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Abstract 

In  thi the i" e i ntroduce a new serie olution for mult i - teml fractional differential 

equation of Caputo' type. The idea i imi lar to the wel l -known Taylor Serie method, 

but we overcome the difficu l ty of comput ing i terated fractiona l  derivatives ,  which do not 

commuted in general . -:G i l l ustrate the e ffic iency of the new algori thm, we apply it for 

everal typ s of mult i - term fractional different ial equat ions and compare the resul ts with 

the ones obtained by the wel l -known Adomian  decompos i t ion method (ADM). 

Keywords: Fract ional d ifferent ia! equation , Caputo fractional derivative, Serie Solu

tion , Adomi an decompo i t ion method . 
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Chapter 1: Fractional Calculus 

Fractional cal u lu i a general i zation of integraJ and derivat ive to non i nteger order , 

ee [1] .  The idea of fractional calculu goe back to 1695, when L' Hopital ( 1 661- 1 704) 

wr te a 1 tter to Leibniz (1 646- 1 716) discu s ing the half order derivative. After that a 

lot of contribution have been achieved by many mathematicians in the field of fractional 

ca1culu . The wel l -known mathematicians L.  Euler ( 1 707- 1 783), 1. Fourier (1768-1830) , 

G.  Riemann ( 1826-1866),  1. Liou i l le (1809- 1 882) among other , have contributed to 

[hi field, and the reader i referred to [2] for the development and l i terature of fractional 

calculu . 

1.1 Basic Function 

I n  thi  ection, we i ntroduce several functions that wi l l  appear i n  the thesi . The e func

tion play an important role in  the defi n i t ion of fractional detivatives. 

1.1.1 The Gamma and Beta Functions 

The Euler Gamma function 1(Z) i one of the basic function i n  fractional caJculu , and i t  

i a general ization of the factoria l  function to non i nteger values. 

Definition 1. 1.1. The Gammafunction 1(Z) is defined by the improper integra l 

Vz E JR. ( 1 . 1  ) 

The improper integral defined i n  (1. 1 )  converges for al l  z E JR, except for non posi t ive 

in tegers. For pos it ive i nteger z, we have 1(Z) = (z - I )!, 

The main property of the Gamma function i s  the recursion relation 

1(Z + 1 ) = Z1(Z) 
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Figure 1.1: The graph of the Gamma runction 

which fol low� by int egrat ing Eq . ( 1 . 1 ) by part s .  F igure 1 . 1  depict the Gamma funct ion 

on it. real domai n .  

Proposition 1.1.1. The jol/ml'ing propertie oj the Gamma jUllction hold true. 

(1) 1( � ) = �ooo e ; dt = Vii, - ' \ I 

(2) 1(:::)1( 1 - :::) = ,i:7r-::" jor nOll integer:::. 

3) r( + 
I ) _ Ix3 5x .. x(111-1) r:;; - (211)' r:;; fi ' . ' , ' . ( 1. 11 2' - 2" V 7r - 4/111! V 7r. or al1) posltn e lnlegel 11. 

(4) 1(� - 11)['( � +11) = (-lY7r,jor any pO itil'e integer n. 

For the proof the reader i referred to [1, 3]. 

A very related funct ion to the Gamma funct ion i the Beta  funct ion .  The Beta  funct ion 

i. u ed to prove ome propert ie  of the Gamma funct ion and it has been u ed in the 

computat ion of the fract ional i ntegral and derivat ives [1, 2]. 

Definition 1.1.2. The Beta junction f3 (::: . w) is defined by 

l-rhere ;:: . "V> O. 

The Gamma funct ion i connected with the Beta funct ion v ia  the relat ion 

1(;::)1( w) 
f3(:::.w)=f3(w.;::)= 

( )
' 

['-+w 

( 1 . 2) 

( 1 .3) 
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1.1.2 The Mittag-Leffler Function 

The Mittag-Lerner function i� a generalization of the E ponential function [ I] .  The 

wed! h mathematician Magnu� Gustaf Mittag-Lerner (J 46-1927). ha. introduced the 

one parameter Mitlag-Leffl r function, which i de fined b 

00 .k 
Ea(- ) = K 1(a:+ I)" a > 0. 

Later on. garwal in  1 953. has de fined the two parameters Mittag-Leffler function Ea.{3 ( - ) , 

ee H. 5 ] ,  a. a generalization to the one parameter Mittag-Leffler function 

( 1.4) 

The fol lowing properties of the two parameters Mittag-Leffler function hold true and the 

proof can be obtained direct ly from the definition of the Mittag-Leffler function . 

(1) Ea.{3(O) = r(�)' for a l l  a.{3 > O. 

(2) Ea.1 (::) = Ea(::). 

(3) ELI (::) = Lk 0 r(k� I) = e-:'. 

() ,,00 .k I ,,00 .).- I I (- 1 ) (4) EI.2 . .: = L..k 0 l(k+2) = :- L..k-O (k+ I ) 1 = :- e� - . 
( ) 00 .1.. I ,,00 .).-.-2 I (- I ) (5) El.3:: = Lk=O r(k+3) = � L..k 0 (k+2) 1 = � e - - ::. 

(6) 

(7) 

(8) 

I ( . ,,111-2 _J..) E I.m = -:.111- J e� - L..k 0 h . 111 E N. 

( '1 ) 00 .21.. ,, 00 .2J.. h( ) E2.1 - - = Lk=O q2k+1) = L..k=O (2k)! = co :: . 

Figure 1 .2 and l.3 depict the Mittag-Leffler function for different parameters on their 

real domain .  We have the fol lowing i mp011ant recur ion of the Mittag-Leffle r function. 



- rl(z) 
- [�(z) 

-s -4 -J -2 -1 

Figure 1.2: One parameter Mittag-Leffler function for different alLies of a. 

- E1.1(z) 
- Eu(z) 
- Edz) 
- El Jlz\ 

5·:1 

- s�---- -
-----10 

Figure 1.3: Two parameter Mittag-Leffler function for different values of ex and f3. 

Proposition 1.1.2. For cx. f3 > 0 and for � E R the follm�'il1g hold true. 

(2) Ea./3 (-) = f3 Ea./3+ 1(::) + cx- 1: Ea./3-;-1 (:::) . 



Proof ( 1 )  We ha e 

Ea,{3 (z) 
00 .J<. 

= L '-
k=O 1(ak + 13) 

1 00 ..k 
= r(f3) + 

k� 1(a�+ 13)' 

By h ift i ng the i ndex to zero, we have 

] 00 k+ l 

= r(f3) + k� r(a(k
Z
+ 1)  + 13) 

l 00 z.k 
= 1(13) +z fa 1(ak+ (a + 13)) 

1 = 1(13) +zEa.a+{3(:::)' 

which proves the resul t .  

(2) We star t  wi th the right hand ide, 

5 

00 13 z'< 00 akzk 
= k� r( ak + 13 + 1) + 

k�l r( ak + 13 + 1 )  

and the proof i s  completed. 

13 00 ( ak + 13) l = r(f3 + 1)  + 
k� r(ak+ 13 + 1)  

00 (ak+f3)z.k = fo r( ak + 13 + 1 )  
00 t 

= k�O r(ak+ 13) 

o 

Remark 1 . 1 . 1 .  I t  i s  wor th mention i ng that the power series expansion of the M ittag-

Leffler function converges un iformly on JR. The proof can be obtained directly us ing the 



Ratio te t and the Weier tra M-Te t .  

1.2 The Riemann-Liouvj]]e Fractional Integral 

6 

The Riemann-Liouvi l le fractional i ntegral i a natura l  exten ion of the fol lowing well

known Cauch FOffi1U la for n-fold in tegral, ee [ 1 ,  6] . 

The abo e Cauchy fonnula al id for n E N and a ,  t E R The new approach was intro

duced by rep lacing 17 by a non i nteger number a and r( a ) i n  tead of (a - I)!. 

Definition 1.2. 1. For a > 0, l > a, and a,t E lR the Riemanll-Liollville fractional integral 

of order a is defined by 

t E [a , b] ( 1 .6) 

provided that the integral exists. 

I f  f(t ) E L l [a, b] ,  then the product (t - -rYI.- lfCr: )  E L l [a, b]' and the above in tegral 

exi t . 

Proposition 1.2.1. Let f g be two continuous junctions , thell for a, f3 > 0, the following 

hold tme. 

(J ) l�+ f ( t )  = f ( t ) . 

For the proof the reader i s  referred to ( [ 1 ] , p.65-67) . 



Propo ition 1.2.2. For J! > -1 alld t > 0, it holds that 

Proof We have 

By ,ub t i tut ing {( = f. we have 

tCX+J1 !O' 
= -- (l-u)CX-'lIJ1du 

r(a) 0 

,cx+J1 

= 
{3(a

,J! + l)
r(a) 

r( a ) r(J! + 1)  tcx+J1 
r(J!+a+l) qa) 

r(J! + 1)  ,J1+cx 
r(J!+a+l) 

1 

and the re u l t  i proved. 

7 

0 .7)  

o 

Before di cu ing the propelt ie of the Riemann-Liouv i l l e  fractional in tegral ,  we need the 

fol lowing theorem . 

Theorem 1.2.3 ( [7], Theorem 8 .2 .4, pp.237).  Let (ill )  be a sequence of Riemann inte-

grable functions on [a bj, and suppose (in) converges uniform ly on [a, bj to f. Then f is 

Riemann integrable and 

l im rb fndf = rb fdf. n�ooJa Ja 

Theorem 1.2.4 ([7 ] ,  Theorem 9.4.3, pp.267). Suppose that the sequence of real-valued 

functions fll n E N, are Riemann integrable on [a bj . If the series Lfn converges to f 
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uniform!. .... on [a . bj, then f is Riemann integrable and 

Theorem 1.2.5 ( [ 7 J ,  Theorem 9.4 . 1 2 , pp.270). A power series can be differ entiated term-

by-term within (he imerval of convergence. In facr. if 

f(x ) = [;:'=o all'�\ COl/verge forlxl <p. then J ' (x ) = [;:'=1 /wl1xJl-1 convergesforlxl <po 

That is. both serie have the ame radius of convergence p. 

Theorem 1.2.6. Let [k=o ik be a eries of integrable functions that converges uniformly. 

Let ex E jR+, 11 - 1 < ex < II, and I > a. Then 

Proof For ex >  0, we have 

1 1/ 
00 

= -
(

-
) 

(t _-r )a-I L fk ( -r )d-r , 
r ex a k=O 

1 1/ 
00 

= - (- ) L (t - -r )a-1 fk (-r )d-r . 
r ex a k=O 

( 1 .8) 

Becau e of the uni form convergence of fb then Lk=O (t - -r )a -1fk (-r ) i s  also uni formly 

convergent, and using Theorems 1 . 2 .3 and 1 .2 .4, we have 

1 00 I 
= - (- ) L 1 (t _-r )a- l fk ( -r )d-r 

r ex k=O a 

which completes tbe proof. 

Under certain condi t ions,  the above result vali d  for fractional d ifferen tial operators, as 

o 
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we wi ll see later on the R iemann-Liou iUe and Caputo fractional derivative . 

Propo ition 1.2.7. Let a,a.b E lR+ , n  E N.n - 1  < a < 11, and t > O. Then 

( 1 .9) 

Proof i nce f(t ) = tb-1 Ea.b (Afll ) can be repre ented by the convergent power serie 

then u i ng Theorem 1 .2 .6, we have 

pplying Propo it ion 1 .2 .2 ,  we have 

and the proof is completed. 

00 A k tak +b- l+a 
= k�r(ak+b+a) 

The recur ion in  Eq. (1.9) i s  of i nterests, a we can apply i t  to compute the fractional 

in tegrals and derivatives of many function . Below are some examples. 

( 1 )  Consider f (t )  = e' = E1 . I (t ) .  Applying Eq. ( 1 .9 )  with a = I,b = 1, we have 

o 

( 1 . 1 0) 



1 0 

(2) Con. ider f (t )  = cO ' h (t ) = E2.1 (t
2 ) .  Applying Eg. ( 1 .9) with a = 2,b = I ,  we have 

(l .11) 

(3 )  Con ider f (t ) = inh ( t ) =t E2, 2 (t 2 ) . App1ying Eg . ( l .9) wi th a =2 b=2, we have 

(4) Con ider f (t )  = s in (l ) . The M i ttag-Leffler repre entation of s in (t ) i , 

. ( )  
E l ,l (it )- EI.J (-it ) 

SIn 1 == 
2i 

. 

Applying Eg. ( 1 .9) ,  we have 

Ig+ EI ,1 (it ) - lg+ EI.I (-it ) 
2i 

ta EI, I+a (it ) - fa E1,I +a ( -it ) 
2i 

(5) Con ider f (t )  = co (t ) .  Fol lowi ng analogolls steps in (4), we have 

1.3 The Riemann-Liouville Fractional Derivative 

( 1 . 12 ) 

(l .13) 

0 . 1 4) 

The R iemann-Liouv i l l e  fractional derivati ve i s  defined as the i nverse operator to the 

Riemann-Liouv i l le fractional i ntegral 1:+ . 
Definition 1.3.1. Suppose that (J == n - ex where 0 < (J < 1 and n is the smallest pos-

itive integer greater than ex. Let f (l )  E en [0 Tj, then the Riemann-Liouville fractional 
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derivative of f (t )  of order a is defined by 

(1.15) 

where D" i the normal dh derivative and Ig+ is Riemann-Liouville fractional integral of 

order (5. 

It is clear that for a = k E 7L, then n = k + I, and 

which is the Ilormal derivative of f (/ ) ,  see [1,2,6]. 

In the fol lowing, we pre ent some ba ic results of the Riemann-Liouvi l le  frac-

tional  derivat ive . 

Proposition 1.3. 1. For Il - 1 < a < 11, (5 = n - a, and t > 0, we have 

Da (tJl) = 
1(,11+1) 

tJ.1-a . R 0+ 
1(,11 - a + 1) 

Proof Since 

then 

a (J.1) = Dfl (Icr tJ.1 ) = Dn ( 1(,11 + 1) tJl+cr) RDo+ t 0+ 
1(,11 + (5 + 1) 

1(,11 + 1) 1(,11 + (5 + 1) tJl+cr-n 
1(,11 + (5 + 1) 1(,11 + (5 + 1- n)  

1(,11 + 1) tJ.1-a 
1(,11 - a + 1) 

) 

which completes the proof. o 



Remark 1 . 3 . 1 . For J1 = 0, we ha e 

Da C n-a- I d c t  ( ) dll 101 -a 
C - - t-7: 7:-R 0+ - nn - a )  dtll 0 

( )  -
r(-a+ 1 )  

that i the Riemann-Liouv i l le fract ional deri vative of a con tant function i not zero. 

Propo ition 1.3.2. Suppa e that a, a,b > 0, and n - 1 < a < fl, then for t > 0 

1 2  

Da (tb I E (Ala)) -tb-a-1 E (Ata) R 0+ a,b - a,b-a 0· 1 6) 

Proof For 1 1  - 1 < a < Il, (J = n - a ,  we have 

ing Eq. ( 1 .9), we have 

S ince the M ittag-Leffler function is wri tten in the fonTI of power series, us ing Theorem 

1 . 2 .5 ,  we have 



ince a = n - cr, then 

and the pr of i completed. 

A a direct imp lementation of the above resul t ,  the fol lowing hold true.  

(J ) For a,r > 0, a = 1 ,  b = 1 ,  A = 1 ,  we have 

(1) For a,l > O , a = 2,b = 1 A = 1 ,  we have 

(3) For a t > O,a = 2,b = 2,A = 1 ,  we have 

(4) For a,l > O,a = l,b = 1 ,  we have 

and 

RDg+ EI , 1 (it ) -R Dg+ El,1 (-it )  
2i 

t-a E l , l-a(it) - t-a E l ,l -a( -it ) 
2i 
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1 4  

1.4 The aputo Fractional D ri ati e 

orne phy ical problem , e pecia l ly i n  the theory of vi coela t ici ty and i n  heredi tar y  sol id 

mechanic , are model led by fra tional d ifferential equation . Mode l l i ng by the Riemann-

Liou il le fractional der ivati e require boundary and i ni t ial condition of fractional order, 

wh ich d e�n' t fit wi th the phy ical meaning of the prob lem. Therefore, M .  Caputo has 

introduced a new defini tion of fractional derivative that requ ire natural boundary and 

in i t ial condi tion [ 1 , 2,8 ] .  In this the i we are intere ted in the Caputo fractional operator, 

and we denote the Caputo fractional deri ative of order a by Dg+f (t ) .  

Definition 1.4.1. The Caputo jraCliollal derivative of order a > 0, n - 1 < a < n of a 

jlll/ction f (t )  E CII [0, TJ is defined by 

= jll-a (�f (t )) 0+ dtll 

_1_ (1 (t - 'r)Il-a- J f(l/) ('r )d'r if Il - 1 < a < n nil-a) JO ' 

ija = n E N. 

( 1 . 1 7) 

The Caputo fract ional derivative is connected with the Riemann -Liouvi l le fractional 

deri ative t hr ough the fol low ing relat ion.  

Theorem 1.4.1. Suppose that f E CIl[O TJ,t > 0 a E �+. and n - 1 < a < n E N, then 

( 1 . 1 8) 

Proof We have 



In tegrating by part ( 11- 1 ) t ime , one can verify that 

Thu, , 

II-I 1(n -ex + k + l ) f-a+kfk) (0) 
= to 1(n -ex + k - n + 1 )  r( n -ex + k + 1 ) 

r(2n -ex )  1 lot 
+ (t - -cr-a-I j(l1) (-c )d-c 

r(n -ex )  r(2n -ex )  0 

II-I t-a+"j(k) (0) 1 lol 
= L, + (t - -c )"-a-I f") (-c )d-c 

k=O r(k + l-ex ) r(n -ex )  0 

II 1 t-a +k j(k) (0) a = k� r(k + 1 -ex )  
+ Do+j ( t )  

which comp lete the proof . 
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Remark 1 . 4 . 1 .  If fk) (0) = 0, for k = 0, . .. n - 1 ,  then the Riemann-Liouvi l le  fract ional  

derivati e i equi valen t  to the Caputo fractiona l  derivat ive. 

1.4.1 Properties of the Caputo Fractional Derivative 

In the fol lowing, we pre ent some properties of the Caputo fract ional derivative. The 

fir t property is the l inearity property which can be verified through the defin it ion .  For 

CI ,C2 E lR and ex E lR�, we have 

Proposition 1.4.2. Let /1- 1 < ex < n n E N, ex E lR+, j ( t )  E CI1+1 [0 TJ, then thejollow-

ing properties hold true 

( 1 . 1 9) 



Proof For n - 1 < a < n, we have 

d T . 11 

I ntegrating by par t  wi th  Ll = J(/l)(T ) and dv = (t - T ),,-a-1 d T , yield 

a 1 j(l1) (0) 1 lot j(n +l)(T ) D + t = + dT. o j( )  
r(n - a) la-11 r(n - a) 0 (t - T )a-11 

For a --t 11, \ e have 

Dg+j(t) = j(l1) (0) + fa' j(I1 +1)(T )d T 

= j(I1)(/ ) . 

For a --t n - 1 ,  we have 

Dg+j(t) = rjC n) (0) + fa' (t - T )j(n+1)(T )d T 

= fal j(n) ('r )d T 

= j(Il-J)(t ) _ j(Il-1)(0), 

and the r esul t  i fol lowed. 

Proposition 1.4.3. For mE N a > 0, we have 
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( 1 .20) 

o 



Proof Forn-l <a <n .a E IR  ,m.n E , we have 

1 101 (Dill f(, r)) (1'1) 
= d� 

r(/1 - a)  0 (r - �)a+l-/'1 

1 101 f(Jl+m) ( -r ) 
= d� 

r(n - a) 0 (t - �)a+l-ll . 

1 7  

i nce n - 1 < a < 11, then III + 11 - 1 < a + In < n + m .  Let f3 = a + In, N = n + m then 

DfJ f() Da+l1Zf() 
1 r fN) (-r ) d 0+ [ = 0+ f = r(N - f3 ) Jo (t_�)f3+I-N -r . 

ow, N - f3 = III + 11 - a - III = Il - a and f3 + 1 - N = a + III + 1 - m - Il = a + 1 - n, 

thu 

1 101 j(n+m) (-r) 
Da+mf(t) = d� = Da DII!j(t) 0+ r(n - a)  0 (t - -r)a+l-n 0 ' 

which complete the proof. 

Remark 1 .4.2. I n  general the Caputo fractional derivative is not commutative , i .e, 

A a counter example, we consider j (t) = t a = 1, m = 1 .  

We have 

while 

The fo l lowing resu l t  concerning the composition between the Riemann-Liovi l l e  

o 

fract ional i ntegral and the Caputo fractional derivative, wi l l  be used i n  so lving fractional 

differential equations .  



1 8  

Pr po ition 1.4.4. For a, f3 > 0, Il - 1 < f3 < n E N and! E en [0 , T), �ve have 

fa (Df3 ! (f )) = la-f3! (/ ) _ /�I r(k+ 1 ) fk+a f3 !(k) (0) 
( 1 .2 1 ) 0+ 0+ 0+ k�O r(a - f3 +k+ 1) k!  

. 

Proof From the defin i t ion or the Caputo fractional derivative, we have 

Applying 19+ for both ides, and u ing the fact that the Riemann-Liouvi l le integral is 

commurative ,  we ha e 

mce 

we have 

and the proof i s  completed. 

11-1 tkf(k) (0) 
lo+ DI1 f(t )  = f(t) - L 

k'  ) 
k= O . 

1.4.2 Computations of the Caputo Fractional Derivatives 

o 

I n  the fol lowing, we presen t  the Caputo fractional derivatives of some wel l-known func-

t ions .  
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Propo ition 1.4.5. For 1l- 1 < ex < n , n E N, t > ° 

° ifJ1 E {O,L .. . ,n - l} 
(1.22) 

r(Jal} tJ1-a lifJ1>n - l. r(J1-a+ I) 

Proof For f.1 > II - L we have :/� (tJ1 ) 1/=0 = ° for k = 0, .. . n - 1 ,  and Theorem 1.4.1 

yields 

a (,11) a ,11 r(f.1 + 1 ) J1-a Do+ I =R Do+t = r(f.1 _ ex + 1) 
t , for J1 > n - 1 .  

It i clear that for the ca J1 = 0, 1, . .. , 11 - 1 ,  

which complete the proof. o 

Remark 1 .4 .3. For a > 0, J1 < n - 1, where J1 i non integer number, the Caputo fractional 

deri vative of f(t) = tJ1 doe not exi t. S ince of any order a > 0, we have 

and the function tJ1-n is not in tegrable. 

Proposition 1.4.6. Let f(t) = EJ,l (At). For a,l > 0, we have 

Proof U ing Proposit ion 1.3.2, we have 

(1.23) 



pplYlng Theorem 1.4. J . we have 

ince 1(k)( 0 )  = Ak for k = O . . . .. n -1, we have 

Shift ing the inde to zero. yield 

A k+ lltk-a +1I 
= k�r(k+ J - ex + n ) 

'11 -a +nE ( 1 ) = A t I,l-a +n At 

th proof i completed. 
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Remark 1"+"+. Unl ike the R iemann-Liouvi l le  fractional derivat ive, the Caputo fractional 

deI ivative of the M ittag-Leffler function does no t always exist . 

Proposition 1.4.7. For n - 1 < ex < 1 1 ,  a = 2, b = 1 and t > 0, we have 

n-aE (t2) t 2,n +l-a 

Proof Using Theorem 1.4. 1, and for n - 1  < ex < n ,  we have 

if n is even number 

if n is odd number. 

( 1.24) 



LOce 

1 ( )k+ 1 
fk) (O ) = - - 1 

2 

and 

we ha\e 

Ca e 1: If 17 i e en, then 1 1  - 1 i odd, and thu 

h ift ing the index to zero, we have 

00 t2k+n-a 
= 

tor(2k+n+ 1 - a) 
ll -aE ( 2) = t 2.n +l -a t . 

Case 2: I f  n i odd, then n - 1 i s  even, and thus 

Shift ing the index to zero, we have 

00 t2k + n +l -a 
= 

1r(2k+n+2- a) 
n +l -aE ( 2 ) = t 2,n +2 -a t ) 
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and the proof i completed. 

Propo ition 1.4.8. For rz - 1 < a < n, a = 2, b = 2 and f > 0, we have 

ifn i even number 

if n is odd numbe r. 

Proof U ing Theorem 1.4.1, and for Il - 1 < a < 11, we have 

S ince 

and 

we have 

) 00 t2k +l -a n-l tk-a 
Dg+ (t £2.2 (t2) 

= k� r(2k + 2 - a) 
-

k� r(k + 1 - a)' 
k odd 

Case 1: I f  n is even, then n - 1 i s  odd, and thus 
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0.25) 



hift ing the index to zero ,  we have 

00 t2k+n+l-cc 
= k�r(2k+n+2-a) 

11 +1-CC E ( 2 ) = t 2,11+2-cc t -

Ca e 2: I f  n i odd, then n - 1 i even, and thus 

h i ft ing the i ndex to zero, we have 

00 t2k+ I1-CC 
= 1r(2k+n+ 1 -a) 

Il-CCE ( 2) =t 2,1l+1-a t 

which completes the proof. 

Proposition 1.4.9. For 11 - 1 < a < nand t > 0, we have 

and 

CC ( - ) 1 -n -I ( -a+11 - 11 + 1 -a+11 - ) Do+ m(t) ="21 t El, I-a+n(lt) + (- 1 ) t El, l-a+n(-tt) , 

Proof We represent f(t) = s in (t ) by the M ittag-leffler function 

_ ( )  El l (it) -E I I ( -it) 
SIn t = > , -2i 
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Thu . for Il - 1 < a < 1'1, we ha e 

Dg+f(l) = ;iD
a ( EI,I (it) - EI,l (-it)) 

= ;i ( Da E 1, I (it) -Da E 1,1 ( -it) ) , 
Applying the re ult i n  Prop i t ion 1.4,6, yields 

a ( ) 1 ( 'Il -a+1l ' , Il -a+1I ) Do+ in(t) = 
2 i I I E1, I-a+n(lt) - ( -I ) t E] l-a+l1( -it) 

=�il1 l (t -a+II E _ (it) + (_l)I1+II-a+nE ( _' ) ) 2 1, 1 a+11 l.1-a+1l It , 

pplying analogou tep for f (t) = co (I ) and using the relation 

yield 

co (t) = El.l (it)+ El,I (-it) 
2 

a ( ) _ 1 'II ( -a+n ' . 11 -a+1I ' ) Do+ co (t ) -21 t EI,l-a+fl(lt)+ (- l)t El,l-a+n(-zt), 

which completes the proof. 

1.5 Fractional Differential Equations (FDE's) 
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Fractional  differential equation are a generalization of d ifferential equations to non in-

teger order , I n  this thesis ,  we are concerned w ith the fractional d ifferential equations i n  

the Caputo's sense, 

The fonowing in i tia l  value problems of  the fi rst and the second order, 

y' (t)-Ay(t) =0, 

y (O) = a, 

t > 0, 

a E JR., 
( 1 .26) 



and 

y"(t ) - Ay(t ) =0, I> O .A > 0 

y(k) (0) =ak, a E IR k = 0, 1 

po. sese e the e act olut ion 

y(t )  = aeA1 

and 

a I . r-:: r-:: y(t )  = � mh (v At ) + aocosh(v At) , 

re pect ively. 
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0·27) 

A natural que tion is, what about if we replace the i nteger derivatives by fractional ones? 

Then we have new fractional ( I .VP' ) of the fol lowing form 

and 

O < cx < l t>O A>O 
y(O) = a, a E IR 

Dg+y(t) - Ay(t ) = 0, 1 < cx < 2, t > 0 A> 0, 

y(k) (0) = ak , ak E IR,k = 0,1. 

0.28) 

( 1.29) 

To find the olutions of the above (I .VP' ), we use the Laplace transform method. We 

have the fol lowing facts about the Laplace transfoffilation method. 

Definition 1.5. 1. Let f(t ) be an integrable function on [0,00). The Laplace transform of 

f is the function F defined by the integral 

2(j(t) )  = F(s) = 1000 e-Sl f(t )dt . 



Propo ition 1.5. 1. The Laplace Iran fonnatioll of the conl'oiwion of f (t) and g(t) is 

!£ ( j (t) *g(t)) = !£ (j (t))!£ (g(t)), 

)'vhere 

f (t) *g(t) = fol f ( l --r)g(-r)d-r. 

Propo ition 1.5.2. Let f ( l) E e" [0, 1 ] then 

1. The Laplace tran formation of lhe nIh derivative of f ( /) is 

11- 1 
!£ (J(n) (t)) = s"F (s) - L. il"-k-I) (O). 

k=O 
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2. The Laplace tra llsfonnation of the Caputo fraclional derivative of order a of 
f (t) is 

n-I 
!£ (Dg+f (t)) = saF (s) - L. sa-k-llk) ( O) 

k=O 

H.-here n - 1 < a < n. 

The reader i referred to [9, 1 0] for more detail s  and proof . 

The problem ( 1 .28)  and ( 1 .29) can be o lved using the Lap lace transformation method. 

Apply ing the Lap l ace transform for the r.VP ( 1 .28) ,  we have 

which impl ies that 

say (s) -sa-l f (O) -AY(S) = 0, 



where yes) = .,Z-'(y (t ) ) .  Thu 

\: hich i the Laplace tran, form of 

and the exact olut ion i obtained. 

Applying analogous tep, for olv ing the fractional LVP 0.29), yield 

which i the e act olut ion .  

lnce 

and 

') at 2 = aoE2,t (Af) + 
VI

t E2.2(A[ ) 

r;\ ar .  r;\ = ao cosh (v At ) + 
VI 

smh (v At ) . 
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The olu tions of the fractional LVP's ( 1.28) and (1.29) converge to the olut ion of the 

I .VP's ( 1.26) and (1.27) with in teger orders as a approaches to 1 and 2, respectively. 

1.6 The Adomian Decomposition Method (ADM) 

I n  th is thesi , we are i nterested i n  the Serie  solut ion of  (FDE's) .  The (ADM)  i s  one of 

the common methods in solv i ng (FDE's) .  In the following, we present the idea of the 

(ADM).  

Consider the fol lowi ng d ifferential  equation Fy = f, where 

Fy = Ly+Ry+Ny = f. (1.30) 
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Here L I the l inear part of F, which i i nvertible, R i the l i near operator for the remainder 

of the l inear part, and N i the nonl inear operator for the nonl inear term of F. From 

Eq.( 1 .30), we have 

Ly = f -Ry-Ny. 

pplying the inver e operator L -I for Eq. ( 1 .3 1 ), we have 

whereg(t ) =L-1f(t) . 

The domian decomposit ion method represen ts the olut ion by an infin i te 'eries 

y(t) = [ y,, (t) 
11=0 

and the non l inear tenn Ny i s  decomposed by 

Ny = [ An(t) ,  
11=0 

( 1 .3 1 )  

( 1 .32) 

where An ' are the wel l -known Adorn ian polynomial that can be obtained by the fonnula, 

ee [ 1 1 ] , 

1 dl! ( (00 k ) ) I An = , �  N [ A Yk(t) . 
n .  dl\, k=O A=O 

Thus, 

00 
= g(t) -L-IRC�

o
Yn(t)) -L - 1 

n
�

o
An(t) 

00 00 
=g(t) - [ L-1R(Yn(t)) -L-1 [ An(t) 

n=O n=O 

( 1 . 33)  



Then, 

)-'n I determined equential ly a. fol low 

Thu , 

)'O (t) = g(t) 

Yn +l (t) = _L-IR(Yn(t))-L-I(An(t)),n�O. 

� � � 
LYIl(t) = g(t) - L L -I R(Yn(t)) - L L -1 (An(t). 

11=0 11=0 n=O 
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( 1 . 34) 

It i worth to mention that, i n  mo t ca es, we choose L to be the l i near part .  In th i s  ca e, 

R = 0 and .I'll can be determ i ned by 

yo(t) = g(t) 

A l  0, we use to choo e )'0 so that i t  sat isfies the in i t ial conditions given in the problem. 

The remaining Yi, i � 1 ,  sat i  fy the homogeneou in i ti al conditions. For more detail and 

everal appl ications of the (AD M )  the reader is referred to [ 1 1 , 1 2 , 1 3 , 1 4, 1 5 , 1 6] .  

To explore the idea we  apply the (ADM) for a first order non l inear (IVP). 

Example 1.6. 1. Consider the 1. VP 

y' (t) =/(t), t>O 

subiect to y (O) = 1 .  

I n  this case, L(y) = Jty,N(y) = -/(t) and f (t) = O. 

The i nver e operator of L = :1' i s  L -1 = J�(.)d'!. 

Applying the inverse operator to the above (I.v.P), we have 

( 1 . 35 )  



Lel y(r ) = [;;' OY Il (t) .  

The domian polynomial obtained by the fonnula ( 1 . 33 )  are 

Ao 

)'1 

)'3 

= ( f: A k Yk (t )) 2 1 = )'6 , 
k=O A=O 

= ;� ( ( f: A kYk (t)) 2) 1 = 2),oy I ) 
k=O A=O 

? 
= 2.1'0)'2 +YT 

= 2YOY4 + 2)'1)'3 + .vi , 

L -IA L-I 2 L-11 = 0 = Yo = = t, 
L -1A L-12 

2 
= 1 = YOYI = t , 

= t-l . 

Cont inu ing with th is  proces . we have 

y(t) = L til 
11=0 

which i the Taylor series expansion of the exact solution 

1 y(t) = 1 _ t · 
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( 1 .36) 



1 

Chapter 2 :  Multi-Term Fractional Differential Equations 

There are e eral analytical and numerical technique for olv ing fract ional d i fferential 

equation . One f the e technique i the eries olut ion, where the terms of the erie 

are d termi ned equent ia l ly. S uch solut ion can be obtained by the Adomain decompo

it ion method and the d i fferential tran formation method, for more detai l s  about these 

method the read r i referred to [ 1 2, 1 3  J 4, 1 7 , 1 8, 1 9] .  Recent ly Dr. A1-Refai et all [20] 

have i ntroduced a imple algorithm to obtain the erie olut ions of one-term fract ional 

d i fferential equation wi thout the need of computing i terated fractional derivative, which 

do not commute in  general .  In thi the i , we general ize thi a lgori thm to solve mult i -

term fractional d ifferent ia l  equat ion of everal types. We start w ith two-term fractional 

d ifferent ial equation . 

2.1 Two-Term Fractional Differential Equations 

We con ider the tlvo-termjractional initial value problems of the form 

t> 0 

wi th 

u (O) = b, 

(2. 1 )  

(2 .2)  

where 0 < a2 < at < 1 ,  c ,  and C2 are nonzero con tants. We as urne that f (t , u(t)) i s  

continuous  with respect to  t and smooth wi th respect to u(t) . We also assume that at and 

a2 are rational numbers wi th al = f!..L and a2 = Pq2 , Pl P2 ql , q2 E N. Let q = Icm(q t , q2) , q
l 2 

we have q = sq, = rq2 for some s r E N. 
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We expand the olut ion of the problem (2 . 1 )-(2.2) in an infin i te ene of the form 

co 
u (r )  = L al1t � 

11=0 

where the coefficient all ' 11 � 0, ha e to be determined equential ly in the fol lowing 

manner. From the in i t ia l  condition (2 .2)  we have 1I (0) = b = ao . 

For 11 > 1, \: e ha e 

and 

By ub t i tut ing Eq.'s (2 .3 )  and (2.4) i n  Eq.(2 . 1 )  we have 

(2 .3 )  

(2 .4) 

(2 .S ) 

Applying the wel l -known Taylor series method to compute the coeffic ients {an ; n  � I } , 
wi l l  lead to computi ng i terated fractional derivative , which do not commute in  genera l .  

To avoid thi d i fficul ty let t = wq, we have 

co 

Shift ing the i ndex to zero, yie lds 

co co co 

(2.6) 

c ] L an+lSn+ ] W
n-sP I + ]  + C2 L an+ l rn + l wn-rP2 + 1 = f(wq L anwll). (2 .7)  

n=O n=O n=O 



To avoid the ingulari t at w = 0, \ e mult ip ly Eq. (2 .7)  by H,sPI - I , we have 

00 00 
C I E an+ 1 n+ l tVIl + C2 E all+ l rll+ p1/,-rP2+SPI = WSP1 

1/ 0 II 0 

00 
1 f( q , 11 ) W , L...J QI1W . 

11=0 

33  

(2 .8 )  

Now, ince a l  = l?l = ...l!l > rp2 = E!1. = a2 thu P I  - rp2 > 0, and the Eq. (2 .8)  has no q l  q q q2 ' 
i ngu lar i ty at IV = 0. 

k 00 
C I  E GI1+ 1 11 1 wI) + E (c l al/+ I 1l+ 1 + c2all_krll_k ) t1!1 = \Vk+rp2g (w) . (2 .9) 

11 0 l1=k+ 1 

We fi rst detenn i ne the coeffic ients all for 11 :s; k. By performing the nth derivative of 

Eq. (2.9) wi th re pect to w and ubst i tut ing IV = 0, we have 

which yield 

d'l 1 _ ( ,k+rp2 ( ) ) 1  C I Il . GII+ I SII+ I - -- H g \V w=O 
dw" 

1 d" ( ( 00 ) )  I '+rp, q /1 G/1+ 1  = w" �f w ,  E
. 

QIl IV . 
C I n ! SI1+ 1 dlV/1 n=O w=O 

S i nce k + r P2 2: 11 + 1 for n :s; k and f i s  smooth then 

for n :s; k, and hence Gn+ 1 = ° for n :s; k. 

(2 . 1 0) 

For n 2: k + 1 ,  by performing the nth derivative of Eq. (2 .9) wi th respect to IV and substi-

tuting w = 0, we have 



ing the wel l -known Leibniz rule  for di fferentiat ing the products. we ha e 

S i nce 

dll 11 (Il) dJ d"-j _(wktrp2g(w)) =" . -. (Wk+rp2 ) --. (g (w)) . dw" !-- J dwl dwJ1-1 
1 =0 

. { o dl k+rp2 _ -. (w ) I w=o -
d\\'l . , J .  

we ha e 
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11+ 1 + C2 all
-
k rl1-{.; = ( 

1
.
) , 
(

d

dll
-� . g (  w)) I . where j = k + rp2 . (2 . 1 1 )  n - J . wil l  11'=0 

From the la t equation we can detelmine an : II 2 k + 1 and thus the olut ion 

00 00 
ll (t) =L an t � =ao + L all t � . 

n=O n=k+ l 

Remark 2 . 1 . 1 .  The coefficients an+ 1 , 11 ::; k, are not necessary zeros i f  f i not smooth. 

Thi case wi l l  be d i scu sed later in Example 2 . 3 . 2 .  

To i l l u  trate the idea we consider the  fol lowing problems. 

Example 2. 1. 1. Consider the two-tennfractional initial value problem 

'with 

I 5 i � _ 3r(3/4)t4 6r(3/4) t�  
Do+ u(t) + Do+ u(t) - r( 1 /4) + Sr(S/8) , 

u(o) = o. 

(2 . 1 2) 

(2 . 1 3 ) 



3 The exact ollition i u(t) = t 4 . 
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We have al = � = � , a2 = 1. = � , q  = I . c.m(ql , Q2) = 8, S = 4 and r = 1 .  We expand 

the solution in an in fi n ite elie of the form u(t) = [.;;'=oal/t &. The in i t ial condit ion in  

(2 . 1 3 ) yield ao = O .  

(1 ( 
q ( )) 3r(3/4)w2 6r(3/4}H,s 

We ha e I = IV = w and f W Ll W = [( 1 /4) + 5[(5/8) . 
ince f( wq . l l (  w) ) i s  cont i nuou with re pect to w and mooth with respect to u, we have 

an +l = 0 for 11 :::; k = SP l - rp2 - 1 = 2 .  

Thu, a I = (/2 = a3 = O. The [unction f(wq \ u(w)) sat i sfles the assumption of the proposed 

algori thm, and it hold that 

2 I X 3r( � )  

q* )  

o 

i f  

i f  

m =2, 

m = 5  

otherwise. 

For n � 3 ,  Eq . (2 . 1 2) together with the l a  t equation yie ld 

if  n =S, 

o otherwise, 
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We now apply the la t recur ion together with ao = al = a2 = a3 = 0, to compute a/l+ 1 

for 11 � 3 .  For n = 3 , we ha e a4 4 + a I rl = 0, and thu a4 = O. 

or 11 = 4, we have as 5S + a2 r2 = 0, and thu as = O. 

For 11 = 5, we have a6 56 + a3 r3 = 
3!c(

13/4�) ' which yield 

1 31( 3/4) I'(5/4) 3I'(3/4) 
a6 = 

56 1(1/4) 
= 

I'(7/4) x 1(1/4) 
= l .  

Applying analogou argument yield to, a7 = as = O. 

- - 6rp/4) S ' - 1 For 11 - 8, we have a9 59 + a6 r6 - 5r(5/S) ' mce a6 - , we have 

( 6I'(3/4) ) 
a9 = 

5I'(5/8) 
- r6 

1 ( 61(3/4) I'(14/8) ) 1 ( 6I'(3/4) 61(3/4) ) 1 
--;- = 

51(5/8)  
-

I'(13/8) x S9 
= 

5I'(5/8)  - 5I'(5/8) x S9 
=0. 

S i nce as = a9 = 0, we ha e an I = 0 for n � 7. 

Thus l / (r )  = a6 t � = d and the exact solut ion of the problem (2 .12)-(2 . 1 3) i s  obtained. 

We compare our re ul t  w i th the solution obtained by the (ADM) .  Applying the RiemaIID-
I 

Liou i l le  fractional i ntegral operator 15+ for both s ides of Eq.(2 .12) and using the fact 

that 

we have 

u (t )  
_ � 3I'(3/4)t 4 6I'(3/4)t � ( I 5 )  
- u(O) + lo+ I'(1/4) 

+ 
5I'(5/8) 

- lo+ u (t ) 

3 9 3 
= f 4  + 0.867482 t8 - lJ+ u (t ) . 

We expand the sol ution in  an infin ite series of the form u( t )  = r.;=o un (t ) .  We set 

3 9 
uo (t)  = ( if  + 0.867482 t 8 , 

(2 .14 ) 



then lll/ , Il 2:: 1 ,  are determined equential ly from 

We have 

3 lil/+ I = -lJ+ lin (t ) ,  11 2:: O.  

3 9 llO( / )  = t 4  + 0. 867482 t 

9 3 1·11 ( t ) = -0.867482 t - 0.69 1 3671 2 ) 

3 1 5  
1 12 (t ) = 0.69 1 367 t '1  + 0.5 1 4 1  I T )  

1 5  9 113 (/ ) = -0.5 1 4 1 l T - 0.360522 ( 4 ,  

9 2 1 It� ( / )  = 0.360522 l 4  + 0.2403 1 2  f a )  
IIs ( t )  = -0.2403 1 2  t ¥ - 0. 1 53 1 77 t 3 

9 39 I I I O (f )  = 0.0 1 75585 f'1 + 0.00946594 t - .  

I t  i noted that we end with a te lescoping sum and 

10 3 E U IO ( t )  = L lin = l 4  + 0.00946594 I T .  
,,=0 
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(2 . 1 5 ) 

Figure 2 . 1 depicts the approximate solution obtai ned i n  Eq . (2 . 1 5) by the Adomian de-

composi tion method together wi th the exact solu tion obtai ned by the proposed algori thm. 

Example 2. 1.2. Consider the two-term nonlinear fractional initial value problem 

(2 . 1 6) 

with 

u (O) = O. (2 . 1 7) 



I ... 

& 

4 

" 1  

, " . S  l .  

3 

lift) 
lil (t) 

Figure 2. 1 :  Comparison betvv een the exact and approximate solutions obtained by the ( A D M) for 
Example 2. 1 . 1 .  

I 
The exact solution is u(t ) = 1 2 . 

We have 

1 p ,  
(X ,  = - = - .  2 Cj ,  

1 P2 (X, = - = - . q = l .c .m (q , . Q2 ) = 1 0. 
- 5 q2 

= 5 and r = 2 .  

We expand the olut ion in  an  infin ite ene  of  the form u (t )  = L; o an t To . The in i t ial 

condi t ion in  (2 . 1 7) yie ld ao = O. We have f = H'q = 11, 1 0  and 

g(.') = 1(".10. 1 1 ( "' ) )  = q � ) ( (�GOlt''') , + ",3 - w ID + I )  , 

Since g(w) i cont inuou with re pect to Ii '  and mooth wi th re pect to l I .  we have 

al1+ , = 0. for n ::;  k = sp ,  - rpl - 1 = 2 . 

(2 . 1 8 ) 

Thu a ,  = a2 = a3 = O. The function g (  w ) sat isfie the as umption of the propo. ed a Jgo-

rithm. applying Mathemat ica 9. we have 



3 !  

6 !  a� 

dill 1 - (g(w) )  1 1" =0 = r( -) 
dHJ11 2 

8 !  a} + 2  x 8 !  030S 

For 11 ;:::: 3 ,  ub t i tut ing Eq.(2 . 1 9) in Eq. (2 . 1 1 )  yield 

1 3  1 dn-4 
2 011+ 1 S1I+ l + 2 r(-) a1l- 2 rn- 2 = 

( ) 
-4 (g (w) ) 1 1V=0 1 0  11 - 4  ! d"I,1l 

_ r( 1/01 + 1 ) _ l(;i+ I ) 
where Sn+ l - + 1 1 

and rn- 2 - q "-2 4 ) ' 
r( "10 + 2 )  10+5 
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m = O 

m = 3  

11l = 6  

m = 7 
(2 . 1 9) 

m = 8  

m = 9  

m =  10 

(2 .20) 

We now apply the la t recursion together with 0 1 = a2 = a3 = 0, to compute all+ l for 

17 ;:::: 3 .  For n = 3 ,  we have 2 a4 S4 + 2 r( :6) a l  rl = 0, thus a4 = O. 

For 1 1  = 4, we have 2 as Ss + 2 r( :6) a2 /"2 = r( i) ·  Since 02 = 0 then 

r(i) r( �) 1 
as = -- = -- x -- = 1 .  

2ss 2 r( �) 

Applying analogous arguments yield a6 = a7 = O. 

For n = 7 ,  we have 2 as Ss + 2 r( 6) as rs = r( i) .  Since as = 1 ,  then 

( 1 1 3  r( �) ) 1 
as = 1(- )  - 2r(-) x -- x - = 0. 

2 10 r( ;6)  2ss 

Applying analogous arguments yield a9 = a l O  = O. 

For n = 1 0, we have 



i n  e ag = a3 = 0 then a l l = O .  

ppJy ing the arne argument for n = 11 , 12, 1 3 , yield a l 2 = a l 3 = a l 4 = O .  

For 11 = 14, we have 

S ince as = 1 and a3 = a4 = a6 = a7 = a l 2 = 0, thus a l S  = O .  

Fol lowing i mi l ar proce s we have an+ 1 = 0 for n � 6.  

Thu 

5 I 
u(t )  = Qs t TIl  = t 'i.  

and the e act 01ut ion of the problem (2 .16)-(2 .17) i s  obtai ned . 

-+0 

We now apply the (ADM) to olve the proplem (2 .16)-(2 . 1 7). Since J(t, u (t ) )  i s  nonJ inear 

funct ion with re pect to u (t ) ,  we need to compute the Adomian polynomials for 

Applying the wel l -known formula for Adomian polynomials, we have 

00 
112 ( t ) = I. All 

/1=Q 

where 

AQ 2 
= uQ 

A t = 2 uQ u I 

A2 = 2 UQ li2 + uT, 
(2 .2 1 )  

A3 = 2 UQ U3 + 2 U I  U2 

A4 2 
= 2 UQ U4 + 2 U l u3 + U2 , 



.+ 1  

I 
Applying the Riemann-Liouvi l le  fractional integral operator 16+ to Eq . (2 . 1 6) and ub ti-

tut ing 

we have 

I I 3 16+D6+u(t) = 1JJ- ll (t ) , 

11 (r ) 

Then 

1 4 3  
LID = [ "2  + 0.853958 t 3'  - 0 .666667 t 2 .  

3 I 
Un+ 1 = - / TU Un + l '!.An 

(2 .22) 

Evaluating ll J (t ) , U2 (t ) 113 (t ) , L£4 (t ) , we have 

lI4 (t ) = to.5 + 0 .257998 t2 + -2 . 798359 t
2.7 - 1 .454522 t

3 + 8 . 855605 t
3
.4 + 9 .799202 t

3 .7 

+ 2 .3 1 7936 t4 - 1 1 . 599906 t4. 1 - 22 .429449 t4.4 - 1 1 . 273 1 23 t4.7 + 6.68508 1 t4.8 

- 1 .388 1 80 t5 + 23 . 1 09057 ,5 . 1 + 20.27840 1 t5 .4 - 1 .404 1 29 t5 .5 + 5 .305238 t5 .7 

- 1 1 .070905 t5 .8 + 0.278605 t6 - 1 7  . 334 1 22 t6. 1 - 7 . 9 1 8245 t6.4 + 2 .0 1 2699 t6.5 

- 0.885674 t6.7 + 7 . 1 56236 t6. 8 + 5 . 827855 t 
7

.
1 + 1 . 1 40 1 80 t  7.4 - 1 . 1 53 1 80 t7.5 

- 2 . 1 27835 t7 .8 - 0.7426 1 1 t 8.
1 + 0.309488 t8.5 + 0.244589 t8.8 - 0.032578 t9.5 

(2 .23) 

Figure 2 .2  depicts the approxi mate solution obtained in  Eq.(2 .23) by the Adornian de

compo i tion method together wi th the exact solution obtained by the proposed algorithm. 



t4ft) 

. 1  , .... .3 CA .5 
Figure 2.2:  C lllpari on between the e act and appro imate solutioni- obtai ned by the ( ADM) for 

E\.ample 2. 1 . 2 .  

Example 2.1.3. Con ider the fH'O-lerJ71 IlOI1 t;near fractional illitial mllle problem 

u (O) = I .  

D� 1 I ( t ) = u ( t )  in (t ) 
o 1I� (/ ) + I (2 .24) 

( 2 .2S)  

Becau e of the non l i nearity of  the problem, the exact olut ion i not avai lable i n  c lo  ed 

foml. We apply the propo ed algori thm to obtai n a numerical olut ion and then analyse 

the obtained olut ion. Thi example ha been d iscu  sed in [ 2 1 ] , where the problem i 

tran fomled to a fractional integral equat ion ,  then the Adam -Ba hforth-Moulton 

method i used with tep ize h = 510 ' At the end, the obtained numerical olut ion ha 

been pre. ented graphical ly. 

Applying the propo ed algorithm, we have 

P I = 4 · q l = S . P2 = l . Q2 = 2 . Q = l . c .I11 ( S .  2) = 1 0. = 2 . 1' = S . k = 2 .  
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We expand the , olution in an infini te ene of the fonn u (t )  = I;=o ont -m . Applying the 

proposed . erie. algori thm, we have 00 = 0 1  = . . . = 07 , and 

n � 7 .  (2 .26) 

here 

Fro IT! the ini t ia l  condition (2 .25) ,  we have ao = 1 .  We apply Eg. (2 .26) to compute the 

fi rst 6 nonzero coefficients an for 1 1  � 7. These coefficients are a1 8 , 02 1 , a24 , o27 , a30 , a33 . 

The obtained truncated erie solution i 

1133 (t ) = 1 + 0. 298242 t I . 8 - 0.2275 1 9 t 2 . 1 + 0. 1 677 l 7  [2.4 

- 0. 1 1 9885 t!. ·7 + 0.0833333 t3 - 0.056463 1 t3 .3 

To te t the accuracy of the obtained olut ion we consider 

and define the error 

4 I u(t )  sin (t ) 
&LI (t ) = D5 u(t ) + D2 11 ( t ) - 2( )  

= 0 
u t + 1 

t E [0 tJ 

(2 .27) 

(2 .28) 

Table 2 . 1 presents the error E33 (ti ) for 0 ::;  ti ::; 1 ,  and Table 2 .2  presents the error EN ( l )  

for different values of N. The presented resu l ts show the efficiency of the proposed algo-

ri thm and more accuracy can be achieved by computing more terms i n  the power series 

olut ion. 



Table 2. 1 :  The error to Example 2. 1 . 3 .  

fi E33 (tt ) 
0. 1 1 . 1 67 1  x 1 0- 10 

0.2 8 .3567 x 10-9 

0.3 9 .63673 x 1 0-8 

0.4 5 .28 1 45 x 1 0-7 

0.5 1 .9304 1 x 10-6 

0.6 5 .47587 x 10-6 

0.7 0.0000 1 308 1 7  
0 .8 0.0000276595 
0.9 0.0000534847 

1 0.00009678 1 5  

Table 2.2: The error to Example 2 .  L .3 at I = 1 .  

N EN ( I ) 
5 0 .068 1 689 
1 0  0 .068 1 689 
1 5  0.068 1 689 
20 0.067 1 55 
25 0.0248829 
30 0.00882027 
33 0.0000967893 

Remark 2 . l .2 .  In order to solve the problem (2 .24)-(2 .25)  with the (ADM), we face 

a problem with Mathematica i n  computing the Adomian polynomials for the analytic 

function 

j( ( ) )  = u (t )  sin (t ) 
f , u t 2 ( )  . 

u t + 1 

2.2 Three-Term Fractional Differential Equations 

We consider the three-tenn fractional initial value problem of the form 

ui (O) = Ltt . i = 0, 1 ,  . . . , n - l  

(2 .29) 

(2 .30) 

where 0 < a3 < a2 < al < n ,  and C I ,  C2, C3 and b are constants. Assume that j(t y(t ) )  

i s  continuou wi th respect t o  t and smooth with respect t o  u(t ) .  We also assume that al , a2 
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and (X3 are rational number wi th (XI = �: ' (X2 = �� and (X3 = � where p l , P2 . P3 . q l . q2 , q3 E 
N. Let q = lcm(q l . Q2 . q3 ) ,  we have q = q l  = rQ2 = vq3 for s, r and v E N. 

Let 

k l = P I - rp2 - 1 and k2 = sP I  - l'p3 - 1 .  

We e pand the olut ion lI (t ) I II an infin i te serie of the form ll (t ) = L;=O QlI l � , we have 

k l � 
L C I QI1+ 1 SII+ I W

Il
+ L (C I Qn l SIl+ I + C2 QII -k l rll-kl ) wll 

11=0 ll=k , + 1  
00 

+ L (C l  Qn+ 1 n + 1  + C2 Qn k ,  rll k ,  + C3 Qn - k2 VII 
ll-ok2 + I 

k2) WI1 = It,sp, - l j (wq ,  f Qn HI1) . 
11=0 

(2 .3 1 )  

Fol lowing analogous teps to the case of the two-term fractional di fferential equation, we 

have 

• ca e 1 :  For n � k I , 

• ca e 2 :  For k l  + 1 � n � k2, 

• case 3 :  For n > k2 and SP I - 1 = j, we have 

Remark 2.2 . 1 .  The identify (2 .32)  holds true under the continu i ty and smoothness as-

sumption of the function j(t u (t ) ) .  
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The general ca e happen under the a umption conti nuity and moothne for n > k2 , 

which i repre ent in Eq.(2 .32) .  

Example 2.2. 1. Can ider the Bagely-Torvik initial value problem 

where 

5 ') 1 D J If ( I )  + D 0+ u ( t ) - 2 Jii D 5+ u (t ) + 4 U ( I )  = f ( t ) . t E [0 , 1 ] ,  

u(O) = u' (0) = u" (0) = 0, 

( ) 9 1 3 1 072  1 7  7 49 1 52 1 3  f t = 4 t - t T + 72 t + I T 
1 2 1 55 1 43 yfi  

The exa t solution is u(t ) = t9. 

(2 .33) 

(2 .34) 

This example has been di cussed in [22] u ing a Chebyshev spectral method, where the 

olut ion ha been approximated by the h ifted Chebyshev polynomials with different 

degree . The exact solut ion wa obtained by con idering the shifted Chebyshev 

polynomial of degree 9. 

Applying the propo ed series method we have, 

5 PI P2 1 P3 al = - = - a2 = 2 = -, a3 = - = - q = lcm(q [ q2 q3 ) = 2 
2 ql q3 3 q3 

s = 1 ,  r = 2 � = 1 )  k I = s PI -r P2 - 1 = 0 and k2 = s PI -v P3 - 1 = 3 .  

We expand the solution i n  infini te series of  the form u(t ) = E;;'=oant 2. The init ial condi

tion in ( 2.34) yields ao = O . Let t = w2 then 

1 3 1 072  49 1 52 ( 00 ) f (w2 , u(w) ) =4 w1 8 - w17 +72 wI4 + yfi w1 3 -4 [' al1 wn . (2 .35) 
1 2 1 55 1 43 n 11=0 

S ince f(� u(w) ) i s  cont inuous with respect to w, and smooth with respect to Lt, we have 

an+ [ = 0, for n � k2 = 3 .  
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hus a l = a2 = a3 = a4 = O. The function f(w2 , u(w))  at i  fies the as umption of algo

ri lhm f r three-term (FDE), and it hold that 

-4 x 5 ! a5 

-4 x 6 ! a6 

1 3 , ( 49 1 52 4 ) . l 43J]r - a l 3  

dill ') 
-f(w- , lI (w)) lw=o = -4 x 1 5 ! a l 5  dl1'1II 

-4 x 1 6 ! a 1 6 

1 7  , ( 1 3 1 072 4 ) . - 1 2 1 55 - a 1 7  

i f  m = 5 

i f m = 6 

i f  m = 1 3  

i f  111 = 1 4  

i f  m = 1 5  

i f  m = 1 6  

i f  m = 1 7  

i f  In = 1 8  

i f  m = 1 9  

For n 2: 5 ,  u ing Equations (2 . 1 1 ) , (2 .33)  and (2 .36) yields 

_ r(�+ l ) _ 11 (11 -2) d _ 1(9+ 1 ) 
wbere sn+ l - 1( n+ 1 3 )

, rl1 - -4- , an vn-3 - r( ,, -3 I ) ' 
""2 - 2. 1 ""2 + 2. 

(2 .36) 

(2 .37) 

We now appl y  the las t  recursion together with a l  = a2 = a3 = a4 = 0, to compute all+ l 

for n 2: 4.  For n = 4, we have 

as s 5 + a4 r 4 - 2a 1 v I = f (0, u (0) )  = 0) 



thus as = O. 

pplying analogou argument yield a6 = a7 = a = a9 = O. 

For 11 = 9, 

i nce as = a6 = a9 = 0 then a lO = O. 

Applying analogous argument yield (I I I  = a l 2 = a l 3  = a l 4  = a l S  = a l 6  = a 1 7 = O. 

For I I  = L 7, we have 

S ince a t7 = a I..! = a t 3 = 0, then a l 8 = 1 .  

For 1 1  = 1 8  we have a t 9  = O. 

Proceedi ng i n  the arne manner, we have an+ 1 = 0 for n � 1 8 . Thus 

1 8  9 
u(t )  = a l 8 t 2 = t , 

and the exact solu t ion of the problem (2 .33)- (2 .34) is obtained. 

2.3 Fractional Differential Equations with Non Constant Coefficients 
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In the previous sections, we discussed only mult i - teml fractional different ial equations 

with constant coefficient . In thi sect ion, we discuss a more general case wi th non con-

tant coefficients. We fol low the same algori thm in the problem (2 .29)-(2.30), with minor 

changes i n  comput ing an 's. 

Example 2.3.1. Consider the initial fractional vallie problem (Cauchy problem) 

Db:u(t )  + 2 Do+ u( t )  + 30 D81u(t)  + ( 1 - t )u(t ) = g(t ) , (2 .38) 



.+9 

£ /(0) = l l' (O) = O .  (2 .39) 

' /  ( ) 21°.5 41" ) 2 ' "  It 1ere g t = r( 1 .5) + 4t + r( l .5) + ( 1  - t t , and the exact solu.t lOn of this problem IS 

ll (t ) = (2 . 

Thi example ha been d i  cu ed in  [23 ]  using the spl ine col location method. 

For q = 2. we expand the solution i n  an i n fin i te erie of the form u(t) = L�o al/ t L  Let 

1\ = [0 5 .  then Eq . (2 .  8) reduce to 

2 � 
0 1 SI + [(011 + 1 Sn + 1 + n all )wl/ + [ (an+ 1 SII + 1 + n a'I + 3 al/_21 '11_2 )WI1 = w2f(w2 , u(w)), 

where 

1 11=3 

/(w' ,  l I (W) )  = g( w') - ( I  - w') C�o a" IV") 
r(0.511 + 1 . 5 )  r(0.5n ) 

Sn+l = 
r(0.5n) 

and Vn-2 = nO . 5n - 0.5 )  
. 

From the i ni t ia l  condi t ion (2 .3 . 1 ) , we have ao = O. S ince f(w2 , u(w)) i s  continuous wi th 

re pect to IV and smooth with respect u(w) , we have 

a/1 + 1 = 0, for n < 2 .  

For n = 2, we have 

all+ l Sn+l + n ail = f(O u(O)). 

Since a2 = 0, yields a3 = O. 

For n � 3, we have 

(2 .40) 



where 

dl/l ') 
d (J(W- , U (lV))!w=O = 

IVI1l 

2 
1( 1 5) - a 1 

8 - 2a2 

2 ! (a l  - (3 ) 
4 ! ( qt 5) + 1 ) + 4 ! (a2 - (4 ) 

5 ! (a3 - a5 ) 
-6 !  + 6 ! (a4 - a6 ) 
7 ! (a5 - (7 ) 

50 

if nz = 1 

i f m = 2 

i f m = 3  

i f m = 4 
(2 .4 1 )  

i f  m = 5 

i f m = 6 

i f m = 7 

we apply recur ion (2 .40) together with ao = a 1  = a2 = a3 = 0, to compute all+ 1 for 11 ;:::: 3 .  

For 1 1  = 3,  we have 

S ince a J  = a3 = 0, then a4 = 1 .  

For n = 4, we have 

S i nce a2 = 0 and a4 = 1 ,  yield a5 = o. 

For I Z  = 5, we have a6 = o. 

For n = 6, we have 

S ince a2 = a6 = 0 and a4 = 1 ,  we have a7 = o. 

For n = 7, we have as = O. 

For n = 8, we have 



I Dce a6 = a = 0 and a4 = 1 ,  we have a9 = O. 

Fol lowing th i proce , we have all + I = 0 for n � 5 .  

5 1  

Then the olut ion of the problem (2 .38)-(2 .3 . 1 ) i u(t )  = , 2 , which i tbe exact olut ion of 

Cauchy problem. 

Example 2.3.2. Con ider the non linear initial fractional vallie problem 

(2 .42) 

with 

ll (O) = l I' (O) = o. (2 .43) 

The exact soilltion for this problem is u (t )  = t3 .  

A the arne cri terion in the previous example, we apply the propo ed series method with 

q = 6. We e pand the sol ut ion in  an infin i te series of the form l l (t ) = [;;'=0 ant g .  Let 

lV = f t ,  then Eq . (2 .42) produce the fol low ing ummation 

1 9 
I. (an+ 1  Sn+ 1 + an+ l rn+ l  )wl1 + I. (an+ l SIl+ 1  + an+ l rn+ 1 + an- 1 9  VI1_ 1 9 )Wn 
n� n=W 

It is c lear that for n < 1 7, an = O. 

For Il = 1 7  we have 

which yields a I 8 = 1 .  

For n = 37, w e  have 

(2 .44) 



then a3 - o. 
Foi l  w ing anaJogou tep , we ha e all = 0 for 1 1  > 37. Thu 

which is the exact olution. 

2.4 Conclusion 

1 8  3 u (t ) = a 1 8  t -0 = f , 
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I n  th i  the i "  we pre ent a new algorithm for obtaining a series olution for mult i -term 

fract ional d ifferential equations of Caputo's type. The terms of the series are obtained 

equentia l l  , and the i dea i analogou to the Taylor series method, but we overcome 

the difficu l ty of comput ing i terated fractional derivatives, which do not commute in gen-

era l .  We appl ied the new algorithm to several types of mult i-term fractional di fferential 

equation , where accurate solution a wel l  a exact solut ions in closed forms have been 

obtained. We al 0 compared our result  w i th the one obtained by the Adomian decompo-

it ion method (ADM) for the two-term fractional differential equations. I t  is noted from 

the olved examples that, the new algorithm is more efllcient than the (ADM), a. it give 

the exact olution i n  c losed form whi le the (ADM) doe not, i t  produces more accurate 

olut ion , and it can be appl ied for orne problems where we can not do them with the 

(ADM) .  
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