) oi(hii — Z?:l,j;éi hij

)

)l

The derivatives in this Chapter are calculated from an on-line derivative calculator

‘https://www.derivative-calculator.net /’[26].
Now
V(X 1grain — 1) 2> N(0,03),
VIUXT i = 12) = N(0,03),
VT train = p13) 2> N(0,03),
VX trainYirain = 14) = N(0,09),

where
H1 = D1,
H2 = D1,

i3 = Bo + Bip1 + Bapa + Bsps,
ta = Bop1 + Bip1 + Bapip2 + Bapips,

0'% — Uar<X1,train) = pl(l - pl)a
O*(1 — p1 + pie)

o5 = UC”"(X%,tmm) = E<Xi1,train> - EQ(XIQ,train) = o1 li=0 — P
=pi(l —p1)

03 = var(Yiam) = Bip1(1 — p1) + B3p2(1 — pa2) + B3ps(1 — ps) + 0°

UZ = Uar(Xl,trainY;frain)

- 5§UCLT(X1,tmm) + B%UGT(X%,tmm) + Bgvar(Xl,trainXZtrain) + 6§Uar(Xl,trainX3,train) +

var (Xl,train 6)

= B2p1(1 — p1) + Bipi(1 — p1) + Bapipa(l — pip2) + Bipips(1 — pips) + ops
) - E<X3 ) - E<X17t7“am)E(X12,train)

_ 2
012 = COU<X1,train7 X 1,train

1,train
O*(1 — p1 + pre
= ( a;g 1 )|t:0 — E(Xl’train>E(X12,train) =P — p%
=pi(1—p1)

713 = COU<X1,train7 Y;frain) = COU(Xl,train7 ﬁle,train) = Blpl(l - pl)
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014 = coV(X1 train; X1,train Yirain)
= cov(X1 train, X1,trainfo) + cov(X1 train, X itminﬂl) + cov( X1 train, X1 ,trainX2,trainf2) +
cov( X1 train, X1,train X3 trainB3) + cOV(X1 train; X1,train€train)
= Bo0} + Pro12 + Bo[E(XT 4y ain X2 train) — E( X1 train) E(X1 train X2 train)]
+ B3[E(XF tpainXstrain) — E( X1 train) E(X1 train X3 train)]
+ E(XF jyain€train) — (X1 train) E(X1 train€train)
= Bo0} + Pro12 + Ba(pip2 — pip2) + B3(p1ps — pips)
= p1(1 —p1)[Bo + B + Bapa + B3ps]
023 = c0V(XF yyqin: Yirain)
= cou(X} train Bo) + cov(X7} trains X1 trainP1) + cov(X7 train X2 traini32)
+ COU<X12,tmm7 X3,trainfB3) + cov (X%,trainv €train)
= frof = Bipr(1 —p1)
O24 = COU(Xftmm, X1, trainYirain)
= COU(X%,train7 Xl,tminﬁo) + COU(X% trains X%,tminﬁl) + COU(X%,train7 Xl,tTainXQ,trainB2) +
cov(XF rain» X1train X3 trainf3) + cOV(XT rain» X1 train€train)
= foo12 + B105 + 2 [E(XitrainXZtrain) - E(X12tmm)E(Xl,tmsz,tmm)]
+ B3[E(XF 1painXstrain) — E(XT train) E(X1 train X3 train)]
+ BE(X} tmmetmm> - E(X12 train) B (X1 train€train)
= Bop1(1 = p1) + Bipi (1 — p1) + Ba[pipz — pipa] + Bs[pips — pips)
= p1(1 = p1)[Bo + B + Bapa + B3ps]
034 = COV (Ygirairn X1 tmthmm) =F (thmX 1,tmm) -k (Ktmm)E (X 1,train}/;€rain)
= E[B§ X1 train + BT X train + B3X3 train X 1train + B3XE yrain X1 train + €rain X1 train
+ 28061X7 train + 2B082X1 train X2 train + 20083 X1 train X3 train + 280 X1 train€train
+ 28182 X7 1rain Xotrain + 20103X 7 train X3 train + 281X7 tyain€irain
+28203 X1 train X2,train X3,train 202 X1 train X2,train€train 203 X1 train X3, train€train] — H3/14
= B3p1+Bip1+ B3papr + B3psp1 + 0 pr 4200 S1p1 + 26082012 +280 Bsprps + 261 Baprpa +
20183p1ps + 202 83p1p2p3 — paha-
Recall from the expressions of A, B, C' on page 74 in this thesis,
E(B) = (3332 3 1es) = 500 X E(y o) = 500 X [53 + Bips + B3p2 + Bipa +0* +
2B0B1p1 + 2B0P2p2 + 2B0B3ps + 281 82p1p2 + 261 83p1ps + 2B2B3p2ps).
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For convenience, in the following parts calculating F(A) and E(C), denote

T = Xl trains, Y = Xt = Ytraina t= Xl,trainy;frain

1 train’

1 =2
Let Ay = 300 — (X2 )
j=1 2 1 train~ train
(X12 train Xl,train)2
1 1 —2
E(Al) = 5 X E(looo ~3 —2 9 <X12 traznytrain))
(Xl train Xl,tTain)
2.2
Y2z
= —F/[1000 x
| (v — $2)2]
—2 —2
Let Ay = 300 — (22 1o e Xt trainY poa)
7=1 —2 1,j,test“* 1 train* train
(X12 train Xl,train>2

E(4s) = B33 1 10) E(A1) = prE(Ay)

1 2.2
— —E[1000 x LYY=
2 (y —a?)
1 —_— — —2
Let Ag = -2 25101 p— — (X12 trm‘nxl,j,testXl,trainYtrm‘n)
! (X12 train Xl,train)2 7
1 =2
(A3> (ajl WJs teSt)E(looo X — J—) (X12 traanLtTathrain))
12,train - Xl,train)2
1 — — —2
= —p1 E(1000 x —— — (XT rainX 1trainY train))
(X12 tram - Xl,train)2
1 —2
— ~B[1000 x L"”é
2 (y —?)
1 _ -
Let A4 = 2500 pr— D) (Xl tralnXl traan;frazn )

= 52 X 2
(Xl train Xl,train)

1 1 -2 2
(A4) 2 (1000 X (F 72 )2 (Xl,traz‘nXl,tmianmin ))
) 2t2 1 train 1,train
= -F[1000 X ———
ol (y — $2)2]
1 -
500
Let A5 = Z] 1 (F 72 )2 (l’i]’,testxl,trainyvtrain )
1,train =~ “*lirain
1 1 _
(A5) B (‘T% 1 test)E(IOOO X = — 2X17t7‘ainYt7’ain )
( 1 train Xl,trmn
1 1 -—
= §p1E(1OOO X ~3 ) 2X1,t7“ainY;train )
<X1 train Xl,train
1 t2
— ZE[1000 x —1° ]
2 (y — z)?
1 — _—
LetA()-:—QZSgO — (Xlt in1 5.t tXlt Y;g ; )
j=1 — gtraind1,j tes gtraind train
(X12 train Xl,train>2
1 — _
E(AG) = _E<x1,1,test)E(1OOO X <3 — 5 (Xl,trainXl,trainY;rain ))
( 1 train — Xl,train
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1

— —_—
= _plE<]—000 X —= — (Xl,trainXl,trainYtrain ))
(X%,train - Xl,train)2
1 —2pyxt?
= ~B[1000 x 1]
2 (y —2?)?
1 — — _ -
LetA7:—225-gO — (XT rainX LirainY trainX1,trainYirain)
j=1 p—1 1, train traind train<)1traind train
(X127t7’ain - Xl,t’!‘ain)Z
1 — _ _ .
E(A7> - _E<1000 X —= J—) (X12 tramXl,trainYtrainXl,train)/train))
(X%,train - Xl,train)2
1 —2xyzt
= ZB[1000 x ——Y=" ]
2 (y — 2?)
1 — 9 _ -
Let Ag =232°% — (215105t X 1 train Y train X 1.trainYrain)
j=1 p—) Jrtestd 1 traint train<d1traindt train
(X%,train - Xl,train)2
1 —2 — _—
E(AS) = E(xl,l,test)E[lOOO X — - (Xl trainytrainXl,trainiftrain)]
(X127train - Xl,train)2
1 — =
- p1E[1000 X —= — (X1,tqnamytrainXl,trainnrain)]
(X%,train - Xl,train)2
1 2p 2t
— —E[1000 x T
2 (y — 2?)?
1 — _ .
Let A9 =2 2500 p— - (X127t7namx1,j,testhrainXl,trainY;frain)

=t 32 2
(Xl train Xl,train)

1 — _ R
E(A9> - E(xl,l,test)EU-OOO X (— 72 )2 (X12’trm’nytrale,trainY;rain))
1train — “*Ltrain
1 — _ R
= plE(loOO X (? 72 )2 (X127t7namYtrainXl,trainY;frain))
1 train ~ “* ltrain
1 2 t
— E[1000 x Y=
2 v — 277
1 — — -
Let AlO = -2 250201 p— J—1 (l’% 7 testX1,trainYtrainXl,trainY;Tain)
(X12 train Xl,train)2 ”
1 — _
E(Alo) - _E(xil,test)E(looo X —= — (Xl,trainYtrainXl,trainift'rain))
12 train Xl,train)2
1 — — -
= —p1E<1000 X (F 72 )2 (Xl,trainytrainXl,trainﬁ?"ain))
1 train ~ “* Ltrain
1 —opzzt
— E[1000 x 212
2 (y —?)?

E(A) = 52, 4

1 2,20 .22 9 2,2 9uaz2 44200124 202 2t 4+ 2y zt—2
_ —E[lOOO « (y 2%tz cyzt+p1 (y°z (yy_x;;)—;—t Tt* 4212 2t+2y 2t :czt))]

Now suppose
y22% + 22t — 2wyzt + py(y?2? — 2ywz? + 12 — 2at? + 222t + 2yzt — 2x2t)
g1 =
ORrE
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and let * = p1,y = p9,2 = ps,t = pg,a = p; in the following expressions of
h(A)

i 67 =1,..,4,7 = i, where p;, © = 1,...,4 are calculated on page 83 of this

thesis.
Further, assume puq, po, p3, pg satisfies that the denominators in hl(f), 1,] =
1,...,4,7 > 1 are not equal to zero as well as hl(-?) #+ ij:“#j hl(-f), 1=1,..,4.

Then

Y = [2((6atz+3t2)x" + (—12ay 2>+ (— 12ty —12at) 2 —12at?) 2+ ((10a-+10)y22> +
36atyz + 8t*y + 10at?)x?® + (—12ay?z* + (—12ty* — 12aty) z — 12at*y)x + (2a+ 2)y*2* +
6aty®z + t2y* + 2at?y)]/(x® — y)*

hgé) = —12((((2a+2)x — a)z* —t2)y* + (((4a + 4)2® — 8ax?) 2% + (—8tx? + 12atx —
2at)z + 2t%r — 2at?)y — 3az?z? + (=3tzt + 12atx® — 10atx?)z + 4t%2% — 10at®x? +
6at*z)]/[(y — 2*)"]

WD = [2((((4a + 4z — 2a)y? — 6az?y)z — ty? + (—3ta? + 6atx — at)y + 2atx® —
3atz?)]/[(y — 2°)°]

hﬁ‘) = [2(((2x — 2a)y + 223 — 6ax? + 4ax)t + (—y* + (=322 + 6ax — a)y + 2ax> —
3ax?)2)]/[(y — 2%)?]

RS = 2((((2a+2)22 — 2ax)22 + (2at — 2t2)2)y + ((a+ 1)z* — daz®) 22 + (—4ta® +

10atx? — 6atx)z + 3t%2* — 6at’z + 3at?)]/[(y — z*)4)
(4) 2(y(2((a + 1)2? — ax)z — tr + at) — 2ax3z — tz® + 3atx® — 2atz)

P = - (y —a?)?
A _ 2((22% — 4ax + 2a)t + ((a — 2)y — 2* + 3ax® — 2ax)z)

o (y —a?)?
A _ 2y((a+ 1)y — 2ax)

% (y — x?)?
A _ 2((a — )y + ax® — ax)

Wy

(1) 2(2* —2azx + a)
hyy =

(y — x?)?
Lo ohy 4 (4)

Thus, E(A) ~ 5[27;:1 0; 9 + Zz‘,j:l,i>j Uijhz‘j ]

where o5, ¢,7 = 1,...,4, © < j are calculated on page 83 and page 84 of this
thesis.

In the following part to calculate E(C;), i = 1,...,4, p;, i = 1,...,4, are calculated
on page 83 of this thesis.
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X12 rathrain
Let C = 2500( 2y e _ . i
<X1 trazn;Xl,train)
X12 ai ?t’/‘ain
E(C1) = —E(Yjtest) £(1000 x — train i )
~9 (Xl train Xl,train)
X1 tr(unyt?‘am
= —uzFE (1000 x — o )
(Xl t'r‘azn - Xl,train)
—H3Yz ]
y — a? B B
tes X rainY rain
Let C Z] 12yj testmL_Lt Ukl 30 —5 t
2 X i)
1 train 1,train

= E[1000 x

X rain? rain
E(CZ) - E(yl,testxl,l,test)E(looo X ~3 Lt _t2 )
(Xl gtrain Xl,train)

7 rm’n? rain
= 1 B(1000 x ———ntren )
(X12 train Xl,train)

HaTZ
= E[1000 x 5]
Yy—x
L C Xl,trainXl,trainY;frain
et Z ] test 5 —9
1, train — Xl,train)
Xl trainXl,trainlftrain

E(Cg) = E(yj,test>E(1OOO X (X12 B th ‘ ))
Jtrain ,tramn
Xl,trainXl,trainY;frazn )
2
<X12,train - Xl,train)
]

y—xQ

= 113 E(1000 x

= E(1000 x

Let C 2500 ( ) ost X1, testXl,t'rain)/train
jtest T —— —
<X12 train Xl,train)
X rainYTain
(04) (y] testL1 27 test)E(l()OO X ~3 Lt i2 )

1,train — Xl,train)

X rainYrain
= — 4 B(1000 x ———ntren- 1 )

(X12 gtrain Xl,train)
— B[1000 x —4]
y—x
(C) = XL, E(C)
E[1000 x (—HOYZ T ATz T Natt = jt
y—x
ps(zt —yz) + pu(rz — t)]
y — a?
ps(at — yz) + pa(xz — 1)
y—a?

S|

= E[1000 x

Now suppose g; =

I
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let ©* = p1,y = po, 2 = 3, t = pg and a = p3, b = py in the following expressions

of hz(jc), 1,7 = 1,...,4,7 > i, where u;, © = 1,...,4 are calculated on page 83 of this
thesis.

Further, assume puq, po, ps, pg satisfies that the denominators in hgf), 1,] =

1,...,4,7 > 1 are not equal to zero as well as hgj) #+ ijl it hl(-jo), 1=1,...,4.

then
O _ 2((bz + at) z* + (—3ayz — 3bt) x* + (3byz + 3aty) x — ay*z — bty)

v (2~ )’ |
O _ ((2ax — b) 2z — at) y + (2az® — 3bx?) 2 — 3atz? + 4btx

120 = (v 2 ’
p© _ 20z —b)y — b

N (y—a?)*

©) _ ay+ax® — 2bx

" (y—a2)’

(©) 2(ax —b) (xz —t)
hys' = — 3

(y —a?)

o _ wlar—b)

23 = T oo

(y—= )b

po ___av=b_

24 (y . x2)2
his) =0,
hs =0,
nQ =o.

p©)
4 1 C

Thus, E(C) ~ >, 01-27 + Zij:]_,i>j Uijhz(j )’

where 045, 7,5 = 1,...,4, © < j are calculated on page 83 and page 84 of this
thesis.
Therefore, asymptotic estimation of MSPFE of 1-dimensional model fitted by

single variable X is

L oY 1 (4) o o 4 ©)

2 2%
5[21’:1 0; z2z + Zi,j:l,i>j Uijhz‘j ] + E(B) + Zi:l 0; 9 + Zi,j:1,i>j Uijhij )
where i1, po, p3, 4 satisfies that the denominators in hEiA), hgf), 1,7 =1,...,4,

J =i are not equal to zero and h,gf) # Z?:Li# hgf), hﬁf) # Z?:L#j hgf), i=1,..,4,

and p;, 05, 4,7 =1,...,4, 1 < j are calculated on page 83 and page 84 of this thesis.
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4.2 Asymptotic Estimation on MSPE of 2-Dimensional Model

1 L1,1 test X211 test + X3,1,test
1 $1,2,test x2,2,test + x3,2,test
Now, assume X;.or = . . _ ,
1 ®1500,test 02,500 test T 13,500 test
1 xl,l,train x2,1,t7‘ain + x3,1,train

1 L1,2,train L2.1 train + T3.1,train

Xtrain =
1 L1,1000,train  L2,1train + T3.1 train
T —
XtrainXt’I"(lZ'n -
1 Xl,train (XQ,train + XS,truin)
1000 x Xl,t'r‘ain X%,truin (X1X2,train + X1X3,t7“ain)
(X2,train + X3,train) (XlXQ,train + X1X3,train) (XQ + XB)Q’tTam
where
Xitrain = ———(Ti1train + Ti2train + - + Ti1000,train)st = 1,2,3
1090
2 _ 2 2 2 s
Xi Jtrain 1000 ("L‘i,l,trm’n + l‘i,Q,train +..t $i,1000,train)7 v = 17 2’ 3
1
Xin in [xi,l,trainxj,l,train + Li2 train®j 2 train + ...+ xi,1(]00,train$j,1000,train]7
,train 1000
i,j=1,2,3.
—_— 1
— 2 2
(X; + Xj)Q,tmm = m[(xi,l,train + i1 train)” + (Ti2trainTi2,train)” + -

21 ;oo

+ (%,1000,train®j,1000,train) ", %, J = 1,2, 3.
a1x Qa2 Q13
Q12 Q22 Q23

13 a23 (33

) 1000 x D
where a;; = X? (Xo + X3)?

1 train — (X1X2 train + X1X3 prain)?
12 = (Xotraim + X3traim) (X1 X2 traim + X1X3 train) — X 1train(Xa + X3)2
a13 = X1 train (m,train + mm"ain) — (X train + YS,train)X_%trm;n
azx = (Xo + X3)? 0im — (X2,train + X3,train)
a23 = (Xotrain + X 3.train) X 1 train — (m,zﬁmm + m,tmm)

a3z = F - (Yl,tmm)Q

1 train

(XT Xtrain)_l =

train

;train

Jtrain
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where

D=X2, (X,+ X3)?

1 train

Jtrain + 271,t7"ain (Xl X?,train + Xl X3,train) (YZ,train + 7?),train) -
(X1X2,train + X1X3,train)2 - (72,t7‘ain + 73,train>2X_127tram - (yl,train)2<X2 + X3)2,train

1 L1,1 test X211 test + X3,1,test

a11 Q12 ais
1 X1,2 test X292 test + X3,2 test

12 G2z (23

@13 Q23 433
1 X1 500test  T2,500,test T T3.500,test

Xes XT Xrain =
st train) 1000 x D

train

bsoo,1 5002 bs500,3
1000 x D ’

where for j =1, ..., 500,
bj1 = a1 + 1201 jrest T Q13(T2 ) test + T3 jtest)
bio = Q12 + Q2201 jtest + W23(T2 ) test + T3 jtest)

bjs = a13 + A23%1 jrest T A33(T2 ) test + T3 jtest)
Ytrain
T B -
X Y;/rain = 1000 x Xl,trainytrain

train

(X2,train + X3,train ) Y;rain
Xtest<XT Xtrain)_lXT Y;frain - Y;fest

train >t train
bl,lytrain + bl,ZXl,trainY;frain + bl,3 (XQ,tTain + X3,train>Y;frain
— Yi,test
_ D
b2,1Ytrain + b2,2X1,t7‘ainY;/rain + b2,3 (XQ,train + XS,train)Y;frain
- D — Y2 test

b500,1Y train + 0500,.2X1 train Yerain + 0500,3(X2.train + X3 train) Yerain

— Y500, test

D
SPE = (Xtest (XtTrainXtrain)_lXT Y;rain_Y;est)T<Xtest (XT Xtrain>_1XT Y;rain

train train train
_Y;ﬁest)
- 500 bj,lytraz'n + b ’,2X1,train}/train + bj,3 (XQ,tTain + XS,train))/train 2
- 23:1[ D - Z/j,test]

MSPE = E(SPE)
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b 1Y rain + b 2X1 rmnYrazn + b 3(X2 rain + X3 ram)Yra'm
— E(ZE)OO[ t t t D j t t t ] )

500
+E(Z] 1Yj, Ftest)

(50 (=2 est

Denote the above three parts in MSPE as
E(U) _ E(Z?iol[bj,1?t'rain+bj,2X1,train)/train‘i’bj,B(X2,train+X3,train)§/t'rain]2)’

D
E(V> = E(Z?iol yjz,test)a

_ 500 bj,1?t7‘ain+bj,2X1,train}/train+bj,3(X2,train+X3,train))/t7‘ain
E(W> - E(Zj:l(_z)yj test D )7

where E(V) is calculated as E(B) in Chapter 4.1.

bj,IYtrain + bj,QXl,trainY;f’rain + bj,3 (X27train + X3,train>}/train)
D

Now,

><|

D
1,train ) — N(07 U%)a
12 train N

<X2 + X3) train IU“5> £> N<O O-g)a
X X2 Jtrain 1“6) 2> N(O 06)
D

B

X3 Jtrain M?) — N(O 07)

sl

2;train — NS) _> N<0 08)

X3 train — MQ) —> N(O 0-9)

((XQ,train + X3,train)y;frain - ,UJ10) 2} N(07 0-%0)7
2 2

where ji1, plo, p3, pa, 02, 03, o2, o3 are calculated in Chapter 4.1 besides the

Ytram and Xl tramY;fTam

(
(
(Y
(
(
(
(
(X5
(X

§§§§§§§§§§

pairwise covariance among yl,t’rain7 Ztmm,
Further,
ps = E(Xo + X3)2 0in) = var(Xotrain + X3 train) + E2(X2,tmm + X3 train)
= p2(1 — p2) + ps(1 — p3) + (p2 + ps)?
= p2 + 3 + 2paps
pe = F (Xl,tmsz,tmm) = Pi1P2
(X1,tmmX3,tmm) = P1P3
E(XQ,train) = P2
E(XS,train) = D3
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1o = E((Xztrain + X3 train) Yirain)
= E[(Bo + 51X train + B2Xotrain + B3X34rain + Etrain) Xotrain) + E[(Bo + B1X1 train +
B2X2 train + B3 X3.1rain + Etrain) X3 train)
= Bop2 + Pipip2 + Papa + Bapaps + Bops + B1p1ps + Bapaps + Baps
= Bo(p2 + p3) + Bip1(p2 + p3) + B2(1 + p3)p2 + B3(1 + p2)ps

U% = UCL?‘((Xz,tmm+X3,tmm)2) = E((X2,train+X3,train)4)_E2((X2,train+X3,t7“ain)2>
= E[Xé,train + X:)Af,tmm + 6X22, X32,train + 4X§’,tmmX3,tmm + 4X2,tmmX§,tmm]

- [E(Xg,train) + E(Xg,tram) + 2E(X2,t7“ainX37t7‘ain)]2
= po + p3 + 14paps — (P2 + p3 + 2paps)?

train

0-(23 = Uar(Xl,trainXZtrain) = p1p2(1 - p1P2)

0% = var (X1 prain X3 train) = P103(1 — p1p3)
o5 = var(Xorain) = pa(1 — p2)
US = var(X3rain) = p3(1 — ps3)
0%0 = var((Xa,train + Xs,train) Yirain)
= var[(fo + L1 X1 train + B2Xotrain + B3X3.rain + Etrain) (X2urain + X3 train)]
= var(Bo(Xstrain + Xz4rain)] + var[51 X1 train(X2train + X3 train)]
+ var[B2 X train(Xo train + Xs,train)] + 0ar[B3 X3 train(X2train + X3 train)]
+0ar [Etrain( X2 traint X3 train) | €0V (Bo( X2 traintX3 train) s 1 X1 train (X2 traintX3 train))
+ cov(Bo(Xa,train + X3 train), B2X2 train (X2 train + X3.train))
+ cov(Bo(Xa,train + X3trains B3 X3 train (X2 train + X3,train))
+ cov(Bo(Xa,train + Xstrain), Etrain (X2 train + X3.train))
+ cov(B1X1 train(Xa,train + X3 train)s B2X2 train(Xa train + X3,train))
+ cov(B1.X1 train (X train + X3.train)s 53X3 train (X2, train + X3 train))
+ cov(B1X1 train(Xotrain + X3.train)s Etrain( X2 train + X3 train))
+ cov(B2 X2 train(Xa,train + X3 train), B3X3 train (X2 train + X3 train))
+ cov(B2X2 train(Xo train + X3.train)s Etrain (X2 train + X3 train))
+ cov(B3X3 train(Xotrain + X3.train)s Etrain(X2train + X3 train))
= 35 (p2(1 = p2) +p3(1 = ps)) + 87 (p1(p2 4 ps -+ 2paps) — pi (p2 +p3)?) + B3 (p2 + 3paps —
(P2 + p2ps)?) + B3 (ps + 3paps — (ps + p2p3)?) + 02 (P2 + ps + 2paps) + Bofipi(p2 + ps +
2paps — (P2 +p3)?) 4 Bofa(p2 + 3paps — (p2 + p3) (p2 + p2ps)) + Bofs(ps + 3paps — (p2 +

93



p3)(ps +paps)) + B1B2p1(p2 + 3paps — (P2 + p3) (p2 + paps)) + B1B3p1(ps + 3paps — (p2 +
P3)(p3 + paps)) + P2Bs3(4paps — (P2 + paps) (p3 + paps3))
015 = V(X1 trains (Xatrain + Xstrain)?) = 0
016 = coV(X1 trains X1 train X2 train) = D12 — PiD2
o17 = cov( X1 trains X1,train X3 train) = P1P3 — PID3
018 = cov(X1 train, X2 train) = 0
019 = cov(X1 train; X3 train) = 0
o1 10 = €oV( X1 train, (Xograin + X3 train) Yirain) = B1p1(1 — p1)(p2 + ps3)
095 = coV(X7F 1y ains (Xotrain + Xstrain)?) =0

— 2 — 2
026 = COU<X1,train7 Xl,trainX2,train) = P1P2 — P1P2
= cov(X? X1 train X3 train) = —pi
027 = COU\AY trgins <X Ltrain<33train) = P1P3 — P1P3
2 —

(X X2,t7“ain) =0

028 = COU\AT trains

029 = V(X7 fygins X3 train) = 0
03 10 = coV(X7 fyains (Xatrain + Xstrain) Yerain) = B101(1 — p1)(p2 + p3)
035 = cov(Yerain, (Xotrain + X3 train)?)
= E[(Bo + L1 X1 train + B2X2train + B3X3 train + Etrain) (X2 train + Xs,train)?] — skt
= Bopts + Bipips + B2(p2 + 3paps) + Bs(ps + 3paps) — papts
036 = CoV(Yirain, X1,trainX2,train) = Botts + Brite + Baple + Bapipaps — fafie
037 = coV(Yirains X1trainXs.train) = Doty + Btz + Bapipaps + Bapir — pspir
038 = CoV(Yirain, X2,train) = Bopz + B1p1p2 + Bapa + Bspaps — pspa
039 = coV(Yirain, X3,train) = Bops + Br1p1ps + Bapaps + Baps — paps
0310 = coV(Yirain, (Xotrain + Xstrain) Yirain) = E((Bo + L1 X1 train + 82X train +
B3X3 train + €tmm)2(X2,tmm + X3 train)) — H3fi10
= E[Bof1X1 train (X2 train + Xs.train) + Bo2X24rain (X2 train + X3 train)
+ BoB3 X3 train( Xz train + X3 train) + BoEtrain(Xa train + X3,train)
+ 51X trainB2X2 train (X2 train + X3.train)
+ 51.X1 trainB3 X3 train(Xotrain + X34rain) + B1.X1 train€irain(X2.train + X3 train)
+ 52X trainB3 X5 train (X train + X3.train) + B2X2 train€train (X2 train + X3 train)
+ B5X5 train€irain(Xotrain + X3 train)] — Halhio
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= BoB1p1(p2+p3) + BoB2(p2 +p2ps) + BoBs(ps +paps) + B1Bap1 (p2 + paps) + B1Bap (ps +
Pap3) + BaB32paps — pspiio
045 = cov( X1 trainYirain, (X2 train + X3,tmm)2) = E[(Bo + b1 X1 train + B2Xo2train +
Bs X3 train + Etrain) X 1,train (X2 train + X3,train)*] — Hafts
= E[Bo X1 train(Xo.train + X3.train)? + 51X12,tmm(X2,tmm + X3 train)?
+ B2 X5 trainX1 train(X2,train + X3,tmm)2 + B3 X3 train X1 train (X2 train + X3,tmm)2
+ €train X1 train( X2 train + X3,tmm)2] — Halls
= Bopitts + Bipipts + Bopi(p2 + 3paps) + B3pi(ps + 3paps) — papts
046 = COU(Xl,trainY;traina Xl,tmsz,tmm)
= E{(Bo + b1 X1 train + B2Xotrain + B3 X3 train + €tmm)X12,tmmX2,tmm] — Malle
= Bop1p2 + Bipip2 + Bapipa + Bspipaps — papie
047 = COV (X 1,trainY;frain7 X 1,tmmX3,tmm)
= E(Bo + b1 X1 train + B2Xotrain + B3 X3 train + €train)X127trainX3,train] — Mafi7
= Bop1ps + Bip1ps + Bap1paps + Bapips — Hafir
048 = cov(X 1trainYtrains X2 train)
= E[(Bo + L1 X1 train + B2Xotrain + B3 X3 train + Etrain) X1 trainX2,train] — Halls
= Bop1p2 + Bipipa + Bap1p2 + Bapipaps — Halis
049 = COU(Xl,tmthmz‘m X3, train)
= E[(Bo + L1 X1 train + BoXotrain + B3 X3 train + Etrain) X1 trainX3 train] — Hafb
= Bop1ps + Bipips + Bap1paps + Bapips — Hafto
04 10 = coV( X1 trainYirains (Xatrain + X3 train) Yirain)
= E((ﬂo—i*ﬁle,tmm+52X2,tmz‘n+53X3,tmm+€tmz‘n)2X1,tmm(X2,tmm+X3,tmin))—,u4,u10
= FE[fo/r X ftmin(Xz,tmm + X3 train) + BoB2X2,train X1 train (X2 train + X3 train)
+ BoB3X3 trainX1 train(Xo,train + X3.train) + Bo€trainX1,train(X2.train + X3 train)
+ 51.X1 train B2 X2 train X1 train (X2 train + X3 train)
+ 51.X1 train B3 X5 trainX1 train (X2 train + X3 train)
+ 51.X1 train€irainX1,train (X2 train + X3.train)
+ 52X train B3 X3 train X1 train (X2 train + X3.train)
+ 52X train€irainX1,train (X2, train + X3.train)
+ 53X train€irain X1 train (X2 train + Xs.train)| — Haft10
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= Bobip1(p2 + p3) + BoBapi(p2 + paps) + BoBapi(ps + paps) + BiBepi(p2 + paps) +
B1B3p1(p3 + paps) + B2332p1paps — papiao

056 = cov((Xa,train + X3.train 2 X1 trainX24rain) = P1(D2 + 3paps) — Hsiie

057 = cov((Xarain + Xstrain)?s X1trainXstrain) = P1(ps + 3paps) — pspir

058 = cov((Xa train + X3 train 2 Xotrain) = (D2 + 3paps) — Hsits

)
)
)
059 = cov((Xa train + XS,train)Qa X3 train) = (D3 + 3paps) — s it

05 10 = cov((X2train + X3,tmm)2, (X2.train + X3 train) Yerain)
= E(Bo + b1 X1 train + B2Xotrain + B3X3.train + Etrain) (X2 train + X3,t7"ain>3] — U510
= Bo(p2 +ps + 6paps) + Bip1(p2 + p3 + 6paps) + B2(p2 + Tpaps) + B3(ps + Tp2aps) — psfiio

067 = COU(Xl,tmmXQ,tmm, X1,tmmX3,tmm) = D1P2P3 — Hel7

068 = COU(X1 trainX2trains X2,train) = P1D2 — Holls

069 = coV(X1 trainX2 trains X3 train) = 0

06 10 = COV(X1 train X2 trains (X2.train + X3.train) Yerain)
= E[(Bo~+51X1 train+02X2 train+ 03X train+Etrain) X1,train X2 train (X2 train+X3,train) | —
He 10
= Bop1(p2 + p2p3) + Bip1(p2 + paps) + Papi(p2 + paps) + Bap12paps — Heskiro

g78 = COU(Xl,trainX?),train; Xz,tmm) =0

079 = coV(X1 train X3 trains X3 train) = P1P3 — [7/lo

o7 10 = coV( X1 trainX3s trains (X2train + X3 train) Yerain)
= E[(Bo~+ 51X train+B2X2 train+ 03X3 train T Etrain) X1,train X3 train (X2,train+X3,train )| —
Hrft1o
= Bop1(ps + pap3) + Bip1(ps + pap3) + Bap12peps + Bspi(ps + paps) — Hrfiio

089 = cov( X2 trains X3.train) = 0

0s 10 = coV( X2 train, (Xotrain + Xs.train) Yerain) = E[(Bo + L1 X1 train + B2X2,train +
B3 X3 train + Etrain) X2, train(Xa,train + X3,train)] — Hsfi10
= Bo(p2 + pap3) + Bip1(p2 + paps) + Ba(p2 + pap3) + B32paps — Hshtio

09 10 = coV( X3 trains (Xo.train + Xs.train) Yerain)
= E[(Bo+ 51X train + B2 X2 train + B3 X3 train T Etrain) X3 train (X2 train + X3 train) ] — Hoft10
= Bo(ps + pap3) + Bip1(ps + paps) + B22paps + Ba(ps + paps) — Hokiro
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For convenience, use the following notations to simplify the expression of E(U)
and E(W).

r=X, Jtrain,

= X7 train

Z = Ytrain
t = X1 trainYirain
=X+ X3)
m = m,mm
n = m,tmm

;train

b= X2,train
q = X?:,traz'n
s = (XQ,train + X3,train)y;frain

Therefore,
ay =yl — (m+n)?

a2 = (p+¢q)(m+n) — xl

a3 =z(m+n)—(p+q)y

axz =1—(p+q)’

azz = (p+q)x — (M +n)

a3 =y — x°

D =yl+2x(m+n)(p+q) — (m+n)*— (p+q)y — 2?1
Thus,

E(W) = B

7=1
(b‘712)2 (b'72t>2 (b"38)2 2b "1Zb',2t 2b '712b',38 2b "th ',38
- E(Z.?OOI[ ]1)2 + jD2 + 52 + : D2] + ’ DQJ + ]D2] ])

Let U 2500 ( ]-5’22) ’

500 (b ,12)2
500 (&11 + 1221 jrest + a13(T2 jpest + T3 jrest)) 22>
= 3" B 7o )
500 a3y a%2x%,j,test 0%3(332,3‘,::@57& + 373,j,test)2 201101271 j test
Z E(Dz -2 D252 D252 D252
2a11013(2 j pest + x3,],test) 201971 j test013(T2,j test + T3,j test)
D222 + D?z—2 )

bj712 + bj}gt + bj738

%)

+
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2
D2z 2)

1
+§E(x%,1,test>E(1000 X

1
= 5E(1000 x
a’%? )
D222
1
+§E(($2,j,test + X34, test)Z)E(looo X
a
—I—E(SUl,j,test)E(lOOO Dlgl 12)
11013
+E (-r27j7test + x3,j,t€8t))E(1000 X DQZ—Q)
B (21 test (T2, test + T3,jtest) ) E(1000 X
2

ary
E(1000 x = )

2
a
E(1000 12
TP 8 2D22*2)
+(p2 + 3 + 2pap3) E(1000 x
2a11a12 )
2D22—22
11013
E(1000
+(p2 + p3)E( X 2D22_2)

2a12a
+(papa + prps) E(1000 x —3=3)

_ E[lOOO % an+p1a12+(p2+p3+2p2p3)a13+2p1a11a12+2(p2+p3)a11a13+2(p1p2+p1p3)a12a13]

2D2,—2
biot)?
Let Uy = $°% ( ~LE
Z D 242
500 1 (@12 + 2271 jpest + 23(T2jtest + T3 jtest) )’
B(U) = 5% B = )
2500 B( a12 n a%?'x%,j,test a%g(xz,j,test + $3,j,test)2 201202271 j test
D?t—2 D?t—2 D?*t—2 D?t—2
2a12a93(%2 j test + T3 j test) n 209271 j test@23 (T2 j test + $3,j,test))

D22 D2t—2
a2,

D2z*2)

Q12013 )
D?Zz—2

+

2
=
+p1 E(1000 x

1 3927 jest 1 a35(%a jtest + T3 jtest)”
E(1000x 22 Litesty | 2 (100 x D28 2 test T Tajies
D2 )+2 ( D22 ( )+2 ( ) D?t—2 )

1202271 j test (12023( T2 j test T T3, test
D2—H) +E(1000 X D22 )
2271 j test@23(T2 j test + T3.j test)
D?t—2 )

%2 1 G%Q 1 2

5 5 —3) +§p1E(1000X e —) "‘5(192 +p3 +2pap3) E(1000 x th 5)
a

+p1 E(1000 x D{j 22) +(p2 + p3)E(1000 x —=20) +(pips + p1p3) E(1000 x

_ E[lOOO « a12+p1a22+(p2+p3+2p2p3)a23+2p1a;zDaQQtQ+22(;D2+p3)a12a23+2(p1p2+p1p3)1122a23]

1
= 5 B(1000x

+E(1000 x

+E(1000 x

1
= Z E(1000 x

Let Us = 2500 ( Jl;j) , then
B(wy) = £ 51k
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2500 B( (@13 + a23%1 jtest + a33(T2jtest + xs,j,test))Q)

D2s 2
2 2

500 500 23951 test 500 a3 (@ajtest + T3 jtest)
=D - E( )+ 200 E( DQJ,Q )+ E(=R JDZS ety

+2500 E(2a13a23$1,],test) 2500 E<2a13a33(902,],test + $3,j,test))

D?s D252
+ 2500 E(2a23x1: testagj)(fj j2test + T3, test)Q)
= SE(1000 x —o15) ¢ ;plE(logo X )
+%(p2 + p3 + 2paps) (1000 x DC; ) + ;mE(lOOO 2}3;1@223)
—1—%(292 + p3) £(1000 x 2;;3(133) + %(plp2 + p1ps) E(1000 x 21(;23,@33)

_ E[lOOO % a13+p1423+(P2+p3+2p2p3)033+2171;115,;2§;-2(p2+p3)013a33+2p1(:D2+p3)a23a33]

2b;12bj ot
Let Uy = 2?101 %7

then E(U,)

2 2500 E[ a11+a12x1 Js test+a13(fv2 s test T3 s test))(a12+a22x1 s test+a23(x2 s test T3 s test))]
- D2(zt)-1

— 2 2500 E[Daél(lzi)lzl] + 2 2500 E[alllc)l§2:t1 .7, teet] + 2 2500 E[a11a23(zgé(t;;)t—|—1$3 .7, te?t)]

aioa x2
+2 ZSOO E[agzmig mst] +22500 E[ IQDEEZ;)J ;est]

500 a122] 4, testa23(x2 jtest T3 5, test 500 a13 T2,j,test 23 ] test)a12
+22 E[ Dg(zt) 1 ] +22 E[ D2(zt) ]

500 CL13 T2 j,test 23,5, test)a22xl ,J,test 500 (113(123(132 s test+x3 s test)
+22 50 B e J+2>5 El eI ]

] + E(l’l 7 test)E[].OOO

a11a12

D2(zt)~!
+E(T2,jtest + T35test) £[1000 X

a11a22 ]
D2(zt)!
a%z
] + E(I’ljtest)E[lOOO X W]
a120a23 ]
D?(zt)~!
] + E((x2 ,Jstest + T3 W test)xl s test)E[looo X

13023 ]
D2(zt)~t
a11ai2 Q11022 ]
D2(zt) D2(zt)"!
2
23 a1z
+(ps + ps) E[1000 x =222 1 4 ) BI1000 X ——2 ]
. D2(zt)~t DQ(ztgb la
12027 12023
DQ( ) ] + (p1p2 +p1p3)E[1000 X W]
a
+(p2 + p3) E[1000 x ﬁ] + (p1p2 + P1ps) E[1000 x

13023 ]

D2(zt)~

= E[1000 x
411023
D2(2t) !
+ E(xl ,J,test ($2,j,test + x3,j,test))E[1000 X
a13a12
D2(2t)7!
] +E((x2] test + xS,j,test)2>E[1000 X

a12022 ]
D2 (zt)~!
+E((72,) test +3,5,est) ) {1000 x
a13022
D2(zt)~1
= E[lOOO

+E(x%,j,test)E[1000

-] + p1 E[1000 x

+p1 E[1000 X

a13022

Dz(zt)fl] +(p2 + b3 +

2p2p3)E[1000 X
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= E[1000 % [a11a12 +p1(a11a22 4+ 12092+ a3y) 4 (P2 +p3) (a11023 +a13a12) +

1
D2(zt)~!
(p1p2 + p1p3)(aizass + aizass) + (P2 + ps + 2paps)aizass)]

Let Us = 2500 2b;12b; 35

D2
Then E(U5)

500 (a11+0a12%1 5 test+013(T2, 5 test T3, test)) (01340231 j test+033(T2, 5 test T3, test))
— 23 g |
D2(zs)~1

500 411013
e T

1102371 ; tes
i) 2500 | 111)22(3zsl>,g¢ 4
@11a33( 2,5 test + T3 j tes
+22500 E[an;s(;,%ez;) 3,5t t)]
19 2500 E[allz)jl(,;tse;tami
+22500 B2 1,13),t26<5282)3 1,]test]
1271 j test@33(L2,j test T T3 j tes
+22500 B2t ti;g(j;)t t+ T35 t)]
13( T2 j test + T3 j test )@
12370 g 13( 2,;,;);(28)3Jt t) 13,
a13(X2 j test T T35 test ) A23%1 j tes
_'_22500 E 13(22,5 tDQ(j;)t £) Q2371 jit t]
013(T2 j test + T3 test)A33(T2 i test + 3.5 tes
+22500 E| 13(T2,j test 3,3522)283)3( 2 jtest T X35t t)]

11013
— E[1000 x —1
| D2?(zs)~1 D2(zs) 1)

a11a23
+E xlltest) [1000 X W]
+LK T2.1 test + T31 test)E[l()OO X

Q12013 ]
D?(zs)~t

A12023 ]
D?(zs)~!

E ml,l,test(xQ 1,test + CU?),l,test))E'[looo X

+

+

(

(

B (@11 est) E[1000 x

B2 1 405) B[1000 x
(

12033 ]
D?(zs)~1

2
ai
+E(x2,1,test + x3,1,test)E[1000 % ﬁ]

+E((x2,1,test + xS,l,test)xl,l,test)E[looo X

+

13423 ]
D?(zs)~1
a13a33 ]
D2?(zs)1
1
D2(zs)"1 la11a13 + praiiags + (P2 + p3)aiiass + praiaais + pPraiaass +
(p1p2 + P1ps)aizass + (P2 + ps)ais + (pip2 + p1ps)aisass + (P2 + ps + 2paps)aizass]

+E((72,1 test + xS,l,test)Q)E[looo X

= F[1000 x
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1
= E[1000 x —)[a11a13 + p1(an1ags + ar2a13 + a12a93) + (p2 + p3)(ar1ass +

D?(
ats) + (p1p2 + p1ps)(a12ass + asass) + (P2 + 3 + 2paps)arsass]

20, 9th;
Let Uy = )% =5
Then E(UG)

=2 2500 E[ (a124a20%1 j,test+a23(22,5,test 173, j,test)) (A13+023%1, j test 033 (22, test +23,5, test))]
N D2(ts)— 1

22500 [DCgl(QtaT) ]

(1202371 ; tes
i) 2500 | 1;)22(37531)%1% 4
@12a33( 2,5 test + T3 j tes
+22500 E[am:s(;%;t;) 3,5t t)]
19 2500 E[:;)x 21(,],te)sta/13i
19 2500 oz 13&;2253 L test
2271 j test@33(L2,j test T T3 j tes
+22500 [T test :gg(;;)t t+ T35 t)]
23(T2 j test + T3 jtest)O
1230 g 23( 2,;,;);(t8>3jt t) 13,
23(X2 jtest T T35 test ) A23%1 jtes
_'_22500 E 23(T2,5 tDQ(iZ)t £) Q2371 jit t]
023(T2 j test + T3 test)33(T2 i test + 3.5 tes
+22500 E| 23(T2,j pest 3,352t(18:;3( 2 jtest T X3 5 t)]

12413
— E[1000 x —212
000X D))
12023
+E (21,1 test) E[1000 x W]
12033
+E (22,1 test + 23,1 test)) 2[1000 x W]
_dms
D2(ts) 1
om0 )
D2(ts)~t
ag2a
B (211,105t (02,1 test + T3,1,est)) FE[1000 X ﬁ]
O3 )
D2(ts)~!
2
as
+E (@21 test + T3.1.test)T1.1.1est) E[1000 x ﬁ]
s )

D2?(ts)~!

[a12a13 + p1raiaass + (P2 + P3)a12a33 + Prasaays + Prasaass +

+

E (1.1 4est) E[1000 X

+

+

(
(
(
B (a3 1 405) E[1000 x
(
(

+E T2,1,test + T3,1 test)E[looo X

+E((72,1,test + xS,l,test)Q)E[looo X
1

= F[1000 X ———

| D2(ts)!

(P1p2 + P1p3)azeass + (P2 + ps)azsais + (P1p2 + pips)azs + (p2 + 3 + 2paps)azsag;|
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= FE[1000 x aipa13 + p1(ainaes + asaisz + asnass) + (p2 + ps)(aixass +

—
D2?(ts)~!
azsars) + (p1p2 + pips)(asass + a3s) + (p2 + ps + 2paps)assass]

1
Now suppose g3 = W[CL% + p1afy + (P2 + 3 + 2paps)ats + 2praniars + 2(p2 +

1
p3)ariaiz+2(p1p2+pip3)aiaais]+ D22 [}y D105y + (2 +p3+2p2ps)azs +2p1araag +

2(p2 + p3)aiaags + 2(p1pe + p1ps)aseass| + [0%3 + p1a§3 + (p2+ps + 2p2p3)a§3 +

1
2D2gs—2

2p1a13a23+2(pa+p3)ai3ass+2p1 (P2 +ps3)assass) + a11a12+p1(ar1a22+ar2a20+

D2(zt)~! [
ay)+ (p2+ps)(arrass+aizarz) +(pipa+pips)(ai2ass+aiza )+ (p2+ps +2pops3)arzags|+
1

D?(zs)~t |
p1p3)(a12a33 +ar13a23) + (P2 +Pps+2paps)arsass| +

ar1013 + pi(anass + 2013 + a12a93) + (P2 + ps)(anass + aiz) + (pp2 +
1
W[a12a13 +p1(ar2a93 +ageai3 +
(22023) + (P24 p3) (a12a33 +a93013) + (D12 + P1ps) (a22a33+a33) + (P2 + D3+ 2paps) azsass).

Now, for convenience in calculation, express g3 as the sum of the following six
functions g3, £ = 1,...,6, where a = p;, b = py, ¢ = p3 in the expressions of

gy, k=1,.,6 and B, i,j=1,..,10,j > i, k =1,...,6.

1
g31 = W[Cﬁl + praiy + (2 + ps + 2paps)ais + 2prariars + 2(p2 + ps)aiiars +

2D

2(p1p2 + P1p3)a12a43)]
1

2yl 4 2e(m +n)(p+ ) — (m+n)2 — (p+q)%y — 20227 [(yl=(mAn)*)*+al(p+
q)(m+n) —al)? + (b+c+2bc)(w(m+n) = (p+q)y)* + 2a(yl — (m+n)*)((p+q)(m +

n)—zl)+2(b+c)(yl — (m+n)?)(x(m+n)— (p+q)y) + 2(ab+ac)((p+q)(m +n) —
zl)(z(m +n) — (p+ q)y)]

932 [afz + pla%Q + (p2 +p3s + 2172]73)@%3 + 2p1ajza + 2(p2 + p3)aisass +

B 1

- 2D2t2
2(p1p2 + P1p3)a22a23]

1

= ST 3nm M+ @) = (= (¥ gy — AR L ) mn) — )

2(b+c)((p+q) (m+n) =) ((p+q)z—(m+n))+2(abtac)(I-(p+q)*) (p+q)z— (m+n))]

1
933 = W[a%g + pra3s + (P2 + Ps + 2p2p3)a3s + 2p1aisass + 2(p2 + ps)aizass +

2p1(p2 + p3)assass]
1

B 2[yl +2z(m+n)(p+q) — (m+n)? — (p+ q)>y — x2]?s72 [(x(m~+n)—(p+q)y)*+
a(p+ @)z — (m+n))” + (b+ ¢+ 2be)(y = 2°)* + 2a(a(m +n) = (p+ )y) (0 +q)o -

(m+n))+2(b+c)(x(m+n) = (p+q)y)(y —2°) +2a(b+c)((p+g)z — (m+n))(y —2?)]
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1
934 = D2 (=t )—[a11a12 + pr(ai1age + arpag + a3y) + (p2 + p3)(aiiass + azars) +
(p1p2 + p1p3)(ar2a2s + aizass) + (P2 + ps + 2paps)aizass)
1

R Gl R ey ey e e e L R
q)(m+n) —xl) +a((yl — (m+n)*)( = (p+¢)*) + ((p+ @) (m+n) —al)(I - (p+¢)*) +
((p+q)(m~+n) —20)?) + (b+c)((yl — (m+n)?)(p+g)x — (m+n)) + (z(m~+n) - (p+
y)((p+q)(m-+n) —zl))+ (ab+ac)(((p+q)(m+n) —2l)((p+q)x — (m+n)) + (x(m+
n)—(p+qy )(1l— (p+9)*) + (b+c+2bc)(z(m+n) = (p+)y)((p+ )z — (m+n))]

935 = W[anam + p1(a11ass + a1aa1s + ainass) + (pa + ps)(arass + aiy) +

(p1p2 + p1ps)(aizass + aizass) + (P2 + ps + 2paps)aisass)
1

Tyl 2e(m +n)(p+q) — (m+n)2 — (p+ q)%y — 220]?(zs)
n)—(p+qy) +al(yl—(m+n)?)((p+qz— (m+n))+ ((p+q)(m—+n)—zl)(z(m+

n) = (p+Qy)+ ((p+a)(m+n)—2)((p+ @)z — (m+n))) + (b+c)((yl — (m+n)*)(y —
2%) + (@(m+n) — (p+q)y)*) + (ab+ ac)(((p+ q)(m +n) — 2)(y — 2°) + (x(m +n) —
(p+ Q)y)((piQ)w = (m+mn))) + (b+ ¢+ 2bc)(x(m + n) = (p + Q)y)(y — 2°)]

936 = W[alzam + p1(@12a23 + az0a13 + az2a23) + (P2 + p3)(a12as3 + agzaiz) +
(p1p2 + p1p3)(agaass + a3z) + (p2 + ps + 2paps)agsass]

1
= WA 2m et I+ a) — (P — (ot 9% — )1 PO =)

(z(m +n) = (p+ @)y) + al((p + ¢)(m + n) — Il)((p+Q)w—(m+n))+(l—(p+
)*)(@(m+n)—@P+qy) + 1= (p+9)*)((p+qr—(m+n)))+ (b+c)((p+q)(m+
n) —al)(y —2°) + ((p+ @)z — (m +n))(z(m +n) — (p + q)y)) + (ab + ac)((l — (p +
)y —2*) + ((p+ gz — (m+n))*) + (b+ c+2be)((p + @)z — (m +n))(y — 2?)]

Then A\ = % 29 W = zgzl% i<j, i, j=1,..,10

— [yl = (m+n)*)(z(m+

)
(

hng’“),z' <j, 4,7 =1,..,10, k =1,...,6 are given in appendix with x = p;, y =

M2, 2 = 3, t:,u47 l::u57 m = e, N = U7, Pp= Hg, q = g, S = l10p-
Further, assume pu;, ¢ = 1,...,10 satisfies that the denominators in h(U), 1,] =

1,...,10,5 > i are not equal to zero as well as h(U) +# Z] Liki h( ), 1<g,1=1,..,10.
AC
10 i U
Thus? E(U) ~ Zz 1 12 92 + Zz] 1,i>7 O—Z]hg‘] )
bj1z + bjaot + b;3s
E(W) = E(Z?gol(_Q)yj,test 21 72 73
= (-2) 250201 E[yj’tm (@11 + a12%1 jtest + A13(T2 ) test + T35 test))

D )
Dz—1
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y] test

1
yl testajl 1 test)E[lOOO X

a13
—F os 1000
Y1t ) E [ X Ds— ]

Q23
5—1]

—-F

a

E yl test (x2 1,test + $3 1 test))E[looo X Dsil]
aq a

= — 3 E[1000 x D —] — 14 B[1000 x D 2] — 110 E[1000 x D“” ]

+ P (G12 + a92%1 jtest + A23(T2jtest + T3 jtest))
+ %(%3 + A23%1 jrest + 33(T2 ) test + T3 jtest))]
= (=2) 23 B(gjtest) Bl 5155
+(-2) 2500 E(yj,testwl,j,test)E[%]
+(-2) 2500 B test (T2, test + xS,j,test))E[%]
+(=2) 238 Eyaen) Bl g;:]
+(=2) 3% B(Wstesttraes) Bl ]
2 S Bupsen (g + 233000) B S
+(-2) 3% E<yj,test>E[%J
+(—2) 230:01 E(:yj,testxl,j,test)E[%]
+(=2) 028 E(Ytest (0,100t + 3.5 test))E[%]
= — By E[1000 x S 15]
— E(y1 gest1.1 10st) E[1000 x %}
—E (Y1 test (2,1 test + $3 1 test))E[l()OO X Dazlil]
By 10) E[1000 Dt 12 |
—E (Y1 test®1.1,test) E[1000 X Dt 1]
—E (Y1 test(T2,1test + T3.1,1e5t) ) E[1000 X gjgl]
(
(
(

Z*l
a12 a22 a23
—usE(1000 E|1000 E{1000
psE| XDa] pal| XDt] pio | XD,l]
— 13 E[1000 X DSB | — g B[1000 x D23 | — 110 E[1000 x D331]
_ E[—lOOO > #3(a112+a12t+a138)+,u4(a12Z+Cth+a238)+,u10(0132+a23t+a338)]

Now suppose g; = _NS(allZ+a12t+a135)+u4(a122+%2t+a238)+li10(a132+a23t+a338).

Further, assume p;, ¢ = 1, ..., 10, satisfies that the denominators in hEJW), 1,] =
., 10,7 > i, are not equal to zero as well as hg #+ Zj 1#] , 1=1,...,10.
For notation convenience, let a = pu3, b = 4, ¢ = p1p in the expressions of

hi"), 4,5 =1,..,10,j > i. Then
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1

Syl +2z(m+n)(p+q) — (m+n)?—(p+q)2y—
(p+q)(m~+n)—zl)t+(x(m-+n)—(p+q)y)s)+b(((p+q)(m-+n) —xl)2+(1—(p+q)*)t+

(
(p+ @)z —(m+n))s) +c((x(m+n) = (p+q)y)z+ ((p+ @z — (m+n)t+ (y — 2°)s)],
1< g, 4,5 =1,..,10, k = 1,...,6 are given in appendix with x = u;, y =

91 = —ylal(yl = (m +n)*)z +

2, z = fiz, t = pa, 1= ps, ?;LV_MG’ n=f7, p=[s, ¢ = {9, S = [l10-
ThUS, E(W) ~ Zzlol 12 ” + Zz] 1,i>5 Ol] (W)
Therefore, asymptotic estlmatlon of MSPE of 2-dimensional model fitted by

single variable X 1 and X5 + X3 is
A4

pY)
10 zz (U) zz (W)
Zz 1 12 + sz 1,i>75 O-@J ( ) Zz 1 12 + sz 1z>] 2] )

where pq, pa, ..., f10 satisfies that the denominators in h( ) h(W , 4,9 =1,...,10,

(]

j = i are not equal to zero and h ) 4 ZJ i hg], ) 4 Zj Lizg ) i =

1,...,10, and p;, 05, 1,5 = 1,...,4, i < j are calculated on page 83 and page 84 of this
thesis. p;, o0y, 1,7 =95,...,10, ¢ < jand o0y, 4,7 =5,...,10, 1 <i <4, 5 <5 <10
are calculated on page 92-96 of this thesis.

Last, we calculate the asymptotically estimated MSPE of the 1-dimensional model
fitted by X; and the asymptotically estimated MSPE of the 2-dimensional model
fitted by X1, Xo + Xs.

Assume the true model to generate the training data with sample points 1000
and testing data with sample points 500 is Y = X + Xy + X3 +¢€, € ~ N(0,1.3%),
Xy ~ Ber(0.71), Xy ~ Ber(0.39), X5 ~ Ber(0.23) and €, X;, X,, X3 are mutually
independent. Thus, By =0, Sy =1, fo =1, B3 =1, 0 = 1.3, pp = 0.71, py =
0.39, ps = 0.23,

Then p;, 045, 4,5 =1,...,10, ¢ < j on page 83-84 and 92-96 are with the following

value.
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012
013
014
015

016

017

018

019

0110
0.2059
0.2059
0.2059
0.3336
0.0000
0.0803
0.0474
0.0000
0.0000
0.1277

012

023
024
025
026
027
028
029

02 10
0.2059
0.2059
0.2059
0.3336
0.0000
0.0803
0.0474
0.0000
0.0000
0.1277

013

023

2
03

034
035
036
037
038
039

03 10
0.2059
0.2059
2.3109
1.8281
0.6626
0.2492
0.1731
0.2379
0.1771

—0.9017

1 0.7100

o 0.7100

s 1.3300

o 1.1502

Us 0.7994

ue | | o.2769

7 0.1633

s 0.3900

Mo 0.2300

H10 1.2396
014 015 016 o7
024 025 026 027
034 035 036 037
Uz 045 046 047
045 052) 056 057
046 056 aé 067
047 057 067 U%
048 058 068 078
049 059 069 079
0410 0510 0610 O7 10
0.3336  0.0000 0.08037
0.33367 0.0000 70.0803
1.8281  0.6626 0.24927
1.7427 70.4704 70.2990
0.4704  1.2368 0.24667
0.2990 0.2466  0.2002
70.2025 0.2238 0.0185
0.1689  0.3473 0.1689
0.1257  0.3152  0.0000
—0.7308 1.7072 3.2241
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018
028
038
048
058
068

a8

089

08 10
0.0474
0.0474
0.1731
0.2025
0.2238
0.0185
0.1366
0.0000
0.1257
0.3789

019

029

039

049

059

069

g79

089

09 10
0.0000
0.0000
0.2379
0.1689
0.3473
0.1689
0.0000
0.2379
0.0000
0.5162

01
02
03
04
05
O¢
o7
08

09

10

10

10

10

10

10

10

10

10

J10

0.0000
0.0000
0.1771
0.1257
0.3152
0.0000
0.1257
0.0000
0.1771
0.4410

0.1277
0.1277
—0.9017
—0.7308
1.7072
3.2241
0.3789
0.5162
0.4410
0.8028




Then h{}", i,j = 1,....4 on page 87, hs’, i,j = 1,...,4 on page 89, h"’, i,j

1,...,10 on page 103, hz(»JW), 1,7 =1,...,10 on page 105 are the following,

—1213.5 986.22 —68.499 1.7484
) (h( <4>)> | 98622 72883 77051 —19.427 |
Y —68.499 77.051  6.8966 —6.8966
1.7484 —19.427 —6.8966 9.7135
—2.0787 0.8742  1.3103 —0.4371
HO) _ (h@)» | 08742 97135 —3.4483  4.8567
i 1.3103 —3.4483 0 o |
—0.4371  4.8567 0 0
HU) — (hﬁ”)) —

35.7 —27.081 —19.443 23.632 —17.711 -60.13 —60.13 63.298 63.298 4.4924
—27.081 14.57 6.8966 —9.7135 0 52.687 52.687 —37.408 —37.408 0
—19.443 6.8966 3.1859 —3.4483 16.217 38.452 38.452 —47.041 —47.041 —-2.9984
23.632 —9.7135 —3.4483 4.8567 0 —47.83 —47.83 33.959 33.959 0
—17.711 0 16.217 0 52.997 34.086 34.086 —37.74 —-37.74 —31.676
—60.13  52.687 38.452  —47.83  34.086 105.98 105.98 —90.485 —90.485 —12.765
—60.13  52.687 38.452  —47.83  34.086 105.98 105.98 —90.485 —90.485 —12.765
63.298 —37.408 —47.041 33.959 —37.74 —90.485 —90.485 90.896 90.896 24.521
63.298 —37.408 —47.041 33.959 —37.74 —90.485 —90.485 90.896 90.896 24.521
4.4924 0 —2.9984 0 —31.676 —12.765 —12.765 24.521 24.521 10.355

oW — (hgjm)) —
—8.7491  6.8966 4.3745 —3.4483  2.988 9.8845 9.8845 —8.7491 —8.7491 —1.494

6.8966 —9.7135 —3.4483 4.8567 0 —9.7135 —9.7135 6.8966 6.8966 0
4.3745 —3.4483 0 0 —1.494 —4.9423 —4.9423 4.3745 4.3745 0
—3.4483  4.8567 0 0 0 4.8567 4.8567 —3.4483 —3.4483 0
2.988 0 —1.494 0 —4.8193 —4.8193 —4.8193  2.988 2.988 2.4096
9.8845 —9.7135 —4.9423 4.8567 —4.8193 —14.533 —14.533 9.8845 9.8845  2.4096
9.8845 —9.7135 —4.9423 4.8567 —4.8193 —14.533 —14.533 9.8845 9.8845  2.4096
—8.7491 6.8966 4.3745 —3.4483  2.988 9.8845 9.8845 —8.7491 —8.7491 —1.494
—8.7491  6.8966 4.3745 —3.4483  2.988 9.8845 9.8845 —8.7491 —8.7491 —1.494
—1.494 0 0 0 2.4096 2.4096 2.4096 —1.494 —1.494 0

Next we obtain the asymptotic estimation of E(A), E(C), E(U), E(W), by page
87, E(A) ~ 2.7906, by page 89, E(C) ~ 9.345621¢ — 17 ~ 0, by page 103, E(U) ~
—37.5539, by page 105, E(W) ~ 6.6478.
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By page 84 and page 92, E(B) = E(V) = 2039.9.

Thus, the asymptotic estimation of 1-dimensional model fitted by X; is F(A) +
E(B) + E(C) = 2042.691, which is larger than the asymptotic estimation of 2-
dimensional model fitted by X, X5+ X3 because E(U) + E(V) + E(W) = 2008.994.

Copyright®© Ye Li, 2018.
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Chapter 5 Application to Alzheimer’s Disease Data

5.1 Introduction to Alzheimer’s Disease and Research

Being a major type of dementia, Alzheimer’s Disease(AD) is a neurodegenerative
disease caused by brain cell death[27], whose patients at the beginning will experience
cognitive impairment such as vision issues, defects in reasoning and judgment, then
gradually suffer symptoms including memory loss, inability to recognize families and
even difficulties to communicate or swallow|[28]. The progress of AD is irreversible and
no effective medical treatment has been found to prevent the worsening of AD.[28] In
2017, about 5.5 million Americans are with AD, which is the sixth dominant cause
of death in US.[29]

AD types are classified as early-onset and late-onset, in both of which genetic
components are discovered by scientists. While early-onset AD is a rare AD type
that usually develops between a patient’s 30s and 60s, late-onset is the most common
AD type occurring around a patient’s 60s and possibly involving apolipoprotein E4
(APOE4) gene on chromosome 19 as a risk factor. The APOE4 allele number for
each person could be 0, 1, and 2, but a larger APOE4 allele number increases the
person’s risk to get AD.[30]

Since AD always presents with brain abnormalities, biological markers including
cerebrospinal fluid (CSF) tau protein and S-amyloid (AS) peptide are measured to
reflect the brain’s pathologic change in order to diagnose AD for patients at mild
cognitive impairment status, where high CSF tau concentration and low CSF Ap
are regarded as specific and sensitive biomarkers in predicting AD’s progressing,
respectively.[31]

Depending on previous analysis on examining susceptibility loci for late-onset
ADI[32], as well as genes that might have association with CSF Aj[33] or CSF
tau[34, 35, 36], Crouch considered 23 SNPs and examined the significance of all the
two-way and three-way SNP-SNP interactions involving APOE4 for CSF tau and CSF
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Ap with AQMDR (Aggregated Quantitative Multifactor-Dimensionality Reduction)
and QMDR/(Quantitative Multifactor-Dimensionality Reduction), for AD status nor-
mal control(NL), mild cognitive impairment(MCI) and mild Alzheimer’s disease(AD),
respectively, using those subjects whose baseline measurements of CSF tau and CSF
Ap are available in Alzheimer’s Disease Neuroimaging Initiative (ADNI) data[21][37].
The results about significant SNP-SNP interactions for CSF A and CSF tau, which
are from Crouch 2016[21], are listed below in Table 5.1 and Table 5.2 where the in-
teractions chosen by AQMDR are significant at 0.1 significance level. The significant
“High Risk” genotypes in Table 5.3, Table 5.5, Table 5.7, Table 5.9, are also from
Crouch 2016[21].

Table 5.1: 2-way & 3-way gene-gene interaction candidates for CSF A measurement

2-way & 3-way gene-gene interaction candidates for CSF A/ measurement
Stratification | AQMDR Significant Interaction | QMDR Optimal Interaction
(APOEA4, CR1, SLC24A4)
NL APOEA, BIN1, SLC24A4) (APOE4, BIN1, PICALM)
APOE4, PTK2B)
APOE4, PTK2B, MAPT)
APOE4, PTK2B, TREM2)
APOE4, PTK2B, NMES)
APOE4, PTK2B, ZCWPW1)
APOE4, PTK2B, CELF1)
APOE4, PTK2B, SORL1) (APOE4, PTK2B)
APOE4, PTK2B, FERMT?2)
APOE4, PTK2B, PSEN1)
APOE4, PTK2B, DSG2)
APOE4, PTK2B, ABCA7)
APOE4, PTK2B, CD33)
APOE4, PTK2B, CASS4)
AD - (APOE4, TREM2)

MCI

o~~~ |~
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Table 5.2: 2-way & 3-way gene-gene interaction candidates for CSF tau measurement

2-way & 3-way gene-gene interaction candidates for CSF tau measurement
Stratification | AQMDR Significant Interaction | QMDR Optimal Interaction
(APOE4, ABCAT)

NL (APOE4, CD2AP, PICALM) | (APOE4, ABCA7)
(APOE4 , ABCA7, NMER)

MCI (APOE4, CR1, MS4AGA) (APOE4, CR1, MS4AGA)
(APOE4, MEF2C, CD2AP)

AD (APOE4, TREM2, ZCWPW1) | (APOE4, MAPT, CELF1)
(

APOE4, MAPT, CELF1)

In the above two tables, (Genel, Gene2, Gene3) represents the three-way in-
teraction among genel, gene2 and gene3, (Genel, Gene2) represents the two-way
interaction between genel and gene2. The table on gene-gene interaction candidate
of CSF A measurement displays that, combining results from AQMDR and QMDR,
there are 3 interaction candidates for normal control status, 13 interaction candi-
date for mild cognitive impairment status and only 1 interaction candidates for mild
Alzheimer’s disease status. The table on gene-gene interaction candidate on CSF tau
measurement displays that, combining results from AQMDR and QMDR, there are
3 interaction candidates for normal control status, 1 interaction candidate for mild
cognitive impairment status and 3 interaction candidates for mild Alzheimer’s disease
status.

Depending on results shown in these above two tables, in next section, we will
generate a set of three risk scores to predict measurements of CSEF Af for MCI
status, a set of two risk scores to predict measurements of CSF Af for N status, and
achieve a set of two risk scores to predict CSF tau level for NL status and AD status,
respectively. The reason to conduct analysis by stratification on AD status is that
the population differs from each other in different AD status[21]. The residuals after
regressing CSF tau and CSF Af on variables age, gender and education are taken as
the response variable, noted as Yj,,, Yag, respectively[21]. NL, MCI or AD can be
added to the subscripts to indicate which status the response variable is from. For
illustration, Y., nr represents those response variables Yi,, that belong to normal

control status.
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5.2 Study Method and Results

The sample in this study involves 626 subjects whose disease status has been diag-
nosed to be stable in visits with 199 subjects in normal control status, 327 subjects
in mild cognitive impairment status and 100 subjects in mild AD status. The risk
score generated from each SNP-SNP interaction is built independently in every dis-
ease status stratification with the subjects whose all interaction involved SNPs are
observed without any missing value. The risk scores are used to predict the new
response variables Y7o, Vg, which are the residuals after regressing Y4, Yag on

all the SNP factors as covariates in the corresponding stratification[21]. For example,
when building the risk score of interaction (APOE4, CR1, SLC24A4) to predict CSF
Ap for subjects in NL status, only subjects’ records with no missing value in APOEA4,
CR1, SLC24A4, BIN1, PICALM will be used because there are two other SNP-SNP
interactions, (APOE4, BIN1, SLC24A4) and (APOE4, BIN1, PICALM), that are
being considered as significant interactions in this situation as shown in Table 5.1.
Similarly, binary risk scores of (APOE4, BIN1, SLC24A4) and binary risk scores of
(APOE4, BIN1, PICALM) can be generated for each subject. Then, Yj§% is cre-
ated by regressing Ys nr on categorical covariates APOE4, CR1, SLC24A4, BIN1,
PICALM with those subjects in stratification NL which do not contain any missed
observation on APOE4, CR1, SLC24A4, BIN1, PICALM.

5.2.1 A Set of P Risk Scores for CSF tau

In this subsection, a set of 2 aggregated risk scores are built for CSF tau measurement
in NL status from the three original risk scores where one risk score is formed from
the two-way interaction (APOE4, ABCA7) and the other two original risk scores
are formed from three-way interactions, (APOE4, CD2AP, PICALM) and (APOE4
, ABCAT7, NMESR), respectively by methodology introduced in chapter 2.6. The
response variable Y7o, is the residual after regressing Y., vz on all the six SNP

factors that are contained in the interactions. The three risk scores are listed in

table 5.3. In the column of “ High Risk” genotype, (a,b) or (a,b,c) represents the
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genotype combinations that will be assigned to “High” risk group where a, b, ¢ equal
0 or 1 or 2. For illustration, in the first row of Table 5.3, a subject whose genotype
(APOE4, ABCAT) is APOE4=0, ABCA7=1 or APOE4=1, ABCA7=0 or APOE4=2,
ABCAT7=2 will be defined of “high risk” with risk score X; = 1. There are three risk
scores generated as displayed in Table 5.3. It should be noticed that there are only
two significant three-way genetic interaction risk scores. Thus, the cumulative risk
score of three-way genetic interaction from our view of MDR with P risk scores can
only be X5 + X3. In order to fully leverage the data, we apply our methodology to
X1, Xo, X3, neglecting their difference in interaction orders, in order to generate a
set of two risk scores.

Then this “relatively good” 2-dimensional model is compared with the model
selected by AQMDR, the model selected by QMDR, the model fitted by sum of
all three risk scores and the model fitted by all three risk scores in Table 5.4. 167
subjects’ records out of 199 sample points in Normal Control Status are involved in

this analysis for CSF tau measurement.

Table 5.3: Risk Scores for CSF tau in Normal Control Status

Risk Scores for CSF tau in Normal Control Status
Interactions “High Risk” Genotype Notation
(APOE4, ABCAT) 1) (1,0) (2,2) X
0,0,0) (0,0,1) (0,1,0) (0,1,2) (0,2,0)
1,0,1) (1,1,1) (1,1,2) (1,2,0) (1,2,1) | X>

Y

0,

(0,0.0) (00.1) (0,10)
(1,0,1) (1,1,1) (1,1,2)
(2,0,0) (2,0,1) (2,1,0)
(0,0,2) (0,1,0) (0,1,1)
(2,0,0) (2,0,2) (2,2,0)

(APOE4, CD2AP,PICALM)

0,0,2) (0,1,0) (0,1,1) (1,0,0) (1,0,1)

(APOE4, ABCAT, NMES) | 5"y (90'9) (22,0

X3

Table 5.4: Models to Predict CSF tau in Normal Control Status

Models to Predict CSF tau in Normal Control Status

Models risk score R? R: jiusted
MDR with 2 risk scores(chosen by

“permutation” methodo(logy) X1, X2+ X5 1 0.1309 ) 0.1202
AQMDR X1, Xo+ X3 0.1309 | 0.1202
QMDR Xi 0.04857 | 0.04277
all variable X1, Xo, X3 0.1322 | 0.1161
sum of variables X1+ Xo+ X3 0.1225 | 0.1172
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Table 5.4 indicates that the two-dimensional model chosen by this methodology
is the same as the model defined by AQMDR. Its R? is larger than the model chosen
by QMDR and the model fitted by sum of all three risk scores, as well as very close to
the model fitted by three risk scores. But the model has the largest RZ;,.q among
all the models compared in Table 5.4.

Similarly, three risk scores from significant SNP interactions are generated to
predict CSF tau measurement Y57, the residual after regressing Yi., ap on all
the seven distinct SNP factors in table 5.5, by genetic information from subjects in
Mild Alzheimer’s Disease status. Table 5.6 presents the results of MDR with 2 risk
scores for each subject, compared in R?* and R, from AQMDR, QMDR, the

3-dimensional model and the 1-dimensional model.

Table 5.5: Risk Scores for CSF tau in Mild Alzheimer’s Disease Status

Risk Scores for CSF tau in Mild Alzheimer’s Disease Status
Interactions “High Risk” Genotype Notation
(0,0,1) (0,1,2) (0,2,0) (1,0,0) (1,1,1)
(APOE4, MEF2C, CD2AP) (1.2.1) (2,1.0) (2.1,1) X4
(APOE4,TREM2, ZCWPW1) | (0,0,0) (0,0,1) (1,0,2) (2,0,1) X5
(0,0,1) (0,0,2) (0,1,1) (0,1,2) (1,0,0)
(APOE4, MAPT, CELF1) (1,2,0) (2,1.0) (2.1,1) Xs

In Table 5.6, the “relatively good” two-dimensional model chosen by methodology
in chapter 2.6 has the largest R, .4 The R? statistic of this model is quite close
to the three-dimensional model and larger than the rest of the models considered
in Table 5.6. 77 subjects’ records out of 100 sample points in Mild AD Status are

involved in the CSF tau measurement analysis.

Table 5.6: Models to Predict CSF tau in Mild Alzheimer’s Disease Status

Models to Predict CSF tau in Mild Alzheimer’s Disease Status
Models risk score R? R jiusted
MDR with 2 risk scores(chosen by
“permutation” methodo(logy) X4, X5+ Xg | 0.1133 ) 0.08897
AQMDR X4+ X5+ Xg | 0.09463 | 0.0824
QMDR X 0.04186 | 0.02891
all variable Xy, X5, Xg 0.1138 | 0.07686
sum of variables X4+ X5+ Xg | 0.09463 | 0.0824
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5.2.2 A Set of P Risk Scores for CSF Abeta

In this subsection, we study models built with risk scores form significant SNP in-

teractions to predict CSF A5 measurements in Mild Cognitive status and Normal

Control status for each subject.

By data in Mild Cognitive Impairment status where there is no missing value

in SNP factors shown in table 5.7, thirteen risk scores X7,..., Xi9 are generated to

predict CSF A8 measurement Y ¢%,-;, the residual after regressing Yas pcr on all

the 14 SNP factors in table 5.7.

Table 5.7: Risk Scores for CSF A in Mild Cognitive Impairment Status

Risk Scores for CSF A in Mild Cognitive Impairment Status
Interactions “High Risk” Genotype Notation
(APOE4, PTK2B) (0,0) (0,2) (1,1) (2,0) X7

(0,0,0) (0,0,1) (0,2,0) (0,2,2) (1,1,0)
(APOE4 PTRBMAPT) 1 (111) (1,1,2) (2,00) (20,1) 2,1,1) | ~*
(APOE4, PTK2B, TREM2) (0,0,0) (0,0,1) (0,2,0) (1,1,0) (2,0,0) | Xo

(0,0,0) (0,0,1) (0,0,2) (0,2,1) (0,2,2)
(APOE4, PTK2B, NMES) (1,1,0) (1,1,1) (1,1,2) (2,0,0) (2,0,1) | X1o

(2,0,2) (2,1,1) (2,1,2)

(0.0,0) (0.2,0) (0.2,1) (1,1,0) (L1,1)
(APOE4, PTK2B, ZCWPW1) (1.1.2) (1.2,0) (2.0.0) (2.0.1) (2.0.2) X11

(0,0,0) (0,0,1) (0,0,2) (0,1,2) (0,2,0)
(APOE4, PTK2B, CELF1) (0,2,1) (0,2,2) (1,1,0) (1,1,1) (1,1,2) | Xy

(2,0,0) (2,0,1) (2,1,1)

(0,0,0) (0,1,1) (0,2,0) (1,1,0) (L,L,1)
(APOE4, PTK2B, SORL1) (2.0.0) (2.1.0) X3

(0,0,0) (0,0,1) (0,1,1) (0,2,0) (0,2,1)
(APOEL, PTR2B, FERMT2) |14 0) (1.1.1) (2.00) (20.1) (2,1,1) | ¥4
(APOE4, PTK2B, PSEN1) (0,0,0) (0,1,1) (0,2,0) (1,1,0) (2,0,0) | X35

(0,0,0) (0,2,0) (0,2,1) (1,1,0) (2,0,0)
(APOE4, PTK2B, DSG2) (2.0.1) X6

(0,0,0) (0,0,1) (0,2,0) (0,2,1) (0,2,2)
(APOE4, PTK2B, ABCA7) | (1,0,2) (1,1,0) (1,1,1) (1,1,2) (2,0,0) | X17

(2,1,1)

(0,0,0) (0,0,1) (0,0,2) (0,2,0) (0,2,1)
(APOE4, PTK2B, CD33) (0,2,2) (1,0,2) (1,1,0) (1,1,1) (1,2,1) | X

(2,0,0) (2,0,1) (2,1,1)

(0,0,0) (0,0,1) (0,0,2) (0,2,0) (1,1,0)
(APOE4, PTK2B, CASS4) (2.0.0) (2.0.1) X9
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We have observed that risk score X; equals to Xj¢ for each subject in this data
with no missing observations in genotypes and other demographic variables. Thus,
including the two-way interaction risk score X7 with the rest of the three-way inter-
action risk scores in Table 5.7 will not impact the performance of MDR with P risk
scores.

The “relatively good” two-dimensional model and “relatively good” 3-dimensional
model chosen by methodology in chapter 2.6 are evaluated in Table 5.8 with the model
chosen by AQMDR, the model chosen by QMDR, the 1-dimensional model fitted by
sum of all 13 risk scores and the 13-dimensional model. 141 subjects’ records out of
327 sample points in Mild Cognitive Impairment Status are involved in the CSF Ap

measurement analysis.

Table 5.8: Models to Predict CSF A in Mild Cognitive Impairment Status

Models to Predict CSF Af in Mild Cognitive Impairment Status
Models risk score R? R?

adjusted

X7+ Xis,
MDR with 2 risk scores(chosen by | Xg + Xg¢ + X109 + X171 + X120+ 0.1589 | 0.1466
“permutation” methodology) X3+ X+ X5 + X7+ ' '

Xig + X9

Xis,
MDR with 3 risk scores(chosen by | Xi5 + Xi3 + X154 + X0+ 0.1816 | 0.1636
“permutation” methodology) X+ X7 + Xq9 + X7, ’ ’

X5 + X + Xg + X1y

X,

Xs+ Xg + Xqo + X1 + Xio+

AQMDR X3+ Xoa+ Xis + Xyot 0.1589 | 0.1466
X7 + Xis + Xig

QMDR Xis 0.1119 | 0.1055
X77 X87 X97 X107

all variable XH, Xlg, X13, X14, X15, 0.1978 | 0.122

X6, X17, X138, X19

X7+ Xg+ Xg + Xio + X11 + Xiot+
sum of variables Xz + Xqg + Xi5 + X6+ 0.1005 | 0.09401
Xi7 + Xig + Xig

Table 5.8 exhibits the “relatively good” three-dimensional model has the largest
R jiustea a0d is with a R? which is quite close to the thirteen-dimensional model and
larger than the rest of the models considered in table 5.8. The “relatively good” two-
dimensional model has the same R? and R? 4 with QMDR because X4 equals X7

adjuste
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for each subject used to fit the model. Besides, we do not seek a higher dimensional
model than 3 dimensions since the R? of three-dimensional model is already quite close

to that of the thirteen-dimensional model. In Table 5.8, the “relatively good” three-

2

dimensional model chosen by methodology in chapter 2.6 has the largest RZ ., cq-

By data in Normal Control status where there is no missing value in SNP factors
shown in table 5.9, three risk scores Xy, Xo1, Xoo are generated to predict CSF Ap
measurement Y%, the residual after regressing Yas nz on all the 5 SNP factors
in table 5.9. In Table 5.10, the “relatively good” two-dimensional model chosen by
methodology in chapter 2.6 has the largest Ridjusted. The R? statistic of this model
is quite close to the three-dimensional model and larger than the rest of the models

considered in Table 5.10. 68 subjects’ records out of 199 sample points in Normal

Control Status are involved in the CSF AfS measurement analysis.

Table 5.9: Risk Scores for CSF A in Normal Control Status

Risk Scores for CSF AfS in Normal Control Status
Interactions “High Risk” Genotype Notation
(APOEA4, CR1, SLC24A4) | (0,0,1) (0,1,0) (1,0,1) (1,1,1) (2,0,0) | X2

(

(0,0,0) (0,1,1) (0,2,0) (1,1,1) (1,2,0)
(APOEABINT, SLC2UA) | 10'0'0) 15’5’0 Xy

(0,0,1) (0,0,2) (0,1,0) (0,1,1) (0,2,0)
(APOE, BINL PICALM) |1y 0y (111 (1,1.2) (1,2,0) (2,2,0) | 2

Table 5.10: Models to Predict CSF AfS in Normal Control Status

Models to Predict CSF A in Normal Control Status

Models risk score R? R} jiusted
MDR with 2 risk scores(chosen by

“permutation” methodo<logy) Xo1, Xo0 + Xzo | 01501 ) 0.1235
AQMDR Xog + Xo1 0.1035 | 0.08969
QMDR Xoo 0.0617 | 0.04727
all variable Xo0, Xo1, Xoo 0.1508 | 0.1104
sum of variables Xoo + Xop + X9 | 0.1468 | 0.1337
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Figure 5.1: Ratio in Rsquared and adjusted Rsquared between dimension reduced
model and full dimension model

To visually display the performance of our methodology comparing with QMDR
and AQMDR, barplots in figure 5.1 are utilized to represent the R? and R7;, .4 Tatio
between dimension reduced models and the full dimension model in each stratum.
The dark blue bars are the ratios on R? between model obtained by MDR with P
risk score and model fitted with all variables, between AQMDR model and model
fitted with all variables, between QMDR model and model fitted with all variables,
between model regressed on sum of all variables and model fitted with all variables,

respectively in each stratum. The light blue bar is the ratio on R? 4 1 corre-

adjuste
sponding model comparison. The model fitted with all variables is “compared” to

itself in R? and R? thus the bars heights of models fitted on all variables are

adjusted?
always 1. “2RS” represents the results from model obtained by MDR with 2 risk
scores, “3RS” represents the results from model obtained by MDR with 3 risk scores.

The R? ratio for models with P risk score are almost in the same height of the full
dimensional model except the model with 2 risk scores for CSF A/ measurements

in MCI status. Further, the bar representing adjusted R? ratio for models with P

risk score is always higher than the bar of the corresponding full dimensional model
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and the difference is especially apparent in barplots for CSF tau measurements in
AD status, CSF A measurements in MCI status and CSF A3 measurements in NL
status.

In each barplot, QMDR model is with the least R? ratio and adjusted R? ratio.
Meanwhile, even though the difference in R? ratio or adjusted R? ratio among MDR
with 2 risk scores model, AQMDR model and model fitted on sum of all variables
are not intuitively of much difference in the barplot for CSF tau measurements in NL
status, the bars for R? ratio and adjusted R? ratio of MDR with 2 risk scores model
are higher than those of AQMDR model and model fitted on sum of all variables
in the barplot for CSF tau measurements in AD status, the bars for R? ratio and
adjusted R? ratio of model obtained from MDR with 3 risk scores are higher than
those of AQMDR model and model fitted on sum of all variables in the barplot for
CSF A8 measurements in MCI status.

These demonstrate that it is appropriate to apply the MDR with P risk scores
method in each stratum to predict the measurements of CSF tau and CSF AS. Thus,
with risk factors generated from subjects’ genotype, the level of CSF tau or CSF Af,

can be estimated in order to predict a marker of AD’s progressing.

5.3 Conclusions

Table 5.4, Table 5.6, Table 5.8 and Table 5.10 exhibit the R* and R}, .q for each
model considered in them and illustrate the performance of MDR with P risk score
as well. However, all the R* and R2, .4 statistics are numerically small, around 0.1
or 0.2. This is due to the fact that the response variables used are the residuals after
regressing CSF tau or CSF A8 measurements on the demographic variables and the
corresponding SNP factors. The variance in biomarker measurements can be sepa-
rated into environmental variance, including demography, and genetic variance.|[38]
Typically only a small portion of the phenotype(or outcome) variability is attributed
to SNPs(so called missing heritability)[39], the remaining variability explained by

genetic interaction effects is also small.
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The reason that response variables are the residuals after regressing original
biomarker measurements on demographic variables and SNP factors is that our
method focuses on constructing risk scores with significant SNP-SNP interactions
for continuous response variables, where the interactions are binary variables and de-
mographic variables contribute to the variances of biomarker measurements. Through
leveraging the residuals as response variables, we can study how many additional vari-
abilities can be explained by risk scores built with significant SNP-SNP interactions
after eliminating effects from demography and SNP factors.

Missing data on SNPs due to genotype array and quality control is a limitation of
the analysis.[40] In each AD stratification on ADNI data, a large portion of the sub-
jects’ data can not be leveraged because the corresponding SNPs related to identified
significant interactions are missing. This leads to the decrease in power to explain
variance in the response variables. Moreover, patterns exist in missing SNPs and
can cause bias in analysis. The missing SNP patterns occur due to the difficulty in
SNP calling for some common genomic structures and individually specific genomic

patterns. [40]

Copyright®© Ye Li, 2018.
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Chapter 6 Other Genetic Interaction Cases and Further Work

6.1 Other Significant Gene-Gene Interaction Cases

In the assumed significance pattern of two-way gene-gene interactions in previous
examples, they all have the following format exhibited with contingency tables with
SNPs A(a), B(b) as an illustration, where the cells with blue genotypes in bold italic
type convey high-risk and the cells with black genotypes represent the genotype is
of low risk. And all the blue cells in bold italic type happen to represent all the
genotypes that contain at least one homozygous dominant gene, i.e, all genotypes
that contain AA or BB.

AA Aa aa
BB | AABB | AaBB | aaBB
Bb | AABb | AaBb | aaBb
bb | AAbb | Aabb aabb

To generalize the method to select P risk scores to other significant gene-gene
interaction patterns, the following 2 cases are taken as examples to evaluate the
performance of methodology to select relatively good P risk scores in Chapter 2.6.
Similar with previous simulations, the outputs of each case below contain the average
MSPE, average r-statistic and average t-statistic obtained from 100 iterations with
1000 training data and 500 testing data, and t ~ t493 under Hj : p = 0 as introduced
in Chapter 2.6 in each iteration. Comments on the results listed as Table 6.1 and
Table 6.2, in Case 1 and Case 2 are given after Table 6.2.

Case 1

In case 1, the assumption is that there are three SNPs A(a), B(b), C(c) with the
following two-way interaction significance pattern, where the blue genotype in bold
italic type represents high risk, otherwise, the genotype is of low risk.

Besides, the true model for Case 1is Y = 100+30 x X7 +15x Xo+10x X3+4¢€,€ ~
N(0,20%), where X; = Iaapn, Xo = L1acCaacc,aaCeaace, X3 = IBoce,Boce-

Case 2
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BB
Bb
bb

AA Aa aa
AABB | AaBB | aaBB
AABb | AaBb | aaBb
AAbb Aabb | aabb

AA Aa aa BB Bb bb
CC | AACC | AaCC | aaCC CC | BBCC | BbCC | bbCC
Ce | AACc | AaCec | aaCe Cec | BBCc | BbCec | bbCe
cc | AAce | Aacc aacc cc | BBee | Bbee | bbee

Table 6.1: Outputs for comparison between reduced dimension models and true 3-
dimensional model for genetic interaction case 1

Model MSPE(SE) r-statistic(SE) t-statistic(SE)

best 2-dim 4275132 ( 2.4426 ) | 0.3363 ( 0.0039 ) | 7.9935 ( 0.1053 )
rela. good 2-dim | 427.5132 ( 2.4426 ) | 0.3363 ( 0.0039 ) | 7.9935 ( 0.1053 )
best 3-dim 427.3565 ( 2.452) | 0.3368 ( 0.0039 ) | 8.0051 ( 0.1058 )
best I-dim(regress |\ 167 (25073 ) | 0.2331 (0.0041 ) | 5.364 ( 0.099 )

on single var.)

best Ldim(regress | o0 o714 (9499) | 0.3333 (0.004) | 7.9131 ( 0.1061 )
on sum of var.)

In case 2, the assumption is that there are four SNPs A(a), B(b), C(c), D(d) with

the following two-way interaction significance pattern, where the blue genotype in

bold italic type represents high risk , otherwise, the genotype is of low risk.

AA Aa aa AA Aa aa
BB | AABB | AaBB | aaBB CC | AACC | AaCC | aaCC
Bb | AABb | AaBb | aaBb Cc | AACc | AaCc | aaCc
bb | AAbb | Aabb | aabb ce | AAcc | Aacc aacc
BB Bb bb BB Bb bb
CC | BBCC | BbCC | bbCC DD | BBDD | BbDD | bbDD
Cc | BBCc | BbCc | bbCc Dd | BBDd | BbDd | bbDd
cc | BBcc Bbcc | bbee dd | BBdd | Bbdd | bbdd

AA Aa aa
DD | AADD | AaDD | aaDD
Dd | AADd | AaDd | aaDd
dd | AAdd | Aadd | aadd
CC Cce cc
DD | CCDD | CcDD | ¢cDD
Dd | CCDd | CeDd | ccDd
dd | CCdd Cedd cedd

The true model for Case 2 is Y = 100+ 30 x X; +55 x Xo+10 x X3+ 70 x X, +
15 % X5+40 x Xg+¢€,€ ~ N(0,20%), where X1 = LaaBb,aaBb,Aabbaatb, X2 = Laacc, X3 =

Iaa or DDy X4 = IBBCe,BbCes X5 = IwwpD,BBdd X6 = lccDD,cedd-
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Table 6.2: Outputs for comparison between reduced dimension models and true 3-
dimensional model for genetic interaction case 2

Model MSPE(SE) r-statistic(SE) t-statistic(SE)
best 3-dim 717.0344 (5.821) | 0.7537 ( 0.002) | 25.6759 ( 0.1597 )
rela. good 3-dim | 716.37 ( 5.8329 ) | 0.754 (0.002 ) | 25.6965 ( 0.1607 )
best 6-dim 714.2502 ( 5.8286 ) | 0.7548 ( 0.002 ) | 25.7645 ( 0.1598 )
best I-dim(regress | 10 1041 (7.041) | 0.5798 (0.0032 ) | 15.9359 ( 0.133 )
on single var.)

best I-dim(regress | 70 /711 (16,3694 ) | 0.7368 (0.0023 ) | 24.4152 ( 0.1705 )
on sum of var.)

The output tables of above two cases exhibit that the performance of the method
to select P risk scores when P is given a priori(P=2 and P=3 in above examples)
works stably for other patterns of significant gene-gene interactions since the average
MSPE, average r-statistic and average t-statistic of the relatively good models are
quite close to these of the corresponding best models. But it is noticeable that the
average r-statistic in Case 1 is only around 0.3, this is due to variation in the original
linear model that is deployed to generate the data. If the variation is reduced to 22,

the average r-statistic will increase to about 0.8.

6.2 Generalization of P Risk Scores to Higher Order Interactions

In previous chapters, we introduced how to select 2 or 3 risk scores when the total
gene-gene significant interaction numbers are larger than 2 or 3 only for 2-way genetic
interactions. In this section, we will illustrate how to select P risk scores when
the order of genetic interactions is 3 or higher by an example of four-way genetic
interaction.

Supposing the four-way gene-gene interaction between SNPs A(a), B(b), C(c),
D(d) is significant, a four-way contingency table, as shown in next page, is built for
this interaction with blue cells in bold italic type representing high risk interactions
and the low risk interactions are labels by black color, where the high risk genotype
is determined by the fact that the cell mean exceeds the overall mean of the four-way

contingency table.
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Then a risk score can be created as X = IAubceDd or AabbCedd or aaBbeedd 10T €ach
subject to predict his continuous response variable.
Similarly, for higher order significant gene-gene interactions, risk scores could be

created in the same method as the above example.

‘ CcC ‘ ‘ Ce ‘ ‘ ce
BB Bb bb BB Bb bb BB Bb bb
AA | AABBCCDD | AABbCCDD | AAbbCCDD AA | AABBCcDD | AABbCcDD | AAbbCeDD AA | AABBeeDD | AABbeeDD | AAbbeeDD DD
Aa | AaBBCCDD | AaBbCCDD | AabbCCDD Aa | AaBBCcDD | AaBbCcDD | AabbCcDD Aa | AaBBceDD | AaBbeeDD | AabbeeDD
aa | aaBBCCDD | aaBbCCDD | aabbCCDD aa | aaBBCcDD | aaBbCcDD | aabbCcDD aa | aaBBccDD | aaBbeeDD | aabbeeDD
BB Bb bb BB Bb bb BB Bb bb

AA [ AABBCCDd | AABbCCDd | AAbbCCDd AA [ AABBCcDd | AABbCeDd | AAbbCeDd AA [ AABBeeDd | AABbeeDd | AAbbeeDd
Aa | AaBBCCDd | AaBbCCDd | AabbCCDd Aa | AaBBCcDd | AaBbCceDd | AabbCeDd Aa | AaBBeeDd | AaBbeeDd | AabbeeDd
aa | aaBBCCDd | aaBbCCDd | aabbCCDd aa | aaBBCcDd | aaBbCcDd | aabbCcDd aa | aaBBccDd | aaBbceDd | aabbeeDd

BB Bb bb BB Bb bb BB Bb bb

AA | AABBCCdd | AABbCCdd | AAbbCCdd AA | AABBCedd | AABbCedd | AAbbCedd AA | AABBceedd | AABbeedd | AAbbeedd
Aa | AaBBCCdd | AaBbCCdd | AabbCCdd Aa | AaBBCcdd | AaBbCedd | AabbCedd Aa | AaBBcedd | AaBbeedd | Aabbeedd
aa | aaBBCCdd aaBbCCdd aabbCCdd aa | aaBBCedd aaBbCedd aabbCcdd aa | aaBBccdd aaBbcedd | aabbcedd

If there are only four SNPs A(a), B(b), C(c), D(d) in the above four-way gene-
gene interaction example, there is only one risk score generated. However, if more
SNPs with significant four-way gene-gene interactions are added into this example,
such as E(e) and F(f), there would be (§) = 15 risk scores generated given all the
four way gene-gene interactions within the six SNPs are significant. Therefore, the
methodologies proposed in Chapter 2.6 and Chapter 3.3 could be applied to select a

set of relatively good p risk scores to predict each subject’s continuous outcome when

p is given a priori or not, respectively.

6.3 Further Work

Further work on MDR with p risk scores per person could include extension to other
linear regression models. As an example, the methodologies proposed in Chapter 2.6
and Chapter 3.3 could be combined with logistic regression, weighted regression or
ridge regression.

A weighted regression is a linear model with following expression,

Yi=00+ 65X+ ..+ B Xim+ €, 6~ N(0,07), i =1,...,n,[41]

where Y; is the continuous outcome for ith subject, X;;, 7 = 1,...,m — 1 are
the predictive variables, €;, i = 1,...,n are independent error terms following normal

distribution that are all centered at 0 but plausibly with different standard deviations.
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There are two situations regarding variances of ¢;,7 = 1,..,n. One is the error vari-
ances are known, then the diagonal weight matrix W can be expressed as (wj;)n, 1 =

1,...,n where w;; is defined as . And B can be estimated by (X'WX) "' X'WY [41]

9i

where
Bo I 11 - Zim— (1
- B 1 xo1 -+ Zoma Yo
B=1 . LX=1. . . . Y=
/Bm—l 1 Tn1 " Tpm—1 Un

If each variable is a risk score generated from significant gene-gene interactions,
then we could develop similar methodologies as in Chapter 2.6 to select a set of
relative good aggregated p risk scores for weighted linear models when p is assigned
a priori.

The other situation of a weighted linear model is that the error variance is un-
known. One method to obtain the estimates of variances o2, i = 1, ..., n, is to perform
a residual plot against the absolute of kth predictive variable |X| or the square of
kth predictive variable X2, k in (1,...,m — 1), to fit for 2. Then wy; is estimated
by the inverse of fitted o?.[41] Thus, for this condition, a new methodology could be
proposed with aim to select a set of p; relatively good aggregated risk scores to fit o2
first and then select a set of relatively good aggregated ps risk scores to predict the
continuous outcome.

In ridge regression, even though a bias constant is added into the model after
transforming all the predictive variables by a standardized transformation[41], the
bias constant could not reduce the dimension of the ridge regression model but intro-
duces a penalty to control the estimated coefficients’ variances. Methodologies could
be studied to reduce the dimension of a ridge regression model fitted with risk scores
by generating a set of p aggregated risk scores to fit a ridge regression model, where
p is much smaller than the total number of predictive risk scores.

The methodologies to select a set of p risk scores could be applied beyond studies
on genetic interactions. One example is compliance management on patients receiv-

ing prescribed therapies. Non-compliant patients in therapy have behaviors such as
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taking medicine at an incorrect dose or at an incorrect time, lag in presenting on
doctor appointments and terminating treatment too early.[42] Non-compliance can
impact the clinical treatment consequences, introduce social financial loss and mislead
physician prescription.[42] A collection of factors are listed in [42], smoking, compli-
ance history, medicine side effect, financial support, clinic experience and many other
factors. A large portion of the factors listed can be treated as binary predictive vari-
ables in a study to predict a continuous risk score, the response variable, measuring
the risk of non-compliance for each patient. With our method, the dimension of the
model predicting this risk score can be reduced to a relatively small number rather
than fitting a linear regression model with all the binary factors and interactions that
are related to non-compliance.

Another example of the application is in predicting the demand of a new product
when the price is fixed. A demand curve is a plot reflecting the relationship between
quantity(horizontal axis) and price(vertical axis).[43] The demand curve is affected
to shift left or right by factors such as income level, product type, existence of com-
plements, etc. [43] We can apply our method to select a set of p risk scores leveraging
all the binary predictive variables that are related to demand to concisely reflect the
product demand at a targeted price, and then combine the selected p risk scores with
other continuous predictive variables to predict the expected demand with the price

given.

Copyright®© Ye Li, 2018.
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Appendix: Expression of Second Order Partial Derivatives in Chapter 4.2

Expression of second order partial derivatives in Chapter 4.2

(U) — 82 »»»» J— 0%g3k (11, Y a4 —
hij o ggégilaxjul()) - Egzlh 26 W; 1] = 17 sy 10
Further, assume p;, ¢ = 1,...,10 satisfies that the denominators in hgj), 1,] =

1,...,10,7 > ¢ are not equal to zero as well as h“{]) + Z] Vit h(U), 1=1,...,10.
Ly _ (22t et b)(n+m)’ d(ac+ ab)I(n+ m) 4 2ai%) 22

U (42 m) (g +p) e — (g +p) y+ly - (n+m)?)’
—[222(2(n+m)(q+p) —21z)(2(2bc+c+b) (n+m) ((n+m)z— (g+p)y) —2(ac+ab)l((n+

m)z—(q+p)y)+2(ac+ab)(n+m)((n+m)(q¢+p)—lz)—2al((n+m)(qg+p) —lx)+2(c+
b)(n+m)(ly—(n+m)?) = 2al(ly — (n+m)?*))]/[(=la* +2(n+m)(¢+p)r — (g+p)*y +
ly — (n+m)?)%] + [2022((2be + ¢+ b) ((n +m)x — (g +p)y)* +a((n+m)(g+p) — 1) +
2(ac+ab)((n+m)(g+p) —lz)((n+m)x—(qg+p)y) +2(c+b)(ly— (n+m)*)((n+m)z —
(¢+p)y) +2a(ly — (n+m)*)((n+m)(qg+p) —lx) + (ly — (n+m)*)*)]/[(~lz* + 2(n +
m)(q+p)zr—(q+p)°y+ly—(n+m)*)°|+[32*(2(n+m)(g+p) — 2lx)*((2bc+c+b) ((n+
m)z —(q+p)y)* +a((n+m)(g+p) —lx)*+2(ac+ab)((n+m)(g+p) —lz)((n+m)z —
(¢+p)y) +2(c+b)(ly — (n+m)*)((n+m)z — (¢+p)y) +2a(ly — (n+m)?)((n+m)(g+
p) —lz) + (ly — (n+m)?)*)]/[(=la® + 2(n +m)(q +p)x — (¢ +p)*y + 1y — (n+m)?)]
W) = [(2(2bc + ¢+ b) (n+m)(—q — p) — 2(ac + ab)l(—q — p) + 2(c+ b)l(n +m) —
2al?)2°]/[2(—(q+p)*y +ly—12* +2(n+m)(g+p)z — (n+m)*)’| +[3(I - (¢+p)*) (2(n+
m)(q+p) —2lx)2*((2bc+c+b)((n+m)x — (g+p)y)* + (ly — (n+m)*)2+2(c+b)(ly —
(n+m)?)((n+m)z —(¢+p)y) +2(ac+ab)((n+m)(g+p) —lz)(n+m)x — (g+p)y) +
2a((n+m)(q+p) —lz)(ly — (n+m)*) +a((n+m)(q+p) —12))]/[(—(¢+p)*y +1y -
224+ 2(n+m)(q+p)xr — (n+m)H* - [(2(n+m)(q+ p) — 2lx)2%(2(2bc + ¢ + b)(—q
p)((n+m)z —(¢+p)y) +2(c+b)l((n+m)z — (¢ +p)y) +2(c+b)(—g—p)(ly — (n+
m)?)+21(ly — (n+m)?)+2(ac+ab)(—q—p)((n+m)(g+p) —lz)+2al((n+m)(q+p) —
)]/ [(=(g+p)*y+ly =12 +2(n+m)(g+p)x — (n+m)*)*] = [(1 = (g+Pp)*)2*(2(2bc +
c+b)(n+m)((n+m)x— (¢g+p)y) —2(ac+ ab)l((n+m)x — (¢+p)y) + 2(c+b)(n +
m)(ly — (n +m)?) — 2al(ly — (n +m)?) + 2(ac + ab)(n +m)((n +m)(q + p) — lx) —
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2al((n +m)(q +p) —12))]/[(—(q +p)*y +ly — l2* + 2(n + m)(q +p)z — (n+m)?)’]
WY = [(2(2bc+ ¢+ b)(n+m)((n+m)z — (g +p)y) — 2(ac + ab)l((n+m)z — (¢ +
p)y) + 2(c+b)(n+m)(ly — (n+m)?) — 2al(ly — (n +m)?) + 2(ac + ab)(n +m)((n +
m)(q+p) —lz) = 2al((n+m)(q +p) — 12))z]/[(=(q+ p)*y + ly — 12> + 2(n +m)(
p)x — (n+m)?)’] = [2(2(n +m)(q + p) — 2lx)((2bc + c + b)((n + m)x — (¢ + p)y)
(ly—(n+m)*)?+2(c+b)(ly — (n+m)*)((n +m)x — (¢ +p)y) + 2(ac + ab)((n
(
lz)*

1\3@
+

_I_
+
m)(q+p) —lz)(n+m)z—(¢+p)y) +2a((n+m)(g+p) —lx)(ly — (n+m)?) +a((n+

m)(q +p) —
hig” =0

)21/ [(=(q + )%y + 1y — 12° + 2(n + m)(q + p)x — (n+ m)*)]

b = [202%((yl— (n+m)?)*+a((n+m)(g+p) —al)*+2a((n+m)(g+p) —l)(yl -
(n+m)?) +2(c+b)((n+m)z—(q+p)y)(yl — (n+m)?) +2(ac+ab)((n +m)z — (¢ +
p)y)((n+m)(q+p)—2l)+ (2bc+c+b)((n+m)z — (¢+p)y)*)]/[(yl —2*1l — (¢ +p)°y +
2(n+m)(g+p)r—(n+m)®)’|+ [3(y —2?)2*(2(n+m)(q+p) — 220)((yl — (n+m)*)* +
((n+m)(g+p) —xl)*+2a((n+m)(q+p) =) (yl — (n+m)?)+2(c+b)((n+m)z — (g+
P)y)(yl = (n+m)?) +2(ac+ ab)((n+m)z — (g+p)y)((n+m)(q+p) — xl) + (2bc+c+
b)((n+m)x—(q+p)y)*))/[(yl =21 = (¢ +p)*y +2(n+m)(g+p)z — (n+m)*)*] = [(y -
22)22(=2al(yl — (n+m)?) +2(c+b) (n+m)(yl — (n+m)?) — 2al((n+m)(q+p) —xl) +
2(ac+ab)(n+m)((n+m)(q+p) —zl) —2(ac+ab)((n+m)x — (¢+p)y)l +2(2bc + c+
b)(n+m)((n+m)x—(g+p)y))l/[(yl —2°1 = (g+p)*y+2(n+m)(g+p)x— (n+m)?)*] -
[22(2(n+m)(g+p) —221) 2y (yl — (n+m)?) —2az(yl — (n+m)?) +2ay((n+m)(q+p) —
zl) —2ax((n+m)(q+p)—zl)+2(c+d)y((n+m)x—(q¢+p)y) —2(ac+ab)z((n+m)x —
(@+p)y))/[(yl — 2l = (¢ +p)*y +2(n+m)(g+p)z — (n+m)*)°] + [z*(—2a(yl — (n+
m)?) —2a((n+m)(q+p) — zl) — 2ayl + 2axl — 2(ac+ ab)((n+m)z — (¢+p)y) +2(c+
b)(n+m)y—2(ac+ab)(n+m)z)]/[2(yl — 21— (q+p)*y+2(n+m)(qg+p)x— (n+m)?)?]

his" = =[22(2(g+p)z —2(m+n))(2(c+b) (m+n)(ly — (m+n)?) — 2al(ly — (m+
n)?) +2(2bc+c+b)(m+n)(z(m+n) — (¢+p)y) —2(ac+ab)l(x(m+n) — (g +p)y) +
2(ac+ab)(m+n)((g+p)(m+n)—lz) —2al((g+p)(m+n) —1z))]/[(— (m+n)*+2(¢+

(
)

a

p)x(m+n) — (q+p)*y+ly —12°)*] = [2*(2(q + p) (m+n) — 2lz) (—4(m+n)(ly — (m +
n)?)+2(c+b)x(ly — (m+n)?) +2a(qg+p)(ly — (m+n)?) —4(c+b)(m+n)(z(m+n) -

(q+p)y) +2(2bc+c+b)r(x(m+n) —(¢+p)y) +2(ac+ab)(qg+p)(z(m+n)—(q+p)y) —
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da(m+n)((¢+p)(m+n)—lz)+2(ac+ab)z((¢+p)(m+n)—lz)+2a(g+p)((g+p)(m+
n) —1z))]/[(=(m+n)*+2(q+p)z(m+n) — (q+p)*y +ly — 12*)°] — [2(¢ + p) 2*((ly —
(m—+n)?)%+ (2bc+c+b) (x(m+n) — (g+p)y)* +a((g+p)(m-+n) —1z)>+2(c+b)(z(m+
n) = (g+p)y)(ly = (m+n)*) +2a((g+p)(m+n) —lz)(ly = (m+n)?) +2(ac+ab)((¢g +
p)(m+n)—lz)(z(m+n)—(¢+p)y))]/[(—=(m+n)*+2(g+p)z(m-+n)—(¢+p)*y+1y—
12?)°] +[32%(2(q + p)x — 2(m +n))(2(g+ p) (m+n) — 20z)((ly — (m+n)?)* + (2bc + ¢+
b)(x(m+n)—(q+p)y)*+al(qg+p)(m+n)—1z)*+2(c+b)(x(m+n) - (¢+p)y)(ly -
(m-+n)?)+2a((q+p)(m+n)—lz)(ly— (m+n)*)+2(ac+ab)((q+p)(m+n) —lz)(z(m+
n) = (a+p)y)/[(=(m+n)*+2(qg+p)z(m+n) — (q+p)°y +ly — la*)"] + [*(—4(c +
b)(m +n)? +2(c+b)(ly — (m +n)?) +2(2bc + ¢+ b)(x(m +n) — (¢ + p)y) + 2(ac +
ab)((g+p)(m+n)—lz)+2(2bc+ c+b)x(m+n)+2(ac+ ab)(qg+ p)(m+n) +4al(m +
n) —2(ac+ab)lx —2al(q+p))]/[2(—(m+n)?+2(g+p)x(m+n) — (¢+p)*y +1ly —l?)’]
WY = —[22(2(q+p)a — 2(n+m)) (2(c + b)(n+m)(ly — (n+m)2) — 2al(ly — (n+
m)?) +2(2bc+c+b)(n+m)(z(n+m) — (¢ +p)y) — 2(ac+ ab)l(x(n+m) — (¢+p)y) +
2(ac+ab)(n+m)((¢+p)(n+m)—lz)—2al((g+p)(n+m)—12))]/[(—(n+m)*+2(q+
p)r(n+m)—(g+p)°y+1ly —12*)’] = [*(2(q +p)(n+m) — 20z)(—4(n +m)(ly — (n+
m)?) +2(c+b)x(ly — (n+m)?) +2a(qg+p)(ly — (n+m)?) —4(c+b)(n+m)(z(n+m) —
(¢+p)y)+2(2bc+c+b)z(z(n+m)—(q+p)y) +2(ac+ab)(¢+p)(z(n+m)—(g+p)y) —
da(n+m)((¢+p)(n+m)—lz)+2(ac+ab)z((g+p)(n+m)—lz)+2a(q+p)((g+p)(n+
m) —1z))]/[(=(n+m)* +2(g+p)z(n+m) — (q+p)*y + 1y —2*)°] — [2(g+p)2*((ly —
(n+m)?)?+ (2bc+c+b)(x(n+m) — (g+p)y)? +a((q+p)(n+m) —1z)*>+2(c+b) (z(n+
m) —(g+p)y)(ly — (n+m)*) +2a((q+p)(n+m) —lz)(ly — (n+m)?) +2(ac+ab)((¢+
p)(n+m)—lz)(z(n+m)—(g+p)y))l/[(—(n+m)*+2(¢+p)z(n+m)—(g+p)*y+1ly—
122)3] + [32%(2(q+p)x —2(n+m))(2(q+p)(n+m) —2lz)((ly — (n+m)?)? + (2bc+ c +
b)(x(n+m)—(q+p)y)* +a((qg+p)(n+m)—1z)*+2(c+b)(x(n+m)—(¢+p)y)(ly -
(n+m)?)+2a((q+p)(n+m)—Iz)(ly— (n+m)?)+2(ac+ab)((¢+p)(n+m)—Ilz)(z(n+
m) —(q+p)y)]/[(=(n+m)* +2(g+p)x(n+m) — (g+p)*y +ly — la?)"] + [*(—4(c +
b)(n+m)%+2(c+b)(ly — (n+m)?) + 2(2bc + c+ b)(x(n +m) — (¢ + p)y) + 2(ac +
ab)((g+p)(n+m) —lz) +2(2bc+c+b)x(n+m)+2(ac+ab)(q+p)(n+m) +4al(n+
m) —2(ac+ab)le —2al(q+p))]/[2(— (n+m)*+2(g+p)z(n+m) — (g+p)*y + 1y —la?)’]

(
)

)=
(
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hggl) = [(=2(2bc + ¢ + b)(n + m)y + 2(ac + ab)ly + 2(ac + ab)(n + m)* — 2al(n +
m))2?]/[2(=y(p+q)* +2(n+m)x(p+q) +ly —la* — (n+m)?)*] = [z*(2(n+m)(p+q) —
2lx)(—2(2bc+c+b)y((n+m)x—y(p+q))+2(act+ab)(n+m)((n+m)z—y(p+q)) —2(ac+
ab)y((n+m)(p+q)—lz)+2a(n+m)((n+m)(p+q)—lz)—2(c+b)y(ly— (n+m)?)+2a(n+
)(ly = (n+m)*)]/[(=y(p+q)* +2(n+m)z(p+q) +ly — 12 — (n+m)*)’] = [*(2(n+
m)z—2y(p+q))(2(2bc+c+b) (n+m)((n+m)z—y(p+q)) —2(ac+ab)l((n+m)z—y(p+
q))+2(ac+ab)(n+m)((n+m)(p+q)—lx)—2al((n+m)(p+q)—lz)+2(c+b) (n+m)(ly—
(n+m)?)—=2al(ly—(n+m)*)l/[(=y(p+q)* +2(n+m)z(p+q) +ly—la*— (n+m)?)*] -
2(n+m)z*((2bc+c+b)((n+m)z —y(p+q))* +a((n+m)(p+q) —lz)*+2(ac+ab)((n+
m)(p+q) —lz)((n+m)x —y(p+q)) +2(c+b)(ly — (n+m)*)((n+m)z —y(p+4q)) +
2a(ly— (n+m)?)((n+m)(p+q) —lz)+(ly— (n+m)*)*)|/[(=y(p+a)* +2(n+m)z(p+
q) +ly—lz* — (n+m)?)’|+[32°(2(n+m)(p+q) —2lz)(2(n+m)z —2y(p+q)) ((2bc+c+
b)((n+m)z —y(p+q))* +a((n+m)(p+q) —1x)*+2(ac+ab)((n+m)(p+q) —lz)((n+
m)z —y(p+q))+2(c+b)(ly— (n+m)*)((n+m)z —y(p+q)) +2a(ly — (n+m)*)((n+
m)(p+q) —lx)+(ly— (n+m)*)*)]/[(=y(p+q)* +2(n+m)z(p+q) +1ly—12° — (n+m)?)’]
hﬁ{l) = [(=2(2bc + ¢ + b)(n + m)y + 2(ac + ab)ly + 2(ac + ab)(n +m)? — 2al(n +
m))2?]/[2(=y(g+p)* +2(n+m)x(q+p) +ly —la* — (n+m)?)*] = [z*(2(n+m)(g+p) —
21z)(—2(2bc+c+b)y((n+m)x—y(q+p))+2(ac+ab) (n+m)((n+m)x—y(q+p)) —2(ac+
ab)y((n+m)(g+p)—lz)+2a(n+m)((n+m)(g+p)—lz)—=2(c+b)y(ly—(n+m)?)+2a(n+
m)(ly — (n+m)?))l/[(—y(g+p)*+2(n+m)z(q+p) +ly—12° — (n+m)?)°’] - [2*(2(n
m)x —2y(q+p))(2(2bc+ c+b)(n+m)((n+m)x —y(q+p)) — 2(ac+ ab)l((n+m)z —
y(q+p))+2(ac+ab)(n+m)((n+m)(g+p) —lx)—2al((n+m)(q¢+p) —lz)+2(c+b)(n+
m)(ly—(n+m)?) —2al(ly—(n+m)*))]/[(—y(g+p)*+2(n+m)x(q+p)+ly—lz®— (n+
m)?)%] - [2(n+m)z2((2bc+c+b)(n+m)z—y(q+p))? +a((n+m)(g+p) —lz)?+2(ac+
ab)((n+m)(q+p)—1z)((n+m)r—y(g+p))+2(c+b)(ly—(n+m)*)((n+m)z—y(g+p))+
2a(ly — (n+m)?)((n+m)(g+p) —lz)+ (ly— (n+m)*)*)]/[(—y(g+p)* +2(n+m)z(q+
p)+ly—lz*—(n+m)?)’|+[32*(2(n+m)(q+p) —21x) (2(n+m)z —2y(qg+p)) ((2bc+c+
b)((n+m)x—y(g+p))*+a((n+m)(g+p) —lx)*+2(ac+ab)((n+m)(g+p) —lz)((n+
m)z —y(q+p))+2(c+0)(ly— (n+m)*)((n+m)x—y(g+p)) +2a(ly — (n+m)?)((n+
m)(q+p)—lx)+(ly—(n+m)*)*)]/[(=y(q+p)*+2(n+m)z(g+p) +ly—1z* = (n+m)?)’]

m

_|_
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Pl =0

hi') = [(4(c +b)(=q — p) +2(2be + ¢+ b) (=g — p)? +207)2)/[2(— (g +p)?y + Iy —
(22 +2(n+m)(g+p)z — (n+m)?)’]+ [3(1 = (¢+p)*)*2*((2bc+ c+ b)(n+m)z — (g +
p)y)*+(ly = (n+m)?)? +2(c+b)(ly — (n+m)*)((n+m)x — (¢+p)y) +2(ac+ab)((n+
m)(q+p) —1z)((n+m)r—(q+p)y) +2a((n+m)(g+p) —lz)(ly — (n+m)?) +a((n+
m)(q+p) —1x)*)]/[(—(g+p)*y+ly— 1z +2(n+m)(g+p)x — (n+m)*)*] = [2(1— (¢ +
p)?)2*(2(2bc + ¢ +b) (=g — p)((n +m)x — (¢ +p)y) +2(c +b)I((n +m)z — (¢+p)y) +
2(c+b)(—=g—p)(ly—(n+m)?) +2l(ly — (n+m)?) +2(ac+ab)(—g—p)((n+m)(g+p) -

l2) +2al((n+m)(q+p) —12))]/[(=(q+p)*y +1ly —l2® +2(n+m)(g+p)z — (n+m)*)’]
his” = [(2(2be + ¢+ b) (=g — p)((n +m)a — (g + p)y) + 2(c + b)((n +m)z — (¢ +
p)y) +2(c+b)(—q—p)(ly — (n+m)?) + 2l(ly — (n+m)?) + 2(ac+ ab)(—q — p)((n +

_|_

m)(q+p) —lz) + 2al((n +m)(qg +p) — 12))2]/[(=(q+ p)*y + Iy — 12> + 2(n +m) (g +
p)r — (n+m)?)’] — [2(1 — (g + p)*)((2be + c + b)((n + m)x — (g + p)y)* + (ly — (n
m)?)? +2(c+b)(ly — (n+m)*)((n +m)z — (¢ +p)y) + 2(ac+ ab)((n +m)(q+ p) —
lz)((n +m)z — (¢ +p)y) +2a((n +m)(g +p) —lz)(ly — (n +m)?) +a((n +m)(qg +
p) —l2)*)2]/[(=(q +p)*y +ly — l2* + 2(n +m) (g + p)x — (n+m)?)?]

=0

Bt = —[22((yl— (n+m)?) +a((n+m)(g+p) —21)* +2a((n+m)(q-+p) —l)(yl -
(n+m)?)+2(c+b)((n+m)z—(g+p)y) (yl—(n+m)*)+2 (ac+ab)((n+m) —(g+p)y)((n+
m)(g+p) —xl)+(2bc+c+b)((n+m)x—(¢+p)y)*)l/[(yl = 2°1 = (g+p)*y +2(n+m) (g +
p)a—(n+m)?)’|+[3(y—2?)22 (1= (q+p)*)((yl — (n+m)*)* +a((n+m)(¢+p) —21)* +
2a((n+m)(q+p)—xl) (yl—(n+m)*)+2(c+b)((n+m)x—(q+p)y) (yl— (n+m)?)+2(ac+
ab)((n+m)x—(q+p)y)((n+m)(g+p) —xl)+ (2bc+c+b)(n+m)x —(g+p)y)*)]/[(yl -
221—(g+p)?y+2(n+m)(g+p)z—(n+m)?)*|=[(y—2) 2?21 (yl— (n+m)*)+2(c+b)(—g—
p)(yl—(n+m)?)+2al((n+m)(q+p)—zl)+2(ac+ab)(—q—p)((n+m)(q+p) —xl)+2(c+
b)((n+m)z—(g+p)y)I+2(2bc+c+b)(—g—p)((n+m)z—(g+p)y))l/ [(yl—2*l—(g+p)*y+
2(n+m)(g+p)r—(n+m)?)’] = [22(1—(g¢+p)*) 2y(yl — (n+m)?) = 2az(yl — (n+m)?) +
2ay((n+m)(q+p)—zl)—2az((n+m)(qg+p)—xl)+2(c+b)y((n+m)x—(q+p)y) —2(ac+
ab)z((n+m)z—(g+p)y)|/[(yl—2*1—(g+p)*y+2(n+m)(g+p)z—(n+m)?)’|+[2*(2(yl -
(n+m)?)+2a((n+m)(qg+p) —xl) + 2yl — 2axl+2(c+b)((n+m)x — (¢+p)y) +2(c+
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b)(—q—p)y—2(ac+ab)(—q—p)x)l/[2(yl = 2?1 = (q+p)*y+2(n+m)(g+p)r—(n+m)*)’
h%l) = [22(—4(c+b)(—qg—p)(m+n) —4l(m+n)+2(2bc+ c+b)(—q —p)x + 2(c+
b)lx + 2(ac+ ab)(—q —p)(q+p) +2al(q+p))]/[2(—(m +n)* +2(q +p)z(m +n) —
p)y+ly—12®)?| = [(1—(g+p)*)2*(=4(m+n)(ly — (m+n)?) +2(c+b)x(ly — (m+n)?) +
2a(q+p)(ly— (m+n)?)—4(c+b)(m+n)(z(m+n)—(¢+p)y) +2(2bc+c+b)z(x(m+n) —
(¢+p)y) +2(ac+ab)(q+p)(x(m-+n)—(qg+p)y) —4a(m+n)((g+p)(m+n)—lx)+2(ac+

(
(g

+

ab)z((g+p)(m+n)—lx)+2a(g+p)((g+p)(m-+n) —12))]/[(=(m+n)*+2(g+p)z(m+
n) = (g+p)y+ly—12°)°’] = [z°(2(g+p)r —2(m+n))(2(c+b) (=g —p)(ly — (m+n)*) +
20(ly— (m+n)?)+2(2bc+c+b)(—q—p)(x(m+n)— (¢+p)y) +2(c+b)l(x(m+n) — (g+
p)y)+2(ac+ab)(—qg—p)((g+p)(m+n)—lz)+2al((g+p)(m+n) 1)) /[(-(m+n)*+
2(g+p)z(m+n)—(g+p)*y+Hly—12?)’|+[3(1— (¢+p)?)2*(2(g+p)r—2(m+n)) ((ly— (m+
n)%)?+ (2bc+c+b) (z(m+n) — (¢+p)y)* +a((g+p)(m—+n) —l2)?+2(c+b) (x(m+n) —
(a+p)y)(ly—(m+n)?)+2a((q+p)(m+n) —lz)(ly— (m+n)*) +2(ac+ab)((q+p) (m+
n) —lz)(z(m+n) = (g+p)y)]/[(=(m+n)* +2(g+p)r(m+n) — (¢+p)*y +ly —l?)"]
WY = [22(—4(c+b)(—q —p) (n+m) — 4l(n+m) +2(2bc+ c+b) (—q — p)z +2(c +
b)lx +2(ac+ab)(—q —p)(q+p) +2al(qg+p))l/[2(—(n+m)* +2(q+p)x(n+m) — (¢+
p)?y+ly—12°)% = [(1=(g+p)*)z*(—4(n+m)(ly — (n+m)?) +2(c+b)z(ly — (n+m)?) +
2a(q+p)(ly—(n+m)?)—4(c+b)(n+m)(xz(n+m)—(q¢+p)y) +2(2bc+c+b)x(x(n+m) —
(¢+p)y)+2(actab)(g+p)(z(n+m)—(g+p)y) —4a(n+m)((g+p)(n+m)—lz)+2(ac+
ab)z((g+p)(n+m)—lz)+2a(q+p)((¢+p)(n+m)—12))]/[(—(n+m)*+2(¢+p)r(n+
m) —(q+p)*y+ly—12%)*] = [2*(2(¢ +p)z —2(n+m)) (2(c+b)(—g—p)(ly — (n+m)*) +
2(ly — (n+m)?) +2(2bc+c+b)(—g—p)(x(n+m) — (g+p)y) +2(c+b)l(z(n+m) — (¢+
p)y)+2(ac+ab)(—g—p)((g+p)(n+m)—lz)+2al((g+p)(n+m)—iz))]/[(—(n+m)*+
2(g+p)x(n+m)—(q+p)*y+ly—12°)*|+[3(1—(g+p)*)2*(2(g+p)z—2(n+m))((ly— (n+
m)?)?+(2be+c+b)(z(n+m) —(g+p)y)*+al(q+p) (n+m) —1z)*+2(c+b)(z(n+m)—
(¢+p)y)(ly— (n+m)?)+2a((g+p)(n+m) —lz)(ly — (n+m)*) +2(ac+ab)((g+p)(n+
m) —lz)(z(n+m)—(¢+p)y))]/[(—(n+m)*+2(g+p)z(n+m) — (g+p)*y +1ly —l?)"]
Bt = [22(=2(2be+ e+ b)(n+m)x —y(p+q)) = 2(ac+ab) ((n+m)(p+q) — L) -
2(2bc+c+b)y(—p—q)+2(ac+ab)(n+m)(=p—q) —2(c+b)(ly — (n+m)?) —2(c+b)ly+
2al(n+m))]/[2(=y(p+q)* +2(n+m)z(p+q) +1ly—la* — (n+m)?)?*] — [z*(=2(2bc+c+

)
)
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b)y((n+m)z—y(p+q))+2(actab)(nt+m)((n+m)z—y(p+q))—2(ac+ab)y((n+m)(p+
q) —lx)+2a(n+m)((n+m)(p+q)—lz) —2(c+b)y(ly— (n+m)?) +2a(n+m)(ly — (n+
m)?)) (1= (p+a)*)]/[(—y(p+a)* +2(n+m)x(p+q) +ly —la* — (n+m)*)*] — [2*(2(n +
m)x—2y(p+q))(2(2bc+c+b)(—p—q)((n+m)z —y(p+4q)) +2(c+b)I((n+m)z—y(p+
) +2(ac+ab)(—p—q)((n+m)(p+q) — lz) +2al((n+m)(p+q) — lz) +2(c+b)(ly —
(n4+m)*)(=p—q)+2(ly — (n+m)*)|/[(—y(p+9)*+2(n+m)z(p+q) +1ly— 12> — (n+
)?)P1+22%(p+q) ((2be+c4-b) (n+m)z —y(p+q))* +a((n+m)(p+q) —lx)* +2(ac+
b)((n+m)(p+q) —lz)((n+m)z—y(p+q)) +2(c+b)(ly— (n+m)*)((n+m)z —y(p+
)+ 2a(ly — (n+m)?*)((n+m)(p+q) —lo) + (ly — (n+m)*)*)]/[(—y(p+¢)* + 2(n +
)2(p+q) +ly —la? — (n+m)?)*|+ [32%(2(n+m)x —2y(p+q)) (1 — (p+9)*) ((2bc +c+
((n+m)x—y(p+q))*+a((n+m)(p+q) —lx)*+2(ac+ab)((n+m)(p+q) —lz)((n+
)
)

)
)

g 3

=

3

=

)
z—y(p+q)+2(c+b)(ly— (n+m)*)((n+m)z —y(p+q)) +2a(ly — (n+m)*)((n+
m( ) 1z)+(ly—(n+m)*)*)]/[(=y(p+q)*+2(n+m)z(p+q) +1ly—12° — (n+m)?)’]
= [2(=2(2bc+c+b)((n+m)z —y(g+p)) —2(ac+ab)((n+m)(g+p) —lz) —
(2bc+c—|—b)y( q—p)+2(ac+ab)(n+m)(—q—p) —2(c+b)(ly— (n+m)?) —2(c+b)ly+
2al(n+m))]/[2(=y(q+p)* +2(n+m)x(q+p)+1ly —lx* — (n+m)?)?] — [2*(—2(2bc+c+
b)y((n+m)z—y(g+p))+2(actab)(n+m)((n+m)z—y(g+p))—2(ac+ab)y((n+m)(g+
p)—lz)+2a(n+m)((n+m)(qg+p)—Ilx)—2(c+b)y(ly — (n+m)?)+2a(n+m)(ly— (n+
m)*) (1= (q+p)*)]/[(=y(g+p)* +2(n+m)z(q+p) + 1y —lz? — (n+m)?)’] - [2*(2(n +
m)x—2y(q+p))(2(2bc+c+b)(—g—p)((n+m)z—y(q+p)) +2(c+b)I((n+m)z—y(q+
p)) +2(ac+ab)(—g—p)((n+m)(q+p) —lz)+2al((n+m)(g+p) — L) +2(c+b)(ly —
(n+m)*)(—=g—p)+2(ly—(n+m)*)|/[(—y(g+p)* +2(n+m)z(q+p) +ly —la* — (n+
)?)%+[222(q+p)((2bc+c+D) ((n+m)z —y(g+p))* +a((n+m)(g+p) - l2)*+2(ac+
ab)((n+m)(g+p)—lx)((n+m)z—y(g+p))+2(c+b)(ly— (n+m)*)((n+m)z —y(q+
)+ 2a(ly — (n+m)*)((n+m)(g+p) — )+ (ly = (n+m)*)*)]/[(—y(a+p)* + 2(n+
)z(g+p)+ly—la? — (n+m)?)’] + [32°(2(n+m)z —2y(q+p)) (1 — (¢+p)*) ((2bc+c+
((n+m)x—y(g+p))*+a((n+m)(g+p) —lx)*+2(ac+ab)((n+m)(q+p) —lz)((n+
)
)

3

3

<

3

=

)
z—y(q+p))+2(c+b)(ly — (n+m)*)(n+m)x —y(g+p)) +2a(ly — (n+m)?*)((n+
m)(q+p)—lz)+(ly—(n+m)*)*)]/[(—y(g+p)*+2(n+m)x(q+p)+1ly—l2> — (n+m)?)*]
hy'io =0

3
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WY = [(2bc+ ¢+ b)(n+m)z — (g +p)y)> + (ly — (n+m)2)% +2(c+b)(ly — (n+
m)?)((n+m)z — (¢ +p)y) + 2(ac + ab)((n +m)(qg +p) — ) ((n +m)x — (¢ + p)y) +
2a((n+m)(q+p) —lz)(ly — (n+m)?) +a((n+m)(qg+p) — 2)?]/[(—(¢+p)*y + 1y -
1%+ 2(n+ m)(q+ p)z — (n+m)?)?

hy =0

hig" = [2(2y(yl — (n+m)2) — 2ax(yl — (n+m)?) + 2ay((n + m)(q + p) — x1) -
2ax((n+m)(qg+p)—zl)+2(c+b)y((n+m)x— (g+p)y) —2(ac+ab)z((n+m)x — (¢+
Y/ [yl — 2%l = (q+p)*y +2(n+m)(qg+p)r — (n+m)*)*] = [2(y — 2?)2((yl — (n+
m)?)?+a((n+m)(g+p) —2l)?+2a((n+m)(g+p) —2)(yl — (n+m)?) +2(c+b)((n+
m)z — (q+p)y)(yl — (n+m)?) +2(ac+ab)((n+m)z — (g+p)y)((n+m)(q+p) —al) +
(2bc+c+b)((n+m)z—(q+p)y)*)]/[(yl = 2?1 = (g+p)*y+2(n+m)(g+p)r— (n+m)?)?]
By = [(=4(m +n)(ly — (m+n)2) + 2(c + b)a(ly — (m+n)?) + 2a(q + p)(ly -
(m+n)?) —4(c+b)(m+n)(x(m+n)—(qg+p)y) +22bc+c+b)z(z(m+n) — (¢+
p)y) + 2(ac + ab)(q + p)(z(m + n) — (g + p)y) — 4a(m + n)((¢ + p)(m +n) — lz) +
2(ac+ab)z((g+p)(m—+n) —lz)+2a(q+p)((g+p)(m~+n) —i2))]/[(—(m+n)*+2(q+
p)r(m+n) = (q+p)*y +ly — 12°)%] — [22(2(q + p)z — 2(m +n))((ly — (m +n)*)* +
(2bc+ c+b)(z(m~+n) — (¢+p)y)* +a((qg+p)(m~+n) —lz)? +2(c+b)(x(m+n) — (¢+
p)y)(ly — (m+n)?) +2a((g+p)(m+n) —lz)(ly — (m+n)?) +2(ac+ ad)((¢ + p)(m +
n) —lz)(z(m+n) = (g+p)y)]/[(=(m+n)* +2(g+p)r(m+n) - (¢+p)*y +1y —l2?)’]
hir) = [2(=4(n +m)(ly — (n+m)?) + 2(c + b)a(ly — (n+m)?) + 2a(g + p)(ly —
(n+m)?) —4(c+b)(n+m)(z(n+m) = (q+p)y) +2(2bc + c+b)z(z(n+m) — (¢ +
p)y) + 2(ac + ab)(q + p)(x(n +m) — (¢ + p)y) — 4a(n +m)((¢ + p)(n +m) — lx) +
2(ac+ab)z((g+p)(n+m)—lz)+2a(q+p)((g+p)(n+m)—ix))]/[(=(n+m)*+2(q+
p)x(n+m) —(¢+p)*y +ly — 12?)’] — [22(2(q + p)z — 2(n +m))((ly — (n +m)*)* +
(2bc+c+b)(x(n+m) — (g+p)y)? +al(g+p)(n+m) —lz)* +2(c+b)(x(n+m) — (g+
p)y)(ly — (n+m)?) +2a((q +p)(n+m) —lz)(ly — (n+m)?) +2(ac + ab)((q + p)(n +
m) —lz)(z(n+m)—(¢+p)y)l/[(—(n+m)*+2(g+p)z(n+m)— (g+p)*y+1ly —l2?)’]
gt = [2(=2(2bc + ¢+ b)y((n +m)x — y(p+ q)) + 2(ac + ab) (n +m)((n + m)x —
y(p+q)) — 2(ac+ ab)y((n+m)(p+q) — 1) + 2a(n+m)((n+m)(p+q) — lx) — 2(c +
b)y(ly — (n+m)?) + 2a(n +m)(ly — (n+m)*)|/[(—y(p + @)* + 2(n + m)z(p+ ¢) +
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ly — 1z° — (n+m)®)?] — [22(2(n + m)z — 2y(p + q))((2bc + ¢ + b)((n + m)x — y(p
q))* +a((n +m)(p + q) — 1) + 2(ac + ab)((n + m)(p + ¢) — lx)((n + m)z — y(p
q)) +2(c+b)(ly — (n +m)*)((n +m)z — y(p + q)) + 2a(ly — (n+m)*)((n +m)(p
q) —lz) + (ly — (n+m)*))|/[(~y(p +@)* + 2(n+m)x(p+q) + 1y — l2* — (n+m)?)’]

WY = [2(=2(2bc + ¢+ by ((n +m)x — y(q + p)) + 2(ac + ab)(n +m)((n + m)z —

+
+
+

(
y(g+p)) —2(ac+ab)y((n+m)(g+p) —lx)+2a(n+m)((n+m)(¢g+p) —lx) —2(c+
b)y(ly — (n+m)?) + 2a(n +m)(ly — (n+m)*))|/[(—=y(¢+p)* + 2(n + m)z(q+ p) +
ly —1z% — (n+m)?)? — [22(2(n + m)z — 2y(q + p))((2bc + ¢ + b)((n + m)x — y(q +
p))? +a((n+m)(q+ p) — lx)* + 2(ac + ab)((n + m)(q + p) — lz)((n + m)x — y(q +
p)) +2(c+b)(ly — (n+m)*)((n +m)z — y(q+p)) + 2a(ly — (n+m)*)((n+m)(q +
p)—lx)+ (ly — (n+m)*))|/[(=y(a+p)* +2(n+m)x(g+p) +1y — la? — (n+m)*)’]

hi'io =0
M=o
hig? =0
=0
n =0
e =0
hig? =0
Pt =0

AU = (292 — dazy + 2a22)22] /[2(yl — 221 — (¢ + p)%y + 2(n +m) (¢ + p)z — (n+
m)?)?]+ [B(y —2?)?2*((yl — (n+m)*)* +a((n+m)(q+p) —2l)* +2a((n+m)(q+p) —
) (yl = (n+m)*) +2(c+0)((n+m)z—(g+p)y)(yl — (n+m)*) +2(ac+ab)((n+m)z —
(g+p)y)((n+m)(g+p) —al)+(2be+c+b) ((n+m)z—(¢+p)y)*)]/[(yl —2°1— (g+p)*y+
2(n+m)(q+p)z—(n+m)?)*] = [2(y —2%)22(2y(yl — (n+m)?) — 2a2(yl — (n+m)?) +
2ay((n+m)(q+p) —al) = 2az((n+m)(g+p) —2l) +2(c+ b)y((n+m)z — (¢+p)y) —
2(ac+ab)x((n+m)x—(q+p)y)l/[(yl — 2?1 = (q+p)*y+2(n+m)(q+p)z — (n+m)?)’]

AU = [22(—dy(m+n)+4az(m+n)+2(c+b)xy+2a(g+p)y—2(ac+ab)z® — 2a(q+
p)o)]/[2(=(m+n)*+2(g+p)z(m+n)—(¢-+p)*y+ly—12°)%] = [(y—2?)2*(—4(m+n) (ly—
(m+n)?)+2(c+b)z(ly— (m+n)?)+2a(qg+p)(ly — (m+n)*) —4(c+b)(m~+n)(x(m+
n) — (q+p)y) +2(2bc+c+b)x(z(m—+n) — (¢+p)y) +2(ac+ab) (g +p)(z(m—+n) — (¢+
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p)y) —4a(m+n)((¢+p)(m+n)—lz)+2(act+ab)z((q+p)(m~+n)—lz)+2a(qg+p)((¢+
p)(m+n)—1x))l/[(—(m+n)*+2(g+p)z(m+n)—(g+p)*y+1ly—12°)°] - [2*(2(g+p)z—
2(m+n))2y(ly—(m+n)?) —2ax(ly— (m+n)?)+2(c+b)y(z(m+n)—(g+p)y) —2(ac+
ab)z(z(m+n)—(g+p)y)+2ay((g+p)(m+n)—lz)—2az((¢g+p)(m+n)—lz))]/[(—(m+
n)*+2(g+p)x(m-+n)—(¢+p)*y+ly —12*)’|+ [3(y —2?)2*(2(q+p)r — 2(m+n)) ((ly —
(m~+n)?)?+(2bc+c+b) (x(m+n)—(g+p)y)*+a((g+p) (m+n)—1x)*+2(c+b) (x(m+n)—
(a+p)y)(ly—(m+n)?)+2a((q+p)(m+n) —lz)(ly— (m+n)*)+2(ac+ab)((q+p) (m+
n) —lx)(z(m+n) = (g+p)y)|/[(—(m+n)* +2(¢+p)x(m+n) — (¢+p)*y +ly — 2?)’]

hégl) = [22(—4y(n+m)+4ax(n+m)+2(c+b)zy+2a(q+p)y —2(ac+ab)z*—2a(q+
p)2)]/[2(=(n+m)*+2(g+p)z(n+m)—(g+p)*y+ly—12?)*] = [(y—2°) 2> (—4(n+m)(ly—
(n+m)?)+2(c+b)x(ly— (n+m)?)+2a(qg+p)(ly — (n+m)?) —4(c+b)(n+m)(z(n+
m) —(¢+p)y) +2(2bc+c+b)x(z(n+m) —(q+p)y) +2(ac+ab)(¢+p)(z(n+m) — (¢+
p)y) —4a(n+m)((¢+p)(n+m)—lz)+2(ac+ab)z((¢+p)(n+m)—lx)+2a(q+p)((¢+
p)(n+m)=I1z))]/[(=(n+m)*+2(g+p)r(n+m)—(q¢+p)*y+ly—12?)*] - [z*(2(¢+p)r—
2(n+m))(2y(ly— (n+m)?) —2az(ly— (n+m)*)+2(c+b)y(z(n+m)—(g+p)y) —2(ac+
ab)z(z(n+m)—(g+p)y)+2ay((¢+p)(nt+m) —lz) —2az((g+p)(n+m)—lz))]/[(—(n+
m)?+2(g+p)z(n+m)—(g+p)°y+ly—12*)’] +[3(y —2°)2*(2(g +p)z —2(n+m)) ((ly —
(n+m)?)?+(2bc+c4-b) (x(n+m)—(g+p)y)?+a((g+p) (n+m) —1x)?>+2(c+b) (x(n+m)—
(¢+p)y)(ly— (n+m)*)+2a((g+p)(n+m) —lz)(ly — (n+m)*) +2(ac+ab)((g+p)(n+
m) —lz)(z(n+m)—(¢+p)y))]/[(=(n+m)*+2(g+p)z(n+m) — (g+p)*y +1ly —2?)"]

hégl) = [(=2(c+b)y*+2(ac+ab)xy +2a(n+m)y —2a(n+m)x)z% /[2(—y(p+q)? +
2(n+m)x(p+q)+ly—lz*— (n+m)?)? - [(y —2*)2%(—=2(2bc+c+b)y((n+m)z —y(p+
q))+2(ac+ab)(n+m)((n+m)x—y(p+q)) —2(ac+ab)y((n+m)(p+q) —lx)+2a(n+
m)((n+m)(p+q) —lz) =2(c+b)y(ly — (n+m)?)+2a(n+m)(ly — (n+m)*))]/[(-y(p
0)*+2(n+m)x(p+q)+ly—la® = (n+m)*)’] = [z*(2(n+m)z —2y(p+q)) (2(c+b)y((n
m)z—y(p+q)) —2(ac+ab)z((n+m)z—y(p+q))+2ay((n+m)(p+q) —lz) —2az((n
m)(p+q) —lz)+2y(ly — (n+m)?) —2az(ly — (n+m)*)]/[(=y(p+q)* +2(n+m)z(p+
q) + 1y —12* = (n+m)*)*| + [3(y — 2*)2*(2(n + m)x — 2y(p + ¢))((2bc + c + b)((n
m)r —y(p+q))*+a((n+m)(p+q) —lx)*+2(ac+ab)((n+m)(p+q) —lz)((n+m)r —
y(p+q)+2(c+b)(ly— (n+m)?)(n+m)z —y(p+q)) +2a(ly — (n+m)*)((n+m)(p+

+ + T

+
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q) —lz)+ (ly — (n+m)*)*)]/[(=y(p+ a)* + 2(n + m)x(p+ q) + 1y — la® — (n +m)?)]

hégl) = [(—2(c+b)y*+2(ac+ab)zy +2a(n+m)y —2a(n+m)x)z% /[2(—y(q+p)?
2(n+m)z(q+p)+ly—I1z*— (n+m)?)? —[(y — 2?) 22 (—=2(2bc+c+b)y((n+m)x —y(q
))+2(ac+ab)(n+m)((n+m)x—y(g+p)) —2(ac+ab)y((n+m)(qg+p) —lz)+2a(n+

+ o+

p
m)((n+m)(g+p) —lx) —2(c+b)y(ly— (n+m)?) +2a(n+m)(ly — (n+m)*))]/[(-y(q
p)?+2(n+m)z(q+p)+ly—I12° — (n+m)*)’] = [z*(2(n+m)z —2y(q+p)) (2(c+b)y((n
m)z—y(q+p))—2(ac+ab)z((n+m)z—y(q+p))+2ay((n+m)(g+p) —lz) —2az((n
m)(q+p) —lx)+2y(ly— (n+m)?) = 2az(ly — (n+m)*)]/[(=y(g+p)* +2(n+m)z(q+
p) +ly — 12?2 — (n+m)?)? + [3(y — 2%)22(2(n + m)x — 2y(q + p))((2bc + c + b)((n
m)z —y(g+p))*+a((n+m)(q+p) —12)*+2(ac+ab)((n+m)(q+p) —lz)((n+m)z —
Y(q+p))+2(c+b)(ly— (n+m)?)((n+m)x —y(g+p))+2a(ly — (n+m)?)((n+m)(q
p) —lz) +(ly — (n+m)*)*)]/[(=y(g+p)* +2(n+m)z(qg+p) + 1y — l2* — (n+m)?)*

ho =0

b = —[222(2(q + p)x — 2(m + n))(=4(m +n)(ly — (m + n)) + 2(c + b)a(ly -
(m+n)?)+2a(qg+p)(ly— (m+n)?)—4(c+b)(m+n)(x(m+n)— (¢+p)y) +2(2bc+c+
b)z(z(m+n)—(q+p)y)+2(ac+ab)(qg+p)(z(m+n)—(¢+p)y) —4a (m+n)((Q+p)(m+
) —lx) + 2(ac+ ab)z((¢ + p)(m+n) — lx) + 2a(q+ p)((g+ p)(m+n) — 1)) /[(—(m
n)2+2(q+p)x(m—+n)—(q+p)*y+ly—12%)3]+[222((ly— (m+n)?)*+ (2bc—|—c—|—b)(x(m+
)= (q+p)y)* +al(g+p)(m+n) —lz)* +2(c+b)(z(m+n) — (¢+p)y)(ly — (m+n)?) +
2a((q+p)(m+n) —lz)(ly — (m+n)?) +2(ac+ab)((g+p)(m-+n) —lz)(x(m+n) — (¢+
WD/ [(=(m+n)? +2(q+p)x(m-+n) = (¢+p)*y +ly —12%)°] + [322(2(¢ +p)x — 2(m +
)2((ly = (m+n)?)? + (2bc + ¢+ b) (x(m +n) — (¢ +p)y)* + a((¢+p)(m+n) —lx)* +
c+0)(z(m+n) —(g+p)y)(ly — (m+n)?) +2a((g+p)(m+n) —l2)(ly — (m+n)?) +
ac +ab)((q+p)(m +n) —lz)(z(m +n) — (¢+p)y)l/[(—(m +n)?* + 2(¢ + p)z(m +
(¢+p)*y+ly—12?) "+ [2*(8(m+n)* —4(ly — (m+n)?) —4(c+b)(z(m+n) — (¢+

(g+p)(m+n)—lz)—8(c+b)x(m+n)—8a(q+p)(m+n)+2(2bc+c+b)x*+

+ +

+

+

[—_a

n

S

=

S

[N}

)
(
2(
n)—
p)y) —4a(
A(ac+ab)(q+p)r+2a(g+p)?)]/[2(=(m+n)*+2(g+p)z(m+n) — (¢+p)*y+1ly—1z?)’]
hig = —[222(2(g+p)z —2(n+m)) (=4(n+m)(ly— (n+m)?) +2(c+b)x(ly — (n+
m)?) +2a(q +p)(ly — (n+m)?) —4(c+b)(n+m)(z(n+m) — (¢+p)y) +2(2bc + c +
b)x(z(n+m)—(q+p)y)+2(ac+ab)(q+p)(z(n+m)—(¢+p)y) —da(n+m)((g+p)(n+
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m) —lz)+2(ac+ab)z((q+p)(n+m) —lz) +2a(q+p)((g+p)(n+m) — )] /[(—(n+
m)?+2(q+p)z(n+m)—(q+p)?y+ly—12?)3]+[222((ly— (n+m)?)? + (2bc+c+b) (z(n+
m) —(q+p)y)* +a((g+p)(n+m)—lx)*+2(c+b)(z(n+m) - (q+p)y)(ly — (n+m)?)
2a((q+p)(n+m)—lz)(ly— (n+m)?) +2(ac+ab)((g+p)(n+m) —lz)(z(n+m) - (¢
P/ (= +m)*+2(g+p)z(n+m) —(g+p)*y+1ly —12°)*] +[32%(2(¢ +p)z —2(n
m))*((ly — (n+m)*)* + (2bc+ c+b)(x(n+m) — (¢ +p)y)* +a((g+p)(n+m) — lx)?
2(c+b)(z(n+m)—(g+p)y)(ly — (n+m)?) +2a((g+p)(n+m) —lz)(ly — (n+m)?)
2(ac+ab)((g+p)(n+m)—lz)(z(n+m)—(¢+p)y)l/[(—=(n+m)*+2(g+p)z(n+m)—
(¢+p)?y+ly—12?)]+ [z (8(n+m)? —4(ly — (n+m)?) —4(c+b)(z(n+m) — (¢+p)y) —
4a((q+p)(n+m)—Ilz)—8(c+b)x(n+m)—8a(qg+p)(n+m)+2(2bc+c+b)z*+4(ac+
ab)(q + p)x +2a(g +p)*)/[2(=(n +m)? + 2(q + p)z(n +m) — (¢ +p)*y +ly — l2?)?]
bt = [22(2(ac+ab) (n+m)z—y(p+4))+2a((n+m) (p+q) —lr) —2(ac+ab)y(p+

+ + F

+ o+

q)+2a(n+m)(p+q)+2a(ly—(n+m)?)—2(2bc+c+b)xy+4(c+b) (n+m)y+2(ac+ab) (n+
m)z —4a(n+m)*)]/[2(—=y(p+¢)* +2(n+m)x(p+q) +ly—la® — (n+m)*)*| - [2*(2(n
m)x—2y(p+q))(2(ac+ab)(p+q)(n+m)z—y(p+q)) +2(2bc+c+b)z((n+m)z—y
q))—4(c+b) (n+m)((nt+m)z—y(p+q))+2a(p+q)((nt+m)(p+q)—lz)+2(ac+ab)x(
)(p+q)—lz)—Aa(n+m)((n+m)(p+q)—lz)+2a(ly—(n+m)*)(p+q)+2(c+b)a(ly—
(n+m)?) —4(n+m)(ly— (n+m)*)]/[(—y(p+9)* +2(n+m)z(p+q) +ly—la* — (n
m)?)3]—[22(2z(p+q) —2(n+m))(—=2(2bc+c+b)y((n+m)z —y(p+q)) +2(ac+ab) (n+
m)((n+m)z—y(p+q)) —2(ac+ab)y((n+m)(p+q) —lx)+2a(n+m)((n+m)(p+q) -
lz)=2(c+b)y(ly—(n+m)?)+2a(n+m)(ly—(n+m)*))]/[(=y(p+a)* +2(n+m)z(p+q)+
ly—lz*—(n+m)?)3|— 2222 ((2bc+c+b) ((n+m)z—y(p+q))*+a((n+m)(p+q) —lx)*+
2(ac+ab)((n+m)(p+q)—lz)((n+m)z—y(p+q))+2(c+b)(ly— (n+m)?)((n+m)z—
y(p+a))+2a(ly—(n+m)?*)((n+m)(p+q)—lz)+(ly—(n+m)*)*)]/[(—y(p+¢)*+2(n+
m)x(p+q)Hy—la’—(n+m)?)’|+[32% 2z (p+q) —2(n+m)) (2(n+m)a—2y(p+q) ) ((2be+
c+b)((n+m)z—y(p+q))* +a((n+m)(p+q) —1x)*+2(ac+ab)((n+m)(p+q) —lz)((n+
m)z —y(p+q)) +2(c+0)(ly — (n+m)*)((n+m)x—y(p+q)) +2ally — (n+m)*)((n+
m)(p+q)—12)+(ly—(n+m)*)*)/[(=y(p+q)*+2(n+m)x(p+q) +ly—l2® — (n+m)?)*]

o' = [22(2(ac+ab)(ntm)z —y(q+p)) +2a((n+m)(q+p) ~lr) —2ac+ab)y(g-+
p)+2a(n+m)(q+p)+2a(ly—(n+m)?)—2(2bc+c+b)xy+4(c+b) (n+m)y+2(ac+ab) (n+

RO

p
n-+

(
(

3

+
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m)z —4a(n+m)*)]/[2(-y(g+p)* +2(n+m)z(g+p) +ly—12° — (n+m)?)’] — [2*(2(n+
m)x—2y(q+p))(2(ac+adb)(qg+p)((n+m)z—y(qg+p))+2(2bc+c+b)x((n+m)x—y(q+
p))—4(c+b)(n+m)((n+m)z—y(q+p))+2a(q+p)((n+m)(g+p)—lx)+2(ac+ab)x((n+
)(g+p)—lz) —4a(n+m)((n+m)(g+p)—lz)+2a(ly— (n+m)*)(q+p)+2(c+b)z(ly—
(n+m)?) —4(n+m)(ly — (n+m)*)/[(—=y(g+p)* +2(n+m)x(g+p) +1ly —lz* — (n+
m)*)3] —[22(2z(q+p) —2(n+m))(=2(2bc+c+b)y((n+m)x—y(q+p)) +2(ac+ab)(n+
m)((n+m)z—y(q+p)) —2(ac+ab)y((n+m)(q+p) —lx)+2a(n+m)((n+m)(q+p) -
12)=2(c+b)y(ly—(n+m)?)+2a(n+m)(ly—(n+m)*))]/[(—y(g+p)*+2(n+m)z(g+p)+
ly—1z®—(n+m)*)’| = [222°((2be+ c+b) ((n+m)z—y(q+p))* +a((n+m)(g+p) —lz)*+
2(ac+ab)((n+m)(q+p)—lz)((n+m)z—y(g+p)) +2(c+b)(ly — (n+m)?)((n+m)x —
y(g+p))+2a(ly—(n+m)?)((n+m)(g+p) —lz)+(y— (n+m)*)*)]/[(~y(g+p)*+2(n+
m)x(g+p)+ly—la?—(n+m)?)*]+[32%(2x(q+p) —2(n+m)) (2(n+m)z—2y(g+p))((2bc+
c+0)((n+m)z—y(g+p))+al(n+m)(g+p) —lx)?+2(ac+ab)((n+m)(g+p) —lz)((n+
m)z —y(q+p))+2(c+0)(ly— (n+m)*)((n+m)x—y(g+p)) +2a(ly — (n+m)*)((n+
m)(q+p)—lx)+(ly—(n+m)*)*)]/[(—y(g+p)* +2(n+m)z(q+p) +ly—12* — (n+m)?)’]

hg 10 = 0

3

W = —[222(2(q+p)z—2(n+m))(—4(n+m)(ly — (n+m)?) +2(c+b)a(ly — (n+
m)?) +2a(q+p)(ly — (n+m)?) — 4(c+b)(n+m)(z(n+m) — (¢+p)y) +2(2bc+c+
b)z(x(n+m)—(q+p)y)+2(act+ab)(q+p)(z(n+m)—(¢+p)y) —4a(n+m)((g+p)(n+
m) —lz)+2(ac+ab)z((q+p)(n+m) —lz)+ 2a(q +p)((q+p)(n+m) — 1)) /[(—(n+
m)2+2(q+p)z(n+m)—(q+p)?y+ly—122)3]+[222((ly — (n+m)?)? + (2bc+c+b) (z(n+
m)—(g+p)y)* +a((g+p)(n+m)—12)*+2(c+b)(z(n+m) — (¢+p)y)(ly— (n+m)*) +
2a((q+p)(n+m)—1z)(ly— (n+m)?)+2(ac+ab)((¢+p)(n+m) —lz)(x(n+m)— (g+
P/ (= +m)*+2(q+p)z(n+m) — (q+p)*y+ly —12°)*] + [322(2(¢ +p)z —2(n+
m))*((ly — (n+m)?)* + (2bc+ e+ b)(z(n+m) — (¢ +p)y)* +a((g+p)(n+m) —lx)* +
2(c+b)(z(n+m)—(q+p)y)(ly — (n+m)*) +2a((g +p)(n+m) —lz)(ly — (n+m)?) +
2(ac+ab)((g+p)(n+m)—lz)(z(n+m)—(g+p)y)l/[(—(n+m)*+2(g+p)z(n+m)—
(¢+p)*y+ly—12*))+ [2°(8(n+m)* —4(ly — (n+m)?) —4(c+b) (z(n+m) — (¢+p)y) —
4a((q+p)(n+m)—Ilx)—8(c+b)x(n+m)—8a(q+p)(n+m)+2(2bc+c+b)z* +4(ac+
ab)(q + p)x +2a(g +p)*)/[2(=(n +m)* + 2(¢ + p)z(n +m) — (¢ +p)*y + ly — l2?)’]

139



h%l) = [22(2(ac+ab)((n+m)z—y(p+q))+2a((n+m)(p+q)—lz) —2(ac+ab)y(p+
q)+2a(n+m)(p+q)+2a(ly—(n+m)?)—2(2bc+c+b)xy+4(c+b) (n+m)y+2(ac+ab) (n+
m)z—4a(n+m)*)]/[2(-y(p+q)* +2(n+m)z(p+q) +ly —12° — (n+m)?)?] — [2*(2(
m)z—2y(p+q))(2(ac+ab)(p+q)((n+m)z—y(p+q)) +2(2bc+c+b)z((n+m)z—y(p
q))—4(c+b)(n+m)((n+m)z—y(p+q))+2a(p+q)((n+m)(p+q) —lx)+2(act+ab)z((n
)(p+q)—lz)—4da(n+m)((n+m)(p+q) —lz)+2a(ly— (n+m)?)(p+q) +2(c+b)z(ly—
(n+m)?) —d(n+m)(ly — (n+m)*)]/[(—y(p+q)* +2(n+m)x(p+q) +1y —la* -
m)?)?] —[22(2x(p+q) —2(n+m))(—2(2bc+c+b)y((n+m)z —y(p+q)) +2(ac+ab)
m)((n+m)z—y(p+q)) —2(ac+ab)y((n+m)(p+q) —lz)+2a(n+m)((n+m)(p+q)—
1) =2(c+b)y(ly—(n+m)?)+2a(n+m)(ly—(n+m)*))l/[(=y(p+q)*+2(n+m)z(p+q)+
ly—1z2—(n+m)?)3|— 2222 ((2bc+c+b) ((n+m)z—y(p+q))* +a((n+m)(p+q) —lx)*+
2(ac+ab)((n+m)(p+q) —lz)((n+m)r—y(p+q)) +2(c+b)(ly— (n+m)*)((n+m)z -
y(p+q))+2a(ly—(n+m)?*)((n+m)(p+q) —lx) +(ly— (n+m)*)*)]/[(—y(p+a)*+2(n+
m)x(p+q)+Hly—Iz*—(n+m)?)3|+[32%(2x(p+q) —2(n+m)) (2(n+m)x—2y(p+q) ) ((2bc+
c+b)((n+m)z—y(p+q))2+a((n+m)(p+q) —12)?+2(ac+ab)((n+m) (p+q) —lz)((n+
m)z —y(p+q))+2(c+0)(ly— (n+m)*)((n+m)x—y(p+q)) +2a(ly — (n+m)?*)((n+
m)(p+q) —lx)+(ly—(n+m)*)*)]/[(—y(p+a)* +2(n+m)z(p+q) +ly—l2* — (n+m)?)’]
W) = [22(2(ac+ab) (n+m)z —y(q+p) +2a((n+m)(g+p) —lx) —2(ac+ab)y(q+
p)+2a(n+m)(q+p)+2a(ly—(n+m)?)—2(2bc+c+b)xy+4(c+b) (n+m)y+2(ac+ab) (n+
m)z —4a(n+m)*)]/[2(-y(g+p)* +2(n+m)z(q+p) +ly —12° — (n+m)?)*] — [2*(2(

n

FOoF o+

3

+

(n
(

n-

n-+
m)x—2y(q+p))(2(ac+ab)(q+p)(n+m)r—y(g+p)) +2(2bc+c+b)z((n+m)z—y(q
p))—4(c+b)(n+m)((n+m)r—y(g+p))+2a(g+p)((n+m)(g+p)—lr)+2(ac+ab)x((n+
)(q+p) —lz)—4a(n+m)((n+m)(g+p) —lz)+2a(ly— (n+m)®)(q+p) +2(c+b)z(ly—

+

3

+

(n+m)?) —4(n+m)(ly — (n+m)*))]/[(—y(g+p)* +2(n+m)z(g+p) +1ly—la* — (n
m)*)3] —[22(2z(q+p) —2(n+m))(=2(2bc+c+b)y((n+m)x—y(q+p)) +2(ac+ab)(n+
m)((n+m)z—y(q+p)) —2(ac+ab)y((n+m)(q+p) —lz)+2a(n+m)((n+m)(q+p)—
l2)=2(c+b)y(ly—(n+m)?)+2a(n+m)(ly—(n+m)*))]/[(—y(g+p)*+2(n+m)z(g+p)+
ly—l12°—(n+m)?)’] - [222%((2be+c+0) ((n+m)z—y(g+p))* +a((n+m)(g+p) —lx)*+
2(ac+ab)((n+m)(g+p) —lz)((n+m)z—y(g+p)) +2(c+b)(ly— (n+m)*)((n+m)z -
y(g+p))+2a(ly—(n+m)?)((n+m)(g+p) —lz)+(ly— (n+m)*)*)]/[(—y(g+p)*+2(n+
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m)(q+p)+ly—lz?—(n+m)*)*]+[32°(2x(q+p) —2(n+m)) (2(n+m)z—2y(g+p))((2bc+
c+0)((n+m)z—y(q+p))*+a((n+m)(g+p) —lz)*+2(ac+ab)((n+m)(q+p) —lz)((n+
m)z —y(q+p))+2(c+0)(ly— (n+m)*)((n+m)x—y(g+p)) +2a(ly — (n+m)*)((n+
m)(q+p)—lx)+(ly—(n+m)*)*)]/[(=y(g+p)*+2(n+m)z(g+p) +ly—1z* — (n+m)?)’]
hi'lo =0
W) = [(2(2be + ¢ + b)y® — 4(ac + ab)(n + m)y + 2a(n +m)?)22] /[2(—y(p + ¢)> +
2(n+m)z(p +q) + ly — 122 — (n + m)?)?] — [222(2(n + m)z — 2y(p + q))(—2(2bc +
¢+ b)y((n+m)z —y(p + q)) + 2(ac + ab)(n + m)((n + m)z — y(p + q)) — 2(ac +
ab)y((n+m)(p+q) —Ilx)+2a(n+m)((n+m)(p+q) —lx) —2(c+b)y(ly — (n+m)?) +
2a(n+m)(ly — (n+m)*)]/[(-y(p+9)* +2(n+m)z(p+q) +1ly — 2% — (n+m)*)’| +
[2yz2((2bc + ¢+ b)((n+m)z —y(p+q))? + a((n+m)(p+ q) — lx)* + 2(ac + ab)((n +
m)(p+q) —lz)((n+m)z —y(p+q)) +2(c+b)(ly — (n+m)*)((n+m)z —y(p+q)) +
2a(ly— (n+m)?)((n+m)(p+q) —lz)+(ly— (n+m)*)*)|/[(—=y(p+9)* +2(n+m)z(p+
q) +ly =122 — (n+m)?)3] + [322(2(n + m)z — 2y(p + q))*((2bc + ¢ + b)((n + m)x —
y(p+9))* +a((n+m)(p+q) —lx)*+2(ac+ab)((n+m)(p+q) —lz)(n+m)z —y(p+
0)) +2(c+b)(ly — (n+m)*)((n+m)z —y(p+q)) + 2a(ly — (n+m)*)((n +m)(p +
) —lz) + (ly — (n+m)*))]/[(=y(p + ¢)* + 2(n +m)z(p + q) + ly — 12° — (n +m)?)"]
hégl) = [(2(2bc + ¢ + b)y? — 4(ac + ab)(n +m)y + 2a(n +m)?)2%]/[2(—y(qg + p)? +
2(n +m)x(qg+p) +ly — l2? — (n +m)?)? — [222(2(n + m)x — 2y(q + p))(—2(2bc +
c+b0y((n+m)x —ylg+ p)) + 2(ac + ab)(n + m)((n + m)x — y(q + p)) — 2(ac +
ab)y((n+m)(q+p) —lz)+2a(n+m)((n+m)(q+p) —lz) = 2(c+b)y(ly — (n+m)*) +
2a(n+m)(ly — (n+m)*)]/[(—y(g+p)* +2(n+m)z(q+p) +ly —12° — (n+m)*)°] +
[2yz2((2bc + ¢+ b)((n+m)z — y(q+p))? + a((n+m)(q + p) — lx)* + 2(ac + ab)((n +
m)(q+p) —lz)((n+m)z —y(g+p)) +2(c+b)(ly — (n+m)*)((n+m)z —y(q+p)) +
2a(ly — (n+m)?)((n+m)(g+p) —lx)+(ly— (n+m)*))|/[(~y(g+p)*+2(n+m)z(q+
p) +ly —1z* — (n+m)?)?] + [322(2(n + m)x — 2y(q + p))*((2bc + ¢ + b)((n + m)x —

q

y(q+p))*+a((n+m)(qg+p) —lx)*+2(ac+ab)((n+m)(q+p) —lz)((n+m)x —y(q+
p)) +2(c +0)(ly — (n + m)*)((n + m)z — y(q + p)) + 2a(ly — (n + m)*)((n + m)(q +
) —1z) + (ly — (n+m)*))]/[(—y(g+p)* + 2(n+m)z(q+p) + ly — 1% — (n+m)?)"]

hii =0

p
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WY = [(2(2bc + ¢+ b)y® — A(ac + ab)(n +m)y + 2a(n +m)2)z2] /[2(—y(q + p)* +
2(n +m)z(q+p) + ly — 22 — (n + m)?)?] — [222(2(n + m)z — 2y(q + p))(—2(2bc +
¢+ b)y((n + m)z —y(qg + p)) + 2(ac + ab)(n + m)((n + m)z — y(q¢ + p)) — 2(ac +
ab)y((n+m)(q+p) —lz)+2a(n+m)((n+m)(qg+p) —lx) = 2(c+b)y(ly — (n+m)?) +
2a(n+m)(ly — (n+m)?)]/[(—y(g+p)* +2(n+m)x(q+p) +1ly —12* = (n+m)*)’| +
[292%((2bc 4+ c+b)((n+m)x —y(qg+p))* +al((n+m)(q+ p) — lx)* + 2(ac + ab)((n +
m)(q+p) —l2)((n+m)z —y(g+p)) +2(c+b)(ly — (n+m)*)((n+m)z —y(g+p)) +
2a(ly — (n+m)?)((n+m)(g+p) —lz)+ (ly— (n+m)*)*)]/[(—y(g+p)* +2(n+m)z(q+

p) +ly — 122 — (n+m)?)3] + [322(2(n + m)z — 2y(q + p))*((2bc + ¢ + b)((n + m)x —
y(g+p))*+a((n+m)(g+p)—lz)*+2(ac+ab)((n+m)(g+p) —lz)((n+m)z —y(g+
p)) +2(c+b)(ly = (n+m)*)((n +m)z —y(g +p)) + 2a(ly — (n +m)*)((n +m)(q +

) —lz) + (ly — (n+m)*))]/[(=y(g +p)* + 2(n + m)a(qg +p) +ly — 12° — (n+m)?)"]
hy 1o =0

U
h{oHo =0

p

M) = [(2(2bc + ¢ + b) (g + p)? — A(c+ b)l(q + p) + 212)t2] /[2(—12® + 2(n+m) (g +
—(g+p)*y+ly—(n+m)?)*] = [26*(2(n+m)(q+p) — 20z)(2(2be+ ¢ +b) (g +p)(
n—m)—=2(c+b)l((¢+p)x—n—m)+2(c+b)(g+p)((n+m)(qg+p) —lz)—2I(

(¢ +p) —lz) +2(ac + ab)(q + p)(I = (g +p)?) — 2al(l = (g +p)*)]/[(~12* +2(n +

(¢+p)z—(g+p)°y+ly—(n+m)?)*| + (20t +((n+

(¢+p) —12)* +2(c+b)((n+m)(g+p) —1z)((g+p)x —n—m)+2(ac+ab)(l - (¢ +

p)*)((g+p)r—n—m)+2a(l—(q+p)*)((n+m)(g+p) —lz)+a(l—(¢+p)*)?)]/[(-l2?

2(n+m)(qg+p)z—(¢+p)*y +ly — (n+m)*)*] + [3t*(2 (N+m)(Q+p)—2lx)2((2bC+
c+0)((g+p)r—n—m)*+((n+m)(g+p) —12)> +2(c+b)((n+m)(g+p) —l2)((g+
p)x—n—m)+2(ac+adb)(l—(¢+p)*)((g+p)r —n—m)+2a(l—(g+p)*)(n+m)(g+

p) — ) +a(l — (¢+p)*))/[(—la* + 2(n +m)(q +p)z — (¢ +p)*y + 1y — (n +m)?)]

Wi = 31— (g +p)*(2(n+m)(g+p) — 20a)((2be+c+b) (g +p)r —n—m)* +

((n+m)(q+p) —12)* + 2(c + b)((n + m)(q + p) — lz)((¢ + p)z —n — m) + 2(ac +

ab)(l — (¢ +p)*)((¢ + p)z —n —m) + 2a(l — (¢ + p)*)((n + m)(q + p) — lz) + a(l —

(¢ +p))))/[(=(a +p)*y +ly — la* + 2(n + m)(q + p)z — (n +m)*)"] = [(1 — (¢ +

p)Ht2(2(2bc + ¢+ b) (¢ +p)((g + p)xr —n—m) — 2(c + b)I((q + p)xr —n —m) +2(c +

(
p)z (¢+
Yo —

(n+

=

3

(2bc+c+b)((g+p)x —n—m)*+

3

(
(

m

)
)
)
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b)(a +p)((n+m)(q+p) — lz) = 2((n +m)(q + p) — lz) + 2(ac + ab)(q + p)(l — (¢ +
p)?) = 2al(l = (¢ +p)*))I/[(—(qg + p)*y + ly — 12> + 2(n +m)(q + p)z — (n +m)?)’]
n =g
hglf) = [(2(2bc+c+b)(g+p)((g+p)x—n—m)—2(c+b)l((g+p)z—n—m)+2(c+
b)(g+p)((n+m)(g+p)—lz) =2l((n+m)(g+p) —lx)+2(ac+ab)(qg+p) (I - (g+p)*) —
2al(1—(g+p)*)t]/[(—(g+p)*y+ly—lz*+2(n+m)(g+p)r—(n+m)*)*| = [2(2(n+m)(g+
p) —2lz)((2bc+c+b)((g+p)xr —n—m)*+ ((n+m)(g+p) —lz)?+2(c+b)((n+m)(q+
p)—lz)((g+p)r—n—m)+2(ac+ab)(I—(q+p)*)((¢+p)r—n—m)+2a(l—(g+p)*)((n+
m)(qg+p)—lz)+a(l—(g+p)*)*)t)/[(—(g+p)*y+ly—la*+2(n+m)(g+p)r—(n+m)
his” = [2%(((n+m)(g+p) —20)*+a(l - (g+p)*)? +2a(l - (g +p)*)((n+m) (g +
p)—al)+2(c+b)((g+p)r—n—m)((n+m)(g+p) —xl) +2(ac+ab)((g+p)r—n—m)(l—
(¢+p)*) + (2bc+c+b)((g+p)x —n—m)?)]/[(yl —2*l = (¢ +p)*y +2(n+m)(q+p)z —
(n+m)*)*]+ 3¢ (y —2*) (2(n+m) (q¢+p) —221) (((n+m)(q¢+p) —21)* +a(l— (¢+p)*)* +
2a(l—(q+p)*)((n+m)(g+p) —21) +2(c+b)((¢+p)x—n—m)((n+m)(g+p) —2l) +
2(ac+ab)((g+p)z—n—m)(l—(g+p)*)+ (2bc+c+b)((g+p)x—n—m)*)]/[(yl —2°1 -
(¢+p)*y+2(n+m)(g+p)zr—(n+m)*)" - [t*(y —2*)(=21((n+m) (g +p) —al) +2(c+
b)(q+p)((n+m)(q+p) —xl) —2al(l - (¢+p)?) +2(ac+ab) (¢ +p)(I — (¢ +p)*) = 2(c+
b)((g+p)r —n—m)l+2(2bc+c+b)(q+p)((g+p)z—n—m))]/[(yl — 2°l - (¢+p)*y +
2(n+m)(g+p)x—(n+m)?)° = [t*(2(n+m)(qg+p) — 2x0)(=22((n+m)(q+p) — =) +
2a((n+m)(q+p)—zl) —2azx(l—(q+p)?) +2a(l—(g+p)?) —2(c+b)x((¢+p)z—n—m)+
2(ac+ab)((g+p)zr—n—m))l/[(yl - 21— (¢ +p)*y+2(n+m)(g+p)r — (n+m)?)*| +
[t2(=2((n+m)(q+p)—xl)—2a(l—(q+p)?)+2xl—2al —2(c+b)((¢+p)x—n—m)—2(c+
b)(q+p)x+2(ac+ab)(q+p))]/[2(yl — 2%l — (g +p)*y+2(n+m)(g+p)z — (n+m)*)?]
W52 = [(2(c+b) (q+p)2—21(q+p) —2(2be+c+b) (g+p) +2(c+b) )2/ [2(— (m+n) 2+
2(g+p)z(m+n)—(g+p)*y+1ly—12*)*] = [t*(2(g+p)z —2(m+n))(2(c+b)(g+p)((¢+
p)(m+n)—lz)=2l((¢+p)(m+n)—lz)+2(2bc+c+b)(¢+p)(—m+(g+p)z—n) —2(
bD)I(—=m+(g+p)r—n)+2(ac+ab)(qg+p)(l—(¢+p)*) —2al(l—(g¢+p)*))]/[(—(m+n)*+
2(g+p)z(m+n)—(q+p)*y+ly—12°)°| = [t*(2(g+p)(m+n) —20z)(2(g+p)((g+p) (m+
n)—Ilx)—2(c+b)((¢+p)(m+n)—Ilz)+2(c+b)(¢+p)(—m+ (g+p)xr—n) —2(2bc+c+
b)(=m+(g+p)r—n)+2a(q+p)(l—(q¢+p)*) —2(ac+ab)(I - (¢+p)*)]/[(=(m+n)* +

2)3

—

)
(

2(c

_|_
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2(q+p)r(m-+n)—(g+p)*y+ly—12%)°] = [2(g+p)(((g+p) (m+n) —lz)*+2(c+b) (—m
(g+p)z—n)((g+p)(m+n)—lz)+2a(l—(g+p)*)((g+p) (m+n) —lz)+2(ac+ab)(l (
p)*)(=m+(q+p)r—n)+(2bc+c+b)(—m+(g+p)r—n)*+a(l—(q+p)*)*)]/[(—(m
n)*+2(g+p)z(m+n)—(g+p)*y+ly—lx )3]+[3t2(2(q+p)x—2(m+n))(Q(Q+p)(m+n)—
212)(((g+p)(m+n) —lx)* +2(c+b)(—=m~+(g+p)r—n)((g+p)(m+n) —lz)+2a(l—(g+
)3 ((g+p)(m+n)—Ilx)+2(ac+ab)(I—(qg+p)?)(—=m+(q+p)x—n)+ (2bc+c+b) (—m+
(¢+p)z—n)*+a(l—(g+p)*)*)]/[(=(m+n)*+2(g+p)z(m+n) - (g+p)*y +1ly—12°)"]
hir”) = [(2(c+b)(g+p)*~2U(q+p) —2(2be-+e+b) (+p)+2(c+)1)E2]/[2(— (n-+m)+
g+p)z(n+m)—(g+p)*y+ly—1a?)?] = [t*(2(¢+p)z —2(n+m))(2(c+b) (¢ +p)((¢+
p)(n+m)—1z)—2l((g+p)(n+m) —lz)+2(2bc+c+b) (q+p) (—n+ (g +p)z—m) —2(c
D)I(=n+(g+p)r—m)+2(ac+ab)(g+p)(1—(¢+p)*) —2al(l—(g¢+p)*))]/[(— (n+m)*+
2(g+p)z(n+m)—(¢+p)y+ly—12°)°| = [*(2(¢+p) (n+m) —2lz)(2(g+p)((g+p)(n+
—lz)=2(c+b)((g+p)(n+m)—lz)+2(c+b)(q+p)(—n+(¢+p)x —m) —2(2bc+c+
—n+(g+p)z—m)+2a(g+p) (I —(g+p)*) —2(ac+ad)(I—(g+p)*)]/[(—(n+m)* +
g+p)(nt+m)—(q+p)*y+ly—12?)’] = [2(g+p)*(((g+p) (n+m) —1x)+2(c+b) (—n+
(g+p)z—m)((g+p)(n+m)—lz)+2a(l—(¢+p)*)((g+p)(n+m)—lx)+2(ac+ab)(l -
(¢+p)*)(=n+(g+p)r—m)+(2bc+c+b)(—n+(g+p)r—m)*+a(l—(¢+p)*)*)]/[(=(n+
m)*+2(q+p)z(n+m)—(g+p)*y+ly—12*)*]+[3¢*(2(g-+p)r—2(n+m))(2(g+p) (n+m) —
207)(((g+p) (n+m)—12)*+2(c+b)(—n+(g+p)r—m)((g+p)(n+m)—lz)+2a(l—(¢+
)3 ((g+p)(n+m)—lz)+2(ac+ab)(I—(q+p)*)(—n+(q+p)xr—m)+ (2bc+c+b)(—n+
(¢+p)r—m)*+a(l—(q+p)*)*)l/[(—=(n+m)*+2(g+p)z(n+m) - (¢+p)*y +ly —12°)"]
h(UQ) [t2(—4(ac+ab)(p+ q)* +2(ac+ab)(I — (p+q)?) +2(2bc + ¢+ b) (z(p+ q) —
n—m)+2(c+b)(n+m)(p+q)—lx)+2(2bc+c+b)x(p+q)+2(c+b)(n+m)(p+q)+

2(
)

+

3

)
b
2

)
(

4al(p+q) —2(c+b)lz —2l(n+m))]/[2(~y(p+q¢)* +2(n+m)x(p+q) + 1y —lz* — (n+
m)?)?] = [t*(2(n+m)z — 2y(p+q))(2(ac+ ab)(p+ ) (I — (p+q)*) — 2al(l - (p+¢)*) +
2(2bc+c+b)(p+q)(z(p+q) —n—m)—=2(c+b)l(z(p+q) —n—m)+2(c+b)(p+¢)((n+
m)(p+q) —lz) = 21((n+m)(p+q) —12))]/[(-y(p+a)* +2(n+m)z(p+q) + 1y — 2 —
(n+m)?)*] = [2(2(n+m)(p+q) — 2lx)(—4a(p+ q)(I — (p+¢)*) + 2(ac+ab)z(l — (p+
9)*)+2a(n+m)(l—(p+q)*) —4(ac+ab)(p+q)(x(p+q) —n—m)+2(2bc+c+b)z(z(p+
q)—n—m)+2(c+b)(n+m)(z(p+q) —n—m)—4da(p+q)((n+m)(p+q) —lz)+2(c+
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b)z((n+m)(p+q)—lz)+2(n+m)((n+m)(p+q) —12))|/[(-y(p+9)* +2(n+m)z(p+
q) +ly—12% — (n+m)?3 - 2(n+m)t*(a(l — (p+q)H)2 + (2bc+c+b)(z(p+q) —n —
m)? + ((n+m)(p+q) —1x)> 4+ 2(ac+ab) (z(p+q) —n—m) (I — (p+q)?) +2a((n+m)(p+
q) —1z)(Il=(p+9)*) +2(c+b)((n+m)(p+q) —lz)(x(p+q) —n—m))]/[(-y(p+¢)* +
2(n+m)x(p+q)+ly—lz? — (n+m)?)°|+ [3¢*(2(n+m) (p+q) — 212) (2(n+m)z — 2y (p+
))(a(l—(p+q)*)?+ (2bc+c+b)(x(p+q) —n—m)?+ ((n+m)(p+q) —lz)? +2(ac+
ab)(z(p+q) —n—m)(l—(p+q)*)+2a((n+m)(p+q) —lz)(l - (p+q)*) +2(c+b)((n+
m)(p+q) —lz)(x(p+q) —n—m))l/[(—y(p+q)*+2(n+m)z(p+q) +ly 12> — (n+m)*)’]

W5 = [12(—4(ac+ab)(q+p)*+2(ac+ab) (I — (q+p)2) +2(2bc+c+b) (z(q+p) —n—
m)+2(c+b)((n+m)(q+p) —1x)+2(2bc+c+b)z(g+p) +2(c+b) (n+m)(q+p) +4al(q+
p) = 2(c+b)lx —2l(n-+m))]/[2(~y(g+p)*+2(n+m)x(g+p)+1ly—1z° — (n+m)*)’] —
[t*(2(n+m)z —2y(qg+p))(2(ac+ab)(g+p)(l - (¢+p)*) —2al(l — (¢+p)?) +2(2bc+c+
b)(q+p)(x(q+p) —n—m)—=2(c+b)l(x(g+p) —n—m)+2(c+b)(¢+p)((n+m)(q+p) —
lz) = 21((n+m)(g+p) —12))]/[(=y(g+p)* +2(n+m)x(g+p) +1ly— 12> — (n+m)*)*| -
[12(2(n+m)(q+p) — 2lx)(—4a(q +p)( = (¢+p)*) +2(ac+ ab)z(l — (g +p)*) +2a(n +
(1—(q+p)?) —4(ac+ab)(q+p)(z(g+p) —n—m) +2(2bc+ c+b)x(x(q+p) —n —
+2(c+b)(n+m)(x(q+p) —n—m)—4a(qg+p)(n+m)(g+p) —lx)+2(c+b)x((n+
m)(q+p) —lz)+2(n+m)((n+m)(g+p)—1x))l/[(—y(g+p)*+2(n+m)x(g+p) +ly —
22— (n+m)?)?] — 2(n+m)t*(a(l— (¢+p)*)*+ (2bc+c+b) (x(¢+p) —n—m)*+ ((n+

m)
)

m

m)(q+p) —1z)*+2(ac+ab)(z(g+p) —n—m)(—(g+p)*) +2a((n+m)(g+p) —lx)(l -
(¢+p)*)+2(c+b)((n+m)(g+p) —lz)(x(g+p) —n—m))]/[(—=y(g+p)* +2(n+m)z(q+
p) +ly =l — (n+m)*)’] + [3¢*(2(n +m) (g + p) — 20z)(2(n +m)x — 2y(q +p))(a(l —
(q+p)?)*+ (2bc+c+b)(z(g+p) —n—m)?+ ((n+m)(q+p) —lz)*+2(ac+ab)(z(q +
p) —n—m)(l—=(g+p)*) +2a((n+m)(g+p) —lz)( — (¢+p)*) +2(c+b)((n+m)(g+
p) —lz)(z(qg+p) —n—m))]/[(=y(g+p)* +2(n+m)z(q+p) +ly — la* — (n+m)?)"]

hi'ty =0

By = 31— (¢ + p)?)2(2be + ¢+ b)((q + p)z — n —m)? + ((n + m)(q +p) —
[2)* +2(c+b)((n+m)(q +p) — lz)((g +p)x —n—m) +2(ac+ ab)(l — (¢ +p)*)((¢ +
p)x —n—m)+2a(l—(¢+p)*)(n+m)(g+p) —lz) +a(l - (¢+p)*)*)/[(=(g+p)*y +
ly — 12?4+ 2(n+m)(q + p)r — (n +m)?)4
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n =0
BS = —[2(1— (g+p)?)(2be+ 4+ ) (g +p)z —n—m)> + ((n+m) (g +p) — l2)* +
2(c+b)((n+m)(g+p) —Iz)((g+p)x —n —m) +2(ac +ab)(l — (¢ +p)*)((¢ +p)r —
—m) +2a(l = (¢ +p)*)((n +m)(q +p) — lx) + a(l — (¢ +p)*)*)t]/[(—(q¢+p)*y +
ly —lz* +2(n+m)(q+p)z — (n+m)?)?]
By = =[P (((n+m)(g+p) —2l)* +a(l — (q+p)2)? +2a(l — (g+p)*)((n+m)(q +
p)—zl)+2(c+b)((g+p)xr—n—m)((n+m)(g+p) —zl)+2(ac+ab)((g+p)z—n—m)(l—
(¢+p)*) + (2bc+c+b)((g+p)x—n—m)?)]/[(yl —2*1 - (¢+p)°y+2(n+m)(q+p)z —
(n+m)?)’]+ [3t*(y — 2*) (I = (¢ +p)*)(((n+m)(q +p) — 21)* + a(l = (g+p)*)* +2a(l -
(g+p)*)((n+m)(g+p)—2l) +2(c+b)((¢+p)r —n—m)((n+m)(g+p)— 1) +2(ac+
ab)((g+p)z —n—m)(l—(¢+p)*) + (2bc+c+b)((q+p)z —n—m)?)]/[(yl — 21 — (g +
p)*y+2(n+m)(g+p)r—(n+m)*)*|—[t*(1—(g+p)*)(—22((n+m)(g+p) —2l)+2a((n+
m)(q+p) —xl) —2ax(l—(¢+p)*) +2a(l - (¢+p)*) —2(c+b)z((¢+p)x—n—m)+2(ac+
ab)((g+p)z —n—m))]/[(yl — 2>l = (¢+p)*y+2(n+m)(g+p)z — (n+m)*)’|Mazima
By = [3(1 = (a + p)))2(2(q + p)a — 2(m +n))(((q + p)(m +n) — le)? + 2(c +
b)(—m+(Q+p)x n)((g+p)(m+n) —lz) +2a(l — (¢ +p)*)((g +p)(m +n) — lz) +
2)(=m + (¢ + p)xr —n) + (2bc + ¢+ b)(—=m + (¢ + p)r — n)? +
[/[(=(m+n)*+2(qg+p)r(m+n) = (¢+p)*y+1ly—1a)] = [(1 - (¢ +
(¢ +p)(m +n) —lx) = 2(c + b)((g + p)(m +n) — lx) + 2(c + b)(q +

2(ac +ab)(l = (¢ +p)*)I/[(—=(m +n)* + 2(¢ + p)x(m + n) — (¢ + p)*y + ly — 2*)?]

By = 131 = (a4 p)))2(2(q + p)a — 2(n + m))(((q + p)(n +m) — le)? + 2(c +
b)(—=n+ (g +p)r —m)((g+p)(n+m) —lz)+2a(l = (¢ +p)*)((¢ +p)(n+m) —lz) +
2(ac + ab)(l — (¢ + p)*)(=n + (¢ + p)xr — m) + (2bc + ¢ + b)(—n + (¢ + p)xr — m)?* +
(= (@+p)*))/[(=(n+m)*+2(q+p)z(n+m)— (¢+p)°y +ly — 1) = [ - (¢ +
p))t*(2(q + p)((g + p)(n +m) — lx) — 2(c +b)((q + p)(n +m) — lx) + 2(c + b)(q +
p)(=n+(g+p)x—m)—2(2bc+c+b)(—n+(q+p)r—m)+2a(q+p)(l - (¢+p)*) -
2(ac+ab)(l = (¢ +p)*)I/[(—=(n+m)* + 2(¢ + p)x(n +m) — (¢ + p)*y + ly — 2*)?]

hig = —[t2(—4a(p+q)(I— (p+9)?) +2(ac+ab)x(l — (p+q)*) +2a(n+m) (I — (p+
q)?) —4(ac+ab)(p+q)(x(p+q) —n—m)+2(2bc+c+b)x(x(p+q) —n—m) +2(c+
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b)(n+m)(z(p+q) —n—m)—dalp+q)((n+m)(p+q) —lz) +2(c+b)z((n+m)(p+
q) = lx) +2(n+m)((n+m)(p+q) —12)) (1= (p+a)*)/[(~y(p+a)* +2(n+m)z(p+q) +
ly — 1z — (n+m)?)3] + [22(p+ ¢)(a(l — (p+ q)?)* + (2bc + c+b) (x(p+q) —n—m)* +
((n+m)(p+q) —lx)* +2(ac+ab)(x(p+q) —n—m)(I— (p+¢)*) +2a((n+m)(p+q) —
1z)(1—(p+9)*) +2(c+b)((n+m)(p+q) —lz)(z(p+q) —n—m))|/[(—y(lp+q)*+2(n+
m)z(p +q) +1y — la® — (n+m)?)’] + [3t(2(n + m)z — 2y(p + ) (I — (p + @)*) (a(l —
(p+q)?)*+ (2bc+c+b)(z(p+q) —n—m)2+ ((n+m)(p+q) —lz)* +2(ac+ ab)(z(p+
q) —n—m)(l=(p+q)*)+2a((n+m)(p+q) —lz)( - (p+9)*) +2(c+b)((n+m)(p+
q) —lz)(z(p+q) —n—m))l/[(-y(p+a)?* +2(n+m)z(p+q) +ly — 1z° = (n +m)?)*

hy” = —[1*(=4a(q+p)(I = (a+p)?) +2(ac+ab)e(l— (q+p)?) +2a(n+m)( - g+
p)?) —4(ac+ab)(q¢+p)(z(q+p) —n—m) +2(2bc+ c+b)x(x(qg+p) —n—m) +2(c+

—

b)(n+m)(z(q+p) —n—m)—4a(q+p)((n+m)(qg+p) —lz) +2(c+b)z((n+m)(q+
p)—lz)+2(n+m)((n+m)(g+p)—1z)) (- (¢+p)*)]/[(=y(g+p)* +2(n+m)z(g+p) +
ly =12 — (n+m)*)*) + [20%(¢+p)(a(l — (¢ +p)*)? + (2bc + ¢+ b) (z(q¢ +p) —n—m)* +
((n+m)(g+p)—lx)*+2(ac+ab)(z(q+p) —n—m)(l—(g+p)*) +2a((n+m)(g+p) -
1z)(1=(g+p)*) +2(c+b)((n+m)(g+p) —lz)(z(g+p) —n—m))|/[(—y(g+p)*+2(n+
m)z(q +p) + 1y —l2® — (n+m)*)’] + [3t°(2(n + m)z — 2y(q¢ +p)) (I — (¢ +p)*)(a(l —
(q+p)?)?*+ (2bc+c+b)(x(qg+p) —n—m)*+ ((n+m)(qg+p) —2)?> +2(ac+ab)(x(q+
p) —n—m)(l—(g+p)*) +2a((n+m)(q+p) —lz)(l = (g+p)*) +2(c+D)((n+m)(qg+
p) —lx)(x(g+p) —n—m))]/[(—y(g+p)* +2(n+m)a(g+p) +ly —l2* = (n+m)?)"]

hy o =0
hy? =0
B =0
h? =0
hs? =0
hig? =0
hs? =0
hy? =0
B =0

W) = [(2bc+c+b) ((q+p)z—n—m)2+((n+m)(qg+p) —12)2+2(c+b)((n+m)(g+
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p)—lz)((g+p)r—n—m)+2(ac+ab)(l—(q+p)*)((¢+p)r—n—m)+2a(l—(g+p)*)((n+
m)(q+p) —lx) +a(l—(¢+p)*)?]/[(=(g¢+p)*y+ly— 12>+ 2(n+m)(g+p)z — (n+m)?)’]

Hi” = [H(=2w((n+m)(q+p) — 1) +2a((n+m)(q+p) - 2l) — 2ax(l - (¢+p)?) +
2a(l — (¢ +p)*) = 2(c+b)x((g + p)x —n —m) +2(ac+ad)((q¢ + p)x —n —m))]/[(yl -
22l = (¢+p)*y+2(n+m)(g+p)r — (n+m)?)’] - [2t(y — 2°)(((n +m)(q +p) —x)* +
a(l = (g+p)*)* +2a(l = (¢+p)*)((n+m)(g+p) —2l) +2(c+b)((¢g+p)z —n—m)((n+
m)(q+p) —al) +2(ac+ab)((q+p)r —n—m)(l — (¢+p)*) + (2bc+c+b)((¢ + p)x —
n—m)*)|/[(yl = 2°1 = (g +p)*y +2(n +m)(g +p)r — (n +m)?)’]

Mg = [E2(a-+p)((q-+p) (m-+n) = lo) =2(c+ b)((a+p)(m+n) —lz) +2(c+b)(q+
p)(—=m+(q+p)x—n)—2(2bc+c+b)(—m~+(q+p)x—n)+2a(q+p)(I— (¢+p)*) —2(ac+
ab)(1=(q+p)*)]/[(=(m+n)*+2(g+p)z(m+n)— (g+p)*y+ly—1a?)*] = [2t(2(¢+p)x —
2(m+n))(((g+p)(m+n) —1z)*+2(c+b)(—m+(g+p)z—n)((g+p) (m-+n) —lz)+2a(l-
(q+p)?) ((g+p) (m~+n)—lz)+2(ac+ab) (I—(g+p)?) (—m~+(g+p)z—n)+(2bc+c+b) (—m—+
(¢+p)z—n)*+a(l—(g+p)*)*)]/[(=(m+n)*+2(g+p)z(m+n) - (q+p)*y +1ly—12°)’]

B = [t(2(q+p)((g+p)(n+m) —lx) = 2(c+b) (g +p) (n+m) — z) +2(c+b) (g +
p)(—n+(qg+p)r—m)—2(2bc+c+b)(—n+(q+p)xr—m)+2a(q+p)(I—(¢+p)*) —2(ac+
ab) (1= (g+p)*)/[(—=(n+m)*+2(g+p)x(n+m)—(q+p)*y+ly—la?)?] - [2t(2(g+p)z —
2(n+m))(((g+p)(n+m)—1x)*+2(c+b)(—n+(g+p)r—m)((g+p)(n+m)—lz)+2a(l -
(¢+p)*)((g+p)(n+m)—lz)+2(ac+ad)(I—(q+p)*) (=n+(g+p)z—m)+(2bc+c+b) (—n+
(¢+p)z—m)*+a(l—(q+p)*)*)l/[(—(n+m)*+2(g+p)z(n+m) — (¢+p)*y +ly—12?)]

hig? = [t(—4a(p+q)(1— (p+9)*) +2(ac+ab)z(l— (p+q)*) +2a(n+m) (I (p+q)?) -
4(ac+ab)(p+q)(z(p+q) —n—m)+2(2bc+c+b)x(z(p+q) —n—m)+2(c+b) (n+m)(x(p+
q)—n—m)—4a(p+q)((n+m)(p+q)—lz)+2(c+b)x((n+m)(p+q)—lz)+2(n+m)((n+
m)(p+q)—1))/[(—=y(p+9)*+2(n+m)z(p+q) +ly—la* —(n+m)*)*] - [2¢(2(n+m)z—
2y(p+q))(a(l—(p+9)*)*+ (2bc+c+b) (x(p+q) —n—m)*+((n+m)(p+q) —lz)*+2(ac+
ab)(z(p+q) —n—m)(l—(p+9)*) +2a((n+m)(p+q) —lz)(I— (p+¢)*) +2(c+b)((n+
m)(p+q) —lx)(z(p+q) —n—m))l/[(=y(p+q)*+2(n+m)z(p+q) +ly—12> — (n+m)?)’]

hie? = [t(—4a(q+p) (- (g+p)®) +2(ac+ab)z(l— (q+p)?) +2a(n+m) (I (g+p)?) -
4(ac+ab)(q+p)(z(qg+p) —n—m)+2(2bc+c+b)x(x(qg+p) —n—m)+2(c+b) (n+m)(x(q+
p)—n—m)—4a(qg+p)((n+m)(qg+p)—lz)+2(c+b)z((n+m)(q+p)—Ilx)+2(n+m)((n+
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m)(q+p)—12))/[(—y(g+p)*+2(n+m)z(g+p) +ly—la*—(n+m)*)*| - [2¢(2(n+m)z—
2y(q+p))(a(l—(g+p)*)*+(2bc+c+b)(x(g+p) —n—m)*+((n+m)(g+p) —lx)*+2(ac+
ab)(x(q+p) —n—m)(l—(q+p)*)+2a((n+m)(g+p) —lz)(l— (g+p)*) +2(c+b)((n+
m)(q+p)—1z)(x(g+p) —n—m))]/[(=y(g+p)*+2(n+m)x(q+p)+ly—1z* — (n+m)?)?]
Wity =0
hY) = [t2(222 — daz + 2a)]/[2(yl — 221 — (¢ + )%y + 2(n + m)(q + p)z — (n +
m)*)?]+ [3t*(y — 2?)*(((n +m) (g +p) — 21)* + a(l = (¢ +p)*)* +2a(l — (¢ +p)*)((n +
m)(q +p) — xl) + 2(c+ b)((¢ + p)z —n —m)((n+m)(q + p) — xl) + 2(ac + ab)((q
p)r —n—m)(l—(q+p)*) + (2bc+c+b)((g+p)x —n—m)*)|/[(yl — 2*l - (¢+p)*y
2(n+m)(q +p)r — (n+m)*)*] — [2t(y — 2?)(=22((n +m)(g + p) — 1) + 2a((n +
m)(q+p) — xl) — 2ax(l - (¢ +p)?) +2a(l = (¢ +p)?) = 2(c+b)z((q + p)z —n—m) +
2(ac+ab)((¢+p)zr —n—m))|/[(yl = 2*1 = (g +p)*y +2(n +m) (g +p)z — (n+m)?)’]
W) = [12(=2(q + p)z + 2(c + b)z + 2a(q + p) — 2(ac + ab))]/[2(—(m +n)2 +2(q +
p)z(m+n)—(g+p)*y+ly—12?)’| = [t*(2(¢+p)x —2(m~+n))(=2z((q+p) (m+n) —lz)+

i

2a((q+p)(m+n)—lz) =2(c+b)x(—m+(q+p)r—n)+2(ac+ab)(—m+(q+p)x—n)—
2a(1—(q+p)*)z+2a(l—(g+p)*)]/[(— (m+n)?+2(q+p)z(m-+n) —(g-+p)*y+ly—12*)’] -
[t (y—2*)(2(q+p) ((g+p) (m+n) —lx)—2(c+b)((g+p) (m+n) —1z)+2(c+b)(¢+p) (—m+
(q+p)r—n)—2(2bc+c+b)(—m~+(q+p)r—n)+2a(q+p)({—(g+p)?) —2(ac+ab) (I—(qg+
PP/ (=(m+n)?+2(g+p)z(m+n) —(g+p)*y+ly —12*)*]+[3t*(y —2?) (2(¢ +p)z —
2(m+n))(((g+p) (m+n)—12)2+2(c+b)(—m+(g+p)z—n)((g+p) (m+n) —lz) +2a(l—
(¢+p)*) ((g+p) (m+n)—lz)+2(act+ad) (I—(g+p)?) (—m+(g+p)z—n)+(2bc+c+b) (—m+
(¢+p)z—n)*+a(l—(g+p)*)*)]/[(—(m+n)*+2(g+p)z(m+n) — (¢+p)*y+1y—12?)"]
h$e®) = [12(=2(g+p)a+2(c+b)z+2a(g+p) —2(ac+ab))] /[2(— (n+m)*+2(q+p)z(n+
(

m)—(q+p)*y+ly—12°)*| = [t*(2(q+p)z —2(n+m))(=2x((¢+p)(n+m) —lz) +2a((q+

)—
p)(nt+m)—lx)=2(c+b)x(—n+(q+p)r—m)+2(act+ab)(—n+(¢+p)r—m)—2a(l—(¢+
p)Ha+2a(l—(q+p)*)/[(—(n+m)*+2(qg+p)x(n+m) — (q+p)*y+1ly—12*)*] - [t*(y—
2?)(2(¢+p)((g+p)(n+m) —lz) =2(c+b)((¢+p)(n+m) —lx) +2(c+b)(¢+p)(—n+(q+

(

p)x—m)—2(2bc+c+b)(—n+(g+p)x—m)+2a(qg+p)(l— (g+p)?) —2(ac+ab)(l -
P/ (= (n+m)*+2(g+p)z(n+m) —(q+p)*y+ly —12°)°] +[3t(y — 2*)(2(¢ +p)z —
2(n+m))(((g+p)(n+m)—1z)*+2(c+b)(—n+(g+p)xr—m)((¢+p)(n+m) —lx)+2a(l—

q-+
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(¢+p)*)((g+p)(ntm)—lx)+2(ac+ab)(I—(g+p)*) (=n+(g+p)z—m)+(2bc+c+b) (—n+
(g+p)z—m)*+a(l—(q+p)*)*)l/[(—=(n+m)*+2(g+p)z(n+m)— (¢+p)*y +ly—127)"]
hég” = [t*(4az(p+q) — 4a(p+q) — 2(c+ b)x® — 2(n +m)z + 2(ac + ab)x + 2a(n +
m))/[2(=y(p+q)* +2(n+m)z(p+q) +ly—12* — (n+m)*)*] = [t* (y —2*) (—4a(p+q) (I -
(p+q)?) +2(ac+ab)z(l - (p+9)*) +2a(n+m)( — (p+q)*) — 4(ac+ab)(p+ q) (z(p+
q)—n—m)+22bc+c+b)z(x(p+q)—n—m)+2(c+b)(n+m)(z(p+q) —n—m)—
da(p+q)((n+m)(p+q) —lz)+2(c+b)z((n+m)(p+q) —lx) +2(n+m)((n+m)(p+
q) —12))l/[(=y(p+@)* +2(n+m)z(p+q) +ly — 1% — (n+m)?)’] — [t*(2
2y(p+q))(—2az(l - (p+q)*) +2a(l = (p+q)*) = 2(c +b)x(z(p+ ¢) —n —m) +2(ac +
ab)(x(p+q) —n—m) —2z((n+m)(p+q) — lz) + 2a((n+m)(p +q) — lz))]/[(-y(p+
Q)*+2(n+m)z(p+q) +ly—I12* — (n+m)?)’|+ [3¢*(y — 2°) (2(n+m)z —2y(p+q)) (a(l -
(p+q)*)?+ (2bc+c+b)(z(p+q) —n—m)*+ ((n+m)(p+q) — lx)*+ 2(ac+ ab)(z(p+
q) —n—m)(l—(p+q)?)+2a((n+m)(p+q) —lz)(l = (p+q)*) +2(c+b)((n+m)(p+
q) —lx)(z(p+q) —n—m))/[(—y(p+q)* +2(n+m)z(p+q) +ly — l2° — (n+m)?)*]
héUQ) [t?(4ax(q+p) — 4a(q+p) —2(c+b)z? — 2(n+m)x + 2(ac+ ab)x + 2a(n +
m))]/[2(=y(g+p)*+2(n+m)x(q+p)+ly—lz* — (n+m)*)’] = [t*(y —2?)(—4a(g+p) (1 -
(¢+p)*) +2(ac+ab)z(l - (¢+p)*) +2a(n+m)(l — (g+p)*) — 4(ac+ab)(q +p)(z(q+
p)—n—m)+2(2bc+c+b)x(x(qg+p) —n—m)+2(c+b)(n+m)(z(¢g+p) —n—m)—
da(g+p)((n+m)(q+p) —lx) +2(c+b)z((n+m)(q+p) —lz) +2(n+m)((n+m)(q+
p) —2)|/[(=y(g+p)* +2(n+m)z(q +p) + 1y — 1% — (n+m)*)°] = [t*(2(n + m)z —
2y(q+p))(—2azx(l - (g+p)*) +2a(l = (¢ +p)?) = 2(c +b)x(x(q¢+p) —n —m) +2(ac +
ab)(z(q+p) —n—m) —2z((n+m)(q+p) —lz) +2a((n+m)(q+p) —z))]/[(-y(g+
p)?+2(n+m)z(g+p)+ly—la? — (n+m)?)’|+ [3t*(y —2?)(2(n+m)z —2y(q+p)) (all -
(q+p)?)?*+ (2bc+c+b)(z(g+p) —n—m)?+ ((n+m)(q+p) —lx)*+2(ac+ab)(z(q +
p) —n—m)(l—=(g+p)*) +2a((n+m)(g+p) —lz)( — (¢+p)*) +2(c+b)((n+m)(g+
p) —lz)(z(q+p) —n—m))l/[(=y(g+p)* +2(n+m)z(q+p) +1ly = 12° — (n+m)*)"]

5t =0

(n+m)x —

B = [(2(q+p)? — 4(c+b)(qg+p) +2(2bc+ c+b))£2] /[2(— (m+n)2+2(q+p)z(m—+
n) = (q+p)*y +ly —12*)*] = 2t*(2(¢+p)z — 2(m+n))(2(¢+p)((¢+p)(m+n) —lz) -
2(c+b)((g+p)(m+n)—lz)+2(c+b)(g+p)(—m+(g+p)r—n) —2(2bc+c+b)(—m+
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(¢+p)z—n)+2a(g+p)( - (¢+p)*) — 2(ac+ab)(l — (¢+p)*)]/[(—=(m+n)* +2(¢+
p)r(m+n) = (¢+p)*y+ly —12?)°] + 22(((¢ + p)(m +n) —12)* +2(c+b)(=m + (¢ +
p)x—n)((g+p)(m+n)—lx)+2a(l—(g+p)*)((g+p)(m+n) —lx) +2(ac+ad) (I —
)?)(=m+(q+p)z —n)+(2bc+c+b)(=m+(g+p)r —n)?*+a(l— (¢+p)*)*)]/[(—(m
)2 +2(q+p)r(m+n) = (g+p)*y+ly—12*)*|+ [3t*(2(g+p)z —2(m+n))*(((¢ +p) (m+
n) —1x)? +2(c+0)(—=m+ (¢ +p)r —n)((g+p)(m +n) —lx) + 2a(l - (¢ +p)*)((¢ +
p)(m+n)—Ix)+2(ac+ab)(I— (g+p)?)(—=m+ (¢+p)x —n) + (2bc+c+b)(—m + (¢ +
p)r —n)* +a(l = (¢+p)*))/[(—=(m+n)*+2(g +p)z(m+n) — (¢+p)*y +1y — 12°)"]
R = [(2(qg+p)2 = 4(c+b)(g+D) +2(2bc+c+b))t2] /[2(— (n+m)2 +2(¢+p)z(n+
m) —(q¢+p)*y +ly—12°)%] = [262(2(g+p)z — 2(n+m))(2(g+p)((g+p) (n+m) —lz) —
2(c+b)((g+p)(n+m)—lx)+2(c+b)(g+p)(—n+(g+p)xr—m)—2(2bc+c+b)(—n+
(¢+p)x —m)+2a(g+p)(l - (g+p)*) — 2(ac+ab)(l — (g +p)*)|/[(—(n+m)* +2(q+
Jz(n+m) = (q+p)%y +1ly —12?)°] + [262(((g + p) (n +m) —lx)* + 2(c + b) (—n + (¢ +
)z —m)((q+p)(n+m)—lz)+2a(l—(q+p)*)((g+p)(n+m)—lz)+2(ac+ab)(l—(
)?)(=n+(g+p)r—m)+(2bc+c+b)(—n+(¢+p)z—m)* +a(l - (¢+p)*)*)]/[(—(
)2 +2(g+p)z(n+m)—(g+p)*y+1ly—12°)°|+[3¢*(2(¢ +p)x —2(n+m))*(((g+p) (n+
) —1x)? +2(c+b)(=n+ (g +p)z —m)((g +p)(n+m) —lx) +2a(l — (¢ +p)*)((¢ +
)(n+m) —lz)+2(ac+ab)(l - (¢+p)*)(=n+ (¢ +p)z —m) + (2bc+ c+b)(—n+ (¢ +
p)x—m)*+a(l—(q+p)*)*)]/[(=(n+m)*+2(q +p)z(n+m) — (¢+p)*y + 1y —27)"]
b = [1(—4a(p+q)?+2a(l - (p+q)?) +2(c+b) (w(p+q) —n—m) +2((n+m) (p+
q) —lx)+2(c+b)z(p+q)+2(n+m)(p+q) +4(ac+ab)(p+q) — 2(2bc+ c+b)x — 2(c+
b)(n+m))]/[2(=y(p+q)*+2(n+m)z(p+q) +ly —12* — (n+m)?)*] = [t*(2(n+m)z —
2y(p+q))(2a(p+q)(l — (p+9)*) —2(ac+ab)(I — (p+4q)*) +2(c+b)(p+q)(z(p+q) —
n—m)—2(2bc+c+b)(x(p+q) —n—m)+2(p+q)(n+m)(p+q) —lz) —2(c+b)((n+
m)(p+q) —12)l/[(~y(p+¢)* +2(n+m)z(p+q) + 1y — l2° — (n+m)*)*| — [t*(2x(p +
2(n+m))(—dalp+q) (I - (p+q)*) +2(ac+ab)z(l— (p+9)*) +2a(n+m)(l — (p+
Y —d(ac+ab)(p+q)(x(p+q) —n—m)+2(2bc+c+b)x(z(p+q) —n—m)+2(c
(n+m)(z(p+q) —n—m)—dalp+q)((n+m)(p+q) —lz)+2(c+b)z((n+m)(p+
q) —lz) +2(n+m)((n+m)(p+q) —lz))]/[(-y(p+q)* +2(n+m)z(p+q) +ly —la* —
(n+m)*)°] = 282z (a(l — (p + @)*)* + 2bc + ¢+ b)(@(p + ¢) —n —m)* + (n+m)(p+

q+

+

p
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<
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q) —1x)*+2(ac+ab)(z(p+q) —n—m)( - (p+¢)*) +2a
0)*) +2(c+b)((n+m)(p+q) —lz)(x(p+q) —n—m))]/[(—
q) +ly —l2* — (n4+m)?)*] + [3¢*(2x(p + q) — 2(n +m))(2(n +m)z — 2y(p +¢))
(p+a)?)* + (2bc+c+b)(z(p+q) —n—m)* + ((n+m)(p+q) —lx)* +2(ac +ab)
q) —n—m)(I—=(p+q)*)+2a((n+m)(p+q) —lz)( - (p+9)*) +2(c+b)((n+m)(p+
q) —lz)(z(p+q) —n—m))]/[(-=y(p+¢)* +2(n+ m)z(p+q) + ly — lz* — (n+ m)?)"]
hig” = [1(—4a(q+p)?+2a(l - (q+p)?) +2(c+b)(@(g+p) —n—m) +2((n+m)(g+
p)—lz)+2(c+b)x(q+p)+2(n+m)(qg+p)+4(ac+ab)(g+p) —2(2bc+c+b)x —2(c+
b)(n+m))]/[2(=y(g+p)*+2(n+m)x(g+p) +ly —l2* — (n+m)?)*] = [t*(2(n+m)x —
2y(q+p))(2a(g+p)(l - (¢+p)*) — 2(ac+ab)(l — (¢+p)*) +2(c+b) (g +p)(z(g+p) —
n—m)—2(2bc+c+b)(z(q+p) —n—m)+2(¢+p)(n+m)(qg+p) —lz) = 2(c+b)((n+
m)(q+p) —12))]/[(=y(g+p)* +2(n+m)x(g+p) +1ly — 1% — (n+m)?)°] — [t*(2x(
p) —2(n+m))(—4a(g+p)(l - (¢+p)*) +2(ac+ab)x(l - (q+p)*) +2a(n+m)(l — (¢+
p)?) —4(ac+ ab)(q+p)(z(qg+p) —n—m)+2(2bc+ c+ b)x(z(g+p) —n—m) +2(c+
b)(n+m)(z(q+p) —n—m)—4alg+p)((n+m)(qg+p) —lz) +2(c+b)z((n+m)(q+
p) —lx)+2(n+m)((n+m)(qg+p) —12))]/[(—y(g+p)* +2(n+m)z(q+p) + 1y — l2° —
(n+m)?)°’) = 2tz (a(l — (¢ +p)*)* + (2bc + ¢ + D) (z(q + p) —n —m)* + ((n+m) (g +
p) —lx)?* +2(ac+ab)(x(q+p) —n—m)(l - (g+p)?) +2a((n+m)(g+p) —lz)( - (g+
p)?) +2(c+b)((n+m)(q+p) —lz)(x(g+p) —n—m)]/[(=y(g+p)* +2(n+m)z(q+
p) +1y —12° — (n+m)*)°| + [3¢*(22(q + p) — 2(n +m))(2(n + m)z — 2y(q + p))(a(l —
(¢+p)*)*+ (2bc+c+b)(x(g+p) —n—m)* + ((n+m)(g+p) —1z)* +2(ac+ ab)(z(q+
p) —n—m)(l—(g+p)*) +2a((n+m)(q+p) —lx)(l = (g+p)*) +2(c+b)((n+m)(qg+
p) —lz)(x(g+p) —n—m))]/[(—ylg+p)* +2(n+m)z(qg+p) + 1y — l2* — (n+m)?)]
hi' i =0

WG = [(2(g+p)? = 4(c+b) (g +p) +2(2be+c+b))12]/[2(— (n+m)? +2(g+p)z(n+
m) —(q+p)*y+ly —12%)*] = [2t*(2(¢ +p)x — 2(n+m))(2(¢+p)((g+p) (n+m) —lz) —
2(c+0)((q+p)(n+m)—lx)+2(c+b)(qg+p)(—n+(¢g+p)r—m)—2(2bc+c+b)(—n+
(¢+p)r—m)+2a(q+p)(l - (¢+p)*) = 2(ac+ad)(l — (g +p)*)|/[(—(n+m)* +2(¢+
p)x(n+m) —(q+p)y +ly —12?)°] + 262(((g + p)(n +m) — lx)* + 2(c + b)(—n + (¢ +
p)r—m)((g+p)(n+m)—lx)+2a(l—(q+p)*)((g+p)(n+m)—lz)+2(ac+ab)(l—(g+

—~

(n+m)(p+q)—lx)(l -

y(p+q)*+2(n+m)x(p+
a(l —
z(p+

p+

(
(

A
—~

)
(

—~

x(q+
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(=n+(g+p)r—m)+(2bc+c+b)(—n+(¢+p)r —m)* +a(l— (¢+p)*)*)]/[(—(
)?+2(g+p)z(n+m)—(g+p)*y+1ly—12°)°|+ [3¢*(2(¢ +p)x —2(n+m))*(((g+p) (n+
) —1x)? +2(c+b)(=n+ (¢ +p)z —m)((g +p)(n+m) —lx) +2a(l — (¢ +p)*)((¢ +
Y(n+m) —lz)+2(ac+ab)(l — (qg+p)*)(—n+ (¢g+p)xr —m) + (2bc+ c +b)(—n+ (¢ +
p)z—m)®+a(l = (q+p)*)*)l/[(=(n+m)* +2(¢+p)r(n+m) — (¢+p)*y +1ly — 12°)"]
by = [1(—4a(p+q)?+2a(l - (p+q)*) +2(c+b) (@(p+q) —n—m) +2((n+m) (p+
q) —lx)+2(c+b)z(p+q)+2(n+m)(p+q) +4(ac+ab)(p+q) — 2(2bc+ c+b)x — 2(c+
b)(n+m))]/[2(=y(p+q)* +2(n+m)z(p+q) +ly —12* — (n+m)?)*] = [t*(2(n+m)z —
2y(p+q))(2a(p+q)(l — (p+9)*) —2(ac+ab)(I — (p+4q)*) +2(c+b)(p+q)(z(p+q) —
n—m) —2(2bc+c+b)(x(p+q) —n—m)+2(p+q)(n+m)(p+q) —lz) —2(c+b)((n+
m)(p+q) —12)l/[(~y(p+9)* +2(n+m)z(p+q) + 1y — l2° — (n+m)*)*| — [t*(2x(p +
2(n+m))(—dalp+q) (I - (p+q)*) +2(ac+ab)z(l— (p+9)*) +2a(n+m)( — (p+
2Y—4(ac+ab)(p+q)(x(p+q) —n—m)+2(2bc+c+b)x(z(p+q) —n—m)+2(c
(n+m)(z(p+q) —n—m)—dalp+q)((n+m)(p+q) —lz)+2(c+b)z((n+m)(p+
q) —lz) +2(n+m)((n+m)(p+q) — )]/ [(-y(p+q)* +2(n+m)z(p+q) +ly — la* —
(n+m)?)?) — 2%z (a(l — (p+q¢)*)* + 2bc + c+b)(z(p+q) —n—m)? + ((n+m)(p +
q) —lx)* +2(ac+ab)(x(p+q) —n—m)(l — (p+9)*) +2a((n+m)(p+q) — l=)( — (p+
0)*) +2(c+b)((n+m)(p+q) —lz)(x(p+q) —n—m))]/[(~y(p+q)* +2(n+m)z(p +
q) +1ly —l2* — (n+m)?)*] + [3¢*(2x(p + ¢) — 2(n+m))(2(n +m)z — 2y(p + ¢))(a(l —
(p+a)*)*+ (2bc+c+D)(z(p+q) —n—m)* +((n+m)(p+q) —lx)* +2(ac+ ab)(z(p+
q) —n—m)(l—(p+q)?) +2a((n+m)(p+q) —lz)(l = (p+9¢)*) +2(c+b)((n+m)(p+
q) = lz)(z(p+q) —n—m)l/[(~y(p+a)* +2(n+m)a(p+q) +ly — 12° — (n +m)?)"]
B’ = [t?(—4da(q-+p)?+2a(l - (q+p)?) +2(c+b)((q+p) —n—m) +2((n+m)(g+
p)—lz)+2(c+b)x(q¢+p)+2(n+m)(q+p)+4(ac+ab)(q+p) —2(2bc+c+b)x —2(c+
b)(n+m))|/[2(=y(g+p)* +2(n+m)z(qg+p) +ly—la* — (n+m)?)*] = [*(2(n+m)z —
2y(q+p))(2alg+p)(l —(g+p)?) —2(ac+ab)(I - (¢+p)*) +2(c+b)(g+p)(z(g+p) -
n—m) —2(2bc+c+b)(x(qg+p) —n—m)+2(g+p)(n+m)(qg+p) —lz) —2(c+b)((n+

p)*) nt

m

S

<

q

+

q

)=
)
b)
)=

m)(q+p) —1x)]/[(—ylg+p)* +2(n+m)z(qg+p) +ly — l2* — (n+m)?)*] — [t*(22(q +
p) —2(n+m))(—4a(q+p)(l — (¢+p)*) +2(ac+ab)z(l — (¢+p)*) +2a(n+m)(l — (¢ +
p)?) —4(ac+ab)(q+p)(x(¢g+p) —n—m) +2(2bc+ c+b)z(x(q+p) — m)+2(c+
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b)(n+m)(z(q+p) —n—m)—4alg+p)((n+m)(qg+p) —lz) +2(c+b)z((n+m)(q+
p) —lx)+2(n+m)((n+m)(q+p) —12))]/[(—ylg+p)* +2(n+m)z(q+p) +1y — lz° —
(n+m)?)°] = [2t%z(a(l — (¢ +p)*)* + (2bc + ¢ + b)(x(q + p) —n —m)* + ((n +m)(q +
p) —lx)* +2(ac+ab)(z(q¢+p) —n—m)(l - (g+p)*) +2a((n+m)(qg+p) —lz)(l - (¢+
p)?) +2(c+b)((n+m)(q+p) —lz)(x(g+p) —n—m)]/[(=y(g+p)* +2(n+m)z(q+
p) +1y —12® — (n+m)*)°| + [3¢*(22(q + p) — 2(n+m))(2(n + m)z — 2y(q + p))(a(l —
(¢+p)?)* + (2bc+c+b)(x(g+p) —n—m)* + ((n+m)(q+p) —12)*+2(ac+ab)(z(q+
p) —n—m)(l—(g+p)*)+2a((n+m)(q+p) —lz)(l - (q+p)*) +2(c+b)((n+m)(g+
p) —lz)(x(g+p) —n—m))l/[(—ylg+p)* +2(n+m)z(qg+p) + 1y — l2® — (n+m)?)]
hi'fo =0

his? = [12(8a(p+q)® —da(l—(p+q)*) — 4(ac+ab)(z(p+q) —n—m) —4da((n+m)(p+
q)—lz)—8(ac+ab)x(p+q)—8a(n+m)(p+q)+2(2bc+c+b)x*+4(c+b)(n+m)z+2(n+
m)*)/[2(=y(p+q)* +2(n+m)z(p+q) +ly—12> — (n+m)*)*] = [2¢*(2(n+m)z —2y(p+
0))(—4a(p+q)(I—(p+9)*) +2(ac+ab)x(l - (p+9)*) +2a(n+m)(l - (p+q)*) — 4(ac+
ab)(p+q)(z(p+q) —n—m)+2(2bc+c+b)x(z(p+q) —n—m)+2(c+b)(n+m)(z(p+q)—
n—m)—4a(p+q)((n+m)(p+q) —lx)+2(c+b)z((n+m)(p+q) —lx)+2(n+m)((n+
m)(p+q) —12))/[(=y(p+9)* +2(n+m)x(p+q)+ly—la* —(n+m)?)*|+ 2%y (a(l— (p+
q)*)*+(2bc+c+b)(x(p+q) —n—m)*+ ((n+m)(p+q) —lx)* +2(ac+ab) (z(p+q) —n—
m)(l—(p+q)*)+2a((n+m)(p+q) —l2) (1= (p+9)*) +2(c+b)((n+m) (p+q) —lz) (z(p+
q) —n—m))|/[(=y(p+q)* +2(n+m)x(p+q) +ly—l* — (n+m)*)*|+ [3t*(2(n+m)x —
2y(p+q))*(al—(p+q)*)*+(2be+c+b) (x(p+q) —n—m)*+((n+m)(p+q) —1x)*+2(ac+
ab)(z(p+q) —n—m)(l—(p+9)*) +2a((n+m)(p+q) —lz)(I— (p+¢)*) +2(c+b)((n+
m)(p+q) —lx)(x(p+q) —n—m))l/[(=y(p+q)*+2(n+m)z(p+q) +ly—12> — (n+m)?)’]

h(U2) [t2(8a(q+p)*—4a(l—(q+p)?) —4(ac+ab)(z(q+p) —n—m)—4a((n+m)(q+
p)—lz)—8(ac+ab)x(q+p)—8a(n+m)(q+p)+2(2bc+c+b)x® +4(c+b)(n+m)r+2(n+
m)*)|/[2(=y(q+p)*+2(n+m)z(g+p) +ly—lz* — (n+m)*)*] = [2t*(2(n+m)z —2y(¢+
p))(—4a(g+p)(l—(¢+p)*) +2(ac+ab)z(l— (g+p)*) +2a(n+m) (I — (¢+p)®) — 4(ac+
ab)(q+p)(z(qg+p)—n—m)+2(2bc+c+b)x(x(q+p) —n—m)+2(c+b)(n+m)(z(q+p)—
n—m)—4a(q+p)((n+m)(qg+p)—lx)+2(c+b)z((n+m)(q+p)—lz)+2(n+m)((n+
m)(q+p)—12))]/[(=y(g+p)*+2(n+m)z(g+p) +ly—lz* = (n+m)?*)*|+ 2%y (a(l - (¢ +
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)22+ (2bc+c+b)(x(qg+p) —n—m)2+((n+m)(qg+p) —Ilx)*+2(ac+ab)(z(qg+p) —n—
m)(l—(q+p)*)+2a((n+m)(g+p) —lz) (1= (g+p)*) +2(c+b)((n+m)(g+p) —lz)(x(g+
p) —n—m)/[(=y(qg+p)*+2(n+m)z(g+p)+ly—lz* — (n+m)*)*]+[3t*(2(n+m)z —
2y(q+p))?(a(l—(q+p)*)*+(2be+c+b) (x(g+p) —n—m)*+((n+m)(g+p) —lx)*+2(ac+
ab)(z(g+p) —n—m)(l—(¢+p)*) +2a((n+m)(g+p) —lx)(l— (¢+p)*) +2(c+b)((n+

m)(q+p)—lx)(z(qg+p) —n—m))l/[(=y(g+p)*+2(n+m)z(q+p) +ly—12> = (n+m)?)’]

h'io =0

hy” = [2(8a(q+p)* —4a(l— (¢+p)?) —4(ac+ab) (x(g+p) —n—m) —4a((n-+m)(q-+
p)—lz)—8(ac+ab)z(q+p) —8a(n+m)(q+p)+2(2bc+c+b)x*+4(c+b)(n+m)x+2(n+
m))|/[2(=y(q+p)*+2(n+m)z(g+p) +ly —12* = (n+m)*)*] = [263(2(n+m)x —2y(g+
p))(—4a(g+p)(l - (¢+p)*) +2(ac+ab)x(l—(g+p)*) +2a(n+m) (I — (¢+p)?) — 4(ac+
ab)(q+p)(z(g+p) —n—m)+2(2bc+c+b)z(z(¢+p) —n—m)+2(c+b)(n+m)(z(q+p)—
n—m)—4a(qg+p)((n+m)(qg+p) —lz) +2(c+b)z((n+m)(qg+p) —lz) +2(n+m)((n+

m)(q+p)—12))]/[(=y(g+p)*+2(n+m)z(q+p)+ly—12* — (n+m)?)*| + 20y (a(l— (¢ +
p)?)*+(2bc+c+b)(z(g+p) —n—m)*+((n+m)(g+p) —lx)*+2(ac+ab)(z(q+p) —n—
m)(1—(g+p)*) +2a((n+m)(g+p) —lz)(I—(g+p)*) +2(c+b)((n+m)(q+p) —lz)(x(qg+
p)—n—m)/[(=y(g+p)*+2(n+m)z(qg+p)+1ly—la?— (n+m)?)’] + [3t*(2(n+m)z —
2y(q+p))?(al—(q+p)*)*+(2be+c+b) (x(g+p) —n—m)*+((n+m)(g+p) —lx)*+2(ac+
ab)(z(q+p) —n—m)(l—(q+p)*)+2a((n+m)(g+p)—lz)(l - (q+p)*) +2(c+b)((n+

m)(q+p)—lz)(x(g+p) —n—m))l/[(=y(g+p)*+2(n+m)z(q+p) +ly—12> — (n+m)?)’]

hy'io =0
U
hgoﬁo =0

WYY = [s2(8(2be+c+b)a? = 4(2betc+b) (y—2%) —da(c+b) ((g+p)z—n—m) —4(c+
b)((n+m)x—(q+p)y)—8a(c+b)(q+p)xr—8(c+b)(n+m)x+2a(q+p)*+4a(n+m)(qg+
p)+2(n+m)*)|/[2(=12® +2(n+m)(g+p)r — (¢+p)*y +ly— (n+m)*)*] = [25*(2(n +
m)(q+p) —2lz)(—=4(2bc+c+b)x(y — %)+ 2a(c+b)(g+p)(y —2*) +2(c+b) (n+m)(y —
2?) —da(c+b)z((g+p)r —n—m)+2a(g+p)((g+p)xr —n—m)+2a(n+m)((q+p)r—
n—m)—4(c+b)z((n+m)z—(¢+p)y) +2a(g+p)((n+m)z—(¢+p)y) +2(n+m)((n+
m)z —(q+p)y)]/[(—lz? +2(n+m)(g+p)z — (q+p)*y+1ly — (n+m)?)°] + [21s*((2bc +
c+0)(y—12*)* +a((g+p)r —n—m)* +((n+m)z—(¢+p)y)* +2a(c+b)((g+p)r—n—
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+

m)(y — %) +2(c+b)(n+m)x — (¢+p)y)(y —2*) +2a((n+m)x — (¢+p)y) (¢ +p)x —
( q

) )
m))|/[(=12* +2(n+m)(g+p)z — (¢+p)*y +ly — (n+m)*)*] + [35*(2(n + m)
p) —2lx)*((2bc+c+b)(y —2°)* +a((g+p)z—n—m)*+ ((n+m)z —(g+p)y)*+2a
b)((q+p)x—n—m)(y— ) +2(c+b)((n+m)z - (q+p)y)(y — 2*) +2a((n +m)z —
(¢ +p)y)((g+p)x—n—m))]/[(—12*+2(n+m)(g+p)x — (¢+p)°y +1y — (n+m)*)*
hg‘"’) = [s*(=4(c+b)(—q—p)x — 4(2bc+ c+b)x +2a(—q —p)(q+p) +2a(c+b)(q+
p)+2(n+m)(—q—p)+2(c+b)(n+m))|/[2(—(q+p)*y +1ly —l2° +2(n+m)(g+p)x —
(n+m)*)?|+[3(1—(g+p)*)s*(2(n+m)(g+p) —2lz)((n+m)z — (¢+p)y)* + (2bc+c+
b)(y—2%)*+2(c+b)(y —2*)((n+m)z — (¢+p)y) +2a((g+p)z—n—m)((n+m)z —(¢+
p)y)+2a(c+b)((g+p)x—n—m)(y—2*)+a((g+p)r—n—m)*)]/[(—(g+p)*y+ly—1z°+
2(n+m)(g+p)r—(n+m)?)* = [(l—(g+p)*)s*(—4(c+b)z((n+m)z—(g+p)y) +2a(g+
J(n+m)z—(qg+p)y)+2(n+m)((n+m)x—(q+p)y) —4(2bc+c+b)z(y — x*) +2a(c+

(
(

+

C

[—_a

p)(

b)(q+p)(y—2*)+2(c+b)(n+m)(y—2*) —4a(c+b)x((g+p)r —n—m)+2a(q+p)((q+
p)z—n—m)+2a(n+m)((¢+p)z—n—m))]/[(=(g+p)*y+ly—la®+2(n+m)(q+p)z—
(n+m)?)°] = [s*(2(n+m)(q+p) — 2lz)(2(—g —p)((n+m)z — (¢+p)y) +2(c+b)((n+

m)x—(q+p)y)+2(c+b)(—q—p)(y—2)+2(2bc+c+b) (y—2*) +2a(—q—p)((¢+p)r—n—
m)+2a(c+b)((g+p)x—n—m))]/[(—(qg+p)*y+1ly—l2*+2(n+m)(q+p)z— (n+m)?)’]

hig” =0
hiy? =0

WY = [2522(((n+m)z — (q+p)y)> + (2bc+ e+ b) (y — 22)% +2(c+b) (y — 22) ((n +
m)z —(¢+p)y) +2a((¢+p)x —n—m)((n+m)z - (¢+p)y) +2a(c+b)((q+p)z —n—
(y—2?)+a((g+p)z—n—m)*)]/[(yl—2*—(g+p)*y+2(n+m)(qg+p)z—(n+m)*)’] -
2(y —2?)(—4(c+b)x((n+m)x — (¢ +p)y) +2a(g+p)((n+m)x — (¢+p)y) +2(n+
m)((n+m)x—(q+p)y) —4(2bc+c+b)a(y —22) +2a(c+b) (q+p) (y —22) +2(c+b) (n+

m

[s

(
(

m)(y—x*) —4a(c+b)z((q+p)r —n—m)+2a(q+p)((g+p)r—n—m)+2a(n+m)((q+
p)x—n—m))]/[(yl—2*l = (q+p)*y+2(n+m)(qg+p)z—(n+m)*)’| + [3s*(y — %) (((n+
m)x —(q+p)y)* +(2bc+c+b)(y—2?)* +2(c+b)(y —2*) ((n+m)z — (¢+p)y) +2a((q+

p)x —n—m)((n+m)z—(q+p)y) +2a(c+b)((¢+p)x —n—m)(y —2*) +a((q+p)r —
n—m)*)(2(n+m)(q+p) —220)]/[(yl = 2°l = (¢ +p)*y +2(n+m)(q+p)x — (n+m)*)*]
hie" = [s*(2(x(m+n) — (q+p)y) +2x(m+n) —2a(m+n) +2a(—m+(g+p)z—n) +
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2(c+b)(y—2°) —4(c+b)2* +2a(g+p)r+4a(c+b)x —2a(g+p))]/[2(—(m+n)*+2(q+
p)r(m+n)—(g+p)*y+ly—12?)% = [s*(2(¢+p)r —2(m+n))(2(m+n)(z(m+n) - (¢+
p)y)—4(c+b)z(z(m+n)—(¢+p)y)+2a(g+p)(z(m+n)—(¢+p)y)+2a(—m~+(g+p)z—
Y(m—+n)+2(c+b)(y—2?)(m+n)—4da(c+b)z(—m~+(q+p)x—n)+2a(q+p)(—m+(q+
p)x—n)—4(2bc+c+b)x(y—a?)+2a(c+b)(g+p)(y—a?))]/[(—(m~+n)* +2(q+p)z(m+
(¢+p)?y+ly—12°)°] = [s*(2(g+p)(m+n) —2lz) (2z(z(m+n) — (¢+p)y) —2a(z(m+
(q+p)y)+2az(—m+(q+p)xr—n)—2a(—m~+(g+p)x—n)+2(c+b)x(y—2?)—2a(c+
b)(y—2*)]/[(—(m+n)*+2(¢+p)z(m+n)—(¢+p)*y+ly—12?)°] - [2(g+p)s*((z(m+
n) = (g+p)y)*+2a(—m+(g+p)z—n)(z(m+n)—(¢+p)y) +2(c+b)(y—2?)(z(m+n) -
(q+p)y)+2a(c+b)(y—z*)(—m~+(q¢+p)r—n)+a(—m+(qg+p)x—n)*+ (2bc+c+b) (y —
)]/ [(—=(m+n)*+2(q+p)x(m+n) — (g+p)*y + 1y —12°)*] + [35*(2(q + p)z — 2(m+
n))(2(g+p)(m+n)—=2z)((x(m+n) = (¢+p)y)*+2a(—m+(g+p)x—n)(z(m+n)—(¢+
p)y)+2(c+d)(y—2*)(z(m+n) = (¢+p)y)+2a(c+b) (y—2*)(—m+(g+p)z—n)+a(—m+
(¢+p)z—n)?+(2bc+c+b) (y—2)?)] /[(—=(m+n)?+2(g+p)x(m+n) —(g¢-+p)*y+ly—12°)"]

Bz = [5*(2(x(n +m) = (q+p)y) + 2x(n +m) — 2a(n+m) + 2a(—n + (g +p)z —

S

n)—
)—

n

m) + 2(c+b)(y — 2?) — 4(c + b)a® + 2a(q + p)x + da(c + b)x — 2a(q + p))]/[2(—(n +
+2(q +p)r(n+m) — (q+p)?y +ly = 12%)’] — [s*(2(¢ + p)z — 2(n +m))(2(n +
(@(n+m)—(g+p)y) —4lc+b)z(z(n+m)—(¢+p)y) +2a(g+p)(@(n+m) - (¢+
Yy)+2a(—n+(¢g+p)x—m)(n+m)+2(c+b)(y —2*)(n+m) —4da(c+b)z(—n+ (¢+
)z —m)+2a(q+p)(—n+(g+p)r—m)—4(2bc+c+b)x(y — 2?) +2a(c+b) (¢ +p)(y —
D= (n+m)?+2(g+p)z(n+m) = (q+p)°y +ly — 12*)*] = [s*(2(¢ +p)(n+m) —
2lz)(2x(x(n+m) — (¢ + p)y) — 2a(z(n+m) — (¢ +p)y) + 2az(—n+ (¢ +p)r —m) —
2a(—n+ (q+p)z —m) +2(c+b)z(y — 2%) — 2a(c + b)(y — 22)]/[(—=(n +m)? + 2(q +
p)z(n+m)—(g+p)*y+ly—12*)*| = [2(¢ +p)s*((x(n+m) = (¢+p)y)* +2a(—n+(g+
p)z —m)(z(n+m)—(q+p)y)+2(c+b)(y —2*)(z(n+m) — (¢+p)y) +2a(c+b)(y —
2?)(=n+(g+p)r—m)+a(—n+(g+p)r—m)>+ (2bc+c+b)(y —2*)?)] /[(—(
2(g+p)z(nt+m)—(g+p)*y+1ly—12*)°]+[35*(2(¢ +p)z — 2(n+m))(2(g+p) (n+m) —
2lz)((x(n+m)—(g+p)y)*+2a(—n+(g+p)z—m)(z(n+m)—(g+p)y) +2(c+b)(y —
2?)(z(n+m) — (¢ +p)y) +2a(c+b)(y — 2*)(—n+ (¢ +p)z —m) +a(-n+ (¢+p)x —
m)? + (2bc+c+b)(y —2?)?)]/[(—(n+m)* +2(q +p)x(n+m) — (¢+p)*y + 1y — l2?)"]

)
m)?
m)

p

=

8

n+m)*+
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hig? = [s*(2a((n+m)z—y(p+0q)) +2a(z(p+q) —n—m) —2ay(p+q) +2az(p+q) +
2a(c+b)(y —2?) +4(c+b)zy —2(n+m)y —4da(c+b)z* +2a(n+m)x)]/[2(—y(p+q)* +
2(n+m)z(p+q)+ly—i2°—(n+m)?)?| = [s*(2(n+m)z—2y(p+q)) 2a(p+q)((n+m)z—
y(p+q))—4(c+b)z((n+m)z—y(p+q))+2(n+m)((nt+m)z—y(p+q))+2alp+q)(z(p
q)—n—m)—4da(c+b)z(x(p+q) —n—m)+2a(n+m)(x(p+q) —n—m)+2a(c+b)(y—
2?)(p+q)—4(2bc+c+b)z(y—a?)+2(c+b) (n+m) (y—2?))]/ [(—y(p+q)* +2(n+m)z(p+
@) +ly—lz>—(n+m)?)*|=[s*(2(n+m)(p+q) —20z)(=2y((n+m)z—y(p+q)) +2az((n+

+

m)z—y(p+q))—2ay(x(p+q) —n—m)+2azx(z(p+q) —n—m)—2(c+b)y(y—a?)+2a(c+
b)x(y—=2*)]/[(—y(p+9)* +2(n+m)z(p+q) +ly—la* — (n+m)?)*] = [2(n+m)s*(((n+
m)r—y(p+q))*+a(x(p+q) —n—m)*+2a(z(p+q) —n—m)((n+m)r—y(p+q))+2(c+
b)(y —2*)((n+m)x —y(p+q)) +2a(c+b)(y —2*)(z(p+q) —n—m)+ (2bc+c+b)(y -
)/ (—y(p+a)* +2(n+m)z(p+q) +ly —l2* — (n+m)*)*| + [35*(2(n+m)(p+q) —
21x)(2(n+m)z—2y(p+q))((n+m)z—y(p+q))*+a(z(p+q) —n—m)*+2a(z(p+q) —
n—m)((n+m)z—y(p+q))+2(c+b)(y—2*)((n+m)r—y(p+q))+2a(c+b)(y—2*)(z(p+
q)—n—m)=+(2bc+c+b)(y—2*))]/[(=y(p+9)*+2(n+m)x(p+q)+ly—la*—(n+m)?)*]

he? = [s2(2a((n+m)z —y(q+p) +2a(x(g+p) —n—m) —2ay(q+p)+2az(q+p) +
2a(c+b)(y —2*) +4(c+b)zy —2(n+m)y —4da(c+b)z* +2a(n+m)z)] /[2(—y(g+p)* +
2(n+m)z(q+p)+ly—lz®—(n+m)*)*] = [s*(2(n+m)z—2y(g+p)) (2a(g+p)((n+m)z—
y(g+p))—4(c+b)z((n+m)z—y(g+p))+2(n+m)((n+m)z—y(g+p))+2a(g+p)(z(¢+
p)—n—m)—4da(c+b)z(x(qg+p) —n—m)+2a(n+m)(z(q+p)—n—m)+2a(c+b)(y—
2?)(q+p) —4(2bet+c+b)x(y—2?) +2(c+b) (n+m)(y—2?))]/[(—y(g+p)*+2(n+m)z(g+
p)+ly—lz>—(n+m)?)’] = [s*(2(n+m)(g+p) —212) (= 2y((n+m)z—y(g+p)) +2az((n+
m)z—y(g+p)) —2ay(z(g+p)—n—m)+2az(z(g+p)—n—m)—2(c+b)y(y—=z*)+2a(c+
b)x(y—x2))l/[(—y(g+p)*+2(n+m)z(g+p)+ly—Iz* = (n+m)?*)?| = [2(n+m)s*(((n+
m)z—y(q+p))*+a(z(g+p) —n—m)’+2a(z(¢+p) —n—m)((n+m)z—y(q+p))+2(c+
b)(y —2*)((n+m)x —y(q+p)) +2a(c+b)(y —2°)(z(¢+p) —n—m)+ (2bc+c+b)(y —
)/ [(=ylg+p)* +2(n+m)a(g+p) +ly—12* — (n+m)*)°] + [3s*(2(n+m) (g +p) —
21x)(2(n+m)z—2y(q+p))((n+m)z—y(g+p))*+a(z(qg+p) —n—m)*+2a(z(q+p) —
n—m)((n+m)z—y(g+p))+2(c+b)(y—a?)((n+m)z—y(g+p))+2a(c+b)(y—2*)(z(g+
p)—n—m)+(2bc+c+b) (y—a2)*)|/[(—y(g+p)>+2(n+m)z(g+p) +ly—lz> — (n+m)?)*]
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B = [(—4(e+Da((n+m)z — (a+p)y) +2a(g+p)((n+m)z — (g+p)y) +2(n+
m)((n+m)x—(q+p)y) —4(2bc+c+b)x(y—x2)+2a(c+b)(q+p)(y —2%) +2(c+b)(n+
m)(y—a*) —4a(c+b)z((¢+p)r—n—m)+2a(g+p)((¢+p)r—n—m)+2a(n+m)((¢+
p)z—n—m))s|/[(—(q+p)*y+ly—lz>+2(n+m)(g+p)zr— (n+m)?)*| = [2(2(n+m)(q+
p) = 2lz)(((n+m)z — (¢+p)y)* + (2be + c +b)(y — 2°)> +2(c + b) (y — 2*)((n + m)z —
(¢+p)y)+2a((g+p)z—n—m)((n+m)z—(¢+p)y) +2a(c+b)((¢+p)r —n—m)(y—
2?) +a((q+p)x —n—m)?)s|/[(=(g+p)*y + 1y —lz* +2(n+m) (g +p)z — (n+m)*)?]

B = [(4(c+b) (=g —p) +2(—g—p)*+2(2be+c+b))s?)/[2(— (g +p)?y +1y—la* +
2(n+m)(g+p)r—(n+m)?)?|+[3(1—(g+p)*)*s*(((n+m)z—(g+p)y)*+(2bc+-c+b) (y—
)2 +2(c+0)(y—2?)((n+m)z—(¢+p)y) +2a((g+p)r—n—m)((n+m)z—(¢+p)y) +
2a(c+b)((g+p)z—n—m)(y—2*)+a((g+p)r—n—m)*)]/[(=(¢+p)*y+ly—12°+2(n+

)(g+p)r—(n+m)*)! = [2(1—(¢+p)*)s*(2(—g—p)(n+m)z—(g+p)y) +2(c+D)((n+
m)z—(q+p)y)+2(c+b)(—q—p)(y—2*)+2(2bc+c+b) (y—a?) +2a(—q—p)((¢+p)z—n—

)

8

3

m)+2a(c+b)((q+p)x—n—m))/[(—(q+p)>y+ly— Lz +2(n+m)(g+p)z — (n+m)>)?]
hiy) =
h =0
hie® = —[s2(((n+m)x — (q+p)y)> + (2bc+c+b) (y — %)% +2(c+b)(y — ) ((n +

m)z — (q¢+p)y) +2a((¢+p)z —n—m)((n+m)zx—(g+p)y)+2a(c+b)((g+p)r—n—
(y—2*) +al(g+p)x—n—m)?)]/[(yl — 2%l = (¢+p)*y +2(n+m)(q¢+p)z — (n+

m)?)’] = [s*(y — 2°)(2(—=q¢ = p)(n + m)x — (¢ +p)y) + 2(c+b)((n+m)z — (¢ +p)y) +
2(c+b)(—q—p)(y —2*)+2(2bc+c+b)(y — 2*) +2a(—q—p)((¢+p)x —n—m) +2a(c+
b)((q+p)x—n—m))]/[(yl — 2l = (q+p)*y+2(n+m)(q+p)x — (n+m)*)*| + [3s*(y —

%(
(((n+m)z — (q+p)y)* + (2bc + c+b)(y — 2?)* + 2(c + b) (y — 2*)((n + m)z — (
p)y)+2a((g+p)x—n—m)((n+m)x—(q+p)y)+2a(c+b)((¢+p)r —n—m)(y—2?)+
a((g+p)z—n—m)*) (= (g+p)*)]/[(yl =2l = (g+p)*y+2(n+m)(g+p)z — (n+m)?)’]

W = [s*(2(—q = p)z+2(c+b)x — 2a(—q — p) — 2a(c+b))]/[2(—(m+n)? +2(g +
p)x(m+n)—(g+p)*y+ly—I12*)*] = [(I—(g+p)*)s* 2z (z(m+n) — (¢+p)y) —2a(z(m+
n)—(q+p)y)+2az(—m+(g+p)r—n)—2a(—m+(q+p)r—n)+2(c+b)z(y—2*) —2a(c+
b)(y—2*)/[(=(m+n)>+2(g+p)x(m+n) —(g+p)*y+Hly—12%)*] = [s*(2(g+p)r—2(m+
n))(2(—g—p)(z(m+n) = (¢+p)y) +2(c+b)(z(m+n)—(g+p)y) +2a(—q¢—p)(—m+

q—+

)
(
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(q+p)z—n)+2a(c+b)(—m+(q¢+p)xr—n)+2(c+b)(—q—p)(y — %) +2(2bc+c+b) (y —
)/ [(—=(m+n)*+2(qg+p)x(m+n) —(¢+p)*y +1ly —12*)*| + [3(1 — (¢ +p)*)s*(2(q +
p)z —2(m+n))((z(m+n)—(¢+p)y)* +2a(-m+(¢+p)z—n)(@(m+n)— (¢g+p)y) +
2(c+0)(y—a?)(x(m+n) = (¢+p)y)+2a(c+b)(y —2?) (=m+(g+p)zr—n)+a(—m+(g+
p)x—n)?+(2be+c+b)(y—22)*)]/[(—(m+n)?+2(¢+p)z(m—+n) —(¢+p)*y +ly—12?)"]
W) = [s2(2(=q = p)a+2(c+b)x — 2a(—q — p) — 2a(c+b))]/[2(—(n+m)? +2(g +
p)z(n+m)—(q+p)*y+ly—12%)’] = [(1 = (q+p)*)s*2z(x(n+m) — (¢+p)y) —2a(x(n+
)—(a+p)y)+2ax(—n+(g+p)z—m)—2a(—n+(g+p)z—m)+2(c+b)z(y—z°) —2a(c+
b)(y—22))l/[(—(n+m)*+2(g+p)z(n+m)—(q+p)*y+ly—1z*)’| = [s*(2(g+p)r—2(n+
m))(2(=q—p)(@(n+m) —(q+p)y) +2(c+b)(x(n+m) — (¢ +p)y) +2a(—q—p)(—n+
(g+p)r—m)+2a(c+b)(—n+(qg+p)x—m)+2(c+b)(—qg—p)(y—22)+2(2bc+c+b) (y —
)/ (= (n+m)* +2(g+p)x(n+m)—(¢+p)’y +ly —12*)*| + [3(1 — (¢ +p)*)s*(2(g +
p)z—2(n+m))((z(n+m)—(¢+p)y)* +2a(—n+(¢+p)z —m)(z(n+m)— (¢+p)y) +
2(c+0)(y—2*)(z(n+m) = (g+p)y) +2a(c+b)(y—2*)(—n+(g+p)r—m)+a(—n+(¢+
p)z—m)*+(2bc+c+b)(y—2)*)|/[(—(n+m)*+2(g+p)z(n+m)—(q+p)y+ly—1a®)"]
)= [2(=2((n+m)z—y(p+9)) —2a(e(p+q) —n—m) —2y(—p—q) +2ax(—p—

q) —2(c+b)(y —2°) = 2(c+b)y +2a(c+b)2)l/[2(~y(p+¢)* +2(n+m)z(p+q) + 1y —
122 — (n+m)?)?] = [s*(=2y((n+m)z —y(p+q)) +2az((n+m)x—y(p+q)) — 2ay(z(p+
q) —n—m)+2az(z(p+q) —n—m) —2(c+by(y — 2°) +2a(c+b)x(y — 2°))(I - (p+
)/ [(=y(p+9)* +2(n+m)a(p+q) + 1y —12* — (n+m)*)*] = [s*(2(n +m)x —2y(p
7))2(=p—q@)((n+m)z—y(p+q)) +2(c+b)((n+m)z —y(p+q)) +2a(—p—q)(z(p+
q)—n—m)+2a(c+b)(x(p+q)—n—m)+2(c+b)(y—2*)(—p—q) +2(2bc+c+b)(y —
P/ (=y(p+q)* +2(n+m)x(p+q) +1ly —la* — (n+m)?)*| + 25> (p+¢) (n +m)z —
y(p+9))* +a(z(p+q) —n—m)*+2a(z(p+q) —n—m)((n+m)z —y(p+q)) +2(c
(y—2*)((n+m)z —y(p+q)) +2a(c+b)(y —2*)(z(p+q) —n—m)+ (2bc+c+b)(y -
D9/ [(—y(p+a)? +2(n+m)z(p+q) +ly —la® — (n+m)?*)*|+ [35*(2(n+m)z —2y(p
0)(I—(p+a)*)(n+m)z—y(p+9))* +a(z(p+q) —n—m)*+2a(z(p+q) —n—m)((n
m)z —y(p+q)) +2(c+0)(y —2?)(n+m)r —y(p+q) +2a(c+b)(y — 2*)(x(p+q) —
—m)+(2be+c+b)(y—2%)*)|/[(~y(p+9)* +2(n+m)z(p+q) +1ly —lz* — (n+m)?)"]
h%” = [*(=2((n+m)z—y(g+p)) —2a(z(g+p) —n—m) —2y(—q—p) +2az(—q—

m

his® =

+

S >
%~2
+ +

+
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p)—2(c+b)(y —2*) =2(c+b)y +2a(c+b)x)|/[2(—y(q+p)* +2(n+m)z(q+p) + 1y —
22— (n+m)?)? — [s*(—2y((n+m)z —y(q+p)) +2az((n+m)z —y(g+p)) — 2ay(z(q+

p) —n—m)+2ax(z(q+p) —n—m)—2(c+b)y(y — 2%) +2a(c+b)a(y —2*)) (I — (¢+
p))/[(=y(g+p)>+2(n+m)x(g+p) +1ly —12° — (n+m)*)’] = [s*(2(n +m)z — 2y(q +
p))2(=q—p)(n+m)z—y(q+p))+2(c+b)((n+m)x —y(q+p)) +2a(—q—p)(z(q+
p)—n—m)+2a(c+b)(x(qg+p)—n—m)+2(c+b)(y—2*)(—q—p)+2(2bc+c+b)(y—
)N/ [(=y(g+p)* +2(n+m)z(q+p) +ly —la* — (n+m)*)*|+[25* (g +p) (((n+m)z —
y(g+p))*+a(z(qg+p) —n—m)*+2a(x(¢+p) —n—m)((n+m)x —y(g+p)) +2(c+
b)(y—2*)((n+m)zx - y(q+p))+2a(0+b)(y—x2)(( +p)—n—m)+(2bc+c+b)(y—
2)*)/[(=y(q+p)* +2(n+m)z(g+p) +ly— 12> — (n+m)* 3] +[3s*(2(n+m)z —2y(g+
p) (1= (g+p)*)((n+m)z—y(q+p))* +a(z(g+p) —n—m)*+2a(z(q+p) —n—m)((n+
)

m)r —y(q+p)) +2(c+b)(y — 2*)((n+m)x — y(g+p)) +2a(c+b)(y —2*)(z(q¢+p) —
n—m)+(2bc+c+b)(y—2%)*)]/[(—y(g+p)* +2(n+m)z(g+p) + 1y —la? — (n+m)?)’]

B = [2(=g = p)((n+m)z = (g+p)y) + 2(c +b)((n+m)z — (q+p)y) +2(c +
b)(—q = p)(y — 2*) +2(2bc + ¢+ b)(y — 2°) + 2a(—q — p)((q + p)x —n —m) + 2a(c +
b)((g+p)r—n—m))s]/[(=(g+p)*y+1ly—12*+2(n+m)(g+p)z — (n+m)?)?*] - [2(1 -
(+p)*)(((n+m)x = (g+p)y)* + (2be+ e+ b) (y — 2%)* + 2(c + b) (y — %) ((n + m)z —
(¢+p)y) +2a((g+p)r—n—m)((n+m)z—(¢+p)y) +2a(c+b)((¢+p)xr—n—m)(y—
2?) +a((q+p)x —n—m)?)s]/[(—(q+p)*y +1ly — 12> +2(n+m) (g +p)z — (n+m)*)?]

=0
h$ =0
W =0
=0
e =0
=0
=0
P = 0
hig =0
hig =0
hig? =0
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hU) =0
h =0
h =0
hPs) =0
hs? = [352(y — 22)2((n+m)x — (q+p)y)® + (2be+ ¢ +b) (y — 2%)2 +2(c + b)(y —

(
2?)((n+m)r—(g+p)y)+2a((g+p)r—n—m)((n+m)z—(g+p)y)+2a(c+b)((¢+p)z—
m)(y—a?)+a((g+p)xr—n—m)?)|/[(yl—2°1—(q+p)*y+2(n+m)(g+p)z—(n+m)?)*
(
(

—

hé?’ = 3s%(y — 2%)(2(q + p)x — 2(m +n))((x(m +n) = (¢+ p)y)* + 2a(~m + (g
p)r —n)(z(m+n) = (¢+p)y) +2(c+b)(y — 2*)(x(m+n) = (¢+p)y) +2a(c+b)
2?)(=m+ (¢ +p)r —n) +a(=m+ (¢ +p)x —n)* + (2bc + ¢ + ) (y — 2?)*)] /[(—(
n)?+2(g+p)a(m+n) —(q+p)y+ly —12°)*] = [s*(y — 2*) 22 (2(m +n) — (¢ +p)y) —
2a(x(m+n) — (¢+p)y) +2ax(—m+ (¢ +p)x —n) —2a(—m+ (¢+p)x —n) +2(c+
b)z(y —2?) —2a(c+b)(y —2?))l/[(—(m~+n)*+2(¢+p)z(m+n) — (¢+p)*y+1ly— 12?)°]

hyr” = 135%(y — 22)(2(a + ) — 2(n +m))((x(n +m) = (g +p)y)* + 2a(—n + (g +
p)r —m)(z(n+m) = (q+p)y) +2(c+0)(y —2*)(x(n+m) — (¢+p)y) +2a(c+b)(y —
2?)(=n+ (¢ +p)r —m) + a(-n+ (¢ + p)z —m)? + (2bc + e+ b)(y — 2*)*)]/[(—(n +
m)®+2(q+p)r(n+m) —(g+p)’y+ly —12*)] = [s*(y —2?) (2x(x(n+m) — (g+p)y) —
2a(z(n+m) — (¢ +p)y) + 2azx(—n+ (¢ +p)z —m) — 2a(—n+ (¢ +p)xr —m) + 2(c+
b)x(y — %) —2a(c+b)(y—2*))|/[(—(n+m)* +2(¢+p)z(n+m) — (q+p)*y +1ly — 12?)°]

+

Y-
m +

his? = [3s%(y — 22)(2(n +m)z — 2y(p+ ) ((n +m)z — y(p+))* + alz(p+ q) —
—m)*+2a(z(p+q) —n—m)((n+m)x—y(p+q))+2(c+b)(y —2*)((n+m)x —y(p+
q)) +2a(c+b)(y — %) (x(p+q) —n—m) + (2be+c+b)(y —2*)?)]/[(~y(p+q)* +2(n +

3

v —y(p+q) —2ay(z(p+q) —n—m) + 2ax(z(p + ¢) —n —m) — 2(c+ b)y(y —
2?) + 2a(c+ b)x(y — )] /[(—y(p + @)* + 2(n + m)x(p + q) + ly — l2® — (n + m)?
B = 138%(y — 2%)(2(n +m)x —2y(g +p))(((n+m)a — y(g+p))* + a(x(g+p) -

—m)?+2a(z(¢+p) —n—m)((n+m)z—y(g+p)) +2(c+b)(y—2*)((n+m)r —y(g+
p))+2a(c+b)(y —2*)(z(¢+p) —n—m)+ (2bc+c+b)(y —2%)*)|/[(—y(g+p)* +2(n
m)x(q+p) +1y =1z — (n+m)*)*] = [s*(y — 2?)(=2y((n +m)x — y(g+p)) +2az((n+
m)z — y(q + p)) — 2ay(z(q + p) —n —m) + 2az(z(q + p) —n —m) — 2(c + b)y(

) 2(
m)z(p+q) +ly —lz* — (n+m)*)*] — [s°(y — 2*)(=2y((n+m)x —y(p+q)) + 2az((n +

)

)

~—

‘]

~—

+

y\y —
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2?) + 2a(c + b)x(y — 2?))/[(—y(q +p)* + 2(n + m)z(q + p) + ly — 12° — (n+m)?)’]
Byt = —[2(y=a?)(n+m)a—(g+p)y)*+(2be+c+b) (y—2%) 24 2(c+b) (y —a?) ((n+
m)z —(¢+p)y) +2a((¢+p)x —n—m)((n+m)z—(¢+p)y) +2a(c+b)((¢g+p)z —n—
m)(y—=*)+a((qg+p)x—n—m)?)s]/[(—(g+p)*y+ly—12>+2(n+m)(g+p)z—(n+m)?)’]
b = [s*(22% — daw + 2a)]/[2(=(m +n)* + 2(q + p)a(m +n) — (g +p)?y + ly —
122)%] = [25°(2(¢ +p)z — 2(m+n)) (2x(z(m+n) — (¢+p)y) — 2a(z(m+n) — (¢+p)y) +
2ax(—m+ (¢ +p)x —n) — 2a(—m + (¢ +p)r —n) + 2(c+ b)z(y — 2*) — 2a(c +b)(y —
)/ (—(m+n)>+2(g+p)r(m+n) — (¢+p)*y+ly — 12°)*] + 25 ((z(m+n) — (¢ +
p)y)*+2a(=m+(q+p)x —n)(z(m+n) = (¢+p)y) +2(c+b)(y —2*)(z(m+n) — (¢ +
p)y) +2a(c+b)(y —a*)(—m+( (
/(= (m+n)2+2(g+p)z(m+n) — (g+p)°y+ly—12%)*] + [35°(2(¢+p)z — 2(m +
)?((@(m—+n)—(g+p)y)*+2a(=m+(g+p)r —n)(z(m+n) = (g+p)y) +2(c+b)(y —
2?)(x(m+n) = (¢+p)y) +2a(c+b)(y —2°)(=m+ (¢+p)r —n) +a(-m+(¢+p)x —
n)?+ (2bc+c+b)(y — 2%)*)]/[(=(m+n)* +2(q+p)r(m+n) — (¢+p)?y +ly — l2?)"]
b = [s2(22% — daw + 2a)]/[2(=(n +m)? + 2(q + p)a(n +m) — (g+p)*y +ly —
12%)%] = [25*(2(g +p)x —2(n+m)) 2z (z(n+m) — (¢ +p)y) —2a(z(n+m) — (¢+p)y) +

q+p)r—n)+a(—m+(q¢+p)r—n)*+ (2bc+c+b)(y —

8

S

2az(—n+ (¢ +p)xr —m) —2a(—n+ (g+p)x —m) + 2(c+ b)z(y — 2*) — 2a(c +b)(y —
N/ [(=(n+m)>+2(q+p)a(n+m) — (g+p)*y + 1y —12%)*] + 25 ((2(n+m) — (¢+
p)y)*+2a(—n+(g+p)x—m)(z(n+m)—(¢+p)y) +2(c+b)(y —2*)(z(n+m) - (¢+
p)y) +2a(c+b)(y—2*)(—n+(g+p)x —m)+a(—n+ (g+p)r —m)*+ (2bc+c+b) (y —
/(= 4+m)*+2(g+p)x(n+m) — (g+p)*y +1ly —12°)*] 4 [35*(2(q +p)z — 2(
)*((@(n+m)—(g+p)y)*+2a(—n+(g+p)z—m)(z(n+m)—(¢+p)y) +2(c+b)(y -
2?)(z(n+m) = (¢ +p)y) +2a(c+b)(y — 2*)(—n+ (¢+p)z —m) +a(-n+ (¢+p)x —
)2+ (2bc+c+0)(y —2?)*)/[(=(n+m)* +2(g +p)z(n+m) — (¢+p)*y + 1y — 12°)"]
his? = [s*(=2zy + 2ay + 2a2? — 2a2)]/[2(~y(p + @) + 2(n + m)z(p + q) + Iy —
122 — (n+m)?)?] — [s*(2x(p + q) — 2(n +m))(—
m)z —y(p+q)) —2ay(z(p+q) —n—m) +2az(x(p+q) —n—m) —2(c+b)y(y —a?) +
2a(c+b)x(y —2*))/[(—y(p+q)* +2(n+m)x(p+q) +1ly—12® — (n+m)*)’] - [s*(2(n +
m)z —2y(p+q))(2z((n+m)z —y(p+q)) —2a((n+m)z —y(p+q)) + 2azx(z(p+q) —
n—m)—2a(z(p+q) —n—m)+2(c+b)a(y —2°) —2a(c+b)(y — 2°))l/[(—y(p+¢)* +

S
+

2y((n+m)x —y(p+ q)) + 2ax((n +
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2(n+m)z(p+q) +1y—lz* — (n+m)?)’] — 25’z (((n+m)z —y(p+q))* +a(z(p+q) -
—m)*+2a(z(p+q) —n—m)((n+m)z —y(p+q)) +2(c+b)(y—a?)((n+m)x —y(p+
q)) +2a(c+0)(y —2*)(x(p+q) —n—m) + (2bc+c+b)(y — 2°))]/[(—y(p+¢)* +2(n +
m)a(p+ q) +ly —la* — (n+m)?) ]+[382(2x(p+q)—2(N+m))(2(n+m)x 2y(p +
) ((n+m)z —y(p+9)* +a(x(p+q) —n—m)*+2a(z(p+q) —n—m)((n+m)z —
Yy +q)) +2(c+b)(y —2*)((n +m)zr —y(p + q)) + 2a(c +b)(y — 2*)(x(p +q) —n —
m) + (2bc +c+0)(y — 2?)*)|/[(~y(p+ @)* +2(n + m)z(p+ q) + 1y — l2* — (n+m)?)"]
his” = [s*(—2ay + 2ay + 2a2% — 2ax)]/[2(—y(q + ) + 2(n + m)x(q + p) + ly —
(22 — (n+m)?)?] — [s*(22(q + p) — 2(n +m))(=2y((n + m)z — y(g + p)) + 2az((n +
m)z —y(q+p)) —2ay(z(q+p) —n—m)+2az(x(g+p) —n—m) —2(c+by(y —a?) +
2a(c+b)x(y —2*))/[(=y(g+p)* +2(n+m)x(g+p) +1ly—12® — (n+m)?)’] — [s*(2(n +
m)z —2y(q+p))(2z((n+m)z —y(g+p)) —2a((n+m)z —y(q+p)) + 2azx(z(¢+p) —
n—m)—2a(z(g+p) —n—m)+2(ctb)a(y —2°) —2a(c+b)(y — 2°))l/[(—y(g+p)* +
2(n+m)x(g+p) +ly—l2> — (n+m)?*)’| - [2s*z(((n +m)z — y(g+p))* +a(z(g+p) -
—m)?+2a(x(¢+p) —n—m)((n+m)z—y(g+p)) +2(c+b)(y—2*)((n+m)r —y(q+
p))+2a(c+b)(y —2*)(z(q¢+p) —n—m)+ (2bc+c+0)(y —2?)*)]/[(—y(g+p)* +2(n+
m)x(q+p) +1y —la? — (n+m)?)°] + [35*(22(q + p) — 2(n +m))(2(n + m)z — 2y(q +
)((

p)((n+m)x—y(q+p))?+alz(g+p) —n—m)*+2a(z(q+p) —n—m)((n+m)z—
y(q+p)) +2(c+b)(y — 2*)((n +m)x —y(q+p)) +2a(c+b)(y — 2*)(z(¢ +p) —n —
m) + (2bc +c+b)(y — 2*)?)]/[(—y(q +p)* + 2(n+ m)x(q+ p) + ly — lz* — (n+m)?)*]

bl = [(2((n+m)z — (g+p)y) — 2a((n+m)z — (g +p)y) +2(c+b)a(y —2%) —
2a(c+b)(y — 2°) + 2ax((q + p)r —n —m) — 2a((q +p)r —n —m))s]/[(=(¢ +p)*y +
ly —12° +2(n + m)(qg + p)x — (n +m)*)?] — [2(2(q + p)z — 2(n + m))(((n + m)z —
(¢ +p)y)* + (2be + ¢+ b)(y — 2°)* + 2(c + b)(y — 2°)((n + M)z — (¢ + p)y) + 2a((q +
p)z —n—m)((n+m)r — (q+p)y) +2a(c+b) (¢ +plz —n—m)(y — 2*) + a((g +
p)x —n—m)?)sl/[(=(q¢+p)*y + 1y — la* + 2(n + m)(q + p)z — (n + m)?)?]

Wiy = [s%(20% — daz + 2a)]/[2(—(n +m)* + 2(q + p)a(n +m) — (g +p)*y + 1y —
12%)%] = [25*(2(q +p)x —2(n+m)) 2z (z(n+m) — (¢ +p)y) — 2a(z(n+m) — (¢+p)y) +
2az(—n+ (¢ +p)x —m) —2a(—n+ (¢+p)xr —m) +2(c+ b)x(y — x*) — 2a(c + b)(y —
N/ [(=(n+m)*+2(q+p)z(n+m) — (¢+p)*y +ly —12*)°] + [25*((z(n+m) — (¢ +
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p)y)* +2a(—n+(g+p)x —m)(z(n+m)—(¢+p)y) +2(c+b)(y —2*)(z(n+m) — (¢+
p)y)+2a(c+b)(y—2*)(—n+(g+p)x —m)+a(—n+ (g+p)x —m)*+ (2bc+c+b) (y —
DN/ (= (n+m)* +2(g+p)a(n+m) — (g+p)*y+ly —12?)*] + [35*(2(q +p)x —2(
2((z(n+m)—(g+p)y)*+2a(—n+(g+p)z—m)(z(n+m)—(g+p)y) +2(c+b)(y -
(z(n+m) = (g+p)y) +2a(c+b)(y — 2*)(=n+(¢+p)x —m) +a(-n+(¢+p)z —
2+ (2bc+ e+ 0)(y —2?)?)/[(—=(n+m)* +2(g +p)z(n+m) — (¢+p)y + 1y — 12%)"]
h(78): [s2(=2xy + 2ay + 2ax* — 2ax)]/[2(=y(p + q¢)* + 2(n + m)z(p + q) + ly —
122 — (n+m)?)?] — [s*(2x(p + q) — 2(n +m))(—2y((n + m)z — y(p + q)) + 2az((n +
m)z —y(p+q)) —2ay(z(p+q) —n—m) +2az(x(p+q) —n—m) —2(c+b)y(y —a?) +
2a(c+b)x(y —22))/[(—y(p+q)* +2(n+m)x(p+q) +1ly—12° — (n+m)*)’] - [s*(2(n +
m)z —2y(p+q))(2z((n+m)z —y(p+q) —2a((n+m)z —y(p+q)) + 2az(z(p+q) —
n—m)—2a(z(p+q) —n—m)+2(c+ba(y —2?) —2a(c+0)(y —2*)]/[(-y(p+¢)* +
2(n+m)z(p+q) +1ly—la? — (n+m)*)’| - 2s?2(((n+m)z —y(p+q))* +a(z(p+q) -
—m)*+2a(z(p+q) —n—m)(n+m)zr —y(p+q)) +2(c+b)(y—2?)((n+m)x —y(p+
q)) +2a(c+b)(y—2?)(z(p+q) —n—m) + (2bc+c+b)(y — 2°))]/[(—y(p+¢)* +2(n+
Yz(p+q) + ly — lz* — (n +m)?) ]+[3$2(2x(p+q)—2(n+m))( (n+m)x —2y(p+
Q) (n+m)x —y(p+q))* +alz(p+q) —n—m)*+2a(z(p+q) —n— )
y(p+q)) +2(c+b)(y — 2*)((n +m)r —y(p + q)) + 2a(c +b)(y — 2*)(z(p +q) —n —
m) + (2bc+c+b)(y —2*))]/[(=y(p+ ¢)* + 2(n + m)z(p+q) +ly — l2° — (n +m)*)"]
hi” = [*(=2zy + 2ay + 2ax? - 2az)]/[2(~y(q + p)* + 2(n + m)z(q + p) + Iy -
l22 = (n+m)?)?] — [s*(2x(q + p) — 2(n +m))(=2y((n + m)z — y(g + p)) + 2az((n +
m)z —y(q+p)) — 2ay(z(¢+p) —n—m)+2ax(z(q+p) —n—m) —2(c+b)y(y —2?) +
2a(c+b)x(y —22))]/[(—y(g+p)* +2(n+m)x(g+p) +1ly—l2® — (n+m)?)°] - [s*(2(n +
m)z —2y(qg+p))(2z((n+m)z —y(g+p)) —2a((n+m)z —y(q+p)) +2az(z(q+p) —
n—m)—2a(x(g+p) —n—m)+2(c+ba(y —2°) —2a(c+b)(y — 2°))|/[(-y(g+p)* +
2(n+m)z(g+p) +1y—l2> — (n+m)?)’] — 28’z (((n +m)z — y(g+p))* +a(z(g+p) -
—m)*+2a(z(g+p) —n—m)(n+m)z —y(g+p)) +2(c+b)(y —2*)((n+m)z —y(q+
p)) +2a(c+0)(y —a?)(x(g+p) —n—m)+ (2bc+c+b)(y — %))/ [(=y(g+p)*+2(n+
m)z(q +p) + 1y —la? — (n+m)*)°’] + [35*(2z(q + p) — 2(n +m))(2(n +m)z — 2y(q +
p)(((n+m)x —y(g+p))* +a(z(qg+p) —n—m)*+2a(z(g+p) —n—m)((n+m)z—
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y(q+p)) +2(c+b)(y — 2*)((n+m)z —y(g +p)) + 2a(c +b)(y — 2*)(z(qg+p) —n —
m) + (2bc + c+0)(y — 2?)?)]/[(—y(g +p)* +2(n + m)z(q +p) + 1y — la* — (n+m)?)"]

hito = [2a((n+m)a — (¢+p)y) — 2a((n -+ m)z — (¢+p)y) +2(c + by — 2?) -
2a(c+0)(y — 2°) + 2ax((¢ + p)x —n —m) — 2a((q + p)z —n —m))s|/[(— (¢ +p)*y +
ly — 2% + 2(n + m)(qg + p)z — (n+m)*)’] — 2(2(¢ + p)z — 2(n + m))(((n + m)z —
(¢ +p)y)? + (2bc +c +b)(y — 2?)* + 2(c + b)(y — 2%)((n + m)z — (¢ + p)y) + 2a((q +
p)r —n—m)((n+m)z — (¢ +p)y) +2a(c +b)((¢ +p)r —n —m)(y — 2%) + a((qg +
p)x —n—m)?)sl/[(=(g +p)*y +ly — l2* + 2(n +m)(q + p)x — (n +m)?)?]

his = [s2(2y® — dazy + 2a2%)]/[2(—y(p+ q)* + 2(n +m)a(p+q) +ly — la® — (n+
m)*)?] = [25*(2(n+m)z —2y(p+q)) (—2y((n+m)z —y(p+q)) +2az((n+m)z —y
) —2ay(x(p+q) —n—m)+2azx(x(p+q) —n—m)—2(c+d)y(y — %) +2a(c+b)x(y —
DI/ [(=y(p +q)* +2(n +m)x(p + q) +ly — l2° — (n +m)*)*| + [2s*y(((n +m)x —
(p+9)* +a(z(p+q) —n—m)*+2a(z(p+q) —n—m)((n+m)z —y(p+q) +2(c+
(y—2?)((n+m)z—y(p+q))+2a(c+b)(y—2°)(z(p+q) —n—m)+ (2bc+c+b)(y —
Ny +q)* +2(n+m)x(p +q) + ly — la* — (n +m)*)*] + [35*(2(n + m)x —
2y(p+9))*(((n+m)z —y(p+q))* +a(z(p+q) —n—m)* +2a(z(p+q) —n—m)((n+
m)z —y(p+q) +2(c+0)(y —2?)(n+m)r —y(p+q)) +2a(c+b)(y — 2°)(x(p+q) —
—m)+(2be+c+b)(y —2*)*)]/[(—y(p+q)* +2(n+m)x(p+q) +ly—12* — (n+m)*)*]

hi) = [8%(2y% — dazy + 202°)/ [2(~y(q +p)* + 2(n + m)z(q +p) + Iy — l2* — (n +
m)*)?] = 25*(2(n+m)z — 2y(g+p))(—2y((n+m)z — y(g+p)) +2az((n+m)x —y(g+
2ay(z(q+p) —n—m)+2azx(x(qg+p) —n—m)—2(c+b)y(y — %)+ 2a(c+b)z(y —

(p+
q) (

T

S <

2

8

)
(

p))—
NN/ (=y(g +p)* +2(n +m)x(q +p) + ly — la* — (n +m)*)*] + [2s*y(((n + m)x —
(¢+p))* +a(z(g+p) —n—m)*+2a(z(g+p) —n—m)((n+m)z —y(g+p)) +2(c+
(y—2*)((n+m)z— y<q+p)>+2a<c+b)<y—x2><x<q+p>—n—m)+<2bc+c+b)(y—
N/ (—ylg +p)* +2(n+m)a(g +p) +ly — la? — (n+m)*)’] + [35*(2(n + m)z —
2y(q+p))*(((n+m)x —y(g+p))* +a(z(q+p) —n—m)*+2a(z(g+p) —n—m)((n+
m)x —y(q+p)) +2(c+b)(y — 2*)((n+m)x —y(g+p)) +2a(c+d)(y —2*)(z(qg+p) —
n—m)+(2bc+c+b)(y—2*)*)]/[(—y(g+p)* +2(n+m)z(g+p) +ly—la* — (n+m)?)*]

P = [(=2y((n +m)a — (g + p)y) + 2az((n +m)x — (g + p)y) — 2(c + by(y —
2?) +2a(c+b)z(y — %) — 2a((q + p)r —n —m)y + 2az((q +p)r —n —m))s|/[(— (¢ +

S <

8
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p)*y +ly — 2% +2(n+m)(q + p)r — (n +m)*)’] — [2(2(n + m)z — 2(q + p)y)(((n +
m)z — (g +p)y)* + (2bc + ¢+ b)(y — 2°)? + 2(c + D) (y — 2?)((n + M)z — (¢ + p)y) +
2a((q +p)r —n —m)((n+m)z — (q+p)y) +2a(c +b)((¢ +p)z —n —m)(y — 2*) +
a((q +plx —n—m)?)s]/[(=(q+p)’y + ly — 12> + 2(n + m)(q + p)x — (n+m)?)’]
hig = [5%(2y* — dazy + 2a2°)/ [2(~y(q +p)* + 2(n + m)z(q +p) + Iy — l2* — (n +
m)?)?| —[2s
p)) —2ay(x(q+p) —n—m)+2az(x(q+p) —n—m)—2(c+b)y(y —*) +2a(c+b)x
NN/ (=y(g +p)* +2(n +m)x(q +p) + ly — la* — (n +m)*)*] + [28*y(((n + m)x —
q+p))*+a(z(g+p) —n—m)’+2a(x(g+p) —n—m)((n+m)x —y(g+p)) +2(c+
(y—2*)((n+m)z—y(g+p))+2a(c+b)(y—2°)(x(g+p) —n—m)+ (2bc+c+b)(y —
N/ (—ylg +p)* +2(n+m)a(g +p) +ly — la? — (n+m)*)’] + [35*(2(n + m)z —
2y(q+p))*(((n+m)x —y(g+p))* +a(z(q+p) —n—m)*+2a(z(g+p) —n—m)((n+
m)z —y(q+p)) +2(c+0)(y —2?)((n+m)z —y(g+p)) +2a(c+b)(y — 2°)(x(¢+p) —
n—m)+(2bc+c+b)(y—2*)*)]/[(—y(g+p)* +2(n+m)a(g+p) +ly—la® — (n+m)?)*]
byt = [(=2y((n +m)a — (g + p)y) + 2az((n +m)x — (g + p)y) — 2(c + by(y —
%) +2a(c +b)z(y — 2%) — 2a((q + p)x —n—m)y + 2az((q+p)r —n—m))s|/[(—(q
p)*y +1ly —lz? +2(n +m)(g +p)r — (n +m)*)?| = [2(2(n + m)z — 2(¢ + p)y)(((n +
m)z — (¢ +p)y)? + (2bc + c+b)(y — 2%)? + 2(c + b)(y — 2°)((n + M)z — (¢ + p)y) +
2a((q +p)x —n —m)((n+m)x — (¢ +ply) + 2a(c+b)((¢ +p)z —n —m)(y — 2*) +
a((q +p)r —n —m)?)sl/[(=(q + p)*y + ly = l2* + 2(n + m)(q + p)x — (n +m)*)’]
hio'to = [((n+m)z — (g4 p)y)? + (2be+c+b) (y —2?)? +2(c+b) (y = 2?) (n +m)x -
(¢+p)y)+2a((g+p)z—n—m)((n+m)z—(¢+p)y)+2a(c+b)((g+p)z—n—m)(y—
2?) +a((q+p)r —n—m)’l/[(=(¢+p)*y +ly — 12° + 2(n +m)(qg + p)x — (n +m)?)?
WY = [(2(2bc + ¢ + b)(n + m)(q + p) — 2(ac + ab)l(q + p) — 2(c + b)l(n + m) +

2(2(n+m)x—2y(q+p))(=2y((n+m)x —y(q+p)) +2ax((n+m)x —y(q+

(
(

Y —

(

S <

8

+

—

2al?)tz] /[(—la*+2(n+m)(g+p)z —(¢+p)*y+ly—(n+m)?)*] = [4tz(2(n+m)(q+p) -
217)((ac+ab)(=1((g+p)r—n—m)+(qg+p)((n+m)(g+p) —lz)+(n+m)(I—(¢+p)*)) +
(c+0)(—l((n+m)z—(g+p)y)+ (n+m)((n+m)(g+p) —lx)+(q+p)(ly— (n+m)?)) +
a(=2((n+m)(g+p) —lx) =1l = (g+p)*)) + (2bc +c+b)(n+m)((g+p)r —n—m) +
(2bc+c+b)(g+p)((n+m)r—(g+p)y) =y — (n+m)*))]/[(=lx*+2(n+m)(g+p)z -
(¢+p)*y+ly—(n+m)?)’|+[4ltz(a(((n+m)(g+p) —lx)*+ (= (g+p)*)((n+m)(¢+p) —
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lz)+ (1= (g+p)*)(ly— (n+m)?)) +(ac+ab)(((n+m)(g+p) —lz)((g+p)z—n—m)+(I-
(¢+p)*)((n+m)z—(g+p)y)) + (c+b)((ly — (n+m)*)((g+p)z —n—m)+((n+m)(g+
p)—lz)((n+m)z—(g+p)y))+(2bc+c+b)((n+m)z—(q+p)y)((¢+p)z —n—m)+(ly—
(n+m)?)((n+m)(g+p)—x))]/[(—12*+2(n+m)(q+p)r—(¢+p)*y+1y— (n+m)*)’]+
[6t2(2(n+m)(q+p) —21x)*(a(((n+m)(g+p) —lz)*+ (1= (g+p)*) ((n+m)(g+p) —lz)+
(= (g+p)*)(ly—(n+m)?))+ (ac+ab)(((n+m)(g+p) —lz)((g+p)z—n—m)+(—(q+
p)*)((n+m)z—(g+p)y)) +(c+b)((ly— (n+m)*)((g+p)z —n—m)+((n+m)(g+p) -
lz)((n+m)z—(q+p)y))+ (2bc+c+b)(n+m)x—(q+p)y)((g+p)r—n—m)+(ly—
(n+m)?)((n+m)(g+p)—12))]/[(=l2® +2(n+m)(g+p)z— (g+p)*y +ly— (n+m)?)"]
his" = [((c+b)(Ua+p) = U(=q—p) + (2be+ c+b)(—q—p)(a+p) — )]/ [(~(a+
p)*y+ly—lz*+2(n+m)(g+p)z—(n+m)?)*] = [2t(2(n+m)(g+p) —2lz)((c+b) (I((g+
p)r—n—m)+(—q—p)((n+m)(g+p)—lx))+ (2bc+c+b)(—¢—p)((¢+p)r—n—m)+
I((n+m)(g+p) —lz)+ (ac+ab)(—q—p)(I—(g+p)*) +al(l—(¢+p)*))2l/[(—(a+p)*y +
ly—l12>+2(n+m)(g+p)r — (n+m)?)’] +[6(1— (g+p)*)t(2(n+m)(g+p) — 2x)2((c+
b)(((n+m)(g+p)—lz)((n+m)z—(g+p)y)+ ((¢+p)r —n—m)(ly— (n+m)*)) + (ac+
ab)((I=(g+p)*)((n+m)z—(g+p)y)+((n+m)(g+p)—1lx)((¢+p)z—n—m))+a((l—(g+
p)?)(ly—(n+m)*)+((n+m)(g+p)—lx)*+(1—(g+p)*)((n+m)(g+p) —lx)) +(2be+c+
)(g+p)x—n—m)((n+m)z—(g+p)y)+((n+m)(g+p) —1z)(ly — (n+m)*)]/[(—(g+
p)*y+ly—la? +2(n+m)(g+p)r —(n+m)*)*] = [2(1 = (¢+p)*)tz((c+b) (—I(( -
(¢+p)y)+(g+p)(ly—(n+m)?)+ (n+m)((n+m)(g+p) —lx))+(2be+c+b)(g+p) ((n+
m)z—(q+p)y) =y — (n+m)?) + (ac+ab)(~I((g+p)r —n—m)+(g+p)((n+m)(g+
p)—lz)+(n+m)(l—(g+p)*)) +a(=2l((n+m)(g+p) —lz) =l (g+p)?)) + (2bc+c+
b)(n+m)((g+p)x —n—m))/[(=(g+p)*y+1ly — 2> +2(n+m)(g+p)z — (n+m)*)’]
P = [H((e+b)(=1((n+m)z—(g+p)y)+(g+p)(ly—(n+m)?)+(n+m)((n+m) (g+
p)—l))+(2bctc+b)(g+p) (nt+m)x—(g+p)y) —l(ly—(n+m)*)+(actab) (—I((g+p)z—
n—m)+(g+p)((n+m)(g+p) —lx)+(n+m)(—(¢+p)*)) +a(-2((n+m)(g+p) —lz) -
1(1—(g+p)?))+(2betc+b) (ntm)((g+p)z—n—m))]/[(=(g+p)*y+Hy—12*+2(n+m)(q+
p)r—(n+m)?)?] = [2¢(2(n+m)(g+p) —20z)((c+b) (((n+m)(g+p) —1z)((n+m)z—(¢+
p)y)+((g+p)z—n—m)(ly—(n+m)?))+(ac+ab)((l—(g+p)*)((n+m)z—(g+p)y)+((n+
m)(q+p)—1z)((¢+p)r—n—m))+a((l—(g+p)*) (ly—(n+m)*)+((n+m)(g+p) —lz)*+

(
)*

Av

2

=

n—+m)x
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(1= (g+p)*)((n+m)(g+p) —lx)) + (2bc+c+b)((g+p)z —n—m)((n+m)z—(g+p)y) +
((n+m)(Q+p) 17)(ly—(n+m)*))/ [(—(g+p)*y+ly—la*+2(n+m)(g+p)z—(n+m)?)’]
WG = [((c+b)(=U((n+m)z — (q+p)y) + (¢ +p) Iy — (n+m)?) + (n+m)((n +
m)(q+p) —1x)) + (2bc+c+b)(g+p)((n+m)z — (¢ +p)y) — U(ly — (n+m)?) + (ac +
ab)(=l((g +p)x —n—m) + (¢ +p)((n+m)(g+p) — lz) + (n+m)(l — (¢ +p)*)) +
a(=2l((n +m)(qg+p) —lz) =1l = (¢ +p)?) + (2bc + ¢+ b)(n +m)((g + p)z —n —
m))2l/[(—=(q+p)*y +1ly — 2> + 2(n+m)(qg+p)z — (n+m)?)’] = [2(2(n+m) (¢ +p) —
2lz)((c+b)((n+m)(q+p) —lz)((n+m)z — (¢+p)y) + (¢ +p)z—n—m)(ly — (n+
m)?)) + (ac+ab)((I = (g +p)*)((n+m)x — (g+p)y) + ((n+m)(q+p) —lz)((¢+p)r —
n—m))+a((l—(q+p)*)(ly — (n+m)*) + ((n+m)(g+p) —lx)* + (= (¢+p)*)((n+
m)(q+p) —lz)) + (2bc+c+b)((¢+p)z —n—m)((n+m)z — (¢+p)y) + ((n+m)(g+
p) —lx)(ly — (n+m)*))2]/[(=(q + p)*y +ly — l2* + 2(n +m)(q + p)z — (n +m)*)?]
his") = [4tez(a(((n+m)(g+p) — ) + (L= (¢ + P}yl = (n+m)?) + (1 = (a+
p)*)(n+m)(g+p) =) +(c+b)(((g+p)z—n—m)(yl— (n+m)*)+ (n+m)x — (¢+
p)y)((n+m)(g+p)—=l))+(ac+ab)(((¢+p)xr—n—m)((n+m)(g+p)—zl)+((n+m)z—
(¢+p)y)(I—(g+p)*)+ ((n+m)(g+p) —2l)(yl — (n+m)?)+ (2bc+c+b)((g+p)z—n—
m)((n+m)x—(g+p)y)]/[(yl— 21— (g+p)*y+2(n+m)(g+p)z — (n+m)?)*|+ [6t(y —
2?)z(2(n+m)(q+p) —2z0)(a(((n+m)(g+p) —x1)*+ (1= (¢+p)*) (Yl — (n+m)?) + (I -
(g+p)*)(n+m)(g+p) —2l)) +(c+b)(((g+p)z—n—m)(yl—(n+m)*)+((n+m)z—(g+
p)y)((n+m)(q+p)—=l))+(ac+ab)(((g+p)r—n—m)((n+m)(g+p) —zl)+((n+m)r—
(¢+p)y)(I1=(g+p)*))+((n+m)(g+p) —2l)(yl — (n+m)?) +(2bc+c+b) (¢ +p)r —n—
m)((n+m)x—(g+p)y)]/[(yl =21~ (g+p)*y+2(n+m)(g+p)z — (n+m)*)*| —[2t(y —
2?)z((c+0)((q+p) (yl— (n+m)?)+(n+m)((n+m)(q+p) —2l)— ((n+m)z—(g+p)y)l)+
a(=2I((n+m)(g+p)—21)—1(1—(g+p)*)) + (ac+ab)((g+p)((n+m)(g+p) —xl) +(n
m)(1—(q+p)*) = ((g+p)z—n—m)l)=l(yl—(n+m)?)+(2bc+c+b)(g+p)(n+m)z—(q
p)y)+(2betc+b) (n+m)((g+p)z—n—m))l/[(yl—2*1—(g¢+p)*y+2(n+m)(g+p)z—(n
m)?)*| = [2tz(2(n+m)(q+p) —2z0)(a(—2z((n+m)(q+p) —21) +y(I— (¢+p)*) —2(l -
(¢+p)*)+yl—l+(n+m)(g+p) = (n+m)?) —2(yl— (n+m)*) +y((n+m)(q+p) - 1)
c+b)(((g+p)z—n—m)y—z((n+m)z—(q+p)y))+ (ac+ab)(—(¢+p)y —z((¢+p)
n—m)+(n+m)z))|/[(yl—2*1—(g+p)*y+2(n+m)(g+p)z—(n+m)*)’|+[tz(a(—2((n+

(
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m)(q+p)—xl)+2xl—21+(q+p)*) —2yl+(c+b) (2(¢+p)y—2(n+m)z)+ (ac+ab) (—2(g+
p)x +2n+2m) + (n+m)?*)]/[(yl — 2?1 — (g +p)*y + 2(n +m) (g +p)x — (n+m)?)?]
WYY = [t2(20(m+n) — (2bc+c+b) (m+n)+ (2bc+c+b) (—m+ (g+p)z —n) + (2bc+
c+0)(q+p)r—2(c+b)lz—2al(qg+p)+2(ac+ab))]/[(—(m~+n)?+2(q+p)x(m+n)—(¢+
p)*y+ly—1z°)?) = [2t2(2(g+p)z —2(m~+n))(~l(ly— (m+n)*)+(c+b)((g+p) (ly—
n)?)—l(z(m+n)—(g+p)y)+(m+n)((g+p)(m+n)—lz))+(ac+ab)((q+p)((g+p)(m+
n)—lz)+(—(q+p)?) (m+n) =l(=m~+(g+p)z—n))+a(=2l((¢+p)(m-+n) —lz) =1
(¢+p)?))+ (2be+c+b) (g+p) (w(m+n) = (g+p)y) +(2bc+c+b) (—m+(g+p)z—n)(
n)/[(—=(m+n)?+2(g+p)r(m+n)— (¢+p)*y +ly—12?)°] — [4(g+p)tz(a(((g+p)(m
n)—lz)*+ (1= (q+p)*)(ly— (m+n)*) + (- (¢+p)*)((g+p)(m+n) —1z)) +((¢+p)(
n) —lz)(ly — (m+n)?) + (c+b)((=m+(g+p)z —n)(ly — (m+n)*) + ((g+p)(m+n) —
lz)(z(m+n)—(q+p)y)) +(ac+ab)((1—(g+p)*)(x(m+n) = (¢+p)y) +(=m~+(g+p)r—
n)((g+p)(m+n)—lz))+(2bc+c+b)(—m+(q+p)z—n)(z(m+n)—(g+p)y))]/[(—
n)*+2(g+p)z(m-+n)—(g+p)*y+ly—12*)*|+[6t2(2(g+p)r —2(m+n))(2(¢+p)
)=21z)(a(((g+p)(m+n)—lz)*+(—(g+p)*)(ly—(m+n)?*)+ (1~ (¢+p)*)((g+p)
)=1z))+((g+p)(m+n)—lz)(ly—(m+n)?)+(c+b)( )
((g+p)(m+n)—lz)(z(m+n)—(g+p)y)) +(ac+ad)((I—(q+p)*) (x(m+n) —(¢+p)y)
(=m+(g+p)z—n)((g+p)(m+n)—lz))+ (2bc+c+b)(—m+(¢+p)z —n)(z(m+n) —
(g+p)Y)I/[(=(m+n)*+2(g+p)z(m+n) —(q+p)*y+ly—12?)"] = [2t2(2(g+p) (m+n) -
212) ((c+b)((m+n)*+(g+p)(x(m+n) —(g+p)y) +2((g+p) (m+n) —lx) —2(=m-+(g+
p)z—n)(m+n)=ly)+(q+p)(ly— (m+n)?)+a(2(g+p)((g+p) (m+n) —lz) —=2(1—(¢-+
p)?)(m+n)+(q+p)(1—(g+p)*)) — (2bc+c+b) (z(m+n) —(g+p)y) —2(m+n)((g+p) (m+
n)—l1z)+(ac+ab)(—(g+p)(m+n)+(g+p)(-m+(g+p)r —n)+ (I~ (g+p)*)v+1z)+
(2bc+c+b)a(—m+(g+p)r—n))]/[(—(m+n)*+2(¢+p)z(m+n) —(g+p)*y+1ly—12?)’]
WYY = [tz(21(n+m) — (2bc+c+b) (n+m) + (2bc+c+b) (—n+ (q+p)x —m) + (2bc+
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+ o+ F

%2

+

m

(
(m

+

S

_|_

q+p
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(g+p)(m
(m+n)

3
+

m+(q+p)x—n)(ly—(m+n

) (=
) (

+

c+0)(q+p)r—2(c+b)lx—2al(q+p)+2(ac+ab)l)] /[(=(n+m)*+2(g+p)r(n+m)—(g+
p)*y+ly—12*)%| = [2t2(2(qg+p)z —2(n+m))(~1(ly— (n+m)*)+ (c+0)((¢+p) (ly— (n+
m)?)—1(z(n+m)—(g+p)y)+(n+m)((g+p)(n+m)—lz))+(ac+ab)((g+p)((g+p)(n+
m)—1z)+ (1= (g+p)*)(n+m) =l(=n+(g+p)r—m))+a(=2l((g+p)(n+m)—lz)—1(l—
(¢+p)*)) +(2bc+c+b)(q+p) (z(n+m) = (g+p)y) + (2bc+c+b) (—=n+(g+p)zr—m)(n+
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n

+

N/ [(=(n+m)*+2(q+p)z(n+m)—(g+p)*y+1ly—12%)*| — [4(g+p)tz(a(((g+p)
)(n

—lx)?+ (1= (q+p)*) Iy — (n+m)*) +(1—(¢+p)*)((g+p)(n+m) —lx)) +((¢+p
—lz)(ly— (n+m)?*) +(c+b)((=n+(g+p)z—m)(ly— (n+m)?*) +((g+p)(n+m) —
(z(n+m)—(g+p)y)+ (ac+ab)((I—(g+p)*) (x(n+m) —(g+p)y) +(—n+(g+p)r —
((g+p)(n+m)—1x))+(2bc+c+b)(—n+(g+p)r—m)(x(n+m)—(g+p)y))]/[(—(n
2+2(g+p)r(n+m)—(q+p)y+ly—12?)’|+ [6t2(2(¢ +p)r —2(n+m))(2(g+p) (n+
2lz)(a(((g+p) (n+m)—lz)*+(1—(g+p)*) (ly—(n+m)*)+(—(g+p)*) ((g+p)(n
)+((g+p)(n+m)—lx)(ly—(n+m)*)+(c+b)((—n+(g+p)z—m)(ly—(n+m)?)
( n+m)—lz)(z(n+m)—(q+p)y))+(act+ab)((l—(¢+p)*)(@(n+m)—(g+p)y)
(=n+(g+p)x—m)((g+p)(n+m) —1z)) + (2bc+c+b) (—n+ (¢4 p)z —m) (x(n+m) —
(g+P)Y)I/[(=(n+m)*+2(g+p)x(ntm)—(g+p)*y+ly—1a?)*] = [2t2(2(g+p) (n+m) —
212)((c+0)((n+m)*+(g+p)(z(n+m)—(¢+p)y) +x((g+p)(n+m) —lx) —2(~=n+(¢+
p)z—m)(n+m)—ly)+(g+p)(ly—(n+m)*)+a(2(g+p)((g+p)(nt+m)—lz) —2(1—(¢+
p)?)(n+m)+(g+p)(I—(q+p)?)) = (2bc+e+d)(x(n+m) —(g+p)y) —2(n+m)((g+p)(n+
m) —lz)+ (ac+ab)(—(g+p)(n+m)+(g+p)(—=n+(g+p)z—m)+(—(g+p)*)r+iv)+
(2bc+c+b)a(—n+(g+p)z—m))]/[(—(n+m)*+2(¢+p)z(n+m)—(g+p)*y+1ly—12?)’]
hgg“) = [tz((2bc+c+b)((n+m)z —y(p+q)) +a2l(p+q) —2l(n+m)) — (2bc+c+
b)y(p+q)+2(c+b)ly+(2bc+c+b) (n+m)x—2(ac+ab)lx)| /[(—y(p+q)*+2(n+m)x(p+
q)+ly—lz* —(n+m)?)?| = [2tz(2(n+m)(p+q) — 2lz) ((ac+ab) (—y(I - (p+9)*) = 2(p+
)

(
(

+

+

_|_

+

n+m)z—y(p+q))+(n+m)(zp+q) —n—m)+z((n+m)(p+q)—lz)) +a((n+

=

m)?)(p+q))+(c+b)(n+m)((n+m)z—y(p+q)) —y((n+m)(p+q) —lz) +x(ly—

((

m)(l—(p+¢)*)=2(p+q)(n+m)(p+q) —lx)+2(n+m)((n+m)(p+q) —lz) —2(ly— (n+
)? (
)?))+ (2bc+ctb)z((nt+m)z —y(p+q)) — (2bc+c+b)y(x(p+q) —n—m)+(n+m)(ly—

(n+m)? )/ [(—y(p+a)?*+2(n+m)a(p+q) +ly —12° — (n+m)*)’] — [2t2(2(n + m)x —
2y(p+9))((ac+ab)((n+m)(I—(p+q)*) =l z(p+q) —n—m)+ (p+q)(n+m)(p+q) -
(7)) +a(=1(1—(p+9)*) = 2l((n+m)(p+q) —lx)) + (c+b) (=I((n+m)z —y(p+q)) +(n+
m)((n+m)(p+q) —1z)+(ly—(n+m)?)(p+q)) +(2bc+c+b) (p+q) ((n+m)z—y(p+q)) +
(2bc+c+b) (n+m)(z(p+q) —n—m)—=I(ly—(n+m)*))]/[(-y(p+9)*+2(n+m)z(p+q)+
ly—lz*—(n+m)*)°’| = [4(n+m)tz(a(((n+m)(p+q) —lx)*+((n+m)(p+q) —lz)(I—(p+
0)*)+(ly— (n+m)*)(I— (p+9)*)) + (ac+ab)(((n+m)z —y(p+q)) ([ — (p+q)*) +((n+
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m)(p+q)—lz)(x(p+q)—n—m))+(c+b)(((n+m)(p+q)—lz)((n+m)z—y(p+q))+(ly—
(n+m)?)(z(p+q) —n—m))+(2bc+c+b)(z(p+q) —n—m)((n+m)z—y(p+q))+(ly—
(n+m)*)((n+m)(p+q)—12))]/[(—y(p+9)*+2(n+m)z(p+q) +ly—la* —(n+m)*)*]+
[6t2(2(n+m)(p+q)—2lx)(2(n+m)z—2y(p+q)) (a(((n+m)(p+q) —1x)*+((n+m)(p+
)—12) (1= (p+q)*) +(ly—(n+m)*) (1= (p+q)*)) +(ac+ab) (((n+m)r—y(p+q)) (- (p+
q)*)+((n+m)(p+q)—lz)(x(p+q)—n—m))+(c+b)(((n+m)(p+q) —lz)((n+m)z—y(p+
q))+(ly—(n+m)*)(2(p+q) —n—m))+(2bc+c+b)(z(p+q)—n—m)((n+tm)z—y(p+q))+
(ly—(n+m)?)((n+m)(p+q)—1x))]/ [(=y(p+q)*+2(n+m)z(p+q) +Hly—la* — (n+m)?)*]

hio" = [tz((2bc+c+D)((n+m)z —y(g+p) +a(2l(g+p) — 2(n+m)) — (2bc+c+
b)y(q+p)+2(c+b)ly+(2bc+c+b) (n+m)x—2(act+ab)iz)]/[(—y(q+p)?+2(n+m)z(q+
p)+ly—la® —(n+m)?)*] = [2t2(2(n+m)(q+p) —2lz)((ac+ab) (—y(l—(¢+p)?) —
)((n+m)z—y(g+p))+(n+m)(z(g+p) —n—m)+z((n+m)(g+p) —lz))+a
(1= (a+p)*)—2(g+p)((n+m)(g+p)—lz) +2(n+m)((n+m)(g+p) —lz) —2(ly—(
2)(q+p))+(c+b)((n+m)((n+m)x—y(q+p)) —y((n+m)(g+p) —lz)+z(ly—(n+
m)?))+(2be+c+b)z((n+m)r—y(q+p)) — (2be+c+b)y(x(g+p) —n—m)+(n+m)(ly—
(n+m)? )]/ [(—y(a+p)*+2(
2y(q-+p))((ac+ab)((n+m)(I—(q+p)*) —Uz(g+p) —n—m)+(g+p)((n+m)(g+p) -
lx))+a(=1(1—(g+p)?*) = 2l((n+m)(g+p) —12))+ (c+b) (~I((n+m)z —y(g+p)) +(n+
m)((n+m)(q+p)—1z)+(ly—(n+m)?)(g+p))+(2bc+c+b) (g+p) ((n+m)z—y(q+p)) +
(2bc+c+b) (n+m)(z(g+p) —n—m)=l(ly—(n+m)*))|/[(=y(g+p)*+2(n+m)z(q+p)+
ly—la?—(n+m)*)’| = [d(n+m)tz(a(((n+m)(g+p) —lx)*+((n+m)(g+p) —lz)(—(g+
p)*)+(ly—(n+m)*)(1—(g+p)?)) + (ac+ab)(((n+m)z—y(g+p)) (I - (¢+p)*) +((n+
m)(q+p)—lz)(@(¢+p) —n—m))+(c+b)(((n+m)(q+p) —lz)((n+m)z—y(q+p))+(ly—
+m)?)(x(g+p) —n—m))+(2bc+c+b) (z(q+p) —n—m)((n+m)z—y(g+p))+(ly—
+m)?)((n+m)(g+p)—1x)]/[(=y(g+p)* +2(n+m)z(g+p)+ly—lz* — (n+m)*)?]
2(2(n+m)(g+p)—2lx)(2(n+m)zr—2y(g+p))(a(((n+m)(g+p) —l2)*+((n+m)(q

x)

+(

2(q+
(n+
n—+

n+m)z(q+p)+ly —lz* — (n+m)?)?] — [2tz(2(n+m)x —

+ o+

(n
(n
(6t
p)—lz)(I—(q+p)*)+(ly— (n+m)*)(I-(g+p)*)) +(ac+ab) (((n+m)z—y(q+p)) (- (¢+
p)?)+((n+m)(g+p)—lz)(x(g+p)—n—m))+(c+b)(((n+m)(g+p)—lz)((n+m)z—y(g+
)

p))+(ly—(n+m)?)(x(g+p)—n—m))+(2bc+c+b) (2 (g+p)—n—m)((n+m)z—y(g+p))+
(ly—(n+m)?)((n+m)(q+p)—12))]/[(—y(g+p)*+2(n+m)z(g+p)+ly—lz?— (n+m)?)"]
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hi'lo =0

B = [6(1 = (q+p)?)*t=((c+b)((n+m) (g+p) = L2)((n+m)z— (g+p)y) + (g +
p)z—n—m)(ly—(n+m)?))+(ac+ad)((I—(g+p)*)(n+m)z—(g+p)y) +((n+m)(g+
p)—lz)((g+p)r—n—m))+a((l—(g+p)*)(ly— (n+m)*) + ((n+m)(g+p) —lx)*+ (-
(¢+p)*)((n+m)(g+p) —lx)) + (2bc+c+D)((g+p)z —n—m)((n+m)z — (g+p)y)
((n+m)(g+p)—lz)(ly — (n+m)*)|/[(=(g+p)*y+1ly —12*+2(n+m)(g+p)z — (n+
m)?)!] = [4(1 = (g+p)*)t((c+b)(((g+p)x —n—m)+ (=g —p)((n+m)(g+p) —lz)) +
(2bc+c+b)(—q—p)((g+p)r—n—m)+1((n+m)(q+p) —lx)+ (ac+ab)(—q —p)(l —
(¢+p)*) +al(l —(g+p)*)2)/[(—(g+p)*y +ly — 2> +2(n+m) (g +p)z — (n+m)?)?]

W = [t((c+b)(U(g+p)r—n—m)+ (=g =p)((n+m)(g+p) — lx)) + (2be+c +
b)(—q=p)((g+p)r —n—m)+I((n+m)(q+p) —lz)+ (ac+ab)(—q—p)(I - (g+p)*) +
al(l = (g+p)*)/[(—(g+p)*y +1ly —12* +2(n+m)(g+p)x — (n+m)*)*| - [2(1 — (¢ +
p)*)t((c+0)(((n+m)(g+p) —lz)((n+m)z—(¢+p)y) + ((g+p)z —n—m)(ly —(
m)?)) + (ac+ab)((I = (g +p)*)((n+m)x — (g+p)y) + ((n+m)(q+p) —lz)((¢+p)r —
n—m))+a((l—(g+p)*)(ly — (n+m)?) + ((n+m)(g+p) —lx)* + (I - (¢+p)*)((n+
m)(q+p) —lz)) + (2bc+c+b)((g+p)x —n—m)((n+m)z — (¢+p)y) + ((n+m)(g+
p) —lx)(ly — (n+m)*)I/[(—(q +p)*y +ly — l2° +2(n +m)(qg + p)x — (n +m)*)?|

hsg = [((c+b)(U(g+p)z—n—m) + (=g = p)((n+m)(g+p) — lz)) + (2be +c+
b)(—q—p)((q+p)xr—n—m)+I((n+m)(g+p) —lz)+(ac+ab)(—¢—p)(l - (¢+p)*) +
al(l=(q+p)*)2l/[(=(g+p)y +ly—lz* +2(n+m)(q+p)z — (n+m)*)?*] = [2(I — (¢ +
p)?)((c+0)(((n+m)(g+p) —lz)((n+m)z — (¢+p)y) + ((g+p)z —n—m)(ly —(
m)?)) + (ac+ab)((l = (¢+p)*)((n+m)z — (g+p)y) + ((n+m)(g+p) —lz)((¢+p)z —
n—m))+a((l—(q+p)*)(ly — (n+m)?) + ((n+m)(g+p) —lx)* + (I = (¢+p)*)((n+
m)(q+p)—lz))+ (2bc+c+b)((g+p)r —n—m)((n+m)z—(g+p)y) + ((n+m)(g+
p) = lx)(ly — (n+m)*))z]/[(—(q +p)*y + ly — la* +2(n +m)(q +p)z — (n +m)?)’]

hy' = —[2t=(a(((n+m)(g+p) = a)* + (L = (g +p))(yl = (n+m)?) + (I = (g +
p)*)((n+m)(g+p)—al)) +(c+b)(((g+p)x—n—m)(yl — (n+m)?)+ ((n+m)z (g
p)y)((n+m)(g+p)—=l))+(ac+ab)(((g+p)r—n—m)((n+m)(g+p) —zl)+((n+m)r—
(@+p)y)(1—(g+p)*) + ((n+m)(g+p) —z)(yl — (n+m)?) + (2bc+c+b)((q +p)x —
n—m)((n+m)z—(q+p)y)l/l(yl — 21— (¢ +p)*y+2(n+m)(g+p)z — (n+m)?)*| +

(
(

+

S
+

(
)

3
+

_|_
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[6t(y—2%)z(1—(g+p)*)(a(((n+m)(g+p) —xl)*+ (1= (g+p)*) (vl — (n+m)*) + (I — (g+
p)*)(n+m)(g+p)—=1)) +(c+b)(((g+p)z—n—m)(yl— (n+m)*)+ (n+m)x — (¢+
p)y)((n+m)(g+p)—2l))+(ac+ab)(((¢+p)z—n—m)((n+m)(g+p) —zl)+((n+m)z—
(¢+p)y) (= (g+p)*)+ ((n+m)(g+p) —2l)(yl — (n+m)?) + (2bc+c+b)((g+p)r —n—
m)((n+m)z—(g+p)y))/[(yl—2*1—(g+p)*y+2(n+m)(g+p)z— (n+m)?)!] - [2t2(1 -
(¢+p)*)(a(=2z((n+m)(q+p)—xl) +y(I—(g+p)*) —2 (1= (g+p)?) +yl—zl+(n+m)(g+
p)—(n+m)?) =2yl — (n+m)*) +y((n+m)(g+p) —xl) + (c+b)(((g+p)xr—n—m)y—
z((nt+m)z—(q¢+p)y))+(ac+ab)(—(q+p)y—z((g+p)z—n—m)+(n+m)z))]/[(yl -
21— (q+p)*y+2(n+m)(g+p)z—(n+m)®)*| = [2t(y —2?)z((c+b) ((—g—p)((n+m)(g+
p)—2l)+((g+p)r—n—m)l)+1((n+m)(g+p)—zl)+al(l—(g+p)*)+(ac+ab)(—g—p)(I—
(¢+p)*) +(2bc+c+b)(—g—p)((g+p)r—n—m))|/[(yl —*| = (¢ +p)*y +2(n+m)(qg+
p)x—(n+m)?°|+[tz(a(l—(¢+p)?) — 22l +al+ (c+b)((q+p)r — (—g—p)r—n—m)+
(n+m)( +p)+(ac+ab)(—q—p))/[(yl =21 = (q+p)*y+2(n+m)(g+p)z — (n+m)*)?
hig? = [((c+0)(—g—p)(g+p) — 1) +1(q+p) — (2bc+c+b)(—q—p))tz]/[(—(m+
n)?+2(g+p)z(m+n)—(g+p)*y+ly—12°)*] - [2tz(2(¢+p)x —2(m+n)) ((c+b)((—g—
(q+p)(m—+n)—1z)+1(—=m+(g+p)z—n))+1((g+p) (m+n) —lz)+ (2bc+c+b)(—q

p) lz)
m+(q+p)x—n)+(act+ab)(—q—p)(l = (¢+p)*) +al(l—(g+p)*)]/[(=(m+n

p) )?
2(g+p)x(m+n)—(q+p)*y+ly—12?)’]| +[6(1— (¢+p)*)t2(2(¢+p)z—2(m+n))(a(((qg
)(m+n) —1z)*+ (= (¢+p)*)(ly — (m+n)*) + (I — (¢+p)*)((g+p)(m+n) —lz))
((g+p)(m+n)—lz)(ly—(m+n)*) +(c+b)((—m+(¢+p)z —n)(ly — (m+n)*) +((q
p)(m+n)—lz)(z(m+n) = (¢+p)y)) + (ac+ab)((I — (¢ +p)*)(x(m+n) — (¢ +p)y)
—m+(q+p)z—n)((g+p)(m+n)—lz))+ (2bc+c+b)(=m+(¢+p)z—n)(z(m+n) -

(
(=

+

3
+ o+ F

+

—~ o~

a+p)y)l/ (= (m+n)*+2(g+p)x(m+n) —(g+p)*y+ly—12?)"] = [2(1— (g+p)*)tz((c+
b)((m+n)?+(q+p)(z(m+n)—(¢+p)y) +z((g+p)(m+n) —lz) = 2(=m+ (q+p)z -
n)(m-+n)—ly)+(g+p)(ly—(m+n)*)+a(2(g+p)((g+p) (m+n)—lx) =2(1—(g+p)*) (m+
n)+(g+p)(1—(g+p)*)) — (2bc+c+b)(z(m+n) — (¢+p)y) —2(m~+n)((g+p)(m+n) —
12) + (ac+ab)(—(q+p) (m+n)+ (q+p) (—=m+ (g+p)z—n)+ (1 — (q+p)?) z+1z) + (2bc+
c+b)z(=m+ (¢+p)z —n))]/[(=(m+n)*+2(g+p)z(m+n) — (¢+p)*y +1ly — l2?)°]
W = [((e+b)((—g = p)(a+p) =) +1(g+p) = (2be+c+b) (=g —p))tz]/[(—(n +
m)?+2(qg+p)r(n+m)—(g+p)*y+ly—I12°)*] = [2t2(2(g+p)z—2(n+m))((c+b)((—q

)
)
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p)((g+p)(n+m)—lz)+I(—n+(g+p)z—m))+I((g+p)(n+m)—lz)+(2bc+c+b)(—q—
)(=n+(g+p)r—m)+(act+ab)(—q—p)(I—(g+p)*) +al(l = (¢+p)*)]/[(—(n+m)*+
(g+p)z(n+m)—(g+p)*y+ly—1a*)*]+[6(1—(q+p)*)tz(2(g+p)z—2(n+m))(a(((g+
)(n+m)—lx)?+ (1~ (g+p)*)(ly— (n+m)*)+ (1= (¢+p)*) ((g+p)(n+m) = 1z)) +(
)(n+m) —lz)(ly—(n+m)?)+(c+b)((—n+(g+p)r—m)(ly—(n+m)*) +((g+p)(n+
) —lz)(z(n+m)—(q+p)y)) + (ac+ab)((l — (g +p)*)(z(n+m) — (¢ +p)y) + (—n+
(g+p)z—m)((g+p)(n+m)—Ilx))+ (2bc+ c+b)(—n+ (¢+p)z—m)(z(n+m)— (¢
P/ (= +m)*+2(g+p)z(n+m) —(q+p)*y+1ly —1a*)*] = [2(1 — (g +p)*)tz((c+
b)((n+m)*+ (q+p)(x(n+m)—(g+p)y) +z((g+p)(n+m)—lz) = 2(—n+(¢+p)z -
m)(n+m) —ly)+ (¢+p)(ly — (n+m)?) +a(2(g+p)((g+p)(n+m) —lz) —2(1 - (¢+
)(nt+m)+(g+p)(I—(q+p)?)) = (2bc+e+b) (x(n+m) — (g+p)y) —2(n+m)((g+p) (n+
m) —lz)+ (ac+ab)(—(g+p)(n+m)+(g+p)(—n+(g+p)z—m)+(—(g+p)*)v+1v)+
(2bc+c+b)a(—n+(g+p)z—m))]/[(—(n+m)*+2(¢+p)z(n+m) —(g+p)*y+ly—12*)’]
h(U4) [tz(—(ac+ab)(I— (p+q)*) — (2bc+c+b)(z(p+q) —n—m) + (c+b)(—(n+
m)(p+q) + (n+m)(—p — q) + 2lz) — 2(ac+ ab)(—p — ¢)(p + q) — 2al(p + q) + (2bc +
c+b)x(—p—q) +l(n+m)]/[(~y(p+q)* +2(n+m)x(p+q) +1ly —lz° — (n+m)?*)*] -
[2t2((ac+ab)(—y(l = (p+9)*) —2(p+q)(n+m)z —y(p+q)) + (n+m)(z(p+q) —n—
m)+z((n+m)(p+q)—lz))+a((n+m)(—(p+q)*) —2(p+q) (n+m)(p+q) —lz)+2(n+
m)((n+m)(p+q) —lx)=2(ly—(n+m)*)(p+q)) + (c+b)(n+m)((n+m)r—y(p+q)) -
y((n+m)(p+q)—lz)+x(ly—(n+m)?))+ (2bc+c+b)x((n+m)z—y(p+q)) — (2bc+c+
b)y(x(p+q)—n—m)+(n+m)(ly—(n+m)?))(1—(p+9)*)]/[(—y(p+a)*+2(n+m)z(p+
Q) +ly—la* = (n+m)*)’| = [2t2(2(n+m)x —2y(p+q)) ((ac+ab) (—p—q)(I - (p+9)*) +
al(l—(p+q)*) + (c+d)((z(p+q) —n—m)+(=p—q)((n+m)(p+q) —lz)) + (2bc+c+
b)(=p—q)(x(p+q) —n—m)+I((n+m)(p+q) —12))]/[(~y(p+q)*+2(n+m)z(p+q) +
ly—l2?—(n+m)*)*|+ [4tz(p+q) (a(((n+m) (p+q) = 1x)*+ ((n+m)(p+q) —lz) (I - (p+

p

(\V]

(
(

q-+

SIS

3

+

p)*

q)*)+(ly—(n+m)*) (1= (p+4q)*)) + (ac+ab)(((n+m)z —y(p+q)) (I — (p+¢)*) + ((n+
m)(p+q)—lz)(x(p+q) —n—m))+(c+b)(((n+m)(p+q)—lz)((n+m)z—y(p+q))+(ly—
(n+m)?)(z(p+q) —n—m))+ (2bc+c+b)(x(p+q) —n—m)((n+m)x—y(p+q))+ (ly—

(n+m)?)((n+m)(p+q)—1))l/[(=y(p+q)*+2(n+m)z(p+q) +1ly—1z° — (n+m)*)*]+
[6t2(2(n+m)z—2y(p+q))(1—(p+)*) (a(((n+m)(p+q) —lx)*+((n+m)(p+q) —lx) (-
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(p+9)*)+y—(n+m)*)(I—(p+q)*)) +(act+ab) (((n+m)z—y(p+q)) (I —(p+q)*) +((n+
m)(p+q)—lz)(z(p+q)—n—m))+(c+b)((n+m)(p+q)—lz)((n+m)z—y(p+q))+(ly—
(n+m)?)(z(p+q) —n—m))+ (2bc+c+b)(x(p+q) —n—m)((n+m)x—y(p+q)) + (ly—

(n+m)*)((n+m)(p+q) =)/ [(=y(p+q)* +2(n+m)z(p+q) +ly—l* — (n+m)?)*]
h%) = [tz(—(ac+ab)(I— (g+p)?) — (2bc+c+b)(z(q+p) —n—m)+ (c+b)(—(n+
m)(q+p)+ (n+m)(—q—p)+2lx) — 2(ac+ ab)(—q — p)(q+ p) — 2al(q + p) + (2bc +
c+b)x(—q—p) +1(n+m))]/[(=y(g+p)*+2(n+m)z(g+p) +1ly —12° — (n+m)?)?| -
2t2((ac+ab)(—y(l - (¢+p)*) —2(¢+p)(n+m)z —y(g+p)) + (n+m)(z(¢+p) —n—
m)+z((n+m)(g+p)—lx))+a((n+m)(—(g+p)*) —2(g+p)(n+m)(g+p) —lz)+2(n+
m)((n+m)(q+p)—lx) =2(ly—(n+m)?)(¢+p)) +(c+b)((n+m)((n+m)z —y(g+p)) —
y((n+m)(q+p)—Iz)+x(ly—(n+m)?))+ (2bc+c+b)x((n+m)z—y(qg+p)) — (2bc+c+
b)y(z(g+p)—n—m)+(n+m)(ly—(n+m)?))(—(¢+p)*)l/[(—y(a+p)*+2(n+m)z(q+
p)+ly—la® — (n+m)*)*] = [2tz(2(n+m)x —2y(q+p))((ac+ab)(—g—p) (I~ (¢+p)*) +
al(l—(q+p)*)+ (c+b)(l(z(g+p) —n—m) +(=g—p)((n+m)(q+p) 1))+ (2bc+c+
b)(—=q—p)(x(g+p) —n—m)+1((n+m)(g+p)—1x))]/[(=y(g+p)*+2(n+m)z(q+p)+
ly—lx? = (n+m)*)°’]+ [4tz(q+p)(a(((n+m)(g+p) —1z)* +((n+m)(g+p) —lz) (1 - (¢+
p)*)+(ly—(n+m)*) (1= (g+p)?)) + (ac+adb)(((n+m)z —y(g+p)) (- (¢+p)
m)(q+p)—lz)(z(g+p)—n—m))+(c+b)(((n+m)(g+p)—lz)((n+m)z—y(g+p

)+((n+
)+(ly—
(n+m)?)(z(g+p) —n—m))+(2bc+c+b)(z(g+p) —n—m)((n+m)r—y(g+p))+ (ly—
(n+m)? )((n+m)(fJ+p)—lx))]/[(—y(q+p)2+2(n+m) (g+p)+ly—12*—(n+m)*)’|+
[6t2(2(n+m)z—2y(g+p))(I—(g+p)*)(a(((n+m)(g+p) —lz)*+((n+m)(q+p) —lz) (I~
(¢+p)*)+(ly—(n+m)*) (1= (g+p)*))+ (actab) (((n+m)z—y(g+p)) (I—(g+p)*) +((n+
m)(q+p)—1z)(z(g+p) —n—m))+(c+b)(((n+m)(g+p)—lz)((n+m)z—y(g+p)) +(ly—
(n+m)?)(x(g+p) —n—m))+(2bc+c+b)(x(g+p) —n—m)((n+m)z—y(g+p))+(ly—
(n+m)?*)((n+m)(g+p) —12)]/[(=y(g+p)*+2(n+m)z(g+p) +1ly—lz* — (n+m)?)"]

st =0
! =0

Y = [(c+b)(((n+m)(g+p) — ) (n+m)z — (g +p)y) + (g +p)z —n—m)(ly —
(n+m)?)) + (ac+ab)((I = (¢ +p)*)((n+m)x — (¢ +p)y) + ((n+m)(q+p) —lx)((¢+
p)x—n—m))+a((l = (¢ +p)*)(ly — (n+m)*) + ((n+m)(q+p) —lx)* + (I - (¢ +
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p)*)((n+m)(g+p)—lx))+(2bc+c+b)((¢+p)r —n—m)((n+m)z—(¢+p)y) +((n+
m)(q+p) —1z)(ly — (n+m)*)]/[(=(g+p)*y+1ly —l2® +2(n+m)(g+p)z — (n+m)?)?]
W = [ta(=2z((n+m)(g+p) —al) +y(l = (g+p)*) — (L= (g+p)*) +yl — 2l +
(n+m)(g+p) —(n+m)?) —z(yl — (n+m)?) +y((n+m)(g+p) — ) + (c+b)(((¢+
p)x —n—m)y —z((n+m)x — (¢ +p)y)) + (ac + ab)(—(¢ + p)y — z((¢ + p)z —n —
m) + (n +m)2))]/[(yl — 2%l = (¢ +p)*y + 2(n +m)(g +p)v — (n+m)*)*] — [2t(y —
2?)(a(((n+m)(g+p) = x1)* + (1= (¢+p)*) (Yl — (n+m)*) + (I = (¢+p)*)((n+m)(q+
p) = 2l)) + (c+b)(((g +p)z —n—m)(yl — (n+m)*) + (n + m)z — (¢ + p)y)((n +
m)(q+p) — xl)) + (ac+ ab)(((q + p)x — n—m)((n +m)(q +p) — 2l) + (n + m)z —
(@+p)y)(I = (g+p)*) + ((n+m)(g+p) —z)(yl — (n+m)?) + (2bc+c+b)((q +p)x —
n—m)((n+m)z —(q+p)y)]/[(yl — 21 = (g +p)*y +2(n+m)(g+p)z — (n+m)?)’]
B = [t((c+B)((m+n)?+ (g+p)(@(m+n) = (g+p)y) +@((g+p)(m+n) - lz) -

)
)
2(=m+(g+p)z—n)(m+n)—ly)+(g+p) (ly—(m+n)*)+a(2(g+p)((g+p) (m+n) —lz) -
2(1—(g+p)*) (m+n)+(g+p) (1= (g+p)*)) = (2be+c+b) (w(m+n) — (¢-+p)y) —2(m+n) ((g+
p)(m+n)—lz)+(act+ab)(—(g+p)(m+n)+(g+p)(=m+(g+p)z—n)+(—(¢+p)*) v+
[2)+ (2be+c+b)x(—m+(g+p)z—n))l/[(—(m+n)*+2(g+p)z(m+n) - (g+p)*y+ly—
122)?] = [2t(2(g+p)z —2(m~+n))(a(((g+p) (m+n) —12)*+ (1~ (¢+p)*) (ly— (m+n)*) +
(= (g+p)*)(g+p)(m+n) =lz))+((g+p) (m+n) =lz)(ly— (m+n)?)+ (c+b) ((—m+
(¢+p)z—n)(ly—(m+n)*)+((g+p)(m+n)—lz)(z(m+n)—(¢+p)y)) +(ac+ab) ((I—(¢+
p)*)(@(m+n) = (g+p)y) +(=m+(q+p)z—n)((g+p) (m+n) —lx))+ (2bc+c+b) (—m+
(g+p)z—n)(z(m+n)—(g+p)y))l/[(—(m+n)*+2(g+p)z(m+n)—(g+p)*y+1ly—12°)’]

hyr = [H(e+0)((n+m)> + (g +p)(@(n+m) = (g-+p)y) +o((g-+p)(n+m)—lz) -
(—=n+(g+p)r—m)(n+m)—ly)+(g+p)(ly—(n+m)*)+a(2(¢+p)((g+p)(n+m)—lz) -
2(1—(g+p)*) (n+m)~+(g+p) (1= (g+p)*)) = (2be+c+b) (w(n+m) — (g-+p)y) —2(n+m) ((g+
p)(n+m)—lz)+(ac+ab)(—(g+p)(n+m)+(g+p)(—=n+(g+p)z—m)+(—(g+p)*)z+
1z)+ (2be+c+b)x(—n+(g+p)z—m))l/[(—(n+m)*+2(g+p)z(nt+m)—(g+p)*y+ly—
122)%] = [2t(2(q+p)z —2(n+m))(a(((g+p) (n+m) —1x)*+ (1= (q+p)*) (ly— (n+m)*) +
(I=(g+p)*)((g+p)(n+m) =1x))+((g+p) (n+m) —lz)(ly— (n+m)?)+(c+b) ((—n+(g+
p)x—m)(ly—(n+m)*)+((¢+p)(n+m)—lz)(z(n+m)—(¢+p)y)) + (ac+ab)((l - (g+
)(@(n+m)—(g+p)y)+(—n+(g+p)z—m)((g+p)(n+m)—1z))+(2bc+c+b)(—n+

)
)+

2

)
)

p
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(g+p)z—m)(z(n+m)—(g+p)y))l/[(—(n+m)*+2(g+p)z(nt+m)—(¢+p)*y+ly—iz?)’]

hie) = [t((ac+ab)(—y(I— (p+9)*) —2(p+a) (n+m)z—y(p+9)) + (n+m) (@ (p+q) -
n—m)+z((n+m)(p+q)—lz))+a((n+m)(l—(p+q)*)—2(p+q)((n+m)(p+q) —lz)+
2(n+m)((n+m)(p+q)—lx)=2(ly— (n+m)*)(p+q)) +(c+b)((n+m)((n+m)z—y(p+
) —y((n+m)(p+q)—lz)+a(ly—(n+m)?))+(2bc+c+b)z((nt+m)z—y(p+q)) — (2be+
c+b)y(z(p+q) —n—m)+(n+m)(ly—(n+m)*)/[(—y(p+q)* +2(n+m)z(p+q)+ly—
l2* — (n+m)?)?| = [2t(2(n+m)z —2y(p+q)) (a((n+m)(p+q) —l2)*+((n+m)(p+q) -
l2)(I—(p+9)*)+(ly—(n+m)?) (1= (p+9)*))+ (ac+ab) (((n+m)r—y(p+q)) (I (p+q)*) +
((n+m)(p+q)—lz)(x(p+q)—n—m))+(c+b)(((n+m)(p+q)—lz)(n+m)z—y(p+q))+
(ly—(n+m)?)(z(p+q) —n—m))+(2bc+c+b)(z(p+q) —n—m)((n+m)z —y(p+q)) +
(ly—(n+m)*)((n+m)(p+q)—12))]/[(=y(p+)*+2(n+m)z(p+q)+ly—12°— (n+m)?)?]

B = [t((ac+ab)(=y(I—(g+p)*) ~2(q+p) ((n4m)z—y(g+p))+(n+m)((g+p) -
n—m)+z((n+m)(q+p)—lz))+a((n+m)(l—(g+p)*) —2(g+p)((n+m)(g+p) —lz)+
2(n+m)((n+m)(g+p)—lx)=2(ly— (n+m)*)(g+p))+(c+b)((n+m)((n+m)z—y(g+
p))—y((n+m)(g+p)—lx)+z(ly—(n+m)?))+(2bc+c+b)z((n+m)z—y(g+p)) — (2bc+
c+0)y(z(g+p) —n—m)+(n+m)(ly—(n+m)*)]/[(=y(g+p)*+2(n+m)z(q+p)+1y—

l2* — (n+m)?)?| = [2t(2(n+m)x —2y(q+p)) (a((n+m)(g+p) —l)*+((n+m)(g+p) -
12)(I—(q+p)*)+(ly—(n+m)?) (1= (g+p)*))+(actab) (((n+m)z—y(g-+p)) (I (g+p)*)+
((n+m)(g+p)—lz)(z(g+p)—n—m))+(c+b)(((n+m)(g+p) —lx)((n+m)z—y(g+p))+
(ly—(n+m)*)(z(g+p) —n—m))+(2bc+c+b)(2(g+p) —n—m)((n+m)z—y(g+p)) +
(ly—(n+m)?)((n+m)(g+p)—12))]/[(—y(g+p)*+2(n+m)z(q+p)+ly—1z’—(n+m)?)?]
=0
Myt =0

his” = [e(a(=2e((n+m)(q +p) = al) + y(I = (¢4 p)*) — 2l = (¢4 p)*) +yl —
zl+(n+m)(g+p) — (n+m)?) —z(yl — (n+m)?) +y((n+m)(qg+p) —zl) + (c+
D)(((g+p)r —n—m)y —z((n+m)z — (¢+p)y)) + (ac+ab)(—(g+p)y —z((¢ +p)r —
n—m)+ (n+m)x)]/[(yl — 2>l = (¢ +p)’y +2(n+m)(g+p)x — (n+m)?)’] - [2(y —
2?)z(a(((n+m)(g+p) —21)* + (1= (g+p)*)(yl — (n+m)*) + (1= (¢ +p)*)((n+m)(g+
p) —2l)) + (c+b)(((g+p)z —n—m)(yl — (n+m)*) + (n + m)z — (¢ + p)y)((n +
m)(q+p) — xl)) + (ac+ ab)(((q + p)x — n—m)((n +m)(q +p) — 2l) + (n + m)z —
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(¢+p)y)(I = (g+p)*) +((n +m>(Q+p) zl)(yl — (n+m)?) + (2bc+c+b)((g+p)z -
—m)((n+m)z—(¢+p)y)/[(yl — 2’1l — (¢ +p)*y + 2(n+m)(q +p)z — (n+m)*)?]

Mg = [z((c+b><<m+n>2+<q+ p)(@(m+n) = (g-+p)y) +x((a+p)(m+n)~lz) -
2(=mA+(g+p)z—n)(m-+n)—ly)+(g+p)(ly—(m+n)*)+a(2(g+p)((g-+p) (m+n)—lz) -
2(1=(g+p)*) (m+n)+(g+p) (1= (g+p)?)) = (2bct+c+b) (z(m+n) — (g+p)y) —2(m+n) ((g+
p)(m+n)—lz)+(act+ab)(—(g+p)(m+n)+(g+p)(—m+(g+p)r—n)+(—(g+p)*)z+
[z)+(2bc+c+b)z(—m+(g+p)r—n))|/[(—(m+n)*+2(¢+p)z(m+n) —(¢+p)*y+ly—
12%)?] = [22(2(q+p)x—2(m+n))(a(((g+p) (m-+n) —lz)*+ (- (g+p)*)(ly— (m+n)*) +
(= (g+p)*)((g+p)(m+n)=l2)+((g+p) (m+n) —lz)(ly— (m+n)?)+(c+b) ((—m+
(¢+p)z—n)(ly—(m+n)*)+((g+p)(m+n)—Iz)(z(m+n)—(¢+p)y)) +(ac+ab) ((I—(g+
p)*)(@(m+n) = (g+p)y) +(=m-+(q+p)z—n)((g+p) (m+n)—lx))+(2bc+c+b) (—m+
(¢+p)z—n)(z(m+n)—(g+p)y))]/[(—(m+n)*+2(g+p)z(m+n)— (¢+p)*y+ly—12?)]

Mg = [2((c40) (n+m)> + (¢-+p)(@(n+m) = (g-+)y) +2((a-+p) (n+m) —lx) -
2(—n+(g+p)z—m)(nt+m)—ly)+(g+p) (ly—(n+m)*)+a(2(g+p)((g+p) (n+m)—lz) -
2(1=(g+p)*) (n+m)+(q+p) (1= (g+p)?)) = (2bct+c+b) (z(n+m) — (g+p)y) —2(n+m)((g+
p)(n+m)—lz)+(act+ab)(—(g+p)(n+m)+(g+p)(—n+(g+p)z—m)+(—(¢+p)*)z+
12)+ (2bc+c+b)x(—n+(q+p)x—m))]/[(—(n+m)*+2(q+p)x(n+m)—(¢+p)*y+ly—
127)%] = [22(2(q+p)z —2(n+m))(a(((g+p) (n+m) —lz)*+ (1~ (g+p)*) (ly— (n+m)?) +
(1= (g+p)*)((g+p)(n+m)—lx)) +((g+p) (n+m) =lz)(ly— (n+m)?)+(c+b) ((—=n+(¢+
p)z—m)(ly—(n+m)*)+((g+p)(n+m)—lz)(z(n+m)—(g+p)y)) + (ac+ab)((I - (g+
p)*)(z(n+m)—(g+p)y)+(—n+(g+p)r—m)((g+p)(n+m)—Ix))+(2bc+c+b)(—n+
(g+p)z—m)(z(n+m)—(g+p)y))l/[(—(n+m)*+2(g+p)z(nt+m)—(¢+p)*y+ly—iz?)]

hig” = [2((ac+ab)(—y(I— (p+q)?) —2(p+q) (n+m)z—y(p+q))+(n+m)(z(p+q)—
n—m)+z((nt+m)(p+q)—lz))+a((n+m)(l—(p+9)*) —2(p+q)((n+m)(p+q) —lx)+
2(n+m)((n+m)(p+q)—lx) =2(ly— (n+m)*)(p+q)) +(c+b)((n+m)((n+m)z—y(p+
) —y((n+m)(p+q)—lz)+a(ly—(n+m)?))+(2bc+c+b)z((n+m)z—y(p+q)) — (2be+
c+b)y(z(p+q) —n—m)+(n+m)(ly—(n+m)*)/[(-y(p+q)* +2(n+m)x(p+q)+ly—
lz? —(n+m)2)2] 22(2(n+m)z —2y(p+q))(a(((n+m)(p+q) —lx)*+((n+m)(p+q) -
12)(I—(p+9)*)+(ly—(n+m)?) (1= (p+9)*))+ (ac+ab) (((n+m)r—y(p+q)) (1= (p+q)*) +
((n+m)(p+q)—lz)(z(p+q)—n—m))+(c+b)(((n+m)(p+q) —lz)((n+m)z—y(p+q))+
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(ly—(n+m)*)(z(p+q) —n—m))+(2bc+c+b)(z(p+q) —n—m)((n+m)z—y(p+q))+
(ly—(n+m)*)((n+m)(p+q)—1x))]/ [(=y(p+q)*+2(n+m)z(p+q) +ly—la* — (n+m)?)’]
B = [2((ac+ab)(—y(I—(g+p)?)—2(q+p) (n+m)z—y(q+p))+(n+m)((g+p) -
n—m)+z((n+m)(g+p)—lzx))+a((n+m)(l—(g+p)?)—2(g+p)((n+m)(g+p) —lz)+
2(n+m)((n+m)(g+p)—lx) —2(ly— (n+m)*)(g+p)) +(c+b)((n+m)((n+m)z—y(g+
p))—y((n+m)(g+p)—lz)+a(ly—(n+m)?))+(2bet+c+b)z((n+m)r—y(g+p)) — (2bc+
c+b)y((g+p)—n—m)+(n+m)(ly—(n+m)*)/[(—y(a+p)*+2(n+m)x(g+p)+ly—
12° —(n+m)*)?] = [22(2(n+m)z —2y(g+p))(a((n+m)(g+p) —lz)*+((n+m)(¢+p) —
12)(1=(g+p)?)+(ly—(n+m)?)(I—(q+p)*)) +(act+ab) (((n+m)z—y(q+p)) (I—(g+p)*)+
((n+m)(g+p)—lz)(x(q+p) —n—m))+(c+b)((n+m)(q+p)—lz)((n+m)z—y(q+p))+
(ly—(n+m)*)(z(g+p )
(ly—(n+m)*)((n+m
B =0

)
(

)—n—m))+(2bc+c+b)(x(g+p) —n—m)((n+m)z—y(q+p))+
)(q+p)—12))]/[(=y(q+p)*+2(n+m)z(q+p)+ly—lz*—(n+m)?)’]

B = [t(a(2y+ 222 — 22) = 20y)2)/[(yl — 2% = (g+p)*y+2(n+m) (g +p)z — (n+
m)?)?]+[6t(y — 2°)*z(a(((n+m)(g+p) —20)* + (1= (¢+p)*) (Yl — (n+m)*) + (1 - (¢ +
p)*)((n+m)(q+p) —20) + (c+b)(((g+p)z —n—m)(yl - (n+m)?) + ((n+m)z —
(¢+p)y)(n+m)(q+p) —=l)) + (ac + ab)(((¢ + p)z —n—m)((n+m)(q+p) —zl) +
(n+m)z = (g+p)y)(I = (¢+p)*) + ((n+m)(g+p) —2l)(yl = (n+m)?) + (2bc+c+
b)((g+p)z—n—m)((n+m)z—(¢+p)y)]/[(yl — 2°l — (g+p)*y +2(n+m)(q+p)z -
(n+m)?)1] — [4t(y — 2*)z(a(—22((n +m)(g +p) — 21) +y(I = (¢ +p)*) —x( — (¢ +
p)*)+yl—al+(n+m)(g+p) — (n+m)?) —z(yl — (n+m)*) +y((n+m)(q+p) —al) +
(c+b)(((¢+p)z—n—m)y—z((n+m)z—(¢+p)y)) + (ac+ ab)(—(¢+p)y — z((¢ +
p)r —n—m)+ (n+m)z))]/[(yl — 2l — (¢ +p)*y + 2(n + m)(g + p)x — (n+m)?)?|

hig? = [tz(a(=2(m+n) — 2(q+p)z +q+p) +2x(m+n) + (q+p)y + (c+b)(—y —

2?) +2(ac+ab)z)]/[(—(m—+n)*+2(g+p)a(m+n) — (g+p)*y +ly —1a*)*]| = [2t2(2(q +
p)z—2(m+n))(a(—(m+n)*=2z((g+p)(m+n)—lz)+(g+p)(m+n)+ (- (¢+p)*)y+
ly—(—(g+p)*)z—lz) —z(ly—(m+n)*) +(c+b)(y(—m+(¢+p)zr—n) —x(z(m+n) -
(¢+p)y)) +(ac+ab)(z(m+n) —z(—=m+(qg+p)z—n)+(—¢—p)y) +y((¢+p)(m+n) —
)]/ [(—(m+n)* +2(g+p)r(m-+n) —(g+p)*y +1ly —12*)°]| + [6t(y — %) 2(2(¢ +p)z —
2(m+n))(a(((g+p)(m+n)—1z)*+ (1~ (¢+p)*)(ly = (m+n)*) + (1 = (¢+p)*)((g+
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p)(m+n)—iz))+((g+p)(m+n)—lz)(ly— (m+n)?)+(c+b)((—m+(g+p)r—n)(ly—
(m+n)?)+((g+p)(m+n) —lz)(@(m+n)—(q+p)y) + (ac+ab) (I — (¢+p)*) (x(m+
n)—(g+p)y)+(—m=+(¢+p)z—n)((¢+p)(m+n)—lx))+(2bc+c+b)(—m+(¢+p)z—
n)(z(m+n)—(g+p)y)]/[(=(m+n)>+2(g+p)z(m+n) — (g+p)*y+1ly—12?)*] - [2t(y—
2?)2((c+b)((m+n)*+(g+p)(z(m+n)—(g+p)y) +z((g+p)(m+n) —lz) —2(=m+(g+
p)z—n)(m+n)—ly)+(q+p)(ly— (m+n)?)+a(2(g+p)((g+p) (m+n) —lz) —2(1—(¢+
p)?)(m+n)+(q+p) (1= (g+p)*)) = (2bc+c+b) (w(m+n)—(g+p)y) —2(m+n) ((g+p) (m-+
n)—lz)+(ac+ab)(—(g+p)(m+n)+(g+p)(—m+(g+p)r—n)+(—(¢+p)*)z+1v)+
(260+C+b) (=m+(g+p)z—n))]/[(=(m+n)*+2(g+p)z(m+n)—(g+p)*y+1ly—Iz?)’]
7Y = [tz(a(=2(n+m) — 2(q+p)z+q+p) +2(n+m) + (q+p)y + (c+b)(—y
2?) +2(ac+ab)x)]/[(=(n+m)* +2(g+p)x(n+m) — (¢+p)*y +ly—12%)*] — [2t2(2(q +
p)z—2(n+m))(a(—(n+m)*—2z((g+p)(n+m)—lz)+(g+p)(n+m)+(—(¢+p)*)y+
ly—(—(g+p)*)z—lz) —z(ly—(n+m)*) +(c+b)(y(—n+(g+p)z—m) —z(z(n+m) -
(¢+p)y)) +(ac+ab)(z(n+m)—z(—n+(g+p)r—m)+(—¢—p)y) +y((¢+p)(n+m)—
12)]/[(=(n+m)*+2(g+p)z(n+m) —(g+p)*y+1ly —12?)°]| +[6t(y — 2°) 2(2(¢ + p) > —
2(n+m))(a(((g+p)(n+m)—lz)*+ (1~ (¢+p)*)(ly — (n+m)*) + (I = (¢+p)*)((g+
p)(n+m)—1x))+((g+p)(n+m)—lz)(ly— (n+m)?)+(c+b)((—n+(g+p)z—m)(ly —
(n+m)*)+ ((g+p)(n+m) —lz)(z(n+m) - (¢+p)y)) + (ac+ab)((1 - (¢+p)*)(x(n+
)= (g+p)y)+(—n+(g+p)r—m)((g+p)(n+m)—lz))+(2bc+c+b)(—n+(g+p)r—
m)(z(n+m)—(g+p)y)l/[(=(n+m)*+2(g+p)r(n+m)—(g+p)*y+ly—la?)"] = [2t(y -
22)z((c+0)(n+m)*+(g+p)(x(n+m) = (g+p)y) +x((g+p) (n+m) —lx) —2(—n+(g+
p)x—m)(n+m)—ly)+(g+p)(ly—(n+m)*)+a(2(g+p)((g+p)(n+m)—lz)—2(1—(q+
p)?)(n+m)+(q+p)(I—(g+p)*)) — (2bc+c+b) (z(n+m) —(g+p)y) —2(n+m)((¢+p) (n+
m) —lz)+(ac+ab)(—(qg+p)(n+m)+(g+p)(—n+(g+p)z—m)+ (1~ (¢+p)*)r+lz)+
(2bc+c+b) (—n+(g+p)z—m))]/[(=(n+m)*+2(g+p)z(nt+m)—(g+p)*y+ly—lz?)’]
his? = [tz(a(—2y(p+q)+22(p+q)—2(n+m)z+n+m)+2(c+b)zy+(n+m)y+(ac+
ab)(—y—2*)/[(—y(p+9)*+2(n+m)x(p+q)+ly—la*— (n+m)?)*] - [2t2(2(n+m)z —
2y(p+a))(a(y(l—(p+0)*) —2(1—(p+9)*) —2x((n+m)(p+q) —lz) +(n+m)(p+q)+ly—
lz—(n+m)?)+(c+b)(y(z(p+q) —n—m)—z((n+m)z—y(p+q))) +(ac+ab)(—z(z(p+
q)—n—m)+y(—p—q)+(n+m)z)+y((n+m)(p+q)—lz)—z(ly—(n+m)?))]/[(-y(p+

(
)+

m
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@)’ +2(n+m)z(p+q) +ly —la? — (n+m)?)*| - [2t(y —2?)z((ac+ab) (—y(I— (p+9)*) —
2(p+q)((n+m)z —y(p+q) + (n+m)(z(p+q) —n—m)+z((n+m)(p+q) —lz)) +
(n+m)(I—=(p+a)*) —2(p+q)(n+m)(p+q) —lx) +2(n+m)((n+m)(p+q) —lz) -
( +m)?)(p+q)) +(c+b)( ((n+m)z—y(p+4q)) —y((n+m)(p+q)—lz)
+m)?))+ (2bc+c+b)x( r—y(p+q))— (2bc+c+b)y(z(p+q)—n—m)+
= (n+m))]/[(=y(p+a)* +2(n+m)x(p+q) +1y—lz* — (n+m)?)*] + [6t(y —
2?)z(2(n+m)z—2y(p+q))(a(((n+m)(p+q) —1x)*+((n+m)(p+q) —1z) (1~ (p+q)*) +
ly—(n+m)*)(1—(p+q)*)+(act+ab)((n+m)z—y(p+49)) (- (p+9)*) + ((n+m)(p+
) (
m)

)
(

(
2(ly— (n+m +
(

~ ~—

n
n

8

(
(ly—(
(n+m)(ly

(

n+m

q) —lz)(z(p+q) —n—m))+ (c+b)((n+m)(p+q) —lz)(n+m)z—y(p+q)) + (ly —
(n+m)?)(z(p+q)— )+ (2bc+c+b)(z(p+q) —n—m)((n+m)z—y(p+q))+(ly—
(n-+m)? )((n+m)(p+Q)—lfv))]/[(—y(p+Q)2+2(n+m)x(p+Q)+ly—lw2—(n+m)2)4]

hég‘*) = [tz(a(—2y(q+p)+2x(qg+p)—2(n+m)x+n+m)+2(c+b)xy+(n+m)y+(ac+
ab)(—y—2))1/[(—y(g+p)*+2(n+m)x(qg+p) +ly—1z> — (n+m)*)*] = [2tz(2(n+m)z —
2y(q+p))(a(y(l—(g+p)*) —2(1—(g+p)*) —2x((n+m)(g+p) —lz) +(n+m)(q-+p)+ly—
lz—(n+m)?)+(c+b)(y(z(g+p) —n—m) —z((n+m)z—y(g+p))) +(ac+ab)(—z(z(¢+
p)—n—m)+y(—q—p)+(n+m)z)+y((n+m)(g+p)—lz) —z(ly—(n+m)?))]/[(-y(q+
p)*+2(n+m)z(q+p)+ly—la? — (n+m)?)’] - [2t(y —2*)2((ac+ab) (—y (- (¢+p)*) —
2(g+p)((n+m)x —y(g+p)) + (n+m)(z(g+p) —n—m)+z((n+m)(g+p) —lz))+
((n+m)(I=(g+p)?) —2(g+p)(n+m)(g+p) —lz) +2(n+m)((n+m)(g+p) —lz) -
2(ly— (n+m)?)(g+p))+ (c+b)( )(n+m)x—y(g+p)) —y((n+m)(qg+p)—lz)
( m)?))+(2bc+c+b)az((n+m)x —y(g+p)) — (2be+c+b)y(z(g+p) —n—m)
—(n+m)*)|/[(=y(g+p)*+2(n+m)x (Q+p)+ly—lx2—(n+m)2)3]+[6t(y—
m)z—2y(q+p))(a(((n+m)(g+p) —lz)*+((n+m)(q+p)—lz) (- (¢+p)*)+

)

n

(
+ (n4+m)( +
+ (

8

(
ly—(n +
(n+m)(ly
2?)2(2(n+ )
ly—(n+m)*)(1-(g¢+p)*) (nt+m)z—y(g+p))(I—(g+p)*) +((n+m)(g+
p) —lx)(z(¢+p) —n—m))+ (c+b)(((n+m)(g+p) —lz)((n+m)x —y(g+p)) + (ly —
n+m)?)(2(g+p) —n—m))+(2bc+c+b)(z(g+p) —n—m)((n+m)z—y(g+p))+(ly—
n+m)? )((n+m)(Q+p)—lw))]/[(—y(Q+p)2+2(n+m)x(q+p)+ly—lw2—(n+m)2)4]
Wity =0
b = [12(=2((g+p)(m+n) —l2) +(c+b)(4(m+n) —2(=m+(q+p)z —n) +2(g+
p)x) —4(q+p)(m—+n)—2(2bc+c+b)x+a(2(q+p)* —2(l— (q+p)?)) + (ac+ab)(—2q —

)
)

)+ (ac+ab

(
(
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2p)]/[(=(m—+n)?+2(q+p)x(m-+n) — (q+p)*y +1ly —12*)*] + [4tz(a(((g+p) (m+n) —
12)* + (1= (¢+p)*)(ly — (m+n)*) + (= (¢ +p)*) (g +p)(m~+n) —lx)) + ((¢+p)(m +
n) —lz)(ly — (m+n)?) + (c+b)((=m+(g+p)zr —n)(ly — (m+n)*) + ((g+p)(m+n) —
(z (m+n)—(q+p)y))+(ac+ab)((l—(Q+p)2)(w(m+n)—(q+p)y)+(—m+(Q+p)w—
)((g+p)(m-+n)—lz))+(2bc+c+b) (=m+(g+p)z—n) (z(m+n) = (g+p)y))]/[(—(m
)?+2(q+p)z (m+n)—(q+p)2y+ly—la:2)3]+[675Z(2(q+p)x—2(m+n))2(a(((Q+p)(
n)—lz)*+ (1= (g+p)*)(ly— (m+n)*)+ (1~ (¢+p)*)((g+p)(m+n) —1z)) +((¢+p)(m

)= )+ (c+0)((=m+(g+p)z—n)(ly — (m+n)?*)+((¢+p)(m+n) -

(—m

[x)
n)(

n

n)—lz)(ly— (m+n)?

lz)(z(m+n)—(g+p)y)) +(act+ad)((1—(g+p)*) (x(m+n) —(g+p)y) +(—=m+(g+p)z—
n)((¢+p)(m+n)—lz))+(2bc+c+b)(—m~+(g+p)z—n)(x(m+n)—(g+p)y))]/[(=(m+
n)?+2(g+p)r(m+n) = (g+p)*y+ly—12*)*] = [4t2(2(g+p)z —2(m+n))((c+b)((m+
n)? +(q+p)(x(m+n) = (g+p)y) +2((g+p)(m+n) —lz) = 2(=m+(g+p)r —n)(m+
n) —ly) +(q+p)(ly — (m+n)*)+a(2(g+p)((g+p)(m+n) —lz) =2(—(g+p)*)(m+

n)+(g+p) (= (g+p)*)) = (2bc+c+b)(x(m+n) = (g+p)y) —2(m+n)((g+p)(m+n) —
lz)+ (ac+ab)(—(qg+p)(m+n)+(qg+p)(—m~+(g+p)r—n)+ (I —(g+p)?)z+1x)+ (2bc+
ctb)z(—m+(g+p)z—n))l/[(—(m+n)*+2(¢+p)x(m+n) — (¢+p)y +1y — l2?)’]
WD = [t2(=2((q+p)(n+m) —lz) + (c+b) (4(n+m) —2(—n+(g+p)z—m) +2(g+
p)x)—4(q+p)(n+m)—(2bc+c+b)x+(—2bc—c—b)x+a(2(q+p)?—2(1—(qg+p)?))+(ac+
ab)(—2q—2p))l/[(—(n+m)*+2(¢+p)z(n+m) — (¢+p)*y +1ly — 12%)*] + [4tz(a(((¢+
n+m)—1z)’+(1—(q+p)*)(ly— (n+m)?) + (1= (g+p)*) ((g+p)(n+m) —lz)) +((¢+
n-tm)—1z)(ly—(n+m)?)+(c+b)((—=n+(g+p)z—m)(ly—(n+m)*)+((g+p)(n+m)—
lz)(z(n+m)—(qg+p)y))+ (ac+ab)((I - (¢+p)*)(x(n+m) = (g+p)y) +(-n+(g+p)r —
((g+p)(nt+m)—lz))+(2bc+c+b)(—n+(g+p)z—m)(z(n+m)—(¢+p)y))]

m NI/ 1(—(n+
m)?+2(q+p)z(n+m)—(q+p)*y+ly—12*)’]+[6t2(2(qg+p)z—2(n+m))*(a(((g+p)(n+

((g+p)(n+
m) —lz)(ly— (n+m)?)+ (c+b)((—n+ (g+p)z—m)(ly— (n+m)?) + ((g+p)(n+m) —

Iz (
(z(n+m)—(g+p)y)) + (ac+ab)((I—(qg+p)*)(x(n+m)—(qg+p)y) +(—n+(¢+p)z—
((g+p)(nt+m)—lz))+(2bc+c+b) (—n+(g+p)r—m)(z(n+m)—(g+p)y))]/[(—(n+
*+2(q+p)z(n+m)—(q+p)°y+1ly—12°)"] = [2t2(2(¢+p)z —2(n+m))((c+b)((n+

+

(g+p)(x(n+m)—(qg+p)y)+x((g+p)(ntm)—lzx)—2(—n+(¢+p)xr—m)(nt+m)—

(
(
)
)
)
m)—lz)*+ (= (g+p)*)(ly— (n+m)?)+ (1~ (¢+p)*) ((g+p) (n+m) —lx)) +
)— )
) )
) )+
)
)
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ly)+(g+p)(ly—(n+m)*)+a(2(g+p)((g+p)(n+m)—lx) =2(I—(g+p)*)(n+m)+(g+
p)(I—(q+p)?)) = (2be+c+b) (z(n+m) —(g+p)y) —2(n+m)((g+p)(n+m)—lz)+(ac+
ab) (= (q+p)(n4+m)+(g+p)(—n+(g4+p)z—m) +(— (q+p)?)z+1z)+ (2bc+c+b)z(—n+
(g+p)z—m))l/[(=(n+m)*+2(g+p)x(nt+m)—(g+p)*y+ly—12*)’]| = [2t2(2(g+p)z —
2(n+m))((c+0)((n+m)*+(g+p)(x(n+m)—(g+p)y) +x((g+p)(n+m)—lz) —2(—n+
(g+p)z—m)(n+m)—ly)+(g+p)(ly—(n+m)*)+a(2(g+p)((g+p) (n+m)—lz)-2(1—(¢+
p)?)(n+m)+(g+p) (1= (g+p)*))+(=2bc—c=b)(x(n+m)—(q+p)y) —2(n+m)((g+p) (n+
m) —lz)+(ac+ab)((—=g—p)(n+m)+(q+p)(—n+(g+p)z—m)+(—(g+p)*)r+iz)+
(2bc+c+b)a(—n+(g+p)z—m))]/[(—(n+m)*+2(¢+p)z(n+m) —(g+p)*y+1ly—12?)’]

his) = [t2(a(=3(p+9)*+2((n+m) (p+¢) = Lx) +6(n+m)(p+q) +1) —2(c+b)y(p+
q)+1ly—(=2bc—c—b)y+ (2bc+c+b)x? —3(n+m)%+ (ac+ab)(—2n—2m))]/[(—y(p+
@)* +2(n+m)z(p+q) +ly—la? — (n+m)?)?] - [2t2(2(n+m)z —2y(p+9)) (a((p+a) (I -
(p+4)?) —2(n+m)(I1—(p+4q)*)+2(p+q)((n+m)(p+q) —lz)) +(act+ab) (z(1—(p+4q)*) +
(p+a)(z(p+q) —n—m)+n+m)(—p—q)+lz)+(c+b)(p+q)((n+m)z—y(p+q)) -
2(n+m)(z(p+q)—n—m)+z((n+m)(p+q)—lz)—ly+(n+m)?)+(—2bc—c—b)((n+
m)x—y(p+q))+(2bc+c+b)x(z(p+q) —n—m)—2(n+m)((n+m)(p+q)—lz)+(ly— (n+
m)?)(p+a)l/[(—y(p+9)* +2(n+m)x(p+q) +ly—12> — (n+m)*)*] = [2t2(2z(p+q) —
2(n+m))((act+ab)(—y(l—(p+q9)*)—2(p+q) (n+m)z—y(p+q))+(n+m)(z(p+q) —n—
m)+z((n+m)(p+q)—lx))+a((n+m)(—(p+q)*) = 2(p+q) (n+m)(p+q) —lz)+2(n+
m)((n+m)(p+q)—lz) =2(ly— (n+m)*)(p+q)) + (c+b)((n+m)((n+m)z —y(p+q)) —
y((n+m)(p+q)—Ilz)+x(ly— (n+m)?))+ (2bc+c+b)x((n+m)z—y(p+q)) — (2bc+c+
b)y(z(p+q) —n—m)+(n+m)(ly—(n+m)*))]/[(—y(p+q)*+2(n+m)z(p+q)+ly—la* -
(n+m)?)’] = [dtzz(a(((n+m)(p+q)—lx)*+((n+m)(p+q) —lx)(I— (p+q)*) + (ly— (n+
m)?)(I—(p+q)?))+(actad)(((n+m)r—y(p+q))(I—(p+q¢)*)+((n+m)(p+q)—lz) (z(p+
q)—n—m))+(c+b)(((n+m)(p+q)—lz)((n+m)z—y(p+q))+(ly—(n+m)*)(z(p+q) -
n—m))+(2bc+c+b)(x(p+q) —n—m)((n+m)z—y(p+q))+(y—(n+m)*)((n+m)(p+
q)—12)|/[(=y(p+a)*+2(n+m)z(p+q) +ly—la* — (n+m)?)*|+[6t2(22(p+q) —2(n+
m))(2(n+m)z—2y(p+q))(a((n+m)(p+q) —1l2)*+((n+m)(p+q) —lz) (1~ (p+49)*) +
(ly—(n+m)*)(I—(p+q)*)) + (ac+ab) (n+m)z—y(p+9)) (I - (p+9)*) + ((n+m)(p+
q) —lz)(@(p+q) —n—m))+ (c+0)(((n+m)(p+q) = lx)((n+m)z —y(p+q)) + (ly —
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(n+m)?)(z(p+q) —n—m))+(2bc+c+b)(z(p+q) —n—m)((n+m)r —y(p+q)+ (ly—
(n+m)*)((n+ )(p+CJ)—lw))]/[(—y(p+Q)2+2(n+m)x(p+Q)+ly—lfﬂ2—(n+m)2)4]
hig" = [t2(a(=3(q+p)*+2((n+m)(q+p) =) +6(n+m)(g+p)+1) —2(c+b)y(g+
p) +ly—(—2bc—c—b)y+ (2bc+c+b)x? —3(n+m)?+ (ac+ab)(—2n—2m))]/[(—y(q
p)*+2(n+m)x(q+p)+ly—Ii2° — (n+m)*)?] - [2tz(2(n+m)z —2y(q+p))(a((g+p) (I -
(¢+p)?) —2(n+m)(1—(g+p)*)+2(q+p)((n+m)(g+p) —lz)) +(ac+ab) (z(1—(g+p)?)
(¢+p)(x(g+p) —n—m)+(n+m)(—g—p)+lz)+(c+b)((¢+p)((n+m)z—y(g+p)) —
2(n+m)(z(g+p)—n—m)+z((n+m)(qg+p)—lz) —ly+(n+m)?)+(—2bc—c—b)((n+
m)x—y(q+p))+(2bc+c+b)x(z(g+p) —n—m)—2(n+m)((n+m)(q+p)—lz)+(ly— (n+
m)?)(q+p)l/[(=y(g+p)* +2(n+m)x(qg+p)+ly—12> — (n+m)*)*] = [2t2(22(q+p) —
2(n+m))((act+ab)(—y(l—(g+p)*)—2(g+p)(n+m)z—y(g+p))+(nt+m)(z(g+p) —n—
m)+z((n+m)(g+p)—lx))+a((n+m)(—(g+p)*) —2(q¢+p)(n+m)(g+p) —lz)+2(n+
m)((n+m)(g+p)—lz)=2(ly— (n+m)*)(g+p))+ (c+b)((n+m)((n+m)z—y(g+p)) —
y((n+m)(q+p)—Iz)+x(ly—(n+m)?))+ (2bc+c+b)x((n+m)z—y(qg+p)) — (2bc+c+
b)y(z(g+p) —n—m)+(n+m)(ly—(n+m)*))l/[(—y(g+p)*+2(n+m)z(g+p)+ly—la* -
(n+m)?)’] = [4tzz(a(((n+m)(g+p)—lx)*+((n+m)(g+p) —lx)(1—(g+p)*) + (ly— (n+
m)?)(I—(q+p)?))+(ac+ab)(((n+m)r—y(q+p)) (I —(g+p)*)+((n+m)(q+p)—lz) (z(g+
p)—n=m))+(c+b)(((n+m)(g+p)—lx)((n+m)z—y(g+p)) +(ly—(n+m)?)(z(q+p) -
m))+(2be+c+b)(z(g+p) —n—m)((n+m)z—y(g+p))+ (y—(n+m)*)((n+m)(g+
p)—12))/[(=y(g+p)*+2(n+m)x(qg+p) +ly—12* — (n+m)?)*| +[6t2(22(q+p) — 2(n+
m))(2(n+m)z—2y(q+p))(a((n+m)(g+p) —lz)*+((n+m)(g+p)—lz) ([~ (g+p)*) +
(ly—(n+m)*)(I—(g+p)*)) + (act+ab) ((n+m)z—y(g+p))(I—(g+p)*) + ((n+m)(g+
p) —lz)(z(q+p) —n—m))+(c+b)(((n+m)(g+p) —lz)((n+m)z—ylqg+p))+ (ly—
(n+m)?)(x(g+p) —n—m))+(2bc+c+b)(x(g+p) —n—m)((n+m)z—y(g+p))+(ly—
(n+m)? )((n+m)(CJ+p)—lfv))]/[(—y(Q+p)2+2(n+m)x(Q+p)+ly—lw2—(n+m)2)4]
hi 15 =0
WYY = [t2(=2((q+p)(n+m) — 1) + (c+b) (4(n+m) —2(—n+(g+p)z —m) +2(¢+
p)z) —4(qg+p)(n+m) —2(2bc+c+b)z+a(2(g+p)2 —2(1— (q+p)2)) + (ac+ab) (—2¢ —
2p))l/[(=(n+m)?+2(g+p)r(n+m) —(g+p)*y +ly—12*)?| +[4tz(a(((¢+p)(n+m) —
12)*+ (1= (¢+p)*) (ly— (n+m)*) + (1= (¢+p)*) ((q+p) (n+m) —1z)) +((g+p) (n+m) -

+

+

(ly
(
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lz)(ly—(n+m)?)+(c+b)((—n+(g+p)z—m)(ly—(n+m)*)+((g+p)(n+m) —lz)(z(n
m) —(g+p)y)) + (ac+ab) (I (g+p)*)(@(n+m) = (g+p)y) + (—n+(g+p)z—m)((q
p)(n+m)—lx))+(2bc+c+b)(—n+(g+p)z—m)(z(n+m)—(g+p)y)]/[(~(n+m)*+
q+p)z(n+m)—(q+p)*y +ly —1a?)’] + [6t2(2(¢ + p)z — 2(n +m))*(a(((g +p)(n +
1)+ (1= (g+p)*) (ly— (n+m)*) + (1~ (g+p)*) ((g+p) (n+m) —lx)) + ((g+p)(n+
1z)(ly — (n+m)?) +(c+b)((—n+(g+p)z—m)(ly — (n+m)?) +( (
z)(z(n+m)—(q+p)y))+(act+ab)((I = (q+p)*) (x(n+m)—(¢+p)y) +(—n+(q+p)
((g+p)(n+m)=1x))+(2bc+c+b)(—n+(g+p)r—m)(z(n+m)—(g+p)y))]/[(—(
2+2(q+p)r(nt+m)—(g+p)°y+ly—I12*)"] = [4t2(2(g+p)z —2(n+m))((c+b)((n+
2+ (g+p)(a(n+m)—(g+p)y) +2((g+p)(n+m) —lz) = 2(~=n+(g+p)z—m)(n+
ly)+ (g+p)(ly— (n+m)*) +a(2(¢+p)((g+p)(n+m) —lz) —2(1 - (¢+p)*)(n+
+(g+p)(1=(g+p)*) — (2be+c+b)(z(n+m) — (g+p)y) —2(n+m)((g+p)(n+m) -
12) 4 (ac+ab)(—(q+p) (n+m) + (q+p) (—n+(g+p)z—m)+(1— (g+p)?)x+1z) + (2bc+
c+b)z(=n+(q+p)r—m))]/[(=(n+m)*+2(g+p)z(n+m) — (¢+p)*y +1ly — l2?)’]
WY = [t2(a(=3(p+q)*+2((n+m) (p+9) — 1) +6(n-+m)(p+q) +1) —2(c+b)y(p+
q)+1ly—(—2bc—c—b)y+ (2bc+c+b)x? —3(n+m)*+ (ac+ab)(—2n—2m))]/[(—y(p+

+ 7

)
(

[\]

3

q+p)(n+m)—

S

(
(

o~

T —

3
3
+

)
)

3

3

3

3

)—
)=
)
)
)
)
)—
)
)

q0)*+2(n+m)z(p+q) +ly—12° — (n+m)?)’] = [2tz(2(n+m)x —2y(p+q)) (a((p+9) (I -
(p+4)?)—2(n+m) (1= (p+49)*) +2(p+q)((n+m)(p+q) —lz)) +(act+ab) (z(1- (p+4q)*) +
(p+9)(z(p+q) —n—m)+(n+m)(—p—q)+iz)+(c+b)(p+q)(n+m)z—y(p+q)) —
2(n+m)(z(p+q)—n—m)+z((n+m)(p+q)—Ilx)—ly+(n+m)?)+(—2bc—c—b)((n+
m)z—y(p+q))+(2be+c+b)z(z(p+q) —n—m)—=2(n+m)((n+m)(p+q)—lz)+(ly—(n+
m)?)(p+a)l/[(=y(p+q)* +2(n+m)z(p+q) +ly —1z* — (n+m)?)’] = [2t2(2x(p+q) —
2(n+m))((act+ab)(—=y(—(p+9)*)—2(p+q) (n+m)z—y(p+q))+(n+m)(z(p+q) —n—
m)+z((n+m)(p+q)—lx))+a((n+m)(—(p+q)*) = 2(p+q) (n+m)(p+q) —lz)+2(n+
m)((n+m)(p+q) —lz)=2(ly— (n+m)*)(p+q)) +(c+b)(n+m)((n+m)z—y(p+q)) —
y((n+m)(p+q)—Ilz)+z(ly—(n+m)?))+ (2bc+c+b)x((n+m)x—y(p+q)) — (2bc+c+
b)y(z(p+q)—n—m)+(n+m)(ly—(nt+m)*)/[(—y(p+q)*+2(n+m)z(p+q)+ly—la*—
(n+m)?)’] = [4tzz(a(((n+m)(p+q)—lx)*+((n+m)(p+q) —lx) (1= (p+9)*) + (ly— (n+
m)?)(I—(p+q)?))+(actad)(((n+m)r—y(p+q))(I—(p+)*)+((n+m)(p+q) —lz) (z(p+
q)—n—m))+(c+b)(((n+m)(p+q) —lz)((n+m)z—y(p+q))+(y—(n+m)*)(z(p+q) —
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m))+(2bc+c+b)(x(p+q) —n—m)((n+m)z—y(p+q)) +(ly—(n+m)?)((n+m)(p+
q)—12)/[(=y(p+a)*+2(n+m)x(p+q)+ly—lx* — (n+m)?)*|+ [6t2(2x(p+q) —2(n+
m))(2(n+m)z—2y(p+q))(a((n+m)(p+q) —1l2)*+ ((n+m)(p+q) —lz) (1~ (p+49)*) +
(ly—(n+m)*) (1= (p+¢)*)) +(ac+ab) (n+m)z—y(p+9)) (1= (p+¢)*) + ((n+m)(p+
q) —lz)(z(p+q)—n—m))+(c+b)((n+m)(p+q) — lz)((n+m)z —y(p+4q)) + (ly —
(n+m)?)(x(p+q) —n—m))+(2bc+c+b)(x(p+q) —n—m)((n+m)z—y(p+q))+(ly—
(n+m)? )((n+m)(p+q)—lw))]/[(—y(p+q)2+2(n+m)x(p+q)+ly—lx2—(n+m)2)4]
B = [tz(a(=3(q+p)*+2((n+m)(q+p) — 1) +6(n+m)(g+p)+1) —2(c+b)y(g+
p)+ly—(=2bc—c—b)y+ (2bc+c+b)x? —3(n+m)?+ (ac+ab)(—2n—2m))]/[(—y(q+
p)*+2(n+m)z(g+p)+ly—la? — (n+m)*)?| - [2tz(2(n+m)z —2y(q+p))(al((g+p) (I -
(¢+p)?)—2(n+m) (1 (g+p)*)+2(q+p)((n+m)(g+p) —lz)) +(act+ab) (z(1—(g+p)*) +
(¢+p)(z(g+p) —n—m)+(n+m)(—qg—p)+iz)+(c+b)((¢+p)((n+m)z—y(q+p)) —
2(n+m)(z(qg+p)—n—m)+z((n+m)(qg+p)—lz)—ly+(n+m)?)+(—2bc—c—b)((n+
m)r—y(g+p))+(2bc+c+b)x(x(g+p) —n—m)—2(n+m)((n+m)(g+p)—lz)+(ly—(n+
m)?)(q+p)l/[(=y(g+p)*+2(n+m)z(g+p) +ly —1z* — (n+m)?)’] - [2t2(2x(q+p) —
2(n+m))((actab)(—y(1—(g+p)*) —2(g+p)((n+m)z—y(g+p))+(n+m)(z(¢+p) —n—
m)+z((n+m)(g+p)—lx))+a((n+m)(—(g+p)*) —2(g+p)(n+m)(g+p) —lz)+2(n+
2)(q+p))+(c+b)((n+m)((n+m)z—y(g+p)) —

m)((n+m)(q+p)—lx)—=2(ly—(n+m)
)+ (2bee+b)a((n-+m)e—y(g+p)) — (2be-+ e+

y((n+m)(g+p)—lzx)+z(ly—(n+m)?)+
b)y(z(q+p)—n—m)+(n+m)(ly—(n+m)*))/[(—y(g¢+p)*+2(n+m)x(g+p)+ly—la*—
(n+m)?)’] = [4tzz(a(((n+m)(g+p) —lx)*+((n+m)(q+p) —lx) (1= (g+p)*) + (ly— (n+

m)?)(I—(q+p)*))+(act+ab) ((n+m)z—y(g-+p)) (1= (g+p)*)+((n+m)(g+p) —lz)(x(g+

p)—n—m))+(c+b)(((n+m)(g+p) —lz)((n+m)z—y(g+p))+(ly—(n+m)?)(z(g+p) -
m))+(2be+c+b)(x(q+p) —n—m)((n+m)r—y(g+p))+(ly—(n+m)?)((n+m)(g+
p)—12))]/[(=y(g+p)*+2(n+m)x(qg+p) +ly—l2* — (n+m)?)*| +[6t2(22(q+p) — 2(n+
m))(2(n+m)x—2y(g+p))(a(((n+m)(g+p) —1z)*+((n+m)(g+p) —lx)(I—(g+p)*) +
(ly—(n+m)*)(I1—(g+p)*) +(ac+ab) (((n+m)z—y(q+p)) (- (g+p)*) + ((n+m)(q+
p) —lz)(z(g+p) —n—m))+ (c+b)(((n+m)(q+p) —lz)((n+m)z—y(g+p))+ (ly —
(n+m)?)(z(g+p) —n—m))+(2bc+c+b)(z(g+p) —n—m)((n+m)z—y(g+p))+ (ly—
(n+m)*)((n+m)(g+p) —12)]/[(—y(g+p)*+2(n+m)z(g+p) +ly—l* — (n+m)?)*]

)
)

ly

\_/v\—/\—/
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hi'lo =0

hig? = [t2((ac+ab)(=2((n+m)z —y(p+q)) + 4y(p+q) +2(n+m)z) +a(—2((n+
m)(p+q) —lz) —4(n+m)(p+q) —2(ly— (n+m)?) +2(n+m)?) —2(2bc+c+b)ry —2(c+
b)(n+m)y)]/[(=y(p+q)* +2(n+m)x(p+q)+ly—1z* — (n+m)?)?] — [4tz(2(n+m)x —
2y(p+q))((ac+ab)(—y(l—(p+9)*) —2(p+q)(n+m)z —y(p+q)) +(n+m)(z(p+q) —
n—m)+z((n+m)(p+q)—lz))+a((n+m)(l—(p+q)*) —2(p+g)((n+m)(p+q) —lz)+
2(n+m)((n+m)(p+q)—lx) —2(ly— (n+m)*)(p+q)) +(c+b)((n+m)((n+m)z—y(p+
q))—y((n+m)(p+q)—lx) +z(ly—(n+m)?))+ (2bc+c+b)x((n+m)x—y(p+q)) — (2be+
c+b)y(z(p+q) —n—m)+(n+m)(ly—(n+m)*)/[(—y(p+q)* +2(n+m)z(p+q)+ly—
1% — (n+m)?)°] + [dtyz(a(((n+m)(p+q) —lz)* + ((n+m)(p+q) —lz)(l - (p+9)*) +
(ly—(n+m)*) (1= (p+q)*)) + (ac+ab) (n+m)z—y(p+9)) (I - (p+)*) +(
q)—lz)(x(p+q)—n—m))+(c+b)(((n+m)(p+q) —lz)((n+m)z—y(p+q)) +(ly—(n
m)*)(@(p+q) —n—m))+(2bc+c+b) (2 (p+q) —n—m)((n+m)z—y(p+q))+ (ly—(
m)*)((n+m)(p+q) —1x))]/[(~y(p+q)* +2(n+m)x(p+q) +ly — la* — (n+m)*)?]
[6t2(2(n+m)z—2y(p+q))*(a(((n+m)(p+q) —12)*+((n+m)(p+q) —lz) (I~ (p+9)*)
(ly—(n+m)?)(1—(p+q)*)) +(ac+ad)((n+m)z —y(p+q)) (- (p+q)*) +((n+m)(p
q) —lz)(z(p+q)—n—m))+(c+b)(((n+m)(p+q) — lz)((n+m)z —y(p+4q)) + (ly —
(n+m)?)(z(p+q) —n—m))+(2bc+c+b)(x(p+q) —n—m)((n+m)z—y(p+q)) +(
(n+m)?)((n+m)(p+q) —1x))]/[(=y(p+q)* +2(n+m)z(p+q) +ly—l2* — (n+m

hig = [t((ac+ab)(—2((n+m)z —y(q+p)) + 4y(g+p) +2(n+m)z) +a(-2((n+
m)(q+p)—lx)—4(n+m)(qg+p)—2(ly— (n+m)?)+2(n+m)?)— (2bc+c+b) ry-+(—2bc—c—
b)zy—2(c+b)(n+m)y)|/[(—y
m)z—2y(g+p))((ac+ab)(—y(—(¢+p)*) —2(g+p)((n+m)z—y(g+p))+(n+m)(z(g+
p)—n—m)+z((n+m)(g+p)—lz))+a((n+m)(I—(g+p)*)—2(¢+p)((n+m)(¢+p)—lx)+
2(n+m)((n+m)(g+p)—lx)—2(ly— (n+m)*)(g+p))+ (c+b)((n+m)((n+m)z—y(g+
p)
b)

(n+m)(p+

)’
)

S
+ F

ly—

)
(

+ o+ o+

~~

ly—
2)4

~—
—

)
(

)=
(

q+p)*+2(n+m)a(q+p)+Hy—la® = (n+m)?)’] - [2t2(2(n+

)=y ((n+m)(q+p)—Iz)+2(ly—(n+m)?))+(2bct+c+b)x((n+m)z—y(q+p))— (2bc+c+
y(z(g+p)—n—m)+(n+m)(ly—(n+m)?))]/[(-y(¢+p)*+2(n+m)z(g+p)+ly—lz*—
(n+m)?)°] = [2tz(2(n+m)z —2y(q+p))((ac+ab) (—y(I—(g+p)*) —2(¢+p)((n+m)z—
y(q+p))+(nt+m)(2(g+p) —n—m)+z((n+m)(g+p)—lz))+a((n+m)(—(g¢+p)*) —2(q+
p)((nt+m)(g+p)—lx)+2(n+m)((n+m)(g+p)—lz)—2(ly—(n+m)*)(g+p))+(c+b) ((n+
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m)((n+m)z—y(q+p)) —y((n+m)(g+p)—lz)+z(ly— (n+m)?))+ (2bc+c+b)z((n+
m)z—y(q+p))+(—2bc—c=b)y(x(q+p)—n—m)+(n+m)(ly—(n+m)*))/[(-y(g+p)*+
2(n+m)x(g+p)+ly—la? = (n+m)?)’| + [4tyz(a(((n+m)(g+p) = z)* + ((n+m)(g+
)=1z)(I=(q+p)?)+(ly—(n+m)?) (1= (g+p)?)) +(ac+ab) (((n+m)z—y(q+p)) (I (¢+
p)*)+((n+m)(g+p)—lz)(x(g+p)—n—m))+(c+b)(((n+m)(g+p) I (

)
)

S
+

z)((n+m)z—y(q
p))+(ly—(n+m)*)(z(qg+p) —n—m))+(2be+c+b)(x(g+p) —n—m)((n+m)zr—y(q
p))+ ly—(n+m)2)((n+m)(q+p)—l$))]/[(—y(q+p)2+2(n+m) (q+p)+ly—la®—(n+
m)?)’]+[6t2(2(n+m)z —2y(g+p))*(a(((n+m)(g+p) —lz)*+ ((n+m)(g+p) —lz)(l -
(¢+p)*)+(ly—(n+m)*)(I—(g+p)*)) +(ac+ab) ((n+m)z—y(g+p))(I—(g+p)*) +((n+
m)(q+p)—lz)(x(¢+p)—n—m))+(c+b)(((n+m)(g+p)—lz)((n+m)z—y(q+p))+(ly—

+

(
(

(n+m)?)(z(g+p) —n—m))+(2bc+c+b)(x(g+p) —n—m)((n+m)z—y(qg+p))+ (ly—
(n+m)*)((n+ )(q+p)—lw))]/[(—y(qup)Q+2(n+m)x(q+p)+ly—lﬂf2—(n+m)2)4]
hlo =0

hio" = [t2((ac+ab)(=2((n+m)z —y(q+p)) +4y(g+p) +2(n+m)z) +a(—2((n+
m)(q+p)—Ilz)—4(n+m)(qg+p)—2(ly— (n+m)?)+2(n+m)?) —2(2bc+c+b)xy —2(c+
b)(n+m)y)]/[(=y(g+p)*+2(n+m)x(g+p)+ly—1z® — (n+m)?)?] — [4tz(2(n+m)x —
2y(q+p))((ac+ad)(—=y(l—(g+p)*) —2(¢+p)(n+m)z —y(g+p)) +(n+m)(z(g+p) —
n—m)+z((n+m)(g+p)—lzx))+a((n+m)(l—(g+p)?)—2(g+p)((n+m)(g+p) —lz)+
2(n+m)((n+m)(g+p)—lx) —2(ly— (n+m)*)(g+p)) +(c+b)((n+m)((n+m)z —y(g+
p))—y((n+m)(g+p)—lz)+az(ly—(n+m)?))+(2bet+c+b)z((n+m)r—y(q+p)) — (2bc+
c+b)y((g+p)—n—m)+(n+m)(ly—(n+m)*)/[(—y(g+p)*+2(n+m)z(g+p)+ly—
[2° — (n+m)?)°’] + [dtyz(a(((n+m)(g+p) = lx)* + ((n+m)(q+p) —lz)(l - (g+p)*) +
(ly—(n+m)*)(I1—(g+p)*) +(act+ab) ((n+m)z—y(q+p)) (- (g+p)*) + ((n+m)(q+
p)—lz)(z(g+p)—n—m))+(c+b)((n+m)(q+p)—lz)((n+m)z—y(q¢+p))+ (ly—
m)?)(z(g+p) —n—m))+(2bc+c+b)(z(g+p) —n—m)((n+m)z—y(g+p))+(
m)?)((n+m)(g+p) —12))]/[(=y(g+p)* +2(n+m)z(¢+p) + 1y — 12° = (n+m)?)]
[6t2(2(n+m)z—2y(q+p))*(a(((n+m)(g+p) —12)*+((n+m)(g+p) —lz)(—(g+p)*)
(ly—(n+m)*) (1= (g+p)*) +(ac+ab) (((n+m)z—y(q+p)) (- (g+p)*) + ((n+m)(q+
p) —lz)(z(g+p) —n—m))+ (c+b)(((n+m)(¢+p)—lz)((n+m)z—y(¢+p)) + (ly —
(n+m)?)(z(g+p) —n—m))+(2bc+c+b)(x(g+p) —n—m)((n+m)z—y(g+p))+(ly—

)
(

+

n

(
(

+

ly—(n

+ o+
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(n+m)?)((n+m)(q+p) —12))]/[(—y(qg+p)*+2(n+m)x(q+p)+1ly —lz° — (n+m)?)"]

-0
o =0
KU = [sz((ac+ab)(=2((n+m)(q+p) — lz) +4lz+2(n+m)(g+p)) — 2(2be+ c+

b)((n+m)x—(q+p)y) —4(2bc+c+b)(n+m)z+ (c+b)(2(n+m)*—2(ly— (n+m)?)) +
a(=2l(g+p) —2l(n+m)))|/[(~12* +2(n+m)(q+p)x — (¢+p)*y +1ly — (n+m)?)?| -
[452(2(n+m)(q+p) — 2z)((2bc + ¢+ b)(n+m)(y — 22) + (ac + ab) (=1 (y — 2?) + (n +
m)((¢+p)z—n—m)+(¢+p)((nt+m)z—(q¢+p)y) —2z((n+m)(q+p) —lz))+a(-1((¢+
p)x—n—m)—=I((n+m)z—(q+p)y)+(q+p)((n+m)(q+p) —lz)+(n+m)((n+m)(g+
p) —lz)+(q+p)(ly— (n+m)?)) + (c+b)(2(n+m)((n+m)z — (¢+p)y) —2(ly — (n
m)?)z) —2(2be+c+b)a((n+m)x — (g+p)y) + (n+m)(ly — (n+m)*))]/[(=12*+2(n+
)g+p)r—(q+p)*y+ly—(n+m)?)’]+[dsz((c+b)(n+m)z—(g+p)y)*+(ly — (n+
)?)(y — %)) + (2bc+c+b)((n+m)z — (¢+p)y)(y — 2°) + (ac+ab)((n+m) (g +p) —
)(y—2*)+((n+m)z—(g+p)y)((¢+p)r—n—m))+a(((n+m)(g+p) —lz)((g+p)r—
—m)+(ly—(n+m)*)((g+p)z—n—m)+((n+m)(g+p)—lz)((n+m)z—(g+p)y)) +
(ly—(n+m)*)((n+m)z — (¢ +p)y)/[(=12° +2(n+m)(g+p)z—(g+p)°y+1ly— (n+
m)?)*|+[6s2(2(n+m)(g+p) —22)*((c+)((n+m)x—(¢+p)y)*+ (ly — (n+m)*)(y —
%))+ (2bc+c+b) ((n+m)z—(q+p)y)(y—2°)+ (ac+ab) ((n+m)(g+p) —lz)(y—2?) +
(n+m)z—(q+p)y)((¢+p)z—n—m))+al((n+m)(g+p)—lz)((¢g+p)r—n—m)+
(ly— (n+m)*)((g+p)z —n—m)+((n+m)(g+p) —lz)((n+m)z—(g+p)y)) + (ly —
(n+m)*)((n+m)z—(q+p)y))]/[(=la* +2(n+m)(g+p)z—(¢+p)*y+ly — (n+m)?)"]

hg) = [s((c+b)(2(n+m)(—q—p)—2lx) —2(2bc+c+b)(—q—p)x+ (ac+ab)((—qg—
p)(g+p) =) +a(l(g+p) —U(—q—p)) +1(n+m)+ (2bc+c+b)(n+m))z]/[(—(a+p)y+
ly—12242(n4+m)(g+p)z— (n+m)?)?] +[6(1— (g+p)?)s(2(n+m)(q+p) — 2lz)z((c+
b)((n+m)x—(q+p)y)* +(y—2*)(ly — (n+m)?)) + (ac+ab)(((¢+p)z —n—m)((n+
m)z—(q+p)y)+((n+m)(g+p)—lz)(y—2?))+a(((n+m)(g+p) —lz)((n+m)z — (¢ +
p)y)+((g+p)z—n—m)(ly—(n+m)*)+((n+m)(g+p)—1z)((¢+p)x—n—m))+(ly—
(n+m)*)((n+m)a—(g+p)y) +(2bc+c+b) (y—22) ((n+m)z —(g+p)y))]/[(=(a+p)*y+
ly—la?+2(n+m)(g+p)r—(n+m)*)*| = [2(1— (¢+p)*)sz((ac+ab)((g+p)((n+m)z —
(¢+p)y) —l(y—2*)+(n+m)((¢+p)x—n—m)—2z((n+m)(q+p)—lz))+(c+b)(2(n+

+

m

3

o~

T

3
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m)((n+m)z—(g+p)y) —2z(ly—(n+m)?)) +a(—I((n+m)z—(g+p)y)+(g¢+p)(ly— (n+
m)?) =1((g+p)r—n—m)+(g+p)((n+m)(qg+p) —lx)+(n+m)((n+m)(g+p) —lz)) -
2(2bc+c+b)x((n+m)x— (¢+p)y) + (n+m)(ly— (n+m)?)+ (2bc+c+b)(n+m)(y —
PN/ [(=(g+p)*y + 1y —12° +2(n+m)(q+p)z — (n+m)?)*] — [25(2(n+m)(g+p) —
207)2((c+0)(2(—g—p)((n+m)z—(g+p)y) +1(y—2*) +ly— (n+m)?) +1((n+m)x—(g+
p)y)+(2be+c+b)((n+m)az—(q+p)y)+(—g—p)(ly—(n+m)?)+(2bc+c+b) (—g—p) (y—
2?)+ (ac+ad)((—q—p)((g+p)z—n—m)—lz+(n+m)(g+p))+a(l((g+p)r—n—m)+
(—g=p)((n+m)(g+p) —12)]/[(=(g+p)*y +ly — 12> +2(n+m)(g+p)z — (n+m)?)?]

15 = [s((ac+ab)((q+p)((n+m)z— (g+p)y) — Uy — =) + (n+m)((g+p)z—n—
m)—2z((n+m)(g+p)—lz))+(c+b)(2(n+m)((n+m)z—(g+p)y) —2z(ly—(n+m)*))+
a(=l((n+m)z—(g+p)y) +(g+p)(ly — (n+m)*) = l((g+p)z—n—m)+(g+p)((n+
m)(q+p)—lz)+(n+m)((n+m)(g+p)—lx)) —2(2bc+c+b)z((n+m)z—(¢+p)y) +(n+
m)(ly— (n+m)?)+ (2bc+c+b)(n+m)(y—z*)]/[(=(g+p)*y+1ly— x> +2(n+m)(qg+
p)r—(n+m)?)?|=[2s(2(n+m)(g+p)—2l2)((c+D)(((n+m)x—(g+p)y)*+(y—2*)(ly—
(n+m)?))+ (ac+ab)(((g+p)x —n—m)((n+m)z—(g+p)y) + ((n+m)(g+p) —lz)(y—
2?)) +a(((n+m)(g+p)—lz)((n+m)z—(¢+p)y) +((g+p)r —n—m)(ly— (n+m)?) +
((n+m)(g+p)=1z)((g+p)r—n—m))+(ly—(n+m)?)(n+m)z—(q+p)y) +(2bc+c+

(
)

b)(y—2*)(n+m)z—(q+p)y)l/[(—(g+p)*y+ly—1z*+2(n+m)(q+p)z— (n+m)?)?]
K = o
he” = [s(a(2(q+p)y—2(g+p)z—2(n+m)z+n+m)—2(c+b)ay+(n+m)y+(ac+
ab) (32 —y))2]/[(yl — 21l = (¢ +p)*y +2(n+m)(q+p)r — (n+m)*)*] = [2s(a(—z((n+

)
m)z—(q+p)y)+((g+p)z—n—m)y—z((g+p)r—n—m))+y((n+m)z—(g+p)y)+(c+
b)y(y — %) — (ac+ab)z(y —2?))z(2(n+m)(g+p) —220)]/[(yl —2*l — (¢ +p)*y +2(n+
(g+p)z—(n+m)?)’|+[4szz((c+b)((y—2*) (yl— (n+m)?) +((n+m)x—(q+p)y
((( )+ ((n+m)z—(g+p)y)((n+m)(g+p)—xl)+ (¢
p)x —n—m)((n+m)(q+p)—=l))+(ac+ab)((y —2°)((n+m)(q+p) —zl) +((g+p)z—

—m)((n+m)z—(g+p)y))+((n+m)z—(g+p)y)(yl — (n+m)?) + (2bc+c+b)(y —
2?)((n+m)x—(q+p)y)l/ (Yl = 2% (g+p)*y+2(n+m)(g+p)r— (n+m)?)*] +[6s(y —
2?)z(2(n+m)(g+p) —22)((c+b)((y —2?)(yl — (n+m)?) + ((n+m)z — (¢ +p)y)*) +
a(((g+p)z—n—m)(yl—(n+m)*) +((n+m)z—(¢+p)y)((n+m)(g+p) —zl) + ((¢+

3

—~

) )%+
( +(

\_/

+

q+p)r—n—m)(yl—(n+m

=

3
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p)x —n—m)((n+m)(q+p)—zl))+(ac+ab)((y—2°)((n+m)(g+p) —zl) +((g+p)z—
n—m)((n+m)z—(q+p)y))+((n+m)z—(g+p)y)(yl — (n+m)?) + (2bc +c+b)(y —
2?)((n+m)x—(q+p)y)l/ (Yl = 2% (g+p)*y+2(n+m)(g+p)z— (n+m)*)! - [2s(y —
2%)2((c+0)(2(n+m)((n+m)z—(g+p)y) —2z(yl— (n+m)?))+a((q+p) (yl — (n+m)?)+
(¢+p)((n+m)(g+p)—=zl)+(n+m)((n+m)(¢+p) —zl) — (n+m)z—(g+p)y)l —((¢
p)r —n—m)l)+(ac+ab)(=2z((n+m)(g+p) —xl) — (y—2*)l+(g+p)((n+m)z—(g+
)

)

+

p)y)+(n+m)((¢+p)z—n—m))+(n+m)(yl—(n+m)?)—2(2bc+c+b)z((n+m)z—(g¢+
p)y)+(2be+c+b)(n+m)(y—2?))]/[(yl = 2°1— (g+p)*y +2(n+m)(g+p)r— (n+m)?)’]
Wi = [52(=3(m+n)*+(c4+b)(2(w(m+n) = (g+p)y)+6x(m-+n))+(ac+ab) (—2m—

D/ I(=(m+n)?+
+p)z(m+n)—(q+p)°y +ly—12°)% = [252(2(g+p)x —2(m+n))((m+n)(ly — (m+
)+ (e+0)(2(m+n)(z(m+n) - (¢+p)y) —2z(ly — (m+n)?)) +a((g+p)(ly — (m+
) =l(z(m+n)—(g+p)y) + (m+n)((g+p)(m-+n) —lz)+ (¢+p)(¢+p)(m+n) -
lx) = l(=m+(g+p)x—n))+(ac+ab)((g+p)(x(m+n)—(g+p)y) —2z((g+p)(m+n) —
lz) +(—m+(¢+p)z—n)(m+n)—l(y—2?)) —2(2bc+ c+b)z(z(m+n) — (¢+p)y) +
(2bc+c+0)(y —a?)(m+n))|/[(—(m+n)*+2(g+p)z(m+n) — (¢+p)*y +1ly —12?)°] -
[4(g+p)sz((c+b)((@(m+n) = (¢+p)y)*+ (y—2*)(ly— (m+n)?)) + (2(m+n) — (¢ +
p)y)(ly—(m+n)*) +a((=m+(g+p)z—n)(ly— (m+n)*)+ ((g+p)(m+n) —lz)(z(m+
n)=(g+p)y)+(—=m+(g+p)z—n)((¢+p)(m+n)—lz))+ (ac+ab)((—m+(¢+p)z —
n)(@(m-+n)—(q+p)y)+(y—=2*)((q+p)(m+n) =)+ (2bc+c+b)(y —2?) (z(m+n) —
(@ +pP)y))/[(=(m—+n)?+2(g+p)r(m+n) = (¢+p)*y +1ly —12°)*] + [652(2(¢ +p)v —
2(m+n))(2(g +p)(m+n) —2lx)((c +b)((z(m +n) — (¢ +p)y)* + (y — 2*)(ly — (m +
n)?))+(z(m+n) = (g+p)y)(ly— (m+n)*) +a((=m+(g+p)z—n)(ly— (m+n)?)+((g+
p)(m+n)—lz)(x(m+n)—(¢+p)y)+(—=m+(qg+p)z—n)((¢+p)(m+n)—lz))+ (ac+
ab)((=m+(g+p)z—n)(z(m-+n)—(g+p)y)+(y—2°)((g+p)(m+n)—lzx))+(2bc+c+
b)(y—a?)(x(m+n) —(g+p)y)l/[(—(m+n)*+2(g+p)z(m+n)— (¢+p)*y+ly—la?)'] -
252(2(q+p)(m+n) —2lz)(a((m+n)* + (¢ +p)(@(m+n) = (g+p)y) +2((g+p)(m+
n)—lz) =2(=m+(¢+p)z—n)(m+n)—(¢+p)(m-+n)+(g+p)(—=m+(¢+p)zr—n)—
ly+lz)+a(ly—(m+n)?) +(c+b)(2z(z(m+n) — (g+p)y) —2(y —2*)(m+n)) —2(m+
n)(x(m+n)—(g+p)y)+ (ac+ab)(—z(m+n)+x(—m+(qg+p)x—n)+(q¢+p)(y—2?) +

2n)+ (2bc+c+b) (y — 2?) +ly —2(2bc+c+b)x? +a(—2lx+ (g+p)> +

2(q
n)?
n)?
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(¢+p)y) +(2bc+c+b)z(y—2?))l/[(—(m+n)?+2(¢+p)z(m+n) — (¢+p)*y +ly—127)]
hir”) = [52(=3(n+m)2+(c+b) (2(x(n+m)—(g+p)y)+62(n+m))+(ac-+ab)(—2n—
2m)+ (2bc+c+b) (y — 22) +ly — 2(2bc+c+b)x? +a( =2z + (g+p)* + )] /[(— (n+m)*+
2(g+p)z(nt+m)—(g+p)*y+ly—12°)% = [252(2(q+p)z —2(n+m))((n+m)(ly — (n+
m)?)+(c+)(2(n+m)(z(n+m) —(q+p)y) —2x(ly — (n+m)?)) +a((qg+p)(ly — (n+
m)?) =I(z(n+m)—(q¢+p)y) + (n+m)((¢+p)(n+m) —iz)+ (¢+p)((g+p)(n+m) —
lx) =l(=n+(g+p)z—m))+(ac+ab)((g+p)(x(n+m)—(g+p)y) —2z((g+p)(n+m)—
l2)+ (—n+(¢+p)x—m)(n+m) —Il(y —2?)) —2(2bc+ c+b)x(x(n+m) — (¢+p)y) +
(2bc+c+0)(y—a?) (n+m))|/[(—(n+m)*+2(q+p)z(n+m) - (q+p)*y+1ly —12?)°] -
[4(g+p)sz((c+b)((z(n+m) = (¢+p)y)*+ (y—2?)(ly — (n+m)*)) + (z(n+m) — (¢
p)y)(ly— (n+m)?)+a((—n+(g+p)z—m)(ly— (n+m)*) +((¢+p)(n+m) - lz)(z(
m) = (q+p)y)+(—n+(g+p)z—m)((g+p)(n+m)—lz))+(ac+ab)((—n+(¢+p)z —
m)(z(n+m) = (¢+p)y) + (y —2*)((¢+p)(n+m) —1z)) + (2bc + ¢+ b) (y — 2%) (x(
m) = (¢+p)y)/[(=(n+m)* +2(q+p)z(n+m) — (¢+p)*y +ly — 12%)°] + [652(2(q
p)x—2(n+m))(2(g+p)(n+m)—20z)((c+b)((z(n+m)—(¢+p)y)*+ (y—2?)(ly — (
m)*))+(z(n+m)—(g+p)y)(ly—(n+m)?) +a((=n+(g+p)r—m)(ly—(n+m)*)+((g+
p)(n+m)—lz)(z(n+m)—(q+p)y)+(—n+(g+p)r—m)((¢+p)(n+m)—lz))+ (ac+
ab)((—n+(g+p)z—m)(z(n+m)—(g+p)y)+ (y—2*)((g+p)(n+m)—lz))+
b)(y—a?)(x(n+m)—(g+p)y)l/[(—(n+m)*+2(g+p)z(n+m)—(¢+p)*y+ly—la?)'] -
252(2(q+p)(n+m) —2lz)(a((n+m)* + (¢ +p)(x(n+m) — (¢+p)y) +2((g+p)(n+
m) —lz) —2(—n+(q+p)x—m)(n+m)—(g+p)(n+m)+(¢+p)(—n+(¢+p)r—m)—
ly+iz)+z(ly—(n+m)?)+ (c+b)(2z(z(n+m) — (¢+p)y) —2(y —2*)(n+m)) —2(n+
m)(z(n+m)—(g+p)y)+(actab)(—z(n+m)+z(—n+(g+p)r—m)+(q+p)(y—2°)+
(¢+p)y)+ (2be+c+b)z(y—a?))]/[(—(n+m)*+2(g+p)z(n+m) — (¢+p)*y+ly—12°)’]
hﬁ{f’) = [sz(a(2(n+m)(p+q)+2ly—2lz)—2(ac+ab)y(p+q)+2(2bc+c+b)zry —2(c+
b)(n+m)y)l/[(—y(p+q)* +2(n+m)z(p+q) +ly —lz? — (n+m)*)?]
2y(p+q))((ac+ab)((p+q)((n+m)z —y(p+q)) + (n+m)(z(p+q) —n—m) —2z((n+
m)(p+q) —lz) =y —2?)) +(c+0)(2(n+m)((n+m)z—y(p+q)) —2x(ly— (n+m)?)) +
a(=l((n+m)z—y(p+q))—l(z(p+q) —n—m)+(p+q)((n+m)(p+q)—lz)+(n+m)((n+
m)(p+q)—lx)+(ly—(n+m)?)(p+q)) —2(2be+c+b)x((n+m)z—y(p+q)) +(n+m)(ly—

+

n

+

3
+ o+

n

_|_

)
( )
(

2bc+c+

—[2s2(2(n+m)x—
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(n+m)?)+ (2bc+c+b)(n+m)(y—2)]/[(—y(p+a)* + 2(n+m)x(p+q) +ly —la* -
(n+m)?)*] = [2s2(2(n+m)(p+q) —2lz)((ac+ab)(z((n+m)z —y(p+q)) —y(z(p+q) —
n—m)+(n+m)(y—2?))+a((n+m)((n+m)z—y(p+q))+(n+m)(z(p+q) —n—m)—
y((n+m)(p+q) —lz) +x((n+m)(p+q) — o) +a(ly— (n+m)?)) = 2(c+b)y((n+m)z —
y(p+9)) —y(ly—(n+m)?) = (2be+c+b)y(y—2°))|/[(=y(p+9)* +2(n+m)z(p+q) +ly—
122 = (n+m)?)’| = [4(n+m)sz((c+b) (n+m)z—y(p+9)* + (y—2*)(ly— (n+m)*)) +
(ac+ab)((z(p+q) —n—m)((n+m)z—y(p+q))+(y—a*)((n+m)(p+q) —lx))+a(((n+
m)(p+q)—lz)((n+m)z—y(p+q))+ (n+m)(p+q) —lx)(z(p+¢) —n—m)+(ly— (n+
m)*)(@(p+q) —n—m))+(ly—(n+m)*)((n+m)z—y(p+q)) +(2be+c+b)(y —2°)(
m)z — y(p+Q)))]/[(—y(p+q)2+2(n+m)x(p+q)+ly—lx2—(n+m)2)‘°’] +[652(2(n+
m)(p+q) = 2lz)(2(n+m)z —2y(p+q))((c+b)(((n+m)z —y(p+4q))*+ (y — 2*)(ly —
(n+m)?))+ (ac+ab)((z(p+q) —n—m)((n+m)z—y(p+q))+(y—2*)((n+m)(p+q) -
lz))+a(((n+m)(p+q) —lz)((n+m)z—y(p+q)) +((n+m)(p+q) —lx)(z(p+q) —n—
m)+(ly—(n+m)?)(z(p+q) —n—m))+(ly—(n+m)*)((n+m)z—y(p+q))+ (2bc+c+
b)(y—2?)(n+m)z—y(p+9)/[(—yp+a)* +2(n+m)z(p+q)+ly—I1z* — (n+m)?)"]
h§g5) = [sz(a(2(n+m)(q+p)+2ly—2lx)—2(act+ab)y(qg+p)+2(2bc+c+b)xy—2(c+
b)(n+m)y)l/[(=y(g+p)* +2(n+m)x(g+p)+ly—1z* — (n+m)*)*] = [252(2(n+m
2y(¢+p))((ac+ab)((g+p)((n+m)z —y(g+p)) + (n+m)(z(q+p) —n—m) — 2z(
m)(QH?)—lfv)—l(y—wz))+(c+b)(2(n+m)((n+m)x—y(q+p))—2w(ly—(n+m)2))+
a(=l((n+m)x—y(q+p))—l(z(q+p) —n—m)+(q¢+p)((n+m)(g+p) —lz)+(n+m)((n+
m)(q-+p)—lx)+(ly—(n+m)*)(g+p)) —2(2bc+c+b)x((n+m)r—y(g+p)) +(n+m)(ly—
(n+m)?)+ (2bc+c+b)(n+m)(y —22)]/[(—y(q+p)* +2(n+m)x(q+p) +ly —la* -
(n+m)?)*] = [2s2(2(n+m)(g+p) —2lz)((ac+ab)(z((n+m)z —y(q+p)) —y(z(g+p) —
n—m)+(n+m)(y—2?))+a((n+m)((nt+m)x—y(g+p))+(n+m)(z(g+p) —n—m)—
y((n+m)(g+p) —lz) +z((n+m)(g+p) —lx) +2(ly— (n+m)?)) = 2(c+b)y((n+m)z —
y(q+p)) —y(ly—(n+m)?) = (2bc+c+b)y(y—2°))]/[(—y(g+p)* +2(n+m)z(q+p) +ly—
2((e+b)((n+m)z—y(g+p))*+(y—2?)(ly— (n+m)*)) +

f‘\\/

(
(n+

)T —
(n+

22— (n+m)?)3] —[4(n+m)s

/“\\/

(ac+ab)((z(g+p)—n—m)((n+m)z—y(g+p))+(y—z*)((n+m)(g+p)—lz))+a(((n+
m)(q+p)—lz)((n+m)z—y(g+p))+((n+m)(g+p)—lz)(x(g+p) —n—m)+(y—(n+
m)?)(z(q+p) —n—m))+(ly—(n+m)*)((n+m)z—y(qg+p)) +(2bc+c+b) (y —2*)((n+
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m)z —y(q+p))l/[(=y(g+p)* +2(n+m)z(g+p) +1ly —12* = (n+m)?)°] + [6s2(2(n +
m)(q+p) —2lx)(2(n+m)z —2y(q+p))((c+b)(((n+m)z —y(g+p))* + (y —2*)(ly —
(n+m)?))+(ac+ab)((z(g+p) —n—m)((n+m)z—y(g+p))+(y—2°)((n+m)(g+p) -
[x))+a(((n+m)(g+p) —lz)((n+m)z—y(g+p)) +((n+m)(g+p) —lz)(z(g+p) —n—
m)+(ly—(n+m)?)(z(g+p) —n—m))+(ly— (n+m)?)((n+m)z —y(g+p)) +(2bc+c+
b)(y—2*)((n+m)x—y(g+p)/[(—ylg+p)* +2(n+m)z(g+p)+ly—Iz* —(n+m)*)"]
Wi = [((ac+ab)((a+p)((n+m)x = (g+p)y) — Uy —2%) + (n+m)((g+p)z—n—
m)—2z((n+m)(g+p)—1z))+(c+b)(2(n+m)((n+m)z—(g+p)y) —2z(ly— (n+m)*))+
a(=l((n+m)z—(q+p)y) +(q+p)(ly — (n+m)*) = l((g+p)z—n—m)+(g+p)((n+
m)(q+p)—lz)+(n+m)((n+m)(q+p)—lz))—2(2bc+c+b)x((n+m)x—(q+p)y)+(n+
m)(ly— (n+m)?)+(2be+c+b)(n+m)(y—2?))2]/[(—(g+p)*y+ly—la*+2(n+m)(¢+
p)x—(n+m)?)*|—[2(2(n+m)(g+p) —2lz)((c+b)(((n+m)z—(g+p)y)* +(y—2?)(ly—
(n+m)?)) +(ac+ab)(((¢+p)z—n—m)((n+m)z—(¢+p)y) + (n+m)(g+p) —lz)(y—
2?))+a(((n+m)(g+p)—lz)(n+m)z—(¢+p)y) + ((¢+p)z —n—m)(ly— (n+m)?*)+
((n+m)(g+p)—lz)((g+p)r—n—m))+(ly—(n+m)*)((n+m)z—(g+p)y) + (2bc+c+
b)(y—2)((n+m)z—(g+p)y))z]/[(—(¢+p)*y +ly—I2°+2(n+m)(g+p)z— (n+m)?)’]
My = [(2U(—q—p) +2(2be + ¢ +b)(—q —p) + (e +b) (2~ —p)* +20))s2)/[(~(a +
p)*y+ly—lz* +2(n+m)(g+p)r—(n+m)*)?|+[6(1 - (¢+p)*)*sz((c+D)(((n+m)z —
(¢ +p)y)*+ (y — 2*)(ly — (n+m)?)) + (ac+ ab)(((g + p)z —n—m)((n+m)z — (¢ +
p)y) + ((n+m)(g+p) —lz)(y — %)) +a(((n+m)(g+p) — lx)((n+m)z — (¢ +p)y) +
((g+p)z—n—m)(ly— (n+m)?) + ((n+m)(q+p) —lx)((¢g+p)z —n—m))+ (ly —
(n+m)*)((n+m)z — (g+p)y) + (2bc+c+b)(y — 2*)((n +m)z — (¢ +p)y))]/[(—(g+
p)*y +1ly —12* +2(n +m)(q +p)r — (n+m)*)Y — [4(l — (g +p)*)sz((c + b)(2(—q —
p)((n+m)x —(q+p)y) + Uy —2?) +1ly — (n+m)*) + l((n+m)x — (¢+p)y) + (2bc +
c+b)((n+m)z—(q+p)y) +(—q—p)(ly — (n+m)?) + (2bc+ c+b)(—q — p)(y — 2*) +
(ac+ab)((—q—p)((¢+p)x —n—m)—lz+(n+m)(qg+p))+all((¢g+plz—n—m)+
(—q—p)(n+m)(g+p) —12)]/[(—(g+p)*y +1ly—1z°+2(n+m)(g+p)z — (n+m)?)?]
By = [s((c+0)(2(—g—p)((n+m)z — (g+p)y) +1(y—2%) +1ly— (n+m)?) +1((n+
m)z —(q+p)y) + (2bc+c+b)(n+m)z — (¢+p)y) + (=g —p)(ly — (n+m)?) + (2bc +
c+b)(—=g¢=p)(y— )+ (ac+ab)((—g¢—p)((¢+p)x —n—m)—lz+ (n+m)(g+p)) +
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a(l((g+p)x—n—m)+(=g—p)((n+m)(g+p) —12))]/[(—(g+p)*y+ly —lz* +2(n+
m)(q+p)r—(n+m)?)’] = [2(1—(g+p)*)s((c+b)(n+m)x — (¢ +p)y)* + (y —2*)(ly —
(n+m)?)) +(ac+ab)(((¢+p)z—n—m)((n+m)z—(¢+p)y) + (n+m)(g+p) —lz)(y—
2))+a(((n+m)(q+p) —lx)(n+m)x—(g+p)y)+ ((g+p)x —n—m)(ly—(n+m)?)+
((n+m)(g+p)—lz)((g+p)r—n—m))+(ly—(n+m)*)((n+m)z—(g+p)y) + (2bc+c+
b)(y—2*)((n+m)z—(g+p)y))l/[(—(g+p)*y+ly—12*+2(n+m)(g+p)r — (n+m)?)’]
n =0
i =[s((c+b)(2y — 22) = (g+p)y + (—q — Py + a((g+ p)z — (—g — p)z —n —
m)+ (n+m)zx — (ac+ab)x)z|/[(yl — 2%l — (¢+p)*y +2(n+m)(g+p)x — (n+m)?)?] —
2s(a(=z((n+m)z —(¢+p)y) + (¢ +p)z—n—m)y—z((¢+p)r—n—m))+y((n+
m)z —(q+p)y) + (c+b)y(y — 2°) — (ac+ab)a(y — 2°)) (1= (g +p)*)]/[(yl — 2?1 — (¢
p)*y+2(n+m)(g+p)x—(n+m)?)’] —[2sz((c+b)((y—2*)(yl — (n+m)?) + ((n+m)z —
(¢+p)y)*) +a(((g+p)z —n—m)(yl—(n+m)*) +((n+m)z—(¢+p)y)((n+m)(g+p) -
2l)+((g+p)x—n—m)((n+m)(g+p) — 1))+ (ac+ab)((y —2*)((n+m)(g+p) —al) +
((g+p)z—n—m)((n+m)z—(g+p)y))+((n+m)x—(g+p)y) (yl— (n+m)*)+(2bc+c+
b)(y—?)((n+m)x—(g+p)y))/[(yl—2*1 = (g+p)*y+2(n+m)(g+p)z — (n+m)*)*]+
[65(y—2?)z(1—(q+p)*)((c+D)((y—2?) (yl — (n+m)*) +((n+m)z—(¢+p)y)*) +a(((g+
p)x—n—m)(yl—(n+m)*)+((n+m)x—(g+p)y)((n+m)(q+p) —zl)+ ((¢+p)x —n—
m)((n+m)(g+p)—=l))+(act+ab)((y—2*)((n+m)(g+p)—=zl) +((g+p)x—n—m)((n+
m)x—(g+p)y))+((n+m)z—(g+p)y) (yl — (n+m)?)+ (2bc+c+b)(y—2?)(n+m)x—
(@ +p)))/[(yl =21 —(g+p)*y+2(n+m)(g+p)z — (n+m)*)!| = [2s(y — 2°) 2(a((—q—
p)((n+m)(g+p) —zl)+ ((g+p)z—n—m)l)+ (c+b)((y —2*)l +yl +2(—g —p)((n+
m)z —(g+p)y) — (n+m)?) + (=g —p)(yl — (n+m)*) + (ac+ab)(—zl + (—¢—p)((g+
p)x—n—m)+(n+m)(qg+p))+((n+m)x—(qg+p)y)l+ (2bc+c+b)((n+m)x — (g +
p)y)+(2bc+c+b)(—q—p)(y—2°)|/[(yl = 2%~ (g+p)*y+2(n+m)(g+p)z— (n+m)?)?]

hgéw = [s2((c+b)(2(—qg—p)x—2(m+n)) —2(—g—p)(m+n)+lz+ (2bc+c+b)x+
a((—q—p)(g+p)—1)+(act+ab)(2q+2p))]/[(—(m+n)*+2(g+p)z(m+n)— (g+p)*y+ly—
122)%]=[2s2(2(q+p)z—2(m+n))((c+b) (= (m+n)*+2(—g—p)(z(m+n)—(g+p)y) +(y—
2?)+y)+(—q—p)(ly—(m+n)*)+a((—q—p)((g+p) (m+n) —lz) +1(=m+(g+p)z—n))+
l(z(m+n)=(g+p)y)+(2bc+c+b)(x(m+n) —(¢+p)y)+ (ac+ab)((¢+p)(m+n)+(—g—

+
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p)(=m+(g+p)z—n)—1z)+(2bc+c+b)(—g—p)(y—2?))]/[(=(m+n)?* +2(g+p)z(m+
n)—(g+p)*y+ly—12°)°’|+[6(1—(q+p)?)sz(2(g+p)z—2(m+n))((c+b) ((x(m+n) —(g+
p)y)*+(y—2*)(ly—(m+n)?))+(x(m+n) = (g+p)y) (ly— (m+n)*) +a((—m+(g+p)r—
)(ly—(m+n)?) +((¢+p)(m+n) —lz)(z(m+n) = (¢+p)y) + (=m+(¢+p)z—n)((¢+
p)(m-+n)—lz))+(ac+ab)((—m+(g+p)r—n)(z(m+n)—(¢+p)y)+ (y—2)((g+p) (m+
n) —lx))+(2bc+c+b)(y —2?)(x(m+n) — (g+p)y)]/[(=(m+n)*+2(g+p)z(m+n) —
(¢+p)*y+ly—1a?)'] = [2(1—(g+p)*)sz(a((m+n)*+ (¢+p)(@(m+n) = (g+p)y) +2((g+
p)(m+n)—lx)=2(=m+(q+p)z—n)(m+n)—(¢+p)(m+n)+(g+p)(—m+(¢+p)z—
n)—ly+lz)+x(ly—(m+n)?)+(c+b)(2z(z(m+n)—(q¢+p)y) —2(y—2?) (m+n)) —2(m+
n)(z(m+n)—(q+p)y)+ (act+ab)(—z(m+n) +z(—m+(g+p)r—n)+(¢+p)(y—2°)+
(¢+p)y)+ (2be+c+b)x(y—a?))]/[(—(m+n)*+2(g+p)z(m+n) — (¢+p)*y+ly—12°)%]

W) = [s2((c+b)(2(—q—p)z —2(n+m)) —2(—qg—p) (n-+m) +lz+ (2bc+c+b)z +
a((—q—p)(g+p)—1)+(act+ab)(2q+2p))]/[(—(n+m)*+2(g+p)z(n+m)—(g+p)*y+ly—
122)%] = [252(2(g+p)x —2(n+m))((c+D)(—(n+m)*+2(—g—p)(z(n+m) - (¢+p)y) +
l(y—2*)+1ly) +(—q—p)(ly— (n+m)?) +a((—g—p)((g+p)(n+m) —lz) +1(—n+(q+
p)z—m))+(z(n+m)—(q+p)y)+(2bc+c+b)(x(n+m)—(qg+p)y)+(ac+ab)((¢+p)(n+
m)+(—=q—p)(—n+(g+p)z—m)—lz)+(2bc+c+b)(—g—p)(y—2?))]/[(— (n+m)*+2(q+
p)a(n+m)—(qg+p)*y+ly—1z*)*|+[6(1—(g+p)*)s2(2(q+p)x—2(n+m))((c+b) ((z(n+
m)—(g+p)y)*+(y—2°)(ly— (n+m)?)) + (z(n+m) - (¢+p)y) (ly— (n+m)*) +a((—n+
(g+p)x—m)(ly—(n+m)?)+((g+p)(n+m)—lz)(@(n+m)—(¢+p)y) +(—n+(g+p)r—
m)((g+p)(n+m)—lz))+(actab)((—n+(g+p)z—m)(z(nt+m)—(g+p)y)+(y—2*)((¢+
p)(n+m)—I1z))+(2be+c+b)(y—2?)(z(n+m)—(g+p)y))]/[(—(n+m)*+2(g+p)z(n+
(¢+p)?y+ly—12*)" = [2(1— (g+p)*)sz(a((n+m)*+ (¢+p) (z(n+m) — (g+p)y)

S

(
)

(

m)— +
z((q+p)(ntm)—lz)=2(—n+(q+p)r—m)(n+m)—(¢+p)(n+m)+(q+p)(—n+(¢+p)z—
m)—ly+lz)+x(ly—(n+m)?)+(c+b) 2z (z(n+m)—(¢+p)y) —2(y—2?)(n+m))—2(n+

m)(z(n+m)—(g+p)y)+(act+ab)(—z(n+m)+z(—n+(g+p)r—m)+(¢+p)(y—2°)+
(¢+p)y)+ (2be+c+b)z(y—a?))]/[(—(n+m)*+2(g+p)z(n+m) —(g+p)*y+ly—12°)’]

B = [sz((e+b)(=2((n+m)z —y(p+q)) — 2y(—p— ) + (ac+ ab) (—z(p+ ) +
r(—p—q)+2n+2m)+a(—(n+m)(p+q)+(n+m)(—p—q)+2lx) — (2bc+c+b) (y —x*) —
20y — (2bc+c+b)y+ (n+m)H)]/[(—y(p+¢)* +2(n+m)x(p+q) +1ly— 12> — (n+m)?)?| —
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2s2((ac+ab)(z((n+m)r —y(p+q)) —y(@(p+q) —n—m)+ (n+m)(y—2*)) +a((n+
m)((n+m)z—y(p+q))+ (n+m)(z(p+q) —n—m)—y((n+m)(p+q) —lz)+z((n+
m)(p+q) —lz) +z(ly — (n+m)?)) —2(c+b)y((n+m)z —y(p+q)) —y(ly— (n+m)*) —
(2bc+c+D)y(y — )1 = (p+ @)/ [(~y(p+@)* +2(n+m)a(p+q) +1ly —l2* — (n+
m)?)’] —[2s2(2(n+m)z —2y(p+9))((c+0)(2(—p—@)((n+m)z—y(p+q)) +1(y —2?) +
ly—(n+m)?)+(act+ab)((—p—q)(z(p+q) —n—m)+(n+m)(p+q) —lz) +a(l(z(p+q)—
n—m)+(=p—q)((n+m)(p+q)—iz))+l((n+m)z—y(p+q))+ (2bc+c+b)((n+m)z—
y(p+a))+(ly—(n+m)*)(—p—q)+ (2bc+c+b)(y—2*)(—p— )/ [(—y(p+a)* +2(n+
m)z(p+q)+Hly—la? = (n+m)?)’|+[4sz(p+q) ((c+b) ((n+m)z—y(p+q))*+(y—2*)(ly—
(n+m)?))+(ac+ad)((z(p+q) —n—m)((n+m)z—y(p+q)+(y—2°)((n+m)(p+q) -
lx))+a(((n+m)(p+q) —lz)((n+m)z—y(p+q)) +((n+m)(p+q) —lx)(z(p+q) —n—
m)+(ly—(n+m)*)(z(p+q) —n—m))+(ly—(n+m)?)((n+m)z —y(p+q)) +(2be+c+
b)(y—2*)((n+m)z—y(p+9)/[(—y(p+q)*+2(n+m)z(p+q) +ly—la* — (n+m)?)*]+
[6s2(2(n+m)z —2y(p+ ) (1= (p+@)*)((c+b)((n+m)z —y(p+q)* + (y —2*)(ly —
(n+m)?))+ (ac+ab)((z(p+q) —n—m)((n+m)z—y(p+q)) +(y—2*)((n+m)(p+q) -
lz))+a(((n+m)(p+q)—lz)(n+m)z—y(p+q)) + (n+m)(p+q) —lz)(z(p+q) —n—
m)+(ly—(n+m)?)(z(p+q) —n—m))+(ly— (n+m)?)(n+m)z —y(p+q)) + (2bc+c+
b)(y—2*)((n+m)z—y(p+9))/[(—y(p+9)* +2(n+m)z(p+q)+ly—lz* — (n+m)*)"]
hs” = [s2((c+b)(=2((n+m)x —y(g+p)) —2y(—¢ — p)) + (ac+ab) (=x(q +p) +
r(—q—p)+2n+2m)+a(—(n+m)(qg+p)+(n+m)(—q—p)+2lx) — (2bc+c+b) (y —x?) —
21y — (2bc+c+b)y+(n+m)?)]/[(—y(g+p)*+2(n+m)z(q+p) +ly—l2* — (n+m)*)*] -
2s2((ac+ab)(z((n+m)x —y(q+p)) —y(@(g+p) —n—m)+ (n+m)(y—2*)) +a((n+
m)((n+m)z —y(g+p))+ (n+m)(z(qg+p) —n—m)—y((n+m)(g+p) —lz)+z((n+
m)(q+p) —lz) +z(ly — (n+m)*)) —2(c+b)y((n+m)z —y(g+p)) —y(ly— (n+m)*) —
(2bc +c+D)y(y — ) (L = (g +p)*)]/[(—y(g+p)* +2(n+m)z(qg+p) +1ly —l2* — (n+
m)*)’] —[2s2(2(n+m)z —2y(g+p))((c+0)(2(—g—p)((n+m)z —y(g+p)) +1(y —2?) +
ly—(n+m)?)+(ac+ab)((—q—p)(x(g+p) —n—m)+(n+m)(q+p) —lz) +a(l(z(q+p) —
n—m)+(—=q—p)((n+m)(g+p)—iz))+li((n+m)z—y(q+p))+ (2bc+c+b)((n+m)z—
y(g+p))+(ly—(n+m)?)(—g—p)+ (2bc+c+b)(y—2*)(—g—p))]/[(—y(g+p)* +2(n+
m)z(q+p)+Hly—la?—(n+m)?)’|+[4sz(g+p) ((c+b) ((n+m)z—y(q+p))*+(y—2*)(ly—
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(n+m)?))+ (ac+ab)((z(g+p) —n—m)((n+m)z—y(g+p))+(y—2*)((n+m)(g+p) -
lz))+a(((n+m)(g+p)—lz)((n+m)z—y(g+p))+((n+m)(g+p) —lz)(z(¢+p) —n—
m)+(ly—(n+m)*)(z(g+p) —n—m))+(ly—(n+m)*)((n+m)z—y(g+p))+(2bc+c+
b)(y—2*)((n+m)z—y(g+p)]/[(—y(g+p)*+2(n+m
[6s2(2(n+m)x —2y(g+p))(I = (g+p)*)((c+D)((n+m)z —y(g+p))*+ (y —2*)(ly —
(n+m)?))+(ac+ad)((z(g+p) —n—m)((n+m)z—y(q+p))+(y—2°)((n+m)(g+p) -
lx))+a(((n+m)(g+p) —lz)((n+m)z—y(g+p)) + ((n+m)(g+p) —lx)(z(¢+p) —n—
m)+(ly—(n+m)?)(z(g+p) —n—m))+(ly— (n+m)?)(n+m)z —y(g+p)) +(2bc+c+
b)(y—2*)((n+m)z—y(g+p))/[(=y(g+p)* +2(n+m)z(g+p)+1ly— 1z — (n+m)?)"]
1S5 = [((e+0)(2(=g—p)(n+m)z — (g+p)y) + 1y —22) + 1y — (n+m)?) +1((n+
m)z — (g+p)y) + (2be+ c+b)((n+m)z — (g+p)y) + (=g —p)(ly — (n+m)?) + (2bc +
c+b)(—=g¢—p)(y—2*)+ (ac+ab)((—¢—p)((¢+p)z —n—m)—lz+ (n+m)(g+p)) +
a(l((g+p)z—n—m)+(=g—p)((n+m)(g+p) —12)))2]/[(=(g+p)*y+ly—la*+2(n+
m)(q+p)z—(n+m)?)?] = [2(1 = (¢+p)*)((c+D)((n+m)z — (¢ +p)y)*+ (y —2*)(ly —
(n+m)?))+ (ac+ab)(((g+p)x —n—m)((n+m)z—(g+p)y) +((n+m)(g+p) —lz)(y—
2?))+a(((n+m)(g+p)—lz)(n+m)z—(¢+p)y) + ((¢+p)r —n—m)(ly— (n+m)?)+
((n+m)(g+p)=1z)((g+p)r—n—m))+(ly—(n+m)?)(n+m)z—(q+p)y) +(2bc+c+
?)
) _
5 _
5 _

)
)

2(q+p)+Hly—lz*—(n+m)?)3|+

b)(y—a?)((n+m)z—(g+p)y))2l/[(—(g+p)*y+ly—la®+2(n+m)(g+p)z—(n+m)?)’]

h =0

h =0

W) = [s(a(=w((n+m)z—(g+p)y) + (g+p)r—n—m)y—z((g+p)z—n—m))+
y((n+m)z —(g+p)y) + (c+b)y(y —2*) — (ac+ab)x(y — 2°))]/[(yl — 2*l — (¢ +p)*y +
2(n+m)(g+p)z—(n+m)?)? = [2s(y —2*)((c+b)((y—2°) (yl — (n+m)*) + ((n+m)z —
(¢+p)y)*)+a(((g+p)z—n—m)(yl—(n+m)*)+((n+m)z—(g+p)y)((n+m)(q+p) -
2l)+((g+p)x—n—m)((n+m)(g+p) — 1))+ (ac+ab)((y —2*)((n+m)(g+p) —al) +
((g+p)z—n—m)((n+m)z—(¢+p)y)) +((n+m)z—(g+p)y)(yl — (n+m)?) + (2bc+
c+b)(y—=*)((n+m)z—(g+p)y)]/[(yl = 2>l —(g+p)*y+2(n+m)(g+p)z— (n+m)?)’]

Wy = [sal((m +n)? + (a + p)e(m+n) = (¢ +p)y) + z((q +p)(m+n) - Iz) -
2(=m+(¢+p)x—n)(m+n)—(g+p)(m+n)+(¢+p)(—m+(¢+p)z—n) —ly+iz)+
2(ly—(m+n)?)+ (c+b)(2z(x(m+n) = (¢+p)y) —2(y — ) (m~+n)) = 2(m+n)(x(m+

199



n) = (¢+p)y) + (ac+ab)(=z(m+n) +x(-m+ (¢+p)x —n) + (¢+p)(y —2*) + (¢ +
p)y)+ (2bc+c+b)z(y—2?))/[(—(m+n)*+2(¢+p)z(m+n) — (¢+p)*y +1ly —12?)?] -
25(2(¢ +p)z —2(m +n))((c+b)((x(m +n) = (¢ +p)y)* + (y — 2*)(ly — (m+n)?)) +
(z(m+n) = (¢+p)y)(ly — (m+n)*) + a((-m+ (¢ +p)z —n)(ly — (m+n)?) + (¢ +
p)(m-+n)—lz)(z(m+n)—(q+p)y)+(—m+(¢+p)z—n)((g+p)(m+n) —lz))+ (ac+
ab)((=m+(g+p)r—n)(z(m-+n)—(g+p)y)+(y—2°)((g+p)(m+n)—iz))+(2bc+c+
b)(y—2*)(z(m+n) = (g+p)y))]/[(—(m+n)*+2(g+p)z(m+n)—(¢+p)*y+ly —12?)’]
by = [s(a((n +m)* + (g + p)((n +m) = (q+p)y) + 2((q +p)(n +m) - lx) -
+(g+p)z—m)(n+m)—(q+p)(n+m)+(¢+p)(—n+(g+p)z—m)—ly+lz)+
ly—(n+m)*)+(c+b)2z(x(n+m)—(g+p)y) —2(y —2*)(n+m)) —2(n+m)(z(n+
m) —(¢+p)y) + (ac+ab)(—=x(n+m) +z(—n+(¢+p)z—m)+(q+p)(y —2*)+ (¢ +
p)y) + (2be+c+b)x(y—22))|/[(=(n+m)* +2(g+p)z(n+m) - (¢+p)°y+ly—la?)*] -
25(2(q +p)z —2(n+m))((c +0)((z(n+m) — (¢ +p)y)* + (y —2*)(ly — (n + m)?)) +
(z(n+m) = (g +p)y)(ly — (n+m)*) +a((—n+ (¢ +p)z —m)(ly — (n+m)?) + (¢ +
p)(n+m)—lz)(z(n+m)—(¢+p)y)+(—n+(¢+p)z—m)((g+p)(n+m)—lz))+(ac+
ab)((—n+(q+p)z—m)(z(n+m)—(¢+p)y)+ (y—2°)((¢+p) (n+m) —lz))+ (2bc+c+
b)(y—2*)(z(n+m)—(g+p)y)]/[(—(n+m)*+2(¢+p)z(n+m)—(¢+p)*y+ly —12?)’]
hi” = [s((actab) (x((n+m)z—y(p+a)) —y((p+q) —n—m)+(n+m)(y—a2))+
a((n+m)((n+m)z—y(p+q))+n+m)(z(p+q) —n—m)—y(n+m)(p+q) —lz) +
z((n+m)(p+q) —lx) +2(ly— (n+m)*)) —2(c+b)y((n+m)z —y(p+q)) —y(ly — (n+
m)?) = (2be+c+b)y(y—22)]/[(=y(p+9)* +2(n+m)x(p+q) +ly —la* — (n+m)*)*] —
2s(2(n +m)z —2y(p+q))((c+0)((n+m)z —y(p+q))* + (y — 2°)(ly — (n+m)?)) +
(ac+ab)((z(p+q) —n—m)(n+m)r —y(p+q)) + (y —2*)((n +m)(p+q) —lz)) +
a(((n+m)(p+q) —lz)((n+m)z—y(p+q)) +((n+m)(p+q) —lz)(x(p+q) —n—m)+
(ly—(n+m)*)(z(p+q) —n—m)) +(ly — (n+m)*)((n+m)x —y(p+q)) + (2bc +c+
b)(y—2?)((n+m)x—y(p+9)/[(—yp+a)* +2(n+m)z(p+q)+ly—Ilz* — (n+m)?)’]
hy” = [s((actab)(x((n+m)z—y(a+p) —y((a-+p) —n—m)+(n+m)(y—a2)+
a((n+m)((n+m)z —y(g+p))+ (n+m)(z(¢+p) —n—m)—y((n+m)(¢+p) —lz)+
z((n+m)(g+p)—lz) +z(ly — (n+m)?)) —2(c+b)y((n+m)z—y(g+p)) —y(ly— (n+
m)?) = (2be+c+b)y(y—2?))]/[(=y(g+p)* +2(n+m)z(q+p) +ly —lx? — (n+m)*)*] —

2(=n )
(ly )

X

(
)
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25(2(n +m)z —2y(q +p))((c+D0)(((n+m)z —y(g+p))* + (y — 2°)(ly — (n+m)?)) +
(ac+ab)((z(g+p) —n—m)((n+m)z —y(g+p)) + (y —2*)((n +m)(qg +p) — lz)) +
a(((n+m)(g+p)—lz)((n+m)z—y(g+p)) + ((n+m)(¢+p) —lz)(x(g+p) —n—m)+
(ly = (n+m)?*)(z(q+p) —n—m))+ Iy — (n+m)*)((n+m)z —y(g+p)) + (2bc +c+
b)(y—2?)((n+m)x—y(g+p)/[(—ylg+p)* +2(n+m)x(q+p)+ly—Iz* — (n+m)?)’]
B3 = [+ 0)(((n+m)z = (q+p)y)* + (y —22) Iy — (n+m)?)) + (ac+ab)(((a +
p)r—n—m)((n+m)x—(q+p)y) + ((n+m)(g+p) —lz)(y — %)) +a(((n +m)(q+
p) = lx)((n +m)z — (¢ +p)y) + (¢ +p)z —n—m)(y — (n +m)?) + ((n +m)(qg +

)

(
)

(q
p) —lx)((g+p)x —n—m))+ (ly — (n+m)*)((n+m)x — (¢+p)y) + (2bc +c +b)(y —
2?)(n+m)x — (g +p)y))/[(—(q¢+p)%y +ly — 12> + 2(n + m)(q + p)x — (n+m)?)?]

h514):0

W =0
h =0
nY) =0
n =0
hig” =0
hiG =0

his? = [6s(y—2)22((c+b)((y—2®)(yl— (n+m)?)+((n+m)z—(g+p)y)*) +a(((g+
p)x—n—m)(yl—(n+m)?*)+((n+m)z—(g+p)y)((n+m)(g+p) — =)+ ((g+p)r—n—
m)((n+m)(g+p)—al))+(ac+ad)((y—2?)((n+m)(g+p) —2l) +((g+p)z—n—m)((n+
m)z—(g+p)y)) +((n+m)z—(g+p)y)(yl — (n+m)?) +(2bc+c+b)(y—2°)((n+m)x —
(g+p)y)/ (Yl =2l —(g+p)*y+2(n+m)(g+p)r— (n+m)*)*] —[4s(y —2?)(a(—z((n+
m)z—(g+p)y)+((g+p)z—n—m)y—z((g+p)r—n—m))+y((n+m)z—(g+p)y)+(c+
D)y(y—a*) = (ac+ab)z(y—a?))z]/[(yl — 2?1 — (¢ +p)*y +2(n+m) (g +p)r — (n+m)?)’]

W = [s(ey +a(—y—a?+))2]/[(—(m+n)? +2(q+p)e(m-+n) - (¢+p)*y +1y -
12%)%] = [252(2(g+p)z —2(m+n))(a(—2(z(m+n) — (¢+p)y) +y(-m+(g+p)x—n) -
r(=m+(q+p)x —n)) +y(z(m+n) = (g+p)y) + (c+b)y(y — %) + (—ac — ab)x(y —
)N/ (—(m+n)? +2(q + p)a(m +n) — (q+p)?y +ly — 12°)*] + [6s(y — 2°)2(2(q +
p)z —2(m+n))((c+b)((z(m+n) —(g+p)y)*+ (y—2*)(ly — (m+n)?)) + (z(m+n) —
(¢ +p)y)(ly — (m+n)*) +a((=m+ (g+p)z —n)(ly — (m+n)?) + ((g +p)(m +n) -
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lz)(x(m+n)—(qg+p)y)+(—m+(¢+p)xz—n)((¢g+p)(m+n)—lz))+ (ac+ab)((—m+
(g+p)z—n)(@(m-+n)—(¢g+p)y)+ (y—2*)((g+p)(m+n)—lx))+ (2bc+c+b)(y —
2?)(z(m~+n) — (g+p)y)l/[(=(m+n)*+2(¢+p)z(m+n) — (¢+p)*y +ly — l2*)"] —

) — [(—(

25(y — 2?)z(a((m + n)? + (¢ + p)(x(m +n) = (¢ +p)y) + 2((¢ + p)(m +n) - lz) -
2(=m+(¢+p)x—n)(m+n)—(g+p)(m+n)+(¢+p)(—m+(¢+p)z—n) —ly+iz)+
2(ly—(m+n)?)+(c+b) 2x(x(m+n) — (¢+p)y) — 2(y —2*)(m+n)) = 2(m+n)(x(m+
n) = (¢+p)y) + (ac+ab)(—x(m +n) + x(~=m+ (¢+p)z —n) + (¢+p)(y — 2°) + (¢ +
p)y) + (2bc+c+b)x(y — 2?))]/[(—(m +n)* +2(¢+p)r(m+n) — (¢+p)*y + 1y — 2°)]

hi”) = [s(ey +a(—y—a?+))2]/[(~(n+m)* +2(q-+p)e(n+m) — (¢+p)*y+1y -
122)%] = [252(2(g+p)x —2(n+m))(a(—z(z(n+m) — (¢+p)y) +y(—n+(g+p)z—m) -
z(=n+(g+p)z—m))+ylz(n+m)—(g+p)y) + (c+b)y(y — %) + (—ac — ab)x(y —
)/ [(=(n+m)? +2(q +p)x(n +m) — (¢+p)*y +ly — 12°)*] + [6s(y — 2?)2(2(q +
p)z—2(n+m))((c+b)((z(n+m)—(g+p)y)*+ (y—2*)(ly — (n+m)?)) + (z(n+m) —
(¢ +p)y)ly — (n+m)*) +a((—=n+(g+p)z —m)(ly — (n+m)?) + ((g +p)(n+m) —
lz)(z(n+m)—(¢+p)y) +(—n+(g+p)z—m)((¢+p)(n+m)—lz))+ (ac+ab)((—n+
(g+p)z—m)(z(n+m)—(g+p)y)+(y—2*)((g+p)(n+m)—lzx))+ (2bc+c+b)(y —
2?)(x(n+m) = (g+p)y)]/[(=(n+m)*+2(¢g+p)z(n+m) — (¢+p)y +ly — 12°)*] -
25(y — 2?)z(a((n +m)? + (¢ + p)(x(n +m) — (¢ +p)y) + 2((¢ + p)(n +m) — lz) —
2(=n+(g+p)z—m)(n+m)—(q+p)(nt+m)+(¢+p)(—n+(q+p)z—m)—ly+lz)+
2(ly—(n+m)?) +(c+0)2x(z(n+m) - (¢+p)y) —2(y—2*)(n+m)) —2(n+m)(z(n+
m) — (¢+p)y) + (ac+ab)(—=x(n+m) +z(—n+(¢+p)z—m)+(q+p)(y —2*) + (¢ +
p)y) + (2bc+c+b)x(y —2?))]/[(—(n+m)* +2(¢+p)r(n+m) — (¢+p)*y +1y —2°)]

hi”) = [s(a(2ey—22)—y?)2]/[(—y(p+a)*+2(n+m)z(p+q)+ly—la* — (n+m)*)? -
2s(y —2?)z((ac+ab)(z((n+m)z —y(p+q)) —y(@(p+q) —n—m)+(n+m)(y —2°)) +
a((n+m)((n+m)z—y(p+q))+(n+m)(z(p+q) —n—m)—y((n+m)(p+q)—lz)+z((n+
m)(p+q)—lz)+x(ly—(nt+m)?))—2(c+b)y((n+m)z—y(p+q)) —y(ly—(n+m)?)—(2bc+
ct+b)y(y—2%))]/[(—y (
2y(p+q))(a(—z((n+m)z—y(p+q)) +y(z(p+q) —n—m)—z(x(p+q) —n—m))+y((n+
m)z—y(p+q))+(c+b)y(y—2*)+(—ac—ab)x(y—2?))l/[(—y(p+q)*+2(n+m)z(p+q)+
ly—l1z°—(n+m)?)*|+[6s(y —2?)z(2(n+m)x—2y(p+q)) ((c+b) (n+m)x—y(p+q))*+

(p+q)*+2(n+m)x(p+q)+ly—lz*—(n+m)?)*| = [252(2(n+m)z—
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(y—2)(ly—(n+m)?))+ (ac+ab)((z(p+q) —n—m)((n+m)z—y(p+q)) +(y—2?)((n+
m)(p+q)—lz))+a(((n+m)(p+q)—lx)((n+m)z—y(p+q))+((n+m)(p+q) —lz)(z(p+
q)—n—m)+(ly—(n+m)?*)(z(p+q)—n—m))+(y—(n+m)*)((n+m)z—y(p+q))+(
c+0) (y—2*)(n+m)z—y(p+q)))l/[(=y(p+q)*+2(n+m)x(ptq)+ly—1z>—(n+m)?)*]
hig” = [s(a(2ey—a%)—y?)2)/[(—y(g+p)*+2(n+m)a(g+p)+ly—la— (n+m)?)?] -
2s(y —2?)z((ac+ab)(z((n+m)z —y(g+p)) —y(z(g+p) —n—m)+(n+m)(y —2°)) +
a((n+m)((n+m)z—y(g+p))+(n+m)(z(g+p) —n—m)—y((n+m)(g+p)—lz)+z((n+
m)(q+p)—lz)+a(ly—(nt+m)?))—2(c+b)y((n+m)z—y(g+p)) —y(ly—(n+m)*)—(2bc+
c+0)y(y—2*))/[(=y(g+p)*+2(n+m)a(g+p)+ly—la* —(n+m)*)?| = [2s2(2(n+m)z—
2y(qg+p))(a(—z((n+m)z—y(q+p)) +y(z(qg+p) —n—m)—z(x(¢+p) —n—m))+y((n+
m)z—y(q+p))+(c+b)y(y—2?)+(—ac—ab)x(y—2*))|/[(—y(g+p)*+2(n+m)z(g+p)+
ly—la?—(n+m)?)’]+[65(y—a?)z(2(n+m)xz—2y(q+p)) ((c+0)(((n+m)z—y(¢+p))*+
(y—2*)(ly—(n+m)?))+(ac+ab)((x(g+p) —n—m)((n+m)r—y(g+p))+(y—2*)((n+
m)(q+p)—lz))+a(((n+m)(g+p)—lz)((n+m)z—y(g+p))+((n+m)(g+p)—lz)(z(q+
p)—n—m)+(ly—(n+m)®)(z(¢+p)—n—m))+(y—(n+m)*)((n+m)z—y(g+p))+(2bc+
c+0)(y—2*)((n+m)z—y(g+p)))/[(—y(a+p)* +2(n+m)2(g+p) +ly—la*— (n+m)*)]
W = la(=2((n+m)x — (g+p)y) + (g+p)x —n—m)y —2((g+p)r —n—m))+
y((ntm)z—(g+p)y)+(c+b)y(y—2*)+(—ac—ab)z(y—a?))z] /(= (g+p)*y +ly—la*+
2(n+m)(g+p)r—(n+m)?)?*]—[2(y —2°)((c+b) (n+m)z — (¢ +p)y)* + (y —2?)(ly -

+(2bc+

b)(y—a?)((n+m)z—(g+p)y))2]/[(—(g+p)*y+ly—la*+2(n+m)(g+p)z—(n+m)*)’]

hi” = [s2(=2(x(m +n) — (q+p)y) + a(4(m +n) = 2(=m + (g +p)z —n) +2(q +
p)r—2q—2p) —4x(m+n)+(c+b) (222 —2(y—2?)) —2(ac+ab)x)] /[(—(m+n)?+2(q+
p)r(m+n)—(g+p)’y+ly—12?)’]+ [4sz((c+b)((x(m+n) — (g+p)y)* + (y —2°)(ly —
(m+n)*)) +(z(m+n)—(g+p)y)(ly— (m+n)?) +a((=m+(g+p)z—n)(ly— (m-+n)*)+

(n+m)?))+ (ac+ab)(((g+p)x —n—m)((n+m)z—(g+p)y)+ ((n+m)(g+p) —lz)(y—
2?))+a(((n+m)(q+p) —lz)((n+m)x—(g+p)y) +((¢+p)z —n—m)(ly—(n+m)*)+
((n+m)(g+p)—lz)((g+p)z—n—m))+ Iy —(n+m)*)((n+m)z—(g+p)y)+ (2bc+c+
?)
5 _

((g+p)(m+n)—lz)(z(m+n)—(qg+p)y) +(—=m+(¢+p)xr—n)((¢+p)(m+n)—lx))+
(actab)((—=m~+(g+p)z—n)(x(m+n)—(q+p)y)+(y—2°)((g+p) (m~+n)—lz))+(2bc+
c+0)(y — ) (x(m~+n) — (g+p)y)|/[(—=(m+n)*+2(g+p)x(m-+n) — (¢+p)*y+1ly—
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S

12%)%] 4 [652(2(q +p)z — 2(m+n))*((c +b)((x(m+n) — (g+p)y)* + (y —2?)(ly — (m+
)+ (z(m+n)—(g+p)y) (ly— (m+n)*) +a((—=m+(g+p)z—n)(ly— (m+n)?)+((¢+
p)(m+n)—lz)(x(m+n)—(¢+p)y)+(—=m+(qg+p)z—n)((¢+p)(m+n)—lz))+ (ac+
ab)((=m+(g+p)z—n)(z(m-+n)—(g+p)y)+(y—2°)((g+p)(m+n)—lzx))+(2bc+c+
b)(y—a?)(x(m+n) —(g+p)y)l/[(—(m+n)*+2(g+p)z(m+n)— (¢+p)*y+ly—la?)'] -
[4s2(2(q+p)z = 2(m+n))(a((m +n)* + (¢ +p)(xz(m+n) — (¢+p)y) +2((g+p)(m+
n)—lz) =2(=m+(¢+p)z—n)(m+n)—(¢+p)(m-+n)+(g+p)(—=m+(¢+p)zr—n)—
ly+lz) +a(ly—(m+n)?) +(c+b)(2x(z(m+n) — (g+p)y) —2(y —2*)(m+n)) —2(m+
n)(x(m+n)—(g+p)y)+ (ac+ab)(—x(m+n)+x(—m+(g+p)z—n)+(¢+p)(y—2?) +
(¢+p)y)+ (2be+c+b)z(y—a?))]/[(—(m+n)*+2(g+p)z(m-+n) — (g+p)*y+ly—12°)’]

hi? = [sz(=2(x(n+m) — (¢ +p)y) + a(4(n +m) — 2(—n+ (q+p)z —m) +2(g+
p)x—2q—2p) —4x(n+m)+ (c+0)(22* —2(y — 2?)) — 2(ac+ab)x)] /[(—(n+m)? +2(q+
p)z(n+m)—(g+p)*y+ly—12°)*|+ [dsz((c+b)((x(n+m) — (g+p)y)*+ (y —2*)(ly —
n+m)?))+(z(n+m)—(q+p)y)(ly—(n+m)?) +a((=n+(g+p)r—m)(ly— (n+m)*)+
(¢+p)(n+m)—lz)(z(n+m)—(¢+p)y)+ (—n+(¢+p)z—m)((¢+p)(n+m)—lz))+
ac+ab)((—n+(g+p)z —m)(z(n+m)— (¢+p)y) + (y —2°)((g+p)(n+m) —lz)) +
2bc+c+b)(y—=°)(z(n+m) —(g+p)y))]/[(—(n+m)*+2(q+p)x(n+m)—(¢+p)*y+
ly—12°)*|+[652(2(¢+p)x —2(n+m))*((c+b) ((x(n+m) — (g+p)y)* + (y—2*) (ly — (n+
m)*)) + (z(n+m) — (g+p)y)(ly — (n+m)?) +a((—n+(¢+p)z —m)(ly — (n+m)?) +
((g+p)(n+m)—lz)(z(n+m)—(g+p)y)+(—n+(g+p)z—m)((¢+p)(n+m)—lzx))+
(ac+ab)((—=n+(g+p)z —m)(@(n+m) —(¢+p)y) + (y —2*)((g +p)(n+m) —lz)) +
(2bc+c+b)(y—a?)(z(n+m) — (g+p)y)]/[(—(n+m)*+2(g+p)z(n+m)— (¢+p)*y+
ly—12*)"] = [2s2(2(g+p)z—2(n+m))(a((n+m)*+(q+p)(z(n+m) — (¢+p)y) +2((¢+

(
(
(
(

)
(

p)(n+m)—lx)=2(—n+(¢+p)z—m)(n+m)—(q+p)(n+m)+(¢+p)(—n+(¢+pz—
m) —ly+1z)+x(ly—(n+m)?)+ (c+b)(2x(z(n+m) - (¢+p)y) — 2(y — 2*)(n+m)) —
2(n+m)(z(n+m)—(q+p)y)+(ac+ab)(—z(n+m)+z(—n+(¢+p)z—m)+(g+p)(y—
2?)+(q+p)y) +(2be+c+b)z(y—22))/[(—(n+m)* +2(g+p)z(n+m) — (g+p)*y+1y—
12%)%]|=[252(2(g+p)r—2(n+m))(a((n+m)*+(g+p)(z(n+m)—(g+p)y) +2((g+p)(n+
m)—lz) =2(—n+(¢+p)z—m)(n+m)+(—¢—p)(n+m)+(¢+p)(—n+(¢+p)z—m)—
ly+iz)+z(ly— (n+m)?)+ (c+b) 2z(z(n+m) — (¢+p)y) —2(y —2*)(n+m)) — 2(n+

2(
(
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m)(z(n+m)—(g+p)y)+(act+ab)(—z(n+m)+z(—n+(¢+p)r—m)+(¢+p)(y—2°)+
(¢+p)y)+ (2be+c+b)z(y—a?))]/[(—(n+m)*+2(g+p)z(n+m) — (q+p)*y+ly—12?)%]

hégf’) = [sz(a(—2y(p+q)+22(p+q) —2n—2m) —2(c+b)zy+2(n+m)y +2(ac+
ab)y)l/[(=y(p+a)*+2(n+m)z(p+q) +ly—12° — (n+m)?)*] = [252(2(n+m)r - 2y(p+
a))(a((p+q)((nt+m)z—y(p+q))+(p+q)(z(p+q¢) —n—m)—2(n+m)(z(p+q) —n—m)+
z((n+m)(p+q)—lz)+(n+m)(—p—q) —ly+lz+(n+m)*)+(c+b)(2z((n+m)z—y(p+
q)) —2(n+m)(y—a*)) +(ac+ab)(z(z(p+q) —n—m)+(y—2*)(p+q) +y(p+q) — (n+
m)x)=2(n+m)((n+m)z—y(p+q))+z(ly—(n+m)*)+(2bc+c+b)a(y—2))]/[(-y(p
0)*+2(n+m)z(p+q)+ly—la®—(n+m)?)’| = [2s2(22(p+q) —2(n+m))((ac+ab) (z((n
m)z—y(p+q)) —y(@(p+q) —n—m)+(n+m)(y—=2))+a((n+m)((n+m)z—y(p+q))+
(n+m)(z(p+q) —n—m)—y((n+m)(p+q) —lz)+x((n+m)(p+q)—lz) +z(ly—(n
m)?))=2(c+b)y((n+m)z—y(p+q)) —y(ly—(n+m)?) = (2be+c+b)y(y—=*))] /[(=y(p
0)*+2(n+m)x(p+q) +ly—1a®— (n+m)*)’| = [4szz((c+b)(((n+m)z —y(p+9))*+(y—
2?)(ly—(n+m)?))+(ac+ab)((x(p+q)—n—m)((n+m)z—y(p+q))+(y—2*)((n+m)(p+
q)—lz))+a(((nt+m)(p+q)—lz)(n+m)z—y(p+q))+((n+m)(p+q) —lz)(x(p+¢) —n—
m)+(ly—(n+m)?)(z(p+q) —n—m))+(ly— (n+m)*)((n+m)z —y(p+q)) + (2bc+c+
b)(y—=*)((n+m)z—y(p+))l/[(=y(p+a)*+2(n+m)z(p+q) +ly—lz*— (n+m)*)’|+
[652(22(p+q) —2(n+m))(2(n+m)z —2y(p+q))((c+0)((n+m)z—y(p+q))*+ (y —
2?)(ly—(n+m)?))+(ac+ab)((z(p+q)—n—m)((n+m)z—y(p+q))+(y—2*)((n+m)(p+
q)—lz))+a(((n+m)(p+q)—lz)((n+m)z—y(p+q))+((n+m)(p+q) —lx)(z(p+9) —n—
m)+(ly—(n+m)?)(z(p+q) —n—m))+(ly—(n+m)*)((n+m)z—y(p+q))+(2bc+c+

T T

RO

b)(y—2?)((n+m)z—y(p+9))/[(—y(p+q)* +2(n+m)z(p+q) +ly—la* — (n+m)?)"]
his® = [sz(a(~2y(q+p) +22(g+p) — 20 — 2m) — 2(c+b)ay +2(n +m)y + 2(ac+

ab)y)/[(—y(qg+p)*+2(n+m)zx(q+p)+ly—lz*— (n+m)*)?| — [2s52(2(n+m)x —2y(q+
)(a((g+p)(n+m)z—y(q+p))+(g+p)(x(g+p) —n—m)—=2(n+m)(x(q+p)—n—m)+
(n+m)(q+p)—lz)+(n+m)(—q—p)—ly+lz+(n+m)?)+(c+b)(2z((n+m)x—y(q+

p)
x(
p)) —2(n+m)(y — %))+ (ac+ab)(x(x(q+p) —n—m)+(y—2*)(¢+p) +y(g+p) — (n+
m)z) =2(n+m)((nt+m)z—y(g+p))+a(ly—(n+m)?)+(2be+c+b)z(y—=))]/[(—y(g+
p)*+2(n+m)z(g+p)+ly—1z°—(n+m)?)’] - [2s2(2x(g+p) —2(n+m))((ac+ab) (z((n+
m)z—y(q+p))—y(@(g+p) —n—m)+(n+m)(y—=2°))+a((n+m)((n+m)z—y(g+p))+
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(n+m)(z(g+p) —n—m)—y((n+m)(g+p) —lz)+z((n+m)(g+p)—lx)+z(ly— (n+
m)?))=2(c+b)y((n+m)z—y(g+p)) —y(ly—(n+m)?) = (2bc+c+b)y(y—=2*))] /[(—y(
p)*+2(n+m)z(g+p)+ly—lz*— (n+m)?)’] - [dszz((c+0) ((n+m)z—y(g+p))*+(y—
2?)(ly—(n+m)?))+(ac+ab)((z(g+p)—n—m)((n+m)z—y(g+p))+(y—2*)((n+m)(g+
p)—lz))+a(((n+m)(g+p)—lz)((ntm)z—y(g+p))+((n+m)(¢+p)—lz)(z(g+p) —n—
m)+(ly—(n+m)?)(z(g+p) —n—m))+(ly— (n+m)?)(n+m)z —y(g+p)) +(2bc+c+
b)(y—=*)((n+m)z—y(g+p))l/[(=y(g+p)*+2(n+m)z(g+p) +ly—lz* — (n+m)?)’| +
652(22(q+p) —2(n+m))(2(n+m)z —2y(q+p))((c+b)(((n+m)z—y(g+p))*+ (y —
2?)(ly—(n+m)?))+(act+ab)((z(g+p)—n—m)((n+m)z—y(g+p))+(y—2*)((n+m)(q+
p)—lz))+a(((n+m)(g+p)—lz)((n+m)z—y(g+p))+((n+m)(g+p)—lz)(2(¢+p) —n—
m)+(ly—(n+m)?)(z(g+p) —n—m))+(ly—(n+m)*)((n+m)x—y(g+p))+(2bc+c+
b)(y—2?)((n+m)z—y(g+p)/[(—ylg+p)* +2(n+m)x(q+p)+ly—Iz* — (n+m)?)"]

b 5y = [((e+0) 2a((n+m)a = (g+p)y) —2n+m)(y—22) +a((g+p)(n+m)z—
(¢+p)y) —ly+(g+p)((¢+p)z—n—m)=2(n+m)((¢g+p)z—n—m)+z((n+m)(g+
p) —lx) +lz + (n+m)(—q—p) + (n+m)*) + (ac+ ab)((¢ +p)(y — 2?) + (¢ + p)y +
2((g+p)r—n—m)—(n+m)x) —2(n+m)((n+m)x—(g+p)y) +x(ly — (n+m)?) +

] -

q+

(
)

(2bc + ¢+ b)x(y — 22))2]/[(—(q + p)>y + ly — 2% + 2(n 4+ m) (¢ + p)z — (n +m)?)?
2(2(g+p)z—2(n+m))((c+b)(((n+m)x—(g+p)y)* + (y —2?)(ly — (n+m)?)) + (ac+
ab)(((q+p)x —n—m)((n+m)x — (¢+p)y) + ((n+m)(qg+p) —lz)(y — %)) + a(((n +
)T

m)(q+p) —lz)(n+m)z—(g+p)y) + ((¢+p)z —n—m)(ly — (n+m)*) + ((n+m)(q+
p) —lz)((g+p)x—n—m))+ (ly — (n+m)*)((n+m)x — (¢ +p)y) + (2bc+c +b)(y —
?)((n+m)z — (¢+p)y)2l/[(—(q+p)*y +ly — 12> +2(n+m)(q+ p)x — (n+m)?)*

—

WP = [sz(=2(x(n +m) — (g +p)y) + a(d(n+m) — 2(—n+ (g + p)z —m) +2(q +
p)r—2q—2p)—4x(n+m)+(c+b) (22> —2(y — %)) — 2(ac+ab)x)] /[(—(n+m)? +2(q+

)
p)r(n+m)—(g+p)*y+ly—12?)*]+[dsz((c+b)((x(n+m) — (g+p)y)* + (y — 2°)(ly —
(n+m)?)) +(z(n+m)—(g+p)y)(ly— (n+m)*) +a((—n+(¢+p)z—m)(ly ?)
((g+p)(n+m)—lz)(z(n+m)—(g+p)y)+(—n+(g+p)z—m)((¢+p)(n+m)—lz))+
(ac+ab)((—=n+(g+p)z —m)(@(n+m) —(¢+p)y) + (y —2*)((g +p)(n+m) —lz)) +
(2bc+c+b)(y—2?)(z(n+m) — (¢+p)y)]/[(—=(n+m)*+2(g+p)z(n+m)— (¢+p)*y+

)
ly—1z)°]+[652(2(q+p)z—2(n+m))*((c+b)(x(n+m) = (¢+p)y)*+ (y—2*)(ly— (n+
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m)*))+(z(n+m)—(g+p)y)(ly—(n+m)?) +a((—n+(g+p)z—m)(ly—(n+m)?)+((g+
p)(n+m)—lz)(z(n+m)—(q+p)y)+(—n+(g+p)r—m)((g+p)(n+m)—lz))+ (ac+
ab)((—=n+(g+p)z—m)(z(n+m)—(g+p)y)+(y—2°)((g+p)(n+m)—iz))+(2bc+c+
b)(y—a2)(x(n+m)—(g+p)y)]/[(=(n+m)*+2(g+p)z(nt+m)—(g+p)*y+ly—12?)"] -
[4s2(2(q+p)x —2(n+m))(a((n+m)* + (¢ +p)(x(n+m) — (¢ +p)y) +z((¢+p)(n+
m) —lz) —2(—n+(g+p)z—m)(n+m)—(g+p)(n+m)+(¢+p)(—n+(¢+p)xr—m)—
ly+lz)+2(ly—(n+m)?)+(c+0)(2x(z(n+m) — (g+p)y) —2(y —2?)(n+m)) = 2(n+
m)(z(n+m)—(g+p)y)+(act+ab)(—z(n+m)+z(—n+(¢+p)r—m)+(¢+p)(y—2°)+
(¢+p)y)+ (2be+c+b)z(y—a?))]/[(—(n+m)*+2(g+p)z(n+m) — (g+p)*y+ly—12?)’]

h%@’ = [sz(a(—2y(p+q)+22(p+q) —2n—2m) —2(c+b)zy+2(n+m)y +2(ac+
ab)y)l/[(=y(p+a)*+2(n+m)x(p+q) +ly—12° — (n+m)?)*] = [252(2(n+m)r - 2y(p+
a))(a((p+q)((nt+m)z—y(p+q))+(p+q)(z(p+q9) —n—m)—2(n+m)(z(p+q) —n—m)+
z((n+m)(p+q)—lz)+(n+m)(—p—q) —ly+lz+(n+m)*)+(c+b)(2z((n+m)z—y(p+
q)) —2(n+m)(y—a?)) +(ac+ab)(z(z(p+q) —n—m)+(y—2*)(p+q) +y(p+q) — (n+

)z)—2(n+m)((n+m)z—y(p+q))+z(ly—(n+m)?)+(2be+c+b)z(y—=*))]/[(—y(»
0)*+2(n+m)z(p+q)+ly—la®—(n+m)?)’|—[2s2(22(p+q) —2(n+m))((ac+ab) (z((n
m)z—y(p+q)) —y(@(p+q) —n—m)+(n+m)(y—=2*))+a((n+m)((n+m)z—y(p+q))
(n+m)(z(p+q) —n—m)—y((n+m)(p+q) —lz)+x((n+m)(p+q)—lz) +z(ly—(n
m)?))=2(c+b)y((n+m)z—y(p+q)) —y(ly—(n+m)*) = (2be+c+b)y(y—=*))] /[(=y(p
0)*+2(n+m)x(p+q) +ly—1a®— (n+m)*)*] - [4szz((c+b)(((n+m)z —y(p+9))*+(y—
2?)(ly—(n+m)?))+(ac+ab)((z(p+q)—n—m)((n+m)z—y(p+q))+(y—2*)((n+m)(p+
q)—lz))+a(((nt+m)(p+q)—lz)(n+m)z—y(p+q))+((n+m)(p+q) —lz)(x(p+q) —n—
m)+(ly—(n+m)?)(z(p+q) —n—m))+(ly— (n+m)*)((n+m)z —y(p+q)) + (2bc+c+
b)(y—=*)((n+m)z—y(p+q))l/[(=y(p+a)* +2(n+m)z(p+q) +ly—lz*— (n+m)?)’| +
[652(22(p+q) —2(n+m))(2(n+m)z —2y(p+q))((c+0)((n+m)z—y(p+q))*+ (y —
2?)(ly—(n+m)?))+(ac+ab)((z(p+q)—n—m)((n+m)z—y(p+q))+(y—2*)((n+m)(p+
q)—lz))+a(((n+m)(p+q)—lz)((n+m)z—y(p+q)) +((n+m)(p+q) —lz)(z(p+q) —n—
m)+(ly—(n+m)?)(z(p+q) —n—m))+(ly—(n+m)*)(n+m)z—y(p+q))+ (2bc+c+
b)(y—2*)(n+m)z—y(p+9)/[(—ylp+a)* +2(n+m)z(p+q)+ly—1z* — (n+m)?)"]

h%ﬂ = [sz(a(—2y(q¢+p)+22(qg+p) —2n—2m) —2(c+b)xy+2(n+m)y +2(ac+

(
)

m

¥+ F F F
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ab)y)l/[(=y(g+p)*+2(n+m)z(g+p) +ly—1z® — (n+m)*)*] = [2s2(2(n+m)z —2y(g+
p))(a((g+p)((n+m)z—y(q+p))+(q+p)(z(¢+p) —n—m)—2(n+m)(z(¢+p) —n—m)+
((n+m)(q+p)—Iz)+(n+m)(—q—p) —ly+lz+(n+m)*)+(c+b)(2z((n+m)r—y(q+
) —2(n+m)(y—z?))+ (ac+ab)(z(z(g+p) —n—m)+(y —2*)(q¢+p) +y(g+p) — (n+
)z) —2(n+m)((n+m)z—y(g+p))+z(ly—(n+m)?)+(2bc+e+b)z(y—2?))]/[(—y(g+
p)*+2(n+m)z(q+p) +y—la®—(n+m)?)’] - [2s2(22(q+p) —2(n+m)) ((ac+ab) (z((n+
m)z—y(g+p)) —y(@(g+p) —n—m)+(n+m)(y—a?))+a((n+m)((n+m)z—y(g+p))+
(n+m)(z(g+p) —n—m)—y((n+m)(g+p) —lz)+z((n+m)(g+p)—lx)+z(ly— (n+
m)?))=2(c+b)y((n+m)z—y(q+p)) —y(ly—(n+m)?)—(2bc+c+b)y(y—22))] /[(—y(q+
p)*+2(n+m)z(g+p)+ly—lz*— (n+m)?)’] - [dszz((c+b) ((n+m)z—y(g+p))*+(y—
2?)(ly—(n+m)?))+(ac+ab)(((g+p)—n—m)((n+m)z—y(g+p))+(y—2*)((n+m)(g+
p)—lz))+a(((n+m)(g+p)—lz)((ntm)z—y(g+p))+((n+m)(¢+p)—lz)(z(g+p) —n—
m)+(ly—(n+m)?)(z(g+p) —n—m))+(ly—(n+m)*)((n+m)z —y(g+p))+ (2bc+c+
b)(y—=*)((n+m)z—y(g+p))l/[(=y(g+p)* +2(n+m)z(g+p) +ly—lz* — (n+m)*)*| +
652(22(q+p) —2(n+m))(2(n+m)z —2y(q+p))((c+b)(((n+m)z—y(g+p))*+ (y -
2?)(ly—(n+m)?))+(act+ab)((z(g+p)—n—m)((n+m)z—y(g+p))+(y—2*)((n+m)(q+
p)—lz))+a(((n+m)(g+p)—lz)((n+m)z—y(g+p))+((n+m)(g+p)—lz)(2(¢+p)—n—
m)+(ly—(n+m)?)(z(g+p) —n—m))+(ly—(n+m)*)((n+m)x—y(g+p))+(2bc+c+
b)(y—2?)((n+m)x—y(g+p)/[(—ylg+p)* +2(n+m)z(g+p)+ly—Iz* — (n+m)?)"]

By = [((e+0) 2a((n+m)a — (g+p)y) —2n+m)(y—22) +a((g+p)(n+m)z—
(¢+p)y) —ly+(g+p)((¢+p)z—n—m)=2(n+m)((¢g+p)z—n—m)+z((n+m)(q+
p) —lz) +lz + (n+m)(—q—p) + (n+m)*) + (ac+ ab)((¢ +p)(y — 2%) + (¢ + p)y +
z((g+p)z —n—m)—(n+m)z)—2(n+m)((n+m)z—(g+p)y) +z(ly — (n+m)?) +
(2bc + ¢+ b)z(y — 2?))2]/[(— ] -
2(2(q+p)z—2(n+m))((c+b)((n+m)z—(g+p)y)* +(y—2?)(ly— (n+m)?)) +
ab)(((g+p)x —n—m)((n+m)x —(¢+p)y) + ((n+m)(g+p) —lz)(y —2?)) +a
m)(q+p) —lz)((n+m)z—(g+p)y) + (g +p)r —n—m)(ly — (n+m)*) +((n+m)(g+
p) —lz)((q+p)xr —n—m))+(ly— (n+m)*)((n+m)z — (¢+p)y) + (2bc +c+b)(y —
2?)((n+m)z — (q+p)y)zl/[(— (g +p)*y +ly — 2> + 2(n+m) (g +p)z — (n+m)*)?|

hég5) = [s(2(c+b)y* + a(2(n+m)x — 2(n+m)y) — 2(ac+ ab)zy)z]/[(—y(p+ q)* +

8

p

m

(
)

(¢ +p)*y +ly — 12> +2(n+m)(q +p)z — (n+m)?)?
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2(n+m)a(p+q)+ly—la? — (n+m)?)’] — [4sz(2(n+m)z —2y(p+q))((ac+ab)(z((n+
m)z—y(p+q)) —y(@(p+q) —n—m)+(n+m)(y—a?))+a((n+m)((n+m)z—y(p+q))+
(n+m)(z(p+q) —n—m)—y((n+m)(p+q) —lz)+x((n+m)(p+q)—lz) +z(ly— (n+
m)?)) =2(c+b)y((n+m)z—y(p+q)) —y(ly—(n+m)?) = (2be+c+b)y(y—a?))] /[(—y(p
@)’ +2(n+m)z(p+q) +ly—lx®— (n+m)*)’|+ [4syz((c+b) ((n+m)z—y(p+q))*+(y —
2?)(ly — (n+m)?)) + (ac+ab)((z(p+q) —n—m)((n+m)z —y(p+q)) + (y —2*)((n+
m)(p+q)—lz))+a(((n+m)(p+q)—lx)((n+m)z—y(p+q))+((n+m)(p+q)—lz)(z(p+
q)—n—m)+(ly—n+m)*)(@(p+q) —n—m))+ Iy —(n+m)*)((n+m)r—y(p+q)) +
(260+6+b)(y—xQ)((n+m):v—y(p+Q)))]/[( y(p+9)*+2(n+m)a(p+q)+ly—iz* -
(n+m)?)°|+[6s2(2(n+m)z—2y(p+q)*((c+b)((n+m)z —y(p+q))* + (y —2?) (ly —
(n+m)?))+(ac+ad)((z(p+q) —n—m)((n+m)z —y(p+q)+(y—=*)((n+m)(p+q) -
lx))+a(((n+m)(p+q) —lx)(n+m)z—y(p+q)+((n+m)(p+q) —lz)(z(p+q) —n—
m)+(ly—(n+m)?)(z(p+q) —n—m))+(ly— (n+m)*)((n+m)z —y(p+q)) +(2bc+c+
b)(y—2*)((n+m)z—y(p+g)l/[(=y(p+9)* +2(n+m)z(p+q) +1ly—la* — (n+m)?)"]

hi” = [s(2(c+b)y? +a(2(n+m)x —2(n+m)y) — 2(ac+ ab)y)z]/[(—y(a+p)* +
2(n+m)x(g+p)+ly—la? = (n+m)?)*] — [2s2(2(n+m)z —2y(g+p))((ac+ab)(z((n+
m)z—y(q+p))—y(@(g+p) —n—m)+(n+m)(y—=))+a((n+m)((n+m)z—y(g+p))+
(n+m)(z(g+p) —n—m)—y((n+m)(g+p) —lz)+x((n+m)(g+p)—lz)+z(ly—(n+
m)?)) =2(c+b)y((n+m)z—y(g+p)) —y(ly—(n+m)?) — (2bc+c+b)y(y—2*))]/[(—y(a+
P2 +2(n+m)x(q+p)+ly — 12?2 — (n+m)?)3 — [252(2(n +m)x — 2y(q¢ + p))((ac +
ab)(z((n+m)z—y(g+p)) —y(z(g+p) —n—m)+(n+m)(y—2?))+a((n+m)((n+m)z—
y(q+p))+(n+m)(z(¢+p) —n—m)—y((n+m)(q+p) —lz)+z((n+m)(q+p)—lz)+
2(ly—(n+m)?)) =2(c+b)y((n+m)z—y(g+p)) —y(ly —(n+m)?)+(=2bc—c—b)y(y —
)/ [(=y(g+p)*+2(n+m)x(q+p) +ly—12> — (n+m)?)*|+ [dsyz((c+ ) (((n+m)x —
y(a+p))*+(y—2*)(ly— (n+m)?)) +(ac+ab)((z(q+p) —n—m)((n+m)z—y(g+p))+
(y—2?)((n+m)(g+p)—lz))+a(((n+m)(g+p)—lz)((n+m)z—y(g+p))+((n+m)(g+
p)—lz)(

+

z(q+p) —n—m)+(ly—(n+m)?)(x(g+p) —n—m))+(ly— (n+m)?)((n+m)x—
y(q+p))+ (2bc+c+b)(y —2*)((n+m)x —y(q+p))]/[(=y(q+p)* +2(n+m)z(q+p) +
ly—l12*—(n+m)?)*|+[652(2(n+m)z—2y(q+p))*((c+b)(((n+m)z —y(q+p))*+ (y —

2?)(ly—(n+m)?))+(ac+ab) ((x(q+p) —n—m)((n+m)x—y(q+p))+(y—2*)((n+m)(¢+
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p)—lz))+a(((n+m)(g+p)—lz)((ntm)z—y(g+p))+((n+m)(¢+p)—lz)(z(g+p) —n—
m)+(ly—(n+m)?)(z(g+p) —n—m))+(ly— (n+m)?)((n+m)z —y(g+p)) + (2bc+c+
b)(y—a*)((n+m)z—y(qg+p))/[(=y(g+p)*+2(n+m)z(g+p)+1ly—la® — (n+m)?)"]

ho = [(ac+ab)(@((n+m)z = (q+p)y) +(n+m)(y—a?) = (g+p)r—n—m)y)+
a((n+m)((n +m)z — (¢ +p)y) +z(ly — (n+m)*) = ((n+m)(qg+p) —lx)y + (n +
m)((g+p)z—n—m)+z((n+m)(q+p) —lz)) —2(c+b)y(n+m)x—(¢+p)y) —y(ly —
(n+m)?) +(=2bc—c—b)y(y —2*))2]/[(—(g+p)*y +1ly — 2> +2(n+m)(q+p)z — (n+
m)*)?] — [2(2(n +m)z — 2(g+p)y) (¢ + D) ((n+m)z — (g +p)y)* + (y — z°)(ly — (n+
m)?)) + (ac+ab)(((q +p)z —n—m)((n+m)z — (¢+p)y) + ((n+m)(g+p) —1z)(y —
2%))+a(((n+m)(g+p) —lz)((n+m)z—(g+p)y) +((g+p)x —n—m)(ly — (n+m)?) +
((n+m)(g+p)—lx)((g+p)r—n—m))+(ly—(n+m)*)((n+m)z—(g+p)y) +(2be+c+
b)(y—2*)((n+m)z—(q+p)y))2]/[(—=(g+p)*y+ly =1z +2(n+m)(g+p)z — (n+m)?)’]
hyo” = [s(2(c+b)y? +a(2(n+m)x — 2(n+m)y) — 2(ac+ ab)ay)z]/[(—y(a+p)* +
2] —[4sz(2(n+m)x —2y(q+p))((ac+ab)(z((n+

)
9)

2(n+m)a(g+p)+ly—la*—(n+m)?)
m)r—y(q+p)) —y(@(g+p)—n—m)+(n+m)(y—2°))+a((n+m)((n+m)r—y(q+p))+
(n+m)
m)?))=2(c+b)y((n+m)z—y(g+p)) —y(ly—(n+m)?) = (2bc+c+b)y(y—=))]/[(—y(g+
p)* +2(n+m)x(q+p) +1ly—la? = (n+m)?)°|+ [dsyz((c+ b)((n+m)x —y(q+p))* +
(y—2*)(ly—(n+m)?))+(ac+ab)((x(g+p) —n—m)((n+m)r—y(g+p))+(y—2*)((n+
m)(q+p)—lz))+a(((n+m)(q+p)—lz)((n+m)z—y(q+p))+((n+m)(q+p)—lz)(z(q+
p)—n—m)+(ly—(n+m)?)(z(g+p) —n—m))+ Iy —(n+m)*)((n+m)z—y(¢+p))+
(2bc+c+0)(y—2*)((n+m)z—y(g+p)]/[(-y(g+p)* +2(n+m)z(q+p) +1y—l2* -
(n+m)?)’]+ [652(2(n+m)x —2y(q+p))*((c+D0)((n+m)x —y(g+p))*+ (y —2*)(ly —
(n+m)?))+(ac+ab)((z(g+p) —n—m)((n+m)z—y(g+p))+(y—2°)((n+m)(g+p) -
lx))+a(((n+m)(g+p) —lz)((n+m)z—y(g+p)) +((n+m)(g+p) —lx)(z(g+p) —n—
m)+(ly—(n+m)?)(z(g+p) —n—m))+(ly— (n+m)?)((n+m)z —y(g+p)) +(2bc+c+
b)(y—2*)((n+m)x—y(g+p)/[(—ylg+p)* +2(n+m)x(g+p)+ly—lz* — (n+m)*)"]
hy 7y = [((ac+ab)(z((n+m)z = (q+p)y) + (n+m)(y—22) = (g+p)z—n—m)y) +
a((n+m)((n +m)z — (¢ +p)y) +z(ly — (n+m)*) = ((n+m)(qg+p) —lx)y + (n +
m)((g+p)z—n—m)+z((n+m)(qg+p) —lz)) —2(c+b)y((n+m)z —(g+p)y) —y(ly —

(
(

z(q+p)—n—m)—y((n+m)(g+p)—lz)+z((n+m)(g+p)—lx) +z(ly— (n+

(
)
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(n+m)?) +(=2bc—c—=b)y(y —2°))2]/[(—(g+p)*y +1ly — 2> +2(n+m)(g+p)r — (n+

m)?)?| = [2(2(n +m)z —2(g+p)y)((c +0)((n+m)z — (g +p)y)* + (y —2?)(ly — (n +

)?)) + (ac+ab)(((g+p)x —n—m)((n+m)x — (g+p)y) + (n+m)(q+p) —lz)(y -

) +a(((n+m)(g+p)—lz)((n+m)z—(g+p)y) + ((g+p)z —n—m)(ly— (n+m)*)+
)

)2
(

3

8

((n+m)(g+p)—lz)((g+p)z—n—m))+(ly— (n+m)*)((n+m)z — (¢-+p)y) + (2bc+c+
b)(y—2*)((n+m)z—(q+p)y))2l/[(—=(g+p)*y+ly—1z*+2(n+m)(qg+p)z— (n+m)>)?]
hﬁﬂo =0

WU = [st((c+b)(=2((n+m)(qg+p) —lx) +Alz+2(n+m)(g+p)) —2(2bc+c+b) ((g+
p)x —n—m)—4(2bc+c+b)(q+p)z+ (ac+ab)(2(g+p)* —2(1—(¢+p)*)) —2al(g+p) —
20(n+m))|/[(—l2* +2(n+m)(q+p)r—(g+p)*y+1ly — (n+m)*)*] — [4st(2(n+m)(q+
p)=2lx)((2be+c+b)(q+p)(y—2°)+ (c+b)(=l(y—2)+ (n+m)((¢+p)z—n—m)+(q+
p)((n+m)z—(g+p)y) —2z((n+m)(¢+p)—lz))+ (act+ab)(2(¢+p)((¢+p)z—n—m)—
2(1—(g+p)*)x) +a(=1l((g+p)r—n—m)+(g+p)((n+m)(q+p) —lx)+ (g+p)( - (¢+
p)?)+(n+m)(l—(g+p)?)) —2(2bc+c+b)x((qg+p)r—n—m)=I((n+m)z—(¢+p)y) +
(n+m)((n+m)(q+p) —1lx))]/[(=lz*+2(n+m)(g+p)x—(g+p)*y+ly— (n+m)?)’] +
[41st((ac+ab)(((g+p)r —n—m)*+ (- (¢+p)*)(y—2*)) + (2bc+c+D)((g+p)r —n—
m)(y—a?)+(c+b)(((n+m)(g+p)—lz)(y—2*)+((n+m)z—(g+p)y) ((g+p)z—n—m))+
a(((n+m)(g+p)—lz)((g+p)z—n—m)+(1—(g+p)*) ((g+p)z—n—m)+(1—(g+p)*)((n+
m)z—(q+p)y))+((n+m)(g+p)—lz)((n+m)z—(g+p)y))]/[(—l2*+2(n+m)(g+p)z—
(¢+p)*y+1y—(n+m)?)’|+[6st(2(n+m)(q+p) — 2lx)*((ac+ab)(((g+p)r—n—m)*+
(= (g+p)*)(y =)+ (2bc+c+b)((g+p)z—n—m)(y—2*)+ (c+b)((n+m)(g+p) —
lz)(y—2%)+((n+m)z—(g+p)y)((g+p)x—n—m))+a(((n+m)(g+p) —lz)((g+p)r —
n—m)+(—(g¢+p)*)((g+p)z—n—m)+(—(g+p)*)((n+m)z—(q+p)y)) +((n+m)(g+
p)—lz)((n+m)z—(g+p)y))]/[(=12° +2(n+m)(g+p)z — (¢+p)*y +1ly — (n+m)*)"]

15 = [((c+b)((—g—p) (g+p) —1)+ (2be+c+b) (g+p) —1(—g—p)) st] /[(— (g+p)y+
ly—1z°+2(n+m)(q+p)z—(n+m)?)’] - [2st(2(n+m)(g+p) —2lx) ((c+b)((—g—p) ((¢+
p)z—n—m)—lz+(n+m)(g+p))+(2bc+c+b)((¢+p)r—n—m)+(—g—p)(n+m)(g+
p)—lz)+a(—q—p)(I1—(g+p)*)+(ac+ab)(I - (q¢+p)*)]/[(=(g+p)*y+ly—lz*+2(n+
m)(q+p)x—(n+m)?)°]+[6(l—(¢+p)*)st(2(n+m)(g+p) —2lz)((c+b)(((¢+p)r—n—
m)((n+m)z—(g+p)y)+((n+m)(g+p)—lz)(y—2°)) +a((l—(g+p)*)((n+m)z—(¢+
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p)y)+((n+m)(g+p)—iz)((g+p)z—n—m)+(—(g+p)*)((g+p)z—n—m))+(act+ab)((I—
(¢+p)*)(y—2*)+((g+p)z—n—m)*)+((n+m)(g+p) —lz)((n+m)z—(g+p)y) +(2bc+
c+0)((g+p)z—n—m)(y—2*))]/[(—(g+p)*y+ly—la*+2(n+m)(g+p)z—(n+m)*)*] -
2(1—(g+p)*)st((c+b)((g+p)((n+m)z—(¢+p)y) —(y—2*)+(n+m)((¢+p)z—n—
m)—2x((n+m)(g+p) —lx)) =I((n+m)x—(q¢+p)y) +(2bc+c+b) (¢+p) (y—2%) + (ac+
2(g+p)((g+p)r —n—m)—=2(1—(q+p)*)2) +a(=l((¢+p)r —n—m)+(g+p)((n+
q+p)—lz)+(q+p) (1= (g+p)*) +(n+m)(I—(g+p)*)) —2(2bc+c+b)z((g+p)r—n—
m)+(n+m)((n+m)(g+p)—1x))|/[(—(g+p)*y+ly—1z*+2(n+m)(g+p)r—(n+m)?)’]

ne) =0

B = [s((c+b)((g+p)(n+m)x — (g+p)y) — Uy — %) + (n+m)((g+p)w —n—
m) —2x((n+m)(qg+p) —lz)) = l((n+m)z — (g+p)y) + (2bc+c+D)(q+p)(y —2?) +
(ac+ab)(2(g+p)((g+p)z —n—m) —2(1—(¢+p)*)r) +a(=l((g+p)r —n—m)+(¢+
p)((n+m)(g+p)—lz)+(g+p) (I~ (g+p)*) + (n+m)(I—(¢+p)*)) —2(2be+c+b)z((g+
p)r —n—m)+(n+m)((n+m)(qg+p)—12)]/[(—(g+p)*y +ly —lz*+2(n+m)(q+
p)z — (n+m)?)? = [25(2(n+m)(q+p) — 2lz)((c +b)(((¢ +p)z —n —m)((n+m)z —
(¢+p)y)+((n+m)(g+p)—12)(y—2%) +a((l - (g+p)*)(n+m)z — (g+p)y) + ((n+
m)(q+p)—lz)((¢+p)r—n—m)+ (1 —(¢+p)*)((g+p)r—n—m))+(ac+ab)((I - (¢+
p)*)y—2?)+((g+p)x—n—m)*)+((n+m)(g+p)—lz)((n+m)z—(¢+p)y) +(2bc+
c+b)((g+p)r —n—m)(y—2°))|/[(=(g+p)*y+ly—lz*+2(n+m)(qg+p)r — (n+m)*)?]

his® = [st((a+p)y+(c+b) (327 —y)+a(=2(g+p)w+q+p+2n-+2m) —2(n+m)a—
2(ac+ab)z)]/[(yl — 2?1 = (q+p)*y +2(n+m)(g+p)x— (n+m)?)*] - [2st(a(—(g+p)y —
z((g+p)r—n—m)+(g+p)z+(n+m)z—n—m)—z((nt+m)z—(q+p)y)—(c+b)z(y—
2?)+ (ac+ab)(y —2?))(2(n+m)(g+p) —220)|/ [(yl =21 = (q+p)*y +2(n+m)(q+p)z —
(n+m)?)*]+[dstz((c+b) ((y—2?)(n+m)(g+p) —2l) +((g+p)r—n—m)((n+m)r—(g+
p)y))+a(((g+p)z—n—m)((n+m)(g+p)—zl)+((n+m)r—(g+p)y) (- (g+p)*)+((g+
p)z—n—m)(l—(q+p)?))+(ac+ab)((y—2*)(I - (¢+p)*) +((g+p)z—n—m)*)+((n
m)z —(q+p)y)((n+m)(g+p) —2l)+(2be+c+b)((g+p)z—n—m)(y—2?))]/[(yl -2l -
(¢+p)*y+2(n+m)(g+p)r—(n+m)?)*|+[6st(y—2?)(2(n+m)(g+p) —231) ((c+b)((y—
2?)((n+m)(g+p)—2l)+((¢+p)z—n—m)((ntm)z—(g+p)y)) +a(((g+p)z—n—m)((n+
m)(q+p)—xl)+((n+m)z—(q+p)y) (1= (g+p)*)+((g+p)r—n—m)(I—(g+p)?)) +(ac+

_|_
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ab)((y—2*)(I = (¢+p)*) + (¢ +p)xr—n—m)*)+((n+m)z—(g+p)y)((n+m)(g+p) —
al)+(2be+c+b)((g+p)z—n—m)(y—a?))]/[(yl —2°1—(g+p)*y+2(n+m)(g+p)z—(n+
m)?)Y = [2st(y—=2?)((c+b)(—22((n+m)(g+p) =) — (y—2*)I+(g+p)(n+m)z—(g+
p)y)+(n+m)((g+p)r—n—m))+a((g+p)((n+m)(g+p)—al)+(g+p)(I—(g+p)*)+(n+
)(I=(g+p)*) = ((g+p)z—n—m)l)+(ac+ab)(2(¢+p)((g+p)x—n—m)—22(— (¢+
)+ (ntm)((n+m)(g+p) —zl) = ((n+m)x—(q+p)y)l+(2bc+c+b)(q+p) (y—2°) —
2bc+c+b)z((g+p)r—n—m))]/[(yl —2*1 = (g+p)*y+2(n+m)(g+p)z— (n+m)*)’]
W) = [st(2(g+p) (m—+n)+ (c+b) (—2m—2n) — 20z +2(2bc+ c+b)z —2(ac+ab) (qg+
p) + 2al)]/[(—( )? +2(q+p)z(m+n) — (q+p)*y +ly —12*)*] — [4(g +p)st((c+
b)((—m+(g+p)z—n)(z(m+n)—(¢+p)y) +(y—2°)((g+p)(m+n) —lz)) +a((l - (¢+
)
)

3

p

)
2(

m-+n

p)*)(@(m+n) = (g+p)y)+(=m+(g+p)z—n)((¢+p)(m+n)—lx)+ (- (g+p)*)(-m+
(¢+p)x—n))+((g+p)(m+n)—lz)(x(m+n)—(¢+p)y)+ (2bc+c+b) (y—2?) (—m+(g+
p)z—n)+(ac+ab)((—m+(g+p)z—n)*+ (1~ (¢+p)*)(y —2?))))/[(—(m+n)*+2(qg+
p)r(m+n) = (q¢+p)?y +ly —12*)°] = [2st(2(q +p)z — 2(m +n))((c+D)((¢ +p) (z(m +
)= (a+p)y) —22((g+p)(m+n)—lz)+(=m+(g+p)x—n)(m+n)—l(y—2?))+a((¢+
p)((g+p)(m+n)—lz)+ (I~ (g+p)*)(m+n) —l(-m+(¢+p)z—n)+(¢+p)(I - (¢+
%)) —l(z(m~+n)—(g+p)y)+ (m+n)((¢+p)(m—+n)—lz) —2(2bc+c+b)x(—m+ (¢+
)z —n) + (ac+ab)(2(q+p)(=m+(g+p)x —n) —2(1 — (¢+p)*)z) + (2bc+ c+b) (¢ +
DI/ [(=(m+n)?+2(g+p)z(m+n) — (¢+p)*y +ly—12?)°] - [2st(2(g+p) (m +
((g+p)(z(m+n)—(q+p)y) +(c+b)(—x(m+n)+z(—m+(¢+p)r—n)+(q+
)

3

k3

P (y—=
)—2lx)
)(y—2°)+(g+p)y) +2((q+p)(m+n) —lz)+a(—(g+p)(m+n)+(g+p)(-m+(g+
Yx—n)+({—(qg+p)*)z+iz+(¢+p)*—1)—2(ac+ab)(—m+(qg+p)x —n) — (2bc+c+
(y—2*)]/[(=(m+n)* +2(g+p)z(m+n) = (¢+p)°y+1ly —12°)°] + [6st(2(q +p)z —
m+n))(2(q+p)(m+n) —2lz)((c+b)((—m+ (¢ +p)z —n)(z(m+n) — (¢+p)y) +
(y—2*)((g+p)(m+n)—lz))+a((l—(g+p)*)(@(m+n) = (¢+p)y) + (=m~+(¢+p)z—
)((g+p)(m+n)—lz)+ (= (g+p)*)(=m+(g+p)z—n))+((g+p)(m+n) —lz)(z(m+
n)—(q+p)y) + (2bc+c+b)(y — 2*)(—m+ (g +p)xr —n) + (ac+ ab) ((—m + (¢ + p)x —
)? }

S

SIS

b

(\V]

)
(

S

n)?+ (1= (g+p)*)(y—2?)]/[(=(m+n)* +2(q+p)z(m+n) = (g+p)*y + ly — 12°)"]
1[716) = [st(2(q¢+p)(n+m)+(c+b)(—2n—2m)—2lx+2(2bc+c+b)x—2(ac+ab)(q+
p) +2aD)]/[(=(n+m)* +2(q+p)x(n+m) — (¢ +p)*y +ly — 12%)"] = [4(q + p)st((c +
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b)((—n+(g+p)z—m)(z(n+m)—(g+p)y) +(y—2*)((¢+p)(n+m)—lz)) +a((l—(¢+
p)*)(z(n+m)—(g+p)y)+(—n+(g+p)z—m)((g+p)(n+m)—lz)+(—(q+p)*) (-
(¢+p)x—m))+((¢+p)(n+m)—lz)(z(n+m)—(g+p)y) + (2bc+c+b)(y — 2
(¢+p)z—m)+(ac+ab)((—n+(g+p)r—m)*+ (1~ (¢+p)*)(y —2*))/[(—(n+m)*+
2(g+p)z(ntm)—(g+p)’y+ly—1a?)’] - [2st(2(g+p)z —2(n+m))((c+b)((g+p)(z(n+
m) —(q+p)y) —2z((¢+p)(n+m) —lz) + (—n+(g+p)z —m)(n+m) —(y —2?)) +
a((g+p)((g+p)(n+m)—lz)+ (1~ (g+p)*)(n+m) = l(=n+(g+p)z—m)+(g+p)(l -
(¢+p)*)) —l(z(n+m)—(g+p)y) + (n+m)((g+p)(n+m) —lz) —2(2bc+c+b)zx(—n+
(¢+p)r—m)+(ac+ab)(2(¢+p)(—n+(g+p)z—m)—2(1—(g+p)*)z) +(2bc+c+b)(q+
p)(y—a?*))/[(=(n+m)*+2(g+p)z(n+m)—(¢+p)*y+1ly —12*)’] — [2st(2(¢ +p) (n+
m)—2lz)((¢+p)(z(n+m)—(g+p)y)+ (c+b)(—z(n+m)+z(—n+(¢+p)r—m)+(¢+
p)(y—2%)+(¢+p)y) +z((g+p)(n+m)—lz) +a(—(¢+p)(n+m)+(¢+p)(—n+(¢+
p)x—m)+(I—(qg+p)Hz+lx+ (q¢+p)*—1) —2(ac+ab)(—n+ (¢+p)x —m) — (2bc+c+
b)(y — )]/ [(=(n+m)*+2(qg+p)x(n+m)—(q+p)*y +1y —12°)*| + [6st(2(q + p)z —
2(n+m))(2(¢+p)(n+m) —2z)((c+b)((—n+ (¢ +p)z —m)(z(n+m)—(¢+p)y) +
(y—2*)((g+p)(n+m)—1x)) +a((l = (g+p)*)(x(n+m) = (¢+p)y) + (—n+(¢+p)z—
m)((¢+p)(n+m)—lz)+ (1~ (q+p)*)(=n+(g+p)r—m))+((¢+p)(n+m) —lz)(z(n+
m) —(q+p)y) + (2bc+c+)(y — 2?)(—=n+ (¢ +p)z —m) + (ac+ab)((—n+ (g +p)x —
m)*+ (1= (q+p)*)(y —2)]/[(=(n+m)* +2(¢+p)z(n+m) — (¢ +p)*y + 1y — l=?)"]

hgg‘” = [st(a(=3(p+q)? —2lz+1)+ (ac+ab)(2(x(p+q) —n—m)+6z(p+q)) —2(c+
D)y(p+q)+ (2bc+c+b)(y—x?) +1y —2(2bc+c+b)x? + (n+m)?)]/[(—y(p+q)* +2(n+
m)z(p+q)+ly—12° — (n+m)?)’] — 2st(2(n+m)z —2y(p+q))(a((p+a) (I - (p+9)*) +
(nt+m)(—(p+9)*) —l(z(p+q) —n—m)+(p+q)(n+m)(p+q) — 1))+ (ac+ab)(2(p+
q)(x(p+q)—n—m)=2z(1—(p+9)*))+(c+b)((p+q)((n+m)z—y(p+q)) +(n+m)(z(p+
q) —n—m)=2z((n+m)(p+q) —lz) =y —2*)) = ((n+m)z —y(p+q)) —2(2bc+c+
b)x(x(p+q)—n—m)+(n+m)((n+m)(p+q)—l2)+(2bc+c+b)(y—a?) (p+q))]/[(-y(p+
q)*+2(n+m)z(p+q)+ly—la® — (n+m)?)’] - [2st(2(n+m)(p+q) —20z)(a(—y(I— (p+
0)*)+a(l—(p+9)?) —2(p+g)((n+m)z—y(p+q)) —2(p+q)(x(p+q) —n—m)+(n+
m)(z(p+q)—n—m)+z((n+m)(p+q) —lz))+(c+b)(z((n+m)z—y(p+q)) —y(z(p+
Q)—n—m)+(n+m)(y—x2))+(a0+ab)(2x(w(p+Q)— —m)=2(y—=*)(p+q))+(n+
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m)((n+m)z—y(p+q)) —y((n+m)(p+q) —lz)+ (2bc+c+b)x(y—2?))]/[(-y(p+q)* +
2(n+m)x(p+q)+ly—I1x?—(n+m)?)3 —[4(n+m)st((ac+ab)((x(p+q) —n—m)>+(y—
2?)(1=(p+9)*)) +a(((n+m)z—y(p+q))(—(p+q)*) +(x(p+q) —n—m) (- (p+q)*) +
((ntm)(p+q) —lz)(z(p+q) —n—m))+(c+b)((z(p+q) —n—m)((n+m)z—y(p+q)) +
(y—2*)((n+m)(p+q) —12)) + ((n+m)(p+q) —lx)((n+m)z —y(p+q)) + (2bc+c +
b)(y—2*)(@(p+q) —n—m))|/[(~yp+a)* +2(n+m)x(p+q)+1ly—12* — (n+m)*)*] +
[65t(2(n+m)(p+q) —2lz)(2(n+m)z —2y(p+q))((ac+ab)((x(p+q) —n—m)*+ (y —
2?)(1=(p+a)) +a((ntm)z—y(p+q)) (- (p+9)*)+(z(p+q) —n—m)(I—(p+4¢)*) +
(n+m)(p+q) —lx)(z(p+q) —n—m))+ (c+b)((z(p+q) —n—m)((n+m)z —y(p+
)+ (y—2*)((n+m)(p+q) — 1))+ ((n+m)(p+q) —lx)((n+m)z —y(p+q)) + (2bc+
c+b)(y—a*)(x(p+q) —n—m))]/[(=y(p+q)*+2(n+m)z(p+q) +ly—l2* — (n+m)?)’]
hig" = [st(a <—3<q+p>2—21x+z>+<ac+ab>< (2(q-+p) —n—m)+62(q+p)) —2(c+
b)y(q+p)+ (2bc+c+b)(y —x%) + 1y —2(2bc+c+b)x? + (n+m)? )]/[(—y(q+p)2+2(n+
m)z(g+p) +ly—12° — (n+m)?)?| = [2st(2(n+m)z —2y(q+p))(a((g+p)( - (g+p)*) +
(n+m)(1=(g+p)*) = l(z(g+p) —n—m)+(qg+p)((n+m)(g+p) —lx)) + (ac+ab)(2(q+
p)(@(g+p) —n—m)=2x(1—(g+p)*)) +(c+b)((g+p)(n+m)z—y(g+p))+(n+m)(z(q+
p)—n—m)=2z((n+m)(q+p)—lz)=I(y—2*) = I((n+m)x —y(g+p)) —2(2bc+c+
b)x(x(g+p)—n—m)+(n+m)((n+m)(g+p)—la)+(2bc+c+b) (y—a*) (g+p))]/[(—y(g+
p)*+2(n+m)z(q+p)+ly—la?—(n+m)*)°’] - [2st(2(n+m)(g+p) —20z)(a(—y( - (¢+
p)*)+x(l—(g+p)*) —2(g+p)((n+m)z —y(g+p)) —2(q+p)(x(g+p) —n—m)+(n+
m)(z(¢+p) —n—m)+z((n+m)(g+p)—lz))+(c+b)(z((n+m)z—y(q+p)) —y(z(¢+
p)—n—m)+(n+m)(y—2?))+(ac+ab)(2z(x(g+p) —n—m)—2(y—2*)(g+p)) +
m)((n+m)z—y(g+p)) —y((n+m)(g+p) —lz) + (2be+c+b)z(y —2°))|/[(—y(g+p)* +
2(n+m)z(g+p)+ly—la?—(n+m)?)’] - [4(n+m)st((act+ab)((z(g+p) —n—m)*+(y—
2?)(1—(q+p)*)) +a((n+m)x—y(qg+p)) (I = (¢+p)*) +(z(g+p) —n—m)(l - (q+p)2)+
((n+m)(g+p)—lz)(z(qg+p) —n—m))+(c+b)((z(¢+p) —n—m)((n+m)z—y(q+p))+
(y—2*)((n+m)(g+p) —1x))+ ((n+m)(g+p) —lz)((n+m)z —y(g+p)) + (2bc+c+
b)(y—a*)(z(g+p) —n—m))]/[(=y(g+p)* +2(n+m)z(g+p)+ly—lz® — (n+m)*)*]+
[6st(2(n+m)(q+p) —2lz)(2(n+m)x —2y(g+p))((ac+ab)((x(g+p) —n—m)*+ (y -
2?)(1=(g+p)*) +a((n+m)z—y(g+p))(—(g+p)*) + (2(g+p) —n—m)(I—(¢+p)*) +

n

_|_
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(n+m)(q+p) —lx)(@(¢+p) —n—m))+(c+b)((z(¢+p) —n—m)(n+m)z —y(q+
p))+(y—2*)((n+m)(g+p)—1z)) +((n+m)(g+p) —lz)((n+m)z —y(g+p)) + (2be+
c+b)(y—a*)(z(q+p m))|/[(=y(g+p)* +2(n+m)z(g+p)+ly—la*— (n+m)*)!]
f#%—w<@+m<q+m«n+m> —(q+p)y) — Uy —22)+ (n+m)((q+p)e—n—
m) —=2x((n+m)(qg+p)—1z)) = ((n+m)z - (q+p)y) + (2bc+ c+b)(g+p)(y — %) +
(ac+ab)(2(g+p)((g+p)x—n—m)—2(1— (¢+p)*)z) +a(=l((g+p)r —n—m)+(
p)((n+m)(g+p)—lz)+(g+p)(I—(g+p)*) +(n+m)(—(g+p)?)) — 2(2bc+c+b)x((g+
p)x —n—m)+(n+m)((n+m)(q+p)—12))]/[(=(q¢+p)*y +1ly — 12>+ 2(n+m)(g+
p)z — (n+m)?)?] = [2¢(2(n +m)(q+p) — 20z)((c +b)(((g + p)z —n —m)((n+m)z —
(¢+p)y) +((n+m)(g+p) —lz)(y—2*) +a((l - (¢+p)*)(n+m)z — (g+p)y) +((n+
m)(q+p) —lz)((g+p)z—n—m)+ (I —(q+p)*)((g+p)r—n—m))+(ac+ab)((l - (¢+
p)*)(y—2*)+((g+p)z—n—m)*)+((n+m)(g+p) —lz)((n+m)z— (g+p)y) +(2bc+
ct+b)((g+p)z—n—m)(y—2?))]/[(=(g+p)*y+ly—lz*+2(n+m)(g+p)x — (n+m)?)’]
B = 6(1 = (g +p)*)2st((c+b)(((g+p)z —n—m)((n+m)z = (g +p)y) + (n+
m)(g+p) —lz)(y —2%)) + a((l = (¢ +p)*)((n+ m)z — (g +p)y) + ((n+m)(qg +p) -
lz)((g+p)r—n—m)+ (1~ (g+p)*)((g+p)z —n—m))+ (ac+ab)((l - (¢+p)*)(y -
2?) + ((g + p)z —n —m)*) + ((n+m)(q + p) — lx)((n + m)z — (¢ + p)y) + (2bc +

)—
(

q+

c+b)((g+p)x—n—m)(y—2*)]/[(=(qg+p)*y +1ly —1z* +2(n+m)(g +p)z — (n+
m)?)!] =4 = (¢ +p)*)st((c+0)((=g—p)(g+p)z —n—m)—lz+(n+m)(q+p)) +
(2bc+c+b)((g+p)x—n—m)+ (=g —p)((n+m)(g+p) —lz) +a(—¢—p)(—(¢+
p)?) + (ac+ab)(l —(q+p)*)I/[(—(g+p)*y +1ly —l2* +2(n+m)(g+p)z — (n+m)?)?]
he =
his® = [s((c+b)((=a = p) (g + p)z = n —m) =l + (n+m) (g +p)) + (2be + ¢ +
b)((q+p)r —n—m)+ (=g —p)((n+m)(q+p) —lz)+a(—q—p)(l—(¢+p)*) + (ac+

ab)(l = (¢ +p)* )/ (= (g +p)*y + 1y — la® + 2(n + m)(q + p)z — (n+m)*)*] — [2(] —
(¢ +p)*)s((c+b)(((g+p)xr —n—m)((n+m)z — (¢+p)y) + ((n+m)(g+p) —lx)(y —
2?)) + a((l = (g +p)*)((n +m)z — (¢ +p)y) + ((n + m)(q¢ + p) — lx)((¢ +p)r —n —
m)+ (I = (¢+p)*)((¢+p)z—n—m)) + (ac+ab)((l = (¢ +p)*)(y — 2°) + ((g +p)z —
n—m)?)+ ((n+m)(q+p) —lx)((n+m)x — (¢+p)y) + (2bc+ c+b)((¢ +p)z —n —
m)(y — 2*))]/[(=(q +p)*y +ly — l2* + 2(n +m)(q + p)x — (n +m)?)?]
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h$e® = [st(—(—q—p)z—(c+b
m)(q-+p)z—(n+m)2)? —[2st(a(—

Yr+a(—q—p)+actab)]/[(yl—2*l—(q+p)>y+2(n+
(¢+p)y—z((g+p)z—n—m)+(¢+p)z+(nt+m)r—n—

m)—z((n+m)z—(g+p)y) — (c+b)z(y—2?)+(ac+ab)(y—=?))(I—(¢+p)*)]/[(yl —2*1 -
(g+p)?y+2(n+m)(g+p)z—(n+m)?)’] = [2st((c+b) ((y—2?) ((n+m)(g+p) —2l)+((g+
p)z—n—m)((n+m)z—(g+p)y))+a(((g+p)z—n—m)((n+m)(g+p)—2l)+((n+m)z—
(¢+p)y) (= (q+p)*) +((g+p)z—n—m)(I—(¢+p)*))+ (ac+ab)((y —2°) (- (¢+p)?)
((g+p)r—n—m)?)+((n+m)z—(g+p)y)((n+m)(g+p) —2l) + (2bc+c+b)((¢+p)z—
—m)(y—a?))}/[(yl —2*1 = (¢+p)*y+2(n+m)(g+p)z — (n+m)?)’] +[6st(y —2°) (I -
(¢+p)*)((c+0)((y—2*)((n+m)(g+p) —al)+ ((g+p)r—n—m)((n+m)z—(g+p)y)) +
a(((g+p)z—n—m)((n+m)(g+p)—zl)+((n+m)z—(g+p)y)(I—(¢+p)*) +((g+p)z—
n—m)(l—=(g+p)*))+(ac+ab)((y—2*) (1= (g+p)*) +((g+p)z—n—m)*)+((n+m)r—(g+
p)y)(n+m)(g+p)—xl)+(2bc+c+b)((g+p)r—n—m)(y—2*))]/[(yl — 2?1~ (g+p)*y+
2(n+m)(g+p)zr—(n+m)?)* = [2st(y —2?)((c+b)(—zl+(—g—p)((¢+p)z—n—m)+
(n+m)(g+p))+(=g—p)((n+m)(g+p) —zl) +a(—q—p)(I—(g+p)*)+(act+ab)(I - (g+
p)?)+(2be+c+b)((g+p)r—n—m))]/[(yl—2*1—(q+p)*y+2(n+m)(g+p)z—(n+m)?)?]
hie® = [((c+b)(2q+2p) + (—q = p)(q + p) — 2bc — ¢ — b)st] /[(—(m +n)? + 2(g +
p)z(m+n)—(q+p)*y+ly—12*)*| = [2(1 - (¢+p)*)st((g+p)(x(m+n) = (¢+p)y) + (c+
b)(—z(m+n)+az(—m+(g+p)z—n)+(q+p)(y—2*)+(¢+p)y) +2((g+p)(m+n)—lz)+
a(—(g+p)(m+n)+(g+p)(=m+(g+p)z—n)+ (1~ (g+p)*)x+lz+(g+p)* —1)—2(ac+
ab)(—m+ (q+p)x—n) — (2bc+c+b)(y —2?))]/[(—(m+n)* +2(g+p)z(m—+n) — (¢+
p)*y+ly—12?)’] = [2st(2(q¢+p)z —2(m+n))((c+0)((¢+p)(m+n) +(—g—p) (=m+(g+
p)z—n)=lz)+(=q—p)((¢+p)(m+n) =)+ (2bc+c+b)(—m+(¢+p)zr—n)+a(—q—
p)(I=(g+p)*) +(act+ab)(I=(q+p)*)]/[(—(m+n)*+2(g+p)z(m+n) = (g+p)*y +ly—
122)%] +[6(1 — (g +p)*)st(2(g+p)x —2(m+n))((c+D)((=m+ (¢+p)z —n)(z(m+n) -
(¢+p)y)+(y—2)((g+p)(m+n)—lz))+a((l—(¢+p)*)(z(m+n) = (¢+p)y) + (—m+
(¢+p)z—n)((g+p)(m+n)—lz)+(1—(g+p)*) (=m+(g+p)z—n)) +((g+p)(m+n) -
lz)(x(m+n)—(q¢+p)y)+ (2bc+c+b)(y—2?) (—m~+(q+p)x—n)+ (ac+ab) ((—m+ (g+
p)z—n)*+(1—(g+p)*)(y—2*))/[(—=(m+n)*+2(g+p)z(m+n)— (g+p)*y+ly—12?)"]
B = (e +b)(2q+ 2p) + (=g = p)(g +p) — 2bc — c = b)st]/[(—(n+m)* + 2(q +
p)z(n+m)—(q+p)*y+ly—1a*)*| = [2(1 - (¢+p)*)st((g+p)(z(n+m) = (g+p)y) +(c+

_|_
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b)(—z(n+m)+a(—n+(g+p)r—m)+(q+p)(y—2*)+(q+p)y) +2((g+p)(n+m)—lz)+
a(—(g+p)(n+m)+(g+p)(—n+(g+p)z—m)+(—(q+p)*)x+lz+(g+p)*—1)—2(ac+
ab)(—n+(g+p)z—m)— (2be+c+b)(y —2°))]/[(—(n+m)* +2(g+p)z(n+m) — (¢+
p)*y+ly—12°)°| = [2st(2(g+p)r —2(n+m))((c+0)((¢+p) (n+m) +(—g—p)(—n+(g+
p)x—m)—lz)+(=q—p)((g+p)(n+m)—lx)+(2bc+c+b) (-
p)(I—(g+p)*) +(act+ab)(I—(q+p)*)}/[(—(n+m)*+2(g+p)z(n+m)—(g+p)*y+ly—
122)*] +[6(1— (q+p)*)st(2(q+p)x —2(n+m))((c+b)((—n+ (¢+p)z—m)(z(n+m) -
(¢+p)y)+(y—2*)((g+p)(n+m)—lz))+a((l—(g+p)*)(@(n+m) — (¢+p)y) + (—n+
(g+p)z—m)((g+p)(n+m)—lz)+(—(g+p)*)(=n+(g+p)x—m))+((g+p)(n+m)—
lz)(z(n+m)—(q+p)y)+ (2bc+c+b)(y —2*)(—n+(g+p)x —m) + (ac+ab) ((—n+ (g+
p)r—m)*+(1=(g+p)*)(y—2*))]/[(—(n+m)*+2(g+p)z(n+m)—(q+p)*y +ly—12°)"]
Bt = [st(—a(l— (p+q)*) + (c+b)(—2(p+¢) + 2(—p — @) +2n +2m) — 2a(—p—
Q)(p+q) —(n+m)(p+q) —2(ac+ab)(p+q) + (n+m)(—=p — q) + Iz + (2bc + ¢ +
b)x)]/[(—y(p+q)* +2(n+m)x(p+q) +ly —la* — (n+m)*)*] = [2st(a(—y (I — (p+q)*) +
z(l—(p+9)*) —2(p+9)(n+m)z—y(p+q)) —2(p+9)(x(p+q) —n—m)+(n+m)(z(p+
n—m)+z((n+m)(p+q) —lz))+ (c+b)(z((n+m)z—y(p+q)) —y(z(p+q) —n—
)+(n+m)(y —=2?)) + (ac+ab) 2z (z(p+q) —n—m) —2(y —2*)(p+q)) + (n+m)((n+
)z =y(p+4q)) —y((n+m)(p+q) —lz)+ (2bc+c+b)a(y —?)) (1 = (p+a)*)]/ [(—y(p+
2+2(n+m)a(p+q) +1ly —l2® — (n+m)?)°] — [2st(2(n +m)z — 2y(p + q))(a(—p -
(I (p+9)*)+(act+ab)(l—(p+q)*) +(c+b)((—p—q)(x(p+q) —n—m)+ (n+m)(p+
1)+ (2bc+c+-b)(x(p+q) —n—m)+(=p—q)((n+m)(p+q) —12))]/[(=y(p+9)* +
n+m)z(p+q) +1ly —la® — (n+m)*)°’] + [4st(p+ q)((ac + ab) ((z(p+ q) —n —m)?
(y—2?)(I—(p+9)*) +a(((n+m)z—y(p+9) (1~ (p+9)*) +(z(p+q) —n—m)(I—(p
0)*)+((n+m)(p+q) —lz)(z(p+q) —n—m))+(c+b)((z(p+qg) —n—m)((n+m)z —
y(p+a)+(y—2*)((n+m)(p+q) —lx)) + (n+m)(p+q) = lz)(n+m)z —y(p+q)) +
(2bc+c+b)(y—2?)(x(p+q) —n—m))]/[(=y(p+q)* +2(n+m)z(p+q) +1ly —lz*— (n
m)?)?| + [6st(2(n+m)x —2y(p+q)) (I = (p+¢)*)((ac + ab)((x(p+q) —n —m)* + (y —
2?) (1= (p+9)*) +a(((n+m)z—y(p+q))(—(p+q)*) +(x(p+q) —n—m)(I—(p+q)*) +
(n+m)(p+q) —lz)(x(p+q) —n—m))+ (c+b)(z(p+q) —n—m)((n+m)z —y(p+
q))+(y—$2)((n+m)(p+Q)—lﬂf))+((n+m)(p+Q)—lfﬂ)((n+m)w y(p+q)) +(2bc+

n+(qg+p)r—m)+a(—q—

(
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m
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c+b)(y—a?)(z(p+q) —n—m))]/[(-y(p+a)*+2(n+m)z(p+q) +ly—l2* — (n+m)?)’]
hs® = [st(=a(l = (q+p)?) + (¢ +b) (=2(q+p) +2(—q = p) +2n+2m) — 2a(—q —
p)(q+p)— (n+m)(qg+p)—2(ac+ab)(qg+p) + (n+m)(—q—p) +lz+ (2bc+c+
b)x)]/[(—y(g+p)* +2(n+m)x(q+p) +ly —la* — (n+m)*)*] = [2st(a(—y(l - (¢+p)*) +
(= (g+p)*) —2(g+p)((n+m)z—y(g+p)) —2(g+p)(x(g+p) —n—m)+ (n+m)(z(g+
p) —n—m)+z((n+m)(q+p)—lz))+(c+b)(z((n+m)z—y(q+p)) —y(z(¢+p) —n—
)+(n+m)(y—=2?)) +(ac+ab) 2z (z(g+p) —n—m) —2(y —2*)(g+p)) + (n+m)((n+
)z —y(q+p)) —y((n+m)(g+p) —lz) + (2bc+c+b)z(y —22)) ([ — (¢+p)*)]/[(—y(a+
2+2(n+m)a(g+p) +1ly —l2® — (n+m)?)°] — [2st(2(n +m)z — 2y(q +p))(a(—q —
(1= (g+p)*) +(ac+ab)(I—(g+p)*) +(c+b)((—g—p)(z(g+p) —n—m)+(n+m)(g+
1)+ (2bc+c+b)(z(q+p) —n—m)+(—g—p)(n+m)(g+p)—12))]/[(—y(g+p)* +
n+m)x(g+p) +1ly —la® — (n+m)?)°’] + [4st(q +p)((ac+ ab)((z(q +p) —n—m)* +
(y—=2*)(1—=(g+p)*)+a(((n+m)z—y(g+p)) (I~ (¢+p)*) +(z(g+p) —n—m)(I— (g
p)*) +((n+m)(g+p) —lz)(2(g+p) —n—m))+(c+b)((x(¢+p) —n—m)((n+m)z -
y(g+p) +(y—2*)((n+m)(g+p) —lz)) + (n+m)(g+p) —lz)((n+m)z —y(g+p)) +
(2bc+c+b)(y—a?)(z(g+p) —n—m))]/[(=y(g+p)* +2(n+m)z(q+p) +1ly—lz*— (n
m)?)?] + [6st(2(n+m)x — 2y(q¢+p))(I = (¢+p)*) ((ac+ ab) ((x(g+p) —n—m)*+ (y —
2?)(1=(q+p)*) +a(((n+m)r—y(g+p))(—(g+p)*) +(x(g+p) —n—m) (I~ (¢+p)*) +
(n+m)(q+p) —lx)(x(¢+p) —n—m))+(c+b)((z(¢+p) —n—m)(n+m)z —y(q+
p))+(y—a*)((n+m)(g+p) —lz)) + ((n+m)(q+p) —lz)((n+m)x —y(g+p)) + (2be+
c+b)(y—a?)(z(g+p) —n—m))|/[(=y(g+p)* +2(n+m)x(g+p) +ly—1z* — (n+m)*)!]
byt = [H((c +b)((—=q = p) (g +p)z —n—m) = Lz + (n +m)(q+ p)) + (2be + ¢ +

Xz
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=
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+

b)((q+p)x —n—m)+(—g—p)((n+m)(q+p) —lz) +a(—q—p)( — (g+p)*) + (ac+
ab)(l = (g +p)*)/[(—(q +p)?y + ly — la* + 2(n +m)(q + p)x — (n +m)?*)?| — [2(1 —
(@ +p)*)t((c+b)(((g+p)r —n—m)((n+m)z—(¢+p)y) + ((n+m)(g+p) —lz)(y —
2?)) +a((l = (¢ +p)*)((n +m)z — (g +p)y) + (0 +m)(qg+p) — l2)((¢ +p)r —n —
m) + (= (g +p)*)((¢+p)x —n—m)) + (ac+ab)((l - (¢ +p)*)(y — 2*) + (¢ + p)z —
n—m)?) +((n+m)(g+p) —lz)((n+m)x — (¢+p)y) + (2bc+ c+b)((g+p)z —n —
m)(y — 2*)|/[(—(q +p)*y +ly — l2* +2(n +m)(qg + p)z — (n +m)*)?]
e =
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)
hi* =0
hig” =0
hig” =0
B = 0
hiy” =0
Ryt = 0
hi =0

hie® = [s(a(—(g+p)y — 2((g+p)z —n—m) + (¢ + p)z + (n +m)z —n —m) —
z((n+m)z —(g+p)y) — (c+b)z(y —2?) + (ac+ab)(y — 2°))]/[(yl — 2°1 — (¢ +p)*y +
2(n+m)(g+p)z—(n+m)?)?*] - [2s(y —2?)((c+0)((y —2*)((n+m)(g+p) —2l) + ((¢+
p)z —n—m)((n+m)z—(¢+p)y)) +a(((g+p)z —n—m)((n+m)(qg+p)—=zl)+((n+
m)z —(q+p)y) (1= (¢+p)*) + (¢ +p)z —n—m)(l - (q+p)?)) + (ac+ab)((y —2*)(l -

(
)

(¢+p)*)+((g+p)r—n—m)?)+((n+m)z—(g+p)y)((n+m)(g+p) —2l) + (2bc+c+
b)((¢+p)x —n—m)(y —2*)|/[(yl = 2*1 = (¢ +p)*y +2(n +m)(g+p)z — (n +m)?)’]
B = [s((a+p)(a(m +n) = (q+p)y) + (c+b)(=x(m +n) + x(=m+ (g + p)x —
n)+(q+p)y —2°) + (¢ +p)y) + 2((g+p)(m+n) —lz) +a(—(¢+p)(m+n) + (¢ +
p)(=m+(g+p)r—n)+ (= (¢+p)*)r+lz+(q+p)* —1) —2(ac+ab)(—m+(¢+p)r —
n) — (2bc+c+0)(y —2?))/[(—=(m+n)* +2(g+p)x(m+n) — (¢+p)*y +ly — l2*)?] —
25(2(g +p)x —2(m+n))((c+b)((—m + (¢ +p)z — n)(z(m+n) — (¢ +p)y) + (y —
2?)((q+p)(m+n) —1z)) +a((l = (¢+p)*)(z(m+n) = (¢+p)y) + (-m+ (¢ +p)z —
n)((g+p)(m+n)—1z)+ (- (g+p)*)(=m+(g+p)r —n))+ ((¢+p)(m+n) —lz)(z(m+
n) —(g+p)y) + (2bc+c+b)(y — 2*)(—=m+ (¢+p)z —n) + (ac+ab)((—m + (g +p)z —
n)?+ (= (g+p)*)(y—2*)]/[(=(m+n)*+2(g+p)z(m+n) - (¢+p)*y +1ly — 12*)?]
Bi®' = [s((a+p)(x(n+m) = (g +p)y) + (¢ +b)(=x(n +m) + 2(—n + (g + p)o —
)+ (g +p)(y—2?) + (g +p)y) +2((g +p)(n+m) —lx) +a(—(g+p)(n+m) + (¢ +
p)(—n+(g+p)z—m)+(1—(q+p)*)z+lx+(¢+p)* —1) —2(ac+ab)(—n+(q+p)
) = (2be+c+b)(y —22))|/[(—(n+m)* +2(q +p)z(n+m) — (g+p)°y +1ly — l2?)*] -
25(2(g +p)x —2(n+m))((c+b)((—n+ (¢ + p)x —m)(z(n+m) — (¢ +p)y) + (y —
) (g +p)(n+m) —lz)) +a((l = (¢+p)*)(z(n+m) = (g+p)y) + (~=n+(g+p)z —

m
T —

m
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m)((g+p)(n+m)—lz)+(—(¢+p)*)(=n+(g+p)z—m))+((¢+p)(n+m)—lz)(z(n+
m)—(q¢+p)y) + (2bc+ c+b)(y — 2*)(—n+ (¢ +p)x —m) + (ac+ ab) ((—n+ (¢ +p)x —
m)*+ (1= (q+p)*)(y —2)]/[(=(n+m)*+2(¢+p)z(n+m) — (¢+p)*y + 1y — l2?)°]
B = [s(a(—y(l = (p+ @)) + 2= (p+@)>) =20+ @) (n+ m)z —y(p+ ) —
2(p+q)(x(p+q) —n—m)+n+m)(z(p+q) —n—m)+a((n+tm)(p+q) —lz)) +(c+
D) (z((n+m)z—y(p+q) —y@®+q) —n—m)+(n+m)(y — %)+ (ac+ab)(2z(x(p+
q) —n—m) =2y —2*)(p+q)+n+m)((n+mz—ylp+q) —y((n+m)(p+q) —
lz) +(2bc+c+b)x(y —2?)]/[(—y(p+9)* +2(n+m)z(p+q) + 1y —lz* — (n+m)*)?| —
25(2(n +m)x — 2y(p + q))((ac + ab)((x(p + q) —n —m)* + (y — 2*)(I = (p+ ¢)*)) +
a(((n+m)z—ylp+q)(—(p+9)?) +(x(p+q) —n—m)((—(p+9)?) +((n+m)(p+
q) —lz)(z(p+q) —n—m)) +(c+b)((z(p+q) —n—m)((n+m)z —y(p+q)) + (y -
2?)((n+m)(p+q) —1z)) + (n +m)(p+ q) — lz)((n+m)z —y(p +q)) + (2bc + c +
b)(y —2*)(x(p+q) —n—m))|/[(~y(p+9)* +2(n+m)a(p+q) +1ly —lz* — (n+m)?)’]
B = [s(a(=y(l = (g +p)*) + 2(1 = (¢ +p)*) = 2g+p)((n+ m)z —y(q+p)) —
2(¢+p)(x(g+p) —n—m)+(n+m)(z(g+p) —n—m)+a((n+m)(g+p)—lz)) +(c+
b)(z((n+m)z—y(g+p)) —y(z(g+p) —n—m)+(n+m)(y —2?)) + (ac+ab)(2z(z(q+
p) —n—m)=2(y—2*)(qg+p)) + (n+m)((n+m)z —y(g+p) —y((n+m)(g+p) -
lz) +(2be+c+b)z(y —2?))]/[(=y(g+p)* +2(n+m)z(q+p) + 1y —la® — (n+m)*)’] —
25(2(n +m)x — 2y(q + p))((ac + ab)((x(q +p) —n —m)* + (y — 2*)(I = (¢ +p)*)) +
a(((n+m)z —ylg+p))(I = (¢+p)?*) + (z(g+p) —n—m)( = (¢+p)*) + ((n+m)(g+
p) —lz)(z(g+p) —n—m))+ (c+b)((z(g+p) —n—m)((n+m)r —y(g+p))+ (y -
2?)((n+m)(q+p) —1z)) + (0 +m)(g +p) — lz)((n +m)z — y(g +p)) + (2bc + c +
b)(y —2*)(z(g+p) —n—m))l/[(—y(g+p)* +2(n+m)z(g+p)+1ly — 2% — (n+m)?)’]
B = e+ b)((g-+p)z —n—m)((n+m)e = (q+p)y) + (n+m)(a+p) ~lz)(y -
2?)) +a((l = (g +p)*)((n +m)x — (¢ +p)y) + (0 +m)(q + p) — lx)((¢ +p)r —n —
m)+ (1= (g+p)*)((g+Pp)x —n—m))+ (ac+ab)((l — (¢ +p)*)(y —2%) + (¢ + p)z —
n—m)?)+ ((n+m)(g+p) —lx)((n+m)x — (¢+p)y) + (2bc + c+)((¢ +p)z —n —
m)(y — 2%)]/[(—(g +p)*y + ly — 12° +2(n +m) (g + p)z — (n+m)*)?]
hig”) = [6st(y —a?)((c+b)((y—22)((n+m)(g+p) —al) + ((a+p)z —n—m)((n+
m)z—(q+p)y)) +a(((¢+p)xr—n—m)((n+m)(qg+p) —zl) +((n+m)z—(q+p)y)(l -
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q+p)*)+((g+p)z—n—m)(l—(g+p)*))+ (ac+ab)((y—2*) (- (¢+p)*) + (¢ +p)z -
n—m)?)+((n+m)z—(g+p)y)((n+m)(g+p) —2l)+(2bc+c+b)((g+p)r—n—m)(y—
PN/ [yl — %1 = (¢ +p)?y + 2(n +m)(q+ p)z — (n+m)*)*] — [4st(y — 2*)(a(—(q
p)y—z((g+p)z—n—m)+(¢+p)r+(nt+m)z—n—m)—z((n+m)zr—(g+p)y) —(c+
b)x(y — %)+ (ac+ab)(y — 2%))]/[(yl — 21 = (¢ +p)*y +2(n+m)(g+p)r — (n+m)?)’]
hig” = [st(a(2w—1) —22)]/[(—(m+n)* +2(g+p)e(m-+n) - (q-+p)?y+1ly—12?)?*] -

+

(=
)—

2st(2(q+p)z —2(m+n))(a(z(m+n) —m—z(=m+ (¢+p)z—n)+ (—¢—p)y+ (¢+
p)x—n)—z(z(m+n)—(¢+p)y)+(—c—b)z(y—2?)+(ac+ab)(y—z*))|/[(—(m+n)*+
2(g+p)r(m+n)—(q+p)°y+ly—12°)*| = [2st(y —2*)((¢+p)(z(m+n) — (g+p)y) + (c+
b)(—a(m+n)+z(—m+(g+p)z—n)+(q+p)(y—2*)+(¢+p)y) +2((g+p)(m+n)—lz)+
a(—(g+p)(m+n)+(g+p)(=m+(g+p)z—n)+ (1~ (g+p)*)z+lz+(g+p)* —1)—2(ac+
ab)(—m+ (q+p)x —n) — (2bc+c+b)(y —2?)]/[(=(m+n)* +2(g+p)z(m-+n) — (¢+
p)*y+ly—1a?)’| +[6st(y — 2*)(2(q+p)x —2(m+n)) ((c+b)((=m+(g+p)z —n)(z(m+
n)—=(g+p)y)+(y—a?)((g+p)(m+n)—lz))+a((l-(g+p)*)(x(m+n) = (g+p)y)+(—m+
(¢+p)z—n)((g+p)(m+n)—1z)+(~(¢+p)*)(=m+(g+p)r—n))+((g+p)(m+n)—
lz)(z(m+n)—(q+p)y)+ (2bc+c+b)(y—22)(—m+(g+p)x—n) + (ac+ab)((—m+(g+
p)z—n)*+ (1= (g+p)*)(y—2*)))l/[(—=(m+n)*+2(g+p)z(m+n) = (g+p)*y+ly—12*)"]

h® = [st(a(2e—1) —22)]/[(— (n+m)?+2(g+p)z(n+m) — (q+p)>y+ly —12®)?] -
2st(2(¢ +p)z —2(n+m))(a(z(n+m)—n—z(-—n+(¢+p)z—m)+(—g—p)y+(¢+
p)r—m)—z(z(n+m)—(q+p)y)+(—c=b)z(y—2*)+(ac+ad)(y—2°))|/[(—(n+m)*+
2(g+p)r(nt+m)—(q+p)*y+ly—12°)*| = [2st(y—2*)((¢+p)(x(n+m) — (g+p)y) + (c+
b)(—z(n+m)+z(—n+(g+p)z—m)+(q+p)(y—2*)+(g+p)y)+z((g+p)(n+m)—lz)+
a(—(g+p)(n+m)+(g+p)(—n+(g+p)z—m)+(—(q+p)*)x+lz+(g+p)*—1)—2(ac+
ab)(—n+(g+p)x—m)— (2bc+c+b)(y —2°))]/[(—(n+m)* +2(g+p)z(n+m) — (¢+
p)*y+ly—12?)*] +[6st(y —2?)(2(q +p)z —2(n+m))((c+b)((—n+ (g+p)z —m)(z(n+
m)—(q+p)y)+(y—2*)((g+p)(n+m)—iz))+a((I—(g+p)*) (x(n+m) —(g+p)y)+(—n+
(g+p)z—m)((g+p)(n+m)—lx)+(1—(g+p)*)(=n+(g+p)z—m))+((g+p)(n+m)—
lz)(x(n+m)—(q+p)y) +(2bc+c+b)(y —22) (—n+(g+p)r —m) +(ac+ab)((—n+(q+
p)r— )2+(l (¢+p)*)(y—2*))]/[(—(n+m)*+2(g+p)z(nt+m)—(g+p)*y+ly—1z°)"]

his?) = [st(zy +a(—y — 22+ )]/ [(—y(p+¢)? + 2(n+m)z(p+q) + 1y — l2* — (n+
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m)*)?] = [2st(y—27)(a(—y(I— (p+@)*) +2(—(p+9)*) —2(p+)((n+m)z—y(p+q)) —
2(p+g)((p+q) —n—m)+n+m)(z(p+q) —n—m)+a((n+m)(p+q)—lx))+(c+
b)(z((n+m)xr—y(p+q)) —y(z(p+q)—n—m)+(n+m)(y—a*))+(ac+ab) 2x(z(p+q) -
n—m)—=2(y—=*)(p+q))+(n+m)((n+m)z—y(p+q) —y((n+m)(p+q)—lx)+(2bc+
ct+b)a(y—22))/[(—y(p+9)*+2(n+m)z(p+q) +ly—lz>—(n+m)?)’] - [2st(2(n+m)z—
2y(p+q))(a(—z(z(p+q) —n—m)+z(p+q)+y(-p—q)+ (n+tm)z—n—m)—z((n+
m)z—y(p+q))+(—c=b)z(y—2°)+(act+ab)(y—2?))|/[(-y(p+q)*+2(n+m)z(p+q)+
ly—la*—(n+m)?)’| +[6st(y —2?)(2(n+m)z —2y(p+q))((ac+ab)((z(p+q) —n—m)*+
(y=2*)(=(p+9)?)+a(((n+m)z—y(p+9) (- (p+9)?) +(@(p+q) —n—m)(—(p+
0)*)+((n+m)(p+q) —1z)(z(p+q)—n—m))+(c+b)((x(p+q) —n—m)((n+m)z—y(p+
)+ (y—2?)((n+m)(p+q) —lx))+ (n+m)(p+q) —lz)((n+m)z —y(p+q)) + (2bc+
c+b)(y—2?)(z(p+q) —n—m))|/[(=y(p+9)* +2(n+m)x(p+q) +ly—lz* — (n+m)*)]

5o = [st(zy+a(—y —2°+1))]

hi” /[(=ylg+p)* +2(n+m)z(g+p)+1ly—la* — (n+
m)?)?| = [2st(y — =) (a(—y(I = (q+p)*) +2(— (g+p)*) —2(¢+p)((n+m)z —y(g+p)) —
2(q+p)(z(g+p) —n—m)+(n+m)(z(qg+p) —n—m)+z((n+m)(g+p)—lz))+(c+
b)(z((n+m)x—y(g+p)) —y(z(g+p)—n—m)+ (n+m)(y—x2))+(ac+ab)(293(37(61+p)—

n—m)—2(y—2*)(g+p))+(n+m)((n+m)z—y(g+p)) —y((n+m)(g+p) —lz)+(2bc+
c+b)x(y—2))]/[(—y(g+p)*+2(n+m)x(g+p)+ly—lz® —(n+m)?)*] = [2st (2(n+m)r—
2y(¢+p))(a(—z(z(¢+p) —n—m)+z(q¢+p) +y(—g—p)+ (n+tm)z—n—m)—z((n+
m)z—y(q+p))+(—c—b)x(y—a?)+(act+ab)(y—2?))l/[(—y(g+p)*+2(n+m)z(q+p)+
ly—l12° = (n+m)?)’|+[6st(y—2?)(2(n+m)x —2y(q+p))((ac+ab)((z(g+p) —n—m)*+
(y—2*) (1= (g+p)*)) +a((n+m)z—y(g+p)) (- (g+p)*) +(x(g+p) —n—m)(l—(¢+
p)*)+((n+m)(g+p)—lz)(z(g+p) —n—m))+(c+b)((z(g+p) —n—m)((n+m)z —y(q+
p))+(y—a*)((n+m)(g+p) —lz))+ ((n+m)(qg+p) —lz)((n+m)x —y(g+p)) + (2be+
ctb)(y—a*)(x(g+p) —n—m))]/[(=y(g+p)*+2(n+m)z(g+p) +ly —l2* — (n+m)?)’]
) = [t(—z((n+m)z— (q+p)y) +a((—g—p)y —2((g+p)z—n—m)+ (g+p)z+
(n+m)x—n—m)+ (—c—b)z(y —2?) + (ac+ ab)(y — 2*))]/[(— (¢ + p)*y + ly — lx* +
2(n+m)(q+p)r—(n+m)*)?] = [2t(y —2°)((c+0)(((¢ +p)z —n—m)((n+m)z — (¢+
p)y) + ((n+m)(g+p) —lx)(y —2*)) + a((l — (¢ +p)*)((n+m)z — (g +p)y) + (n +
m)(q+p)—lz)((g+p)r—n—m)+ (I~ (¢+p)*)((g+p)r—n—m))+(ac+ab)((I - (¢+
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p)*)(y—2°)+((g+p)x—n—m)*)+((n+m)(g+p) —lz)((n+m)z—(g+p)y) + (2bc+
ct+b)((g+p)z—n—m)(y—a?))]/[(=(g+p)*y+ly—lz*+2(n+m)(g+p)x — (n+m)?)’]

h) = [st(2(q + p)z — 2(c+ b)z + a(—2q — 2p) + 2(ac + ab))]/[(—(m +n)? + 2(q +
p)r(m-+n)—(q+p)*y+ly—12*)*]+[4st((c+b)((—m+ (¢+p)r —n)(z
p)y)+(y—2*)((g+p)(m+n)—lx))+a((l—(g+p)*)(x(m+n) = (g+p)y) + (=m+(g+
p)r —n)((g+p)(m+n)—lx)+ (1~ (¢+p)*)(=m+(g+p)z—n)) + ((g+p)(m+n) -
lz)(z(m+n) = (q+p)y) + (2bc+c+b)(y — 2°)(—=m + (¢ +p)x —n) + (ac+ab)((—m +
(g+p)z—n)’+(1—(g+p)*)(y—2°)]/[(—(m+n)*+2(g+p)x(m+n)— (g+p)*y+1y—
122)%] = [4st(2(q +p)z —2(m +n))((¢+p)(z(m+n) — (¢ +p)y) + (c+b)(—z(m +n) +
2(=m+(g+p)z—n)+(g+p)(y—2*)+(g+p)y) +z((g+p) (m+n)—lx)+a(—(g+p)(m+
n)+(q+p)(=m+(g+plz—n)+ (1~ (g+p)*)z+lz+(q+p)* —1) —2(ac+ab)(—m +
(¢+p)z—n)—(2be+c+b)(y —2?)]/[(—(m+n)*+2(¢+p)z(m+n)— (¢+p)*y +ly—
122)°] + [65t(2(q +p)x — 2(m+n))*((c+0)((—m+ (¢ +p)z —n)(x(m+n) — (¢ +p)y) +
(y—2*)((g+p)(m+n) —lz))+a((l—(g+p)*)(x(m+n) = (g+p)y) +(—m+(g+p)z—
n)((g+p)(m+n)—iz)+ (1~ (q¢+p)*)(=m+(g+p)x—n))+((¢+p)(m+n) —lz)(z(m+
n)—(q+p)y) + (2bc+c+b)(y — 2*)(—m+ (g +p)xr —n) + (ac+ ab) ((—m + (¢ + p)x —
n)?+ (1= (q+p)*)(y —2*)]/[(—(

h$) = [st(2(q+ p)z — 2(c +b)x + a(—2¢ — 2p) + 2(ac + ab))] /[(— (n +m)? + 2(q +
p)r(n+m)—(q+p)’y+ly—1z°)*]+ [4st((c+b)((—n+ (¢ +p)z —m)(z(n+m) — (¢ +
p)y)+(y—2?)((g+p)(n+m)—lz)) +a((l - (¢+p)*)(@(n+m) — (¢+p)y) + (—n+(¢+
p)z—m)((g+p)(n+m)—lz)+ (1~ (¢+p)*)(=n+(g+p)z—m))+ ((g+p)(n+m)—
lz)(z(n+m) = (g+p)y) + (2be+c+b)(y —2°) (=n+(g+p)r —m) +(ac+ab)((—n+(¢+
p)z—m)*+ (1= (¢+p)*)(y—2))/[(=(n+m)* +2(¢+p)z(n+m) — (¢+p)*y +ly—
12%)%] = [2st(2(q +p)z —2(n+m))((¢+p)(z(n+m) — (¢ +p)y) + (c+b)(—z(n+m) +
2(=n+(g+p)r—m)+(g+p)(y—2?)+(g+p)y) +x((g+p)(n+m)—lz)+a(—(g+p)(n+
m)+(g+p)(—=n+(g+p)r—m)+ (1~ (g+p)*)x+lr+(q+p)* —1) —2(ac+ab)(—n+
(¢+p)x —m) = (2be+c+b)(y —2?))l/[(—(n+m)*+2(g+p)z(n+m) —(q+p)’y+ly—
12%)°] = [2st(2(q + p)x — 2(n+m))((q+p)(x(n+m) — (¢+p)y) + (c+b)(—z(n+m) +
2(=n+(g+p)z—m)+(g+p)(y—2*)+(g+p)y) +2((g+p)(n+m) —lz) +a((—g—p)(n+
m)+(qg+p)(—n+(g+p)z—m)+(1—(g+p)*)z+lx+ (g+p)* —1) —2(ac+ ab)(—n+

(m+n)—(¢+

)
)

m+n)?+2(q+p)z(m—+n) — (q+p)%y +ly — 12%)*]
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(g+p)z—m)+(—2bc—c—b)(y—2*))]/[(—(n+m)*+2(¢+p)x(n+m)—(¢+p)*y+1ly—
12%)%] 4 [6st(2(g +p)z —2(n+m))*((c+b)((—n+ (¢ +p)z —m)(z(n+m) — (¢+p)y) +
(y—2*)((g+p)(n+m) —lz)) +a((l = (g+p)*)(x(n+m) — (g+p)y) + (—n+(¢+p)z —
m)((g+p)(n+m)—lz)+ (1~ (g+p)*)(=n+(g+p)x—m)) +((¢+p)(n+m) —lz)(z(n+
m) —(¢+p)y) + (2bc+c+b)(y — 2*)(=n+ (¢+p)x —m) + (ac+ab)((—n + (¢ +p)z —
m)*+ (1= (q+p)*)(y —2)]/[(=(n+m)*+2(¢+p)z(n+m) — (¢ +p)*y + 1y — l2?)"]
hégfj) = [st(a(2(p+ q) —2n —2m) — 2y(p+ q) + 2(c + D)y + 2(n + m)x — 2(ac +
ab)2)l/[(—y(p+q)* +2(n+m)x(p+q) +ly —la* — (n+m)?)*] — [2st(2x(p+q) — 2(n +
m))(a(=y(l—(p+q)*) +x(—(p+q)?) —2(p+g)((n+m)z—y(p+q)) —2(p+q)(z(p+
q)—n—m)+(n+m)(z(p+q)—n—m)+z((n+m)(p+q)—lx))+(c+b)(z((n+m)z —
y(p+4q)) —y(z(p+q)—n—m)+(n+m)(y—a?))+(ac+ad)(2x(x(p+q) —n—m)—2(
2?)(p+q) +(n+m)((n+m)z —y(p+q)) —y((n+m)(p+q) —lz) + (2bc+c+b)z(y
)/ [(=y(p+9)*+2(n+m)x(p+q)+ly—1z> — (n+m)?)?| - [4sta((ac+ab) ((z(p+q) —
n—m)?+(y—a?)(1-(p+9)?) +a((n+m)z—yp+9)(—(p+9)?) +(=(p+q) —n—
m)(l—(p+9)*)+((n+m)(p+q) = 1z)(x(p+q) —n—m))+ (c+b)((x(p+q) —n—m)((n+
m)z—y(p+q))+(y—2*)((n+m)(p+q) —1z)) +((n+m)(p+q) —lx)((n+m)z—y(p+
q))+ (2bc+c+b)(y—2*)(@(p+q) —n—m))l/[(—y(p+a)* +2(n+m)z(p+q) +1y —l2* —
(n+m)?)*|+ [6st(22(p+q) —2(n+m))(2(n+m)x —2y(p+q))((ac+ab) ((z(p+q) —n—
m)*+(y—a*)(I—(p+q)*) +a((n+m)z—y(p+q)) ([~ (p+¢)*)+ (@(p+q) —n—m) (I -
(p+9)*)+ ((n+m)(p+q) —lz)(z(p+q) —n—m)) +(c+b)((z(p+q) —n—m)((n+m)z—
y(p+a))+(y—2*)((n+m)(p+q) —lx) + (n+m)(p+q) = lz)(n+m)z —y(p+q)) +
(2bc+c+b)(y—2?) (x(p+q) —n—m))]/[(=y(p+q)* +2(n+m)z(p+q) +ly —la* — (n+
m)*)Y] = [2st(2(n+m)z —2y(p+q))(a((p+9)* + 2~ (p+9)*) +(p+ ) (x(p+q) —n—
m)+(n+m)(—p—q)+lz—1)+(c+b)(z(z(p+q) —n—m)+(y—2*)(p+q) +y(p+q) —
(n+m)z)+(p+q)((n+m)z—y(p+q)) —2(ac+ab)(z(p+q) —n—m)+z((n+m)(p+
q) —lx)+(=2bc—c—b)(y— )]/ [(=y(p+q)* +2(n+m)x(p+q) +ly —la* — (n+m)?)’]
hégﬁ) = [st(a(2(q +p) — 2n —2m) — 2y(q + p) + 2(c + D)y + 2(n + m)x — 2(ac +

y—

ab)x)]/[(=y(q+p)* +2(n+m)x(q+p) +1ly —l2* — (n+m)*)*] = [2st(2z(q+p) — 2(n +
m))(a(=y(l=(q+p)*) +2(l—(g+p)*) = 2(q¢+p)((n+m)z —y(q+p)) — 2(q+p)(z(q+
p)—n—m)+(n+m)(z(g+p)—n—m)+z((n+m)(qg+p)—1z))+ (c+b)(z((n+m)x—
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y(q+p)) —y(z(g+p)—n—m)+(n+m)(y—a?))+(ac+ad)(2x(x(g+p) —n—m)—2(y—
2?)(q+p)) + (n+m)((n+m)z —y(g+p)) —y((n+m)(g+p) —lz) + (2be+c+b)z(y —
)]/ [(=y(g+p)>+2(n+m)x(g+p)+ly—lz> —(n+m)?)’] - [4sta((ac+ab) ((z(q+p) —
n—m)?+(y—a?)(l—(¢+p)*) +a(((n+m)z —y(g+p))(l - (¢+p)*) + (z(g+p) —n—
m)(l—(q+p)*)+((n+m)(g+p)—1z)(x(g+p) —n—m))+(c+b)((x(g+p) —n—m)((n+
m)z —y(q+p))+(y—2*)((n+m)(g+p) —lx)) +((n+m)(q+p) —lz)(n+m)z —y(g+
p)) +(2be+c+b)(y—2?)(z(g+p) —n—m))]/[(=y(g+p)*+2(n+m)x(g+p) +1y—la*—
(n+m)?)’] +[6st(22(q+p) —2(n+m))(2(n+m)z —2y(g+p))((ac+ab)((z(g+p) —n—
m)?+(y—2?)(1—(g+p)*)) +a(((n+m)x—y(g+p)) (- (g+p)*) + (x(g+p) —n—m) (-
(¢+p)*) +((n+m)(g+p) —lz)(x(g+p) —n—m))+(c+b)((x(¢+p) —n—m)((n+m)z—
y(q+p))+(y—2*)((n+m)(g+p) —lx)) + (n+m)(g+p) = lz)((n+m)z —y(g+p)) +
(2bc+c+b)(y—2?)(x(g+p) —n—m))]/[(=y(g+p)* +2(n+m)z(q+p) +ly —la* - (n+
m)?)*| = [2st(2(n+m)x —2y(g+p))(a((g+p)* + (1= (g+p)*) +(g+p)(x(g+p) —n—
m)+(n+m)(—qg—p)+lz—1)+(c+b)(z(z(¢+p) —n—m)+(y —2*)(¢+p) +y(g+p) —
(n+m)x)+(g+p)((n+m)z—y(g+p)) —2(ac+ab)(z(q+p) —n—m)+z((n+m)(g+
p)—lx)+(=2bc—c—b)(y—2*))|/[(~y(g+p)* +2(n+m)x(q+p) +ly—lz* — (n+m)?)’]
b 1y = [E((c+0) ((q+p) (y—a?) +(a+p)y+a((g+p)r—n—m)—(n+m)z)+(g+p)((n+
m)x—(q+p)y)+(—2bc—c—b)(y—2?)+a((¢+p) ((g+p)z—n—m)+(—(g+p)*) x+lz+(q+
p)*+(n+m)(—q—p)—1)—2(ac+ab)((g+p)r—n—m)+z((n+m)(g+p)—12))]/[(-(g+
p)*y+ly—1z’+2(n+m)(g+p)z—(n+m)?)’|=[2t(2(¢+p)z—2(n+m))((c+b)(((g+p)z—
n—m)((n+m)z—(g+p)y)+((n+m)(g+p)—iz)(y—2*))+a((l-(g+p)*)((n+m)r—(g+
p)y)+((n+m)(g+p)—iz)((g+p)z—n—m)+(—(g+p)*)((g+p)z—n—m))+(act+ab)((I—
(¢+p)*)(y—2*)+((g+p)z—n—m)*)+((n+m)(q+p) —lz)((n+m)z—(g+p)y) +(2bc+
c+b)((g+p)r—n—m)(y—a?))]/[(=(g+p)*y+ly—lz*+2(n+m)(g+p)x— (n+m)?)’]
W) = [st(2(q +p)w — 2(c+ b)z + a(—2q — 2p) + 2(ac+ ab))] /[(—(n+m)* + 2(g +
p)x(n+m)—(q+p)’y+ly—1z°)*]+ [4st((c+b)((—n+ (¢ +p)z —m)(z(n+m) — (¢+
p)y)+(y—2?)((g+p)(n+m) —lz)) +a((l - (¢+p)*)(@(n+m) — (¢+p)y) + (—n+(¢+
p)z—m)((g+p)(n+m)—lz)+ (1~ (¢+p)*)(=n+(g+p)z—m))+ ((g+p)(n+m)—
lz)(z(n+m) = (g+p)y) + (2be+c+b)(y —2°) (=n+(g+p)r —m) +(ac+ab)((—n+ (¢ +
p)z—m)*+ (= (¢+p)*)(y—2))/[(=(n+m)* +2(¢+plz(n+m) — (¢+p)*y +ly—
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12%)°] — [4st(2(q+p)z —2(n+m))((¢+p)(z(n+m) — (¢ +p)y) + (c+b)(—z(n+m) +
2(=n+(g+p)z—m)+(g+p)(y—2*)+(g+p)y) +2((g+p)(n+m) —lz) +a(—(g+p)(n+
m)+(q+p)(—n+ (g+p)x—m)+(—(¢+p)*)z+1lz+ (¢+p)*—1) —2(ac+ab)(—n+
(¢+p)r —m) = (2be+c+b)(y —2))|/[(—=(n+m)?+2(g+p)z(n+m) —(g+p)*y+1y—
122)%] 4 [6st(2(g +p)z — 2(n+m))*((c+b)((—n+ (¢ +p)z —m)(z(n+m) — (¢+p)y) +
(y—=2*)((g+p)(n+m)—1x)) +a((l = (g+p)*)(x(n+m) = (¢+p)y) + (—n+(¢+p)z -
m)((g+p)(n+m)—lz)+ (1~ (q+p)*)(=n+(g+p)r—m)) +((¢+p)(n+m) —lz)(z(n+
m) = (¢+p)y) + (2bc+c+b)(y — 2*)(=n+ (¢+p)x —m) + (ac+ab)((—n + (¢ +p)z —
m)? + (1= (¢+p)*)(y —2°)I/[(—(n+m)*+2(q+p)z(n+m) — (¢+p)*y + 1y — l2?)"]
hggfj) = [st(a(2(p+ q) —2n —2m) — 2y(p+ q) + 2(c + D)y + 2(n + m)x — 2(ac +
ab)z)l/[(—y(p+q)* +2(n+m)z(p+q) +ly — la* — (n+m)*)*] — [2st(2x(p+q) — 2(n +
m))(a(=y(l = (p+q)*) +x(—(p+q)?) —2(p+g)((n+m)z—y(p+q)) —2(p+q)(z(p+
q)—n—m)+(n+m)(z(p+q)—n—m)+z((n+m)(p+q) —lx))+(c+b)(z((n+m)z —
y(+q)) —y(z(p+q) —n—m)+(n+m)(y—2a?))+(ac+ad)(2x(x(p+q) —n—m)—2(
2?)(p+q) + (n+m)((n+m)z —y(p+q)) —y((n+m)(p+q) —lz) + (2bc+c+b)z(y
)/ [(=y(p+a)* +2(n+m)x(p+q) +ly—lz* — (n+m)?)*] - [dsta((ac+ab) ((x(p+q) —
n—m)®+(y—a*)(1—(p+q)*) +a(((n+m)z —y(p+q)) (- (p+9)?) + (x(p+q) —n—
m)(l—(p+q)*)+((n+m)(p+q)—lz)(x(p+q) —n—m))+(c+b)((x(p+q) —n—m)((n+
m)r—y(p+q))+(y—2*)((n+m)(p+q) —12)) + (n+m)(p+q) —lz)(n+m)z —y(p+
q))+ (2bc+c+b)(y—2*)(x(p+q) —n—m))l/[(—y(p+)* +2(n+m)z(p+q) +1y —l2® —
(n+m)?)*|+ [6st(22(p+q) —2(n+m))(2(n+m)x —2y(p+q))((ac+ab) ((z(p+q) —n—
m)*+(y—2?)(1—(p+q)*) +a((n+m)z—y(p+q)) (I~ (p+9)*)+ (@(p+q) —n—m) (I -
(p+9)*)+ ((n+m)(p+q) —lz)(z(p+q) —n—m)) +(c+b)((z(p+q) —n—m)((n+m)z—
y(p+a))+(y—2*)((n+m)(p+q) —lx)) + (n+m)(p+q) —lz)((n+m)z —y(p+q)) +
(2bc+c+b)(y—2?)(x(p+q) —n—m))]/[(=y(p+a)* +2(n+m)x(p+q) +ly—la* — (n+
m)*)Y] = [2st(2(n+m)z —2y(p+q))(a((p+9)* +x(— (p+9)*) +(p+a)(x(p+q) —n—
m)+(n+m)(—=p—q) +lz—1)+(c+b)(z(z(p+q) —n—m)+(y—2*)(p+q) +y(p+q) -
(n+m)z)+(p+q)((n+m)z—y(p+q)) —2(ac+ab)(z(p+q) —n—m)+z((n+m)(p+
q) —lx)+(=2bc—c=b)(y—=*))|/[(~y(p+q)* +2(n+m)x(p+q) +ly —l* — (n+m)?)’]
h(7[9]6) = [st(a(2(q +p) — 2n —2m) — 2y(q + p) + 2(c + D)y + 2(n + m)x — 2(ac +

y—

(1=
(c+
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ab)2)l/[(—y(g+p)* +2(n+m)x(q+p)+ly —la* — (n+m)*)*] — [2st(2x(q +p) — 2(n +
m))(a(=y(l—(g+p)?) +2(l—(¢+p)*) —2(g+p)((n+m)z —y(g+p)) —2(¢+p)(z(q+
p)—n—m)+(n+m)(z(g+p) —n—m)+z((n+m)(g+p)—1z))+(c+b)(z((n+m)z—
y(q+p)) —y(@(g+p)—n—m)+(n+m)(y—a?))+(ac+ab)(2z(x(g+p) —n—m)—2(y—
2?)(q+p)) + (n+m)((n+m)z —y(g+p)) —y((n+m)(g+p) —lz) + (2bc+c+b)z(y —
)/ [(=y(g+p)>+2(n+m)x(qg+p)+ly—1z> — (n+m)?)?| - [4sta((ac+ab) ((z(q+p) —
n—m)?+(y—a?)(1—(¢+p)*) +a((n+m)z —y(g+p))(l - (¢+p)*) + (z(¢+p) —n—
m)(l—(q+p)*)+((n+m)(qg+p)—1z)(2(¢+p) —n—m))+(c+b)((x(g+p) —n—m)((n+
m)z —y(q+p))+(y—2*)((n+m)(g+p) —lx)) + ((n+m)(q+p) —lz)((n+m)z —y(g+
p)) +(2be+c+b)(y—a?)(z(g+p) —n—m))]/[(=y(g+p)*+2(n+m)x(g+p) +1y—la*—
(n+m)?)*|+ [6st(22(q+p) —2(n+m))(2(n+m)x —2y(q+p))((ac+ab) ((z(q+p) —n—
m)*+(y—a*)(I—(g+p)*) +a((n+m)z—y(g+p)) ([~ (g+p)*) + (2(g+p) —n—m)(l -
(¢+p)*)+((n+m)(g+p)—lx)(z(g+p) —n—m))+(c+b)((z(¢+p) —n—m)((n+m)z—
y(g+p))+(y—2*)((n+m)(g+p) —lx)) + (n+m)(g+p) = lz)((n+m)z —y(g+p)) +
(2bc+c+b)(y—a2?)(x(g+p) —n—m))]/[(=y(g+p)* +2(n+m)z(q+p)+ly —la* — (n+
m)?)*| = [2st(2(n+m)x —2y(g+p))(a((g+p)* +x(l—(g+p)*) +(g+p)(x(g+p) —n—
m)+(n+m)(—q—p)+lz—1)+(c+b)(x(z(qg+p) —n—m)+(y—2*)(q¢+p) +y(g+p) -
(n+m)z)+(q+p)((n+m)z—y(g+p)) —2(ac+ab)(z(g+p) —n—m)+z((n+m)(q+
p) —lz)+(=2bc—c—=b)(y—2*))]/[(—y(g+p)*+2(n+m)z(qg+p) +1ly—lz* — (n+m)?)?|

B = [E(c+D) ((a+p) (=) +(g+p)y+((g+p)z—n—m)—(n+m)z)+(g+p) (n+
m)x—(q+p)y)+(—2bc—c—b)(y—=z*)+a((¢+p) (g+p)z—n—m)+(—(g+p)*)x+lz+(g+
p)*+(n+m)(—q—p)—1)—2(ac+ab)((g+p)r—n—m)+z((n+m)(g+p)—lx))]/[(~(g+
p)*y+ly—1z®+2(n+m)(g+p)z—(n+m)?)’]| = [2t(2(¢+p)z—2(n+m))((c+b)(((g+p)z—
n—m)((n+m)z—(g+p)y)+((n+m)(g+p)—iz)(y—2*))+a((l—(g+p)*)((n+m)z—(g+
p)y)+((n+m)(g+p)—lz)((g+p)z—n—m)+(—(q+p)*)((¢+p)z—n—m))+(actab)((I—
(q+p)*)(y—2*)+((g+p)z—n—m)*)+((n+m)(g+p) —lz)((n+m)r—(q+p)y)+ (2bc+
c+b)((g+p)r—n—m)(y—=2*))]/[(—(g+p)*y+ly—12*+2(n+m)(g+p)zr — (n+m)?)’]

his® = [st(a(—=2((n+m)z—y(p+q))—2(x (p+q)—n—m)+4y(p+q)— 4z (p+q)+2(n+
m)z)+(ac+ab)(22? —2(y —2?)) = 2(c+b)ry —2(n+m)y)]/[(—y(p+q)* +2(n+m)z(p+
q)+Hly—la?—(n+m)?)?| = [4st(2(n+m)z—2y(p+q)) (a(—y (I~ (p+q)*) +2 (- (p+q)*) -
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2(p+a)(ntm)z—y(p+q)) —2(p+q) (x(p+q) —n—m)+(n+m)(z(p+q)—n—m)+z((n+
m)(p+q) —1x)) +(c+b)(z((n+m)z—y(p+q)) —y(z(p+q) —n—m)+(n+m)(y—z*))
(ac+ab)2z(x(p+q) —n—m)—=2(y—2*)(p+4)) + (n+m)((n+m)z —y(p+q)) —y((n
m)(p+q) —1x)+ (2bc+c+b)x(y—22))]/[(~y(p+q)* +2(n+m)z(p+q) +ly—12* — (n
m)?)*]+ [dsty((ac+ab)((z(p+q) —n—m)*+(y—2*)(I— (p+¢)*)) +a((n+m)z —y(p
0)(I=(p+a)*)+(x(p+q) —n—m)(I—(p+q¢)*) +((n+m)(p+q) —lz)(z(p+q) —n—m))
(c+0)((@(p+q)—n—m)((n+m)r—y(p+q))+(y—=2*)((n+m)(p+q) —lz))+((n+m)(p
q)—lz)((ntm)z—y(p+q))+(2bc+c+b)(y—a?)(z(p+q) —n—m))|/[(=y(p+q)*+2(n+
m)z(p+q)+ly—12* = (n+m)?)’|+[6st(2(n+m)z —2y(p+q))* ((ac+ab)((x(p+q) —n—
m)?+(y—=z*) (I~ (p+q)*) +a(((n+m)z—y(p+4q)) (I - (p+9)*) + (#(p+q) —n—m) (I -
(p+@)*) +((n+m)(p+q) —lz)(z(p+q) —n—m))+(c+b)((x(p+q) —n—m)((n+m)z—
y(p+a)+(y—=2°)((n+m)(p+q) —iz))+((n+m) (p+q)—lz)((n+m)z—y(p+q)) +(2be+
c+b)(y—a?)(z(p+q) —n—m))]/[(=y(p+q)*+2(n+m)z(p+q) +ly —l2* — (n+m)?)*]
his® = [st(a(=2((n+m)z—y(g+p))—2(x(g+p)—n—m)+4y(q+p)—4z(g+p)+2(n+
m)z)+(ac+ab)(22% —2(y—2?)) = 2(c+b)zy —2(n+m)y)]/[(—y(g+p)*+2(n+m)z(qg+
p)+ly—la?—(n+m)?)?|=[4st(2(n+m)x—2y(g-+p))(a(—y(—(g+p)*) +x(l—(g+p)*) —
2(q+p)(nt+m)z—y(g+p))—2(q+p)(x(g+p) —n—m)+(n+m)(x(g+p) —n—m)+z((n+

¥ ¥ F o+ T

m)(q+p)—lx))+(c+b) (x((n+m)z—y(g+p)) —y(z(g+p) —n—m)+(n+m)(y—2))+
(ac+ab)(2x(z(q+p) —n— )—Q(y—xz)(qw))+(n+m)((n+m)x y(g+p)) —y((n+
m)(q+p) —lz)+(2bc+c+b)a(y — )|/ [(—y(g+p)* +2(n+m)x(g+p) +1ly—1z* — (n+
m)?)*|+[4sty((ac+ab)(((q+p) —n—m)*+(y—=°) (I~ (¢+p)*) +a(((n+m)z—y(g+
p))(I=(q+p)*)+(x(g+p) —n—m) (I~ (g+p)*)+((n+m)(g+p)—lz)(z(g+p) —n—m))+
(c+0)((z(g+p) —n—m)((n+m)z—y(g+p))+(y—2°)((n+m)(g+p) —lz)) +((n+m)(g-+

p)—lz)((n+m)z—y(g+p))+(2bet+c+b)(y—a2)(z(g+p) —n—m))]/[(=y(g+p)*+2(n+
m)xz(g+p)+ly—1a*—(n+m)?)’|+[6st(2(n+m)x —2y(g+p))*((ac+ab)((x(g+p) —n—
m)?+(y—2?)(1—(g+p)*)) +a(((n+m)x—y(g+p))(I—(g+p)*) + (x(g+p) —n—m)(l—
(¢+p)*)+((n+m)(g+p)—lx)(z(g+p) —n—m))+(c+b)((z(¢+p) —n—m)((n+m)z—
y(a+p)+(y—2*)((n+m)(g+p)—1x))+((n+m)(q+p) —lz)((n+m)z—y(g+p)) +(2be+
c+b)(y—a?)(x(g+p) —n—m))]/[(=y(g+p)*+2(n+m)z(¢+p) +ly—l2* — (n+m)?)"]
he'ty = [H(c+ D) (@((n+m)z—(g+p)y) + (n+m)(y —a?) = ((a+p)z—n—m)y) +
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a(=2(g+p)((n+m)z —(g+p)y) — (1= (¢+p)*)y —2(¢+p)((g+p)z —n—m)+ (n+
m)((¢ +p)z —n—m)+z((n+m)(qg+p) —lx)+ (I - (¢+p)*)z) + (ac + ab)(22((q +
p)x —n—m)=2(qg+p)(y—a*) + (n+m)((n+m)x—(q+p)y) + (2bc + c+b)a(y —
2?) = ((n+m)(g+p) —l2)y)l/[(—(g+p)*y+ly—l2® +2(n+m)(g+p)z — (n+m)*)*] -
2t(2(n +m)z — 2(g + p)y)((c +b)(((g +p)z —n —m)((n+m)z — (g+p)y) + ((n +
m)(q+p) —lx)(y — 2%)) +a((l = (¢ + p)*)((n + m)z — (¢ + p)y) + (n+ m)(qg +p) —
lz)((g+p)r—n—m)+ (1~ (g+p)*)((g+p)z—n—m))+ (ac+ab)((l - (¢+p)*)(y -
2?) + ((g+p)r —n—m)*) + (n+m)(q+p) —lx)((n+m)x — (¢ +p)y) + (2bc+c+
b)((q+p)x —n—m)(y—2*)|/[(—(g+p)*y +1ly — 12> +2(n+m)(g+p)z — (n+m)*)’]
his® = [st(a(=2((n+m)z—y(g+p))—2(x(g+p)—n—m)+4y(g+p)—4z(g+p)+2(n+
m)z)+(ac+ab) (22> —2(y—a?)) —2(c+b)zy —2(n+m)y)]/[(—y(a+p)* +2(n+m)z(q+
p)+ly—la?—(n+m)?)?|—[4st(2(n+m)r—2y(g+p))(a(—y(—(g+p)*) +x(l—(g+p)*) —
2(q+p)((n+m)z—y(g+p))—2(¢+p)(z(g+p)—n—m)+(n+m)(z(¢+p) —n—m)+z((n+
m)(q+p)—lx))+(c+b) (z((n+m)z—y(q+p)) —y(z(g+p) —n—m)+(n+m)(y—=?))
(ac+ab)(2x(z(q+p) —n— )—Q(y—ﬁ)(qw))+(n+m)((n+m)x y(g+p))—y((n
m)(q+p) —lx)+(2be+c+b)r(y—22))]/[(=y(g+p)* +2(n+m)x(g+p) +ly —l2* — (n+
m)?)?|+[4sty((ac+ab)((x(q+p) —n—m)*+(y—=2°) (I~ (¢+p)*)) +a(((n+m)z—y(g+
p)(I=(g+p)*)+(x(g+p) —n—m) (I~ (g+p)*) +((n+m)(g+p)—lx)(x(g+p) —n—m))+
(c+0)((z(g+p)—n—m)((n+m)z—y(g+p))+(y—2*)((n+m)(g+p) —iz))+((n+m)(g+
p)—lz)((n+m)r—y(g+p))+(2be+e+b) (y—2?)(x(g+p) —n—m))|/[(=y(g+p)*+2(n+
m)x(q+p)+ly—12* = (n+m)?)’|+[6st(2(n+m)x —2y(g+p))* ((ac+ab)((x(g+p) —n—
m)*+(y—2*)(1—(g+p)*) +a((n+m)z—y(g+p)) (I~ (g+p)*) + (2(g+p) —n—m) (I -
(¢+p)*) +((n+m)(g+p) —lz)(z(g+p) —n—m))+(c+b)((z(¢+p) —n—m)((n+m)z—
y(a+p)+(y—2*)((n+m)(g+p)—1x))+((n+m)(q+p) —lz)((n+m)z—y(g+p)) +(2bc+
ctb)(y—a*)(x(g+p) —n—m))]/[(=y(g+p)*+2(n+m)z(¢+p) +ly —l2* — (n+m)?)’]
h’5) = [t((c+b)(@((n+m)z— (g+p)y) + (n+m)(y—22) — ((g+p)z—n—m)y) +
a(—=2(g+p)((n+m)z—(g+p)y) — ( —(¢+p)*)y —2(¢+p)((g+p)z —n—m)+(n+
m)((q +p)x —n—m)+z((n+m)(g+p) —lx) + (I - (¢ +p)*)z) + (ac + ab) (2x(
p)x —n—m)—2(q+p)(y— %)+ (n+m)((n+m)z—(¢+p)y) + (2bc+ c+b)z(y —
2?) = ((n+m)(q+p) —12)y)l/[(—(g+p)*y+ly—l2* +2(n+m)(g+p)x — (n+m)*)*] -

+

lx)+

+(n
(

q-—+
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2t(2(n +m)z — 2(g + p)y)((c + 0)(((¢ + p)x —n —m)((n + m)z — (¢ + p)y) + ((n +
m)(q+p) —lx)(y — 2%)) +a((l = (¢ +p)*)((n +m)z — (¢ +p)y) + (n+m)(qg +p) -
lz)((g+p)r—n—m)+ (1~ (g+p)*)((g+p)z—n—m))+ (ac+ab)((l - (¢+p)*)(y —
)+ (g +p)z—n—m)*) +((n+m)(g+p) —lz)((n+m)x — (q+p)y) + (2bc +c +
(

b)((q+p)z—n—m)(y—22))|/[(=(qg+p)*y+1ly—lz* +2(n+m)(q+p)z — (n+m)?)?]
Koo =0
1 2
M T 2mm n)(p+ ) — (m+ a2 — (p+ )%y — eyl = (m 4 n))e +
((p4q)(mA4n) —al)t+(x(m+n) — (p+q)y)s) +0(((p+q) (mA4n) —2l) 2+ (1= (p+q)?)t+

((p+q)z— (m+n))s)+c((@(m+n) — (p+ Q)2 + (p+ )z — (m+n))t + (y — 22)s)]
WY = [2es]/[~12® + 2(n +m)(q + p)x — (g + p)?y + ly — (n+m)?] — [20(c(s(y —

2?) +t((g+p)x —n—m)+2((n+m)x—(¢+p)y)) +b(s((g +p)x —n—m) +2((n+
m)(q+p) —lz) + (1= (g+p)*)t) +a(s((n+m)z — (¢+p)y) +t((n+m)(g+p) —lz) +
(ly — (n+m)*)2)]/[(—la* +2(n+m)(g+p)z — (¢+p)*y + 1y — (n+m)*)*] +[2(2(n +
m)(q + p) — 2lz)(c(=2s2 + (n +m)z + (¢ + p)t) + b((q + p)s — 12) + a((n +m)s —
I)]/[(=la* +2(n +m)(q+p)z — (¢ +p)*y + 1y — (n+m)*)’] = [2(2(n +m)(g +p) —
21z)*(c(s(y — 2%) +t((g +p)z —n—m) + 2((n+m)z — (¢ +p)y)) +b(s((¢ +p)z —n—
m)+z((n+m)(g+p) —lx)+ (- (¢+p)*)t) +a(s((n+m)x — (g+p)y) +t((n+m)(q+
p) —lz) +(ly — (n+m)*)2))/[(~lz* +2(n +m)(q+p)r — (¢ +p)*y + 1y — (n+m)?)?]
By = [(2(n+ m)(g+ p) — 2a)(c((=q = p)z + 5) + a(lz + (—q — p)s))]/[(—(a +
p)*y+ly —lz* +2(n+m)(g +p)z — (n+m)*)’] + [(1 — (¢ + p)*)(c((n +m)z — 252 +
(¢+p)t) +b((g+p)s —12) +al(n+m)s —1t)]/[(=(q+p)°y + 1y — la* + 2(n+m) (g +
p)x — (n+m)*)*| = [2(I = (¢ +p)*) 2(n+m)(q+p) — 2z)(c(z((n+ m)z — (¢ +p)y) +
s(y —2%) +t((¢ + p)r —n—m)) + a(s((n + m)z — (¢ +p)y) + 2(ly — (n+m)?) +
t((n+m)(g+p) —lz)) +b(((n+m)(g+p) — )2+ s((g+p)z—n—m)+ (- (¢+
)OO/ (=g + p)*y + ly — la? +2(n+m)(Q+p)x—(n+m)2)3]
by = [(2(n+m)(g+p) — 21e)(c((n+m)e — (g+p)y) +ally — (n+m)?) +b((n +
m)(q+p) —12))]/[(=(g +p)*y +ly — la® + 2(n +m)(q +p)x — (n +m)?)*] — [c(n +
)—bl]/[ (¢ +p)’y + 1y —l2* + 2(n+m)(q +p)r — (n +m)?]
Ry = [(2(n+m)(q + p) — 20z)(c((q+p)z — n—m) + a((n +m)(qg+p) — lx) +
b(l = (g +p)*))/[(=(g+p)y+1ly —lz* +2(n+m)(g+p)x — (n+m)*)*] — [c(g+p) -
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all/[=(q +p)*y + 1y — 1% + 2(n +m)(qg + p)z — (n + m)’]
hy) = —[=bz — at]/[yl — 2%l = (g+p)*y+2(n+m)(g+p)e — (n+m)*] + [(a(yz -
b(t —22))(2(n+m)(q+p) —220)]/[(yl — 2*1 = (¢ +p)*y +2(n+m)(g+p)z — (n+
| = 2z(a(z(yl = (n+m)?) +t((n+m)(g+p) = zl) + s((n+m)x — (¢+p)y)) +
b(z((n+m)(g+p) —zl) +t(l = (¢+p)*) +s((¢+p)x —n—m)) +c(((n+m)z — (¢+
p)y)z +s(y —2*) +t((¢ +p)x —n—m)))]/[(yl — 2°1 — (¢ +p)*y +2(n +m)(q+p)z —
(n+m)*)?] = [2(y — 2*)(2(n+m) (g +p) — 220) (a(z(yl — (n+m)*) +t((n+m)(g+p) —
zl) +s((n+m)z —(g+p)y)) +b(z((n+m)(g+p) —zl) +t(l - (g+p)*) +s((¢+p)x —
n—m))+c(((n+m)x—(qg+p)y)z+s(y—2*) +t((g+p)r—n—m)))]/[(yl — 21— (¢ +
p)*y+2(n+m)(g+p)z — (n+m)?)* + [(y 2?)(b((q +p)s — 21) +a((n+m)s —tl) +
c((n+m)z—2sz+ (q+p)t)]/[(yl —2*l = (¢ +p
h§?>=—[cz+as1/[—<m+n>+2<q+p>m<m+n> (¢+p)*y + 1y — 122 + [2(g +
p)(a(z(ly — (m+n)?) + s(x(m+n) — (¢ +p)y) +t((g +p)(m+n) —l2)) + c(z(x(m +
n) —(q+p)y) +t(=m+(g+p)r—n)+s(y—2) +b(z((g+p)(m+n) —lz)+s(—m+
(q +p)z—n)+ (1= (@+p)))))/[(=(m+n)*+2(g+plx(m+n) - (g+p)°y+1ly—
) +[(2(¢+p)x—2(m+n))(c(z(m+n) —2sx+ (g+p)t) +a(s(m+n) —1t)+b((q+
p)s = 12)|/[(=(m +n)* +2(g+ p)z(m +n) — (¢+p)*y + 1y — 12°)*| + [(2(¢ + p) (m +
n) — 2lz)(a(—2z(m+n) + sz + (¢ + p)t) + c(zz —t) + b((g+p)z — 5))]/[(—(m +n)* +
2(g+p)z(m+n)—(¢+p)*y+1ly—12?)’] - [2(2(g + p)z — 2(m+n))(2(g+p)(m+n) —
20z) (a(z(ly — (m+n)?) +s(x(m+n)— (¢+p)y) +t((g+p)(m+n) —Ix)) +c(z(z(m+
n) = (g+p)y) +t(=m+(g+p)x—n)+s(y—2?)) +b(2((g+p)(m+n) —lx) + s(—m+
(¢+p)z—n)+ (= (g+p))))]/[(=(m+n)?+2(¢+p)z(m+n) - (¢+p)’y+1ly —12°)’]
Wiy = =lez +as]/[~(n+m)* + 2(g +p)z(n+m) — (¢ +p)%y +ly — la?] + [2(qg +
p)(a(z(ly — (n+m)*) + s(z(n+m) — (¢ +p)y) +t((q¢+p)(n+m) —lx)) +c(z(x(n +
m) —(q+p)y) +t(—n+(g+p)x—m)+s(y—2?)) +b(z((g+p)(n+m) —lz) +s(—n+
(q+p)x m) + (I = (¢ +p))t)]/[(—=(n+m)* +2(¢ +p)z(n +m) = (¢+p)°y +1y —

tr)+

)+
)2

3

)*
(n

(
)*

y+2(n+m)(qg+p)z—(n+m)?)?

(2
)

(
)
)
2(

2?)’] +[(2(g+p)z —2(n+m))(c(z(n+m) —2sz+ (¢+p)t) + ((n+m) 1t)+b((q+
p)s = 12))]/[(=(n+m)? +2(q + p)z(n +m) — (¢ +p)*y +ly — 12*)*]| +[(2(¢ + p)(n +
m) —2lx)(a(—2z(n+m) +sz+ (¢+p)t) +c(zz —t) +b((g+p)z—5)]/[(—(n+m)? +
2(g+p)z(n+m)—(¢+p)y+1ly—12?)’] = [2(2(g +p)z — 2(n+m))(2(g+p)(n+m) -
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20z)(a(z(ly — (n+m)?) + s(z(n+m) — (¢ +p)y) +t((g+p)(n+m) —lz)) +c(z(x(n+
m) —(¢+p)y) +t(—=n+(g+p)r—m)+s(y— %) +b(2((g+p)(n+m) —lz) +s(—n+
(¢+p)z—m)+ (1= (q+p)*))/[(—(n+m)*+2(g+p)z(n+m) - (¢+p)*y+1ly—12°)’]
W) = —[ct +bs)/[—y(p+ @)+ 2(n+ m)z(p + q) + ly — 122 — (n+m)?] + [2(n +
m)(b(t(l - (p+q)?) +s(z(p+q) —n—m) +z((n+m)(p+q) —lz)) + c(z((n+m)z —
y(p+q) +t(z(p+q) —n—m)+s(y—=2*)+a(s((n+m)x—y(p+q) +t((n+m)(p+
q) =)+ (ly — (n+m)*)2)/[(—y(p+a)* +2(n+m)x(p+q) +ly — 2> — (n+m)*)*] +
[(2(n+m)z —2y(p+q))(c(t(p+q) + (n+m)z —2s2) +b(s(p+q) — lz) +a((n+m)s —
N/ [(=y(p+q)* +2(n +m)a(p+q) + ly — 12* — (n+m)*)’] + [2(n +m)(p + q) —
202) (b(—2t(p+ q) + (n +m)z + sz) + c(tx — yz) + a((n +m)t — sy))|/[(—y(p + ¢)* +
2(n+m)a(p+q) +ly—12® = (n+m)?)*] = [2(2(n+m)(p+q) — 2z)(2(n+m)z —2y(p+
Q)b —(p+9)?) +s(x(p+q) —n—m)+z((n+m)(p+q) —lz)) +c(z((n+m)x —
y(p+q) +t(z(p+q) —n—m)+s(y—=2*)+a(s((n+m)x—y(p+q) +t((n+m)(p+
) =l1z)+ (ly— (n+m)*)2))/[(—y(e+a)* +2(n+m)z(p+q) + 1y — 12> — (n+m)?)’]
h§ R —[ct +bs]/[—y(q+p)* + 2(n+m)x(q+p) +ly — 2% — (n+m)?] + [2(n +
m)(b(t(l — (¢+p)*) +s(z(g+p) —n—m) +z((n+m)(g+p) — 1)) +c(z((n+m)x —
y(q+p)) +t(x(g+p) —n—m)+s(y—2?) +a(s((n+m)z —y(g+p)) +t((n+m)(q+
p) —lx)+(ly = (n+m)*)2))]/[(=y(g+p)* +2(n+m)x(q+p) +ly—la* = (n+m)*)*| +
[(2(n+m)z —2y(q+p))(c(t(g+p) + (n+m)z —2sz) +b(s(¢+p) — 2) +a((n+m)s —
N/ [(=y(qg +p)* +2(n +m)a(qg +p) + ly — 12> — (n+m)*)’] + [(2(n +m)(q +p) —
212)(b(=2t(q +p) + (n+m)z + s7) + c(tx — y2) + a((n +m)t — sy)|/[(—y(a +p)* +
2(n+m)x(g+p)+ly—la? — (n+m)*)?] - [2(2(n+m)(g+p) — 21z) 2(n+m)z —2y(q+
p) (bt = (g+p)*) + s(x(g+p) —n—m) + z((n+m)(g+p) — lx)) + c(2((n+m)z —
y(q+p)) +t(z(g+p) —n—m)+s(y—2?) +a(s((n+m)z —y(g+p)) +t((n+m)(q+
) —lz)+ (ly — (n+m)*)2))]/[(—y(g +p)* +2(n+m)z(q+p) +ly —la* — (n+m)?)?]

q

p
By = [(2(n +m)(q +p) — 2z)(a((n+m)z — (g+p)y) +cly — 22) +b((q + p)z —
n—m))|/[(=(qg+p)*y + 1y —lz* + 2(n +m)(q + p)z — (n+m)*)?| — [-2cz + b(q +

p) +a(n+m)l/[~(qg+p)*y +ly — l2* + 2(n+m)(q +p)z — (n +m)?|
hé‘;v) = [2(¢* +2pq+p* — 1) ((cq+cp—al)x — bg* + (—2bp + an+am)q — bp* + (an +
am)p—cn—cm~+bl)((lz+(—n—m)q+ (—n—m)p)z+(—q—p)sz+ (> +2pq+p* — )t +
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(n+m)s)|/[((¢*+2pq+p*—)y+1z*+((—2n—2m)q+ (—2n—2m)p)z+n?+2mn+m?)3]

WY = —[(lz + (=n — m)g + (=n — m)p)((cq + cp — al)x — bg? + (—2bp + an +
am)q — bp* + (an + am)p — en — em + bl)]/[((¢* + 2pq + p* — Dy + 12> + ((—2n —
2m)q + (—2n — 2m)p)x + n? + 2mn + m?)?]

hgzv) = —[(¢* + 2pq + p* — )((cq + cp — al)x — bg® + (—2bp + an + am)q — bp* +
(an + am)p — en — em + b1)]/[((¢* + 2pg + p* — Dy + 12* + ((—2n — 2m)q + (—2n —
2m)p)z + n® + 2mn + m?)?

hiy) = —[(b—az)(z(zl+ (—n—m)q+ (—n—m)p) + t(—1+¢* + 2pg+ p*) + (—q —
p)sz+ (n+m)s)]/[(x*l+y(—1+¢*+2pg+p?) + ((—2n—2m)q+ (—2n—2m)p)z +n’+
2mn+m?)?) + [2(2? — y)(x(—al + cg+ cp) + bl — bg?* + (—2bp+ an+ am)q — bp? + (an+
am)p —cn—cm)(z(zl+ (—n—m)g+(—n—m)p) +t(=1+q¢*+2pg+p*) + (g —p)sv+
(n-4 m)$))/[(a2 4+ y(—L+ @+ 20g 4 5) + (20— 2m)q-+ (~2n — 2m)p)a-+ 0+ 2mn +
m?)3| —[(xz—t)(x(—al+cq+cp)+bl —bg* + (—2bp+an+am)q—bp* + (an+am)p—cn—
em)]/ (2?1 +y(—=1+ ¢ +2pg+p?) + ((—2n—2m)q+ (—2n —2m)p)z +n> + 2mn +m?)?]

h%v) = —[((=g—p)z+s)(g(am—2bp+an)+p(am~+an) —cm+(cqg+cp—al)x —bg* —
bp? —en+bl)]/[(m* 4 2nm~+x(q(—2m—2n) +p(—2m—2n)) + (¢* 4+ 2pq+p* — D)y +1a* +
n?)?]=[(ag+ap—c)(s(m+n)+2z(q(=m—n)+p(-=m—n)+lx) +(—g—p)sz+(¢*+2pg+
p*=D0)]/[(m*+2nm+x(q(—2m—2n)+p(—=2m—2n)) +(¢* +2pg+p* — )y +lz*+n?)*]+
[2(2m+ (—2¢ —2p)z+2n)(s(m+n) + z(g(—m —n) +p(—m —n) +1lx)+ (—¢—p)sz +
(¢* +2pq+p* —1)t)(q(am — 2bp+an) + plam+an) — em+ (cq+cp — al)x — bg? — bp? —
en+bl)]/[(m?+2nm~+x(q(—2m—2n) +p(—2m—2n)) + (¢*+ 2pg+p* — )y +1x? +n?)3]

WY = —[((—q—p)z+s)(qlan—2bp+am)+plan+am) —cn+(cq+cp—al)z—bg® —
bp? —em~+0bl)]/[(n*+2mn+x(q(—2n—2m)+p(—2n—2m)) +(¢*+2pq+p* — )y +1x*+
m?)’] = [(ag +ap—c)(s(n+m) +z(q(—n—m) +p(—n—m) +1z) +(—g—p)sz+ (¢* +
2pq+p*—1)1)]/[(n*+2mn+x(g(—2n—2m)+p(—2n—2m))+(¢°+2pg+p* )y +1z°+
m?)? 4+ [2(2n+ (—2¢ — 2p)x +2m)(s(n+m) + z(¢(—n—m) +p(—n—m) +lz) + (—q —
p)sz+(*+2pq+p? —1)t)(q(an—2bp+am)+p(an+am)—cn+(cq+cp—al)x—bg* —bp? —
em~+00)]/[(n?+2mn+xz(q(—2n—2m)+p(—2n—2m)) +(¢*+ 2pg+p* — )y + 12> +m?)?]

hé‘év) = —[(=2bp+ cx — 2bg + an+ am)(t(p* + 2qp+ ¢* — 1) + 2((—n —m)p+ lz +
(=n —m)q) + sz(—p — q) + (n +m)s)]/[(y(P* + 2qp + ¢* — 1) + =((—2n — 2m)p +
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(—2n — 2m)q) + lx® + n® 4+ 2mn + m?)?] — [(t(2p + 2q) + (—n — m)z — sz)(—bp* +
z(cp+cq—al) +q(—2bp+an+am) + (an+am)p —bg* — cn — em+0l)] /[(y(p* + 2qp +
¢ =1 +z((=2n—2m)p+ (—2n — 2m)q) + lz* + n?® + 2mn + m?)*] + [2(y(2p + 2q) +
(—2n —2m)x)(=bp* + z(cp+ cq — al) + q(—2bp+ an + am) + (an + am)p — bg* — cn —
em +b)(H(p* +2gp + ¢ — 1) + 2((—n —m)p + 1z + (—n —m)q) + sz(—p—¢) + (n +
m)s)]/[(y(p*+2qp+¢* = 1) + 2((—2n—2m)p+ (—2n—2m)q) +12” +n*+ 2mn +m?)’]

hy | = ~[(=2bg + ez — 2bp +an+ am)(t(q> + 2pg +p* = 1) + 2(=n —m)g + lx +
(=n —m)p) + sz(—q — p) + (n+m)s)]/[(y(¢® + 2pg + p* — 1) + 2((—2n — 2m)q +
(—2n — 2m)p) + Iz + n® + 2mn + m?)?] — [(t(29 + 2p) + (—n — m)z — sx)(—bg* +

z(cq+cp—al)+ (—2bp+an+am)q—bp* + (an+am)p — cn— em+bl)] /[(y(¢* + 2pg +
P =1 +z((—2n —2m)q + (—2n — 2m)p) + lz? + n® + 2mn + m?)?| + [2(y(2q + 2p) +
(—2n —2m)x)(—bg* + z(cq + cp — al) + (—2bp + an + am)q — bp* + (an + am)p — cn —
em +bl)(H(q® + 2pq + p* — 1) + 2((—n — m)q + lz + (—=n — m)p) + sx(—q — p) + (n +
m)s)]/[(y(¢*+2pq+p* — 1) +x((—2n—2m)q+ (—2n—2m)p) + 1z +n*+ 2mn+m?)?]

M) = —[((—q —p)x +n+m)((cq+ cp — al)x — bg? + (—2bp + an + am)q — bp* +
(an + am)p — en — em + bD)]/[((¢* + 2pq + p* — D)y + 12* + ((—2n — 2m)q + (—2n —
2m)p)x + n? + 2mn + m?)?]

hy) =0
h) =0
) = e — ayl/lyl — 21 — (¢ + p)%y + 2(n + m)(q + p)x — (n+m)?] — [(y —

22)(~alyl = (n+m)2) = b((n+m)(g+p) — xl) — c((n+m)z — g+ p)y))]/[(yl — 2 —
(q+ )2y +2(n+m)(qg+p)x — (n+m)?)?

hig) = [2a(m +n) — cx — b(q + p)}/[~(m +n)? + 2(q + p)z(m +n) — (¢ +p)?y +
ly — 12%] = [(2(q + p)z — 2(m + n))(=a(ly — (m +n)?) — c(z(m +n) — (¢ + p)y) —
b((q +p)(m +n) —12))]/[(=(m +n)? + 2(q + p)z(m +n) — (¢ + p)*y + ly — 12?)?]

h§Y) = [2a(n+m) — cx — b(q + p)l/[—(n+m)? + 2(q + p)z(n+m) — (g +p)’y +
ly — 1% = [(2(q + p)a — 2(n +m))(—a(ly — (n +m)?) — c(z(n +m) — (¢ + p)y) —
b((q +p)(n+m) —1))]/[(—(n +m)? +2(q + p)z(n +m) — (¢+ p)*y + ly — 12?)?]

W) = ley — b(n+m)]/[~y(p+ 0)* + 2(n+m)z(p+ q) + ly — 2% — (n+m)?] -
[(2(n +m)z —2y(p + ) (—c((n +m)x —y(p+q)) — b((n +m)(p+q) — lz) — a(ly —
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(n+m)?)/[(—y(p+9)* +2(n + m)z(p + q) +ly — 12° — (n + m)*)’]

By = ley = b(n +m)]/[=y(a +p)* +2(n + m)a(q +p) + 1y — la? = (n +m)?] -
[(2(n +m)x —2y(g + p))(—c((n + m)x — y(q +p)) — b((n +m)(q+p) — lx) —a(ly —
(n+m)*)]/[(=y(a +p)* +2(n+m)a(q +p) +ly — l2* — (n +m)*)*]

' =0
hiy) =0
hi?/) = —[((g+p)x—n—m)((aqg+ap — c)y + cx?®+ (—=bg — bp — an — am)x + bn +

m)/[((y —2*)l+ (—¢° — 2pg — p*)y + ((2n +2m)q + (2n+2m)p)z — n? — 2mn —m?)?]

hig) = lc = a(q + p)l/[—(m + n)? + 2(q + p)z(m + n) — (¢ + p)?y + ly — 12%] —
[(2(¢ +p)z —2(m+n))(—al(¢ +p)(m+n) —lz) —c(—m+ (g+p)z —n) = b(l — (¢ +
PP (=(m+n)* +2(q +p)r(m +n) — (¢ +p)*y + ly — l2?)?]

Wy = le—alg +p))/[=(n+m)? +2(q + p)a(n +m) — (¢ +p)*y + ly — 2% —
[(2(¢ +p)z —2(n+m))(—al(¢ +p)(n+m) —lz) —c(—n+ (¢ +p)z —m) = b(l — (¢ +
PP/ (=0 +m)* +2(q + p)x(n+m) — (¢ +p)*y + ly — l2?)?]

hig) = [2b(p + q) — cx — a(n + m)]/[~y(p + 9)* + 2(n + m)z(p + q) + ly — l2® —
(n+m)?] = [(2(n +m)z —2y(p+q))(—b(l — (p+ q)?) —c(z(p+q) —n—m) —a((n+
m)(p+q) = 12)]/[(=y(p + ¢)* + 2(n + Mm)z(p + q) + ly — l2° — (n +m)?)?]

hiy) = [2b(q + p) — cx — a(n +m)]/[=y(q + p)* + 2(n + m)z(q + p) + ly — l2® —
(n+m)?] = [(2(n +m)z —2y(q +p))(=b(l — (¢ +p)*) —c(z(¢+p) —n—m) —a((n+
m)(q+p) — 12))]/[(=y(g +p)* + 2(n + m)z(q + p) + ly — l2° — (n +m)?)?]

w
h{y =0

W) = —[2(y — 22)((aq + ap — ¢)y + cx® + (—bg — bp — an — am)z + bn+ bm) (((qg +
Py + (=n—=m)x)z — sy + s2® + (=¢ = p)tz + (n+m)t)]/[((y — 2*)l + (—=¢* — 2pq —
P2y + ((2n +2m)q + (2n + 2m)p)x — n? — 2mn — m?)3]

W) = [(t— z2)(x(—am — bg — bp— an) + bm + (aq+ap — )y + cx® +bn)] /[(—m2 +
2(q(2m + 2n) +p(2m + 2n)) — 2nm + Uy — 2°) + (—¢* — 2pq — p*)y — n*)*| + [(b -
(t(m+n) +2(x(=m —n) + (¢+p)y) — sy + sz + (=g —p)tz)]/[(-m” + x(q(2m +
+p(2m +2n)) = 2nm + Uy — 2°) + (=¢% — 2pg — p*)y — n®)’] — [2(=2m + (2¢ +

axr

)
2n)

2p)x —2n)(t(m +n) + 2(x(=m —n) + (¢ +p)y) — sy + s2* + (—q — p)tz)(z(—am —
bq — bp — an) + bm + (aq + ap — c)y + cx?® + bn)]/[(—=m?* + z(q(2m + 2n) + p(2m +
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2n)) = 2nm + U(y — 2°) + (—=¢* — 2pg — p*)y — n*)’]

W) = [(t — 22)(x(—an — bg — bp — am) + bn+ (aq + ap — ¢)y + cz? 4+ bm)] /[(—n2 +
z(q(2n + 2m) + p(2n + 2m)) — 2mn + l(y — 2%) + (—=¢* — 2pq — p*)y — m*)*] + [(b —
az)(t(n+m)+ z(z(—n—m) + (¢ +p)y) — sy + sz® + (=q — p)tz)]/[(-n® + z(q(2n +
2m) +p(2n +2m)) — 2mn + l(y — 2°) + (=¢* — 2pq — p*)y — m?)’] — [2(=2n+ (2 +
2p)x — 2m)(t(n +m) + z(x(—n —m) + (¢ + p)y) — sy + sa* + (—q — p)tz)(z(—an —
bq — bp — am) + bn + (aq + ap — )y + cx® + bm)]/[(=n?* + x(q(2n + 2m) + p(2n +
2m)) = 2mn + Uy — 2°) + (—=¢* — 2pg — p*)y — m?)’]

hsy! = lay = bo)(=(u(p + ) + (~n — m)x) + ta(=p = q) = sy + s2° + (n +
m)t)]/[(y(=p* — 2gp — ¢*) + 2((2n + 2m)p + (2n + 2m)q) + U(y — 2%) — n® — 2mn —
m?2)? + [(yz — tz)(z(=bp — bqg — an — am) +y(ap +aq — c)—i—cx +bn+bm)]/[(y(—p
2qp — ¢*) + x((2n+2m)p+ (2n+ 2m)q) + I(y — 2*) — n® = 2mn — m?)’] — [2(y(—2p —
2q) + (2n + 2m)x)(x(—bp — bg — an — am) + y(ap + aq — ¢) + cx?® +bn + bm)(z(y(p +
q) + (=n—m)z) +to(—p —q) — sy + sz + (n+m)t)]/[(y(=p* — 2qp — ¢*) + x((2n +
2m)p + (2n + 2m)q) + l(y — z%) — n? — 2mn — m?)3]

WY = [(ay — bx)(2(y(q + p) + (—n — m)z) + ta(—q — p) — sy + s2® + (n +
m)t)]/[(y(=¢* — 2pq — p?) + x((2n + 2m)q + (2n + 2m)p) + (y — 2%) — n? — 2mn —
m?)?] + [(yz — tz)(z(—bg — bp — an — am) + y(aq +ap — ¢) + cx® + bn+bm)]/[(y(—q
2pq —p?) +x((2n+ 2m)q + (2n+ 2m)p) + U(y — 2°) — n* = 2mn —m?)’] — [2(y(—2q —
2p) + (2n + 2m)z)(x(—bg — bp — an — am) + y(aq + ap — ¢) + cx* + bn+ bm) (2 (y(q +
p)+ (=n—m)z) +tx(—q—p) — sy + sa® + (n+m)t)l/[(y(—¢* — 2pq — p*) + 2((2n +
2m)q + (2n + 2m)p) + l(y — z%) — n? — 2mn — m?)3]

h) = [(2% = y)((aq + ap — )y + ca® + (—bq — bp — an — am)z + bn + bm))/[(1(y —
22) + (—=¢* — 2pq — p*)y + ((2n + 2m)q + (2n + 2m)p)x — n* — 2mn — m?)?

hg | = [2a2)/[~(m +n)? +2(q + p)(m+n) = (q+p)*y + Iy — 2] = [2a(=(ly -
(m+n)?) + s(x(m+n) —(

q+p)y) +t((q+p)m+n) —lz)) +c(z(z(m+n) — (¢ +
p)y) +t(=m+ (q+p)z —n) +s(y — %)) + b(2((q + p)(m +n) — lz) + s(—m + (¢ +
p)r —n)+ (= (g+p))))/[(=(m+n)*+2(g+p)z(m+n) = (¢+p)*y +ly —12*)*] +
22(q+p)x —2(m +n))(a(=2z(m +n) + st + (¢ + p)t) + c(xz —t) + b((¢ + p)z —
s)I/[(=(m+n)* +2(q+p)a(m+n) — (¢+p)*y +ly — 12*)*] = [2(2(¢ +p)x — 2(m +

237



n))*(a(z(ly — (m+n)?) +s(z(m+n) — (¢+p)y) +t((g+p)(m+n) —lz)) +c(z(z(m+
n) —(q+p)y) +t(=m+(g+p)r—n)+s(y—2?)) +b(z((g+p)(m+n) —lz)+s(—m+
(¢+p)x—n)+(1—(g+p)*)t)]/[(=(m+n)*+2(g+p)x(m+n)—(q+p)*y+1y—12°)’]

b = [2a2]/[=(n+m)? +2(q + p)a(n+m) — (q+p)*y +ly — 1] - [2(a(=(ly -
(n+m)?)+s(z(n+m)—(g+p)y) +t((g+p)(n+m)—1x))+c(z(z(n+m)—(g+p)y) +
t(—n+(¢+p)x—m)+s(y —x?)) +b(z ((q+p)(n+m)—lx)+s(—n+(q+p):v m)+
(= (a+ )/ (= (n+m)*+2(g +p)x(n+m) = (q+p)*y + 1y —12*)*] + [2(2(¢ +
p)z —=2(n+m))(a(=2z(n+m) + sz + (g +p)t) + c(vz = 1) +b((g +p)z = )] /[(=(n+
m)? +2(qg+p)z(n+m) — (¢+p)y +1ly —12%)’] = [2(2(q +p)z — 2(n+m))*(a(=(ly —
(n+m)?) + s(z(n +m) — (¢+p)y) +t((¢ +p)(n +m) —lx)) + c(z(z(n +m) — (¢ +
p)y) +t(=n+ (q+plr —m) +s(y — %)) +b(z((¢ + p)(n +m) —lz) + s(—n + (¢ +
p)z —m)+ (= (¢+p))t)]/[(—=(n+m)>+2(q+p)r(n+m) - (¢+p)°y +ly — 12°)’]

W) = —[bz+at]/[—y(p+q)2+2(n+m)z(p+q) + 1y — 2% — (n+m)?) + [2:(b(t(1 -
(p+9)?) +s(x(p+q) —n—m)+2((n+m)(p+q) —lx)) +c(z((n+m)z —y(p+q)) +
tz(p+q) —n—m)+s(y—a?) +a(s((n+m)z—y(p+q) +t((n+m)(p+q) —lz) +
(ly — (n+m)")2)]/[(=y(p+a)* +2(n+m)z(p+q) + 1y — l2* — (n+m)*)?| + [(2(n
m)z —2y(p+q))(b(2(p+q) — s) +alt(p+q) —2(n+m)z +sz) + c(xz —1))]/[(—y(p
0)* +2(n+m)x(p+q) +ly — 1o — (n+m)*)?| + [(2z(p + ¢) — 2(n + m))(b(—2t(p
q) + (n+m)z + sz) + c(tr — yz) + a((n + m)t — sy))|/[(-y(p + ¢)* + 2(n + m)z(p
q) +ly —lz® — (n+m)*)?] = [2(22(p + q) — 2(n +m))(2(n +m)z — 2y(p + q)) (b(t(l —
(p+9)*) +s(x(p+q) —n—m)+2((n+m)(p+q) —lx)) +c(z((n+m)z —y(p+q)) +
tlz(p+q) —n—m)+s(y—2?)) +a(s((n+m)z—y(p+q) +t((n+m)(p+q) —lz) +
(ly = (n+m)*)2))]/[(=y(p + @)* +2(n +m)z(p + q) +ly — la* — (n +m)?)’]

by = —[bz+at]/[~y(g+p)*+2(n+m)x(q+p) +ly—lx® — (n+m)* + 2z (b(t(I -
(¢+p)*) +s(x(g+p) —n—m)+2z((n+m)(g+p) —1x)) +c(z((n+m)z —y(g+p)
t(z(g+p) —n—m)+s(y—2?)) +a(s((n+m)z—y(g+p)) +t((n+m)(qg+p) -
(ly — (n+m)*)2)]/[(=y(a+p)* +2(n+m)z(q+p) +1y — 2> — (n+m)*)?| +[(2(n
m)x —2y(q+p))(b(2(q+p) —s) +a(t(g+p) —2(n+m)z+sz) +c(vz —1))]/[(—y(q
p)* +2(n+m)z(q+p) +ly — l2* — (n +m)?)’] + [(22(q + p) — 2(n +m))(b(—2t(q +
p) + (n+m)z + sz) + c(tr — yz) + a((n +m)t — sy))|/[(—y(q +p)* +2(n +m)z(q +

+ o+ o+

)+
lz) +

+ o+
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p) +ly —12* — (n+m)?)’] — [2(2x(qg +p) — 2(n +m))(2(n +m)z — 2y(q + p)) (b(t( —
(¢+p)*) +s(z(g+p) —n—m)+2((n+m)(g+p) —1z)) +c(z((n+m)z —y(g+p)) +
t(x(g+p) —n—m)+sy—=2°) +a(s((n+m)z—y(g+p) +t((n+m)(g+p)—lz)+
(ly — (n+m)*)2))]/[(=y(q +p)* + 2(n +m)x(q + p) + ly — la* — (n+m)?)’]

bty = [(2(a+ p)e = 2(n+m))(a((n+m)z — (g +p)y) +cly — 2%) + b((g + p)a —
n—m))|/[(—=(¢+p)*y +ly —12° + 2(n +m) (g + p)z — (n +m)?)?] — [ax — b]/[-(q +
p)*y +ly —lz* + 2(n+m)(qg + p)z — (n +m)?

hyy) = [2a2]/[=(n +m)? + 2(q + p)a(n+m) = (¢ +p)%y + Iy — lr?] — [2(a(=(ly -
(n+m)?)+s(z(n+m)—(¢+p)y) +t((g+p)(n+m) —lx)) +c(2(z(n+m) - (¢+p)y) +
t(—n+(q—l—p)x—m)+s(y—:c2))+b(z((q—|—p)(n+m)—l:c)—irs(—n—l—(q—i—p)x m)+
(= (g + )N/ (= (n+m)*+2(g +p)z(n+m) = (q+p)*y + 1y — 12*)*] +[2(2(¢ +
p)r —2(n+m))(a(—2z(n+m)+ sz +(q+p)t) +c(zz =) +b((g+p)z — )]/ [(—(n +
m)? +2(qg+p)z(n+m) — (¢+p)?y +1ly —12%)*] = [2(2(q +p)z — 2(n+m))*(a(=(ly —
(n4+m)?) + s(z(n +m) — (¢+p)y) +t((¢ +p)(n +m) —lz)) + c(z(z(n +m) — (g +
p)y) +t(—n+ (g+p)z —m) +s(y — 2*)) + b(z((¢ + p)(n +m) —lz) + s(—n+ (¢ +
p)r —m)+ (= (g+p))))]/[(=(n+m)*+2(¢+p)z(n+m) - (q+p)*y +1ly — 127)]

W) = —[bz+at]/[-y(p+q)2+2(n+m)z(p+q) + 1y — 1% — (n+m)?) + [2:(b(t(1 -
(p+9)*) +s(x(p+q) —n—m)+2((n+m)(p+q) —lx)) +c(z((n+m)x —y(p+q)) +
t(z(p+q) —n—m)+s(y—a?)) +a(s((n+m)z—y(p+q) +t((n+m)(p+q) —lz) +
(ly — (n+m))2)]/[(=y(p+a)* +2(n+m)z(p+q) +1y — 2> — (n+m)*)?| + [(2(n

+

m)x —2y(p+q))(b(z(p+q) —s) +a(t(p+q) —2(n+m)z+sx) +c(xz —1))]/[(—y(p+
q)* +2(n+m)x(p+q) +ly — 12> — (n+m)*)*] + [(2z(p + ¢) — 2(n +m)) (b(—2t(p +
q) + (n4+m)z + sx) + c(te — yz) + a((n +m)t — sy))]/[(=y(p + ¢)* + 2(n +m)z(p +

q) +ly —1z° = (n+m)?)?] = [2(22(p + ¢) — 2(n +m))(2(n +m)x — 2y(p + ¢)) (b(t(I —
(p+9)?) +s(x(p+q) —n—m)+2((n+m)(p+q) —lx)) +c(z((n+m)z —y(p+q)) +
t(z(p+q) —n—m)+s(y—a?)) +a(s((n+m)z—yp+q) +t((n+m)(p+q) —lz) +
(ly — (n+m))2)]/[(—y(p + @)* + 2(n + m)z(p + q) +ly — la* — (n + m)?)’]

by = —[bz+at]/[~y(g+p)*+2(n+m)x(q+p) +ly—lx® = (n+m)? + 2z (b(t(I -
(¢+p)*) +s(x(g+p) —n—m)+2((n+m)(g+p) —lz)) +c(z((n+m)z —y(g+p)
t(x(g+p) —n—m)+s(y—a?)+a(s((n+m)x —ylg+p) +t((n+m)(qg+p) —lz
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(ly — (n+m)*)2)]/[(=y(g+p)* +2(n+ m)z(q+p) + 1y — l2° — (n+m)*)*]| + [(2(n
m)z —2y(q+p))(b(z(q+p) —s) +a(t(qg+p) —2(n+m)z+ sx) + c(zz — )] /[(—y(q
p)2+2n+m)x(q+p)+ly —1z* — (n+m)*)? + [(2z(q +p) — 2(n +m))(b(—2t(q
p) + (n+m)z + sz) + c(te — y2) + a((n +m)t — sy))|/[(=y(q + p)* + 2(n +m)z(q
p) +ly —12* — (n+m)?)’] — [2(2x(q +p) — 2(n +m))(2(n +m)z — 2y(q + p)) (b(t( —
(¢+p)*) +s(z(g+p) —n—m)+2((n+m)(g+p) —1z)) +c(z((n+m)z — y(g +p))
t(x(g+p) —n—m)+sy—2°)+a(s((n+m)z—y(g+p) +t((n+m)(g+p) —lx)
(ly — (n+m)*)2)]/[(=y(g +p)* + 2(n + m)z(q + p) + ly — lz* — (n+ m)?)’]

By = [2(a+p)e = 2(n+m))(al(n+m)z — (g+p)y) + cly — 2%) + b((a + p)o —
n—m))|/l(—=(¢+p)*y +1ly —12° + 2(n +m) (g + p)z — (n+m)*)?| — [ax — b]/[—(q +
Py +ly — 122 +2(n+m)(q + p)r — (n +m)?]

hig ) = 120t)/[~y(p + @)* + 2(n + m)a(p + q) + Iy — 2> — (n+m)?] — [2y(b(t(I —
(P+9)?) +s(zlp+q) —n—m)+2((n+m)(p+q) —1z)) +clz((n+m)z —y(p+q)) +
tlx(p+q) —n—m)+s(y —2%)) +a(s((n+m)z —y(p + q)) +t((n + m)(p + q) —
lz) + (ly — (n+m)*)2))/[(—y(p + @)* + 2(n + m)z(p+ q) +ly — 12® — (n +m)*)?] +
[2(2

+ 4

-

+
+

[
n+m)e - 2y(p+q))(b(~2t(p + q) + (n+m)z + s2) + clte — y2) +al(n +m)t -

+

/=y +a)* +2(n+m)z(p+q) +1ly —l? — (n+m)?)’] = [2(2(n +m)z — 2y (p
0?0t = (p+a)*) +s(@@+q) —n—m)+2((n+m)(p+q) —lz) +c(z((n+m)z —
y(p+q) +tz(p+q) —n—m)+s(y—=2%) +a(s((n+m)x—y(p+q) +t((n+m)(p+
q) —lx) + (ly — (n+m)*)2)/[(~y(p+q)* +2(n+m)a(p+q) + 1y — l2* — (n+m)?)*
hls” = [2bt)/[=y(q + p)?* + 2(n + m)x(q + p) + Iy — l2® — (n +m)?] — [2y(b(t(l -
(¢+p)*) +s(x(g+p) —n—m)+2((n+m)(g+p) —lz)) +c(z((n+m)z —y(g+p)) +
t(z(g+p) —n—m)+s(y —2?) +a(s((n +m)z — y(g +p)) +t((n +m)(q +p) -
lz) + (ly — (n+m)*)2)l/[(—y(a +p)* + 2(n + m)z(qg +p) + 1y — 1% — (n +m)?)’]
22(n+m)x —2y(qg+p))(b(—2t(g+p)+ (n+m)z+ sx) + c(tx —yz) + a((n +m)t —
/l(=y(g+p)* +2(n+m)x(q+p)+1ly—la* — (n+m)?)’] = [2(2(n+m)x — 2y(q
P)* (bt —(q+p)*) +s(x(g+p) —n—m)+z((n+m)(qg+p) —lz)) +c(2((n+m)z —
y(q+p)) +t(x(g+p) —n—m)+s(y—2?)+a(s((n+m)z—ylg+p)) +t((n+m)(q+
p) —lx)+ (ly — (n+m)*)2)|/[(=y(g+p)* + 2(n+m)z(q +p) +ly — l2* — (n+m)*)°]
he'ty = [(2(n+m)z = 2(q+p)y) (a((n+m)z — (g +p)y) + ey — 2%) +b((q +p)a —

(
sy))]
)* (b

—

+

_|_

(
sy))]
) (b
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n—m))|/[(=(g+p)*y+1ly—12° +2(n+m)(g+p)z — (n+m)*)?] — [br — ay]/[—(¢+
Py +1ly — 12?2 +2(n+m)(q + p)r — (n +m)?]

hls” = [2bt]/[~y(q + p)* + 2(n + m)x(q + p) + ly — l2® — (n+m)?] — [2y(b(¢
(¢+p)*) +s(x(g+p) —n—m)+z((n+m)(g+p) —1z)) +c(z((n+m)z —y(g+p
t(z(g+p) —n—m)+s(y —2?) +a(s((n +m)z — y(g +p)) +t((n +m)(q +p
lz) + (ly = (n+m)*)2)l/[(—y(g +p)* + 2(n + m)z(qg +p) + 1y — 12% — (n +m)?)*] +
22(n+m)x —2y(qg+p))(b(—2t(g+p) + (n+m)z+ sx) + c(tx —yz) + a((n+m

syDl/[(=y(g+p)* +2(n+m)z(q+p)+ly —lz? — (n+m)*)’] = 2(2(n+m)x — 2y
P)* (bt — (g +p)*) +s(z(g+p) —n—m)+z((n+m)(qg+p) —lz)) +c(((n+m
y(q+p) +t(x(q+p) —n—m)+s(y—a?))+ (

) —lz)+ (ly — (n+m)*)2))]/[(—y(g +p)* +2(n+m)z(q+p) +ly —la* — (n+m)?)*]
h' = [(2(n+m)z —2(g+p)y)(al(n+m)z — (q+p)y) + ey — 22) +b((g + p)x —
n—m))/[(=(g+p)*y +ly —la* +2(n+m)(q+p)z — (n+m)*)?’] — bz — ay] /[~ (¢ +

p)*y +ly — lz* +2(n+m)(q + p)z — (n +m)?]

w
hgo %0 =0

~—
~+

_|_

—
[

ET

(
(

a(s((n+m)z—y(q+p)) +t((n+m)

<
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