iy

ITY OF

EMTUCKY S
UK I _‘ d University of Kentucky
bk I'IOW SC ge,, UKnowledge

Theses and Dissertations--Mathematics Mathematics

2019

An Inverse Eigenvalue Problem for the Schrédinger Equation on

the Unit Ball of R®

Maryam Ali Al Ghafli

University of Kentucky, marayem2011sa@hotmail.com
Digital Object Identifier: https://doi.org/10.13023/etd.2019.464

Right click to open a feedback form in a new tab to let us know how this document benefits you.

Recommended Citation

Al Ghafli, Maryam Ali, "An Inverse Eigenvalue Problem for the Schrodinger Equation on the Unit Ball of R
(2019). Theses and Dissertations--Mathematics. 67.
https://uknowledge.uky.edu/math_etds/67

This Doctoral Dissertation is brought to you for free and open access by the Mathematics at UKnowledge. It has
been accepted for inclusion in Theses and Dissertations--Mathematics by an authorized administrator of
UKnowledge. For more information, please contact UKnowledge@lsv.uky.edu.


http://uknowledge.uky.edu/
http://uknowledge.uky.edu/
https://uknowledge.uky.edu/
https://uknowledge.uky.edu/math_etds
https://uknowledge.uky.edu/math
https://uky.az1.qualtrics.com/jfe/form/SV_9mq8fx2GnONRfz7
mailto:UKnowledge@lsv.uky.edu

STUDENT AGREEMENT:

| represent that my thesis or dissertation and abstract are my original work. Proper attribution
has been given to all outside sources. | understand that | am solely responsible for obtaining
any needed copyright permissions. | have obtained needed written permission statement(s)
from the owner(s) of each third-party copyrighted matter to be included in my work, allowing
electronic distribution (if such use is not permitted by the fair use doctrine) which will be
submitted to UKnowledge as Additional File.

| hereby grant to The University of Kentucky and its agents the irrevocable, non-exclusive, and
royalty-free license to archive and make accessible my work in whole or in part in all forms of
media, now or hereafter known. | agree that the document mentioned above may be made
available immediately for worldwide access unless an embargo applies.

| retain all other ownership rights to the copyright of my work. | also retain the right to use in
future works (such as articles or books) all or part of my work. | understand that | am free to
register the copyright to my work.

REVIEW, APPROVAL AND ACCEPTANCE

The document mentioned above has been reviewed and accepted by the student’s advisor, on
behalf of the advisory committee, and by the Director of Graduate Studies (DGS), on behalf of
the program; we verify that this is the final, approved version of the student’s thesis including all
changes required by the advisory committee. The undersigned agree to abide by the statements
above.

Maryam Ali Al Ghafli, Student
Dr. Peter Hislop, Major Professor

Dr. Peter Hislop, Director of Graduate Studies



An Inverse Eigenvalue Problem for the Schrodinger Equation on the Unit Ball of R?

DISSERTATION

A dissertation submitted in partial
fulfillment of the requirements for
the degree of Doctor of Philosophy
in the College of Arts and Sciences
at the University of Kentucky

By
Maryam Al Ghafli
Lexington, Kentucky

Director: Dr. Peter Hislop, Professor of Mathematics
Lexington, Kentucky

2019

Copyright© Maryam Al Ghafli 2019



ABSTRACT OF DISSERTATION

An Inverse Eigenvalue Problem for the Schrodinger Equation on the Unit Ball of R?

The inverse eigenvalue problem for a given operator is to determine the coefficients
by using knowledge of its eigenfunctions and eigenvalues. These are determined
by the behavior of the solutions on the domain boundaries. In our problem, the
Schrodinger operator acting on functions defined on the unit ball of R? has a radial
potential taken from L]0, 1]. Hence the set of the eigenvalues of this problem is the
union of the eigenvalues of infinitely many Sturm-Liouville operators on [0, 1] with
the Dirichlet boundary conditions. Each Sturm-Liouville operator corresponds to
an angular momentum [ = 0,1, 2..... In this research we focus on the uniqueness
property. This is, if two potentials p,q € L%[0,1] have the same set of eigenvalues
then p = ¢. An early result of Poschel and Trubowitz is that the uniqueness of the
potential holds when the potentials are restricted to the subspace of the even functions
of L2[0,1] in the [ = 0 case. Similarly when [ = 0, by using their method we proved
that two potentials p,q € L2[0,1] are equal if their even extension on [—1, 1] have the
same eigenvalues. Also we expect to prove the uniqueness if p and ¢ have the same
eigenvalues for finitely many [. For this idea we handle the problem by focusing on
some geometric properties of the isospectral sets and trying to use these properties
to prove the uniqueness of the radial potential by using finitely many of the angular
momentum.

KEYWORDS: Schrodinger operator, potential, eigenvalue, eigenfunction, unique-
ness, angular momentum

Author’s signature: Maryam Al Ghafli

Date: December 18, 2019




An Inverse Eigenvalue Problem for the Schrodinger Equation on the Unit Ball of R?

By
Maryam Al Ghafli

Director of Dissertation: Dr. Peter Hislop

Director of Graduate Studies: Dr. Peter Hislop

Date: December 18, 2019




Dedicated to my parents, Ali and Jamilah Al-Ghafli and my husband Mahdi
Al-Ghafli.



ACKNOWLEDGMENTS

I am grateful to many people who contributed to the accomplishment of my thesis.
Firs of all, I would like to thank my advisor Dr. Peter Hislop for his support, time,
help and encouragement to pursue this work. His instructions to me during my work
in this project developed my research skills and critical thinking. I am grateful for
the opportunity to work with him.

Also I would like to thank my thesis committee members, Dr. Russell Brown, Dr.
Mihai Tohaneanu, Dr. Susan Gardner and Dr. Xiangrong Yin, for their useful com-
ments which helped me to improve my work. Thanks for Dr. Peter Perry for giving
me the chance to be part of the mathematics department at University of Kentucky.
Thank you to all my colleagues at the mathematics department. They were always
ready to provide me with their assistant. Special thanks to Dr. Hislop’ students:
Sam Herschenfeld, Benjamin Brodie, Robert G. Wolf and Joseph B. Lindgren.

Finally I am so grateful for all my family, friends and colleagues who believe in
me. In particular, my husband Mahdi Al-Ghafli, my uncle Abdulhadi Al-Ghafli, my
siblings Ahmad and Sawsan Al-Ghafli, my cousins Igbal and Fatimah Al-Ghafli and
Zainab Al-Shaks, my friend Najla Albishi, my mother’s friend Laila Al-Abdulmohsen

and finally my best friend Aidah Aljuran.

il



TABLE OF CONTENTS

[Acknowledgments|. . . . . . . . ... iii
[Chapter 1 Background: An Overview of The Direct Eigenvalue Problem|. . . 1
[LI Tntroductionl . . . . . . . . . . . . . 1
1.2 Solutions of The Direct Problem and Their Properties|. . . . . . . .. 5
[1.2.1  Solutions of the Sturm-Liouville Operator Corresponding to [ > [

| 1 6
[1.2.2  Solutions of the Sturm-Liouville Operator Corresponding to/ =0 9

(1.3 Eigenvalues of the Main Operator H,| . . ... ... ... ... ... 11
[Chapter 2 Uniqueness of the Potential of the Extended Domain| . . . . . . . 13
I TIntroductionl . . . . . . . . . ... 13
[2.2  Eigentunctions of the Extended Problem| . . . . . . .. ... ... .. 15
[2.3  Eigenvalues of the Extended Problem| . . . . . . .. .. ... ... .. 17
[2.4  Uniqueness of the Potentiall . . . . . ... .. ... ... ... .... 22
[2.5 Second Method to Prove the Uniqueness of the potential . . . . . . . 26
[Chapter 3 Dimension of the Intersection ot Tangent Spaces| . . . . . . . . .. 27
13.1 An Overview of the Isospectral Set of a Potential p € Lg[0,1]]. . . . . 27
[3.27 Some Tmportant Operators and Their Properties| . . . . . . . . . .. 28
(3.3 A Proof of the Main Theorem (Dimension of the Intersection of Two |

| Tangent Spaces)[. . . . . . . ... 31
[Chapter 4 Some Geometric Properties of the Isospectral Set| . . . . . . . .. 42
MI TIntroductionl . . . . . . . . . ... 42
4.2 Overview of Some Important Properties of the Isospectral Set of Po- |

| tential p € Lg[0,1]] . . . . . ... 42
[£.37 Uniqueness of the Potential by Using a Finite Number of Angular |

[ Momentuml| . . . . . . . . ... 48
[Chapter 5 Open Problems| . . . . . ... .. ... ... ... ... ..... 50
[>.1 Results Related to kach Angular Momentum|. . . . . . . . . ... .. 51
[.1.1  Conjecture tor the Case [y =0and lo=1|. . . . . . . ... .. 53

[.1.2  Conjecture for the Case [; >0and b =0, +1|. ... ... .. 56
Appendix] . . . ... 56
[A1 Spherical Bessel Functions| . . . . . .. .. ... ... ... .. .... 57
[A1.1  Series Forms of Spherical Bessel tunctions| . . . . . . ... .. 57

(A1.2  'Trigonometric Polynomial Forms of Spherical Bessel functions| 57

[A1.3  Upper Bound of Spherical Bessel Functions|. . . . . . . . . .. 58

[A2  Infinite Productl . . . . . . . . .o 61

v






Chapter 1 Background: An Overview of The Direct Eigenvalue Problem

1.1 Introduction

In this dissertation we are interested to work in the field of inverse problem. Usu-
ally in the direct problem we have a system of equation and boundary conditions.
The equation describes an physical phenomena appearing in some experiment. The
equation coefficients which present some media properties of that experiment are well
known. And the boundary conditions give an idea about the initial state of the par-
ticles in that phenomena. In these problem we try to find the exact solutions of the
system and their properties like uniqueness and existences either locally or globally.
In the inverse problem the system contains an equation with unknown coefficients
and boundary conditions. We assume that we know the solutions of this system and
our task is to discover the coefficients of the equation.

Specifically, we work on the inverse eigenvalue problem related to the Schrodinger
equation. We have data including the solutions of the Schrodinger equation, which are
called wave functions, Dirichlet boundary conditions, and the Dirichlet eigenvalues of
this quantum system. Our goal is to discover the coefficient of this equation which is
a radial potential. Hence we begin by setting

Hy = —A+q(|X]),

for the Schrodinger operator where ¢ is a radial potential taken from L2[0,1] and A
is the Laplacian operator on three dimension. H, acts on functions defined on the
unit ball of R?. The main eigenvalue problem in this paper contains the following
equation

H (X)) = Mp(X), 1X| <1, xecC (1.1)
with the Dirichlet boundary condition

$(X)=0, |X|=1 (1.2)

All the complex numbers A\ when the boundary value problem and can be
solved are called eigenvalues of ¢ which we will denote by o(H,). The corresponding
nontrivial solutions are called eigenfunctions of ¢ for A. We will see later that the
set of the eigenvalues o(H,) is the union of the eigenvalues of infinitely many Sturm-
Liouville operators on the unit interval [0, 1] with the Dirichlet boundary conditions.
Each Sturm-Liouville operator

_d_2+ +l(l+1)
dx? 1 2

l_
Hq—

corresponds to an angular momentum [ = 0,1,2,..... So by denoting J(Hé) to the

eigenvalues of the operator H,, we have o(H,) = |J o(H.).
10



The main interesting question concerns about the uniqueness of the potential: if
two potentials p, ¢ € L§[0, 1] have the same set of eigenvalues, that is o(H,) = o(H,),
then p = ¢. Notice that if for a fixed angular momenta | we have o(H}) = o(H})
implies p = ¢, then o(H,) = o(H,) implies p = ¢. For that, many works focused on
discovering the uniqueness and construction of the potentials by using the spectral
data related to a single angular momenta [ or finitely many angular momentum
1,15, ...,1,. Some of the research gave a description of the isospectral sets and their
tangent spaces.

Begin with the zero angular momenta, in 1929, Ambartsumyan [12, Page 163]
considered the following problem on the interval [0, 1],

HY(x) = Mb(z) = € (0,1) (13)
with Neumann boundary conditions
V0,0 9) =0, ¥(LXg) =0 (1.4)

When ¢ = 0, the eigenvalues set of of this problem is {(%F)?},>0 . He showed the
following result,

Theorem 1.1.1. (Ambartsumyan’s Theorem) For q € L3[0,1], if the eigenvalues of
the problem (1.3), (L4) are X\, = (%F)?, n > 0, then ¢ = 0 almost every where on
(0,1).

The proof of this result can be found in [I2]. Then in 1945, Borg in [I3] found
that the one set of the eigenvalues associated with a given boundary conditions is
not enough data to determine the uniqueness of the potential. Hence in one method,
He showed that adding another set of eigenvalues associated with second boundary
conditions proves the uniqueness of the potential. So he consider {\,},>o to be the
eigenvalues for ((1.3) with the boundary conditions,

P'(0) +ary(0) =0, ¥'(1)+byp(1) =0,
and {fi, }n>0 to be the eigenvalues for ([1.3) with the boundary conditions,
P'(0) +asp(0) =0, (1) +byp(1) =0

where a; # ag, az are real numbers. Then he showed that the two sets {\,},>0 and
{ftn}n>0 are uniquely determine ay,as,b and ¢. In 1949, Levinson [18] proved the
same result with different method. By another method, Borg considered with
the following initial condition

$(0,X,q) =0, %(0,\q)=0 (1.5)

Beside to the eigenvalues {\,(q)}n>0 which is determined by (1, \,) = 0, he
defined additional spectral data consisting norming constants ¢, which are given by

cn(q) :/0 V¥ (2, An(q), q)dx.

where 1 (z, M\,(q), q) is the n'* eigenfunction for \,(q). For problem (1.3) and (1.5),
he proved



Theorem 1.1.2. Suppose that q,p € Lg(0,1), for alln, \,(q) = M\(p) and c,(q) =
cn(p) then q = p.

Also Péschel and Trubowitz [1] worked on the direct and inverse eigenvalue prob-
lems of the operator Hg on the interval [0,1]. In the direct problem, they provided

good estimates of the eigenfunctions and eigenvalues of the following Dirichlet prob-
lem

H)v(z) = M)(x) z e (0,1)
and
»(0,\,q) =0 and ¥(1,\,q) =0.

The basic estimate of the n' eigenvalue Ao, (g) is given by

)\Om(Q) = n27r2 + [Q] + XO,n(Q)a

1 ~
where [g] = / q(z)dz and {Xon(q)}n>1 € I2. The estimate of the n'* normalized

eigenfunction is given by

_ w((L', )\O,n(Q)v Q)
902, 0) = o Tl

= V2 sin(mnz) + O(%)

In case the potential ¢ is even with respect to = = %, that is, ¢(x) = q(1 — x).
They proved that g,(z,q) = (—=1)""'g,(1 — z,q). By using this property of g,, they
started their work on the inverse problem of the operator Hg by proving the following
theorem,

Theorem 1.1.3. For p,q € £ = {q € L3[0,1] : q(z) = q(1 — )}, suppose \on(p) =
Xon(q) for alln > 1 then p = q.

To prove their result, they considered the map A from L[0, 1] to R x [? such that
Aq) = ([q], {A)\Vom(q)}nzl). They proved that this map is one to one if its domain is
restricted to £. The additional data in Theorem [1.1.2| was a good motivation to prove
that map is one to one in the whole space by seeking another equivalent data to be
added to the set of the eigenvalues. Thus they introduced a sequence of norming
constants related to the terminal velocities of the eigenfunctions. These constants
are defined by

ron(@) = loglt (1, Mon(@)s )| n>1,

where ¥’ (2, M\on(q), q) is the derivative of n** eigenfunction of the operator H. g with
respect to z. The sequence {r,,(¢) }n>1 is in the Hilbert space I3 of all real sequences
p=(p1, po, ...) satisfying > - n*u2 < co. Combining the sequence of the eigenvalues
and the sequence of the norming constants they proved,

Theorem 1.1.4. For p,q € L[0,1], suppose Ao.(p) = Xon(q) and kon(p) = kon(q)
for alln > 1 then p = q.



From studying the following map

AX ko LE[0,1] = R x I* x [

A (g) = ([al Dhon(@ bt {Fonla) o1 )

they showed that for any potential ¢, the isospectral set M°(q) = {p : Aon(p) =
Xo.n(q) for all n} is a real analytic submanifold of L[0, 1], lying in the hyperplane of
all functions with mean [q.

In [3], Guillot and Ralston proved Theorem for [ = 1. Also Carlson [11]
generalized Theorem for any angular momentum [ > —%. He considered another
spectral data related to different boundary conditions at = 1 as what Borg did in
case | = 0. Instead of having a single sequence of eigenvalues, he considered two
sequences of eigenvalues corresponding to two different boundary conditions. So by
considering the following system,

Hé;b(a:) =\p(z) 2€(0,1)

and
¥(0) =0, ap(1) + by’ (1) =0, a,beR.

and denoting the n'™ eigenvalue of this system by \;,(q, a,b), he proved the following
result,

Theorem 1.1.5. Suppose that for all n > 1, we have A, (p,a;j,b;) = \in(q,aj,b;)
for j = 1,2 and for linearly independent vectors (a1, by) and (az,bs). Then p = q.

In [§], Carlson proved that for any [ > 0 the isospectral set M'(q) = {p: M\n(p) =
Ain(q) for all n} is a real analytic submanifold of L2[0, 1] of infinite dimension and
infinite codimension. This result emphasises that proving the uniqueness of the po-
tential ¢ of the operator H, can not be done by using a spectrum of a single angular
momuntum. By different method Serier in [4] proved Theorem for any [ > 1.

Another interesting way to study the uniqueness was by considering spectral data
consisting two sequences of eigenvalues {\;, ,},>1 for two distinct choice of angular
momentum /; and [5. Rundell and Sacks, in [5], tried to prove the uniqueness of small
potentials by using two sequences of eigenvalues corresponding to l; =l and I = [+1
forany [ =0,1,2,..... Also they work in the case [; = 0 and Iy = 2. A part of their
work was by using numerical methods to prove their conjectures.

The last interesting way to work in this problem is by analyzing the geometric
properties of the isospectral set M'(q). In [7], Carlson and Shubin by considering
T,M'(p) to be the tangent space of M!(p) at p proved the following geometric prop-
erties of the isospectral set M'(p).

Theorem 1.1.6. Ifl; + 15 =1 mod 2, then
dim(T,M" (p) N T,M"(p)) < oo.

and T,M" (p) + T,M"(p) is a closed subspace of finite codimension in L%]0, 1].



Theorem 1.1.7. Ifl; + 1o = 1 mod 2, then M"(p) N M"(p) is locally a subset of
finite dimensional manifold.

In their work they considered two angular momentum with different parity. The
results in Theorem were proved before by Shubin in [6] for /; = 0 and [, = 1.
Also she proved the following theorem

Theorem 1.1.8. For each p € L[0,1], M°(p) N M*(p) is locally compact.

In this research, we are interested to handle the problem by several ways. The
first way concerns potentials that are not even in case [ = (0. The method we will
use for that case is inspired from the proof of the uniqueness for the even potential of
H} by Péschel and Trubowitz [I]. Thus in the second chapter, we will consider two
potentials p, ¢ € L0, 1] with different parity. For each potential ¢ € L&[0, 1], we will
extend the domain of the solutions to be [—1, 1] and consider the following problem

H-qgw(:z;) = () r e (—=1,1)
and
Y(=1,X,q) =0 and ¥(1,\,q) =0.

where ¢ € Li[—1,1] is the even extension of ¢. We will prove that the set of the
eigenvalues of the new system for the even extended potentials p,q € Li[—1,1] is
enough data to prove p = ¢q. Then in the third chapter our question is about if we
can show the uniqueness by focusing on eigenvalues corresponding to finitely many
angular momentum [y, ly, ...., [,,. We will see that assuming A;,,(p) = \in(q) = A for
any fixed angular momentum [ leads to

1
/ (p(l‘) - Q(Jf)) Q/’(% >\l,n7p> w(Q% )\l,n7 Q) dxr = 07 for each n.
0

Hence, showing the set {¢)(x, A, p) ¥ (2, Ay, @) }n>1 is complete in L]0, 1] proves
that p = ¢. In chapter four and five we work on the geometric properties of the
isospectral sets. We proved the same result of Theorem for [y = 0 and [, any
positive integer number. In our work, we consider the tangent space to be at any
point ¢ € M"(p) N M2 (p). Then we try to find links between the uniqueness of the
potential and these properties of the isospectral sets. In the last chapter, we list some
conjectures for this problem as open problems. Some of them we have worked on but
we didn’t get results, it may there are other good methods to solve them.

Since the work on this inverse eigenvalue problem depends on knowing the results
of the direct eigenvalue problem. We will start by giving a background about the set
of the eigenvalues of this operator and its solutions and their asymptotic. From these
knowledge we will start to discover the uniqueness of the potential.

1.2 Solutions of The Direct Problem and Their Properties

In this section we present known results of the direct eigenvalue problem of the
following Schrodinger equation in the unit ball of R3,

“AU+q(IX)U =AU  |X|<1, AeC, (1.6)



with the boundary conditions,
UX)=0 | X|=1. (1.7)

Since q € L4[0,1] is a radial potential, we can convert the system (1.6]) and (1.7)
to an easier system in one dimensional space by considering solutions in the separated
form

UG,0,6) = "Dy,

where X = (z,0, ¢) are spherical coordinates in R® and Y;™ is a spherical harmonic
function. Since we will consider the spherical coordinates then we write the Laplacian
operator in the following form

19, ,0 1
A=——(r")+ 5L
20" o) Tl
where Ly, = Sml(e)g’e(sm(ﬁ)%) + Sml( )%) Using this form with the separated
form of U in (1.6]) leads to
U ) 4 20— (1) = g Lo (0,0
T x —q\r)) = min oo, )
() Yi(6,9) "

Since that holds for all X = (x,0,¢) in the unit ball of R?, then by separation
of variables method, both sides are equal to a constant C. By solving the equation
associated to the operator Ly 4, Y, (6, ¢) exists when C' = [(I+1), where { = 0,1,2, ...
These [ are called angular momenta. Hence for each angular momentum [ = 0,1, 2, ...
we have the following Sturm-Liouville ordinary differential equation for ),

(- g+ o) + 25

with the Dirichlet boundary conditions
G0, 0,q) =0 and $(1,\q) =0. (1.9)

)¢(x) = \p(z), x€(0,1), A eC (1.8

1.2.1 Solutions of the Sturm-Liouville Operator Corresponding to [ > 1
When g = 0, by writing ¢(z) = zR(z), equation (|1.8)) becomes
,d’R dR

2+ 20+ (wa)* — I+ 1)R(@) =0

where w = V/A. The last equation has the following two linearly independent solutions
Ri(z) = ji(wz),  Ra(x) = m(wa)

where j; and 7; are the spherical Bessel functions of the first and second type of order

[. Hence the two linearly independent solutions of ([1.8)) when ¢ = 0 are

1
u(z, \) = s zj(we) and v(x, \) = —whn(wr)



with Wronskian W (u,v) = —1.
In case ¢ # 0 the solutions of ([1.8]) are constructed by Picard’s iteration method,

see [3] for [ =1 and [4] for [ > 1. The following two linearly independent solutions v
and ¢ are defined by

U(z, N, q) = Z¢k$)\q d(z, A, q) = Z@xkq

with
wo(% )\7 Q) = U(l’, )‘)7

¢k+1($7 )\7 Q> - / G(ZL’, t7 A) q(t) wk(t7 )\7q) dt7 for each k € N
and ’
¢0($, )‘7 Q) = U(I’, /\)7

1
qbk‘-l-l(xv >‘a q) = _/ G(I, t /\) Q(t) Qbk(t, >\7 q) dta for each k € N
where the Green’s function G is given by,

Gz, t,\) = v(z, Nu(t,\) —u(z, N)v(t, A).

Theorem 1.2.1. The series Zwk(x, A, q) and Zgbk(a:,)\,q) converge uniformly
k=0 k=0
on bounded subsets of [0,1] x C x L[0,1] towards solutions of equation (1.8)) and

satisfy the integral equations

U(z, A q) =u(z,\) + /09«“ G(z,t,\) q(t) ¥(t, A q) dt

o M g) = (. \) / Gt ) q(t) 8(t,\q) db

and the estimates

U ) < (7o) el (ClalvE

|6(, A, q)| < <1 + IC“"5‘7)le<lhmul>(1—m)ecnqnﬁ
X

where C' is given in .

Proof. From , we have




By using and , we get

e ol <0 [ (TR (R e (I o

1+ |wz| |t] 1+ |wt|

< C( |l’| >l+1elmwx /JB t|q(t)| dt
1+ |wz| o 14wt
1+ |wx|

Proceeding by induction we get,

I
[Yn(z, A\, q)| < — (%)Jr ”m“'w / lq(t) |dt (1.10)

This shows the uniform convergence on bounded subset of [0, 1] x C x L4[0,1] for
1. By taking the sum over n for (1.10) we get

x +1
A< <_> (Imw))z CllglvE
[V(x, A, q)| < 1 ]z e e

Similarly, the proof of the ¢ estimate. O]

Recall that any complex number A such that the boundary value problem ([1.8)
and can be solved is called an eigenvalue of ¢. From definition of 1, we have
(0, A, q¢) = 0 for all \. Hence the eigenvalues will be determined by the second bound-
ary condition, thus the eigenvalues are solutions of 1(1, A, ¢) = 0. The corresponding
nontrivial solution is called an eigenfunction of ¢ for . We will denote for the n'®
eigenvalue by \;,(¢) and for the n'" eigenfunction by ¥ (x, A;.(q), ¢). It is important
to have asymptotic and basic properties of the normalized eigenfunctions and the
product of ¢ and ¢. For any angular momentum [ and each ¢ € L3]0, 1], let

Y(z, Ain(9): 9) -
(., )\z,n<Q),Q>HL]§[071]7 =

to be the sequence of the normalized eigenfunctions. Also let a;,(x,q) to be

(llm(l‘, Q) = 1/J<*T7 )‘lm(Q)a Q>¢($= )‘l,n(Q)7 Q)'

Theorem 1.2.2. For any angular momentum | and potential ¢ € L3[0,1], the se-
quence of the normalized eigenfunctions {gin(x,q)}n>1 s an orthonormal basis for
L%[0,1]. The asymptotic estimate of gy,

a1, n(:lj Q)

. 1
() = V2 (win(@)7) + O(=).
holds uniformly on bounded subsets of [0,1] x L%[0,1].

Theorem 1.2.3. For any angular momentum [ and potential ¢ € L3[0, 1], we have



d
o The vectors {1,{g?, — 1}n>1} are linearly independent, as well as {d—gfn}n>1.
: > i in>

e For all (n,m) € R?, we have,
(1) 9> m90m) =0,
(ii) (A, 4GP m) = 3

(7/”) <al,n7 ) %al,m> =0

In case [ = 0, the eigenfunctions have special properties. Poschel and Trubowitz
[1] gave detailed results of these eigenfunctions and their properties and estimates.
In the next subsection we will present the most important of these results that will
be needed later.

1.2.2 Solutions of the Sturm-Liouville Operator Corresponding to [ =0
When [ = 0 the eigenvalue problem is

—dd—; () + q(x)Y(z) = Mp(2), € (0,1), A e C (1.11)

with the Dirichlet boundary conditions
P(0,N\,q) =0 and ¥(1,\,q) =0. (1.12)
When ¢ = 0, corresponds to the spherical Bessel equation of order 0.
Hence its solutions form by jo(x) = sin() and no(x) = —M. So the two linearly

independent solutions of (1.11]) are

sin(wx)

u(z, A) =

and v(z,\) = — cos(wz)
w
with Wronskian W (u,v) = 1. Since the eigenvalues are determined by the value of
the solution at the boundary, then the eigenvalues are the zeros of sin(w) = 0. Hence
{20,0(0)}n>1 = {(n)*}rz1.

For ¢ # 0, the two linearly independent solutions of equation (|1.11)) are defined
by

sin(wx)

Y(x, A\, q) =

w

+/x Gz, t,A) q(t) (t, A q) i, x €[0,1]

o) = = coslion) + [ Gat.3) 4(0) 0t N q) dt, € 0.1]
0
where the Green function is giving by

sin(w(x —t))

G(z,t,\) =

The basic estimates on these solutions following in the next theorem and for more
details about these solutions, see the first chapter in [I].



Theorem 1.2.4. The basic estimates for v and ¢ on [0,1] x C x L% are given by,

1
| < pgeepllimede + lal V)

‘qb(x, A q) — cos(wx)’ < iexp(]]7mu|oc + |lqll vz)

@i

sin(wx)

\wu, A q) —

w

and

1
90, < eap(Tmle + all V)

0w, 0)| < eap({mule + gl V).

Theorem 1.2.5. For any potential ¢ € L3[0,1], the subspaces

Dot Yomai 1) ) €2} and {36 0g2, 0 (6 € )
n>1

n>1

are perpendicular and closed. In particular when q is even, they are the even and odd
subspaces respectively.

Next theorem illustrates the product expansion of ¢ at x = 1. This representation
follows from the product expansion of the sin function which forms the leading term

of 9,
sin(v/A) H m2m? — \
\/X N m>1 m27r2

The proof of this product expansion was given by Poschel and Trubowitz in [I].

Theorem 1.2.6. For ¢ € L3[0,1],

77Z)(1’)"Q) - H = %
Hence,
. -1 Aom(q) — dom(q)  (=1)7 log n
o (1, X0,(q),q) = (nm)? ngn (mm)2 =523 (1 + O(T)>

o sgn (1, 20.(q), @) = (=1)" = sgn ¢'(1, Aon(q), q)

By this product expansion, Pdschel and Trubowitz proved specific property for
the eigenfunction when the potential is even.

Theorem 1.2.7. If g € &, then gy, is even when n is odd and odd when n is even.

10



1.3 Eigenvalues of the Main Operator H,

For each angular momentum I, let H), = —d?/dxz® 4+ ¢+ (I(I 4 1))/2* be the operator
in (1.§), and o(H.) be the spectrum of H. which contains all the eigenvalues of the
system , . Similarly let H, = —A + ¢ and o(H,) to be the spectrum of H,
which is the set of all the eigenvalues of the problem , . By converting the
problem with operator H, to a problem containing infinitely many Sturm-Liouville
operators H., we get o(H,) = U2,0(H)). For each angular momentum [, o(H.) is a
countable sequence of eigenvalues {\;,,(q) }n>o-

For more details about the asymptotic of the eigenvalues, see [1] for I = 0, [4] for
[ =1, and [5] for [ > 1. By considering the Dirichlet eigenvalues as functions defined
on L2[0, 1], they showed the following result,

Theorem 1.3.1. For any angular momentum | and eachn > 1, N\, is a real analytic
function on L3[0,1]. its gradient is

a>\l n 2
o g2 (£ q).

Theorem 1.3.2. Forl >0 and q in L}[0,1],

/Olq(a:) dex — (1 +1)

l N
= - 1.1
)\l,n(Q) (n+2) 7T+ (2n+ l)’ﬂ' +5l,n(Q); ;nﬁl,n(Q) < OO, ( 3)
equivalently
l 2 1 _ o) -
Ain(q) = (n + 5) T+ q(z) de =11+ 1)+ Nn(q), Z Ain(q) < o0. (1.14)
0 n=1
Also,

Ain(q) = Xin(0) + O(1).

Corollary 1.3.1. Forl >0 and p,q € L4[0,1], if \in(p) = MNin(q) for each n, then
[ 00) ~ ata)) dr =0
Proof. From in Theorem we have
[ 00— o =Rati) = Ral) .
Since 2;‘;1},2”(;9) < oo and Z:’:lX?n(q) < oo then the sequences {\;,,(p)}n>1

and {\,(q)}n>1 converge to zero as n goes to infinity. Hence by taking the limit for
both sides as n goes to infinity we get,

/0 (p(z) — q(z)) dz = 0.

11



Theorem 1.3.3. For any [ > 0 and q in L3[0,1], if X(¢) is a Dirichlet eigenvalue of
) and ([T9), then
VUMD D100 = [
= [[o(, Ma), 9)|* > 0.

In particular, ¥(1,X(q),q) # 0. Thus, all roots of ¥(1,(q), q) are simple.

We provide in this chapter the most important results of the direct eigenvalue
problem of (1.8)) and (1.9) which will be used later to discover some results of the
inverse eigenvalue problem of the operator (1.6)).

Remark: From the next chapter, for any angular momentum [ and n € N we will
use wzn to denote the n' eigenfunction of ¢ for the eigenvalue \;,(q).

12



Chapter 2 Uniqueness of the Potential of the Extended Domain

2.1 Introduction

The result in this chapter is restricted to the zero angular momentum. As we saw
in the previous chapter that the eigenvalues of the problem , is the union
of the eigenvalues of infinitely many Sturm-Liouville operators on [0,1] with the
Dirichlet boundary conditions. This spectral data is a large set to start with. We
may work on the problem and get the uniqueness by following one of these ways.
Either by focusing on the eigenvalues corresponding to a single angular momenta and
restricting the work on some subspaces of L%[0,1] such as the subspace of the even
functions, or by focusing on the eigenvalues corresponding to finitely-many angular
momenta. In this chapter we will focus on the angular momentum [ = 0. In the
[ = 0 case, one early result of Pdschel and Trubowitz, in [1], is that the uniqueness
of the potential holds when the potentials are restricted to the subspace of the even
functions, Theorem [1.1.3] They formulate the inverse problem of this system

(— 5+ g@)o) = Mia) 2 € (0.1

dx?
and
¥(1)=0 and ¢(0) =0,
by defining a map A from the Hilbert space L:[0,1] to R x [? as following

g — ([a, Mq))

where [q] = / q(z)dz and X(q) = {:\voﬁn(q)}n>1 is the sequence of the last terms in

the asymptoti% of the eigenvalues in the equation (|1.14). They have shown that this
map is one to one if its domain is restricted on the subspace of the even functions £
of L%[0,1]. Their proof of this result is based on the fact that the n'* eigenfunction
for an even potential is odd if n is even and even if n is odd, Theorem [1.2.7 which
was proved in chapter 2, [1].

This property does not hold if the potential is not even. From this point, our
work in this chapter will focus potentials that are not even potentials. But we will
use their method by looking to the potentials p,q € L]0, 1] that have even extended
potentials p,q € Li[—1,1] sharing the same eigenvalues. By proving the equality
between p and ¢, we will get the p = ¢. Let us first give a clear definition of the
subspace of the even functions of Li[—1,1].

Definition 2.1.1. ¢ € L3[—1,1] is called even if g(z) = ¢(—=z) for any z € [—1,1],
and called odd if ¢(z) = —q(—x) for any z € [—1,1].

For any q € L2[0,1], we will consider here the following eigenvalue problem for
the extended domain [—1, 1]

(-d—2+ Ef(x)>w(x) = \p(z), ze(-1,1), xeC (2.1)

13



with the Dirichlet boundary conditions

¥(1,X(q),q) =0 and  Y(—1,A(q),q) =0. (2.2)

where ¢ is the even extension of g. The purpose of this extension is trying to prove the
uniqueness of ¢ which leads to the uniqueness of q. Thus the spectral data that we
will focus on in this chapter is related to the extended potential g. The result in the
next lemma explains that we are still working in the same main problem of Chapter
1 but for specific type of potentials lying in L2[0,1]. That is, if the two extended
potentials ¢,p € L4[—1,1] share the same eigenvalues then also the main potentials
q,p € L%[0,1], that we are trying to prove are equal, share the same eigenvalues.

Lemma 2.1.1. Let ¢ € L3[—1,1] be the even extension of ¢ € L3[0,1]. Then
{)\Om(q)}ml C {)‘0»"(@}017 where the first set forms the eigenvalues of the problem

(T1I)-(T.12) and the second set forms the eigenvalues of the problem ([2.1)-(2.2).

Proof. Let v, be the eigenfunction of the problem (1.11])-(1.12) on [0, 1] correspond-

ing to the n' eigenvalue g, (q). Consider QZo,n to be the odd extension of ¢, on
[—1,1], i.e,

— [ e
w07n< ) {_wg,n<_‘x> T E [—1,0)

We choose @Zo,n to be the odd extension of 1§ ,, to guarantee the continuity of 777;0,71 at
x = 0. Thus for any = € [0, 1] we have

d* ~ ~ d?
— g %0n() + q(2)Y0n(2) = — 75 90,(x) + a(@)95 ()
= Ao,n(qwg,n(@
= Xo.n(q)t0n(2)
and if x € [—1,0)

Do) ) nal2) = () — gl ()
= onl@)¥(~2)
= Ao (q)Yon()

Hence Jo,n is a solution of (2.1)). From the definition of QZo,n we have Jom(l) =

Yon(—1) = 0. Thus g, is an eigenfunction of (2.1)-(2.2) corresponding to the
eigenvalue Ao ,(q). Hence {)\(m(q)}n21 C {A07n(®}n21. O

Before we start proving the uniqueness of the extended potential we need to know
more about the eigenfunctions and the eigenvalues of the extended problem. In the
next sections we present the most important properties and asymptotic estimates of
them.

14



2.2 Eigenfunctions of the Extended Problem

When ¢ = 0, the equation ([2.1)) has the two linearly independent solutions

u(z, \) = sinf:ua:)) v(z, \) = — cos(wx)

where w = v/\. Since we are looking for two solutions satisfying the following initial
conditions
u(—=1)=0 o(-1)=-1

w(=1)=1 o' (=1)=0

we will shift the argument of sin and cos from x to z + 1 to have the following two
linearly independent solutions

~ i 1 ~
u(z,\) = w, v(x,\) = —cos(w(z + 1))
w
with Wronskian W (u,v) = 1. The eigenvalues are determined by Dirichlet boundary
conditions (2.2). Since u(—1,A) = 0 for all A, then the eigenvalues will be solutions
of
i 2
(1, \) = sin(w(2) _
w
Hence the Dirichlet spectrum is the set of zeros of sin(2w) which are the following

infinite sequence
2 (2m)? (n)?

A T
When ¢ # 0 we consider the following solution,

bz, N, §) = M + / Gz, t,\) §t) (t,\q) dt,  xe[-1,1]

where,
G(z,t, ) = u(x, \)o(t, \) —a(t, \)v(z, A).

The construction of this solution and some estimates on it are justified in the next
theorem.

Theorem 2.2.1. For any q € Li[—1,1], 1 is a solution of (2.1) and satisfies the
following basic estimates uniformly on bounded subsets of [—1,1] x R x L&[—1,1],

vl ) - SHMX 1)) esp(ImyAl(@ + 1) + 7] Va1
(e, )| < —eap(|ImVAl(x + 1) + ] V2 + 1),

VAl
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Proof.
By Picard iteration method, we can show the definition of v is well defined.
Let v be defined by

Z ¢k<‘r7 /\7 a)
k=0

with,
Yo(z, N\, q) = u(z,\) and
Grnt (2,0, 3) = / Gl 8, )) () te(t, \.G) dt for cach k € N.

-1
By induction we will prove that this series converges uniformly on bounded subsets

of [-1,1] x R x L&[—1,1], to the solution of equation (2.1]).
Note that

wl(a:?)Va) = / G<x7t1>)‘) E]/(tl) wO(th)‘an) dtl
—1

_ / sin(vVA(z — 1)) () sin(vVA(t; + 1))
. VA 1 VA

dtq

and

bale 0 7) = / | S“Mf;‘ 2)) Gta) (b2, A 3) dts

_ / "sin(VAr =) / (VAL ) g,y SOABEL) g,

. VA . VA VA
T . 2 .
_ / sin(vVA(t; + 1)) Ha(ti)sm(\/X(tHl — 1)) it dt,
—1<t1<to<tz=zx \/X i=1 \/X
Proceeding by induction
’ sm\/Xt+1 n~ Sin\/Xti —tz
—1<t1 <Lt <tpy1=2 1=1

By the following elementary inequality

1 . )
cos(VA(x + 1)) = = [V _ o=V < opn(Imy/ Nz + 1))

2

we have, for —1 <z <1,

sin(/X0 1)) _ ‘ | costVate + vy

7 < Le:ch(|]m\/X|(t—l— 1)).

VA

16



Hence,

mVaEry| [
—1<t1 <<t <

z =1

elImvA(z+1)]
' [~La]" =1 (2.3)

@, [ n
= ([ )
-1

elmvA(z+1)|

<—
!

(lgll (Ve +1))".

This shows the convergence of the series to a continuous function. Since we
have uniform convergence of this series then the integration and summation may be
interchanged to get,

w(iﬁa)\,@ = @50(377)\»@ + Z@Dk(ﬂﬂ,)\a@
u(z, \) +Z/ (2,6, ) q(t) Ur_1(t, N, Q) dt
= u(x, \) + /G(xtA Z@bklt)\cj)dt

=u(z,\) + /w Gz, t,\) q(t) ¥(t, A, q) dt

-1

That verifies that the integral equation of 1 is well defined, and substituting in
by 1 proves that 1 is a solution of the ODE ([2.1). By taking a sum from n =1
to oo on the estimates of |¢,(x, A, q)| in (2.3]), we get the first inequality, and by
adding the first term n = 0 we will get the second inequality.

[

2.3 Eigenvalues of the Extended Problem

In this section we present some of the properties of the eigenvalues. The first property
follows from the fact that this problem contains a self-adjoint operator with boundary
conditions. Thus the eigenvalues are real numbers.

Theorem 2.3.1. The Dirichlet spectrum of ¢ € Li[—1,1] is a set of real numbers.

Proof. Suppose A is a Dirichlet eigenvalue of ¢ with eigenfunction v then,

—" +qlx) = A

17



Conjugating the equation, B -

"+ qlz) = M
since ¢ is real. Multiplying the first equation by v, the second by 1 and taking the
difference, we obtain

[, ) =" — " = (A= N[y

where [.,.] is the Wronskin of any two differentiable functions f and g which is given
by [f,g] = f g — fg'. Hence by integration,

0, F(—1) — [ B(1) = (A — A/w ) 2dt.

Since A is an eigenvalue, then the left hand side is zero by the values of the
eigenfunction at the boundary. Since the eigenfunction is non trivial solution then
the integral does not equal zero. Therefore A — A = 0, which means that \ is real.

]

As we saw that for ¢ = 0, the Dirichlet spectrum is the set of zeros of u(1, \)

which are {%}nzl- The compactness of the resolvent and Fredholm alternative
shows that the Dirichlet spectrum of any potential ¢ is an infinite sequence of real
numbers, which is bounded below and tends to +o0o. the main point of the following
Counting Lemma is to give an estimate of their location.

Lemma 2.3.1. (The Counting Lemma)
Let ¢ € L% and N > 2e214l be an integer. Then (1,\,q) has evactly N roots,
counted with multiplicity, in the open half plane

1
Rel < (N + 1)277'2

and for each n > N, exactly one simple root in the eqg shaped region

7T

There is no other roots.

Proof. Fix N > 2¢2l4l and let K > N be another integer. Consider the contours

VA = (K + P
RevVA = (N + i)w
and nr
‘\/X_T =T n> N.

By Lemma from the appendix, the estimate

VA < 4| sin 2V/A

18



holds on all of them. Therefore, by the basic estimate for v,

2l plTm2va]

sin 2v/\
LA NGy ’S\m V|
_ 2N |[sin 2v/\ )4
NI (2:4)

- sin 2\/X
VA

also holds on them. It follows that (1, \,q) does not vanish on these contours.
Hence, by Rouche’s theorem, (1, A, ¢) has as many roots, counted with multiplicity,

sin 2vV/\

5y in each of the bounded regions and the remaining unbounded region.

Since sin2v/A
VA

chosen arbitrary large, the lemma follows.

as

has only the simple roots (%)2, n > 1, and since K > N can be

]

Theorem 2.3.2. If \ is an eigenvalue of ¢ € L3[—1,1], then
1
VANDIOAD = [ N = [ADI >0
-1

In particular, 1/}(1, A, q) # 0. Thus, all roots of 1/}(1, A, q) are simple.

Proof. Let ¢ = 1(z, A, q). Differentiating equation (2.1)) with respect to A yields

2

a2 . . .
—@Wq(a’)w:zﬁﬂw

Multiplying this equation by v, the equation ({2.1)) by ¢ and taking the difference
we obtain

WP =y =" =[]
Integration both sides over [—1,1] ,we will get
1
[ vt = ol - [ ul(-)
= 01X Qv (1,),9),

since (-1, A, q) and D(—1,\, ¢) vanish for all A, and (1, A, ) vanishes for an eigen-
value \. Since ¢ is real for real \. then the integral is equal to ||4(., A, )|
[l

Now if we consider ), as a function on LZ[—1, 1], then as in Theorem 3 in [I], A,
for any n, is real analytic function on L&[—1,1].
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Theorem 2.3.3. For any q € L4[—1,1] the gradient of \, is given by

<, < — n t, 3
) 9,(t,q)

where g, is the normalized eigenfunction.

Proof. To get an idea how to get this gradient, recall that the derivative of a map
f+ E — F between two Banach spaces E and F' at a point x € E is a bounded linear
map from T, E into Ty, F which we denote by d, f. Moreover, if E and F' are Hilbert
spaces then T, F = E, Ty, F = F. Also if E is a Hilbert space and F' is the real
or complex line, then by the Riesz representation theorem, there is a unique element
O0f/0x in E, such that for all v in E,

dof (v) = <V, g:£>

This element is the gradient of f at x. Hence, by differentiating both sides of the
differential equation (2.1)) of g,, in the direction v we obtain

—dz9, (V) + @dzgn(v) + vgn = Mdggn(v) + dgha(V)gn

If g'is continuous, then g, is twice continuously differentiable, and we may interchange
differentiation with respect to x and ¢ to obtain

—(dggn (V)" + qdggn (V) + Vg = Aadggn (V) + dghn (V) gn

Multiplying both sides by g, and integrating we get
d2
<< dx 2+~)gn gn>+<gn7 > An <d9n gn>+d)\ (v)
The first term equals
d2
<( dz2 +q)gn(v), gn> :)\n<dfjgn(7/), gn>.

Hence
dghn (V) = <gi, I/>

Mn
“~ N — Yn t, .
o)~ 99

and

Theorem 2.3.4. For q in L3[—1,1],
1
(@) 2 +/ 1)dt — & (cos(nm(z + 1)),) + O()

2+/ q(t)dt + 1*(n)
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and

gu(.3) = sin("5- (2 + 1)) + O(:)

Vanr
2

"+ 1))+ 0(1)

cos( 5

9n(7,q) =

Proof.  Let A\, = A\n(q). By the Counting lemma,

Vi =54 0(1)

By the estimate of v,
_sin(vAn(z +1)) 1
o sin(vAn(z + 1)) 1
- \/>\_n + O(ﬁ)

Using the identity 2sin?(2az) = 1 — cos(2ax), we get

1 1 2 \/)\_nt+1 1
/1¢2(t,An,c7)dt :/1 sin’( /\n( ))dt+0($)
1 sin 4v/ A, 1
=5 (- o ) +0(5)

1

1
:)\—n(l +0(-))

It follows that

B A DI = VAR 4 0()

Hence,

RGN sin x 1
Note that,

An(Q) — ( T2 =2(@) - An(O)
; % IS0
e

Since nr

M@ = (52 +0(1)

21
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or equivalently
nmw 1
then,
1
gn(2,q) = sm( 5 (x +1)) + O(ﬁ)

Since ([2.5)) holds for %a, —1 <t <1, then by inserting the last estimate of g,
into ([2.6) and using the identity

2sin®ax = 1 — cos 2ax

we obtain

7@ — (22 :/ <%<1 _ cos(nm(z + 1)) + 0(%)@@5

-1

:/_ q(t)dt — (cos(nm(z +1)),q) + O(%)

1

:/_l q(t)dt + (cos(nmz), q) + O(%)

1

_ /_ 0t + P(n)

1

since (cos(nm(x + 1)), q) are the square summable Fourier coefficients of q.
Finally, we estimate g, by using the basic estimate of 1,

Dividing by ||¥(., An, )]
g.(2,9) = /i cos(= 5 " (2 +1))+0(1)

= cos( (x+1))+ 0O(1).

2 <2

2.4 Uniqueness of the Potential

The method that will be used in this section to prove uniqueness depends in the fact
that if ¥, (z, \u(7),q) = Yn(x, \u(p),p) then ¢ = p almost every where. This fact
follow from equation ([2.1)

Un (@, M(@), T = M (@ (@, (@), D) + U (w, An(@), @)
= A (D)¥n(, An(D), B) + 1y (2, A (D), D)
- @Z}n(vaN(mv@ﬁ
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Since ¥, (z, A\ (Q), @) = ¥n(x, A\n(p), D) then ¢ = p. The equality between the eigen-
functions for ¢ and p requires some specific properties. Thus, before we give the proof
of the uniqueness, we will prove some important properties of the eigenfunctions that
will help to prove the uniqueness. Recall that we write 1/1(:6, )\n(@) for ¥(x, \(q), Q).

Theorem 2.4.1. For q in L3[—1,1], ¥(1,),q) = H where A (Q) is the
n>1

nt" eigenvalue of (2.1))-(2.2)).

Proof.

Since A, (q) = (%F)* + O(1), then by Lemma [A2.2] the infinite product p(A) =

| | —@r is an entire function of A and
2
21 ()

p(A) = —Sm%ﬂ) (1 + O(loin)>

uniformly on the circle [A| =r, = (2 + 3

2
Also the roots of p(A) are A,(q), hence the quotient P)_ ig an entire function. By

20D
the basic estimate for 1) we have

)

2)27? for n large enough.

w(m):%(uo(

uniformly for A = r, . Hence,

st~ o)

S|

for |\,| = r,, that is,

p(A)
= | (1, A, Q)
as n — oo. It follows from the maximum principle that the difference vanishes
identically. Hence p(A\) = 9.

—1’—>0
[A]

]

This product formula of ¥(1, A, ¢) gives us important information about the type
of the eigenfunction either even or odd depending in its sign. In the next corollary
we have useful consequences of the previous theorem.

Corollary 2.4.1.

o U(1,\,(7) = HHA’” () mz(__}rzn(w()(loﬂ))

2
n
n
m#n 2 2

o sgn (L, Au(7) = (=1)" = sgn ¢ (1, \a(2))
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Proof. Part one follows from Lemma The first identity in the second part follows
from the first part, and the second identity is a consequence of the first identity and

Theorem 2.3.2
Il

Theorem 2.4.2. let g,(z,q) be the normalized eigenfunction of A\, (q). If q is even,
then gn(x,q) is even when n is odd and odd when n is even.

Proof. Note that g,(z,q) and g,(—z,q) are eigenfunctions of ¢ for \,(¢q) with norm
1. By Theorem [2.3.2] \,(q) is simple then,

gn($, @ = an(_xa @

where C' = +1 or —1. Since g,(—1,7) = 1, then g, (1) = —C, thus sgn C' = - sgn

g.(1) = (=1)"*'. Hence g,(z,q) = (=1)"*'g,(—z, q). -

Lemma 2.4.1. Let f be a meromorphic function in the plane. If

sup |f (V)] = o(—)

A=rp Tn

for an unbounded sequence of positive real numbers r,, then the sum of the residues
of fis zero. In particular, If the residues of f are real nonnegative, then they are all
zero.

Proof. The sum of the residues of f is, by definition,

im —— [ (A

But

[ roafs [ o

so the sum is zero.

]

Theorem 2.4.3. For q,p € L3[0,1], let ¢,p € L3[—1,1] be their even extensions
respectively with A\, (q) = A\y(p) = A\, for each n, then q¢ = p.

Proof.  Since ¢, p are the even extensions of ¢ and p respectively then ¢ = p implies
g = p. So the goal is to prove that ¢ = p. Notice that if ¢ (z, A, q) = ¥(x, A, p) for
some A and each z then p = ¢q. Hence we will assume that there is some = such that

w(% )‘7 @ 7é ¢(:U: )\aﬁ) and deﬁnea
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f()\) _ (w(xa )‘7 6) - ?/1(917, Aaﬁ)) (w(—% )‘7 @ - ¢(—$7 )‘7@)
¥(1,A,q)
f is a meromorphic function which has simple poles at \,, for each n > 1 otherwise

it is regular. Since ¥(z,\,) = (—=1)"")(—x, \,) for p and ¢ and by Corollary

sgn ¥ (1, \,(q)) = (—1)".Thus the residue of f at each A, is

2
(w(l"? )\m (A]I) - @D(% )\naﬁ)) >0

(_1)n¢(17>‘n7® B
Now we show that the function f satisfies the hypothesis of Lemma for

rn = (2 4 1)?m2. The numerator of f is bounded from above by,

Rf(An) =

e|1mﬁ|(z+1) e|1mﬁ|(—z+1) elTmAl

|A? AP

To bound the denominator from below we have,
clldll2lImVAl o2lImVA|

wLAG - AL S SV

sm2\/X‘ -
\/X —

for |A| > 8elld@l. Therefore,

sinjx\/x‘ B ‘WL%@

e2lImV/A| e2lImV/A|

STV VRRIGY

62|1mﬁ\
>
~ 8]V

for |[A\| = r,, and n sufficiently large. Hence the quotient of the two bounds is
O(l/ri”) = O(1/r,) as required, so R¢(\,) = 0 for each n which implies,

@/J(x’An’N):q/J(x’)\mﬁ)’ 712 1
Hence ¢ and p have the same eigenfunctions, then by (12.1))
G =MDV + ¢ =MD + 9" =Py

and therefore ¢ = p almost everywhere which implies that ¢ = p.

_sin 2\
VA

(L, N, Q)| >

O

In this section we prove that p = ¢ by looking to their even extended potentials
and studying the eigenfunctions of the extended potentials. In the next section we
will present a second method to solve this problem. This method also related to
the assumption that the extended potentials share the same eigenvalue to get extra
spectral data. Before we start the next section we want to thank Herschenfeld, Samuel
who suggested this method.
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2.5 Second Method to Prove the Uniqueness of the potential

Firs, we will consider the following diffemorphism ¢ : [0, 1] — [—1, 1] which is defined
by ¢(x) = 2z —1. Let ¢~' : [=1,1] — [0,1] be the inverse of ¢, so ¢ (z) = 3(z +1).
Let ¢ € L4[0,1], and ¢ € L3[—1,1] be the even extended of q. We consider the new
potential Q = 4g o ¢ in L3[0,1]. To prove the uniqueness of ¢ we need to prove
the uniqueness of (). Before we give the proof, we will show some properties of the
potential Q.

Theorem 2.5.1. For q € L3[0,1], let Q € L[0,1] such that Q = 4q o ¢ where
q € L&[—1,1] is the even extended of q. Then the potential Q is even and o(Hg) =
40(H,7>.

Proof. @ is even that follows from the definition of ¢ and ¢ To show that o(Hz) =
o(Hg), we consider the following function ¢ = Yo ¢, where 9 is the solution of (12.1))-
[2.2). For x € (0,1) let z; € (—1,1) such that ¢~'(x1) = z, so for each \,(q) € o(Hy)

we have

—¢" (2, A(@) + Q)¢ (, An(@) =~ (&7 (1), Ma(@) + Qo7 (21))1 (67 (21), An(@))
= 40" (21, M (@) + 4421 )i (21, M (@)
= A (@) (21, \(@))
= 4 (Q)h(x, An(q))

and for the boundary conditions ¢ (0, Au(q))) = D=1, 2(9)) = 0 and ¥(1, A\ (9))) =
Y(1,2,(q))) = 0. Hence ¥(., \,(q)) is the n'" eigenfunction of 4\,(q), that show that
U(HQ) = 40’([‘[;1*)

[

Theorem 2.5.2. For q,p € L3[0,1], let ¢,p € Li[—1,1] are the even extended of q
and p respectively. If o(Hg) = o(Hp) then g = p.

Proof. Define Q = ¢go ¢ and P = po ¢. From Theorem 2.5.1] Q and P are two even
potentials in L2 210, 1] such that J(HQ) = o(Hp). Hence from Poschel and Trubowitz’s

Theorem [1.1.3) @ = P. Hence ¢ = 1Q 0 ¢! = 1P o ¢~' = p which implies ¢ = p.
O

In this chapter we focused on the zero angular momentum and the set of po-
tentials in L]0, 1] that have even extended potentials in LZ[—1, 1] sharing the same
eigenvalues of the extended problem. In the next chapter we will study the problem
from geometric side. For any p € L[0,1] and two angular momenta [y, [y, we will
work on the dimension of two tangent spaces at any point ¢ € M (p) N M®2(p).
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Chapter 3 Dimension of the Intersection of Tangent Spaces

3.1 An Overview of the Isospectral Set of a Potential p € L0, 1]

In this chapter we focus on the dimension of the intersection of two tangent spaces
corresponding to two different angular momentum [, l,. The first angular momenta
will be fixed [y = 0 and we will vary Is.

Definition 3.1.1. For each angular momentum [ = 0,1,2, ... denote the isospectral
set of p by M'(p) and its definition is given by

M (p) = {q € L&[0,1] : Nin(q) = Nm(p), n=1,2,3,....}

and for each ¢ € M'(p) denote the tangent space of M'(p) at ¢ by T, M'(p) which is
the set consisting all the velocity vectors at ¢ of all smooth curves on M'(p) which
pass through gq.

For any angular momentum [, by considering the map
AN L2[0,1] — R x /2
X(q) = ([, {in (@) Inz1)

1
where [q] = / q(z)dz and
0

M) = (n+2)" 7 + / a@) do =10+ 1)+ ), 3 Pnl@)? < oo

we have the following properties of A! and M'(p).

Theorem 3.1.1. X is a real analytic map on L3[0,1]. It is derivative at q is the
linear map from L3[0,1] into R x [* given by

() {50 )

= ((1,v), {(912n -1, 1/)}@1)-

Theorem 3.1.2. For any angular momentum [ and p € L3[0, 1],

d N\ (v)

1. M'(p) is a real analytic submanifold of L%[0,1] of infinite dimension and co-

1
dimension lying in the hyperplane of all function with mean value / p(t)dt.
0
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2. At every point ¢ € M'(p) the tangent space is
! d ,

T,M'(p) = span{Qd—gln :n>1}
x b

and the normal space is

N,M'(p) = span{g}, =1 n>1}.

For any ¢ € M'(p), A(q) is a regular value of \! with the following splitting of
L2[0,1] in the sense of Definition [3.1.1]

L3]0,1] = ker(d,X') @D (ker(dgA'))*-.

Also the restriction of d,\' to (ker(d,\"))* is boundedly invertible. Hence by
Regular Value Theorem [A2.1, M!(p) is a real analytic sub-manifold of L[0, 1] with
infinite dimension and co-dimension (see [I] and [8]) and

T,M'(p) = ker(d,\") (3.1)

The vectors of the tangent space follow from Theorem and definition of d,\,
for more details see [I] for [ =0 and [3] for [ > 1.

According to Deﬁnitionof the Fredholm operators, Shubin, in [6], proved that
the intersection of T,M°(p) and T,M*(p) is finite dimensional for any p € L]0, 1] by
defining a Fredholm operator that has T,,M°(p) N T,M*(p) as a kernel. Then Shubin
and Carlson [7] have proven that these result is hold for any two angular momunta
l{ and [, such that {; + 1, = 1 mod 2 which means that /; and [, have different
parity see [7]. In this work we try to use the same method used by Shubin in [6] to
prove similar results. The tangent spaces that we will consider here are at any point
q € M“(p) N M"2(p). In Chapter 4, we will try to connect the uniqueness of the
potential with the dimension of the intersection of its tangent spaces. So the main
theorem of this chapter is

Theorem 3.1.3. For any p € L3[0,1] and | > 1, the intersection of T,M°(p) and
T,M'(p) is finite dimensional at each fized ¢ € M°(p) N M'(p).

We will discusses this problem in two different cases, one of them when one angular
momentum is even and the second case when it is odd. Since that method depends
on showing an operator is Fredholm, we will begin by introducing some important
operators that will be used in the proof.

3.2 Some Important Operators and Their Properties

The first operator has a special property that converts squared eigenfunctions for
angular momentum [ = 0 to the eigenfunctions for [ > 0. This property will help
to analyze some operators easily. In the next definition and lemma, we will give a
simple review of this operator and its properties. For more details about the proof of
its properties, see [5] and [3].
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Definition 3.2.1. For each positive integer [, define the operator S; : Li[0,1] —
L2[0,1] by 1
sitfl) = sty [ 10y
and the operator T; : LA[0,1] — L2Z[0,1] by
T, = (—1)l71515’l,1... S

Lemma 3.2.1. For each positive integer |
1. The operator S; has the following properties :

(i) S; is bounded on LA[0,1].

(ii) S; is one to one and
1
5, 1f)w) = fia) —ata [ f(5)s™ as.

(i1i) The family S; pairwise commutes: Sy, S;, = S;, S, for any 1y, 5.
(iv) The adjoint of S is

StUf)(@) = fla) — Al / ") ds

2. The operator Ty is a bounded, one to one linear operator on L%[0,1] such that for
any & € L4[0,1] and X >0

/0 (20,(VAz) — 1)E(x) da = / cos(2VA\2)Ti[€](x) da

0
where ®;(z) = (zj;(x))? and j; is the spherical Bessel function of order l.

It is straightforward to compute explicit expressions for the operator T; using
the definition of 5}, hence

To[f](z) = —f(z) — 12x/ % ds+24x3/ % d
T3[f] () :f(a:)—24x/ %’9) ds—|—120:c3/ % d

1
—1209:5/ % d

Tu[f(z) = — f(z) — 40z f(>d + 3602 /f

x

840/f ds + 560z /f
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Hence in general

where a; = (—1)"*! and ay, as, ....a;;1 € R.

Following [6], the second operator we will consider here depends on [, and its
composition with the previous operator T; will be the interested operator that we will
focus on.

Definition 3.2.2. For each [ > 1, define the operator
P : L3]0,1] — T,M°(p)

by
P(w) =) (w, frn-1)hn(z,q)

n>1

where {h,,} is a basis of T,M°(p) given by

o )_ﬁi@
L dq

_v2d

@ 2
= V2sin(2nmx) + O(l)
n

where g, is the normalized eigenfunction of problem ([1.8))-(1.7) and

fl,n(x7Q) :\/5(3052\/)\l,n(Q)x+Rn,l(x7Q)a n > 1

where |R;,(z,q)| < Cn~! (see [3] for more details for fi,,).

From Theorem the leading term of the asymptotic of A, is (n+ )2, Thus
when [ is even, f;, has the following asymptotic form

fin(,q) = V2 cos(2nmz) + O(1/n)
and when [ is odd, f;, has the following asymptotic form
fin(w, @) = VZcos((2n + 1)mz) + O(1/n)

By recalling the definition of the eigenfunctions which have the spherical Bessel
function as a leading term and using the properties of the operator T; we have

Ty (1) = -1
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CNn

T?(fl,n) - aq = gl,n(w7Q) - 1a n > 1.

Now we return to our goal which is to define an operator with kernel as an in-
tersection of two tangent spaces, we will consider the composition of P, in definition

and 7} in definition as an operator from T,M°%(p) to itself. So for any
w € T,M°(p) we have,

PTi(w) = Y (Tiw, fin-1)ha(w,q)

n>1

— Z(UJ, ir[kfl,n—1>hn($v Q)
n>1

= —<W, 1>h1($, q) + Z(wa a)\ggl>hn(l‘7 q)

n>2

Lemma 3.2.2. For any [ > 0, the operator
Py : T,M(p) — T,M"(p)
has the following kernel
ker(PT;) = T,M°(p) N T,M"(p).
Proof. Recall from the tangent space of M'(p) at any q € M'(p) is given by
T,M'(p) = ker(d,\')

where ~
OAin 00
dq)‘lw = (<1>w>7 {<a—q7w>}n:1)'

O\
Thus w € T,M'(p) if and only if (1,w) = 0 and (a—l’,w) = 0 for all n. Hence from
q

the definition of P,7} and being {h,} is a basis of T,M°(p) we have w € ker(P/T}) if
and only if w € T,M°(p) N T, M'(p).
0

3.3 A Proof of the Main Theorem (Dimension of the Intersection of Two
Tangent Spaces)

In this section, we will prove Theorem @ which says, for any p € L2[0,1] and
[ > 1, the intersection of T,M°(p) and T,M'(p) is finite dimensional at each fixed
q € M°(p) N M'(p).

From Lemma m, the intersection of T,M°(p) and T,M'(p) is the kernel of P,
hence all what we need is to show that the kernel of PT; has a finite dimension.
Depending on Corollary [A3.1] we can show that P7; is a Fredholm operator by
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factoring P,T; to a sum of two operators, one of them is Fredholm and the second one
is compact from T, M°(p) to itself. Recall that

PT(w) =Y (Tw, fin-1)hn(z,q).

n>1

So to factor P/T;, we will start by some notes that will help to understand that
factoring

1. Since h,(z,q) = V2sin(2nrz) + O(L), so we will consider the set {e,} =

{V/2sin(2nmz)} which is an orthonormal basis for O, the subspace of odd func-
2

tions in Lg[0, 1], because it is a set of the eigenfunctions associated to ———

with Dirichlet boundary conditions. we will use ||h,, — e,|| = O(1/n).

2. Recall that, in case [ is even we have f,(v,q) = V2cos(2nmz) + O(1/n).
Thus we will consider the set {F},} = {v/2 cos(2nmz)} which is the orthonormal

basis for £, the even space of L%[0,1], because it is the set of the eigenfunc-
2

tions associated to ——— with anti-periodic boundary conditions. Also we have
[ = foll = O(1/n).

3. In case [ is odd, fi.(z,q) = v/2cos((2n+1)7z)+O(1/n). Thus we will consider
{F.(z)} = {cos((2n+1)mz)} which is the orthonormal basis of the odd supspace
2

O of I3]0, 1], because they are the eigenfunctions associated to 0 with anti-
x

periodic boundary conditions also we have || F,, — fi,|| = O(1/n).

4. For any w € T,M"(p), the basis of T,M°(p) gives us a nice expression for w
explained in the next lemma,

Lemma 3.3.1. For any w € T,M°(p) there exists a sequence {b,} € I* such that
w= Z bohy, and ||w|| 2 ~ |[{bn} |2 » which means there are two constants Cy,Cy > 0

n>1
such that

Co [|lwll g2 < [{bn}l2 < Crf|lwll o -

Proof. Assume w = anhn. From Theorem [1.2.3 for any (n,m) € N? we have

n>1

d 1
(T T g2) = §5m7n, where a,, = ¢, ¢, is the product of the two linearly independent

solutions (1.8)) evaluated at the n'* eigenvalue. Taking the inner product of w with
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a, gives b, = 2(w, a,). Thus

||{bn}||122 = Z |bn|2
SR
< 4wll7. Z lan]?

< 00

Because from the basic estimates of ¢) and ¢, there is some constant C; > 0 such
C L
that ||a,| < — for each n, and that implies {b,} € 2.
n

For the second claim, from the definition h,,, there is a constant Cy > 0 such that
|hn]] < Cq for all n and that implies

1 o0
2
0 n=1
0 1
< lbl [ Mhuta)a
n=1

< Gy [[balle

Hence ||w]] 2 ~ [[{bn}]];2 -
L]

Now by using all these three notes we can factor P1; as following, take w €
T,M°(p), then w = Zanhn for some {a,} € I , so we have

n>1
P)lT‘lw: Z am<ﬂhm7fl,n—1>hn
n,m=1
= Z Ay <<T’lem7Fnl>en <T‘l( ) fln 1>
n,m=1

+ <ﬂ6ma fl,n—l - Fn—1>hn + <,I2€ma Fn—l)(hn - en))

3
=C+> I
=1

where
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I'= 3" (Tl — em). fino1)ha

n,m=1

[e.o]

]2 - Z am(ﬂema fl,n—l - Fn—1>hn

n,m=1
and -
13 = Z am<ﬂema Fn—l)(hn - en)
n,m=1

For the second claim above, we need to show that C' is Fredholm and I*, I? and I*
are compact. At some point the proving that C' is a Fredholm operator will depend
on being [ is odd or even, so we will start first proving the compactness of I*, I? and
I3 and then we will prove that C is Fredholm.

Lemma 3.3.2. I*, I? and I?® are uniform limits of compact operators, so by Lemma

they are compact.

Proof. Before we prove the compactness of theses operator, recall that ||h,, — em||2 =
O(m~2), {F,} is an orthonormal basis for E, 3 ||F,, — fi.||” = O(n~2) and by Lemma
for each w € T,M°(p) there is {a,,} € [* such that w = " aphy,, and ||w|| ~

{an} |-

Now to prove I! is compact, consider the following sequence of operators

N oo
IN@) =YY am(Ti(hm — €m), fin-1)hn, N >1

n=1 m=1
Each I} is a bounded linear operator and has finite rank, so is compact. By using
the Schwarz inequality we have,
2

||Il - I]l\/(w)||2 - Z Z am<Tl(hm - €m), fl,n71>hn

n>N m

S O Z Zam<ﬂ(hm - Gm), fl,n—l)

n>N| m

<Nl YD (Tilhm — em), fin-1)?

n>N m

2
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Note that

2 2 (Tihm = em), fin1)’ $23 D (TiChm = em), Fica)?

o +2ZZ T(h )s fin—1 = Fu)?
gzZHTl = em)|]
+2§mj|m )l anln 1= B’
<2| 5| ZII m = €m)]
+ D N =) D M fins = Faa|*)

< OQ.

Hence ||I' — I}\,(W)H2 — 0 as N tends to infinity. Thus I' is the uniform limit of

compact operators hence it is compact.
Now for I?, for each N > 1 let

N oo
]JQV = Z Z am<,-rl€ma fl,n—l - Fn—1>hn

n=1 m=1
Each I% is bounded and has finite rank, so it is compact. Using the Schwarz
inequality,

2

Z Z am(ﬂema fl,n—l - Fn—1> hn

n>N m=1

<Cl* S [(Tiem finr = Fa)

n>N

< Cll®ITI* Y- N fin — Fall®

n>N-—1

<Clwl®IT* Y o

n>N-—1

172 -

2

So ||12 = I2(w)||* = 0 as N — oo, hence I2 is compact.
Finally, for I? we will consider the following sequence

N oo
]?\f = Zzam<ﬂemaFn—1>(hn_en)v N >1

n=1 m=1
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Each I3 is bounded with finite rank, so it is compact. Using the Schwarz inequality
and {F,} is orthonormal basis to get,

2

Z Z m{Tim, Fru1)(hn — €y)

n=1 m=1

< Ol 3 [(Tiem, Fui)| 3 Il — el

n>N n>N

2 _
< Cllwl 1T n2

n>N

|7 = R =

So ||I3 — I3,(w)||*> = 0 as N — oo , hence I3 is compact.
O

Now to get more understanding of C' we will write it as a composition of specific
operators, some of these operator will be different in case [ is even or odd. So the
first case where [ is even we consider the following operators,

1. The projection operator onto the even space &,

I:L3[0,1] =& Tw=)Y (w, F)F,

n>1
where F,(z) = /2 cos(2nz).
2. The operator A : O — O,

Aw = Z(Tgw, F.1)e,

n>1

3. The operator S : T,M°(q) — O

S(Z anhn> = Z Un€n

n>1 n>1
—1
S ( g anen> = E anhn
n>1 n>1

4. The operator H : £ — O

H(Z anFn_q) = Z nCn,

n>1 n>1

So A can be expressed as the composition: A = HIIT}, and C' = AS.
In the next lemma we prove that C'is Fredholm operator.

Lemma 3.3.3. C is Fredholm operator from T,M°(p) into O.
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Proof. Since S is invertible, then by Lemma we just need to show that A is
Fredholm from O into O. Identify O with L2[0,1/2] by restriction. Taking f €
Lg[0,1/2],

T}/ (x) = 1/2(T3 /() + T (1~ )
= ST (@)~ F( =)+ (01— 2) + f(1—2)
= T(f) (&) + K () (x)

where T'f(z) = $(T1f(z) — f(1 — z)) and K(f)(z) = 3(T;f(1 — ) + f(1 — z)). Note
that for f € O and n > 1 we have,

) gy [P gy [0,

- 82n 52n 1/2 SZn
1/2 1 1—
f(;) ds — f( _ s) ds (3.2)
T 54" 1/2 5=

[ [T e

f(1—s)
[.% ? ) N (3)
o (1—s)

Therefore, for 0 < z < 1/2 we have,

Also

Tf(x) = 5(Tif(a) — (1 - x))
= 1/2<a2x v f / f— ....... + aj1@ ! v fs(;l) ds
1/2 1/2 1/2 s
— (agm/o 1 o ds + asx / ....... + al+1x2l_1/0 (1]3 2)21 ds))
= T(f)(z) + K:(f)(x)
where

~ 12 ¢(g 12 rig 1/2 £(g
T(f)(z) = 1/2(@2:1;/ % ds+azz® % ds+....... +az+1x211/ J;(QI) ds)

T

and

Kl(f)<l’>:—]./2((l2$/ol/2md + azx /01/2%d8




Also we have

E(f)(2) = 5(Tif(1 —2) + f(1 —2))
=1/2(az(1 — ) 1 f;f) ds+a3(1—x)3/1 %f) ds
— +ap (1 —x)?t % ds)

= —1/2(a(1 — ) /0 (1f£82)2 ds + az(1 — )" /0 (1f_(82)4 ds

Hence B
T, f(x) = T(f)(x) + K1 (f)(x) + K(f)(x)
Note that the integrals in the definition of K; and K have Hilbert Schmidt Ker-
1—
nels (1xf(j))2n7 and ((1 _xif2(;9)’ for each n = 1,2,3,... on [0,1/2] x [0,1/2] respec-
tively. Thus by Theorem K, and K are compact operators from L%[0,1/2] to
Lg[0,1/2]. B
If T"is Fredholm, then I17; is Fredholm. So we need to show that dim(kerT) < oo ,
dim(cokerT) < oo, and RanT is closed.

1) dim(kerT) < oo :If f € kerT then

1/2 1/2 1/2
0= (an 1(s) ds + a3x3/ f(s) ds + ... + aleQll/ 1(s) ds).

s2 s4 S2l

T

By differentiating this equation [ times we find that f is a solution of the following
system of Euler equation of degree [ — 1 with initial conditions,

where by, b, .....,b_1 € R. The kernel of Tis generated by the solutions of this system.
Since this system has a finite number of solutions then dim(kerT) < oc.

2) dim(cokerT) < oo : Note the cokerT is the quotient space L2[0,1/2]/T(L2[0,1/2]) =
L4[0,1/2]/(kerT*)*, hence to know the dimension of the cokerT we need to know
the kernel of T™.



If fe kerT* then

T T 1/2
0= %/ f(s)s ds+ % f(s)s® ds+ ....... + %/ f(s)s* 1 ds
0 T

0 2l

Differentiating this equation [ times we get that f is a solution of the following
system

_ — Co _
FED(@) 4 . FEI(z) + = FED @) + pusy f(r)=0
fM(1/2) =0, r=1,2..,01-1
[z =0
where ¢y, ¢, ....., ;1 € R. Similarly this system has a finite number of solutions which

generates the kernel of T*. Hence dim(kerT*) < co.
3) ranT = (kerT*)* which is a closed subspace of L2[0,1/2] .

Hence T is Fredholm operator on L2[0,1/2], therefore IIT is the sum of a Fredholm

operator T and two compact operators K; and K, so it is Fredholm operator from O
to O. Since A = HIIT and C' = AS this prove the lemma.
O

Note that C' is a Fredholm operator from T,M°(p) into O, but what we want to
get is P/} as a sum of Fredholm and compact operators from T,M" into itself. For
that reason we will factor C' as following, for w € T,M°(p) write

Cw= Z am<ﬂ6ma Fn—1>hn - Za'm<T‘lema Fn—1>(hn - en)

m,n m,n

== (Silc’ -+ KQ)(,U

Since S~! is invertible from O into T,M°, then by Lemma S7C is Fred-
holm operator from TqM0 into itself. Also note that Ky = BT} — S~'C is a sum of
two operator from T,M°(p) into itself and it is compact. Therefore T} is Fredholm
operator from T, M°(p) into T,M°(p).

Now for the case where [ is odd, the proof is almost similar to the even case. The
difference will be in the operators that are used to factor C'. For showing the operator
C' is Fredholm, we will consider the operators A and S are the same as in the even
case, and we will consider the following two operators

1. The projection operator onto the odd space O

I:L3[0,1] -0, THw=>)» (w, F)F,

n>1

where F,, = cos((2n + 1)7x).
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2. The operator

H:0—-0
H( Z anFn,l) = Z An -
n>1 n>1

So we will get C' = AS = HIIT,S. Since S and H are invertible. By Lemma[A3.3]
and Lemma it is enough to show that I17} is Fredholm to get C' Fredholm from
O to O. Taking f € L4[0,1/2],

7, f(r) = 1/2(Tif (x) ~ Tif (1~ )
= (D) + (1~ ) -
= T()w) + K(f)(x)

)
ST (=)~ f(1-2)

where Tf(z) = 5(Tif(z) — f(1 — 2)) and K(f)(z) = 3(Tif (1 — x) + f(1 — 2)). By
using equations and we have

ITif(x) = T(f)(x) + Ki(f)(x) + K(f)(x)

where
Ki(f)(z) = —1/2<a2x /0 v % ds + aza® /0 v ( 1f_(82)4 ds
+ o + a2t /01/2 (1]0—(8‘9))21 ds)
and
k(D@ =~z (a0 [ L asvat-ap [ 50

+ + a1 (1 — z)? 1 /Ox (1JTSS)>21 ds).

K, and K are compact since they are integral operators with Hilbert-Schmidt
kernels. Also, the operator

~ 1/2 1/2 1/2
T(f)le) = 1/2<2f(x)+a2$/ % ds+azz’ & ds+....... +ap ! @ d3>

4 21
x T S T S

is Fredholm because

1) dim(kerT) < oo : If f € kerT then

/ / /
Jw) = (aﬂ " % ds + a3z’ /zl 2 @ ds+....... + ap ! /x1 " 1) ds)

4
z S
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By differentiating this equation [ times we find that f is a solution of the following
system of Euler equation of degree [ — 1 with initial conditions,

b - b1
FO@) AN @) b D) 4 2 ) =0
fM(1/2) =o, r= 1,27 ol
[z =0
where b1, by, .....,0;1 € R. Since this system has a finite number of solutions that

generate the kernel of T', then dim(kerT) < oo.

2) dim(cokerT) < oo : Note the cokerT is the quotient space L]0, 1/2}/T(L2 0,1/2]) =
L:[0,1/2]/ (kerT*) hence to know the dimension of the cokerT we need to know
the kernel of T*.

f(x):—/oxf(s)s ds+z—i ’ (5)s® ds + ....... al“/ f(s)s*1 ds.

0

Differentiating this equation [ times we get that f is a solution of the following
system

_ C1 .- C2 .- Cl—1
fO0 @)+ P @) + S @)+ f(2) = 0
fM(1/2) =o, r=1,2..,01-1
[z =0
where ¢y, ¢o, ...y -1 € R Similarly this system has a finite number of solutions, then

dim(kerT*) < oo

3) ranT = (kerT*)* which is a closed subspace of L2[0,1/2).
Thus IIT is a Fredholm operator and as a consequence C'is Fredholm. Ending of
the proof is exactly as the even case.
O
In the next Chapter we will try to explain how the result of Theorem [3.1.3| could
lead to the uniqueness of the radial potential by considering a finite number of angular
momenta.
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Chapter 4 Some Geometric Properties of the Isospectral Set

4.1 Introduction

By Theorem [3.1.2) we know that for p € L2[0,1] and each | > 1, dim(M'(p)) is
infinite. Also at any point ¢ € M'(p) we have that dim(T,M'(p)) is infinite. These
fact imply that the set of eigenvalues corresponding to a single angular momentum
is not enough date to show the uniqueness. In Theorem [1.1.6] Carlson and Shubin
showed that dim(T,M"(p) N T,M"=(p)) < oo for any angular momunta [y, l, such
that I + I = 1 mod 2. Also in the previous chapter, we proved Theorem [3.1.3]
which says that for p € L%[0,1] and each [ > 1, the dimension of T,M°(p) N T,M'(p)
is finite at each ¢ € M°(p) N M!(p). In this chapter we will try to figure out how
the finite dimension of the intersection of tangent spaces leads to the uniqueness of
the potential. We will define the sequence of angular momenta that ¢ shares their
eigenvalues with p by

li(q) =0<ls(q) < ...... <li(q) < .....

The reason for being [;(q) is the zero angular momentum to guarantee that
k
dim(ﬂTqu"(p)) < 00 for any k£ > 1
i=1

where [;(g) is the i* angular momentum. Also we will define a sequence of the
dimensions of the finite intersection of the tangent spaces as following

dy(q),ds(q),ds(q), ..., dr(q), ...

where
dp(q) = dim ( ﬁ T,M" (p)) :

Since (&) T, MY (p) c N, T,M"(p), then {dy(q)}s>1 is a decreasing sequence
of natural numbers that is bounded below by zero. Hence this sequence converges to
some constant ¢ > 0. The interesting question here, if we assume that ¢ = 0, that is
there is some kg such that di(q) = 0 for all k£ > kg, then can we prove the uniqueness
by using the eigenvalues that corresponds to 1(q), la(q), ., I, (q)7

Before we start discuss this problem, we will give a brief overview for some prop-
erties of the isospectral set. Some of these properties were proven for each [ > 0 and
some of them were proven for [ = 0. In the next section we will prove them for [ > 0.

4.2 Overview of Some Important Properties of the Isospectral Set of
Potential p € L2[0, 1]

The first property is illustrated in Theorem [3.1.2] It was proven by Pdschel, and
Trubowitz in [1] for [ = 0 and by Serier in [3] for [ > 1. It depends on analyzing the
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following map
MNox kb LE[0,1] = R x P x 2

N i(g) = (la), @)t (@) b )

where k;,, is defined by the terminal velocity of each eigenfunction corresponding to
angular momentum /[

V(1. 9)
uw' (0, q)

and le is the last term in the asymptotic of the n'" eigenvalue (1.14)).

Kin(q) = In

Theorem 4.2.1. For any angular momentum [, ' is a real analytic map on L3[0,1].
It is derwwative 1s given by

8;@1,71

dgr!(v) = ({<a—q’”>}n21)

where 5 = .
Rl n n
= ) (t.a) + 5 [ s (0
0

Jdq
and has the following estimate
6/<¢ln 1 . 1
—(f) = — nt)Mn(Wint —).
9 () wz,n‘%(wl’ Min (Wi, )+O(n2)

From Theorem |3.1.1) and 4.2.1| we have,

Theorem 4.2.2. X' x k! is a real analytic map on L%(0,1). Its derivative is given by

dq()\l X /ﬁll)(v) = <<1,U>, {(ag\;n7v>}n>1’ {<ag—;n’v>}n>l>'

Before describing M'(p) in details, we will set some notations that will be used
later. For any angular momentum [, set

Up=1

Um:ggn—l 7121,
and

d
Vz,n = 2%912,71 n 2 ]-7

where g;,, is the n* normalized eigenfunction. These vectors depend on x and gq.
Also for any n € R x [? and ¢ € I3 we will write,

Ul,n = ZnnUl,n
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and

VZ,C = Z an,n

n>0

By Theorem [1.2.3| {U,, : n € R x (*} and {V.:( €3} are perpendicular. By
analyzing A, Theorem |3.1.2| illustrates that M!(p) is a real analytic submanifold of
L2[0,1] of infinite dimension and co-dimension lying in the hyperplane of all functions

1
with mean value / p(t)dt with the tangent space given by
0

T,M'(p) = span{Vic : ¢ € I3}
and the normal space given by
N,M"'(p) = span{U,,, : n € R x I*}.

Theorem 4.2.3. For any angular momentum | and p € L[0,1], k' is a global coor-
dinate system on M (p). Its derivative d k' is an isomorphism between T,M'(p) and
Tl = I3, which is given by

dyr' (Vie) = C.

The value of V; ¢ by d,x' followes from Theorem Notice that every tangent
vector at ¢ € M'(p) is of the form

‘/l,( = Z Cn‘/z,n

n>0

with uniquely determined coefficients ¢ = ((y, (s, ....) € 7. Since V,, depend on ¢
then these coefficients uniquely determine a tangent vector at every point in M'(p)
by the same expression. Hence every tangent vector V; ¢ at a given point determines
a vector field on M (p), which we denote by the same symbol. By these vector fields
we will define the exponential map exp, for any ¢ € M(p). But first we will introduce
the solutions curve.

Definition 4.2.1. For any ¢ € M'(p) and vector field V¢, a curve
®i(q) = j(q, Vie), a<t<b
on M'(p) is called a solution curve of the vector field V; - with initial value g, if

d
S0l(g) = Vig(®lla) a<t<b

and ®}(q) = q.

From Theorem m, the vector field Vj, is the constant vector field ¢ in the &'
coordinate system on M'(p). Hence, any solution curve in this coordinate system is
a straight line, so we have

K (®)(g, Vig)) = C + €.
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Since ®Y(q) = ¢, then

£(9(q, Vi) = K (q) + IC.

From this equation we can get an expression for ®!(q, Vi) by taking (k')~! for
both sides but that can be done if we know that x'(q) + t¢ is inside the open set
k'(M'(p)). Thus in the next steps we will see that ®!(q,V; ) is defined for all time ¢
and that implies unbounded property of M'(p).

Lemma 4.2.1. Forn > 1 and angular momentum [,

<q, W,n> = 45l,n(Q>5inh(’€l,n(q))'

where

_ =
5l,n(Q) - ¢l,n(17 )\l,n)

Proof. Using the differential equation and the boundary conditions we get,
d ! /
(@ 7 9in) = / 2491.n9) n A
/ (90 + MnGin) 91 A
/ L
dx
= (g1, "]
(V' (2, Ainy 9))?

T W1 A @) (@ (1, Ay ) 0
1

(¢ I S
a QZJ(L/\Z,TMQ) (w <17/\l7n’Q) w/(la/\l,nacﬁ)

Hence, by using the definition of &;,, and the identity 2sinh(z) = e* —e " we get,

gln _|_ Al,ngl%n)daj

d
(¢, Vi) = 20, —07)

_ 2=
$(1, A, @)
= 401, (q)sinh (k. (q)).

(eﬁl,n _ 6_Nl,n)

Lemma 4.2.2.

@4 (a. Vio)||” = llall® +8Z/ (o1 (®1(q)) sinh(kin(q) + tCy).

n>1

45



Proof. Set ®l(q, Vi) = ®i(q), we have

33 @I = 5% [ @i@P @

1
S d S
- [ @@ Lot @)z
0 s
At s = 0 we have ®)(q) = ¢ and £®:(q)(z)| _, = ZC” 1n(q). Hence by
n>1
Lemma [£.2.T], we get

1d
oI =36 [ o Vinta )i

n>1

_ Z 4,010 (q)sinh (K, (q))

n>1

For the derivative at time ¢ # 0, replace ¢ in the last expression by ®*(¢) and use the
fact that ®;7(q) = ®;(®!(g)).Thus we have

Lol = 2L arafa))|

= > 460 (@} (@) )sin((2](0))

n>1

= > 4Gt (@} (@))sinh(run(a) + 1)

n>1

The right hand side converges uniformly on bounded intervals of time because

<n517n(q)§(Q))Sinh(/il,n(Q) + tCn) = (gnfsl n(q)t(Q))('%l,n(q) + tCn))
= O(01,n(®1(0)) (Gt () + 1C7))

for bounded ¢ and ¢ € [2. Thus we can integrate under the summation sign to get,
t 2 2 ! d s 2
|®3(a: Vi)||” = llall” = g 12 @I ds
= 82/ CaO1n (P7 (q))sinh (k1 (q) + ¢ )ds

n>1

—1)"
Recall that 0;,,(q) = L
1/}(17 /\l,na Q)

. 1 Ao — Ao
w(17>\0,n7q) - 2 H 0 207 .

(nm)? 22 (mm)

. In case | = 0, by Theorem [1.2.6{ we have
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Notice that 1) is the same function for all ¢ in the same isospectral set. Hence
don(q) = 60.n(P(q)) since ¢ and Pi(q) belongs to the same isospectral set. Also
d0.n(q) = do,n are constant for each n. Thus

t
d
15, Vo.o)l[* = llal :/ 125 ds
0

t
=8 Z 50771/ Cpsinh (ko n(q) + 5G,)ds
0

n>1

=38 Z do.n(cosh(kon(q) + t(,) — cosh(kon(q)))-

n>1
O

Theorem 4.2.4. For every ¢ € M'(p) and every ¢ € [2, the solution curve ®}(q, V)
exists for all time.

Proof. Fix q in M!(p) and ¢ € [2.To prove the this theorem need to show that the
stright line x!(q) + ¢ is in the open set x!(M!(p)) for all t. Assume that there is some
t so that k!(q) +t¢ is not in x'(M'(p)), hence there is a t* such that k'(¢) + t*C is on
the boundary of x!(M!(p)) while the segment x'(q) +t( , 0,¢,t* is in its interior. By
Lemma

sup Hd)}f(q)H < 0.
o<t<t*

Thus we can choose a sequence t,, converging to t* from below such that ®» converges
weakly to some point ¢, in M'(p) with

k(q.) = K'(q) + t°C.

Since £y, is compact functions on L2[0,1]. That implies x'(q) +¢*C lies in the interior
of k'(M). That is a contradiction. O

Now we can define the exponential map on T,M'(p) by the solution curve with
initial value ¢ as following,

Definition 4.2.2. For any ¢ € M'(p), the exponential map at ¢
expé : T,M"'(p) — M(p)

is defined by
expy (Vo) = @i (g, V¢)

Theorem 4.2.5. For all ¢ € M'(p), the exponential map expfl 15 a real analytic
isomorphism between T,M'(p) ~ 13 and M'(p). It satisfies

k' (expy(Ve)) = () + ¢

Hence M'(p) is connected and simply connected.
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Proof. To prove that the exponential map is an isomorphism map, we will define the
translated map
(expé)’l . M'(p) — Tqu(p)
(expl)~'(q) = K'(q) — K'(q)
which is a real analytic isomorphism between M!(p) and [? by Theorem m For
one direction we have,
(expy) ™" (eapl) (Vo) = (eapl) ™ (D'(q, Vo))
= '(®'(q, Vo) — ' (q)
= r'(q) + ¢~ K'(q) = C.

For the second direction,

expy((expy)™1)(q) = expl(k'(q) — #'(q))

n>1 n>1
= eapy(Vi-y)
= q)l(q7 Vi-n)
Notice that,
“l(q)l(% Vien)) = "QZ(Q) +n—n
= r'(q) + £'(r) — x'(q)
= r'(r)

which implies ®!(q, V;_,) = r by Theorem m The identity

k' (ewpy (Vo)) = K(g) +¢
follows from the definition of exp!, and the value of x'(®}(g, V). O

4.3 Uniqueness of the Potential by Using a Finite Number of Angular
Momentum

In this section we will try to prove the uniqueness of the potential by using the
geometric properties of the isospectral sets and the finite dimension of the intersection
of the tangent spaces. From Theorem we have that M!(p) is simply connected
for each [ which implies that M'(p) is path connected. In case we have that a finite
intersection of isospectral sets N¥_, M™i(p) are path connected, then with assuming
some conditions on the dimension of the intersection of the tangent spaces at each
point ¢ € NE_ M™i(p) we get the following result.

Theorem 4.3.1. let p € L3[0,1] and a finite sequence of angular momentum
L=0<lh<lz<... <

for some k € N such that
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o NF_ M (p) is simply connected
o dim NE_, T,M"(p) =0 for all ¢ € NF_M"(p)
Then My M"(p) = {p}.
Proof. Let ¢ € N, M'(p). Since NF_, M'(p) is simply connected then there is a path
§: la,b] — NE_ M (p)

such that 6(a) = ¢ and §(b) = p. Note that §([a,b]) C M'(p) for all i = 1,2,.., k.
Thus %(to) = vy € NI Ts00)M" (p) for all ty € [a,b]. Since dim(NE_; Ty M) =0

for all 6(ty) € N, M'(p) then v, = 0 for all t5. Hence § is a constant path which
means ¢ = 0(a) = §(b) = p.
[

In Theorem [4.3.1] we set some assumptions on the intersections of the isospectral
sets and the dimension of the intersection of the tangent spaces to the isospectral
sets at each points to prove the uniqueness. If we can prove these assumption then
the theorem will be more stronger and include all applications. Hence in the next
chapter we will write these assumptions as open problems. Also we will list all others
conjectures for the inverse eigenvalue problem for the Schrédinger equation on the
unit ball of R3 that were raised when we worked in this research. Some of these
conjectures we worked on but we could not get results.

49



Chapter 5 Open Problems

Starting with Poschel and Trubowitz result, in case the angular momentum [ = 0, they
proved the uniqueness of two even potentials p, ¢ € L3[0, 1] that share the same eigen-
values. The proof of this result depends on the fact that g, (z) = (=1)""'¢{ ,(1—2)
for any even potential ¢q. That is, wg,n(l —x) is also an eigenfunction for ¢, and satisfies

d2
— 73 ¥a(l = 2) +a(@)i, (1 - 2) = Mg, (1 —2), =€ (0,1).

In case ! > 0, this fact can not be proved because the last part of the Sturm-Lioville

operator

d? I(l+1)
L _
Hy= =g T+ =0
which is l(lx%l) does not have the symmetric property. In the second chapter of this
dissertation, we use the Poschel and Trubowitz method to prove Theorem [2.4.3| which
says that in case [ = 0, if two potentials p, ¢ € L]0, 1] have even extended potentials
D, q € L3[—1,1] sharing the same eigenvalues then p = ¢. In the extended problem,
the even potentials are with respect to 0, i.e. g(x) = g(—x). One of our attempt is
trying to generalize the result of Theorem for any angular momentum [ > 0.

Because by the extended domain, the last part of H fl satisfies l(lx%l) = % From this

point we conjectured that for [ > 0, the function %qn(—x) may be a solution of the
extended problem. But the main problem we faced that the extended eigenfunctions
are not defined at z = 0. Because the singular part l(lx%l) It may there is another
way to define the extended eigenfunctions to get the desired result, so the next open
problem is

Problem: For [ > 0 and p,q € L4[0,1], let p and ¢ in L[—1,1] be the even
extended potentials of p and ¢ respectively. Can we prove that p = ¢ by assuming

that p and ¢ share the same eigenvalues of the extended problem?

In chapter four, the main result, Theorem [3.1.3] It says that for any { > 0 and
p € L3[0,1], the dim(T,M°(p) N T,M'(p)) < oo at each fixed ¢ € M°(p) N M'(p). In
this theorem we fixed the first angular momentum to be the zero angular momentum
and we vary the second one [ > 0. The proof depends on showing that the operator

PT, : T,M°(p) — T,M°(p)

is a Fredholm operator with kernel ker(PT;) = T,M°(p) N T,M'(p). Our work is
similar to Shubin’s work in [6]. She proved this result for /; = 0 and l; = 1. Carlson
and Shubin [7], by using a different method, proved this result in case the isospectral
sets corresponding to two different angular momentum [; and Iy such that I; + [; =
1 mod 2. Thus, the open problem we thought about is

Problem: For [; and [y such that [y + I3 = 0 mod 2, can one prove the same
result. Can we construct a Fredholm operator with kernel T,M" (p) N T,M®=(p) to
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get that dim(T,M" (p)NT,M"?(p)) < oo ? Can the maps P, T}, and P,T}, be helpful
to create that map?

In chapter five, we focused in the geometric properties of the isospectral sets and
tried to see how these properties lead to the uniqueness. We tried to show how the
finite dimension of the intersection of tangent spaces could give a finite dimention
of the intersection of the isospectral sets for finitely many angular momentum. We
build Theorem based on some assumptions. We considered | = [y, 15, ..., [; to
be all angular momentum where ¢ and p share their eigenvalues. We assumed that
NE_ M'(p) is simply connected to get the path connected property. By Theorem
[4.2.5, M'(p) is simply connected for any I. That also implies that M'(p) is path
connected. So the next open problem is

Problem: Can we show that N}_, M'(p), for k > 1, is simply connected or path
connected ?

In Theorem @ we proved that the exponential map expé is an isomorphism
between T,M'(p) and M'(p) for each ¢ € M'(p) and each [. Hence it may useful to
involve the exponential maps to create a path connected between any two distinct
points in NF_, M (p).

The second assumption in Theorem [§.3.1] is dim NF_, T, M"(p) = 0 for all point
q € NE_,M"(p). By Theorem [4.2.3) we know that dyx' is an isomorphism between
T,M'(p) and Ty} ~ I3 for each { > 0. Thus T,, M'(p) and T,,M'(p) are isomorphic
for each q1, g2 € NE_, M'(p). If this isomorphic relation could give any idea about the
dimension of the intersection of tangent spaces at two distinct points ¢; and ¢s. Thus
the next open problems related to these assumptions is,

Problem: For two different potentials qi,q, € N¥_  M'(p), can we show that
dim ﬁi?:l Tq1 Mli (p) = dim ﬁ1'6:1 Tq2 Mli (p)?

The last open problem we would like to mention here is related to the main
question of this dissertation: Does o(H,) = 0(H,) lead to ¢ = p? Recall that o(H,) =
U0 (H, é), hence proving the uniqueness by assuming the potential ¢ and p share
eigenvalues associated to a finite number of angular momentum leads to answer this
question. By working in this idea and focusing in each angular momenta we notice
some results could be helpful to answer the main question.Thus, first we will discuss
this result in the next section, then we will form the related open problem for these
result.

5.1 Results Related to Each Angular Momentum

We will start by assuming that two potentials p and ¢ share the same sequence
of eigenvalues {)\l,n}zo: corresponding to a fixed angular momentum [. From the

equation ((1.8), we get,

1

/0 (p(z) — q(z)) V], (v) P, (x) dv =0, for each n,
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where wf ,, and wzn are the eigenfunctions of \;,, for p and ¢ respectively. Since our
goal is to show the equality between p and ¢ and we have the inner product between
p—q and ¢7, ¢/ is equal zero for each n, then Showing this set {¢£ . wﬁn}zozo
is a basis for L2[0,1] leads to the desired result. Notice that if for a single angular
momentum [ this set {47, wﬁn}fzo is a basis then the isospectral set M!(q) will have a
zero dimension and that is contradiction to the result proven by Carlson about infinite
dimension of M!(q) for any ¢ € L?[0,1]. Hence our conjecture for this problem is if
we consider a finite number of angular momenta [y, lo, ...l,,, such that ¢ and p share
their eigenvalues, then we may get that U;’;l{wi n wlqi,n}:O:() is a basis.

Since the zero potential has a nice eigenfunction with well known eigenvalues, we
will begin by fixing p to be the zero potential. Recall that the eigenfunctions of the
zero potential are given by Spherical Bessel functions

€T .
w?n(@ = u(z, \ip) = ﬁ]z(lﬂwz,n)
I,n

where w = v/A. Thus by the boundary conditions, if Al is an eigenvalues for 0 then
it is a solution of j;(w;,) = 0. Hence w;, >~ (n + %)’/T Let ¢ be a potential sharing
the eigenvalues with zero potential, then the eigenfunction of )\, for ¢ is

Ui (@) = () + Kin(, q)
where K, (x,q) = / G(z,t, i) q(t) ¥, (t) dt. Hence
0

Vi (@)U () = (V) (@) + U (2) Ky (2, q).-

Since ¢ shares the eigenvalues with the zero potential then

1
/ q(z)dx =0
0
by Corollary [1.3.1 Combining this fact with

1
/ q(z) Y, (x) ¢}, (x) dz =0,  for each n,
0
we get,

/0 q(z) {1 —2(nm)*(W),)* () + —2(nm)*), () Kz, q)} de =0, for each n,

(5.1)
In case | = 0, 1 — 2(nm)*(¢¥g,,)*(z) = cos(2nzx), so the integral (5.1)) becomes,

1
/ q(x) { cos(2nma) — 2(nm)*y,(2)Kon(z,q)} de =0,  for each n.
0

For | > 1, we will use the following property of the operator 7; which is given in
the definition B.2.1]

/0 (20,(vA7) — D)e() dr = /0 ' cos@VADT[E] (2) d
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where ®;(vV\z) = 22j7(\/Az) for any ¢ € L4[0,1] to get
1
[ (o) {22002 0) ~ 1+ 22200, 0 Ko, )} do =
0
1
/ Ti[q(z)]{cos(2n + D)7z) + Kin(q, z) Y
0

where T/ (K, (2, q)] = 2w 2P, (2) Ky (2, q). Hence (B.1)) becomes

I,n

/0 Tlq(x) {cos(2n + D)rz) + Kin(q, 2)}dz = 0

5.1.1 Conjecture for the Case [; =0 and [, =1

If we consider the angular momenta [; = 0 and [, = 1 then we have the following
system,

1
/ q(x) { cos(2nmx) + 2(nm)*q () Kon(2,q)} do =0, for each n.
0

/01 Ti[q(z)]{cos(2n + 1)wz) + Ky n(q, z)}dz = 0 for each n

The second part of each integral has the following estimate of

20, (1) Ko, 0)| = O(- )

[Ryn(g,2) = O(2)

n
For this monument, we will ignore the error parts and prove the following theorem

Theorem 5.1.1. For g € L2[0,1], if we have

1
/ q(z) cos(2nmz) dx = 0, for each n
0

/0 Ti[q](x) cos((2n + 1)7zx) dx =0 for each n

then q = 0.

Proof. Since {cos(nmz)},>1 is an orthonormal basis of L?[0,1], then from the first
integral we can say that ¢ is an odd function which we will denote by ¢ = go. So now,
we have

1
/ Ti[go)(x) cos((2n + 1)mx) dv =0  for each n
0
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which implies that the odd part of Ti[qo]| is zero. By using the definition of T}

1
S
Tilqo) =qo+4x/ w0ls)

2
z S

we get
1

0= 5 (Tilaolle) - Tilaol1 - )

) %(2%@) » /1 qos(;)d's*‘l(l ) /1 QO(S)d8>

xT

/ s = - [ <1qo—(?>2d8

qgo(x) = 23:/ Q(?S(;)ds +2(1 —x) /Ozv (fo_(i))QdS

Because these integrals in the form of o are absolute continuous, then we can
take the derivative of ¢p to get

Since qo is odd then

Hence,

o) = 2/1 qO_(S)dS_2/O’” (fo_(?)st—qu(x) i qo(x) o

s? x (1—2)

Since also these integrals in the form of ¢, are absolute continuous then we can
take the derivative to get

(1 —2)zqy(x) — (4 —2)gp =0 a.e
Hence, ((1—9&)2552(]/0) = 0. Integration from 0 to z with using lir%(l—x)2a:2qo(x) =
T—
0 to get
(1 —2)’*gp(z) = 0

Thus q’o(a:) = 0 almost everywhere, hence g is constant. Since go is a constant
and odd function, then go is zero.
O]

Now return back to the main problem which contains the error parts. we have
this sysytem

/1 q(x) { cos(2nrz) + 2(n7r)2¢87n(m)K0,n(m, q)} dz =0, for each n.
0

/0 Ti[q(z)]{cos(2n + 1)wz) + Ky n(q, z) Ydz = 0 for each n
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If we can show that E = {cos(2nmz) + 2(nm)*¥g,(z)Kon(z, q)}n>1 is a basis of

the subspace of the even functions of L2[0, 1] and O = {cos(2n+1)7z)+ K1 n(q, ) st
is a basis of the subspace of the odd functions of L%[0, 1] then by the process as above
we will get ¢ = 0. One of our attempt for this case is trying to use the following
results related to complete sets of Hilbert spaces,

Definition 5.1.1. A sequence of vectors {1, },>; in an infinite dimensional Hilbert
space H is said to be a basis for H if to each vector u € H there is a unique sequence
{ptn }n>1 of complex numbers such that

U= Z Hntn
n>1

Corollary 5.1.1. Let {¢n}n>1 be a complete orthonormal family in H and {ty }n>1
be a sequence of nonzero vectors of H. Then

n>1
is a sufficient condition for {{n}n>1 to be a basis.

Corollary 5.1.2. Let {¢,}n>1 be a complete orthonormal family in H. Suppose
{Un}n>1 is another sequence of vectors in H that either spans or is linearly indepen-
dent. If, in addition

> Non = ll® < o0 (5.2)

n>1

then {1 }n>1 s a basis of H. Moreover, the map
u — ((t, V) Jnx1
is a linear isomerism between H and [>.

First we tried to apply Corollary 1.1, by considering {¢,},>1 = {cos(nmx)},>1
and {¢n}n>1 = FUO. From Theorems|1.2.1) and [1.2.4] we have,

160 — Ul = [|2n7) 20, () Ko (, 9)|| < %enm

in case ¥, € E and
~ 1
H¢n - wnH = HKl,n(%x)H S _ech”
n

in case ¥, € O. Since ||¢,, — ¥,|| depends on the norm of ¢, then applying Corollary
will give a condition on the norm of ¢ to guarantee that {¢,},>1 is a basis.
But the problem here is the asymptotic of these terms which is ||¢, — || = O(2).
Hence the sum over n of theses terms gives diverges series. Another way to handle
this problem we consider is to apply Corollary [5.1.2] where the sum here will be for
these terms

1
||¢n - ¢n||2 = O(ﬁ)
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That is good since these squared summable, but the basic problem in applying
this corollary is to show that {u,,},>1 = E U O is linearly independent sets or spans
of L]0, 1], which is difficult since these two sets depends on different two angular
moment. In 1946, Borg [I3] proved that for [ = 0 and p,q € &, this set {¢§ 45, —
1},,>1 is linearly independent. Then by using Corollary and

/0 (p(z) — q(x)) (V2(x) Ui, () — 1) dz =0, for each n,

he proved p = ¢g. So the open problem for this part is
Problem: For [ = 0,1 can we show that £ and O are a basis of the subspace of
the even functions and odd functions respectively?

5.1.2 Conjecture for the Case [ >0 and I, =1, +1

Now let’s consider two different angular momentum [y, ls such that [, =1; + 1. From
Definition we have T}, = S;,T;,. Assuming ¢ shares the eigenvalues associated
with [, and [y with the zero potential, and using the properties of 7;, and 7, (3.2.1))
leads to the following system,

/0 T, [q](z){cos(2(n + %)m:) + Ky o(q, )}z =0 for each n
(

*)
/0 ST, [q]](z){cos(2(n + %)ﬂ'l’) + Ky (g, 2)}dz =0 for each n

Consider the two following sets 4;, = {cos(2(n + Z)mz) + [?ll’n(q,x)}nzl and
Ay, = {cos(2(n + 2)mz) + [N(l,bn(q, x)}n>1. If [y is even, A;, and A, are perturbation
sets of {cos(2nmz)},>1 and {cos(2(n + 1)mx)},>1 respectively. So by ignoring the
error parts IN(ZW and }N(l%n, the first integral in (x) tells that T;,[¢] is odd. Then from
the second integral we will get that the odd part of S}, [T}, [q]] is zero. So we have the
following equation,

55T al) (@) — S, [T [l - )} =0 (5.3)

So our conjecture is solving for T}, [q] giving T}, [q] = 0. Since T}, is a one to
one map then ¢ = 0. Hence for the main problem without ignoring the error parts,
showing that A;, and A;, are bases for the subspace of the even and odd functions
could lead to ¢ = 0. Similarly if /; is odd, showing that A; and A;, are base for the
subspace of the odd and even functions could lead to the same result. So the last
open problem is,

Problem: For [y and Iy =1; + 1, in case [; is even can we show that A;, and A,
are bases for the subspace of the even and odd functions of L[0,1] 7 In case [; is
odd can we show that A;, and A;, are bases for the subspace of the odd and even
functions of L[0,1]?
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Appendix

A1 Spherical Bessel Functions

A1.1 Series Forms of Spherical Bessel functions

1- The fist spherical Bessel function of order [ is 7;:

_ T
wji(@) = [ I (@)
xTm 25+l+2
\/ Z S'F (s + l —|— ( )

B I+1 (—=1)* 2
B (§> ’ VT (l+5) ;s!(ug)s(i)

(21 4 1)!

5 then we have

Since T'(1 +3/2) = /7

. l+1 - 2s
whlw) = <2 2l+ ”Zs' (3)

S=

2- The second spherical Bessel function of order I:

m(@) = (=) (@)

xm(x \/EZS'FS—Z—F ()25 -
EIVFY 3

T(—2)!
—-D(E =1, = \(/2;(_3,), (3 —1)s we have

Hence

Since I'(s — 1 + (3)) = I'(

2020 -1 S (=1 x0s

A1l.2 Trigonometric Polynomial Forms of Spherical Bessel functions

1- The trigonometric polynomial form of xj,(z) and xn(z) are given by

xj(x) = sin(x — %T)Pl(i) + cos(z — %T)Il(i)
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and

(/2] (/2]

B (=1l +2s)!, 1 5, B (=1 +2s+ 1)1 1 .4,
Pl(“)_; O —2s)1 2 and ]’(“’)_g(zsﬂ)!(z—zs—l)!(%)

S=

For any z,t € C, we define Now we will define @(m,t, A) = aj(wx)tn(wt) —
tj1(wt)zn(wez) where w = v/A. In the next

A1.3 Upper Bound of Spherical Bessel Functions

For any x € C there is a constant C; depending on [ such that

: < [ITme| |I| b+l
@) < Gel™ () ®)
mal (L |2\ !
foma)| < el (22) 0

Also for any z,t such that 0 <t < x < 1, there is C such that

~ wlr N1+ jw|t\!
|G<“"’t’A)’§C(1|+||w|x> ( |w||t|> (10)

and for each x <t <1

~ 1 + wlx l wlt I+1
Gz, 8, M) < C( |w||x| > (1 —||— ||w|t> (11)

To verify and (9), we will use the trigonometric forms in case |z| > 1, and the
series forms in case |z| < 1.
In case |z| > 1, we have

1< e\[mx| — elmx|<1 + |1"|)H—1 < e\[mx|2l+1( |I| )Z—H
- - 1+ |z|

Hence from @

i) < ol (ZLY g (m(in + |fl<§>|)

1+ |z|
(/2] [1/2]
I+1 [+2s)! 1 (l+2s+1)!
< [ITmax| ‘.T’ 2[+1 ( ~\2s
=€ (1+|x|> ;(23)!@—23)!(2) +;(23+1)!(l—23—1)!
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Thus

where

(/2] [L/2]
(I+2s)! 1, (14 2s+1)! 1.,
=23 3 e
— (2s)!(l —25)! 2 — (2s+ DIl =25 = 1)1"2
In case |z| < 1, notice that 21 > (1 + |z])'*1. Hence from (4)) we have
. |I| )H_l 2l 3 1 1 2s
< Z
i)l < (1 Y|/ @+ ;} sl + %)5(2)

I+1 ol > 1
< |Im:c|< |$‘ ) -
=\ (21+1)!!§28

1
< lalso Y 2 — =1 then we have

Since (21 + 1)!! > 2! for each [ > 0 then =0 55

21+1)H

I+1

Hence For any x € C we have
I+1
)] < Gyt (7)Y (12)

Now for the estimate in @

1 l
In case |z| > 1, we have |z|' < (1 + |z])! hence 1 < w, then from
x

—_
+

Ixm(x>|§e\fmxl< w ><|pl< )|+|1l(1)|>

ol (L 2 1, B a2s+1) 1.,
<™ (=) (S;(zs)!(z_zs)!(ﬁ) +822(25+1)!(z_25_1)!<§)

Hence,

(13)

where

/2] [i/2]
_ (L+2s)! 1., (I+2s+1)! Lyzs
Co = (Zm@ PR i) )
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In case |z| <1, Since 1! < (1 + |z|)!, then from ({5]) we have

14|z \L, (20 — DI & 1 1,2
< 2 -
|«T771(33)‘ = ( |l’| ) (_2)l SZ:(:]S'(%—Z)S(Q)
1+ |z|\! =1
< 2 -1y —
_< || >( ) ;25
1 l
< ¢ltmal (T;—:x’) (20 — 1)1
Hence,
- 1_|_‘x| l
< Gy elfmel( —1 14
(@) < Coel™ (=) (14)

where C,, = (21 — 1)!! . By taking C; = maz{C},,Cy,, Cy, }, we prove (§) and (9).
Now for the estimate of G, from and @D we have

|é(x,t, A < Cf{ (1 —|:)||;L‘J|x)l+1<1 '|1;U||(:|t>l N (1 —|:J||(i|t>l+1(1 + |w|x>l}

jwlz

§0f< lw|z >z+1(1+|w|t)l 1+( |wlt )2l+1<1+|w|x>2l+1
1+ |w|z |wlt 1+ |wlt

jwlz

In case |w|zr < 1, the we will use (1 + |w|z)?+! < 2%+ to get

|C~¥(x,t,)\)|§Cl2< |wl|z >l+1<1+|w|t>l{1+22z+1}

1+ |w|z |wlt
wiz T 4wt
322”201( |l ) ( ] )
1+ |wl|x |wlt

In case |w|z > 1, we will use () and (7) to find an estimate for G-

G(z,t,A) =(P(wz) P (wt) + L(wz)(wt)) sin(w(z — )
— (P(wz) L (wt) 4+ L(wz)(P(wt)) cos(w(z —t))

If |w|t > 1 and we have |w|z > 1 then |P(wx)| < C1,|P(wt)] < C1,L(wz) < Cy
and Il(wt) S CQ

[1/2] [L/2]

B (I+2s)! 1., B (I+2s+1)! 1o,
Gr= Z:;) s —2s)la) wmd = 2 s+ 10— 25— 112

s=0

. Lt fofey I
By considering C » = max{C}, C3,C1Cs}, 1 = (1 I |w|x> = 2l+1<1 + |w|x>
1+ |wlt

wlt

!
and 1 < < ) , we will get

~ 11+ |w]t!
G, t, )] < 2710, el ) ()
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Last case when |w|z > 1 and |w|t < 1 we have

C
|P(wt)] < m < Cl(

1+ |w|t)z
jwlt

1+ |w|t

02 l
L(wt)] < < _
| l(w )| CQ( ]w]t )

I+1
and 1 < 2”1(—) . Thus

|é<x ¢ )\)’ < 2[+1C <ﬂ>l+1<1+ |w|t)l
T - 12 1+ |w|x |wlt

Hence for any A € C and 0 <t <z < 1 we have,

1G(x,t,\)| < 0(1 fllzlxyﬂ(l J|zu||(:|t>z

where

C = max{2"71Cy 5, 2%2C)}. (15)

For more interested information of Spherical Bessel functions and their estimate,
see [15], [17], and [18§].

A2 Infinite Product

Lemma A2.1. Suppose ap,,, m,n > 1, are complex numbers satisfying

1
ol = O ) m#m
then |
H(1+amn):1+0<og”>, n>1,
n
s

Lemma A2.2. Suppose z,, = (%5)* + O(1) then,

[ee]
Zm
'H i

i ()

>

18 an entire function of X with roots z,,, m > 1

[\

it zm—)\_sin(Q\/X) logn
*IL i =S (- 050)
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e Note that 2, — (F)? is uniform bounded, so we have here

o (Y
= (7) = (W
converges uniformly on bounded subsets of C, therefore H me—;); converges
m>1 (5~

2
to an entire function of A and its roots z,,, m > 1.

sin(2v/) o (mm)P—4n ./
o nl:[l (mm)? B nl_>11 (@)2

e Note that

Hence
ﬁ Zm — A sin(2vV/A) B ﬁ Zm — A

a (5) A S () A

On the circle |A] = (% 4 3)?a? the uniform estimates given by

Zm — A 1+0(2) m=n
(%)2_/\ 14—O(|m2 nQ‘) m#n

Hence

lo—o[ Zm — A zn—)\ ﬁ Zm — A
mn = mn
m21(7)2—>‘ (% )_Amin(Q) —A

- (1+0) (1+0(%5)

14 O(logn)

The last line follow from lemma [A2.1]
Il

Lemma A2.3. suppose z,,m > 1, is a sequence of a complex numbers such that

2.2
Ty O(1) then for each n > 1

12
2.2

mem

m#n

m>1

Zm =

is an entire function of A such that

<m — A _ 1 n+1 logn
(m)Q - §<_1) <1 + ( n ))
ml 2
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uniformly for A = n’*n* + O(1).

Lemma A2.4. If |z —nw| > 7 for all integers n, then
elfm=l < 4| sin 2|.

Proof. Write z = x + iy with real z and y. since |sinz| is even and periodic with
period m, it is suffices to prove the lemma for 0 < 2 < 7/2 and |z| > 7/4.
we have

|sin z|* = cosh®y — cos® x

For 7/6 <z < m/2,

w

3
cos?r < 1 < 1 coshzy
for all real y. For 0 < =z < 7/6, the assumption |z| > 7/4 implies y* >
(m/4)? —a2* > 25 > % and hence
4 4
costh > 1+y2 > 3 > gcosgx

as before. Thus, in both cases we have

1
|sin z|* > =
4
and the result follows. O]

1
W2y > —e2lyl
cosh’y > Te

Definition A2.1. (Regular Value )

Let f : A — F be a continuously differentiable map from an open subset A of a
Banach space E into another Banach space F'. A point ¢ € F is a regular value of f,
if for every point z in the level set

M. ={x€A: f(zx)=c}

there exists a splitting £ = Ej, @ E,, such that d, f|E,, the restriction of d, f to FE,
is a linear isomorphism between F, and F.

Theorem A2.1. (Regular Value Theorem)
Suppose f : A — F is a real analytic map from an open subset A of a Banach space
E into another Banach space F. If ¢ € F is a regular value of f, then

M. ={x€A: f(zx)=c}
is a real analytic submanifold of E. Moreover,
T. M. = ker(d,f)

at every point x € M.. For the proof of this theorem see [1)].
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A3 Fredholm and Compact Operators

Definition A3.1. Let X and Y be Banach spaces, and let F': X — Y be a bounded
linear operator. F is said to be Fredholm operator if the following hold,

e ker(F) is finite dimensional,
e coker(F) is finite dimensional,
e ran(F) is closed.

Lemma A3.1. Let X, Y, and Z be Banach spaces. If F': X —Y and S:Y — Z be
two linear operators such that dim(kerF') < oo and S invertible, then dim(kerSF) <
0.

Proof. Since S is ivertiable then kerS = {0}. let f € KerSF then

SF(f)=0 < F(f)=0 < f€kerF

hence kerSF = kerF which proves the claim.
O

Lemma A3.2. Let X, Y, and Z be Banach spaces. If S: X =Y and F:Y — Z be
two linear operators such that dim(kerF') < oo and S invertible, then dim(kerFS) <
00.

Proof. Since S is invertible then there is a linear operator S~! such that SS™(Y) =Y
and S71S(X) = X. Assume kerF = span{fi, fa, ..., fn}. Let f € kerFS then
FS(f)=0. Since S™}(Y) = X and f € X then there is g € Y such that S7!(g) = f.
Thus 0 = FS(f) = FSS™'(g9) = F(g) which implies that g € kerF. Hence g =
Sor . aifi, therefore f = 37" a;S7Hfi) so f € span{ST'(f1),ST (f2)...., ST  fu}.
Thus dimker(FS) < n.

[

Lemma A3.3. Let X, Y, and Z be Banach spaces. If F': X —Y and S:Y — Z be
two linear operators such that F' is a Fredholm operator and S is invertible, then SF
15 Fredholm.

Proof. SF is Fredholm operator if dimker(SF) < oo, dimcoker(SF) < oo and
Ran(SF) is closed. Lemma shows the ker(SF') has a finite dimension. For
the second condition, note that

coker(SF) = Z/SF(Y) = Z/(ker(SF)*)*

Hence dimcoker(SF) = dim(ker(SF)*) = dim(ker(F*S*))

Note that F' is Fredholm then dimker(F™*) = dimcoker(F') < oo, also S is invertible
which implies S* is invertible. Hence by lemma we have dimcoker(SF) =
dim(ker(F*S*)) < oc.
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For the last condition, Let {f,}22, € Ran(SF) be a convergent sequence to f € Z,
we need to show that f € Ran(SF). Note that for each n there is g, € X such that
SF(g,) = fn. since S7! is invertible then S~1(f,) = F(g,) is convergent to some
point w in the range of F' because Ran(F') is closed. w = F(g) for some g € X. Since
S is invertible then SF'(g,) converges to SF'(g) and since the limit is unique then
SF(g) = f hence f € Ran(SF). O

Lemma A3.4. Let X, Y, and Z be Banach spaces. If S: X —Y and F: Y — Z be
two linear operators such that F' is a Fredholm operator and S is invertible, then FS
15 Fredholm.

Proof. Similar to the proof of Lemma : O

Theorem A3.1. (Atkinson)
For a bounded operator F' : X — Y between Banach spaces the following statements
are equivalent.

(1) F is Fredholm operator.

(2) There ezist compact operators K from X to itself and Ky from'Y to itself and a
bounded operator S from X toY such that SF = Ix — Ky and FS = Iy — Ks.

(8) There exist compact operators Ky from X to itself and Ky from Y to itself and
a bounded operator Sy and Sy from X toY such that such that S1F = Ix — K;
and FSQ = Iy — Kg.

Corollary A3.1. If F : X — Y s a Fredholm operator, then for each compact
operator K : X —'Y the operator F + K 1is also Fredholm.

Proof. Since F' is Fredholm then by Lemma there exist compact operators Ky
from X to itself and K, from Y to itself and a bounded operator S; and S, from X
to Y such that such that S1F = Ix — Ky and F'Sy; = Iy — K,. It follows that
SI(F+K)=1x — (K; — $1K) and (F + K)Sy = Iy — (Ky — KS5).
Since the operators K; —S1 K and Ky — K S5 are compact and that implies by Lemma
F + K is a Fredholm operator.

O

For more properties of Fredholm operators see [9].

Definition A3.2. (Compact operator)

Let H be a Hilbert space. A linear operator 1" on H is compact, if it maps weekly
converging sequences into strongly converging sequences. Equivalently, a compact
operator T maps bounded subsets into relatively compact subset of H.

Lemma A3.5. The uniform limit of compact operators is compact.
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Proof. Let T be the uniform limit of compact operators T,,. Let z,, be a weakly
converging sequence, and let x be its weak limit. Then, by the Principle of uniform
boundedness,

]| < sup [lzm|] < M < oo

hence

1Tz — Tx|| < || T2m — Thxal| + | Tnwm — Tozl| + | T2 — T
<|T =T, || M + | Thxw — Tox|| + | T — T,|| M

The first and third terms can be made small by choosing n sufficiently large. Then
the middle term can be made equally small by choosing m sufficiently large, since all
T, are compact. It fallows that

|\ Tz, — Tx|| — 0

as m tends to infinity. That is, T'x,, converge strongly to T'x. Thus, 7" is compact. [J

Definition A3.3. (Hilbert Schmidt Kernel )
Let €2 be an open and connected set in n—dimensional Euclidean space R", a Hilbert—Schmidt
kernel is a function & : 2 x Q — C with

//|k(x,y)|2 dr dy < 0.
aJo

Theorem A3.2. Let T be an integral operator on L?[0,1] given by

10w = [ [ ke so) do dy

where K € L*([0,1] x [0,1]) is a Hilbert Schmidt kernel. Then T is a compact operator.

Proof. Let {e,(x)} be an orthonormal basis of L?[0, 1], then {e,(z)e,(y)} is an or-
thonormal basis of L?[0, 1]. Thus

k(z,y) = Z K men(2)em(y)

m,n=1

where

Define



where

kn(z,y) = Z Z konmen(T)em(y)

n=1 m=1

Note that the range of Ty is generated by {e1, e, ....,e,}, so Ty is bounded and
has a finite rank, so it is compact.

Note that
1 2
ITF — TSI — H [ )~ bate1(0) @

Lo ,

= [ (] o) = kvt ) dy)
1 1

2 k —k 2 dy d
< If1 / / k() — k(e y)? dy de
:”f||2 Z Z|kn,m|2

n=1+N m=1

since

Yo D kaml® < TKIP <00

n=14+N m=1

Hence as N — oo, |T'f — T f||> — 0. Thus T is the uniform limit of compact
operators, hence it is compact by previous lemma |A3.5]

]
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Notation Index

The following is a list of symbols used in this dissertation

Ri’)

f/
do f

n-dimensional real Euclidean space

1-dimensional real Euclidean

field of complex numbers

the Hilbert space of all complex-valued square-integrable functions on [0, 1]
the Hilbert space of all real-valued square-integrable functions on [0, 1]
supspace of the even functions of L%[0, 1] with respect to z = 1/2
supspace of the odd functions of L2[0,1] with respect to x = 1/2

the Hilbert space of all real real sequences (ag, s, ...) such that Y . a? is
finite -

the Hilbert space of all real real sequences (v, a, ...) such that Y -, (n*ay)?
is finite for £ > 0

set of the eigenvalues of the operator H

Spherical Bessel function of the first type of order .
Spherical Bessel function of the second type of order [.
derivative of the function f with respect to A
derivative of the function f with respect to x

derivative of a map f between two Banach spaces at a point z

[f,g] the Wronskin of any two differentiable functions f and g
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