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ABSTRACT OF DISSERTATION

DEVELOPMENT IN NORMAL MIXTURE AND MIXTURE OF EXPERTS
MODELING

In this dissertation, first we consider the problem of testing homogeneity and or-
der in a contaminated normal model, when the data is correlated under some known
covariance structure. To address this problem, we developed a moment based ho-
mogeneity and order test, and design weights for test statistics to increase power for
homogeneity test. We applied our test to microarray about Down’s syndrome data.
This dissertation also studies a singular Bayesian information criterion (sBIC) for a
bivariate hierarchical normal mixture model with varying weights, and develops a
new data dependent information criterion (SFLIC). We apply our model and criteria
to birthweight and gestational age data for the same model, whose purposes are to

select model complexity from data.
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Chapter 1 Introduction

1.1 Finite Mixture models

Finite mixture models provided an reasonable approach to modeling many phenomena
which can not be accurately described via a commonly encountered distribution. And
it can be used in many areas like: epidemiology, genetics, marketing(Jedidi et al.
[1997]), finance(Lamoureux and Lastrapes [1994]) and agriculture(Atkinson et al.
[1997]).

Example 1: In epidemiologic area, the mixture model can describe the birth-
weight distribution and guide inference about the relation between birthweight and
infant mortality(see Charnigo et al. [2010], Wilcox and T Russell [1986], Gage and
Therriault [1998]). Simple bell curves are not adequate to describe the birthweight
distribution, especially for low birthweight group(less than 2500g) which is uninfor-
mative and seldom justified. Also for different types of population, the data may be
shown in different feature. In such a scenario, mixture models are potentially inter-
pretable, since the components of the mixture may correspond to subpopulation with
biologically meaningful characteristics.

Example 2: Mixture models can also be used in genetics. Ott [1999] proposed
using a mixture of Binomials to describe the distribution of recombination between
genetic traits and markers. Since in a homogeneous population, the probability of
recombination # between a gene and a marker inherited by a child from a parent is

1

% if the gene and the marker are independent and is in [0, 5) if they are linked, the

model can be written as

1 1
AB(n,0)+ (1 — \)B(n, 5) where A € [0,1] 6 € [0, 5] and n € {2,3,...} .

Also, A is the unknown proportion of families with linkage and n is the family size.



Now we describe the model. We discuss two cases: with and without nuisance
parameters.Consider {f(y;0,58) : 0 € ©,5 € R} or {f(y;6) : 0 € O, } to be a family
of probability density( or mass) functions. Let B be the space of probability measures
on O.

Case one (with nuisance parameter 3) For a finite mixture model with k com-

ponents, the mixture density(or mass) function can be written as

k k

Z)\jf(x,é’j,ﬁ) where \; € [0,1] and Z)\j =1 (1.1)

j=1 j=1

And more generally speaking, the model can be written as

9(y: Q. B) = /f(y;H,ﬂ)dQ(H) forQeB (1.2)

a mixture density(or mass function) with mixing distribution Q. Note that, for a
finite mixture model, Q is a finitely supported discrete distribution.

Case two (without nuisance parameters) For a finite mixture , the mixture den-

sity(or mass) function is

k k
Z)xjf(x, 6;) where \; € [0,1] and Z)\j =1 (1.3)

j=1 j=1

The general model is defined by Charnigo and Pilla [2007]

9(y; Q) = /f(y;(?)dQ(G) for Qe B (1.4)

a mixture density(or mass function) with mixing distribution Q.

As noted above, Q is always modeled parametrically for a finite mixture model,
although Q can be modeled parametrically in the more general setting; for instance,
Q can be a normal distribution. If Q is modeled non-parametrically, g is referred to

as a semi-parametric mixture model(Charnigo and Pilla [2007]).



1.2 EM approach

A general description of the EM algorithm is provided by Dempster et al. [1977]. EM
approach is a general strategy to iteratively compute maximum-likelihood estimates
and has two general steps each iteration: expectation step(E step) and maximum
step(M step). For mixture models, we usually apply EM algorithm to estimate the
unknown parameters( here we assume, perhaps only temporarily that the number of
components is known), due to the following reasons. Firstly, EM algorithm provides
an approximation to MLE(maximum likelihood estimation) without requiring numer-
ical solutions to the difficult high-dimensional optimization problems. Secondly, we
can consider which component an individual belongs to as a latent variable, then
the mixture model can be expressed in terms of incomplete data. As mentioned in
Dempster, Laird and Rubin’s paper, EM approach has a more natural interpretation
than MLE in the context of incomplete data.

In what follows, we describe application of the EM algorithm to mixture model;
Suppose we have X7, Xs,...X,, be iid random variables from a finite mixture model

with k components

k k

Z)\jf(a:\,uj,ﬁ) where \; € [0,1] and Z)\j =1 (1.5)

j=1 j=1
Let z;; = I[individual i belongs to the j* component], then the complete data log-

likelihood function can be written as

n k

[(x,2z]0) = ZZzij[log Aij +1og f(xilpg, B)]. (1.6)

i=1 j=1
At the t'" iteration, perform the following two steps:
E-step

Put



Q010 = E[I(x, 2[0)x, \".. AW, pful, 5O) (1.7)

J
where quantities labeled (t) are estimates after iteration t.

Let

0 )‘jf(Ii|M§-t), p9)
wij o k () () (18>
Zj’:l )‘j/f(xi‘,uj' .0 )
Then equation 1.7 becomes:
n k n k
o> T w log i+ YD wl)) i g, B) (1.9)
i=1 j=1 i=1 j=1

For example, if f(z;p;, 5) is normal with mean p; and variance /3, then we obtain

n k

n k N2
DS wi log A + ZZwS)[—%logﬁ - %%] (1.10)

i=1 j=1 i=1 j=1
M-step
Maximizing the function 1.10 gives the estimator after the next iteration. Con-

tinuing our normal example, we have

n (t)
NG Dic1 W;
J

n

Y

n t
(t+1) Dict wz(j)xi
p =

and

k n t (t+1)
ﬁ(tﬂ) _ Zj:l Zi:l wz(j) (zi — s )2

k n (t)
Zj:l D ic1 Wi



Then, update 1.10 with the new parameter estimates, and iterate until
™YY BN AT — 1 8O A <

, for some small ¢ > 0; that is iterate until the likelihood converges. And if the
model is correct, then under regularity conditions, the MLE’s as approximated by the
EM approach are y/n-consistent(Redner and Walker [1984]). Note, /n-consistency
dose not hold if the model is not correct(i.e. there are either too few or two many

components).

1.3 Estimate the number of mixture component

Testing

Let m := [supp Q| an important but challenging problem in mixture model is deter-
mining m, which is the order of the mixture distribution.
Even for the simplest case, testing for homogeneity in finite mixture models with-

out nuisances parameters(1 component vs. 2 component) is not that easy.i.e

(1 —7)f(x;01) + v f(x;02),01,0, € ©,~v € [0,1] (1.11)

where {f(z;0),0 € ©} is family of pdfs(or pmfs).

Testing hypothesis:

Hy:~v(1—~)(02—6,) =0wvs. H :v(1—7)(02—601)#0

(If Hy is true, then equation(1.11) simplifies to f(x,8y) for some 6.) is not easy.
LRT (likelihood ratio test) seems to be the best choice since it locally ;most power-

ful test(Chen et al. [2001]). But Hartigan [1985] showed that the LRT statistics will

diverges to oo under the null hypothesis(homogeneity) when the family is normal,

which has known mean 6;, unknown mean 6,, standard deviation equals to 1 and



© = R. To solve this problem, much research has been done (see McLachlan and
Basford [1988], Lindsay [1995], and reference therein ).

More recently, Chen et al. [2001], Dacunha-Castelle et al. [1999] showed that if ©
is compact, 61, 0o, v are unknown and { f(z,0),: § € O} satisfied some condition, then
the LRT statistic will converges in law to a random variable supgee{(maz (0, W (0)))?},
where {WW(0),60 € ©} is a Gaussian process. Even though we have the limit distribu-
tion of the test statistic, there are still some problems. Since the Gaussian process
depends on the parameter space O, it may vary as the space is changed. Even we
fixed a space, the critical value is hard to calculate.Chen et al. [2001] developed a new
method by introducing the MLRT (Modified likelihood ratio test). Different from the
LRT, MLRT adds a penalty term into the likelihood function, in order to force the
estimator of v away from 0 and 1. Then under basically the same condition, MLRT
statistic converges in law to (max(0,W(6y))%. Then under null hypothesis, 0y, 6,
unknown, test statistic will converge in law to %X% + %X% (where x2 is a degenerate
random variable at value 0). The MLRT is also a locally most powerful test and has
asymptotic tractable distribution under the null. Further more, Dai and Charnigo
[2008] showed that forf); known,fy, vy unknown, the MLRT statistic will converge in
law to x2 under the null hypothesis, where the k£ € N is known, and is the dimension
of parameter space.

The MLRT also has some drawbacks, like the formal expressions for the test
statistic in terms of parameter estimators are not only complicated, but also still
require the exact value of zy...x,. Charnigo and Sun [2004] proposed a new test,
D-test, which is based on the L? distance between a fitted homogeneous model and a
fitted heterogeneous model. This test may be applied for mixture from a parametric
family of continuous distribution and has a greater advantage than MLRT if the full
dataset is not readily accessible, since D-test statistics depend on data only through
mixture parameter estimators and has a simple form. Also, if 0y, 05,7 are estimated

using modified likelihood, D-test statistic has a tractable null distribution which is



provided in Charnigo and Sun [2010]. Charnigo and Sun also developed a test for
mixtures from a parametric family of discrete distributions in 2008(see Charnigo and
Sun [2008]), called W-test. This test is competitive with MLRT in terms of power,
and it also depends on data solely through the parameter estimators. Moreover, in
many situation, W-test can use large sample critical value with small to moderate
size samples.

It seems that the problem of choosing the order of the mixture model is solved
by those tests. For more complex cases, however, like testing 2 components vs. 3
components or even a test of homogeneity under more general circumstances, those
tests can not be easily be applied, since the asymptotic distribution is unclear. To
solve this problem, Chen and Li [2009] proposed the EM-test, which has a simple
limiting distribution. This test based on the EM algorithm using a small number of
iterates to estimate parameters before construction the test statistics. The limiting
distribution of the EM-test statistic has a nice asymptotic distribution, for testing 1
component vs. 2 components, it has the same asymptotic distribution as the MLRT.
While for 2 components vs. 3 or 4 components, under the null hypothesis, the EM-
test statistic converges in law to agx3 + a1 X} + aax3 where o, ay, ap sum up to 1 and
can be calculated based on the parametric family {f(x,0) : € ©}. And for testing 3
components vs. 4,5 or 6 components, the asymptotic form of the test statistic under
the null hypothesis is agxZ + a1x? + azx3 + azxi where ag, a1, ag, a3 sum up to 1
and can be calculated based on the parametric family {f(z,0) : § € ©}. These are
useful results, but the EM-test does have some complications: Firstly, for testing
1 vs. 2 components, the weight for the chi-square distributions are immediately
apparent. But it seems less easy to solve ag to as for testing 3 components vs. 4,5 or
6 components. Secondly, the level of significance is associated with sequential testing,
which makes its ascertainment complex. What’s more, the test works beautifully if ¢
is a scalar, but above conclusions do not hold for the case in which 6 is a vector nor

for hierarchical mixture models. There is much work remaining to be done.



Information criterion

Besides testing, another major contribution to selecting the proper number of mixture
components is the development of model selection criteria, such as AIC(Akaike infor-
mation criterion) and BIC(Bayesian information criterion). These two criteria belong
to the family of penalized likelihood criteria, as well as the algorithm provided by
Figueiredo and Leita [1993] for estimating a mixture model. Suppose we generalized
our model selection problem wit h models indexed by m € {1,2...M}. Denote the
complexities of those models to be C; < Cy < ... < C)y;. Then the AIC(Akaike [1973))
and BIC(Schwarz et al. [1978]) have penalty terms 2C,, and C,, logn respectively.
Figueiredo and Leita [1993] showed an criterion named MMDL(mixture minimum
description length type criterion) which is based on the identication of an equiva-
lent sample size, for each component. MMDL introduced a lower penalty than BIC,
but still compatible with BIC. Lahiri [2001] showed that the AIC is an inconsistent
estimator when n is large, while the BIC will underestimate the number of compo-
nents when n is small. So some researchers have defined new criteria which could
have the consistency of BIC, while also retaining the small sample performance of
AIC. Keribin [2000] proposed an almost surely consistent penalized likelihood esti-
mator for given appropriate penalization sequence, based on locally conic parameter-
izations(Dacunha-Castelle et al. [1999]).However, Kerbin’s estimator did not have a
data-dependent penalty.

Thus, Pilla and Charnigo [2006] proposed a new model selection criteria named
FLIC(Flexible information criterion). FLIC performs better than BIC when com-
ponents are poorly separated and n is small, while also performing better than
AIC when components are well separated and n is large. Importantly, FLIC takes
into account the structure of the data to determine the strength of the penalty
term. More specifically, when the dimension of 6 is 3m, the penalty term for FLIC
is 2(log /)2 (3m — 1), where 3m-1 is the number of free parameters in a m-

component mixture model. n is the sample size, § denotes the fraction of within-



$[(log vn)7]—2(1)
1-o(1)

component variability to the total variability, and B(n,vy) = is a bi-
variate function taking a value between 0 and 1. Since the penalty term is not only
determined by simple size n, but also by the data configuration, it tends to select
more components if the data suggest greater heterogeneity.

Drton and Plummer [2013] proposed a new information criterion called sBIC(singular
Bayesian information criterion), which is a Bayesian information criterion in context
of a singular model selection problem. Note that the singular model refers to the
models whose Fisher information matrices may be singular and fail to be invertible.
For BIC, the large sample quadratic approximation to the log-likelihood function
is not possible when the Fisher-information matrix is singular(Watanabe [2009a]).
However sBIC can circumvent this singularity problem. The sBIC agrees with the
BIC for regular model, and can be calculated without using the Monte Carlo compu-
tations. Since the sBIC makes use of the information about the learning coefficients
that capture the large sample behavior of the concerned marginal likelihood integrals,
the sBIC is not only consistent, but also enjoys some nice properties about Bayesian
model choice in singular settings, which normal BIC is not applicable due to the
invertible of Fisher information matrix. Note that sBIC penalty is no more stronger
than ordinary BIC penalty. Hence sBIC will select a equal or greater complexity than
BIC.

While the FLIC and sBIC have been applied to univariate mixture models, to our
knowledge, neither has been applied to multivariate mixture models expect in one
special case: a bivariate normal mixture(Fan [2014]). Fan [2014], Chapter 4 introduces
a hierarchical normal mixture model with nuisance parameters(HNP+NP model) and
applied the sBIC to it. Chapter 5 shows a new data dependent information criterion

inspired by Pilla and Charnigos FLIC (see Charnigo and Pilla [2007]) for HNP+NP

model.

Copyright© Meng Qi, 2016.



Chapter 2 Two component normal model under correlation

2.1 Modeling contamination under correlation

In microarray data analysis and large-scale hypothesis testing, p-values of multiple
tests can be modeled as a mixture of Beta distributions(Allison et al. [2002], Dai
and Charnigo [2008] ). Furthermore, Dai and Charnigo [2010] examined a different
approach of using a contaminated normal model to describe the distribution of Z
statistics from such tests.

For iid Z statistics, the homogeneity testing problem was solved by Dai and
Charnigo [2010]. They indicated that, under the null hypothesis, both the MLRT
statistic (modified likelihood ratio test, proposed by Chen et al. [2001]) and empir-
ical D-test statistic(proposed by Charnigo and Sun [2004]) will converge in law to
x3. Under any fixed alternative, MLRT statistic and D-test statistic will converge to
positive constant. Thus these tests are consistent. However, this theory can not be
applied to correlated Z statistics.

The assumption about iid may sometimes not be applicable, though, for example,
when 2 genes are in a common biological pathway, their expression levels that defined
two 7 statistics may be correlated with each other. This motivates the development
of methodology for analyzing the distribution of correlated Z statistics, specified
within known clusters by biological pathways. Even though the assumptions of known
clusters may not be perfect, it is more satisfactory in practice than assumptions of iid
data. In any event, the development of such methodology at least permits a rigorous
investigation of robustness of scientific conclusions to the assumption of iid data.
Therefore, in this chapter, we show a methodology to deal with correlated data, with
focus on homogeneity testing: 7Z statistics arising from tests of differential expression

on some genes constitute a second component with non-zero mean in a contaminated

10



normal model.

The problem description:

We start with paired correlated data. This is a special case which indicates that
there are only two genes in each biological pathway. The data is constructed as
following: let X € {1,2} be a variable identifying component membership, P(X =
2) = A\, where 0 < A < 1. Consider Y|X =1~ N(0,1), Y|X =2~ N(u,1). So

Y ~ (1= AN(0,1) + AN (1 1),

a contaminated normal without nuisance parameters, the variance is known to be 1
for each component.

Suppose Y7 and Y; may be correlated. Let Z;, Z>, Z3 be independent, 2, Zy ~
N(0,0%), Zs ~ N(0,7%), put Y1 = Zy + (X1 — 1) + Zs, Yo = Zo + p(Xo — 1) + Z3,

2 are known.

here we assume o2 + 72 = 1 for now and that o2, 7
Now, we will show the calculations of conditional and marginal moments of a
contaminated normal distribution, which are necessary for establishing a homogeneity
test for whether some genes are differentially expressed.There are some questions:
Question 1
If X7 = Xy = X(perfectly dependent component membership), then the correla-

tion between Y; and Y5 conditionally on X and marginally follow:

Conditionally, we can find
E(Yi[X) = E(Y|X) = p(X — 1)

cov(Y1, V2| X) = E[(Y1 — E(Y1]X)) (Y2 — E(Y2|X)] = 72
var(Y11X) = var(Z,) +var(Zs) = o* + 172 =1

Then the covariance matrix of Y; and Y5 is

Y=

11



Marginally, we can find
E(X)) =E(X2) =1+ A

E(Y1) =E(Yz) = p(1+A) — p = pA
cov(Y1,Yz) = E[(Y1 — E(Y1)) (Y2 — E(Y2)] = pA(1 = A) + 7
var(Yy) = var(Yy) = o® + 72 + A1 = A) = 1+ p®A(1 — N
Then, the covariance matrix of Y; and Y5 is
L+ p2A(1—X) 72+ 201 —))
T2+ 21 =N 1+ 2N = N)
Question 2
If X, X, are independent then the correlations between Y; and Y5, conditionally
on (X1, Xs) follow:
Conditionally, we can find:
E(Y1[X1) = p(X1 —1) and  E(Yz|X2) = p(Xz — 1)
cov(Y1, Y| X1, Xy) = 72
var(Yi|X1) = var(Ya| Xp) = o* + 172 =1

Then, the covariance matrix of Y; and Y5 is
Y

. Marginally, we can find:

E(Y1) = E(Y>) = pA
cov(Y1,Ys) = 72
var(Y1) = var(Yy) = 1+ A1 — \)
Then, the covariance matrix of Y; and Y5 is
14 2A(1—=)) 2

72 1+ A1 = ))

12



Question 3

Suppose that X; # X5 but X; and X, are correlated.

X 10
var = A1 =)
X 0 1

for 6 € (0,1)
Marginally, we can find:

E(X)) =E(X,) =1+ A

E(Y) = B(Y) = i\
cov(Y1, Ya| (X1, X2)) = 72 + p20N(1 — \)
var(Yy) = var(Yy) = 14 p?A(1 — )

Conditionally, we have

E(Y1[X1) = p(Xy —1)
E(Y2|X2) = u(X2 — 1)
cov(Y1,Ys| X1, Xy) = 72

var(Y1|X,) = var(Ya|Xs) = 0® + 7% =1

2.2 Define moment estimators

Toward developing a homogeneity test, we will define moment estimators:

n n

my=n"" Z(Yh +Yy) and mp=n"" Z(Yu + Yy;)?
i=1 i=1
since

E(Yi; + Ya:) = 2uA

E(Yy; + Yoi)? = 4p* A2 + 207 + 202 A (1 — A) + 472 + 2020 (1 — ),

13



Then we define 11 and X by
= 20\
iy = AR2N2 + 202 + 272N (1 — ) + 472 + 2020 (1 — \).

which may be solved as follows:

3 (14-6)m?

2(ma—m3—2—272)+(14+0)m? (2.1)
~ _ my
H 2X

2.3 Homogeneity hypothesis Testing

Testing null hypothesis uA = 0 is the homogeneity testing: some genes differently ex-
pressed as represented by a second component with non-zero mean in a contaminated
normal model.

We consider a moment-based approach for testing the hypothesis since for like-
lihood ratio test, the assumption of regularity conditions is violated, such as identi-
fiability (Chen et al. [2001]; Dai and Charnigo [2008]). We first show a special case
which is paired correlated data. Then we show a more general case for different size

of clusters.

Only with paired data per group

Description

As before, k1, kappas are discrete random variables taking values 1 or 2 and are
defined as follows: P(kappa; = 1) =1 — A\, P(kappa; = 2) = A\, where i = 1,2. For
calculation convenience, we further define X; = k; — 1, thus

P(X;=0)=1—-\P(X;,=1) =\, wherei=1,2.

X 10
var = A1 = N),
X5 0 1

where 6 € [0, 1]
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Let Zy, Zs, Z3 be iid Normal(0,1) random variables,
ViXi=z~pr+oZ+ 775

}/1|X2:$NM33+O'ZQ+TZ:;

Testing
For testing
Hy:pu\N=0wvs. Hy: uX # 0,

define m = (mq, ms), m = (my,m3); where

my = n~t Y00 (Vi + Yai)
my = n 'Y (Vi + Ya)?
and
m; = E(Yi+Yy) = 2u\
my = E(Yy+Y5)? = 24272+ 20201 — \)(1 +60) + 4p\?

Then for testing the hypothesis, under Hy m; = 0, while under H, m; # 0, then

define
V(m) = war(my) = Emp— (Emp)?
V(m) = var(my) = m—mi’

Then under the null hypothesis, m; = 0, thus by central limit theorem and slutsky’s

theorem:
Vn—2 4 N(0,1)
V(m)
Counsider
T= |2 (2.2)
V(m)

and let z, denote the p quantile of standard normal distribution. Then we have

proved
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Theorem 1: Under null hypothesis:

lim P(|T| > z1-as2) = @

n—oQ
for any a € (0,1).

Theorem 2 Under any fixed alternative, m; # 0

lim P(|T| > Zlfa/Q) =1

n—o0

for any o € (0,1). Theorem 2 is a corollary of Theorem 4.

Generalized case

Description
Suppose the data is clustered in known groups of size m;, Xi;, Xo;,...X,,,; are
discrete random variables taking values 1 or 2 and are defined as follows P(X; = 0) =

1 -\ P(X;=1)=A\, wherei=1,2,...my;

X 1 6 ... 46
X 6 1 ... 0

var = A1 =),
Xy o 6 .. 1

where 0 € [0,1]
Then define Zy;, Z1;, ... Z(m,41); be iid standard normal, then

Vil Xu=2 = pr+0Zy+ 720m11)i
YoilXos =0 = px+ 02y + 7Zm11)i
Yiiil Xns =0 = px + 0Zpi + 72 0m41)i

We divide analysis into three cases:
Case 1 When n is finite but minm,; goes to infinity. In real case study, this
indicates that the number of biological pathways is finite, but size of each biological

pathway approaches infinity.

16



For any fixed i, there is no constant limit of -~ L Zml Y, just use a simple example
to illustrate

Without loss of generality, suppose min;<;<, m; is my.Suppose ¢ = 1, if X;; =
Xo1 = ... = X1 = 0, then Yy, Y5, .Y, are N(0,0%) random variables; While
if X117 = Xo1 = ... = X1 = 1, then Y7y, Y5,...Y,,,1 are N(u,0?) random vari-
ables. Thus m;* Z;”l Yj; cannot converge to Au, precluding a test based on such
convergence.

Case 2 When all m)s and n are all goes to infinity, which indicates that both the
number of subjects and the biological pathways become infinity large;

Here we assume that all m!s are equal to m, then

Yii+Y+...+ Y, 21+ Lo + ..l Xy + Xoi + .. X
it 2;; + :U( Gl :n+ )-I—M i jn+ + T2 (mt1)i (2.3)

Since
eyt 0Z; is N(0,0°/nm)
i1 T myi is  N(0,7%/n),

since pB(o- >0, D00 pXGi) = A and var(on Y0 DO pXGi) = %)\(1 - N1 -
0) + LON(1 — V),
1 z”: -
mn
=1 j=

puXji — pA) —>N(0 p2ON(1 — X)/m).

Then

n m

JHZZ — 1A) 5 N0, J20N(1 = \) +72)

=1 j=1

Case 3 When m!s are all bounded, but n goes to infinity;

This case is the one we focus on. First, define:

(2.4)



and

mi = E(m§) = pA
ms = E(mg) = 1+ p*)
In order to get a test with the best local power , we consider adding a weight to each

cluster. For a weight w;, define

i=1
We have
m* =E(m*) =n""! Z Wi A (2.6)
i=1
and

—

var(m*) =wvar(n™' Y0 w;(Yi; + .. + Vo))
=n"2Y " wimvar(Yir) + mi(m; — 1)cov(Yir, Yi2)]
=072 3L wimi (AL = A) 4 1) + 072 300 wimi(mi — 1) (pP0A(1 = A) 4 77)
e
(2.7)
where P; = m; (12 X(1 — X) + 1) +m;(m; — 1) (p20XM(1 — N) + 72).

We may estimate thus as

—
—

var(m*) =n"2% " W mz( A1 =)+ 1) +n2 S @ m(my — 1)(7260(1 — \) + 72)

_ n—2 Zl 1 “
(2.8)
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where P, = my(72A(1 — A) + 1) + mi(m; — 1)(720A(1 — A) + 72) and @; is to be
determined.

We write w; instead of w; since as we will see, w; will depend on f’l

How to choose the weight w;, first we need to calculate the local power for testing

Hy: ph =0 vs. H, : u\ # 0. We set the local alternative to be H} : u\ = cn™'/2,

where ¢ is a constant and ¢ € (0,00). Let T = —2—— Then under the locall
(0.0 Ve v

alternative,

n =1/ 2" wim en” M 2xn L3R wim;
P(|T| > 1.96) =P(T — ¢ =1 > 1.96 — =1
(7] > 1.96) =B =] o By eom

—HP(T . en™1 /2" wym, < -1.96 — en™ 12" wym, )

var(v'm*) v/ var(m*)

—1/2 —1/2

1/2

—1 n
¥ D iy Wi )

\/UG,T(T?L\*)
(2.9)

xn L 2?21 wimi) + 1 _ @(196 _cn

~ d(—-1.96 — & =
( \/var(m*)

Next, choose w; to maximize

1\
N iy Wil

var(m*)
Since
nTl Y w3 wim
var(m*) 2 wib;
, then, if 0 <w; <1and ) w; =1, define
) = =T
- (Zj:l w;jm;)?
> i WP -
F(w) = == + A(1 - w;)
- (Zj:l wjm;)? Z

Here F'(w) is defined for optimization by Lagrange multiplier. Next, try to minimize

F(w) with respect to w;. Take derivative with respect to w; and setting to zero:

oF — aniPi _ 222:1 ’LUJQ.iji _ )\ _ O
8w,- (ijl wjmj)z ( j=1 w]-mj)3 (2 10)
= w: = ms Z?:l wJZPj A(Z?:1 wjmj)2
? Pl 2?21 wim; QPZ
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Since Y, w; = 1, then

_ JIJJ
1 wmjzij

= \= — — . (2.11)
(Zj:l wjmj) Zj:l 2113]-
If set w; = ==& take back to equation 2.11, we have
Py
l— =ty S0 B
\ = Zj=12?3 2321 P; —0
n m; n 1
(Zj:l pjTJ%)Q Zj:l 2P;
Then equation 2.10 satisfying:
OF _ 2wP 2 i wibmi _ o
Ow;  (Xj_ywimy)? i wimg)®
Thus, the solution w; = 4 Z minimizes the equation F'(w).
P
We could use the moment estimator of the unknown parameters,
e —e?
n= T2 and A= —1
mg ms — 1
Then define
By = =, (2.12)
DL~
where Py := m; (f2N(1 — A) + 1) + my(m; — 1)(120A(1 — X) + 72), and
var(m Zw mi (PN (1 — Zw ma(m; — 1)(I20A(1 = X) + 7).
(2.13)

Next we discuss the size, power and local power of the test.
To test
Hy:ph=0wvs. Hy : uA # 0,

we set the test statistic:
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Y L — (2.14)

var(m*)

Since the denominator contains unknown parameters, if we further assume that m;’s

—

are bounded above and have some discrete distribution, we could use UCLT(??/’L\*) ap-

proximate var(m*), then

Tr— (2.15)

var(m*)
Under null hypothesis H; : pA = 0, If we assume that m,; are all bounded

above and have some discrete distribution. Then we have

1 = 1
1—|—(m1—1)7'2/z 1—{—(mi—1)72’

=1

w; =

and

By Continuous Mapping Theorem and Slutsky’s Theorem,
A1 =N +151 and p@20M1—N)+7>5 72
thus, ]31 Loy + m;(m; + 1)7% uniformly over i, then

1 n 1
w; 1+(m¢fl)72/zi:1 1+(m;—1)12 »p

w; m;/(F; Z?:l %])

uniformly over i.

Moreover,
var(m*)  n2Y. " @ P
—=_ n2S" WP =1,
var(m*) =1t
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then by Slutsky’s Theorem,
T4 N(0,1). under H,.

We have thus established
Theorem 3: Under the null hypothesis:

lim P(|T'| > 21_4/2) = «,

n—oo

where a € (0, 1).
Under local alternative H* : u\ = en='/? where ¢ > 0.

Note that ﬁx %0, then by CMT(Continuous Mapping Theorem) and Slutsky’s

Theorem,

and
n ~ 2
LW p
Zz—l ? \ 1.
D i Wy
i=1 "1

note that w; here are slightly different than on last page.

Furthermore,
var(nj\) 7y
var(m*)
Therefore,
m* en 2"t wimy [ var(m*)
P(|T] > Z—a/2) = P — — =1 =
(71> 1oaps) = BB — o Pl [t
en™ 1 2n= S wimy [ var(m®)
>z — + j\l - =
1-a/2 var(m*) var(m*) (2 16)
m* en™2n =t wimy [ var(m*) '
+P(—E— — =L —
(\/’U(IT(TI/’L\*) \/fuar(m*) var(m*)
en~12p= 1S wimy [ var(m*
S TFa2 Uarz(:f;;; - E/\*;
Moreover,
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en= 2=t wmy en=M2n =S wmy

V/var(m®) B V2 w? [;ni(ﬂ2>\(1*)\)+1)+mi(mz‘*l)(#29>\(1*>\)+72)]
i1 m (2.17)

sTho

m
n
nY i
= n )2 p.
\j Sy PP

Put M =377 %?, we have

var(ﬂ?) ﬁ,/nzﬁzl 7%2 (218)

where P, = m;(12A(1 = X) + 1) + m;(m; — 1)(p?0M(1 — X) + 72).
Since we assume m;s are bound above for each i, and if we further assume that

m; has some distribution: for example

Thus, m.s are iid random variables and E(m;) = Then, under the assumption

5-
about m;,

1 m: » 1 4 +1 9
P 22+272 234672

=1

some finite number. Thus establish

Theorem 4: Under the local alternative and the assumption about m; above:

limy, o0 P([T] > Zl*a/2) = q’(_zlfa/? o C\/% 2+272 + %34—967'2)
+1 = @(z1-072 — c\/éﬁ +355) (2.19)

~1_ _ 14 1 9
R 1= (2102 C\/2 5o T 53762 )

which is between 0 and 1. Here a € (0,1).

Under a fixed alternative H; : u\ = pi Ay, where \; € (0,1] and pq >0

23



Since under our assumption about m;,

2
-1 : P1 4
Zz‘:l P; - 2 2(p2 A1 (1-A1)+1)+2(p20A1 (1—-A1)+72)
+3 ¢
2 3(pfA 1 (1=A1)+1)+6(u70A1 (1-1)+72)
Then

n 2
m; p

E — — 00
P

=1

Thus we proved :

Theorem 5: Under a fixed alternative, since % — 1.

m* An—L Wi var(m*
BT| > 21map2) = B — 0 A0S

pidn 1w fvar(m*) )

> Zl—aj2 —

var(m*) Um*)
* —1 n . *
PP wn B [t
\/vm'(rﬁ\*) \/var(rﬁ\*) var(m*)
< —2 a2 — pidn~t S ws var(m* ))

var(m*) var(m*

(I)( Z1-a/2 _Ml)\l \/ i= 1 P \/
m?2 var(m*
1= @210/ — My iy B 7(>—*)

— B(—00)+1—D(—c0)=0+1—-0=1

Some special cases

1. If m!s are equal to m

Then,
1
W =Wy =... =W, = —
n
n m
m* =n"2 Y.
= E gr
i=1 j=1

var(m*) = n 3 (mEPAL = X) + 1) + m(m — D201 — \) + 72))

oM n VY Y Y

\/w;(ﬁ*) \/m(ﬂf):(l —N) 4+ 1) +m(m — 1) (E20A(1 = A) + 72)

24
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2. If there are no correlations, i.e: =0, 7 =0

Then,
—~ m; 1
mi(PAL =N + 1) L et
7YY,
i=1 j=1

’U(I’l”/\ —n4zml 2)\1_ ) )

Z’L 12; 1 Yii

\/varm* \/AQ)\l_ +1)Z7, 1 MYy

(2.22)

2.4 Simulations

We did size and power simulations for general case, and special cases when m/s are
all equal to m( here we set m=>5).

For special case:

For size simulation, we estimate the rejection rate under the null hypothesis. We

take Y1;, Yo, .Y, i = 1,2, .., n from normal distribution with

Y, 1 72 72

Yo, 2 1 72
var =

Yo 2 72 1

Here we take 72 = 0.3 and 72 = 0.6 respectively, sample size n from 20 to 1500.For
each of various sample size, we generate 2000 sets of normal data. Next, we calculate
how many times out of 2000, we reject Hy based on theoretical critical value as
estimated size of the test. As shown in figure 2.1 and figure 2.2, the estimated size
all fall in the band of 0.05(%0.01)( the nominal rejection rate is 0.05), this result is

satisfactory.
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Estimated Rejection Rate
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Figure 2.1: Simulation Size 2000, special case, 7 = 0.3,0° = 0.7
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Figure 2.2: Simulation Size 2000, special case,7?> = 0.6,02 = 0.4

The power simulation concerns the behavior of the test under a fixed alternative.
We generate data from a contaminated normal mixture distribution. We take sample

size n = 500, p varies from 0.01 to 1.5 and A is various increments from 0.01 to 1 by
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0.1.

First we generate Xy;,...X,,; as correlated binary data with correlation 8 = 0.3,
next generate Zi;...Zny; from N(0,0?) where 0? = 0.4, and Z,41); from N(0,7?)
where 72 = 0.6. Thuslet Y;; = puXji+Zji+Zmy1yi wherei = 1,2, ...,n, j = 1,2,...,m,
Yii, Yo, .Y, are from (1 — A)N(0,1) + AN (p, 1)

We estimate the rates that we reject Hy based on theoretical critical value as
estimated power of the test. As shown in figure 2.3, for a fixed A away from 0, when
we increase p, or for a fixed g > 0.3 when we increase A, the power goes to 1. This
is believable since for ;1 and A away from 0, the probability of rejecting H, should go
to 1.

00 05 1.0 15

Figure 2.3: Simulation Size 2000, special case,72 = 0.3, 02 = 0.7

Next, we take 72 = 0.6 and 02 = 0.4, other settings remain the same, the power
simulation is shown in figure 2.4, which is also satisfactory.

For general case:

For size simulation, m;s are chosen to be 2 or 3 each with probability % We take

n from 100 to 1500, for each of various sample sizes, we generate 2000 sets of normal

data. We take A = 0.3, 0 = 0.3 02 = 0.4 and 72 = 0.6.
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Figure 2.4: Simulation Size 2000, special case,72 = 0.6, 02 = 0.4

As show in figure 2.5, the sizes fall in the band of 0.05(£0.01)( the nominal

rejection rate is 0.05), which is satisfactory.

sized

abs(0.05 - size3)

004 0.08

0.00

004

-004 000

Estimated Rejection Rate

Figure 2.5: Simulation Size 2000, general case,7> = 0.3, 02 = 0.7

Again, we tried 72 = 0.6, 02 = 0.4, while other settings remain the same. The

plot is shown in figure 2.6.

For power simulation, m;s are chosen to be either 2 or 3 with probability % We

take sample size n to be 500, p from 0.01 to 1.3 in various increments and A from 0
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Estimated Rejection Rate
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Figure 2.6: Simulation Size 2000, general case,7> = 0.6, 02 = 0.4

to 1 by 0.1.
The result shown in figure 2.7 is satisfactory, since the power of the test goes to

1 when p) is away from 0.

1.0

06
I

04

0.0
I

Figure 2.7: Simulation Size 2000, general case,7> = 0.3, 02 = 0.7

Next, we change 72 = 0.6 and ¢? = 0.4, the contour plot is shown in figure 2.8.

As we can see, similarly the power will go to 1 when pA is away from 0, and since
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o? is smaller, which means that there is less between subject correlations, then the

effective sample size becomes larger than 2.7, thus the power goes to 1 faster.

00 02 04 06 08 10 12

Figure 2.8: Simulation Size 2000, general case,72 = 0.6, 02 = 0.4

2.5 Real data application

For this section, we analyze microarray data from Mao et al. [2005], data can be
download from http://www.partek.com. According to Mao’s description, Down’s
syndrome is caused by an extra copy of chromosome 21, so we examine chromosome
21 only. In the data set, there are four samples from four human subjects with Down’s
syndrome from cerebral tissue, as well as seven samples without Down’s syndrome
from four human subjects. There are in total 251 genes of interest.

For each of the 251 genes, we apply method mentioned in Charnigo et al. [2013].
First, we fit a linear mixed model Y}; = By + f12;+ ;i +¢e;; where ¢ = 1,2,...,8;7 = 1,2
for each of the 251 genes. Here Y;; denotes the gene expression level in sample j from
subject i, and z; is the indicator of Down’s syndrome: x; = 1 if subject i has Down’s
syndrome, otherwise, x; = 0. By using the R function lme in nlme package, we

can get 251 T-statistics of testing 5; = 0. For each of the 251 T-statistics, we
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transformed them through T cumulative distribution function(cdf) and the inverse
standard normal cdf to get 251 Z-statistics.

Next, we use EM algorithm get the fitted contaminated normal mixture model
(1=A)N(0,1) +AN(zi, 1) with (X, 7)) = (0.29,2.41). Figure 3.16 shows the histogram
of Z-statistics, fitted standard normal curve, and fitted contaminated normal mixture
model with (X, i) = (0.29,2.41) when we assume that there is no correlation among

the Y'’s.

Histogram of z statistics

04

Density
02
1

0.1

0o
1

I T T T T T 1
] 4 -2 0 2 4 6

z-statistics

Figure 2.9: Histogram of Z-statistics, blue line is fitted standard normal curve, red
line is fitted contaminated normal mixture model with (X, ) = (0.29,2.41)

To construct the test, we first need to group the 251 Z-statistics. We sepa-
rate those Z-statistics into 6 groups according to different Chromosomal locations
of Chromosome 21(q21,q22.1,q22.2,q22.3,q23,0ther locations). The group size are
(mq, mg, ms, mg, ms, mg) = (20,54,23,122,23,9) and n = 6. Here we assume that
the correlation structure within each group is known as compound symmetric with
known 6 and 72. Figure 2.10 shows the contour plots of P-values. As we can see in

the plot, the contour are close to the straight lines, and as we increase § and 72, the
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p-value also increases. We use a red dashed line to separate the region of accepting
and rejecting Hy : pA = 0 at a = 0.05.

The result is reasonable since when we increase # and 7, the effective sample
size decreases, so the power of the test is decreasing. This also indicates that if
we ignore the correlation structure of some correlated data, we may obtain some
wrong inferences. This result is consistent with many published articles, for example,
Goeman and Biihlmann [2007] show by simulation that, for some gene expression
models which are based on independence assumption between genes, the P-values
derived can be wildly anti-conservative. Moreover, as we can see in Figure 2.9, the
contaminated normal mixture model is also not a good fit for the data. Note that h\
and [ as obtained previously do assume independence: 7> = 0 and § = 0. But for

2 and 0, X and i will change. To update X and i for

the test, when we increase 7
different 72 and 6, we use optim in R to minimize the negative likelihood, and using
(/):, i) = (0.29,2.41) as initial values. The rationale is that 7iX should be consistently
estimated permitting its substitution for g\ in the denominator of a moment based
test statistics. As we can see if we update 1 and X, the shape of the contour does not
change noticeably, only the slope changes slightly. Comparing Figure 2.10 and Figure
2.11, we see that failing to take into account correlation may massively understate
the p-value, but failing to adjust for correlation in estimation of x and A( even when

taking correlation into account for the test statistic) may slightly understate the

p-value.

Copyright© Meng Qi, 2016.
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Figure 2.10: Contour plot of P-values with 72 and 0 fixed
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Figure 2.11: Contour plot of P-values with 72 and 0 changing with 72 and 6
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Chapter 3 Three component normal model under correlation

In chapter 2, we discussed contaminated mixture modeling under correlation. As we
mentioned in the application section, a two components normal mixture is not a good
fit of the presumably correlated Z-values, this motivates us to expand the method to
testing 2 versus 3 component when data is correlated under some known correlation

structure.

3.1 Three component normal model under correlation for paired data

First, we show the structure of three component normal model under correlated paired
data. Let X3 , Xs;, j=1,2,...,n, be random variables taking values from {0, 1, -1} and

with probability

where i=1, 2 and j=1, 2, ..., n. And the correlation between Xj,;, Xy; is 6 which is
treated as known.

Next, consider the joint probability distributions of X;; and Xs;. Define

a = ]P)(le = O,ng = 0) b= P(le = O,ng = 1) C = P(le = O,XQJ' = —1)
b= P(le = ]_,ng = 0) d= ]P)(le = ]_,ng = ].) f = P(le = 1,X2j = —1)
C = ]P(le = —1,X2j = O) f = P(le = —1,X2j = 1) e = ]P)(le = —1,X2j = —1)

We have the equations:
CL+b+C:1—)\1—>\2, b+d+f:>\1, C+f—|—6:)\2

The specific probabilities are
a = (1 —)\1 —)\2) — (]_ —9)(1 —Al —>\2)<>\1 +)\2)
b:(l—e)(l—)\l—)\g))\l 02(1—0)<1—)\1—)\2>)\2
d=X1—-0)+0N e=X(1-0)+0)y f=X\X(1-0).
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Define random variables
Y1 = Xo(Uixy =y xy =) +0 Zu+7Z; Yoy = Xoj(Iixy—1p+1x,=—1pt2) +0 Zoi+7Z],

where Zy;, Zy;, Z; are iid standard normal random variables, f, o, o, 7 are all
nonnegative and o, 7 are known with o? + 72 = 1. Then Yj;, Ys; are correlated
random variables distributed as 3 component normal mixture: (1 —XA; — o) N(0,1) +

AN (p1,1) + A2 N(—ps9, 1) and have marginal density function:

(1=A1—X2) exp(—4?/2)+1 exp(—(y—p1)?/2)+A2 exp(—(y+12)?/2)
(3.1)

f(Yz'j:y):

¥l
3

3.2 Define moments estimator

To develop a moment based test of 2 vs. 3 components with correlated data, we first

need to define the first six moments of the data. Define:

n

ms =nt Y (Vi+Yay)/2, ms=n" Z 24V2)/2, e =0t S (VEHYE)/2
J=1

j=1
Let m§ through m§ be the expected value of the moments respectively. In the follow-
ing calculation, we define X;I; := Iix,—yp1 + Iix,——1)(—p2), X517 = Iix,—ypi +
Iix,——1)(—p2)?, XPIP o= Iix,,—qpi + Iix,,——1)(—p2)® and so forth. Then we have

it
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mi =n"' 30 E((Yey + Ye5)/2) = i — pade
ms =n"' Y30 B((YY +Y5)/2) = B(XT T + 0?27, +72(Z7)%) = 1+ i + i3
m§ =n"' Y0 B((YS +Y5))/2) = M(id + 3p1) — Ao + 3pa)
( )/2)
Yz

mi =nt i BV 4 Yy)/2
=E(X{ 11 + o' Z{; + 74(Z7) + 6 X} [0 23, + 6 X7 IR 72(Z7)? + 60° 23, 72(Z7)?)

other terms expected value equal zero

= Aipif 4 Aopis + 3(0% + 7°)% + 6(0” + 7%) (uiM + p3As)

= A\ ] + Aopiy + 6ms — 3

=n"' 30 B +Y5))/2)

= E(X)\ 7+ 3X3, P (0 28 + 72(27)?) + X0 L (0228 + 7(Z7)?) + 3Xu L (0" 2},

[$14e}

THZHY + 30X L2 Z3 72 (Z5)? + 2X 1 L (o Z1, + 74(Z7)%)
+6XT, I (0?23, + 7(Z7)%))
other terms expected value equal zero
= 31 — iAo + 10(p3N — pdXo) + (1571 + 300272)
= piA — pdAg + 10m§ — 15ms
m = S B((YS + Y5)/2)
CE(XG IS+ 0828, + 75200 + 15(2 2, + (20D XATE + 15(0 2 + 721 X T2
+90(02Z% + 72(Z7))) XH I} + 1504 Z}, + 150222 + (Z7)*)
other terms expected value equal zero
= i1 + paAe + 15(piAn + padse) + 45(0” + 72)2 (WA + p3A2) + 15(0% + 7°)°

= pSA; + pShe + 15m§ — 45m$ + 15.
(3.2)

3.3 Hypothesis Testing

The test of 2 vs. 3 components is equivalent to testing Hy : AjpiiAope = 0 vs.
H, : AMpidapis # 0. Then if —AqpuqMopio (1 + p2)? = 0 holds, that implies that Hy is
true. Then let the test statistic be(Charnigo et al. [2013])
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M =m5 —2m5 —1+3mi — myms, (33)

we have

E(M) = =Xipmdopia(pn + p2)* =0 (3.4)
if Hy holds. Note that the test statistic contains first three moments. Next, consider

a variance-covariance matrix of the first three moments.Define

(Yn + Y21)(Yn + Y21) (Yn + Y21)(Yﬁ + Y221) (Yn + Yzl)(Yf’l + }/231)
Vi=cov | (Yii+Ya)(Y3+Y5) (YA+YH)(YA+YE) (Y3 +YA) (Y3 +Y5)
(Vi + Yo ) (Y2 +Y3) (YA +YS)(VE +Y5) (V3 +Y3) (VS +Y5)

Then

1
V =war ms = Zvl/n
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We have

cov(Y11 + Yar, Y11 + Ya1)

cov(Yiy + Yar, Y + Y5)

cov(Yiy + Ya1, Y + Y5))

= var(Y1 + Ya1) = 2var(Y11) + 2cov(Yiy, Ya1)
2[E(Y]) — (EY11)?] + 2[E(Y11Yar) — E(Y)E(Ya1)]
= 2[m§ — (m{)?] + 2[dpF — 2papaf + ep3 + 72 — (m)?]
2[(1 = O) (AT + 13N — 2ppe M Aa) + O(piA + p3h0)
+72 = (mf)?] + 2[m§ — (m5)?]
= 2[0mS — OmS? + 7% — 0] + 2[mS — (m§)?]
=2(1+0)(m§ — (m9)?) + 2(72 — 0)
= B((Yi1 + Ya1) (Y +Y5)) — E(Yir + Yar)E(YS + Y3)
= E(Y} + VYo + Y5 Y +Y5) — dmsms
= 2E(Y11YZ) + 2m§ — 4ms§ms
=2B(X L X312 + 073, X[ + 72(Z*) 2 X1 1) + 2 X1 1,(Z%)*72)
+2m§ — 4msmS other terms expected value equal zero
= 2pid + pupsf — pipaf — eps + (277 + 1)mS] + 2m§ — dmsmy
=2[(1 — 0)(m§ — 1)m§ + 6(m§ — 3mS) + (1 + 272)m¢]
+2m§ — dmsms
= 2(1 + 0)(m§ — m§m§) + 4m§ (72 — 0)
=E((Yi1 + Ya1) (Y + Y1) — E(Yi + Yo )E(Y7] + Y5))
=E(Y]] + Y + VY3 + Yi1Yar) — dmgmg
= 2E(Y11Y3}) + 2m§ — 4m§ms
= 2E(X 1 [ X3, I3 + 3X 11 [, Xoy I (02 Z2, + 72(Z9)?) + 74(Z7)*
FIXBBTA(ZE)? + 30 23R (Z0)) + 2m§ — dmsm

other terms expected value equal zero
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= 2(pid — s [ — pipaf + pie
+3(0” + 72)(pid — 2 pa f + pize) + 37

+

(N1 + i) T2 + 3720%) + 2m§ — 4mSmy
2((1 = 0)(mS§mS§ — 3m$) + 0(m§ — 6mS + 3) + 3(0 + 72)(m§ — 1)

+3(1 — 0)(m$)? + 37%(7% + 02)) + 2m§ — dm5mS§

2(1 + 0)(m§ — m§mg) — 6(72 — 0)m§

cov(Yii + Y51, Y +Y5) = var(Yii +Y5) = 2var(Yy) + 2co0(Yy, Y3))
= 2[E(Yy}) — (E(Y))?] + 2[B(YAY5) — E(Y3)E(YZ)]
= 2E(Y{3Y35) + 2(m§ — (m5)?) — 4(ms)”
= 2B(XP RXG I3 + (0225, + 2 (Z0)) X I + (0227,
+72(Z20)2) X513 + 20°T3(Z0)2 2% + 0% 23, 23, + 7H(Z5)*
+A4X11 11 Xoy I3 (Z%)% + 2(m§ — (m$)?) — 4(m$)?
other terms expected value equal zero
= 2[pid + 20315 f + pze + 2(0% + ) (i + p3Ae) + 0t + 20777
+37 + 472 (pid — 2papa f + pie) + 2(mg — (m5)?) — 4(ms)?
= 2(0m§ — 0(m$)* + 2(72 — 0) (7% — 1 + 2m§) + 272
(0 1)(@m§ — 2(mE)? — 1) + 2(m§ — (m3)?)
=20+ 1)(m5 — (m$)?) +4(7* — 0)(7* — 1 + 2ms)
+472(0 — 1)(2ms — 2(m$)* — 1)

cov(Y{ + Y5, Y +Y51) = E((Y +Y3) (Y1 +Y51)) — B + Y3)E(Y) +Y35)
=E(Y] + YAY5 + Y212V +Y3)) + dm§ms
= QE(YAY) + 2mg + 4mSmg
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= 2B(X 1 [ X3, I3 + 3XE 3 Xy [r(02 22, + T2(Z7)?)
+XU (0?28 + T4 Z7)?) + 3Xa[o(01 23, Z5, + T2 27, (Z7)°
+7202 25 (Z7)? + TH(Z7)") + 2X0u it (Z7)" + 6 X L X5 [T (Z)*
+6X11L72(Z7)2 0% Z3) + 2mE + 4m5mS
other terms expected value equal zero
= 2p8d — pipsf + pipsf — pse + (34 67%)(uid
—pipaf + s f — pde + i+ 1
—3he + 3(0* + 40272 + 571 (A1 — p2A2)] + 2mE + 4mSms
= 2(0 + 1)(mg — m§ms) + 120(7% — 1)(m§ — mS) + 127%(1
—0Ym§m§ + 127%(72 — 0)mS

cov(Yi + Y51, Vi, +Y51) = var(Yy +Y51) = 2var(Yy}) + 2c00(Y1], V3))
— 2[B(YS) — (E(VE))?] + 2BRYE) — EVE(YD)]
OR(YEYE) + 2mg — (m5)?) — 2(m5)?
= 2B(X3 X3, I3 + 3(02 2% + T2 Z;) X3 I3 X0y [ + 78756
+3X3 BT 7 + 302 23 T 7
F3XE A 7 + 9X2 X3 134 77
X R0 Z3 T2 752 + 3(0* 7%,
+2 2 X LX3, 13+ 9X 1 [ Xy [o (04 22, 73, + 202 22,72 732
+74Z) + 3X3 374 21402 72 + 34 20t 2,
FO01ZH 23T Z) + 2 — (mS)?) — A(m)?
other terms expected value equal zero

=2(0 + 1)(m§ — (m§)?) + 180(7% — 1)mS§ + 187%(1 — 0)(m$)?

+18msh(r* + 2 — 372)
+1872(1 — 0) (7% + 1)(m$)? + 1275 — 120
—18740 + 1872%0
Then, we could apply multivariate delta method to get the variance of test statis-

tics M: var(M) = G'V G where G is the matrix of the partial derivative, and defined
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as:

C _ nC
ome 6m{ —msg

G = OEM — c __
s 2mg — 2

OEM 2y C

oms my

Then, plug in the 3.2, we have
OEM
om§

var(M) = GVG = %E_f‘f

my
OEM
oms

Then the estimated variance is

6ms — m3 6ms — m§
var(M) = 2ms — 2 V| 2ms—2
Define the test statistic as
—2 — —~2 o~~~
T M _ ms —2ms — 1+ 3m{ —msm§
\/UGT(M) 67/)1\5—77/:% 67/n\§—n/1\§
oms—2 | V| 2m§—2
W\ =T

Under the null hypothesis

By multivariate central limit theory and Cramer Theorem (Ferguson, 1996, p.45),

M —EM
- 4 N(0,1).
var(M)
Then by slutsky’s theorem,
T M—-EM M var(M)

= 5 N(0,1).
N R
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Thus, we have proved:

Theorem 3.1:Under the null hypothesis,

lim P(T' < —z1_4) = v,

n—oo

where o € (0,1) and z;_, is the 1 — a quantile of a standard normal distribution, then
testing procedure is approximately level a. Notice, here we use one sided rejection
region, since as we define T" makes it no probability to be positive.

Under the local alternative hypothesis

Define the hypothesis as Hy : pipiadide = 0 vs Hyp @ papiodide = piATAS ton,
where uf, i, A5, are fixed positive numbers, while p19, = kn~'/2. Then under the
local alternative,

lim P(T < —-Z ) =lim [P(T — kn =12 s NS (pi4+-kn )2 [yar(M)
n—00 1—a/2 n—00 \/m ’Uar(M)

-z B kn =120 NS (i +kn=Y2)2 [ yar(M) )
1-0/2 \/m var(M)

k= Y2 NS (= Y2)2 [ var ()
v igng | vertn

-y k2 NS (pf+hn—1/2)2 /vmm
—Ll-a/2 — —
a n_1/2\/%G‘V1G var(M)

= (I)(_Zl—a/Q-

= lim,, 00 P[(T —

Since G 5 G and Vi 5 V4. If k — oo, then limy, o P(T < —Z1_qy5) = 1; If k — 0,
then lim,, oo P(T' < —Z1_4)2) = ®(—Z1_a/2)) = a. Thus, the test is asymptotically
locally unbiased, and we have proved

Theorem 3.2:Under the local alternative hypothesis Hgy : 112 A1 A2 = pi Aj A3 fhon,

k, *)\*)\* *2
lim P(T' < —Zi_qp2) = P(—Z1_a2 + H1A Aafh )

" JraiG

A fixed number between o and 1.

Under a fixed alternative hypothesis
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Consider a fixed alternative H, : pipodiAe = pipus ANy, where pj,pus, A7, A5 are

fixed positive numbers. Then

N1M§>‘*>‘ (Wi4p3)? var

var(
var( M

N1N§)\*)‘* (N1+M2)2 UGT(M))

var( )

<
@
3
—~
<
~

u1u§>\*>\*(m+uz)2 var(M)
var(M)
’UCLT

7 uwzk*k*(ul +/~Lz) var(M )
< T laj2 T Uar(M)
var

W ENENS (u1+u2)2 var(M)
_1/2\/—G e var(M)

/.LI/,LQ)\*)\*(M1+M2)2 vm/[)
> Zi-aj2 — var(M)>
n*1/2 —G V1G
EXEAS 2 [ var(M
+limy, o0 P(T — PIHZATAS (1 +p3) ’Ua?”(M)
_1/2\/—G e var(M)
W ENENS (1 +ps)? vm)
< _Zl—a/2 - M )
n—l/Q\/_GVG var(M)

. * /
== hmn%oo (I)(_Zl—a/Q + P )\Q(B\liuf)z : 2) +1
G iG

. * *)\*)\* + 2 1/2
— ity o0 B(Zy gy + ML) Ry
ZG G

= lim,,y00o P(T —

Thus, we have proved

Theorem 3.3:Under a fixed alternative hypothesis Hgy @ 110 A1 Ao = i ps A7 A3,

lim P<|T‘ > J_ a/g) 1.

n—oo
3.4 Simulation study of paired data

We did size and power simulation for this case.
Size simulation
For size simulation, we estimate the rejection rate under the null hypothesis. We

take 3 = 0, ps = 5, Ay = 0.2, Ay = 0.3, thus the model reduce to 2 component
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mixture normal: 0.7N(0,1) + 0.3N(=5,1). take 72 = 0.3 and 72 = 0.6 respectively,
sample size n from 20 to 1500.For each of various sample size, we generate 7000 sets
of two component normal data. Next, we calculate how many times out of 7000, we
reject Hy based on theoretical critical value as estimated size of the test. As shown in
figure 3.1 and figure 3.2, the estimated size all fall around 0.05( the nominal rejection

rate is 0.05), this result is satisfactory.

Estimated rejection rates

008
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Figure 3.1: Simulation Size 7000, 7° = 0.3,0° = 0.7
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Figure 3.2: Simulation Size 7000,7> = 0.6,0% = 0.4

Power simulation
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For power simulation, we generate data from a 3 component normal mixture
distribution: Ay N (g1, 1) + Ao N(—pu2, 1) + (1 — A; — Ag)N(0,1). We take sample size
n = 100. We simulate data with different  and 72, see figure 3.3 to figure 3.6.

Under each condition, we generate Xi;, Xo; as correlated data with correlation
0 € {0.2,0.7}, next generate Z;, Zy; from N(0, c?) where 6% € {0.8,0.3}, and Z} from
N(0,72) where 72 € {0.2,0.7}. Thuslet Yj; = (u1jx,,=1)—pi2[x,,=—1))+Z;i+Z; where
i=1,2,...,n,j=1,2,Y, Y are from Ay N (g1, 1) +Xa N (—po, 1)+(1=A1—A2) N (0, 1).

We estimate the rates that we reject Hy based on theoretical critical value as
estimated power of the test. As shown in figure, for a fixed A;(or \y) away from 0,
when we increase py(or ps), or for a fixed py(or ug) when we increase Aj(or Ag), the
power goes to 1. Also, for a fixed py, if we increase ps9, or for a fixed s, we increase
1, the power will also go to 1. This is believable since for ;A1 peAy away from 0, the
probability of rejecting Hy should go to 1.

Then if we compare the four figures for different # and 72, we could see that, the
power will increase faster to 1 for smaller § and 72 than larger ones. This makes sense

since if we increase the correlations, the effective sample size decreases. The effect of

changing 72, however, appears more pronounced than the effect of changing 6.

3.5 Three components normal model under correlation with group size

m

Next we consider a more general case: suppose each cluster has equal size of m(m >
2), then the data is constructed as following. Xi;, Xo;, ..., X;n; are correlated random

variables with values from {0, 1, -1} and with probability
]P(XZ] = ].) = )\17 ]P)(Xl = —1) = /\27 P(XZ = O) =1- /\1 — /\2,

where i=1, 2,....m and j=1, 2, ..., n. And the correlation is # > 0 which is known.
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Figure 3.4: Power simulation for § = 0.2,7% = 0.7

For i # k, we define the joint probability distributions of X;; and Xj; as

a=P(X;;=0,X);,=0) b=P(X;;=0,Xp;=1) c=P(X;; =0,Xy; =—1)

b=P(X;;=1,X;;=0) d=P(X;; =1,Xy,=1) f=P(X;; =1,X; =—-1)
c=PXi;=-1,Xp;=0) f=PX;;=-1,Xp;=1) e=P(Xy; =1, X; =—1).
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Figure 3.6: Power simulation for § = 0.7,72 = 0.7

Similar to m = 2, we can get
a = (1—)\1—)\2)—(1—9)(1—>\1—>\2)<>\1+)\2)
b:(l—e)(l—)\l—)\g))\l c:(1—9)(1—)\1—)\2)/\2
d=X1-0)+0N e=X(1—-0)+0)y f=X\X(1-0).
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Next, define random variables
Yij = Xu(Ux, =y + Iix,=—qp2) + 0 Zi + TZ5,
where ¢ = 1,2,...,m,j = 1,2,...,n. Then Yi;, Y5;,....,Y,,; are correlated random vari-
ables distributed as 3 component normal mixture: (1—X; — )N (0, 1)+ A N(pg, 1)+
Ao N (—p2, 1).
The moments estimator can be defined as:

ml—n Y~ ZZYW mz—n Y~ ZZ R —n 'm~ ZZ
7=1

=1 j=1 i=1 j=1 =1

Also like the m = 2 case, we can get the expected moments as:
m{ =n"'m7 ", > i1 E(Yy
ms =n"tm™ 300 3T E(Y;
m§ =n"tm= 300 30 EB(Y,

( pAL — f12 Ao
(V3
(v3
mg =ntmT 3 Y B
(3
(v

L+ i A + p3 )

A+ B ) = Ao + 3puz)
Aipd A+ Aapy + 6ms — 3

) =
)
)
)
mg =n"tmT 30 Y0 B(Y)

7
mg =n"tm~ Y00, Z?:l E

Hypothesis Testing Hy : Ajpydope = 0 vs. Hy @ Ao # 0. Similar to

— g + 10m§ — 15mg
Y,

)

) = A + Ay + 15ms — 45ms + 15.

m = 2, define
M =mj —2ms — 1+ 3m; — mbms,
then
E(M) = =X dopiz(pn + p2)? = 0

if Hy holds. Define

o Ya) (oL, Ya) (L Ya) 2L, Vi) (O, Ya) (2L, Vi)
Vi = cov Cm Y)Y o YHOoL YR oL YOSk, Y
oL YL Y L YL V) OCL Y(CL Vi)
Then
V =wvar fn\g =m n" V.
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After calculation, we have

cov(P_ity Yi, > oimy Ya) = movar(Yi) +m(m — 1)cov(Yiy, Yar)
= (m+ 0m(m —1))(m§ — (m5)*) + m(m — 1)(7* — 0)
cov(3oiL, Y, 2000, Vi) = mE(Y)) +m(m — DE(Y11Y51) — m*mims
= (m + Om(m — 1))(m§ — msmg) + m(m — )ym§(r* — 0)
cov(3o, Vi, 3, Vi) = m(m — DE(YnYs)) + mmg§ — m*mgms
= (m+ Om(m — 1))(m§ — mgmg) — m(m — 1)3(r? — )ms
cov(3L, Vi, 20, Vi) = mwar(Y(h) + m(m — 1)eov(Y(, Y3)
= (m+0m(m —1))(mg — (m3)*) + m(m — 1)[2(7% — 0)(7* — 1
+2ms) + 272(0 — 1)(2m§ — 2(mg)* — 1)]
cov(3L, Vi, D00, Vi) = m(m — DE(YY5;) + mm§ + m*mgms
= (m+ 0m(m — 1)(m§ — m§mg) + m(m — 1)60(7* — 1)(m§ — mj)
+m(m — 1)672(1 — )mSmS + m(m — 1)672(72 — 0)m§
cov(3L, Vi, D00, Yit) = mwar(Y1}) + m(m — 1)eov (Y7, Y31)
= (m+0m(m —1))(mg — (m5)*) + m(m — 1)[90(7% — 1)mg + 972(1
—0)(m$)? + 9ImsO(* + 2 — 372) + 972(1 — 0) (72
+1)(m$)? + 6(7% — 0) — 9740 + 9720]

var(M) = G'VG where G is the matrix of the partial derivative, and defined as:

OEM
om§

— OEM — c __
G prs 2ms — 2

C C

OEM
om§

—m§
Note that if we take m = 2, the equations still hold, then m = 2 is the special case

of group size of m.

Then the estimated variance is

e _ ¢ % ¢
6m§ — mg 6m§ — mg
I

var(M) = 2ms — 2 1% 2ms — 2

—my —my
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Define the test statistic as

—~.2 — —D e
T_ M ~omg —2m§—1+3m] —mim]
\/ —_ - /
( ) 6m{ — mg 6m§ — mg
2ms — 2 4 2ms — 2
" -
\ —my —mq

Under the null hypothesis

By multivariate central limit theory and Cramer Theorem (Ferguson [1996], p.45),

M —-EM
- 4 N(0,1).
var(M)
Then by slutsky’s theorem,
_ M-EM M var(M)

T =

= — 5 N(0,1).
e Vet aron

Thus, we have proved:

Theorem 3.4:Under the null hypothesis,

lim P(T < —z1_4) = «,

n—oo

where o € (0,1) and 2, is the 1 — a quantile of a standard normal distribution.
Theorem is a more general case of Theorem 3.1.
Under the local alternative hypothesis Hyy : p1110\1 A2 = piAj N5, where
wh X5, A5, are fixed positive numbers, while ji,, = kn=1/2.

Similar to m = 2 case, we have

Theorem 3.5:Under the local alternative hypothesis Hgy : i1t A1 Ae = pi AT A3 fon,

).

ErE N5\ *2
lim IED(T < _Zl—a/2> = q)(_Zl_a/2 + HyA1 Aoy

i, Wi=reane
A fixed number between o and 1.
The proof of Theorem 3.5 is same as Theorem 3.2.
Under a fixed alternative hypothesis H, : pipolde = piusAiAs, where

Wi s, AT, AS are fixed positive numbers.
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Theorem 3.5:Under a fixed alternative hypothesis H, : pqpio A1 Ao = pi s A A3,

lim P(|T| > Zlfa/g) = 1.

n—oo

Prove of the theorem is same as Theorem 3.3.

3.6 Simulation study
To simulate data with m per group, we need first get the joint distribution of m

variables. Assume m = 3, then define

C_L:]P)(Xl - —1,X2 - —1,X3 - —1) B:P<X1 - —1,X2 = —1,X3 = 0)
c=PX;=-1,Xo=-1,X35=1) d=P(X;=-1,X,=0,X5=1)
(

a=é+g+h b=h+i+d c=b+d+e 35)
d=f+i+j f=c+d+f e=a+b+c
Make a conjecture that

a=eX(l—0)+ X0 b=ch(1—0)

¢=fl(1—0) d=b\a(1—0)

e =aly(1—0) f=dX\(1—0)—M0(1—0)

g=a—(1—=0)(\+X)a h=a\(1-0)

i =0\ (1—0) J=d\(1—0)+ X0 — 2\ 00(1 —0),

then these satisfy the equation 3.5 , so we use them as the joint distribution of
Xlu X27 X3'

Size Simulation
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For size simulation, assume p; = 0, o = 5, Ay = 0.2, Ay = 0.3, thus the model
reduce to 2 component mixture normal: 0.7N(0,1) 4+ 0.3N(—5,1). take 72 = 0.3 and
72 = 0.6 respectively, sample size n from 20 to 1500. For each of various sample size,
generate 7000 sets of two component normal data. Next, we calculate how many
times out of 7000, we reject Hy based on theoretical critical value as estimated size
of the test. As shown in figure 3.7 and figure 3.8, the estimated size all fall in the

band of 0.05(%0.01)( the nominal rejection rate is 0.05).

Estimated rejection rates

size
| | | | |
[

000 002 004 008 008 0.10
o

0 200 400 600 800 1000

n
Estimated deviation from norminal rejection rates

abs(0.05 - size)
004 -002 000 002 004
|

Figure 3.7: Simulation Size 7000, 72 = 0.3,0% = 0.7

Power Simulation

For power simulation, similar to m = 2 case, simulate data with different # and

Under each condition, we take sample size n = 100, generate Xi;, Xo;, ..., Xoni
as correlated data with correlation 6 € {0.2,0.7}(we here take m=3), next generate
Z1iy Zoiy oey Zoi from N(0,0?) where o2 € {0.8,0.3}, and Z; from N(0,7?) where
72 € {0.2,0.7}. Thus let Yj; = (1 ljx,,=1) — polix,=—1) + Zji+ Z; wherei = 1,2, ...,n,
Jg=1,2...;m, Yy, Yo, ..., Y are from Ny N (pg, 1)+ Ao N(—po, 1)+ (1= —XA3) N (0, 1).
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Estimated rejection rates

o

el o
0o — . —_—
260 O,O/O O 5 —20C o—/__—o o— 5

o

size

000 0.02 004 008 008 010

T I I I I T
0 200 400 600 800 1000

n
Estimated deviation from norminal rejection rates

0.04
|

Oooo°°0O

G 0= 0 0

abs(0.05 - size)
002 000 002

-0.04

0 200 400 600 800 1000

n

Figure 3.8: Simulation Size 7000,7> = 0.6,0% = 0.4

We estimate the rates that we reject Hy based on theoretical critical value as
estimated power of the test. Similar to m = 2, for a fixed Aj(or \y) away from 0,
when we increase p;(or ps), or for a fixed py(or ps) when we increase Aj(or Ag), the
power goes to 1. Also, for a fixed py, if we increase o, or for a fixed s, we increase
11, the power will also go to 1.

Also, if we compare the figure 3.9 to figure 3.12, if we increase the correlation
parameters 72 and 0, it will need larger value of us or As for power to reach 1.

For m > 3, we could use NORTA method to simulate correlated multinomial data
X which is a general-purpose method for generating samples of a random vector with
given marginal distributions and given correlation matrix for its component random
variable(Aad et al. [2015]). For example, suppose we want to simulate correlated
multinomial data X = (X1, Xy, X3, X4) with m = 4 and X; taking value 0, 1 or —1
each with probability 1 — A\; — Ao, Ay and A, respectively. According to Ghosh and

Henderson(2002a), we could first simulate a normal vector Z = (Z, Zo, Z3, Z4), with
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Ay
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|

H1

[ I

Figure 3.10: Power simulation for § = 0.2,7% = 0.7

covariance matrix
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Ly
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Figure 3.12: Power simulation for § = 0.7,7% = 0.7

then do the transformation X; = F~1(®(Z;)), where

(

\

0 r<—1
)\2 —1§I<O
1-X 0<z<1

1 z>1



We will get a vector X with correlation matrix

Yix =

>
—
e
> @ D

0 0 0 1

for some 6, where 6 is anticipated to be an increasing function of a.

between a and 6 are presented in Table 1 based on numerical search.

The relations

Cor between normals(a) 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
Cor between multinormals(d) 0.08 0.12 0.16 0.20 0.25 0.29 0.32 0.36 0.41
Cor between normals(a) 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
Cor between multinormals(f) 0.45 0.50 0.53 0.58 0.62 0.67 0.72 0.77 0.84

Table 3.1: Relations between a and 0

Actually, we can still use the aforementioned testing procedure if the sizes of two
groups are close but not the same. For example, if n; groups of the sample have
group size 3, the other ny, groups have group size 5, where n; and nsy are close, we
could then use the testing procedure as if m = 4 for each group. Below are simulation
results to support thus assertion.

For size simulation, we take n from 100 to 1500 and half of the groups to have
group size 3, while half of the groups have group size 5. Then we did the simulation
using the testing procedure as if m = 4. We had 72 = 0.3, 0 = 0.2, i1 = 0, po = 5,
A1 = 0.2 and Ay = 0.3. For 7000 simulated data sets, calculated how often we rejected
Hj based on the theoretical critical value as the estimated size of the test, shown in
Figure 3.13. For n > 50, the estimated deviation from nominal rejection rate is no
more than 0.005.

For power simulation, we take n = 100, still half of the groups have size 3, half
have size 5, and we proceed as if m = 4. We had § = 0.2, 72 = 0.2 . We take
different values of 1, p2, A1 and Ao, simulate 7000 sets of data under each parameter

combination, then calculate the rate that we reject Hy based on theoretical critical
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Estimated rejection rates
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Figure 3.13: Simulation Size 7000, 7> = 0.3,0 = 0.2

value as estimated power of the test. The simulation results are shown in Fig 3.14 as

contour plots.

u;=4.9 2,=0.2 u,=4.5 2,=0.2
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Figure 3.14: Power simulation, 72 = 0.2,0 = 0.2
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Then, we change 72 = 0.7, § = 0.7, other settings remain the same, perform the

power simulation again, the result is shown in Fig 3.15.

=45 2,=02

@ @
o o

06
1

Az
04
Il

0.0
1

ol
24=0.2 2,= 0.2

ha
00 015
1 1

H1

0.05
1

Figure 3.15: Power simulation, 72 = 0.7,0 = 0.7

3.7 Application

In application, we use the Down’s syndrome data same as shown in Chapter 2( data
can be download from http://www.partek.com). Follow the transform in Chapter 2,
we can get the histogram of 251 Z-statistics, and the fitted 3 component normal mix-
ture model(red line)3.58 « 107" N (0, 1) +0.4511324 N (1.96, 1) + 0.54886 73N (—1.04, 1),
parameters are estimated from EM algorithm assume data are independent.

Next, we need to group the Z-statistics, still according to the Chromosomal loca-
tions, we divided the Z-statistics into 10 groups, with group size close to each other.
More specifically, the groups are (q22.1.1, q22.1.2, q22.2, q22.3.1, q22.3.2, ¢22.3.3,
q22.3.4, q22.3.5, q23,q21 and other locations), with group size (27, 27, 23, 25, 25, 24,
24, 25, 23, 29). Note that in order to have similar group size, we divide the loca-

tion q22.1 into 2 parts: q22.1.1, q22.1.2; similarly, we divided location q22.3 into 5
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Histogram of z statistics

02 0.3 04

Density

0.1

0.0

z-statistics

Figure 3.16: Histogram of Z-statistics, blue line is fitted standard normal curve, red
line is fitted 3 component normal mixture model

sub-groups.Here we assume that the correlation structure within each group is known
as compound symmetric with known 6 and 72. Figure 3.17 shows the contour plots
of P-values. As we can see in the plot, the contour are close to the straight lines,
and as we increase # and 72, the p-value also increases. We use a red dashed line to
separate the region of accepting and rejecting Hy : pA = 0 at a = 0.05. Similar to the
previous chapter, failing to take into account correlation may massively understate

the p-value.

Copyright© Meng Qi, 2016.

29



1.0

08

06

04

02

00

00

02 04 06 08

Figure 3.17: Contour plot of P-values
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Chapter 4 Singular Bayesian Information Criterion For Hierarchical

Normal Mixture Models

4.1 Introduction of Hierarchical Normal Mixture Models

Hierarchical models(also multilevel models or nested models) as described in Rauden-
bush and Bryk [2002] are particularly used when data are organized at more than one
level, and are widely applied in many areas: social science, biology or public health
research, etc. For example, in social and behavioral studies, we collect data of risk
factors of early drop-out from two levels: the level describing an individual student(
grades, gender, hours of course-work), also the level describing schools( such as types
of school). Then the model could be built in these two levels, Rumberger [1995] indi-
cates that the level-1 model is a logistic regression model of whether a student have
early drop-out depending on the individual student level characteristics, while the
coefficients in the level-1 model varied from the school level as a function of school
characteristic. Therefore we may apply hierarchical models to simultaneously handle
measurements made from different levels.

In this chapter, we focus on hierarchical normal mixture models, constructed as

following:

Yi| Xi = j ~ MVN(pj, %5), (1)
log P Sowimwny = o 6 W

where j = 1,2, ...,m is the index for component, ¢« = 1,2, ...,n is the index of obser-
vation. [ =1,2...(m—1), ap, = B, = 0 and W; o MV N (v, 7). Then X is a random
variable which determines the mixture component, and the conditional probability

of X given W satisfies a multinomial logistic regression. p; and 3; are mean and

covariance matrix of Y in the j* component.
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This interpretation of model 4.1 is that: Y is the response variable, W is the
predictor, X is a latent indicator between W and Y, so that W affects Y through
X but not directly. Furthermore, we could consider another observed variable Z as
a predictor affecting Y directly. Then, this model is a hierarchical normal mixture
model.The group-based trajectory model(see Nagin and Tremblay [1999],Nagin and
Tremblay [2001], Charnigo et al. [2011]) is an example of hierarchical mixture model.
In group-based trajectory model, the response variable Y is a longitudinal sequence
of individual measurements over time, while W ( risk factor) is a vector of time-stable
covariates which influence the probabilities of the individual belonging to a particular
group defined by X, but not affecting Y directly. Also we can have a time-dependent
covariates Z which affect Y directly(Jones etal. 2001). Neither model is a subset
of the other, however they do share a special case. More specifically, model 4.1
is simplified from a general hierarchical mixture by not including Z, while group-
based trajectory model is also simplified from general hierarchical mixture models
by assuming constraint on the component vector mu;. Then model 4.1 and group-
based trajectory model shares a special case by intersecting the two aforementioned

simplifications.

4.2 EM Algorithm for Parameter Estimation

For mixture models, we usually apply EM algorithm to estimate the unknown pa-
rameters, since EM approach has a more natural interpretation than MLE in the
context of incomplete data, and could provide an approximation to MLE without
requiring numerical solutions to difficult high-dimensional optimization problems(see
Dempster et al. [1977], Redner and Walker [1984]). Here we first apply EM algorithm
to estimate the parameters of hierarchical normal mixture model. First, assume the
total number of components is known as m. Then define P(X; = j|W; = w;) as p;j,

where 1 =1,2,..n, j = 1,2, ...,m then we have
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Z;‘nzl pij =1

log(£L) = + ﬁjrwi

Pim

(4.2)

exp(ay;+8 wi)
2%y exp(ar+B] wi

write out the likelihood function:

Then we will have p;; = ;- Define © = {u, 3, v, 7, , B}. Also, we can

LOIW. Y, X) = f(Y[X, px, Ex) f(X|W,a, B) f(W]v, 7).

We can then form the following two cases to analyze:
Case 1: Y is a scalar for an individual and a vector for full sample
Here we assume that W is also a scalar for an individual. Then the data structure

can be written as
}/Z’XZ :j ~ N(,ujﬁo-]?')?

].Og P(()(1=7Y1|lewl)) = + Blwia

WiNN(VaT2)

LOIW,Y,X) = f(Y[X, ix, 0x) f(X|W) f(W]v, 7) (4.3)

n m i — g 2 wi;—V 2
= [Ty 7 TPy expl—5 (P58 + 250) ]

Also, using Bayes’ Theorem, we can get

. i f (yilws, X = j)
E(lpxi= Y, W) = P(X; = j|Y, W) = Zm] pif (yilwi, X; = 1)
=1 Pi 1| Wiy Aq —

we then could define E(Ijx,—;|Y, W) := ®ij, and the approximated complete data

log-likelihood function could be written as:

n m i — 2 w;—V 2
1(e) =31, ijl{(bij [log pi; — log o; — log(27T) — %((y U’; Sy — ) )]}

J

n m m [ i)?
= S (@l + Bjwi — log(iy explay + rwy) — log oy — 5k

2

—log(2r7) — Ly

2 T2

(4.4)

63



Since for v and 72, we can use MLE to get the estimated 7 = M and 72 =
Z“(# then the above log-likelihood approximately can be replaced by:

n

- 1 (y; — )
1 jzl{q)za a; + Bjw; — log Zexp o + Biw;)) —log o — §Tj]} +C,

.

=
where C is constant with respect to ©.

Then we can define the QQ function as:

Q(O,00) = E[l(@)|Y W, @<t>]

= YA @ oy + Biw; —log(1+ X exp(an + fruwy)) — log o —

+<I>(t [—log(1+ >, Yexp(ay + Biw;)) — log oy — %(y;#)z]} + C,
(4.5)
where ®® is the estimation of © after t iterations of the EM algorithm, and @ is
the evaluation of log-likelihood approximation when ®;; is evaluated at oM,
Next, we take derivative with respect to every element of ® and maximizing the

Q function gives the estimators after the (t+1) iterations, the new estimators are:

(t+1) . i=1 % Yi
J n q><.t.> ’

(t+1) o :L 1 , (y] M(t+1))2
0-] — Z ¢(t) .
i=1 “ij

For a;tﬂ) and BJ(-t+1), when j # m after differentiation we have the following

equations:
Q. eXp(a +Bjw;)
Doy _Zz I(I)Zj Zz IZl 1 111+Z " ejxp(o]qurﬁqwl)
E)Q (t) w; exp (o +Bw;)
99 = L 0w~ T S Bt
Note that au, (1) _ 7(7€+1) = 0. We then could use numerical method to find the

(t+1)

optimal value of «; BJ(.HI)

and for 7 # m. Here we use 'optim’ in R to get

maximize @ function with respect to «; and 3; respectively, and then set the value

to ozg-tﬂ) and ﬁ;tﬂ).
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Case 2: Y is a vector for an individual and a matrix for full sample

Die1 Wi 2
n

For a more general case, suppose Y is a matrix, then v = and 7% =

S (W) (wi=2)T

n

Here we further assume that Y and W are both n x 2 matrices, which means that

the data is formed as following:

Wi ~ MVN(I/ = (Vl, VQ)T,T2)

exp(a;+p1wi1+Pajwiz) 46
B P( N ]|W - wl) T exp(ag+Brwit +Bawiz) ( ’ )

Yi|X; =7~ MVN(uj = (pj, poj)’, 2j),

2 2 2
9 1 0 0115 O125
where 7% = and X; =
2 2 2
0 7 0125 0225

The Q function can be written

as a matrix form:

QO,0Y) =%, 23711{@“»> [log pi; — 3log 5] = 3(¥i — ) "S5 (Vi = )} + €
=3 1{2 ZJ [Oé] + Brjwia + B2jwie —log(1+ >0 exp(al + Buwit + Poywiz))
o 14| — Sy — )55 s — )]
+<I> [ log(1+ 377" exp(ay + Buwi + Bawiz))
—3108[Zm| = 3(yi — ) "B (i — )]}
(4.7)

the estimators after the (t+1) iterations are:

(t)
(1) i1 P Vi
F; oy el
i= ij
St Sy @8 (yi— gy D) (v~ OHD) T
j = 20 .

112]

(

For a; 1) , ﬁltﬂ) and B( 1) Whenj # m, we still can use numerical method to get the

optimal values, here we use 'optim’ in R to get maximized @ function with respect

to a;; and B; and set the value to a( and ,3( ) Also we force ali™) = S:l) =
t+1
SNt
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4.3 Singular Bayesian Information Criteria

Introduction of Singular Bayesian Information Criteria

As discussed in Chapter 1, neither AIC(Akaike Information Criteria) nor BIC(Bayesian
information criterion) is appropriate when dealing with singular model selection prob-
lems due to the non-invertibility of Fisher-information matrices(Keribin [2000], Drton
[2009]), such as determining the number of components for mixture model with three
or more components, determining the rank in reduced-rank regression, etc.

Drton and Plummer [2013] proposed a new information criterion called sBIC(singular
Bayesian information criterion), which is a Bayesian information criterion in context
of a singular model selection problem. First we give an introduction of sBIC based
on Drton and Plummer [2013] and Watanabe [2009b].

Suppose Y,, = (Y1, Yoo, ..., Yon) be a sample of iid observations, {M;,i € I} be a
finite set of candidate models. For each model M;, we specify a a prior distribution
P(m;|M;) for the probability distributions m; € M;. Also parameterize M; as M; =
{mi(w;) w; € Q;}, where ©; C R% is a d;-dimensional parameter space. Then we could

write the marginal likelihood of Y,, as

L(M;) = P(Y,|M;) = /QAP(Yn\m(wi),Mi)dP(wi|Mi). (4.8)

As mentioned in Drton and Plummer(2013), we can use Laplace approxima-
tion [ e M@ dy x eh@) (27) (/2|51 2742 with accuracy O(n~Y/?) to approximate
equation (4.8 at point T, where ¥ is the inverse of the Hessian of h(x) evaluated at @

. For equation(4.8), we have

= le exp(—n(%logP(Yn|7rZ-(wi),Mi)))dP(wi|Mi)
~ P(Y, |7, M;)(2m)%/2| 5|/ 2042,

where P(Y,|m;, M;),is the maximum of the likelihood function. Thus, we take loga-
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rithm to get
N d;

where O, (1) stands for a remainder that is bounded in probability. Then the Bayesian

information criterion for model M; (Schwarz et al. [1978]) is
N di
BIC(M;) = log P(Y,|m;, M;) — Elog(n).

However, A large-sample quadratic approximation to the log-likelihood function is
not possible when the model is singular. Thus Watanabe [2009a] Theorem 6.7 shows
that, for singular models, the approximation of log-likelihood has the property that,

for Y,, drawn from w5 € M;:
log L(M;) = log P(Y,,|m, M;) — Xi(mo) log(n) + [mi(m) — 1] loglog(n) + O,(1),

where \;(my) and m;(mg) are known as the learning coefficient and its multiplicity
respectively. Also as mentioned in Watanabe [2009a], \;(my) € [0, d;/2] is a rational
number and m;(m) € {1,2,...,d;} is an integer.

Then Drton and Plummer [2013], shows that if likelihood ratios P(Y,|7;, M;)/ P (Y, |70, M;)

is bounded in probability, we could also write the log-likelihood as:
log L(M;) = log P(Y,|mi, M;) — Xi(mo) log(n) + [mi(mo) — 1] loglog(n) + O,(1).

Drton and Plummer [2013] also shows that exponential families have the properties
that the likelihood ratios bounded in probability. Moreover, Azais et al. [2009] shows
that for mixture models, likelihood ratios is bounded in probability if we assume
compactness on the parameter space.

Then the difficulty is to determine learning coefficients. Since if 7y is known, the

marginal likelihood could be written as:

/

~ — ;i (m m;(mo)—1
Lo, (M;) oc P(Yy|ms, Mi)n ) (log )" 70) =1,

Then Drton and Plummer [2013] propose that for mq unknown, we could give a

probability distribution @); to the distributions in model M;, and approximate the
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marginal likelihood as:
Ly, (M) = / L, (M;)dQi(m).
M;
Then he mentioned that, by the usage of posterior distribution, we could choose @);,
by conditioning on all sub-models of M;, as
iji P(mo|Mj, Y ) P(M;]Yy)

Qi(ﬂ-0> = P(’YT()HM . M g MZ},Yn) = Z<P(MJ|YH) s

(4.9)

where we define j <4 if M; C M.
For example, in normal mixture model, define posterior distribution of 2 compo-

nent normal mixture as ps, posterior of normal as p;, then

pa * P(2comp|data) 4+ py * P(normal|data)

2 =
Q(2comp) P(2comp|data) + P(normal|data)

Since under certain conditions, \;(m) and m;(m) are almost surely constants, then

denote:
Ly; = P(Y,|m, My)n ™ (logn)™ =" > 0.

Since if we define L'(M;) = Lg,(M;), we could get:

’ o iji L;jL/(Mj)P Mj)

L'(M;) = : . el
ijiL (Mj)P(Mj)
and further we can get
> IL(M;) = L] L' (M;)P(M;) =0, i€l (4.10)

J=i

Then, follow the definition 3.1 in Drton(2013),
sBIC(M;) = log(L' (M),

where {L'(M;),i € I} is the unique solution to equation (4.10) that has all entries
positive.

Also, singular BIC can be written as
sBIC(M;) = log P(Y, |7, M;) — penalty(M;),
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where penalty(M;) < dim(M;)/2 *logn, is milder than ordinary BIC penalty. Hence
sBIC will select a greater or equal number of component to BIC.

For our hierarchical normal mixture model (4.1) described in section 4.1 , as-
sume that the parameter space is compact, if the variance is equal and known, the
learning coefficients have been determined by Aoyagi [2010]. If variance is unequal
and unknown, according to Drton and Plummer [2013], we could apply methods in
Watanabe [2009b] Section 7.3.

For case 1: Y is a scalar for an individual and a vector for full sample, suppose [
is the total number of normal mixture components in the learning machine, m is the
number of components in a true model when o € M,, C M;, and m < [. Then for
the hierarchical normal mixture model, in layer 1, both 72 and v have counts 1; for
layer 2, both o and f have counts (I — 1); for layer 3 both px and ¢ have counts .
Thus the parameter space have dimension 4/ However, when ny € M,, C M,;, we will

leave [ —m of o and [ —m of 3 free. Then it leads to the bound of learning coefficient:

1 1
Aim < 5(4[—2(l—m)) = 5(2l+2m) =l+m < = 5*4[ =2l when m <I.

For case 2: Since now Y and W are vectors. Then suppose [ is the number of
normal mixture components in the learning machine, m is the number of components
in a true distribution when 7y € M,, C M;, and m < [. The dimension of total
parameter space is 8] + 2(5 from v and T; [ — 1 from «, f#; and (5 respectively; 5l
from p and ¥). However, when my € M,, C M;, we can leave [ — m of a, | — m of (;

and [ — m of §y free. Then it leads to the bound of learning coefficient:

5(3l+5m+2)< =4l+1 when m<I.

Consistency of sBIC for hierarchical normal mixture model

Drton and Plummer [2013] exhibits three assumptions about the likelihood ratios and

the learning coefficients and their multiplicities to prove consistency:

69



e (Al) For any ¢, j, if M; and M; are true models, then the ratio of their likelihoods

are bounded in probability as the sample size goes to infinity.

e (A2) For any i, k, if M; is a true model and My, is a false model(m not in M),
then there exists d;; > 0 such that

L(Yna Wn|7ﬂc7 Mk)

P
ST RTA A

< e %) 5 1,n — oo,

where Y, and W, stands for n-dimensional vector as mentioned before.

e (A3) For any true models M;, M), and their corresponding sub-models M; C M;,
M, C My, the Bayes complexity is monotonically increasing, i.e (A, m;;) <

()\kl,mkl), ifi<k andj <.

To prove the consistency of sBIC for hierarchical normal mixture model, we need
to prove (Al)-(A3) for our model. First we assume that the parameter space is
compact.

Proof:

Proof. For (Al), suppose G is a set of densities g with respect to Lebesgue measure v,
M,, M, are two true models with densities g, € G,g, € G. Let the smallest true model
be M., M. C M, and M. C M,. Let g. be the unique true density of order c. The
density of M. is g. € G. The log-likelihood function of model M, can be written as
ln(My) = log L(Y,,, W,| Mg, 7y), where W,, is a random vector. Then a log-likelihood

ratio test statistic for Hy : g. = f € G can be written as,

LRT; = sup(ln.(g) — 1.(f)),

9€G4
Thus, log P(Y,,, W,| M., 7.)—log P(Y,,, W,|M,, 7,) and log P(Y,,, W,,| M., 7.)—log P(Y,, Wy| My, )
are both negative log-likelihood ratio test statistics. Following by Gassiat [2002], for

any g € Gy, if we define the score function

9—f g _
oI I
S P A
where || - ||2 is the norm in L?(fdv), then
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1 (D iy 5o(Yi, Wi))*
Oﬁjélglz(l n(9) = ln(f)) < 2 e ST (34)2 (Y, W)

Note that, the left hand side of the inequality is 1 log-likelihood ratio test statistic.

(4.11)

For right hand side, we claim that it is O,(1). With this claim, we could conclude

that

log P(Y,,, W,,| My, m,) — log P(Y,,, W, | M., m.) = Op(1)
and

log P(Y,,, W,,| M., m.) — log P(Y,,, W,|M,,7,) = O,(1).
Thus,

IOgP(Yna Wn|Maa7ﬁz) - 10g P(Ym Wnleaﬁ-\b) = log P(Yn7Wn|Ma77ﬁz) - log P(Yna Wn|Mca7Tc)
—(lOg P<Yn7 Wn‘Mbaﬁ\b) - log P(Yna Wn|Mc>7Tc>> .
= Op(l)

Exponentiate both sides, we can further conclude that the ratios of their likelihoods
are bounded in probability, which shows that assumption (A1) holds.

Next, we argue that our claim is right. Define S, to be the set of all score functions
corresponding to G4. Following Gassiat [2002], we assume finite integration of square
root entropy, i.e. let Hg(u) be the entropy with bracket of S with respect to || - [|2,

and assume that
1
/ Hp(u)du < 4o0.
0

Actually the finite integration of square root entropy for g,, g. € G are,

Ja —~
gV, WMy, ) = > exp(Bw)

f o2 (y)7
= 1+22]allexp</8lw> N(kj.057)

Je
. exp(fw)
g(Y7W|MC)7TC> - A fN( ]-,g?)(y)7
]211""22]11@@( w) e

where fN(uj,a]?)(Z/) is the pdf of N(u;,073).
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According to Van der Vaart [2000], the class of all monotone functions taking
values in [—1, 1] have finite integration of square root entropy( belongs to P-Donsker
class). Thus, Foo = {fy = %} is a Donsker class. Then class of normal pdf
functions Fe = {fp,0 € O} is also a Donsker class, where © correspond to total

parameter space of normal probability density. It is a parametric class and satisfy

the condition that there exist a measurable function m such that

[for () = fo, ()] < () [| 61 = 02 || -

Actually, since we suppose our parameter space is compact, then there exist M > 0

such that —M < |p;| < M and §; < |oj| < M. Then by Taylor Expansion we have

0
S o) (2) = fuzion) (2) = (1 — p12) %

0
1)+ (01— 02)8_£|(0’1) + Ry,

where R; is a remainder and satisfy Ry < My (|| 1 — e || + || o1 — o2 ||), My is

a upper bound of |82f| 82f| and |a 8U| along a line segment connecting (0,1) and
(u,0), where u = sup(|p1|, |u2]) and o = sup(oq, 02). Thus,

of of
| f(1.00) (@) = flumon) ()| = (11 — Mz)a—uko,l) + (01 — 02)%|(0,1) + Ry < |01 — Oam(x),

Then according to Van der Vaart [2000], the class of normal density functions with
compact parameter space is a Donsker class. Also since Linear combination of a finite

number of functions with bounded coefficients have finite integration of square root

entropy, then G = {g(Y, W|M,, 7,) = Z}JL %JCN@@%@)} is a Donsker class.
Next, we argue that the score functions have finite integration of square root entropy.

For S = {s, = ”;_;11”2}, f is a fixed function(here we define it as the density for
smallest true model). Then according to the definition in (Van der Vaart [2000]), we
have two bracketing functions [ and w with finite L(P) -norms. Since | < g < w,

g € G, then for a fixed density function f, % -1< % —-1< % — 1. Then for < —1and

Y — 1, we have

i
/1%—1\&3:/\%—1]fdv:/|u—f\dvg/\u|dv+/]f|dv:/\uydv+1,
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/\%—1!dP—/]%—1\fdv—/]l—f]dvz/]l\dv—/]f]dv—/\lldv—l.

Then we have
/|l|dv 1< /|§ v < /|u|dm+ 1.

Thus, the class of score functions still have finite integration of square root bracketing
numbers since [ and u have finite L(P) -norms.
So we have proved that the class of score functions has finite integration of square

root entropy. Then according to Theorem 1 of Doukhan et al. [1995]

n

sup (3 (V5 ))* = 0,(1).

Also, it is shown in Gassiat [2002] that

R A . )
Jim ot 2 s = inf - [
and

: 2

inf [ s— 5> 0.
Thus following Gassiat [2002], take X; to be the vector of (Y;, W;), the right hand

side of inequality (4.11) satisfies

(S0 s, (Yi, W2)2
S SR PRI A AR

For(A2), suppose M, is true model, My is false model and M, is the smallest true

model. Then we have:

P(Yn Whylws,M o~
log(“FRIm D) = log far, (V, Wal7) — log far, (Ya, Walre)

= > iy dog fur, (Yi, Wily) — >0 log far, (Y, Wilm)
Assume f(z,0) is a pdf, the assumptions for uniform law of large numbers are: firstly

the parameter space © is compact; secondly, f(x,#) is continuous at each 6 € ©;

then, there exists a dominating function d(z), which is independent of parameters,
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such that || f(z,0)| < d(x) for every x, = (y,

two assumptions are met. For the last one:

ﬁﬁyww<§:

w). According to our case, the first

\/_a exp (— 1((Y;2Mj)2+

since the parameter space is compact, then there exist Uy, U,,Us and Uy > 0, which

satisfy that maxi<jcm, [p;] < Ur, || < Us, maxicjom, [0 > Us, |75] > Uy and

Miny<j<m, |0j] > Us. Then the domination function can be defined as following:

¢

UsU, /2w exp
UsU, /27 exp
UsU, /27 exp
UsU, /2w exp
UsU, /2,

UsU, /27 exp
UsU, /27 exp
UsUy /27 exp

(=
(=
(=
(=

(=
(=
(=
(=

UsU, /27 exp

\

HUZ(Y +Up )+ UEW + Usp)?),
U (Y + U)?),
U (Y +U0)? + UR(W = U5)?),
sUT(W + Us)?),

sUSY = U)? + UF(W + Us)),
;U (Y = Uh)?),
sIUS(Y = Uh)? + UF(W — Uy)?)),
;U (W = U2)?)

Then by uniform law of large numbers:

% Z?:l log fo (Ka wl‘%\;)
157 log far, (Yi, wilme)

a.s

<Y <-U;, W < —=Us;
Y < -U;,-U; < W < Us;
Y < -U;, W > Us;

W < =Usy,—

_U2 S w S U27_

U <Y <Uy;

U, <Y <Ui;
Y > U, W< =Us;

Y > U,—U; <W < Uy;
Y > U, W >U,.

W > UQ,—U1 <Y < Ul;

Eflog fu, (Y1, wi|7))]
Ellog far, (Ya, w1 |me)],

suppose, for the false model My, 7y := arg max,, E[log far, (Y, W|7y)|, then, 75 Y7y

and 7, =3 7, as n — co. Thus, by Slutskys theorem we have

7 i log far, (Vi wilmy) —

=3 Ellog fur, (Y1, Wh|y)] —
far, (Y1, Wi [y)

fMp (Y1,w1lme)

= J Jlog

ch(Yl, Wlfﬂc)dyldwl

by Jensen's inequality

<log [ [ Lt Wl‘ﬂf)fM (Y, Wi|r.)dYidw,

e (Y1,wime)

= log(1) =

0.
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Thus,
“ fM }/z;wz|7rf) a.s
— log L — 22 _x <0.
Z fMC Y;awlyﬂ-c)

Then for any € > 0 there exist V., such that n > N.

il o, (Vi il 75)

>> —nd) <e
ch Y;>wzy7r6) ) N

Then
P(Yna wn’ﬂ? Mf)
P(Y,, wy |7, M)

P( >e ™) <e.

Also since M, is the smallest true model, we have P(Yn|me, M) ) < 1, then we have

P(menlﬁ'\hMt

P(Ynywn‘ﬂa Mf) o P<Yn>wn|7/1—}7 Mf>> % P(Ynawnh'c; Mc)
P(Ynawn‘%\taMt) B P(Ynawn‘ﬂ'cch) P(Yn(Sa wn’ﬁ-\taMt)

B( >e ™) <e.

Then we have proved that for any i, k, if M; is true model, M}, is false model(my not

in M), then there exist § > 0, such that

P<Yn7wn|ﬁ-\k7Mk’) -0
<e ) —=1,n—
PVl My =€) b

P

For (A3), since for our model, we have for Y is a scalar for each individual:\;; =
0.5(2¢ + 2j) and m;; = 1, then if there exist M; C M), and ¢ < k and j < [, then
0.5(20 + 27) < Ajj < A < 0.5(2k + 2[) and m;; = my; = 1. Thus we have prove
that (\ij, mi;) = (A, me), which means that the bayes complexity are monotonically
increasing.

For Y is a vector for each individual \;; = £(3i 4+ 55 + 2) and m;; = 1. Then
assume there exist M; C My and 7 < k and j < k, then = (Sz +5j+2)=Nj < A=
%(3]@’ +5042), m;; = my; = 1. Thus we have prove that (\;;, m;;) = (A, M), which
means that the bayes complexity are monotonically increasing.

Similarly, we could prove the assumption (Al) and (A2) are hold when Y is a

vector. O

Since we have proved that our hierarchical normal mixture model satisfies these
three assumption, then by Drton and Plummer [2013] theorem 4.1 the sBIC is consis-

tent for hierarchical normal mixture model. Moreover, by Lemma 4.1 in Drton(2013),
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if M; is a smallest true model then since assumption (A2) satisfied, we have
sBIC(M;) = log(Ly;) + 0,(1).

Thus, in the simulation and application section of Chapter 5, we will apply this
Lemma and approximate sBIC(M;) ~ log(L;;) in order to avoid calculating a large

number of likelihood functions when n is large(for example n is larger than 500).

Copyright© Meng Qi, 2016.
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Chapter 5 A Flexible Singular Information Criterion For Hierarchical

Normal Mixture Models

5.1 Introduction

In Chapter 1 we mentioned that AIC is an inconsistent estimator when n is large,
while the BIC will underestimate the number of components when n is small, so Pilla
and Charnigo [2007] proposed a new model selection criterion named FLIC(Flexible
information criterion).Pilla and Charnigo [2007] shows that FLIC works better than
BIC when sample size is small, also working better than AIC for large samples.
In addition, the penalty of FLIC are data generated, i.e "it takes into account the
structure of the data to determine the strength of the penalty term”. In this chapter,
we will develop a new flexible information criterion following by Pilla and Charnigo
[2007] for a singular hierarchical normal mixture model 4.1; we will use the birth
weight data as an example to illustrate our methodology for and compare the new
information criterion with AIC, BIC and sBIC. Notice that our work is different from
Pilla and Charnigo [2007] from following three aspects: 1) we consider a hierarchical
mixture model with varying coefficients; 2) we consider the data with vector response

and vector covariates.

5.2 Singular Flexible Information Criterion for Hierarchical Normal Mix-

ture Model

As mentioned in Pilla and Charnigo [2007], the penalty term for FLIC is 2(log v/n) 29 (3m—
1), where 3m-1 is the number of free parameters in a m-component mixture model

from Pilla and Charnigo [2007], n is the sample size, J denotes the fraction of

®[(log v/n) "] =2 (1)

within-component variability to the total variability, and B(n,~y) = )

is a bivariate function taking a value between 0 and 1. For multivariate case, ac-
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cording to Dunteman [1984] and Fan, we could define the data y;; as the observa-
tion from ith outcome of Ith measurement in jth component of the mixture, where
i=1,2,...,p,7=12,...J,1=1,2,..,n;( where ijl nj = N). Then according to

the MANOVA (multivariate analysis of variance) we would have that

J
SStotal y = Z SSwithin; + SSbetween,

j=1
where SStotal ;, SSwithin, SSbetween stand for total variability, within-component
variability and between-component variability for J-component mixture model, re-
spectively.(J € index set I) SSwithin; is the within variability for jth component.

For example, in our model we could assume Y = (Y, Y5)T, W = (W, Wy)T | where

W~ MVN( = T = )
Vo 0 735
. 1y U%lj 0%2]‘
Y| X=j~MVN(u = 25 = , ) ).
H2j 0125 0225

Then we will have the MANOVA as following;:

SWinn SWjiz SWis SWiiy
SWior SWigy SWios SWi

SSwzthznj _ 721 722 723 724 ’
SWisi SWise SWisz SWiss

SWinn SWise SWiaz SWias
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where

SWin = S (Vi = Vig)* = S, et

SWin = X1 (Yay — Vay)? m S oy

SWiss =0y (Way — Why)? = 3oL, pryvar(Wa | X = j)

SWiaa = 3202 (Wayy — Way)? ~ Zz]\il pijvar(Wig|X; = j)

SWie =322 (Yuy — Y1) (Yo — 5//2\]) ~ Zf\;l ﬁ;a/f;

SWis =302 Yy — Yi) Wy — Wiy) = S0 Do y/var(Wiu|X; = ) 0 =0

SWia = Z;Zl(yllj - T-j)(W%j - M//;J) R Zf\il ﬁg(ﬂl\j\/var(ﬂfiﬂ)(i =7)%x0=0

SWias = 307, (Ya; — Yoy ) (W — Wij) = Zfilﬁi\j@-g\j\/var(ml\Xi =7)*x0=0

SWisa =307 (Yay; — Yoy ) (Wayy — Way) ~ Zfilﬁﬁfgj\/var(WiQ\Xi =) %x0=0
(

SWiss = 3070, (Whyy — Wi) (Wayy — Way) = SO Biy/var(Wa | X; = j)y/var(Wa|X = j) 0 =0

exp(oj+F1jwi1+P2jwi2)
25:1 exp(aq+PB1qwir+Baqwiz)’

Since we have p;; = P(X; = j| = ) =
Wia Wi2
thus by Bayes Theorem, we can get

fl ] =) = B P

P(X;=j) ] F(Xa=iWi=w;) f(wi) dw;

w2

exp(a;+51jwig +B2jwiz) -1 (wi—v1)? _ (win—vp)?
AP o)t (- 1 gl

o g=1xp(ag+B1qwi1+B2qwi2) 11 22
I exp(oj+51 w1 +B2jwi2) _(w¢1*1’1)2_(wz'2*”2)2)

2 2
25:1 exp(ag+B1qw;1+B24wi2) 271 2759

dw;1dw;o

*(2m)~ L exp(

Also,
var(Wi|X; = j) =EWE|X; = j) — (E(WulX; = j))*

= [wiif(wi|X; = j)dwy; — ([ wiif (wu|X; = j)dw;)”
The integral above could be solved by Monte Carlo Integration. In addition, these

quantities also depend on the estimation of a; and ;. For simulation convenience,

we could estimate the conditional variance of W;; as following:

var(Wa X = §) = wor— iﬁf(w.l _ Lin Pty
! L o A ? 7 — .
> ic1Dij i—1 ’ > i1 Dij
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For between component variability, we have

Bll B12 B13 Bl4

By Byy By B
SSbetween = S ,

BSl 832 BSS B34

B41 B42 B43 B44

where

Bu :Z}Izlnj WJ_W) Z] 12 =y pij (i — Y1)?

b — Yo 2 L S iyliin — Ya)?

(W =W~ 3 S pa(B (Wil X; = j) — Th)?
By = Z}]:1 n;(Way — Wy.)? = Zj SN by (E (W2i|Xi = j)— Wy)?
By =Y Y (i — Y1) (jiz; — Ya)

Bis ~ YL YN, (- O(EWX, = j) — 7)
Bu ~ YL YN, 5 — V) (EWal X, = j) — Wa)
Bay =~ Y1, YN, 5i(n — V) (E(WrlX, = j) — W)
By ~ YL YN (i3 — Vo) (E(Wal X, = j) — W3)
~ L SN B EWIX, = §) - ) EWalX, = j) — Ta).

Thus, the total variability is

SStotal; = Z}]:1 SSwithin; 4+ SSbetween

SWinn SWia SWjiz SWii By1 Bz Bz By
B ZJ SWior SWisg SWiaz SWiay . By1 Bay Biz By
=i

SWisr SWizy SWiszs SWiay Bs1 Bsy Bsz Bsy

SWisn SWise SWisz SWia By By Bz By

Then the fraction of within-component variability to total variability for the esti-
mated J-component mixture model is

_ |SSwithin|
77 |SStotal,|’

where |SSwithin,| and |SStotal;| are the determinant of matrix SSwithin,; and

SStotal j, respectively. Following to Pilla and Charnigo(2007), the penalty statistic
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can be defined as:

AY, W) := Z &sP(Jcomponents),
Jel
where P(Jcomponents) is the prior of J-component model, the prior-weighted average

fraction of within-component variability to total variability over the |I| estimated
mixture models. First we claim that |SStotal;| = [SSwithin; + SSbetween;| >
|SSwithing| + |SSbetweeny|, then A(Y,W) € [P(1lcomponent),1]. Suppose there
exist 1 > ¢ > 0 such that P(lcomponent) > ¢, then we have A(Y,W) € [¢,1]. A
larger penalty statistic suggests less heterogeneity.
Since according to Marcus and Minc(1964),
det(A+ B) = det(A)det(I + A~/2BA~1/2)

> det A[1 + det(A~Y/2BA~1/2))

— det(A) + det(A72) det(A-V2BA2) det(A-1/2)

= det(A) + det(B)
Then the above claim is proved. Furthermore, define the bivariate ratio function:

®((logn)") — @(1)
1—o(1)

B(n, k) :=

for n > exp(2), k € [, 1] and ®(+) is the cumulative distribution function of standard
Gaussian distribution. As mentioned in Pilla and Charnigo(2007), B(n, ) is non-
negative and increasing in both n and k. Also for a fixed x € [, 1], lim,, oo B(n, k) =
1. Then let

PafY, W) = (logn) A0,

We could then define the singular flexible information criterion (sFLIC) as

Definition 1. The singular flexible information criterion (sFLIC) of model M; is:

SFLIC; =I1(M;) + A (o) Pa(Y, W)

= 1(M;) + Xj(mo) (log n) Bm-AY),
where @ is the mazimum log-likelihood of model M;, \;j(my) € [0,d;/2] is the

learning coefficient(here we use \; as a short form of \;; mentioned in sBIC), and d;

is the dimension of the parameter space §2;.
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The singular flexible information criterion is a modified flexible information cri-
terion, which has a mild penalty term since A;(m) € [0,d;/2]. Also, following Pilla
and Charnigo(2007), since 0 < B(n, A(Y,W)) < 1, then for large n, the penalty term
approximately equal to A;logn, which equals to the penalty of sBIC, unless A(Y, W)
is very small. Also notice that, if n is small, the penalty term is much less than
A;logn, while for moderate n, it is sensitive to A(Y, W). Thus for moderate n, if the
data indicates a strong heterogeneity then the criterion has a light penalty.

Referring to the birth weight data, we can suppose Y; is the weight of new born
infant, Y5 stands for the obstetric gestation, W) is the age, and Ws is the years of

smoking.

5.3 Consistency of sFLIC

In this section, we show consistency results for the sFLIC from Definition 5.1. First,
since we assume the same model, we have assumptions (A1) to (A3) from Chapter
4. Then for a finite set of models {M; : i € I} and fixed data-generating distribution

7o € U;e; Mi, we have the following theorem:

Theorem 5.3.1. (Consistency). Let M; be the model selected by the sFLIC,
i = argmax sFLIC(M;).
jel

Under assumptions (Al1)-(A3), the probability that M; is a true model of minimal

Bayes complexity tends to 1 as n — oo.

Following Drton and Plummer(2013), to show the theorem, it is sufficient to show
that 1) the sFLIC of any true model is asymptotically larger that of any false model;
2) the sFLIC of a true model can be asymptotically maximal only if the model
minimizes Bayes complexity among all true models. We will prove the two parts in

the following lemmas.
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Lemma 5.3.2. If M; is true a model and My, is a false model, then under assumption
(A2)
P(sFLIC(M,;) > sFLIC(My)) — 1,

as n — Q.

Proof. Since we have shown in Chapter 4 that assumption (A2) holds for our hierar-

chical model with varying coefficient:
P(sBIC(M;) > sBIC(My)) —

asn — o0o. Moreover, by Drton(2013) we have exp(sBIC(M;)) = o(exp(sBIC(My))).

Also we already know that
SBIC(Mz) = l(/]\Z) - )\ij logn
sFELIC(M;) = [(M;) — Ayj(logn) BN,

We then prove
exp(sFLIC(M;)) — o,(1)
exp(sFLIC(My)) "7

Since

exp(sF'LIC(M;))  exp(sFLIC(M;)) exp(sBIC(M;)) exp(sBIC(My))

exp(sFLIC(My))  exp(sBIC(M;)) exp(sBIC(My))exp(sFLIC(My))’

exp(sFLIC(M;)) exp(sBIC(My)) exp(sBIC(M;)) __
and note that W > O, exppsFL—IC(]\;)) = Op(l) and W = 0}7(1)'

Since sBIC(M;) < sFLIC(M;), then we only need to show that for any model M;,

exp(sFLIC(M;)) .
;&TM is bounded(= O,(1)).

Since -
exp(sBIC(M;) L(M;)exp(\;logn)

exp(sFLIC(M;)) [T_J\Z-)exp(/\j(logn)B(”’A))7

it suffices to show that

exp(A;logn)

exp(\;j(logn)BA)) = exp(\;(logn — (logn)PMY)) — 1

in probability as n — oc.
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Since we have that A € [e, 1], then
logn — (logn)2™ > 0,

We also have that
(lOg n)B(n,A)

logn

— (log n)B(n,A)fl

Since according to Fan(2014),

exp(—(logn)**/2)

B(n,A) <1-— T—ao0) ;

details are shown in Fan(2014) page 86,thus B(n, A)—1 converges to 0 faster than logn
diverges to infinity. Actually, B(n,A) — 1 converges to 0 faster than logn * loglogn
diverges to infinity.

We have

| ' log nloglogn
. <
nlggo(l B(n,A))lognloglogn < 7111320 C exp((logn)?A /2)’

where C' > 0 is a constant. Note that, since A € [, 1] then logn > (logn)*~1 >

(logn)?~! > (logn)~!. By L’'Hospital’s Rule:

Lioglogn + L
0 < lim (1 — B(n,A))lognloglogn < lim n 08 O8NT

n—00 n—oo C'exp((logn)?/2) x e(logn )21 x L

n

Case 1: if 26 — 1 < 0 then as n — oo:

loglogn + 1 S0
Cexp((logn)?c/2) x (logn)—1 ’
Case 2: if 2¢ — 1 > 0 then define logn := wu,
Lloglogn + + (logu + 1) x ul=2

= 0
C exp((logn)2/2) x e(logn)2e—1 * L Cexp(u®/2) e -

n

as u — 00.
Thus, (B(n,A) — 1) xlognloglogn — 0 in probability as n — co.
Next,
logn — (log n)B™Y = logn(1 — (log n)BmM-1),
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We have

(log n) PM=1 = exp((B(n, A) — 1) loglogn).

Next we apply Taylor’s expansion:
exp((B(n,A)—1)loglogn) = 1+(B(n,A)—1)loglogn+0O,(((B(n,A)—1)loglogn)?).

Thus,

log n(1—(logn)BMMH=1) = (1-B(n, A))log n log log n-+log nxO,(((B—1) loglogn)?)] — 0,

Thus. $ELICO1)

SBIC(M,) is bounded, then

exp(sFLIC(M;)) _ exp(sFLIC(M;)) exp(sBIC(M;)) exp(sBIC(Mj)) —o,(1)
exp(sFLIC(My))  exp(sBIC(M;)) exp(sBIC(My)) exp(sFLIC(My)) 77

]

Thus, we have shown that the sFLIC of any true model is asymptotically larger

than that of any false model.

Lemma 5.3.3. Suppose mg € My, but M, does not minimize the Bayes complexity
among all true models, assume there exist a true model M; which minimize the Bayes

complexity such that
P(sFLIC(M;) > sFLIC(My)) — 1,
as n — 0o.

Proof. As shown by Drton and Plumner(2013) Proposition 4.2, the conclusion in

Lemma 5.3.2 holds for any model Mj, as in the proof of Lemma 5.3.2 then imply,
P(sFLIC(M;) > sFLIC(My)) — 1,

as n — oo. ]
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5.4 Simulation study

In simulation study, we generate data from the hierarchical normal mixture model
as following first generate W; from multivariate normal with mean v and covariance
matrix 7. Then calculate P(X; = j|W;) with given parameter a, b; and by. Then we
generate Y; given X; = j with mean p; and covariance matrix 3; from multivariate
normal distribution, with j = 1,2,...m and number of non-redundant components
m € {2,3,4,5}. We take sample size to n = 10000 then calculate the AIC, BIC and
sBIC for each candidate model. For each combination of m and n, we generate 10
datasets with following parameter settings and compare the results.

2 components model: p; = (=2, 1)7, py = (2,3)7,

1 0.3 1 04
21 = ) 22 = )
03 1 04 1

a=(0.9,0), by = (1.1,0) and by = (2,0).
3 components model: p; = (=2,2)7, pus = (2,47, puz = (5,7)7,

1 0.3 1 04 1 0.09
21 = 5 22 = 5 23 - )
0.3 1 04 1 0.09 1

a=(09,08,0), by = (1.1,1.2,0) and by = (2,1.8,0).
4 components model: p; = (=3,3)", p2 = (2,1)", pg = (6,5)", pa = (9,9)",

1 0.3 1 04 1 0.09 1 0.2
21: 722: 723: 724:
03 1 04 1 0.09 1 02 1
a=(0.9,0.8,0.8,0), by = (1.1,1.2,1.2,0) and by = (2,1.8,1.9,0).
5 components model: H1 = (_47 _3)T7 H2 = (_1a 1)T7 K3 = (2a 5>T7 Ha = (6a9)T7
Hs = (97 11)T7
1 03 1 04 1 0.09 1 0.2
21: 722: 723: 724:
0.3 1 04 1 0.09 1 02 1
1 0.5
25 - 5
05 1

a=(0.9,0.8,0.8,0.9,0), by = (1.1,1.2,1.2,1.1,0) and by = (2,1.8,1.9,1.9,0). Also,
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0

we have v = (0,0), 7 = for all models.
01

The contour plots of joint density of Y; and Y5 are shown in figure 5.1:
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Figure 5.1: Contour plot of fitted joint density for sample data from the indicated distribution



The following table shows the result of model being selected by AIC, BIC, sBIC

and sFLIC:
AIC BIC sBIC sFLIC

True/Select

21345 2|34 5|23 [4]|>5|234]05
2 components || 8|1 (1] 0 (|10 O] O] OO0 0[O0 ]O0{9]1|0]O0
3 components || 0|6 3] 1 0110 0[O0 01100 [0 }O0[9]1|O0
4 components |00 [8 2 | 0|0 |10 01| 0|0 ]10]0|)0J0|9]1
5 components |00 (0|10 O [ O[O0 [10| OO0 ]10}]0]0|0]10

For large n, BIC and sBIC work well for detecting true number of components;

AIC works worst and tend to select a larger number of components, while sFLIC

is intermediate between AIC and BIC. More specifically, when true models have

two components(M=2), AIC selects 8 out of 10 correctly, sFLIC selects 9 out of

10 correctly, while BIC and sBIC selects 10 correctly. When the true models have 3

components, AIC selects 6 out of 10 correctly, BIC and sBIC have correct classification

rates of 100%), while sFLIC is intermediate between AIC and BIC or sBIC, it selects

9 out of 10 correctly. The situation is similar for true models with 4 components,

sFLIC chooses 9 out of 10 correctly, which is between AIC(8) and BIC or sBIC(10).

For 5 component models, all of these criteria work well. Since our candidate sets

only contains up to 5 components model, then it is not possible to choose more

components.
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5.5 Real Data Applications

In this section, we apply our model 4.1 to NCHS’ Vital Statistics Natality Birth Data
from the National Vital Statistics System of the National Center for Health Statistics

in year 2014. The data is publicly available online at
http : | Jwww.nber.org/data/vital — statistics — natality — data.html.

The data are based on information abstracted from birth certificates filed in vital
statistics offices of each State and the District of Columbia.

We wish to analyze the relationship between gestational age and birth weight
adjusted for other variables like mother’s age and father’s age. According to Charnigo
et al. [2010], since records with birthweight less than 500 grams or gestational age
less than 22 weeks were not consistently documented, then we select data with known
birthweight between 500 and 5500 grams and gestational age larger than or equal
to 22 weeks. Referring to our model, we treat mother’s age(in years) and father’s
age(in years) as W, gestational age(in weeks) and birthweight(in grams) as Y. We
randomly draw 10 samples of sizes n = 500, 1000, 2500, 5000, 10000 respectively and
fit models with number of non-redundant components m € {2,3,4,5}. For each m
and n combination, we use EM algorithm to estimate parameters and use AIC, BIC,
sBIC and sFLIC to infer the true number of components. Table 5.1 summarizes the
EM algorithm parameter estimates and Table 5.2-Table 5.5 shows the model selection

results by information criterion average over 10 samples.

Table 5.1: Preferences of Model Selection Criteria in Real Data

Sample size AIC select BIC select sBIC select || sFLIC select
2345 2 [3]4]5]2][3]4][5]2][3[4]5

n=>500 116[2[1(10[{0]010|9]1]{0]0Y|8]2]|0]0
n=1000 0217 71(3]0[|0|4|6[0]0|4|6]0]0
n=2500 0[0|5(5] 0 1]0[8]2]l0[0|8[2]|l0]0|8] 2
n=5000 O|1/6(3] 0 [1|8|1|0|1|8[|1]0|1]8]1
n=10000 010128 0 [0|5|5]|l0[0|5[5|l0]0|5]5
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Table 5.1 shows the results of 10 random samples. For small sample size(n=500
or n=1000), BIC, sBIC and sFLIC tend to select 2 or 3 component models. More
specifically, when n=500, BIC selects all models as 2-component, sFLIC selects 2
out of 10 as 3-component models others as 2-component; AIC selects all models but
tends to prefer to 3-component. When n=1000, AIC shows preference to 5 component
models, BIC still favors 2-component models, but sBIC and sFLIC choose more 3-
component than 2-component models. However, due to the numerical optimization
and the inherent multi-modality of the likelihood function, the results may not be
stable for small samples. As sample size increases to 2500, all criteria seem to choose
more components, none of them selects 2 or 3 component models. AIC shows equal
preference to 4 and 5 component models, while BIC, sBIC and sFLIC have similar
results and choose more 4-component models. For n=5000, still BIC, sBIC and
sFLIC agree with each other and tend to select more 4-component models. AIC as
well selects 6 out of 10 as 4-component models, but still chooses 3 as 5-component
models, which agrees with the theory that AIC is not stable when sample size is large
as mentioned in Pilla and Charnigo [2007]. When sample size increases to n=10000,
BIC, sBIC and sFLIC shows equal preference for 4 and 5-component models, while
AIC chooses 8 out of 10 as 5-component models, and 2 as 4-component models.

The scatter plots of real data and contour plots of the fitted densities for gestation
and birthweight, marginalized over mother and father’s age, are shown in Figure 5.2.
The parameters for fitted density are from table 5.2 to table 5.5 using n = 1000,
which is plotted against 1000 new observations not used to fit the model; the use of
new data could provide insight into the generalizability of the model to new data.

For 2-component model, we see that the first component accounts for most of the
low birthweight and premature babies, and has large variation in both Y; and Y5 to
capture the diversity of these cases. The second component accounts for the majority
of the data, which captures most normal to high birthweight cases whose gestational

ages are of full term or nearly so.
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For the 3-component model, similar to the 2-component model, there is still one
component with large variation accounting for cases with low birthweights and short
gestational ages. One component accounts for the majority of the data. Besides that
there is an additional component accounting for many cases with high gestational
ages.

Fitted density of 4-component model seems more reasonable since the first com-
ponent tends to capture more low birthweight and premature cases, while other three
components together account for almost all normal to high birthweight cases whose
gestational ages are of full term or nearly so.

The 5-component model seems a little over-fitted, since compared to 4-component
model, it has an additional component to capture relatively low birthweight but
normal gestational age cases, which are infrequent. This also shows the reason that
BIC, sBIC and sFLIC tend to select 4-component model as the best fitted model.

Also, since the estimated b; and by in the tables are very close to zero, we can
conclude that mother’s age and father’s age have very little influence on component
membership for the birthweight and gestational age. However, the model does not
explore whether parents’ age may influence birthweight and gestational ages within

a component.
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Table 5.2: Estimating Parameters in a 2-Component Mixture Model

Parameters n=1000 n=2500 n=5000 n=10000
[ (36.8,2753)" (36.4,2862)" (37.3,2848) (37.4,2853)"
2 (39.1,3516)" (38.9, 3456) " (39.1,3521) (39.1,3516)"
> ( 17.5 2395 ) ( 154 1971 > ( 16.5 2247 ) ( 17.6 2217 )

! 2395 552236 1971 510546 2247 590887 2217 568091
> 1.49 156.9 1.14 147.3 1.63 154.3 1.44 149.6
2 156.9 190990 147.3 191553 154.3 205321 149.6 192252
a (1.75,0) (2.44,0) (1.49,0) (1.24,0)
by (0.004, 0) (0.002,0) (0.014,0) (0.010,0)
b (—0.005,0) (—0.003,0) (—0.006,0) (—0.007,0)
v (28.79,32.79)" (28.89, 32.50)% (28.57,32.75)" (28.37,32.89)"
861.2 944.2 866.6 938.8 850.1 934.3 857.8 943.0
T (944.2 1436) (938.8 1387) (934.3 1442) <943.0 1443)
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Table 5.3: Estimating Parameters in a 3-Component Mixture Model

Parameters n=1000 n=2500 n=>5000 n=10000
L (36.7,2772)T (36.9,2817)T (37.2,2808)T (36.9,2791)T
Lo (38.6,3518)T (38.5,3471)7T (38.5,3505)T (38.7,3548)T
L3 (39.1,3072)T (39.5,2941)T (39.3,2986)T (39.2,3035)T
5 21.7 2558 21.4 2627 23.2 3139 <19.9 2279

! 2558 803403 2627 851339 3139 836011 2279 724088
. ( 1.28  105.9 ) ( 1.33  109.4 ) ( 1.27  115.1 ) (1.02 97.8 )

2 105.9 182895 109.4 185928 115.1 183038 97.8 174403
. 3.13 4329 2.77 582.2 2.61 546.6 3.26  433.1

3 432.9 151404 582.2 192953 546.6 199232 433.1 141631
a (—1.16,1.02,0) (—1.21,1.08,0) (—1.16,0.93) (—0.72,1.39,0)T
b, (0.086,0.28,0) (0.06,0.05,0) (0.057,0.050, 0) (0.047,0.059, 0)
by (0.027,0.039, 0) (—0.015,0.007,0) (0.011,0.1,0) (0.013,0.022,0)

(28.79, 32.79)T

(28.89, 32.50)T

(28.57,32.75)T

(28.37,32.89)7

861.2 944.2
944.2 1436

866.6 938.8
938.8 1387

850.1 934.3
934.3 1442

857.8 943.0
943.0 1443
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Table 5.4: Estimating Parameters in a 4-Component Mixture Model

Parameters n=1000 n=2500 n=>5000 n=10000

L (36.1,2258)T (36.2,2139)7 (35.9,2246)" (36.1,2198)7

Lo (38.1,3160)T (37.9,3283)T (37.6,3182)T (38.4,3200)T

L3 (39.7,3551)T (39.7,3561)T (39.8,3574)T (39.9,3612)T

I (38.8,3281)T (38.973031)T (38.8,3051)T (38.9,3176)T

. ( 20.1 2833 ) ( 20.7 2566 ) ( 18.6 2900 > ( 20.6 2863 )
! 2833 459540 2566 495962 2900 458287 2863 458287

. ( 14.5 996 ) ( 11.61 704 > ( 10.60 696 ) < 11.3 675 )
2 996 479716 704 414000 696 477921 675 392403

5 < 2.76  103.3 > ( 1.22  139.9 > ( 1.38 142.9 ) <2.97 93.2 )
3 103.3 204631 139.9 207002 142.9 193885 93.2 170252

5 2.55 227.1 > 3.97 2473 > 3.08 306.0 ) 2.33 2395 )
4 227.1 122116 247.3 145140 306.0 138422 239.5 119216

a (—1.44,1.056,2.83,0) | (—1.32,—0.62,1.49,0) | (—1.16,—-0.22,1.83,0) | (—1.82,—0.62,0.25,0)
b (—0.01,0.05,0.04, 0) (0.06,0.11,0.08,0) (0.016,0.2,0.16,0) (0.05,0.02,0.06,0)
by (0.02,0.22,0.21,0) (0.04,0.07,0.05,0) (0.04,0.05,0.04,0) (0.01,0.03,0.03,0)"

(28.79,32.79)7

(28.89, 32.50)7

(28.57,32.75)T

(28.37,32.89)T

861.2 944.2
944.2 1436

866.6 938.8
938.8 1387

850.1 934.3
934.3 1442

857.8 943.0
943.0 1443
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Table 5.5: Estimating Parameters in a 5-Component Mixture Model

Parameters n=1000 n=2500 n=5000 n=10000

L1 (35.3,2214)T (35.8,2196)T (35.7,2179)T (35.5,2232)T

Lo (37.8,3189)T (37.8,3173)T (37.3,3192)T (37.8,3206)T

L3 (38.9,3319)T (39.2,3324)T (39.1,3279)T (38.9,3317)T

L4 (40.1, 3670)T (39.9,3526)T (39.9,3579)T (39.9,3654)T

L5 (38.8,3173)7T (38.8,3146)7 (38.7,3078)7 (38.8,3130)7

. (20.2 2441 ) (20.3 2709 ) (20.1 2022 ) (20.8 2614 )

! 2441 520451 2709 536479 2022 534640 2614 519112

5 ( 9.03 517.4 ) ( 8.16 408.3) ( 8.63 530.3 ) ( 9.06 529.9 )

2 517.4 323629 408.3 29480 530.3 335853 529.9 322149

. (0.91 67.4 ) (1.20 74.05 ) (1.23 91.2 ) (0.68 71.49)

3 67.4 105828 74.05 121725 91.2 109495 71.49 123333

. (1.49 94.1 ) ( 1.13  87.79 ) ( 1.51  102.1 ) ( 1.99  92.44 )

4 94.1 190121 87.79 180379 102.1 210575 92.44 190431

5 ( 5.52  304.2 ) ( 5.27  290.7 ) ( 6.49 239.4 ) ( 6.92  350.0 )

> 304.2 189227 290.7 217762 239.4 171510 350.0 182401

a (0.71,1.77,3,2.93,0) | (1.21,0.29,1.57,2.99,0) | (0.91,2.47,2.98,2.98,0) (1.79,2.26,3,2.3,0)

by (0.09,0.45,0.22,0.37,0) | (0.38,0.5,0.37,0.38,0) | (0.28,0.35,0.33,0.37,0) | (0.26,0.30,0.24,0.27,0)
by (0.05,0.22,0.12,0.21,0) | (0.10,0.49,0.21,0.2,0) | (0.09,0.17,0.14,0.17,0) | (0.08,0.09,0.17,0.10,0)

(28.79,32.79)T

(28.89, 32.50)7

(28.57,32.75)T

(28.37,32.89)T

861.2 944.2
944.2 1436

866.6 938.8
938.8 1387

850.1 934.3
934.3 1442

857.8 943.0
943.0 1443
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Figure 5.2: Contour plots of fitted joint density(n=1000), with component means in colored dots



5.6 Summary and Discussion

In this chapter, we develop a new data dependent information criterion sFLIC ,in-
spired in part by Pilla and Charnigo [2007] ’s FLIC, for bivariate hierarchical mixture
models 4.1 with varying weights. Our work is different from Pilla and Charnigo [2007]
in the following three aspects: 1)our hierarchical mixture model has varying weights;
2) our method is derived recognizing the singular structure of the models; 3) we
consider data with a vector response and a vector covariate.

In section 5.3, we proved asymptotic properties for our sFLIC criterion which
accommodates singularity of our hierarchical model (4.1). In section 5.4 simulation
study, we showed that sFLIC works as well as sBIC for large samples. In section 5.5,
we applied sFLIC to birthweight data from the National Center for Health Statistics
in year 2014. We saw that sFLIC shows concordant results with BIC and sBIC,
which tend to choose 4-component models as best for birthweight and gestational
age. Surprisingly, this result agrees with Charnigo et al. [2010], who considered only
birthweight as a variable and has no covariate.

But there are some limitations to this study. First non-uniqueness of local maxima
of the likelihood (Karlis and Xekalaki [2003]) and numerical optimization imply the
results may not be stable, especially for small samples; estimates may be local maxima
instead of global maxima. Second,since for birthweight and gestational age data, we
only include those cases with birthweight between 500 and 5500 grams and gestational
age larger than or equal to 22 weeks, the model is technically no longer a normal
mixture, but rather a truncated normal mixture. As such, we anticipate that model
selection criterion will try to capture empirical distribution which trend to select more
component for large n, meaning that the theoretical consistency may not be observed

in practice.

Copyright© Meng Qi, 2016.
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