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ABSTRACT OF DISSERTATION

EMPIRICAL PROCESSES AND ROC CURVES WITH AN APPLICATION TO
LINEAR COMBINATIONS OF DIAGNOSTIC TESTS

The Receiver Operating Characteristic (ROC) curve is the plot of Sensitivity vs.
1- Specificity of a quantitative diagnostic test, for a wide range of cut-off points c.
The empirical ROC curve is probably the most used nonparametric estimator of the
ROC curve. The asymptotic properties of this estimator were first developed by Hsieh
and Turnbull (1996) based on strong approximations for quantile processes. Jensen
et al. (2000) provided a general method to obtain regional confidence bands for the
empirical ROC curve, based on its asymptotic distribution.

Since most biomarkers do not have high enough sensitivity and specificity to qual-
ify for good diagnostic test, a combination of biomarkers may result in a better diag-
nostic test than each one taken alone. Su and Liu (1993) proved that, if the panel of
biomarkers is multivariate normally distributed for both diseased and non-diseased
populations, then the linear combination, using Fisher’s linear discriminant coeffi-
cients, maximizes the area under the ROC curve of the newly formed diagnostic test,
called the generalized ROC curve. In this dissertation, we will derive the asymptotic
properties of the generalized empirical ROC curve, the nonparametric estimator of
the generalized ROC curve, by using the empirical processes theory as in van der
Vaart (1998). The pivotal result used in finding the asymptotic behavior of the pro-
posed nonparametric is the result on random functions which incorporate estimators
as developed by van der Vaart (1998). By using this powerful lemma we will be able
to decompose an equivalent process into a sum of two other processes, usually called
the brownian bridge and the drift term, via Donsker classes of functions. Using a uni-
form convergence rate result given by Pollard (1984), we derive the limiting process of
the drift term. Due to the independence of the random samples, the asymptotic dis-
tribution of the generalized empirical ROC process will be the sum of the asymptotic
distributions of the decomposed processes. For completeness, we will first re-derive
the asymptotic properties of the empirical ROC curve in the univariate case, using the
same technique described before. The methodology is used to combine biomarkers in
order to discriminate lung cancer patients from normals.

KEYWORDS: Diagnostic test, generalized ROC curve, Nonparametric Estimator,
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CHAPTER 1: INTRODUCTION

1.1 Overview of the ROC Curve

The Receiver Operating Characteristic (ROC) curve has its roots in statistical deci-
sion theory and practice of quality control. During the 1950s, the ROC methodology
was developed for signal detection experiments in radar. The fundamentals of this
methodology, as it was originally applied to signal detection, can be found in Green
and Swets (1966). Today, the ROC methodology is applied in a wide variety of scien-
tific areas such as psychology, economics, machine learning, biomedical sciences, and
many others (see Swets and Pickett [1982] for other examples). The ROC curve was
first introduced in the biomedical area by Lusted (1960) for medical imaging (radiol-
ogy) applications, but it became a much popular statistical tool after the publication
of Swets and Pickett’s (1982) text. Nowadays, in the omics era, when the discovery
of biomarkers is considered the key to personalized medicine, we have seen a huge
boom in ROC literature, that ranges from simple applications of the ROC curve to
new methodological developments. A search of the PubMed database for “biomarkers
and ROC curve” showed that there are slightly more than 2000 publications since the
year 2000. Two excellent reviews of ROC methodology applied in the biomedical area
are given by Zhou et al. (2002) and Pepe (2003).

In the context of biomedical applications, most often the signal event can be
replaced by the true status of a disease, diseased or non-diseased, and the “place” of

the observer is taken by a diagnostic test or biomarker used as a diagnostic tool (we



will use them interchangeably). Let us assume that we know the exact classification
of the study subjects in either one of the two categories, a situation in which we say
that we have a gold-standard. Let D be a dichotomous variable which takes values 0
and 1 for the non-diseased and diseased subjects, respectively. We will assume that
the diagnostic test variable is continuous, and that larger values are more likely to
appear in the diseased population. Let Z be the random variable of the diagnostic
test values. Denote by X ~ F and Y ~ G the continuous random variables and
their cumulative distribution functions (cdf) of the test values for the non-diseased
and diseased subjects, respectively. By choosing a cut-off value ¢, a study subject
has a positive (negative) test if the values of the diagnostic test is greater than c
(less than or equal to ¢). Since we know exactly whether a subject is either diseased
or non-diseased, the result of the test can be classified as true positive (TP), false
positive (FP), true negative (TN), or false negative (FN). Thus, given N subjects and

any cut-off value ¢, we can construct the following 2x2 table.

Table 1.1: Classification of Diagnostic Test Results

Diagnostic Test/Disease Status  Diseased  Non-diseased Total

Positive Test TP FP TP+ FP
Negative Test N TN FN+TN
Total TP+FN FP+TN N




A test result is TP (FP) when a diseased subject is correctly (erroneously) classified as
diseased. Similarly, a test result is TN (FN) when a non-diseased subject is correctly
(erroneously) classified as non-diseased. Based on the above classification of a test

result let us introduce the following accuracy measures

TPF(¢c)=P(Z>c|D=1)=P(Y >¢)=1-G(c) = G(c) (1.1)
FPF(c)=P(Z>c|D=0)=P(X >¢c)=1-F(c) = Flc) (1.2)
TNF(c) = P(Z < ¢|D=0)=P(X <¢) = F(c) (1.3)
FNF(c)=P(Z<cD=1)=P(Y <c)=Glc), (1.4)

where F and G are the survival functions. In the medical literature TPF and TNF are
also called Sensitivity and Specificity, respectively. Note that, for any given cut-off

value, among the four fractions exist the following relations

TPF(c)+ FNF(c) =1

TNF(c) + FPF(c) = 1.

Therefore, only two of the above four fractions, or “operating characteristics”, can be
really used to gain insights in how well the diagnostic test has done. Let us choose
Sensitivity(c Jand Specificity(c). An ideal diagnostic test would be able to perfectly
discriminate between non-diseased and diseased subjects or, in other words, to have

sensitivity and specificity equal to 1. This is rarely the case in practice and, as a



matter of fact, the sensitivity increases from 0 to 1, while the specificity decreases
from 1 to 0 as the cut-off point varies from +oo to —oo (it practically only varies
on the range of the diagnostic test values). Therefore, by plotting sensitivity versus
1-specificity for all the possible cut-off points ¢, we obtain a visualization tool, namely
the ROC curve, that shows the trade-off, or interdependence, between the sensitivity
and specificity of a diagnostic test at each cut-off value. The ROC curve can also
be considered as a performance measure of the diagnostic test. An ROC curve close
to, but above the first diagonal of the unit square indicates that our diagnostic test
has slightly better chances to distinguish between diseased and non-diseased subjects
than flipping a coin. The figure below shows an example of a diagnostic test that

is better than the flip of a coin. Any point on the ROC curve is determined by its
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=ROC(Y)
0.6
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0.4
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0.0
|

T T T T T T
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1-Specificity(c)=t

Figure 1.1: Example of an ROC Curve



coordinates

ROC( ) = {(1 — Specificity(c), Sensitivity(c)), ¢ € R}.

Notice that if we denote 1-specificity by ¢ and the sensitivity by ROC(t), then by

using the above formulae for the fractions we obtain

ROC(-)={(t,ROC(t)) = (t,1 -G (F ' (1—1))), te[0,1]}. (1.5)

From (1.5), we see that the ROC curve is completely determined by the quantity
G (F~(p)) for p € [0,1].

It is worth noting a few properties of the ROC curve. Firstly, ROC curves are
invariant under monotone increasing transformations. If H is such a transformation,
then the ROC for X and Y is the same as the ROC for H(X) and H(Y). This
property lead to the so called “binormal” assumption, in which the idea is to find the
transformation H so that H(X) and H(Y) are both normally distributed (the binor-
mal model). Secondly, the ROC curve lies above the first diagonal of the unit square if
X is stochastically smaller than Y, (i.e., F'(¢) > G(c), Ve). Thirdly, if the probability
density functions (pdf) f and ¢g have monotone likelihood ratio L(c) = g(c)/ f(c), then
the curve is concave. Next, we introduce the Area Under the Curve (AUC), which is
one of the most used summary indices of the ROC curve (for other indices see Pepe,
section 4.3, [2003]). It was shown by Bamber (1975) that AUC = P(X < Y’), mean-

ing that AUC is the probability that the test can correctly discriminate between a



diseased and a non-diseased from a random pair of subjects. However, since clinicians
are more interested in specific ranges of the ROC curve, an alternative measure is the
partial Area Under the Curve (pAUC) proposed by McClish (1989), Thompson and
Zucchini (1989), and Dodd and Pepe (2003).

Here, we consider a panel of biomarkers, or multivariate diagnostic tests. Note
that most biomarkers do not have high enough sensitivity and specificity to qualify
for good diagnostic tests alone. Therefore, by combining the information of each in-
dividual biomarker we may obtain a better diagnostic test than each one taken alone.
In the past years, there has been an increasing interest in constructing ROC curves
based on a combination of biomarkers. The challenge of this problem is given by the
fact that the natural ordering of the real numbers, which we used in constructing the
ROC curve, is lost when we move up to dimensions higher than two. One solution to
this problem, proposed by Baker (2000), was to create a new ordering relationship.
Another solution is to use a multivariate model or a transformation that constructs
a one-dimensional projection. Among the multivariate models used, we mention here
logistic regression and tree-based models. These models estimate the predicted prob-
ability of the disease, which, in turn, can be used as a diagnostic test to create an
ROC curve. On the other hand, Su and Liu (1993) proposed to create a new diag-
nostic test as a linear combination of biomarkers such that the AUC under the newly
created ROC curve, also called the generalized ROC' curve, is maximized. Su and Liu
actually proved that, if the panel of biomarkers is multivariate normally distributed
for both diseased and non-diseased populations, then the linear combination, using

Fisher’s linear discriminant coefficients, maximizes the AUC. Also, it was pointed



out that, if the covariance matrices of the two multivariate normal distributions are
assumed proportional, then Fisher’s linear discriminant coefficients provide the high-
est sensitivity uniformly at any given specificity. Pepe and Thompson (2000) were
able to drop the normality assumption and obtain estimates of the coefficients, by
numerically maximizing the Mann-Whitney U-statistics, a nonparametric estimator
of AUC. Pepe et al. (2006) reconsidered the problem in the ROC-GLM framework
and looked at the AUC maximization as a special case of the maximum rank cor-
relation estimator described by Han (1987). Moreover, it was also shown through
simulations, that the AUC maximization approach is comparable with the logistic
likelihood maximization (i.e., logistic regression) when the logistic model holds, and
it is much better when the model does not hold. Other work on the generalized ROC
curve was done by Reiser and Faraggi (1997) who developed confidence intervals for
AUC using Wishart distributions, and Schisterman et al. (2004) who adjusted the
generalized ROC curve for covariates. Using the same argument as in the pAUC
case, Liu et al. (2005) proposed linear combinations of biomarkers that maximize the

sensitivity over a desired range of specificity, instead of AUC as in Su and Liu (1993).

1.2 Estimation of the ROC Curve

Recall that the ROC curve is practically determined by the quantity G (F~*(p)) where
p € [0,1]. Since in practice the cdf’s F' and G are unknown, we need to estimate
them. Therefore, we randomly select a sample of n non-diseased subjects, also called
“controls”, and m diseased subjects, called “cases”. Moreover, based on Table 1.1 we

can calculate the fractions of correctly or incorrectly classified subjects, for every given



cut-off value ¢. The methods that are usually used for the estimation of the ROC
curve can be roughly classified as parametric, semiparametric, and nonparametric.
We will briefly describe them next, and provide some literature references.

The parametric estimation of the ROC curve consists in assuming that the diag-
nostic test variables X,Y have a known probability distribution which depends on
some unknown parameters. The most used model is the “binormal” model, in which
the diagnostic test variables are both normally distributed, X ~ N(uyxp,o%p) and
Y ~ N(up,c%). Then, it is easy to show that TPF = ROC = ®(a + b® ' (FPF))
where a = (up — unp)/op and b = onp/op. The parameters are usually estimated
using the maximum likelihood method (see, for example, Dorfman and Alf [1968]
and [1969]). Of course, as with any other parametric approach, the estimates can be
biased when the data does not follow the Gaussian distribution (see Goddard and
Hinberg [1990]).

The semiparametric methods are developed as a compromise solution between
parametric and nonparametric approaches. The most known semiparametric method
was presented in Section 1.1 as the binormal assumption, although it is also confus-
ingly called, by some authors, the binormal model. After the data transformation, the
parameter estimation can be done in several ways, of which we mention here Hsieh
and Turnbull (1996), Metz et al. (LABROC method) (1998), Zou and Hall (2000),
Pepe (ROC-GLM method) (2000, and section 5.5.2, [2003]). Discussions about how
realistic this approach is can be found in a series of papers by Hanley (1988) and
(1996), Metz et al. (1998), among others.

The nonparametric estimation of the ROC curve is appealing because it does not



impose any parametric model, with or without transformation, on the cdf’s F' and
G. Therefore, F' and G can be estimated either by using kernel (smoothing) meth-
ods or empirical methods. Estimation of the ROC curve using kernel based methods
was first introduced by Zou et al. (1997) and improved by Lloyd (1998) and Zhou
and Harezlak (2002). The empirical method consists in estimating F' and G by their
empirical distribution functions (edf) F,, and G,,,. Campbell (1994) presented the em-
pirical ROC curve, 1 — G,,, (F,;'(1 —t)) with ¢ € [0, 1], and its associated confidence
region, based on Kolmogorov-Smirnov statistics and bootstrapping. Hsieh and Turn-
bull (1996) obtained the asymptotic properties of the empirical ROC curve on any
interval [a,b] C (0,1) using strong approximation results from Csorgd and Révész
(1981) and Csorgé (1983). Using the asymptotic properties derived by Hsieh and
Turnbull, Jensen et al. (2000) derived regional confidence bands for the smoothed
empirical ROC curve. Li et al. (1996) derived the asymptotic properties of the empir-
ical ROC curve under censoring, using empirical processes theory and the functional
delta method. By using the same methodology, Li et al. (1999) introduced a mixed
approach, in which one cdf is modelled parametrically and the other nonparametri-
cally, arguing that this approach will result in smaller asymptotic variance than in
the nonparametric case. Claeskens et al. (2003) used empirical likelihood to estimate
the ROC curve, and based on that they constructed confidence regions. Recently, Gu
and Ghoshal (2008a, 2008b, 2008c) proposed new estimation methods of the ROC
curve using nonparametric bayesian inference, specifically, bayesian rank-based par-
tial likelihood and bayesian bootstrapping. The asymptotic properties were based on

strong approximation theory. Based on this approach, they also constructed credible



confidence bounds.

1.3 Proposed Methods and Results

As we said before, developing multivariate diagnostic tests from large datasets, high-
throughput screening data from gene expression arrays or mass spectrometry tech-
nologies, has become a very interesting and challenging research subject. In this
dissertation, we will construct a multivariate diagnostic test as a linear combination
of univariate diagnostic tests, using the methodology proposed by Su and Liu (1993).
Again, we point out that the coefficients of the linear combination are determined
such the AUC under ROC curve of the newly formed diagnostic test is maximized.
The unknown coefficients of this transformation are estimated by their maximum like-
lihood estimators. There seems to be little research about the statistical properties of
the generalized empirical ROC curve, the nonparametric estimator of the generalized
ROC curve. Therefore, our main goal is to derive the asymptotic distribution of the
generalized empirical ROC curve. Note that, given that the asymptotic behavior of
the generalized empirical ROC curve is known, one can construct either pointwise or
regional confidence bands, as presented in Jensen et al. (2000).

Here, we will derive the asymptotic properties by using the empirical processes
theory as in van der Vaart (1998). Shortly, the major steps of this technique can be
described as follows. Firstly, we rewrite the generalized empirical ROC process in an
equivalent form using uniform edf’s. Secondly, we decompose this equivalent process
into a sum of two other processes, usually called the brownian bridge and the drift

term, using the powerful Lemma 19.24 (van der Vaart [1998]), via Donsker classes

10



of functions. Thirdly, we find the asymptotic distribution of each of the decomposed
processes. Due to the independence of the random samples, the asymptotic distri-
bution of the generalized empirical ROC process will be the sum of the asymptotic
distributions found previously. For completeness, we will first re-derive the asymp-
totic properties of the empirical ROC curve in the univariate case, using the major

steps described before.

1.4 Organization

This dissertation is organized as follows. In Chapter 2, we will introduce the basic
concepts from measure and probability theory and provide the main results from
empirical processes theory to be used later on. The pivotal results used to derive the
asymptotic distribution of the ROC processes are Lemma 19.24 from van der Vaart
(1998) and Theorem 37 from Pollard (1984). In Chapter 3, we will re-derive the
asymptotic distribution of the empirical ROC process using the empirical processes
approach and the functional delta method. The results are presented in Theorem 3.14
and Corollary 3.15. In Chapter 4, we will derive the main result of this dissertation,
namely the asymptotic distribution of the generalized empirical ROC process on the
interval [0, 1], by using the core technique introduced in the previous chapter. The
working assumption is that the biomarker panel is multivariate normally distributed
and the covariance matrices for the diseased and non-diseased are the same. The main
result is obtained in Theorem 4.55. In Chapter 5, we will apply the methodology to
a set of biomarkers used for discrimination between lung cancer and normal subjects

and present a simulation study. In Chapter 6, we will discuss the results and future

11



work.
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CHAPTER 2: PRELIMINARY TOOLS

2.1 Basic Definitions and Theory

For completeness, we will introduce notations, definitions and main results from em-
pirical process theory that we will be using in the subsequent chapters. In this section,
we will start with the basics from measure and probability theory and we will end
with some results concerning the generalized inverse function. All results from this
chapter will be stated without proof, but, for those interested in their proofs, we will

add in parenthesis the source of the result.

Definition 2.1. A metric is a map d : D x D+ [0, 00) with properties

L d(z,y) = d(y,z);

2. d(z,z) < d(x,y) + d(y, z) (triangle inequality);

3. d(z,y) =0 if and only if z = y.

Definition 2.2. A set D equipped with a metric d is called a metric space and is

denoted (D, d).

Definition 2.3. A subset of a metric space is dense if and only if its closure is the

whole space. A metric space is separable if and only if it has a countable dense subset.

Definition 2.4. A subset K of a metric space is compact if and only if it is closed
and every sequence in K has a converging subsequence. A subset K is totally bounded

if and only if for every € > 0 it can be covered by finitely many balls of radius e.

13



Definition 2.5. A norm is amap |- || : D — [0, 00) such that for every z,y € D and

a € R,
L ||z +y| < |lz]| + |ly|]| (triangle inequality);
2. [lox]| = laf lz;
3. ||z]| = 0 if and only if z = 0.
Definition 2.6. A set D equipped with a norm is called a normed space.

Remark 2.7. If || - || is norm then d(x,y) = ||z — y/|| is a metric.

Remark 2.8. A semimetric(seminorm) is map that satisfies only conditions 1 and 2

from Definition 2.1(Definition 2.5).

Remark 2.9. Here are some examples of normed spaces that we will work with later
on. Let —oo < a <b< ooand S = {f:][ab — R} Depending on the type of
functions f, the set S will have different notations. C|[a, b] is the set of all continuous
functions, D[a,b] is the set of all functions that are right continuous and whose left
limits exists everywhere in [a, b] and [*°[a, b] is the set of all bounded functions. We
will equip these spaces with the uniform norm defined as || f||., = supzcay | ()|

When the limits a, b are not included, we will adjust the notation correspondingly.

Definition 2.10. Let Q2 be a arbitrary set. A class U of subsets of €2 is called o-field

if:
1. 0,Q e U,
2. if A € U then its complement A° € U,

14



3. if Ay, Ay, ... is a countable collection of sets in U then | J, A; € U and (), A; € U.
Remark 2.11. A set Q together with the o-field U on it is called a measurable space.

Definition 2.12. The smallest o-field that contains the open sets of a metric space

D is called a Borel o-field.
Remark 2.13. We will denote by B(R) the Borel o-field on the real line.

Definition 2.14. Let U be a o-field of Q. A function p : U — R is called a measure
if:

1. 0 < pu(A) < o0, VA € U,

2. u(@) =0;

3. if Ay, Ag,... is a countable collection of pairwise disjoint sets in U then

u(U; Ai) = 325 m(As).

Remark 2.15. A measure P for which P(2) = 1 is called a probability measure. The
space (U, P) is called a probability space.

Let (2,U, P) be a probability space and (DD, d) be a metric space with D a o-field

on it.

Definition 2.16. A map X : Q — D is called a U /D-measurable map if for any

D e D theset {we: X(w) e D} eU.
Remark 2.17. If D is the Borel o-field then X is called Borel-measurable.

Definition 2.18. A map X : Q2 — D is called a random element with values in D if

it is Borel-measurable.
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Remark 2.19. When D = R(R*), X is called a random wvariable (vector). If D is a

space of functions like C[a, b], D[a,b] or [*[a, b] then, X is called a random function.

Definition 2.20. A random element X : Q — D is called tight if for every € > 0

there exists a compact set K such that P(X ¢ K) < e.

Definition 2.21. Let T be an arbitrary set. A collection X = { X, : t € T'} of random
variables indexed by T and defined on the same probability space (Q,U, P) is called

a stochastic process.

Remark 2.22. For a fixed w, the map t — X,;(w) is called a sample path. If, for
example, every sample path is a bounded function, then X can be viewed as a random
element with values in [*°(T"). A classical example of a stochastic process is the

empirical distribution function and we will talk more about it in a later section.

Definition 2.23. A stochastic process X = {X;:t € T} is called Gaussian if the

random vector (Xy, (w), ..., Xy, (w)) is multivariate normal for Vk € N and V¢, > 0.

Definition 2.24. Let X : Q2 — D be a random element. The induced probability

measure Py : D — R defined by

is called the probability distribution or simply distribution of X.

Remark 2.25. When there is no confusion, we will drop the subscript and, in order to
make a distinction between the two probabilities, we will denote by P the probability

measure and by P the induced probability distribution.
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Definition 2.26. A random element X : 2 — D is called separable if exists a

separable, measurable set D € D with Px(D) = 1.

Definition 2.27. The distribution function of a random variable X, is the right

continuous function defined on R by

Definition 2.28. The expectation of a random variable X is the Lebesgue-Stieltjes

integral of X (w) with respect to probability measure P.

Remark 2.29. Some common notations that we will use are: EX, [, X (w)dP(w)) or

Definition 2.30. The p"quantile of a distribution function F is the quantity given
by

F(p) = inﬂg{x cF(x)>p}, 0<p<l.
s

Let F=1 : (0,1) — R be the quantile function or generalized inverse function.

Next, we will state some very useful properties of the quantile function.

Lemma 2.31. (Lemma 1.1.4, Serfling, , p. 3), Let F be a distribution function. The

quantile function is non-decreasing and left continuous, and satisfies
1. F7loF(z) <z, —00 <z < 00 and
2. FoF~Y(p)>p, 0<p<1. Hence

3. F(x) > p if and only if x > F~(p).
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Corollary 2.32. For every p € (0,1) and x € R, Fo F~Y(p) = p iff F is continuous

and F~' o F(x) = x iff F is strictly increasing.

Remark 2.33. (Theorem 2.1.3 A, Remark (i), Serfling , p. 59), For any random sample
{Xi},_15; from distribution function F' one can construct independent uniform [0, 1]

random variables such that

P(X;=F'(U;)) =1, i=1n. (2.1)

Lemma 2.34. (Theorem 1, Shorack and Wellner, 1986, p. 3), Let & ~ Unif(0,1).

Then, for a fixed distribution function F', the random variable, obtained by thequantile

transformation, X = F~Y(&) has distribution function F.

Lemma 2.35. Let X ~ F. Then, the random variable U = F(X), obtained by the
probability integral transformation, is uniformly distributed on [0,1] if and only if F

18 continuous.

Lemma 2.36. (Proposition 6, Shorack and Wellner, 1986, p. 9), If F' has a positive
continuous density in the neighborhood of F~(p) where p € (0,1), then (d/dp)F~*(p)

exists and equals 1/ f(F~(p)).

2.2 Stochastic Convergence in Metric Spaces

We will introduce now three modes of stochastic convergence in metric spaces and
state properties involving these modes of convergence. Also, we will introduce the

useful notations o,(1), O,(1) and operations with them.
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Let (2,U, P) be an arbitrary probability space and (DD, d) a metric space with D
its Borel o-field on it. Let X,, : , — DD be a sequence of arbitrary maps defined
on probability spaces (2,,,U,, P,) and X : Q — D be a random element. Note that,
in the classical theory of stochastic convergence, X, are required to be measurable,
condition that usually holds when D is a separable metric space (R for example).
This requirement fails when dealing with empirical processes (See [van der Vaart and
Wellner, 1996, p. 3| and [Bilingsley, 1968, pp. 150-152]) for such examples). There
were several attempts to solve this problem but none of those was totally satisfactory
until Hoffmann-Jorgensen developed a new concept of weak convergence based on

outer expectation.

Definition 2.37. Let X : Q) +— D an arbitrary map. The outer expectation of X with

respect to P is given by

E*X =inf{EU : U : Q — R, measurable,U > X, EU exists}.

The outer probability of an arbitrary subset B € (Q is given by

P*(B) =inf{P(A): AD B,A e U}.

Definition 2.38. The sequence X,, converges in probability to X, denoted X, 5 x ,

if P*(d(X,,X)>¢)—0,asn— oo.

Definition 2.39. The sequence X,, converges almost surely to X, denoted X,, 3 X,

if there exists a sequence of measurable random variables A,, such that d(X,, X) < A,
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and A,, — 0 almost sure as n — oo.

Definition 2.40. The sequence X,, converges weakly (or in distribution) to X, if
E*f(X,) — Ef(X), as n — oo, for every bounded, continuous function f : D +— R.

We denote this type of convergence by X, ~» X, as n — oo.

Lemma 2.41. Continuous mapping, (Theorem 1.5.6, van der Vaart and Wellner,
1996, p. 20), Let g : D — E be continuous at every point of a set Dy C D. If X,, ~~ X

and X takes its values in Dy, then g(X,) ~ g(X).

Lemma 2.42. Let X,,,Y, : Q, — D be some arbitrary maps and X be a random

element with values in D. If X,, ~ X and d(X,,Y,) L 0, then Y, ~ X.

Lemma 2.43. Slutsky’s Lemma, (Example 1.4.7, van der Vaart and Wellner,
1996, p. 82), Let X,, : Q, — D, Y, : Q, — E be some arbitrary maps such that

X, ~ X and Y, ~ ¢ with X separable and ¢ a constant. Then, (X,,Y,) ~ (X, ¢).

Lemma 2.44. (Lemma 18.13, van der Vaart, 1998, p. 261), Let Dy C D be arbitrary
metric spaces equipped with the same metric. If X and every X,, take their values in

Dy, then X, ~» X as maps in Dy if and only if X,, ~ X as maps in D.

Let {X, }nen be a sequence of random variables. Then, the notation X,, = 0,(1)
means that X,, — 0 in probability. The notation X, = O,(1) means that X, is
bounded in probability or, equivalently, for every € > 0 there exist M, < oo and
N. € N such that P(|X,| > M.) < e, ¥n > N.. More generally, let {X,,} and
{Y,} be two sequences of random variables. By X, = 0,(Y,) we will understand
X, = Y,R, where R, = 0,(1). By X,, = O,(Y,) we will understand X,, = Y, R,

where R, = O,(1).

20



Lemma 2.45. The following identities are true.

1. 0,(1) + 0,(1) = 0,(1);

2. 0,(1) + 0,(1) = 0,(1);

3. 0,(1)0,(1) = 0,(1);

2.3 Empirical Processes

Now, We are able to talk about some important empirical processes results. First,
we will state some classical results regarding empirical distributions. Then, we will
introduce the Glivenko-Cantelli, Donsker, and Vapnik-Cervonenskis classes of func-
tions as a main tool in proving weak convergence of empirical processes. The uniform
version of Lemma 19.24 from van der Vaart (1998) that will be stated next, will play
a pivotal role in finding the asymptotic distribution of the ROC processes. We will
continue with the Hadamard differentiability and related results and we will end with
Theorem 37 from Pollard (1984).

Let (Q,U,P) be an arbitrary probability space and (X’,.4) a measurable space.
Let Xi,...,X, be a random sample from probability distribution P with values on

X. Notice that since we dropped the subscript X from the induced distribution, we
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denote the probability measure by P and the distribution of X by P. Let F be a

class of measurable functions f: X — R.

Definition 2.46. Let A be an arbitrary set. Then the indicator function 14(zx) is

defined as
1, x€A,

0, =€ A
Definition 2.47. Let A € A. Then the dirac measure, or (point mass) at the

observation, is defined as

1, x €A,
0, x e A
Definition 2.48. The empirical distribution is the discrete uniform measure on the

observations, P, = n~ 'Y " Oy,

Remark 2.49. The expectations under P, and P are, respectively,

Pnf:nlzn:f(Xi) and Pf:/fdP.

For example, if f = I_o () then P, f = F,, and Pf = F. As we said before F), is
a stochastic process. Since every sample path is cadlag the stochastic process F;, can
be viewed as the random function F), : Q — Dla,b], where [a,b] C R. Next, we will

state a few important results regarding empirical distributions.

Lemma 2.50. Bahadur’s Theorem, (Serfling, 1981, pp. 91-92), Let p € (0,1).
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Suppose F is twice differentiable at F~Y(p), with F' (F~'(p)) = f (F~1(p)) > 0. Then,

p—Fy (Fﬁl(p))

Fl(p)=Fp) + + R, 2.2
where with probability one
R, =0 (n"**(logn)**), n— cc. (2.3)

Let R;, = sup,e (1) f (£ (p)) [Rn(p)]-

Lemma 2.51. Kiefer’s Theorem, (Serfling, 1981, p. 101), With probability one
. 713/4R;‘; > . _9i2,4
lim P ((—1/2 < z) =1-2) (=1 20 (2.4)

Remark 2.52. Notice that (2.4) implies that R}, = O, (n=*/*(logn)"/?), as n — cc.

Lemma 2.53. (Serfling, 1981, p.283), For p € (0,1), 6 € (0,1/2)

F.(p) — F(p)

e p(1 - p))°

p€(0,1)

=0, (n7'?). (2.5)

Lemma 2.54. (Remark 1(i), Wellner, 1978, p.75), Let U, be the uniform empirical

distribution function. For all A > 1

t
P | sup Un(?) 2N =P| sup = 2A|< e~ L. (2.6)
peo] ¢ pefi/n1) Uy (2)

Proposition 2.55. (Serfling, 1981, p. 91), Let X1, Xs, ..., X, be a random sample
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from a standard normal distribution. Let X, < Xuo < ... < X,., be the order

statistics. Then

P (hm _ X ) . )

no (2log n) /2
We will introduce next the “uniform” or “functional” extensions of the law of

large numbers and central limit theorem.

Definition 2.56. The class F is called P-Glivenko-Cantelli if
HPnf_PfH]-‘Isup“P)nf_Pf’ —>O, a.s.”.
feF

Theorem 2.57. Glivenko-Cantelli, If X|, X5, ... are independently and identically

distributed random variables with distribution function F then ||F,, — F|| ., — 0 a.s.

Definition 2.58. The empirical process evaluated at f is defined as

Guf = Vn(Puf — Pf).

Definition 2.59. The class F is called P-Donsker if the sequence of processes {G,, f :

f € F} converges to Gp, a tight limit process in the space [*°(F).

Remark 2.60. The limit process Gp, also called a P-Brownian bridge, is a Gaussian

process with mean zero and covariance structure given by
EGpfGpg = Pfg— PfPg. (2.8)

If the functions f are of the form I(_ () then the limit will be denoted by Gp and
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called an F-Brownian bridge.

Lemma 2.61. (Theorem 2.10.1, van der Vaart and Wellner, 1996, p 190), If F is

Donsker and G C F, then G is Donsker.

Theorem 2.62. (Theorem 19.3, van der Vaart 1998, p. 266), If X1, Xs, -+ are
1.%.d random wvariables with distribution function F, then the sequence of empirical
processes \/n(F, — F) converges in distribution in the space D[—o0, o] to a tight ran-
dom element Gr whose marginal distributions are zero-mean normal with covariance

function

A class of functions can be Glivenko-Cantelli or Donsker depending on its “size”,
which can be measured in terms of entropy. The two entropy measures used are the
entropy with bracketing and the uniform entropy integral, of which, the later one will
be discussed in more detail . Using the entropy with bracketing the following lemma

can be shown.

Lemma 2.63. (Ezample 19.12, van der Vaart 1998, p. 273), Let w : (0,1) — R be a
fized, continuous function. Let t — G¥(t) = \/n(F, — F) (t)w(F(t)) be the weighted
empirical process of a sample of real-values observations. If the weight function w is
monotone around 0 and 1 and satisfies fol w?(s)ds < oo, then the weighted empirical

process converges weakly in 1°°(—o0, 00) to a tight Gaussian process.

Definition 2.64. The covering number N (e, F, | -||) is the minimal number of balls

{9 : llg — fll < €} of radius € needed to cover the set F. The centers of the balls
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need not to belong to F, but they should have finite norms. The entropy (without

bracketing) is the logarithm of the covering number.

Definition 2.65. The uniform covering numbers (relative to L,) are defined as
supg N(e | Fllg.,. , F, L (Q)), where, F is a given envelope function, the supremum is
over all probability measures Q, with 0 < QF" < oo, and || fl,, = (/ |fI)Y". The

uniform entropy integral is defined as

1
J(8,F, Ly) = / \/log sup N(e|[Fllg,  F. L (Q))de.
0

Lemma 2.66. (Theorem 19.14, van der Vaart 1998, p. 274), Let F be suitably
measurable class of measurable functions with J(1,F, Ly) < co. If P*F? < oo, where

P* is the outer probability, then F is P-Donsker.

Next, we will introduce the Vapnik-Cervonenkis (VC) classes of functions and
related results. These classes of functions are very important because it is shown
that, under certain conditions, they are Donsker classes.

Let C be a collection of subsets of a set X. We say that X' picks out a certain

subset from {z,...,x,} if this can be formed as a set of the form C' N {xy,...,z,}.
The collection C is said to shatter {z1,...,x,} if each of its 2" subsets can be picked
out.

Definition 2.67. The VC-index V(C) of the class C is the smallest n for which no
set of size n is shattered by C. The collection C is called a VC-class if its index is

finite.
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Definition 2.68. The subgraph of a function f : X — R is the subset of X x R given

by {(x,t): t< f(x)}.

Definition 2.69. A collection F of measurable functions on a sample space is called
a VC-subgraph class if the collection of all subgraphs of the functions in F form a

VC-class of sets (in X x R).

Lemma 2.70. (Lemma 19.15, van der Vaart 1998, p. 275), There exists a universal

constant K such that for any VC-subgraph class F, anyr > 1 and 0 < e < 1,
sup N(e || F g, F, Le(Q)) < KV(F)(16¢)" ) (1/) V=D,
Q b

Remark 2.71. Based on the upper bound obtained in Lemma 2.70, it can be shown
that J(1,F, Ls) < oo. Thus, according to Lemma 2.66, VC-subgraph classes are
Q-Donsker classes if they are “suitably measurable” and P*F? < oo, where F is a

given envelope of the class of functions.

Lemma 2.72. (Example 19.17, van der Vaart 1998, p. 276), Let F be all linear
combinations of >\ f; of a given finite set of functions fi,..., fr on X. Then, F is
a VC-subgraph class and hence has a finite uniform entropy integral. Furthermore,

the same is true for the class of all sets {f > ¢} if f ranges over F and ¢ over R.

Lemma 2.73. (Lemma 2.6.18, van der Vaart and Wellner, 1996, p. 147), Let F
and G be VC-subgraph classes on a set X andg: X — R, p:R— R andy: Z+— X

fized functions. Then,

1. FANG={fANg:feF, geg} is VC-subgraph,
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2. FV G is VC-subgraph;
3AF>0={{f>0}: feF}is VC;

4. =F is VC;

5. F+g9g={f+g:feF}is VC-subgraph;
6. F-g={fg:fe€F} is VC-subgraph;

7. Fop={f(): feF}is VC-subgraph;
8. woF is a VC-subgraph for monotone .

Lemma 2.74. (Theorem 2.10.6, van der Vaart and Wellner, 1996, p. 192), Let

Fi, ..., Fr be Donsker classes with ||P||z < oo for each i. Let ¢ : R¥ — R satisfy

lpo f(z) —pog(x)]? <0, (filx)—gi(x))? for every f,g € Fix ... Fy and x. Then

the class po (Fi,...,Fr) is Donsker, provided o (f1,..., fi) is integrable for at least

one (fi,..., fr)

The following result from van der Vaart (1998) will be essential in finding the

asymptotic distribution of the ROC processes.

Lemma 2.75. (van der Vaart, 1998, p. 281), Let © be a normed space and Fs =
{foi(x) — foo () : 1|0 — O] < 6,0,60p € ©,t € R} be a P-Donsker class of functions

for some 6 > 0. If

lim sup/(fat(a:) — foot(2))2dP(x) — 0, n — oo, (2.10)

0—bo tcRr
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and

>
R
>

as n — oo, (2.11)

then

sup V(B — P)(f,(X) = fona (X)) = 0,(1). (2.12)

teR

Remark 2.76. Moreover, one can show that the conclusion of Lemma 2.75 holds with
respect to the product probability, when the Donsker class F5 and the estimator 0
have different underlying probability spaces. The key result used in this proof is
Slutsky’s Lemma. Also, we should mention here that the integral Pf;,(X) uses a

notational abuse and it should be understood as follows

Pf;,(X) = / fou(@)dP ()]s

In the one dimensional case, the limit process of the ROC process will be obtained
by using the functional delta method, via the chain rule. We will actually use the
Hadamard differentiability of the operator GoF'~!, as shown in Reeds (1976), Fernholz
(1983), Beirlant and Deheuvels (1990), Dudley and Norvaisa (1999), or van der Vaart

and Wellner (1996).

Definition 2.77. Let D and E be normed spaces. A map ¢ : D, C D+ E is called
Hadamard differentiable at 6 € D, if there is a continuous linear map ¢, : D — E

such that

— 0, (2.13)
E

H p(6 + th;) —(0) o (h)
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ast | 0, every hy — h such that 0 +th, € D,. If h € Dy C D then ¢ is called

Hadamard differentiable tangentially to Dy and gplg is defined on D).

Theorem 2.78. Chain rule, (Lemma 3.9.3, van der Vaart and Wellner, 1996, p.
373), If ¢ : D, C D — Ey is Hadamard differentiable at § C D, tangentially to
Dy and ¢ : Ey — F is Hadamard differentiable at ¢(0) tangentially to 30’9(]])0) then
oy : D, — F is Hadamard differentiable at 0 tangentially to Dy with derivative
Vito) © P

Theorem 2.79. Functional Delta Method, (Theorem 3.94, van der Vaart and
Wellner, 1996, p. 374), Let D, E be metrizable topological vector spaces. Let ¢ :
D, C D+ E be Hadamard differentiable at 0 tangentially to Dy. Let X,, : Q, — D,
be maps with r, (X, —0) ~ X for some sequence of constants r, — oo where X
is separable and takes its values in Dy. Then ry, (0(Xn) — ©(0)) ~ @u(X). If py is
defined and continuous on the whole space D then the sequence r, ((X,) — p(0)) —

©p (1 (X, — 0)) converges to zero in probability.

Lemma 2.80. (Lemma 3.9.23 (ii), van der Vaart and Wellner, 1996, p 386), Let
F have compact support [a,b] and be continuously differentiable on its support with
strictly positive derivative f. Then the inverse map A — A~ as a map Dy C Dla, b] —

1°°(0,1) is Hadamard differentiable at F tangentially to C|a,b]. The derivative is given
by

pp(a)=—(a/f)o F . (2.14)

Lemma 2.81. (Lemma 3.9.25, van der Vaart and Wellner, 1996, p 388), Let g :

(a,b) C R — R be differentiable with uniformly continuous and bounded derivative
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and let D, = {A € [®(X) :a < A < b}. Then the map A — go A is Hadamard
differentiable as a map D, C [®°(X) — [*°(X) at every A € D,. The derivative is
given by

paa) = g (A(2))(a(z)). (2.15)
Finally, we will state Pollard’s Theorem.

Definition 2.82. Let T be a separable metric space and F = {f(-,t):t € T} be a
class indexed by T'. The class F is called permissible if it can be indexed by a T in

such a way that

1. The function f(-, -) is S ® B(T')-measurable as a function from S ® 7" into the

real line;

2. T is an analytic subset of a compact metric space T (from which it inherits its

metric and borel o-field).
Let x,, and y, be two sequences. By x, > vy, we mean x,/y, — 00.

Theorem 2.83. (Theorem 37, Pollard, 1984, p. 34), For each n, let F, be a per-

missible class of functions whose covering numbers satisfy
sup N(e, F, L1(Q)) < Ae™  for 0<e<1, (2.16)
Q

with constants A and W not depending on n. Let {a,} be a non-increasing sequence

of positive numbers for which nd2a? > logn. If |f| <1 and (Pf?)Y/? < 68, for each f
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mn F,, then

sup |P.f — Pf| < 62a,, almost surely. (2.17)
Fn

Copyright (©) Costel Chirila 2008
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CHAPTER 3: ASYMPTOTIC DISTRIBUTION OF ROC PROCESS

3.1 Notation and Problem Set-up

Let (Qq,U;,P) and (Q9,Uz, Q) be two probability spaces. Let X : ©Q; — R and
Y : Q5 — R be two independent random variables that represent the diagnostic tests
of healthy and diseased subjects, respectively. Denote by P and F the probability
distribution and distribution function induced by X. Similarly, let () and GG denote the
probability distribution and distribution function induced by Y. Let X, X5, ..., X},
and Y7, Y5, ..., Y, be two mutually independent random samples from distributions
P and @, respectively. Assume that n and m satisfy condition m/n — X € RT, as
n — oQ.

Our goal in this chapter is to find the asymptotic properties of the nonparametric
estimator of ROC curve. Recall, from the first chapter, that this estimator is the
empirical ROC curve given by EROC(p) = 1 — G,,(F;*(1 —t)), where ¢t € (0,1) and

G, F,, are the empirical distribution functions. Therefore, it will be sufficient to

focus our attention on the following empirical process

Vi (Gu(F, (p)) = G(F ™' (p)),  pe(0,1). (3.1)

An equivalent form of the process in (3.1) is given by

Vvm (m‘l ZI[Yj < F N (p)] - G(F‘l(p))> ,  pe(0,1), (3.2)

Jj=1
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where I[A] is the indicator function of the event A. The process introduced in (3.1)
will be called empirical ROC process or, shortly, EROC process. The step function
Gon(Fy (D w1),wa) =m0 TV (wa) < Fy 7 (p,wn)] will be called empirical ROC

curve.

Remark 3.1. Since this is a two sample problem the underlying and induced prob-
ability spaces of the random vector (X,Y’) are given by (1 X Qo Uy @ Us, P ® Q)
and (R x R, B(R) ® B(R), P ® Q), respectively. However, the notation can easily get
complicated if we would like to keep track of the right probability spaces. Hence,
whenever is possible, we will work with the marginals and, when deemed necessary,

we will provide further clarifications.

Now, we briefly describe how we will proceed to find the asymptotic distribution
of the empirical ROC process. First, by Remark 2.33 we will construct independent
uniformly [0, 1] distributed random variables {U;},_13; and {V;},_i- such that (2.1)
holds for both random samples. Let U, and V,,, be the empirical distribution functions

of the corresponding random samples. Then, we will show that the EROC process

defined in (3.1) is equivalent, with probability one, to the process

Vi (Gu(U7 ) = Gm) . pe(0,) (33)

where G = Go F~! and G,), is the empirical distribution function of a random sample
{Z;},_15 with distribution function G. This construction will ease our future work
by avoiding some technical difficulties that appear in the general case and it will allow

us to find the asymptotic distribution on the interval (0,1) by using the functional
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delta method. Note that Hsieh and Turnbull (1996) obtained the same result on
the interval [a,b] C (0, 1) using strong approximation theory. Second, starting from
the representation process in (3.3), we will construct a Donsker class of functions.
Then, by applying Lemma 2.75 to the previous class of functions, we will decompose
this process into a sum of two other processes. Third, we will find the asymptotic
distribution of each of the decomposed processes. Due to independence of the random
samples the asymptotic distribution of this process will be the sum of the asymptotic

distributions found before.

Lemma 3.2. Let F,G be any two distribution functions. Then,

(FoG)'=G o F! (3.4)

Proof. By definition, (F o G)"!(p) = inf {x : F(G(z)) > p}. But, by Lemma 2.31(3)
F(G(z)) = p iff G(z) > F~Y(z). Hence, (FoG) Y (p) =inf{x:G(x) > F(p)} =

G o F1(p). O

By Remark 2.33 we can construct the independent and identically Uniform(0,1)

distributed random variables U; such that

P(X,=F ' (U;))=1, i=1n. (3.5)

Denote by U the uniform distribution on [0,1] and let U, = n~' > I[U; < p] be

the empirical distribution function of random sample {U;} Notice that since

i=1n"

U(p) = U Y (p) = p for any p € [0, 1], we can conveniently use p instead U(p) or
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U~'(p) and vice versa.

Lemma 3.3. Let F' be any distribution function. Then, there exists {U;} a

i=1,n’
random sample from Uniform(0,1) distribution, such that (3.5) holds and for any
reR

F.(z) =U,(F(z)), a.s. (3.6)

Lemma 3.4. Let F be any distribution function. Then, there exists {U;} a

i=1,n’

random sample from Uniform(0,1) distribution, such that (3.5) holds and for any
pe(0,1)

F N (p)=F (U (p), as. (3.7)

Proof. Follows immediately from Lemma 3.3 and Lemma 3.2 m

By analogy, we can construct the independent and identically Uniform(0,1) dis-
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tributed random variables V; such that

Q=G V) =1, j=Tm. (3.9

Similarly, if we let V,,(p) = m™ Y I[V; < p|, for p € (0,1) be the empirical distribu-

tion function of random sample {Vj}j:m we can prove that, for any y € R,

Gn(y) = Vi (G(y)), a.s. (3.9)

Lemma 3.5. Let {U;} and {V;}._+— be two mutually independent random sam-

i=1,n j=1,m

ples from a Uniform(0,1) distribution that satisfy (3.5) and (3.8), respectively. If F

is strictly increasing and G any distribution function then, for any p € (0,1)

Gu(F, (p) = Gn(U, (p)), as, (3.10)

where G, is the empirical distribution function of a random sample with distribution

function G = G o F1.

Proof. By (3.7) and (3.9) we have

Gu(F, (p) = Va(GEH(U, (9))),  as. (3.11)
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Notice that by definition and Lemma 2.31(3) we have

(3.12)
But, if we denote (G o F"1)"!(Vj) = Zj for j = 1, m then, by Lemma 2.34, {Z;},_1
is a random sample from distribution function G = Go F~1. The proof is complete by

letting Gy, = Vj, 0 G o F~'. We should remark though, that the almost sure equality

refers to a set A; X Ay € Uy ® Uy such that Pr(A; X A2) =P Q(A; x Ay) =1. O

Corollary 3.6. Let {U;} and {V;}._— be two mutually independent random

i=Tn j=Tm

samples from a Uniform(0,1) distribution that satisfy (3.5) and (3.8), respectively. If

F is strictly increasing then, for any p € (0,1)

Proof. Immediate from Lemma 3.5. ]

3.2 Decomposition of the Equivalent Empirical ROC Process

As we said before, we will construct a Donsker class of functions and then, by applying
Lemma 2.75 to the previous class of functions, we will decompose this process into
a sum of two other processes. Let Q be the probability distribution associated with
distribution function G. Let fp and fg, be real functions defined on [0, 1] such that
fo(z) =1z < p] and fy,(2) = Iz < H '(p)], where H is a distribution function on

[0,1]. Let H be the class of all distribution functions H defined on [0, 1]. Construct
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the following classes of functions:

fO:{fp:pe (071)7}7 (3'14>

and

F ={fup:pe(0,1),H e H} (3.15)

Lemma 3.7. The class of measurable functions F given in (3.15) is a Q-Donsker

class.

Proof. Notice that H~*(p) € (0,1), for all H € H and any p € (0,1). Thus, F C F,
where Fj is the class defined in (3.14). Since the collection of the segments (0, ¢], has
V(C) = 2 (see Example 19.16, van der Vaart, 1996, p. 276), then F is a VC-subgraph
class. Hence, F' is a VC-subgraph class, too. Let E = 1 be an envelope of this class.
Since F is a bounded, square integrable and measurable envelope then, according to

Remark 2.71, F' is a Q-Donsker class of functions. m

Let F be the following class of functions

F={fup—fp:p€(0,1),H € H}. (3.16)

Lemma 3.8. The class of measurable functions F given in (3.16) is a Q-Donsker

class.

Proof. Let F' = —F . By Lemma 2.73(4), F is a VC subgraph class. Notice that F~

has the same envelope E as F'. Thus, F is a Q-Donsker class. According to Lemma
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274, F + F' = {1z < H{'(p)] = I[z < Hy'(p2)], 2 € [0,1],p1,p2 € (0,1), Hy, Hy €
H}is a Q-Donsker class. Since F C F + F", then, according to Lemma 2.61, F is

a Q-Donsker class of functions. n

Lemma 3.9. Let F be the class of functions given in (3.16). Then, for any function

i F we have

sup / (Fup(2) — £o(2))2d(z) = sup |G(H () - G(p) . (3.17)

p€(0,1)

Proof. Let H be any distribution function in H, p be any fixed value in (0, 1). Notice
that the integrand on the left-hand side of (3.17) can take a value different from zero

only when the inequalities under the indicator functions are in opposite sense. Thus,

Next, consider the following cases.

L Ifp= H'(p) then [(fu,(2) — f,(2))?dQ(z) = 0.

2. If p < H'(p) then the second integral from (3.18) is zero and thus,

/(fH,p(Z) — £(2)2dQ(2) = Q(p < Z < H™'(p)) = G(H}(p)) — G(p)
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3. Similarly, if p > H~'(p) then,
[ Gal) = 12200 = QU 9) < 2 < ) = Clo) - Gl ()
Therefore, for any H € H and any p € (0, 1) we obtain

/ (Fp(2) — £,(2))2dQ(2) = |GH () — Cp) (3.19)

The conclusion follows by taking supremum in (3.19). O

Lemma 3.10. Let G be any continuous distribution function. Then, for any € > 0

there exists 0. > 0 such that if sup,c(o 1) [H(t) —t| < d, where H € H, we have

sup |G(H Y(p)) — G(p)| < e. (3.20)

p€(0,1)

Proof. Let € be any given positive value. Let d be a positive value and H € H such

that the condition sup,e o1y [H(t) — t| < d is satisfied or, equivalently,
—0< H(t)—t<d, (3.21)

for all £ € (0,1). Next, we will show that we can find § as a function of the given ¢
such that, from (3.21), we get (3.20).
Let p be any point in (0,1). Then,

HYp)=inf{t: H{t) > p}=inf{t: U(t) > p— (H(t) —t)}. (3.22)
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By plugging (3.21) into (3.22) we obtain the inequality

p—0=Up—-86) <H'Yp)<Up+d)=p+5é. (3.23)

Since G is continuous, for any given e > 0, there exists a finite partition 0 = py <

p1 < P2 <...<pp < pr+1 = 1 such that

G(pi) — G(pio1) <e/2, i=1,k+ 1. (3.24)

Notice, that (3.24) becomes G(p1) < e¢/2and 1 —G(pg) <e/2fori=1andi=k+1,
respectively. Let 0 < d. < min,_jz77{pi — pi-1}, where 0 is a function of ¢ since
the finite partition is determined by e. Since p € (0, 1) there exists an ¢ such that

pi—1 < p < p;. Consider the following cases.

1. Let i = 2, k. Then, (3.23) becomes

Piia <pi1— 6 < H Y p) <pi +0 < piy1. (3.25)

Hence, by monotonicity of distribution functions, (3.25) and (3.24) we obtain

GH(p) - Gp) < Gpip) —Gpis1) <

/C.Ez
B
3
|
O}

(p) = G(Pz‘—2)) - é(pi—l) > —€.

Thus, sup;e o1y [H(t) — t| < d. implies that (3.20) is true for all p € [py, px].
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2. For i = k+ 1 by (3.25) we have p,_1 < H'(p) < 1.

arguments as in the first case we obtain

Therefore, (3.20) becomes true for all p € [py, 1).

3. The case © = 1 is analogous to the second case.

G(H (p)) — G(p) < 1—G(py) < £/2.

Then, by the same

In conclusion, given € > 0 we found d. < min,_i777 {pi — pi_1} such that (3.20) is

true for all p € (0,1) or, equivalently,

sup |G(H '(p)) — G(p)| <.

p€(0,1)

Hence, the lemma is proved.

(3.26)

O

Lemma 3.11. Let {U;},_i= be a random sample from a Uniform(0,1) distribution

1,n

such that (3.5) holds and {Z;}, 1. a random sample from distribution function G

constructed as in Lemma 3.5. If we assume that F' is strictly increasing and G is

continuous then,
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where 0,(1) holds uniformly in p € (0,1).

Proof. Let F be the Q-Donsker class of functions introduced in Lemma 3.8, U be
the Unif(0,1) distribution function and {fy,, — fp},cy be a sequence of random

functions that takes its values in F. For some § > 0, define
Fs=A{fup—freF:pe(0,1),H € H,|H-UJ|, <},

to be a subclass of F. Then, Fy is a Q-Donsker class by Lemma 2.61.

First, we will prove

sup v/m |(Q ( )(fUnp fo)|=0p(1), n,m— o0 (3.29)

p€e(0,1)

or, equivalently, for any € > 0

T(Sup Vm |(Q ( )(fUnp fo)| >

pe(0,1)

8) — 0, n,m— oo,

where Pr should be understood as P ® Q. Then,

pe(0,1)

T<SUP \/_( )(fUnp fo)| > €

< Pr(|U,-U| >9) (3.30)

+P ( s Vi | (@n = Q) (fv.p = fyp)| > & lUn = Ul < 5) - (331)
pe

Now, we will show that the probability in (3.31) converges to 0 as n — oo, by applying

Lemma 2.75 to Q-Donsker class Fs. Since G = G o F~! is a continuous distribution
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function, we can set d to be equal to d. constructed in Lemma 3.10 such that condition

(3.20) is satisfied. By (3.17) and the definition of a limit, from (3.20) we have

lim sup /(fH,p(Z) — £,(2))%dQ(2) — 0, n — oco. (3.32)
)

H=U pe(0,1

By Glivenko-Cantelli Theorem we have
U, = Ul =0, (3.33)

and, thus, the sequence {fu,, — fp},cn takes its values in Fs, except for a finite
number of n’s. Now, from (3.32) and (3.33) we can conclude, after applying Lemma

2.75 to class Fy that,

sup \/_ ( )(fUnp fp) _OP( ) n,m-— oo

pe(0,1)

Noting that

Qufu,p = QullZ < U, M p)] = G(U, ™ (p));
Qunfp = QullZ < p] = Gu(p);

Qfv,p = QUZ < U (p)] = G, (p);
Qf, = QIZ < p| =G(p),

the conclusion of the Lemma follows immediately by regrouping terms in (3.29). O
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3.3 Asymptotic Distribution of the Component Processes

In this section we will find the asymptotic distribution of each of the decomposed

processes.

Lemma 3.12. Let {Zj}j:m be a random sample from distribution function G con-

structed as in Lemma 3.5. Then, as m — 00,
Jm (Gm - G) ~Gg,  in D[0,1]. (3.34)
The tight gaussian process, Gg, has mean zero and covariance structure given by
EGa(p)Gea(py) = Gpi Aps) = G(p)G(py), (3.35)

where p;,p; € [0, 1].

Proof. Let Fy be the class of functions given in (3.14). Then, F; is a Q-Donsker class

since it is a uniformly bounded VC class. Hence, as m — oo, we have
NG (@m - Q) -Gy, in I®(F). (3.36)

But, since for all p € [0, 1] we can naturally identify f, with p and, thus, I°°(Fy) with

[>°]0, 1], then (3.36) is equivalent to

Jm (Gm . G) wGg, in 1%[0,1]. (3.37)
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Since the stochastic processes G and /m (ém — é’) take their values in DJ0, 1],
then, according to Lemma 2.44, the weakly convergence in (3.37) is also true in

DI[0,1]. The covariance structure is obtained immediately by plugging Q and f,, Iv;

in (2.8). 0

Lemma 3.13. Let {U;},_= be a random sample from a Uniform(0,1) distribution

i=1,n
such that (3.5) holds and G a distribution function constructed as in Lemma 3.5. If
we assume that F' and G are differentiable distribution functions with strictly positive
derivatives f and g, respectively, such that g = g(F~1)/f(F~') is uniformly continu-

ous and bounded on (0,1), and m/n — X\ € RT as n — oo then, as n,m — oo,
Jm (é(U;l) - é) ~V§Gy, in D(0,1), (3.38)

where Gy s the standard Brownian bridge. The covariance structure of the limat

process is given by

EVAi(p:)Gu(p) VA (p:)Gu(p;) = Ag(p:)3(p;) (pi A pj — pipy), (3.39)

where p;,p; € (0,1).

Proof. We will apply the Functional Delta Method. First, by Example 21.6, van der

Vaart, 1996, p. 308, we have

V(U = U ~ Gy, in 17°(0,1), (3.40)
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where Gy is the standard Brownian bridge. Next, let ¢ : D, C {*°(0,1) — [*°(0,1)
be a map given by ¢(A) = Go A, where D, = {A € 1°(0,1): 0 < A < 1}. Since G is
differentiable with uniformly continuous and bounded derivative g, then, by Lemma
2.81, the map ¢ is Hadamard differentiable at every A € D, with derivative given by
¢ (a) = §(A)(a) and a € 1°°(0,1). In particular, ¢ will be Hadamard differentiable
at every A € D, tangentially to C'(0,1). Hence, since U, ' and U~ takes their values
in D, and Gy is a tight gaussian process in C'(0,1), by applying Functional Delta

Method to (3.40), we have, as n,m — oo,

Vi (pU 1) = o(U™) ~ oy (Gy), in 12(0,1). (3.41)

By using m/n — A € RT, as n — oo and plugging the expressions of ¢ and ¢ in

(3.41) we have, as n,m — 00,
Jm (é(Ugl) . é) wVAGGy, in 1°(0,1). (3.42)

Since the processes in (3.42) take their values in D(0, 1), (3.38) follows immediately.
The covariance structure in (3.39) is obtained by using the covariance of the standard

brownian bridge

EGy(pi)Gu(pj) = pi Npj — pijs (3.43)

where p;, p; € (0,1). O
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3.4 The Limit of the Empirical ROC Process

Theorem 3.14. Let {U;} be a random sample from a Uniform(0,1) distribu-

i=1ln

tion such that (5.5) holds and {Z;},_i-. a random sample from distribution func-
tion G constructed as in Lemma 3.5. If we assume that F and G are differen-
tiable distribution functions with strictly positive derivatives f and g, respectively,
such that g = g(F~)/f(F™) is uniformly continuous and bounded on (0,1), and

m/n — XA € RY as n — oo then, as n,m — oo,
Jm (ém(Un—l) - G> w G+ VAiGy, in D(0,1). (3.44)
The covariance structure of the limit process is given by

E(Ge(p:) + VAG(p:)Gu (i) (Gelp;) — VAi(p))Gu(p;))

= (G(pi Apj) — G)G(py) + Ai(pi)d(p;) (pi A pj — pipy), (3.45)

where p;,p; € (0,1).

Proof. By Lemmas 3.11, 3.12, 3.13, independence of random samples {U;},_i= - and
{Z;},_17 and by Slutsky’s Lemma. O
Corollary 3.15. Let {X;},_1; and {Y] }j T be mutually independent random sample

from distribution functions F' and G, respectively. If we assume that F' and G are
differentiable with strictly positive derivatives derivatives f and g, respectively, such

that g = g(F~Y)/f(F™') is uniformly continuous and bounded on (0,1), and m/n —
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A € RY asn — oo then, as n,m — oo,

Vi (Gu(F7Y) = G(F™Y) ~ G + VAiGy, in D(0,1). (3.46)

The covariance structure of the limit process is given by (3.45).

Proof. Immediate from definition of weak convergence, Corollary 3.6 and Theorem

3.14. [l

Copyright (©) Costel Chirila 2008
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CHAPTER 4: ASYMPTOTIC DISTRIBUTION OF GENERALIZED

ROC PROCESS

4.1 Notation and Problem Set-up

Let (Qu,U;,P) and (Qy,Us, Q) be two probability spaces and X : €; — R* and
Y : Q, — RF be two independent random vectors that represent the multiple di-
agnostic tests of healthy and diseased subjects, respectively. Denote by P and @
the multivariate probability distributions induced by X and Y, respectively. Assume
X and Y are distributed multivariate normal with means px and py, and covari-
ance matrices 3y and 3, respectively. Let X;,X,,...,X,, and Y,Y5,...,Y,, be
two mutually independent random samples from distributions P and @), respectively.
The vectors X; = (X14, Xoi, ..., Xpi) ', i = Ln and Y5 = (Y1, Va5, ..., Yi), j=1L,m
are the measurements of the i"* and ;" healthy and diseased subjects, respectively.

Assume that n and m satisfy condition m/n — X € R*, as n — oo.

Definition 4.1. (Su and Liu, 1993, p.1351) A vector ag € R¥ is called the best linear
combination under the ROC criterion, if the Area Under the (ROC) Curve, generated

by aEJX and aE)Y is the largest among all linear combinations.

Lemma 4.2. (Theorem 3.1, Su and Liu, 1993, p. 1352) The coefficients for the best

linear combination are

a9 o¢ (B + 2y) " 1ty — fix)- (4.1)

Without loss of generality assume that ;1 = 0 and denote p,, = p. Also, consider

the particular case of equal covariance matrices 3, = 3, = 3. Let the best linear
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combination under ROC criterion be

ag=X""u (4.2)

Su and Liu (1993) showed how to obtain an unbiased estimator of ag.

Lemma 4.3. (Theorem 4.1, Su and Liu, 1993, p. 1352) Let ¥, = ¥, = ¥ and

S =YX -X)(X; - X) + > (Y5 — Y)(Y;—Y) be the pooled sum of squares.

~ p— P

Then, T = (n+m—k—3)S™" is an unbiased estimate of 2~ and &y = T~(Y — X)

is an unbiased estimate of ag = X1y — pix).

Let & be an estimator of ag such that the following condition is satisfied

Vvn(a—ag) =0,(1), as n — oo. (4.3)

Notice, that an immediate consequence of (4.3) is

a—ag=o0,(1), as n— oo. (4.4)

For any a € R*, by definition of multivariate normal distribution, the random
variable X = a'X is normally distributed with zero mean and variance a'Xa. Simi-
larly, for any a € R¥, Y = a'Y is normally distributed with mean a'y and variance

a'Ya. If we denote the distribution functions of the random variables X and Y by
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F(-,a) and G(-,a), respectively, then, the following relations can be easily shown

F(x,a):q>< - ) z €R, (4.5)

G(y,a) = ® (y ;;Z) , yER, (4.6)
and,
1 B 4 as
GE ) =2 (¢ - ). pe o) wn)

Let F,(z,a) = n7 Y7 I[a'X; < z] be the empirical distribution function of the
random sample {a'X;}?, and F;'(p,a) be its p" quantile as in Definition 2.30.
Similarly, let G,,,(y,a) =m™' 37", I[a'Y; < y] be the empirical distribution function
of the random sample {a"Y; }ity. Our main goal is to find the asymptotic distribution

of the generalized empirical ROC process defined as

Vm (G, (F, " (p,a),a) — G (F~' (p,a0) ,a0)), pe€(0,1). (4.8)

Next, we will show that the process in (4.8) is equivalent to another process which
is easier to deal with. Notice that the empirical distribution function F,, can be

rewritten as

F,(x,a)
() <o)

- U, (@ (\/;Ta) ,b), (4.9)
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where

_ k
b= \/Eia, Va € RY, (4.10)
and
Un(t,b) = nlil [@ (b/Xi> < t] , te(0,1). (4.11)

i=1
Note that, for b defined by (4.10), ® (b/Xl) b, P (b/Xn) are i.i.d Uniform]0,1]
random variables. For the fixed vector by, obtained by using ag in (4.10), the process
in (4.11) becomes the uniform empirical process and we will simply denote it by U,,.
Furthermore, it can be shown that

F '(t,a)=Va'Xad™ " (U, ' (t,b)), te(0,1). (4.12)

n

By analogy, we can rewrite the empirical distribution function G,, as

Gy, a)
- m—lgl {cb (b’Y]) <o (J%)}
= G @( a?za) ,b) , (4.13)
where
Gt b) = m™ il [CD (b’Y;-) < t} , te(0,1). (4.14)

Let us denote the distribution function of the random variable ® (b'Y) by G(-,b)

and notice that it is equal to ®(®~(-) — b'u). Then, by (4.7), (4.9), (4.12), and
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(4.13), the process in (4.8) can equivalently be rewritten as follows

Vi (G (U7 (n.5) B) = G (p.ba) . pe (0,1) (4.15)
where b is obtained by using & in (4.10).

4.2 Decomposition of the Generalized Empirical ROC Process

In this section we will decompose the equivalent generalized empirical ROC process
in (4.15) using the same technique introduced in Chapter 3. But, before checking the

conditions of Lemma 2.75, we will derive some useful properties for by and b.

Proposition 4.4. Let ag be defined by (4.2). Then,

1
b= ——Y "1, 4.16
0 PR 2 ( )
and
bo it = /1S > 0. (4.17)
Proof. The result follows immediately from (4.2) and (4.10). O

Proposition 4.5. Let & be an estimator of ag such that (4.3) holds. Then,

vn(b —bg) =0,(1), as n— oo. (4.18)
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Proof. By simple algebraic manipulations, we have

. 1 1
b—bo) = A—
Vit (B —bo) = Vi (@a a;,zaoaO)

1 1 .
= Vn (\/5'25 - \/a62a0> (&= 2)
1

+vVn————— (4 — ap)
vV agXag

1 1
+vn — ag.
(\/5’25 \/a/(,Ea()) °

Notice that

/

aA'Ya—ayYag = (A—ag) T (A—ag) +2(a—ao) Zao.

Therefore, by (4.4)

a'¥a —aygXag = 0,(1)0(1)0,(1) 4 0,(1)0O(1) = 0,(1), as n — oco.

. Al ~ . . . /
Moreover, since & 34 is a consistent estimator of ag¥ag then

1 1
Va'Za  apXag

=0,(1), as n— oo,

(4.19)

(4.20)

(4.21)

Notice that the first two terms are o,(1) and O,(1), respectively, by using (4.3)

and (4.21). Thus, (4.18) is true if the last term is either o,(1) or O,(1).

Denote

Va'Say/agXag(y/agEag +Va'Sa) and 2(51/02510)3/2 by D and Dy, respectively, and

notice that D is a consistent estimator of Dy. Then, after some further algebraic
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manipulation, we obtain

/ N A
agap —a Xa

1 1
vn — =/n R
Va'Xa (/agXag D

— /(4 — ag) S(4 — ag) (Dio - %) _ Jn(a—ag) S(a - aO)DiO
+2/n(a — ag) Lag (Dio — %) —2y/n(a— ao)’zaODio. (4.22)

By using (4.3), (4.4), and the consistency of D we obtain

1 1
vn (\/é’Zé - \/a;)EaO)
= 0p(1)0p(1)0,(1) + Op(1)0,(1)O(1) + O, (1)O(1)0,(1) + Op(1)O(1)

= 0,(1), as n — oo. (4.23)

The proof is complete since 0,(1) + O,(1) + O,(1) is O,(1). O

Again, an immediate consequence of (4.18) is

b—bo=o0,(1), as n— oco. (4.24)

The next proposition will be an important argument in the later proofs.

Proposition 4.6. Let & be an estimator of ag such that (4.3) holds. Then

!

V(b —bo) u=0,(1), as n— occ. (4.25)
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Proof. From (4.19), we have

51/# aolli
N —
Va'Za  /agXag
| 1 ,
_ \/ﬁ( _ ) A-a
Vasa vaosa,) BT

(a-— aO)/ H
+vn
\/_ vaO’Zao

+\/ﬁ< ! ! )aol,u. (4.26)

Vasa VagZag

By using (4.4) and (4.23), the first term on the right hand side of (4.26) is o,(1).
Next, we will show that the sum of the last two terms on the right hand side of (4.26)
is 0,(1). By using (4.3), (4.4), the consistency of D and the definition of Dy in (4.22),

the last term of (4.26) becomes

1 1

(é — ao)/Zao ’
Va'yYa (/ayXag

@zage

\/ﬁ ( ) aOIM = Op(l) - \/ﬁ

By using the definition of ag, the second term in the right hand side of (4.27) can be

further simplified as follows

(A—ag)¥ay (A —ag) (EX 'S ) (A —ao)
V= 0y = v/n = Vn——222 (428
(2pBag)’? " (WS-1En-1p)/? Vag Tag (4.28)

Notice that (4.28) cancels out the second term on the right hand side of (4.26). Hence,

the result of the lemma will follow immediately. O]

In order to apply Lemma 2.75, we need to construct a Donsker class of functions

and show that the conditions (2.10) and (2.11) are satisfied. Let g, and g m, be the
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following functions

g R¥ — R, g,(y) = [<I> (bo'y) < p} , (4.29)

and

gy B — R, gumy(y) =1[@ (by) <H ()] (4.30)

where p € (0,1), b, bg are defined by (4.10) and H € H, the class of all distributions

functions defined on [0, 1]. Let G and G be the following classes of functions
G ={guy:beR HeH,pe(0,1)}. (4.31)

g = {gb,H,p —0Op - beO € Rka € Hap S (07 1)} . (432)

Lemma 4.7. The class of functions G defined in (4.31) is a VC subgraph class.

Proof. Notice that we can write gp () = I[biys +baya+ . . . +bryr < O H(H (p))].
Therefore, G C {I[b1y1 + boys + ... + bryr < 0], b = (b1, ba, ..., bk)/ eRFve R}
since ®1(H'(p)) = v € R for all p € (0,1). The later class is a VC subgraph

class according to Lemma 2.72. Hence, G is also a VC subgraph class. [

Lemma 4.8. The class of functions G defined in (4.32) is a Q-Donsker class of

functions.

Proof. The proof is similar to that of Lemma 3.8 and is omitted. O]

Next, we will prove that condition (2.10) of Lemma 2.75 is satisfied. The steps of

the proof are similar to those in Lemma 3.10.
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Lemma 4.9. Let G be the class of functions defined in (4.32). For any e > 0, there

exists 61(e) > 0, da(e) > 0 such that if

[b —bol| < di(e), (4.33)
sup |H(t) —t| < d2(e), (4.34)
te(0,1)
then, for n sufficiently large,
sup [ (gnina() ~ 9,3 dQ) < = (4.35)
pe(0,1)

Proof. Let ¢ > 0 be given. For any p € (0,1), by using properties of the indicator

function, the integral from (4.35) can be rewritten as follows

[ Guasls) = 2,3))* a2
= [1]e(by) <m w2 (bey) > ] day)
+/1 @ (by) > B (1)@ (bo'y) <] dQ(y)
— Pr <<I> (b’Y) < HY(p),® (bO’Y) > p)

+Pr <<I> (b’Y) > H'(p),® (bO’Y> < p) . (4.36)

Moreover, we proved in Lemma 3.10 that if (4.34) is true then, for any p € (0,1) we
have from (3.23)

|H™'(p) — p| < 6.
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Now, we will show that for some properly chosen values p; and p, in the interval (0, 1)

there exists 01(¢) and d2(g) such that supremum of the integral in (4.35) can be made

arbitrarily small on each of the intervals (0, p1), [p1,pe], and (pa, 1). First, we choose

max {1/2,2® (bg/2) — 1} < p» < 1 such that
o <<I>‘1 (2(1 = p)) + 2b0'u> < e/d,

and p; = 1 — py. Let M} be given by

e 6 (®71(p) ~ bo 1)
° pe(o?izl/z) o (@-Yp))

and notice that M > 1. Also, there exists M, > 1 such that
Pr (Y| > M) =¢/4.

Next, choose d;(g) and d2(¢) as follows

- fbou 1-p
01(€) < min ,
el * 40D

and
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Notice that, since M > 1, then actually

5() < L2, (4.42)

Next, we will show some inequalities that will be used later in this proof. By using

triangle inequality, (4.33) and (4.40) we have
b’ ="bo 11+ (b —bo) 1t < bo 11+ b1 (e) || ]| < 2bop, (4.43)

and

b'st=bg pt — (bg —b) 1 > bg it — 01 () ||| > 0. (4.44)

From the definition of p;, monotonicity of the cumulative and inverse distribution

functions, (4.17), and (4.37) we have
pr=® (@ (1—py)) < ® <q>—1(2(1 — o))+ 2b0’u) < ¢/4. (4.45)
Finally, by simple manipulation of (3.23) and using (4.42), (4.45) we obtain
1— H Y (po) < (1 —p2) + 8a(e) < 2(1 — py) = 2py < 2e/4, (4.46)

and,

H ™ (p1) < p1+ 82(e) < 2p1 < 2¢/4. (4.47)

Firstly, let p € (0,p;). Then, by using the fact that the random variables b'Y and
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bo Y are normally distributed with variance one and means b’z and by, respectively,
(4.44), (4.17), monotonicity of the cumulative distribution function, (4.47), and (4.45)

we obtain

sup Pr <<I> (blY> < H '(p),® <b0/Y> > p)

pe(ovpl)

+ sup Pr <<I> (b Y) > H'(p),® (bO/Y> < p>
<

p€(0,p1)

< sup Pr( (bY)

p€(0,p1)

< @ (e7(H () - b

!

p)+ @ (‘P‘l(pl) — by

< H '(py) +p1 < 3e/4. (4.48)

Secondly, let p € (pa, 1). Then, by using the same arguments as in the previous case
plus the symmetry of the cumulative and inverse standard normal distribution and

inequalities (4.43), (4.44), 4.46, and (4.37) we obtain

sup Pr (@ (b’Y) < H '(p), ® (bO’Y) > p)

pE(p2,1)

+ sup Pr<c1><b’Y>>H—1(p) ( ) »

pE(p2,1)

< 1-Pr [cb(b’oY) épg} +1—Pr<<1><bY) HY(p ))
— @ (@7 (1= po) +bou) + @ (@71 (1= H™'(p2)) + ')

< 20 (@—1(2(1 — ) + 2b;,u) < 2¢/4. (4.49)
Lastly, let p € [p1, p2] and choose

n = 61(e)M-. (4.50)
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Then,

&

S

KA
o~

bO’Y> > p, ‘@ (b’Y) S (bO’Y ) < 77)
®

(boY)|> )
(b

<
+Pr ( b/Y> < H '(p), n
< Pr (p < (bO’Y> <H Y (p) + n) +Pr ((cb (b’Y) — 0'Y>‘ > 77) .

(bO’Y) >, ‘cp (b’Y) .

Similarly,

N

Pr <<I> (b’Y) > H'(p),® (bO’Y>

v)

< Pr (H_l(p) < ® (bO’Y) < p> 4 Pr (‘@ (b’Y) _ (de)) > n) .
Therefore,

[ @ (3) = (3" Q)
< Pr<p<<1><b0Y) <H 'p )—1-7])
+Pr<H1 77<<I>(b0 )

)

+2Pr (‘CD (b Y> ( Y

|>7)

— D <<I>‘1 ~bo u) ® <<I> L(p) — by u) (4.51)
+O <<I> L(p) — bo ﬂ> o (cp (H'(p) — 1) — bo u) (4.52)
+2Pr ( o (b’Y) — (bo Y)‘ > n) . (4.53)

For any p € [p1, pa], by using (3.23), (4.50), (4.40), and (4.42), we obtain the following
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bound for H~(p) +n

H'(p)+n

< pa+ sup |H'(p) —p| +di(e) M.
PE([p1,p2]
l—p2 1—po
< M.
D2 + 4 + 4Ma €
L= _q_ 12
2 2

< p2+ (454)

Therefore, by applying the first order Taylor expansion to (4.51) we obtain

® (‘P_l (H '(p)+n) - bo'u) —® <<1>‘1(p) - bo'ﬂ)

¢ (27 (p*) — bop
¢ (@~ (p*))

) (H(p)+n—p), (4.55)

where p* is between p and H~'(p) + 7, or, according to (4.54), p* is between p and

1 — p1/2. Hence, by using (4.55), (3.23), (4.40), and (4.41) we obtain

sup <<I>‘1 (H ' (p) +n) - bo’ﬂ) ~® (<I>‘1<p> - bo'u)

PE[p1,p2]
< M (d2(e) + 1)
L —po L —po
< M;
c (4max {Mz, 1} * AM. max { M, 1})

1 —po
2

<

<e/4. (4.56)
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Analogously,

where, again it can be shown that p** is bounded above by 1 — p;/2. Finally, notice

@ () -

PE[p1,p2]

¢ (71 (p™) — bypu)

sup

u) By <<I>*1 (H(p) — ) — bo’u>

M: (02(e) + 1

1—po
2

< e/4,

PE[p1,p2] ¢ ((I)—l(p**))
+7)

(p—H"'(p)+n)

that by applying first order Taylor series expansion to (4.53), we obtain

(DY) =@ (bo'Y)| < [Ib=bo|l [YI| < 61(<) Y]

Therefore, by using (4.58), and (4.50) we obtain

2Pr <‘(I> <b'Y> — (de)) > n) <2Pr (|[Y|| > M.) < 2¢ /4.

Thus, from (4.56), (4.57), and (4.59) we have

oo [ (gninals) = (3 dQL3) < =

PE[p1,p2]

Conclusion of the Lemma follows immediately from (4.48), (4.49), and (4.60).

Next, we will prove that condition (2.11) is satisfied by using Theorem 2.83 and

we start with the construction of an appropriate class of functions. Let f, and fy)
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be the following functions
£ RF SR f(x) =1 [cp(bo’x) < p] , (4.61)

and

fop 1 RE == R, fio,(x) =T [@(b'x) <) (4.62)

where p € (0,1) and b, bg are defined by (4.10). Let F, be the following class of

functions

.az{ﬁw—ﬁwm—um<§%pemﬁﬁ, (4.63)

where M € R™.

Lemma 4.10. Let F,, be the class defined in (4.63) and f € F, be any function.

Then, there exists a constant C' such that
Pf? < Cn Y?(logn)?, n>2. (4.64)
Proof. First we write Pf? in a more convenient form, namely

PP = [ (o) = ()" aP()
- /1 [b’x < &7 (p),bo x > q)*l(p)] dP(x)
+ / I [b’x > & (p), bo x < qu(p)] dP(x)
— pr (b’X < O7(p), by X > cb—l(p)) (4.65)

+Pr (b’x > @7 1(p), by X < c1>—1(p)) . (4.66)
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Then, by applying the same technique as in the last case considered in Lemma 4.9,

for any n > 0, we obtain

Pr (b’X <O (p),be X > <1>—1(p))
< ‘<I> <<1>‘1(p) +1 - bo'u> - (<1>‘1(p) — bo’ﬂ) )

+Pr (((b ~bo) X( > n) , (4.67)
and

Pr (b’X > &7 (p), by X < <I>*1(p))
< [o(o7w) —bon) — @ (07p) 0~ ')

+Pr ()(b “by) X) > 77) , (4.68)

Note that, by applying Taylor expansion of first order on first right hand side terms

from (4.67) and (4.68), we obtain

’CI) (‘P_l(p) +1— boﬁ) —-9 (@‘l(p) — bo'u) ‘

+ “P (qfl(p) - bo'u) - @ (fIfl(p) — - bo/u) ’

9
< —n. 4.69
Norid (4.69)

By plugging (4.67), and (4.68) into (4.65) and (4.66), respectively, and by using (4.69)

we obtain
2

Pf2< En+2Pr (‘(b—bo)'X>nD (4.70)
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Furthermore, the probability in (4.70) can be majored by using the following equality

from Serfling, p.81

1 2
_ 1/2) < ~1/2B 1 471
1— @ (B(logn)'?) < NI n>1/2n , n>1, (4.71)

where B > 1. Since X is positive definite and f is any function in the class F,
defined by (4.63), then the standard deviation of the random variable (b —bg) X can

be majored as follows:

- M
V(b —bg)'S(b — bg) < NG [l (4.72)
Let us choose
n = Con~%(logn)'/?, (4.73)
where the constant C| satisfies
Co
B=|—2__|>1. 4.74
(MIIEHW) e

Then, by (4.72),(4.71), and (4.74) we obtain for n > 2

’ n 2 _
Pr(|(b—bo) X > ) <2 (1 —¢ (W)) < —o=n Vo )2 (475)
vn

Therefore, inequation (4.64) follows from (4.70) and (4.75) where constant C' is equal

to 2(Co + 2)/V/2r. O
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Lemma 4.11. The class of functions F,, defined in (4.63)is a permissible class of

functions.

Proof. We will show that F,, can be indexed by a set T', which satisfies conditions from
Definition 2.82. Let T = {b,bg € R¥ : ||b — bo|| < M} ® (0,1), where M > 0, be an
index set equipped with the Lebesgue measure. It can be shown that 7' is a separable
metric space by considering the balls with centers belonging to Q. The Borel o-field
is given by ¢(9) ® B(0,1), where o(5) is o-field generated by all closed k-dimensional
spheres of radius M. Then, any function f € F, is B(R*)/ (¢(S) ® B(0, 1)) measurable
since it is a difference of indicator functions which are measurable. Furthermore, T
is an analytic subset of the compact metric space T by using the fact that the o-field

generated by all Lebesgue measurable subsets of T' coincides with its analytic sets. [

Lemma 4.12. Let F, be the class of functions defined in (4.63). Then, for each n

and € > 0, the uniform covering numbers of F, satisfy
sup N (g, Fn, L1(Q)) < Ae™V (4.76)
Q

with constants A, and W, not depending on n.

Proof. Let F and F be two classes of functions defined by

, 1
F:{fbm,b: / a € RF, pE(O,l)}
a'XYa

and



where fy,, is defined by (4.62). Since F,, C F + F then,

sup N (g, Fp, L1(Q)) < sup N (5,.7:/ +.7-"//,L1(Q)> )
Q Q

Thus, it will be sufficient to show that
sup N (€,fl +F, Ll(Q)> < A7V, (4.77)
Q

By using Lemma 2.72, F is a VC class and thus, F is also a VC class by Lemma
2.73. Therefore, by taking »r = 1 and the envelope function identical to 1 in Lemma

2.70 we obtain

’

sup N (5/2,}“'7L1(Q)> <A (/27" (4.78)
Q

and

1"

sup N <e/2,f”,L1(Q)> <A (27", (4.79)
Q
where A", A", W', and W" are independent of n. By Definition 2.65, for any ¢ > 0
there exist finite sets of functions { g;} and { g;-'}, not necessarily in F, F, respec-
tively, such that inequalities (4.78) and (4.79) can be rewritten

supmin{z' eN: miDQ‘fl — 9,
Q (2

<e/2,f ef/} < A" (4.80)

" 17

<e/2,f" e f”} < AV (4.81)

Sup min {j € N: man‘fN —g;l
Q J

Then, for the following set of functions g(; j) = g; + g;-' and for any f € F +F , Q,
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and (7, j) we have

< e

minQ|f —gop| < mnQ|f — g +minQ |f" — ]

Thus, for any € and any ) we can find a finite set of functions such that the union of

the L;(Q) balls of radius ¢ centered at f* + f" covers F + F and

sgpN (5, F+F, Ll(Q)>

1

<sup N (&, F, La(@)) x sup N (e, Lu(@)) < (1/2)7W W aA" e
@ Q

The proof is now complete. Il

Lemma 4.13. Let F, be the class of functions defined by (4.63) and b defined by

(4.10) such that (4.18) is satisfied. Then,

sup |U,(p,b) — Un(p)| = 0p(n~*/*logn) as n — . (4.82)
p€(0,1)

Proof. We will equivalently show that Ve > 0, V6 > 0, 4N, s € N* such that for all

n = N, s we have

Pr ( sup |Un(p,b) — Uy (p)| > en=**log n) < 0. (4.83)
pe(0,1)

Let § > 0. Then, from (4.18), there exists M € (0,00) and Ns € N* such that

Pr (ﬂHB —bo

> M) <6/2, ¥n= N (4.84)
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Next, we will apply Theorem 2.83 to the class of functions F,. The class F,, is
permissible by Lemma 4.11 and its uniform covering numbers satisfy (2.16) by Lemma
4.12. Let a, = n~Y*(log n)1/2 be a non-increasing sequence of numbers for n > 7.
Let 02 = Cn~/?(logn)'/? where the constant C' is equal to 2(Cy + 2)/v/27. Recall,
that z, > vy, if z,/y, — oo. Then, it can be easily verified that né?«a,, > logn.

According to Lemma 4.10, for any f € F,, which has |f| < 1, we have (Pf?)'/2 <

v/Cn=12(logn)1/2. Hence, by Theorem 2.83 we obtain

sup |P,f — Pf| < Cn~**logn a.s,
feFn

which implies

sup |P.f — Pfl=o0, (n_3/4 logn) . (4.85)
f€Fn

For any f € F,, by Remark 2.49 and (4.11), IP,, f can be rewritten as

P,f = U,(p,b) — U,(p). (4.86)

Similarly, for any f € F,,, by Remark 2.49 and the fact that ®(by X) has a Uniform
(0,1) distribution, Pf is

Pf=U(p)—U(p) =0. (4.87)

Hence, (4.85) can be equivalently rewritten as
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Ve >0, Vo > 0, 3N, s € N* such that for all n > N, 5 we have

Pr sup U, (p,b) — Un(p)| > en**logn | <§/2. (4.88)
Pe(0,1),[[b—bo|[<M/v/n

The conclusion of the lemma follows immediately for n > max {Ns, N. s} by using

(4.88) and (4.84)

Pr | sup |U,(p,b) — Un(p)‘ > en3*logn
p€(0,1)

< Pr sup
pE(0,1),||b=bo ||<M//n

+Pr ( (B — bOH > M/\/ﬁ> <4

Un(p.B) = Un(p)| > en™*/logn

O
Now, we are able to decompose the process given in (4.15) by using Lemma 2.75.

Lemma 4.14. Let {X;};_, and {Y;}7", be random samples from multivariate normal
distributions with mean vectors 0 and p,respectively, and the same covariance matriz
5. Let ag be given by (4.2) and & an estimator of ag satisfying (4.3). Let bg and b

be defined by (4.10). Then, for m,n € N such that m/n — X € RT

vm (ém (Un_l (p, E)) ,E)) — G (p, bo)> (4.89)
= Vi (G (p.bo) = G (0, bo)) (4.90)
I (é (U,jl ( ,B) ,B) —G(p, b0)> (4.91)
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where 0,(1) holds uniformly in p € (0,1).

Proof. Let G be the Q-Donsker class defined in (4.32). Let §; > 0, 0o > 0, and || - ||,

be the uniform norm on (0, 1). Then, define
Gs = {9b.sp = 9p € G : b = boll <0y, [H = Ul < d2} (4.92)

Then, Gs is a Q-Donsker class by Lemma 2.61. Let {QB,Un(-,B),p} be a sequence of

random functions that takes its values in G. We will prove next that for any € > 0

(Qm — Q) (96,Un(-,6)7p(Y) - gp(Y)>‘ > 5) — 0, as n,m — oo.

(4.93)

Pr | sup
pE(O,l)

Let us denote the event sup,c 1) ‘(Qm - Q) (gB,Un(',B),p<Y) - gp(Y)>‘ > ¢ by A.

Then, notice that Pr (A) can be majored by

PT(A, f)—bo

gélm‘

U. (-,b) —UHOO<62> (4.94)

U, ( ,B) - UHOO > 52) . (4.95)

By triangle inequality, Lemma 4.13 and Glivenko-Cantelli Theorem we have

|

Then, from (4.24) and (4.96) we have

Un<-,f)> —UHoozop(l), as n — oo. (4.96)

(B,Un<-,f)>>ﬁ>(b07U), as n — oo. (4.97)
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Moreover, for any 61,02 > 0, (4.24) and (4.96) also implies

Pr <Hf) —bg

>61U‘

Un<~,f)> —UH >§2> — 0, as n— oo.
From Lemma 4.9 we obtain

lim sup /(gb,H,p(y) — gp(y))2 dQ(y) — 0, as n,m — 0.
bﬂbo,HHUpe((),l)

Hence, by applying Lemma 2.75 to class of functions Gs we obtain

Pr (A7 < 517

’B—bo

Then, from (4.100) and (4.98) we obtain (4.93), which implies

VI (Qu = Q) (9., 51 (Y) = 5(Y)) = 0,(1), a5 n.m — oo,

Un<~,f)> —UHoogég) — 0, as mn,m — oo.

(4.98)

(4.99)

(4.100)

(4.101)

where 0,(1) is uniformly in p. The conclusion of the lemma follows immediately by

regrouping the following terms

Ol [cb (B’Y <U-l (p, B)} ~ G, (Un‘l <p, B) ,B) ,
Qul [@ (bo'Y) <p| = Gun (9. D).
O1 [cb bY) <U! <p, B)} e (U,;1 (p, 6) ,13), and
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4.3 Asymptotic Distribution of the Component Processes

Lemma 4.14 decomposed the equivalent generalized empirical process as the sum of
two empirical processes. In this section we will find the asymptotic distribution of
the empirical processes defined in (4.90) and (4.91). The following lemma gives us

the asymptotic distribution of the empirical process defined in (4.90).

Lemma 4.15. Let p € (0,1). Then, as m — oo,

Vi(Gpn(p, bo) — G(p,bo)) ~ Ga(p), in D0, 1]. (4.102)

Proof. The conclusion follows by applying, as in the univariate case, Theorem 2.62

to random variables Wy, Wy, ..., W,,,, where W, = bO,Yj. O

Next, we will focus on the process defined in (4.91), also called the drift term.
But, before deriving its asymptotic distribution, we will prove a series of propositions
and lemmas that will be used later. Note, that for any p € (0, 1) the process in (4.91)

can be equivalently written as
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Next, we will show that the processes (4.103) and (4.104) are o0,(1), as n — oo,
uniformly in p € (0, 1). Finally, we will show that the process (4.105) can be uniformly

approximated as

=Vvm (p = Un(p)) + 0p(1), (4.106)

where 0,(1) holds uniformly in p € (0,1). Therefore, the asymptotic distribution of

the drift term will be given by the process in (4.106).

Lemma 4.16. Let b be defined by (4.10) such that (4.25) is satisfied. Then,

sup vm |® (x — Blu) - (3: — bi)u)‘ =0,(1), as n— oo. (4.107)

z€eR

Proof. By the first-order Taylor series approximation and the fact that the standard

normal density ¢ is bounded by 1, we have

’

sup vm @(x—ﬁﬁ) —@(x—bb,u)‘ <\/ﬁ'<6—b0) ,u’ (4.108)
zeR
The conclusion follows immediately from (4.108) and (4.25). O

Corollary 4.17. Let b be defined by (4.10) such that (4.25) is satisfied. Then, the
process /m (CID <CI>*1 (Ugl <p, f))) - E)'u> - (<I>*1 (U;l (p, f))) - bbu)) is op(1),

as n — oo, uniformly in p € (0, 1).

Proof. Let p € (0,1) and z = U,;! (p, f)) € R. Then, conclusion follows immediately

78



from Lemma (4.16). O

The proof for process (4.104) will start with the Taylor series expansion as in the

previous case.

Lemma 4.18. For every p € (0,1) there exists a point between U, (p, B) and

U-Y(p), denoted 0,,(p), such that

vm (<1> (fb‘l (U‘1 (p, B)) -~ béu) - (‘P‘l (U () - bbﬂ))

Ul (p, 6) - U;l@)) . (4.109)

Proof. The result follows immediately from the first-order Taylor series expansion of

the function ® (®~1(+) — bou). O

Remark 4.19. From now on, the fact that 6,(p) is between U, * (p, E)) and U, *(p)

will be denoted by

U-! ( ,B) AU (p) < 0n(p) < U <p, B) VU (p), (4.110)

where, recall, A means minimum and V means maximum.

Let Ry : (0,1) — R be defined as

(4.111)
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Let § € (0,1/4) and g5 : [0,1] — [0, 1] be defined as

a5(p) = (1 —p)°. (4.112)

Finally, let gs : (0,1) — R be defined as

q5(p) = a5(p) Ry(p)- (4.113)

Note that for p € (0,1)

(4.114)

We will show next, by using different techniques, that the process (4.109) is 0,(1),

as n — oo, uniformly in p € (0,p,), p € (pn,1 —1/n), and p € (1 — 1/n,1), where
pn is a properly chosen sequence converging to one. Therefore, by combining these
results, process (4.104) will be 0,(1), as n — oo, uniformly in p € (0,1). First, we

will prove prove some useful properties of the above introduced functions.

Proposition 4.20. Let py € (0,1) and R, be defined by (4.111). Then, Ry is uni-

formly continuous on [0, po).

Proof. Notice that R, can be rewritten as

b/u _ ’
Ryp) = ¢ 2 C27020n) e (g 1),
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Since bgu > 0, it can be easily shown that R, is monotonically increasing with
lim, o Rs(p) = 0 and lim, .y Ry(p) = oo. Therefore, for any py € (0,1), Ry is
uniformly continuous on the interval [0, po], since it is continuous on the same interval.

]

Proposition 4.21. Let s be defined by (4.113). Then, §s is uniformly continuous

on [0, 1].

Proof. Notice, that s is continuous on (0,1). We will show that §s is continuous on
the compact interval [0,1], and therefore uniformly continuous on [0, 1], by proving

that

lim Gs(p) = lim gs(p) = 0. (4.115)

p—0

The limit of ¢s for p converging to zero is immediate from Proposition 4.20 and
(4.112). Let p > 1/2 and let > 0 be the unique value such that z = ®~!(p). Then,

by simple algebraic manipulations we have

B(p) = (1 - ()" (%';’““) - (1 - ?(x)) A (4.116)

Since b;,,u > 0, then by I’'Hopital rule we have

xT

lim (1_—M) ~ im0 (4.117)

/
T—00 bgu T—00 b/M _bgr
5 ot L 5
5 e

The proof is complete since by the change of variable the limit of g5 for p converging

to one is the same as the limit for z converging to infinity. O
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Remark 4.22. By using (4.116), it can be shown that §s is strictly decreasing for
o0 ()

We can work next on the terms in the right hand side of equality (4.114). We
will prove that the first two terms are O,(1) and the third term is o0,(1), as n — oo,
uniformly in p € (0,p,). We will start by proving lemmas that will help us to show

that the supremum for p € (0, 1) of the absolute value of term <Un_1 (p, B) — U‘l(p)>

from (4.109) can be made o, (n=**logn). For i = 1,n, let

’

SR =2 = (Za,. . Za) (4.118)

Notice that due to the independence of X; and (4.118) then {Z;;} 7, are inde-

i=1,n,j=1,

pendent standard normal random variables.

Lemma 4.23. Let b € R*. Then, the following inequality is true for any n € NT

K
sup [U;! (p,b) = U (0)| <4/ o= b= Dol [EY2]  max_[Zy[,  (4.119)
2m i=1n,j=1k

p€(0,1)
where {Z;;} are defined in (4.118).

Proof. For i = 1,n, denote ® (b'X;) and ® (bolXi) by ¢ and &;, respectively. By
definition of an empirical quantile function, let ¢,; and &,.; be the it ordered ¢(; and

& value, respectively. Then, for i = 1,n we have

U, " (p,b) = G ZT <p< -, (4.120)
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and

Notice that it can be shown

i=1,n

From (4.118) we can easily obtain

T apg L (4.121)
n
(4.123)

max ||Z;| < Vk max__|Z]

i=1n

i=1,n,j=1,k

Then, for any n € NT, by using (4.122), definitions of (; and &;, and first-order Taylor

series expansion, we have

sup |U," (p,b) —

pe(0,1)

max  sup

n 'Sn

i=1n

1

—— Inax

V2T i=1n

N

(b

—bo) X .

(4.124)

The conclusion of the lemma follows immediately by noticing that (b — bo)l X, is

equal to (b — bp) £/2%-1/2X; and by using triangle inequality and (4.123) in (4.124),

O
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For any p € (0,1) and any n € N let A, (p) be defined as

An(p) = U, (U;1 ( ,B)) - U, (U, (p) = U, ( ,B) +U " (p). (4.125)
Lemma 4.24. Let b be defined by (4.10) such that (4.18) is satisfied. Then,

Sl(lp) |An(p)| = op (n*3/4 (log n)3/4 ﬁn) ,  as n — o0, (4.126)
pe(0,1

where B3, is any increasing sequence with n~*(logn)Y/*3, non-increasing.

Proof. Let € > 0 be given. We will prove that, for given € > 0, there exists N, € N

such that for all n > N, we have

Pr | n®*(logn)™/* 8, sup |An(p)| >¢ | <e. (4.127)
p€(0,1)
Notice that max,_ ;77 |Zi;| = O, ((logn)/?), as n — oo, by Proposition 2.55.

Therefore, by using this result and (4.18) we have

logn 1/2 V 2r Hb bo H ”21/2HZ 1Hnla]LX1 =0,(1), as n — oo,

or, equivalently, for given € > 0 there exists N. and Cj such that

Pr (T, > Co) <e/2, Vnz=N. (4.128)
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Hence, by rewriting (4.119) from Lemma 4.23 as

sup |U," (p,b) — U (p)| < n™2(logn)' /2T,
pe(0,1)

and, by using the same technique of splitting probabilities, we have

Pr <n3/ Tlogn) ™" 871 sup |An(p)| > 6)

pe(0,1)
< Pr <n3/4 (logn)™** 31 sup |Au(p)| > ¢, T, < C'()) (4.129)
pe(0,1)

+Pr (T, > Cy) . (4.130)
But,

Pr <n3/4 (logn)_3/4 Bt sup |An(p)| > ¢, T, < CO>

p€e(0,1)

= Pr <n3/4 (logn)*/* g sup |Un(t) — Un(s) — (t —s)| > 5) :

|s—t|<Con—1/2(logn)1/2

By using Theorem 2.83, we can show that the probability term of the right hand side
of the above equality can be made less than /2 for n sufficiently large. Let F,, be

the following class of functions
Fo={I[s<U<t]: 0<s<t<l, [t—s|< Con_l/Q(logn)l/z} : (4.131)

where U ~ Unif(0,1). It can be shown that F, is a permissible class of functions

such that for any n and € > 0, supg N (g, Fy, L1(Q)) < A" where A, W do not
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depend on n. The proofs are very similar to those of Lemmas 4.11 and 4.12 and
they will be omitted. Moreover, it can be easily seen that for any f € F, we have
If| <1 and Pf? < Con~"?(logn)'/?2. Hence, let 6, and a, be two sequences such
that 92 = Con~'/%(logn)"/? and a,, = n~/4(logn)'/*8, is a non-increasing sequence of
numbers with 3,  oco. Notice that né2a? < logn. Therefore, by applying Theorem

2.83 to F,, we obtain

sup |P.f — Pf| < Con~**(logn)**6,, aus,
feEFn

which implies

sup [Pof — Pf| = o0, (n™**(logn)**3,) .
feFn

But, since P, f = U,(t) — U,(s) and Pf =t — s, then

sup [P, f — Pf|
fEFR

= sup |Un(t) = Un(s) = (t = s)|

|t—s|<Con—1/2(logn)1/2

= 0, (n_3/4(10g n)3/4ﬁn) ,

or, equivalently,

Pr [ n¥*(logn) =243} sup |Un(t) = Un(s) — (t—s)| > | <e/2.
|t—s|<Con—1/2(logn)1/2
(4.132)
The conclusion of the lemma follows immediately from (4.128) and (4.132). O
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Corollary 4.25. Let b be defined by (4.10) such that (4.18) is satisfied. Then,

sup
p€(0,1)

n

Ut ( ,B) — Un’l(p)‘ = 0p (n’3/4 logn), as n— oco. (4.133)

Proof. Let p € (0,1). Notice that

For ease of presentation will introduce some further notations. For any p € (0,1) and

any n € N, let A, (p) be defined in (4.125), A’ (p), and A, (p) defined as follows

U, (p, B) U, (p) = AL (p), (4.135)

and

F, (F; (p)) =p+ A, (p), (4.136)

where F, is any empirical distribution function and A’ (p) = O (n™!). By using
(4.136) in the left hand side of equality (4.134), and (4.125), (4.135) in the right hand

side of the same equality (4.134) we obtain, after some algebraic manipulations,

U ( ,B) UM p) = An(p) + A, (Un‘l ( ,B)) + A (). (4.137)
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Also, notice that

Al(p)=o (n_3/4 logn) (4.138)

The conclusion follows by taking supremum after p € (0,1) in (4.137), by noticing
that U, (p, B) € (0,1), by using (4.138), Lemma 4.24 with 3, = (logn)/*, Lemma

4.13, and by simple stochastic calculus. O

Lemma 4.26. Let 6 € (0,1/4). Then,

wp VR U, (p, f)) - U, '(p)

nd—1/4
(0,1-1/n] qs (p)

=0, ( logn), as n— oo. (4.139)

Proof. For § € (0,1/4), by monotonicity of g5, Sup,e(g1-1/m) 45(p) = n~%, and Corol-

lary 4.25 we have

Ut (p, 13) — U (p)
sup /n
(0,1-1/n] qs (P)

-1 ) 771
< e U (p,b> Uy (p)‘
X gn sup _3/41
(0,1—1/n] n ogmn

=0,(1), as n— oo,

]

We will now introduce two important lemmas that will be a very useful tools for

the next proofs.

Lemma 4.27. Let s > 1, 7>0,0<a <b< 1 such that (1 —a)/T <1, and F be a
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distribution function on [0,1]. Then,

1-F (1- 052

1—p)° T
sup (1-p) <7 iff sup

SRS < 1. (4.140)
pe(ab) 1 — F~1(p) p€E(a,b) 1—0p

Proof. Notice that by using the following equivalence sup f(p) < tiff f(p) < t,Vp we

have
(1-p)° : (1-p)°
sup ——~ <7 iff ——L <1 Vpe (a,b), 4.141
pe(ap) 1 — F~(p) 1— F~(p) (,5) ( )
and
1-F (1- 0520 1-F (1052
sup T 1< iff T L <1, Vpe(ab). (4.142
pE(ab) I—p IL—p (@,0)- )

For any p,z € (0,1), by Lemma 2.31 we have

1-F@)<1l—-p iff 1—-2<1-FYp). (4.143)

Notice that z = 1 — O_Tp)s € (0,1) for any p € (a,b) C (0,1). Therefore, by using

(4.143), for any p € (a,b) we have

<1 (4.144)

The conclusion follows immediately from (4.141), (4.142), and (4.144). O
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Remark 4.28. If F is an empirical distribution function than (4.140) becomes

s 1-F (1 _ M)
Pr| sup % >71|=Pr| sup . >1]1. (4.145)
ey L — F7H(p) pe(ab) l—p
Lemma 4.29. Let ¢ > 1. Then,
: ¢
lim — 0. (4.146)

z—0t 1 — @ (C(I)_l (1 — LL'))

Proof. If the limit exists, by using 1'Hopital’s Rule, the fact that ¢(ct)/o(t) =

(V27 (1)), and Mill’s Ratio t(1 — ®(t)) < ¢(t), Vt > 0, we have

2

I -
im
e—0t 1 — & (cd1 (1 —1x))

2_
62 <$C 1)

S e (1))

S(®1 (1))
1—® (@ (1—2)\" "
— lim CQ( (1 ( x>))
B e @i - )

1 -1

c

li = 0.
< T (@_1(1 —56))

Corollary 4.30. For x > 0, sufficiently close to zero, and ¢ > 1, we have

o1 (1 —:z:'32>
1-o —=
c

<z,
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which can be equivalently written as
o1 (1 -
1—® <M> < V. (4.147)

Proof. The conclusion follows immediately from by simple manipulations of (4.146)

from Lema 4.29. O

Lemma 4.31. Let ¢ € (0,1/4). Then,

%(p)
W iy - Orll) s m— oo 4.148
pe(0,1) 45 (U 1(p)) »(1) ( )

Proof. Let € > 0. We will show that for ¢ given there exists M. € (0,00) such that

for n sufficiently large we have

1—
Pr ( sup U—]l)(m > ME> <e. (4.149)

p€e(0,1) 1— n

By setting s =1, 7 > 1, a = 0, b = 1, and the uniform empirical distribution U,, in

Remark (4.28), identity (4.145) becomes

Pr < sup Lp)p) > 7') = Pr ( sup Lo Unl(_ ) > 7') : (4.150)

p€(0,1) 1 - Un_1< pe(0,1) —

Note that by the symmetry and absolute continuity of the uniform distribution and

the definition of indicator function, we have

(U ), t€[0,1]} 2 {1 —U,(1—1),t € [0,1]} (4.151)
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Hence, from (4.150) and (4.151) and by using change of variable ¢ = (1 — p)/7 we

obtain

(1-p)
Pr|{ sup ——————=>1
(pe(o,l) 1-U;'(p)

U, (2 n
= Pr ( sup % > 7') < Pr ( sup Unlt) > 7') (4.152)
te

pe(0,1) - ©1/m) t

By choosing M. > max{1,e/e} then, from Lemma (2.54), the right hand side of
(4.152) can be made less than e for n sufficiently large. Thus, the proof is complete.

]

Let p, be be a sequence converging to one defined by
pn=1—n"*logn. (4.153)

Lemma 4.32. Let b defined by (4.10) such that (4.18) is satisfied, § € (0,1/4), 0,(p)

be defined by (4.110), and p,, be defined by (4.153). Then,

q5(p)
sup —————— =0,(1), as n— oc. (4.154)
otob a0~

Proof. Let ¢ > 0. By monotonicity of g5 and definition of 8, (p) we have

sup UL < sup —%g) + sup qa(p) — .
en(p)) pe(0,pn) 46 (Un (p)) p€(0,pn) qs <Un_1 (p7 b>)

(4.155)

p€(0,pn) 95

Since the first term on the right hand side of inequality (4.155) is O,(1) as n — oo

92



by Lemma 4.31, it will be sufficient to show that

sup g5(p)

PEO:pn) g (U; ! (p, 5))

or, equivalently, for & given there exists M. € (0, 00) such that for n sufficiently large

=0,(1), as n— o0, (4.156)

we have

1 _
pr| sup b S| <e (4.157)
PG(OJJn) 1 — Urjl ( ,b)

Again, by setting s =1, 7 > 1, a = 0, b = p,,, the uniform empirical distribution U,

in Remark (4.28), and identity (4.151) we have

1—
Pr sup b — > T
p€(Opn) 1 — U1 (p, b>

p€(0,pn) 1
Un (%’A> —Un (1%) T
L B S
< Pr( sup Un(®) > Z) (4.158)
te(/nr1) L 2
U, (t,B) — U, (t)‘ 1
+Pr t:}él?l) i Togn >3 (4.159)

By choosing M. > max{2,2e/e} then, from Lemma (2.54), probability in (4.158)
can be made less than /2 for n sufficiently large. By Lemma (4.13), probability in
(4.159) can also be made less than ¢/2 for n sufficiently large. The conclusion of the

lemma follows immediately. O]
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We can now put together the previous results and have the following lemma.

Lemma 4.33. Let b defined by (4.10) such that (4.18) is satisfied, 6,,(p) be defined

by (4.110), and p, be defined by (4.153) Then,

sup \/_‘Rd, (p)) (Un_l (p, f)) — Un_l(p)ﬂ =o0y(l), as n—oo. (4.160)

p€(0,pn)

Proof. Let 6 € (0,1/4). Then from (4.114) we have

sup \/_’Rgs (p)) (Un_l (p, B) - Un_l(p))’

p€(0,pn)
< sup g5 (0.(p))] (4.161)
pe(0,1)

45(p) ’
Sup | —p (4.162)

pe.pn) | 45 (6n(p))

Ut (n.B) = UM (0)

sup vm . (4.163)

pe(0,1/n) 4(p)

Since s is uniformly continuous on (0,1) by Proposition 4.21, then supremum in
(4.161) is Op(1), as n — oo. Supremum in (4.162) is also O,(1), as n — oo, by
Lemma 4.32. Finally, supremum in (4.163) is o0,(1), as n — oo, by Lemma 4.26. The

conclusion of the lemma follows from stochastic calculus. O]

Note that supremum in (4.162) could be proven to be O,(1), as n — oo, only for
€ (0,p,). In order to show that (4.160) is true when p € (p,, 1 —1/n), we will need
to write the process in (4.109) in a slightly different, but important, manner. Let

91,92 € (0,1/4) be such that do = sd;, where s > 1 is a proportionality factor, whose
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magnitude will be determined later. Then, note

(4.164)
Hence, by following the same steps and also using some of the results from the case

€ (0,pn), all we need to show is that

sup _4u(P) =0,(1), as n — oo. (4.165)

pE(pn,1—1/n) 461 (Qn(p))

By using definitions of ,,(p) and of function ¢s we have

sup
pE(pn,1—1/n) Q51

b1 /) <1 ‘9:)(;))
(55)

1—p)s
+ sup ( P) ~
petni=t/m \ 1= U1 (p, b)

q52 ()
On(p))

sup
€(pn,1—1/n)
61

Notice that (4.165) is true if we prove that the supremums from the right hand side

of the above inequality are O,(1) as n — oo.

Lemma 4.34. Let p, be defined by (4.153) and s > 1. Then,

sup

——————=0,(1), as n— 0. (4.166)
pepui—imy L= Ut (p) 7
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Proof. Let ¢ > 0 and M. = max{1,e/e} be given. Notice that

Pr( sup &>ME><PT< sup (1;_]?)>M5>.

pe(pn1—1/n) L — U, l(p) pe@n1—1/n) L — Uy, l(p)

Hence, the conclusion of the lemma follows immediately by using the same arguments

as in Lemma 4.31, so they will be omitted. O]

Proposition 4.35. Let s > 7. Then,

o1 (1 — (n*3/4 log n)s_1> .
.

n 1—-@ ’
2

as mn — oo. (4.167)

Proof. The conclusion of the lemma follows immediately by using inequality (4.147)

with ¢ = 2 and 2 = n=3/*logn substituted into (4.147). O

Lemma 4.36. Let b be defined by (4.10), p, be defined by (4.153), and s > 7. Then,

1 _ S
sup (1=p) =0,(1), as n— oo. (4.168)

pE(pn,1=1/n) 1 — U1 (p, B)

Proof. Let € > 0 and M. > 1 be given. Notice that by using Lemma (4.27), mono-

tonicity of U, ( : ,15) given in (4.11), and {Z;} defined in (4.118) we have the following
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sequence of inequalities

1 _ S
Pr sup ( P)

> ML
pe(pnd—1/n) 1 — U1 <p, b)

1 — ~
< Prln  sup (1—Un (1— p(l—p)SI,b>) > 1
PE(pn,1—1/n) M.
< Pr (n (1 - U, (1 — (n’?’/4 logn)k1 ,B)) > 1)
= P 1[pXi> 07 (1= (¥ l0gn) )| > 1)
i=1
< Pr sup ZI [b/Xi > ¢! (1 — (n’3/4 logn)s_lﬂ > 1
beRF,b=—2_ "=
a X>a
< Pr sup ZI [c/Zi > ¢! (1 — (n’3/4 log n)s_l)] > 1
ceRk [lcl|=1
< Pr sup T[>0 (1= (n ¥ logn)” )| > 1) L (4.169)
i—1 CERE,|lc[|=1

where ¢ = X'/2b. We will show next, by mathematical induction, that probability in
(4.169) can be made less than €. Let k = 1. Then, for s > 7 and n sufficiently large,

by (4.167) we have

E (i sup 1|2 > 07 (1= (/" 1og n)s_l)}>

i—1 lcl=1

< SB(izls e (1 o oen) )

o1 <1 — (n%/*1og n)5_1>
< 2n|1-90 5 =o(1).

Thus, we proved that » 7 supj_; I [C/Zi > ¢! <1 — (n%*1logn) S_lﬂ converges

to zero in L!, which in turn, implies convergence to zero in probability . Therefore,
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probability in (4.169) can be made less than e for n sufficiently large. Now, by using
induction, assume that probability in (4.169) is less than ¢ for 1,2,...,k — 1 and

prove this is also true for k. Notice that for any ¢ € R* such that ||c|[| = 1 we have

\/ A+ ...+, <1,Vk =1,n. Therefore, by using triangle inequality and this fact

we have

sup 1 [c/Zi > ¢! (1 — (n_3/4 logn)s_1>]

ceRF |[c||=1
< sup 1 |:Clzi1 oot 1 Zigery > O (1 - (”_3/4 log ”)S_1>]
cERF [lc||=1

+ sup 1 [ckZik > ¢! (1 — (n_3/4 logn)s_lﬂ

cERF c]=1

Zia+ ... 1Dk s—
< sup I afnt . F o1 ity > ¢! (1 — (n’3/4 logn) 1)
ceR¥ Jc]=1 \/cf toté
A s—
+ sup I Cn 2k > ¢! (1 — (n’3/4 log n) 1)
cERF [lc[|=1 Ck
/ o1 (1 — (n™%*log n)s_1>
< sup I1|d7Z; >

deRk—1[|d]|=1 2

ot (1 — (n=3/4 logn)s_l)
+ sup I |eZy >

e€R,|e|=1 2
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Hence, by using the above inequalities and induction hypothesis, we have

Pr (Z sup I [C/Zi > ¢! (1 — (n’3/4 log n)s_1>] > 1)

i—1 CERX,|lc[=1

n / ot (1 — (n™%/*log n)s_1> 1
< Pr sup I(dZ;> > —
h izldeRkl,dH_l 2 2
n o1 <1 — (n%/*1og n)s_1> 1
+Pr sup I |eZ; > > —
izl e€R,le|=1 2 2
< €
Thus, lemma is proved. Il

Lemma 4.37. Let b defined by (4.10) such that (4.18) is satisfied, 0,(p) be defined

by (4.110), and p, be defined by (4.153). Then,

Proof. Tmmediate by plugging in (4.164) the following results: uniform continuity of

Gs, Lemmas 4.34, 4.36, and 4.26. O

Finally, we can focus on proving that the process (4.104) is o0,(1) uniformly on
p € (1 —1/n,1) . Once again, for the interval (1 — 1/n,1) we will have to write the

process (4.104) in other equivalent ways. First notice that we can also rewrite (4.104)
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as follows

(o 0 (05 (1)) )~ (0050 i)

(1 (57 (52 8)) i) (1 (07 070 b))

(4.171)

Note that for p € (1 —1/n,1), U, (p) = Uy.n, where U,., is the maximum order

statistics from Unif(0,1) random sample.

Lemma 4.38. Let U,., be the mazimum order statistics of a Unif(0,1) random

sample. Then,

i

Vn (1 - <<I>_1 (Unin) — bgM)) =o0(l) as n— 0. (4.172)

Proof. By Lemma 2.53, for Z,,., = &1 (U,.n),

nl—>nolo W =1, a.s.

Choose € > 0 and ¢ > 0, such that v/2(1 —¢) — ¢ > 1 and, for n sufficiently large,

Zn:n

— > 1—c.
(21logn)'/? c

Note that for n sufficiently large we also have

1/2

c(logn)'/? > by
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Therefore, by using Mill’s Ratio we have

)
< Vn (1 - (\/5(1 —¢)(logn)t/? — b;]u))
< \/ﬁ<1—¢><<\/§(1—5)—c> (logn)l/2>>

1 n 2 1/2
< ( 67(\@(175)70) logn) _ 0(1)
V2(1 —¢) —c \logn

O

Lemma 4.39. Let b be defined by (4.10) such that (4.18) is satisfied. Then, as

(4.173)

Proof. Note that process (4.104) can be re-written as in (4.171). First, suppose that
Ut ( ,f)) > U, (p). Then, by monotonicity of functions ® and ®~! and the fact

that byu > 0, we obtain

Jm (1 — (qu (U,;l <p, 6)) - b;u)) <m (1 9 <<I>*1 (U (p) — b;u)) .
(4.174)
Next, suppose U, ! (p, B) < U, (p). Since 6,(p) < U, '(p) then, by definition of gs,

we have qs(0,(p)) = ¢s(U; (p)). Then, for § < 1/4, by using the equivalent process

n
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(4.109), we obtain

Therefore,

sop | (0 (071 (0 (0.5)) = i) =@ (9 (0 @) = b))

pe(1-1/n,1

< maX{Z sup  Vm (1 —® (@71 (U;1 (p)) — bbu)) 5

pe(1-1/n,1)

sup  v/mgs (0.(p)) (n;))g n’

pe(l—1/n,1)

Since the first term in the above inequality is 0,(1) by Lemma 4.39, we only need
to show that the second term is also o,(1). Choose M > 0. Note, that given a
random sample from Unif(0, 1), then the j* order statistics has a Beta(j,n — j +

1) distribution. Moreover, due to the symmetry of the beta distribution we have
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{Una(t),t €[0,1]} 2 {1 = U, (t),t € [0,1]}. Therefore,

Hence, by choosing M large we can make Pr <m > M > arbitrarily small. Fi-

nally, notice that by using Corollary 4.25 we have

n

sup  nt2 U (p,b) — U’l(p)’ =0, (" logn) = 0,(1), as n — oo.
Therefore, by using Proposition 4.21 and the previous two results we have proved

sup /g (0 () (;))n

Un_l 76 - Un_l = 0,(1 s
pe(1-1/n,1) n(l—Unn (p, b) () p(1)

as n — oo. O

Lemma 4.40. Let b defined by (4.10) such that (4.18) is satisfied. Then, asn — oo,

sup Vi (@ (@7 (0, () = bou) = @ (@71 (U (1) — b)) = 0,(1).

p€(0,1)

(4.175)

Proof. Let p, be defined by (4.153) and 6,,(p) be defined by (4.110) such that the
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process (4.104) can be equivalently written as (4.109). Notice that

sup +/m (fb (qfl (U;1 (p, B)) - b5u> —® (flfl (U (0) = béu))

pE(O,l)

< maX{ sup \/E‘Rgb (6,.(p)) (U{l (p, B) - Uﬁ(P)) ‘ ;

PE(Ovpn)

swp | R (6a(0) (U (B) = U 0))

pe(pnvl_l/n

(o 0 (57 (1) )~ 00220 i)}

pe(1—1/n,1)

The conclusion follows immediately by using Lemmas 4.33, 4.37, 4.39. [

Next, we will focus on the process given in (4.105) and prove that it uniformly

approximated by the process in (4.106).

Lemma 4.41. For every p € (0,1), there ezists 0, (p) such that

where

U, (p) Ap < 0u(p) < U (p) V p. (4.177)

Proof. Immediate by applying the first-order Taylor series expansion to function

D (O71(+) — byp). O

Note that for any p € (0,1), by using Lemma 2.50 (Bahadur’s Theorem) for the
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Uniform distribution, we have

Vi (Ra (8.0)) (U3 1) = p) = B (0) (0~ U )
= Vi (Ro (0u(0)) = Ro(0)) (0 = Un(p)) (4.178)

VB (0n(p)) Balp). (4.179)

where R, is the remainder term introduced in (2.2). Therefore, by using Lemma 4.41
we will actually need to show that terms (4.178) and (4.179) are 0,(1) uniformly in
p€ (0,1 —1/n), as n — oo. Similarly, we will show that we can choose py € (0,1)
such that the terms mentioned before are 0,(1) uniformly in (0, po] and (po, 1 — 1/n),
as n — oo. Finally, we will combine these results. But first, we will prove other useful

lemmas.

Lemma 4.42. Let Uy,..., U, be @id Unif(0,1) random variables. Then, almost surely

sup |U, ' (p) —p| =0(1), as n— . (4.180)
p€[0,1]

Proof. We will prove that sup,c(o 1) |U, " (p) — p| = sup,ejo1] [Un(p) — p|. This will be
sufficient to conclude the lemma since we know that the right hand side of previous
equality is o(1) by Glivenko-Cantelli theorem. Recall, that by the definition of an

empirical distribution we have

(4.181)
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where U,.; is the i'" order statistics and i = 1,n. For p = 0 define U, 1(p) = Up.o = 0.

Hence,

1—1 1
sup ’Un_l(p) —p| =max sup |Up;—p|= maxmax{ Ui — —‘ ANUpi — — } .
p€[0,1] i=1n pe(%vi] i=1n n
(4.182)
On the other hand, U,, can be equivalently rewritten as
1
Un(p) = =, Upni <p < Unniipa (4.183)
n
for i = 0,n. Therefore,
) ) 1
sup |U,(p) —p| =max  sup — —p' = maxmaX{ — = Uil | = = Unina } :
pe[ovl] 7":0””’ pe[Un:iaUn:H»l) n i:O”n’ n

(4.184)
Since the sets for which we find the maximum in (4.182) and (4.184) are the same,

we conclude that the supremum are the same. Il

Lemma 4.43. Let 0,(p) be given by (4.177). Then,

sup
p€(0,1)

~n(p) —P‘ =o0,(1), as n— oo. (4.185)

Proof. By using the definition of 6, (p) and triangle inequality we have

U’ (p,13> —Unfl(p)’Jr? sup |U, ' (p) —p]-

p€(0,1)

n(p) —p‘ < sup
pE(O,l)

sup
p€(0,1)

The conclusion is immediate from Corollary 4.25, Lemma 4.43, and stochastic calcu-
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lus. O

Lemma 4.44. Let 0,(p) be given by (4.177) and py € (0,1). Then,

sup |Ry <9~n(p)) - Rd)(p)’ =0,(1), as n— oo. (4.186)

P€(0,po]
Proof. Let € > 0 be given. By Proposition 4.20, R, is uniformly continuous on the

interval [0, po]. Thus, € given, there exists 6 > 0, pg + 0 < 1, such that

Vp,p' € [0,po] : sup |p'—p| <0 = sup |Ry(p) — Re(p)| <e. (4.187)
p€[0,po] P€[0,po]

Notice that

Pr (pes[légo} R, <9~n(p)> — R¢(p)’ > 6)

= Pr| sup
PE[0,po]

+Pr ( sup |p—p| > 5)

P€[0,po]

R¢< n(p)) - R¢(p)‘ >e, sup [p—p|< 5)

p€[0,po]

< Pr ( sup Ry (p') — Rg(p)| > €,sup|p’ —p| < 5)

p;p' €[0,po+4]
+Pr | sup |0,(p) —p’ >0
PE[0,po]
The conclusion follows from (4.187) and Lemma 4.43. O
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Lemma 4.45. Let 6 € (0,1/4) and 6,(p) be given by (4.177). Then

sup & =0,(1), as n— oo. (4.188)
pE(O,l) qs <9n(p))

Proof. By using definition of 6, (p) and monotonicity of gs, we have

sup 45(p) < sup g5(p)

_ W) _ G 4.189
pe0) g5 (Bu(p))  reton 6 (U (P) 1)

The conclusion follows immediately by applying Lemma 4.31. [

Lemma 4.46. Let 6 € (0,1/4) and R,, be the residual term, as given in (2.2), from

Bahadur’s theorem applied to Uniform distribution. Then,

R, (p)
qa5(p)

sup  Vn

p€(0,1—1/n]

‘ = Op(l), as n — 00. (4.190)

Proof. Let R;, = sup,e(o 1) [l2.(p)|- By using the monotonicity of gs we have

R, (p)
4(p)

Ry,
n=3/4(logn)/2’

sup  Vn

p€(0,1—1/n]

‘ < n6—1/4<10g n)1/2

The conclusion follows immediately by using Remark 2.52, and stochastic calculus in

the above inequality. O

Lemma 4.47. Let 0,,(p) be given by (4.177). Then

sup )m((& (002) = Ro®)) (0= Un(p))| = 0p(1), a5 m — o0, (4.191)

pe(0,1-1/n
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Proof. Let € > 0 and choose § € (0,1/4). Notice that for any py € (0,1 —1/n) and

n sufficiently large, we have

sup Vi | (s (8(0) = Ro(®)) (0 = Unlr)

pe(0,1—1/n
< mafsupyeio v | (R (3.0) - Ru()) - V)|, (4192
SUBye o 11/ VIR (0n(0)) Ip = Un(p)| (4.193)
5UDye12s0 VTR () I = V) (4.104)

We will prove that all three terms are 0,(1) as n — oo. Notice that for any choice
of po € (0,1 — 1/n) supremum in (4.192) is 0,(1), as n — oo, by Lemma 4.44 and

boundness of the uniform empirical process.

Next, consider the process in (4.194). Note that for any any py > @ <#) and n

sufficiently large, by Remark 4.22 we have

sup  vVmRy (p) [p — Un(p)] < s(po)v/m sup

p€E(po,1—1/n) pe(0,1)

(4.195)

Therefore, we will only need to show that there exists pg depending on both ¢, such

that
- U,
Pr | Gs(po)v/m sup p—(m‘>s <&, as n— . (4.196)
pe,1) | 45(P)

By using Lemma 2.53 applied to the Uniform distribution, for €, given, there exists
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M; € (0,00), depending on both ¢, d, such that for n sufficiently large

b— Un(p)

45(p)

pE(O,l)

Pr ( sup /n > M1> <e/2.

Let us choose py € (0, 1) such that

b, . €
po > ® (%) and  Gs(po) < i

(4.197)

(4.198)

Then, (4.196) is true by choosing p, that satisfies (4.198), by using (4.197), and by

probability manipulations using the splitting probability technique.

For the process in (4.193) consider two cases. First suppose that U, '(p) > p, which

implies én(p) > p. For any py > & (b%;“), since én(p) > p > po, then, by Remark

4.22, we have

sup  Gs(0a(p)) < Gs(po).
p€E(po,1—1/n)

Thus, for n sufficiently large,

sup  v/mR, (én(p)> lp — Un(p)|

p€E(po,1—1/n)

- gs\p
< Gs(po)  sup #\/ﬁ sup
pe©1-1/n) ¢s(0,(p)) ~ pe(1)

p— Un(p) ‘
q5(p) '

(4.199)

Therefore, it will be sufficient to show that there exists py depending on ¢, such

that, as n — oo,

- qs\p
Pr| gs(po) sup #Vm sup
pe01-1/n) ¢5(0n(p)) ~ pe()
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By (4.188), for ¢, 6 given, there exists My € (0, 00), depending on both ¢, §, such that

for n sufficiently large

Pr sup 95(p)

W) < e (4.201)
pe(0,1-1/n) g5 <9n(p)>

Then, let us choose py € (0, 1) such that

b/
po > P (%) and  Gs(po) < (4.202)

M, My’

Hence, (4.200) is true by choosing py that satisfies (4.202), by using (4.201), (4.197),
and by probability manipulations using the splitting probability technique.

Secondly, suppose U, '(p) < p, which implies 0.(p) < p. Similarly, for any py >
) (%) and n sufficiently large, by monotonicity of Ry and of g5 for p > py we

obtain

~ B _ Un
sup  vVmRy (Gn(p)) lp — Un(p)| < Gs(po)vm sup ) ’ ~
pE(po,1—1/n) peo) | 45(p)

Thus, the proof will be identical to that of the process (4.194).
Therefore, by choosing pg € (0, 1) such that both (4.198) and (4.202) are satisfied,

then both terms in (4.193) and (4.194) are o,(1) as n — oo. Thus, lemma is proved.

]
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Lemma 4.48. Let 0,(p) be given by (4.177). Then

sup  vmR, (én(p)) |R.(p)] = 0,(1), as n — oo. (4.203)

pe(0,1-1/n)

Proof. The proof is similar to the proof of previous lemma. However, we will be able
to use simple stochastic calculus instead of an e-¢ type of proof. Let § € (0,1/4). For

any po € (0,1 —1/n) and n sufficiently large, we have

sup ViR, (0.(p)) |Ru(p)

p€(0,1-1/n)
< max{suppew,po) VmRy (5n(p)) | Ra(p)], (4.204)
SUP e (po, 1-1/m) Vg (9}(29)) |Rn(p)l} (4.205)

Let Ry, = sup,e(o 1) [ 12 (p)|- Notice, that

i,
(logn)t/?’

sup ViR (0u(p) ) | Ralp)] < Rlpo + d1)v/mn ™/ log m) /2 —

p€(0,po)

where 7 is chosen such that sup

0,(p) — p} < 01 and pg + 9; < 1. Therefore, supre-
mum in (4.204) is 0,(1), as n — oo, by using Proposition 4.20, Remark 2.52, and the
fact that the sequence in m,n is converging to zero, as n — oo. Thus, we only have
to prove that supremum in (4.205) is 0,(1) as n — oo.

We, again, distinguish the following two cases. First, suppose U, '(p) > p, which

implies 0, (p) > p. For any any py > ® (b‘jT“> and n sufficiently large, by (4.199) we
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have

sup Ry (0.(0)) |Ra(®)

pE(po,1—1/n)
- qs\p
< Gs(po) sup _as(p) sup \/E’

(4.206)
pe(0,1) ¢5(0n(p)) pe(0,1-1/n]

Ry (p) ’
¢s(p)
The right hand side of (4.206) is 0,(1) as n — oo by Proposition 4.21, Lemmas 4.45
and 4.46, and stochastic calculus.

5

Secondly, suppose U, (p) < p, which implies én(p) < p. For any py > @ (bL> and n

sufficiently large, by using again Remark 4.22 we have

sup /iRy (0u(p) ) [Ru(p)]

pE€(po,1—1/n)
R,(p) '
45(p)

< 5(po)  sup ﬂ‘ (4.207)

pe(0,1—1/n]

Then, the right hand side of (4.207) is 0,(1) as n — oo by Proposition 4.21, Lemma
4.46, and stochastic calculus.
Therefore, by choosing py € (0, 1) such that py > ¢ <%), then both terms in (4.204)

and (4.205) are o0,(1) as n — oo. Hence, lemma is proved. O

Lemma 4.49. Let 0,,(p) be given by (4.177). Then

sup | (R (6.9)) (U (9) =) = B () (p = U @) ) | = 0p(1), a5 m— o,

pe(0,1-1/n)
Proof. Immediate from Lemmas 4.47 and 4.48. O]
Now, the only proof left is for the interval (1 —1/n,1). We will first introduce a
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lemma that is very similar to Lemma 4.38.

Lemma 4.50. Let p € (1 —1/n,1). Then, as n — o0,

sup Vi (1 — (qu (p) — b;u)) — o(1). (4.208)

pe(1-1/n,1)

Proof. Since for p € (1 —1/n,1)

\/ﬁ<1—q>(<b1(1—%)—%”)):0(1), as n — oo.

Let ¢ > v/2 and notice that for n sufficiently large

(1 - 1) P! (1 — 1) > byj.
C n

Therefore, by Lemma 4.29, as n — oo, we have
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Lemma 4.51. Let p € (1 —1/n,1). Then, as n — oo,

up V[ (&7 (U () = boge) = @ (€71 () = biyt) = o ) (= U ()

pe(l—1/n,1

= 0,(1).

Proof. By using triangle inequality and Remark 4.22, for n sufficiently large we have

up V[ (&7 (U () = boge) = @ (€71 () = biyt) = o ) (0= Un ()

pe(1-1/n,1

/

< sup )M\@(@l (U (0) — bou)|

pe(1-1/n,1

+ sup )m)@@—l(p)—bgu)]

pe(1-1/n,1

v (1= 1) o v [P L)

n) pe0,1) 45(p)

The conclusion of the lemma follows immediately by using Lemmas 4.38, 4.50, Propo-

sition 4.21, and Lemma 2.53 applied to the Uniform distribution. ]
We are now able to put together the result for the entire (0, 1) interval.

Lemma 4.52. Let p € (0,1). Then, as n — oo,

sup /m |® (cp—l (U (p) — bl)u) —-® <<I>‘1 (p) — béu) — Ry (p) (p = U (p))

pe(0,1)

= 0,(1).

Proof. Let 6,,(p) be given by (4.177) such that the process (4.105) can be equivalently
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written as (4.176). Notice that

sup v/ [@ (@71 (U, (1) — bou) = @ (07 (p) = bgn) = R (p) (0 = U (9))|

p€(0,1)

< max{ sup Vi | (s (80) (U2 ) = 9) = o 0) (0= U )]

pe(0,1—1/n

sup  v/im | @ (071 (U (5) — bow) — @ (07 (p) ~ bost) ~ Ry () (0~ Us <p>>]}.

pe(1-1/n,1)

The conclusion follows immediately by using Lemmas 4.49 and 4.51. O]

Lemma 4.53. Let R, be defined by (4.111), m/n — X € RT as n — oo, and
p € [0,1]. Then, as n — oo, the process VymRy(p) (p — Un(p)), defined to be zero if
p =0 orp=1, converges weakly in D[0,1] to \/XR¢GU, a tight Gaussian process,
where Ry(1)Gy (1) is defined to be equal to 0, and with mean zero and covariance

function ARs(s)Ry(t) (s Nt — st), with s,t € [0,1), and 0 with s =1 ort = 1.

Proof. Let gs be the function defined by (4.112) where 6 < 1/2. For any p € (0,1)

we have

VRAP) (b — Un(p)) = virids(p) (Zﬂ) .

q5(p)

By defining the process \/ﬁ% to be zero for p = 0 and p = 1 and by the fact
that lim, o ¢s(p) = lim,_1 gs(p) = 0, then the above equality is true for all p € [0, 1].
Therefore, it is sufficient to show the weak convergence of the process \/mqs(p)

Notice that for § < 1/2
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Moreover, it can be easily seen that ¢s is monotone around endpoints p = 0 and p = 1.

Thus, by using Lemma 2.63 we have,

mqs(pﬁ%;)(p) s VARy(p)Gu(p) in D0, 1], (4.200)

a tight Gaussian process with mean zero. It can be proved that the limiting process
has covariance function AR, (s)Rs(t) (s At — st), with s,t € (0,1). Next, we will show
that the covariance function, when we consider the endpoints p = 0 and p = 1, is
equal to zero. Since limy o Ry(s) = 0, then the covariance function for 0 = s <t < 1,
given by limy .o Ry(s)R4(t)s(1 —1), is equal to zero. By using (4.117), the covariance

function for 0 < s <t =1, is also equal to zero:

PHll Ry(s)Ry(t)s(1 — 1)
= st)(s)e*%(b;“)2 lim ebg“q’_l(t)(l —t)

t—1

= 3R¢)(5)e’%(b:)“)2 lim ebi)“‘”(l — d(z)) = 0.

r—00

Using similar arguments as above, it can be easily shown that the variances of the
limiting process are zero at both endpoints, p = 0 and p = 1. Thus, the proof is

complete. O

Lemma 4.54. Let b defined by (4.10) such that (4.18) and (4.25) are satisfied,

G(-,b) be equal to ®(®~1(-) —b'u), Ry be defined by (4.111), and m/n — X € R*

as n — 0o. Define the drift process given by (4.91) to be zero at the endpoints p = 0
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and p = 1. Then, for Rs(1)Gy (1) defined to be equal to 0,

B
/N
Y
/N
=]
N
=
o

) ,B) —G(p, b0)> w VARy(p)Gu(p), in D[0,1], (4.210)

as n — oQ.

Proof. Recall that the drift process defined by (4.91) was decomposed as sum of three
other processes. The first process, defined by (4.103), is 0,(1) on interval (0,1) by
Corollary 4.17. The second process, defined by (4.104), is also 0,(1) on interval (0, 1)
by Lemma 4.40. Finally, by using Lemmas 4.52, 4.53, and Slutsky’s Lemma, the
third process, defined by (4.105), converges weakly in D[0, 1] to the gaussian process
VAR,Gy with mean zero and covariance matrix given by ARg4(s)Ry(t) (s At — st),
with s,t € [0,1), and 0 with s = 1 or ¢ = 1. The conclusion follows immediately from

the previous stated results and Slutsky’s Lemma. O

4.4 The Limit of the Generalized Empirical ROC Process

Theorem 4.55. Let {X;},_, and {Y;}., be mutually independent random samples
from multivariate normal distributions with mean vectors 0 and u, respectively, and
the same covariance matriz 3. Let ag be given by (4.2) and & an estimator of ag
satisfying (4.3). Let G(-,b) be equal to ®(®~1(-) —b'u), where b is given by (4.10),
and Ry be defined by (4.111). Define the generalized empirical ROC process given by

(4.8) to be zero at the endpoints p = 0 and p = 1. Then, for Ry(1)Gy (1) defined to
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be equal to 0 and for m,n € N such that m/n — XA € RT, as n — oo,

) — G (F7' (p,a0) ,a0)) ~ Gg(p) + VAR,(p)Gy(p), (4.211)

3
)
3

=7
=
»
-

in D[0,1]. The covariance structure of the limit process is given by
G(s At) — G(s)G(t) + ARy(s)Ry(t) (s At — st), (4.212)

where s,t € [0,1), and 0 with s =1 ort = 1.

Proof. Let by and b be defined by (4.10) with with b satisfying (4.18) and (4.25).
Then, from Lemmas 4.14, 4.15, 4.54, independence of random samples {X;}._, and

{Yj};.n:l, Slutsky’s Lemma, Lemma 2.42, we have

Vi (G (U7 (£.5) ,B) = G (p.b0) ~ Colv) + VARs(p)Cu(p),  (4.213)

in DI[0,1], as n — oo. The conclusion of the theorem follows immedi-

ately since the generalized empirical ROC process was equivalently written as

\/m(Gm (U;l( ,B),B) —é(p,b0)>. 0

Copyright (©) Costel Chirila 2008
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CHAPTER 5: APPLICATION AND SIMULATION STUDY

5.1 Application

In this section we will apply our methodology to a lung cancer data provided by
Dr. Edward Hirschowitz, Department of Internal Medicine at University of Kentucky
Medical Center. There are 52 normal subjects and 51 subjects with lung cancer.
The biomarkers are proteins from ¢cDNAT7 phage library using biopan enrichment
technique. Two candidate proteins, TTRL1002 and T7RL1004, were selected to create
a new biomarker as a linear combination. The data was log-transformed beforehand.
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Figure 5.1: Boxplots of T7TRL1002, T7RL1004, and the new marker
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In Figure 5.1 above, the new marker, constructed as linear combination of
T7RL1002 and T7RL1004 using Su and Liu method, seems to better discriminate,

between lung cancer and normal subjects, than the individual markers. Under the as-
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sumption of equal covariance matrices, the coefficients of the linear combination were
estimated by &, = T~1(Y — X) = (—17.77,18.49)", where 7! is the inverse of the
pooled variance as given in Lemma 4.3. Hence, the linear combination of T7RL1002
and T7RL1004 was given by 4,X and &,X.

The comparison between the ROC curves for TTRL1002, T7RL1004 and the new
marker is presented in Figure 5.2 below. We can clearly see now, based on the ROC
plots below, that the newly constructed marker has a better sensitivity than the

individual markers, at all specificity points, except for a very small range of specificity

values close to one.
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Figure 5.2: ROC curves of TTRL1002, T7TRL1004, and the generalized ROC curve
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5.2 Simulation Study

A simulation study was performed to estimate the coverage probabilities of the asymp-
totic pointwise confidence intervals at different specificity values. Since we are mostly
interested in large values of specificity, we have chosen to conduct the simulations
for the following set of values {0.50,0.55,0.60,0.65,0.70,0.75,0.80, 0.85,0.90,0.95}.
The nominal confidence level chosen for all simulations was 95 per cent. The simula-
tions were performed using R software. The multivariate test values for non-diseased
and diseased subjects were randomly sampled from bivariate normal distributions
MV N ((0, 0), Z) and MV N ((,ul, 12) E), respectively, using function muvrnorm
from package MASS in R. The diagonal of the covariance matrix ¥ was set to 1 and the
covariance o1z between biomarkers was chosen from the set {0.1,0.5,0.9}, which can
be interpreted as low, medium and high positive correlation levels. The following dis-
eased population mean vectors were used in simulations {(0.5,0.5)", (0.5,1)’, (1,1)'}.
Given that in practice, usually the cases are more difficult to obtain, we considered
the situations m/n € {1,0.5}, with n € {20,40,100,250}. The variance at each p
was determined using the covariance formula (4.212) from Theorem 4.55. Hence, the

95 per cent confidence interval at a specific value of p, where p € (0,1), was given by

J (60) - w) + Am w6 -9
= ,

n

G (F'(p)) £1.96 =

~ , o1 —bl ’
where, recall, G(p) = ® (®7'(p) — bou) and Ry(p) = %. Since bou =

V'S by (4.17), then we can estimate byu by \/(?—X)’T—l(?—i) where
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~

T~ is calculated as in Lemma 4.3. The results of 10,000 simulations are presented

in Tables 5.1 and 5.2, below.

Table 5.1: Estimated Coverage Probabilities of the asymptotic confidence

intervals for m/n =1

Specificity

(p1, p2) n o2 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95

(0.5,0.5) 20 0.1 9169 9146 91.64 91.79 92.22 93.09 93.89 93.85 93.46 93.05
0.5 91.56 91.79 92.10 92.01 92.64 93.45 94.37 94.68 94.20 92.29

0.9 91.56 91.75 92.06 92.25 92.71 93.51 94.01 93.02 93.69 91.68

40 0.1 93.02 9348 93.39 9349 93.75 93.79 9429 95.15 94.71 93.82
0.5 93.13 9331 93.29 93.43 93.77 9426 95.07 94.81 94.74 93.56

0.9 9338 9340 93.21 93.73 94.09 94.15 95.35 94.66 94.82 93.49

100 0.1  94.27 94.68 94.59 94.32 94.78 94.94 94.85 94.75 94.46 94.48
0.5 9429 94.65 94.43 9439 94.84 94.70 95.06 94.61 94.41 94.19

0.9 9436 94.63 94.42 94.13 94.79 9494 9453 94.76 94.38 94.32

250 0.1 9427 9446 9456 95.02 94.76 95.10 94.89 95.39 95.37 95.63
0.5 9448 9444 9476 95.24 9498 9528 94.89 95.29 95.20 95.60

0.9 9442 9436 94.75 95.02 9499 94.66 94.77 95.35 95.24 95.32

(0.5,1) 20 0.1 91.70 91.36 91.50 91.60 91.78 91.92 92.02 92.62 93.29 94.95
0.5 9205 91.63 91.74 9197 9191 91.82 92,51 93.00 93.71 93.98

0.9 9232 91.69 9151 91.69 91.58 91.65 91.84 92.40 93.09 94.98

40 0.1 93.35 93.04 9298 93.03 93.25 92.75 93.69 93.94 94.36 94.65
0.5 9340 93.03 92.84 92.89 92.84 93.03 93.45 94.09 94.30 94.33

0.9 9323 93.11 9294 9245 92.66 92.56 92.64 93.20 93.81 95.03

100 0.1 94.25 94.37 94.19 94.37 94.57 9442 9442 94.17 94.17 94.38
0.5 9456 94.39 94.27 94.28 94.52 94.45 94.34 93.86 94.52 94.45

0.9 9432 9427 94.08 94.04 94.12 93.96 94.01 93.98 94.73 94.41

250 0.1 9471 94.66 94.44 9499 9497 9533 9490 9546 95.21 95.60
0.5 94.73 9519 9496 9520 95.06 94.88 94.95 94.98 95.12 95.54

0.9 9480 94.60 94.64 94.58 94.71 9493 94.33 94.28 94.94 95.35

(1,1) 20 0.1 9193 90.95 91.12 90.87 90.93 91.10 91.55 91.91 9246 94.96

Continued on next Page. ..
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Table 5.1:  Estimated Coverage Probabilities of the asymptotic confidence

intervals for m/n =1

Specificity

(p1, p2) n o2 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95

0.5 91.36 91.02 91.09 90.83 91.42 91.69 91.91 92.36 93.31 94.23

0.9 9136 91.28 91.33 9140 91.79 91.86 92.29 92.57 93.67 93.74

40 0.1 9327 9329 9288 92.66 92.73 92.85 92.86 93.20 94.04 95.09

0.5 9333 9285 9295 93.08 9298 93.17 93.31 93.62 94.65 94.84

0.9 9324 93.13 93.00 93.15 93.34 93.23 93.55 94.25 94.80 94.45

100 0.1 94.11 94.09 94.13 94.23 9445 94.36 94.41 94.48 94.23 94.71

0.5 9437 94.14 94.17 94.12 94.43 94.45 94.63 94.46 94.60 95.15

0.9 9422 94.03 94.16 94.33 94.68 94.53 94.55 94.38 94.54 94.65

250 0.1 9457 94.84 94.53 94.70 94.57 94.49 94.34 94.83 94.76 95.66

0.5 94.72 9434 94.52 94.59 94.87 94.72 94.72 95.08 95.02 95.66

0.9 9441 9447 9446 94.83 94.79 94.85 94.64 9520 94.75 95.79

Table 5.2: Estimated Coverage Probabilities of the asymptotic confidence in-

tervals for m/n = 0.5

Specificity

(p1, p2) n o2 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95

(0.5,0.5) 20 0.1 9041 9048 91.29 91.22 9140 92.16 9250 93.06 93.09 93.80
0.5 90.20 90.70 91.11 91.32 91.69 92.87 91.26 94.56 93.95 92.80

0.9 90.13 90.58 90.97 91.19 92.32 9248 92.95 94.35 94.60 92.14

40 0.1 9295 9280 9287 93.04 93.37 93.66 94.33 92.25 94.33 93.98

0.5 9262 9235 92.80 93.13 93.38 93.67 94.12 94.79 93.79 93.87

0.9 9274 93.03 93.25 93.34 94.12 94.47 94.69 94.01 95.07 93.84

100 0.1 93.63 93.33 94.23 93.85 94.38 94.71 94.75 9499 94.95 94.86

0.5 93.73 93.58 9430 93.83 95.05 9430 94.36 95.27 94.99 94.33

0.9 93.89 9354 9446 94.07 95.07 94.78 95.13 95.00 94.93 94.49

250 0.1 9456 94.45 94.23 94.64 9435 9551 95.17 95.35 9543 95.39

0.5 94.02 94.33 94.37 94.78 94.87 9493 9496 9497 95.13 95.37

Continued on next Page. ..
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Table 5.2: Estimated Coverage Probabilities of the asymptotic confidence in-

tervals for m/n = 0.5

Specificity

(p1, p2) n o2 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95

0.9 94.06 94.43 94.84 94.41 95.05 95.08 95.13 94.99 95.29 95.22

(0.5,1) 20 0.1 91.81 90.95 90.00 90.31 90.26 90.85 90.61 91.05 92.83 93.15
0.5 91.52 90.50 90.19 90.01 90.31 90.71 90.42 91.44 92.68 94.11

0.9 9357 9252 91.14 90.67 89.45 89.53 89.70 90.24 90.64 93.02

40 0.1 92,65 9273 92,54 9237 9244 92,92 9258 92.61 93.75 94.68
0.5 92.63 9259 92.01 92.34 92.03 92.15 93.28 93.29 92.52 93.52

0.9 9348 92.68 92.26 92.50 92.21 92.22 91.95 92.86 93.31 94.28

100 0.1 94.14 93.83 93.35 93.72 93.57 93.71 93.97 94.02 94.18 94.69
0.5 94.00 93.59 93.43 93.65 94.11 94.26 94.02 94.38 94.57 94.53

0.9 9415 93.98 93.77 93.58 93.73 93.41 93.42 93.61 93.66 94.83

250 0.1 9452 9456 94.80 94.59 94.92 95.03 94.93 94.75 95.19 95.03
0.5 9477 9487 9490 94.94 94.73 95.17 94.66 95.28 94.88  95.26

0.9 95.05 95.05 9491 9496 94.63 9496 9432 9494 94.66 95.3

(1,1) 20 0.1 9348 92,58 91.71 90.73 89.52 89.68 89.96 90.87 91.21 93.17
0.5 9211 91.53 90.45 90.03 89.90 90.21 90.85 91.13 92.06 91.53

0.9 91.61 90.87 90.17 90.21 90.01 91.06 90.99 91.36 92.87 94.01

40 0.1 93.27 92.60 92.34 9228 9246 92.11 92.03 92.73 93.13 94.78
0.5 92.67 9231 9237 92.17 92.14 91.89 92.92 93.15 93.10 94.24

0.9 9275 9240 9241 92.26 92.27 92,56 93.10 93.42 93.67 94.46

100 0.1 94.09 93.83 93.60 93.39 93.30 93.53 93.52 93.83 94.28 94.05
0.5 9416 93.98 93.47 93.73 93.87 93.72 93.62 93.82 94.72 9491

0.9 9410 93.70 93.66 93.94 93.51 93.71 94.11 94.03 94.52 94.85

250 0.1 9449 9441 9420 9442 9436 94.45 94.25 94.81 94.80 95.20
0.5 9418 94.46 94.22 9437 94.34 94.21 94.75 95.02 95.08 95.43

0.9 9438 9436 9439 94.34 94.05 9450 94.74 95.23 95.53 95.52

The estimated coverage probabilities, presented in Tables 5.1 and 5.2, were plot-

ted against the chosen specificity values, for all possible combinations and grouped
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together by ratio of diseased versus nondiseased samples.
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Within each plot, the lines have different types and colors, corresponding to a
different sample size. We also used symbols to distinguish the cases, with the lowest
sample size numbered 1 and the largest numbered 4. By comparing Figures 5.3 and
5.4, we can observe a slight drop in the coverage only for the lower sample sizes. In
other words, if the number of controls is large enough, 100 or more, the estimated
coverage varies almost identically around the nominal level, even when the ratio of
cases versus controls is 0.5. When the number of controls is either 20 or 40, the
coverage probability is underestimated, but it still has a reasonable coverage around
90 per cent. Finally, we notice that when the diseased and nondiseased populations are
not well separated, which corresponds to a low value of parameter b;),u, the estimated

coverage probability drops for large specificity values.

Copyright (©) Costel Chirila 2008
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CHAPTER 6: DISCUSSION AND FUTURE RESEARCH

In this dissertation we considered the ROC curve of a linear combination of diagnostic
tests. If both the diseased and non-diseased populations are multivariate normally dis-
tributed, then the linear combination, using Fisher’s linear discriminant coefficients,
maximizes the area under the generalized ROC curve.

In Chapter 4, we derived the asymptotic behavior of the nonparametric estima-
tor, the generalized empirical ROC curve, under the assumption of equal covariance
matrices and zero mean for the multivariate normal distribution of the non-diseased
population. The coefficients can be estimated by maximum likelihood, however our
general requirement was that the estimator is bounded in probability. Future re-
search will be focused on finding the asymptotic distribution of the nonparametric
estimator when relaxing one or more conditions. For example, the assumption of
equal covariance matrices is not a realistic once, and thus we would be interested
in finding the asymptotic distribution for the case of unequal covariance matrices.
Also, from a practical standpoint, the normality assumption is not always met. A
possible solution would be to consider a situation similar to the binormal assump-
tion, in which data becomes multivariate normal after a monotone transformation is
applied. An alternative solution is to consider the multivariate distribution coming
from an elliptical family. Finally, another research direction would be to determine
the asymptotic distribution of a linear combinations of biomarkers that maximize the
sensitivity over a desired range of specificity, as it was proposed by Liu et al. (2005).

In Chapter 5, we applied the methodology to a real dataset and created a new
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marker as a linear combination of two biomarkers that shows a better discrimination
between lung cancer patients and normal patients. In the end, we conducted a simu-
lation study for combinations of two biomarkers to determine the estimated coverage
probability of the asymptotic pointwise confidence intervals. The results showed a
good coverage for sample sizes of at least 100 controls. For lower sample size, the
coverage was underestimated with values around 90 per cent. Also, for lower sample
sizes we saw a drop in the coverage probability that may be explained by the discrete-
ness nature of the process. As a future work, we will consider constructing confidence
intervals using a smoothed empirical distribution G,,. We will also consider more
simulations to estimate the coverage probabilities when we have departure from the
normal distribution and equal covariance matrices assumption. Finally, we consider

developing regional confidence bands for the generalized empirical ROC curve.

Copyright (©) Costel Chirila 2008
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