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Abstract

Financial derivatives are very important tools in risk management since they decrease
uncertainty. Moreover, if used effectively, they can grow the income and save the cost.
There are many types of financial derivatives, for instance: futures/forwards. options,

and swaps. The present thesis deals with the pricing problem for Asian options.

The main aim of the thesis is to generalize the Asian option pricing Partial Differential
Equation (PDE) in order to handle post-crash markets where the volatility is high. In
other words, we seek to extend the work on the Asian option pricing PDE under the
well-known Black-Scholes model to a high volatility model. To this end, we first set
up a model that accounts for high volatile situations and we solve the Stochastic
Difterential Equation (SDE) of the underlying asset price. Our illustrations confirm
the high volatile behavior of the model. We then derive the Asian option PDE for the
suggested model. The resulting PDE is reduced from two-dimensional space to one-
dimensional space using a change of variable. Moreover. we derive a relationship
between the Asian option prices of the Black-Scholes model and our high volatility

model where the increase in volatility is a deterministic function of the interest rate.

Keywords: PDE: stochastic calculus; financial derivatives; Asian option; financial

Crisis.
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Chapter 1:  Introduction

Asian options are options in which the underlying variable is the average price over a
period of time. They were originally used in 1987 when Banker's Trust Tokyo office
used them for pricing average options on crude oil contracts; and hence the name

"Asian" option, see [25].

Asian options are very important on products with low trading volumes (e.g. crude
oil). The price of an Asian option depends essentially on the “average™ of the
underlying asset prices. Therefore, we need to find a “good™ model to the underlying
asset price in order to obtain a “fair” price to the Asian option. Since the pioneer work
of ([1]). many asset price models have been suggested in the literature. One of the most
popular model is the Black-Scholes model ([3]) which suffers from several
shortcomings. Other types of models' were suggested to improve the Black-Scholes
model, such as: stochastic volatility models (see [8]), and jump-diffusion models (see
[16]). However, most of the existing asset pricing models do not reflect the financial
crises aspects. In this thesis, we intend to consider a model that accounts for high
volatility periods for Asian options. There are many empirical studies on markets
under stress. For instance. in [22]. the author concludes by experiment that asset prices
follow a converging oscillatory motion during post-crash. On the other hand, in [15],
the authors prove that tinancial markets follow power-law relaxation decay. According
to [7]. a closed form pricing formula of the option for the high volatile model is

obtained for European Options. Here in, we address the pricing problem of Asian

' The list is not exhaustive.
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options for high volatile market, where the model is similar to the model presented in
(7).

Since there is no available closed form solution to the pricing of the arithmetic Asian
Option, this pricing problem becomes highly interesting. In general, to find the price
of an option, we can use one of the following methods:

e Probabilistic method, where the price of an option can be expressed as an
expected value of the discounted payoft.

e Partial Differential Equation (PDE) approach, where we use the Ito formula
and the martingale properties of the discounted prices to derive the PDE of the
option.

If a closed solution for the option-pricing problem is not possible then researchers
suggest numerical solutions using different numerical methods. For instance. many
studies utilize Monte Carlo simulations to find the price of an arithmetic Asian option

(see [11]).

Most of the research works on pricing Asian options considers the PDE approach. The
price of an Asian option can be expressed as solution of a PDE in two space dimensions
(see [10]). However, [21] reduced the Asian option PDE to a one-space dimension
PDE. The thesis objective is to find the price of the Asian option in high volatile market
by deriving its PDE. We obtain the option price PDE and we reduce it. On other words,
this work aims at generalizing the “existing” Asian option PDE to a situation where
we have an increased volatility. The thesis intends to:

1. Suggest a model for high volatile situations.

2. Solve the Stochastic Differential Equation (SDE) of the underlying asset price

of the suggested model.
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Derive the PDE of the Asian option price under the suggested model.

4. Reduce the obtained PDE from two space-dimensions to one-space dimension.

(9]

Compare the Black-Scholes and the modified Asian option prices when the
volatility increase is a deterministic function of the interest rate.

The thesis is organized as follows, in chapter 2, we provide an introduction to the
financial products, and markets. Additionally, we present a brief discussion about
financial derivatives, options and Asian Options. Chapter 3 is devoted to the stochastic
calculus. The highlight is on the brownian motion, and Itd formula. Several
applications to modeling tinancial asset prices are provided. In chapter 4, the reader
can find our main contribution and results. We start the chapter by several important
results from the literature on Black and Scholes model and the derivation of the PDE
for European and Asian options. Then, we propose the high volatile model by adding
a parameter « > 0 to the volatility part of the stochastic differential equation of the
underlying asset price. We derive the PDE for the Asian option price under the
suggested model. We, then. use the separation of variables to reduce the PDE from
two space dimensions to one-space dimension. Moreover, we derive a relation between
the Asian option prices of the Black-Scholes and the high volatile models. We

conclude the thesis by some remarks and propositions for further research.



Chapter 2:  Financial derivatives

Financial derivatives play an essential role in the risk management. “Risk
management’ does not mean necessarily the complete elimination of the risk. Instead.
it means managing the risk by choosing the “acceptable™ risks and reducing the
undesirable ones. Actually, financial derivatives decrease the uncertainty but do not
climinate it completely. Nevertheless, if “properly” handled, derivatives can help
controlling the risk in a better way. Moreover, they can serve the accomplishment of
the companies risk-management goals. [n general, they are utilized in two main ways:
to hedge the risks or to speculate by taking a position in anticipation of a market
movement. If they are used in the right way they help growing the income and also

saving money.

There exists several types of financial derivatives among others: futures, options and
swaps. Our study focuses on options, more precisely on the Asian ones, which are part
of the exotic options. In this chapter, we provide a briet introduction on financial
markets. products and derivatives. Moreover. a presentation on the different types of

Asian options is given.

2.1 Financial markets, underlying assets, and derivatives
Financial markets are very important to the economy of any nation. They exist almost

in every country in the world.

A financial market is a place where buyers and sellers meet to exchange goods and
services. The location of a tinancial market can be physical or virtual (for example, the

Internet). Financial products are the goods for sale (sellers) or for purchase (buyers).
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They can be equities such as stocks (shares), commodities (crude oil). currencies

(foreign currency) or derivatives (futures and options), etc.

2.1.1 Financial derivatives

[n this context, the word “derivatives” does not follow the traditional meaning in

Mathematics. A formal definition of a tinancial derivative is given below:

Definition 2.1 ([18]) A financial derivative is an instrument derived from the value of

some other financial instruments called the underlying assets.

[n general, the underlying assets can be:

- Stocks-bonds.

- Commodities: meat, wheat, oil, etc.

- Currencies: these are liabilities of governments or sometimes banks. They are
not direct claims on real assets e.g. exchange between Euro, Dollar. and
Dirham.

Moreover, derivatives with other types of underlying assets exist and are traded in

derivatives markets. For instance. we can tind derivatives that are built on the weather.

Historically, financial derivatives were designed to manage the risk, to speculate, to
gain from arbitrage between markets, or to change the nature of a liability, for more

details on financial derivatives we refer the reader to [9].



2.2 Major categories of the financial derivatives

2.2.1 Futures and forwards
Definition 2.2 (19]) A forward, or a forward contract, is an agreement benween a buyer
and a seller 1o exchange a commodity or a financial instrument for a prespecified

amount of cash on a prearranged future date.

An example of forward contract is the interest rate forwards. It a forward purchase is
made, then the holder of such a contract is said to be long in the underlying asset. If at
expiration the cash price is higher than the forward price, the long position makes a

profit, otherwise there is a loss. For more details (see [18]).

Definition 2.3 (|20]) A furures contract is an agreement benween two parties to buy or
sell at a certain time in the future for a certain price. Unlike forward contracts, futures

contracts are normally traded on an exchange.

To make trading possible, the exchange specifies certain standardized features of the
contract. As the two parties to the contract do not necessarily know each other, the
exchange also provides a mechanism that gives the two parties a guarantee that the

contract will be honored.

2.2.2 Swap
A swap represents another important type of derivatives. It is used to exchange two

financial instruments between two different organizations.

Definition 2.4 (|9]) A swap is a derivative in which counterparties exchange cash
flows of one party’s financial instrument for those of the other party's financial

instrument.
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Currency and interest rate are two basic types of swaps. Swaps on commodities are
also available. For example, a company that consumes 200,000 barrels of oil per
annum may pay $12,000,000 per year for the next five years and in return receive
200,000S. where § is the prevailing market price of oil per barrel. This transaction

locks in the price tor oil at $60 per barrel (see [12]).

2.2.3 Options
The meaning of options comes from the right for the option holder (buyer). but not the
obligation, to either buy or sell a specified quantity of an underlying asset, on or before

an agreed date at a predetermined price from or to the writer (seller).

Both futures and options allow the holder to buy or sell the underlying asset in the
future. The main difference between the two is that the option buyer has the right to
buy or sell the underlying asset (e.g. the equity). but no obligation to do so. With a
future, both parties are obliged to participate in the final movement of the underlying
asset. unless they trade out of their position beforehand. Investors use derivatives for
speculation, arbitrage and/ or for hedging an existing position (e.g. if they own a share).
Investors should be sure they fully understand a derivative before trading. As
leveraged products derivatives can offer high rewards, but also high risks; for example
it 1s possible to lose a greater amount of money on a derivatives contract than is initially

spent to enter into it.

Definition 2.5 (|9]) Options are contracts giving the right to buy (or to sell) a certain
financial asset (with price S) for a pre-specified price (Strike price K) at a

predetermined time (Maturity T).

The literature reveals several types of options:



e Luropean: give the right to exercise at the maturity only.
e American: can be exercised before or at the expiration date.

e  Exotic, such as path-dependent options.

2.3 Asian options

In brief, the Asian option is a contract giving the holder the right to buy or sell an
underlying asset for its average price over a prescribed period of time. In other words,
they are options where the payoft depends on the average price of the underlying asset

during at least some part of the life of the option.

Let K denote the strike and S is the average price of the underlying asset. Then, the
payoff from the average call is max(0,S — K), and that from an average price put is
max(0, K — S). The average price options are less expensive than regular options and
are arguably more appropriate than regular options for meeting some of the needs of

corporate treasurers.

Another type of Asian option is an average strike option. An average strike call payoff
is max(0, S — S). and an average strike put payoff is max(0, S — Sy), where Sy is the
underlying asset price at expiration date. Notice that, average strike options can
guarantee that the average price paid for an asset in frequent trading over a period of
time is not greater than the final price. Alternatively, it can guarantee that the average
price received for an asset in frequent trading over a period of time is not less than the

final price. It is well-known that using Asian options has many advantages like:

1) Insurance against average price changes.

2) Counterpart has no incentive to influence prices at expiration.
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Asian options are similar to European options but with different strike. While the strike
in the European options is constant, the strike in an Asian option depends on the
underlying asset price trajectory. There are several types of Asian options depending
on the method used to compute the average of the stock prices or the final condition
(the payoft). An example of the Asian call option strike is the continuous arithmetic

average
1 T
A(T) = =
M =7 s,

where (S;)¢efo,) represents the underlying asset price. In this case the final condition

(the payof?) takes the form, max(Sr — A(T), 0). Below are some other examiples:

1) Discrete arithmetic average:
—1yn

2) Discrete Geometric average:

1

G = (I, St,');'
3) Continuous Geometric average:
1 T
G = exp (;fo lnS,dt).
The price of any option is given by:
C(Sr,K,T) = E[H(Sp)]e™™™.

where Sy represents the underlying asset price, C(S7, K, T) is the Asian option price,

H(S7) is the payott. K is the strike, and r is the interest rate.

Note that the pricing problem for an arithmetic Asian option does not have an

analytical solution since A(T) does not have a known density. Many works on pricing
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arithmetic Asian options use numerical methods such as Monte Carlo simulations or
the binomial methods. Nevertheless, an important approach is to find the PDE for the

price of an arithmetic Asian option.

[n this thesis. we extend the PDE approach from the Black-Scholes model to a model

with an increased volatility for an arithmetic Asian option with payoff given by:

H(S7) = max(A(T) — K,0).

Thus the price of the Asian option is given by:

C(Sy, K, T) = E[max(A(T) — K,0)]e™"".
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Chapter 3:  Stochastic Calculus

Stochastic calculus is the branch of mathematics that is most identitied with financial
engineering and mathematical finance. We work on a probability space (12, F, P)
where P is the probability measure, £2 is the universe of possible outcomes. We use
w € ) to represent a generic outcome. and the set F is a o-Algebra and it represents
the set of possible events where an event is a subset of 2. There is also a filtration.
(Ft)ter, . that models the evolution of information through time. If we are working

with a finite horizon, [0, T], then we can take F = F.

We also say that a stochastic process, (X¢)er, . is F-adapted if the value of X, is
known at time t when the information represented by F, is known. All the processes
we consider will be (F;)¢er,-adapted so we will not bother to state this in the

consequence.

In the continuous-time models that we are study. it is understood that the filtration

(Fe)ter, 1s the filtration generated by the stochastic processes (usually a Brownian

motion, (W;) er, . that are specified in the model description). For more details refer

to [13].

3.1 Martingales and Brownian motion

3.1.1 Brownian motion

Robert Brown, a botanist. tirst observed the movement of pollen particles as described
in his 1827 paper A brief account of microscopical observations™ (see [20]).
Brownian motion is the random motion of particles suspended in a fluid (a liquid or a
gas) resulting from their collision with the quick atoms or molecules in the gas or liquid

(see Figure 1. below). The term "Brownian motion" can also refer to the mathematical
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model used to describe such random movements, which is often called a particle

theory. For more details refer to [17].

Figure 1: Pollen particles movement

Definition 3.1 (119]) The stundard Brownian motion is a stochastic process(W)eg,

satisfving the following properties:

i. Wy =0 almost surly.
ii.  The sample trajectories t =» W are continuous, with probability 1.
iii. — For any finite sequence of times to < t; < - <t the increments W —
Weoo We, =W JWe, =Wy, ... Wy — W, _ are independent.
iv. ~ Foranytimes (0 <s <t W, s
variance t—s, (i.e W, —W; thus E[W, —W,]=0=
E[W,] =0 for any t.
3.1.2 Martingale
In probability theory, a martingale is a model of a fair game where knowledge of past
events never helps predict the mean of the future winnings. In particular, a martingale
is a sequence of random variables (i.e. a stochastic process) for which, at a particular
time in the realized sequence, the expectation of the next value in the sequence is equal

to the present observed value even given knowledge of all prior observed values.
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Definition 3.2 (]18]) Let (M, )o<r<r be a stochastic process, then M, is suid 1o be a
martingale if :

t
M, = M, + f U dW..
0

3.2 Stochastic Integral
Consider a partition of the time interval, [0, T] given by:
0=t0< tl <t2 <“' < tYl = T.

Let X, be a Brownian motion and consider the sum of squared changes

0a(7) = [ax,]’,
=1

\\here Axtl = th = th'—l‘
Definition 3.3 (|19]) (Quadratic Varnation) The quadratic variation of a stochastic

process, X,. is equal to the limit of Q,,(T) as At := max;(t; — t;i—,) = 0.

Definition 3.4 (|19]) e suy a process, hy(w), is elementary ifit is piece-wise constant
50 that there exist a sequence of stopping times 0 =ty < t; <t, <~ < t, =T,
and a set of Fy-measurable (a function f(w)is Fy -measurable if its value is known

by time 1) functions, e;(w). such that:

he(@) = ) ei(@ie ey (O,

]

where I r. y(t) = 1ift € Iy v,y and 0 otherwise.

Definition 3.5 The stochastic integral of an elementary function, h,(w), with respect

to a Brownian motion, W, is defined us:
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T . -
fy he(@)dW, (@) = 13 e(w) (W, (@) = W, ().
For a more general process, X,(w), we have:
T :
Jy Xe(@)dW, (@) := lim [ X, (@)dW, ().

where Xy, is a sequence of elementary processes that converges (in an appropriate

manner) to X,.

T :
Example 3.1 We want to compute fo W,dW,. To reach this end. let

n—1
Xn,t = Z th,i I[tn,vtn.i+1)(t)'
=0

where 0 =ty < tny <tpy < <tpn=Tand It ¢ ., ) =1if

t € [tn,i,tni+1) and O otherwise. Then X, is an adapted elementary process and, by

continuity of Brownian motion, satisfies lim X, = W, almost surely as

n—oo

max|tn;, tn,i+1| — 0. The [t0 integral of X,, , is given by:

n—-1

T
f Xn»tdwt = Z th,( (th,i+1 = th,i)
0 =0

n-1

1 2
2 EZ (Wtzn,iﬂ - Wtzn,i Y (th,zu - th.i) )
i=0
Thus we have:
T 1 1 1e ,
f Xn‘tth = E W% —— E W02 - E (th,i+l - th,i) o (31)
0 .
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By the definition of quadratic variation the sum on the right-hand-side of equation

(3.1) converges in probability to T. And since Wy = 0 we obtain:

T T 1 1
f W,dW, = lim[ XpedW, ==WE —=T.»
5 n-oo Joo 2 2

Definition 3.6 (|19]) We define the space L?[0, T] to be the space of processes, X t(w),

such that:
E|f) X2dt] < oo,
Theorem 3.1(|19)) (116 s Isometry) For any X, (w) € L2[0, T] we have

(f:xtdwt)z = E UOTxtzdtl.

3.3 Stochastic Differential Equations

E

Definition 3.7 (|20]) An n-dimensional 1t process. X, is a process that can be
represented as:

t t

Xf = XD +f thS"I"f UtdWQ, B R+, (32)
0 0

where W i1s an m —dimensional standard Brownian motion, and V and U are
n —dimensional and n X m —dimensional F, —adapted processes, respectively. We
often use the following notation as shorthand of equation (3.2):

dX, = Vdt + U dW,, (3.3)
where (U;)¢er, and (V;),er, are square-integrable adapted processes
An n-dimensional Stochastic Difterential Equation (SDE) has the form:

dX, = V(X )dt + U(X, )dW,; X, =x, (3.4)
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where as stated before, W, is an m —dimensional standard Brownian motion. and V
and U are n —dimensional and n x m —dimensional F, —adapted processes,

respectively. Equation (3.4) is shorthand for:
t t
X =x +j V(Xs,s)ds+f U(X,,s)dW, . (3.5)
0 0

While we do not discuss the issue here, various conditions exist to guarantee existence
and uniqueness of solutions to equation (3.5). A usetul tool for solving SDE's is [tds’

lemma. which we discuss in the next section:

3.3.1 1to’s formula and its applications

Theorem 3.2 ([18]) For any 116 process (X¢)er, of the form of equation (3.2) and

any f € (M2 (R, x R) we have:
t a t a
(f(t,xt)= £(0,Xo) + f v oL (s, X )ds + f 4o 2L (5, X)W,
A X.d : t| |2 2f(x)d 3.6
+LE€-(5' S)s+§Lu5 S s (3.6)

where f(t,X,) is a smooth function of bwo variables.

[f f 1s function of two variables f (¢, x,y). then the 1td formula in differential form is

given by:
1
df = fdt + fedx + f,dy + E[fxxd(x,x) + 2fyd(x, ¥) + fryd(y. 7)) (3.7)

Consider, two processes (X;)ier, and (¥;)¢eg, following the dynamics of:
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Xe = Xo+ [} veds + [[udW,, t € R, and Y, = Y, + [ byds + I, adw,,
then It6 formula leads to:
d(X,. Y,) = X, dY, + Y dX, + dX,dY,,
where the product dX,dY, is computed according to the It6 rule as follow:
(dt)? = 0,dt - dW, = 0, (dW,)? = dt. (3.8)

Example 3.2 Consider a martingale Z = (Z; )¢e[o,r) and process Y = (¥; )¢efo,r)
satusfying dY, = 3tdt + Y, dW,, and a function f(t,y). It Z, = f(t,Y;). then f is a

solution to the following PDE:

af 2 32 af _
g Sy P ] (3.9)

Proof: By applying [t6’s formula (3.6) to the process f (t, Y;). we obtain:
£ of af af
Zc=f(t,Y:) = f(0,Yp) +[ 3‘[—dr+f Y —dW; +f
o 0y dy 0
1 t Zf
+ Zf S 6y2 =T,
After simplytying terms, we get

a ‘o?
2= 100 +|[ @b+ L gv Tha+ [ v Lam

Since (Z,),s0 is a martingale, thus the drift process in the above equation is a null

process. Hence, If we let y := ¥;, we obtain the PDE in (3.9).m
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Example 3.3 (Black-Scholes Model) Suppose a stock price process, S = (St):e[o,r],

satisfies the Stochastic Difterential Equation (SDE):
de = [ltstdt + UtStth.

then the process S is given by

t 0.5:'2 t
0 0

Proof: We apply 1t6’s formulato ¥, = In(S;), we derive:
dY, = ! ds g d(S
t —St t 28,2 (S¢)

2
0,
dyt = Mtdt + O-tth - ;Zstzdt
25,

G 2
dYt - (/’lt - %) dt + Utth'
As a result, we get the explicit solution to the SDE in equation (3.10).

In particular it o, = o and pg = u, then we obtain

2
St = Hoexp ((u - gz—) t+ orth), (3.11)

and hence In(S)~N((u — 0%/2)t,c%t).m
Example 3.4 (Vasicek model)

Another application of 1td’s formula lies in solving the Vasicek’s model. The Vasicek

model was designed to predict the trajectory of interest rates. It was introduced in 1977
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by Oldrich Vasicek and can be also seen as a stochastic investment model. for more

information refer to [23].
Consider the Vasick Stochastic Difterential Equation (VSDE):
dr, = a(b — r,)dt + odW,
lere W, is the Brownien motion. then the process r is given by
n=b+ (1p—be ¥ +ge foteadeS.
Proof: By applying 1td’s formula to ¥, = e®r, and using (VSDE). we derive:
dY, = edr, + are®dt
= bae®dt + e adW,
= bd(e®) + e adW,.
Thus. we get
Y, =1+ b(e®* —1)+ afot e dWw,.
Hence and after simplifications.

r.=b+ (ry—b)e ™ + ge™ fot e¥dW, . m
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Chapter 4:  Derivation of the Asian Options PDE under the high

volatility model

Asian options are path dependent options. Their payoft depends on either geometric
or arithmetic average of the underlying asset price. They have several advantages. For
instance, they are often cheaper than European options. In addition, an Asian option
on a commodity reduces the price risk nearby the maturity. However, the downside is
that they are in general difticult to value since the distribution of the payoft is usually
unknown. In fact, at the present, no closed-form solution is available for pricing the
arithmetic Asian options.

This chapter constitutes our main contribution in which we address the Asian options
PDE for model with high volatility. This extends the case where model follows a
Black-Scholes model.

The chapter is organized as follows, we first introduce the Black Sholes Model and the
valuation of European options by PDE approach. Section 2 provides details on
deriving the PDE for Asian options under the Black-Scholes framework. Our
contribution starts in section 3 where we present the suggested high volatility model.
We then solve the model, we perform numerical simulations, and we give some figures
that are supportive to the model. In section 4, we find the PDE for the Asian option
price. Then, we reduce it from two space-dimensions to one-space dimension. In
addition. we show that one can obtain the modified Asian option price from the Black-

Scholes Asian option value when the parameter of increase is equal to the interest rate.

4.1 The Black-Scholes Model
We work on a probability space (2, F, P) where P is the probability measure, 2 is the

universe of possible outcomes. The set F is a g-Algebra and it represents the set of
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possible events where an event is a subset of 2. The time is varying from t = 0 to the
expiration date T. In addition, we consider a standard Brownian motion (We) tefo,y- its
natural filtration (F)¢e[o,r) that models the evolution of information through time and

we suppose that F = Fr.,

Let us consider an option and assume the market has two assets, a risky underlying
asset with price (S¢)tefo,r). and a risk-free asset with price (A)e(o,r). The Black -
Schols model supposes that the percentage change in the stock price in a short period

of time are normally distributed. Moreover, it imposes the following conditions:

e The stock price follows a process with N (i, o) where p and o are constants.
e The short selling of securities with full use of proceeds is permitted.
e There are no transactions costs or taxes. All securities are perfectly divisible.
e There are no dividends during the life of the derivative.
e There are no riskless arbitrage opportunities.
e Security trading is continuous.
e The risk-free rate of interest, r. is constant and the same for all maturities. The
reader can refer to [9] for more details.
From now on. we denote by V (§,, t) the option price. The dynamic of the underlying

asset price is given by

dsS,
— = pdt + adW,,
St

where t € [0, T], and Sq is a positive constant. It should noticed that, W,~N (0, t — s).
so S, is lognormal. The Black-Scholes formula for European call options is given in

the following theorem.
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Theroem 1 (|3]) The price V (S, t) of an European call option on a stock S, with

strike K and maturity Tis given by

V(S t) = SN(dy) — KeT"T-ON(d,),

where

2
ln(%)+(r+%)(T—t)
. . dy=d,—oVT=L,
: ovT —t ‘ '

2

i ed X . . .
and N(d) = o I € 2dx is the standard normal distribution function, o is the
v - 5

volatility and r is the interest rate.

The previous formula is the solution of a partial differential equation as it is stated in

the following proposition.

Proposition 1 ([3]) The price V(S,,t) of an European call option on a stock S, with

strike K and maturity T satisfies the following PDE

VS, 1, 0Vt V(SO
ot T39% Tgsz T 45

—-rV(s.,t) =0,
S€]0,0f, 0<t<T,

with the terminal condition V(S,T) = max(S — K, 0).

Proof: Define m as the value of the portfolio, 1 = V; — A4S, where A is the hedging

factor. For shortly, we will use the notation S instead of S, and V instead of V,
dm = dV — AdS. (4.1)

Apply It6°s lemmato V (noting that V is a function of S and t):
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=2 an 4+ g 4 L s252 Y
dV = ast+ atdt+2cr S aszdt'
Substitute in (4.1) gives:

d —avds+avdt+1 2Szazvdt AdS
T35 at 77> 552 :

Combine the like terms:

d _(OV A)d . 6V+1 25262V 4
n= = S It 20 0_52 t.

1 a2V .
-g2§? —) 1s the

ov . . av
where (—— = A) is the stochastic random part and (— = -
a 2 952

as

R WV .
deterministic part. Choose A = > This implies:

o (10
T=\at 727 ° 55z /%

The assumption (No arbitrage argument) is that we are trading in a pertectly liquid
market with no transaction costs (i.e) if we have cash tlows in the bank , then they

have to be equal. Pick the money in the bank we get:

dn =rndt =r(V —AS)dt=r (V — SZ—Z) dt.

Comparing the last two equations yields:

av 1 azv av
+—-0252— |dt = (rV— rS—) dt.

ot 2 aS2 as

Hence
av+1 2Sza?v_ y _Sav
PN - AL T

Therefore the Black—Schols PDE for the European option price is as follows:

aV+l 25202V+ Sav V=0 (4.2)
— 4= — S——1rlV = .
ot 729 3527 5s .
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where0 < S,and0<t<T.m
The above proof can be found in many references, we cite for instance [18].

4.2 Deriving the PDE for Asian Option under the Black and Scholes model
In this section we are going to derive the Asian Option PDE under the Black Sholes

Model. An Asian option depends on two things S, and Y, where:

t
Y, =jS,dr.
0

We consider an arithmetic Asian call option with payoft given by
T 4
1
H(S;) = ?I S - 0 (4.3)

0
Next. we define the self financing condition which is needed in deriving the PDE of
the Asian Option.

Definition 4.1 (|2]) A portfolio is self-financing if there is no exogenous infusion or
withdrawal of money, the purchase of a new asset must be financed by the sale of an

old one.

Let V be the value of the portfolio, A(t) be the number of units invested at time ¢, r be
the interest rate, and S; be the price of the underlying asset at time t. Then the self
tfinancing condition can be represented by the following equation:
dV = A(t)dS, + (V — A(t)S,)rdt.
Throughout we work within the Black-Sholes model
dS, = uS,dt + oS, dW,,
where t € [0,T], and S, is a positive constant. We assume that the Asian call is

replicable (attainable). Denote by V (¢, x,y), the time t option value/replicating
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portfolio value under the assumption that S; = x,andY, =y. The following
proposition gives the PDE of the Asian call option price.
Proposition 2 ([21]) The price V(S,, t) of a Asian call option on a stock Sy with

strike K and maturity T satisfies the following PDE

1
Ve(t,x,y) + xV (6, x,y) + rxVe (6, x,y) + Eozxzvxx(t,x, y)=rV(t,x,y) =0

0<t<T, x>0  yeER.

e inel o VS, T) =l Susis — K
with the terminal condition V(S,T) = (;fo ST — ) .
Proof. For shortly, from now we will use the notation V instead of V (¢t, x, y).

By applying [t6 formula Equation (3.3) to V implies

1
dV=%m+VMx+%mH3ﬂhﬂLﬂ+2%ﬂuy%H%ﬂ@yﬂ
Simplitying yields
1
av = Vidt + Vedx + Vydy + EVxxd(x,x).
Substituting by the values of dx, dy, and d(x, x) gives
1 52
dV = Vydt + Vy(uxdt + oxdW,) + xV,dt + 50X V.. .dt,

and

1
av = [Vt * x4 2% Eazx?‘Vxx] dt + oxV,dW,

The self-tinancing condition yields

dV = A(t)dS, + (V — A(t)S,)rdt.

Theretore
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dV = A(t)(uxdt + oxdW,) + (V — A(t)x)rdt.
and

dV = [A(t)ux + Vr — A(t)xr]dt + A(t)oxdW,.

Matching the coetticients, we obtain
Ve = A(t)
and

1°,
Ve + uxVy + xV, + Eazszxx = uxV, + Vr — xrV,.

Therefore the PDE of the Asian option is:

1
Ve(tx,y) + xVy(t, x,y) + rxVe(t,x,y) + Eazxzvn(t, x,y) =rV(t,x,y) =0,

Tonot stuck in the notation ['ll re-write the last equation as follow:

1
Ve + xV, + rxV, + Eozxzvxx -1V =0. (4.4)

This 1s a second-order partial differential equation (PDE) with two space variables
and one time vanable. Moveover, the second order partial derivative with respect to x
is degenerate. Numerical solutions of this partial differential equation is possible but
cumbersome as well as time-consuming. We now introduce the variable reduction
method which transforms equation (4.4) into a PDE with only one state variable and

one time variable.

Proposition 3 (|S]) The PDE of the Asiun call option price on u stock Sy = x with

strike K and maturity T given by (4.4) can be reduced to

1 1
fo—(G+mx) o+ 50%% 0 =0, 0StsT, x>0,
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s
with the terminal condition f(S,T) = (% for S.dt — K) .

k= /7

Proof. Let n = .and V(t,x,y) = xf(t,n). K is the strike price and T is the

maturity time [5]. Now deriving V with respect to t: V, = xf; + 0 f. Thus V, = xf,.
We derive V with respect to x: V, = f(¢t,n) + xf,(t,n).

v = fltm) + xok 2

0_775 x?

—(K=y/T
zf(t‘n)_*.x(fn.w)’

notice that n, = _T" therefore V., = f(t,n) —nf,(t,n). Now we find the second

. - 5 aVv.
derivative of V V., = ((3;)

= Z[f(t,m) = nfy (&),

a a - #
Vix = B [F(e.m) —nf,(e,n)] % = (fn(t' m = f (&) = nfipm (e ")) Tn = E;frm'
Moreover, we derive V with respect to y:

o _ _ . .oftn) on _ =l
BW=a—=xf(tn)=x an  ay I &M = (&)

ay

Now we substitute in equation (4.4):

-1 1 E
xfy +x (Tf") ¥ rx(f =nf,; + Eazxz (%f,,,,) - rxf =0.

Then
: 1 52
fo =z fy + 7 = nfy) 45002 i —f = .
- s
Therefore fi — %fn +rf—rof, + zaznzﬁm —rf =0,
Thus fom G + r’l)fn + %aznzﬁm -0

For sake of clarity, we use x instead of n:
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1 1
ft_(?+rx>fx+50-2x2fxx:0' u (45)

4.3 The high volatility model
We assume that the market is suffering from an increased volatility. We suggest the

stock price to be driven by the SDE::
dS; = uSidt + (oS, + a)dW,, 0<t<T, x> 0. (4.6)

It is a stylized fact that during financial crisis the volatility is higher than normal
situations. The suggested model can be seen as a stochastic volatility model in a
complete market (contingent claims are attainable). The above model is a

generalization of the Black-Scholes model.

Proposition 4 (|7]) Consider a time t € [0,T] and the process (é;)o<t<r defined by
¢ = exp [(u - U—,) 3 GWt]. Then the solution of the stochastic differential

equation (4.6) of the high volatile model is given by:

St = (x+g)ft—g<1 +uf0t§—:ds>.

Proof: The solution is obtained by finding first a particular solution when a = 0. then

using the variation of the constants method. For more information see [7].®

4.4 Simulation of price trajectories for the high volatility model

In this section, we perform numerical simulations for the asset price trajectories for
our high volatility model. Several figures are provided below showing that our model
accounts for high volatility situations. We first introduce to the methods for simulating

stochastic differential equations.
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4.4.1 Numerical methods for solving a stochastic differential equation

Most models of asset can be expressed in terms of a stochastic differential equation
(SDE). Consider the following SDE:
dX, = u(X,, t)dt + o(X;, t)dW,, ty,<t<T (4.7)
X(ty) = X,.
where W = (Wt)e[or) is a standard Brownian motion, g (the drift) and o (the
diffusion coefticient) are defined and measurable.

We have according to the It6- Taylor expansion

t t
Xe=Xe, +u(X,,) | ds+o(Xe,) | dW(s)
to to
1 ;
+ 50(Xep )o" (Xe,J(IW(O) = W (t0)]* = (£ = £0)) + R, (4.8)

where R is the remainder. We simulate the SDE (4.7) by generating samples of the
discretized version at a finite number of point: X, Xpa¢, - Xmae. Where m is the

number of time steps and At is the time step assuming equidistant subinterval, At =

T . L Y
—. To write it more formally:
m

P AN A A
Where t; = to + jAt = jAtforj =1,...,m.
At = tjyy —tj, AW = W (1) — W(t;).
We get the following expression for equation (4.8):
Xe,, =X, +u(X,,) At +0 (X)) AW, + S0 (X, ) o’ (X)) ((aw))" - at) +R.
There are several schemes for simulating SDEs of this form. The most common

schemes are: Euler-Maruyama, Milstein, and Runge-Kutta schemes. Below, we present the

algorithm of Euler-Maruyama scheme [14]
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Algorithm. Ler At = %f()r a given m. Then approximate the SDE (4.7) viu:
1. Set Y, (0) = X(0) = x,.
2 Forj=01t0 m-1do
a. Simulate a standard normally distributed random number Z i

b. Set AW (jAt) = VAtZ; and

Y (G + DAL) = Yia (JAL) + (Y (jAL), jAL) AL
+a (Y, (JAL), jAt) AW (jAt).

4.4.2 Illustrations of the underlying asset prices and the high volatility

We provide here some figures for the underlying asset price with high volatility. We
have used Euler scheme to simulate the trajectory of the asset price for the both
cases: high volatility and Black-Scholes. We provide additional figures when we take

So=7,0=05,u=0.02, T =1, and the time step At = 0.001.

9 — Stock high volatile
- —— Stock normal situations
/,___,-\_}»_.4"-/’
7 e e
6
5
4
3
2
1
0
1 101 201 301 401 501 601 701 801 901 1001

Figure 2: Underlying asset price in high volatility and Black-Scholes for «=0.5
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Figure 3: The increased in the volatility for our suggested model («=1).

4.5 The modified Asian option: The PDE approach

In this section, we will consider the modified model described in equation (4.6). We

believe that this model catch the financial crisis features. For this model. we will

characterize the Asian option price using PDEs. To this end. for the reader’s

convenience. we recall the dynamic of the moditied model given in equation (4.6):
dS; = uS,dt + (aS; + a)dW,,

where a is a constant arising from an increase in the volatility.

Proposition S Suppose that the price process for the Asian option is given by

V(t, S Y:). Here Y, = fot SedtandV (t,x,y) is a function. Then V (t, x, y) is a solution

1o the following PDE
1 2
Vt+xVy+rxVx+§(ax+a) Vix — 17V = 0.
Proof: We can wrie §; = x and Y; = y. Hence equation (4.6) becomes:

dx = puxdt + (ox + a)dW,;

Visan [td Process in two variables. /td formula equation (3.7) implies:
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dV(t,x,y) = Vedt + Vedx + Vydy + 5 [Vied(x, ) + 2V d(x, y) + V., d(y, y)].
Notice that d(x, y) = d(y,y) = 0 . d(x,x) = (ox + a)?dt. and dy = xdLt.
Thus dV = V,dt + V,[uxdt + (ox + a)dW,] + Vyxdt +%Vn(ax + a)?dt.

Therefore we get
1
dv = [Vt + uxVy + xV;, + ‘Z‘Vxx(UX + a)?|dt + (ox + @)V, dW,. (4.9)

The Self tinancing condition yields:
dv(t,x,y) = A()dx + (V(t,x,y) — A(t)x)rdt.
Substituting by the value of dx:
dV = A(t) (uxdt + (ox + a)dW,) + (V — A(t)x)rdt.
Combining the like terms gives:

dV = [A(t)ux + Vr — A()xr]dt + [A()ox + A()a)dW,. (4.10)
Matching the coefticients in equations (4.9) and (4.10) gives:

Ve = A1),

and
! 2
Ve + ux¥, + XV, # E(ax + @)V, = uxVo + Vr — xrl,.
Thus we get the PDE for the moditied Asian Option.

1
Vt+xVy+rxVx+§(0x+a)2Vn—rV =0.m (4.11)
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The previous equation can be reduced to two variables.

4.5.1 Reduction of the PDE
The following proposition gives the reduced PDE.
Proposition 6 The PDE for the Modified Asian Options, which is given by
1
Ve + XV, + raV, + E(ox + a)?V,, — 1V =0,

where 0 < ¢t < T, andV(t,x,y) =V isthe price of the Asian option, can be reduced

to
(ox + a)?
ft(t,X) + I'Xfx(t, X) + _Z—fxx(tﬂ X) L (T + ax)f(t, X) =0,
where V(t,x,y) = cf(t,x)e? . a, b, and c ure constant.
Proof: We have from proposition 5:
1 2
Ve + xV, + rxV, + 5 (ox + a)<V,, — 1V = 0. (4.11)
We use a separation of variables method. Assume V(t,x,y) = f(t,x)P(y)
af (t.x) / . o
ThusV, = ch(y). V, = f(t, ) (y), Ve = f,(t, )P ().
And Vey = frx (6, X)P(y).

Substituting in (4.11) yields:

(SO fet 1) + xf (£ VD () + Txfe(L)DG) + 5 (0% + * PN () =

rf(t, ) ®(y) =0).
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Dividing by xf (¢, x)P(y):

felt,x) @' (y) rfi(t,x) (ox+ a)? 7
S0 o0 T fGD e e - =0

and

_P0) _ AX) . rfx(t,x)+(JX+a)2
d(y) xf(t,x) f(t,x)  2xf(t,x)

fex(t.) == = a.
X

do do
() (y) _ a =3 do(y) _

We know that ®'(y) = . T, Ok —ady. Then

In|d(y)| = —ay + ¢,.
So ®(y) = ce™®, wherec = e°. The solution of the equation (4.11) is:
V(t,x,y) = f(t, x)ce” .
Where f (t, x) satisties:

filt,x) rf(t,x) (ox+a)?
xf(t,x) f(t x) i 2xf(t, x) W 3¢

) —
-—-=a
X

Multiplying by xf (¢, x) gives:

(ox + a)?
fe(t,x) +rxfi(t,x) + Tfu(t,x) —(r+ax)f(t,x) =0.m (4.12)

4.6 Asian option with an increased volatility is deterministic g(t) = e
In this subsection we assume that the increase in the volatility is a deterministic

function of the interest rate r. The underlying asset price SDE is given by

dX, =rX,dt + (oX, + pe™)dW,, te€[0,T], X,>0. (4.13)
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where t € [0,T], and X, is a positive constant. The solution of the above equation is
then given by

X = (xo + g-) e[(r‘az_z)”"w‘l - ge”. (4.14)

Proposition 7 (|7]) Consider a time t € [0, T] and let B be a real number such that

2 —
-—(%T#—Bov“[‘)

p < xoe . Then the value of X, given by equation (4.14) is strickily

positive with 99% probability.

For the proof see [7].

Now, we can state the relationship between the moditied and the Black-Scholes

Asian option prices.

Proposition 8 Let C(S, K, T) be the price of an arithmetic Asian call option with strike
K, and we assume that the underlving asset price follows the Black-Scholes dynamic
dS; = rS.dt + 0S,dW;, te[0,T), Sy,>0.

And let CB(X, K, T) be the price of an arithmetic Asian call option with strike K and

where the underlying asset follows the SDE (4.13), with Xq = S — g then

p
CA(X K, T =C(S,K—— ’T,T).
( ) Trae

Proof. Notice that the price of the Asian call option with underlying asset price X is

1 T
CP(X,K,T)=¢e""TE Imax (Tf X.dt — K, 0)]
0

1 T
=g "T'g |max (—f
T 0

T _a*
=g~ E [max (lf Soe[(“ 2 )Hawt] dt — —f éertdf - K,O)]
T T)y o

0

(xo+ E) olle-F)erome] _ ge”l dt — K, 0)]

a

T
= e "TE |max lf S.dt —L(e”‘ -1)—-K,0
T), Tro
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1 i (3
=e¢ "E [max (?L Spdt — (TLria (e —1)+ K),O)]

§i B — £ (e —

Thus CE(X,K,T) =C(S=(e = 1) +K,T).m

The previous proposition is important since it provides a relation between the two
Asian option prices: the option price under the Black-Scholes model and the option

price under our high volatile model. If we know the premium of the Asian option in

the Black-Scholes model for a givenstrike K, it is sufticient to replace K by % (e —
r

1) + K in order to obtain the price of the Asian option under the high volatile model.
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Chapter 5:  Conclusion

Asian options are interesting financial derivatives that are extensively utilized in
commodity. currency, energy, interest rate, equity and insurance markets. There is no
closed form solution for pricing arithmetic Asian options. Nevertheless, most of the
work on valuing such products, proves the existence of a partial differential equation
for the option price. In this thesis, we derived the partial differential equation for the
price of an Asian option under a high volatile model. An abundance of literature on
modeling the underlying asset price is available in various places, but one with high
volatility is rare to find. In this work, we propose a modified Black-Scholes model for
the underlying asset price that handles increased volatilities. The suggested model is
important, since it can be used to describe asset prices during a crisis. Another
interesting advantage of the suggested model, is that it is a stochastic volatility model,
ensuring completeness of the market. We solve the stochastic differential equation of
the underlying asset price. Moreover, numerical simulations and figures are provided,
and are favorable for the suggested model. Then, we found the Asian option price PDE
for the moditied model. In addition, we prove a formula that allows us to find the
modified Asian option price from the Black-Scholes option price when the increase in
volatility is a deterministic function of the interest rate.
As a future direction of research, it would be interesting to investigate how we can
implement the model to be usetul in practice. We need to calibrate the model, in other

words, to find a “good™ value for the increased volatility parameter “a™.
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