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ABSTRACT OF DISSERTATION

KRONECKER’'S THEORY OF BINARY BILINEAR FORMS WITH APPLICATIONS TO
REPRESENTATIONS OF INTEGERS AS SUMS OF THREE SQUARES

In 1883 Leopold Kronecker published a paper containing a few explanatory remarks
to an earlier paper of his from 1866. His work loosely connected the theory of inte-
gral binary bilinear forms to the theory of integral binary quadratic forms. In this
dissertation we discover the statements within Kronecker’s paper and offer detailed
arithmetic proofs. We begin by developing the theory of binary bilinear forms and
their automorphs, providing a classification of integral binary bilinear forms up to
equivalence, proper equivalence and complete equivalence.

In the second chapter we introduce the class number, proper class number and com-
plete class number as well as two refinements, which facilitate the development of a
connection with binary quadratic forms.

Our third chapter is devoted to deriving several class number formulas in terms of
divisors of the determinant. This chapter also contains lower bounds on the class
number for bilinear forms and classifies when these bounds are attained.

Lastly, we use the class number formulas to rigorously develop Kronecker’s connec-
tion between binary bilinear forms and binary quadratic forms. We supply purely
arithmetic proofs of five results stated but not proven in the original paper. We con-
clude by giving an application of this material to the number of representations of an
integer as a sum of three squares and show the resulting formula is equivalent to the
well-known result due to Gauss.

KEYWORDS: complete equivalence, binary bilinear forms, binary quadratic forms,
class number relations, L. Kronecker, Gauss
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Chapter 1 Introduction

“A pessimist sees the difficulty in every opportunity; an optimist sees the
opportunity in every difficulty.”
- Sir Winston Churchill

The theory of binary quadratic forms is a source of classical problems in number the-
ory and has been studied extensively. A lesser known paper by Leopold Kronecker
in 1883 [Kr1897] contains a novel manner for connecting the classical class number
theory of binary quadratic forms to the class number for binary bilinear forms. Al-
though correct, Kronecker’s paper requires prior knowledge of several key results in
order to construct his ultimate result; a purely arithmetic proof of the number of
representations of a positive integer as a sum of three squares. This weakness was
pointed out in a much later paper by André Weil in 1974 [Wel974, 3., p. 219].

Kronecker’s formula for the number of representations of a positive integer as a sum
of three integer squares differs materially from the traditional formulation due to
Carl FriedrichGauss, see Theorem or Grosswald, [Gr1985, p. 51]. The main
aim of this dissertation is to provide a detailed arithmetic proof of Kronecker’s paper
[Kr1897], that does not require any prior analytic results, and to demonstrate that
Kronecker’s formulation is indeed equivalent to the traditional Gauss formula.

Chapter2]is devoted to providing the reader with the necessary technical background
that is required to understand bilinear form theory in the current sense. The culmi-
nation of this chapter is Section [2.5, where we develop the theory of automorphs for
binary bilinear forms. Our treatment follows in the manner of the classical treatment
for automorphs of binary quadratic forms as given by Flath in [FI1989, p. 125].

Next, Chapter |3| commences our journey towards understanding Kronecker’s paper
[Kr1897]. We begin with Kronecker’s definition of a reduced bilinear form and de-
velop materials to aid our understanding of Kronecker reduced bilinear forms. Notable
results include showing there are finitely many Kronecker reduced forms for a given
determinant (Theorem , and proving a fundamental claim of Kronecker’s - that
we may use Kronecker reduced forms to count the complete class number for bilinear
forms, Cl. (D) (Theorem [3.1.29). We also introduce in Section the refinement
Cl, (D) of the class number. The remainder of this chapter begins the exploration of
how we count Cl. (D) and Cl, (D) via Kronecker reduced bilinear forms.

In Chapter 4] we derive expressions for the complete class number, Cl. (D) (see Theo-
rem , and its refinement CI. (D) in terms of sums of divisors of the determinant
D. The latter result may be found in Section 1.7, Also of interest in this chapter
is Section [4.5] Here we take a break from examining Kronecker’s paper in order to
derive some lower bounds for the proper bilinear class number, Cl, (D). Corollary



shows 2D < Cl; (D), and Theorem shows equality is obtained if and only
if D is a prime congruent to 11 mod 12. We go on to obtain various improvements
to our lower bound and provide an interesting observation which links the proper
bilinear class number to the problem of factoring a product of two distinct primes.
Observation shows if one knows a positive integer D is a product of two distinct
primes p and ¢, then calculating Cl, (D) allows for the recovery of the integers p and g.

Our final chapter, Chapter [5] is where we rigorously prove Kronecker’s connection
between binary quadratic forms and binary bilinear forms. We supply proofs of key
results stated by Kronecker but not proven. These are found in Lemma [5.1.7, Lemma
[5.1.8 Theorem and Theorem [5.2.21] Section [5.3]is then where we utilize all of
our previous work to derive Kronecker’s formula for the number of representations of
a positive integer as a sum of three integer squares. Lastly, in Section [5.4] we give a
detailed proof of Gauss’ Theorem by using Kronecker’s relationships. Thus we
show when primitivity is taken into account, Kronecker’s formulation concurs with
the traditional statement due to Gauss.

We also include several appendices. These initially consist of complementing the
reader’s knowledge of representations of sums of squares, before providing a detailed
walk-through of Weil’s 1974 paper, [Wel974]. Weil’s paper is of particular interest
because it offers an elegant way to calculate the number of representations of a positive
integer m as a sum of three squares when m = 3 mod 8. The proof is much shorter
than that of Kronecker and it avoids the use of infinite sets. Weil claims to have read
Kronecker’s paper for inspiration before deriving his method. Weil also states the
other cases can be done similarly but with additional complications. It is my hope
to continue studying the connections between the papers of Weil and Kronecker in
order to understand what Weil had in mind to complete the other cases.



Chapter 2 Preliminaries

“Success is not final, failure is not fatal: it is the courage to continue that
counts.”
- Sir Winston Churchill

We begin by developing some preliminary ideas and examples for the theory of bilinear
forms.

2.1 Introduction to Bilinear Forms

Definition 2.1.1.
Let R be a commutative ring and V' be an R-module of rank n. Then B: V xV — R
is a bilinear form if the following conditions hold:

e Blu+v,w)=B(u,w)+ B(v,w)
e B(u,v+w)=B(u,v)+ B(u,w)
e B(Au,v) = AB(u,v) and B(u, A\v) = AB(u,v) for A € R.

We may use a matrix to represent B in the following manner. Assume V is a free
R-module and let {eq, - ,e,} be a basis for V. Define the n x n matrix [Ble by
a;; = B(ej, €5). Then for any v,w € V, let x,y be the n x 1 vectors that represent v
and w respectively with respect to this basis.

B(v,w) = 2'[Bley = Z a;;TiY;

ij=1

Lemma 2.1.2.

Letx =211+ -+ a6y and y = y1€1 + - - - + ypen with respect to some R-basis.
Y1

ThenB(x,y):(q:l l’n)[B]e :
Yn

Proof.

By repeatedly applying the properties of a bilinear form (see Definition [2.1.1) we
have:

B(x,y) = B(xie1+- -+ z,en,v1€1+ -+ ypen)
= ZZB(ei,ej)xiyj
i=1 j=1
N
= (961 xn)[B]e :
Yn



]

Definition 2.1.3.
Let {fy,---,f,} be another basis for V such that {fi,--- f,} = {e1,--- ,en}M,
where M € GL,(F). Then M is called a change of basis matrix.

The new matrix representation for the bilinear form under this new basis is given by
M'AM, where A = [a;;] is the matrix representation for the bilinear form under the
original basis.

Notation 2.1.4.
n
Let u=pie; + -+ + ppen € V then we write [u]_ = :
Pn

Suppose f = {f;,--- ,f,} is another R-basis of V. Then f; = ¢11€1+--- + ¢n1€n, ..,
and fn = {1n€1 + e+ qn.n€n-

G1a  Qin
We denote the change of basis matrix by M = S € GL, (V).

Gn,1 " 4nn

Lemma 2.1.5.
Foru €V, we have [u], = M [ul;.

Proof.
D1
Let [u]; = : |. Then
Pn
u :plfl 4o +pnfn
=D (Q1,191 + -+ Qnen) + - +pn (q1,ne1 + -+ qn,nen)
- (p1q1,1 +---+ pnq1,n) e+ -+ (plCZn,l + -+ ann,n) €n.
Piqin + -+ PnQin
Thus [ul, = : =M [u],. O
p1Qn,1 + - +ann,n
Lemma 2.1.6.
Let B be a bilinear form, then [Bl; = M" [B], M.
Proof.
By Lemmas [2.1.2] and [2.1.5| we have for each u,v € V that
e (Bl [Vly = B(u,v)
t
= [ul,[Bl [Vl
= [ufy M [B], M [v];.
Hence [B]; = M"[B], M. O



Definition 2.1.7.

A bilinear form B is said to represent r € R\{0} if there exists v € V| v # 0 such
that B (v,v) =r.

If we let R = 7Z then the integer r is said to be properly represented by B if
v = (vy,--- ,v,)" satisfies ged (v, - -+, v,) = 1.

We now define a subset of bilinear forms, the skew-symmetric bilinear forms, and
demonstrate why it will be necessary to consider this subset separately.

Definition 2.1.8.
The bilinear form B is said to be

1. symmetric if B(v,w) = B(w,v) for all v,w € V.
2. skew-symmetric if B(v,w) = —B(w,v) for all v,w € V.
3. alternating if B(v,v)=0forallveV

Theorem 2.1.9.

Let B be a bilinear form. Then for charR # 2, B is alternating if and only if B is
skew-symmetric.

When char R = 2 then B is skew-symmetric if and only if it is symmetric.

Proof.
We first prove that regardless of the characteristic of R, if B is alternating then B is
skew-symmetric. Let v,w € V then

0

B(v+w,v+w)
B(v,v)+ B(v,w) + B(w,v) + B(w,w)
B(v,w)+ B(w,v).

—~~
O®
N

Therefore B(v,w) = —B(w, v) for all v,w € V.

Now assume charR # 2 and B is skew-symmetric. This implies 2B(v,v) = 0 and
hence B is alternating. Lastly assume charR = 2 and B is skew-symmetric, then
B(v,w) = —B(w,v) and characteristic 2 implies B(v,w) = B(w, v) so B is symmet-
ric. The converse follows immediately due to 1 = —1 when charR = 2. O]

Corollary 2.1.10.
Let B be a bilinear form. If B is skew-symmetric then its matriz representation, A,
satisfies A = — At irrespective of our choice of basis.

Proof.

By Theorem if char R # 2 then B is alternating. From Definition it is then
clear that the matrix representation [B], with respect to any basis e satisfies a; = 0
and a;; = —ay; for all i,j € {1,--- ,n}. Therefore A = —A".

If charR = 2 then B is symmetric and thus a;; = a;; in the matrix representation
[B], with respect to any basis e. Since 1 = —1 when the characteristic is two,
A= At = — A® follows immediately. O



Lemma 2.1.11.

The subset of elements of R represented by a non-skew-symmetric bilinear form A is
independent of our choice of basis. Further, the set of properly represented elements
of R is also independent of our choice of basis.

Proof.

Let e and f be the bases defined at the beginning of this section. Let r be a non-zero
ring element represented by A. Then there exists v # 0 with respect to the basis e
so that A (v,v) = r. Let M denote the change of basis matrix from e to f. We see

M~'v # 0 as M is invertible and v # 0. Then
AM v, M v) =V (Mfl)t (MPAM) M~ 'v = v'Av =r.

Hence every integer represented by A with respect to the basis e is represented by A
with respect to the basis f.

By applying the same reasoning but starting with the basis f and using the change
of basis matrix M ! to reach the basis e, we see the converse statement holds true.

Now suppose r € R\{0} is properly represented by v € V\{0} with respect to the
basis e. In particular this means ged(vq, -+ ,v,) = 1. Since properly represented
implies represented this means r is represented by Mv with respect to the basis f.
Suppose Mv = sw where w satisfies ged(wy, - -+ ,w,) = 1, then applying M~ yields
v = M~ 'sw = sM~'w. Therefore s = +1 because ged(vy,- -+ ,v,) = 1. Hence r is
properly represented by w = Mv with respect to the basis f. ]

In our next subsection we introduce the concept of equivalence between bilinear
forms.

2.2 Equivalence of Bilinear Forms

In this subsection we introduce the various notions of equivalence.

Let V be a free R-module. Recall we may write any bilinear form as a matrix in
GL, (V) with respect to some basis. We consider the group Aut (GL,, (V')) acting on
GL, (V) by conjugation. This gives rise to the following definition of G-Equivalence.

Definition 2.2.1.

Let G be a subgroup of Aut (GL,(V)) and A, B be bilinear forms with matrix rep-
resentations A and B. We say A and B are G-equivalent if there exists v € G such
that v(A) = B.

Lemma 2.2.2.
G-equivalence is an equivalence relation on the set of bilinear forms.

Proof.

Let A, B and C be bilinear forms. We observe the identity element, I,, € GG transforms
A into itself. Next, if M € G transforms A into B, then since M is invertible, M !
transforms B into A. Lastly, let M, N € G transform A to B and B to C respectively.
Since G is a group, M N € G and transforms A into C. O]



We observe that Definition does not depend on our choice of basis for the matrix
representations of the bilinear forms.

In our work G will be either GL,,(Z), SL,,(Z), or the kernel of the homomorphism
given in Lemma [2.3.2

Definition 2.2.3.
Let R be a commutative ring and let A and B be bilinear forms with matrix repre-
sentations A and B. We say

e A and B are equivalent if there exists M € GL,(R) such that M*AM = B.

e A and B are properly equivalent if there exists M € SL,(R) such that
M'AM = B. They are improperly equivalent if they are equivalent but not
properly equivalent.

Notation 2.2.4.
We will utilize the following notation, let

1. A ~ B denote when A and B are equivalent,
2. A ~, B denote when A and B are properly equivalent, and

Observation 2.2.5.

The characterisations of the types of equivalence between bilinear forms amounts
to choosing the right basis. In Lemma we showed that there is a one-to-
one correspondence between the (properly) represented non-zero elements in R of a
bilinear form under any two bases. Thus we see that with our definition of equivalence,
there is a one-to-one correspondence between the non-zero (properly) represented
elements in R of any two equivalent bilinear forms.

Lastly, we introduce the notion of the determinant of a bilinear form.

Definition 2.2.6.
Let A be a bilinear form. We define the determinant of A to be the determinant of
its matrix representation A.

Lemma 2.2.7.
The determinant of a bilinear form A is well-defined up to squares of units in R.

Proof.

Let A and B be equivalent bilinear forms. Then there exists M € GL,(R) such that
M'AM = B. Since det(M") = det(M) = u for some unit u € R, by the multiplicative
property of the determinant that equivalent bilinear forms have the same determinant
up to multiplication by a square of a unit in R. O

Notes on Section 2.2

Kronecker introduced the concept of complete equivalence on page 434 of [Kr1897].
He observed this is an extension of the idea of proper equivalence as introduced by
Gauss.



23 R=Z

From this section onwards we let R = Z and for the moment we will continue to work
in the n-dimensional case.

We first prove a lemma regarding the determinant of a bilinear form.

Lemma 2.3.1.

The determinant of a bilinear form is invariant under conjugation via M € GL,(Z).
Proof.

Let A and B be bilinear forms and M € GL,(Z) be such that M*AM = B. Since
det(M") = det(M) = £1 it follows that det(A) = det(B). O

Next, we introduce a homomorphism that will play a pivotal role in Kronecker’s
investigation.

Lemma 2.3.2.
The map
o:GL,(Z)
A

— {+£1} x GL, (Z/27)
—  (det(A), A mod 2),

n—1

is a surjective homomorphism with |GL,(Z) : kero| = 2 H (2" —2).
k=0

Note {£1} is treated as the multiplicative group of order 2.

Proof.

First note the homomorphism property follows immediately from the multiplicative
property of determinants. Next observe changing the sign in a single column will
multiply the determinant by —1 yet the representation mod2 will remain the same -
Thus o is surjective. Lastly, we count the number of invertible n x n matrices over
Z/(2Z). Consider such an n x n matrix then we have 2" — 1 choices for the first
column. Next, there are (2" — 1) — 1 = 2™ — 2 choices for the second column by a
linear independence argument. We continue in this manner to the n'" column where
we have 2" — 277! choices. Taking the product gives the number of invertible n x n
matrices over Z/(2Z). Finally, multiplying by 2 takes into account the sign of the
determinant and yields the result. O

Using this homomorphism we may extend the idea of equivalence between bilinear

forms (see Definition [2.2.3)) as follows:

Definition 2.3.3.
Let A and B be bilinear forms. We say:

e A and B are completely equivalent if there exists M € kero such that
M'AM = B. They are incompletely equivalent if they are equivalent but
not completely equivalent.



Notation 2.3.4.
We extend the notation found in Notation as follows:
Let A ~. B denote when A and B are completely equivalent.

We now define three types of class number for positive definite binary bilinear forms.

Definition 2.3.5.
Let n be a positive (non-zero) integer. Then

1. Cl(k) is the number of equivalence classes of bilinear forms with determinant
k under GL,,(Z)-equivalence.

2. Cl; (k) is the number of proper equivalence classes of bilinear forms with de-
terminant k& under SL,(Z)-equivalence.

3. Cl. (k) is the number of complete equivalence classes of bilinear forms with
determinant k£ under complete equivalence.

The quantities Cl (k), Cl; (k) and Cl. (k) are called class numbers. We will be par-
ticularly interested in the complete class number. Thus if not said explicitly, we will
assume we mean Cl. (k).

We now use the concept of G-equivalence to determine when bilinear forms properly
represent certain integers.

Lemma 2.3.6.
A bilinear form A properly represents a non-zero integer m if and only if A is properly
equivalent to a bilinear form B with matriz representation B satisfying By = m.

Proof.

(<) Let m be a non-zero integer. Assume A be a bilinear form that is properly
equivalent to the bilinear form B with matrix representation B satisfying By ; = m.
From Lemma we know properly represented integers are independent of our
choice of basis. So we may use the standard basis ey, -+ ,e,. Then B(e;,e;) = m as
By = m. Hence B properly represents m and since A is properly equivalent to B,
Observation [2.2.5] shows A properly represents m.

(=) Assume A properly represents the non-zero integer m. Then there exists v =
(v1,--+ ,v,) € V such that A(v,v) = m and ged(vy, - -+ ,v,) = 1. By the unimodular
column lemma (see Lemma 5.20 [Ro2002, p. 260]) we may extend v to an n x n
matrix M over Z with determinant 1. Thus A is properly equivalent to the bilinear
form B, where the matrix representation of B with respect to the standard basis is
M'AM. We observe B(e,e1) = A(Mey, Me;) = A(v,v) = m and therefore the
matrix representation of B satisfies By ; = m. O

Lemma 2.3.7.
The minimal non-zero integer in absolute value that is represented by a non-skew-
symmetric bilinear form B is in fact properly represented.



Proof.
Let m be the minimal non-zero integer in absolute value that is represented by B.
This exists because we cannot have an infinite decreasing sequence of positive inte-

gers. Let m = B(v,v) for some v = (vy,--+,v,) € V where ged(vy, -+ ,v,) = d.
Let w = 2(vy,-++ ,v,) and therefore ged(wy,---w,) = 1. Now observe B(v,v) =

Z Zaijvivj = d? Z Zaijwiwj. Thus m = d?B(w,w). However, m is the min-
i=1 j=1 i=1 j=1

imal non-zero integer in absolute value that is properly represented by B. So d | m
implies d = 1 and therefore ged(vq, - -+ ,v,) = 1. Hence B properly represents m. [

Lemma 2.3.8.
Assume B is a bilinear form obtained from A via a change of basis then the number
of solutions to A =1 and B = r are equal for any r € Z\{0}.

Proof.

From Lemma [2.1.11) we know a bilinear form represents the same elements regardless
of our choice of basis. Let M € GL,(Z) be the change of basis matrix. Since M
and M~! are unique, it follows that there is a one-to-one correspondence between

representations of a non-zero r € Z under the basis e and the representations of r
under the basis f. O

We now introduce the concept of definite and indefinite bilinear forms.

Definition 2.3.9.
Let B be a bilinear form and v € V\{0}. We say

WV

1. Bis positive definite if B(v,v) > 0, and is positive semi-definite if B(v, V)
0 for all such v.

2. B is negative definite if B(v,v) < 0, and is negative semi-definite if
B(v,v) <0 for all such v.

3. B is indefinite if B represents both positive and negative integers.

24 R=Z,n=2

In this section we restrict ourselves to working over the integers and to having dimen-
sion two. It is important to note we will diverge from Kronecker’s exposition slightly.
This is explained in detail in the notes at the end of this section.

We begin by giving a full description of the map ¢ found in Definition for the
two dimensional case.

Lemma 2.4.1.
Let n =2 and consider the map o from Definition [2.5.3,

e T IO
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Proof.
(2) This inclusion is straightforward to verify.

k
1 2 1 2k
(Q)Observe<0 1) :<0 1) ( ) (Qk l)foranykzeZ.

(12 (10 3
LetM-(O 1),N—<2 1)adA—(7 5)€kera

Case 1: v=0
In this case we have det(A) = 1 implies 1 = @ and thus « = § = +1. Further,

f = 0 mod 2 implies # = 2k for some k € Z and thus we have A = ( L2k ) or

0 1
k
-1 2k -1 0 1 -2
A= < 0 1 ) = < 0 1 > < 0 1 > . Both of these are clearly formed
from our generating set.
Case 2: |y| > 0.

. kA _
In this case we have M"A = 0 1 v b y 5

fore we may find a value of &k such that 0 < |a + 2k7| < |y|. Note both inequalities
are strict because v = 0 mod 2 and @ = 1 mod 2. Thus we may assume A satisfies
laf <|v].

Next, N1A = ( Lo > < @ b ) and so we may choose q € Z so that

’ 2q 1 v+ 2qa §+ 2qP

0 < |y + 2ga| < |a. Again, note both inequalities are strict.

Therefore by repeatedly left multiplying by M* and N? we get a strictly decreasing
sequence of integers |y|. This sequence must terminate with |y| = 0. Therefore we
are now back in the first case and thus kero C (M, N, —1I5). O

1 2k a B :(a+2k7 5+2k5),there-

Notation 2.4.2. For notational convenience we may write the matrix representation
of the bilinear form A in one line notation as A = (Ai1, A1a, Aa1, Aga).

Lemma 2.4.3.

The determinant of an n = 2 skew-symmetric bilinear form is always a square.
Proof.

Any such skew-symmetric bilinear form A has matrix representation ( B Alg Alé )
for Ajp € Z\{0}. Therefore det(A) = A3,. O

We are now able to give a full description of the equivalence class structure for skew-
symmetric bilinear forms. Recall the definition of a skew-symmetric bilinear form

from Definition R.1.8

Lemma 2.4.4.

The equivalence classes of skew-symmetric bilinear forms of determinant k* are de-
termined by k, and each equivalence class contains exactly two forms.

The proper equivalence classes of skew-symmetric bilinear forms are singletons de-
termined by k. Further complete equivalence is the same as proper equivalence for
skew-symmetric bilinear forms.

11



Proof.

From Lemma [2.4.3| we know skew-symmetric bilinear forms exist only when the de-
terminant is a square. Further, this implies A;y = k where det(A) = k2.

Let A be a skew-symmetric bilinear form with matrix representation

A= ( 1 0 AIS ) . Recall from Observation [2.1.10a skew-symmetric bilinear form
— A2

is always transformed to another skew-symmetric bilinear form. Suppose A ~ B via

M € GLy (Z), where B has matrix representation ( % BO12 )
—Dbi2

Let M = ( : ? ) Note that det (M) = +1.

Then
. [ a 0o A a f
MAM(/B 5)(—A12 012)(7 5)

- ( — (a0 —Om) Ay 0" gv) e )

- ( — det 8\4) A o (1\04) e ) '

Thus if M € GLy(Z) we see that A is equivalent to only B = +£A. Hence the
equivalence class of A contains precisely two bilinear forms. Further, the equivalence
classes are determined by |Ajs| > 0.

If M € SLy(Z) we see that A is only properly equivalent to itself. Thus each proper
equivalence class contains a single bilinear form and the proper equivalence classes
are uniquely determined by Aq,.

Since ker o < SLg (Z) it follows that proper and complete equivalence are in fact the
same. [

We now return to discussing relations between bilinear forms. The following obser-
vation shall be useful for condensing some calculations in future proofs.

Observation 2.4.5.

. . : . A A
Let A be a bilinear form with matrix representation A = ( e

Agy Ay ) and let

M:<a B>€M2X2. Then
v oo
B=M'AM
_ a7 Ay A ) a [
B9 As Ag v 9
_ Ay + ay (A1p + Agp) + V2 Age  aBAL + YBAs + adAig + Y0 Ag 1)
BaAi + adAg + ByAg + 07As  B2Aq + B0 (Ao + Agp) + 62 Agy

We highlight

312 + BQl = QOéﬁAll =+ (04(5 + ﬁ"}/> <A12 + AQl) + 2'}/51422 and

12



Blg — B21 = det(M) (Alg — Agl).

Further if M € SL, (Z), B has matrix representation B DB
Ba1 Ba
have M'A = BM™!, that is

aAy +7Ay aAis +yAgx _( Bu B o —p

BA +0Ay  PBAs+ 6Ag Byy By - «Q

0B — vB1s aBiy — BBy (H)
0B91 —7Bas aBay — By '

),andA~+Bwe

Lemma 2.4.6.
Assume A and B are equivalent bilinear forms via the matriz M = ( 3 ? ) Let

Ay A By B . . . .
A= and B = be their respective representation matri-
( Ag Ag By B P P

ces.
Then A1s— As1 = Bio— By mod 2. Further, if A and B are in fact properly equivalent
then we have Ao — Ay = Bia — Bay. That is, the difference between the off-diagonal
elements of their matrix representations is invariant under a transformation matriz
M e SLy(Z).

Proof.
Let A and B be equivalent bilinear forms. We use Observation to calculate
M'ADM, this yields

By — By = (Ao — Aga) + ad(A1z — Ag)
= (ad — 7) (A2 — Aa).
~———
det(M) = £+1

Hence we see Aj9 — Ay1 = Bia — Boy mod 2, and if M € SLy (Z) then Ajp — Ay =
By — Bo;. O

Lemma 2.4.7.
Let A and B be completely equivalent bilinear forms, then A;; = B;; mod 2, i,j €

{1,2}.
Proof.
Let M = : b € ker o and use Observation |2.4.50 It is helpful to recall « = § =

)
1 mod 2 and § =~ = 0 mod 2. Then we have:

_ 2 2
Bhi= o, An+ ay (Ap+An)+ v Asy

=1mod 2 =0 mod 2 =0 mod 2
= AH mod 2
Bis= af Apn+ @, Ap+ 8 An+ 0 Axp
~— ~~~ ~— ~—
=0 mod 2 =1mod 2 =0 mod 2 =0 mod 2

13



= Alg mod 2
By = af An+ py A+ b, Axn+ oy Ap
~— ~— ~ ~~

=0 mod 2 =0 mod 2 =1mod 2 =0 mod 2
= Ay mod 2
_ 2 2
By = p° Apn+ B6 (A +Asn)+ 67 Ao
=0 mod 2 =0 mod 2 =1mod 2
= Ay, mod 2.

We now relate a binary quadratic form to a given bilinear form as follows.

Definition 2.4.8.

. . . . A A
Let B be a bilinear form with matrix representation ( 1 o2

Ay Ay > We define the

associated binary quadratic form to B to be
Ap = Ana® + (Aiz + Az1) my + Agy®.

Lemma 2.4.9.
The binary quadratic forms ax? + 2bxy + cy?, a,b,c € Z are a subset of the bilinear
forms with integer coefficients.

Proof.
Let az?+2bxy+cy? where a, b, ¢ € Z be a binary quadratic form. Consider the matrix
representation of a bilinear form given by A;; = a, Ajs = As; = b and Ay = ¢. Then

letting x =y = ( Z ) yields our binary quadratic form. O

Since our work will involve binary quadratic forms from time to time we present a
parallel definition of definiteness for binary quadratic forms (see Definition [2.3.9).

Definition 2.4.10.
Let f(x,y) = ax® + rzy + cy® be a binary quadratic form. We say

e f is positive definite if f(z,y) > 0 for all (x,y) # (0,0). This can be relaxed
to positive semi-definite if f(z,y) > 0 for all (z,y) # (0,0).

e f is negative definite if f(x,y) < 0 for all (z,y) # (0,0). This relaxes to
negative semi-definite if f(z,y) < 0 for all (z,y) # (0,0).

e f is indefinite if f represents both positive and negative integers.

Lemma 2.4.11.
Let f = ax® +ray + cy? be a binary quadratic form. Then

1. f is positive definite if and only if a > 0 and 4det(f) >0

2. f is negative definite if and only if a < 0 and 4det(f) >0

14



3. f is indefinite if and only if 4det(f) < 0.

Proof.
We have

daf = 4a*x* + darzy + dacy?
= (2ax + ry)° + (4ac — %) *
= 4a® (2ax + ry)* + (dac —r?) 2.

Therefore we may write

ro\2 dac — 1%\
= — _— . 2.4
/ a<x+2ay>+( 4a )y (24)
1. (=) Assume f is positive definite. Then Equation implies we must have
a > 0 and % > 0. From this is follows that 4ac — r* = 4 det(f) > 0.
(<) Suppose a > 0 and 4det(f) = 4ac — r*> > 0. Then Equation implies
f(z,y) > 0 for all (x,y) € (Z x Z)\(0,0).

2. (=) Assume f is negative definite. Then Equation implies we must have
a < 0 as otherwise whenever y = 0 and x # 0 f would return a positive number.
However, we must also have % < 0 to cope with when z = 0 and y # 0.
This gives the other condition, 4det(f) = 4ac —r* > 0 as a < 0.

(<) Suppose a < 0 and 4det(f) = 4ac — r?> > 0. Then Equation implies

f(z,y) <0 for all (x,y) € (Z x Z)\(0,0).

3. (=) Assume f is indefinite. Firstly, if a # 0 then we must have 4 det(f) = 4ac—

r? < 0 as 4det(f) = dac — r? = 0 yields f producing all positive or all negative
(and possibly zero) integers and (1.) and (2.) above exclude 4det(f) > 0. If
a = 0 then 4det(f) = 4ac —r* = —r? < 0.
(<) Suppose 4det(f) = 4ac —r? < 0. If a = 0 then our binary quadratic form
simplifies to f = rzy + by? from which it is straightforward to see it represents
both positive and negative integers for (z,y) # (0,0). Thus suppose a # 0.
Then Equation implies with careful choice of (z,y) it is possible for f to
produce both positive and negative integers. Hence f is an indefinite binary
quadratic form.

]

Lemma 2.4.12.
Let A and B be (properly) equivalent bilinear forms. Then their associated binary
quadratic forms, Aa and Ag, are also (properly) equivalent.

Proof.

Let A = ( ﬁ; j;z ) and B = ( gi g;z ) be the matrix representations of the

bilinear forms A and B respectively. Let M = ( : ? ) € GLy(Z) (resp. SLo(Z))

15



be such that M*AM = B. Using Observation m (I) we see that the associated
binary quadratic form Az = Axeean is given by

Apmeam = (CV2A11 +ay (A + Aa) + 721422) ’+

= (20&51411 + (a5 + 5’7)(1412 + Azl) + 2651422) xy—i—
(B%A11 + B0(A1z + An1) + 6% An) 7.

Now we calculate M*A4M directly via Observation [2.4.5 (I)

¢ _ [ a7 Apy —A”JQFAQI a B
MAM = ( 8 8 ) ( T AR

_ a®Ary + ay(Arz + Asr) + 72 A2 aBA + 5B (Ars + Agy) + 70 A
afAn + (A + An) + 704z B2A11 + BO(Ara + Aar) + 6% Ax

= Amram

= Ag.

Hence we see Ay ~ Ap (A4 ~4 Ap) via M. ]

Corollary 2.4.13.
Assume A and B are equivalent bilinear forms. Then det(Ay) = det(Ag).

Proof.

Since the bilinear forms A and B are equivalent there exists M € GLy(Z) such that
M'AM = B. From Lemma we know M'A M = Ag, using det(M) = +1 and
det(M") = det(M) it follows immediately that det(Ay4) = det(Ap). O

We now present a second proof of Corollary [2.4.13]

Proof of Corollary|[2.4.13
Assume A and B are equivalent bilinear forms. Then there exists M € GLy(Z) such

that M*AM = B. From Lemmas [2.3.1| and [2.4.6) we know det(A) = det(B) and
Ay — A9y = Bia — Boy. Thus we consider the determinant of A4 as follows:

A+ A
det(A_A) = A11A22 — <%
4d€t(A_A) = 41411/422 — (A12 + A21)2

=4 (A11A22 - A12A21) - (A12 - A21)2-

2
— det(4) — (@) .

2
) which implies

Thus A11A22 - ( 9

Ao + 1421)2

Thus we see the determinant of A, is invariant under M and hence det(A4) =
det(AB).

O
We now introduce the concept of a reduced bilinear form.
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Definition 2.4.14.

. . . . A A
Let A be a bilinear form with matrix representation A = a2

Ag1 A
to some basis. We say that A is reduced if one of the following conditions holds:

with respect

1. —|An| < A+ Ay < Ay < |Agl, or
2. 0< Aig + Agy < |Au| = | Al

This definition is an extension of the definition of a reduced binary quadratic form.
The definition for binary quadratic forms may be found in [NZM1991, p 159].

The following definition defines two types of transformation matrices that are useful
when reducing bilinear forms.

Definition 2.4.15.
Let 3,7 € Z. We define the following transformation matrices:

U(ﬁ)—(é f)andL(v)—(,ly (1))
Lemma 2.4.16.

Assume A is a definite reduced bilinear form with matrixz representation A, then

det(A) > 0.

Proof.

Since A is a definite form we have A;; Ay, > 0. This is because A;; and Agy are
represented by A and so are non-zero and have the same sign. For the same reason
we see A is not the zero bilinear form. Using this we have

det(A) = A11A22 — A12A21 2 <A12 + A21)2 — A12A21 as A is reduced
= A}, + A1p Ay + A3,

1
=1 [(2A12 + Ap1)? + 3A§1} > 0.

In the first line of the above equation we have equality if and only if (Ays + Ag)® =
Aq1Ag. However A is reduced so we have (A + A21)2 < |Ap]? = A2}, and |Ay] <
| Ags|.

Thus in order to have det(A) = 0 we must have Ay + Ay = |Ay;| and Ay = Ay as
A is a definite form. We note that A5 + Ag; # — | A11| because A is reduced.

Then by the last line of the above equation we see that in order to obtain 0 we require
both 24,5 + Ay; = 0 and Ay = 0. It follows that A9 = Ag; = 0 for this to occur.

To conclude, we have a strict inequality on the first line above unless A5+ Ay = |Aq]
and A;; = Ay, and we have a strict inequality on the third line unless A1 = Ay = 0.
Hence det(A) = 0 if and only if A is the zero bilinear form. But A is not the zero
bilinear form and thus det(A) > 0. O

The following lemma is provided as an aide-memoir.
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Lemma 2.4.17.
Let a and b be real numbers, then |a + b| > ||a|] — |b]].

Proof.

We see [b] = |a+ b+ (—a)] < |a+0b] +|—a|l = |a+ b+ |a]. Rearranging yields
la+b] > |b| — |a|. By symmetry we may interchange a and b to get |a + b| > |a| — |b|
and hence |a + b > ||a|] — |b]|. O

Lemma 2.4.18.
Let B be a positive definite reduced bilinear form. Let v = ( :; > If ged (z,y) = 1

for some integers x,y € Z and B (v,v) < Ag, then B(v,v) = Ay or Ags, and (x,y)
is one of the six points £ (0,1), £(1,0), or £(—1,1).
Further, the number of proper representations of Ay, by B is:

6 if Aip = Ay and Ay + Ay = Ay,
4 Zf All = A22 and A12 + A21 7é A117
2 otherwise.

Proof.
Recall B positive definite implies B (v,v) > 0 for all v # 0. In particular, A;; > 0.

Let v = ( g ) where ged (z,y) = 1. Then multiplying by 4A;;, we obtain the
following:
4ALB (v, v) = 4AT7,0% + 4A1 (Arg + Agp) 2y + 4A11 Asoy® (2.5)
= (2A1x + (A1 + Ag) y)2 + (414111422 — (A + A21)2) y2.
If y =0 then x = £1 and Equation yields 4A2,.

s (4.3

Now let y = +1 and suppose |z| > 2. Then using the Lemma [2.4.17| we have

124112 + (A1g + An)y| = 2A1 2| — |A12 + Ax|ly]
= 2A1 x| — |Ap + Ao
> 4A1 — |Ap + Ay
> |Ajp + Agl.

Using this Equation [2.5 becomes:

AALB(v,v) = (2417 + (A2 + An) y)* + (441142 — (A2 + A21)2) y?
> (Agp + 1421)2 +4A11 A9 — (Ap + A21)2
- 414111422.

Hence B (v,v) > Ay when |y| =1 and |z| > 2.
Now suppose |y| = 2. Then Equation [2.5] becomes:

4ANB (v, v) = 2Anx + (Aia + Axn) 9)2 + (4A11A22 — (A2 + A21)2) y?

18



(2A112 + (A1 + As) y)z +4 (4A11A22 = (A2 + A21)2)

4 (441 Ap — (Aiz + Az)?)

4(4A1 Az — AnAz) as 0 < (A2 + An)” < A% < AnAy
12411 Ags.

A\VARR VARV,

Thus B (V,V) > 3A9 > AQQ > 0.

+(0,1),£(1,1), and £ (—1,1).
0

+ "\ +1

that equality holds if and only if Ay = Ay;.

Similarly, B <( +1 > 5 < +1 )) = A11 + (Alz + A21) + A22 > A22-

So we are left to consider (z,y)
By direct calculation, B (1) = Agy > Ay as B is reduced. We note

~—— |l

+1 +1
This is because —Ay; < Ajg + Ao < Aqp thus Ay + (A2 + Agp) > 0.

-1 -1
Lastly, B (i ( 1 ) , = ( 1 )) = Ay — (Aia+ Aop) + Ay > Agp > Ay

This is due to _All < A12 +A21 < All yleldlng All — (A12 + A21) 2 0. We note that
we have equality if and OIlly if An = A22 and A12 -+ Agl = AH.

Hence Aj; is properly represented by B in the following ways:

6 times if AQQ = AH and A12 + A21 = A11
4 times if Ags = Ay and Ajp + Aoy # Ayy
2 times otherwise.

Corollary 2.4.19.
A bilinear form B is positive definite if and only if Ayy > 0 and
4A11A22 — (A12 + A21)2 > 0.

Proof.

. . . . Ay A
Let B be a bilinear form with matrix representation L
Az Agy

(=) Assume B is positive definite, so B(v,v) > 0 for all v # 0. Since v = ( (1] )
yields B (v,v) = Aj;, we must have A;; > 0.

We now use the result found in Equation [2.5;
4A118 (V, V) = (214.1113 -+ <A12 + Azl) y)2 + (414111422 — (A12 + A21)2) y2.

Since B is positive definite and A;; > 0 it follows that 448 (v,v) > 0 for all v # 0.

Since Ay > 0, taking v = ( AlQ;AAZl ) # 0 yields
—2An
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414118 (V, V) = £2A11 (A12 + Agl) + (A12 + Agl) (—21411))24‘}‘

=0

(4411 A9 — (A1 + A21)2) (—24n)%.

This implies B (v,v) = (4A11A22 — (A2 + A21)2) Aqq. Since Aqp > 0, it follows that
4A11Agg — (Arp + 1421)2 > 0 for B to be positive definite.
Hence if B is positive definite then A;; > 0 and 441 A9 — (A2 + A21)2 > 0.

(<) Assume Aj; > 0 and 4411 A2 — (Ap + A21)2 > 0.
Then for v # 0, Equation [2.5] yields

4A1 B (v,v) = £2A11x + (A1 + Ag) ?/)i+ ilAllAQQ — (A + A21)i y?

>0 >0 =0

Since 4A4;; > 0, we will only have B (v,v) = 0 if both y = 0 and

2A117¢ 4+ (A2 + As1) y = 0. However, this implies 24172 = 0 and so Aj; > 0 means
x=0. Thus v =0.

So 4A11B(v,v) > 0 for all v # 0 and hence B(v,v) > 0 for all v # 0.

Hence B is a positive definite bilinear form. n

Corollary 2.4.20.
A reduced bilinear form B is positive definite if and only if 0 < A1 Ass and 0 < Ay;.

Proof.

Let B be a reduced bilinear form.

(=) Assume B is positive definite. Then v = (1,0) yields B(v,v) = A;; > 0, and
w = (0, 1) yields B (w,w) = Asy > 0. Hence we have 0 < A1 A3 and 0 < Ay;.

(<) Assume B satisfies 0 < Aj; A9 and 0 < Aj;. Observe the first condition implies
0 < A11Ag < 4A11Ay. Since B is reduced, we have —A1; < Ajg + Ay < A < Ao
or 0 < Ajp + Ay < Ay = Ay and this gives 44,1 A2 > (Ap + A21)2~

Hence we have 0 < 4411 Agy — (A12 + A21)2 and Corollary implies B is positive
definite. O

Corollary 2.4.21.
Let M € GLy(Z) and A be a positive definite bilinear form. Then M'AM is a positive
definite bilinear form.

Proof.
By Corollary [2.4.19| we need to show B = M'AM satisfies By; > 0 and 4B, Boy —
(Bya + B1)? > 0. We note A satisfies 0 < 4411 Ay — (A12 + As1)? and

4A11 Ay — (A1p + 1421)2 = 4(A11Age — A1pAs) — A%z - A§1 + 2A15A5
= 4det(A) — (A12 — A21)2.
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Since det(B) = det(M'AM) = det(A) and by the proof of Lemma we have
(B12—321)2 = (Alg—A21)2, it follows that 4311322— (312+Bgl)2 = 4A11A22— (Alg—l—
Ag)? > 0. Lastly, using Observation yields By = oAy +ay(Ajg+ Agy ) +v2 Ags.

Since det(M) # 0 we cannot have o = 7 = 0 and thus < ?; ) # 0. Then we have

A A
( “ ) ( A; AZ ) ( 3 ) = ® Ay + ay(Arg + Agy) + 72 Ags.

Since A is positive definite, it follows that a?A1; + ay(Ay + Agr) + 12 Agg > 0.
Therefore we see By; > 0, completing the requirements of Corollary [2.4.19| for M*AM
to be a positive definite bilinear form. O

Observation 2.4.22.
Lemma [2.4.18| implies that the minimal non-zero integer properly represented by a
positive definite reduced bilinear form is Aq;.

Theorem 2.4.23.
Every bilinear form B that is not skew-symmetric is properly equivalent to a reduced
bilinear form.

Proof.
Let B be a non-skew-symmetric bilinear form, then B represents non-zero integers.
Choose m € Z\ {0} properly represented by B and such that |m/| is minimal. By

Lemma B is properly equivalent to the bilinear form with matrix representation
m b AH A12 )

. Thus without loss of generality we may assume that B =
c d Ay Az
where Aj; # 0 is the integer properly represented by B such that |Aj;| is minimal.

Observe that Ay, = B (< (1) , (1)
B and is minimal, we see that 0 < |Aj1| < |Ags| as Ags is properly represented by B.
Thus if B is not reduced then we have Ao + Aoy & (— |Ann], |An]]-

By the division algorithm there exists a unique ¢ € Z\ {0} such that A5 + Ay =
2qA1; + r where — [Ay;| < r < |Aj1|. Applying the SLy (Z) change of basis U (—q)

(see Definition [2.4.15)) yields

). Thus since | A11| is properly represented by

o o Ay Az — qAn
Ul=a) AU(=q) = < Ap — qAn Ay — q(An+ An) + ¢*An )

Observe the “A;;” entry is still properly represented by B and |“A;;”| is minimal.
Also observe the new “Ajs 4+ Ag” entry is (Ajo + Asy) — [(A12 + Aoy — 7)) = r. Thus
we have —|Ay1| < “Aip + Asy” < |Aq1|. It remains to show that |“Ag”| > |Aq].

This follows immediately because B (< (1) , ? = “Ag” and since |A11] is the
minimal non-zero integer represented by B we have 0 < |Ay;| < [“Ag”|.
Thus the only problem that may remain is if |[Ay;| = |“Ax”| and r = “Ajp +
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1

Ag” < 0. If this is the case then applying < _01 0 ) € SLy(Z) yields the form

( 44A2277 _44A2177
— A" Ap
form is reduced.
Hence every non-skew-symmetric bilinear form is properly equivalent to a reduced
bilinear form. ]

). Since “Agy” = Ajp and 0 < —r < |Ay;| we see that this new

Theorem 2.4.24.
Let A be a positive definite bilinear form. Then A is properly equivalent to a unique
reduced bilinear form.

Proof.

Let A be a positive definite bilinear form. Note this implies A(v,v) > 0 for all v # 0
and therefore A is not skew-symmetric. We assume A is properly equivalent to the
reduced bilinear forms B and C. Let the matrix representations of the reduced forms

. B11 B12 - Cll C'12 :
be B = ( Byi Boy ) and C = ( Oy Coy ) respectively.

By Observation [2.4.22 By is the smallest non-zero integer properly represented by
B, and for C it is C7;. By Lemma [2.1.11] and Observation [2.2.5] properly equivalent
bilinear forms represent the same set of properly represented integers. Thus B;; =
Cll-

Now suppose Byy = Bj;. Then Lemma [2.4.18] implies B properly represents Bq; at
least 4 times. Lemma and Observation then forces Cyy = Oy = By; as
otherwise C would only represent Bj; twice.

Recall from Corollary that the negative discriminant of the associated binary
quadratic form is an invariant. Thus we have

Biy + Boy 2

2
9 ) = det(AB) = det(Ac) = BllBQQ — (M)

BllB22 - < 92

Hence (B + B21)2 =(Ca+ 021)2. Then since B and C are reduced and By, = By,
we have 0 < Bja + By and 0 < Chg + Oy, and so we see By + By = Cha + Coy.
Using Lemma we have Bis — By; = (19 — Cyy; this yields a pair of simultaneous
equations with sole solution By = (5 and By = Cby.

Hence if Byy = By; then we have a unique reduced form.

Next suppose Bi; < Bgs. Lemma [2.4.18 implies that there are exactly two represen-
tations of Bj;, consequently Lemma and Observation [2.2.5/imply C represents
By, exactly twice as well. Thus we have By; < (5. By Lemma|2.4.18 we see that By
is the second smallest integer properly represented by B, while for C it is C55. Then
Lemma and Observation imply Cas = Byy. Again using Corollary
we see that (012 + 021)2 = (Blg + 321)2 and thus (012 + 021) =+ (Blg + Bgl).

Now let M = ( Z z ) € SLy(Z) be such that M*BM = C. Then det (M) =

ru —ts = 1 implies ged (r,t) = 1 and ged (s,u) = 1. We see that
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Bll:c(((l))’((l))):B(<:)’(;>) and ged (r,t) = 1 implies this is a

r 1
impli =+
1mp1es(t) (O)aswe
only have two proper representations of Aq;.

Similarly, Byy = c(( (1) ) : ( (1) )) - B(( Z ) : ( z )) and ged (s,u) = 1 im-

plies this is a proper representation of Bss. Thus Lemma [2.4.18] implies either

( Z ) = + ( (1) ) or ( _11 ) Hence the only possibilities for M are +Iy or

1 -1
0 1

. 1 -1 . B11 B12 — B11
Applying M = =+ ( 0 1 ) yields ( Byy — B11 By — (Big + Bo1) + Bao )
Thus Cio + Cy1 = Bio + Boy — 2B41;. However, B is reduced and so satisfies —Bj; <
Bis + By < Byg. This 1mphes —3B11 < Big 4+ By — 2B11 < BH, Contradicting C
being reduced.
Hence M = +£I, and thus we must have Ci5 + Cy; = Biy + By;. Then Lemma
yields Co — Cy1 = Bis — Bs; and solving these equations simultaneously gives
Ci2 = Biz and Cy = By;.
Hence B = C and thus A is properly equivalent to a unique reduced bilinear form
when By < Bos.
Hence every positive definite bilinear form is properly equivalent to a unique reduced
bilinear form. O

[0.¢)

proper representation of Bj;. Thus Lemma [2.4.1

+

We now use our theory of reduced bilinear forms to show a parallel result for binary
quadratic forms.

Lemma 2.4.25.

Let B be a reduced bilinear form. Then its associated binary quadratic form Apg is
reduced. Further, if B is positive (negative) definite then Ap is positive (negative)
definite.

Proof.

Let B be a reduced bilinear form with matrix representation ( jll ﬁm ) Then
21 A

we have —|A11| < A12 + A21 < |A11| < |A22| or 0 < A12 —|—A21 < |A11| = |A22|.

The associated binary quadratic form is Ag = A12% + 2 (%) 2y + Agpy?. From
Definition we require either —|Ay| < Ajp + Agy < |Apn] < A or 0 <
Aja + Agp < |Aqr| = |Ags|. But these are the exact conditions that define B as a
reduced bilinear form. Hence Ag is reduced.

Now assume B is positive (negative) definite and thus A1 Ay > 0 and Ay; > 0 (Ay; <
0). From Lemma it remains to show in either case that det (Az) > 0. We have
det (Ap) = (A11A22 — %)2 and since B is reduced, we have 0 < (A + A21)2 <
A11A22. Hence det (AB) 2 0 with equality if and Ol’lly if w = A12 + A21 = AH =
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Ags = 0. That is B would have to be a skew-symmetric bilinear form, contradicting
B being a definite form. O

Corollary 2.4.26.
Every positive definite binary quadratic form f = ax® + 2bxy + cy? is properly equiv-
alent to a unique reduced binary quadratic form.

Proof.

By Lemma [2.4.9] we know these binary quadratic forms are a subset of the bilinear
forms. From Lemma we know f is properly equivalent to a unique positive
definite bilinear form. We now show this bilinear form is in fact a binary quadratic

form. In Theorem [2.4.23] we demonstrated one can reduce a bilinear form via a
1

0
-1 0
Observation [2.4.5| we see the first transformation yields a bilinear form with “Ay” =
—Ag; and “Ag” = —Aq. Since we started with a binary quadratic form we had
Aj9 = Asy and thus we see the first transformation preserves binary quadratic forms.
Again by Observation transformations of the type U(q) yield a bilinear form
with 14A1277 = A12 —+ qul and “A21” = A21 -+ qul' Since we started with a binary
quadratic form we have Ay = Ao and thus “A;y” = “As;” so these transformations
preserve binary quadratic forms.

Hence since these transformations are sufficient to transform any bilinear form to
a reduced bilinear form which, by Theorem [2.4.24] is unique, we have shown every
positive definite binary quadratic form is properly equivalent to a unique reduced
binary quadratic form. O

sequence of the transformations and U(q)’s for some ¢ € 27Z. Using

For the remainder of this section we will assume A is a positive definite reduced
bilinear form with determinant D. We now develop bounds for the coefficients of
such a bilinear form and use this to show there are finitely many such bilinear forms.

It will be useful to recall zy < (£5%)? for all real numbers z and y.

Lemma 2.4.27.

The bilinear form A satisfies 0 < Ay < @/%.

Proof.
We have 4411 Ay — 4D = 4A15A9 < (A + As)? < A2, Consequently, we get
314%1 = 414%1—14%1 < 4A11A22—A%1 < 4D. Since 0 < AH this y1€1dS 0< A%l\/ % ]

Lemma 2.4.28.
The bilinear form A satisfies —D < Aj3A91 < %.

Proof.

From Lemma [2.4.27| we have 441542 < (Ap + A91)? < A3 < % and thus A4 <
%. We also have —A15A49; = D — A11Ass < D as A3 Ags > 0 by the definiteness of
our bilinear forms. Hence we have —D < A13A9; < %. O

Lemma 2.4.29.

The bilinear form A satisfies A2, < A1 Az < %,
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Proof.
From Lemmas |2.4.27| and |2.4.28| we have Aj;Ass — D = Ajp Ay < %. By the reduced
criteria it then follows that Ay, < Ay A < %. O

Lemma 2.4.30.
The bilinear form A satisfies Agy < An 4 A%l and Ay < D.

Proof.
From the proof of Lemma [2.4.28 we have A1 Ay = A4z + D < AT + D. Since

Aq; > 0, dividing yields Asy < % + A%l' By Lemma [2.4.27|we know 1 < Aj; < 4 /%.

Since the function f(z) = 7+ % is decreasing on the interval 1 < z < ,/%, it follows
that Ay < % + ALH < }l + D. Since Ay, D are integers it follows that A < D. O

Lemma 2.4.31.
The bilinear form A satisfies |A1g — Agq| < 2v/D.

Proof.
Applying Proposition [2.4.28 we have

(Aip — 1421)2 = (A + A21)2 —4A15A9
< ApAgp — 44159
=D — 3A12A2
<D+3D
=4D.

Therefore |A12 — A21| < 2\/5 ]

Lemma 2.4.32.
The bilinear form A satisfies |Aqa|, [An| < /%5 4D

Proof.

By Lemma [2.4.31] we may write Ajp = r/D and Ay = sv/D where r,s are real
numbers. Then using the reduced criteria we have

Ay 2 Ay 2 A+ Ay = (r+ s)\/ﬁ Consider the bilinear form

B (0P )

Then det(B) = ((r +s)?> —rs) D < Aj1 A9 — AjpAy = D. From this it follows that
r?+rs+s? < 1. To maximise |A1s| requires finding the maximal real number |r| where
this inequality holds. We have s*>+rs+(r?—1) < 0 if and only (2s5+7)*+(3r?—4) < 0.

Therefore 3r? — 4 < 0 and hence r? < 4. Thus |4;o| = |r|v/D < /2. Rewriting

the initial inequality as 72 +7s + (s> — 1) < 0 and proceeding in an identical manner

then yields [Ay | < /%2 O
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Corollary 2.4.33.
There are finitely many positive definite reduced bilinear forms with determinant D.

Proof.
In Lemma [2.4.27] we have shown 0 < A;; < @/% and in Lemma [2.4.30[ we showed

0 < A < D. Lastly, in Lemma [2.4.32) we showed [Aya|, |Asi| < /22, Therefore

there are finitely many choices for each of A1y, Ao, Aoy and Ay for a fixed determinant
D. Hence there are only finitely many reduced bilinear forms. m

We now provide several examples which show these bounds are optimal.

Example 2.4.34.

[aD \/E
Let D = 3n? for some integer n. Then the bilinear form B = ; jD is
3 3

reduced with determinant D. This example shows that Lemma [2.4.27, the second
inequality of Lemma [2.4.28] Lemma [2.4.29] and the first inequality in Lemma [2.4.30
are optimal.

Example 2.4.35.
Assume r is a rational number such that 7D and (1—r)D are both squares of integers.
For example, let r = % and D = (a® + b*)n? where a, b, n € Z. Then the bilinear

form B = ( —\</17“_I_DT)D \/7&_11)_ D ) is a reduced bilinear form with determinant
D. We have Ay — Ayy = 2¢/rD and AjpAy; = —rD. We can make r arbitrarily close
to 1 by choosing a sufficiently large and letting b = 1. This shows Lemma [2.4.31] and
the first inequality in Lemma [2.4.28| are optimal.

Example 2.4.36.

Consider the bilinear form B = é }) . This is a reduced bilinear form with

determinant D and that the second inequality in Lemma [2.4.30]is optimal.

Example 2.4.37.

D [aD
Assume D = 3n? for some integer n. Then the bilinear form B = \/ZD ;’

V3 3
is a reduced bilinear form with determinant D. This example shows Lemma [2.4.32)] is
optimal.

We now demonstrate in detail how to calculate the proper class number for bilinear
forms with determinants D =1, D =2, D =3, D = 4 and D = 6 respectively. These
results will be used later in Section [4.5]

Example 2.4.38.
We wish to determine all positive definite reduced bilinear forms with determinant
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D = 1. From above we see 0 < A;; < ,/4;31 < 2,0 < Ay <1 and |Agpl, [Ax| < \/g.
Therefore A;; = Ags = 1. Hence A13A3; = 0 and therefore we get precisely three

reduced bilinear forms:
10 11 10
0o 1/)’\0o1)’\11)"°
Example 2.4.39.
Our goal is to find all positive definite reduced bilinear forms of determinant D = 2.

From above we see 0 < A;; < @/% < 3,0 < Ay < 2and A, |Ax]| < \/g. Thus

A11 =1or 2.

Case1l: A;; =1

Then 2 = D = A22 — A12A21, if A22 = 17 then A12A21 = —1 and thus A12 = :i:l,
Aoy F 1. Tt is then straightforward to check that ( _1 1 ) and ( 1 _1 > are the
only reduced bilinear forms.

Now if Asy = 2 then A15A5; = 0 and using the conditions for being reduced we see

10 11 10 o
that ( 0 2 >, ( 0 2 ) and ( 1 9 > are the only reduced bilinear forms.

Case 2: Agg =2

Then 2 =D =4 — A12A21 and thus A12A21 = 2. Therefore either A12 = 2, A21 =1
or Ajs = 1 and Ay = 2. However, both of these options yield A + Ay > Ajy.
Therefore this case does not contribute any reduced bilinear forms.

By Theorem every bilinear form is properly equivalent to a unique reduced
bilinear form. Since we have five distinct reduced bilinear forms it follows that none
of these are properly equivalent to another. Therefore since every proper equivalence
class contains a unique reduced bilinear form, it follows that Cl; (2) = 5.

Example 2.4.40.
Our goal is to find all positive definite reduced bilinear forms of determinant D = 3.

From above we see 0 < Ay; < @/% =2,0 < Ay < 3 and |Al, |A21| < 2. Thus

A11 =1 or 2.

Case 1: A;; =1

Then As, is either 1, 2 or 3. If Ays = 1 then we must have Aj5A5; = —2 and then
the reduced criterion implies A;s = 2 and Ay = —1. Since we may interchange the
roles of Ao and A, this gives rise to two reduced forms. Next, if Ay = 2 then
A19A5; = —1 and therefore Aj; = 1 and Ay; = —1 or vice versa. This yields another
two reduced forms. Lastly, if Ass = 3 then A543, = 0 and we get three reduced
forms which correspond to (Aja, As1) = (0,0), (1,0) and (0, 1).

Case 2: Aj; =2

Then A9y = 2 or 3. If Ays = 2 then we have A543, = 1 and then the reduced criterion
yields a single reduced form with A = 1 = Ag;. While if Ay = 3 then A15A5 = 2
and there are no integers with this property that also satisfy A5 + As; < Ay,
Hence the set of positive definite reduced bilinear forms with determinant D = 3 is

() (oa)Ga)e)(at) (o)
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1 -1 2 1
(0 2)(72))
Therefore Cl; (3) =8 =2-3+ 2.

Example 2.4.41.
We want to find all positive definite reduced bilinear forms of determinant D = 4.

From above we see 0 < A;; < «/% < 3,0 < Ay < min{4,% + A%l’ and |Ajs|,

|A21| < \/432 < 3. Thus AH =1or AH = 2.

Case 1: A;; = 1.

Then Ay € Z N [1,4] and for each value of Ay we examine Aj5Ay = 1- Ayy — D.
Using the bounds for |Aj5| and |As| we get the following reduced bilinear forms

o) () G ) a2 G )G (en)

Case 2: A;; =2
Then it follows Ay, = 2 and we have the following reduced bilinear forms:

(e ) (Fa)(02) (32)(32)

Now we have considered all possible values for A;; and Ay with their associated
values for Ay and As; and therefore we have found all positive definite reduced
bilinear forms with determinant D = 4. Since every proper equivalence class contains
a unique reduced bilinear form and every bilinear form is properly equivalent to a
unique reduced bilinear form, we deduce Cl; (4) =12 = 2D + 4.

Example 2.4.42.
We want to find all positive definite reduced bilinear forms of determinant D = 6.

From above we see 0 < A;; < 1/% = V8 <3,0< Ay < min{6,% + A%l} and

|Asa|,| A2 | < \/g < 3. Thus A;; =1or A; =2.

Case 1: A;; = 1.

Then Ay € Z N [1,6] and for each value of Ay we examine Aj9Ay = 1- Ayy — D.
Using the bounds for |Ajs| and |As;| we get the following reduced bilinear forms for

A22 € {2, 4, 5}

(=2) G ) (e )G a) () G5)

Lastly when Ags = 6 we require at least one of A5, Ag; to equal zero. Thus we get
the following three reduced bilinear forms

(o5 )(1a)(os)
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Case 2: A;; =2
Then it follows A is either 2 or 3. When Az = 2 we get the following reduced

bilinear forms
2 2 2 —1
-1 2 /)J’°\ 2 2 ]

While when Agy = 3 we require at least one of A5, As; to be zero and therefore we
get

() () () G (@) 5) (G 5)

Now we have considered all possible values for A;; and Ay with their associated
values for Ay and As; and therefore we have found all positive definite reduced
bilinear forms with determinant D = 6. Since every proper equivalence class contains
a unique reduced bilinear form and every bilinear form is properly equivalent to a
unique reduced bilinear form, we deduce Cly (6) = 18 = 2D + 6.

Notes on Section [2.4]

In chapter 9 of his paper ([Kr1897, p. 452]), Kronecker introduces bilinear forms by
stating them in general as Ax 1y, + By, — Cxoy; + Dxays. For ease of exposition,
we will avoid this, instead choosing to write Aj1x1y; + A1o21y2 + Ao1 T2y + Asoays
or even (Ajy, A2, Ag1, Ags) in shorthand.

2.5 Automorphs of Bilinear Forms

In this subsection we turn our considerations to understanding when a proper equiv-
alence class of a bilinear form contains exactly six complete equivalence classes. In
order to do this we will develop the theory of bilinear automorphs by following the
approach found in [NZM1991) p. 173] and [F11989), p. 125] for binary quadratic forms.

We will first investigate the existence of proper and improper automorphs of positive
definite reduced bilinear forms. By reduced we will mean the definition given in

Definition 2.4.74 o4
Let B be a reduced bilinear form with matrix representation A = ( o2 > . Let

Agr Ax
_(a P
M_(7 5).

Definition 2.5.1.

Let A be a bilinear form. A matrix M € GLy(Z) is called an automorph of A if
M!AM = A where A is the matrix representation of 4. We refine the notion to
that of an improper automorph if M € GLy(Z)\SLy(Z), a proper automorph
if M € SLy(Z) and a complete automorph if M € kero.

29



Notation 2.5.2.

Let A be a bilinear form. We shall write Aut(A) to denote the set of all automorphs
of A, Aut™(A) to denote the set of all proper automorphs of A, and Aut?(A) to
denote the set of all complete automorphs of A. We let | Aut(A)|, | Aut™(A)| and
| Aut! (A)| denote their respective cardinalities.

The following lemma will be useful when investigating the automorphism groups.

Lemma 2.5.3.
Let G, Gy be groups, Hi < Gy and 7 : G — G5 be a group homomorphism. Then
H1 Nkert S] Hl.

Proof.

Consider the homomorphism 7| : H;y — G5. Then ker7| = H; Nkerr. O
H1 Hl

Lemma 2.5.4.
Let A be a bilinear form. Then Aut(A) is a subgroup of GLa(Z) and Aut™(A) is a
normal subgroup of Aut(A). Lastly, Autf(A) is a normal subgroup of Aut(A).

Proof.

Observe that £/ € Autf(A) C Aut™(A) C Aut(A). Now suppose that B,C €
Aut(A), then B™' € Aut(A) since B'AB = A implies that A = (B~')'AB~!. Tt
follows that BC~! € Aut(A) since

(BC™H'A(BC™)

(CH'B'ABC™!
= (ChrAc!
A.

Hence Aut(.A) is a subgroup of GLy(Z).

Now observe that Aut™(A) = Aut(A)NSLy(Z) and Aut} (A) = Aut(A)Nkero. Since
the intersection of two subgroups is again a subgroup, we have Aut™*(.A) is a subgroup
of Aut(A) and Aut}(A) is a subgroup of Aut(.A).

Next, consider the homomorphisms det and ¢ (from Lemma with n = 2). Then
the restrictions:

det‘A " s Aut(A) — {£1} given by M — det(M), and
ut

U‘A Lo Aut(A) — ({£1}, CLa(2/22)
ut
along with Lemma yield the result. O

We observed in the proof of Lemma that | Autf(A)| > 2 for all A. This is
because £1 € Aut(A).

Lemma 2.5.5.
Let A and B be equivalent bilinear forms. The automorphs of A are in one-to-one
correspondence with the matrices that transform A to B.
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Proof.

Let T(A,B) = {M € GLy(Z)|M*AM = B}. Since A and B are equivalent bilinear
forms it follows 7 (A, B) is non-empty. We now fix an M € T (A, B) and consider the
map A : Aut(A) = T (A, B) given by A\(K) = KM.

We show A is a bijection and hence there is a one-to-one correspondence between the
automorphs of A and matrices that transform A into B.

(1) KM € T(A,B) since (KM)'A(KM) = MY (K'AK)M = M'AM = B.

(2) Surjectivity: Choose M’ € T (A, B) then M’M~! is an automorph of A since
(MM~ AM' M) = (MYBM™'=Aand M~' € T(B, A).

Then A(M'M~') = M’ and so the map is surjective.

(3) Injectivity: Suppose that KM = K'M for some K, K’ € Aut(A). Since M is
invertible, we must have K = K’, i.e. ) is injective.

Further, if A and B are properly equivalent, then we replace T (A, B) with
THAB) = {M € SLy(Z)|M*AM = B} and replace Aut(A) with Aut*(A). The
same proof then yields a bijection between Aut*(A) and T (A, B).

Similarly, if A and B are completely equivalent, one can replace 7 (A, B) with
THAB) ={M € kero| M*AM = B} and replace Aut(A) with Aut? (A). The same
proof then yields a bijection between Autf(A) and 7,7 (A, B). O

It remains to show | Aut(.A)| is a finite group for any bilinear form A. The next three
lemmas provide a stepping stone in this direction.

Lemma 2.5.6.
Let A and B be equivalent bilinear forms, then Aut(A) = Aut(B).

Proof.

Let M € GLy(Z) be such that M'AM = B. Define 7 : Aut(A) — Aut(B) by
7(K) = M~*KM. We show that 7 is a group isomorphism.

Firstly, observe that 7(K) € Aut(B) since (M *KM)'B(M*KM) = M'K'AKM =
B. To show surjectivity, let M’ € Aut(B) and so (M'))BM’' = B. Also, observe
that M is invertible and MM'M~' € Aut(A) since (MM' M)} AMM' M™') =
(M~Y)*M"BM'M~" = (M~')Y'BM~" = A.

Then 7(MM'M~') = M=Y(MM'M~")M = M’ and so 7 is surjective.

For injectivity suppose K, L € Aut(A) and M~*KM = M~'LM. Since M and M~!
are invertible, it follows that K = L and so 7 is injective.

Lastly, 7 is a homomorphism since for K, L € Aut(A) we have 7(KL) = M~ 'KLM =
(M*KM)(M~*LM) = 7(K)7(L). Hence 7 is an isomorphism of groups and so
Aut(A) is isomorphic to Aut(B). O

Lemma 2.5.7.

Let A and B be properly equivalent bilinear forms.

Define 7 : Aut™(A) — Aut™(B) by 77(K) = M~'KM where M € SLy(Z) is such
that M*AM = B. That is, 7" is the restriction of the domain of T to Autt(A). We
show T is a group isomorphism.

Proof.
From above, restricting the domain of 7 to Aut™(A) still maps into Aut(B). Since
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M € SLy(Z) and Aut™(B) = Aut(B) N SLy(Z) it follows that the map is actually
into Aut™(B). The result then follows as in the proof of Lemma [2.5.6, Hence 7 is a
group isomorphism and so Aut™(.A) is isomorphic to Aut™(B). O

Corollary 2.5.8.

Let A and B be completely equivalent bilinear forms. Then the map

.7 Autf(A) — Autl(B) given by TH(K) = M KM, where M € kero satisfies
M'AM = B, is an isomorphism.

Proof.

We restrict the domain of 7 to Aut!(.A). This still maps into Aut(B) and we ob-
serve Autf(B) = Aut(B) Nkero. Since M € kero it follows that 7.7 maps into
Aut}(B). The result then follows as in the proof of Lemma [2.5.60 Hence 7./ is a
group isomorphism and so Aut! (.A) is isomorphic to Aut (B). O

We now show the three automorphism groups are finite by directly calculating the
improper and proper automorphs of a reduced bilinear form. Lemmas[2.5.6|and [2.5.7
then show the automorphism groups are finite for any bilinear form.

We first investigate whether any improper automorphs exist.
Improper Automorphs:
Assume det(M) = —1 and that M*AM = A. Using Observation 2.4.5] (I), we get the

following system of equations

(+0)A;; —v (A — Ay) =0 (2.6)
LA —20A1 — YA =0 (2.7)

BA + 20A9 —yA» =0 (2.8)

(v +0) Ay + B(A1g — Asy) =0 (2.9)
ad — py = —1. (2.10)

Case: a+0=0
We first suppose o + 3 = 0, then § = —«. This implies —1 = —a? — B, ie.
a? + 3y = 1. Then Equations and imply either A3 — Ay =0o0r §=~v=0.

Case lLa: f=~v=0
If 3 =~ = 0 then we have @« = &1 and § = F1. Further, Equations and

imply A3 = Ag; = 0. Thus we have M = + ( 1

0 —1
. AH 0
for B = ( 0 Ay )

Case Lb: A12 - AQl = 0, B =0 and Yy 7é 0

Now assume Ajs — Ay; = 0 50 Ao = Ag;. Observe that Equation is now the same
as Equation 2.8 since § = —a. Suppose § = 0 and v # 0, else we are in the above
case. Then o = 41 and 6 = F1, and ~ is not yet determined.

Equation implies 2aA1s = —7Agy and so 2|a||Aje| = |7y| Ae. But Ajp = Ay and

) is an improper automorph
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|a| = 1 implies 2 || |A12| = |A12 + Ag1|. Further since v # 0 and Agy > 0, we see that
A1z # 0. So we have |Ajs + Agi| = || Az and since B is reduced, |Ajs + Agi| < Asgo,
which yields || = 1.

We see that if v = —a then Ay + Ao = Agg, so Definition implies Ao+ A9y =

A1 = Age. Thus M = £ ( _1 _(1) is an improper automorph to
B— 2415 Ajp
A 2415 )

Now let v = «, this implies Aj5 + Ay; = —Ass and since B is reduced this is clearly
impossible.

Case l.c: Ajg— Ay =0,=0and y=0

Next we suppose Ay — Ay; = 0 with 8 # 0 and v = 0. Then —1 = —a?, so o = 1
and 6 = F1. Again Equations and are identical and yield 2aA;; = BAq;.
Thus |Ajs + Aai| = |B] A11. Since B is reduced we have |§| = 1, and if § = —a we
have A5 + Aoy = —Aq1, a contradiction. Hence 5 = a.

Thus M =+ ( (1)
Case I.d: Ajg— A1 =0,8#0and v#0

To finish the case where oo + 6 = 0 we suppose A5 — As; =0, f# 0, and v # 0.
Observe —1 = —a? — 3y implies 1 — a? = 7. Hence a # £1 as B # 0.

If « =6 = 0 then Equation implies A1 = Ay and M = + < 01 ) is an

10
An A
A An

2A12 Ap )

1
is an improper automorph to B =
-1 ) prop P ( A Agp

improper automorph to B = (

0 <2455 < Ay
So suppose |a| > 1. This implies §y < 0 and since § and ~ are integers it follows
|8 — 7| = 2. Since Ay; > 0 we have

0 <447, < (B—7)" A}, < BPAL, — 287A0An + 77 A%, = (BAn —74x)°. (2.11)
Now Equation becomes SA;; — YAy = 2aA15 and so

(BA11 — vA2)® = 40° A3,
= 4(1 — By) A}, via det(M)
<(1-8y) Afl as Ajp + Ao = 2412 and |Agp + Ay| < Ay,

>. Since B is reduced we require

We note that we have a strict inequality if A;5 = 0.

Hence by Equation we have (1 — v) A2, > (8 — v)?A%},. Dividing by A3 # 0
yields (8 —7)* <1—By.

Expanding this gives 3% — By + 72 < 1. Yet 3y < 0 implies the left hand side is at
least 3, a contradiction. Hence |a| > 1 cannot occur and the case when o+ = 0 is
complete.

Case II: a4+ #0
Now suppose o + 90 # 0. If § = 0 then Equation implies (o +0) Ay = 0, a
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contradiction. If v = 0 then Equation implies (o + §) A;; = 0, a contradiction.
Thus £y # 0.

Similarly observe that Equations [2.6] and give the same contradictions if A5 —
Ag; = 0. Hence Ajp — Ay # 0.

)) A
Using this, Equations and respectively imply v = % # 0 and 8 =
12 — A2
— 0) A
% # 0. As a consequence of this and 0 < Aj; Ay it follows that Sy < 0.
12 —

21
Using the determinant equation, it follows also that ad = —1 + v < 0.

Next, Equation implies SA1; — yAs = 2aA15 and Equation 2.8 implies A5, —
vAg = —20As;. These yield the following:

(51411 - ’YA22)2 = —4adA12As

=4 (]_ — B’y) A12A21 via det(M)

=2(1 - Bv) (2A12421)

<2(1-pv) A3
This strict inequality is justified by the following reasoning.
Consider 0 < (BA11 — WAQQ)Q = —4adA13A5, note ad < 0 implies A19A5; > 0. Then
A — Aoy # 0 implies at least one of Ajy, Ag is not zero.
Hence 0 < 2415491 < A2, + 241545, + A2, = (Ajy + Ag)? < A% as B is reduced.

Next recall that § and v are integers, and so Sy < 0 implies |5 — 7| = 2. So we have
the following inequality:

0< 414%1 < (B - 7)2 A%l
< B2A3 — 2B7A 11 Agy + 2 A3, since By < 0 and A% < A Ag < A2,
= (51411 - %’422)2 .

Thus we have (8 —)* A%, < 2(1 — ) A2,. Since A2, > 0, we may divide by it to
get % — 2By +~% < 2 — 2837, which implies 3% +~% < 2. Therefore at least one of
B, v must equal zero, a contradiction. So there are no improper automorphs when
a+90#0.

Now we investigate the proper automorphs.

Proper Automorphs:

Assume det(M) = 1 and that M'AM = A. Using Observation 2.4.5 (I) we get the
following system of equations:

(@ —08) A +7 (A2 + An) =0 (2.12)
BA + YA =0 (2.13)

(@ —0) Azp — B (A2 + Azn) =0 (2.14)
ad — fy=1. (2.15)

Casela:a—d=0and y=0
We first suppose a—9 = 0, i.e. a = 9. Then Equation implies v (A2 + Agy) =0,
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so either v = 0 or Aj3+ Ay = 0. Assume v = 0, then Equation implies SA;; = 0,
Aq; > 0 then says § = 0. Using the determinant equation we see o = 1. This gives
M = :i:[g

Case Lb: a—5:0,77£0and A12+A21:O

Assume v # 0, then A + Ag; = 0. This leaves Equation [2.13] where clearly 8 # 0
else YAy = 0, a contradiction. Therefore we have Aj; = —2 Ayy and since we started
with a reduced form we have 0 < —% < 1as A1 Ay > 0. In particular observe § and

~ have opposing signs, so [ # 7. Using Equation we have 3y = o? — 1.
If @« = 0 then fy = —1, which implies § = +1 and v = F1. Further, Equation [2.13

then requires A;; = Agy. Therefore M = + ( _(1] (1) ) is a proper automorph to

A Aip
B‘(—mQAH)
Note that o # +1 else at least one of 3, v is zero, which is a contradiction. So now
assume |a| > 1, it follows that a? —1 = 87 > 3, so 8 and v must have the same sign.
This contradicts our earlier result that they have opposite signs as neither 5 or v are

zZero.
This completes the case when o — § = 0.

CaseIl: a« — 9 #0

Next suppose a — § # 0. Observe that Equation [2.13| continues to imply if § = 0
then v = 0 and vice versa. This yields M = =4I, again. So assume [ # 0 and
~v # 0. Equation again implies Ay = —%Agg, with v and § having opposite signs
because 0 < Aq1As. Note that by the reduced criteria we have 0 < —% < 1. Also
observe that A5 + Ag; # 0 else Equation [2.12[ implies o — § = 0, a contradiction.
Casell.a: a—d#0and a =0

First suppose a = 0, then 1 = —f~ implies § = +1 and v = F1. Then Equa-
tion yields A;; = Ay, Now v (Ap+ Asy) # 0 and 5 (Ajp + Agg) # 0 imply
51411 =7 Alg + A21) 7& 0 and 5A22 = —6 (A12 + Agl) 7é 0. Hence ¢ 7£ 0.
Equation implies 6242, = (A3 + Ay1)?, and B reduced implies (Ays + As1)® <
A2, so we have (Ayp + Ag)° < A% < 6242, = (A1p + An)®. Hence 6 = 1.

Ifé6 = - then we have —’}/AH =7 (Alg -+ A21) and so —AH = A12 —|—A21, which con-
tradicts B being reduced. Hence 6 = v = +1 = —§ and A5+ A1 = A1 = Ags. Thus
M=+ ( 0 —1 > is a proper automorph to B = ( A Ar ), where Ay # — Ao
and A12 + Azl = AH = AQQ.

Case II.b:a—90#0,a#0and 6 =0

Now suppose a # 0 and 6 = 0. Then again we have 1 = —fv, which implies
8 = +1 and v = F1. Equation [2.13] then yields A;; = Agy. Further, Equation
implies 02A2, = 42 (Ays + Az1)” = (A1a + As1)?. Now B being reduced implies
(Alg + A21)2 < A%l’ SO again we have (A12 + A21)2 < A%l < 04214%1 = (Alg + Agl)z.
Thus o« = +1. Suppose o = =, then Equation implies vA;; = —7v (A2 + As1),
ie. —Ay = Ais + Asp, contradicting B being reduced.
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Soa = —vyand Ajs+ A1 = A;; = Ags. Then we have M = + ( _1 (1) ) is a proper

All A12
A21 All

Case Il.c:a—d#0,a#0and § #0
Lastly suppose @ # 0 and 6 # 0. By the determinant we have ad = 1 + v and
By < 0 imply ad < 0. Thus since « and § are integers it follows that | — | > 2.

Next, Equations and imply (o — 6) = —y (A2 + Ag) and
(v — 0) = B (A2 + Asq). Multiplying these together yields the following:

automorph to B = ( ), where AQI 7£ _A127 A12 + AQI = All = AQQ.

(a+6)" = =B (Arx + An)?
= (1 — ad) (A12 + As1) by the determinant
< (1 — ad) A1 Ay by reducedness.

We also have 0 < Aj; Ay and | — 6| > 2, which imply 0 < 441 Agy < (a0 — 6)* Ay Ag.
Hence using the above result we have 0 < (o — 5)2 < 1—ad. This yields o? —ad 462 <
1 and we recall that ad < 0, thus the left hand side is at least 3 as o # 0, § # 0. This
is a contradiction, so no proper automorph exists in this case.

Summary 2.5.9.
We summarize the automorphs of bilinear forms in the following tables:

Improper Automorphs:

Name | Automorph Corresponding bilinear forms Case(s) | Order
Ny + ( é _? ) ( Al(l) Azg ) La 2 (2)
Ny |+ _1 _(1) > ( Qﬁz 22112 ) Az #0 Lb 2 (2)
Ny + ( é _1 ) 2?12 ﬁ;z 0 <2455 < Ay | Le 2 (2)
N, + ( (1) é ) ( ﬁi ﬁi ) 0<24,, <Ay | 1d 2 (2)

Table 2.1: Improper Automorphs of a Positive Definite Reduced Bilinear Form
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Proper Automorphs:

Name | Automorph Corresponding bilinear forms | Case(s) | Order
M, + ( é (1) ) Any bilinear form La 1(2)
01 A Ap
NEEDIEED TR PR
O —1 A12 -+ A21 A12
a0 ) ( T, > Ma  |6(3)
M, |+ < _1 é ) Agy % — Ay mh | 6(3)

Table 2.2: Proper Automorphs of a Positive Definite Reduced Bilinear Form

Notes:

e It is useful to recall that in Case II. of the improper automorphs and in Case
II.c. of the proper automorphs no such automorphs exist.

e The name given to an automorph refers to the positive version. We will preface
the name with -, i.e. —M5, when referring to the negative of an automorph.

e In the Order column a number in () refers to the order of the negative of the
given automorph.

Observation 2.5.10.

We note that if A is a symmetric bilinear form and we consider A(v,v) then we
have a binary quadratic form and the above results become precisely the well-known
results from the automorph theory of binary quadratic forms.

Corollary 2.5.11.
Let A be a positive definite bilinear form then Aut! (A) = {xl} = Zs.

Proof.

From Lemma we know A is properly equivalent to a unique reduced bilinear
form B. By Lemma properly equivalent bilinear forms have isomorphic proper
automorph groups, thus A = B. By Summary we know B has exactly two
complete automorphs, +15 and thus Aut? (B) = {£1>}. Since Aut} (B) is a subgroup

of Aut™(B) and group isomorphisms preserve subgroup structure, it follows that

Notation 2.5.12.
We shall refer to the automorphs £/ as the trivial automorphs.

Observation 2.5.13.
It is straightforward to verify each of the improper automorphs satisfies N? = I.
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Lemma 2.5.14.

Let A be a reduced bilinear form. If none of the following conditions are satisfied then
Aut(A) = Aut™(A) = Aut} (A) = {1} = Zy:

e Ay <Ay and Ajp = Ay =0

e Ay =2A1, =2A5 and 0 < Aj; < Ay

o A = Ay, Aig = Asy and 0 < 2A15 < Apy
o Ay = Ay and Ay = — A

o Ay = Ay = Ap + Ay and Ay # —Ass.

Proof.
This follows immediately from Summary O]

We now describe the group structure of the automorphism groups when a positive def-
inite reduced bilinear form has an non-trivial automorphism. The following notation
is provided for clarity.

Notation 2.5.15.
Let D,, denote the dihedral group that acts on the set of n vertices of a regular n-gon.

Recall the dihedral group has 2n elements and representation
D, = (a,b|a*=¢,b* =e,bab™' =a™ ).

Lemma 2.5.16.
Let A be a positive definite reduced bilinear form satisfying one of the five conditions

stated in Lemma[2.5.14) Then A lies in one of the following seven cases:

22

2. A= ), 0< All; AU.t(A) =~ Dy and Aut*(A) =7,
), 0 < Ajz, Aut(A) = Dg and Aut™t(A) = Zs.

), 0< 21412 < AQQ, Aut(A) = ZQ X ZQ and Aut+(A) = ZQ.

A12 A22
5. A= A A A 24,5, A 0, Aut(A) = Zy x Zy and
. = A Ay ) 117’é 125 127é 5 U( )— 2 X Lo an
Aut+(A)§ZQ
6. A= A Ay #0, Aut(A) = Autt(A) 2 Z
. - —A12 All y 4112 ; Al = Al — 444
Ao+ A A ~ ~
7.A:< o fAm),Aﬁmm\,Aut<A>=Aut+<A>=zﬁ.
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Proof.
We consider each of the above cases in turn.

1.

From Summary the automorphs of A are 1, and +N;. Thus | Aut(A)| =
4. With the exception of I, these all have order 2 and hence Aut(A) = Zy X Zs.

Since there are no non-trivial proper automorphs of A it follows that Aut™(A) =

. From Summary the automorphs of A are =15, £N;, £N,; and =Ms. Thus

| Aut(A)| = 8. We observe | M| =4, [N1| = 2 and Ny MyN; ' = M, . Hence we
have a group of order 8 satisfying the relations for Dy. Therefore Aut(A) = Dy.

Similarly, we observe the proper automorphs of A are +I, and +M,. Since
| M| = 4 it follows immediately that Aut™(A) = Z,.

. From Summary the automorphs of A are 415, =Ny, +N3, £N,;, +£M;

and £M,. Thus |Aut(A)] = 12. Next, observe |M;| = 6, [Ny = 2 and
N,M3sN; ' = M;*. Hence we have a group of order 12 satisfying the relations
for Dg. Therefore Aut(A) = De.

Similarly, we observe the proper automorphs of A are +1I,, =Mz and £Mjy.
Since |M3| = |My| = 6 it follows that Autt(A) = Zs.

. From Summary the automorphs of A are +1, and +N3. Thus | Aut(A)| =

4. With the exception of 5 these all have order 2 and hence Aut(A) = Zy X Zs.
Since there are no non-trivial proper automorphs of A it follows that Aut™(A) =

. From Summary the automorphs of A are 1, and +N,. Thus | Aut(A)| =

4. With the exception of I5 these all have order 2 and hence Aut(A) = Zy X Zs.
Since there are no non-trivial proper automorphs of A it follows that Aut™(A) =

. From Summary the automorphs of A are +1 — 2 and +M,.

Thus | Aut(A)| = 4. Since |My| = 4 and A has no improper automorphs it
follows that Aut(A) = Autt(A) = Z,.

. From Summary the automorphs of A are +I,, £M3 and +M,. Thus

| Aut(A)| = 6. Since |M3| = |My| = 6 and A has no improper automorphs, we
see Aut(A) = Aut™(A) = Zs.

]

Observation 2.5.17.

Assume A and B are positive definite bilinear forms with det(A) = det(B). By
Lemma A and B are properly equivalent to unique reduced bilinear forms P
and Q respectively. Hence if P £ Q then A cannot be properly equivalent to B.

Lemma 2.5.18.
Let A and B be properly equivalent positive definite bilinear forms. Let P and Q
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respectively transform A and B to the unique reduced bilinear form C. Then A and
B are completely equivalent if and only if o (PVQ™Y) = (1, I3) for some V € Aut(C).

Proof.
(=) Assume A ~. B then there exists a matrix M € kero such that M*AM = B.
Let V = P71MQ, then:

VIOV = (PIMQ) CP'MQ
— QtMt(Pfl)tcpflMQ
= Q'M'AMQ as P'AP =C
=Q'BQ as M'AM = B
=C.
Hence V' € Aut(C) and (1, I, (M) =0 (PVQ™).
fo

)=o0
(<) Assume (1, ) = o (PVQ™") for some V € Aut(C). Let M = PVQ™!, it follows
that o(M) = o (PVQ™') = (1, ), thus M € kero. Then,

Tl

M'AM = (PVQ™Y) A (PVQ™)
= (Q ) VIPIAPY (Q7Y)
= (@) viev(@?)
= (@) c@

=B.

Hence A and B are completely equivalent. O

Corollary 2.5.19.
Using the notation found in Lemma if C has no non-trivial automorphs then

o(P) =0o(Q).

Proof.

Assume C has no non-trivial automorphs, that is, by Corollary Aut(C) =
Autf(C) = £1I,. This implies V. = +1I,. Consequently if A and B are properly
equivalent then the reverse direction of Lemma implies (1,1,) = o(PQ™1).
Lemma reminds us the map ¢ is a group homomorphism and hence o(P) =

o(Q). O

Theorem 2.5.20.
Let A be a reduced bilinear form. Then the equivalence class of A has exactly one
proper equivalence class if and only if there exists an improper automorph of A.

Proof.

Since our transformation matrices lie in GLy(Z) it follows that the equivalence class
of A contains at most two distinct proper equivalence classes as the determinant of
the transformation is 1 or —1.

(=) Consider the bilinear form B with matrix representation K'AK where K €
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GL2(Z)\SLy(Z), that is, det(K) = —1. Assume A is properly equivalent to B, then
there exists L € SLy(Z) such that L' (K'AK)L = A. Thus KL € Aut(A) and
det(K L) = det(K)det(L) = —1. Hence KL is an improper automorph of A.

(<) Conversely, assume L is an improper automorph of A. Let K € GLy(Z)\SLy(Z),
sodet(K) = —1. Then (LK)'A(LK) = K'AK. Further, det(LK) = det(L) det(K) =
(=1)(—=1) = 1 and so A is properly equivalent to the bilinear form B with matrix
representation K'AK. Hence the equivalence class of A contains exactly one proper
equivalence class. O

Having determined which reduced bilinear forms have non-trivial automorphs, our
goal now is to calculate the number of complete equivalence classes within a proper
equivalence class for a given reduced bilinear form. It is useful to recall that an equiv-
alence class can contain at most two proper equivalence classes as the determinant of
the transformation matrix is either 1 or —1. Further, recall that each proper equiv-
alence class may contain at most six distinct complete equivalence classes. This is a
consequence of the map o. The following observation shall prove useful.

Observation 2.5.21.

We observe that the matrices 20 a+b and 20 b—a are com-
a—1b a —(a+0) a

pletely equivalent via P = < Lo ) € kero.

-2 1
Further, the matrices @ b—a and a a+b are completel
’ —(a+0) 2a a—>b 2a PIELELY
equivalent via ) = ( é % ) € kero.

Lemma 2.5.22.

Let A = (A1, Ao, Agr, Aga) be a reduced bilinear form that does not satisfy any of
the conditions for a proper or improper automorphism to exist (see Summary .
Then the equivalence class of B contains two proper equivalence classes, each of which
contains six complete equivalence classes.

Proof.

Since A does not have any improper automorphs, Theorem [2.5.20] implies there are
exactly two proper equivalence classes within the equivalence class of A. Then Lemma
and Corollary imply any pair of bilinear forms, chosen with distinct
transformation matrices under the map o, cannot be completely equivalent. Hence
each of the proper equivalence classes contains six complete equivalence classes. [

We now examine what happens when a reduced bilinear form has non-trivial auto-
morphs. From Summary there are six cases to consider. We first develop a
couple of small results to smooth our path.

Definition 2.5.23.
From Lemma we know |GLg(Z) : ker o] = 12 and thus we may choose a set of
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representatives for the transformation matrices used to generate the complete equiv-
alence classes for a given bilinear form. We will follow Kronecker’s lead and let

HGDEDEDGDEDEY)

Similarly we may generate a further 6 representatives for the transformation matrices
. 0 1

viaT =S5 < 10 )

Observe there are 12 distinct matrices in S U T and each maps to a distinct element

under o. Further, all matrices in the set S lie in SLy(Z) whilst those in the set T lie

Lemma 2.5.24.
Let A € GLy(Z), then there exists a unique B € SUT such that A = KB where
K €kero.

Proof.

Since o is a surjective homomorphism there exists B € S U T such that o(B) =
o(A). Now we express A as A = KB where K = AB™!. Recalling the map o is a
homomorphism then yields

a(A)

o(KB)
o(K)o(B)
o(K)o(A)

and therefore o(K) is the identity element. Hence K € kero.

Since the determinant of A is either 1 or —1 it follows that B is either in S or in T’
respectively. Further, within the set S or within the set 1" the elements are distinct
mod 2. Thus B is in fact unique. O]

Observation 2.5.25.

Lemma provides a way to quickly determine whether bilinear forms from two
seemingly distinct complete equivalence classes actually belong to the same complete
equivalence class. By Theorem [2.4.24] if we start with an arbitrary bilinear form we
may reduce it to a reduced bilinear form via the matrix transformation A = KB,
for some K € kero and B € SLy(Z). Therefore we may start with a reduced bilin-
ear form and generate 6 seemingly distinct complete equivalence classes within its
proper equivalence class by using the matrix transformations found in S. Let A be
the matrix representation of the reduced bilinear form and let S;,S; € S, i # j. If
the complete equivalence class represented by the bilinear form S!AS; is completely
equivalent to the complete equivalence class represented by the bilinear form S;ASJ-
then there exists a matrix K € kero such that S{AS; = K'S{AS;K. Rearranging
this yields A = (SZ-KS]-_I)tA(SiKSj_I) and thus SiKSj_l is an automorph of the re-
duced bilinear form. In fact, since S;,S; € S and K € kero, S;K Sj_l is a proper
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automorph.

Now applying the map o yields o (SiKSj_l) = U(Si)a(Sj_l) as K € kero. This
must then be the same as applying o to the proper automorph. Consequently, since
complete equivalence is an equivalence relation, we see that we may generate the
seemingly distinct complete equivalence classes via the matrices in S and compare
O’(Si)U(S]-_ ) to o applied to each proper automorph of the reduced bilinear form. If
these do not agree then the two complete equivalence classes are indeed distinct.

It is particularly important to note that complete equivalence being an equivalence
relation is vital here. For certain reduced bilinear forms it is possible for SIAS; to
generate the same representative as say SpASy (i # k). Clearly those two complete
equivalence classes are the same one. Complete equivalence being an equivalence re-
lation permits us not to worry about whether we chose the correct S; when comparing
under ¢ with a seemingly distinct bilinear form computed via S;. The transitivity
property of an equivalence relation prevents us from having S;ASy being completely
equivalent to S}AS; while S;AS; is not completely equivalent to S;AS;. This greatly
reduces the computations required to determine the number of complete equivalence
classes within the proper equivalence class of a reduced bilinear form that has a proper
automorph.

Furthermore, note that we avoided ¢ = j and so S;K.S; 1 is a non-trivial proper
automorph.

Lemma 2.5.26.

If a reduced bilinear form has mo improper automorphs then the two proper equiva-
lence classes within its equivalence class each contain the same number of complete
equivalence classes.

Proof.

By Theorem [2.5.20] and Lemma [2.5.22] it is sufficient for us to consider only those
families of reduced bilinear forms which have non-trivial proper automorphs but no
improper automorphs. From Summary this leaves two families for us to inves-

tigate.
0 1
Let M = ( 10 ) € GLy(Z)\SLy(Z).
A Ag
Case I:
< —Ap An
. . : . . A —Ap
Applying the matrix transformation M yields the bilinear form A A :
12 11
Since our initial bilinear form was reduced it is easy to verify that this transformed
bilinear form is also reduced. Further, this new bilinear form is of the same family
as the initial bilinear form and therefore has no improper automorphs. Since every
proper equivalence class contains a unique reduced bilinear form, we deduce that in
Case I the two proper equivalence classes have the same cardinalities with respect to

the number of complete equivalence classes they contain.
Arg + Ao Aig

Case II: , A —A
< Ag A + Ay ) 27 12
Applying the matrix transformation M yields the bilinear form
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Ajg + Aoy Ay
Ap A+ Ay

forward to check this transformed bilinear form is also reduced. Further, it is clear
that it is in the same family of reduced bilinear forms as our original reduced bilinear
form. Hence since our original and transformed bilinear forms are improperly equiv-
alent, it follows that both of the proper equivalence classes within the equivalence
class contain the same number of complete equivalence classes. O

. Since our initial bilinear form was reduced it is straight-

We are now ready to determine the number of complete equivalence classes within the
proper equivalence class for each of the reduced bilinear forms in our six special cases.

Case 1:
. . An A12 ..
Consider the reduced bilinear form A A , A11 > 0. The only non-trivial
—A12 An
0 1

automorph of this bilinear form is L =

10 € SLy(Z).

Using the matrix transformation representatives found in the set S we compute a set
of possibly distinct representatives for the complete equivalence classes as follows:

{( A A ) ( 2411 An + A ) ( Ay A+ An )}
—Ap A )7\ A — A A )7\ A — A 2A1 '

Using Observation [2.5.25| we see the cardinality of this set is 3 since

5283‘15<é 1)mod27éLmod2,SgS5_lz<1 ?)mon;ﬁLmod2and
53,5'5_1£<(1) 1 mod 2 # L mod 2.

Hence the proper equivalence class contains three complete equivalence classes.
Case 2:

Consider the reduced bilinear form (

Ag + Ay # 0.
Using the matrix transformation representatives found in the set S we get a set of
possibly distinct representatives for the complete equivalence classes as follows:

Apg + An A Agg + Aoy — Ay
Ay A+ Ay )7 —Ap A+ An '
Using Observation [2.5.25| we see the cardinality of this set is 2 since
L (11 0 1 11 .
So55 7 = ( 01 mod 2 # L1l o) Hence the proper equivalence

- J/ J/

Ara + An Aig

A21 A12 + A21 ), where A12 7é A21 and

TV Vv
+ M3 mod 2 +M,4 mod 2
class contains two complete equivalence classes.

Case 3:

Consider the reduced bilinear form ( 241 Ay

Ay 241 ), where A5 > 0.
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Using the matrix transformation representatives from the set S we get the following
set of possibly distinct representatives for the complete equivalence classes:

2415 Ap 2415 —Ap
A 241 )7\ —A 24p '
Applying Observation [2.5.25| we see the cardinality of this set is 2 since

Sy S5t = ( (1) 1 > mod 2 # ( 1 (1) > Thus the proper equivalence class contains

+ N5 mod 2
two complete equivalence classes.

Case 4:
AH 0
h A Ags.
0 Ay , Where 0 < Ay < Ao
We note that this type of reduced bilinear form has no non-trivial proper automorphs.
Consequently the proper equivalence class must contain exactly six distinct complete
equivalence classes.

Counsider the reduced bilinear form

Case 5:

Consider the reduced bilinear form ( ﬁu ﬁu ), where 0 < Aj;, A1 # 0 and
12 A

Ap # 2A1,.

We note that this type of reduced bilinear form has no non-trivial proper automorphs.
Consequently the proper equivalence class must contain exactly six distinct complete
equivalence classes.

Case 6:

2415 Aro
Ag Ag

We note that this type of reduced bilinear form has no non-trivial proper automorphs.

Consequently the proper equivalence class must contain exactly six distinct complete

equivalence classes.

Consider the reduced bilinear form >, where 0 < 2415 < Ags.

Summary 2.5.27.
See Table 2.3 at the end of this section.

From this work we get the following corollary.

Corollary 2.5.28.
The complete class number for bilinear forms with determinant D is odd if and only
if D is a square.

Proof.

Let D € Z>0.

(=) Assume Cl. (D) is odd. By Summary we know that either proper equiva-
lence classes come in pairs with each containing the same number of complete equiv-
alence classes, or if there is only one proper equivalence class within an equivalence
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class then that proper equivalence class contains an even number of complete equiva-

lence classes unless we have the reduced bilinear form found in the second row of the
0

11
0 All '
Further, since we are dealing with positive definite reduced bilinear forms there can
only be one such reduced form in this family as this type of reduced form must satisfy
A% = D. Consequently D is a square.

(<) Assume D is a square. Then since we are dealing with positive definite reduced
bilinear forms there is one and only one reduced form of the type found in the second
row of Summary Since all other proper equivalence classes occur in pairs or
contain an even number of complete equivalence classes, it follows that Cl. (D) is

table. Thus we must have an odd number of reduced forms of the type

odd. O
Number of proper Number of complete
Type of Reduced Form equi\./alence clgsses equlYalence classes
within an equivalence | within a proper
class equivalence class
Ay A
2 3
( —Ain An
A >0, A #0
All 0
(" a) : ;
A >0
Ap + Ay Ao 9 9
Agy A+ Ay
Ao+ Ay #0, Ajg # A
2419 A
1 2
( Ajp 245
A12 >0
A11 0
( 0 Ay ) 1 6
0< AH < AQQ
A Ap
1 6
( A An
0 < Ay, Aig, Ay # 245
2419 Ajp
1 6
( Ap Az
0< 21412 < AQQ
Otherwise 2 6

Table 2.3: Relationships between the cardinalities of equivalence, proper equivalence
and complete equivalence classes for reduced bilinear forms.
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Notes on Section [2.5]

In his paper, Kronecker does not explicitly calculate the number of complete equiva-
lence classes contained within a proper equivalence class for bilinear forms. He gives
an argument in his fifth chapter for binary quadratic forms.

Copyright© Jonathan A. Constable, 2016.
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Chapter 3 Kronecker Reduced Bilinear Forms

“Never, never, never give up.”
- Sir Winston Churchill

In this chapter we develop the idea of a Kronecker reduced bilinear form and explore
its connection to the complete class number.

3.1 Kronecker’s concept of a reduced bilinear form

In this subsection we introduce the idea of a Kronecker reduced bilinear form. We
prove some elementary results relating to this concept before proving a key theorem
- that the complete class number may be enumerated via Kronecker reduced bilinear
forms.

Definition 3.1.1.

A Ag

Let A =
‘ Ay Ap
satisfies the following conditions:

be a bilinear form. We will call A Kronecker reduced if it

o |Aztda) 1A | and [A2FA2t| | Ay, but where equality cannot hold simul-
taneously, and

o A11A22 > (.

Observation 3.1.2.

The requirement that we cannot have simultaneous equality in the conditions for
a Kronecker reduced bilinear form ensures we are only considering definite bilinear
forms. If we had simultaneous equality then we get 4413 Agy — (Ao + Az )? = 0, which

contradicts Corollary [2.4.19|

Lemma 3.1.3.
If A is a definite reduced bilinear form then A is Kronecker reduced.

Proof.

A
Let ( AH 212 be the matrix representation of the definite reduced bilinear form
21 A

A. Since A is definite it follows that 0 < A;; Az and thus A is not skew-symmetric
and satisfies the second condition found in Definition B.1.1]

By Lemma we know |Aj| is the minimal non-zero integer represented by A.
Thus we have || < A + Agy| < |An] < |Agsl.

However, the definition of a Kronecker reduced bilinear form requires }
|Ap| and |423420 ] < |Ag,| where equality cannot hold simultaneously. If [Aj]
|Ags| then by Definition we have 0 < A + Aoy < |Apr|. So we can have

simultaneous equality if and only if A5 + As; = 0, in which case A;; = Ass = 0 also,

Ar1a+As
2

I N
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contradicting 0 < Aq;Ass.
Hence every definite reduced bilinear form is Kronecker reduced. ]

Theorem 3.1.4.
Every Kronecker reduced bilinear form satisfying 0 < Ay is positive definite.

Proof.

Assume that A is a Kronecker reduced bilinear form satisfying 0 < Aj;;. Since
0 < Aj1 Ay, it follows that 0 < Ay also. Kronecker reduced also implies |A1 + Ao | <
2A1; and |Ajx + Agy| < 2As, and we cannot have equality simultaneously. Thus we

see (A1p + A21)2 < 4A11Ags. Corollary [2.4.19| then implies A is positive definite. []

Corollary 3.1.5.
FEvery Kronecker reduced bilinear form satisfying 0 < Ay is properly equivalent to a
unique reduced bilinear form.

Proof.

By Theorem a Kronecker reduced bilinear form satisfying 0 < A;; is positive
definite. By Theorem every such form is properly equivalent to a unique
reduced bilinear form. O

Lemma 3.1.6.
FEvery positive definite Kronecker reduced bilinear form, A, satisfies det(A) > 0.

Proof.

By Corollary A is properly equivalent to a unique reduced bilinear form, B. By
Lemma [2.4.16|we have det(B) > 0. Finally, by Lemma we know the determinant
is an invariant under equivalence and hence det(.A) > 0. O

Lemma 3.1.7.

Let D € Z-y and define Kp  to be the set of Kronecker reduced bilinear forms
which, satisfy A1 < 0 and have determinant D. Similarly, define Kp - be the set
of Kronecker reduced bilinear forms which, satisfy A11 > 0 and have determinant D.
Define the map 7 : Kp« — Kps by 7 (A1, A1, Aor, Ax) = (—Aq1, Ara, Aoy, —Ag).
Then T is a bijection.

Proof.

The second condition in Definition B.1.1, 0 < Aj; Ag, implies the outer coefficients
have the same sign and are non-zero. Thus any Kronecker reduced form satisfies
either AH < 0or A11 > 0.

The map 7 is well-defined since for any A = (A1, A2, Aa1, Ase) € Kp « we have
All,AQQ < 0, thus —All,—AQQ > 0. Also detT(.A) = (_All) . (—Agg) — A12A21 =
A1 Agy — AppAg = D.

Lastly, we have %‘Au + Ag| < Ajp = | — Ayq] and %|A12 + Agi| < Agy = | — Ag,
and equality cannot hold simultaneously as A is Kronecker reduced.

Injectivity is straightforward to show by equating coefficients.

Lastly, the map 7 is surjective. Let B = (Bi1, B2, Bo1, Ba2) € Kp~ and consider
A = (=B, By, Ba1, —Bag). Since Biy, By > 0, it follows that — By, —Bas < 0. A
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quick calculation checks det A = det B and again we see % |Bi2 + Bo1| < |—Bii| = B
and %|B12 + Bgl| < |—B22| = B22. Finally, we observe ’7'(./4) — (Blla 31273217322)'
Thus the map 7 is surjective and hence a bijection. O

Hence from this point onwards we will restrict ourselves to only considering positive
definite (Kronecker reduced) bilinear forms with integer coefficients.

We now prove the set Kp - is finite for any D € Z-,. We will do this via a series of
lemmas showing there are finitely many choices for each of A;q, |A12|, |A21| and Ag.

Lemma 3.1.8.
Let A be a Kronecker reduced bilinear form with 0 < A1y and without loss of generality
assume A1; < Aggy. Then |Ajg + Agr| < 2A9.

Proof.

If not then ’A12+A21| = 2A22. Thus we have |A12+A21| < 2A11 < 2A22 = |A12+A21|
and so equality holds throughout. This contradicts equality holding at most once in
Definition B.1.1] O

Lemma 3.1.9.
A11 g D and ’An + Agl‘ g 2D.

Proof.
Recall zy < (x—;ry)Q for all real numbers z,y. By assumption there exists n € Z
such that Ay; +n = Ay, If n > 1 then we have

D = A11A22 - A12A21

Ao+ A\’
> A (A +n) — (%)
Aps + As\?

= A%l -+ nAu — (—12 _;_ 21)

> nAn

= Aqr.
Then since |As + Agq| < 245, it follows that |As + Agy| < 2D. O
Lemma 3.1.10.
‘Alg — A21’ < 2\/5
Proof.
Lemma [3.1.8 implies
(Ajg — Ay)? = (A1g + A )? — 4A12 451 < (2A11)(2A92) — 4A15A9 = 4D. O

We observe Lemma [3.1.10] gives an easier proof that positive definite Kronecker re-
duced bilinear forms satisfy D > 0.

Lemma 3.1.11.
ApAy < A} < D2
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Proof.
Recall xy < (%”)2 for all real numbers x and y. Then we have

4A15A5 < (Ajg + Ayp)?
< 447,
< 4D?* (by Lemma [3.1.9).

Lemma 3.1.12.
Ap < An+ - <D+1.

Proof.
We have

A1 Ay = A1gAsy + D
< A}, + D (by Lemma [3.1.11)).

Hence Ay < Ay + A%l' Further, by Lemma we have 0 < A;; < D, which
implies 1 < A%l‘ Therefore Ay < Ajy + A%l <D-+1. O

Our next lemma is provided as an aide-memoir.

Lemma 3.1.13.
Let a,b € R be such that ab > 0, then |a + b| = |a| + |b].

Proof.
We have
(la +b])* = (a+b)?
= a® + 2ab + b?
= |af* + 2|a|[b] + [0
= (lal + [o])*.
Hence ||a + || = ||a| + |b|| and thus |a + b| = |a| + |b]. O

Lemma 3.1.14.
|A12| < D and |A21| < D.

Proof.
First assume A;5A45; < 0 and thus neither of Ay, Ay are zero. This gives

D = A1 Agy — A9 A
= A1 Ags + |A12As |
> | A2 Ay |

| A
=
{ | Aoy |.

51



Now assume A4y > 0, we will show [Ajp| < D. Assume |Ajp| = D + a for some
integer a > 0. From Lemma we know 0 < A12A21 = |A13]|As1| < D? and thus
0 < (D+a)|Az| < D?. This 1mphes 0<|An| < £ < D® — D. Hence | Ay | = D—b
for some integer b such that 0 < b < D. Next, since O A1pAgr = |Ais|| A2,
Lemma implies |A1s + Agi| = |As2| + |As1|. Then using Lemma we have
2D + (a — b) = |Asz| + |A21| = |A12 + Az1| < 2D and hence a — b < 0. This yields
0<a<bgD.

Applying Lemma then gives 2D + (a — b) = |A1a| + |Ao1| = |A12 + Ao1| < 2A9.
Therefore we have two cases to consider.

Case 1: a = bmod 2

Then 2D 4+ a — b+ 2 < 2A5 and being Kronecker reduced implies 2D +a — b =
|Ajo + Agi| < 2A45.

Thus 4A11A22 > (QD + (a - b)) (2D + (CL - b) + 2)

Case 2: a # b mod 2

Then 2D +a — b+ 1 < 2A9y. Further, 2D +a —b < 2A11 as 2D +a — b =1 mod 2
so we have 2D +a — b+ 1 < 2A;;. This then gives 441142 > 2D +a—b+ 1)2.
Using the property that (z + 1)® > (x + 2)x for all real numbers z, we see in either
case we have

4411 gy > (2D + (a — b) +2)(2D + (a — b)).

Finally, we have

4D = 4A11 Ay — 4A15A9
> 2D+ (a—b)+2)2D+ (a—b)) —4(D +a)(D —b)
= (2D + (a—b))* +2(2D + (a — b)) + 4(D* + (a — b)D — ab)
= (a—b)>+4D + 2(a — b) + 4ab
=4D+ (a—b+1)>+4ab—1

> 4D as a,b are positive non-zero integers.

This contradicts |Aj2| > D and hence |Aj2] < D. It remains to show |Ay| < D
simultaneously.

Write |A13| = D—d where 0 < d < D and in a similar manner we assume |Ay;| = D+-c
for some integer ¢ > 0. Since 0 < Aj2Ay it follows that 2D + ¢ — d = |Ajg| + |Agy| =
|A1s + Ag1| < 2D and hence ¢ — d < 0. Therefore we have 0 < ¢ < d < D.

Applying Lemma [3.1.8| gives 2D + ¢ — d = |A15 + Az| < 242 and so we have two
cases to consider.

Case 1: ¢ = d mod 2

Then 2D 4 ¢ — d 4+ 2 < 2A5, and being Kronecker reduced yields 2D + ¢ — d < 2A1;.
Therefore we have 4411 A9 > (2D +c¢—d+2)(2D + ¢ — d).

Case 2: ¢ # d mod 2

Then 2D +¢c—d+1 < 2Ay» and 2D +c—d < 2D +c—d+ 1 < 2A;;. Thus
4A11A22 (2D +c— d + 1)

Consequently, in either case we have

4A11A22 > (QD +c— d+ 2)(2D +c— d)
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Repeating the above argument for the determinant D then yields a contradiction.
Therefore we must simultaneously have |A1s| < D and |Ag | < D. O

Theorem 3.1.15.
The set Kp,s is finite.

Proof.

Fix D € Z~g and assume 0 < A;; < Ag. Then Lemma shows A;; < D while
Lemma shows Ay < D + 1. Lastly, Lemma has shown under these
conditions that |Ajs| < D and |Ay| < D. Therefore there are only finitely many
choices for the entries of the matrix representation of a positive definite Kronecker
reduced bilinear form. Hence there are only finitely many positive definite Kronecker
reduced bilinear forms satisfying A;; < Ags. By the symmetry of the initial condition
for being a positive definite Kronecker reduced bilinear form it follows that there are
only finitely many such forms satisfying Ay < Ajq. Hence the set Kp - is finite. [

Theorem 3.1.16.
Let A be a positive definite bilinear form, then the complete equivalence class of A
contains at least one Kronecker reduced bilinear form.

A Ap
Ay Agy
reduced then we are done, so suppose this is not the case.

It follows either ’A12 + A21‘ > 21411 or ’A12 + A21| > 2A22 or both. Consider the
transformation matrix U () from Definition and suppose Aq; > Ags. Applying
this transformation yields

MtAM:( Aqy 5A11+A12):<Bl1 312).

Proof. Let A = < ) be the matrix representation of A. If A is Kronecker

BA + Ay B2A; + 5(1412 + Agy) + Ag By By
Then we have
By = B*Aqy + B(A1z + Ag1) + Aso

Ap+ A
> %A+ B(Ae + Agp) + S

Arg + An
2

as |Ajp + Agi| < 249

Now we observe if Ay + Ay > 0 then letting 5 = 2 yields Byy > 4A11 > A1 = B,
Similarly, if A + As; < 0 then letting § = —2 yields Byy > 4A11 + %|A12 + Agy| >
Ay1 = By In each case we have U(f) € kero and thus we may assume without loss
of generality that our initial positive definite bilinear form satisfies A;; < Ags.

If |[A1p + Agq| > 2A4; then let @ be the unique non-zero integer such that —2A;; <
A1g + Ay +4QA;; < 2A4;. Then applying U(2Q) yields a positive definite bilinear
form B that satisfies |Blg + Bgl‘ = ’A12 +A21 +4QA11| < 2A11 = 2311 < |A12 +A21‘.
If this is Kronecker reduced then we are done.

If it is not then we must have |Bjs + Bai| > 2B because GlLo(Z) transformations
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preserve positive definite forms (Corollary and Observation shows if we
have simultaneous equality then 4B1; By — (Bia + Ba1)? = 0, contradicting B being
positive definite.

We now apply L(2K) where K is the unique non-zero integer such that —2Bs <
Bis + By + 4K Byy < 2Byy. This yields a positive definite bilinear form C where
|Cha + Co1| < By = Coy < |Byg + Ba|. If this is not Kronecker reduced then we
continue this process, alternating between U(2@Q)) and L(2K) transformations.

This yields a strictly decreasing sequence, |Aja+Aay| > |Bia+ Bai| > [Cia+Ca| > ...
and hence this process either terminates at a Kronecker reduced form or we end up
with b1y + by = 0. Since by;; > 0 and byy > 0 it follows that this form is Kronecker
reduced. Hence we must terminate with a Kronecker reduced bilinear form.

Now observe each of our transformation matrices lie in ker o and therefore we have
shown the complete equivalence class of a positive definite bilinear form A contains
at least one Kronecker reduced bilinear form. O

We now investigate when the complete equivalence class of a positive definite bilinear
form A contains exactly one Kronecker reduced bilinear form.
We first prove a lemma that will help us eliminate certain cases that arise.

Lemma 3.1.17.
Let ad — By =1, a,B3,7,0 € Z and assume o« > 0, £ 0 and v # 0. If v > 0 then
Bd >0 and if v < 0 then 56 < 0.

Proof.

First let v > 0 then if 6 > 0 we have ad > 0 and then ad — Sy = 1 implies
0 < By < ad. Since v > 0, § > 0 follows and hence £ > 0. Similarly, if 6 < 0 then
ad < 0and By =ad—1 < 0. Since v > 0 it follows that 5 < 0 and so 50 > 0. Hence
when v > 0 we have 50 > 0.

Now assume vy < 0 then if 6 > 0 we have ad > 0 and ad — Sy = 1 implies By > 0 else
ad — By = 2. Therefore § < 0 as v < 0 and thus § < 0, 6 > 0 implies 5§ < 0. So
now suppose 0 < 0, then we have ad < 0 and vy =ad —1 < 0. Then v < 0 implies
B > 0, combined with § < 0 we get 50 < 0.

Consequently when v < 0 we have 5§ < 0. ]

Now let A be a positive definite Kronecker reduced bilinear form with matrix repre-
A Ap
Ay Agy

1. ‘Alg + A21| < 2A11 = 2A22

sentation ( ) Then one of the following three cases hold:

ii. ‘Alg + A21| < 2411 < 249
iii. ‘Alg + A21| < 2499 < 2A4;.

Let M = (;é g € kero and assume the resulting form, M!AM, under this

transformation is also Kronecker reduced.

a?Ap + ay(Ajs + Agy) + V2 Agy afAi + adAis + ByAg + 5y Ag )

M'AM =
( af Ay + adAg + ByAiz +07As  BPAL + BI(Arn + Agr) + 07 Ag
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Since M*AM is Kronecker reduced, it also satisfies one of the three cases above. So
we have

12a8A11 + (ad + B7)(Arz + Agr) + 207 Az
2a8A11 + (ad + B7)(Arz + Agr) + 207 As

| <2 (0?An 4 ay(Arz + Agr) + 7 As)
| <2(B%An + B6(Ara + Agy) + 6% Ass)
This gives rise to the following four inequalities:

208A11 + (a6 + By)(A1z + Az) + 267 A2 < 207 Ay + 200y(Ars + Agy) + 297 Ano
—202 A1 — 20ry(A1g + A1) — 272 Agy < 2aBA1 + (ad + B7)(Arg + Agr) + 267 Ag
208A11 + (b + By)(Arz + Az) + 267 Az < 26%A11 + 2B6(A1z + Ax) + 267 Az
—2B%A11 — 2B8( A1 + Agy) — 26% Ay < 208411 + (b + B) (Al + Agy) + 267 Ags.

Recall being a positive definite Kronecker reduced bilinear form means equality may
occur precisely once in the above four inequalities.

Rearranging these inequalities we get:

a— B)An + (A + Ao )20y — ad — By) +2y(y — 6
a+ B)An + (A + Agr)(ad + By + 2a) + 29(

(B —a)An + (Aiz + A1) (280 — ad — By) + 26(
28(8 + o) Ar1 + (Arp + A21) (286 + ab + B) + 26(

— — —

VoV VWV
o o o o

/‘)/
5 —
v+

Now observe 2ay —ad — By = a(y—9) +~y(a— ). Using this and three other similar
identities permits us to rewrite the above inequalities as:

20((@ — 6)1411 + 04(7 — 5)(1412 + Azl) + 7(@ — B)(Alg + A21) + 27(’}/ — 5)1422 2 0
(3.1)

204(06 -+ B)All + OC(’}/ + 6)(1412 + A21> + ’Y(Oé + 6)(1412 + Agl) + 2’)/(’}/ + 5)A22 2 0
(3.2)

2ﬁ(ﬁ — Oé)AH -+ B(é — ’7)(1412 + Agl) + 5(ﬁ — Oé)(Am + Azl) + 2(5(5 — ’Y)AQQ 2 0
(3.3)

QB(ﬁ + OZ)AH + 6((5 + ’Y)(Alg + AQl) + 5(6 + Oé)(Alg + AQl) + 2(5(5 + ’7)A22 > 0.
(3.4)
Recall applying the transformation —I5 € ker o results in initial bilinear form remain-
ing the same. However, it changes M from ( i g ) to ( :3 __g ) Therefore
without loss of generality we may assume M satisfies a > 0. Note that this does not
change « =6 = 1mod 2 and f =~y = 0 mod 2.

We first deal with two special cases:
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Special Case 1: v =0
Here a0 — By = 1 becomes ad = 1 and we have a > 0 yields @« = 9 = 1. Then our
four inequalities become

2(1 = B)A1 — (Ap + An)

2(1+ B)An + (A2 + Axn)
28(8 — 1) A1 + B(A12 + As1) (
2B(6+1) + B(A12 + Ag) (

B —1)(Aiz + Agr) + 2A9
B+ 1)(An + Ag) + 249

A\"ARA\VARR VARV
o o o o

+
+
Using the conditions for being Kronecker reduced the first inequality yields:

2(1 = B)An > Aip + Aoy > —2A1
=2-26>=-2

=4>20
B<2.

Similarly the second inequality yields:

21+ B)An
=242

12+ Ao) = —2A1

(A
2
—4
2

A\AR\VARR VARV,

B
=20
=B

Hence f € [-2,2] NZ and = 0mod 2 then implies f € {—2,0,2}. Further,
note f = 0 corresponds to M = I,. Thus we first suppose § = —2. Then the
first and second inequalities yield —2(1 + 5)A;; < Aja + Ao < 2(1 — ). That is,
2A11 < Ais + Ay < 6A1;. However, since our form is Kronecker reduced this can
only happen if Ay + Ag; = 2A4;.

Substituting § = —2 and Ay + As; = 244, into the remaining inequalities gives:

12411 — 2(A1g + Agy) — 3(Arz + Ao1) + 245, > 0
= 6(A12 + Ao1) — 5(A12 + Ao1) + 245,20
= 245 > — (A2 + Ag) and
4A11 — 2(A1g + Ag1) — (Arp + A1) +2A2% 20
= 2(A1g + Ag1) — 3(A1z + Ag1) + 242, 2 0
= (A1g + Ag1) < 24,

Thus |Ajs + Asi| < 2455 and so the form is Kronecker reduced.

Now suppose 8 = 2. Then the first and second inequalities yield —6A1; < Ao+ Ay <
—2A11. However, since our form is Kronecker reduced this can only occur if we have
Ajg 4+ Ay = —2A;;. Substituting f = 2 and Ays + Ay = —2A4; into the remaining
inequalities gives:

4A11 +2(A1a + Ag1) + (Ara + Agp) + 2425 >0
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—2(Ajo + Aoy + 3(Ags + Agy) + 245

= —2A5 (Alg + Agl) and

NNV NV A \\/

12A11 + 2(A1p + Ag) + 3(A1a + Aoy) +2A45 >0
= —6(A12+ A21) + 5(A1a + Ao1) +2A45 >0
= (A12 —+ Agl) 21422.

Thus |Ajs + Agi| < 245, and we have a Kronecker reduced form.

Hence we see if Ao + Ay = 2A1; > 0 then the Kronecker reduced bilinear form

A12+A2 A
( 2 is completely equivalent to the Kronecker reduced bilinear form

Ay Ap
AiptAan A 1 —
2 21 : _
AL Ao via M = 0 1 € kero.
Similarly if Ao + Ay = —2A;; < 0 then the Kronecker reduced bilinear form

A21 A22

_ (A124-A421) _A 1 2
2 2 ia M = kero.
( Z A . ) via ( 0 1 ) € Kero

This completes our first special case.

_ (A124-A421)
( 2 12 ) is completely equivalent to the Kronecker reduced bilinear form

Special Case 2: 5 =0
Here ad — By = 1 becomes ad = 1 and o > 0 implies « = § = 1. Then our four
inequalities become:

2A11 + (v = 1) (A2 + Axr) +v(Aia + Agr) +279(y — 1) Ag
2A11 + (v + 1) (A2 + Aor) + (A2 + Azr) +29(y + 1) Ag
—(Agg + Ag) +2(1 — ) Ag

(Arg + Ag1) +2(1 4+ ) Ag

A\AR\VAR\VARR\V
o o o o

Using the conditions for being Kronecker reduced the third inequality yields:

( - )AQQ = A12 + A21 = 2A22

=2-2yv= -2
=4 > 2y
=22=7.

Similarly the fourth inequality yields:

21+ 7) Az = — (A1 + Ag1) > 24
=2+2y> -2
=2y > -4
=72 -2

Hence we have v € [-2,2] NZ and v = 0 mod 2 implies v € {—2,0,2}. Note when
v =0 then M = [, a trivial automorph.
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Thus we first suppose 7 = —2. Then the third and fourth inequalities yield 2A99
Aqg + Asy < 6Ass, which can only occur if 2499 = Ay + Agy. Substituting 2As,
Ajg 4+ Asg; and v = —2 into the first and second inequalities then gives:

I /N

2411 — 3(A1a + A1) — 2(A1p + Agy) + 12455, > 0
= 2411 — 5(A1a + Ag) +6(A12+ Ag) 20
= 2A11 > —(A1x + Asy) and
2411 — (A12 + A1) — 2(A1p + Ag) + 442, >0
= 2411 — 3(A1a + A1) +2(A1a + A1) 20
= 2411 > Ajg + Ay

Hence we have |A; + Ag1| < 2457 and so the form is Kronecker reduced.

Now suppose v = 2. Then the third and fourth inequalities yield —6 A9 < A9+ A <
—2A55, which can only happen if Ay + Ay = —2A45. Substituting this and v = 2
into the first and second inequalities yields:

2A11 + (A12 + A1) +2(A1o + Ay ) + 445, > 0
= 2411 +3(A12 + Ag) —2(A1a+ Ag) 20
= 2A11 2 —(A1x + Asy) and
2411 +3(A12 + Ay) +2(A1e + Ay ) + 1245, 2 0
= 2A11 + 5(A12 + A1) — 6(A1 + Az1) >0
= 2A11 = A + Ay

Hence we have |A15 + Agi| < 245 and thus the form is Kronecker reduced.
Therefore we see if Ajs + Ay = 2495 > 0 then the Kronecker reduced form

All A12
Ap+A
A21 12 + 21

An — Ay . 1 0
( Ay A1242rA21 via M = 9 1 € kero.

Similarly if Ao+ Ao = —2A55 < 0 then the Kronecker reduced form ( ﬁn Afjim )
a1 T

is completely equivalent to the Kronecker reduced form

A —A
is completely equivalent to the Kronecker reduced form ( ;11 ( Aufile) ) via
— Ay, —tAn)
10
M = 9 1 )€ ker o.

This completes our second special case.

We now assume ad — fy=1,a >0, 8#0,v#0, a,3,7,0 € Z, « = = 1 mod 2
and 5 = = 0 mod 2. These conditions will be referred to as our base assumptions.
We will produce a contradiction to the four inequalities given in [3.1]- [3.4] This will
show in these circumstances there is no non-trivial mapping in ker ¢ of a Kronecker
reduced bilinear form to another Kronecker reduced bilinear form.

To do this we will examine all of the possibilities for 5, v and .
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1. 6>0,y>0and §d >0
2. >0,y>0and 6 <0
3. 0>0,vy<0and 6 >0
4. 6>0,y<0and 6 <0
5.4 <0,vy>0and 6 >0
6. B<0,vy>0and 6 <0
7. <0,vy<0and >0
8. f<0,v<0andd<D0.

Using Lemma [3.1.17| we can immediately see cases 2 and 5 cannot occur as v > 0 yet
B < 0. Similarly cases 3 and 8 cannot occur as v < 0 yet 6 > 0. This leaves four
cases to consider. We first prove two lemmas that will aid our investigation.

It is important to remember our base assumptions imply the following: a — 5 # 0,

a—v#0,y—9d#0and g —9 #0.

Lemma 3.1.18.
Under our base assumptions and assuming v > 0 it follows that (o — B)(y — §) > 0.

Proof.

Note § = 1 mod 2 implies § # 0 and § # 0. From Lemma 3.1.17] we have 5§ > 0
so we have two cases to consider. First suppose f < 0 and 6 < 0 then we have
B <0< aand §d <0 <. These imply a« — 3 > 0 and v — d > 0 and our result
follows immediately.

Thus suppose S > 0 and > 0. Observe if 0 < § < a and 0 < § < ~ then our result
follows. Similarly if 0 < o < f and 0 < v < 0 then our result follows. Next, note that
if0 <a< fand0<d <~ then we have ad < v which, contradicts ad — vy = 1.
Lastly we consider 0 < 8 < o and 0 < v < 6, then we have « — > 0 and § > 0
implies 8 > 2 and thus a > 1, giving 0 < 8 < o — 1. Likewise this case gives v > 2
and so § > 1, thus 0 <y < § — 1. Then we have:

l=ad—pyz2ad—(a—1)(0—-1)
=ad—ad+a+d—1
=a+06—1
>5Hasa>3,0 >3

Hence this last case cannot occur and so under our base assumptions and v > 0 we
have (o — B)(y —§) > 0. O

Lemma 3.1.19.
Under our base assumptions and assuming v < 0 it follows that (8 — a)(y — §) > 0.
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Proof.
By Lemma we know (6 < 0 thus again we have two cases to consider. First
suppose 3 < 0 and 6 > 0. Then we have:

(B—a)(y—96)=py—ay—pB0+ad
= [B7] + |ay| + |B0] + ad
>4 > 0.

Now suppose f > 0 and § < 0. Observe if 0 < a < f and § < v < 0 then
(8 —a)(y—0) > 0. Similarly, if 0 < § < o and v < 0 < 0 then (8 — «a)(y —9) > 0.
Next, if 0 < f < o and § < v < 0 then we have ad < (v < 0, contradicting
ad — By = 1. Lastlyif 0 < o < fand v < < 0 then we have v+ 1 < d < 0 as
v < —2. Likewise we have 0 < a < f—1as > 2. Thus (f—1)(y+1) < ad <0.
This gives:

l=ad—py=(B-1(+1) - By
=Py=—y+B—-1-py
=pf—-7-1
>3asy< —2,0>2.

Hence this last case cannot occur and so under our base assumptions and assuming
v < 0 it follows that (8 — a)(y —9) > 0. O

We now examine each of the four remaining cases found under our base assumptions.

Case 1: We have a > 0, 5 > 0, v > 0 and 0 > 0. We split into two subcases, a— 3 > 0
and o — 3 < 0.

Case la: 0 < f < «

Then Lemma [3.1.18 implies 0 < 6 < 7. We first prove a lemma that will help
substantially.

Lemma 3.1.20.
Under the assumptions of Case 1a we have (5 —0)(f —a+v—0) <0.

Proof.

Recall 8 # 6 mod 2 and o Z v mod 2. We split into two cases.

First suppose S —9 > 0, then 59 and this implies 6 < f—1. Assume f—a+~vy—§ > 0,
then f —4d > a — . Next, assume o — vy < 0, then a < v and thus o < v — 1. This
yields:

l=ad=py<(y =1 -1 =Py
=By =B-—v+1-py

=1-p—7
<-3asf=2,7=>2
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This is a contradiction and thus we have 0 < a — v <  — §. Further, note that
d(a—v) > 0and y(B—3d) > 0. Now observe 1 = ad— v = §(a—~)—~(8—3) and thus
1+v(8—9) = d(a—7y). Therefore we have 14+v(8—9) = d(a—v) < 0(5—0) < v(B—9).
This is a contradiction, thus we must have § —a + vy — d < 0. Recalling 5 —0 > 0
then yields the result in this case.

Now suppose f — 9 < 0. This gives 6 > 4+ 1. Assume § — a + v — 9 < 0, which
implies f — 0 < a — . Next, assume o —y > 0, then a > v which implies o > v+ 1.
This yields:

l=ad=py=>(+1)(E+1) - by
=Py +B+r+1-5y
=0+7+1
> 5.

This is a contradiction so f —0 < a —~ < 0. Thus |a —v| < |f — | and we also have
1 =0(a—7)—v(8 —9), which implies 1 4+ v(8 — ) = d(a — 7). Therefore we have
6 = )| = [1+ (6 = 9) and s0 [0(ev = )| = |7(8 = 0)| = 1. Thus

(B —=08) —1=[6(a — )|
< |y(a —9)|
< |y(B—9)|.

This is a contradiction because it implies two consecutive integers are separated by
at least two. Therefore 5 —a+~v— 09 > 0. Recalling f — 6 < 0 then yields the result.
Hence in both subcases we have (5 —6)(8 —a+v —0) < 0. O

Now under the assumptions of Case la we have § — a < 0 and § — v < 0. Therefore
B(B—a)<0and §(6 —v) <0asd >0and > 0. Let A;; = min{A;y, A} > 0.
Note at f(0 — ) < 0 and §(8 — a) < 0. Consequently [3.3| we have

0<28(8—a)Ain+ B0 —7)(A12 + A ) +6(8 — a) (A + A ) +25(0 — ) Ase
—— N——

<0 <0

(.

<2 BB =) +8(6—7) | A+ (Au + Asn) | B6 =) +3(8 - a)

<0 <0

We see if Aj9 + Ay > 0 then the right hand side is negative as each summand is
negative. This is a contradiction.
So we assume Ay + Ay < 0. Then inequality becomes

2(B(B—0a)+0(6 — 7)) Aii + |A12 + An | (B(y = ) + (o = B))
2(B(B—a)+0(6 —)) A + 245 (B(y —0) +6(a — B)) as |Ap + Aoi| < 245
24;; (B(B—a)+d(6 —v) + By —6) +d(a— B))

2
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Due to our form being Kronecker reduced, we note that equality cannot hold through-

out. Therefore we have 0 < 24;(8 — 0)(f — a + v — ). Yet, by Lemma [3.1.20] we
have (8 —6)(8 —a+~ —0) < 0, a contradiction.
This completes Case 1a.

Case lb: 0 < a< p
Then Lemma |3.1.19] implies 0 < v < d. We first prove a lemma to help us out.

Lemma 3.1.21.
Under the assumptions of Case 1b we have (a —v)(f —a+~v—9) = 0.

Proof.

We split into two cases. First suppose 0 < a < < and notice that we must have
0 < 8 < 0 in order to avoid contradicting 1 = ad — . Suppose f —a+v—39 >0
which, implies 0 < 0 — 3 < 7 — a. Also, note that 1 = ad — vy = a(d — ) — B(y — «)
and therefore a(6 — ) = 1+ (v — «). Observe a(d — ) > 0 and (v —«) > 0. This
then yields

0<1+p8(y—a)=ald—p)
< B0 - p)
< By —a),
which is a contradiction. Therefore we must have f — a + v — d < 0. Recalling
a — v < 0 yields the result in this case.

Now suppose 0 < v < a and so a — v > 0. Note that a > v+ 1 and v > 2. Assume
0 < B < ¢, then we have § > f+ 1 and 8 > 2. This gives

L=ad— 57> (4 D(E+1) ~ b
=By +v+B+1-8y
=08+7+1
= 5,
which is a contradiction. Thus we have 0 < § < . Now assume f —a+v— 6 <0,

this rearranges to f — a < § —«. Note that 1 = ad — fy = (d — ) — 6(8 — ) and
using this gives

0<d(f—a)<B(B—a)<B0—7)=1+58~-a)

This is a contradiction because it implies two consecutive integers are separated by a
difference of at least two. Therefore we have f§ —a+~v—¢ > 0 and recalling « —~ > 0
then yields (o« —v)(8 —a+~v—46) > 0.

Hence we always have (o« —v)(8 —a+v—9) > 0. O

Now under the assumptions of Case 1b we have « — f < 0 and v — 4§ < 0. It
follows that a(a — 5 < 0, v(y —0) < 0, a(y — §) and v(a — ) < 0. As before, let
A;; = min{A;1, Ass} > 0. Then inequality yields

0 <2a(a—pB)An+aly—90)(Ax+ As) +v(a — B)(Ara + Agy) + 2y(y — 9) Ags.
~—_—— —— —_——— ——

<0 <0 <0 <0
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We immediately see we have a contradiction if Ao+ A9 > 0. So assume Ao+ A < 0.
Then the inequality becomes

0 < 2a(a — B)An + [Aiz + Anlfa(y — 8) + y(a = B)| + 2v(y — §) Az
< 24; (ala = B) + (v — 6)) + | A2 + Asi||a(y — 6) + v(a — B)|
< 24 (oa = B) + (v = 0)) + 2Ai|a(y — 0) +v(a = B)].

Since our form is Kronecker reduced we note equality cannot hold throughout the
above inequality. Thus we have

0 <24 (a(a—=B) +v(y = 9) +[a(y =) +v(a = B)]). (3.5)

Since a +v > 0, f —a > 0 and § — vy > 0 due to our setup in Case 1b, we have
(a+7)(B—a+d—r)>0. This gives

O<(a+7)(B—a+d—17)
=0 -7 +a)+(B-a)(v+a)
= (a(d =) +7(B—a)) + (a(B8—a)+~(0 —7)).

From this we get
a(y —6) +v(a—f) <a(f —a)+ (6 — 7). (3.6)

By Lemma [3.1.21) we have (o — v)(8 — o+ — ) > 0. This yields
0< (B—a)a—7)+ (y—a)(d —~) and therefore we get

a(d =) +7(B—a) <a(f—a)+7(6 —7). (3.7)

Using a(0 — ) +7(8 — ) = — (a(y = 6) + v(a — B)) we see that inequalities 3.6 and
3.7 combine to give

la(y = 6) +v(a = B) < a(B —a) +7(6 — 7).

Hence we have a(a — ) + v(y — 6) + |a(y = d) + v(aw — )| < 0. This contradicts
inequality [3.5] and therefore this case cannot occur.

This completes Case 1 and we have shown this case cannot arise.

Case 4: We have a > 0, § > 0, v < 0 and 6 < 0. We split into two subcases, a— > 0
and a — 8 < 0.

Case da: 0 < B < «

In this subcase, Lemma |3.1.19| implies 6 < v < 0. We now prove a lemma to assist
us with this subcase.

Lemma 3.1.22.
Under the assumptions of Case 4a we have (4 0)(8 —a+d —~) <0.
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Proof.

We split into two cases. First suppose  + 0 > 0 and recall 5 #Z d mod 2 as well
as a Z ymod 2. Since @ > 0 we have a(f + ) > 0 and thus 1 = ad — gy =
a(f +0) — B(a + ), which yields 0 < a(8 +6) = 1+ B(a+ ). Since f > 2 and
a+v#0 a+v >0 follows immediately.

Assume f — a+ 9 — v > 0, then we have § 4+ 0 > a + v > 0. Therefore we have

0<Bla+y) <ala+v) <a(f+0)=1+Bla+),

which is a contradiction. Thus we have f —a+ 4§ —v < 0. Recalling 5+ 9 > 0 yields
the result in this subcase.

Now suppose 5+ < 0, then a(5 + ) < 0. We assume f — a + 0 — v < 0. Next,
we have 1 = a(8 + 6) — B(a + ) implies 1 + S(a+ ) = a(B + ) < 0 and therefore
B+ ) < 0. Since f > 0 it follows that a + < 0. Thus from the conditions of
Caseda (Y<d <0< f<a)weget f+0 < a+7y <0 and hence |a+ 7] < |5+ 9.
Then we have |1+ B(a+7)| = |a(6+0)| and so |a(S+0)| = |B(a+)|—1. Therefore
we get

Bla+7)| <ala+q| <alf+6] =la(f+ )] = [6la+7) -1,

which is a contradiction. Thus we must have § —a+d — v > 0. Recalling +4d <0
yields the result in this case. Hence we always have (8+6)(8 —a+0 —7) <0. O

Now under the assumptions of Case 4a we have f —a < 0 and § — > 0, which imply
BB —a)<0and 0(d —7) <0. Let A;; = min{Ay;, A} > 0 and note S(6 — ) >0
and 6(8 — a) > 0. Then inequality (3.3 becomes

0<26(8—a)An+ B0 —7)(Aia+ Aai) + (8 — o) (Ara + Aor) +26(6 —7) Ago

<0 >0 >0 <0
< 2B(8 — a)Aii + (A2 + An ) (B(6 — ) + (8 — ) +20(0 — ) Ais
< )

) +20(6 — ) Ay as |Ap + Agy| <
A (BB —a)+B(6—7)+(8—a)+6(0—7))

25
268(8 —a)A; +2A5(B(6 — ) +0(8 —
2
24;(B+0)(B—a+d—7).

We note the condition for being Kronecker reduced implies we cannot have equality
throughout. Therefore we have 0 < 2A4;;(649)(8 —a+d —~). However, A;; > 0 and
Lemma yields (8 +0)(8 — a+ d — ) < 0 and thus we have a contradiction.
So Case 4a cannot arise.

Case4db: 0 < a< p
Then Lemma (3.1.19] implies 6 < v < 0. We first prove a lemma to streamline this
subcase.

Lemma 3.1.23.
Under the assumptions of Case 4b we have (a+v)(a— B+ —0) < 0.
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Proof.

Observe 1 = ad — fy = §(a +v) — (S + §). We split into two cases. First suppose
a+vy>0,then 1 =ad+ B(—y) < ad +af = a(B +9). Since a > 0 it follows that
S+ 6 > 0. Note also that d(a+v) < 0 and y(5+0) < 0. Assume « — +~v—0§ > 0,
then we have a4+~ > 8+J > 0. Next, 1 = §(a+7v) —(B+7) implies 1 +~(3+0) =
d(a + ) < 0. Therefore we get:

0 <[é(a+y)|=[1+~(8+0)
=B+ -1
< [y[(a+7)
< [6](a + ),

which is a contradiction. Therefore we have a — 3 +v— ¢ < 0 and recalling o+~ > 0
yields our result in this case.

Now suppose o + v < 0. Then § < 0 implies 6(a + v) > 0. Using v(8 + §) =
da+v)—1 2> 0and v < 0 we see that B+ < 0 as f #Z 6 mod 2. Assume
a—f+v—0 <0, then we have o« + v < f+ 9 < 0. Using this along with
0<~(B+0)=0(a+~v)—1 gives:

0 < |v(B+9)
< |68 + 4
< [6]]er + ]
=y||B+ 0| +1as0<~(8+9).

This is a contradiction as it implies consecutive integers are separated by at least
two. Therefore we must have a« — 5+ v — § > 0. Recalling a + v < 0 then gives our
result.

Hence we always have (o +7)(ao — f+~v—6) <0. O

Now under the assumptions of Case 4b we have a(a— ) < 0, y(y—0) < 0, a(y—4) >0
and v(a — 3) > 0. Let A;; = min{ A, A} > 0, then inequality becomes:

0 < 205(0( — ﬁ) A11 + Oé(’y - 6)(1412 + A21> + ’)/(Oé - ﬁ)(Alg + Azl) + 2’)/(’)/ - 5) A22
<0 >0 >0 <0

2(a(a = B) +9(y = 0))Ai + (aly = 6) + v(a — ))(A1z + Aa)

2(a(a = B) + (v = 0))Ai + 2(a(y — ) + (o — B)) Ais as [Ap + Agi| < 245

2Ai(a+7)(a = B+ —9).

NN

Observe the conditions for being Kronecker reduced imply equality cannot hold
throughout. Therefore we have 0 < 2A4;;(a + v)(w — B+ v — ). Using A; > 0
and recalling Lemma implies (o +v)(a — 5+ v —§) < 0 gives a contradiction
and thus Case 4b cannot occur.

65



This completes Case 4, showing that it cannot arise.

Case 6: We have o > 0, § < 0, v > 0 and 6 < 0. We split into two subcases, a+ 3 > 0
and o+ 8 < 0.

Case 6a: a+ >0

Observe that if 0 <y < —d = |d| then we have

1=ad—py=|Bly—ald
< ay —ald|
<ay—ay=0,

which is a contradiction. Therefore we have 0 < —§ < v, i.e. v+ 6 > 0. We now
prove a lemma to streamline this case.

Lemma 3.1.24.
Under the assumptions of Case 6a we have (f —6)(a+—3d —~) < 0.

Proof.

We split into two subcases: §—90 >0and §—0 <0 as § % 6 mod 2.

First suppose f—¢§ > 0. Next, assume a+5—9—- > 0. It follows that 5—9 > v—q.
We observe if ¥ — a < 0 then we get the following contradiction

1= ad — By = Bly — ald] < 181y — al8] < |8la — |8la = 0.

Therefore we have 0 < y—a < f—4. Now observe 1 = ad — vy = (a—~)d— (B—0)7.
This yields 6(a — ) = 1+ (8 — d)y. Then we see:

I+ (a—79)0=1+(y—a)|d|
<14 (y—a)y as || <~ in Case 6a
<1+ (B-=19)y
= (a —7)o.
This is clearly a contradiction. Therefore we require a+ 5 —4d—~ < 0. Hence recalling
£+ 6 > 0 yields the result in this case.

Now suppose f — 3 < 0, since f < 0, § < 0 this yields 0 < [§] < |5|. Assume
a+8—0—v<0,thatis § — 0 < v — «a. If we suppose 0 < 7 — a then we obtain

1=ad — By = |Bly - ald] <[5y — ald] < [3]a — |8l = 0.

This again is a contradiction and thus we have f —d < v —a < 0 as o Z v mod 2.
Next, we see 1 = (o — )0 — (8 — 0)7 gives

(@=7)0=1+(8—0)y

<1+ (y—a)y
<1+ (v — «a)|d] as in Case 6a || <~y
=1+ (a—7)d.
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This is a contradiction because it implies two consecutive integers are separated by
at least two. Therefore we have a + 8 — 6 — v > 0. Recalling 8 — d < 0 yields the
result.

Hence under the assumptions of Case 6a we have (6 —d)(a+ -3 —~) < 0. O

Now under the assumptions of Case 6a we have S(a+8) < 0, d(a+8) <0, 5(6+7) <0
and (5 + ) < 0. Using inequality we immediately see if Ao + Ag; > 0 then we
have a contradiction. Hence we suppose Ajp+ Ag; < 0. Let A;; = min{ Ay, Ay} > 0,
then inequality becomes:

0<28(a+ B)An+ (B0 +7) +d(a+ BZSAIQ + A21)J+25(5 + ) Aaz
<0 <0
S2(Bla+pB)+6(00+7)) Au+ B0 +7) + 0(a+ )| [Ar2 + Aai|
<245 (Bla+B)+6(00+7) + |80 +7) +d(a+ B))).

Observe the conditions for being Kronecker reduced imply equality cannot hold
throughout. Thus we have 0 < 2A4;; (B(a+ B) +0(0 + ) + |B(6 +7v) + d(a + B))).
This rearranges to give 0 < 24;(6 — d)(a + f — d — 7). Lemma implies
(B—06)(a+—0—y) <0 and since A;; > 0 we see there is a contradiction. Therefore
Case 6a cannot arise.

Case 6b: a+ <0
Observe that if 0 < [0 = —d < 7 then we have

1l=ad— [y
= [Bly — a|d]
> |Bly —ay
= (I8l —a)y
> 0.

This is because o + < 0 implies 0 < o < —f = |f], thus |5| — @ and ~ are both
positive non-zero integers. Since no integer exists in (0,1) it follows that 0 < v <
—0 = [d] as 7 #£ d mod 2. Hence § + v < 0. We now prove a lemma to streamline
this case.

Lemma 3.1.25.
Under the assumptions of Case 6b we have (o —v)(a+ 5 —~v —6) < 0.

Proof.

We split into two cases, « —v > 0 and o — v < 0 since o #Z v mod 2.

First suppose a — v > 0, that is 0 < 7 < a. Next, assume aa+ § —~v — ¢ > 0, then
a—7>d— L. Weobserve if § — 3 > 0, i.e. 0 < |d] < ||, then we get the following
contradiction:

1 =ad — vy =|8ly— ol
> [Bla — ald]
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= a(|B] —d])

> 0.

This is because a and || — |d| are positive integers and there is no integer in the

interval (0,1). Thus we have § — 5 < 0 < a — . From this we have 1 = ad — fy =

(=)0 — (B — 0)7, which implies (a« — )0 = 1 + (8 — ¢). This is a contradiction
<0 >0

and thus a4+  — v — 6 < 0. Recalling o« — v > 0 then gives the result in this case.

Now suppose a — vy < 0. Assume a+ 5 —~v — 3§ < 0, then we have « —vy < § — 5. We

observe if § — 3 < 0 then we get the following contradiction:

1 =ad—py=|Bly— ald|

> |Bly — alf]
= [B](y — a)
> 0.

This is because || and v — « are positive integers and there is no integer in the
interval (0,1). Thus we have a — v < 0 < § — 5. Using this we see 1 = ad — fy =
(=)0 — (B — )y implies (« —7)d =1+ (8 —J)y < 1. Since we are dealing with
>0 <0

integers this is a contradiction. Therefore we must have o+ 3 —~v — 9 > 0. Recalling
a — v < 0 gives the result in this case.

Hence we see that under the assumptions of Case 6b we always have (o —)(a+ 8 —
v—46)<0. O

Now under the assumptions of Case 6b we have a(a+3) < 0, a(y+4d) < 0, y(a+8) <
0 and (v +9) < 0. Using inequality [3.2| we immediately see if Ajs+ Az > 0 then we
have a contradiction. Hence we suppose Ao+ Az < 0 and let A;; = min{ Ay, A} >
0. Then inequality becomes:

0 < 2a(a+ B)An — (a(y +0) + y(a+ B)) [Arz + Aar| + 2v(7 + 6) A2
< 2(a(a+ B) +7(y +90)) Aii — (aly +0) +v(a + B)) [Ar2 + Az
< 2(ala+B) +9(y +6)) Ay — 244 (a(y + 6) +v(a + B))
=2A;(a—y)(a+ 5 —~v—9).

Since we are dealing with Kronecker reduced bilinear forms, we cannot have equality
throughout. Hence we have

0 <24;(a—7)(a+B—7-19).

Lemma [3.1.25(implies (o —v)(a+ f —v —9) < 0 and since A;; > 0 it follows that we
have a contradiction. Therefore Case 6b cannot arise.

Case 7: We have a > 0, B < 0,y < 0 and 6 > 0. We split into two subcases: a+5 > 0
and o + 5 < 0 as a Z S mod 2.
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Case 7Ta: a+ 3 >0
Observe if § + v > 0 then we have the following contradiction:

1= ad - By = ad — ||
> 1815 — |8llr as @ > =B = 18] > 0

= |B81(6 +7)
> 0.

Thus o + g > 0 implies 0 + v < 0. We now prove a lemma to help streamline this
case.

Lemma 3.1.26.
Under the assumptions of Case 7a we have (B + 6)(a+ f+v+9) < 0.

Proof.
We split into two cases: S+ >0and S+ 6 <0 as [ #mod 2.
First suppose f+ 0 > 0, thus 0 < |f| = —f8 < d and so 1 — § < 4. Next, assume

a+ B +~v+3d >0, then we have —(av +v) < f+ 9. If we assume o + v > 0 then
a > —v = || and we get the following contradiction:

l=ad—py>1-7)01-5) - By
=l—-y=F+pBy-pB
=1-n-p
>basy< —2and < -2

Therefore we must have a4+ < 0 and thus 0 < —(a+7) < f+9. That is |a + | <
|f+0|. Further we have 1 = ad— v = (a+7)d—~(8+9) so 1+v(d+5) = (a+7)d < 0.
Therefore we have |v(8+49)|—1 = [1+~v(8+6)| = |6(a+7)|. Then recalling 6+~ < 0,
that is, 0 < § < || yields:

V(B+0)| —1=|é(a+7)] <[vlla+] < B+l

This is a contradiction because it implies two consecutive integers are separated by
more than two integers. Therefore we must have a +  + v+ d < 0 and recalling
B+ 0 > 0 gives the result in this case.

Now suppose 4+ < 0 and so 0 < 6 < —F = |f|. Therefore § < —1 — 5. Further
assume « + 5+ v+ 0 < 0, which implies 5 4+ § < —(a + ). If we assume a+ v < 0
then we get the following contradiction:

l=ad—By<(=1-8)(-1-7) - By
=1 +8)(1+7) - By

=1+8+7
<—-3asf<—2and vy < -2
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Therefore o + v > 0 and we have § + 6 < —(a + ) < 0. Hence |a+ 7| < |8+ 4|
Recall § ++ < 0 yields 0 < § < |y| and observe v(8+40) > 0 and §(a+ ) > 0. Next,
l=ad—Py=(a+7)0 —v(B+9) gives (¢ +7)d =1+ v(5+J). Hence we get

1+79(B+0)=(a+7)d
= |(a+7)d]
<la+9(
< |8+ 4|l
= |y(8+9)
= (8 +9).
This is a contradiction and therefore we must have o + 3 + v+ d > 0. Recalling

£+ 6 < 0 then yields the result in this case.
Hence under the assumptions of Case 7a we always have (8+0)(a+8+v+4d) < 0. O

Now observe under the assumptions of Case 7a we have f(a + 3) <0, §(6 +7v) <0,
B(d+)>0and o6(a+ ) > 0. We let A;; = min{A;1, Ay} and consider inequality
3.4l This yields:

0 < 2B8(a+ B)An + (0 +7)( Az + Azr) + d(a + ) (Aiz + Agr) +20(6 + 7) Agz

24 (Bla+ B) + 80 + 7)) + (Arg + As1) (B0 + ) + 6(a + 8)) as subtracting less
2A;(Bla+ B) +6(0 + 7)) + 24:(B(0 + ) + 0(a + B)) as |Aja + Axy < 24;
24;(B+0)(a+ B+ +9).

<
<
<

We observe that since our bilinear forms are Kronecker reduced we cannot have
equality holding throughout. Thus

0 < 245(B+ ) (a+ B+ +0).

Since A;; > 0 and Lemma [3.1.26] yields (8 +6)(a+ 8+ v+ ) < 0, we have a contra-
diction. Hence Case Ta cannot arise.

Case 7b: a4+ B < 0
Observe that if  +v < 0 then we get the following contradiction:

1=ad— By
= ad —|B]17]

aly| =B8]

= [vl(a +B)
< 0.

A\

Hence in Case 7b we have d + v > 0. We now prove a lemma to help streamline our
proof.

Lemma 3.1.27.
Under the assumptions of Case 7b we have (o 4+ v)(a+ 8+ v+ ) < 0.
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Proof.

We split into two subcases: o+ >0 and o+ v < 0 as a #Z v mod 2. First suppose
a+v>0andso0 < |y| = —y < a, which implies =1 — v < @ as v < —2. Next
assume « + 5+ v+ d > 0, then we have o + v > — (5 + ¢). If we suppose 5+ > 0
then we get the following contradiction:

l=ad—py<(-1=-P)(-1-7) - B
= (L4 )1 +7) - By
=1+0+y
<—-3asf<—2and y< —2.
Therefore we have f+d < 0 and so 0 < —(8+9) < a+7, which yields |5+4| < |a+7|.

Now we write 1 = ad—Fv = (a+7)d—~(6+/), which gives 0 < (a+7)d = 1+v(5+5).
Recall § +~ > 0 implies 0 < |y| < §. Then we have

Y6+ 8) =6+ ) <l0(6+B)] <[o(a+7)| =1+~(0+P).

This is a contradiction as we have two consecutive integers separated by at least two
integers. Therefore in this case we must have a+8+v+9 < 0 and recalling a+~ > 0
yields the result here.

Now suppose a+7v < 0s0 0 < a < |y|. Further assume a+ 5 +~v+0 < 0, which gives
a+y < —(B+9). If wesuppose + ¢ < 0 then we get the following contradiction:

l=ad—py<(-1-P)(-1=7)=By=1+F+7< -3

Therefore we have 5+ > 0 and thus o +v < —(8 4+ 60) < 0. This yields |5 + 6| <
o +v|. Then we have 1 = ad — fy = (a + 7)d — (§ + B)y which rearranges to
1450+ 8) = (a+7)0 <0. This gives [(a+ )| =1+~ + B)| = |y(0+6)] —1
and thus:

V(6 +B) <[5+ B)] <lola+)| =+ 8)—1

This is clearly a contradiction and so we must have o + 5+ v + 0 > 0. Recalling
a+ 6 < 0 yields the result in this case.
Hence under the assumptions of Case 7b we always have (a+7v)(a+p+~v+9) < 0. O

Now under the assumptions of Case 7b we have a(a+5) < 0, v(6+7) < 0, a(d+7) > 0
and y(a + §) > 0. Again, let A; = min{A;;, Asx} and consider inequality . This

ala+ B)An + a(d +7)(Are + A1) + y(a+ B)(Are + Aar) + 29(y + 6) Ao
a+ Ba+v(0+7)) Ai + ((d +7) + v(a+ B)) (A2 + Aa)
(a+B)+v(0+7)) Ais + 24 (a(d +7) +v(a+ B)) as |Ap + As < 24,
Aj(a+y)(a+ B+ +0).

Since we are dealing with Kronecker reduced forms we cannot have equality holding
throughout. Therefore we have
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Lemma [3.1.27| implies (o +7v)(a+ S+ v+ §) < 0 and we have A;; > 0. This gives a
contradiction and hence Case 7b cannot arise.

This completes our investigation of the eight cases and thus we have proved the
following theorem.

Theorem 3.1.28.

The complete equivalence class of a bilinear form contains exactly one Kronecker
reduced bilinear form unless the Kronecker reduced bilinear form satisfies either | Ao+
Agy| = 2441 or |A1g + Agi| = 2A9s, in which case it contains exactly two Kronecker
reduced bilinear forms.

Our goal now is prove a result that Kronecker stated but did not prove in his paper.
Kronecker’s result is given in the following theorem.

Theorem 3.1.29.
Let D € Z~q then Cl. (D) = |B°| + |B'| where

1
B = {(A11, A12, Aa1, Ago) |A11Agg — Ajp Ay = D,0 < 5(1412 + Asy) < A,
1
0< 5(/112 + Agy) < Ay, equality holds at most once}
and

Bl = {(Alla A127 A21> A22> ’A11A22 - A12A21 = Da 0 < (A12 + A21) < All:

DO | —

1
0< 5(1412 + Ayp) < A}

Observation 3.1.30.

The following provides a sketch of the proof of Theorem [3.1.29] It is intended to serve
as a guide while working through the proof and to indicate how the sets B° and B*
were probably chosen by Kronecker.

From Theorem [3.1.28] we know that with only one exception there is exactly one
Kronecker reduced bilinear form within any complete equivalence class of positive
definite bilinear forms. This exception is when the Kronecker reduced bilinear form
satisfies |Ajo+Agy| = 2457 or |Aja+Agi| = 2A9 in which case there are two Kronecker
reduced bilinear forms in the complete equivalence class.

In the conditions for being Kronecker reduced we note that when both inequalities
are strict and Ay + Ag; # 0, the absolute value requirement means there are two
Kronecker reduced forms to be counted simply by multiplying each of A, and Ay
by -1. Thus the intersection of the sets B and B! accounts for all of these Kronecker
reduced forms exactly once.

Now we consider those Kronecker reduced bilinear forms where equality holds exactly
once. We know that the Kronecker reduced bilinear forms (A;;, Aj2, Aoy, Asy) and
(Aq1, —Ajg, —Asp, Ago) are distinet (as Ao + Ag; # 0) and contained within the same
complete equivalence class in this situation. Therefore it is sufficient to count only
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those Kronecker forms for which 0 < Ay + A9y (= 245, or 2A9,. These are counted
exactly once by the equality condition found in the set BY.

Lastly, we consider those Kronecker reduced bilinear forms which satisfy 0 = A5 +
Agy. In this situation there is exactly one Kronecker reduced bilinear form in the
complete equivalence class and so changing the sign of A5 and Ay results in a new
complete equivalence class. Therefore we do not double count when we count these
forms by introducing the conditions 0 < Ao+ Ag; < 2417 and 0 < Ajg + Agp < 2499
in the set B*.

Consequently, by using the sets B® and B! we have consistently counted all of the
complete equivalence classes of positive definite binary bilinear forms exactly once.

Before we prove this theorem we need the following lemma.

Lemma 3.1.31.

Let

Vi = {A= (A1, A1, Ao1, Ago)|det(A) = D,0 < Ajp + A9y < 2min{ Ay, Axpn}} and
Vo ={A = (A1, A1a, A1, Ago)|det(A) = D, —2min{ Ay, A} < Ao + Az < 0}.
Then the map

v:Vo —V,
(An, Avg, Ay, A22) — (Au, — Ay, —A21,A22) = (Clu, 12, A21, CL22)

is a bijection and thus |V_| = |V4].

Proof.

Observe the sets V. and V_ are subsets of Kp -, the set of complete equivalence
classes of positive definite bilinear forms of determinant D € Z~. In Theorem [3.1.15
we proved Kp - is finite and thus so are V and V_. We fix D € Z,.

Well-defined: Observe

det(v(A11, A1, A1, An)) = A1 Az — (—Aw)(—Aa)
= det (A1, Ai2, Ag1, A)
=D.

We also have a1z + a9 = —A1a — Aoy = —(A12 + A21) and since —2min{ Ay, Ag} <
Aja + Az < 0 this implies 0 < ajz + az; < 2min{ Ay, Ass}. Hence v is well-defined.
Injectivity: This is straightforward to verify directly.

Surjectivity: Let B = (Bi1, Bia, Bo1, Bas) € V. and consider

C= (Blla —Blg, —Bgl, BQQ). This lies in V_ since det(C) = BHBQQ— (—Blg)(—Bgl) =
D and —2 min{Bll, B22} < —(Blg + Bgl) < 0 since B € V_|_.

Noting v(Bi1, —Bi2, —Ba1, Ba2) = (Bi1, Bia, Ba1, Ba) yields surjectivity.

Hence the map v is a bijection between finite sets and we have |V_| = [V,|. O

We now prove Theorem |3.1.29

Proof.
Let D € Z~(y and consider the set of all positive definite Kronecker reduced bilinear
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forms of determinant D. From Theorem [3.1.16| we know every complete equiva-
lence class of a positive definite bilinear form of determinant D contains at least
one Kronecker reduced bilinear form. Therefore using Theorem [3.1.15] we know
Cl. (D) < |[Kps| < oo. Next, from our work in Section we know there is ex-
actly one Kronecker reduced bilinear form in a complete equivalence class if and only
if that Kronecker reduced bilinear form does not satisfy either |A + Ag| = 2413 or
|A1g + Agi| = 2A9.

We partition the set of complete equivalence classes of positive definite bilinear forms
of determinant D into the four (finite) disjoint sets, V., V_ (from Lemma[3.1.31), V;
and V_, where

‘/0 = {(AH,AlQ,Agl,AQQ) | det(A) = D,O == A12 + A21,0 < AH,O < AQQ} and

Vo = {(A11,A12,A21,A22) | det(A) =D,2A,, = |A12 + A21| or 2Asy = |A12 + A21|}-
Observe that the set B! is precisely the union of V. and V{, each of which contain
Kronecker reduced forms that have their own unique complete equivalence classes.
Now let A = (Aj1, A2, Aa1, Ase) be a Kronecker reduced bilinear form satisfying
exactly one of 2417 = |Ajp + Agy| or 249 = |Ap + Ay, that is A € V_. In
Section (3.1] we demonstrated the complete equivalence class of such a Kronecker
reduced form contains exactly one other Kronecker reduced form, namely A'— =
(A1, — A2, —Ag1, Agg). Therefore we may choose our representative for this com-
plete equivalence class to satisfy 0 < A9 + Ay = 2417 or 0 < Ajp + Agy = 2499
respectively. It is straightforward to see that each of these equivalence classes are
counted by equality within the conditions of the set B°. We now examine B%\V_.
Applying Lemma we see that [BO\V_| = |V_]|.

Hence we have Cl. (D) = |V, |+ |[V_| + [Vo| + |V=| = |B°| + | BY. O

Notes on Section [3.1]

In his paper [Kr1897] Kronecker does not explicitly demonstrate that there are finitely
many Kronecker reduced forms. It could be argued this is implicit under the assump-
tion that the reader at the time is familiar with the finiteness of the set of properly
equivalent bilinear forms of a fixed determinant. Kronecker also lacks a proof that
the complete class number, Cl. (D) is counted by the complete equivalence classes
Kronecker reduced forms.

3.2 Investigating the Complete Class Number

We now commence a detailed investigation into the structure of the sets B and B*.

Observation 3.2.1.
One of the conditions for the set B? is that at least of the inequalities must be strict.
Therefore we may observe any form in BY satisfies

1 1
A+ Ao = 5 (A2 + Agr) + 5 (A2 + As)
< Ay + Ag.
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This rearranges to give A;; — Ajs — Aoy + Az > 0 and thus we use this inequality to
replace the cumbersome expression “no simultancous equality” found in B° .
We also note this condition clearly holds for any form in the set B!.

The following illustration provides a detailed overview of our investigation into the
structure of the sets BY and B!.

Development of Cl. (D)
Cle (D) = |B°[+|B|

BY B!

Cl. (D) =m+n+

E= M E'= N B+ B
BO\M BN
5 e Cl. (D) =m+ n+
2(|H" + |H'Y)
HO|=E'NT, H'|=E'nT,
i i i i Cl. (D) = m+ n+
‘ o ; ‘ m ; 2(P+Q—-R—-25)
R N
oo \\ffjf_ffﬁ\ o N A CIC(D):m—i—n—i—
: ]’ | : 0,= | : I | : 1= |
= i ! i b= | 000 | Py + P, + P+
fo{ - I Jo{ o fl{ L :Jl{ Dby | Qo Qi Qo
——— | | e ! 8 I | Ry — R, — Ry—
o Io<  Jo< | Y S i Jie | So —S1— 52

ThUSClc<D):m+n+2<P0—|—Q0—R0—50+2(P1+P2—Rl—Sl))

Figure 3.1: Outline of the initial sets used to count Cl. (D).
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: IO,> | = lr]_—‘ _____ r__} + 2(P0+Q0—R0—So>+
SER— | I | A4(K + L)

T _ _ g

! I | =~ P

S el

Figure 3.2: Continuation of Figure showing the relationships P, = R; + K and
P2 - Sl + L

We continue to follow in the outline of Kronecker’s footsteps by considering subsets
of BO and Bl that satisfy All = A12 — A21 + AQQ.

Definition 3.2.2.
Let M C B° and N C B! be defined in the following manner:

M = {(A117A12,A21,A22) | det(A) =D,0< w < miH{Au,Am},

Ajp — App — Aoy + Agg >0, Ay = Ao — Aoy + A },
A A
N = { (A1, A1z, As1, Ags) |det(A) = D,0 < % < min{Ay, As},

Ay — A — Agp + Agp > 0, A1 = App — Ay + Ay }.

We let m = |M| and n = |N|.
For convenience we will let E° = B\ M and E' = B"\ N.

It is important to note that m = 0 or n = 0 may arise for certain determinants.

Using our notation we then have
Cl (D) —m —n = |E°| + |E'|.
We now make a more general observation.

Lemma 3.2.3.

Let Ty = {(A11, A1, Ag1, Agg) | det = D, Agy — Ay > Ay — Aa} and
[ = {(An1, Arg, A, Agg) | det = D, Agy — Ay < Ay — Ao}

Define

’y . F+ — F,
(A11,A12,A217A22) — (A227A21aA127A11) = (a11,a12,a21;a22)-

Then ~ s a bijection.

Proof.

Firstly, det (7 (A117A127A21,A22)) = Aoy - Ayy — Aoy - Ayg = A1 Agy — ApAy = D.
NGXt, observe (Alla Alg, AQl, Agg) satisfies AQQ — A21 > All — Alg and thus 99 — Q91 =
Ay — A < Agg — A9y = a1 — age. Hence i (Alla A12> A21,A22) cl'_.
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Injectivity: This is straightforward to verify directly.

Surjectivity: Let (Alla A127 Agl,Azg) € I'_ be arbitrary. Let B = (AQQ, Agl,Alg, All)-
Then det B = A1 A2 — A2 A2 = D and we have agsg — a9y = Ajp — Ajg > Agg — Ay =
a11 — a2, thus B e I',.

Lastly, v (B) = (A1, A2, A1, Asz), S0 7 is surjective.

Hence v is a bijection. O]

Applying Lemma in the restricted context of the subsets E° and E!, we see it
is sufficient to consider only those forms in I'y N E° and I'; N E'. This is because the
sets M and N took care of when Asy — Ay = A1 — Aja. Consequently, we have

Cle(D)—m—-n=2(|T.NE°|+|TLNE"|).

Next, recall from Observation that bilinear forms in the sets B® and B! satisfy
Agg — Agy > Ajs — Ajy. Further, since we have now restricted to subsets of I'y, we
also have Ay — As; > A1 — Aip and therefore we may replace these two conditions
with |[Ay; — Ajg| < Agg — Aoy
This yields

Cle(D)—m—n=2(|H°|+ |H'|), where

HY = { (Au, Apy, An, A) | det(4) = D,0 < A2t A2)

|A1; — Apa] < Agg — Ao },

H' = { (A, Aus, Asy, As) | det(4) = D0 < 220

|A11 — A12| < Agp — Ay }

< min{A;y, As},

< min{An, AQQ},

Observe there is a certain symmetry in the sets H° and H' due to min{A;;, Ay }. We
now re-express this symmetry by formulating each as a difference of two new sets.

Let
A A
[(] = { (A117A127A217A22> ]det(A) = D,O < M < Alla
|Ay — App| < Agy — Ag1 } (3.8)
A A
Jo = { (AH,AQ,AQhAQQ) |d€t(A) =D, 0< w < Au,
Ajg + Ao

|A1p — Aa| < Agg — Aoy, Agn < - 5 . (3.9)
Then HO = ]O\JO-
Let

A + As)

I = { (A, Aps, Asr, Asy) | det(A) = D,0 < )
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|A11 - A12| < Ago — Ay }a (3-10)

B = { (A, A, A, A) | det(4) = D,0 < izt 420

(A12 + Ag)
2

< A117

Agy < A — A < Ay — Ay b (3.11)

Then Hl = ]1\J1.

Observation 3.2.4. It is important to note that defining the sets H° and H' as
differences of sets means we are no longer only considering positive definite forms.
In particular, Ay < 0 is now permissible in each of Iy, Jy, Iy and J;. It is only
through their respective differences that we recover positive definiteness. Further, we
no longer know whether these sets are finite.

In order to be consistent with Kronecker’s notation we adopt the following convention.

Notation 3.2.5.
Let |I()| = P, |J0| = R, |Il| = Q and |J1| = S

This gives rise to
Cl.(D)—m-n=2(P+Q—-R-25). (3.12)
We now prove a lemma that justifies a small simplification in the conditions found in

Jo.

Lemma 3.2.6.
We may simplify the set Jy as follows:

1
Jo = { (A1, A1z, As1, Ags) |det(A) = D,0 < 3 (A1g + Agp) < Ay,
1
Agy < B <A12 + A21) ) ‘An - A12’ < Ago — Ay } . (3-13)

That is, in Jo we cannot have Ay, = % (A2 + Ag).

Proof.

Assume 2A;; = Ay + Asq, then from the definition of J, we have

2499 < Ajg + A9y = 2A11, 50 Agy < Ayp (%). We have two cases:

CaseI: Ay > Aqs

This 1mphes A22 — Agl > ’AH — A12| = AH — Alg. This giVGS A22 — AH > A21 — A12

and in conjunction with (x) we get

0> Ay — An
> Ao — Aip
= Az + Ag1 — 240
=2(A11 — Apg) .
N —

=0
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Clearly, we have a contradiction.

Case II: All < A12

This implies Agy — A9y > |A11 — Ajo| = A1g — A

This yields Ags + A1 > A1+ Ay; = 2457 and hence Ay > Aj;. This contradicts (x).
Hence bilinear forms in .Jy cannot satisfy A;; = % (A12 + Asp) and so we have

1
Jo = { (A1, A1z, Aa1, Ags) |det(A) = D,0 < 5 (A1p + Agp) < Ay,

1
Agy < 5 (A12 + Ag1), A — Ao < Age — Ay }.

Notes on Section [3.2]

A key ambiguity of Kronecker’s paper occurs in section 9 [Kr1897, p. 454]. In section
9 Kronecker introduces the class number for bilinear forms. Firstly it is implicit that
he is referring to the complete class number as opposed to the proper class number.
Secondly he does not make it clear whether his class number refers to definite bilin-
ear forms or positive definite bilinear forms. On page 454, where he says the class
number is twice the cardinalities of the sets B and 9B’, Kronecker is referring to both
positive and negative definite bilinear forms. In our work, we focus solely on positive
definite bilinear forms and so our results shall differ from Kronecker’s by a factor of 2.

One should also note that Kronecker does not provide a proof as to why the sets
B2 and B’ provide a method for counting the complete class number. This result is
only stated on [Kr1897, p. 455]. For notational clarity we replace Kronecker’s fraktur
scripts, BY and ', with B® and B! respectively.

We have further deviated from the notation used by Kronecker in the following man-
ner.

To avoid confusion with the determinant D and the sets labelled ®° and @' ([Kr1897,
p. 456]), we will use E° and E! respectively.

Similarly, to avoid confusion with his class numbers I and F, and his sets ¢° and ¢,
we will use H? and H' (see [Kri897, p. 456]).

Continuing in this vein, on p. 457 Kronecker expresses ¢° as the set difference of &
and €3. We will instead write I for &; and Jy for 5. Thus in our notation we have
H° = Iy\ Jy. Similarly Kronecker expresses €! as the set difference of €, and ;. We
will instead write I; for €, and J; for €. Hence in our notation we have H' = I\ J;.

Note that our result found in Theorem [3.3.14] continues to differ from Kronecker’s

([Kx1897, p. 459]) by a factor of 2. This is still due to our focus on positive definite
bilinear forms.

3.3 Introducing CI. (D).

In this section we introduce a refinement, Cl. (D), of the class number Cl, (D).
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Notation 3.3.1.

Let (A1, Aja, Ay, Agy) be a bilinear form. For brevity, we may refer to A;; and Agy
as the “outer coefficients”, and A;s and A, as the “middle coefficients” or “inner
coefficients”.

We now single out two subsets of the set of complete equivalence classes of bilinear
forms.

Definition 3.3.2.
Let Cl. (D) be the cardinality of the subset of complete equivalence classes of bilinear
forms satisfying the following two conditions:

1. At least one of Ay; and A, is odd, and
2. A12 - A21 = 0 mod 2.

Definition 3.3.3.
Let CI, (D) be the cardinality of the subset of complete equivalence classes of bilinear
forms satisfying the following two conditions:

1. Exactly one of A;; and Ay is odd (that is, A3 + Ayy = 1 mod 2), and
2. A12 - A21 = 0 mod 2.

Observation 3.3.4.

Definitions and are well defined on complete equivalence classes because
any two completely equivalent bilinear forms must be congruent to each other modulo
2 (see Lemma . Consequently modulo two they must have the same sum of their
outer coefficients, and the same sum of their inner coefficients.

Observation 3.3.5.

Observe any bilinear form which is counted in CL, (D) is also counted in CI. (D).
However, if a bilinear form has both outer coefficients odd then it is counted in
Cl. (D) but not in CL, (D).

Hence CI. (D) < Cl. (D) < Cl. (D).

Theorem 3.3.6.

Let A be a bilinear form with matriz representation A, let M € Glo(Z) and B
M'AM. Then Ay = Ay = Ajg — Ay = 0mod 2 if and only if Biy = By =
Bis — By; = 0 mod 2.

Proof.

(=) Assume Ay = Ay = Ay — Ay = 0 mod 2.

From Lemma[2.4.6|we have Bis+ By = Bia— By = Aja— Ao = A1a+A9; = 0 mod 2.
Applying Observation [2.4.5 (I) with M € GLy(Z) yields

BH = 0421411 + Oé’y(Alg + A21> + 721422 = 0 mod 2 and
BQZ = BQAH + B(S(AIQ + Agl) + 521422 = 0 mod 2.

(<) Since M € GLy(Z) it is invertible. Write A = (M_l)t BM~! and apply (=). O
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Corollary 3.3.7.
A Ap
Agp Ap
and at least one of Ai1, Asy odd, that is properly equivalent to the reduced form
( a1z + Az @12
az1 a1z + a

There is no Kronecker reduced form, ) satisfying A1o — Aoy = 0 mod 2

s where ajg + as; > 0.

Proof.
Recall Kronecker reduced forms are positive definite and every positive definite form is

ﬁ; j;z ) be a Kronecker

reduced form with A3 — Ay = 0mod 2 and at least one of its outer coefficients

odd. Assume B = M'AM = ( @iz + a2 G2 > where a1y + as; > 0 and

a1 a12 + az
M € SLy (Z).
Then Lemma [2.4.6| implies the reduced form satisfies a5 + a91 = @12 — a1 = 0 mod 2
and thus a;; = ass = 0 mod 2. Next, the matrix M ~! transforms the reduced form
back to the Kronecker reduced form A. However, Theorem implies A1 = Ay =
0 mod 2, contradicting at least one of Ayy, Ay is odd.
Hence there does not exist a Kronecker reduced form with 49 — A3; = 0 mod 2 and
at least one of its outer coefficients odd which is properly equivalent to the reduced

properly equivalent to a unique reduced form. Let A = (

Q12 + a9 a12
form , where a1 + ag; > 0. O]
< a1 Q12 + a2 ) v 2 2
Lemma 3.3.8.
Let M = ( 3 g ) € GLy (Z). Then at least one and at most two of «, B, v and 0

are even. Further, if two of them are even then either o and § are both even, or 3
and v are both even.

Proof.

Since M € GLg(Z), det(M) = +1. Working mod. 2 shows we cannot have zero,
three or four zeroes mod2 without making det(M) = 0. Hence at least one and at
most two of the entries in M are even integers. Further, det(M) = +1 requires no
row or column to consist solely of zeros mod. 2. Therefore if exactly two entries in
M are even they are either o and 9, or § and 7. n

Lemma 3.3.9.

Let A be a bilinear form satisfying A1s— Asy = 0 mod 2. Consider the bilinear form B
which results from applying an SLy (Z) transformation. Then Biy + Bas is congruent
to either A11 + AQQ, All or Agg mod 2.

Proof.
Let M € SLy(Z). By Lemma we know M has at least one and at most two

zeros modulo 2. Further, we cannot have two zeros (modulo 2) in the same row or
column. By Observation [2.4.5 (I) we have

By + By = (042 + 52) Ay + (o + By) (Ap + Agp) + (’)/2 + 52) Az
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= (042 + ﬂQ) An + (’72 + 52) A22 mod 2.

If M has two even entries then it is clear By + Bgs = Aj; + Age mod 2. While if M
has precisely one even entry then either Bi; + Boy = Ajy or By + Boy = Ao O

For a given reduced bilinear form we now consider the structure of the complete
equivalence classes in its proper equivalence class with respect to Cl.. (D) and CL, (D).
We will continue to use the representatives found in Equation to describe the
transformation matrices used to generate the complete equivalence classes.

Lemma 3.3.10.

Let A be a bilinear form with matrix representation A. Assume the proper equivalence
class of A contains siz distinct representatives for the complete equivalence classes
of A and let A ~, B. If B satisfies By = Boy = By — By = 0 mod 2 then all siz
complete equivalence classes satisfy a11+ase = 0 mod 2. While if Bjs— Bs; = 0 mod 2
and at least one of By, Bas s odd then only two of the complete equivalence classes
have forms satisfying a1 + azs = 0 mod 2.

Proof.

Let B satisfy Bis — Bo; = 0 mod 2, then any bilinear form properly equivalent to B
also has this property. From Lemma (3.3.9| we know any bilinear form that is properly
equivalent to B satisfies a;; + ago is congruent to either By; 4+ Bag, By or Bgs mod 2.
Now recall completely equivalent bilinear forms have the same entries mod 2 in their
matrix representations. Thus using Observation m (I) along with each of the 6
complete equivalence class representatives found in 5, we see exactly two complete
equivalence classes yield bilinear forms satisfying a;; 4+ ass = B3 mod 2, two more
satisfy a1y + age = Bay mod 2, while the remaining two satisfy a;; + ase = By +
BQQ mod 2.

The only way for all of these to be 0 mod 2 is if B;; = Byy = 0 mod 2. We now
observe if exactly one of Byy, Bay is odd then only one of Bii, By and By + Bays is
even. Whilst if both Bj; and By are odd then only By + Bas is even.

Hence either all six complete equivalence classes of bilinear forms within the proper
equivalence class satisfy aj; + agg = 0 mod 2 (when By; = By = 0 mod 2); otherwise
only two complete equivalence classes within the proper equivalence class have this
property. ]

Our next lemma and theorem prove a key result due to Kronecker.

Lemma 3.3.11.
Consider the subset of positive definite Kronecker reduced bilinear forms A satisfying
the following two conditions:

1. At least one of their outer coefficients is odd, and
2. Ays — Aoy = 0 mod 2.

Then within the proper equivalence class of such a bilinear form, there is a 2:1 ratio
of the number of complete equivalence classes with the property Ay + Az = 1 mod 2
to those with the property A1 + Az = 0 mod 2.

82



Proof.
Consider the set of Kronecker reduced bilinear forms with the properties as given in
the statement of the lemma. Recall every Kronecker reduced bilinear form is properly
equivalent to a unique reduced bilinear form. Consequently, Lemma [2.4.6|implies this
reduced bilinear form also satisfies a;9 — ao1 = 0 mod 2. Further, Theorem [3.3.6| im-
plies the reduced form must have at least one of its outer coefficients odd because the
Kronecker reduced form has at least one odd outer coefficient. Further still, Theorem
3.3.6/implies all bilinear forms within the proper equivalence class have this property.
If the proper equivalence class of the reduced bilinear form contains 6 distinct rep-
resentatives for the complete equivalence classes, then Lemma [3.3.10| implies that
exactly two of the six complete equivalence classes have forms satisfying A;; + Agy =
0 mod 2. This is because our reduced form does not satisfy A;; = Ay = 0 mod 2.
Consequently in this case we have a 2:1 ratio of complete equivalence classes with the
property Ay + Ass = 1 mod 2 to those that have A3 + Ay = 0 mod 2.
We now deal with the situation when the proper equivalence class of the reduced bi-
linear form contains less than 6 distinct complete equivalence classes. This means the
reduced form has a proper automorph. Therefore we must consider reduced bilinear
forms of the types found in the first four rows of Summary
Observe that the form in the fourth row is a special case of the form in the third
row, where Ay = As. By Corollary we know there is no Kronecker reduced
form with at least one odd outer coefficient odd, and the sum of its inner coefficients
@12 + Az a12
a1 Qi2 + ag
reduced bilinear form cannot arise when we reduce our Kronecker reduced bilinear
form. We investigate rows one and two separately.

An Ap , where A;; = 1 mod 2. Then the set of
—Ap An

complete equivalence classes within its proper equivalence class is given by

{( A A ) < 2A1 Al + Ay ) ( An A+ Apg )}
—Ap An )7\ A — A Ay "\ A — Ap 2A1 '

It is easy to visually verify all of these complete equivalence classes contain bilinear
forms satisfying a1 — as; = 0 mod 2 and it is straightforward to check that only the
first form satisfies a7 + a92 = 0 mod 2. Hence we have a 2:1 ratio.

An 0 >, where A;; = 1 mod 2. Then the set

even that reduces to ) Hence the third and fourth types of

Consider the bilinear form

Now consider the bilinear form

of complete equivalence classes within its proper equivalence class is given by

{( All 0 ) ( 2A11 All ) < All All )}
0 All ’ All All ’ All 21411 ‘

It is clear all of these complete equivalence classes contain bilinear forms satisfying
a2 — ag; = 0 mod 2 and straightforward to verify only the first form satisfies a1 +
a9 = 0 mod 2. Hence we have a 2:1 ratio.

Thus we always have a 2:1 ratio of complete equivalence classes where a1 + ao0 =
1 mod 2 to those where a1 + ass = 0 mod 2 within the proper equivalence class of
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any Kronecker reduced bilinear form that satisfies A5 — A; = 0 mod 2 and has at
least one odd outer coefficient. O

Theorem 3.3.12. o
Let D € Zq then 3CL, (D) = 2Cl. (D).

Proof.

Recall that the set of complete equivalence classes of bilinear forms that are counted
by CL, (D) are contained within the set of complete equivalence classes of bilinear
forms counted by Cl. (D). Also recall the bilinear forms in a complete equivalence
class that are counted by CI. (D) all have the property A;; + Az = 1 mod 2. Then
Lemma [3.3.11| shows that within a proper equivalence class of a Kronecker reduced
form which has at least one odd outer coefficient and the sum of its inner coefficients
even, we have a 2:1 ratio of complete equivalence classes that satisfy A;; + Ay =

1 mod 2 to those satisfying Ay; + Ayy = 0 mod 2. Hence CI, (D) = 2Cl, (D) and thus

3CL (D) = 2Cl. (D). O
We now extend the ideas developed in Section [3.2

Definition 3.3.13.

Let ©;, = {A€0;| Ay + Ay = 1mod 2, Ajy + As; = 0 mod 2} for © € {I,J} and
i€ {0,1}.
Let P = ‘]_0

Theorem 3.3.14.
Let D € Z then Cl.(D) =3 (P+Q — R—9).

Proof.

We are considering subsets of the sets B and B! from Section . Recall bilinear
forms in the subsets M and N satisfy A;; = Ajp — Aoy + Age. Since our bilinear
forms satisfy Ajo — Ao = 0 mod 2 it follows that A;; = Ay mod 2 for the subset of
our bilinear forms contained in the sets M and N. This yields A;; + Ass = 0 mod 2,
which cannot be. Hence M and N are the empty set when considering only those
bilinear forms whose sum of their inner coefficients is even and sum of their outer
coefficients is odd.

Therefore, in the same manner as we constructed Cl. (D), we have

CL(D)=2(P+Q—-R-15).
Applying Theorem [3.3.12| then yields
— 3
—3(P+Q-R-5).
This is because the map v found in Lemma [3.2.3| preserves Ao — Ao;. O

The following diagram (Figure provides a good reference point for understanding
the Cl. (D) class number.
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Development of Cl, (D)

BO BT Cli(D) = [B°| + |B|

D These sets are empty.

N | __.
L These sets are removed
but not necessarily empty.
_ _cy)=2(/H+ [HY)
m - 0 ﬂ F+ ﬁ - 1 ﬂ F+
CL(D)=2(P+Q—-R-29)
1 3 1 3 3
: . | : - | Clc (D) = §CIC(D)
| HY 3 | H! 3 3 _
=3(P-R+Q-S
R S R M i NSO ( )
o o Jo= 0 o 0 e .
- do= B P e T ' CL.(D) = 3(Ry + Qo)—
To{ 3 10,>@To{ o IT{ . Tis ;71{ T 3(Ro + So)+
i N S A A S 6(P. — Ry)+
O O B SR O, 6(@1 — S1)

Hence Cl. (D) :3(F0+@—R_O—S_o).

Figure 3.3: Outline of the sets used to count Cl, (D). Circled numbers and shaded
regions indicate the same cardinalities.

Notes on Section (3.3

Since Kronecker chose to write his bilinear forms as (A, B, —C, D), he uses the
condition B + C' = 0 mod 2. Whereas, since we denote our bilinear forms by
(A1, A1, Aoy, Agy), we will write Ajps — Ay = 0 mod 2 for ease of comparison to
Kronecker’s original text.
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3.4 Towards Establishing the Finiteness of P, (), R and S.

In this section we begin to establish the finiteness of P, Q, R, S, P, @, R and S.
We will used Kronecker’s outline but take a more direct approach wherever possible.
However, we will provide Kronecker’s insight in the notes at the end of each section.
We continue to let D € Z~ denote the determinant of the bilinear forms under con-
sideration.

We first define some partitions of the sets Iy, Jy, [; and J; (see Equations 3.10]
and for details).

Definition 3.4.1.
We partition the sets Iy and I; as follows:

IO == 107: U IO7> U [07< and Il = [17: U Il,> U [17<, where

Iy= = {A € Io’An = A12}
- {A’ det(A) = l)7 _All < A21 < AH,O < AQQ — AQl} R
Ajg + Ay

Y

Iy~ = {«4‘ det(A) = D,0 < < Ay, Ay — Ay > A — Aal, A > Agg

Ais + An

5 < A, Ayy — Aoy > ’An — AIQ‘ JAn < Au}

Ioc = {A‘ det(4) = D,0 <

and
I - = {-A c [1‘1411 = A12}
= {A’ det(A) =D, —A;; <Ay < Ay1,0 < Ay — Am} ;

Ao + An
2

L~ = {A‘ det(A) =D,0< < A, Ay — Ao > ’An — A12‘ J A > Agg

< Ao+ An

L« = {-A‘ det(A) =D,0< 5 < A, Agg — Ao > ’An — A12| J A < Ajg

3
b

Lastly, as per Kronecker, we define Py = I |, P, = |Io~|, P> = |lo<|, Qo = |I1=|,
Q1 = |I1>| and Q2 = [[1 <|.

Definition 3.4.2.
We partition the sets Jy and J; as follows:

J() = Jo,: U J0,> U J07< and Jl = Jl’: U J1,> U J17<, where

Jo— = {A € Jo| A = 0}

A + Ay

= {A} det(A) = —A12A21 = D,O < < A117A21 < — |A11 — A12|} ,

Arg + A

det(A) = D,O < A22 < 5

J07> - {./4.

< Aqg, Agg — Agy > |Apy — A12|} ;
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Ais + An

J07< = {A’ det(A) = D,AQQ <0< < A117A22 — A21 > ‘All — A12’}

and
JL: - {A € J1|A22 = O}

Aig + An

= {A det(A) = —A1249 = D,0 < < Ay, Ay < — A — AlZ’} ;

Ay + An
2
App + Aoy

J1,> = {A det(A) =D,0 < Az < < A, Ay — Aoy > ‘An - A12|} )

J17< = {A det(A) = D,AQQ <0< < A117A22 — A21 > ‘AH — A12|} .

Again, as per Kronecker, we define Ry = |Jo |, R1 = |Jo |, R2 = |Jo<|, So = |J1=|,
Sl == |J1’>| and SQ - |<]1’<|.

Observation 3.4.3.

By construction we have ©;,,10;, =0 for © € {I,J},i € {0,1} and j. k € {=,>, <},
J# k.

Hence |I)| =P =Py + P+ P, || =Q =Qo+ Q1+ Q2, | o] =R=Ry+ R + R»
and |J1| =5 = So+51 —|—SQ

We now make a useful observation about the structure of D in these sets.

Observation 3.4.4.

In ]0’: and IL: we have AH = A12, which y1€1dS D= All (AQQ - Agl).

In Jy— and J; - we have Ayy = 0, which yields D = —A19A9,.

In what follows it is straightforward to verify the identities by expanding the right
hand side and collecting terms to arrive at A1 Az — A9 Ao,

In Iy~ and I; » we have Ay; > Ay, ie. Aj3 — Az > 0 and we may write

D= (A — Ap)? 4 (Ao + As) (A — Apg) + Ay (— A + Ay — Aoy + Ay) .
Also, in Iy and I - we have Ay; < Ay, i.e. Ajg — Ayp > 0 and we may write
D = (A — An)* + (241 — A1z — A1) (A — Aur) + An (An — Ay — Agy + Ap).
Similarly in Jy~ and J; » we have Ay > 0 and we may write
D = (A — As1)’ + (Aiz + Aot — 2A2) (Agg — Asy) + Ay (A1 — A1z — Asy + Ap) .
Also, in Jy < and J; - we have Ay < 0 and we may write
D = (As — An)’ + (A2 + A1) (Azz — Aay) + (—Az) (— A1 + Ao — Aoy + A).

The key observation to make is that D is either a product of two integers, or
D = o? + ad + v for some integers o, 3, 7, §, where o > 0.

We also observe that these determinant results hold regardless of whether we impose
the additional conditions A;s + Ay; = 0 mod 2 and Ay + Ay = 1 mod 2.
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Our goal now is to establish that P, Q, R, S, P, Q, R and S are finite.

Lemma 3.4.5.
Let X; = {(a,3,7,0) | a®> +ad + By=D,a> 0,7 > 0,0 < § <28} and define the
map

¢IX1 —>IO,>
(avﬁ7775) — (5,5-04,0(—6+5,204—,6+’}/+5) = (AllaAl%AZlaA??)'

Then ¢ is a well-defined bijection.

Proof.
Well-defined: Observe

det(A) =B(2a—B+7+6) —(B—a)(a—B+6)
=208 — B>+ By +B0— (af —a® — B+ af + B — ad)
=a’ +ad+ By
=D.

Now note that Ay; = § and w = g. Since forms in X; satisfy 0 < 6 < 243, we
immediately get 0 < % < Aj

Next, a >0, § > 0 and A5 = — «, therefore A;; =8 > 6 — a = Ajs.

Next, we have

Ay — Ay =2a—-F+7+0—(a—F+9)
=a+7
> « since in X; we have v > 0
= A — A
= |A;; — Apa] as Ay; > Ajp by above.

Hence ¢ is well-defined and maps into /.

Injectivity: Suppose ¢ (o, 5,7,0) = ¢ <d, B,4.,0

N—
H
=
@
=

Equating the entries from left to right yields g = B, a=aq, 6 = § and v = A.
Therefore ¢ is injective.

Surjectivity: Let (A1, A12, Ao1, Age) € Iy~ be arbitrary.

Consider f = (A1 — Ay, Ary, —Ay + Arp — Agy + Agg, A1 + Agy) = (a, 8,7,0), we
will show f € X and ¢(f) = (Ay1, A1z, A2, Asa).

We have f satisfies

042 + ad + 5’7 = (AH — A12)2 + (AH — Alg) (Alg + Agl)
+ A (— A+ Ap — Ao + Ag)
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= A Ay — AppAn
=D.

Also, Aj1 > Ajp implies Aj1—Ap > 0,1.e. a > 0. It also implies Aypy—Axy > A1 — Ao
which rearranges to v = —AH + A12 — A21 + A22 > 0. Lastly, 0 < % < AH
implies = Ay + A1 > 0 and 26 = 2A1; < Ajg + Ay = 6. Hence 0 < § < 23. Thus
feX.

Finally it is straightforward to check that ¢(f) = (A1, A2, Aa1, Agg).

Hence ¢ is surjective and thus a bijection. O]

Corollary 3.4.6.
The cardinality of X is finite and | X1| = |Io~| = Pi.

Proof.

In the definition of X; in Lemma [3.4.5] we see that «, £, v and § are all strictly
positive and satisfy D = a? + ad + 3. Consequently there can only be finitely many
choices for «, #, v and 0. Thus | X[ is finite.

Definition in conjunction with Lemma yields | Xi| = |Ip~| = P. O
Lemma 3.4.7.

Let Xo = {(a, 3,7,6) | a®> +ad + By=D,0 < a,0 <~,0< <28} and define the
map
¢ZX2 —>I()’<
(a,B8,7,0) — (Boa+B,8—a—=0,7+8—0) = (A1, A2, Ao1, Ag) .

Then v is a well-defined bijection.

Proof.
Well-defined: Observe

det(A) =B(y+B—06) = (a+5)(B—a—10)
=a?+ad + By
=D.

Next, notice that 0 < § < 28 implies 0 < 25;5 = (a+ﬂ)+;ﬁ_a_6) = A”;A”. Also since

0 < 6 we have A”JQFA” :252—5:5_g<@:A11_ ThusO<Al%A21<AH.

Now observe A;; = 6 < f+a as 0 < «a, hence A1 — Ao < 0. Using this, it is enough
g g

to show that A22 — A21 > A12 — AH. We have

Ay —An =7+ —-0—(f—a—19)
=7+«
>aas <y
=(a+p)—p
= A — Aun.
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Hence 1 is well-defined and maps into /j <.

Injectivity: Suppose ¥ (o, 8,7,6) = 9 (d, 8,4, 5), then
(B,a+B,6—a—0,v+—0)= (B,d%—ﬁ,ﬁ—d—(;ﬂ—i—ﬁ—g). Equating the en-
tries yields (a, 8,7,9) = (d, B,%,S and so ¢ is injective.

Surjectivity: Let (Aq, A1z, A1, Agg) € Iy« be arbitrary.

Let f = (Aia — A1, A, A — Ajg — Agy + Agp, 244 — Ajy — Ag) = (o, B,7,6), we
WIH ShOW f € X2 and w(f) = <A117 A127 A217A22).

By Observation f satisfies a® + ad + By = D. Next we have A;; < A
implies 0 < A12 — AH = «. This also 1mphes A22 — A21 > Alg — AH, which
rearranges to v = A;; — A1 — Ao + Aye > 0. Now 0 < w < Aqq yields
20 = 2A1 > 2A11 — (A2 + As) =0 > 0. Thus 0 < § < 20 and hence f € Xo.
Lastly, it is straightforward to verify that (f) = (A1, A12, Aa1, Aga).

Thus v is a surjection and hence is a bijection. O

Corollary 3.4.8.
The cardinality of the set Iy < is finite and equal to | Xs|.

Proof.

An element in the set X5 has o, § and ~ all strictly positive. Also ¢ is non-negative.
Consequently there are only finitely many values of o, , v and ¢ that satisfy D =
a?+ad+ B for a fixed positive integer D. Definition in conjunction with Lemma
shows we have a bijection between X5 and Iy < and thus |Xs| = |lo<| = . O

Corollary 3.4.9.
The cardinality of the set Ig\Io— is finite with Py + Py = | X1| 4+ | Xa].

Proof.
By construction we have Ip\Ip - = Iy~ UIy . Corollaries|3.4.6/and |3.4.8 demonstrate
this set is in fact finite with cardinality | Xi| + | Xo| = |Io\lo=| = P + P. O

Lemma 3.4.10.
The map

T ]0\[07: — II\II,:
(A117A12, Ao, A22) — (A11> 2A11 — Ayg, — Ay, Ay — 2A21) = (alb 12, a21, @22)

is a well-defined bijection.

Proof.
Well-defined: We have

det(a) = a1a29 — ajpan
= An1(Agp —2421) — (2411 — Az)(—A2)
= A Ao — 2411 Ay — (—2A11 Ay + A1 As)
= A Ay — App Aoy
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= det(A).

Next we have #2Fe2 — QA“_;%”_AQI = An — % > 0. Further, a;; — “2ea —
A — (AH — A12-5A21) = A12-5 2L > (). Thus 0 < —a12-£a21 < aiy.
Continuing in this vein we have

A2 — Qg1 = Aoy — 2491 + Ay

= Agy — An

> |An — A

= |App — Ay

= [Ann — (2411 — A
= |Cl11 - a12| .

Lastly, suppose ayj; = a2 then we have AH = 11 = A12 = 2A11 —Alg and this 1mphes
Ay = Ajg, a contradiction.

Hence the map 7 is well-defined.

Injectivity: This follows immediately by equating coefficients.

Surjectivity: Let (a11, a12,a91,a2) € [1\I; - and let f = (a11,2a1; — aia, —as1, a2 —
2@21) = (AH, Alg, A21, AQQ), we will show this lies in ]0\]0’: and

7T(f) = (CLH, aio, gy, a22). We have

det(f) = (a11)(az — 2a21) — (2a1; — a12)(—az)
= Q11G22 — A12G21

= det(a).

Next, we have A1o+Ao1 2a11—a212—a21 = a;, — a12-5a21 > 0 and Ay — A12-5A21 —
a; — (an — a12;a213 - a1242ra21 > 0. Thus 0 < % < Aj;. The remaining two
properties, Ags — Ag; > |Ajp — Ajo| and Ay # Ajg, are derived in exactly the same
manner as in the proof that 7 is well-defined. Hence 7 is a surjection and therefore

a bijection. O

Corollary 3.4.11.
The set I\I, — is finite with cardinality Q1 + Q2 = | X1| + | Xal.

Proof.
From Lemma |3.4.10| we have a bijection between the sets Ip\ /o~ and I;\I; —. Apply-
ing Corollary :3.4.9 then yields | Xi| + [ Xa| = [Lo\lo=| = |1 \][1=| = Q1 + Q2. O

Corollary 3.4.12.
In Kronecker’s notation we have Py + Py = Q1 + Q».

Proof.
We have P; + P, = | X1 | + | X3| = Q1 + Qo. O

We now perform a similar analysis on the sets Jy and J;. The following lemma will
help us to be more concise than using the method Kronecker alluded to.
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Lemma 3.4.13.

Let S be an arbitrary, non-empty set and let p : S — S be such that p* = id. Then
p 1S a bijection.

Proof.

Injectivity: Suppose p(s) = p(t). Then p*(s) = p*(t). However, p?(s) = id(s) = s and
p*(t) =t. Thus s = t.

Surjectivity: Let s € S be arbitrary, then p*(s) = p(p(s)) = s. Thus p maps p(s)
onto s. Since s € S was arbitrary, and p(s) € S, the map p is surjective.

Hence p is a bijection. O]

Lemma 3.4.14.
The map

J Jo — JO
(An, A12, A21, A22) — (2A12 - A117 A12, Ay — 21422, —A22) = (Cm, 12, @21, a22)

15 a well-defined involution.

Proof.
Recall Jo = {A | det(A) = D,0 < A2l < Ay, Ay < 42342 Ay — Ay >
|A11—A12|}. We first show P is well-defined. Let (AH, Alg, Agl, AQQ) € JO be arbitrary,

then we have

det(a) = aj1as2 — a12a2
= (2412 — A11)(—Ag) — (A1) (A2 — 2A2)
= A1 Agy — 2410 A2 + 2A19 A9 — Ap A
= det(A).

Next, a”;am = A12+A221*2A22 = A”’;AQI — Ay > 0. Further,

ap =245, — A
> 2A12 — (A22 — A21 + Alg) as AH > (0 and A11 — A12 < AQQ — A21
= Ay + Ay — Ay

Ap+ A Ap+ A
Nt 21 Ay 85 0 < 12 21
2 2
_ 012 + az
—
Thus we have 0 < %2“21 < aqp. Next, 0 < % also implies ag = —Ayn <

—Agy + Az — aztan T astly we have

’Gn - @12‘ = ’21412 — A — Aw’
= Ay — Ay
< Agp — An
= —Agp — (Ay — 2A22)
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= Ag2 — Q21.

Hence the map p is well-defined.
Finally, we have

P2 (A11, Arg, Aoy, Agg) = p(2415 — Aip, Arg, Agy — 2455, — Agy)
= (2A12 — [2A12 — A11], A1a, Aoy — 2409 — 2(—Ag), —(—Ax))
= (Ay1, A1z, Ag1, Ago).

Therefore by Lemma the map p is a bijection and hence an involution. O

Corollary 3.4.15.
The cardinalities of the sets Jo~ and Jy < are identical. Thus Ry = R,.

Proof.

We use the involution p from Lemmal[3.4.14] Recall we may write Jy = Jo—UJo ~UJo <
and observe p(Jy—) C Jo— because elements in Jy — satisfy Ayy = 0. We also have
p(Jos) C Jo< and p(Jo<) € Jo~ as the map p changes the sign of the (non-zero)
Agg entry.

Hence R1 = |J0’>| = |J0,<| = RQ. O

We now develop a new set to prove the above cardinality is in fact finite. This new
set will later be used to explicitly count the elements in Jy~ and Jj <.

Lemma 3.4.16.
Let Y1 = {(a,3,7,0) | a®* +ad + By=D,0 < 3,0 < 6,0 <~ < 2a} and define the
map

L:Yl — J()7>
(a,B,7,0) — (Y +0+B,0+ B+ a,B—a,) = (A1, A1, Ag1, Aga) .

Then v is a well-defined bijection.

Proof.
Well-defined: Observe

det(A) =(y+d+08)(B) — (6 +S+a)(B—a)
=a’+ad+ By
= D.

We also have Ay = 3 > 0 and
Ap+ Ay d+f+ta+f—a

2 2
2843

2
=/ +

N S
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> [ asd > 0.

Further, we have Ajy = v +d+ 5 > 0+ g as 7,0 > 0. Consequently, we have
0 < Agy < Aztdar < 4,

Next, observe 2ac > v implies @ > v — a. Also, v > 0 implies a« > a — 7. Combining
these together yields Agy — Ay = — (B —a) =a > |y —a| = A — Asl.

Hence ¢ is well defined and maps into Jp .

Injectivity: Suppose ¢ (a, 8,7,0) = < . B,4, ) and thus
_l’_

(V+0+B0+B+a,—a,B) = ( o+ 8,04 B+ a,B-&,B).
Equating the entries yields injectivity.

Surjectivity: Let (A1, A12, Ao1, Ae) € Jy~ be arbitrary.

Let f = (Ayp — Aoy, Ao, A1t — Aig — Aoy + Agp, Arg + Ay — 2A%) = (o, 5,7, 6), we
will show this lies in Y;. First, by Observation we have a® + ad + vy = D
Next, 8 = Agy > 0 and further Ay < A”JQFA” implies £ = % — Ay > 0; hence
6 > 0. We also see A22 — A21 > |A11 — AlZ‘ lmphes AQQ — A21 > A12 — Alla that is
Y= All — A12 — A21 + A22 > 0. Lastly,

2a = (Agy — Ag) + (A — Ag)
> Ay — Ao + | A1 — Ao
> Agg — Aoy + A — Ay
Thus we have 0 < v < 2a.

Hence f lies in Y;. It is straightforward to show that ¢(f) = (A1, A12, Aoy, Aso).
Thus ¢ is surjective and hence a bijection. O]

Corollary 3.4.17.
The set Yy is finite and |Y1| = |Jo~| = Ry

Proof.
By the definition of Y] in Lemma [3.4.16] all of o, 3, v and ¢ are strictly positive and
must satisfy D = o? + ad + Bv. Consequently there can be at most finitely many

such (a, f,7,d). By Lemma [3.4.16| we have |Yi| = |Jy~| = R. O

We are able to repeat this construction for the set J; and do so below. We will use
the map p from Lemma [3.4.14] re-purposing it to the set J;.

Lemma 3.4.18.
The map

J Jl — Jl
(An, A12, A21, A22) — (2A12 - A117 A12, Ay — 21422, _AQQ) = (au, @12, G21, a22)

is a well-defined involution.
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Proof.
First, we show the map is well-defined. Let (Aj;, Ao, Aa1, Ays) € Ji be arbitrary.
We inherit the properties detia) = det(A), |a1; — aja] < ag — ag; and U222 < gy

from the proof of Lemma [3.4.14, Next, % < Ay yields ‘“2;“21 = IS ST =

2
AzbAan Ay > 0. Lastly, 0 < 225428 implies agy = —Agy < —Apy+A12tA21 — aiztan

Hence p is well-defined.
Finally, as in the proof of Lemma [3.4.14] we have p? = id. Therefore by Lemma
the map p is a bijection and hence an involution. O

Lemma 3.4.19.
Let Yo = {(a,8,7,0) | > +ad+ vy =D,0< B,0<6,0<~v<2a} and define the
map

F:Yé —>J17>
(a,B,7,0) — (Y+0+B,8+06+a,B—a, ) = (A1, A1z, Asr, Asa) .

The T is a well-defined bijection.

Proof.
Well-defined: Observe

det(A) = (v+6+8)B - (B+5+a)(B—a)
=a’+ad+ By
=D.

Next we see Ayy = > 0 and Ajs + Aoy = 26 4+ 6. Using 0 < 0 with this we see
0 < Ap =B < B+ 3 =4t We also have

A11:’Y+5+ﬁ
>0+pfasy>0

)
>§+5a80<5
:A12+A21

—

Therefore 0 < Ay < % < Ay

Lastly, observe 2ac > v implies @ > v —a, and v > 0 implies & —y < a. Consequently
we have A22 — A21 =o > |’7 — O./| = |A11 — A12|.

Hence I is well-defined and maps into J; .

Injectivity: Suppose I' (o, 5,7,9) =T ((54, 8,4, 3), thus

(v +8+B8,8+0+aB-0a,8) = (3+5+8,8+6+a,8-ap).

Equating the entries yields injectivity.
Surjectivity: Let (A1, A12, Ao1, Age) € Ji~ be arbitrary.
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Letf = (Aga — Ao1, Ao, A1y — Ajg — Aoy + Ao, Ao + Aoy — 2A%) = (o, B,7,0), we
will show this lies in Y5.

Observation shows that f satisfies a? + ad + By = D. Next, Ay — Ay >
|A11 — Ajo| implies o = Ay — Agy > 0. Further, this inequality also implies v =
AH — A12 — A21 + A22 > 0. Notice ﬁ = A22 > (0 and A22 < w 1mp11es A12 +
Ay — 2495 > 0, that is 6 > 0. Lastly, by way of Asy — Ay > |A11 — Aja|, we have
200 = 2A99 — 2451 > Agy — Ao + (A1 — Ajz) = v and therefore 0 < v < 2. Hence
it follows that f € Y5.

Finally, it is straightforward to see I' (f) = (A1, A2, Aa1, Aga).

Consequently I' is surjective and thus a bijection. O]

Corollary 3.4.20.
The set Y, is finite and has the same cardinality as the set Jy ~. Thus |Ys| = |J15| =
Si.

Proof.
By the definition of Y5 in Lemma(3.4.19] «, 3, and ~ are strictly positive, whilst § must

be non-negative. Further, all must satisfy D = o+ ad + 37. Consequently there can
be at most finitely many (a, 3,7, d). By Lemma|3.4.19we have |Ys| = |1 -] = 5. O

We now apply the knowledge found in the section to simplify our expression for the
complete class number as found in Equation |3.12l We have

Cl.(D)—m-n=2(P+Q—-R-25)
=2(P+Pi+P+Qo+Q1+Qs—Ry— Ry —Ry— Sy — 51 — S2)
— 2(Py+ Qo — Ro—So+2(P+ Pr— Ry — S1)). (3.14)

Notes on Section [3.4]

In his paper, Kronecker has opted to state his results without proof. However, he does
indicate the general structure of the sets X, Xo, Y; and Y5 on page [Kr1897, p. 461].
Kronecker’s approach is also longer than ours as he indicates he knew P, = ()5 and
P, = . It is straightforward but tedious to show this is true by verifying the
following two lemmas:

Lemma 3.4.21.
The map ¢ given by

QgIXQ —>Il,>
(a,8,7,0) — (B, B —a,a =+ 8,200 — S+ 7+ 6) = (A1, A1, Ao1, Ago)

is a well-defined bijection.
This yields P, = Q.

Lemma 3.4.22.
The map 1 given by

&ZXl —>Il,<
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(04,5,%5) — (,B,OZ—'—B,B - Q= 6a’7+/6 - 5) = (AllaA127A217A22)
1s a well-defined bijection.

This yields P, = Qs.

Further, since Kronecker stated his results rather giving a series of proofs, it appears
he proved Ry = R, and S; = S; by constructing pairs of bijections as opposed to
using an involution. For completeness one may verify this by checking the following
two lemmas:

Lemma 3.4.23.
The map i given by

Z:}/l — J07<
(a,B,7,0) — Qe+ B —v+80+F+a,—8—a —8) = (A, Az, Ao, Asa)

is a well-defined bijection.
This yields Ry = |Y1| = Ry.

Lemma 3.4.24.
The map T" given by

f . }/2 — J1’<
(aaﬂ77ﬂ5) — (204—{_6_’7—’_57@—’_5_‘_57 _B_aa_ﬁ) = (A117A127A21>A22>

is a well-defined bijection.

This yields Sy = |Y3| = 5.

We should also note our proof has yielded P, + P, = @1 + ()2 and therefore we
derived Equation [3.14, Whereas in his paper [Kr1897, p. 461], Kronecker states
P+Q—R—S:P0+QQ—R0—50+2(P1+Q1—R1—Sl) instead.

3.5 Towards Establishing the Finiteness of P, Q, R and S

We continue in the manner of Section .4k this time our goal is working towards
showing P, (), R and S are finite. Recall that adding a bar to our notation means
we are including the conditions A;; + Ass = 1 mod 2 and Ay — Ay = 0 mod 2.

Definition 3.5.1.

Extend Definition B.3.13lin the same manner as we did for Definitions B.4.1] and 3.4.2]
as follows:

O,; = {A€0,;,| A+ Ayp =1mod 2, A1y — Ay, = 0 mod 2}, where © € {I,J},
i€{0,1} and j € {=,<,>}.

We extend the notation developed in Definitions|3.4.1|and [3.4.2| by placing a bar over
the previous notation. For example, P, = |K|
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Observation 3.5.2.

It is important to observe that the sets in Definition [3.5.1] are mutually disjoint.
Therefore |0, ;] = [0; =] + |Oi~| + |Oi |, where © € {I,J}, i € {0,1} and j € {=
,>,<}. Further, since @_” C ©,,, where it is known ©;; is finite then it follows
immediately that ©, is also finite.

Lemma 3.5.3.
The restriction of the map m found in Lemma 0 to the subset IO\IO_ gives a
well-defined bijection to the set I;)\I, —. Hence we hcwe P+ P=0Q1+ Q.

Proof.

To show the restriction map is well-defined we will prove ai; + a2 = 1 mod 2 and
a1 —ag; = 0 mod 2. We have a11+ a9 = A1+ Asg — 245 = 1 mod 2 and a5 — a9 =
2A11 — Ajg — Ay = 0 mod 2. Thus the restriction map is well-defined.

Injectivity is inherited, so it remains to show surjectivity.

For an arbitrary (a1, @12, as1, ase) € I1\I1 = we know from the proof of Lemma
that the element f = (CLH, 2@11 — 12, —Q21, 0929 — 2@21) = (An, A127 AQl, A22> will be
sufficient if we can show A;; + Ao = 1 mod 2 and A3 — As; = 0 mod 2. We have
All + AQQ = a1 + Qo — 2&21 = 1 mod 2 and A12 — A21 = 2(1,11 — Q12 — A21 = 0 mod 2.
Hence the restriction map is surjective and thus a bijection. It immediately follows
that P, + P, = Q1 + Q. O

Since our eventual goal is to enumerate these sets, we now give restrictions of the sets
X, and X5 and establish bijections to them.

Lemma 3.5.4.
Let Xy = {(a, 8,7,0) € v =1mod 2,0 =0 mod 2}. Then the restriction of the

map ¢ found in Lemma to the subset X, gives a well-defined bijection to the set
Io~. Consequently, \Xl\ = P1

Proof.
Since the map ¢ is a bijection from X to Iy, it is sufficient to show Ay; + Ay =
1 mod 2 and A;5 — As; = 0 mod 2. We have

An+Ap=8+2a-F+v+0
=+ 0 mod 2
= 1 mod 2, and
Ap—Ap=pF—-a—a+p-9
= § mod 2
= 0 mod 2.

Therefore the restriction map is well-defined. We note that injectivity is inherited

and so it remains to prove surjectivity.
It is sufficient to show f = (A11 — Am, A117 —A11 + A12 — A21 + AQQ, A12 + Agl) =
(o, B,7,0) satisfies ¥ = 1 mod 2 and 6 = 0 mod 2. We have

v=—An + Aig — Ay + Ay
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= (A1 + Agy) mod 2 + (Aya — Agy) mod 2
=1+ 0=1mod 2, and we have
0= Agp + Aoy
= Ay — Ay mod 2
= 0 mod 2.

Hence the restriction map is surjective and thus a bijection. Therefore |X;| = P;. [

Lemma 3.5.5.

Let X5 = {(a,3,7,0) € X5 | v =1mod 2, 0 = 0 mod 2}. Then the restriction of the
map found in Lemma to the subset Xy gives a well-defined bijection to the set
Iy . Consequently, | Xs| = Ps.

Proof.

Since the map v is a bijection from X, to Iy -, it is sufficient to show A;; + Ay =
1 mod 2 and A;5 — As; = 0 mod 2. We have

Apn+Ap=0+7y+8-0
=~ +dmod 2
= 1 mod 2 and
Ap—Ap=a+p—-B+a+d
= mod 2
= 0 mod 2.

Therefore the restriction map is well-defined. We note again that injectivity is inher-
ited and so it remains to prove surjectivity. It is sufficient to show

[= (A — A, A, Ay — Arp — Agy + Agp, 241 — Ay — Any) = (o, 8,7, 0) satisfies
~v=1mod 2 and § = 0 mod 2. We have

v = A — A — Ay + Ag
= (Ay1 + Ag) mod 2 + (A2 — Ayy) mod 2
=1 mod 2, and
0 =2A1 — A — Ay
= A;p — Ay mod 2
= 0 mod 2.

Hence the restriction map is surjective and thus is a bijection. Therefore we have
1Xo| = Po. O

We now perform a similar analysis for Ry, Ry, S; and Ss.

Lemma 3.5.6.

The restriction of the map p found in Lemma to the subset Jy gives a well-
defined involution to the set Jy. Further, we have Ry = R».
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Proof.
Since the map p in Lemma is a bijection, it is sufficient to show a;; + asn =
1 mod 2 and a2 — as; = 0 mod 2 in order to show the map is well-defined. We have

ay + agy = 2A12 — Ayp — An
= A1 + Ay mod 2
= 1mod 2 and

aip — a1 = Ayp — Ay + 249
= Ay — Ay mod 2
= 0 mod 2.

Therefore the restriction map is well-defined. Since we inherit p? = id it follows that
the restriction map is a involution on the set Jy.

We now observe that p(Jy~) C Jo—, p(Jo>) C Jp < and p(ﬂ) C Jo for the same
3.4.15

reasons as given in the proof of Corollary . Therefore we get Ry = |Jo~| =
‘J[)7<‘ = RQ. D

Again, since we will be interested in enumerating these sets, we provide a bijection
below to a subset of Y; that will help us to do so.

Lemma 3.5.7.
Let Y, = {(a,3,7,0) €Y1 |y=1mod 2, = 0 mod 2}. Then the restriction of the
map t, found in Lemma to the subset Y1 gives a well-defined bijection to the

set Jo~. Consequently, Ry = |Jo~| = |Ya|.

Proof.
Since the map ¢ is a bijection, in order to show the restriction map is well-defined, it
is sufficient to show a1 + a92 = 1 mod 2 and a;9 — as; = 0 mod 2. We have

a1 t+ap=v+0+p0+p0
=~ +d mod 2
=1 mod 2, and
ap+an =0+ +a+p—a
= ) mod 2
= 0 mod 2.

Hence the restriction map is well-defined. We inherit injectivity and so it remains to
show surjectivity.

It is enough to show f = (A22 — Agl, A227 AH - A12 - A21 + AQQ, A12 + A21 - 2A22) =
(a, 8,7,0) satisfies v = 1 mod 2 and 6 = 0 mod 2. We have

v = A — A — Ay + Az
= (AH + Agz) mod 2 + (Alg - A21) mod 2
= 1 mod 2, and
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0= Ao+ Aoy — 249
= A12 — A21 mod 2
= 0 mod 2.

Thus the restriction map is a surjective and therefore a bijection. It follows immedi-
ately that Ry = |[Jo~| = |Y4]. O

In a similar manner we have

Lemma 3.5.8. o
The restriction of the map pﬁound in Lemma to the subset Ji gives a well-
defined involution on the set Ji. Further, we have S; = S5.

Proof.

Since the map p in Lemma (3.4.18|is a bijection, in order to show the restriction map
is well-defined it is sufficient to show a1 + a2 = 1 mod 2 and a2 — as; = 0 mod 2.
We have

i+ ap=y+0+p+p
=~ +dmod 2
= 1 mod 2, and
app—an =F+0+a—-F+a
= 0 mod 2
= (0 mod 2.

Therefore the restriction map is well-defined. Since we inherit p? = id it follows that
the restriction map is an involutionon the set J;.

We now observe that p(J;—) C J; -, p(J1>) C Ji < and p(K) - K for the same
reasons as given in the proof of Corollary m Therefore we get S; = |J;~| =
|J1 <| = Ss. ]

We now provide a bijection to a subset of Y5 in order to be able to enumerate this
set.

Lemma 3.5.9.

Let Yo = {(a, 8,7,0) € Yo | v =1mod 2,0 = 0mod 2}. Then the restriction of the
map I' (found in Lemma to the subset Ys gives a well-defined bijection to the

set Jy~. Consequently we have S; = |Ya|.

Proof.
Since the map I' is a bijection, it is sufficient to show a;; + ass = 1 mod 2 and
a2 — az1 = 0 mod 2 to see the restriction map is well-defined. We have

ap +ap=7+0+p5+p
=~ +dmod 2
=1 mod 2, and
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a2 —an=0+d+a—-FB+a
=) mod 2
= (0 mod 2.

Therefore the restriction map is well-defined. We inherit injectivity and therefore it
remains to show surjectivity.

It is enough to show f = (Ags — Ao, Ago, A1 — A1z — Ao + Agp, Aig + Aoy — 2A55) =
(cr, B,7,0) satisfies ¥ = 1 mod 2 and 6 = 0 mod 2. We have

v = A — A — Ay + Ag
= (A1 + Ag) mod 2 + (A2 — Agy) mod 2
= 1 mod 2, and
0= A+ Ay — 245
= Ajp — Ay mod 2
= 0 mod 2.

Therefore the restriction map is a surjection and thus a bijection. It immediately
follows that S = |J; ~| = [Ya. O

We now use the results developed in this section to provide a simplification to the
class number as derived in Theorem [3.3.14]

Lemma 3.5.10. o - -
LetD€Z>0,thBTLClC(D):3(P0+Q0—R0—So+2(P1+PQ—R1—Sl)).

Proof.
From Theorem [3.3.14| we have Cl. (D) = 3(P + Q — R — S). Applying the results
found in this section we get

CL(D)=3P+Q—R—1S)
=3P +P+P+Qy+Q1+Qs—Ry— R — Ry — 5y — 51 — 5)
=3(P+Qy—Ro—So+2(Pi+P— R —5))).

Notes on Section [3.5]

We continue to observe that Kronecker only states his results instead of proving them.
From his exposition it is highly likely that he continued to construct the necessary
bijections as opposed to using an involution.

When comparing with Kronecker’s original text, it is important to note that he stated

Q2 = P, and P, = ;. These results are straightforward to determine by verifying
the following two corollaries:
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Corollary 3.5.11. ) o
The restriction of the map ¢ (see Lemma|3.4.21) to the set Xo C Xy, given by

§5|X723Y2—>Kg]1,> )
is a well-defined bijection and hence Qq = P;.

Corollary 3.5.12. ) o
The restriction of the map 1 (see Lemma to the set X1 C X3, given by

¢|)Tl : X — L.ChL.,

is a well-defined bijection and hence Py = Q.

Therefore, Kronecker’s result is the same as our Lemma [3.5.10, but not stated in this
form in his paper. Kronecker proceeds to perform several more manipulations of the
sets before stating an updated expression for Cl. (D) (see [Kr1897, p. 464]).

For completeness we give but do not prove the following two further corollaries. The
proofs follow in the natural manner.

Corollary 3.5.13. o
The restriction of the map i (see Lemma to the set Y1 C 'Yy, given by

Z|?1 : 71 — E ,
is a well-defined bijection and hence Ry = |71‘

Corollary 3.5.14. ) o
The restriction of the map I' (see Lemma|3.4.24|) to the set Yo CYs, given by

f’g : ?2 — K ,
is a well-defined bijection and hence Sy = |72‘

3.6 The Relationships between P, and R;, and also between P, and 5,

In this section we explore the connections between P, and Ry, as well as between P,
and S;. We encourage the reader to consult the notes at the end of the section for
the details relating our results to those of Kronecker.

Definition 3.6.1.
Fix D € Z~y. From Lemma [3.4.5| we have the following definition for the set Xi,

X1 ={(a,8,7,8) | &*+ad+py=D,0<a,0<v,0<6<28}.
From Lemma |3.4.16| we have the following definition for the set Y7,

Vi = {(a,3,7.0) | & +ad+ By =D,0< 3,0 <4,0<v<2a}.

103



Then
XNy, = {(a,ﬁ,’y,é) |a® +ad+By=D,0<vy< 204,0<5<26}.
Now define the set © by
0= {(a,ﬂ,fy,é) | 042—1—046—1—57:D,0<2a<7,0<5<25,750m0d2a}.
Let K denote the cardinality of the set ©.

Observation 3.6.2.

Recall from Corollaries [3.4.6| and |3.4.17| that P, = | X;| and Ry = |Y7]| are finite. In a
similar manner we see that |©| is finite.

Notice that © N (X; NY;) = (. This is because forms in © must satisfy the extra
condition of v = 0 mod 2«, while forms in X; NY} satisfy 0 < v < 2a. Since © C X,
it follows that © C X7\ (X7 NY)).

We now give a description of the sets X;\ (X7 NY;) and Y7\ (X5 NY;).
X\ (XinYy) ={(a,8,7,0) | & +ad+ By =D,0 <6 <28,0<2a<~}, (3.15)
Vi\(XinY) = {(a, 8,7,0) | &+ ad + By =D,0 <7 < 2,0 <28 < §}. (3.16)

Observation 3.6.3.
By Observation we have © C X3\ (X; NY)), we now use O to partition the set
X, as follows:

X\N(XinY)=0UX\(X1NnY)Uue)).
For clarity we have:

XN\ (XiNnY)uB)={(a,8,7,90) | a®+ad+py=D,0<2a <0< <285,
v # 0 mod 2« }.

Our goal is to construct a bijection W : Y1\ (X; NY;) — X3\ (X1 NY1)UO).

Lemma 3.6.4.
Fix D € Z-o. For any integer m and arbitrary 4 — tuple («, 3,7,0) with D =
a? + ad + By, the map w,, given by
Wm (057B7776) - (04,577 - 2ma,5+ 2mﬁ)
= (&/7 /8/7 ’-Y/? 5/)
satisfies D' = o/* + /6 + B'6' = D.
Proof.
We have
D/:Oé/2+0/(sl+ﬁl'7/

=a? +a(0+2mpB) + B (y — 2ma)

= o’ + ad + By

=D.
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Lemma 3.6.5.
Assume 0 < v < 2a.. Then for any integer m, we have

W (aa677a5) = (a,ﬂ,v—?maﬁ—{—?mﬁ)

satisfies v Z 0 mod 2¢/.

Proof.

We have v/ = v — 2ma and o = «. Hence 4/ = v mod 2. But 0 < 7 < 2« implies
~v # 0 mod 2a. Therefore 4" Z 0 mod 2¢/. O

We now explore the set Y7\ (X; NY)).

Lemma 3.6.6.
For any form (a, 5,7,0) € Y1\ (X1 NY1) there is a unique integer m such that

Wm (Oé, ﬂaf% 5) = (Oéu 577 - 2ma, 5 + 2m5) = (a/7ﬁl77/7 5/)
satisfies 0 < &' < 26" and 0 < 2o’ < +'.

Proof.
Consider (o/, 8',v',0") as defined in Lemma |3.6.6] Clearly We have 0 < a =ad and 0 <
B = p'. Now in order to have 0 < ¢’ < 2/’ we require —=% < m < 1 — 2. Similarly,

5
in order to have 2a’ < 9/ we require m < g~ — 1. Observe that in Yl\ (X1NY)

we have v < 2a and so 5= — 1 < 0. Furthermore, since a,y > 0 it follows that
—1 < g& —1. We also have 0 < 28 < § in Y1\ (X1 NY}) and so 1 — % < 0. Thus

we require —% <m < min{l — %,% — 1} < 0. Clearly, if 1 — % < —1 then

there is a unique integer m € ( 2/6,,1 ‘Sﬁ] Now suppose that —1 < 1 — 5 < 0,

this yields —2 < —% < —1 and thus m = —1 is the unique integer in the interval
5o 5

(—ﬁ,mm{l—ﬁ,%—l}]. H

Corollary 3.6.7.
The set Y1\ (X1 NY)) = U B, is a finite disjoint union, where

meEZ<o
) o
(ot 38l}
Proof.

B, = {(a,ﬁ,”y,é) eI\ (XinY))|me
By Lemma for each (o, 3,7,0) € Y1\ (X1 NY)) there exists a unique integer
m < 0 such that m € < 1-— } We partition Y7\ (X; NY)) into a disjoint

28
union of the sets B, = {(a,ﬂ,% NeV\(XinY) |me ( 3501 — %} } Clearly
B,, N B,, = 0 if n # m. Further, by Corollary [3.4.17 Y} is a finite set. Thus

YiIN(XinY) = U B,,

m€Z<0

is a finite disjoint union. O]
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We now examine the set X7\ (X; NY7) in an analogous manner.

Lemma 3.6.8.

Let (o, 5',7/,0") be a form in X1\ (X1 NY1) such that ' # 0 mod 2¢/. Then there is a
unique integer n such that T (!, 5',7',90") = (/, 5/, + 2na’, 8" — 2n5’) = (o, 8,7, 9)
satisfies 0 < v < 2« and 0 < 203 < 0.

Proof.

Cleafly we have 0 < o/ = a and 0 < ' = . In order to have 0 < v < 2« we require
—% <n<l1l-— % Similarly, in order to have § < 2 we need n < 25_,5/" —1.

Now observe that 0 < ¢’ < 28" implies 25—5/, —1 > 0. Also note that 0 < 2a/ < «/
implies 27—;, > 1, however since we have stipulated v/ £ 0 mod 2¢/ it follows that 2%,
is not an integer. Thus 1 — % < 0. Hence we see that there is a unique integer
n e (—2“’—02,, 1-— 2%,) L]

Corollary 3.6.9.
The set X1\ (X1NY)=6U U C,, is a finite disjoint union, where

’I’LGZ<0

/ /

g v
Cn = {(a'aﬂlﬁlﬁl) eXi\(XinY)[ne (—2—&,, 1 - 2—0/) .7 # 0 mod 20/} :
Proof.
By Observation we have © C X;\ (X; NY;). By Lemma for any form in

/

X1\ ((X1NY1)UBO) there exists a unique integer n such that n € S )

20&’ ) 20[/ )
so we may partition according to n. Hence X;\ (X;NY;) = OU UnEZ<o C,. This
is a disjoint union since © N |JC,, = @ as +' cannot simultaneously be congruent to
0 modulo 2¢’ and also not congruent to 0 modulo 2a’. Lastly, it is a finite disjoint
union since in Corollary we showed X is a finite set. O

Lemma 3.6.10.
The map

W : By — C)y,
Wm (067/87’}/,5) — (047677 - 2ma,5—|—2m5) = (0/7/6/77,75,)

i1s well-defined and is a bijection.

Proof.

Well-defined: By Lemma we know that w,, preserves the quantity o? + ad +
By = D. By Lemma we know w,, («, 5,7, 0) satisfies v/ # 0 mod 2/, thus
(o, 5',7,8") & ©. We shall show (o/, 5',7/,¢") lies in X7\ (X7 NY7). We clearly have
o =a >0and # = B > 0, further by Lemma we know m was chosen so
that (o/,8',7/,d") satisfies 0 < ¢’ < 24" and 0 < 2/ < 7/. Hence w,, maps into
X\ ((XiNY)ue).

In Corollary we showed X\ (X1 NY1)UO) =J,cz_, Cn- Suppose there exist
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(o, B,7,6), (&,B,’Ay, 5) € B,, such that w,, (o, 8,7,0) € C,, and w,, (&,B,’yﬁ) €

C,, for some ny, ny € Zo. Then Lemma [3.6.8 implies ny, ny €

!

1—7>and

_
2a’? 2a
since this interval contains a unique integer it follows that n; = ns.

Next, in C,, we know n € (—i 1—;—0:,>, this yieldsm—l <n<m+1- &,

2a 7 2a
However, in B, we have 0 < 7 < 2q, that is 0 < ;& , it follows from this that
m is the unique integer in the interval (m — 5, m + 1 — —a) Consequently we have

n =m as n is an integer.
Hence we have shown w,, : B,, — C,,.

Injectivity: Suppose wy, (o, 5,7,9) = wn (@,B y, )

Then we have («, 5,7 — 2ma,§ +2mp) = < 3,4 — 2ma, 6 + 2mB> By equating
the entries it follows that a = &, f = B, v=4and d = 5. Hence w,, is injective.
Surjectivity: Let (o/, 8',+/,¢") € C,, be arbitrary.

Consider («, 5,7,0) = (/, 8,7 4+ 2ma/,§' — 2mp’"). We will show that this lies in
B,,. Observe a®+ad+fy = o+ (8 —2mB) + 5 (¥ + 2ma’) = o>+ /6 + 'y =
D. By Lemma [3.6.8 we know this satisfies 0 < v < 2a and 0 < 28 < § due to
how we partitioned using m. Thus the form lies in Y7\ (X; NY1). Next, observe

% = SIE%TB L = 27—5/, — m. Thus by Lemma |3.6.6) we have there exists a unique
integer p € <—%, 1 - —} This becomes p € ( 2B,,m +1- 2—5, Recalling that

0< 25—[;, < 1 we have m is the unique integer in this interval and it follows that p = m.
Consequently («, 3,7, 0) lies in B,,. Lastly, we observe

m (Oé, ﬁ) Y5 5) = W, (0/7 6,7 ’Y/ + 2m0/7 6/ - Qm/@/>

= (o, 8,7 + 2ma’ — 2ma’, 8" — 2mpB + 2mp3’)

= (a/’ /8/7 7/7 5/) M
Hence w,, is a surjection and thus a bijection. O
Theorem 3.6.11.
The map

Wle\(XlﬂYVl) —)Xl\((XlﬂYi)U@)
(a7/87775)'HWm(a7/67776>7

where m is uniquely determined by (a, B,7,0), is a bijection.

Proof.

Corollary shows that Y7\ (X; NY}) is a finite disjoint union thus m is uniquely
determined by («, 8,7,0). Corollary shows that X\ (X1 NY;)UO) is a finite
disjoint union. By Lemma the map w,, : B,, = C,, is a bijection and the
disjoint unions imply w,, («, 5,7,0) # wa | &, B, 9, 5), thus W is injective. Since each
wm 1s a bijection and X;\ (X1 NY1)UO) is a disjoint union it follows that W is
surjective.

Hence W is a bijection. O
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Corollary 3.6.12.
We have P, = K + Ry, where K is the cardinality of the set

@:{(a,ﬂ,’y,é)\a2+a(5+5'y:D,0<20z<”y,0<(5<25,750m0d2a}.

Proof.
Recall that P, = |Ip~|, K = |©] and Ry = |Jp~|. Apply Theorem [3.6.11| to observe
P o= [XinYi|+ [0 +][Xi\ (XinY1)Uuo)|
= | XinY|+ 0]+ Y1\ (X1 NnY7)| (by Theorem [3.6.11])
= [0+ Y]
K+ R;.

]

We now perform a similar investigation to determine the relationship between P, and
Si.

Definition 3.6.13.
Fix D € Z+y. Recall from Definitions and [3.4.19 that the sets X, and Y5 are
defined by:

Xo={(a,,7,0) | &+ ad + By =D,0 < ,0<v,0< <23} and
Y, = {(a,ﬂ,’y,é)\aQ—i—aé—i—ny:D,O<ﬁ,0<6,0<’y<2a}.
Let © = {(a,ﬂ,fy,é) | aQ—l—aé—i—B’y:D,O<a,0<7,0<6<25,77—é0m0d2a}.

Let L denote the cardinality of the set ©'.

Observation 3.6.14.

Recall from Corollaries (3.4.8] and [3.4.20] that X5 and Y5 are finite sets. Observe
O’ C X, and thus is also a finite set.

Note that Xo NYy = {(a, 3,7,0) | a®* +ad + By=D,0 <6 < 28,0 < v < 2a} and
hence ©' N (X, NY7) = 0.

We now give a description of the sets X\ (X2 NY2) and Y5\ (X2 NY3):

X5\ (XaNYs) = {(e, 8,7,0) | &+ ad + By =D,0 <28 < 6,0 <v < 2a}, (3.17)
Yo\ (XoaNYa) = {(e, 8,7,0) | &® + ad + By =D,0 <6 < 28,0 <2a < ~v}. (3.18)

Observation 3.6.15.
We now use the set ©' to partition X5\ (Xy NY5) as

Xo\ (XoNYy)=0'U(Xo\ (XaNYy)uoh)).
For clarity we have

X\ (XanY)uO) ={(a,3,7,0) | a* +ad + By =D,0 < < 23,0 < 2a < 7,
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v # 0 mod 2« }.

Our goal is to construct a bijection W' : Y5\ (Xo NYs) — X0\ (XoNYs) U O).

We will use the map w,, redefined to the appropriate sets. As such it is important to
note that Lemmas [3.6.4] and 13.6.5] still hold true.

We begin by examining the set Y5\ (X3 NY3).

Lemma 3.6.16.
For any form (a, B,7,0) € Yo\ (Xo NY3) there exists a unique integer m such that

Wi (o, B,7,0) = (o, B,y — 2ma, 6 + 2mpB) = (¢/, 5,7/, ")

satisfies 0 < & < 26" and 0 < 2o/ < +/.

Proof.
Recall that forms in Y5\ (Xo NYs) satisfy 0 < 26 < § and 0 < v < 2a. Clearly we
have o/ = a > 0 and ' = 8 > 0. In order to have 20/ < 7' we required m < 5- — 1.
Notice that Ol < 1 implies m < 0. Next, in order to have 0 < ¢’ < 28" we requlre
25 <m < 1—==. Thus we have — 25 <m < min {1 — —5, == 1} We observe that
0< & <1and1 2Blmplyl —<0and—1<——1 Henceifl—igl—l
then clearly there is a unique integer m € [ 2‘55, 1— —) So suppose 5= —1 < 1— 26’
then —1 < min{l — ﬁ, o — 1} Further, —1 <1 — % implies —% < —1 so we see
that m = —1 is the unique integer such that — 2‘% m < min {1 — %, o — 1}. O

Corollary 3.6.17.
The set Yo\ (XoNYs) = U B, is a finite disjoint union, where

’ITLEZ<0

J J
B, = 5 eV\(XoNYy) | — — < 1— —
{(aaﬁa,yJ )e 2\( 20 2) 26 m < 26}
Proof.
By Lemma m 6| for each (o, 8,7,9) € Ya\ (XaNYs) there exists a unique integer

m € [ 266’ 1— . We use this to partition into a union of sets B,,’. This is a
disjoint union due to the uniqueness of m. By Corollary we know the set Y5 is

finite and hence it follows that Y5\ (X5 N Y2) is finite. O
We now examine X5\ (Xs NY5) in a similar manner.

Lemma 3.6.18.

For any form (o, 5',7',0") € Xa\ (X2 NYs) such that v # 0 mod 2¢/, there exists a
unique integer n such that T (o, 3,7, 8") = (., 5", v + 2na’, 8" — 2nf') = (o, 5,7, 9)
satisfies 0 < 26 < § and 0 < v < 2a.
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Proof.
Recall that (o, 3',+/,d) satifies 0 < ¢ < 20’ and 0 < 2/ < 4 so we clearly have

8 = B > 0. Now note that in order to have 25 < § we require n < 26—[;, - 1.

Similarly, in order to have 0 < 7 < 2a we need —% <n<1- Hence

.
2a’ "

we have —L < n < min{l A - 1}. Observe that 0 < 2. < 1 implies

20 T 2a7 28 23
-1 2‘5—[;, — 1 < 0 and also observe 1 < 2“’—02, implies 1 — %, <0.
Consequently if 1 — 2%, < —1 then since 4" Z 0 mod 2o/, 1 — 2%, cannot equal —1

and it follows that there is a unique integer n in the interval (—27—02,, 1— 2’2,). Now

suppose that —1 < min {1 — 27—02/, 25—f;, — 1}. In particular we see that —27—02/ < —1 and
hence n = —1 is the unique integer that works. O

Corollary 3.6.19.
The set X5\ (XoNYe)UO) = U C, is a finite disjoint union, where

n€Z<0

C, = {(O/,B/,’)/,, d) e Xo\ (XaNYs) U o)

o o
- < <1l—-——3.
2 - 20/}

Proof.

By Corollary and Observation [3.6.14] X, and © are finite sets, thus the set
Xo\ (X2 NYs) UO) is finite.

We use Lemma|3.6.18|to partition the set into a disjoint union according to the unique
integer n. O

Lemma 3.6.20.
The map

Wy @ By — C))

15 a well-defined bijection.

Proof.

By Lemma we observe w;,, preserves D. By Lemma we know !, (o, 8,7, 9)
satisfies 7/ # 0 mod 2o/ and thus w!, (o, 3,7,0) ¢ ©'. By Lemma we know
w! (o, B,7,0) satisfies 0 < ¢’ < 24" and 0 < 2/ < 7. So we see that w/, («, 3,7,9) €
Xo\ (XoNYs)U o).

Now suppose there exist («, 3,7, 9), <d, 8,4, 5) € B,, such that w;, (o, 3,7,0) € Cy,

A S / : ! !
and w/, (a, 8,7, 5) € C,,, for some integers n; and ny. Then ny,ny € (—5“5, 1— 5’5)
This contains a unique integer and hence n; = ny. Therefore w;, : B, — C)..

. ’ ’ . .
Now in C! we know ——27 . < n < 1—:5 and this rearranges to yield m — ;L < n <
fo 2a 2a

m+1— L. Since 0 < ;£ < 1 it follows that n = m. Hence w], : B], — C) is

2a 2a

well-defined.
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Injectivity: This follows immediately by assuming w! (a, 3,7,0) = w!, (&, B,’Ayﬁ)
and equating the entries.

Surjectivity: Let (o/, ',7/,0") € C! be arbitrary. Consider

f=, 0,9 +2md,§ —2mp') = (a, ,7,0). We will show this lies in B/ .

We have o +ad + 6y = o> +a’ (0 —2mB") + 5 (¥ + 2ma’) = o> + /6 + '+ = D.
By Lemma [3.6.18 we know it satisfies 0 < 25 < ¢ and 0 < v < 2« and thus it lies
in X5\ (X2 NY2). Now notice that % = 2 —m and by Lemma [3.6.16| there exists

267
a unique integer p € [—%, 1-— %), that is m — 2%, <Kp<m+1-— 2%. Further,
0 < % < 1 implies m is the unique integer in the interval [m - ;—BI,, 11— 26—5/, and
hence p = m. Therefore (a, 5,7,0) € B.,. It is straightforward to verify w,,’(f) =
(o, ,7,¢"). Thus w], is surjective and hence a bijection. ]

Theorem 3.6.21.
The map

W' Yo\ (XoNYs) — Xo\ ((XoNY2) UO') given by
W/(O{7/67776)Hw;1(a7/67775)7

where (a, 3,7,9) uniquely determines m, is a bijection.

Proof.

Corollary shows we may write Y3\ (X3 N Y2) as a finite disjoint union of sets
B;,. By Lemma |3.6.20| the map w], : B,, — C is a bijection for each m. Corollary
3.6.19| shows that X5\ ((X2 NY;) U @) is a finite disjoint union of the sets C/ . The

disjoint union implies w!, (o, B,7,0) # wys' (64, B4, 5) and thus W' is injective.
Since each w], is a bijection and X\ ((X2 NY2) U©’) is a disjoint union of the sets

C! , it follows that W’ is surjective.
Hence W' is a bijection. ]

Corollary 3.6.22.
PQ - L + Sl-

Proof.
Recall P, = | X5|, L = |0’ and S; = |Y3|. Using Theorem [3.6.21| we have

Py =X,
= [X2 NYa| + O] + X2\ (X2 N Y2) U E))|
= | Xo N Y|+ |©'| + |Y2\ (X2 NY5)| by Theorem [3.6.21
= |Ya| + O]
=5+ L.
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Notes on Section [3.6]

The statement of our results in this section differ slightly from those of Kronecker.
Kronecker states the following two results without proof: P, = K + Ry and @ =
L+ S;. This is due to our proof of P, + P, = Q1 + Q2 = |Xi| + |X2|, whereas
Kronecker implied he went further when he stated P, = )1 and Q5 = P;.

3.7 The Relationships between P, and R;, and also between P, and S;

Having derived the relations P, = K 4+ R; and Q1 = L + S; in Section [3.6] we begin
this section by investigating whether similar results hold for the quantities P, P, B,
and S;. Throughout this section we assume D € Z and is fixed.

EheOEm 3.7.1.
P, = R;.

Proof.
We will show that the restriction map,

o 71\ (71 N 71) — 71\ (71 N 71) is well-defined and is a bijection.
Y1\<X10Y1)

Recall X; C X; and Y; C Y] and consider the set Y;\ (Eﬂ?l) C I\ (XinY).
Applying Theorem [3.6.11] we see

WY\ (XinY)) CXi\(XinY)ue).

Since the map W is defined in terms of the maps w,, we first show that for any
integer m the map w,, satisfies v/ = v mod 2 and ¢’ = § mod 2. This follows easily
as vy =7 —2ma =y mod 2 and ¢’ = § + 2mf = 0 mod 2. Hence the restriction map
maps into X;. Further, we have ((X; NY;) U©)NX; = X;NY;. This follows because
any element in © satisfies v = 0 mod 2 and thus v = 0 mod 2, so © N X; = 0.
Hence we see that the restriction map maps into 71\ (71 N ?1)

Note that injectivity is inherited from W and so it remains to show surjectivity.

Let (o, 8',7,0") € X1\ (E N 71) By Theorem and Lemma this lies in
some set (), and under the inverse of the map w,, maps back to a unique (o, 3,7, ) €
B,,. But w,, preserves “y” and “¢” mod. 2 and hence 7y = 1 mod 2 and ¢ = 0 mod 2.
Thus (o, 3,7,9) lies in B,, N Y1\ (71 N 71) Hence the restriction map is surjective
and so it is a bijection.

It follows then that

1Xi| = |Xiny|+|X\ (XinY))|
XN+ [T (5 N T
- 7.
So we have?l:|y1}:|71‘:ﬁ1. O

zheOEm 3.7.2.
P2 - Sl-
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Proof.
We will show that the restriction map,

w’ 75\ (X3 5) : Ya\ (72 N 72) — Xo\ (72 N ?2) is well-defined and is a bijection.
Yo\ ( X2NYs

Recall X; C X, and Y3 C Y, and consider the set Y5\ (EHE) C Yo\ (X2 NY3).
Applying Theorem [3.6.21] we see

W (Y2\ (X2NY3)) € Xo\ (XaNYa) UO).

Since the map W’ is defined in terms of the maps w/,, we note that as in the proof
of Theorem we have 7/ = 7 mod 2 and ¢ = § mod 2. Hence the restriction
map maps into X,. Further, we have ((X, NY3)UO') N X, = X, N Y. This follows
because any element in © satisfies ¥ = 0 mod 2« and so ¥ = 0 mod 2. Therefore
0'NX;=0.

Hence we see that the restriction map maps into E\ (Yg N 72)

Note that injectivity is inherited directly from the map W’ and so it remains to show
surjectivity.

Let (o, 8,7/,0') € X5\ (X2 NY2) be arbitrary. By Theorem and Lemma
this lies in some set C! and under the inverse of the map w/ , maps back to a unique
(o, 5,7,0) in B! . But w! preserves “y” and “0” mod. 2 and so v = 1 mod 2 and
§ = 0mod 2. Thus (a, 3,7,9) lies in B/, N Ya\ (Yg N 72) Hence the restriction map
is surjective and so it is a bijection. It then follows that

1Xo| = |XanYs]+ | X\ (XonYs)|
= [XanYs|+ 1B\ (XN Ys)
|9
So we haveE:|E}:|72‘:S_1. O

We now use the results developed in Sections [3.6]and [3.7 to simplify our class number
equations.

Applying P, = K + R; and P, = L + S; in Equation we get

CIC(D>:m+n+2(P0+Q0—RO—SQ+2(P1+P2—R1—Sl))
:m+n+2(P0+Q0—RO—SO+2(K+R1+L—51—R1—51>>
=m+n+2(2K + Py — Ro] + [2L + Qo — So]) . (3.19)

Similarly, applying P, = R, and P, = S; into the equation found in Lemma [3.5.10
we get

CL(D)=3(Fo+Qo—Ro— S +2(Pi+ B~ Ry - 5))
—3(P+Qo— o~ 5). (3.20)

Copyright® Jonathan A. Constable, 2016.
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Chapter 4 Enumerating Our Sets Via Divisors of D

“It’s not enough that we do our best; sometimes we have to do what’s
required.”
- Sir Winston Churchill

In this chapter we develop ways of expressing the cardinalities K, L, Fy, (o, Ry and
Sp in terms of divisors of the determinant D € Z~.

4.1 Using Divisors of D to count K + L.

In this section we will use divisors of the determinant D to derive an expression for
value of K + L.

We begin by recalling the definitions of the sets © and ©’ from Lemmas and
B.6.13l

0= {(a,8,7,9) |’ +ad+y=D,0<a,0<7v,0<6<23,v=0mod 2a},
O = {(a,ﬁ,fy,(S)]a2+a5+6’y:D,0<04,O<fy,0<5<25,fy£0mod2a}.

In both © and © we have v = 0 mod 2« and 0 < . Therefore we may write v = 2mao
for some m € Z~y as 0 < . We now define two more sets, let

0, ={(0,d,m,p) |dd=D,0<d<d,2mB <d—9<2(m+1)8, m,3 €Ny},
0, ={0,d,;m,8)|od=D,0<9<d,2mB<d—90<2(m+1)5, m,B € Ny}.

Lemma 4.1.1.
The map

T:0 — 6,
(a7/87775)'%<a7d7m7/6)7

where v = 2ma, is a well-defined bijection. From this it follows that |©| = |©] = K.

Proof.

Well-defined: For each («,3,7,d) € O there exists a unique m € N., such that
v =2ma. Then) < aand 0 < d <20 impliess0 < d=a < a+d < a+d+2mp =d.
Now notice that d — 9 — 2mpf = 4, thus 0 < 6 < 25 implies 0 < d — 9 — 2mp < 20
and so 2mf <d—0 < 2(m+1) . Hence 7 maps into O;.

Injectivity: Suppose 7 (o, 8,7,0) = 7 (¢, 8',v/,0"), then

(o, +0 4+ 2mfB,m, ) = (¢, + & +2m/f',m’, f). Equating the entries yields o =
o, B=p,m=m'and 6 = ¢. Therefore 7 is injective.

Surjectivity: Let ¢ = (0,d, m, §) € O be arbitrary.

Consider f = (9, ,2md,d — 0 — 2mp) = («, 3,7, 6), we will show this lies in © and

114



7(f) = g. We have 0 < 0 = a and v = 2md as 9 > 0 and m € N.g. Further,
v = 0mod 2. Next, 2mf < d—0 < 2(m+1)5 implies 0 < d — 9 — 2mf <
2(m+1)8 —2mp = 2p. Therefore 0 < § < 2. Finally we have

A +ad+py = 9*+0(d—90—2mpB) +2mos
= od
= D.

Hence f lies in © and we note that v = 2m0d = 2ma. Then we see

7(f) = (0,0 + (d — 0 — 2mpB) + 2mpB,m, ) = (0,d, m, ). Therefore 7 is surjective
and hence 7 is a bijection.

It follows that |©| = |0] = K. O

Lemma 4.1.2.
The map

7.0 — 0]
<a7/87fy75)H(a7a+5+2m/87m7/6):<a7d7m7/6)7

where v = 2ma, is a well-defined bijection.
It follows that |0} = |©'| = L.

Proof.

Well-defined: For each («, 5,7,9) € © there exists a unique m € Ny such that
v = 2ma. Then 0 < a implies 0 = a > 0, further 0 < 9,25 then implies 0 < 9 =
a<at+d<a+d+2mpB =dasm € Nygand S > 0. Next observe d =d — 09 —2mp
and so 0 < 6 < 2f yields 0 < d— 0 —2mf < 26. Hence 2mp <d—090<2(m+1)p.
It follows that 7" maps into ©.

Injectivity: Suppose 7 (o, 5,7,9) = 7' (!, 8',7/, ), then we have
(,a+d+2mpB,m,B) = (/o' + 8 +2m'f',m’, 5"). Equating the entries yields 7’
is injective.

Surjectivity: Let g = (0,d, mf) € ©] be arbitrary.

Consider f = (0,(,2md,d — 0 —2mp) = («, 8,7,0), we will show this lies in ©’
and 7'(f) = g. We have « = 0 > 0 and v = 2md > 0 as m € Ny,. Further it is
clear that v = 0 mod 2. Next the inequality 2mp < d — 9 < 2(m + 1) 5 implies
0<d—0-2mp <24, that is, 0 < 6 < 2. Lastly observe

o ad+py = 0*+0(d—0—2mpB) +2maop
= od
D.
Hence f lies in ©’. We note that f satisfies v = 2mod = 2ma.
Then 7/(f) = (0,0 +d —0 —2mpB,m, ) = (9,d,m, ). Therefore 7’ is surjective

and thus 7’7 is a bijection.
It follows that |©)| = |©'| = L. O

We now place conditions on £ in the sets ©; and ©.
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Lemma 4.1.3.
Let (0,d,m,3) € ©1. Ifd — 90 = 1 mod 2. then we have 1 < <
Otherwise we have 1 < 8 < % (d—0)—1.

(d—8—1).

1
2

Proof.

Any form (0,d, m, 8) € ©; must satisfy 2mfs < d—9 < 2(m + 1) 8. First we assume
d — 0 is odd, then it follows that 26 +1 < 2mf + 1 < d — 9. In turn this implies
26<d—0—1, thatis < i (d—0—-1).

Now assume d — 0 is even, then it follows that 2mp+2 < d — 0 thus m € Ny, implies
26+2<2mB+2<d—9. Hnce 26 <d—9—2andso f<5(d—0)—1. ]

Lemma 4.1.4.
Let (9,d,m,3) € ©f, then 1 < B < 3(d—9—1) ifd— 9 = 1 mod 2. Otherwise,
1<B<i(d-09).

Proof.

Any form (0,d, m, 8) € O] must satisfy 2mfs < d—0 < 2(m + 1) 8. First we assume
d — 0 is odd, then it follows that 268+ 1 < 2mf+ 1 < d— 0, thus § < %(d—@—l).
Now assume d — 8 is even. Then 26 < 2mf < d — 9, which yields § < § (d—9). O

Lemma 4.1.5.
Consider the set ©;. Ifd — 0 =1mod 2 then 8 € ZN [1, % (d—0-— 1)} Otherwise,
BezZn [1, % (d—0)— 1}. Further, 8 may take any one of these values.

Proof.
Recall forms in ©; satisfy 0 < 0 < d and 2mf < d — 09 < 2(m+ 1) . Observe for
any integer 8 > 0 we have

U @mB,2(m+1)8] =R.op,

m€N>()

where this is clearly a disjoint union.

Since 0 < d — 0 it follows that there exists a unique m € Nyg such that d — 0 €
(2mfB3,2 (m + 1) ], unless d—90 < 25. However, Lemmashows BLi(d-0-1)
ifd—0=1mod2or 8 < %(d—@)—l if d — 0 = 0mod 2. Hence 20 <28+ 1 <
d — 0 in the first case, while in the second case 23 < 28 + 2 < d — 0. Thus such
a unique m always exists for any d, 0 and 3, where 0 < 9 < d, dd = D and
either € ZN[1,4(d—0—-1)] ifd—0=1mod2or B€ZN[L,L(d—09)—1]if
d — 0 =0mod 2. O]

Corollary 4.1.6.

K=lo)= Y %(d—a—1)+ 3 (%(d—a>—1).

0<d<d 0<d<d
8d=D 8d=D
d—0=1 mod 2 d—0=0 mod 2

116



Proof.

By Lemma we have K = |©| = |©;]. By Lemma we know that for a fixed
pair d, 0 where 0 < 0 < d and dd = D, there exists a unique m € Ny, for each .
Thus for fixed 9,d we may split the elements in ©; with those fixed 0 and d values
according to whether d — 9 = 1 mod 2 or not. Lemma [4.1.5] implies for each fixed
pair ,d with d — & = 1 mod 2 there are ; (d — 9 — 1) forms in ©; and for each fixed
pair 9,d with d — @ = 0 mod 2 there are § (d — ) — 1 forms in ©;. Summing over
all 0,d such that 0 < 9 < d and dd = D then yields:

K= Y %(d—8—1)+ > (%(d—&)—l).

0<d<d 0<d<d
ad=D ad=D
d—0=1 mod 2 d—90=0 mod 2

]

Lemma 4.1.7.
Consider the set ©). Ifd— 08 =1mod 2 then $ € ZN [1,3(d — 9 —1)]. Otherwise
BeZn[1,3(d—0)]. Further, B may take any one of these values.

Proof.
Recall that forms in ©] satisfy 0 < d < d and 2mf8 < d -0 < 2(m+ 1) 8. Observe
that for any integer 5 > 0 we have

U [2mf3,2 (m + 1) B) = Rsap.
meENso

Since 0 < d — 0 it follows that there exists a unique m € N5y such that d — 0 €
[2mpB,2(m+ 1) B) unless d — 0 < 2. However, Lemma shows regardless of
whether d — 0 is odd or even, that 26 < d — d. Hence such a unique m € Ny
always exists for any d, 0 and 3, where 0 < 0 < d, dd = D and either g € Z N
[1,3(d=0—-1)]ifd—9=1mod2or S €ZN[1,5(d-0)] ifd—0=0mod2. O

Corollary 4.1.8.

L=lel= Y j@-o-n+ Y S@-0)

0<d<d 0<d<d
ad=D ad=D
d—0=1 mod 2 d—0=0 mod 2

Proof.

By Lemma we have L = |®'| = |©]|. By Lemma we know that for a fixed
pair 0, d where 0 < 0 < d and dd = D, there exists a unique m € Ny, for each
B. Thus for fixed 0, d we may split the elements in ©] with those 0 and d values
according to whether d — 0 = 1 mod 2 or not. Lemma [4.1.7] implies that for each
fixed pair d, @ with d — 9 = 1 mod 2 there are £ (d — d — 1) forms in ©) and for each
fixed pair d, 9 with d — 9 = 0 mod 2 there are 3 (d — 9) forms in ©}. Summing over
all d, 0 such that 0 < 0 < d and dd = D then yields:

L= % %(d—8—1)+ 3 %(d—@).

0<d<d 0<d<d
8d=D 8d=D
d—0=1 mod 2 d—0=0 mod 2
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Theorem 4.1.9.
K+L= ) (d-09-1).

dd=D
0<o<d

Proof.
Note that §(d—9) = (3 (d—9) —1) + 1. Applying Corollaries [4.1.6/ and {4.1.8 we
see:

K+L= Y -;ﬂ—a—m+ > (%m—ay4>+

0<d<d 0<d<d
8d=D 8d=D
d—0=1 mod 2 d—0=0 mod 2
1 1
“(d-0-1 ~(d-
> + Y 5-9)
0<d<d 0<d<d
od=D dd=D
d—90=1 mod 2 d—90=0 mod 2
1 1
= “d-—9—-1 “[d=9)—1
> pa-o-n+ X (Ga-o-1)+
0<d<d 0<d<d
ad=D 8d=D
d—0=1 mod 2 d—0=0 mod 2
1 1
YDREEICETES DY (5@—8%4)+ Yool
0<d<d 0<o<d 0<d<d
od=D ad=D dd=D
d—0=1 mod 2 d—0=0 mod 2 d—0=0 mod 2
= E (d=o0-1)+ E (d=09)—2)+ E 1
0<o<d 0<o<d 0<o<d
od=D od=D od=D
d—0=1 mod 2 d—0=0 mod 2 d—90=0 mod 2
= E (d=o—-1)+ § (d—0-1)
0<d<d 0<d<d
dd=D od=D
d—90=1 mod 2 d—0=0 mod 2
=Y @d-a-1).
0<d<d
od=D

4.2 Using divisors of D to count m +n

In this section we will use divisors of D to derive an expression for the value m + n.
We continue to let D € Z- represent the determinant of the bilinear forms.

Recall from Definition that we are interested in the quantities m and n, which
are the respective cardinalities of the following two sets:

Aig + An

2 < Alla

M = {(An, Aig, Ag1, Aga) ‘AHAQQ — AjpAy =D, 0 <
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< Aig + An

0
2

< Ay, Ayp — Arg — Agp + Age > 0, A1 = A — Ay + A22} )

Ais + An

<A
9 11,

N = {<A117 A127 A217 A22) ‘A11A22 - A12A21 = D; 0 <

< Ajg + Ay

0 < 7 < Ago, Ayp — Arg — Aoy + Ao >0’A11—A12—A21+A22}.

Observation 4.2.1.
Any bilinear form in M or N satisfies Ay = Ajg — Aoy + Age. Rewriting this as
Agg = Ayp — Ajg + Asp and substituting into the expression for D yields

D = Ay Agy — ApAgy
= A (A — A + Agp) — A Ay
= A}, — AjAp + A Aoy — A Ay
= (A — Apz) (A1 + Agp) .

Lemma 4.2.2.
Any bilinear form in the set M U N satisfies Ayy — A1 > 0 and A + Ay > 0.

Proof.

Bilinear forms in the set M U N satisfy Ay = Ay — Ajg — Aoy and Ay — App —
Asy + Az > 0 (see Observation [3.2.1)). Substituting the former into the latter yields
2(Ay; — Ajp) > 0. Applying Observation and recalling D € Z-q then yields

All + A21 > 0. O
Lemma 4.2.3.
Let oy 1 ;

AV {(a,CLAu) |3d:D,0 < a<d,% < Ay < §d+§a}.

Then the map

T: M — Zy
(A11, Arg, Aoy, Agg) — (An — Avg, A + Aor, An) = (0,d, An)

is a well-defined bijection. It follows that m = |M| = |Zy|.

Proof.

Well-defined: By Observation we have D = (A1 — Ao) (A1 + Ay) = 0d. By
Lemmal4.2.2lwe know 0 < Aj;—Ajp =0and 0 < Aj1+Ay =d. Thus0 < A1 —Ap =
0 < A —Ap+Ap+ Ay =das 0 < %(Alz + Agy). HenceO < 0 < d. Further,
observe 0 < % (d - 8) = % ((AH + A21) - (An - Alg)) = % (Alg + A21) < AH.

Next, recall Ay — A+ Ay = Agp > % (A12 + Asp). Rearranging this for A;; produces:

1 3 1 3
§d + 53 =5 (A + Agy) + 5 (A — Az)
1 3
=Apn+ A+ §A21 - §A12

119



1 1 3
> A+ (A12 — Ao + 5 (A2 + Azl)) + 51421 — 51412
= All'

Hence we have % (d—0) < Ajp < %d + %8 and so T maps into Zy;.

Injectivity: Suppose T (A11, A1g, Ao1, Agg) = 7 (A, Aly, A, Aby), then we have

(A1p — Ayg, Aig + Aogr, An) = (AL — Al AL + ALy AY). Equating the entries from
right to left yields Ay = Al, A2 = A}, and Ay = A, Then using Ay Ay —
A1pAn = D = A} Ay — Al A, yields Ay = AY, and so 7 is injective.

Surjectivity: Let g = (0,d, A11) € Zy be arbitrary and consider

f = (AH, AH - 6, d— AH, 0 + d— AH) = (CLH, a9, Aoy, CLQQ), we will show this lies in
M and 7(f) = g. We observe Ay; # 0 in Z,,, since 0 < 0 < d implies 0 < d — 0 and

we have 1 (d — 9) < Ay1. Then we have

11092 — Q12021 = A1y (8 +d— An) - (An - 8) (d - An)
= 81411 + dAll - A%l - (dA11 - 8d + 31411 - A%l)
= 0d.

Next, we have 0 < %(d - (9) = % (AH —0 + d— All) = % ((112 + agl) § AH = aiq.
Further, Ay < 3d+30 rearranges to Ay < 0+d—1 (d — 9), which implies 3 (d — 9) <
8—|—d+A11 :8+d+a11 = a93. Thus 0 < %(A12+A21> = %(d—a) < A22. NGXt,

we have

a1g — g1 +ap =A —0—(d—An)+(0+d—An)
= Ay

= a11-

Hence a11 = a9 — a9 +age. Lastly we see that a1; —ajo—ag) +age = Ajp— (A — 0)—
Thus we see f liesin M. Now observe 7(f) = (A1 — [A11 — 0], A11 + [d — A, An) =
(0,d, A11). So we see that 7 is surjective and hence a bijection. Therefore it follows

that m = |M| = |Zy]. -
Lemma 4.2.4.
Let i 1 ;

Zy = {(&d,An) ‘3d= D,0 <0< d,% <Ay < §d+§3}'

Then the map

7N — Zy by
(A1, Arz, Agy, Agg) — (A — Az, A + Ao, An) = (0, d, An)

is a well-defined bijection. It follows that n = |N| = |Zy]|.

Proof.
By Observation we know dd = (A3 — A1a) (A1 + A1) = D. By Lemma m
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we know 0 < Aj; — Ajp =0 and 0 < Ay; + Ay =d. Thus 0 < Aj; — A1 = 0 <
Ay — Ay + App + Agy = d since 0 < 5 (Arp + Agp). Thus 0 < @ < d. Next, note that
% (d—0) = % (A1z + As1) < Ay and also

3

2
1

=2A + 3 (A1a + Ag1) — 2455

1 3 1
id + 55 =5 (A + A1) + 5 (A — Asg)

1
=An+An+ 5 (A1p + Ag1) — 245

1 1
> A+ 5 (A1 + Agp) + 5 (Ajg + Ag1) — 2419

=A;+2 <A11 — Ay > 0)
—_——
> All-

Hence we see % (d—0) < A < %d + %8 and thus 7/ maps into Zy.

Injectivity: Suppose 7' (A1, A2, Ao1, Agg) = 7' (A}, ALy, Ay, AYy). Then we have
(A1p — Ajg, Ay + Asr, An) = (A — Al AL + ALy AY). Equating the entries from
right to left and then using Ay Ay — A0 Ay = D = A} AL, — Al AL, yields injectivity.
Surjectivity: Let g = (0,d, A11) € Zy be arbitrary and consider the form
f=(An,An —0,d— Ay, d+ 0 — A1r) = (a11, a12, o1, a92). We will show f lies in
N and 7'(f) =g.

In the same manner as in the proof of Lemma 4.2.3| we have

a11022 — Q12091 = Ay (d +0— An) - (An - 8) (d - An)
= od
=D.

Next, 0 < d implies 0 < %(d —0) = %(CLQ + ag;). Further, %(d —0) < Ay = an
and so 0 < % (a12 + ag1) < aq1.

Next, A1 < %d+%6 =d+0— % (d — 9), which implies % (d—0) <d+90— A = ags.
Hence we have 0 < % (@12 + ag1) < age. Then in the same manner as in the proof of
Lemma [4.2.3] it follows that a19 — a9 + @92 = a11 and a1 — a9 — @91 + age = 20 > 0.
Thus we see f lies in Zy. Now observe

T/(f) = (AH — [AH - 8], All + [d — AH], AH) = (3, d, AH). So we see that 7' is

surjective and hence a bijection. Therefore it follows that n = |N| = |Zy]|. O

We now prove a lemma and a couple of corollaries to make it easier for us to determine
the cardinalities of the sets Z,; and Zy.

Lemma 4.2.5.
Let a,b € R\Z, a < b then there are |b— a| integers in [a,b].

Proof.
Let a,b,€ R\Z, a < b. Let t be the unique integer such that 0 < a +¢ < 1 and
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consider the translated interval [a + ¢,b+ t]. We recall that translating an interval
by an integer quantity does not change the number of integers in it. Next, b+t = n+e€
for some 0 < € < 1 and it is clear that the interval [a + ¢,b + t] contains n integers.
Then we have n = [(b+t) — (a+1t)| = [b—a]. O

Corollary 4.2.6.
There are |b — a] integers in the interval (a,b), where a,b, € R\Z, a < b.

Proof.
This follows immediately from Lemma as we have narrowed our interval by
0<e<l. [

Corollary 4.2.7.
If the a,b in Lemmal[{.2.5 are integers then there are b—a+1 integers in the interval
[a,b].

Proof.

Translate the interval so that the left end point is at 0. Then it is clear that the interval
contains n non-zero integers, plus 0 and thus contains a total of n+41 integers. By the
translation we have b —a = n and thus there are b —a+ 1 integers in the interval. []

Lemma 4.2.8.
m= > 20+ >  (20+1).
dd=D od=D
0<o<d 0<o<d
d—0=1 mod 2 d—90=0 mod 2
Proof.

From Lemma we know m = |Zy|. Fix 9,d so that 0 < 9 < d and 9d =
D. We first assume that d — 0 is odd. Then the relations on the set Z,; imply
$(d—09) < Aj; < 1d+ 30. This is because d — 9 is odd and therefore so is d + 30.
Consequently, %(d — 0) and %d + %8 cannot be integers. Applying Corollary
we see Ay; € ZN (5 (d—09),3d+ 30) and this interval contains 20 integers. Hence
there are 20 possible values of Ay for each fixed pair (0,d).

Now assume d — @ is even. It follows that 5 (d — 9) and 3d + 20 are both non-zero
integers as 0 < 9 < d. Note that A;; € Z N [% (d-0), %d+ %8] Thus applying
Corollary we see that there are 20 + 1 possible values for Ay; given a fixed pair
(0,d).

Combining these results together yields

m= Y 20+ > (20+1).

8d=D 8d=D
0<d<d 0<d<d
d—0=1 mod 2 d—0=0 mod 2
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Lemma 4.2.9.

n= > 20+ >  (20-1).

8d=D 8d=D
0<0<d 0<9<d
d—0=1 mod 2 d—0=0 mod 2

Proof.

From Lemma [4.2.4] we know n = |Zy|. Fix 0 and d so that 0 < 9 < d and dd = D.
We first assume that d — 9 is odd. Then 1 (d — 9) and 3d + 20 cannot be integers.
Applying Corollary we see that Ay, € ZN (% (d-0), %d + %8) and this interval
contains 20 integers. Hence there are 20 possible values for A;; given a fixed pair
(0,d) with d — 9 = 1 mod 2.

Now assume d — 9 is even. Observe that Ay; € ZN (5 (d —9),1d + 20) and that
(2(d=9),3d+320) C [2(d—0),3d+ 30]. By Corollary4.2.7/[1 (d — 9), 3d + 20|
contains 20 + 1 integers and since we must exclude only the two end points it follows
that given a fixed pair (0,d) satisfying d — 9 = 0 mod 2, there are 20 — 1 possible
values for A;;.

Combining these results yields:

n= > 20+ >  (20-1).

ad=D ad=D
0<9<d 0<d<d
d—0=1 mod 2 d—0=0 mod 2
O
Theorem 4.2.10. ,
Letw — —1+2vD if D :.k for some k € Z~ then
0 otherwise
m+n=w-+4 E 0.
od=D
0<d<d

Proof.
By Lemmas [4.2.8] and 4.2.9| we have

m4n= > 20+ >  (20+1)+ > 20+ > (20-1)

dd=D dd=D dd=D dd=D
0<a<d 0<o<d 0<o<d 0<o<d
d—0=1 mod 2 d—0=0 mod 2 d—0=1 mod 2 d—0=0 mod 2
= Y 2+ Y @o+n+ Y 20+
dd=D 8d=D 8d=D
0<d<d 0<d<d 0<d<d
d—0=1 mod 2 d—0=0 mod 2 d—0=1 mod 2
> -1+ > 20+ > (20-1)
od=D od=D ad=D
0<o<d 0<90=d 0<d=d
d—90=0 mod 2 d—90=1 mod 2 d—90=0 mod 2
=2 § 20 + E (204+1+20—1)+
8d=D 8d=D
0<d=d 0<a<d
d—0=1 mod 2 d—0=0 mod 2
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o204+ > (20-1)

ad=D 8d=D
0<8=d 0<8=d
d—90=1 mod 2 d—0=0 mod 2

= > 0+ > 20+ > (20-1).

dd=D 8d=D 8d=D
0<o<d 0<d=d 0<d=d
d—90=1 mod 2 d—0=0 mod 2

First observe that if D is not a perfect square, i.e. D # k? for some k € Z( then we
cannot have & = d = v/D = k. Thus the last two sums are zero in this case.
Secondly we observe if d = 9 = /D then d — § = 1mod 2 is a contradiction.
Consequently the second summation is always equal to zero.

Thus in the case where D = k? for some k € Z-o we have the first and third sums
remain. Further, the third sum is just 20 — 1 = —1 + 2v/D.

Hence we have

m+n=w-+4 Z 0,

ad=D
0<d<d
—14+2vD if D = k? for some k € Z+
where w = )
0 otherwise.

4.3 Determining values for F,, ()o, Ry and Sg.

In this section we determine the values of Py, (o, Ry and Sy;. We continue to let
D € Z~q be the determinant of our bilinear forms.

Definition 4.3.1.

Let o (n) = Zd, be the sum of all positive (integer) divisors of n. Observe this
d|n

includes d =1 and d = n.

Recall the sets I and I, — from Definition [3.4.T}

Iy— = {(Alla Ay, Aoy, Ago) ’All (A22 —Ay)=D,—A; <Ay < A;1,0< Ay — AQI} )
I - = {(A11, A1, Ao1, Ago) |A1n (Asge — Agy) = D, — Ay < Ao < App,0 < Agg — Ao}

Definition 4.3.2.
Let U ={(0,d) | 0d = D,0,d € Z~o}.

Lemma 4.3.3.

The map 7 : Iy— — U, given by 7 (A11, A11, Ag1, Ax) = (A1, Age — A1) = (0,d)
is a surjection. Further, each element (0,d) € U is mapped to under T exactly 20
times.

Proof.
Well-defined: In the set I - we have 0 < Ay — Ayy, D = Aj1(Agg — Agy) > 0 and
these are integers. Therefore it follows that 0 = A1 € Z~g and d = Ay — Agy € Zp.
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Lastly, 0d = Ay1(Age — Ayy) = D and so 7 maps into the set U.

Surjectivity: Let (9,d) € U be arbitrary and consider

f=10(0,0,0,d) = (A1, A11, A1, Ax). We will show this always exists and lies in [ _.
We have A;; = 0 > 0 and Agy — Ay =d —0=d > 0. Further, Ay; (A — Agy) =
O0d =D and —0 = —A;; <0< Ay =0, hence f lies in [y —. Lastly, 7(0,0,0,d) =
(0,d — 0) = (0,d). Thus we see T is surjective.

We now observe 7 is not injective. This follows because A;; > 1, so both 0 and 1 lie
in (—Aj, Ay1] always. Consequently we see that (9,0,0,d) and (0,0,1,d + 1) both
lie in Iy~ and map under 7 to (0, d). Therefore we will partition the set U according
to 0. For a fixed 0 € Nyg such that D = dd, we consider the pre-image of (9,d)
under 7 in Fy —. This is the set of all forms in F; — that have the same A;; term,
which equals 0. Then for each integer As; such that —0 = —A1; < Ay < Ay =0
we see that there is a unique value of Ay such that 0 < Ay — Aoy and Agy — Ag; =d
where D = 9d. By Corollary the interval (—0, 0] contains 20 integers, so we
see that for a fixed value of 0 there are 20 forms in I, - that map under 7 to (0, d).
Hence 7 is a 20-to-one surjection. m

Corollary 4.3.4.
PO == 20'(D)

Proof.

By Lemma we know that for a fixed 0 € Z-( there are 20 elements in I —
mapping under 7 to (0,d). Further, if two elements in I, — have distinct A;; values
then they cannot map under 7 to the same (9,d). Consequently we see

]

Lemma 4.3.5.

The map 7 : I, = — U, gwen by 7 (An, Ay, Aoy, Agp) = (A, Agg — Agr) = (0,d)
is a surjection. Further, each element in (0,d) € U is mapped to exactly 20 times
under T.

Proof.

We observe that the only difference between the sets Ip - and I; = is the location
of the equality condition within the inequality —A;; < As; < Aj;. In the first set
it is on the second inequality, while in the second set it is on the first inequality.
Consequently the same proof applied to I; - yields the desired result. O

Corollary 4.3.6.
QO = 20<D)
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Proof.

By Lemma , for a fixed 0 € Z~( there are 20 elements in I; — that map under 7
to (0,d). Further, if two elements in I; - have distinct A;; values then they cannot
map under 7 to the same (9,d). Consequently we see

Qo = 223

I}
dd=D
=2)» 0
9
a|D
= 20(D).
O
Corollary 4.3.7.
PO +Q0 = 40’(D)
Proof.
By Corollaries [4.3.4] and [4.3.6| we have Py + Qo = 20(D) + 20(D) = 40(D). O

We now will investigate the values of Ry and Sy. Recall Ry = |Jy | and Sy = |J1 -],
where

< Ajg + Ay

Jo= = {(A11, A12, As1,0) ‘ det =D = —A1949,0 < A,

Ay < — A — Ayl },
Arg + An
2
Ay < — Ay — A}

Ji— = {(A11, A1z, A1,0) | det = D = —A1545,0 < < Ap,

Our next lemma provides a simplification of these two sets.

Lemma 4.3.8.
The sets Jy = and Jy = may be simplified as follows:

Jo= = {(A11, A2, A91,0) | det = D = —A15A451,0 < Ao + Agy < Ay,

Agp < — A — Al },
Ji= = {(A11, A12, A21,0) [ det = D = —A15A49,,0 < Ay + Ay < Ay,

Agp < — A — Al }.

Proof.

In both Jy— and J; — we have Ay < 0 and Ay > 0, therefore we may write —Ay; =
|Ag1|. Also, elements in Jy = or Jy — satisfy As; < —|A11 — Aja|. This yields —|Ag | <
A11 —Alg < |A21| WhiCh, is the same as A12 +A21 < All < A12 —Agl. Combining this
result with 0 < (<)Ajs + A < 2A4; yields the simplification 0 < Ajs + Ay < Ay;.
This gives rise to the statements of Jy - and J; — as given in the lemma. O]
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We now define two very similar sets that we will use to enumerate the sets Jy — and

Ji =
Definition 4.3.9.

Ulz{(a,d,An) | 8d:D,O<8<d,8,d€Z>o,d—8+
ng{(@,d,An) | 8d:D,O<0<d,8,d€Z>0,d—8+

_ =

Lemma 4.3.10.
The map

Vv J07: — Ul
(A117 A127 AQla AQQ) — <_A217 Al?a All) - (a, d7 All)

15 a well-defined bijection.

Proof.

Well-defined: Observe 0d = (—Ag;) - A1z = —A12A5 = D and that 0 = — Ay,
d = Ay and Aj; are all strictly positive integers. Also, 0 < Ajs + Ag; < Aqq implies
0<d—-0< AH and so 0 < 0 < d. Next, AQl < — |A11 — A12| 1mphes 0> |A11 — d|
Hence —0 < A;; —d < 0,ie. d—0 < Aj; <d+ 0. Since Aqq, 0 and d are integers
it follows that d — 0 +1 < A;; <d+ 0 — 1. Thus v is well-defined.

Injectivity: This follows naturally.

Surjectivity: Let (9,d, Ai1) € Uy be arbitrary. Consider

(All,d, —870) = (au,alg,agl,O) =Jg. Then det(g) = An -0 — (d)(—@) =0d = D.
Note that Ajp + Ayy =d—9 > 0as 0 < 0 < d. Further, d — 9+ 1 < Ay; implies
Ajg+ Ay =d—0 < Ay, Lastly, we have d — 0 +1 < Ay < d+ 0 — 1 implies
—0 < Ajp —d < 0 and thus |A;; —d| < 0 = —Ag;. Therefore Ay < —|A1; — Apg|
and thus g € Jy—. We note that v(g) = (—as1, a12,a11) = (0,d, A11).

Hence v is surjective and therefore v is a bijection. O]

Corollary 4.3.11.

Ry= > (20-1).
9€Z%0

0<o<d
0d=D

Proof.

By Lemma we have Ry = |U;|. By the construction of U; we can pick any pair
(0,d) such that 0 < 9 < dand dd = D, and then 1 < d—0+1 < Ay; < d+0—1 implies
there is at least one value for A;;. So for each such pair 9, d there is always at least one
(0,d, A1) € Uy. Further, by Corollary[£.2.7 there are (d+9—1)—(d—8+1)+1 = 20—1
choices for Ay; given a pair 0, d.

Hence we have Ry = |U;| = Z (20 —1). O

15}

0<d<d
0d=D
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Lemma 4.3.12.
The map

ﬁi«]L: — L@
(A117 A127 A217 0) — (_A217 A127 A117 O) = (87 d7 All)

15 a well-defined bijection.

Proof.

Well-defined: Observe 0d = (—Ag;) - A2 = —A12A5 = D and that 0 = — Ay,
d = Ay and Ay are all strictly positive integers. Also, 0 < Ajp + Ay < Ay
implies 0 < d — 0 < Ajp, thus 0 < 9 < d. Next, Ay < —|A1p + Ayy| implies
—0 < A;; —d < 0. This yields d — 9 < A;; < d+ 0 and since Aq; is an integer we
haved — 0+ 1< A3 <d+ 0 — 1. Hence v maps into U, and so is well-defined.
Injectivity: This follows naturally.

Surjectivity: Let (0,d, A1) € Uy be arbitrary. Then consider g = (A4;1,d,—0,0) =
((1,11,@12,&21,0). We have det(g) = AH -0 — (d)(-a) =0d = D. Next, 0<o0<d
implies 0 < d— 0 s0 0 < ajp + ag;. Further,d—0+1< A1 —d <d+ 0 — 1 implies
d—0< All < d+ 0 and so |A11 —d| < 0. USiIlg a9l = —8, a1 = d and all = All
yields ag; < —|a1; — aiz]. Thus g lies in J; —. We note that 0(g) = (—aa1, a12,a11) =
(0,d, Ayy).

Hence v is surjective and therefore is a bijection. O]

Corollary 4.3.13.

[ =142VD D=k for some k € Zg .
Let w = { 0 otherwise , as found in the proof of Theorem
4.2.101 Then

So=w+ Y (20-1).

0<8<d
od=D

Proof.
By Lemma we have Sy = |Us|. By the construction of Uy we can pick any pair
(0,d) such that 9dd = D and 0 < 9 < D, and then 1 <d -0+ 1< A;3; <d+0-1
implies there is at least one value of A;; for each such pair. By Corollary we
see that there are 20 — 1 possible choices for A;; for each pair (0, d).
Hence we have Sy = |Us| = Z (20 —1).

0€Z>0

0<8<d
od=D

Applying our definition for w we get

So=w+ > (20-1).
9€lx0

0<o<d
od=D
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4.4 A Formula for the Complete Class Number of Bilinear Forms with
Determinant D

In this section we finish our derivation of Kronecker’s formula for the complete class
number of positive definite bilinear forms with determinant D.
_ . _ 1.2

1+2VD if D=k anda(D):Zd.

Recall from earlier w = { 0 otherwise 2

Definition 4.4.1.
Let 0,d € Z~q be such that dd = D. Then we define V(D) = Z (d—0).

0<o<d

ad=D
Lemma 4.4.2. /B ,
| o(D)=VY(D)-vD ifD=k
Let D € Z>o, then 2 Z 0= { o(D) — ¥ (D) otherwise.
0<o<d
ad=D
Proof.

Let D € Z-q, we split the proof into two cases, when D is a perfect square, and
otherwise.
First suppose D is a perfect square, then we have

o(D) - V(D) -VD=>"d- > (d-9)-VD

d|D 0<d<d
od=D
=Y d+ > d+vD- > d+ > 0-VD
Jb 5a¥D XSy B ¥ iy
=2 0.
0<o<d
od=D

Now suppose D is not a perfect square, then we never have = d = v/D. So we have

o(D)-¥(D)=>» d— ) (d-09)

d|D 0<d<d
ad=D

=2 d+ > 0

0<d<vD 0<9<VvD

d|D o|D
=2 E 0.

0<a<d

od=D

Theorem 4.4.3.
Let D € Z~y, then

6W(D) +60(D)+1 if D= k?
Cl.(D) = { 6W(D) + 60(D) otherwise.



Proof.
From Equation we have

Cle(D)=M+N+22(K+ L)+ Py+ Qo — Ry — Sp)
=w+4 Y 0+2(2(K+ L)+ Py+ Qo — Ry — Sp) by Theorem {2.10)

8d=D
0<o<d

w44 Y 0+2(2 ) (d-9-1)|+

od=D od=D
0<o<d 0<o<d
N

J/

~
L Theorem .

2| 40(D) — > (20-1)—|w+ Y (20-1)

od=D ad=D
Corollary [£.3.7] 0<9<d 0<o<d
N TV
i Corollary m Corollary [.3.13

=w-2w+4 Y 0+2[2[ Y [(d=9-1)—(20-1)] | +40(D)

od=D od=D
0<o<d 0<o<d
=-—w+4 Y 0+4 ) (d-30)+80(D)
od=D od=D
0<o<d 0<9<d
=—w+4 Y 0+4 ) (d-9)—4 ) 20+80(D
od=D od=D od=D
0<o<d 0<o<d 0<o<d
=—w+4 Y (d=0)—4 > 9+8s(D
8d=D 8d=D
0<9<d 0<9<d
_ _ (D)~ ¥(D) - vD
= —w+4¥Y(D) —2 <{ (D) — w(D) + 80(D) by Lemma [£.4.2
1 —2VD +6¥(D) +60(D)+2vVD if D=k
6V (D) + 60(D) otherwise.
[ 6Y(D)+60(D)+1 if D=k
~ | 6¥(D)+60(D) otherwise

4.5 An Application of the Complete Class Number Formula

In this section we develop a series of applications of the complete class number for-
mula, Theorem We first prove a lower bound on the number of proper equiv-
alence classes of positive definite bilinear forms of determinant D € Z-,. Then we
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derive a formula for the proper class number for positive definite bilinear forms of
determinant D € Z-( and examine a consequence of this. At the end we prove three
theorems which strengthen our lower bound based upon the primality and congruence
modulo 12 of the determinant.

We first develop a couple of well-known lemmas and a theorem that will be needed
to prove our results in this section.

Lemma 4.5.1.
Let p be a prime such that p > 3. Then —3 is a square modp if and only if p =3 or
p=1mod 3.

Proof.

(=) First suppose p = 3, then m —3 mod p is equivalent to m? = 0 mod 3 and
it is straightforward to see m = 0 is one such solution. Now assume p = 1 mod 3,
then since the multiplicative group of Z/pZ is a cyclic group of order p — 1, there

2 —

exists an element a of multiplicative order p — 1. Let b = ap%l, then b #Z 1 mod p yet
b> =1 mod 3. Since b* — 1 = (b—1)(b* + b+ 1) it follows that b* + b+ 1 = 0 mod p.
Now observe (2b + 1)> +3 = 40> + 4b+ 4 = 4(b*> + b+ 1) = 0O mod p and thus
(2b+1)?2 = —3 mod p. That is, —3 is a square modp.

(<) Assume m? = —3 mod p. If m is even then observe p — m is odd (as p is a
prime and not 2) and satisfies (p — m)? = p*> — 2mp + m?> = —3 mod p. Therefore
without loss of generality we may assume m is odd. Write m = 2] 4+ 1 and first deal
with [ = 1. Then 3?2 = —3 mod p, so p|12 and since p > 2 it follows that p = 3.
Now assume [ > 1 as [ = 0 corresponds to p = 2. We have (2] + 1)2 4+ 3 = 0 mod p
and thus 4/? 4+ 4] + 4 = 0 mod p. This implies 4(I> + [ + 1) = 0 mod p, consequently
>+ 1+1=0mod p. However, I*—1 = (I —1)(I*+ [+ 1) and thus [* — 1 = 0 mod p.
Since [ # 1, |I| = 3 follows immediately. Hence we have an element [ of order 3, and
this forms a subgroup within a group of order p — 1. Therefore 3|(p — 1) and thus
p =1 mod 3. O]

Theorem 4.5.2.
Let p be a prime. Then p = 22 + zy + y* for some integers x, y if and only if p = 3
or p =1 mod 3.

Proof.

(=) Suppose p is a prime and p = 22 + xy + y? for some integers x and y. Recall
t2 = 0,1 mod 3, with 0 occurring if and only if 3 | ¢. Since p is prime, it follows that
at least one of x, y is not divisible by 3. Therefore without loss of generality we have
r? = 1 mod 3. We immediately see if 3 | y then p = 1 mod 3. Thus we now suppose
3 1y and hence y?> = 1 mod 3. It follows that zy = 1 mod 3 or zy = 2 mod 3. In
the first instance we have p = 0 mod 3 however, p is prime and hence p = 3. In the
second instance it is straightforward to verify p = 1 mod 3.

(<) Suppose p is a prime such that p = 1 mod 3. By Lemma there exists an
integer m such that m? = —3 mod p. We may assume m is odd as we may replace m
with p—m if needed. Writing m?+3 = pn we see 4 | pn as m is odd. Since p is prime,
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it follows that 4 | n and we let n = 4r. Thus m? + 3 = 4pr. Consider the binary
quadratic form, px® + maxy + ry?, which has discriminant m? — 4pr = —3 (Note this
is the usual definition of the discriminant - not the one due to Kronecker). Since the
proper class number is 1 for binary quadratic forms with discriminant —3, it follows
that 22 + zy + y? and pz? + may + ry? represent the same integers. In particular,
there exist integers x and y such that p = 22 + zy + 3% O]

We now develop our first application of Kronecker’s formula for the complete class
number.

Lemma 4.5.3.
The proper class number satisfies Cl. (D) < 6Cly (D), with equality if and only if
there are no proper automorphs for any bilinear form of determinant D.

Proof.

By Lemma and Lemma we know if there are no proper automorphs of a
bilinear form, then its proper equivalence class contains exactly six complete equiv-
alence classes. From Summary if at least one proper automorph exists then
there are less than six complete equivalence classes within the proper equivalence
class.

Hence Cl. (D) < 6CL; (D).

We now prove when equality holds.

(=). Assume Cl. (D) = 6Cl; (D), then every proper equivalence class must contain
exactly six complete equivalence classes. Lemma and Summary then
imply no proper automorphs exist for any bilinear form with determinant D.

(<) Assume there are no bilinear forms of determinant D that have a proper auto-
morph. Then Lemma[2.5.22]and Summary [2.5.27/imply every proper equivalence class
contains exactly six complete equivalence classes. Therefore Cl. (D) = 6Cl; (D). O

Lemma 4.5.4.

Let D > 1 then the complete class number satisfies 12D < Cl. (D), with equality if
and only if D is prime.

When D =1 we have Cl. (D) =17.

Proof.
Firstly, let D = 1, then Cl. (D) = 6¥(D) + 60(D) + 1 = 7. Now assume D > 1 and
apply Theorem |4.4.3] as follows:

6U(D) + 60(D) +1 if D =k
Cle (D) = { 6V(D) + 60(D) otherwise
> 6V(D) + 60(D)

=6 > (d—9)+6)» d

8d=D d|D
0<o<d

=6 (d=0)+6 Y d+6>» d+6» d
dd=D d|D d|D d|D
0<9<d 0<d<vD vD<d d=vD
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26 > (d—9)+6 Y d+6 > d

8d=D d|D d|D
0<d<d 0<d<vD VD<d
=6 E 2d
ad=D
0<d<d

> 12D as d = D is always included in the summation.

We now examine when equality holds.
(=) Suppose Cl,. (D) = 12D, then equality holds throughout above. This means D
cannot be a perfect square. It also implies 6 Z 2d = 12D and so the only divisor

dd=D
0<o<d

we may sum over is d = D itself. Therefore D is prime.
(<) Suppose D is prime, it is straightforward to check equality holds throughout our
application of Theorem 4.4.3] thus Cl. (D) = 12D. O

Corollary 4.5.5.
The proper class number satisfies Cl. (D) > 2D.

Proof.
Applying Lemmas [4.5.3| and [4.5.4) we get 12D < Cl. (D) < 6Cly (D). Hence 2D <
CL. (D). O

Theorem 4.5.6.
The proper class number satisfies Cly (D) = 2D if and only if D is a prime and
D =11 mod 12.

Proof.

From Corollary we have Cl; (D) > 2D.

(=) Assume Cl, (D) = 2D, then equality must hold throughout the proof of Corol-
lary[£.5.5] Thus Lemmal[4.5.4]yields D is prime and Lemma[£.5.3]implies there are no
proper automorphs for any bilinear form with determinant D. Therefore D must be a
prime such that D does not fall into one of the first four rows of Summary [2.3] Thus
D is a prime and cannot be written as either D = A2, D = 3A2,, D = A} + A3,, or
D = (Aip + An)? — A1pAo = AYy + A1 Aoy + A3,

Clearly, D being prime and D = A2, or D = 3A2, is an impossibility except when
D = 3. Further, a prime p may be expressed as a sum of two integer squares if and
only if p = 1 mod 4 (“Fermat’s Theorem on Sums of Two Squares”, see [Zal990]).
Therefore we must have D =2, D =3 or D = 3 mod 4.

Next, Theorem implies a prime D such that D = A%, + Ajp Ao + A%, occurs
if and only if D = 3 or D = 1 mod 3. However, the only way to write D = 3 as
D = A3, + App Ay + A3 is using Ajp = Ay = 1. This breaks the condition found
in row three of Summary for a proper automorph to exist. Therefore D = 3 is a
special case to be checked; from Example we see Cly (3) =8 =2-D+2. Thus
we must have D = 2 mod 3. Using this along with D = 2 or D = 3 mod 4 implies
D =2or D =11mod 12. Example shows Cl; (2) =5=2-D + 1 and hence
we must have D = 11 mod 12.

133



(«<=) Assume D is a prime number such that D = 11 mod 12. Then any reduced
bilinear form with this determinant, cannot fall into one of the first four rows of
Summary [2.3] This is because the first row requires D = 1 mod 4 or D = 2, the third
requires D = 1 mod 3 or D = 3, and the second and fourth imply D is not prime.
Therefore there are no proper automorphs and thus every proper equivalence class
contains exactly six complete equivalence classes. Hence Cl. (D) = 6Cl, (D). Since
D is prime, Lemma [1.5.4] yields 12D = Cl, (D) and thus we have Cl, (D) =2D. [

We now develop a couple of well-known results in order to easily explore the proper
class number via Theorem [£.4.3]

Theorem 4.5.7 (Ireland & Rosen Proposition 17.6.1).
Let n be a positive integer, then the number of integral solutions (x,y), © >0, y >0

1 ifd=1mod4

to the equation x* +y* = n is Z x(d), where x(d) = 0 ifd=0mod?2
dn —1 ifd =3 mod 4.
Proof.
See Theorem or Ireland & Rosen pages 279-280, [IR1990]. O

Corollary 4.5.8.
The number of integral solutions (x,y), © > 0, y € Z to the equation x> + y> = n is
given by

Q(Zx(d)) — 1 ifn is a perfect square
dln
2 Z x(d) otherwise.
dn

Proof.

First suppose n is not a perfect square, thus # 22 + 0% so y # 0. Let (z,y) be a
solution to n = z? 4+ y* with z > 0, y > 0. Then the map (z,y) — (z,—y) is a
bijection between this set and the set of solutions where z > 0 and y < 0. Hence
when n is not a perfect square, we apply Theorem to get the number of integral
solutions is 2 Z x(d).

d|n
Now suppose nl is a perfect square. Observe the only solution for which y = 0 is the
solution (1/n,0) as we are restricting to > 0. Therefore, all other solutions have
y # 0 and we may apply the same argument as in the case where n is not a perfect
square. Under this counting argument we will have counted (y/n,0) twice and so we
get the number of integral solutions is just 2( Z x(d)) — 1. O
din

We now show y is a multiplicative function.

Lemma 4.5.9.
Let m,n € Z then x(mn) = x(m)x(n).
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Proof.

Let m,n € Z and consider the integral function x as defined in Theorem[4.5.7] Clearly
if 2|mn then 2|m or 2|n (or both). Consequently x(mn) =0 = x(m)x(n).

Now suppose mn = 1 mod 4. Then it follows m = n mod 4 and thus x(m) = x(n).
Hence x(mn) =1 = x(m)x(n).

Lastly, if mn = 3 mod 4 then 2+ m, 21 n and m # n mod 4. Hence x(m) # x(n)
and thus y(mn) = —1 = x(m)x(n).

Hence it follows that y is a multiplicative function. n

Our next result is a rephrasing of LeVeque’s Theorem 1-6. Note that LeVeque uses
proper to mean ged(z,y) = 1.

Theorem 4.5.10 (LeVeque Theorem 1-6).

Let w(f) be the number of automorphs [proper and improper] of f = ax®*+bry+cy?, an
integral positive form of discriminant /A = b*> —4ac. Let n be a positive integer. Then
the number of proper representations of n by f is w(f) times the number of forms
g that are equivalent to f. In particular, if there is only one class of discriminant
A, the number of proper representations is w(f) times the number of solutions to the

congruence m?* = —A mod 4n, 0 < m < 2n.
Proof.
See LeVeque pages 20-21, [LeV1956]. ]

We now introduce a definition and prove a theorem that is directly derived from
LeVeque’s result above.

Definition 4.5.11.
S
Let N € Z+ and write N = 2%.3°. (Hp ) (H qjj> , where p;, g; are primes such

that p; = 1 mod 3, ¢; = 2 mod 3.
We define the quantity ny as follows:

(2 ifa=00<b<1,s=0
"= 0 otherwise.

We present a quick proof that ny is a multiplicative function.

Lemma 4.5.12.
The function ny as defined in Theorem[{.5.13 is a multiplicative function.

Proof.

First observe n; = 2° = 1. Now let a,b € N be such that ged(a,b) = 1. Then if 2 | a
or 2 | bwegetng =0=mn, n, Also, if 9| aor9|bthen 9| aband we have
nay = 0 = ng - ny. Further, due to ged(a, b) = 1 we cannot have 9 | ab where 3 | a and
3 | b. Now note if p; is a prime such that p; = 2 mod 3 and it divides either a or b,
then p; | ab and we have ng, = 0 = n, - 0.
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Lastly, suppose ged(a, b) = 1 and a, b are products of primes satisfying p; = 1 mod 3.
Then ab = pait - - - par* pZ’l .- p, and we have

Ny = 261+ +eay+Hen +ten,

— 26a1+...+eak . 26b1+...+ebn

= Ng * Np.
Hence ny is a multiplicative function. O

Theorem 4.5.13.
Let D € Z~q and assume D = x> + xy + y* for some x,y € Z, (x,y) # (0,0). Then
the number of representations of D in this manner is given by

where ny 1s defined in Definition [4.5.11].

Proof.

Let D be as above and (z,y) # (0,0) such that D = 2>+ 2y +y?. Let ged(z,y) = a
1, then x = as and y = at where ged(s,t) = 1. Thus D = (as)? + (as)(at) + (at)?
a® (s> + st + t?) and consequently (s,t) is a proper representation of a%.

Theorem informs us that the number of proper representations of a positive
integer N as N = 524 st+1? is six times the number of solutions to m? = —3 mod 4N,
0 < m < 2N. This is because the binary quadratic form 2% + 2y + y? has six distinct
automorphs, discriminant b? — 4ac = —3, and thus proper class number 1 (see Table
B2, [F11989, p.194]). Let ny be the number of such solutions. Then the number of
representations (proper and improper) of D as 2 + zy + y? is given by

IV

Thus we now let N = a% for some divisor @ > 1 such that a¢®> | D and turn our
attention to calculating ny. Observe that N may or may not be square free depending
on its prime factorisation. Also, note N = 1 is possible when D is a perfect square.
Therefore we consider the equation m? = —3 mod 4N and for the moment we will
ignore the condition 0 < m < 2N.

Write 4N = 2212 . 3¢ . Hlepfi, where p; is a prime such that p; > 3, e; > 0, and
€9, e3 are non-negative. By the Chinese Remainder Theorem there is at least one

solution to m? = —3 mod 4N if and only if there is at least one solution to each of
m? = —3 mod 2212
m? = —3 mod 3%
m? = —3 mod p’
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m? = —3 mod pi*.

We first consider m? = —3 mod 2°272 by examining m? = —3 mod 2. This has a single
solution, namely m = 1, 0 < m < 2. Now we utilise Hensel’s Lemma with f(x) = 22+
3and p=2. We have f(1) =12°4+3=4=0mod 2 and f'(1) =2-1 =0 mod 2. Thus
m = 1 is not a simple root. We now consider m? = —3 mod 4, 0 < m < 4 and observe
both m = 1 and m = 3 work. That is, f(1) =4 =0 mod 4 and f(3) = 12 = 0 mod 4,
and further we have f’(1) = 2 = 0 mod 2 and f'(3) = 6 = 0 mod 2. Therefore we

attempt to lift these two solutions to mod8. Consider m?> = -3 mod 8, 0 < m < 8.
We have f(1) = f(5) = f(3) = f(7) = 4 mod 8 # 0 mod 8 and therefore we cannot
lift to a solution mod8. Consequently the equation m? = —3 mod 2% will only

have solutions when e; = 0. When ey = 0 there are precisely two solutions, namely
m = 1 and m = 3. From this it follows that in order for there to be a solution to our
system, we require 2 { N. Therefore ged(4, N) = 1.

Hence, by the Chinese Remainder Theorem it is sufficient to consider the number

of solutions to m?> = —3 mod N and then multiply our answer by 2 when 2  N.
Otherwise there are no solutions to the system.
Since we deduced 2 N we now consider p = 3. Then the equation m? = —3 mod 3¢

has a solution if e; = 1 (only m = 0 works), and vacuously has a solution (the empty
solution) if e3 = 0. We now apply Hensel’'s Lemma to attempt to lift our solutions
to mod9. We have f(0) = 3 = 3mod 9 # 0 mod 9 and so we cannot lift our only
solution. Hence the equation m? = —3 mod 3% has a solution if and only if e5 = 0
or e =1 and thus 91 N.

Finally, let p; be a prime such that p; > 3 and consider m? = —3 mod p{*. Since
p; > 3, Lemma implies the equation m? = —3 mod p; has a solution if and only
if p;, = 1 mod 3. Hence we require each p; that divides N to satisfy p; = 1 mod 3 in
order for a solution to our system to exist. Let m be such that m?> = —3 mod p;,
0 < m < p; and apply Hensel’'s Lemma with f(z) = 2? + 3. We have f(m) =
m?+3 = 0 mod p; and m # 0 else we have —3 = 0 mod p;, contradicting p; > 3. Thus
f'(m) =2-m = (2mod p;)(m mod p;) # 0 mod p; as 2 Z 0 mod p; and 0 < m < p.
Thus by Hensel’s Lemma we will have a solution to m? = —3 mod p§* for any e; > 0.
However, we note p; — m is also a solution to m? = —3 mod p;. Applying Hensel’s
Lemma we have f'(p; — m) = 2p; — 2m = —2m mod p; Z 0 mod p; as we observed
already 2m # 0 mod p;. Hence this solution is also lifted to solutions for m?
—3 mod p§*. Therefore we will have 2 solutions to m? = —3 mod p{* whenever p;
1 mod 3.

Consequently we have 277 solutions to m? = —3 mod N if and only if N has
no prime divisors p; = 2 mod 3, 21 N and 91 N. Otherwise there are no solutions.
We now reinstate the condition 0 < m < 2N and note that all solutions m we have
found so far satisfy 0 < m < N. Observe that we may obtain another solution by
adding N to m since (N + m)* = N? + 2Nm + m? = —3 mod N. Further, this
new solution satisfies N < N +m < 2N by construction. Therefore each solution m
such that 0 < m < N produces another solution £ in the range N < k < 2N. By
the reverse logic, any solution k such that k> = —3 mod N where N < k < 2N can

=1 mod 3
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produce a solution m where 0 < m < N. Therefore there are 2 - 2#Pi=1 md 3 golutions
tom? = —-3mod N, 0 <m < 2N.
Finally we use the Chinese Remainder Theorem to consider the number of solutions

to m? = —3 mod 4N where 0 < m < 2N. This equation immediately implies m
must be odd. Therefore since we deduced 2 4 N in order for solutions to exist to
m? = -3 mod N, we see that the solutions to m? = —3 mod 4N are precisely the

odd solutions to m? = —3 mod N. Since 21 N and m is odd, it follows that only one
of m, N +m is odd and therefore exactly half of the solutions to m? = —3 mod N,
0 < m < 2N are solutions to m? = —3 mod 4N, 0 < m < 2N.

Hence the number of solutions to m? = —3 mod 4N, 0 < m < 2N is given by ny
where ny is as defined in Definition 4.5.11}
This completes the proof. O

Our goal now is to determine a formula for the proper class number for positive
definite bilinear forms of determinant D > 0. We let D € Z-q and assume we know
the prime factorisation for D. Then we can use Theorem to compute Cl. (D)
directly. However, we also know every proper equivalence class contains a unique
reduced positive definite bilinear form and that the proper equivalence class of such
a bilinear form contains exactly six complete equivalence classes unless the reduced
bilinear form has a non-trivial proper automorph. Thus we let uy, us, uz and uy
denote the number of reduced bilinear forms with automorphs in rows 1 through 4 of
Summary for a given determinant D. Then we have

Clc (D) =6 [Cl+ (D) — U — U — U3 — U4] + 3<U1 + Ug) + 2(U3 + U4).

This is because only bilinear forms in rows 1 through 4 do not have 6 complete
equivalence classes within their proper equivalence class, and every proper equivalence
class contains a unique reduced bilinear form. Thus we multiply Cl, (D) by 6 and
subtract multiples of 6 for those reduced bilinear forms having a non-trivial proper
automorph. Lastly, we add on the correct number of complete equivalence classes
within the respective proper equivalence class, based upon our results in Summary

2.3

Rearranging this equation then yields
We now demonstrate how to count the quantities u; + us and uz + uy.

Lemma 4.5.14.
The number of positive definite reduced bilinear forms of determinant D > 0 having
a non-trivial proper automorph in either row 1 or row 2 of Summary[2.3 is given by

2() x(d) =1 if D=k

d|D

th e = 2% x(d) if D 4 k2.

d|D
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Proof.

We need to investigate those positive definite reduced bilinear forms which look like
( _Zj z ) where x > 0. When y # 0 we have a row 1 bilinear form and when
y = 0 we have a row 2 bilinear form. Observe that there cannot be a bilinear form
which lies in both row 1 and row 2. Further, the determinant of these bilinear forms
is D = 22 + y? where y = 0 is permitted. By Corollary we get our result. [

The next two lemmas will yield useful results about the quantity u; + us.

Lemma 4.5.15.
Let D > 0 be an integer and x be defined as in Theorem|4.5.7. Then Zx(d) > 0.
d|D

Proof.

It is straightforward to observe x is a (completely) multiplicative function on the
integers. Consequently it follows that g(n) = 3_,, x(d) is a multiplicative function
as well.

Let D € Zo and write D = 2§p$* - - - pi* where ey > 0 and ¢; > 1. Then

Sx@) =D x@ | [ Dox@ |- [ D x| (4.2)
d|D d|2¢0 d|p$t djps*
We observe

Z x(d) =1 as only d = 1 is not divisible by 2

d|2¢0
e; +1 if p; =1 mod 4 as all divisors are 1 mod 4
Zx(d): 1 if p, = 3 mod 4 and e; = 0 mod 2
d|pS? 0 if p; = 3 mod 4 and e; = 1 mod 2.
Hence we see }_,, x(D) = 0. O

Lemma 4.5.16.
Let D > 0 be an integer and x be defined as in Theorem |4.5.7. Then Zx(d) 15 odd

iof and only iof D is a perfect square or two times a perfect square.

Proof.
From Lemma [4.5.15| we may write D = 2§p{" - - - pi* and thus

dox@ = x@ | | dox@ ]| > x(a).

d|D d|2¢0 dlpSt d|p2k

Then clearly we cannot have any odd powers of primes congruent to 3 mod 4 else the
sum is zero. Similarly, we require all primes p; = 1 mod 4 to satisfy e; +1 = 1 mod 2.
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Thus e; = 0 mod 2. Thus we cannot have any odd powers of primes congruent to

1 mod 4.

Consequently D = k? or D = 2k? as powers of 2 make no difference to the summation.
O

We now investigate the quantity us + u4 in a similar manner.

Lemma 4.5.17.
The number of positive definite reduced bilinear forms of determinant D > 0 having
a non-trivial proper automorph in either row 3 or row 4 of Summary[2.3 is given by

(D 3ny)—1 if D=k
N=15
—_ a>0
st S 3y if D+ k2.
N=1
L >0

Proof.
We need to investigate those positive definite reduced bilinear forms that look like

( §+y i+y ) where x +y > 0. When = y we have a row 4 automorph,

otherwise we have a row 3 automorph. Observe these bilinear forms have determinant
D = (z+y)? —zy = 2° + xy + y*>. By Theorem {4.5.13| there are Z 6ny ways to

N=D

a2
a>0

do this with (z,y) # (0,0). Therefore if x + y # 0, that is D # k?, then exactly half
of the solutions satisfy x 4+ y > 0 while the remainder satisfy z + y < 0. Therefore

Us + Uy = Z 3ny if D is not a perfect square.

N=.%
a>0
Thus we now assume D is a perfect square and consequently we have the non-trivial

solutions (z, —z) and (—z, x). These are counted by our summation and are the only

pairs (z,y) that satisfy x +y = 0. However, we want only positive definite bilinear

forms, so we must subtract two before applying the same argument as in the D # k?

case. Hence when D is a perfect square we have us + uy = 3( Z 3nN) —1. O
N=.%

a>0

We can now derive a formula for the proper class number for reduced positive definite
bilinear forms with determinant D.

Theorem 4.5.18.
Let D > 0 be an integer. Then the number of proper equivalence classes of positive
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definite bilinear fo

Cly (D) =

Proof.

rms with determinant D is given by

[ U(D)+o(D)+> x(d)+2 ) ny if D # k2
d|D N=D
a>c6
U(D)+o(D)+ Y x(d)+2( Y ny)—1 if D=k
d|D N=D
\ a>‘b

We use Equation .1 and apply Lemmas [£.5.14] and [4.5.17] to get:

Consequently,

CLy (D) =

((6T(D)+60(D)+3-2> x(d)+4-3) ny if D#k?

d|D N=5

a>0

6V (D) + 60(D) + 1+

3-2() x(d) 1) +4(3( D _ny)—1) D=k

d|D N:a%
a>0
6¥(D) + 60(D) + 6> x(d) +6- 2ZnN if D+ k2
d|D -5
0
6¥(D) + 60(D) + 6> x(d) +6 - 2( Z ) —6 if D=k
d|D _D

U(D)+o(D)+ > x(d)+2 > ny if D # k?
d|D N-D
\I/(D)+0(D)+Zx(d)+2(a ny)—1 if D=k
d|D N-D
\ a>0

Corollary 4.5.19.

The proper class number for positive definite bilinear forms of determinant D, Cl, (D),

15 odd if and only
Proof.

if D = 2k? or D = ¢* where k,q € Z, ¢ = 1 mod 2.

We split into two cases depending on whether or not D is a perfect square.
Case 1: D # k?. Then Theorem [4.5.18 yields

Cly (D) = U(D) + (D) + > x(d) +2 Z ny
d|D N-D
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R SRS SURES e
ad=D d|D N=D
0<o<d a;g
Thus Cly (D) = 1 mod 2 if and only if de X(D) = 1 mod 2. Applying Lemma
4.5.16] and recalling D # k2, this is if and only if D = 2k2.
Case 2: D = k%. Then Theorem 4.5.18| yields

CL, (D) = ¥(D) +o(D) + Y x(d) + 2( 3 nN> 1

d|D N=D
a>0
=2 ) d+\/5+zx(d)+2( > nN) —1.
dd=D d|D N=L
0<o<d a>a02

Since D = k* by Lemma [4.5.16) we know >, , x(d) = 1 mod 2 and thus Cl, (D)

1 mod 2 if and only if VD — 1 = 0 mod 2. Yet this is if and only if v/D = 1 mod
and hence D = ¢? for some ¢ € Z such that ¢ = 1 mod 2.

O

Theorem 4.5.20.
Let D be an odd square then Cl, (D) = 2D + L where L = 1 mod 4.

Proof.
Let D = ¢* where ¢ € Z~¢, ¢ = 1 mod 2. By Lemma |4.5.19| we know Cl, (D) is odd
and thus L = 1 or 3 mod 4. We examine the formula for Cl; (D) given in Theorem

1518

Observe ¥(D) = 0 mod 4 since D = 1 mod 4 implies 9 = d mod 4 and so (d — 9) =
0 mod 4. Now write D = Hlep? [T, q;j where p; = 1 mod 4 and ¢; = 3 mod 4.
Note each e; and f; is even because D is a square. We also note o is a multiplicative
function and thus

n

o(D) = [Te W) [Te (aF)-

- e
Observe o (p;') = e; + 1 mod 4 since p;* = 1 mod 4. Similarly, o (qu> = 1 because
we have an alternating sequence of 1’s and —1’s, starting and finishing with 1. Hence

n

o(D) = H (e; +1) mod 4
= Z x(d) mod 4.

d|D

This follows from Equation found in Lemma [.5.15]
Further, since D = ¢?, by Lemma [4.5.16| we have de x(d) = 1 mod 2 and thus
o(D) + > yp x(d) =2 mod 4.
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Now consider the term 2 Z ny. By the definition of ny (see Definition [4.5.11

=5
a>%
we know ny is either 0 or a power of 2 unless N = 1 or N = 3. Consequently

2 Z ny = 0 mod 4 unless we have N =1 or N = 3. In order to have N = 1 this

a>0
means D is a square which we certainly have; while in order to have N = 3 this means

D = 3t?, which cannot happen as D = ¢?. Therefore we deduce 2 Z ny = 2 mod 4.

D
N=L
o2

a>0
Hence we deduce Cl; (D) =2+ 2 — 1 =3 mod 4, where it is important to recall the

—1 comes from D being square.
Since D = 1 mod 4 and we are writing Cly (D) = 2D + L, it follows that 2D + L =
3 mod 4 and therefore L =1 mod 4. O

Having demonstrated Cly (D) > 2D for all D € Z-o, and derived a formula to
compute the proper class number in terms of divisors of the determinant it is natu-
ral to ask what the next lower bounds are. We first investigate when Cly (D) =
2D + 1,2D + 3,2D + 5 and 2D + 7, and then prove three theorems to address
Cly (D) = 2D + 2,2D + 4 and 2D + 6. Observe the special cases of D = 1 and
D = 2 have already been dealt with separately via Examples [2.4.38| and [2.4.39, In
these two cases we have shown Cl; (1) =3 =2D+1 and Cl; (2) =5=2D + 1.

To streamline the proofs we will use Lemmas 4.5.14] and |4.5.17] to give a description
for the number of non-trivial proper automorphs in the case where D = p?, p a prime.

Lemma 4.5.21.

Let D = p* where p is prime. Consider the set of positive definite reduced bilinear
forms with determinant D = p?, then number of such bilinear forms having a non-
trivial proper automorph is:

ifp=2,3 or p=11mod 12
if p=5mod 12
if p="Tmod 12

3 ifp=1mod 12.

U1+U2+U3+U4:

— O 3 W

Further,

11 ifp=2,3 orp=11mod 12
23 if p=>5mod 12
35 if p="Tmod 12
47 if p =1 mod 12.

3(uy + ug) + 4(us + ug) =

Proof.
The number of reduced bilinear forms with non-trivial proper automorphs is given
by w1 + us + u3 + ug, see Equation [£.1] We consider the primes mod12 and apply
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Lemmas [4.5.14] and

Observe

oy J 3 ifp=1mod4
X(1)+X(p)+X(P)_{1 if p=3mod4orp=2.

Case 1: p =2, then u; +ug +uz +ug = 2(x(1) + x(2) + x(4)) —1+3(0+2°) —1 = 3.
Case 2: p=3, then uy +us +ug+ug =2-1—-1+3(0+2% —1=3.

Case 3: p = 11 mod 12, then p = 3 mod 4 and p = 2 mod 3.

Hence uy +us +uz +ug =2-1—1+3(0+2°% —1=3.

Case 4: p = 5 mod 12, then p = 1 mod 4 and p = 2 mod 3.

Hence uy +us +us+us =2-3—1+30+2°)-1=7.

Case 5: p = 7mod 12, then p = 3 mod 4 and p = 1 mod 3.

Hence uy +up +us+uy =2-1—-1+302+2% —-1=09.

Case 6: p =1 mod 12, then p = 1 mod 4 and p = 1 mod 3.

Hence uy + up +uz +ug =2-3 —1+ 321 +2%) —1=13.

This covers all possibilities for p being prime and hence we have our result.
Applying the same reasoning yields

11 if p=2,30or p=11mod 12
23 if p=5mod 12
35 if p =7 mod 12
47 if p =1 mod 12.

3(uy + ug) + 4(ug + ug) =

]
Theorem 4.5.22.
Assume D = 2k* and Cly (D) = 2D + L for some k,L € Z~o, k > 1. Then k < %.
Further, if k =1 (D = 2) then Cl; (D) = 2D + 1.
Proof.
First note by Corollary [4.5.19| that we must have L = 1 mod 2
Now let D = 2k?, k > 1 then by Theorem [4.5.18 we have
Cly(D)=2D+2 > d+> x(d +22nN (4.3)
0<9<d<D d|D N=
dd=D P
a>0

Observe N = 2%22 and so 2 | N always. Hence 2 Z ny = 0. We also know Z x(d) >

N-5 d|D
a>0
0, 2k | D, and in particular D > 2k > V2k =D as k > 1. Thus 2 Z d > 2k.
0<58<§<D

Hence we have 2D + L = Cl; (D) > 2D + 2(2k) and so L > 4k. That is, 1 < k <
Whereas if £ = 1 (i.e., D = 2) then the first sum in is empty and so Cl; (D)

O | =e
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Corollary 4.5.23.
Let D = 2k?* then Cl, (D) = 2D + 1 only when D = 2 and Cl, (D) = 2D + L cannot
occur for L € {3,5,7}.

Proof.

From Theorem 4.5.22| we know when &k = 1, D = 2 and Cl, (D) = 2D + 1. Then
observe for L € {1,3,5,7} we have k < % < 2. Thus we cannot have D = 2k? and
Cly (D) =2D+ L for L € {3,5,7}. ]

Theorem 4.5.24.
Let D = ¢%, q € Zo, ¢ = 1 mod 2 then there are no values of q such that Cl; (¢?) =
2D+ 3 or 2D +7. Further, only q = 1 yields Cl, (¢*) = 2D +1 and only q = 3 yields
Cly (¢*) = 2D +5.

Proof.
First observe from Theorem [4.5.18| that Cly (1) =3 = 2D + 1. Now let D > 1 and
apply the theorem to get

2D+ L=Cl (D)=2D+ Y +> x(d)+2) ny+q—1. (4.4)
0<9<d<D d|D N=D
9d=b a5t

We note that each of the summations is greater than or equal to 0.

We now examine ¢ — 1. For L = 1 we see ¢ — 1 > L for ¢ > 2 and therefore only
q = 1 is possible since ¢ is odd. Thus only g = 1 satisfies Cl, (¢*) = 2D + 1.

For L =3 we see ¢ — 1 > 3 for ¢ > 4. Thus ¢ = 1 or ¢ = 3; however ¢ # 1 by above
so we consider ¢ = 3. This is the same as D = 9 and applying Theorem yields
Cl; (9) = 2D + 5. Hence no such q exists so that Cl; (¢*) = 2D +5.

For L =5 weseeq—1>5forq >6. Thusq =1, ¢ =3 or ¢ = 5. By above
we know g # 1 and ¢ = 3 works. Applying Theorem with ¢ = 5 yields
Cly (5%) =59 =2D +9.

Lastly, for L = 7 we see ¢ — 1 > 7 for ¢ > 8 Thusq =1,q = 3, ¢ = 5 or
q = 7. By above we know only ¢ = 7 is a possibility. Applying Theorem yields

Cly (49) = 111 = 2D + 13. Hence no such ¢ exists. O
Corollary 4.5.25.
We have
Cly(D)=2D+1D=1o0rD=2
ClL, (D) # 2D + 3
Cly (D)=2D+5< D=9
Cl, (D) #2D +7
Proof.

By Corollary [4.5.19 we have Cl, (D) is odd if and only if either D = 2k* or D = ¢?,
g = 1 mod 2. Applying Corollary and Theorem [4.5.24]then gives the result. [
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Theorem 4.5.26.
Let D > 2 be an integer. Then Cl, (D) = 2D + 2 if and only if D is a prime such
that D =3 or D = 5 mod 12.

Proof.

(<) Firstly, if D = 3 then Example 2.4.40]shows Cl, (3) = 8 = 2-3+2. Thus assume
D is a prime such that D = 5 mod 12. We now examine Summary [2.3]for the existence
of reduced bilinear forms with non-trivial proper automorphs. Since D is prime, we
cannot have the second or fourth row. Since D = 5 mod 12 implies D = 2 mod 3
we cannot have the third row (see Theorem [£.5.2). Therefore if we have such an
automorph, it comes from the first row. Therefore we may write D = a? + b*> where
a>0,b#0and a,b € Z. By Lemma there are four ways to do this because
D = 5mod 12 implies D = 1 mod 4 and so x(1) = x(D) = 1. Hence there four
positive definite reduced bilinear forms with non-trivial (row 1) proper automorphs,
each of which will contain three complete equivalence classes within their respective
proper equivalence class. Therefore we have

Cl. (D) = 6[CL, (D) — 4] +4-3
— 6CL, (D) — 12.

By Lemma(4.5.4] D prime implies 12D = Cl. (D) and so 12D = 6Cl, (D)—12. Hence
Cﬂ+([» :32L)+'2

(=) Assume Cl; (D) = 2D + 2, then 6Cl; (D) — 12 = 12D. First suppose D is not
a perfect square. Then by Lemma we have Cl,. (D) > 12D with equality if and

only if D is prime. Therefore if D is not prime then we have Cl. (D) = 12 Z d>

8d=D
0<o<d

12D + 12v/D as there must exist a divisor z of D such that VD < x < D. Thus we
have

6Cl, (D) —12=12D < 12D + 12V'D < Cl. (D) < 6Cl; (D).

However, this is a contradiction because D not prime implies D > 3 and thus
12v/D > 12. Therefore the interval [6Cl, (D) — 12,6Cl, (D)] contains the subin-
terval [12D, Cl. (D)], which had width at least 13. Therefore D is either a prime or
a perfect square.

Now assume D = k?, then if D = (pq)? for some p,q € Z~1, p # q, applying Lemma
4.5.4 we see Clo (D) =12 Y d+6VD +1 > 12D + 12VD + 6vVD + 1. This is

8d=D
0<o<d

because without loss of generality we may assume p < ¢ and we have vD < pg? < D,
pq® | D. This implies

6CLy (D) —12=12D < 12D +18VD + 1 < Cl, (D) < 6CL, (D),

which is clearly a contradiction as D > 2. Therefore if D is a perfect square then
D = p? where p is a prime. In this situation Lemma implies Kronecker’s
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complete class number formula is Cl, (D) = 12D + 6/D + 1 and we apply Lemma
4.5.2T] to this result. Thus

6CL, (D) — 12 = 12D

<12D+6VD +1
= 6Cl; (D) — 3(uy + uz) — 4(uz + uy4) < 6Cly (D) — 11.

Observe we have an immediate contradiction when the last inequality is strict. That
is we have a contradiction unless p = 2,3 or p = 11 mod 12. However, if p =2, p =3
or p = 11 mod 12 then 12D +6vVD +1 > 12D +6 -2+ 1 = 12D + 13, giving a
contradiction. Thus D # p? and consequently D is a prime.

By Theorem we know D # 11 mod 12 since Cl, (D) = 2D + 2 # 2D. Further,
D > 2 implies either D = 3, D = 5mod 12, or D = 1 mod 3. From Example
we know Cly (3) = 2-3+ 2. Thus we may assume D > 3. Now assume
D = 1mod 3. Then us +us > 0 and we calculate its value via Lemma [4.5.17]
We have uz + uy = 6 Z ny = 6(np +ny) = 6(2' +2°) = 18. Thus we get

6Cl. (D) — 12 = 12D = Cl.(D) = 6Cly (D) — 3(u; + uz) — 18 which is clearly a
contradiction as u; + us > 0. Therefore D > 3 and prime implies D = 2 mod 3 and
so either D = 5mod 12 or D = 11 mod 12. Yet we have ruled out D = 11 mod 12
and so it follows that D = 5 mod 12.

n

Theorem 4.5.27.
Let D be an integer such that D > 2. Then Cl, (D) = 2D + 4 if and only if D = 4
or D is a prime such that D = 7 mod 12.

Proof.

(<) Firstly, if D = 4 the Example shows Cl; (4) = 12 = 2-4 4+ 4. Thus
assume D is a prime such that D = 7 mod 12 and thus D = 3 mod 4. We exam-
ine Summary for the existence of reduced bilinear forms with non-trivial proper
automorphs. Since D is prime, we cannot have the second or fourth row. Since
D = 3 mod 4, Corollary implies there are no row 1 automorphs and so only
row 3 remains. By Theorem there are 6np ways to do this, and we have
np = 1 because D is a prime such that D = 3 mod 4. Hence since D is prime we
have 12D = Cl. (() D) = 6[Cl; (D)—6]+6-2 = 6Cl, (D)—24. Thus Cl (D) = 2D+4.

(=) Assume Cl; (D) = 2D + 4 which, implies 6Cl; (D) — 24 = 12D. First suppose
D is not a perfect square or a prime. Then we have Cl. (D) = 12 Z d > 12D +

8d=D
0<o<d

12vD > 12D + 24 since D > 2 and not a perfect square or prime implies D > 5.
Thus Cl. (D) > 12D + 25 and we get

6Cl, (D) — 24 = 12D < 12D + 25 < Cl. (D) < 6CL, (D).
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This is a contradiction because it implies the interval [6Cly (D) — 24, 6Cl, (D)] con-
tains the subinterval [12D,12D + 25]. Therefore either D is a prime or a perfect
square.

Suppose D is a perfect square, then if D = (pg)? where without loss of generality
1 <p<q wehave Cl, (D) =12 Y d+6VD+1>12D+12VD +6VD +1 >

dd=D
0<o<d

12D + 37. This is because there exists at least one integer = such that z | D and
VD < z < D, and we use the fact D > 4 as D is a perfect square. Thus we have the
following contradiction

6Cl, (D) — 24 = 12D < 12D + 37 < Cl. (D) < 6CL, (D).

Therefore if D is a perfect square then D = p? where p is a prime. By Equation
we have Cl. (D) = 6Cl; (D) — 3(uq + u2) — 4(us + u4) and thus we have

6CL. (D)—24 = 12D < 12D+6VD+1 = Cl, (D) = 6CLy (D) —3(uy+us) —4(us+1us).

By Lemma we have a contradiction unless 3(u; + us) + 4(ug + ug) = 11 or 23.
Further, 3(uj +ug)+4(us+uy) = 23 then p = 7 mod 12 and thus D > 49. This implies
the interval [6CL; (D) — 24,6Cl, (D) — 23] contains the subinterval [12D, 12D + 43],
which is a contradiction. So we have 6Cl, (D) — 24 = 12D < 12D + 6v/D + 1 =
Cl. (D) = 6Cly (D) — 11 and in the same vein, this is a contradiction unless D = 4.
Therefore if D is a perfect square then D = 4. In Example we show directly
Cl,(4)=12=2-4+4.

Thus we now are left with the case when D is a prime. By Theorems [4.5.6] and
4.5.26| we know that D must satisfy either D = 7 mod 12 or D = 1 mod 12. Suppose
D =1mod 12, then D = 1 mod 4 and D = 1 mod 3. Applying Lemmas and
[.5.17 we see 3(u1 +ua) +4(us +us) = 3(2(x(1)+x(D)))+4(3np) = 3-4+12-2 = 36.
Therefore we have the following contradiction:

6CL, (D)—24 = 12D = Cl. (D) = 6Cl; (D) —3(u1 +us) — 4(us +us) = 6CL, (D) — 36.

Hence D is a prime such that D = 7 mod 12.
Thus we have show if Cl; (D) = 2- D + 4 then either D = 4 or D is a prime such
that D = 7 mod 12. [l

Theorem 4.5.28.
Let D be an integer such that D > 2. Then Cl; (D) = 2D + 6 if and only if D = 6
or D is a prime such that D =1 mod 12.

Proof.

(<) Firstly, if D = 6 then Example[2.4.42]demonstrates Cl; (6) = 18 = 2:6-+6. Thus
now suppose D is a prime such that D = 1 mod 12. By Lemma this implies
12D = Cl. (D). We now consider the existence of non-trivial proper automorphs.
Since D =1 mod 4 and D = 1 mod 3 we have both row 1 and row3 automorphs. By

Equation 4.1 Lemma [4.5.14] and Lemma we have
12D = Cl. (D) = 6Cl; (D) — 3(uy + us) — 4(us + uyg) = 6Cl; (D) — 36.
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Hence Cly (D) = 2D + 6.

(=) Let Cly (D) = 2D + 6, which implies 12D = 6Cl; (D) — 36. First assume D
is neither a perfect square nor a prime. Then Cl. (D) = 12 Z d > 12D + 12V/D.

od=D
0<o<d

Since D is not a perfect square nor a prime, it follows that either D =6 or D > 8.
The case D = 6 is examined in Example[2.4.42 where we have Cl; (6) = 18 = 2-6+6.
So we now suppose D > 8. In fact, if D > 8 then we have 6Cl; (D) — 36 = 12D <
12D+12v/D < Cl. (D) < 6Cl, (D), which is a contraction as 12D+12v/D > 12D+37
as we assume D is not a perfect square. Thus we consider D = 8 carefully by itself.
We have Cl. (8) > 12D + 124/8 > 12D + 33 and since 12 | Cl. (8) it follows that
12D + 36 < Cl.. (8). By applying Lemmas |4.5.14] and [4.5.17| to Equation [4.1| we have
Cl.(8) = 6Cl. (8) —3-2—4-0 = 6Cl; (8) — 6. Therefore we get the following
contradiction:

6CL, (8) — 36 = 12D < 12D + 36 < Cl, (8) = 6CL, (8) — 6.

Therefore if D is not a perfect square or prime then only D = 6 satisfies Cl; (D) =
2D +6.

Now suppose D is a perfect square ,then if D = (pg)* where 1 < p < ¢ we have
Cl, (D) > 12D +12v/D+6v/D+1 as there is a divisor 2 of D such that /D < < D.
Further, D is at least 16 and so we get the following contradiction:

6CL, (D) — 36 = 12D < 12D + 73 < CL. (D) < 6CL (D).

Therefore if D is a perfect square then D = p? where p is a prime. Then we have
6Cly (D)—36 = 12D < 12D+6vD+1 = Cl, (D) = 6Cl; (D) —3(uy +ug) —4(us+1uy).
Applying Lemma[£.5.21] we see we have an immediate contradiction if p > 5. Further,
we note that p = 2 (D = 4) has already been considered, thus only p = 3 (D = 9)
remains. Applying Lemmas[4.5.14] and [£.5.17] along with Theorem when D =9
yields Cl; (9) =23 =2-9+5 # 2D 4+ 6. Thus D cannot be a perfect square and
consequently is a prime.

Since D is a prime and we have already considered D = 2,3 along with when D =
5,7,11 mod 12, it immediately follows that D is a prime such that D =1 mod 12. [

We now give an observation which demonstrates the utility of being able to calculate
the complete class number via an independent method.

Observation 4.5.29.
Let D = pq where p < g are primes. Then D is not a perfect square. Apply Theorem

.43 to get
Cl. (D) = 6¥(D) + 60(D)

=6 > (d-0)+6) d

od=D d|D
0<o<d
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=12 Z d.

od=D

0<o<d
However, we know D = pq and so the divisors of D are 1, p, q, pq. Therefore
Cl. (D) = 12pq + 12 = 12D + 12q. Hence if we know the complete class number for
D, or have the time to calculate it via the computation of all positive definite reduced
bilinear forms with determinant D, then we may recover ¢ and thus p. That is, we
have a method for factorising D in the case where D = pq, p < ¢ primes.

Remark 4.5.30.

Currently we have three independent ways to compute Cl.. (D) for any given positive
integer D. The first method is to use Kronecker’s formula found in Theorem [4.4.3]
This method is efficient but relies upon knowing the factors of D. The second method
is to compute the set of reduced bilinear forms with determinant D and then use our
knowledge of non-trivial proper automorphs to recount the complete class number.
This is currently a finite but lengthy process involving the bounds for Ay, Ajs, Ao
and Ay, found in Lemmas 2.4.27] to 2.4.32]

Our third method comes from enumerating the sets B° and B! found in Theorem
It remains to calculate new bounds for A;;, A2, Ao and Ay, in this situation.
Thus it may be more efficient to compute Cl.. (D) using the third method than second.

Having proven Cl, (D) > 2D it is somewhat reasonable to investigate when Cl, (D) =
3D. This problem turns out to be trickier than hoped for, as the following two results
demonstrate.

Lemma 4.5.31.
Assume D =1, D = 4 or D = 2p where p is a prime such that p = 3 mod 4, then

Proof.

For D = 1 and D = 4 we calculated Cl; (1) = 3 and Cl, (4) = 12 respectively
in Examples [2.4.38| and [2.4.41] So assume D = 2p where p is a prime such that
p = 3 mod 4. Applying Theorem [4.5.18 we get

C1, (D) = C1, (2p)
=V(2p)+o(2p) + Zx(d) +2 Z ny

d|2p N=2p

=2 -1+ @E-2)+1+2+p+2p+x(1) +x(2) + x(p) + Xx(2p) +2nyy

~
=0 as p=3 mod 4

=06p — 3+ 3+ 2ny,
=6pas2|2p

= 3(2p)
= 3D.
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Attempting the converse however is much more difficult. It requires careful consider-
ation of several cases. The following lemma is a partial result for the converse.

Lemma 4.5.32.

Assume D is a positive integer such that Cly (D) = 3D. Then either D =1, D =4,
or D = 2p where p is a prime such that p = 3 mod 4, or perhaps, D = k? where k is
an odd composite integer.

Proof.
First suppose D # k%, D # 2k* for some integer k. By Lemma [4.5.16/ we know

Z x(d) is even and we have
d|D

3D =ClL (D) =U(D)+0o(D)+ > x(d)+2 Y ny

d|D N=D

a>cb

2 Y ar Y@ Y n
050<d 4D J\(’;%

Thus it follows the right hand side of the above is even. Hence D must be even.
Then D = 2q for some integer ¢ and we have D, q are divisors of D such that D,

D
q > +/D. Thus 2 Z d}Q(D—I—q):Z(D—I—E):?)D.
0<5<d

Consequently, in order to avoid a contradiction (as the left hand side is 3D), w
must have equality throughout. This is because 2 Z ny = 0 and we have shown in

N=5
a>0
Lemma |4.5.15| that Z x(d) > 0. Hence ¢ must be a prime, else we would have more
d|D
terms in 2 Z d.
od=D
0<o<d
Since ¢ is prime and we must have x(1) + x(2) + x(q) + x(2¢) = ZX =0, it

d|D
follows that x(¢) = —1 and thus ¢ = 3 mod 4. It is then straightforward to check
2 ZnN:Qngq:OaSZ\Zq.

_D
N=-3

a>0
Therefore if D # k? D # 2k? and Cly (D) = 3D then D = 2p where p is a prime
such that p = 3 mod 4.
Now suppose D = 2k? for some integer k. By Lemma [4.5.16it follows that Z x(d)
d|D

is odd and we have

3D=CL (D)=2 Y d+> x( —l—QZnN

8d=D d|D Ne=
0<o<d 2
a>0
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Observe since D = 2k?, the left hand side is even, whilst Z x(d) being odd makes
d|D

the right hand side odd. This is a contradiction. Hence D # 2k2.

Lastly suppose D = k*. We already know by direct calculation that Cl, (1) = 3 and

Cly (4) = 12. Therefore we will assume k£ > 3. Lemma {4.5.16| implies Z x(d) is odd

d|D

and applying Theorem [4.5.18| we get

3D = ClL; (D) = ¥(D) + o(D) + 3 x(d) +2< 3 nN) 1

d|D N:%
a>00
=2y d+x/5+zx(d)+2( > nN> ~1.
od+d d|D N=D
0<d<d a;g

We split into two cases according to whether £ is odd or even.
Case 1: k is even.

Write k& = 2j and thus D = 4;2. Observe both D and £ = 2j* are divisors of D

D
that are larger than v/D and hence we have 2 Z d=>2(D+ 5) = 3D. Therefore

ad=D
0<o<d

we have a contradiction because D — 11 (since D = k%, k > 2), Zx(d) > 0 and

d|D
2 Z ny > 0.
D

N=-%
a>0
Thus k£ must be odd.

Case 2: k is odd.
Suppose further that £ is a prime. Then it follows that 2 Z d = 2D. Thus we wish

0£5<d
to show D # /D + Zx(d) + 2( Z nN) — 1. We examine the two summations
d|D N-D
a>lb

separately. We have

> x(d) = x(1) + x(k) + x(k?)

d|D

3 ifk=1mod4
1 if £ =3 mod 4.

Similarly we have

2 Z ny = 2(ngz +nq)

2 ifk=3asng=0
= 2 ifk=2mod3
6 if £=1mod 3.
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Combining these two results together yields

5 if k=3
k+4 if k=5mod 12
\/5+Zx(d)+2(2mv>—1: k+8 if k=1mod 12
d|D N=D k+2 if k=11 mod 12

=232

a>0 k+6 if k=7 mod 12.

In each case, setting it equal to D = k? and solving the resulting quadratic never
yields an integer value greater than or equal to 3 for k. Hence we deduce if D = k?

and Cly (D) = 3D then either D = 1, D = 4, or perhaps D = k? where k is an odd
composite integer. O

Observation 4.5.33.

At this stage in time I am unable to rule out the case D = k? where %k is an odd
composite integer. This is despite numerical evidence suggesting that this case should
not arise. This case is particularly difficult to prove because one can find values for
k where Cl, (k?) > 3k?, but also find (many) values for k& where Cl, (k?) < 3k*. In
general, the more distinct prime factors k has, the more likely it is that Cl, (k?) > 3k2.

Notes on Section (4.5
This section is not found in [Kr1897] or [Wel974].

4.6 Determining values for Py, Qy, Ry and S,

We now return our attention to determining values for Py, Qo, Ry and Sy. We will

do this in an analogous way to that of Sectio.
3.5.1}

Recall the sets I — and I; — from Definition

Io— = {(A11, A11, Ao, Ags) | det(A) = D, —Ap < Ag < Apy,

AH —+ AQQ = 1 mod 2,1411 + A21 = 0 mod 2} >
I = = {(A11, A1, Ag1, Ago) | det(A) = D, — Ay < Ay < Ay,

A1+ Ay = 1mod 2, Ajy + Asy = 0 mod 2} .

Further, remember Py = |I—| and Qo = |1, —|.

Lemma 4.6.1. o
Any bilinear form in the set I — satisfies A1; = D mod 2 and Agy — A; = 1 mod 2.

Proof.

In Iy~ we have A;; + Ayp = 1mod 2 and Aj; + Ay = Omod 2. Adding these
together yields Ayy — Ay = Agy + Asy = 1 mod 2. Now D = Ay (A — A1) and
Agg — As; = 1 mod 2 imply if D is odd then A;; = 1 mod 2, and if D is even then
Aj; = 0 mod 2. Consequently we have A;; = D mod 2. O
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Lemma 4.6.2.
Let V- = {(s,t, A1) | s,t € Zsp,st = D,t =1mod 2,5 = Ay mod 2, —s < Ag; < s}.
Then the map

X : K —V
(A11, Avr, Agr, Ago) > (Arr, Agg — Aoy, Ag)

15 a well-defined bijection.

Proof.

Well-defined: We have st = Aqy (Age — Agy) = D and since D > 0 and 0 < Agy — Ay
it follows that s,t € Z~¢. By Lemma [4.6.1] we have t = Ay — A; = 1 mod 2. Also
s = A;; = Ay mod 2 because in K we have Ay + Ao = 0 mod 2. Lastly, we have
—s=—A1 < Ay < Ay = s. Therefore y is well-defined.

Injectivity: This is straightforward to verify.

Surjectivity: Let (s,t, Ag;) € V be arbitrary and consider

g = (S, S, Agl,t+ AQI) = (AH, AH, AQl, A22>. Then det(g) = S(t+ AZI) - SA21 = st =
D. Next, —AH = —s< A21 <s= AH and t € Z>0 1mphes t= A22 — A21 > (0. Now
A+ Ay = s+t + Ay =t mod 2 as s = Ay mod 2, however ¢ = 1 mod 2 and thus
Ay + Ay = 1 mod 2. Lastly, Aj1 + Ay = s+ Ay = 0mod 2 as s = Ay mod 2.
Hence g € In—. Finally we note x(g) = (s, + Ag; — A1, Ag1) = (8,1, Ag).

Thus x is a surjection and hence a bijection. O]

Theorem 4.6.3.

— D
Pg - Z 7
t|D
t odd
Proof. -
By Lemma we have Py = |Io_| = [V|. We calculate |[V|. Since ¢ is odd, pick any
pair of divisors s,¢ of D where ¢ is odd. By Corollary we have (—s, s| contains
(2s+1)—1 = 2s integers and then the condition Ay; = s mod 2 implies there are only
s possible choices for Ay;. Since s # 0, we can find s forms (s, ¢, Agy) for any s,t € Z+

— D
where st = D and t is odd. Noting s = £ then yields P = |[V| = Z s O
toda

Lemma 4.6.4.D
Q=P=) —

t|D

todd
Proof.

Let Z = Iy— NI, — and consider

K\Z = {(An, Aq, Ao, A22) | det(A) =D, Ay = Aq1, Ay + Ay mod 2,
0 <Ay —An }7

154



E\Z = {(Alh Au, A21, A22) | det(A) = D, A21 = —An, Au + A22 mod 2,
0 < A22 - Agl} .

We note that in both of these sets we automatically have A;; 4+ Az = 0 mod 2. Define
the map

X:To\Z — L \Z
(A11,A11,A21>A22) L (A117A11, — Aoy, Ago — 2A21) = (G11,G11,G21>CL22)-

We now show that x is well-defined and is a bijection.

Well-defined: We have det(an, aii, aoy, (1,22) = All(A22_2A21>_A11(_A11) = AH(AQQ—
Agl) = D. Next, 91 = —Agl = —A11 = —aj1 as A21 = —AH in K\Z Fur-
ther, ai; + ags = Ags — 2451 + A;1 = A1 + Aze = 1 mod 2. Lastly, as — as; =
A22 — 2A21 — (—Agl) = A22 — A21 > 0. Hence )A( is well-defined.

Injectivity: This is straightforward to verify.

Surjectivity: Let (ai1, ai1, a1, ass) € I; =\ Z be arbitrary and consider

g= (an, ai11, —021, A22 — 2(121) = (An, Aqr, Aoy, Azz)- Then det(g) = 6111(6122 - 2a21) -
a11(—a21) = a11(a22 - &21) = D. Further, Ay = —ag = —(—an) = a;; = A,
A11+A22 = (111—|—CL22—2(121 = a11ta9 = 1 mod 2, and AQQ—Agl = a22—2a21—(—a21) =
ass — ag; > 0. Thus y is surjective and hence a bijection.

— D
From this and Theorem 4.6.3[it follows that Qg = Py = Z s O

t|D
todd

Definition 4.6.5.
Let Uodd(D) = Z d.

d|D
d odd

Lemma 4.6.6.
Let D € Zwq and let m be the largest odd divisor of D. Then D = 2*m and we have

FO = 2k00dd(D) .

Proof.
Let D € Z+ and m be the largest odd divisor of D. Using D = 2¥m, Definition m
and Lemma [£.6.3] we have

Py
t|D

t odd
2km

t
t|D
t odd

:2’“2?%“2'“

t|D
t odd
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= ok Z d as m and ¢ are odd implies 7* is odd

d|D
d odd

= ngodd(D)-

We now derive an expression for Rj.

Lemma 4.6.7.
Let

V={(s,t,A11) | $,t € Zsp,st =D, s>t,s—t+1< A3 <s+t—1,s=tmod?2,
A11§1m0d2}.

Then the map

v:do= —V
(A11, Ay, A1, 0) — (Ao, —Ag, Avy)

s a well-defined bijection.

Proof.
Well-defined: We have Ay; < 0 in K and 0 < D = —A3Ay = st implies
s = A12 € Z>0 and t = —A21 S Z>0. Next, we note Agl < 0 < A12 and

0 < %(Am + Ag;) implies s = Ajg > —Ag = t. Also, s = Ajp = —Ay = t mod 2
since A;9s+A9; =0 mod 21in K. Since Ayy = 0 we automatically get A1; = 1 mod 2.
Combining these results yields s — ¢ = s+t = 0 mod 2. Lastly, Ay; < —|A11 — Ajs
implies A + Ay < Aj; < Ajg — Agq (remember Ay < 0) and so s —t < Ay < s+t.
However, Ay is odd and s =t are even and so we have s —t+1 < Ay < s+t — 1.
Hence 7 is well-defined.

Injectivity: This is straightforward to verify.

Surjectivity: Let (s,t,Ay1) € V be arbitrary and consider ¢ = (Ajq,s,—t,0) =
(@11, a1, a91,0). Then det(g) = Ay -0 — s(—t) = st = D. Further, %((112 + ag) =
%(s—t) >0 as s >t. We also have %(CL12+6L21) = %(s—t) <s—t+1< Ay =a.
Thus 0 < %(CLU + as) < agp. Next, s—t+1 < Ay < s+t—1implies s—t < Ay; < s+t,
which in turn yields —t < A;; — s < t. Hence |Aj; — s| < t. Using t = —ag; and
s = ajo then gives ag; < — |aj; — ajsl.

Lastly, observe a;; = A11 =1 mod 2 and a1+ a9y = s—t =0 mod 2. Thus g € K.
Finally, we have v(g) = (s, —(—t), A11) = (s,t, A11).

Hence ~ is surjective and thus a bijection. O]

Corollary 4.6.8.

st=D

s>t
s=1 mod 2
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Proof.

By Lemmawe have Ry = |V|. Pick any pair of divisors, s, t of D such that s > ¢
and s =t mod 2. The conditions on the set V then imply Ay € [s —t+ 1,5+t —1].
Since s >t and s —t 4+ 1 is odd, it follows that s —¢ 4 1 > 0. Further, by Corollary
there are 2t — 1 integers in this interval, of which ¢ of them are odd because
both s —¢t+ 1 and s+t — 1 are odd.

Thus we have Ry = |V| = Z t. O

st=D

s>t
s=t mod 2

In our next few results we will be required to take special care with the case when
the determinant is a perfect square.

Lemma 4.6.9.
Let D € Z~ then

T { Ro+ VD if D is a perfect square
=< =2

Ry otherwise.
Proof. o o
Let D € Z~¢ and recall Ry = |Jo~| and Sy = |J; —|, where
1
Jo= = {(A11, A2, A21,0) | det(A) = D,0 < 5 (A12 + Agr) < Ay,
A21 < — ‘All — A12’ 7A11 = 1 mod 2,A12 -+ A21 = 0 mod 2} s
1
Ji= = {(A11, A2, A21,0) | det(A) = D,0 < 3 (A2 + Ag1) < Ai,
Agl < — |A11 — Au’ 7A11 = 1 mod 2,1412 -+ A21 = 0 mod 2} .
Let Z = Jo— N Jy—, then

T,:\Z - {(A117A127A2170) | det(A) - D7A12 + A21 - 2A117A21 < — |A11 - A12| )

Ay = 1mod 2},
T,:\Z = {(A11, A12,A2,0) | det(A) = D,0 = Ajp + A9y, Aoy < — [A11 — Asaf,
All = 1 mod 2} .

We note the condition A5 + A; = 0 mod 2 is automatically fulfilled in the sets
Jo—\Z and J; —\Z and so is omitted from the description.

Observe both T,:\Z and K\Z contain the relation Ay < —|A;; — Ajs|, which
implies Ay + Ay < Ay < Ajp + |Ag| . Consequently Jo—\Z = 0 since the set
Jo=\Z requires 241, = Ajp + Ay < Ay,

Let (Ajp, Aja, Ay, 0) € J;-\Z, this satisfies 0 = Ay + Ag; and thus Ay = —Ajs.
This yields D = det(A) = —Ap Ay = A2, and hence if D is not a perfect square then
J1.-\Z =) and thus Ry = |Z| = Sp.

We now assume D is a perfect square, it is still true that J, -\ Z = ) but we will show
J1=\Z # 0. Let (A, Ap, A91,0) € J,\Z be arbitrary, then by above D = A2,.
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Since A12 > 0 it follows that Alg = \/5 and A21 = —\/5 Then Agl < — |A11 — A12|
implies A12 + Agl < All < A12 + |A21| and so 0 < All < 2\/5 There are 2\/5 -1

integers in the interval [1, 2D — 1] and since 1 and 2v/D — 1 are odd, it follows
that precisely v/D of them are odd.

Therefore there are v/D choices for A;; and consequently {K\Z ‘ =+/D.
Hence

So =[]
= [7i2\2] + 1]
=12+ [ =\2|+12]
=
= [L=\Z] + [Jo-|
=D + R,.

E+¢E if D= k2

Hence we have our result, Sy = .
0 { Ry otherwise

Lemma 4.6.10. o
Let D € Z~q and assume D = 2 mod 4, then Ry = Sy = 0.

Proof.

Since D = 2 mod 4, the prime factorisation of D contains a single power of 2. Thus
D cannot be a perfect square and so Lemma yields Sy = Ry. Further, since D
contains a single power of 2, there are no divisors s,¢ of D such that st = D and
s =t =1mod 2. Thus at least one of s,¢ is divisible by 2. However, D = 2 mod 4
implies that we cannot have 2 | s and 2 | ¢.

Hence s # t mod 2 and thus Sy = Ry = Z t=0. O

0<t<s

st=D
s=t mod 2

Lemma 4.6.11. Let D € Z~q be such that D =1 mod 2. Then

ol (U(D) —¥(D) - @) D=k
% (o(D) — ¥ (D)) otherwise

o _ { L (o(D) = (D) + VD) if D=1
% (o(D) —¥(D)) otherwise.

Proof.
Let D € Z-y and D = 1 mod 2. First suppose that D is not a perfect square, then
Lemma {4.4.2] yields 2 Z 0=0(D)— V(D). Since D is odd it follows that 0 and d

0<o<d
od=D

are always odd and so 0 = d mod 2. Since D is not a perfect square we cannot have
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9 =d =+/D. By Lemmas 14.6.8 and [4.6.9| we have

. a_ 23" 0 :%JD)—\II(D)).

0<d<d 0<d<d
8d=D od=D
0=d mod 2

Now suppose D is a perfect square, then Lemma [4.4.2 yields 2 Z 0 = o(D) -

0<a<d
0d=D

(D) —+/D. Tt is still true that = d = 1 mod 2. Lemmas 14.6.8/and [4.6.9] then yield

— 1
Ry = 3— Ol ==(o(D)—¥Y(D)—+vD) and
> DY 5 (o(D) = w(D) - VD)
0<o<d 0<ao<d
od=D 8d=D
0=d mod 2

S =TFo+vD =1 (o(D) = ¥(D)~ VD) + VD =} (o(D) = w(D) + VD). D

Lemma 4.6.12.

Let D € Z~q be such that D =0 mod 4. Then
D D D 1) _
Bo=1 o) -V(%)—yT ¥D=#
o (%) - v (%) otherwise
s [o®-wv@ 5 fp=k
o (%) - v (%) otherwise
Proof.
Let D € Z-o be such that D = 0 mod 4, we first assume that D is not a perfect
square. Then R, = Z t implies 2 | s and 2 | ¢t as otherwise s # ¢ mod 2.
0<t<s
st=D

s=t mod 2

We note that D = 0 mod 4 implies there is no pair of divisors S,t of D such that
s=t=1mod 2. Now let (s,t) be a pair of divisors of D and write s = 25 and t = 2f.
It follows that D = 45t and so §,¢ are divisors of %. Then Lemmas , and

yield

So=Ro= Y. 25:225:0(5)—\11(§).

0<2t<23 0<i<s
43f=D §t:%
25=2t mod 2

Now assume D is a perfect square, we note that D = 0 mod 4 implies % is also a
perfect square. We also note that the requirement s =t mod 2 for any pair of divisors
we consider, means 2 | s and 2 | t. Again, we write s = 25 and ¢ = 2¢t. Then Lemmas

[.4.9, [1.6.8 and [£.6.9] yield

Ro= > 2t—22t—0( )—\1/(%)— %

0<2t<23 0<t<5
4.§§:D St_K
25=2t mod 2
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Further, we have

=500 (8) -+ (B) Fvoo(2) -0 (3) 2

4.7 A Formula for the Single Bar Complete Class Number for Bilinear
Forms

In this section we utilise our expressions for Py, Qy, Ry and Sy to develop a formula
for Cl. (D). We remind the reader that D is a fixed positive integer corresponding to
the determinant of the bilinear form.

Lemma 4.7.1.
Let D € Z~q be such that D = 1 mod 2.
Then 20,44(D) — o(D) + ¥ (D) = o(D) + V(D).

Proof.

Recall from Definition the definition of 0,q9q. Note that D = 1 mod 2 implies
every divisor d of D satisfies d = 1 mod 2. Thus when D is odd we have 20,44(D) =
20(D).

Hence 20,44(D) — (D) + V(D) = o(D) + ¥ (D). O

Lemma 4.7.2.
Let D € Zsg be such that D = Omod 2. Then D = 2% . m where k > 1 and
m = 1 mod 2 and we have 0,44 (2%) =0 (2%) for0 < qg<k.

Proof.

D = 0 mod 2 implies D = 2¥-m where k > 1 and m = 1 mod. We note for 0 < ¢ < k
the set of odd divisors of £ is precisely the set of odd divisors of m = 2%. By
Definition W this means g,qq (2%) =0 (2%) for 0 < ¢ < k. ]
Lemma 4.7.3.

Let D € Z~g be such that D = 0 mod 4. Then writing D = 2% -m where m = 1 mod 2
yields 2°710,44(D) = 4044 (%) + 4o (%).

Proof.

First recall o(D) is a multiplicative arithmetic function. That is, for D = a - b where
ged(a, b) = 1 we have o(D) = o(a) - o(b).

Writing D = 2¥ - m where m = 1 mod 2 and consequently k& > 2 yields

- (%) o (2 m)

=0 (27%) - o(m) m =1 mod 2



= (2" = 1) o(m).

We note 0o44(m) = 0odd (%) = 0odd (D) and further o(m) = ooqa(m) since m =
1 mod 2. Therefore

40 o4q <§) + 4o (g) =4do(m)+4 (25" = 1) o(m)

=428 15 (m)
— 2k+10<m)

= 2k+10'0dd (D) .
[

We now state and prove the key theorem of Kronecker’s section 18, see [Kr1897,
p. 476].

Theorem 4.7.4.
Let D € Z~y, then

1 D)+ V(D) if D =1mod 2
gﬁc (D) = (g) if D =2 mod 4

Proof.

From Section , Equation we have Cl, (D) = 3 (FO +Qo— Ry — S_O)

We will split this proof into two cases, when D is a perfect square and otherwise.
First assume that D is not a perfect square.

Using our results from Section plus Lemmas [4.7.1], |4.7.2| and [4.7.3| we have

1 2P, — 2R, if D =1mod 2
gﬁc(p): 2P, if D =2mod 4
2Py — 2R, if D=0mod4
2 200,4q(D) —2- 1 (0(D) — ¥(D)) if D =1mod 2

= 2'200dd(D) if D=2mod4
2 2%00qa(D) — 2 (0 (2) + ¥ (2)) if D=0mod 4
400aa(D) — a( )+ ¥(D) if D=1 mod 2

= 4Uodd<D) if D=2mod4
2" ooqa(D) — 20 (2) +2¥ (2) if D =0mod 4
o(D)+¥(D) if D =1mod 2

= 40(%) it D=2mod4

400qd (2) 420 (2) +2¥ (2) if D =0mod 4.

We now suppose that D is a perfect square. Note D being a perfect square means we
cannot have D = 2,3 mod 4. Recall when D = 1 mod 2 we have 0,qq4(D) = (D) and
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also note that in the proof of Lemma we made no assumptions as to whether D
was a perfect square or not. Thus we get

1 [ 2Ry —Ry— S, if D=1mod 2
3CIC<D>_{ 2%—?0—5_0 if D =0mod 4

2 2°0,04(D) — § (#(D) = (d) = VD) — § (o(D) - W(D) + VD)

{2 2% 044a(D _<U(%)_\P(%)_ %>—<U(%)—\IJ(%)+ %)
:{ 20044 (D) — a(D) + ¥(D) if D=1mod 2

2k+1aodd ) —20 (2)+2¥ (2) if D=0mod4
(D) if D =1mod 2
4aodd )+20 (8)+2¥ (£) if D=0mod 4.
O

It is quite remarkable the results are the same regardless of whether D is a perfect
square or not.

Notes on Section [4.7]

The following lemma is given in Kronecker but is not used in our work.

Lemma 4.7.5.
Let D € Z~ be such that D = 0 mod 4. Write D = 2% - m where m = 1 mod 2 and
consequently k > 2. Then o (2’“‘2 . m) = (2k_1 — 1) Todq (M).

Proof.

We first note m = 1 mod 2 implies o(m) = goqq(m). Therefore (2’“‘1 — 1) o(m) =
(Zk_l — 1) aodd(m).

We have o(2¥72.m) = Z d. Any divisor d of 272 . m may be written as 29 - ¢

d|2k—2.m
where t = 1mod 2, ¢t | m and 0 < ¢ < k—2. Further, for every such ¢ and any
divisor ¢ of m we get 27 -t is a divisor of 282 -m. Let d,ds, ... ,d, be the divisors of

m. From this it follows

Z d=dy +2d; +22d, +... +2"2d, + ...+ 2524,

d|2k—2.m
k—2 k—2
=d;» 2+ +d Y 2
q=0 q=0
k—2
(dy+...+d)> 2
q=0
k—2
=o(m) Z 21
q=0
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(2" —=1) o(m)

(Qk_l — 1) aodd(m).

O
In Lemma we note Kronecker stated it as 28t1o,qq(D) = 40,4q(D) + 40 (% .
This is not an error of his part, but a reflection of the fact that ooqq (D) = 0oaa (I .

Theorem differs by a factor of two when compared with Kronecker’s original
work. This is still due to Kronecker considering definite bilinear forms.

4.8 Introducing ClL (D).

We now turn our attention to introducing one further refinement of the complete class
number for positive definite bilinear forms. As before, D € Zq is the determinant of
our bilinear forms.

We single out the following two subsets of the set of complete equivalence classes of
bilinear forms.

Definition 4.8.1.
Let Cl.. (D) be the cardinality of the subset of complete equivalence classes of bilinear
forms satisfying the following two conditions:

1. At least one of A;; and Ay, is odd, and
2. A12 - Agl = 0 mod 4.

Definition 4.8.2.
Let C1” (D) be the cardinality of the subset of complete equivalence classes of bilinear
forms satisfying the following two conditions:

1. Exactly one of A;; and Ay is odd (that is, A3 + Ayy = 1 mod 2), and
2. A12 — A21 = 0 mod 4.

Observation 4.8.3.

Definitions and are well defined on complete equivalence classes because
any two completely equivalent bilinear forms must be congruent to each other modulo
2 (see Lemma . Consequently modulo two they must have the same sum of their
outer coefficients. Further, by Lemma we know A — Ay is Invariant under
proper equivalence, it is invariant under complete equivalence and thus all forms
within a complete equivalence class satisfy Ajo — Ay = 0 mod 4.

Observation 4.8.4. _
Observe any bilinear form which is counted in CI. (D) is also counted in Cl. (D).

However, if a bilinear form has both outer coefficients odd then it is counted in CI.. (D)
but not in C1/ (D). Further, any form satisfying A;5 — Ay; = 0 mod 4 automatically
satisfies Ao — A; = 0 mod 2 but not vice versa.

Hence CI” (D) < Cl. (D) < Cl. (D) < Cl. (D).
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Our first goal is to deduce the following result: Cl (D) = 3(? +Q-R- ?)
To do so, we will give a similar argument to that of Section 3.3, where we proved
Cl.(D)=3(P+Q—R-25).

We begin with the following theorem.

Theorem 4.8.5.

Let A be a bilinear form with matriz representation A, M € SLy (Z) and B = M'"AM.
Then Ay = Ay = 0mod 2 and Ao — As; = 0 mod 4 if and only if Byy = By =
0 mod 2 and Bis — By = 0 mod 4.

Proof.

(=) Assume Aj; = Ay = 0mod 2 and Ajp — Ay = 0 mod 4. From Lemma [2.4.6]
we have Bis — By = Ay — Ay = 0mod 4 as M € Sl (Z). Further, note that
Ais + A1 =0 mod 2 and Bjs + By = 0 mod 2. Applying Observation m (I) with
M € SLy(Z) yields

By = Ay + ay(Ap + Agp) + ’YZAQQ = 0 mod 2 and
Boy = %A1y + BO(A1 + Agp) + 6245, =0 mod 2.

(«<=) Since M € GLy(Z) it is invertible. Write A = (M~')" BM~! and apply (=). O

Corollary 4.8.6.

There is no Kronecker reduced form, ( in ﬁm ) satisfying A1s — Aoy = 0 mod 4
21 A

and at least one of Ai1, Aoy odd, that is properly equivalent to the reduced form

a2 + az a2
( , where aig + as; > 0.

a2 a2 + an
Proof.
Recall Kronecker reduced forms are positive definite and every positive definite form
. : . A A
is properly equivalent to a unique reduced form. Let A = ( All A12 > be a Kro-
21 A

necker reduced form with A5 — Ay = 0 mod 4 and at least one of its outer coeffi-

cients odd. Assume B = MtAM = [ “12 T an @12

a21 a1z + as

M € SLy (Z).

Then Lemma [2.4.6]implies the reduced form satisfies a19 —as; = A1 — As; = 0 mod 4
and so ajy + as; = 0 mod 2, thus a;; = aye = 0 mod 2. Next, the matrix M ! trans-
forms the reduced form back to the Kronecker reduced form A. However, Theorem
implies A1; = Ay = 0 mod 2, contradicting at least one of A;y, Ay is odd.
Hence there does not exist a Kronecker reduced form with 49 — A3; = 4 mod 2 and
at least one of its outer coefficients odd which is properly equivalent to the reduced

a2 + ag a2
form , where a5 4+ as; > 0. O
Ao 12 + ao1

) where a9+ ag; > 0 and

For a given reduced bilinear form we now consider the structure of the complete
equivalence classes in its proper equivalence class with respect to Cl. (D) and C1” (D).
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We will continue to use the representatives found in Equation to describe the
transformation matrices used to generate the complete equivalence classes.

Lemma 4.8.7.

Let A be a bilinear form with matrix representation A. Assume the proper equivalence
class of A contains siz distinct representatives for the complete equivalence classes of
A and let A~ B. If B satisfies Bj1 = By = 0 mod 2 and Bi1s— By = 0 mod 4 then
all siz complete equivalence classes satisfy a1 + ase = 0 mod 2. While if Bis — By =
0 mod 4 and at least one of By1, Bay is odd then only two of the complete equivalence
classes have forms satisfying a1 + ase = 0 mod 2.

Proof.

Let B satisfy Bis — By = 0 mod 4, then any bilinear form properly equivalent to
B also has this property. We apply Lemma as Bis — By; = 0 mod 4 implies
By — By; = 0 mod 2. Thus we know any bilinear form that is properly equivalent to
B satisfies aj; + ags is congruent to either By + Bas, By or By mod 2.

Now recall completely equivalent bilinear forms have the same entries mod2 in their
matrix representations. Thus using Observation m (I) along with each of the 6
complete equivalence class representatives found in S, we see exactly two complete
equivalence classes yield bilinear forms satisfying ay; + a9 = By mod 2, two more
satisfy ay; + age = Bay mod 2, while the remaining two satisfy a;; + ase = B +
BQQ mod 2.

The only way for all of these to be 0 mod 2 is if B;; = Byy = 0 mod 2. We now
observe if exactly one of Bjj, Byy is odd then only one of Byy, Bas and Byy + Bas is
even. Whilst if both By; and By are odd then only By + Bas is even.

Hence either all six complete equivalence classes of bilinear forms within the proper
equivalence class satisfy aj; + ago = 0 mod 2 (when By; = By = 0 mod 2); otherwise
only two complete equivalence classes within the proper equivalence class have this
property. ]

Our next lemma and theorem prove a key result implied by Kronecker.

Lemma 4.8.8.
Consider the subset of positive definite Kronecker reduced bilinear forms A satisfying
the following two conditions:

1. At least one of their outer coefficients is odd, and
2. A12 — A21 = 0 mod 4.

Then within the proper equivalence class of such a bilinear form, there is a 2:1 ratio
of the number of complete equivalence classes with the property Ayq + A = 1 mod 2
to those with the property Ay + Ags = 0 mod 2.

Proof.

Consider the set of Kronecker reduced bilinear forms with the properties as given in
the statement of the lemma. Recall every Kronecker reduced bilinear form is properly
equivalent to a unique reduced bilinear form. Consequently, Lemma [2.4.6|implies this
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reduced bilinear form also satisfies a9 — as; = 0 mod 4. Further, Theorem im-
plies the reduced form must have at least one of its outer coefficients odd because the
Kronecker reduced form has at least one odd outer coefficient. Further still, Theorem
4.8.5|implies all bilinear forms within the proper equivalence class have this property.
If the proper equivalence class of the reduced bilinear form contains 6 distinct repre-
sentatives for the complete equivalence classes, then Lemma[4.8.7implies that exactly
two of the six complete equivalence classes have forms satisfying A3 + Ass = 0 mod 2.
This is because our reduced form does not satisfy A;; = Ay = 0 mod 2. Conse-
quently in this case we have a 2:1 ratio of complete equivalence classes with the
property Aqy; + Ass = 1 mod 2 to those that have A;; + A = 0 mod 2.
We now deal with the situation when the proper equivalence class of the reduced bi-
linear form contains less than 6 distinct complete equivalence classes. This means the
reduced form has a proper automorph. Therefore we must consider reduced bilinear
forms of the types found in the first four rows of Summary
Observe that the form in the fourth row is a special case of the form in the third
row, where Ay = As. By Corollary we know there is no Kronecker reduced
form with at least one odd outer coefficient odd, and the sum of its inner coefficients
a12 + az a2
a1 Q12 + Az
reduced bilinear form cannot arise when we reduce our Kronecker reduced bilinear
form. We investigate rows one and two separately.
Suppose our Kronecker reduced bilinear form is properly equivalent to the reduced
A A
—Ap Ap
alence classes within its proper equivalence class is given by

A A 2A1 A+ A Ay A+ A

A An )7\ An - A Aq "\ A — Ap 241 '
Since we began with a Kronecker reduced bilinear form that satisfies Ajs — Ag; =
0 mod 4 and this is invariant under SLy (Z), we know all of the above three forms
must satisfy a;s — as; = 0 mod 4. It is straightforward to check that only the first

form satisfies a1 + ass = 0 mod 2 and hence we have a 2:1 ratio.
Now suppose our Kronecker reduced bilinear form is properly equivalent to the re-

duced bilinear form ( An 0

even that reduces to ) Hence the third and fourth types of

bilinear form ) , where A;; = 1 mod 2. Then the set of complete equiv-

equivalence classes within its proper equivalence class is given by

{( All 0 ) ( 2A11 All ) < All All )}
0 All ’ All All ’ All 21411 ‘

It is clear all of these complete equivalence classes contain bilinear forms satisfying
a2 — ag; = 0 mod 4 and straightforward to verify only the first form satisfies a1 +
a9 = 0 mod 2. Hence we have a 2:1 ratio.

Thus we always have a 2:1 ratio of complete equivalence classes where ay; + a9 =
1 mod 2 to those where a1 + ass = 0 mod 2 within the proper equivalence class of

), where A;; = 1 mod 2. Then the set of complete
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any Kronecker reduced bilinear form that satisfies A3 — A3; = 0 mod 4 and has at
least one odd outer coefficient. O

Theorem 4.8.9.
Let D € Z~ then SCIZ (D) =2Cl. (D).

Proof.

The set of complete equivalence classes of bilinear forms that are counted by C1” (D)
are contained within the set of complete equivalence classes of bilinear forms counted
by CL. (D). Also recall the bilinear forms in a complete equivalence class that are
counted by C1” (D) all have the property A;; + Asy = 1 mod 2. Then Lemma m
shows that within a proper equivalence class of a Kronecker reduced form which has
at least one odd outer coefficient and A5 — Ay; = 0 mod 4, we have a 2:1 ratio of
complete equivalence classes that satisfy _AH + Ass = 1 mod 2 to tho&a satisfying

A1 + Az = 0mod 2. Hence Cl (D) = 2Cl. (D) and thus 3Cl, (D) = 2Cl. (D). O
We now extend the ideas developed in Section

Definition 4.8.10. o

We define four subsets, ©; C ©; where © € {I,J} and i € {0, 1}, by strengthening
the condition A9 — As; =0 mod 2 to A9 — Ay = 0 mod 4.

We then partition our new sets further using =, >, < in accordance with Definitions

4_1 3.4.2and [3 l We use the followmg notatlon for the cardinalities of these sets:
‘Io) ‘Il‘ )JQ‘ andS ’Jl)

It is important to note we are still retaining the condition A+ Ag =1 mod 2. Also
since ©, C ©;, it follows immediately that these new sets are finite.

Theorem 4.8.11. -
Let D € Z then Cl, (D) =3 (?—i—@—ﬁ—g).

Proof.

We are considering subsets of the sets B° and B! from Section . Since the sets M
and N were in fact the empty set when we considered Cl. (D), they are in fact still
empty. Therefore, in the same manner as we constructed Cl. (D), we have

Clg(D):2(?+@—§—§>.

(One should recall the map 7 found in Lemma m preserves the quantity Ajo— Asy.)
Applying Theorem then yields

Cl. (D) = 501 (D)
_3(P+3-R-5).
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CL(D)=P+Q-R—-25.

Our next goal is to derive an expression for %

We will give a detailed proof of the result P + 5 ~R-S = ?0 + @ — RFO — 5’:0.
Readers wishing to omit the technical details may skip ahead to Section 4.9,
The following summary will be a key reference point for this subsection.

Summary 4.8.12.
Throughout, det = D will be used to denote A1 Ay — A1pAs = D
Iy ={ (A11,A127A21,A22)‘ det = D, Ajp > Agp,0 < & (A12 + A1) < A,

|A1p — Agg| < Agg — A9y, App + Ay = 1 mod 2, Ajs — Ag; = 0 mod 4}
Iy« = { (A11,A12, Aoy, Ago) ‘det =D, A1 < Ap,0< (A12 + Agy) < Auy,

|A1p — Ajg| < Agg — Aoy, Al + An =1 mod 2, Ajg — As; = 0 mod 4}
I > = { (A11,A12, Aoy, Ago) ‘det =D, A1 > Ap2,0 < 5 (A12 + As) < Ai,

|A1p — Ajg| < Agg — Aoy, Al + Agpp =1 rnod 2, Ajg — Ay = 0 mod 4}
I« = { (A11,A1, As1, Ag) ‘det =D, Ay < A, 0 (Am + A1) < Au,

|A1g — Agg| < Agg — Aoy, Al + Agpp =1 mod 2, Ajs — Ag; = 0 mod 4}
Jo> = { (A11,A12, Aoy, Ago) ’det =D,0< Ay < = L (A12 + Agy) < A,

|A1p — Aio| < Agg — Aoy, Apy + Agz = 1mod 2, Aj — Ay = 0 mod 4}
Jo,<« = { (A11,A12, Ao, A22)‘ det =D, Ay <0< = (A12 + Ag1) < A,

|A11 — Aga| < Agg — Aoy, Ajp + A22 = 1mod 2, Ajs — Ay = 0 mod 4}
J1> = { (A11,A12, Aa, AQQ)‘ det = D,0 < Agy < %(Am + Ap1) < A,

|A1p — Apo| < Agg — Aoy, Ay + Ags = 1 mod 2, Ay — Ag; = 0 mod 4}
Tg = { (An,A12,A21,A22)‘ det = D, Ay <0 < %(Am + Ag) < Ay,

|A1p — Ajo| < Agg — Aoy, Ajn + Aga = 1 mod 2, Ajp — Ay; = 0 mod 4}

Observation 4.8.13.

Readers may recall from Section the manner in which we proved results such as
P +P, = Q;+Q; (Lemma . Unfortunately, restricting these maps further fails
to yield any bijections and so a different approach is required. The restriction maps
of the maps W and W’ (see Theorems [3.7.1| and [3.7.2)) will be further restricted after
we have laid the groundwork.

The following lemma will prove useful along the way.

Lemma 4.8.14.
Assume A1 — A1 = 0 mod 4 then 2A190 = 2A5 = Ao + Ay = 0,2 mod 4.
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Proof.

Note that A3 — As; = 0 mod 4 implies Ajs + A1 = 0 mod 2 and thus A + Ay =
Oor2mod4. If Ajs + As; = 0mod 4 then it is straightforward to see that Ajs
and A, are both even. Consequently 4 | 2415, 4 | 249 and 4 | (Ajp + Agy). If
Ajs+ As; = 2 mod 4 then it is straightforward to see that both A5 and Ay are odd.
Consequently 2415 = 249 = (A2 + A1) = 2 mod 4. O

Consider the set [~ and partition it into Iy~ = Ip > U Iy <, Where

Ins.e= {A € ﬁMH = 0 mod 2} and

I()’<’O = {A S i|A11 = 1 mod 2} .

Recall the set X; and its associated map ¢|  from Lemma [3.5.4 Now consider the

X1

subsets X ., X1, C X;, where

Xie={(,8,7,0) € X1 | B=0mod 2,20 = § mod 4} and
X_m:{(a,ﬁ,%d) eyl|ﬁzlmod2,2a3é5mod4}.

Lemma 4.8.15.
The restriction map ¢

Xl,e

: Xie — Ip> e 15 a bijection.

Proof.

Well-defined: It is enough to show A3 — A1 = 0 mod 4 and A;; = 0 mod 2. We have
Ap—Ay =(F—a)—(a—F+6) =2(f—a)—d =2a—0 =0 mod 4 as 25 = 0 mod 4
and 2o = 0 mod 4. Also, A1 = = 0 mod 2 and so the restriction is well-defined.
Injectivity: Inherited.

Surjectivity: Let f = (A1, A1z, Ao1, Agy) € Iy~ . be arbitrary and let

g= (A — Ay, Ay, — Ay + Ay — Ay + Agy, Ay + Azy). Then g € X, and satisfies
5 = AH =0mod 2 and 2a — 6 = 2A11 — 2A12 - (Alg + Agl) = 2A11 + 2A12 — (A12 +
As1) = 0 mod 4 due to Lemma and A;; = 0 mod 2.

Finally observe ¢|___(g) = f. Thus the restriction map is surjective and hence we
Xl,e

have the desired bijection. O]

Lemma 4.8.16.
The restriction map, ¢

1,0

: X1, — Lo, 15 a bijection.

Proof.

Well-defined: It is enough to show Ay — A3; = 0 mod 4 and A;; = 1 mod 2. We
have Ay — Ay =2(f —a) —0 =0mod 4 as f = 1 mod 2 and then if & = 1 mod 2
we have 0 = 0 mod 4, whilst if @« = 0 mod 2 then 6 = 2mod 4. We also have
A1 = =1mod 2.

Injectivity: This is inherited.
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Surjectivity: Let f = (Ayy, A2, Ao1, Ago) € I~ , be arbitrary and g be the same as
in the proof of Lemma [4.8.15, Then g € X, and satisfies § = A;; = 1 mod 2 and by
Lemmal4.8.14|we have 2a—§ = 2411 —2A15—(A1o+ A1) = 2A11+2A15—(A12+Ag) =

2mod 4 as A;; = 1 mod 2. Thus 2« # § mod 4.
Finally note that ¢|___(g) = f. Thus the restriction map is surjective and hence we
Xl,o

have the desired bijection. O

Corollary 4.8.17.
F1 = ‘Xl,e + ‘Xl,o

. O

Next, consider the set Iy« C Iy« C Iy, expressing it as a disjoint union of Iy <,

and I < ,, where

[0,<,e = {A € ﬁ

A1 =0 mod 2} and

Toeo={A €Tz

A1 =1 mod 2}.

Recall from Lemma the set Xy and the map ¢ : X9 — Iy . Further, recall
the set X5 C X, as defined in Lemma .

Thus we consider the subsets X:u,ngo C X, C Xs, where

X:2,e: {(a,ﬁ,’y,&) €X,|B EOm0d2,2045(5m0d4} and

X:2,o: {(oz,ﬂ,yﬁ) € X, | B=1mod 2,2a = § mod 4}.

The following observation will help streamline a couple of forthcoming proofs.

Observation 4.8.18.
Under the assumption 2a = § mod 4, d is even and so 6 = —d mod 4.
Hence 2o+ 0 = 2a — § = 0 mod 4.

Note Observation [4.8.18| shows 2a = § mod 4 is the same as 2a¢ = —§ mod 4 when
6 = 0 mod 2.

Lemma 4.8.19.
The restriction map, 1

: Xoo — Io< . 1S a bijection.

X2,e

Proof.

Well-defined: It is enough to show A;; = 0 mod 2 and Ay — As; = 0 mod 4. We have
A1 = = 0mod 2, and by ObservationAm — Ay =a+pf-(F—-—a—-9) =
2a+ 0 = 0 mod 4.

Injectivity: This is inherited.

Surjectivity: Let f = (A, A1a, Ao1, Axg) € m be arbitrary and consider g =
(A1 — Ay, Ay, Al — Ajg — Aoy + Agg, 2A11 — Ajs — Agp). Then g € X, and satisfies
B = A;; =0 mod 2 and by Lemma2oz—5 =2A15—2A11— (2411 — A1 — Ay) =
21412 + (A12 + Agl) = 0 mod 4.
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(9) = f, so the restriction map is surjective and hence is a bijection.
m

Finally, note 1

2,e

Lemma 4.8.20.
The restriction map, 1)

: Xoo — Lo <, 15 a bijection.

2,0

Proof.

Well-defined: It is sufficient to show A;; = 1 mod 2 and A3 — Ay = 0 mod 4. We
have Aj; = 8 =1mod 2 and Aj; — Ay; = 2+ 6 = 0 mod 4 by Observation [4.8.18
Injectivity: Inherited.

Surjectivity: Let f = (A11, Aja, Aoy, Agg) € Iy -, be arbitrary and let g be the same
as in Lemma [£.8.190 The g € X, and satisfies § = A;; = 1mod 2 as well as
0 — 20 = (21411 — Alg — Agl) — 2(A12 — AH) = 4A11 - (A12 + Agl) — 2A12 =0mod4
by Lemma [£.8.14]

Lastly, w)i(g) = f, so the restriction map surjective and thus is a bijection. O
2,0

Corollary 4.8.21.
F2: ‘X2,e + X2,o

. O

Next, consider the set I » C I ., partitioning it into the sets I; » . and I - ,, where

Then recall the map (23‘72 from Corollary |3.5.11| and consider the following subsets of

X,, namely Xz, (from Lemma 4.8.19) and
X5, ={(,8,7,0) € X3 | B=1mod 2,2a # § mod 4}.

Lemma 4.8.22. R
The restriction map, ¢|f : Xoe — 1> 0 15 @ bijection.

Proof.
Well-defined: It is enough to show A;; = 0 mod 2 and Ay — As; = 0 mod 4. We have
A =p=0mod2and Ajs— Ay = (f—a)—(a—p+0)=2(—a)—d =2a—0 =
0 mod 4 as 8 =0 mod 2.

Injectivity: This is inherited.

Surjectivity: Let f = (A1, A1z, Ao1, Ags) € I~ . be arbitrary and let

g= (A — Ay, Ay, — Ay + Ay — Ay + Agy, Ay + Azy). Then g € X, and satisfies
6 = AH =0mod 2 and 2a¢— 9 = 2A11 — 2A12 — (A12 —|—A21) = —2A12 — (A12 —|—A21) =
0 mod 4 by using Lemma and A;; = 0 mod 2.

Lastly we note QAS‘

(g) = f, so the restriction map is surjective and hence is a

2e

bijection. O]
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Lemma 4.8.23. X
The restriction map, ¢

: Xy, — L1~ , is a bijection.

7
2,0

Proof.

Well-defined: It is enough to show A;; = 1 mod 2 and A5 — A3; = 0 mod 4. We have
Ay = =1mod 2 and Ajs — Asy = 2(8 — @) — 6 = 0 mod 4. The last result follows
from 6 = 0 mod 2 in X, and 2o — 6 = 2 mod 4 since 2o # § mod 4.

Injectivity: This is inherited.

Surjectivity: Let f = (A1, A1a, A1, Ag) € Il—>o be arbitrary and consider g as in
the proof of Lemma . Then g € X, and satisfies 8 = A;; = 1 mod 2 as well
as 2a — 6 = 241 — 2A15 — (A2 + Az) = 2451 = 2mod 4 by Lemma [£.8.14 Thus
2a0 # 0 mod 4.

Lastly, we observe ¢

——(g) = [, so the restriction map is surjective and hence is a
2,0

bijection. O

Corollary 4.8.24.
@ - Il,>

]1,>,e + ]1,>,o . D

- ‘XQ,e

+ (X;ﬁ

Next, consider the set I) - C I; -, partitioning it into the sets I; - . and I; - ,, where

Recall the map ) from Corollary [3.5.12 and the set X; from Lemma m

Thus we consider the subsets X, X{’O C X, where X is the same as in Lemma
4.8.15(and X|, = {(a,3,7,6) € X1 | 8 =1mod 2,20 = 6 mod 4}.

Lemma 4.8.25. R
The restriction map, @D}f : X1e — L1« 15 a bijection.

Proof.

Well-defined: It is enough to show A;; = 0 mod 2 and Ay — As; = 0 mod 4. We have
Aj; = =0 mod 2,then using f = 0 mod 2 and applying Observation 4.8.18| we have
A=Ay = (a+ )= (B—a—0) =2a+0 =2a—3§ =0 mod 4. Thus the restriction
map is well-defined.

Injectivity: This is inherited.

Surjectivity: Let f = (Ayy, A2, Ao1, Ago) € I) < . be arbitrary and let

g = (A12 — A, A, A — A — Aoy 4 Ago 244 — Ajp — A21)- Then g € X; and it
satisfies § = A;; = 0mod 2 as well as 2a — § = 2415 — 2411 — 2411 + Ao + Ay =
2A15 + (A1 + A1) = 0 mod 4 by Lemma 4.8.14] Lastly, we observe 1[}‘)(7(9) = f,s0

1l,e
the restriction map is surjective and hence is a bijection. O]
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Lemma 4.8.26. R
The restriction map

o Xio— I1<, is a bijection.

Proof.

Well-defined: It is enough to show A;; = 1 mod 2 and A — As; = 0 mod 4. We have
Ay = =1mod2and Ajp—Ag = (a+8)—(F—a—09) =2a+6 = 2a—0 = 0 mod 4
by Observation and 2a = ¢ mod 4.

Injectivity: This is inherited.

Surjectivity: Let f = (A11, A1, A1, Ax) € I <, be arbitrary and consider g as given
in the proof of Lemma [4.8.25 Then ¢ € X, and satisfies f = A;; = 1 mod 2 as well
as2a—9 = 2A15—2A11 —2A11+ Ajp+ Ayy = 2A15+ (A2 + Agr) = 0 mod 4 by Lemma

Therefore the restriction map is a surjection and hence is a bijection. O]
Corollary 4.8.27.
@ = Il,< = Il,<,e + Il,<,o - ‘Xl,e + ‘X{,o . 0

Now consider the set .Jy -, partitioning it into and disjoint union of the sets .Jy - . and

Jo,> 0, Where

Jose = {A € ﬁ | Ay = 0 mod 2} and

Joso= {A Eﬁ | Ays =1 mod 2}.

Recall the map L|71 from Lemma |3.5.7] and consider the subsets ﬁ,ﬁ C Y] where,
ﬁ: {(a, 8,7,6) | B =0mod 2,2c = § mod 4} and
Yio={(a,3,7,9) | B=1mod 2,2a = § mod 4}.

Lemma 4.8.28. L L
The restriction of the map L‘Tl to the set Y1 ., given by L|T Yie — Jose € Jo>

1S a bijection.

Proof.

Well-defined: It is enough to show Ay = 0 mod 2 and Ay — Ay; = 0 mod 4. We
have Ass = [ = 0 mod 2 and by applying Observation we see Ay — Ay =
(a+p+0)—(f—a)=2a+§=0mod 4.

Injectivity: This is inherited.

Surjectivity: Let f = (A1, A2, Ao1, Ago) € Jo> . and let

g = (A — A1, Agp, A1y — Ay — Agy + Agp, Aig + Ag1 — 2A3). Then g € V) and it
satisfies f = Ay = 0 mod 2 and also 2a — § = (242 — 2A91) — (A1 + A9y —2A9) =
—2A91 — (A12 + As1) = 0 mod 4 by Observation 4.8.18]

It is straightforward to verify L‘T(g) = f, thus the restriction map is a surjection

and hence is a bijection. O]
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Lemma 4.8.29. _
The restriction of the map L|?1 to the set Y1 ,, given by L‘? Yo — Jo>0 C Jo>

1S a bijection.

Proof.
Well-defined: It is enough to show Ass = 1 mod 2 and A — Ay = 0 mod 4. We
have Ay = f = 1 mod 2 and further, A5 — Aoy = 2a+ 6 = 0 mod 4 by Observation

4818
Injectivity: This is inherited.

Surjectivity: Let f = (Ay1, Ao, Aa1, As) € Jo>,, be arbitrary and g be the same as
in the proof of Lemma . Then g € Y; and it satisfies 8 = Ay, = 1 mod 2 and
also 2o — § = 2A22 — 2./421 - (A12 + A21 - 21422) = 4./422 — 2A21 - <A12 + Agl) =
—2As1 — (A1p + Ag;) = 0 mod 4 by Lemma .

Lastly, we note that L‘?(g) = f and so the restriction map is surjective and hence
is a bijection. ’ O]

Corollary 4.8.30.
R_l = ‘J07>

. O

+ )JO,>,0

= ‘Yi,e

+ ]Ym

= ‘JO,>7e

Now consider Jy -, partitioning it into a disjoint union of the sets Jy <. and Jy < ,,
where

Jo<e = {A € ﬁ | Ags = 0 mod 2} and

m:{Aeﬁ‘AnglmOdQ}.

Recall the map Z|71 from Corollary [3.5.13| and consider the following subsets of Y3,

namely Y] . (from Lemmal4.8.28 andm ={(a,5,7,9) | B =1mod 2,2a #Z § mod 4}.

Lemma 4.8.31. L
The restriction map Z‘T Y. — Jo <. is a bijection.

Proof.

Well-defined: It is sufficient to show Ay = 0 mod 2 and A9 — Ay; = 0 mod 4. We
have Ay = —f = 0 mod 2 and by Observation we have Ay — A9y = (a+ [+
0)—(—f—a)=2(F+a)+d=2a+ 0 =0mod 4.

Injectivity: This is inherited.

Surjectivity: Let f = (A1, A1a, A1, Ag) € m be arbitrary and let

g = (A — Aoy, —Agy, —A1 + Arg — Aoy + Agg, Ajg + Agy). Then g € Y; and it
satisfies f = —Agy = 0mod 2 as well as 2a — § = 249 — 2491 — (A1p + Asp)
—2A91 — (A12 + A1) = 0mod 4 by Lemma [4.8.14]

Lastly it is straightforward to note Z|ﬁ(g) = f, so the restriction is surjective and

thus is a bijection. O
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Lemma 4.8.32. _
The restriction map Z‘Y: Y], — Jo <, is a bijection.
1,0’ ’

Proof.

Well-defined: It is enough to show Ass = 1 mod 2 and Ay, — As; = 0 mod 4. We have
Ayy = —f = 1 mod 2. Further, A1y — Ay; = 2(8 + ) + J = 0 mod 4 since in Y; we
have 6 = 0 mod 2 and we also have 2o # d mod 4. Using Observation then
gives the result.

Injectivity: This is inherited.

Surjectivity: Let f = (Aq1, Aia, Ao, Ap) € Jo<, be arbitrary and consider g as in
the proof of Lemma . Then g € Y; and satisfies 3 = — Ay = 1 mod 2. Further,
by Lemma we have 2o — § = 249 — 2491 — (A12 + A1) = 245 = 2 mod 4,
thus 2a # § mod 4.

Lastly it is straightforward to check ¢

T(g) = f, so the restriction map is surjective
1<o
and hence is a bijection. O]

Corollary 4.8.33.
R_Q = ‘J07<

. 0

+ )JO,<,0

= ‘Yi,e

+ |7,

= ‘JO,<7e
Now consider J; - , partitioning it into a disjoint union of the sets J; - . and Ji . ,,
where

Jise= {A € f | Ays = 0 mod 2}

—:{A€ﬁ|A2251m0d2}.

Recall the map F‘E from Lemma (3.5.9|and consider the subsets E, m C Y,, where

Yoe={(a,B,7,0) €Yo | =0mod 2,2a = § mod 4} and
Yo, = {(a,ﬁ,’y,&) 672|551m0d2,2a56m0d4}.

Lemma 4.8.34. L
The restriction of the map F‘E to the subset Ys . given by F‘? Yo, — Jise C IS

15 a bijection.

Proof.

Well-defined: It is enough to show Ass = 0 mod 2 and Ay — As; = 0 mod 4. We have
Agy = =0mod 2 and Aj5— Ay = (a+5+6)—(f—a) = 2a+6 = 2a—9J = 0 mod 4
by Observation [4.8.18]

Injectivity: This is inherited.

Surjectivity: Let f = (Ay1, Aia, Ao1, Ago) € J1 > be arbitrary and let

g = (Agp — A9y, Ao, Ay — Arg — Aoy + Agp, Arg + Ay — 2453). Then g € Y5 and it
satisfies § = Agy = 0 mod 2 as well as 2a — § = 2455 — 2A9; — (A19 + Ag1) + 249 =
—2A21 — (A12 + AQl) = (0 mod 4 by Lemma 4.8.14|
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Lastly, it is straightforward to verify F‘?(g) = f and thus the restriction map is
surjective. It follows that the restriction map is a bijection. [

Lemma 4.8.35. _
The restriction of the map F!E to the subset Ys, , given by F‘f Yo, — Jiso, 1S

a well-defined bijection.

Proof.

Well-defined: It is enough to show Ass = 1 mod 2 and Ay — As; = 0 mod 4. We have
Ay = =1mod2 and Ay — Ay = 2a+ 9 = 2a — 6 = 0 mod 4 by Observation
4.8.18

Injectivity: This is inherited.

Surjectivity: Let f = (A11, Ao, Ao, Ag) € J1—>o be arbitrary and consider g as in
the proof of Lemma Then g € Y, and it satisfies f = Ay = 1 mod 2 as well
as 2a— 0 = 2A22 — 2A21 — (Alg + Agl) + 2A22 = —21421 — (A12 + A21) = 0 mod 4 due
to Lemma A.8.14]

Lastly, it is straightforward to see F‘f(g) = f and thus the restriction map is
surjective. Therefore the restriction map’ is a bijection. O

Corollary 4.8.36.
Si= N>

J1,>,e + J1,>,o = )/é,e + YQ,O . U

Lastly, consider the set J; -, partitioning it into a disjoint union of the subsets J; < .

and J; < ,, where

Jice= {A € ﬁ | Aye = 0 mod 2} and

—:{Aei\AQQElmon}.

Now recall the ma I from Corollary |3.5.14] and consider the following subsets of Y,
Ys. (from Lemma [4.8.34)) and E ={(a,5,7,9) | B =1mod 2,2a #Z § mod 4}.

Lemma 4.8.37. A _ A
The restriction of the map I' to the subset Ys . , given by F’? Yo, — Ji<ce C© Jic

15 a well-defined bijection.

Proof.

Well-defined: It is enough to show Ass = 0 mod 2 and Ay — As; = 0 mod 4. We have
Ay = —f=0mod4 and Ajg — Ay = (a++0)— (-8 —a) =2+a)+0 =
2a 4+ 0 = 0 mod 4 by Observation [4.8.18|

Injectivity: This is inherited.

Surjectivity: Let f = (Ay1, Aia, Ao1, Ago) € Ji <. be arbitrary and let

g = (A — Aoy, —Agg, —A1 + A1p — Aoy + Ago, Ajg + Agy). Then g € Y, and it
satisfies f = —Agy = 0mod 2 as well as 2a — § = 249 — 249 — (Ao + Asp)
—2A21 — (A12 + AQl) =0mod 4 by Observation 4.8.18
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Lastly, it is straightforward to check that f}f(g) = f and so the restriction map is
surjective and thus is a bijection. 7 O]

Lemma 4.8.38. R _ R
The restriction of the map I' to the subset Yy, , given by I

. / ;
7 Yo, — Ji<o isa
,0

well-defined bijection.

Proof.
Well-defined: It is enough to show Ass = 1 mod 2 and Ay — A3 = 0 mod 4. We have
Ay = = =1mod 2 and Ajp — Ay =2(F+a)+d =26 +2a— 9 = 0mod 4 by
Observation [£.8.18

Injectivity: This is inherited.

Surjectivity: Let f = (A1, A1z, A1, Agg) € Jy <, be arbitrary and let g be the same
as in the proof of Lemma . Then g € Y, and it satisfies 8 = — Ay = 1 mod 2
as well as Ajp — Ag; = 2490 — 249 — (A1a + Ag1) = 245 = 2 mod 4 by the use of
Lemma 4814

Lastly it is straightforward to show f’!

= (9) = f, so the restriction map is surjective
2,0

and thus is a bijection. O]

Corollary 4.8.39.
5_2 = ‘J1,<

+ + . U

= ’Yé,e

Y3

J1,<,e Jl,<,o

,0

Summary 4.8.40.
By using Corollaries [£.8.17], [£.8.21], [£.8.24], [4.8.27], [4.8.30], [4.8.33], [4.8.36] and [£.8.39] we
are able to deduce:

P4 P+ Qi+ Q- Ri-Ro-Si—%= |Xio|+[Xoo| + [Xoc| + [Xao| +
Xoel| + Xé}o + [ Xie| + XLO —
Vi = |Voe| = [Voe| = 72| -
Yae| = |Yao| = [Yae| — Y2,

:2‘)(1,6 +2‘X2,e X ‘X;,O +

Xoo| + K50 = 2 |Vie| — 2|Fae| -
Vio| = V22| = [V2o| - ¥4

Lemma 4.8.41. _ _ _

There is a bijection between the sets Xy, and Y1 .. Thus | X1 .| = |Yie|.

Proof.
First note that X; . C X, We C Y; and that these are finite sets. Clearly we have
Xie ﬂm C X;NY;. Thus we recall the restriction map found in Theorem [3.7.1| and
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show that W‘ﬁ\(ﬁmﬁ) Y1 \(XieNYie) — Xi\(XqNYi,) is a bijection.
Recall W(a,ﬁfy,é) = w;n(a,ﬁ,fy,é) = (, 8,7 —2ma, 6 +2mp) = (, 5,7, ).
Well-defined: It is sufficient to show 4 = 0 mod 2 and 2/ = ¢ mod 4. We have
B = = 0mod2 and also 2a/ — ¢ = 2a — § — 2mpB = 2mpB = 0mod 4 since
2a = d mod 4 and f = 0 mod 2. Therefore the restriction map is well-defined.
Injectivity: This is inherited from the previous restriction of the map W in Theorem
B.711

Surjectivity: Let (o/, 8',7,9") € X1.\(X1e N Y1) be arbitrary and let (o, 5,7,6) =
(o, 8,9 +2ma’, 0" — 2mf’). Tt is enough to show 5 = 0 mod 2 and 2o = ¢ mod 4.
This is because of the proof of surjectivity in Theorem [3.7.1]

We have f = 8/ = 0mod 2 and also 2a — § = 2a/ — ¢ + 2mf’ = 0 mod 4 due to
£ =0 mod 2.

Hence the restriction map is surjective and therefore is a bijection.

Thus it follows that ’X_le Yiel. O

Lemma 4.8.42. _
There is a bijection between the sets Xo. and Ys.. Thus

X2,e }/2,6

Proof.
First note that X,, C X, We C Y, and these are finite sets. Clearly we have

Xoe N E C X, NY,;. Hence we recall the restriction map W’ from Theorem [3.7.2
and show that W/‘ﬁ\(ﬁmﬁ) 1Yo \(Xo,eNYae) — Xoo\(X2eNYa,) is a bijection.
Recall W’(a,ﬁ,%é)’: wj;l(a,yﬁ,”y, 0) = (o, B,y — 2ma, 0 4+ 2mpB) = (o/, 5,7/, 0").
Well-defined: It is sufficient to show ' = 0 mod 2 and 20/ = ¢’ mod 4. We have
B = =0mod2 and 2¢/ — § = 2a — 6 — 2mSB = 0 mod 4 since 2o = § mod 4 and
£ =0 mod 2. Thus the restriction map is well-defined.

Injectivity: This is inherited from the prior restriction of the map W’ in Theorem
0. (.2

Surjectivity: Let (o, 5,7/,0") € X2\ (X2, N Ya,) be arbitrary and consider

(o, B,7,0) = (¢, B, + 2ma/, &' — 2mp’). Tt is sufficient to show 8 = 0 mod 2 and
20 = d mod 4. We have 8 =3 =0mod 2 and 2o — § = 20/ — § + 2mpB’ = 0 mod 4
since 20/ = ¢’ mod 4 and ' = 0 mod 2.

Hence the restriction map is surjective and therefore is a bijection.

Thus it follows that ’Xg’e E . O

Lemma 4.8.43.
There is a bijection between the sets U and V, where U = Y, UY/, and V =

X10UXj,. Consequently |Y1,|+ |Y{,| = ‘XLO + ‘X{’O.

Proof.

First note that W,O, f’o C Y, and X0, XLO C X3, so these are finite subsets and thus
U and V are finite sets. Note that by construction KHK =0 and X;,NX],=0.
Lastly, observe UNV C X, NY;.
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Now we further restrict the restriction of the map W found in Theorem to the
subset U\(UNV'). We will show that this maps to V\(UNV') and is in fact a bijection.
To show that this restriction is well-defined it is sufficient to show 5’ = 1 mod 2 due to
the proof of Theorem [3.7.1 We have 8’ = 8 = 1 mod 2 and therefore the restriction
is well-defined.

Note that injectivity is inherited and so it remains to show surjectivity. Again, it is
sufficient to consider («, 3,7,6) from the surjectivity part of the proof of Theorem
and show 8 = 1 mod 2. We have 8 = ' = 1 mod 2 and hence the restriction
map is surjective.

It follows that this restriction map gives a bijection between U\(UNV') and V\(UNV).

el ] = [Rae] 4
[l

Using this bijection and the finiteness of the sets we have

/
Xl,O .

Lemma 4.8.44. .
There is a bijection between the sets U’ and V', where U = Y5, U Yy, and V' =

XU Xy ,. Consequently |Ys,| + ‘Yg’o = ‘Xz,o + ‘Xé,o

Proof.

First note that m, K’O C Y, and X_27O, X_éo C X,, so these are finite subsets and thus
U’ and V" are finite sets. Note that by construction Y2,MY;, = 0 and X5 ,NX}, = 0.
Lastly, observe U' N V' C X, N Y.

Now we further restrict the restriction of the map W’ found in Theorem to the
subset U'\(U' N'V'). We will show that this maps to V'\(U’' N V') and is in fact a
bijection.

To show that this restriction is well-defined it is sufficient to show 5 = 1 mod 2
due to the proof of Theorem [3.7.2l We have 8’ = 3 = 1 mod 2 and therefore the
restriction is well-defined.

Note that injectivity is inherited and so it remains to show surjectivity. Again, it is
sufficient to consider («a, 3,7,d) from the surjectivity part of the proof of Theorem
and show 8 = 1 mod 2. We have 5 = 8/ = 1 mod 2 and hence the restriction
map is surjective.

It follows that this restriction map gives a bijection between U’\ (U'NV’) and V'\(U'N

+ |7,

V). Using this bijection and the finiteness of the sets we have ‘E

‘XZO 0

+ | X5,

Summary 4.8.45.
We now use Lemmas [4.8.41] [4.8.42] [4.8.43] and [4.8.44] along with Summary to
deduce

Thus we have shown



=P+ Qo — Ro — So- (4.5)

4.9 Determining the values of ?0, a, RZO and S:(].

In this section we establish bijections that will permit us to determine the values for
Py, Qo, Ry and S, in terms of divisors of D.

Lemma 4.9.1.
Let

71 = {(8,d,A21) | 8d:D,a,d€Z>0,dE 1m0d2,—0< Agl < 0,85A21 mod4}
Then the map

J: ﬁ — 2
(A1, Ar2, Ao, Ago) — (A1r, Az — Az1, Asy) = (0, d, Aan)

15 a bijection.

Proof.

Well-defined: We have dd = Aj;(Ay — Az) = D and since Ay; > 0 it follows that
A22 — A21 > 07 therefore d, 0 € Z>0.

Observe A1+ Ass = 1 mod 2 and Ay — Ay = A1 — As; = 0mod 4 imply d = Ay —
Asy = 1mod 2 as well as 0 — Ay = A1 — Az1 = 0mod 4. Next, —Aj; < Ay < Ang
implies —0 < As; < 0 and so the map j is well-defined.

Injectivity: This is straightforward to verify.

Surjectivity: Let (0,d, As1) € Z; be arbitrary and

consider (0,0, As1,d + Aa1) = (a11, a1z, asi, ase). Then it satisfies

det(ai1, a1z, asi, as) = A(d+ Agg — Agy) = 0d = D and we note ay; = 0 = az. Next,
—0 < Ay < 0 implies —aj; < as; < app. We also have aj1 +agp =0+d+ Ay =d =
1 mod 2 since 0 — Ay =0 mod 4. Lastly we have aj; —ag = 0 — Ay =0 mod 4 and
therefore (au, aig, a9y, CLQQ) S K

It is straightforward to verify j(ai1,a12,a21,a2) = (0,d, Ag), thus the map j is
surjective and hence is a bijection. O

Corollary 4.9.2.

SS(HORE

9d=D
d odd

Proof. o
By Lemma {4.9.1| we know ‘]0_:‘ = Py = |Zy|. Tt remains to count the set Z;.

Fix D € Z-( and let d be any positive odd divisor of D. This always exists as we
may take d = 1. Let 0 be the unique positive integer such that od = D.

Then As; is such that —0 < Ay < 0 and 0 — Ay; = 0 mod 4. Observe that the
interval (—0, 0] contains precisely 20 integers of which 0 are even. We split into two
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cases.
Case I: 0 = 0 mod 2

Then (—0, 0] contains g integers that are congruent to ¢ mod 4 for ¢ € {0,1,2,3}.
Now 0 — As; = 0 mod 4 gives Ay; = 0 mod 4 and since 0 is fixed it follows that there
is only one choice for i. Since we may take Ay = 0 it follows that give (0,d) where
0=0mod 2,d=1mod 2 and dd = D then there are exactly g choices for As;.
Case II: 0 =1 mod 2

Again, note that there are 20 integers in the interval (—0,d] and also 20 = 2 mod 4.
In particular, write 20 = 4 (%) + 2 and thus there are at least % choices for Aoy,
with the possibility of one more.

Next, we have 0 — As; = 0 mod 4, i.e. Ay; = d mod 4 and so Ay; # —0 + 1. Observe
0—4(%L) = -0+2 € (—0,0]. Thus there are 21 + 1 = ZH possible choices for
Agl.

Notice that the difference between these two cases is %, this permits us to condense
the result as follows:

G-

Now we are free to sum over all positive odd divisors d of D. This gives

SR

ad=D
d odd

if 9 =0 mod 2
L if 9 =1 mod 2.

QI

[\J|

Lemma 4.9.3.
Let

Z3 = { (8,(1,1421) | od=D,0,d € Z~g,d =1mod 2,0— Ay =0 mod 4,
< A<D}

Then the map

jiho — Zs
(An,A12,A21,A22) — (&daAm)

15 a well-defined bijection.

Proof.

Well-defined: We have 0d = Ay;(Ay — Ag1) = D, further D, Aj; > 0 implies Agy —
Ag1 > 0and so 0,d € Z~g. Next, Aj1+ Az =1 mod 2 and Aj;— Az = 0 mod 4 imply
d= A22 — A21 = 1mod?2 and 0 — A21 = AH — A21 = A12 — A21 = 0 mod 4. Lastly
we have —A;; < Ay < Ay yields —0 < Ay < Aqp and so the map is well-defined.
Injectivity: This is straightforward to verify.

Surjectivity: Let (0,d, As;) € Zs be arbitrary and consider (9,0, Aa;,d + Ag) =
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(a11,a127a21,a22)-

Then it satisfies det(a11,a12,a21,a22) = 8(d + Agl — A21) = 0d = D, a1 = 0 €
Z~o and d, Ay, € Z~o implies a1 + ap = 0 +d — Ay; = 0mod4 = 1 mod 2.
Lastly we have a5 — ag; = 0 — A1 = 0 mod 4 and it is straightforward to verify
that j(ai1, aia, a1, a) = (0,d, As;). Hence the map is surjective and thus is a
bijection. O]

Corollary 4.9.4.

S (R

d odd

Proof.
By Lemma |4.9.3[ we know Qp = )Il_:’ = |Z3|. It remains to count the set Z3. Fix

D € Z~, and let d be any positive odd divisor of D. This always exists as we may

take d = 1. Let 0 be the unique positive integer such that dd = D. Then A, satisfies

—0 < Ay < 0 and 0 — Ag; = 0 mod 4, that is, Ay; = d mod 4. We note that [—0, 0)

contains exactly 20 integers of which 0 are even. We split into cases.

Case I: 9 = 0 mod 2

Then g is an integer and thus each class of integers modulo 4 within the interval

[—0,0) contains exactly g integers. Since Ay = 0 mod 4 we have g choices for Ay;.

Case II: 0 =1 mod 2

In this case we have 20 = 2 mod 4 and we may write 20 = 4 (%) + 2. Thus there

are at least % choices for As; with the potential for there to be one more. Now

As; = Omod 4 implies Ay; # —0 and we note that Ay # 0 since 0 € [0, 0).

Therefore since 0 - 4(%) = -0+ 2 we see Ay € [-0+ 2,0 — 4] and this interval
—1

contains precisely “= congruent to d mod 4.

Combining these results, we may write the number of choices for Ay as follows:

(-2

Now we are free to sum over all positive odd divisors of D. This gives

5265

dd=D
d odd
O
gemréa 4.9.5.
Py + Qo = 2%0,44a(D), where D = 2*m, m = 1 mod 2.
Proof.
S o 1\ (-1)? o 1\  (=1)?
P = — 4+ ) = D
b+ o ZK2+4) 4 2 2" 1) "
od=D od=D
d odd d odd



=) o

ad=D
d odd

Now if D is odd we have k = 0 and Y~ 0 = 0oaa(D) = 2¢0aa(D).

ad=D
d odd
So suppose D is even, i.e. D = 2m for some k > 1 and m = 1 mod 2. Then
0= % = szm and d | m. Therefore we have
m
o= ) 2~
> 0= 2
ad=D d|m
d odd d odd
= Qkaodd(m)
= 2kO'Odd(D).
Hence ?0 + a = 2804qa(D), where D = 28m, m = 1 mod 2. ]

Next we investigate the cardinalities of the sets Jy— and J; —. Recall from Lemma

[1.3.8] we have

Jo= = {(A11, A12, A21,0) | det(A) = D,0 < Ao + Ay < App, Aoy < — A — Ara|}
Ji== {(A11,A12, A21,0) | det(A) = D,0 < Ay + Ay < Apy, Aog < — A1 — Ao}
Note that T; C Jp- and f CJi-.

From Lemma recall the bijection 7 : Jo— — V. We give a restriction of this
map.

Lemma 4.9.6.
The following restriction of the map y from Lemma is a bijection.

Y= Jom — V, where V= {(s,t, An) € V | s+t = 0 mod 4}.

Proof.

Observe Jy— C Jy— and V C V. Therefore it is enough to show s + ¢ = 0 mod 4 for
well-definedness. We have s+t = Aj5 + (—As) = 0 mod 4.

We note injectivity is inherited and so it remains to show surjectivity. Let (s,¢, Ayp) €

V be arbitrary and consider g = (A, s,—t,0) = (a11, @12, a01,a92). By Lemma
we know g lies in Jy— and so it is enough to show ajp — ay = s — (—t) =
s+t = 0 mod 4. Hence the restriction is surjective and it is straightforward to verify
7|J():_(g) = (s,t, A11). Therefore we have a bijection. O

g)rollajf 4.9£.
Ro = [Toz| = |7,

We now recall S:() = |J1=| and examine the similarities between the sets Jy—- and

Ti—.
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Lemma:4.9.8.
Ro+ VD if D = 4k?

S, =
Ry otherwise.
Proof.
Let
2T AT

= {(A11, A1, A21,0) | det(A) = D,0 < Ajp + Ay < Ay, Ay < — |Ap — Ayl
All =1 mod 2,A12 — Agl = 0 mod 4} .

It is then clear that T,:\Z = () and

T,:\Z = {(A11, A2, A21,0) |det(A) = D,0 = Ay + Ay < Ay, Aoy < — A — Aol
All = 1 mod 2,1412 — A21 = 0 mod 4} .

It follows that ?0 = RZO + ‘V‘, where

A

V = {(A11, A1, A21,0) | = A12A9 = D, 0 = Ay + Ay < Ay, Aoy < — A — Aol
All = 1 mod 2,A12 — A21 = 0 mod 4} .

We note A5 + Asy = 0 implies Ay; = —Ajs and so 2415 = Ajp — A1 = 0 mod 4 and
hence bo@ Alg_and Ay must be even. Further, Ay = —Aj, implies D = A2, and so

we have Sy = R, unless D = 4k? for some integer k.

Now suppose D = 4k?, then in the set V we have D = — Ay Ay = A2, = 4k2 as Ay =
0 mod 2. USiIlg AQl = —A21 and AQl < — ’AH — A12| y1€1dS —A12 < A11 — A12 < A12
and so 0 < Ay < 2A15. Therefore we have Ay; € [1,2415 — 1] as A;; = 1 mod 2, and
this interval contains (2415—1)—1+41 = 2A4;5,—1 integers, of which A5 = V/D are odd.

Therefore when D = 4k? for some integer k we have ?0 = RZO +v/D.

= {?wﬁ if D = 4)2

Hence S, = O

Ry otherwise.

Our goal now is to derive an expression for ?0 + S:(). We will do this via a series of
four lemmas. Note that by Corollary [4.9.7| we have ‘JO,:’ = ‘V‘ and therefore V is a

finite set since Jy - C Jy—, which is finite.

Lemma 4.9.9. .
Let D =1mod 4 then Ry = Sy = 0.

Proof.
Let D = 1 mod 4, then in the definition of the set V we have D = st and s +t =
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0 mod 4. Using D = st we see that either s =¢ =1mod 4 or s =t = 3 mod 4 and in
either case we have s+t = 2 mod 4. This is a contradiction and so Ry = 0. Applying
Lemma we get Sy = Ry as D = 1 mod 4 implies D # 4k>. O

Lemma 4.9.10.
]fD_2m0d4thenR0 So—O

Proof.

Let D = 2mod 4, from the definition of the set V we have D = st and precisely

one of s, t must be odd. It follows that s +¢ #Z 0 mod 4, a contradiction. Since
i

D =2 mod 4 implies D # 4k?, applying Lemma yields ?0 = ?0 = 0. O]

Lemma 4.9.11.
If D=3 mod 4 then Ry =S, = 1 (o(D) = ¥(D)).

Proof.

Let D = 3 mod 4, then in particular D # 4k?. We have D = st = 3 mod 4 implies
s and t are both odd as well as s = —t mod 4. Thus s 4+t = 0 mod 4 as desired. So
we may pick any pair of divisors s, t of D with s > ¢t. Then there are ¢ choices for
Ay € [s—t+1,s+t— 1] because there are 2¢ — 1 integers in this interval and both
s—t+1and s+t —1 are odd due to s+t = 0 mod 4.

L
Applying Lemmas}.4.2 and [4.9.8we have S, = Ry = ’v‘ >t =5 (0(D) — w(D)).

D=st
s>t

]

We now examine the case when D = 0 mod 4. Regardless of whether D is a perfect
square or not, we must satisfy both st = 0 mod 4 and s 4+ ¢ = 0 mod 4. Thus both s
and t must be even, and further we require s =t =2 mod 4 or s =t = 0 mod 4. The
first implies D = 4 mod 8 while the latter implies D = 0 mod 16. This motivates
us to break down the D = 0 mod 4 case into three subcases: D = 4 mod 8, D =
8 mod 16 and D = 0 mod 16.

Lemma 4.9.12.
If D =8 mod 16 thenRo SO—O

Proof.
Let D = 8mod 16, then 2% | D but 2% ! { D. Thus D is not a perfect square;

V‘ and elements

consequently Lemma |4.9.8 implies So = R,. Further, since RO =

of V satisfy either s =t = 2mod 4 or s =t = 0 mod 4, it is clear that D = st =
8 mod 16 is impossible.

Thus V = () and henceR:0:S:0: 0.

U

Lemma 4.9.13.

Assume D = 4 mod 8 and write D = 4n where n = 1 mod 2. Then
T o(n) —¥(n)—+n ifn=FkK and & — o(n) —¥(n)++/n ifn=~k
0= 0=

o(n) —¥(n) otherwise o(n) —W¥(n) otherwise.
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Proof.

Let D = 4n, n = 1 mod 2. From the definition of D and the set V we have s =t =
2 mod 4 because 16 1 D. If D > 4 then there always exists a pair (s,¢) with 0 <t < s
as we may take (3,%) to be any pair of divisors of % > 1 such that 0 < ¢ < § and then
let s = 23, t = 2¢. Hence in this situation, given a pair (s, t) we count the choices for
Ay We note Ajp € [s—t+1,s+t — 1] and since 2 | (s £t) it follows that of the
2t — 1 integers in this interval, precisely ¢ of them are odd. Thus there are ¢ choices
for AH.

Hence when D =4 mod 8, D > 4 we have

SN

D=st
0<t<s
s=t=2 mod 4

=2 § t
D=4st
o<i<s

§=t=1 mod 2

=2 Z t as D = 4 mod 8 implies no even §, t exist

D=43t
0<t<s

D D D _
_ { o(7)-V (g) T D= e T
) - (%)

ﬁoz\?

otherwise
[ on)=¥(n)—+/n ifn=Fk
) — U(n) otherwise.

In the case where D = 4 we have s = t = 2mod 4 implies s = t = 2 and this

contradicts ¢ < s. Consequently V= () and it is elementary to verify (1) — ¥(1) —
V1 = 0, thus the above formula holds for all D = 4 mod 8. Applying Lemma [4.9.8

we get
T = o(n) —U(n) —/n+D if D= 4k?
o(n) —¥(n) otherwise
[ o(n)—¥(n)+/n ifn=F%
| o(n) —¥(n) otherwise.
O
Lemma 4.9.14. . )
Assume D = 4n = 0 mod 16, then Ry = 2 0 (3) -V (3) ~Vi Wn= 4k and
o (Z) - v (Z) otherwise

() V() T =
50_2{ 0(%)—\11 4) ! otherwise.

—~
3

Proof.

Let D = 4n = 0 mod 16, note that 4 | n. From the definition of the set V we have
s and t satisfy either s =t =2mod4 or s =t = 0mod 4. From D = 0 mod 16 it
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follows we may only have s = ¢ = 0 mod 16. Since 16 | D, for D > 16 we may find a
pair (s,t) such that D = st and 0 < t < s by letting s = 43, t = 4f where 0 < < 3
and 1 < % = &t

Hence in this situation, given a pair (s,t) we count the possibilities for A;;. As in
the proof of Lemma there are ¢ choices for Ay;.

Hence when D = 4n = 0 mod 16, D > 16 we have

?o:‘ﬂz oot

D=st
0<t<s
s=t=0 mod 4
=2-2 ) i
D=165t
0<t<$
_ol o(5e) ~ V(%) — g HD=16R oy
o (1—%) - (1—%) otherwise
o) () - T =i
N o (%) - (%) otherwise.

In the case where D = 16 we have s =t = 0 mod 4 implies s = ¢ = 4, contradicting
t < s. Therefore we have V = () and it is straightforward to verify o(1) —W(1) —v/1 =
0. Thus the above formula holds for all D = 0 mod 16. Applying Lemma we
have

T o9 o(2) -V (%) —/2+VD if D=16k
o (%) - (%) otherwise
oy f o) w VT =
o (%) - v (%) otherwise.
]
Corollary 4.9.15.
(0 if D=1mod 4
0 if D =2mod 4
R+ — (D) — V(D) if D =3 mod 4
00 2(0(n) — ¥(n))  if D=4n=4mod8
0 if D =4n = 8 mod 16
[ 4(0(2) =V (%)) if D=4n=0mod 16.
Proof.
This follows from carefully combining the results found in Lemmas [4.9.9] [4.9.10]
[4.9.11] [4.9.13] [4.9.12] and [4.9.14] O

These results agree exactly with those of Kronecker, found in [Kr1897, p. 480].
We now prove a lemma stated but not proved in Kronecker’s section 19.
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Lemma 4.9.16 (Kronecker).
Let D = 4n = 28m where m = 1mod 2 and k > 4
Then 2%0,44(m) = 8004a(m) + 80 (2k_4m).

Proof.
800daa(m) + 80 (287'm —82d+8 > d
d|2k—4m
d
—8Zd+8 Z d+8) d+8) d+---+8 > d
d=2d d=4d d=2k—4d
dodd dodd d\m d|m dlm

=16 d+ 16064a(m) (1 +2+---2879)

dutl)l:ind

k=4 _ 1

= 16004a(m) + 2'Toaa(m) - (ﬁ)

= 1600dd(m) + Zkaodd(m) — 1600dd(m)

= 2k0'0dd (m) .

4.10 A Formula for Cl, (D)

In this section we draw upon our results from Section to derive a formula for
computing Cl. (D) in terms of the divisors of D. We continue to let D € Z-q and
write D = 2¢m where k > 0 and m = 1 mod 2.

We begin our derivation with Equation [4.5]

1= _— —_— _— _—
3 1.(D) =Py + Qo — Ro — So
(0 if D=1mod 4
0 if D=2mod 4
_Za_ o(D) —¥(D) if D =3 mod 4
B 20 () —2¥ (L) if D=4mod8
d odd .
dd=D 0 if D =8 mod 16
\4(0(%)—@(%)) if D =0 mod 16
(0 if D =1 mod 4
0 if D =2mod 4
Pegaa(D) — ¢ o(D)—¥(D) if D =3mod4
o odd 2200dd (%) — 200dd (%) —+ 20 (%) if D=4 mod8
8da(m) if D =8 mod 16
2'00aa () — 40 (£) +4V (£) if D =0 mod 16
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( 00aa(D) if D=1mod4
2Uodd<D> if D=2mod 4
) 00aa(D) — (o(D) — V(D)) if D=3 mod 4
") 200aa (§) +27 (2) if D=4mod 8
80 da (M) if D =8 mod 16
| 16004a (£2) — 40 (£) +4¥ (&) if D =0mod 16.

Applying Lemma , we see 220044 (1%) = 80644 (1%) + 8c (1%). Thus we get

( 0oqa(m) if D=1mod 4
20544(m) if D=2mod4
1= ) U(m) if D=3 mod4
3 (D) =19 954, (2)+2v (2) if D=4 mod 8 (4.6)
8T oda(m) if D =8 mod 16
80odd (&) +40 (&) +4¥ (£) if D=0mod 16.

\

Observe we continue to differ from Kronecker’s result by a factor of 2. This is still
due to the fact the we are only considering positive definite bilinear forms. We also
see our result matches (1), (2), (3), (4), (5) and (6) of Kronecker’s paper ([Kr1897,
p. 480]).

Copyright© Jonathan A. Constable, 2016.
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Chapter 5 A Connection between Bilinear Forms and Binary Quadratic
Forms

“Now this is not the end. It is not even the beginning of the end. But it
is, perhaps, the end of the beginning.”
- Sir Winston Churchill

In this chapter we develop a connection between the class number for positive definite
bilinear forms and the class number for positive definite binary quadratic forms.

5.1 Developing the Connection with Binary Quadratic Forms

A significant milestone in Kronecker’s paper [Kr1897] is the development of his for-
mula for Cl. (D) in terms of the divisors of D. However, a more important result
is his connection between Cl. (D) and summing over certain complete equivale nce
classes of positive definite binary quadratic forms. We shall develop this notion in
this section.

Throughout this chapter (unless explicitly stated otherwise) we will assume any bi-
nary quadratic forms given are positive definite and are of the form f = ax?+ 2bxy +
cy? where a,b and c are integers. Thus we will refer to the determinant of such a
binary quadratic form by det(f) = ac — V?.

It will be useful for the reader to remind themselves of the definition of an associated
binary quadratic form (see Definition [2.4.8]).

We first give a slightly stronger version of Lemma [2.4.25]

Lemma 5.1.1.
Let A be a bilinear form, then A is positive definite if and only if Ay is a positive
definite binary quadratic form.

Proof.

A Ap
Ag Ag
(Ajg + Agy)zy + Agy? is its associated binary quadratic form.

(=). Suppose A is a positive definite bilinear form. By Corollary this implies
Ajp > 0 and 4A1, Ay — (A + Ay)? > 0. By Lemma we wish to show
Aq = azx® + roy + cy? satisfies a > 0 and 4det(A4) > 0.

By definition we have A4 = A2 + (A1 + Ag1)zy + Aspy?. Thus we clearly have
a = Ay > 0. Further, 4det(Ay4) = 4A11 A9 — (A1p + As1)? > 0. Therefore Ay is a
positive definite binary quadratic form.

(<) Suppose Ay is a positive definite binary quadratic form. Then it follows that

Let A have matrix representation A = ( ) and by definition Ay = A;2%+
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Ajp >0and 0 < 4det(Ay) = 4A11 Asy — (Ara + Agp)?. Therefore by Corollary [2.4.19]
A is a positive definite bilinear form. O

We also note Kronecker considered only those binary quadratic forms having an
even xy coefficient. This is because when working with the definition of complete
equivalence we would like the entries to be integers. Our next series of lemmas
indicate how we may determine the number of complete equivalence classes for binary
quadratic forms with odd zy coefficient.

Lemma 5.1.2.

Let f = ax*+ray-+cy? be a positive definite binary quadratic form where r = 1 mod 2.
Then every binary quadratic form in the complete equivalence class of f has the
property that its xy coefficient is odd.

Proof.
Let A =

IS
S NI

be the matrix representation of f. Let M = < 3 ? > € kero

r

2
then using Observation [2.4.5| we have

M'AM = (a*a+ ayr + ey?)a® + (2aBa + (b + By)r + 2ydc)zy+
(B2a + Bor + 8%c)y>.

Since M € kero we have ad = 1 mod 2 and Sy = 0 mod 2. Using this along with
r =1 mod 2 it follows that the zy coefficient of M*A;M is always odd.

Hence if a positive definite binary quadratic form az? + razy + cy? has » = 1 mod 2
then all forms in its complete equivalence class have this property. O

Lemma 5.1.3.
Let f = ax® + 2bxy + cy? be a positive definite binary quadratic form with matriz

a b [ a B
b c) cmdletM—(7 6)€kero. If at least one of a,

c is odd then at least one of the outer coefficients of M*A¢M is odd.

Proof.

First observe that if a and ¢ are both odd then since a and § are odd, Observation
[2.4.5] shows that @’ and ¢ are both odd.

Without loss of generality we may assume a is odd and c¢ is even. Then since M
satisfies « = 0 = 1 mod 2 and 3 = v = 0 mod 2 it follows that a’ = a?a + 2avb + v?c
is odd. Thus M'A ;M has at least one odd outer coefficient. O

representation Ay = (

We now introduce some of Kronecker’s notation (see [Kri897, p. 445]).

Definition 5.1.4.

Let n > 0 be an integer and define the following:

Let 6G(n) be the number of complete equivalence classes of positive definite binary
quadratic forms, az? + 2bzy + cy?, with determinant ac — b = n.

Let 6F(n) be the number of complete equivalence classes of positive definite binary
quadratic forms, ax? + 2bxy + cy?, with determinant ac — b*> = n and where at least
one of the outer coefficients (a and/or ¢) is odd.
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The above definition provides the motivation for Lemma [5.1.3, where we proved the
property of having at least one odd outer coefficient is preserved within a complete
equivalence class.

Lemma 5.1.5.

Let n € Z~q be such that n = 3 mod 4 and consider the following sets of positive
definite binary quadratic forms.

Let Q, = {[f]e | f = az® + rzy + cy®,n = 4det(f) = dac — r*} and

R, =1{lgle| 9= Az* + Bxy + Cy*, A=C = 0mod 2, B=2mod 4,4n = 4det(g)}.

Define the map m : @, — Ry, by w([f]c) = [AsP],, where P = ( (2] g )

Then the map 7 1s a bijection.

Proof.

Well-defined: Since n = 3 mod 4 and 4 det(f) = 4ac —r?, we must have r = 1 mod 2.

By Lemma we know if f = ax? + roy + cy? has r = 1 mod 2 then every binary

quadratic form in the complete equivalence class of f has this property. Next, since

the determinant is invariant under SLy(Z) we note that 4 det(f) is also an invariant.
(a3 20\ [ 2arr . . .

Now observe AyP = ( r o2 ) ( 0o 2=, 9 ) which yields the binary

)
quadratic form 2axz? + 2rzy + 2cy® = Az? + Bry + Cy?. Tt is then clear that A = 2a,

C =2cand A =C =0mod2. We also see B = 2r = 2mod 4 as r = 1 mod 2.
Lastly, 4 det(g) = 4(AC — (£)?) = 4((2a)(2c) — (r)?) = 4(4ac — r*) = 4n. It remains
to check our map is independent of our choice of representative from within the

complete equivalence class. Suppose f ~. f , then there exists M € ker o such that
M'AfM = Aj. Then we have

v (1) = [4,P
[MtAfMP}
= [M'A;PM]_as P and M commute
=[A;P], as M € kero
=7 ([fle)
Hence 7 is well-defined.
Injectivity: Suppose 7 ([f].) = 7 ([f]c), then [A;P] = [A AP] Therefore there

exists a matrix M € ker o such that M tAfPM A ;P. Since the matrices P and
M commute we have M'A;MP = A :P and it follows that M'A;M = A That is

[f]le = [ﬂ and therefore 7 is injective.

Surjectivity: Let [g], € R, be arbitrary and consider [%]c. We note the binary

quadratic form £ is Well—deﬁned by the following logic. We have A = (C = 0mod 2,
B = 2 mod 4 implies r = 5 = 1 mod 2 and thus a = A , b= 7 and ¢ = % are

integers. We also have 4det(%) = 4 ((5) (£) - (%) > = (AC' — B?%) = det(g) = n.

2 2
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Thus [g]c € Q,.

2
Now observe 7 ([%L) = [A%P} = [A,]. = [gle. So m is surjective and hence is a

bijection. O
We now give a nearly identical result, this time for when n = 0 mod 4.

Lemma 5.1.6.

Let n € Z~q be such that n = 0 mod 4 and consider the following sets of positive
definite binary quadratic forms.

Let Q, = {[f]c | f = az® + rzy + cy®,n = 4det(f) = dac — r*} and

R! ={lglc| 9= Az* + Bay + Cy*, A=C = 0mod 2, B=0mod 4,4n = 4det(g)}.
Define the map 7 : Q, — R, by w ([f]c) = [AfP],, where P = ( g g )

Then the map 7 s a bijection.

Proof.

Well-defined: Since n = 0 mod 4 and 4 det(f) = 4ac — r?, we must have r = 0 mod 2.
By the complement of Lemma, we know if f = ax? + ray + cy?® has r = 0 mod 2
then every binary quadratic form in the complete equivalence class of f has this
property. Next, since the determinant is invariant under SLy(Z) we note that 4 det( f)
is also an invariant. Now observe A;P = ( C,,L 2 > < 20 ) = ( 2a T ), which

5 C 0 2 r 2c

yields the binary quadratic form 2ax? + 2razy + 2cy? = Ax? + Bxy + Cy?. It is then
clear that A = 2a, C' =2c and A = C = 0 mod 2. We also see B = 2r = 0 mod 4 as
r =0 mod 2. Lastly, 4det(g) = 4(AC—(£)?) = 4((2a)(2¢)— (r)?) = 4(4ac—r?) = 4n.
It remains to check our map is independent of our choice of representative from within

the complete equivalence class. Suppose f ~. f , then there exists M € ker o such
that M'AsM = A;. Then we have

w (1) = [4:7],
= [MtAfMPL
= [MtAfPML as P and M commute
=[AsP], as M € kero
= ([f]e)-

Hence 7 is well-defined.

Injectivity: This is analogous to the proof of injectivity in Lemma
Surjectivity: Let [g]. € R, be arbitrary and consider [g]c. We note the binary
quadratic form § is Well—deﬁned by the following logic. We have A C' = 0mod 2,

B = 0mod 4 implies r = 2 = O mod 2 and thus a = A , b= 7 and ¢ = % are

integers. We also have 4det(%) = 4 <( ) () - (£) ) = (AC — B?%) = det(g) = n.
Thus [Q]C € 9,.

2
Now observe 7 ([4].) = [A%P} = [A,]. = [gle- So 7 is surjective and hence is a

bijection. O
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We are now in a position to prove two of Kronecker’s statements about the structure
of the complete equivalence classes of binary quadratic forms. We begin by proving
his third claim on page 444 of [Kr1897].

Lemma 5.1.7.
Let n > 0 be a positive integer and consider the set of binary quadratic forms f =
az? + 2bzy + cy? with det(f) =n > 0. Then we have G(4n) = F(4n) + G(n).

Proof.

Recall from Definition that 6G(n) is the number of complete equivalence classes
of positive definite binary quadratic forms with determinant n, and that 6F(n) is the
number of complete equivalence classes of positive definite binary quadratic forms
with determinant n and where all forms have at least one odd outer coefficient.
Therefore 6G(4n) — 6F(4n) is the number of complete equivalence classes of positive
definite binary quadratic forms with determinant 4n and where both outer coefficients
are even.

By Lemma [5.1.6| we know there is a bijection between the set of complete equivalence
classes of binary quadratic forms with determinant n and the set of complete equiv-
alence classes of binary quadratic forms with determinant 4n and the property that
both outer coefficients are even. Since we are dealing with finite sets, it follows that
6G(4n) — 6F(4n) = 6G(n). Dividing by 6 then yields Kronecker’s result. O

We now prove his fourth claim ([Kr1897, p. 444]).

Lemma 5.1.8.
Let n > 0 be an integer such that n = 1 or 2 mod 4 and consider the set of binary
quadratic forms f = ax? + 2bxy + cy? with det(f) = n. Then we have G(n) = F(n).

Proof.

By Lemma if a binary quadratic form within a GLs(Z)-equivalence class has at
least one odd outer coefficient, then every binary quadratic form within this equiva-
lence class has this property.

Let n = 1 or 2mod 4 and ac — b*> = n. Assume a = ¢ = 0 mod 2 then we have

n = —b?mod 4. This implies n = 0 or 3 mod 4, a contradiction. Hence when
n = 1 or 2mod 4, every binary quadratic form has at least one odd outer coeffi-
cient and thus 6G(n) = 6F(n) and we have Kronecker’s result. O

Observation 5.1.9.
It is important to note that 6G(n) and 6F(n) are integers, this is not necessarily true
for G(n) and F(n).

Our next lemma is particularly important because it establishes the connection be-
tween complete equivalence classes of associated binary quadratic forms with the
complete equivalence classes of binary quadratic forms in general.

Lemma 5.1.10.
Let 7p p, be the set of positive definite bilinear forms with determinant D > 0 and h =
Ap—As1 =0 mod 2. Then the set of complete equivalence classes of associated binary
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quadratic forms developed from the set Tpy, is finite and has the same cardinality as
the set 02f complete equivalence classes of binary quadratic forms with determinant
D—(3)"

Proof.

To begin note that there are finitely many bilinear forms with determinant D and by
Lemma h is invariant under SLy(Z). Therefore there are finitely many associ-
ated binary quadratic forms. In a similar manner to bilinear forms we see there are
a finite number of positive definite binary quadratic forms f = az? + 2bxy + cy? with
determinant D — (%)2.

Next, by Lemma the bilinear forms in 7p , satisfy 4413 Ags — (A2 + A)* >0
and thus 4D — (A — As)? > 0. Therefore we get 4d — h? > 0 which yields
—2v/D < h < 2v/D. Consequently D — (£)? is a positive integer.

Now observe the associated binary quadratic forms satisfy det(A4) = Aj1As —
(%)2 =D — (g)z, which is an integer as h = 0 mod 2. Further, every as-
sociated binary quadratic form with this determinant is a binary quadratic form
with the same determinant. Therefore if we have A4 . Ap then we cannot have
[A4]. = [Ap]. without a contradiction. Thus the cardinality of the set of complete
equivalence classes of binary quadratic forms with determinant D — (%)2 is greater
than or equal to the cardinality of the set of complete equivalence classes of associated
binary quadratic forms with this determinant.

Lastly, we will show that every complete equivalence class of positive definite binary
quadratic forms contains an associated binary quadratic form that comes from a bi-
linear form with determinant D and satisfies h = 0 mod 2.

Let f = ax? + 2bxy + cy? be an arbitrary positive definite binary quadratic form
with determinant D — (%)2, thus ac — b = D — (%)2 In particular this means

D = ac— b+ (%)2 Now consider the bilinear form A with matrix representation

h
A= ( “ h b+3 ) Since h = 0 mod 2 we note both b+ 2 and b — 2 are integers.
b—5 ¢ 2 2

This bilinear form has determinant ac — (b + %) (b — %) = ac— b + (%)2 =D and

satisfies B = (b+ %) — (b— %) = h = 0 mod 2. Finally we see A4 = f. Thus every

binary quadratic form with determinant D — (%)2 is the associated binary quadratic
form for some bilinear form with determinant D and fixed value of h = 0 mod 2.

Therefore we must have equality between the cardinalities of the two sets. O

We now begin to establish the connection between bilinear forms and binary quadratic
forms with the following lemma.

Lemma 5.1.11.
Let A and B be positive definite bilinear forms satisfying det(A) = det(B), Aja—Ag =
Bis — Byy =0mod 2 and Ay ~. Ag. Then A~.B or A ~. Bt.

Proof.
Since Ay — Ay; = Bia — By = 0 mod 2 it follows that A4 and Ag are of the form
ax?® + 2bzy + cy?. Therefore we may talk about complete equivalence between these
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binary quadratic forms because their matrix representations have integer entries.
Therefore there exists a matrix M € kero such that M'A4M = Ag. We apply
Observation to get

Ap = M'A M
= [a? A1 + ay(Arz + Az) + 7V Ago)a®+
[2a8A11 + (@b + By) (A2 + Aar) + 270 Ago|xy+
(8% A1 + BO(Arz + Asr) + 07 A]y”.

Equating coefficients yields

By = o Aq + ay(Arz + An) + 7 Ax
B12 + Bgl = 20451411 + (a5 -+ ﬁ’)/) (Alg + AQl) + 2’7(51422
Bay = B* Ay + B0(Aa + Agp) + 6% Ags.

Next we calculate M*AM directly by applying Observation [2.4.5|

a?Ap + ay(Apg + Ag) + V2 As  afAn + ByAs + adAis + 6 Ag >
af Ay + adAg + ByAie + 07Ax  B2A; + Bo(Ae + Agp) + 62 Ago

_ By X,
Xy DBoy )’
where X1 = OéBAH +ﬁ’7A21 +045A12—|—’75A22 and X2 = CYBAH +065A21+,3’}/A12+5’}/A22.
We observe X; + Xy = Bjgs + By and BBy — Bi1aBsy = det(B) = det(A) =
det(M'AM) = By Bay— X1 X3. Consequently X; Xy = BiaBs;. Solving this system of

equations yields two solutions, namely (X7, Xs) = (Bja, Ba1) or (X3, X3) = (Ba1, B12).
Thus we get A ~. B or A~ B O

M'AM = <

Theorem 5.1.12.

Let A and B be positive definite bilinear forms such that det(A) = det(B) and Az —
A21 = BlQ — BQl =0 mod 2. Then A ~e B Zf and Only Zf A_A ~e AB and A12 — A21 =
Bis — By

Proof.

(=) Suppose A ~. B then Lemma implies A4 ~. Ag because complete equiv-
alence implies proper equivalence.

(<) Suppose Ay ~. Ap and Ajy — Asy = Bia — B Then there exists a matrix
M € kero such that M*A M = Ag. Since Ay, — Ay = 0 mod 2 we apply Lemma
to see either A ~, B or A ~, B via the matrix M. By Lemma we know
complete equivalence preserves Ay — Asy. Therefore if A1 — Ay # 0 then we have
A ~. B because B! satisfies aj3 — agg = Bay — Big = —(Bj2 — Ba1). Now suppose
Ay — Ag = 0, then we have By — By = 0 and thus By = Bs;. This implies B = B!
and therefore we have A ~_. B. O

We now present a lemma that determines the relationship between complete equiva-
lence classes of positive definite bilinear forms where A;5 — A5 = 1 mod 2 and those
where A12 — A21 = 0 mod 2.
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Lemma 5.1.13.

Fix D € Z~o and define Xp = {[A]. | det(A) = D, A1o — Ay; = 1 mod 2} as well as
Yp ={[B]. | det(B) = 4D, By; = Bas = 0 mod 2, Bjs — By; = 2 mod 4}.

Define 7 : Xp — Yp by [A], — [2A]...

Then T is a bijection.

Proof.

Well-defined: We first show [2B]. € Vp. We have det(2/2A) = det(2]y) det(A) =
4det(A) =4D. Also 2311 = 2322 = 0 mod 2. Lastly, 2<312 — le) = 2mod 4 as
Bis — By; = 1 mod 2. Thus 7 maps into Rp.

Now we show that 7 respects complete equivalence classes. Assume B ~. B, then
there exists M € kero such that M'BM = B’. Using this we have M*(2,B)M =
( g g ) M'BM = 2B'. Thus 2B ~. 2B’ and hence 7 is well-defined.

Injectivity: Suppose 7 ([B].) = 7 ([B']¢), then there exists an M € kero such that
M'(2B)M = 2B’. Tt follows that ( 3 g ) B = ( (2) (2) ) M'BM = M'(2B)M and
so M'BM = B'. Therefore [B]. = [B]..

Surjectivity: Let [B]. € Vp be arbitrary and consider [5] . The following observations

2

show that g is well-defined. Since B;; = By = 0 mod 2 and it follows that %, % €
Z~o. Next, 4 | det(B) = 4D and since By; = By = 0 mod 2 it follows that 4 | BisBa;.
Using By — By; = 2 mod 4 we have either Bjs = 0 mod 4 and By = 2 mod 4, or
vice versa. Therefore %, % € Z and we clearly have By — By = 2k where k =

1 mod 2 and thus —3125321 = 1 mod 2. Lastly, det (%) = (%) (%) — (@) (%) =

i(Bung — B13Byy) = %(4D) = D. Hence [EL € Xp. We observe T ([%—3}0) = [B]

2 2 c
and hence 7 is a surjection and so is a bijection. O]

We now derive Kronecker’s result for the complete class number of positive determi-
nant bilinear forms of determinant D > 0 in terms of summations of certain complete
equivalence classes of binary quadratic forms.

Theorem 5.1.14.
Let D > 0 be an integer. Then Cl. (D) =6 Z [G(4D — n*) = F(4D — 1?)] .
—2v/D<h<2vD

Proof.

Fix an integer D > 0 and consider the set of all complete equivalence classes of
positive definite bilinear forms with determinant D. This set has cardinality Cl. (D).
By Lemma any such bilinear form satisfies 4411 Agy — (Aj2 + A21)2 > 0 and
this rearranges to give 4D — h? > 0, where h = A5 — As;. By Lemma we know
this quantity is preserved within a proper equivalence class, so in particular within a
complete equivalence class. Further, this rearranges to give —2v/D < h < 2v/D.

We first partition the set of all complete equivalence classes of positive definite bilinear
forms with determinant D according to whether h = Ay, — Ay = 0 mod 2 or not.
By Lemma there is a one-to-one correspondence between the set of complete
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equivalence classes of bilinear forms with determinant D that satisfy A — Ao =
1 mod 2, and the set Vp. Here

yD = {[B]C ’ det(B) = 4D, Bll = BQQ = 0 mod 2,312 — BZl = 2 mod 4} .

Therefore we have Cl. (D) = Cl.. (D) + |Vp|, where

Clee (D) = | {[A]c | det(A) = D, A1o — Ay = 0 mod 2} |.

Now partition each of these sets according to their value of h, where —2v/D < h <
2v/D. This gives

Cle(D)=" > lmooal+ D> |Youl,

—2vD<h<2VD —2vD<h<2VD
h=0 mod 2 h=1 mod 2

where Vp, = {[Alc | det(A) = 4D, a1 = aze = 0 mod 2,2h = a15 — ag; = 2 mod 4}.
This is because all forms (a11, a12, as1, ax) € Yp are positive definite and so satisfy
4ayraz — (a;p + ag)? > 0. By construction we have a;; = 2A4;; for 1 < 4,5 < 2
and thus we get 4(2A11)(2A49) — (2412 + 241)* > 0. Hence 4(4D — h?) > 0 where
h = A5 — Ay =1 mod 2 and thus —2v/D < h < 2v/D.

Next, by Theorem [5.1.12] when h = A3 — A1 = 0 mod 2 there is a one-to-one
correspondence between complete equivalence classes of binary quadratic forms with
determinant D, and the complete equivalence classes of associated binary quadratic
forms with determinant A;; Asg— (%)2 = D— (%) 2. Further, by Lemmal5.1.10{we
know there is a one-to-one correspondence between the complete equivalence classes

of associated binary quadratic forms with determinant D — (ﬁ)2 and the complete

2
equivalence classes of binary quadratic forms with determinant D — (%)2

Lastly, by the contrapositive of Lemma [5.1.3|and using the invariance of A5 — Ay we
see that the property of having both outer coefficients even and Ao —As; = 0 mod 2 is
preserved within a complete equivalence class of a binary quadratic form having these
properties. Therefore, applying Theorem to the complete equivalence classes in
the set Vp , yields a one-to-one correspondence with the binary quadratic forms with
determinant 4D — (h)2 having the property that both outer coefficients are even. To
see why the binary quadratic forms have determinant 4D — h?, recall a bilinear form
(an,a12,a21,a22) € yD,h has a1 = 2411, ax = 2As and ajp — ag = 2(A12 - A21)-
Thus its associated binary quadratic form has the following determinant

arg + ag \
det(a) = a11a922 — (%)

2
. a2 — Az
= Q11G22 — Q1221 — \ — 75—

2
2(Ajp — Ag) ) ?

= 4(14111422 - A12A21) - < 9

= 4D — h?.

We now apply Kronecker’s notation to our result. In particular, note that the set of
complete equivalence classes of binary quadratic forms with both outer coefficients
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even and determinant n is counted by 6G(n) — 6F(n). Using this we have

Cl.(D)= > 6G (D— (g)2> + Y [6G (4D — h?) — 6F (4D — h?)] .

—2vVD<h<2vVD —2vD<h<2VD
h=0 mod 2 h=1 mod 2

Further, we apply Lemma|5.1.7/in order to observe 6G <D — (%)2> = 6G(4D — h?) —
6F (4D — h?). Using this we get

Cle(D)=6 >  [G(4D—h’)—F(4D—h%)].
—2v/D<h<2vVD

]

We now turn our attention to deriving a similar expression for Cl. (D). Thus we are
now interested in the complete equivalence classes of positive definite bilinear forms
with determinant D, By + By = 0 mod 2 and where at least one of By; and Bas is

odd.

In particular this means h = Ay — Ay is even and thus Cl. (D) = Z |TD 1.

—2vD<h<2VD
h=0 mod 2

Next, as in the proof of Theorem we have a one-to-one correspondence be-
tween the complete equivalence classes of associated binary forms with determinant

D — (ﬁ)2 and the complete equivalence classes of binary quadratic forms with deter-

2
minant D — (%)2 in general. Further, the property that at least one outer coefficient
is odd and A3 + A1 = 0 mod 2 is preserved in both cases.

Hence we have

CL.(D)= >  6F (D-(%f)

—2vD<h<2VD
h=0 mod 2

- ¥ 6F<D—f12).

—v/D<h<\D

Lastly, we wish to determine a similar expression for Cl, (D). Thus we are interested
in the complete equivalence classes of positive definite bilinear forms with determinant
D, Bis — By; = 0mod 4, and where at least one of By, By is odd. Recalling
h = Ay — Ag is invariant within a complete equivalence class, and following the

proof of Theorem we see

CL(D)= > |monl
4|h

—2v/D<h<2VD

199



vz )

4lh

—2vD<h<2vVD
=6 Y T (D _ iﬂ)
2|h
—vVD<h<vD
=6 Y F(D—4B2).
—VD<2h<\/D

Summary 5.1.15.
The following summarises the results of this subsection so far:

Cl(D)=6 >  (G(4D-h?)—F (4D —1?)) (5.1)
—2vD<h<2vD

CL(D)=6 > F (D - iﬂ) (5.2)
—VD<h<vD

CL(D)=6 Y F <D - 4ﬁ2> . (5.3)
—V/D<2h</D

It is important to note that A, h and 2h are integer valued.

We now make connections between the results found in Summary [5.1.15| and those of

Sections 4.4l and [4.7]

First we make a seemingly unmotivated definition. Motivation for this will be appar-
ent in the proof of Lemma [5.1.17]

Definition 5.1.16.
Recall the arithmetic functions F and G were defined for n € Z-y. We extend this
definition to n € Zsq by defining G(0) = —% and F(0) = 0.

Lemma 5.1.17.
Let D € Z~q be arbitrary. Then

o(D)+¥(D)= Y  (GAD-h’)—F(4D-1%).
—2vD<h<2vD

Proof.
From Theorem [4.4.3] we have

a( )+6U(D)+1 if D=Fk?
60(D) + 6V (D) otherwise

D)+ VU(D)+ 1 if D=k

D)+ Y(D) otherwise.

ol
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Next, because h is an integer by construction, we have

6 Y  (GMAD-1)-F(4D-h%) =

—2v/D<h<2vVD

6 Y  (GMAD-h%)—F (4D —h%) —6(G(0) — F(0)) if D= k?
—2v/D<h<2v'D

6 >  (G(D-h’)—F(4D-1?)) otherwise.
—2v/D<h<2v'D

(5.5)

We now equate Equations and in each of our two cases. When D = k? we

have

1
o(D) +¥(D) + = > (G(4D—h?) —F (4D - 1?)) — (G(0) — F(0)),
—2VD<h<2vD
whilst when D # k? we have
o(D)+¥(D)= Y  (G(4D-h’)—F(4D-1?).
—2VD<h<2vD

This motivates G(0) = —# and F(0) = 0 as found in Definition [5.1.16]
From this we get

o(D)+¥(D)= Y  (G(D-h*)—F (4D -1r?),
—2vD<h<2vD
which is exactly what Kronecker claimed. O]

We now proceed to derive similar results using an argument based upon our results

for Cl. (D).

Lemma 5.1.18.
Let D € Z~qy. Then

1
SED)+u(D)= > F D—h2> fD=1mod2 (5.6)
—v/D<h<\D
J— — — 72 1 ==
20(2) Z F(D h)sz_2m0d4 (5.7)
—v/D<h<\D
D D D AN _
200 (Z) to (Z) + 0 (Z) - Z F (D—h ) ifD=0mod4. (5.8)
—VD<h<v/D
Proof.
From Theorem [4.7.4] we have
1 o(D)+ V(D) if D=1mod 2
3CL(D) = { 4o (£) if D=2mod 4
400aa (B) +20 (2) +2¥ (2) if D =0mod 4.



From Summary [5.1.15( we have Cl. (D) = 6 Z F (D — fl2)

—VD<h<v/D
Equating these yields
X 2 (0(D)+¥(D)) if D=1 mod 2
> F(p-it)={ 20 (%) if D = 2mod 4
—VD<h<vD 20044 (%) +o (%) +Vv (%) if D =0 mod 4.

Lastly, we derive similar results by using our knowledge of ﬁc (D).

Lemma 5.1.19.
Let D € Z~y, then:

- 1
S OOF (D — 4h?) = S00aa(D) if D = 1mod 4
—V/D<2h</D
F (D —4h?) = 0o0a(D) if D = 2 mod 4
—vVD<2h</D
> F(D-4r?) =-¥(D) if D=3mod 4
—vD<2h</D

—VD<2h<vD
- D
Y F(D-40?) =40 <§) if D =8 mod 16
—vD<2h<v/D
- D D D
F(D—4h*) =40oqqa | — | + 20 = | +2¥ (=) ifD= d 16.
~ Udd<16)+ 0(16>+ (16) if 0 mod 16
—vD<2h<v/D
Proof.
From Section .10l we have
[ 004a(D) if D=1mod4
20_0dd(D) if D=2mod4
1= ) ¥(D) if D=3 mod4
3 P)=19 25,00 (2) + 20 (2) if D = 4 mod 8
80 (2) if D =8mod 16
800dd (2) + 40 (£) +4V (£) if D =0mod 16.

\

Now in order to show we indeed recover Kronecker’s results, we shall write D in the
following ways:

m if D=1mod 2
D= 2m if D=2mod4
4n = 2*m if D = 0 mod 4.
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In the last case we refine this to D = 16¢ when D = 0 mod 16. Note that in each

case m is odd.

We present the derivations below as follows - the top equation is in our notation,
while the lower equation is in Kronecker’s notation.

Equating with ClL (D)=6

2.

F (D _ 4E2> vields:

—VD<2h<v/D
e If D=1mod4
1 2
(D)= Y F (D 4k )
—VD<2h<vD
1 ~
goualm) = 3 F (m . 4h2) (5.9)
—v/m<2h<y/m
o If D=2mod4
owa(D)= Y F (D - 4B2>
—VD<2h<v/D
0uam)= Y F <2m - 4}32) (5.10)
—V2m<2h<\2m
e If D=3mod4
yD)= Y F <D - 4ﬁ2>
—vVD<2h</D
1 72
Jm = Y F(m—4h> (5.11)
—v/m<2h<y/m
o If D=4mod?S8
D D -,
Oodd (Z)+\IJ(Z> = Z F(D—4h>
—VD<2h<vD
o(m)+¥(m)= > F <4m . 4B2> (5.12)
—vm<h<\/m
o If D =8mod 16
D 7.2
40(§> - Z F(D—4h)
—vV/D<2h<+/D
do(m)= Y F <8m . 4}32) (5.13)
—V2m<h<v2m
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e If D =0mod 16

D D D
00 | = | +20 (= | +20 [ =
oo () 2 (1) +2* (5)

R <D —4E2)

—VD<2h<v/D

dooaa(q) +20(q) +20(q)= > F (16q - 4B2> . (5.14)
—2,/q<h<2,/q

O

This completes our derivation of Kronecker’s equations (), ('), (") and (R"”') on
[KrI897, p. 482].

Theorem 5.1.20.
Let n € Z=q, then F(4n) = 2F(n).

Proof.

Recall from Definition [5.1.16| that F(0) = 0 and therefore 0 = F(4 - 0) = 2 - F(0).
Thus we now let n € Z~.

Let n = 1 mod 2 then using Equations and we have

Z F(4[n—0%)=0(n)+ ¥(n)

—v/n<h<y/n
=2 ) F(n-h%. (5.15)
—v/n<h</n

Similarly, when 2m = n = 2 mod 4, using Equations and e have

Z F (4 [2m — r*]) = 40(m)

—V2m<h<+v2m

=2 ) F(@m-n). (5.16)
—V2m<h<v2m

Lastly, letting n = 0 mod 4 and using Equations [5.8 and yields
> F(4[4n—1%]) = 4ooaa(n) + 20(n) + 29(n)
—2¢/n<h<2y/n
=2 > F(n-»’). (5.17)
—2/n<h<2/n

We now induct on n.
Base Cases:
n = 1: From Equation [5.15| we have

Y FMAL-p)=2 Y F(1-h%

—1<h<1 —1<h<1
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and therefore F(4-1) = 2F(1).
n = 2: From Equation [5.16| we have

S F@R-w))=2 Y F@-#).
—V2<h<V/2 —V2<h<V2
Expanding gives F(4-1) + F(4-2) + F(4-1) = 2F(1) + 2F(2) + 2F(1).
Using our n = 1 base case then yields F(4 - 2) = 2F(2).
n = 3: From Equation [5.15| we have

Y FEA(B-r))=2 > TF(B-1).

—V/3B<h< /3 —V/3<h< V3

Expanding gives F(4-2) + F(4-3) + F(4 - 2) = 2F(2) + 2F(3) + 2F(2).
Using our n = 2 base case then yields F(4 - 3) = 2F(3).
n = 4: From Equation [5.17| we have

Y FMA[A-w])=2 > F-1r).

—2<h<?2 —2<h<2

Expanding gives F(4-3) + F(4-4) + F(4 - 3) = 2F(3) + 2F(4) + 2F(3).
Using our n = 3 base case then yields F(4 - 4) = 2F(4).

Thus we have shown F(4n) = 2F(n) for n < 4.

Inductive Hypothesis: Suppose F(4n) = 2F(n) for n < 4k, k € Z,.

n = 4k + 1: Applying Equation [5.17] gives

> F(4[4k +1—-1?]) =2 > F (4k+1—h?%).

—V4k+1<h<v/4k+1 —V4k+1<h<v4k+1

We rewrite both sides by moving the h = 0 term out of the sum. This expresses the
right hand side as:

PA[Ak+1))+ Y F(4[4k+1-0%]) =2F(4k+1)+2 >  Fk+1-1).
|h|<VAK+T |h|<VAE+T
h£0 h+£0

Since 4k+1—h? < 4k for h € (—\/4k: + 1,4k + 1) \ {0}, we may apply our inductive
hypothesis. This gives F (4 [4k + 1]) = 2F (4k + 1).
n = 4k + 2: Applying Equation gives

> F(4[4k +2 - 1?]) =2 > F (4k +2 — h?%).

—V4k+2<h<\/4k+2 —V4k+2<h<v/4k+2

Rewriting both sides by moving the h = 0 and A = 41 terms out of the summation
gives

F4[dk+2))+2F 4k + 1)+ ) F(4[4k+2-1%) =
—VAkT2<h<+ 4k+2
h#0,%1
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OF (4k +2) +4F (4k+1)+2 > F(4k+2-1%).
—VAEF2<h<ViAk+2
h#£0,+1

Since 4k +2—h? < 4k for h € (—v/4k + 2,4k + 2) \ {0, £1} we apply our inductive
hypothesis along with the n = 4k + 1 case. This yields F (4 [4k 4 2]) = 2F (4k + 2).
n=4k+3: Applying Equation gives

> F(4[4k +3 - 1?]) =2 > F (4k +3 — h?).
—VARF3<h</Ik+3 —VAkF3<h</3k+3
Rewriting both sides by moving the h = 0 and h = +1 terms out of the summation
gives
OF (4[4k +2)+F (4[k+3)+ ) F(4[4k+3-1%) =
—VAk+3<h<\/4Ak+3
h#0,4+1

AF(4k +2) + 2F(k+3)+2 Y F(4k+3-17).
—VAk+3<h<V4k+3
h#£0,+1

Since 4k +3 —h? < 4k for h € (—V/4k + 3,V4k + 3) \ {0, £1} we apply our inductive
hypothesis along with the n = 4k + 2 case. This yields F (4 [4k + 3]) = 2F (4k + 3).
n = 4(k + 1): Applying Equation gives

> FUAME+n-))=2 > Fk+1-1).
—VE+1<h<Vk+1 —VE+1<h<\VEk+1

Rewriting both sides by moving the h = 0 and h = +1 terms out of the summation
yields

2F (a4 3) P @k )+ 3D P (a1 - n)) =

AF (4k +3) +2F (4k +4)+2 > F(4k+4-17).
—VEFI<h<vE+1
h#£0,£1

Since 4k + 4 — h? < 4k for h € (—v/4k +4,V/4k +4)\ {0, £1} we may apply our
inductive hypothesis along with the case n = 4k + 3. This yields F (4 [4k +4]) =
2F (4k + 4).

Hence we have shown if F (4n) = 2F (n) for n < 4k then F (4¢q) = 2F (q) for 4k +1 <
q < 4k + 4. Therefore by induction on n € Z-o we have F (4n) = 2F (n) for all
n e Z}O- ]

Notes on Section [5.1]

We observe the result found in Theorem [5.1.14] differs from Kronecker’s claim found
at the beginning of Section 21, [Kr1897, p. 481]. The difference is a factor of two and
is due to Kronecker implicitly considering definite rather than positive definite forms.
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Observation 5.1.21.

The results found in Lemma match Kronecker’s ([Kr1897, p. 482]) exactly. To
see this, write D = m when D =1 mod 2, D = 2m when D =2 mod 4, and D = 4n
when D = 0 mod 4. Then Equations [5.6] and [5.8] become:

%(J(m) FU(m)) = S OF (m—iﬂ>
—2/m<h<2y/m
20(m) = Z F <2m - iL2>
—V2m<h<v/2m
20044(n) + o(n) + ¥(n) = Z F (4n — 32> :
—2/n<h<2y/n

These are (in reverse order) the results given by Kronecker in [Kr1897, p. 482].

Observation 5.1.22.
If by some other method we determine F (4n) = 2F (n) for n € Nyq then it is
straightforward to recover Equations [5.12] [5.13] and [5.14] This is done by using

F (4n) = 2F (n) in each of Equations 5.6 E and .8

We also note that Kronecker’s results found on page 444 of [Kr1897] are stated without
proof. Kronecker opts to defer the proofs to his earlier paper [Kr1860]. In his earlier
paper the details of the proofs are somewhat vague and appear to use non-arithmetic
techniques. Consequently we will develop new purely arithmetic proofs in order to
fill in the gaps.

5.2 An Arithmetical Deduction for Binary Quadratic Forms with n =
ac — b* = 3 mod 4.

In this section we will give an arithmetic derivation of Kronecker’s formula 3G(n) =
(5 - (—1)%3> F(n) when n = 3 mod 4.

Lemma 5.2.1.

Let n € Zq then the set Q, = {(a,b,c) | ac — b* = n, —min{a, c} < b < min{a, c}}
contains a unique representative for each complete equivalence class of binary quadratic
forms ax?® + 2bxy + cy? with determinant ac — b* = n.

Proof.

We first prove the existence of such a binary quadratic form within the complete
equivalence class of an arbitrary binary quadratic form with determinant n = ac — b%.
We fix a complete equivalence class [f]. where f = az? = 2bzy + cy®. If f sat-
isfies —min{a,c} < b < min{a,c} then we are done. Thus we suppose f does
not satisfy this. Then we must have either b = —min{a,c} or |b| > min{a,c}.

If b = —min{a,c} then we apply the transformation ( (1) i > if a < ¢ or apply
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; (1) if a > c. It is straightforward to use Observation |2.4.5/to verify these trans-
: a a a c .
formations take f to ( 4 e ) or ( I ) It is then clear that each of these forms

satisfy —min{a, ¢} < b < min{a, c}. Hence we may now assume |b| > min{a, c}.

We may further assume a < ¢ as if this is not the case then applying the trans-
: 1 2. 1 =2\ . . .
formation ( 01 ) if b >0 or ( 0 1 ) if b < 0 yields a completely equivalent
binary quadratic form with a < ¢. We note b # 0 as this would imply we satisfy our

criterion.

Thus our goal is to reduce the value of b below a. Observe applying the transforma-
k

. 1 2 . a 2ka+b\ [ d V
tlon<0 1) yleldstheform<2ka+b 4k2a+4kb+c)_(b’ C,).Wemay

choose k € Z so that —a < 2ka + b < a. It then remains to show —c¢ < b < ¢ also.
If this is already the case then we are done. So suppose it is not the case, thus we

have either i’ = —¢ or we have ¢ < |[I/| < @/. In the first instance we may apply
!/ /

. 10 . . oo
the transformation ( 9 1 ) to get the form ( Z, 2, ) which satisfies our criterion.

Thus we may assume we are in the latter case.
q

. . . 1 ) .
In this case we observe applying the transformation 5 1 yields the binary
) ! 4 b/ 4 2.7 b/ 2 / " b”
quadratic form @ +2q b’++ 2qqi’ + qz, ) = ( Z,, o ) We may choose q € Z
so that —¢ < b +2¢d < .
If we have —a” < b < d” then we are done. Similarly if 0" = —a” we are done after

01 ) If this is not the case then we may repeat

. . 1 2
applying the transformation (

this two step process again.

This yields a sequence of integers b, b, b” where |b] > |V/| > [0'| > .... Thus either
the process terminates at the desired form or b = 0 eventually. However, b = 0 results
in a form that automatically satisfies our criterion.

Hence every complete equivalence class of binary quadratic forms with determinant
ac — b? = n contains at least one form f that satisfies — min{a,c} < b < min{a, c}.
We now prove uniqueness. Suppose there exists a complete equivalence class [f]. con-
taining two binary quadratic forms f, g that satisfy our criterion. We observe that
the matrix representations of these binary quadratic forms may instead be viewed as
the matrix representations of symmetric bilinear forms. Since ker o does not change
according to whether we are considering binary quadratic or bilinear forms, we apply
Theorem to see we must have f = g unless |2b] = 2a or |2b] = 2c. From the
proof of Theorem (special cases 1 and 2) we see when |2b] = 2a or |2b] = 2¢

thenwemusthavef:(_g _Z)andg:(z i)orf:<_fé _i>and

g = (Z z respectively unless f = g. Observe these are matrices that can repre-

sent binary quadratic forms and that by the criterion —min{a,c} < b < min{a, ¢}
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only one of these forms is possible in each case. Therefore we must have f = g always.
Hence every complete equivalence class of binary quadratic forms with determinant
n = ac — b* contains a unique binary quadratic form satisfying — min{a,c} < b <
min{a, c}. O

Our goal now is to prove the first part of Kronecker’s claim. We will state the theorem
first and then give a series of lemmas that will prove it.

Theorem 5.2.2.
Let n € Z~q be such that n = 3 mod 8. Then 3G(n) = 4F(n).

In order to prove Theorem [5.2.2] we will use the set €, from Lemma [5.2.1 We shall
partition this set into a union of three disjoint sets. Until explicitly stated otherwise,
we will assume n € Z satisfies n = 3 mod 8.

Definition 5.2.3.
Let O, E,W C Q, be defined as follows:

O ={(a,b,c)la=c=1mod 2}
E ={(a,b,c)la = c=0mod 2}
W = {(a,b,c)|la # cmod 2} .

Observation 5.2.4.

Since the complete equivalence class number is finite we have |O|, |E| and |[W| < oco.
Now observe the binary quadratic form (1,0,n) € O. This is because n = 3 mod 8
and it is clear that the determinant is n and the form satisfies — min{a,c,} < b <
min{a, c}.

Now observe the binary quadratic form (2,1, "TH) € E. This is because n = 3 mod 8
implies 2 | n + 1 and "TH = 0 mod 2. It is straightforward to check the determinant
is n and that it satisfies —min{a,c} < b < min{a, c¢}. Thus this form lies in .
Similarly, we observe (1,1,n+1) € W. Letting a =b =1 implies n = ac—b* = c— 1
and so ¢ = n + 1. Since n = 3 mod 8 it follows that ¢ is even. Again it is straight-
forward to check the determinant is n and that this form satisfies — min{a,c} < b <
min{a, c}.

Hence the sets O, E and W are always non-empty when n = 3 mod 8.

Lemma 5.2.5.
The map

m W —W
(a,b,c) — (c,b,a)
is a well-defined involution with no fized points.

Proof.
Well-defined: Let m(a,b,c) = (¢,b,a) = (a/,V,¢) then since a Z cmod 2, a' #

¢’ mod 2 follows. Clearly the determinant is preserved and since (a,b,c) satisfies
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—min{a,c} < b < min{a,c} it follows that (', ) satisfies —min{a’, '} < b’ <
min{a’, ¢'}. Thus the map m is well-defined.

Injectivity: Suppose m(a,b,c) = Wl(d,l;, ¢) then we have (¢, b,a) = (¢, b, a) and the
map is injective.

Surjectivity: Let (a,b,c¢) € W be arbitrary and consider (c,b,a). Then we have
m(c,b,a) = (a,b, c) and by identical reasoning to that found in the well-defined part
of the proof, that (¢, b,a) € W.

Hence the map m; is surjective and hence an involution on the set W.

We observe the map m; will have a fixed point (a,b,c) = (¢, b,a), that is if a = ¢.
However in the set W we have a # ¢ mod 2 so this cannot arise. Therefore m; has no
fixed points. O

Lemma 5.2.6. X
The map m found in Lemma partitions the set W into a disjoint union of W
and W¢ where

W={weW|a=1mod2,¢=0mod 2}.

Proof.

Let W = {w € Wla = 1 mod 2,¢ = 0 mod 2} € W. Then we have m (W) C W¢
because m((a,b,c)) = (¢,b,a) = (a',b,) satisfies ' = ¢ = O0mod 2, ¢ = a =
1 mod 2. Similarly we observe 7T1(WC) C W by the same logic. Since 7 is a bijection
we have W = W UW¢ and |[W| = [W¢| as clearly this is a disjoint union. O

We now prove three quick lemmas to aid the proof of our next map.

Lemma 5.2.7.

Let n € Zwg satisfy n = 3mod 8 and let (a,b,c) be such that ac — b* = n and
a=c=1mod2. Then a+ c=4mod 8 if and only if 4 | b, while a + ¢ = 0 mod 8 if
and only if 2 | b but 4 1.

Proof.

Recall b* = 0,1,4 mod 8 with 5> = 1 mod 8 if and only if b = 1 mod 2. Thus
n = ac — b*> = 3 mod 8 implies ac = 3,4,7 mod 8. Since a = ¢ = 1 mod 2 it follows
that ac # 4 mod 8.

Next, observe ac = (8k 4+ )(8] + j) = ij mod 8 and so if ¢ = j then ac = 1 mod 8.
Thus we must have ¢ # j and both ¢ and j are odd.

We now prove our first claim: a + ¢ = 4 mod 8 if and only if 4 | b.

(=) Assume a + ¢ = 4 mod 8 then (a+¢) = (8k + i) + (81 + j) =i+ j mod 8 and
thus (4,7) € {(1,3),(3,1),(5,7),(7,5)}. Hence we see ac = 3 mod 8 and therefore
ac — b* =n = 3 mod 8 implies b* = 0 mod 8, that is, 4 | b.

(<) Assume 4 | b then ac — > = n = 3 mod 8 implies ac = 3 mod 8. Since ac =
ij mod 8 we have (7,7) € {(1,3),(3,1),(5,7),(7,5)} and it is straightforward to verify
a+ c=4mod 8.

We now prove our second claim: a + ¢ = 0 mod 8 if and only if 2 | b but 4 1 b.

(=) Assume a + ¢ = 0 mod 8 then (a +c¢) = (8k +1i) + (8 + j) = i + j mod 8 and
thus (i,7) € {(1,7),(7,1),(3,5),(5,3)}. Hence we see ac = 7 mod 8 and therefore
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ac —b?> =n = 3 mod 8 implies b* = 4 mod 8. Hence 2 | b but 4 1 b.

(<) Assume 2 | b but 4 { b then ac — b* = 3 mod 8 implies ac = 7 mod 8 and
thus (4,7) € {(1,7),(7,1),(3,5),(5,3)}. It is then straightforward to verify a + ¢ =
0 mod 8. O

Lemma 5.2.8.
Letn = 3 mod 4 then within the sets O and E we cannot have equality in the condition
—min{a,c} < b < min{a,c}. That is, we have |b| < min{a, c}.

Proof.

First consider the set O, where we have a = ¢ = 1 mod 2. Then n = 3 mod 4 implies
b = 0mod 2 and thus a # b as well as ¢ # b. Since we already have —min{a, c} <
b < min{a, c} it follows that we have |b| < min{a, c}.

Now consider the set E, where we have a = ¢ = 0 mod 2. Then n = 3 mod 4 implies
b> =1 mod 4 and thus b = 1 mod 2. Again this implies a # b and ¢ # b and therefore
we have |b| < min{a, c}. O

Lemma 5.2.9.
Let n = 3mod 8 and (a,b,c) be such that ac — b* = n with a = ¢ = 0 mod 2. Then
a=c=2mod4 and b =1mod 2.

Proof.

We have @ = ¢ = 0 mod 2 implies ac = 0 or 4 mod 8. Then ac — b* = 3 mod 8
implies b> = 1 or 5 mod 8. However, b> = 5 mod 8 is impossible and so we must
have ac = 4mod 8 and b?> = 1mod 8. This then implies ¢« = ¢ = 2 mod 4 and
b= 1 mod 2. O

Lemma 5.2.10.
The map

Mg : 0 — F

(a—2b+c c—a a+2b+c>

(a7 b7 C) '—> Y Y
2 2 2

15 a well-defined bijection.

Proof.

Well-defined: By Lemma[5.2.7 we have a+c¢ = 0 mod 4 and b = 0 mod 2. From this is
follows that %b“ = @ = 0 mod 2. Further, <* = w =k—m € Z and
at2bic = () mod 2. We also note one can verify a'c — /> = (4=2+¢) (2t2ie) _ (a) =
ac — b?> = n and so 7, preserves the determinant.

Now let my(a,b,c) = (a_22b+c, 9, “+22b+c) = (d/,b',). We first show o’ and ¢ > 0.
We have a' = “=2¢ and since a,c¢ > 0 and —min{a, ¢} < b < min{a, ¢} it follows
that @ — 2b + ¢ > 0. For it to equal 0 we must have a = b = ¢ and thus ac — b* = 0,
contradicting n = 3 mod 8. Thus o’ > 0. A similar argument immediately yields

d > 0.
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Applying Lemma we have — min{a, ¢} < b < min{a, ¢} which gives the following
four chains of inequalities:

—a < b= —2a < 2b =>c—2a<c+2b=c—a<a+2b+c
—c<b=—-2c<?2b a—2c<a+2b=a—-c<a+2b+c
b<a=2b<2a =2b—c<2a—c=>—-a+2b—c<a-—c
b<c=2b<2c =2b—a<2c—a=—-a+2b—c<c—a.

The first two inequalities combine to yield —(a +2b+¢) < ¢ —a < a + 2b + ¢ and
thus —2¢" < 2" < 2¢.

The second pair of inequalities combine to yield —(a —2b+c¢) <c—a <a—2b+c¢
and thus —2a’ < 2b" < 2d'.

From these we deduce —min{da’,¢} < b < min{d’,}. Hence we see the map my is
well-defined.

Injectivity: Suppose m2((a,b,c)) = Wg((&,l;, ¢)) then we have (
(&fZIA)Jré é—d a+2bte

a—2b+c c—a a+2b+c) _
2 ’ 2 2 -

S, S, ).Equatingentry—wisewegeta—2b+c:&—2?)4—&,C—a:é—d

and a4+ 2b+c = a+ 2b + ¢ Rearranging the second equation to get a = ¢ —c+a
and substituting this into each of the first and third equations yields

)
—b).

>
>

+(
¢+ (

I
(o)

C
C

S

Taking the difference of these gives 0 = 2(b — b) and thus b = b. Using this both
the first and third equations become a + ¢ = a 4+ ¢. Combining with the second then
yields @ = a and ¢ = ¢. Hence the map 5 is injective.

Surjectivity: Let (a,b,c) € E be arbitrary and let (%ﬂ‘ﬂ <4, %b“) = (a,V,c).
We first show this lies in the set O. By Lemma [5.2.9] we have a = ¢ = 2 mod 4 and
b =1 mod 2. Therefore

a—2b+c  (4k+2)—2b+ (4 +2)

2 2
=2k+1—-0b+2k+1
=2k+1+1)—b
=b mod 2
= 1 mod 2.

In an analogous manner we see “t24¢ = 1 mod 2. Lastly, St €Zasc—a=0mod4
by Lemma . Thus (“_22b+c, =4, %ﬂc) 63,;. . .
(o) (o) (=) a for its first

a—2b+c, %7 a+2b+c)) -

' a=2bie) g esa) | (atbic)
entry, 5 = b for its second entry, and (=) > 2 =c
for its last entry. Thus m ((%b“, =4, %HC)) = (a,b,c) We note the condition
—min{d’,d} <V < min{d, '} can be verified directly in the same manner as in the
well-defined part of this proof. Hence the map 75 is surjective and thus is a bijection.

An immediate consequence of this is |E| = |O]. O

has

We now see my ((

( a+22b+c)_(a—22b+c)
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We now partition the sets W and O as follows:

O = O, U Oy°, where O, = {(a,b,c) € O | b=0}
W =W, UW¢, where W¢ = {(a,b,¢) € W | a = b}.
Observation 5.2.11. R R
We observe the sets O, and Oy are disjoint, as are the sets I}, and Wy'. Next, note
that (1,0,n) € Op as n = 3mod 8 and (1,1,n + 1) € W;. It is important to note

that the sets O; and Wy may in fact be empty such as when n = 3. Thus in Lemma
5.2.18|it is possible to have a vacuous bijection.

Lemma 5.2.12.
The map

7T31Wb—>0b
(a,a,c) — (a,0,c—a)

is a well-defined bijection.

Proof.
Well-defined: Let (a,a,c) € W, be arbitrary and so « = 1 mod 2 and ¢ = 0 mod 2.
Then m3(a,a,¢) = (a,0,¢ — a) = (a',V, ) satisfies a'd — b* = a(c — a) — 0> =

ac — a* = det(a,a,c) = n. Next we have ¢’ = ¢ = 1 mod 2 because a = 1 mod 2
and thus ¢ = ¢ —a = 1 mod 2. Now observe a’ = a > 0 and observe ¢ =c—a >0
since we have a > 0 and our forms satisfy —min{a,c} < b < min{a, c}, hence b = a
implies a < ¢ (Note a # c else n = 0). Since b = 0 we automatically satisfy
—min{d, '} < b < min{d, '} and so we deduce m3(a,a,c) C O,.

Injectivity: Suppose m3(a, a,c) = m3(a,a, ¢) then we have (a,0,c¢ — a) = (a,0,¢ — a).
Hence a = a, ¢ = ¢ and therefore the map 73 is injective.

Surjectivity: Let (a, b, c) € Oy be arbitrary and consider (a,a,c+ a) = (a/,V, ). We
will show this lies in ;. Since (a,b,c) € O, we have b = 0 and thus n = ac—b* = ac.
We observe det(a, a,c+a) = a(c+a) —a* = ac+a*—a® = ac = n. Next, (a,b,c) € O,
implies ¢« = ¢ = 1 mod 2 and therefore ¢’ = a =1 mod 2 and ¢ = ¢+ a = 0 mod 2.
Further we have o’ = ' and it remains to show —min{a’, '} < b < min{d’, ¢'}.

We see ¢ = c+a > a = a as ¢ > 0 by positive definiteness. Then since 0 < o’ =¥/
we immediately have the above criterion. Thus (a,a,c+ a) € W,

Lastly we see m3(a,a,c+ a) = (a,0,c+a—a) = (a,0,¢) = (a,b,c). Hence the map
73 is surjective and therefore is a bijection.

As a consequence we have [IW,| = |[Op]. O

Our next result is a brief lemma to aid our next map.

Lemma 5.2.13. R
Binary quadratic forms in the set W¢ satisfy b = 1 mod 2 and —min{a,c} < b <
min{a, c}.
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Proof.

Every binary quadratic form in the set Wbc satisfies ¢ = 1 mod 2, ¢ = 0 mod 2 and
a # b. Thus ac = 0 mod 2 and consequently in order to have ac — b* = n = 3 mod 8
we must have b = 1 mod 2.

Then —min{a,c} < b < min{a,c} implies either —a < b < aif a < cas b # a, or
—c<b<cif ¢ <aasb=mod2 while ¢ = 0 mod 2.

Hence we have —min{a, c} < b < min{a, c}. O

Lemma 5.2.14.
The map

s s W — W
(a,b,¢) — (a,—b,c) = (a',V, )

15 a well-defined involution with no fized points.

Proof.

Well-defined: Clearly this map preserves the determinant and satisfies a’ > 0, ¢ > 0.
By Lemma we have —min{a, c} < b < min{a, c} and hence we get

—min{d, '} < b < min{a’,¢}. It is evident from this that O’ # o/, and lastly we
have @/ = a = 1 mod 2 as well as ¢ = ¢ = 0 mod 2. Thus m5(a, b, ¢) C W
Injectivity: This is straightforward to verify.

Surjectivity: Let (a,b,c) € Wg’ be arbitrary and consider (a/,b, ) = (a, —b, c). This
lies in Wlf since it has determinant n, @’ = a = 1 mod 2, ¢ = ¢ = 0 mod 2 and by
Lemma satisfies —min{d’, '} < b < min{a’,} and thus ¥’ # da’. Lastly we
note m5(a’, V', ') = (a, —(=b),c) = (a,b,c) and hence the map 75 is a surjection and
thus an involution.

Now suppose 75(a, b, ¢) = (a, b, ¢) then we have (a, —b, ¢) = (a, b, c) and it is clear this
requires b = 0. However, by Lemma [5.2.13| we have b = 1 mod 2 and thus b = 0 is
impossible.

Hence the map 75 has no fixed points. n

Corollary 5.2.15. A A
The set Wy may be written as the disjoint union of the sets Wi and Wy_, where

We, = {(a,b,c) c W | b>o}
We = {(a,b,c) e Wy | b<0}.

Thus |W¢| = 2|W¢_|.

Proof. R )

With the above definition of the sets Wy and W _ it is clear that they are disjoint
sets and every element of W lies in one or the other. Thus W = Wbﬂr UW¢ . Lemma
then provides a bijection such that 7T5(W§+) C We and my(We) C Wbﬁr.
Consequently we have |Wg¢| = |W§+] +|WE | = 2IWe |. O
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Lemma 5.2.16.
The map

6 : Oy — Oy
(a,b,c) — (a,—b,c) = (a',V', )

15 a well-defined involution with no fized points.

Proof.

Well-defined: Binary quadratic forms in the set Oj satisfy a = ¢ = 1 mod 2, b # 0
as well as (by Lemma —min{a,c} < b < min{a,c}. We observe a'¢ — V* =
ac—(=b)?=ac—bv=nand =-b#0,d =a=1mod 2 and ¢ = ¢ =1 mod 2.
Since we have —min{a, c} < b < min{a, c} we immediately get —min{da’,c'} < b’ <
min{d’, ¢'}. Hence (¢/,V, ) € Of and the map g is well-defined.

Injectivity: This is straightforward to verify.

Surjectivity: Let (a,b, ¢) € Of and consider (a, —b, ¢), by the same argument as used to
prove 7g is well-defined, we have (a, —b, ¢) € Oy. Lastly, m¢(a, —b,c) = (a, —(=b),c) =
(a,b, ) and thus mg is surjective and hence is a bijection.

Now suppose 7g(a, b, ¢) = (a, b, ¢), which implies (a, b, c¢) = (a, —b, ¢) and thus b = 0.
However, in O; we have b # 0 and therefore we deduce the map 7 has no fixed
points. ]

Corollary 5.2.17.
The set Oy may be written as the disjoint union of the sets Oy and Oj_, where

be ={(a,b,c) € Oy | b> 0}
v ={(a,b,c) € O; | b<0}.
Thus |05 = 2|05, |.

Proof.

With the above definition of the sets Oy, and Oj_ it is clear that they are disjoint
sets and every element of Oy lies in one or the other. Thus Op = Oy, UO;_. Lemma
then provides a bijection such that 7(Ojf, ) € Of_ and 7s(O5_) € Op, ..
Consequently we have |Of| = |07, | + |O;5_| = 2|0;, |. O

Lemma 5.2.18.
The map

Ty W — Of,
(a,b,¢) — (a,a+bya+2b+c) = (d',b,c)

15 a well-defined bijection.

Proof.
Well-defined: We observe the map m; preserves the determinant because

ad =" =ala+2b+c) — (a+Db)?
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= a® + 2ab + ac — a® — 2ab — b?
= ac — b*

=n.

Since a, b, c € Z we have o', V', ¢ € Z. Further, a’ > 0 and ¢ > 0 because Wbﬂ C Wbc,
which satisfies —min{a,c} < b < min{a,c} (see Lemma [5.2.13). We also have
a = 1mod 2 and ¢ = Omod 2 in Wbc_, thus a + 20 + ¢ = a = 1 mod 2. Therefore
a = =1mod 2.

Now since b < 0 in W¢_ and using — min{a, ¢} < b < min{a, ¢} we see —a < a+b < a
(i.e. —a’ < b < d')and —c < b < ¢. The latter inequality implies b+ ¢ > 0 and so we
get a+b < (a+0b)+ (b+c)=a+ 2b+ c. Further, the minimality criterion implies
—2a — ¢ < 3b and so we get —a — 2b — ¢ < a + b. Combining these results yields
—(a+2b+c) <a+b<a+2b+cand so we deduce —min{d’, '} < b < min{d, '}.
Hence the map m, is well-defined.

Injectivity: Suppose m4(a,b,c) = my(a, b, ¢) then we have (a,a + b,a + 2b+ ¢) =
(d,0+b,a+ 2b+ ¢) and it is clear this map is injective.

Surjectivity: Let (a,b,c) € Op, be arbitrary and consider (a,b —a,a — 2b +¢) =
(a/,0/, ). We have a = ¢ =1mod 2, b =0mod 2 (Lemma [5.2.7) and b > 0 in the
set Op,.

Therefore we get @’ =a=1mod 2 and ¢ =a —2b+ ¢ =a+ ¢ =0 mod 2. Further,
b < min{a,c} implies ¥ =b—a < 0 and V' # o’ = a. Next,

ad =V =ala—2b+c)— (b—a)’
=a® — 2ab + ac — b* + 2ab — a®
= ac — b

= n.

Lastly, we must show —min{a’,¢'} < ¢/ < min{a’,¢'}. Since b > 0 and a > 0 it
follows that —a < b —a < b < a and thus —a’ < V' < o’. Next, b < min{a,c}
implies 3b < 2a +c and so b —a < a — 2b+ c. It also implies b < ¢ and thus
b—a < c—a. This then yields 20 —a < ¢—a+0b and so —a+2b—c < b— a or rather
—(a—2b+c) <b—a.

Combining these results yields —¢ < 0/ < ¢ and so we have —min{d/,c'} < V' <
min{d’, '}. Hence (¢’,V,c) € Wlf_ Lastly, observe my(a’, V', ') = (a,a+ (b —a),a +
2(b—a)+ (a—2b+c)) = (a,b,c). Therefore the map m, is surjective and hence is a
bijection.

An immediate consequence of this map is |Of, | = W |. O

We are now in a position to prove Theorem

Proof of Theorem

For convenience we shall let |E| = K. Then by Lemma [5.2.10| we have |O] =

Next, by Lemmawe have |W,| = |O| and by Lemmas|5.2.14} [5.2.16{and [5.2. 18|
we have [Wg| = 2|]W¢ | = 2|05, | = |Og]. Using this we get [W] = |[W,| + |[W¢| =
05| + 03] = |O] =
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By Lemmawe have |[W| = [W|+ |W¢| = 2K.

Now by Definition we have 6G(n) = |O| + |E| + |[W| = 4K and 6F(n)
|O] + |W| = 3K. From this we deduce 6G(n) = 3 - 6F(n) and hence 3G(n) = 4F(n
as desired.

0=

Our goal now is to prove the second part of Kronecker’s claim. Before we begin we
prove two lemmas which will aid the proof.

Lemma 5.2.19.
Let n € Zq be such that n = 7mod 8. Let (a,b,c) be such that ac — b* = n and
a =c=1mod 2 then either a+c =4mod 8 and b =2mod 4, or a+ ¢ =0 mod 8
and b = 0 mod 4.

Proof.

Observe a = ¢ =1 mod 2 and n = 7 mod 8 implies b = 0 mod 2. Let a = 8k + i and
c=8m+j7(0<14,j<7,i=7=1mod2) and observe ac = ij mod 8. Consequently
i # j as otherwise we have n = i?> — b> mod 8. This contradicts n = 7 mod 8.

Now if b = 2mod 4 then n = ac — b*> = 7 mod 8 implies ac = 3 mod 8 and thus
(i,7) € {(1,3),(3,1),(5,7),(7,5)}. Whereas if b = 0 mod 4 then n = ac — b* =
7 mod 8 implies ac = 7 mod 8 and thus (¢, 7) € {(1,7),(7,1),(3,5),(5,3)}.

In the first case we have a + ¢ =4 mod 8 and b = 2 mod 4. While in the second case
we have a + ¢ =0 mod 8 and b = 0 mod 4. O]

Lemma 5.2.20.
Let n = ac — b? be a positive integer such that n = 7 mod 8 and let a = ¢ = 0 mod 4.
Then %24 = 1 mod 2.

Proof.

It is sufficient to show a £ 2b 4+ ¢ = 2mod 4. We have ¢« = ¢ = 0 mod 4 and
so a+2b+c = £2bmod4. Since n = 7Tmod 8, b = 1 mod 2 follows and thus
+2b = 2 mod 4. Hence 22¢ = 1 mod 2. O

We may now state the theorem first before deducing a sequence of lemmas which
provide the proof.

Theorem 5.2.21.
Let n € Z~q be such that n =7 mod 8. Then 3G(n) = 6F(n).

As in the proof of the 3 mod 8 case we shall begin with the set €2,,, where n € Z-q
satisfies n = 7 mod 8. By Lemma [5.2.1| we know this set contains a unique represen-
tative for every complete equivalence class of binary quadratic forms az? + 2bxy + cy?
with determinant n = ac — b*. That is, |Q,| = 6G(n).

We partition €2,, into three disjoint sets, O, E and W where

O ={(a,b,c) € Q, | a=c=1mod 2}
E ={(a,b,c) € Q, | a=c=0mod 2}
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W ={(a,b,c) € Q, | a# cmod 2} .

Recall 6G(n) = [W| + |E| + |O| and 6F(n) = |W|+ 0.

The following illustration gives an excellent overview of our proof.

W F
e cw E.CE DCE{CE
® | @
WCw 'DCE;CE
O ®)! (2)
W, c W ngW DCD iDCgD
| O] @

|

I<CII-CI

@ _©

Figure 5.1: The diagram shows |E| = |O] + |W| and thus 6G(n) = 2 (|O] + |W]) =

2-6F(n).

We begin by partitioning the set F into a disjoint union of the sets F, and Ef, where

|

T
S C Dg s¢ C Dy

Ey={(a,b,c) € E|a=c=0mod4}.

Lemma 5.2.22.
The map

¢1IO—>E4

(

(a,b,c) —

is a well-defined bijection.

2

a+2b+c c—a a—2b+c
2 2
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Proof.

Well-defined: From the set O we have @ = ¢ = 1 mod2 and b = 0 mod 2. By
Lemma [5.2.19 we have @’ = “2¢ = 0 mod 4 and ¢ = ¢=2*¢ = 0 mod 4 as a + ¢ =
+2b mod 8. By Lemma we have —min{a,c} < b < min{a, c} and this implies
a’ >0 and ¢ > 0. We now verify the determinant

vs a2 1 fa+2b+c a—2b+c\ 1~ o
ad—b =1 i 5 4(0 a)

= 111 [4ac — 4b2}

= ac — b?

= n.

Next, ¢ — a = 0 mod 2 and thus ' € Z. Lastly we have —min{a, ¢} < b < min{a, c}
implies
b<c=20<2c=2b—c<c = —a+2b—c<c—a
b<a=20<2a=2b—a<a = —a+2b—c<a-—c,

—c<b=-2c<2b=a—-—c<a+2b+c
—a<b=-2a<2b=c—a<a+2b+c

The first pair yield —¢’ < b/ < ¢, while the second pair yields —a’ < b’ < a’. Therefore
we have —min{a’, ¢’} <" < min{a’, ¢’} and consequently the map ¢, is well-defined.
Injectivity: Suppose ¢1((a,b,c)) = ¢1((a,b,¢)) then we have (&H2te ca a=2hic) —

2 ’ 200 2
a+2b+¢ ¢é—a a—2b+¢
2 7200 2

~

). Equating entry-wise we get a+2b+c = a+2b+¢ c—a=c—a

and a — 2b+ ¢ = a — 2b + ¢ Rearranging the second equation to get a = ¢ —c+a
and substituting this into each of the first and third equations yields

(b—10)
(b—=1b).

Taking the difference of these gives 0 = 2(b — b) and thus b = b. Using this both
the first and third equations become a + ¢ = a + ¢. Combining with the second then
yields a = a and ¢ = ¢. Hence the map ¢, is injective.

Surjectivity: Let (a,b,¢) € E; be arbitrary and consider (%’”C, e, %b“) =
(a',0',c"). We first show this lies in the set O. By Lemma [5.2.20| we have o' = ¢/ =
1 mod 2. Next, 5% € Z as ¢ —a = 0 mod 4 by Lemma We note the preser-
vation of the determinant and proof of the condition —min{d’, '} < ¥ < min{d’, '}

proceed in an identical manner to that found in the well-defined part of this proof.

a+2b+c c—a a—2b+c
Thus ( 5 » g s 3 ) € 0.

o>
=R

I
o

_I_
+ ~

S

|
o

C
C

a—2b+c)_ c—a a+2b+c
(=g )2(5 ) () = q for its first en-

2
CONCONED
2

has

We now see ¢, ((a*?;ﬂrc7 ea a+22b+c))
(M)_(%)
2 2 = ¢ for its

try, = b for its second entry, and
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last entry. Thus ¢, (("_22b+c, 4, a+22b+c)) = (a,b,c) We note the condition can be
verified directly in the same manner as in the well-defined part of this proof. Hence
the map ¢, is surjective and thus is a bijection.

An immediate consequence of this is |E,| = |O)]. O
We now consider the set E and progressively partition it using the following lemmas.

Lemma 5.2.23.
The map

¢y By — Ej
(a,b,c) — (¢, b,a)

is a well-defined involution with no fized points.

Proof.

Well-defined: The set Ef contains forms (a,b,c) such that @ = ¢ = 0 mod 2 and
where we do not have a = ¢ = 0 mod 4. Since ac — b> = n = 7 mod 8 then implies
b =1 mod 2, it follows that exactly one of a, ¢ is 0 mod 4, while the other is 2 mod 4.
Consequently permuting the a and ¢ entries does not affect this property. Next we
note Ef is non-empty since n = 7 mod 8 implies 4 | (n+1) and therefore (4,1, %) €
EY.

Lastly, it is clear the determinant and —min{a,c} < b < min{a, c} properties are
preserved (strict inequalities by Lemma , thus ¢s is a well-defined map into the
set L.

We now observe ¢3(a, b, ¢) = (a, b, ¢) and so by Lemmathe map ¢ is a bijection.
Finally, the map ¢, has no fixed points because this would imply b = 0, which is
impossible when n = 7 mod 8. O

Corollary 5.2.24.
The set E may be written as the disjoint union of the sets D and D¢ where

D ={(a,b,c) € E{ | a =0mod 4, c = 2 mod 4}
and |D| = |D¢|.

Proof.

By the proof of Lemmal5.2.23| we know all forms (a, b, ¢) € Ej satisfy either a = 0 mod
4 and ¢ =2 mod 4 or a = 2 mod 4 and ¢ = 0 mod 4, and no form can simultaneously
satisfy both conditions. By Lemma [5.2.23] ¢, is a bijection which, permutes the
outer coefficients. Thus ¢o(D) C D¢ and ¢o(D°) € D. Hence Ef = D U D¢ and
D] = D], O

Lemma 5.2.25. R R
The set D may be written as a disjoint union of the sets D and D¢, where

D = {(a,b,c) e D|b> 0}
and |D| = |D*|.
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Proof. Observe b # 0 in the set D because ¢ = 0 mod 4 and ¢ = 2 mod 4. Since
D C E, Lemma [5.2.8 implies [b| < min{a,c}. Therefore for any form (a,b,c) € D
the form (a, —b, ¢) is distinct and also in D. Thus D = DU D¢ and |D| = [D¢|. O

Lemma 5.2.26. R )
The set D may be expressed as a disjoint union of the sets Dy and Dj where

~

Dy = {(a,b,¢) € D | c = 2b}.

Proof.

Forms in the set D satisfy b > 0 and @ = ¢ = 0 mod 2. Further, since DcDCcC EY,
we know a = 0 mod 4, ¢ = 2 mod 4 and b = 1 mod 2. This implies we have either
¢ = 2b or ¢ # 2b, but more importantly, we know a # 2b. m

Lemma 5.2.27.
The map

¢3: Dy — Dj
(a,b,¢) — (a —2b+c¢,c—b,c) = (d',V,)

is a well-defined involution with no fixed points.

Proof.

Well-defined: Recall forms in the set ﬁg satisfy ¢ # 2b, ¢ # 2b b > 0, a = 0 mod 4,

¢ = 2mod 4 and —min{a,c} < b < min{a,c} as Dy C E. Therefore we see b’ =

c—b>0,d/=a—-2b+c=(a—b)+ (c—b) >0and ¢ =c > 0. Next, we note
—— ~

>0 >0

a'd =% = (a—2b+c)c— (c—Db)?
= ac — 2bc+ ¢ — ¢ — 2bc — b?
= ac —b?

:’n/7

thus the map ¢3 preserves the determinant.

Now we note ¢ # 2b implies 2¢ # 2b+ ¢ and thus 20’ = 2(c — b) # ¢ = /. Further, we

have @’ = a —2b+ ¢ = 0 mod 4 because a = 0 mod 4, 2b = 2 mod 4 and ¢ = 2 mod 4.

Lastly it is clear that ¢ = ¢ = 2 mod 4 and thus it remains to show our minimality

condition.

We have b’ = ¢ — b > 0 and so we trivially have —min{d’, '} < ¥'. Also, since b > 0

weget =c—b<c=¢. Lastly,d =a—2b+c=(a—b)+(c—b) >c—b=1" and
>

therefore we have —min{a’, ¢} < b < min{d’, '}.

Finally, we observe ¢3(a,b,c¢) = (a —2b+c¢—2[c—b] +¢,c — [c —b],¢) = (a, b, ¢) and

hence by Lemma we see the map ¢3 is an involution on the set Dg

We now observe the map ¢3 has no fixed points as this would imply ¢ — b = b and

thus ¢ = 2b. This is a contradiction as DC N Db 0. O
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Corollary 5.2.28.
The set Dy may be partitioned into a disjoint union of the sets S and S¢, where

S ={(a,b,c) € D§ | 2b < ¢}
5S¢ = {(a,b,c) € D§ | 2b > c}.

Further, we have |S| = |S¢|.

Proof.

From the proof of LemmaA we recall forms in D§ satisfy 2b # ¢. Therefore

we may partition the set Dy according to whether 26 < ¢ or 2b > ¢, and we have

Dg = SU S is a disjoint union. Let (a,b,c) € S and apply the map ¢5 from Lemma
2.2 t b,c) = (a—2b —b tisfies 20 = 2¢ —2b = —2b

5.2.27, We get ¢3(a,b,c) = (a +¢,c—b, ) satisfies c c+(c 0 ) >

>

¢ = ¢ and thus ¢3(S) C S° Similarly, let (a,b,¢) € S¢ then ¢3(a,b,c) satisfies

2 =2(c—b) =c+ (¢c—2b) < c=c and so ¢3(S°) C S.

<0
Hence we have |S| = [S¢|. O
We now turn our attention to partitioning the set W.

Lemma 5.2.29.
The map

Gy W — W
(a,b,c) — (c,b,a)

is a well-defined involution with no fixed points.

Proof.

Well-defined: Forms in the set W satisty either a = 1 mod 2 and ¢ = 0 mod 8 or
vice versa. This is because n = ac — b*> = Tmod 8, @ = 1 mod 2 and ¢ = 0 mod 2
combined with b? = 0,1, 4 mod 8 implies the even outer coefficient must be divisible
by 8 and b = 1 mod 2. Observe permuting the outer coefficients does not change this
property. Next, note the set W is non-empty because (1,1,n + 1) € W. Lastly, it
is clear the determinant and —min{a,c} < b < min{a, c} properties are preserved.
Thus ¢4 is a well-defined map into W.

Note that ¢3(a, b, c) = (a,b,c) and so Lemma implies the map ¢, is a bijection.
Finally, ¢4 has no fixed points as this would imply a = ¢ mod 2, a contradiction to
the construction of the set W. O

Corollary 5.2.30. A A
The set W may be partitioned into a disjoint union of the sets W and W€, where

W ={(a,b,¢c) € W |a=1mod2,¢=0mod 8}.

Further, |W| = |W¢|.
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Proof.

From the proof of Lemma [5.2.29 we know either ¢ = 1 mod 2 and ¢ = 0 mod 8 or
vice versa. Partitioning according to the disjoint sets W and W* we see the map ¢4
satisfies ¢p4(W) C W and ¢q(W€¢) CW. Thus W = W U W€ and |W| = |W¢°. O

Lemma 5.2.31. R R

The set W may be expressed as a disjoint union of the sets Wy, and Wy where
W, = {(a,b,¢c) e W | a = b},
We ={(a,b,c) € W | a#b}.

Proof.
Since forms in the set W satisfy a = b = 1mod 2 and ¢ = 0 mod 8 it follows that
a = b can occur. Clearly the sets W}, and Wy are disjoint and form a partition of

w. O
Lemma 5.2.32.
The map

¢5 . Wb — Wb

(a,a,¢) — (c—a,c—a,c)
is a well-defined involution with no fized points.

Proof.
We note the set W}, is non-empty because it contains the form (1,1,n+1) asn+1=
0 mod 8.
Well-defined: Since ¢ = 0 mod 8 and a = 1 mod 2, it follows that ' = ' = 1 mod 2.
Next, we have

dd —b*=(c—a)c—(c—a)

2

= —ac—c+ 2ac — a?

=ac—b*asa=0.

We also note ¢ = ¢ =0 mod 8 and n = ac — b* = a(c — a), thus ¢ > a else n < 0. It
remains to show our minimality condition. Observe 0 < @’ = b’ and so it is sufficient
to show a’ < ¢, that is ¢ — a < ¢, but this follows immediately as otherwise n < 0.
Hence the map ¢5 maps into the set Wy

We now observe ¢2(a,b,c) = ¢5(c—a,c—a,c) = (c—(c—a),c—(c—a),c) = (a,a,c).
Thus by Lemma the map ¢s is an involution on the set W;. Further, there
are no fixed points because this would imply ¢ — a = a, thus ¢ = 2a. This is a
contradiction because ¢ = 0 mod 8 and 2a = 2 mod 4. O]

Corollary 5.2.33.
The set W, may be expressed as the disjoint union of the sets R and R® where

R={(a,b,c) e W, | 2b < ¢}
R ={(a,b,c) € W, | ¢ < 2b}.
Further, we have |R| = |R°|.
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Proof.

Observe in the set Wb we cannot have ¢ = 2b as a = b = 1 mod 2 and ¢ = 0 mod 8.
Therefore we get W, = RU Re. Further, applying Lemma we see ¢5(R) C R°
because if 2a = 2b < ¢ then 2V = 2(¢c —a) = ¢+ (¢ — 2a) > ¢ = ¢. Similarly,
®4(R°) C R because if ¢ < 2b = 2a then 20 = 2(¢ — a) = ¢+ (¢ — 2a) < ¢. Thus we
have |R| = |R¢|. O

We now develop our second key map for the proof of the 7 mod 8 case.

Lemma 5.2.34.
The map

(b(j R — Db
(a,b, ¢) —s (g,b, 2) = (d', ¥/, )
15 a well-defined bijection.

Proof.

Well-defined: Recall forms (a,b,¢) € R satisfy a = b = 1mod2, ¢ = 0mod 8
and 2b < c. From this it follows that a’ = § = Omod4, ' = b = a > 0, and
d = 2a =2mod 4. It is also clear that a/,b’, ¢ > 0 and that the determinant is pre-
served under ¢g. We also see ¢ = 2a =2 b= 2l. It remains to show we satisfy our
minimality condition. Since we have —min{a, ¢} < b < min{a, c} we see immediately
that —c¢’ < b < . We also have 2a = 2b < ¢ implies a < § and thus —a < b < a
then implies —a’ < b’ < a’. Hence we satisfy —min{d’, '} < ¥ < min{d’,'}.
Injectivity: This is straightforward to verify directly.

Surjectivity: Let (a,b,c) € Dy, be arbitrary and consider the form (5,0,2a) = (a', V', ).
We will show this lies in the set R. We recall forms in D satisfy ¢ = 2b, b > 0,
b=1mod?2 a = 0mod4 and ¢ = 2mod 4. We immediate verify o’¢ — b* =
ac — b* = n. Next, it is clear that o/, ¥ and ¢ > 0. Further, o = £ =2 =
and thus ¢’ = ¥ = 1 mod 2. Since a = 0 mod 4, it follows that ¢ = 2a = 0 mod 8.
It remains to show 20’ < ¢ and —min{d’, ¢’} < O < min{d’,¢'}. The first of these
follows immediately due to —a < b < a (ﬁb C E) as this yields 20’ =2b < 2a = . It
also implies it is sufficient to show —a’ < b’ < a’. However, we observe a’ = s=b= b
and thus this is immediately satisfied. Thus (a’,¥, ) € R. It is then straightforward
to check that ¢¢(5,b,2a) = (a,b, c) and therefore the map ¢ is surjective and hence
is a bijection. O

Lemma 5.2.35.
The map

b7 s Wy — W
(a,b,¢) — (a,—b,c) = (d',b', )

is a well-defined involution with no fixed points. As a consequence the set Wlf may be
expressed as a disjoint union of the sets I and I¢ where,

[:{(G,b,c) EWI)C ‘ b>0}7

224



I° = {(a,b,c) € W¢ | b<0}.
Further, |I| = |I¢|.

Proof.

Well-defined: It is sufficient to show a’ # b as only the sign of b has changed and
clearly the determinant is preserved. Since forms in W satisfy — min{a, ¢} < b <
min{a, c} and a # b, we deduce —a < b < a and thus —a < —b < a. Hence @’ # V.
Therefore the map ¢7; maps into the set Wy. Further, this map has no fixed points
because forms in the set Wbc satisfy a = b = 1 mod 2 and ¢ = 0 mod 8. Thus b # 0
and there are no fixed points.

Lastly, we observe ¢Z(a, b, c) = (a, b, c) and thus by Lemma we see see the map
¢7 is an involution with no fixed points.

As a consequence we may partition Wlf into I U I¢ and we observe ¢7(I) C I¢ as well
as ¢7(1¢) C I because the map ¢7 changes the sign on the b term. Since ¢7 has no
fixed points, we deduce |I| = |I¢|. O

Lemma 5.2.36.
The map

¢8II—>I
(a,b,¢) — (a —2b+c,c—b,c) = (d',V,)

is a well-defined involution with no fixed points.

Proof.

Well-defined: Recall forms in the set I satisfy b > 0, a # b, a = 1 mod 2 and
¢ = 0mod 8. These forms also satisfy —min{a,c} < b < min{a,c}. If ¢ = b then
n = ac— b = c¢(a — ¢) = 0mod 8 which is a contradiction. Hence we deduce
b =c—b>0 and thus ¢’ = a — 2b+ ¢ > 0. Clearly, we have ¢ = ¢ > 0. Next,
observe

ad —b%=(a—2b+c)c— (c—b)?
= ac — 2bc + ¢ — ¢ + 2bc — b?
=ac—b*

=N

thus the determinant is preserved under the map ¢s. )
We also note @/ = a—2b+c = (a—b)+ (c—b) # c—b =1V because I C Wy
0
>
whose forms satisfy a # b. Further, ' = a — 2b+ ¢ = 1 mod 2 since a = 1 mod 2,

2b = 0mod 2 and ¢ = 0 mod 8. We trivially have ¢ = ¢ = 0 mod 8. Thus it now
remains to show our minimality condition.

We have O’ = ¢ — b > 0 and thus —min{d/, ¢’} < b is straightforward. Also, since
b > 0, we have i/ < ¢. Lastly, a # b and —min{a,c} < b < min{a,c} imply
ad=a—-2b+c=( )+ (c—0b) >c—Db=10". Hence we have —min{d’, '} < ¥ <

a—>b
—~—
>0
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min{a’, ¢'}. Therefore ¢g maps into the set I.

We now observe ¢2(a,b,c) = (a —2b+c —2[c —b] +¢,c— [c —b],c) = (a,b, c¢) and so
by Lemma |3.4.13| we see the map ¢g gives an involution on the set I.

Finally, we note the map ¢g has no fixed points because this would imply b = ¢ — b,
that is 20 = ¢. This is a contradiction because a = 1 mod 2 and ¢ = 0 mod 8 along
with n = 7 mod 8 imply b = 1 mod 2 and hence 2b = 2 mod 4 # ¢ = 0 mod 8. [

Corollary 5.2.37.
The set I may be partitioned into a disjoint union of the sets I and I, where

I. ={(a,b,c) € I|2b<c},
I. ={(a,b,c) € I |2b>c}

and they satisfy |1.| = |I-|.

Proof.

From the proof of Lemma we know forms in the set I do not satisfy 2b = c.
Therefore we may partition the set I according to whether 2b < ¢ or 2b > ¢ and
then I = I U I. is a disjoint union. Now let (a,b,¢) € I. and apply the map
¢s from Lemma [5.2.36f We get ¢s(a,b,c) = (a — 2b+ c¢,c — b,c), which satisfies
2 =2c—2b=c+ (¢ —2b) > ¢ = . Thus ¢s(I-) C I.. Similarly, let (a,b,c) € I-

>0

then we have ¢g(a,b,c) satisfies 20/ = 2¢ —2b = ¢+ (¢—b) < ¢ = ¢ and thus
<0

¢s(1>) C I

Hence we have |I.| = |15 ]. O

The following lemma provides the final map needed to prove the 7 mod 8 result.

Lemma 5.2.38.

The map

(a,b,c) —> (g,b, 2a> = (a', b, )
is a well-defined bijection and consequently |I-| = |5)|.
Proof.

Well-defined: It is straightforward to verify the map ¢g preserves the determinant and
satisfies @/, b’ and ¢ > 0. Next, we have ¢’ = 2a # 2b = 2V because I C I C Wbc,
where a # b. Further, I. C W implies @' = § = 0 mod 4 and ¢’ = 2a = 2 mod 4
because ¢ = 1 mod 2 and ¢ = 0 mod 8. We also have 20/ = 2b < 2a = ¢ because
forms in /. satisfy —min{a,c} < b < min{a,c} and a # b. It remains to show our
minimality criterion holds. Since forms in /. satisfy b > 0 and also —a < b < a it
follows that —min{d/, '} < ¥/. We also immediately get b < a < 2a = ¢’. Further,

since forms in /. satisfy 2b < c it follows that ' = b < § = a’ and thus we have
—min{d’,} <V < min{d’,'}. Hence (¢/,V,c) € S.
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Injectivity: This is straightforward to verify.

Surjectivity: Let (a,b,c) € S be arbitrary and consider (a',,c') = (5,0, 2a), we will
show this lies in I.. It is clear determinant is preserved and that a’, ¥’ and ¢ > 0
as S C D. Next, forms in S satisfy a = 0 mod 4 and ¢ = 2 mod 4 and so we have
a' =5 =1mod?2 and ¢ = 2a = 0 mod 8. Further observe a’ = § # %b =b=10
as forms in S satisfy ¢ # 2b. We also have 20 = 2b < 2a = ¢ as S C F implies
the minimality criterion has strict inequalities (Lemma . It remains to show
(a',V, ) satisfies the minimality criterion.

We have b’ = b > 0 and so we automatically get —min{a’, '} < '. Next, forms in S
satisfy 2b < c and thus 0’ = b < § = a’. Further, forms in S satisfy b < a (as S C E)
and thus we have b/ = b < a < 2a = ¢/. Hence we have — min{d/, ¢’} < b’ < min{d’, '}
and therefore (a’, V', ) € I..

Since ¢g(a’, V', ') = (a,b, ¢), we see the map ¢y is surjective and therefore is a bijection.
An immediate consequence is then |I-| = |S]. O

We now prove Theorem [5.2.21

Proof of Theorem |5.2.21|.
Let n be a positive integer such that n = 7 mod 8. Recall from Definition that
6G(n) = |O|+|E|+ |W| and 6F(n) = |O|+4 |[W]. Since our theorem is 3G(n) = 6F(n)
it is sufficient to show |E| = |O| + |W|.
We have
|E| = [Ea| + | EX]

= |O| + |E{| by Lemma [5.2.22

= |O| + 2|D| by Corollary

= |O| 4 4|D| by Lemma[5.2.25

= |O| + 4|Dy| + 4|D¢| by Lemma [5.2.26

= |O] + 4|Dy| + 85| by Corollary [5.2.28

= |O| 4 4|Dy| + 8|I.| by Lemma[5.2.38

= |O| + 4|Dy| + 4|I| by Corollary [5.2.37

= |O] + 4| Dy| + 2|W¢| by Lemma [5.2.35

— |O] + 4|R| + 2|W¢| by Lemma [5.2.34

= |O] + 2[W,| + 2|W¢| by Corollary [5.2.33

= |O] + 2|W| by Lemma [5.2.31

= |O| + |W| by Corollary [5.2.29|

Hence we have 6G(n) = |O| + |E| + |[W| = |O]| + [O| + |W| + [W| = 2(|O| + |W])
2 - 6F(n) and consequently upon division by 2 we get Kronecker’s result, 3G(n) =
6F(n). O
Corollary 5.2.39.

Let n be a positive integer such that n = 3 mod 4, then 3G(n) = (5 - (—1)7) F(n).
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Proof.
Let n be a positive integer such that n = 3 mod 4. From Theorems [5.2.2| and [5.2.21
we have 3G(n) = 4F(n) when n = 3 mod 8 and 3G(n) = 6F(n) when n = 7 mod 8.
Observe when n = 8k+3 we have 5— (—1)"7 =5—(—=1)T =5—(—1)%k =5—1 =4,
n—3
T —1

and when n = 8k +7 we have 5— (—1)"T =5—(—=1)"1 =5—(=1)%+1 =541 =6,
Hence we have

B 5—(—1)an3 n =3 mod 8
B (-1)* n=Tmod8

5.3 Representations of an Integer as a Sum of Three Squares

In this section we derive Kronecker’s expression for the number of representations of
a positive integer as a sum of three squares.

Let n € Z+y, from Lemma [5.1.17 we have

S (G (4n—h2) = F (4n— h2)) = o(n) + U(n).
—2/n<h<2y/n
Also, using D = 4n in Equation [5.8] we have
Z F (4n — h*) = 2004a(n) + o(n) + ¥(n).
—2/n<h<2y/n

It is important to note we have used F(0) = 0 to extend this summation to include
equality without changing the equation.

Subtracting the first equation above from the latter then yields

> (2F (4n—1%) — G (4n — h?)) = 2004(n). (5.18)
—2/n<h<2y/n

Definition 5.3.1.
For n € Zq define E(n) = 2F(n) — G(n).

Using our newly defined function, Equation [5.18] may be rewritten as:

> E(4n—h%) = 200u(n). (5.19)
—2y/n<h<2y/n
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We now prove some properties of E(n). It is useful to recall for all n € Z-, the
following hold true.

F(4n) = 2F(n), see Theorem [5.1.20]
G(4n) = F(4n) + G(n), see Lemma [5.1.7]
G(n) = F(n) when n = 1,2 mod 4, see Lemma [5.1.8]

n

3G(n) = (5 - (—1)%3> F(n) when n = 3 mod 4, see Corollary [5.2.39

Lemma 5.3.2.
For all n € Z~y we have E (4n) = E (n).

Proof.
First note E (4 - 0) = E(0) = 2F(0) — G(0) = — (—3) = +.
Now let n € Z~q, then we have
E (4n) = 2F(4n) — G(4n)
= 2F(4n) — (F(4n) + G(n)) by Lemma
=F(4n) — G(n)
= 2F(n) — G(n) by Theorem [5.1.20

= E(n).
[
Lemma 5.3.3.
Let n € Z~q satisfy n =1 or 2 mod 4, then we have E(n) = F(n).
Proof.
Let n =1 or 2 mod 4 then we have
E(n) = 2F(n) — G(n)
= 2F(n) — F(n) by Lemma[5.1.§8
=F(n).
[
Lemma 5.3.4. 5
Let n € Z~q satisfy n = 3 mod 8 then we have E(n) = gF(n)
Proof.
Let n € Z+( satisfy n = 3 mod 8 then we have
E( ) = 2F(n) — G(n) and so
3E(n) = 6F(n) — 3G(n)
= 6F(n) — 4F(n) by Theorem [5.2.2
= 2F(n).
2
Hence E(n) = gF(n) when n = 3 mod 8. O
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Lemma 5.3.5.
Let n € Z~q satisfy n = 7 mod 8 then we have E(n) = 0.

Proof.
Let n € Z~q satisfy n = 7 mod 8 then we have

E(n) = 2F(n) — G(n) and so
3E(n) = 6F(n) — 3G(n)
= 6F(n) — 6F(n) by Theorem [5.2.21
=0.
Hence E(n) = 0 when n = 7 mod 8. O

Summary 5.3.6.
Combining Lemmas [5.3.3], [5.3.4] and [5.3.5] we get

F(n) ifn=1,2mod4
E(n) = ¢ 3F(n) ifn=3mod83
0 if n = 7 mod 8.

Our goal now is to split up the summation in Equation [5.19, The following observa-
tions will help.

Observation 5.3.7.
Note » E(n-h%)= > E(4n—48%) for all n € Z,.
—/n<h<yn —/n<h<yn

Observation 5.3.8.
If n € Z=g is even then 4n — k? = 7 mod 8 for all odd integers k. From Lemma

it follows that Z E (4n — k:g) =0.

NN
Note equality holds in the summation index without changing the result. This is

because k is odd and thus we never take k = +2/n.

Observation 5.3.9.
If n € Z+ is odd then 4n = 4 mod 8 and 4n — k? = 3 mod 8 for all odd integers k.

2

Applying Lemma |5.3.4| vields § E (4n — k?) = § =F (4n — k?).

pp YIng e YI k odd ( ! ) k odd 3 ( ! )
—2/n<2y/n —2/n<k<2v/n

Now consider Equation [5.191 We split the left hand side into two summations, one
for when h is odd and the other for when A is even.

QUodd = Z E (477/ — h2)

—2y/n<h<2y/n
= > EM@n-r)+ > E(4n-1?)
oy /m<heaym 2y /neh<aym
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- Y E(Wm-a?)+ Y B(n-nY). (5.20)
—Vn<h<y/n —2\/7}25222\/5

If n is even then the second summation in Equation [5.20|is 0 by Observation [5.3.8|
Therefore Equation becomes

2000 =y E(4[n-0?])

Jn

—/n<h<
- Y E <n - 132> . (5.21)
—vn<h<y/n

Whereas if n is odd then the second summation in Equation [5.20| may be replaced
2
with Z -F (4n — h2). Therefore when n is odd we get

—2/n<h<2y/n
2004y = Z E(4[n—h%)+ Z ;F(Am—h?)
—vn<h<yn 72\/?2212\/5
=Y E(-R)s Y 2w,
—Va<h<yi o mh<aym

This rearranges to give

> E(n-R)=20m- > §F (4n — h?) . (5.22)

—/n<h< h odd
vnshsy/n o /n<h<avm

These two results match those of Kronecker’s, found at the top of page 484, [Kr1897].
Our aim now is to derive a unified expression for Z E (n — l~12).
—V/n<h<y/n
Lemma 5.3.10.
Let n be a positive integer. Then Z F (4n — hQ) = 2004d-

h odd

—2/n<h<2yn

Proof.

We have

> F(n-n)= > Fn-h)- ) F(4n-h?)
NN “H/mshsnvn NN
- Y Fam-m)- > F(4[n-i?)
—2\/n<h<2y/n —V/n<h<yn
Theoreglm Z F (4n _ h2> -9 Z F (n — 712) .
—2y/n<h<2y/n —vn<h<yn
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Applying Equations [5.6] and [5.8] we get

Z F (4n — h*) = (2004a(n) + o(n) + ¥(n)) — 2 (% [o(n) 4+ \Ii(n)])

—2/n<h<2v/n
= QUOdd(n). (523)

Lemma 5.3.11.
Let n be a positive integer then

> E(n—ﬁz):{%odd(n) if n=0mod 2

%aodd(n) if n =1 mod 2.

—V/n<h<y/n
Proof.
Let n be a positive integer. From Equations [5.21] and we have
200dd if n =0 mod 2
> E(n-0) =4 200- Y 2F (4n—1?) ifn=1mod?
- 3
—Vn<h<yn _2\/7%5;‘%2\/5
2004d if n =0 mod 2

I
—N

200dd — 3 - 20044 if n =1mod 2, by Lemma [5.3.10

200q4(n) if n =0 mod 2
%aodd(n) if n =1 mod 2.

O

The following theorem repackages the above result in a tidy manner and gives the
pivotal result for Kronecker to determine the number of representations of a positive
integer as a sum of three squares.

Theorem 5.3.12.
Let n be a positive non-zero integer. Then

12 Y E(n-h%) =802+ (-1)")eaa(n).
—/n<h<y/n

Proof.
Let n be a positive non-zero integer. Using the result found in Lemma [5.3.11] and
multiplying by 3 yields

oy ) 2 300aa(n) if n =0 mod 2
3 Z E(n h)—{2'10_0dd(n) ifn=1mod?2.
—/n<h<y/n
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Now observe 1 =2+ (—1)! and 3 = 2+ (—1)?, thus we have

n ) 3 iftn=0mod2
2+(=1) _{1 if = 1 mod 2.

Applying this and multiplying the result by 4 then gives

12 ) E(n—h%=4-22+(-1)") 0oaa(n)
—/n<h<y/n
= 8(24 (=1)") 0oaa(n).

]

Corollary 5.3.13.

From Appendix Corollary the right hand side of Theorem isrq(n).
That 1s, the number of ways to represent a positive integer n as a sum of four squares.
Consequently, we have 12 Z—\/ﬁghg\/ﬁE (n — h?) is the number of ways to write n as
a sum of four squares.

Theorem 5.3.14.

Let n be a positive non-zero integer and let h satisfy —/n < h < /n. Then
12E (n — h?) is the number of ways to represent the positive non-zero integer n — h?
as a sum of three squares.

Proof.
Fix n € Z>o and h € Z such that —y/n < h < y/n. Define the following three sets

Xn = {(dl,dz,dg,d4) | d?+d%+d§+dizn,dz € Z,1 € {1,2,3,4}}
X = {(dy,do, ds, h) | &2+ d2+d2+ h? =n,d; € Z,i € {1,2,3}} C xn
X2, = {(7’1,7“2,7“3) P2 +ri4+ri=n—h®r€Z,ic {1,2,3}}.

We will show the map

J i Xn —> Xan
(d17d27d37h‘) — (d17d27d3>

is a well-defined bijection.

Well-defined:

It is sufficient to show 72 +ri +ri =3+ d3 +d3 = d3 + d3 + d% + h? — h? = n — h2
Injectivity: This is straightforward to verify.

Surjectivity: Let (ry,re,73) € X2, be arbitrary and consider (ry,rs,rs, h). This sat-
isfies 77 + 72 + 72 + h* = n — h* + h?> = n and clearly each element lies in Z thus
(r1,r2,73,h) € xp. Since J (11,719,753, h) = (r1,72,73) we have a bijection.
Consequently we have a one-to-one correspondence between representations of n — h?
as a sum of three squares and representations of n as a sum of four squares, where
the last term to be squared is h.
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Observe that in the set y,, the largest any d; may be is v/n and this may only occur
when all other d; are zero. Using this we may write as the following disjoint union

Xn = U Xh-
—JR<h<yva

This is because xp, N xn, = O unless hy = hy.

Thus r4(n) = Z |xn|- Applying the bijection given by the map J to the right
—/n<h<y/n
hand side yields r4(n) = Z IX2.1]-
—v/n<h<y/n

Combining this with Theorem [5.3.12] yields

> REn-B)= > |xaul-

—V/n<h<ym —/n<h<yn

Since |x2,4| is the number of representations of the positive non-zero integer n — h?
as a sum of three squares, this implies 12E (n — h?) is the number of representations
of n — h? as a sum of three squares. n

The last observation Kronecker makes in his section 22 connects sums of three squares
to sums of three triangle numbers. The following lemma makes this connection.

Lemma 5.3.15.
Fvery positive integer n may be written as a sum of three triangle numbers if and
only if every number of the form 8n + 3 is a sum of three squares.

Proof.

m

Recall a positive integer V is called a triangle number if V = ZZ for some positive
i=1

integer m.

Let n € Z>o and suppose n = Vi + Vs 4 V3, where V; is a triangle number for

i €{1,2,3}. Then we have

n:V1+V2—I—V3

Ny Ny N3
=Y i+ Y i+ i
=1 =1 =1
Ny (Ni+1)  Np(Na+1) N3 (N;+1)
2 - 2 N 2

1
= 5 (N7 + NJ+ Nj + Ni+ Np + Ny)

Using this it follows that

1
8n+3=8<5 [NE+N§+N§+N1+NQ+N3})+3

234



= AN +4AN] +4N; + 4N, + 1+ 4Ny +1+4N3 + 1
= (2N, +1)° + (2No + 1)° + (2N5 + 1)°.

Thus 8n + 3 is a sum of three squares. Reversing this argument yields the converse
statement. ]

Finally, we prove a small observation due to Kronecker about the number of repre-
sentations of a positive integer n as a sum of three triangle numbers.

Lemma 5.3.16.
The number of ways a positive integer n may be expressed as a sum of three triangle
numbers is F (8n + 3).

Proof.

From Lemma we know a positive integer n maybe expressed as a sum of three
triangle numbers if and only if 8n + 3 may be written as a sum of three squares.
Since the squares mod 8 are 0,1,4 we must have three odd squares. From this it
follows that none of the squares are 0. Consequently, given a 3-tuple (a,b, c) such
that 8n + 3 = a? + b + 2, there are 23 = 8 ways to generate another distinct 3-tuple
with the same property by choosing where to place negative signs. Of these eight,
only one will have the property that a,b and c are all positive.

Since A(8n + 3) = 12E(8n + 3) is the number of representations of 8n 4 3 as a sum
of three squares, we may apply Lemma m to get 12E(8n + 3) = 122F(8n + 3) =
8F(8n + 3).

From the definition of a triangle number, the number of terms in the summation must
be positive and so in the proof of Lemma for the reverse direction we must
consider Ny, Ny and N3 to be all positive. By our above remark, there is only one
way for this out of a possible eight.

Therefore we have the number of ways to write n as a sum of three triangle numbers
is - 12E(8n+ 3) = F(8n + 3). O

Notes on Section [5.3]

Observation 5.3.17.
In order to have consistency between Kronecker’s paper [Kri897] and Weil’s paper
[Wel974] we make the following remark. Observe the number of representations of a
positive integer n as a sum of three squares is denoted by A(n) in Kronecker’s work;
whereas Weil uses R3(n), which we have written as r3(n) in order to avoid confusion
with the next section.

5.4 Deriving Gauss’ Theorem

In this section we prove the connection between Kronecker’s sums of three squares
work and the following classical result due to Gauss.
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Theorem 5.4.1 (Gauss’ Theorem).

Let R3(n) denote the number of primitive solutions to the equation x*+y*+ 2% = n.
Let h(—n) be the number of proper equivalence classes of primitive binary quadratic
forms Ax? + By + Cy? where

—4n ifn=1,2,5 or 6 mod 8.

2 _ _
B 4AO_{—7L if n = 3 mod 8.

Let 6,, = 1 except for 6; = % and 83 = . Then

E.
Ry(n) = 126,h(—4n) ifn=1,2,5 or 6 mod 8
ST 246,h(=n)  if n=3 mod 8.
The statement of Gauss’ Theorem and a small treatment of it may be found in Gross-
wald, [Gr1985l p. 51]. We shall derive a new proof of Theorem by utilising our
knowledge of Kronecker.

Our proof requires a series of intermediate results and so we begin by examining the
effect of requiring our binary quadratic forms to be primitive.

Lemma 5.4.2.

Let A be a bilinear form with matrix representation A =

ﬁi ﬁ;z ) that satisfies
ged(Aqq, Ajg, Aoy, Aoy = 1 and let M € GLy(Z). Then every bilinear form B in the
equivalence class of A satisfies ged(By1, Bia, Bai, Bag) = 1.

Proof.
L —_ At _( Bu B .

et B= M'AM = B21 B22 and d = ng(BH, Blg, th BQQ).

_(d0 By By
ThenB(O d)(Bél B, )
Consequently we have
A= (MY MAMM™?

= (M Y'BM™!
= (

d 0 B}, Bj
— (MYt 1 212 ) pr-1
(o) (52 )

_ (a0 1\t pr -1
= ( 0 d ) (M~—)'B'M~".
That is, each element of A is divisible by d. However, gcd(Ay1, A1a, Ay, Age) = 1 and
thus we deduce d = 1.

Since M € GLy(Z) it follows that every bilinear form which is equivalent to the
primitive bilinear form A is primitive. H

Corollary 5.4.3.
If the equivalence class of a binary quadratic form Ax* + Bxy + Cy? contains a
primitive form (ged(A, B, C') = 1) then every binary quadratic form in the equivalence
class is primitive.
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Proof.
We may view the binary quadratic form Ax? 4+ Bzy + Cy? as the bilinear form with
All = A, A12 = A21 = % and AQQ = (. Thus ng(A,B,C) = 1 is the same

as ged(Aqq, Arg, Aoty Agg) = ged(Aqg, Aa, Aye) = 1. Lemma then yields the
result. O

Lemma 5.4.4.
Let n be a positive non-zero integer then

( n
2-261?},(%) ifn=1,2mod 4
&in
ra(n) = i
() %'Z6F1’<%> if n =3 mod 8
@ n
[ O if n =7 mod 8§,

where 6F,(k) is the number of complete equivalence classes of positive definite binary
quadratic forms ax® + 2bxy + cy* satisfying ac — b* = k, ged(a,b,c) = 1 and at least
one of a, ¢ is odd.

Proof.

From Theorem 12E(n) is the number of representations (primitive and imprim-
itive) of the integer n as a sum of three integer squares. Thus r3(n) = 12E(n). By
Definition and Lemma we have E(n) = 2F(n) — G(n) and E(4n) = E(n)
for all positive integers n.

Further, by Summary we have

F(n) ifn=1,2mod4
E(n) =< 2F(n) ifn=3mod3
0 it n =7 mod 8.

Consequently we have

12F(n) ifn=1,2mod 4 2.-6F(n) ifn=1,2mod4
12E(n) = ¢ 8F(n) ifn=3mod8 =< 3-6F(n) ifn=3mods3 (5.24)
0 if n =7 mod 8 0 if n =7 mod 8.

Recall in Kronecker’s notation 6F(n) is the number of complete equivalence classes
of positive definite binary quadratic forms with ac — b*> = n and at least one of a, ¢
is odd. There is no mention of primitivity and thus we now express this quantity as
a sum over primitive sets.

Let V{[(a,b,c)]. | ac — b* = n, at least one of a, c is odd}, thus |[V| = 6F(n). By
Lemma the set Q,, = {(a,b,¢c) | ac — b* = n, —min{a, c} < b < min{a, c}} con-
tains a unique representative for every complete equivalence class of binary quadratic
forms with ac — 0> = n. We recall (see Observation the property “at least
one of a, ¢ is odd” is invariant under transformation by M € ker o, hence we have
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V| =6F(n) = |Q”|3 where Q, = {(a,b,¢) € Q, | at least one of a, ¢ is odd}.
We now partition €2, into a finite disjoint union of the sets ¢, where

Q4 {(a, b,c) € O | ged(a, b, c) = d}.

n —

We note d # 2k for any k € Z because at least one of a, ¢ is odd. Next we define the
set L2 as follows:

L= {(e,y.2) |2z — ¢’ = .~ min{, 2} <y <minfe, 2}, ged(,y,2) = 1,
at least one of x, z is odd}.

Now we show the following map 7 is a well-defined bijection.

77:(2%—>LZ

a b c
(a,b,c) — <E’ C—l,a) = (z,y, 2).

Well-defined: We have d = ged(a,b,c) and so (x,y,2) € Z*. Next, n = ac — b* =
d? (% L& — (%)2> = d*(xz — y°) thus 2z — y* = %. Now suppose z = z = 0 mod 2,
then a = dx and ¢ = dz are both even, a contradiction and thus at least one of z, z
is odd. Clearly we also have ged(z,y,2) = 1. Lastly, we observe —min{a,c} < b <
min{a, ¢} is equivalent to —min{dz,dz} < dy < min{dz,dz} and so since d > 0 it
follows that — min{x, z} < y < min{x, z}. Hence the map 7 is well-defined.
Injectivity: This is straightforward to verify.

Surjectivity: We repeat the argument given in the well-defined section, but this time
in the opposite direction.

Hence the map 7 is a bijection.

Thus using Lemma [5.2.1] we have shown 6F(n) = |V| = |Q,.| = Z6Fp (%),
d=1

d2|n

where 6F, (k) is the number of complete equivalence classes of positive definite binary
quadratic forms az? + 2bzy + cy? such that ac — b* = q, ged(a, b, ¢) = 1 and at least
one of a, ¢ is odd.

Substituting this result into Equation then yields

2-26&(%) ifn=1,2mod 4
@ in
rs(n) = "
() $-3 68, (o) ifn=3mods
2 n
0 if n =7 mod 8.

We now establish a similar result for the relationship between r3(n) and R3(n).
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Lemma 5.4.5.
Let n be a positive integer then

r3(n) = dz::Rg (%) .

d?|n

Proof.
Let A" = {(x1, 79, 23) | ¥% + 23 + 25 = n, ged(z1, w9, v3) = 1}. Thus |A"| = r3(n).
We partition the set A™ into a disjoint union of the sets
Al = {(x1, w9, 3) | 2% + 23 + 23 = n, ged(z1, 2, x3) = d}, so A" = |J)_, A%. We note

n=0if d*{ n.
Consequently we have r3(n) = |A"| = Z |AG).

&n

Now let Bi = {(y1,y2,43) | U7 + 3 + 45 = &, gcd(y1, 4,y3) = 1}. Tt is straightfor-
ward to verify the map n : A} — B} given by (z1,x9,x3) — (%,%,%) is a
well-defined bijection. The proof is very similar to that found in the proof of Lemma

b.4.4l

We observe | B?| is the number of primitive solutions to the equation y? +y3 +y3 = 2

2

and hence |Bj| = R (%%).

n . n . n n
Thus we deduce r3(n) = |A"| = Z |AY| = Z |By| = ZR;:, (@) O

d=1 d=1 d=1

d?|n d?|n d?|n
Lemma 5.4.6.
Let n and d be positive integers such that d* | n. If n = 1,2mod 4 then 5 =
1,2 mod 4 respectively. Further, if n =3 mod 4 then 7 = n mod 8.
Proof.

First suppose n = 1 or 2 mod 4. Since d> = 0,1 mod 4 depending on whether d is
even or odd, we cannot have d = 0 mod 2 else n = nd? = 0 mod 4. Thus 1 = nd? =
n = 1,2 mod 4 respectively.

Now suppose n = 3 mod 4 and write

n= pr’ H q;’ H st H t" where

Di, Qj, Sk, b are primes such that p; = 1 mod 8, ¢; = 3mod 8, s, = 5mod 8 and
t; = 7mod 8. Observe any divisor d such that d* | n is necessarily odd and that
dividing by d? results in decreasing each of the e;, f;, gr and h; by a multiple of 2.
Consequently, writing

i~ DA T T T

we observe e;+ f;j+gp+h = e;+ f;+g),+h; and thus 7z = n mod 8 when n = 3 mod 4.
This is because d = 1 mod 2 implies d?> = 1 mod 8. O
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Lemma 5.4.7.

-6F,(n) ifn=1,2mod4

-6F,(n) ifn=3mod8
if n =7 mod 8.

Let n be a positive integer then Rs(n) =

O wins N

Proof.
Combining the results of Lemmas [5.4.4] and [5.4.5| yields

(

Q.iGFP(%) ifn=1,2mod 4
d=1
n n d2n\n
%R:ﬁ,(ﬁ): %'Z6FP<%> if n=3mod8
n d=1
2|p
L 0 ‘ if n =7 mod 8.

By Lemma we know dividing by d? leaves us in the same category. Hence we
apply an inductive argument. The base case is when n is square free. In this case the
summations consist of a single term and we clearly get our result.

Now suppose our claim holds for all numbers less than K. We consider each of the
cases in turn and note that dividing by a square (if possible) gives a number smaller
than K. Thus expanding both summations and applying the inductive hypothesis
leads to cancellation of all terms except the term on each side corresponding to d = 1.

2.-6F,(n) ifn=1,2mod4

Hence we deduce R3(n) = ¢ 3-6F,(n) if n =3 mod 8
0 if n =7 mod 8.
Hence by induction we have our result. O]

In order to prove Theorem [5.4.1] it will be necessary to consider three cases. The
following observation explains why.

Observation 5.4.8.

Recall 6F,(n) is the number of complete equivalence classes of primitive binary
quadratic forms az? + 2bry + cy® with ged(a,b,c) = 1, ac — b*> = n and at least
one of a, c is odd. Using the fact that these binary quadratic forms may be viewed
as bilinear forms, and applying our bilinear automorph results found in Table we
know the only reduced binary quadratic forms with non-trivial proper automorphs are
(a,0,a) and (2b, b, 2b). Since these are imprimitive for a # 1 (n = 1)and b # 1 (n = 3)
respectively, we conclude for n # 1, 3 there are no non-trivial proper automorphs and
thus 6 | 6F,(n). Therefore it is sufficient to consider the proper equivalence classes of
reduced binary quadratic forms when n # 1,3. Thus we have three cases to consider,
namely: n =1, n=1,2mod 4 (n # 1), and n = 3 mod 8. The last case will require
careful consideration when n = 3.

Lemma 5.4.9.
Let n =1, then 2F,(n) = h(—4).
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Proof.

We know 6F,(1) is the number of complete equivalence classes of primitive binary
quadratic forms az? + 2bxy + cy? = 1 with ac — b*> = 1. To count these we look at the
reduced forms, of which there is precisely one, namely (1,0,1). By our automorph
theory the proper equivalence class of this form contains exactly 3 complete equiva-
lence classes, all of which have at least one odd outer coefficient and are primitive.
Hence 6F,(1) = 3.

Thus 2F,(1) = 1 and this is the number of primitive proper equivalence classes of
such binary quadratic forms. However, (1,0, 1) may also be thought of as the form
Ax? + By + Cy? where A = C =1 and B = 0. This satisfies B2 — 4AC = —4 and
ged(A, B, C) = 1, thus we deduce 2F,(1) < h(—4).

Now suppose we have a form Az?+ Bxy+Cy? where gcd(A, B,C) = 1 and B?*—4AC =
—4. Then we must have 2 | B which implies 1 = AC — b* where 2B = b. Fur-
ther, it is clear if d = ged(A,b,C) then d | A, d | 2b and d | C. Since 2b = B,
d | ged(A, B,C) = 1 follows. Hence the our form Ax? + Bxy + Cy? is also of the form
ax? + 2bxy + cy? with ged(a,b,¢) = 1 and ac — b? = 1. Since every binary quadratic
form is properly equivalent to a unique reduced binary quadratic form of the same
determinant, we deduce h(—4) < 2F,(1).

Hence 2F,(1) = h(—4). O

Corollary 5.4.10.
We have R3(1) = 6h(—4).

Proof.
Combining Lemmas [5.4.7 and [5.4.9 we get

Rs(1) =2 6F,(1)
= 2.3-2F,(1)
= 6h(—4).

]

Lemma 5.4.11.
Let n be a positive integer strictly greater than 1 that satisfies n = 1 or 2 mod 4.
Then Fy(n) = h(—4n).

Proof.

Let n be a positive integer strictly greater than 1 that satisfies n = 1 or 2 mod 4.
Recall 6F,(n) is the number of complete equivalence classes of binary quadratic forms
ar? + 2bzy + cy* where ac — b* = n, ged(a,b,¢) = 1 and at least one of a, ¢ is odd.
From our theory of automorphs, the only such binary quadratic forms with a non-
trivial proper automorph are (a,0,a) and (2b,b,2b) and since n = 1,2 mod 4, n # 1
it follows these cases do not arise when we consider 6F,(n). Hence every proper
equivalence class contains exactly 6 complete equivalence classes and therefore F,(n)
is the number of proper equivalence classes of binary quadratic forms ax? + 2bxy + cy?
where ac — b* = n, ged(a,b,c) = 1 and at least one of a, ¢ is odd.
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Now observe we may view these binary quadratic forms as Az?+ Bxy+Cy? where A =
a, B =2band C' = c. Since at least one of a, ¢ is odd it follows that ged(A, B,C) =
ged(a, 2b, ¢) = ged(a, b, ¢) = 1. Further, note that B> — 4AC = 4b* — dac = —4(ac —
b?) = —4n. Thus we deduce F,(n) < h(—4n).

Now let Az?+ Bxy+Cy? be a reduced binary quadratic form such that ged(A, B, C) =
1 and B2 —4AC = —4n. Thus it is necessarily true that B = 0 mod 2 and hence every
such form may be expressed as ax? + 2bxy + cy® by letting a = A, b = g and ¢ = C.
We note 4(ac — b*) = 4 <AC’ — (§)2> = 4n and so ac — b*> = n. Thus every such

reduced form is in fact a reduced form counted by F,(n). Hence h(—4n) < F,(n).
Therefore we have F,(n) = h(—4n) when n =1 or 2 mod 4, n # 1. O

Corollary 5.4.12.
Let n be a positive integer such that n =1 or 2 mod 4, n # 1.
Then R3(n) = 12h(—4n).

Proof.
Let n be a positive integer such that n = 1 or 2 mod 4, n # 1. By combining Lemmas

and [£.4.12] we deduce
R3(n) =2-6F,(n)
=2-6h(—4n)
— 12h(—4n).
Il

We now develop some results which will permit us to deal with the n = 3 mod 8 case.

Lemma 5.4.13.
Let n be a positive integer such that n = 3 mod 8 and define the sets H,, and K, as
follows:

={[(A,B,0)]4 | B> —4AC = —n,gcd(4, B,C) = 1}
= {[(a,b,¢)]+ | ac = b* = n,ged(a,b,¢c) = 1,a = ¢ = 0 mod 2} .
Then the map

(:H, — K,
(A, B,C) — (24, B,2C) = (a, b, c)
15 a well-defined bijection.

Note: Binary quadratic forms in H, are of the form Az* + Bzy + Cy* [shorthand
(A, B,C)], while those in K, are of the form ax?® + 2bxy + cy? [shorthand (a,b,c)].

Proof.
First note the sets H,, and K, are well-defined. This is because primitivity is preserved
under equivalence and the property of having at least one outer coefficient odd is
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preserved under proper equivalence.

Well-defined: Clearly we have a = 24 = 2C = ¢ = 0 mod 2. Next, we see ac — b* =
(24)(2C) — B? = 4AC — B?> = n. Now let d = ged(a,b,c), then d|2A, d|2C and
d|B. Since 4AC — B? = 3 mod 8 it follows that A = B = C' = 1 mod 2 and thus
d =1 mod 2. Hence d|A and d|C and therefore d| ged(A, B,C) =1, s0 d = 1.
Lastly, we show the map ( respects proper equivalence classes. Suppose f,g € H,,
f ~4 g and they have matrix representations A and B respectively. Then there exists
a matrix M € SLy(Z) such that M*AM = B. Then

((9) =B’ =28

=2LL,M'AM

— M'(21,A)M

= M'A'M = M'C(f)M.
Thus ¢(f) ~+ ((g) and hence the map ( respects proper equivalence classes.
Injectivity:
Suppose (([(A, B,C)l4) = ¢([(4, B, C")]4) then [(24, B,2C)], = [(24', B, 2C") .
Thus there exists M € SLy(Z) such that

0 B\ (24 B
<B’ 20’>_M(B 20>M
B
B
2
C

2

= 2L, M" ( g ) M.
2
2A’B’ A B
Since I acr ) = 21 ( B C2” ) and 215 is invertible, it follows that
2

[(Av B? C)]+ = [(A/7 Blﬂ C/)]-l-'

Surjectivity: Let [(a, b, ¢)]+ € K, and consider [(A4, B, C)| = [(5,b, §)]+, we will show
this lies in the set H,. Since [(a,b,c¢)]; € K, we have a = ¢ = 0 mod 2 and thus
[(A, B, )]+ has integer entries. Since we are dealing with positive definite forms we
recall A and C are still positive. Next, ac — b*> = 3 mod 8 implies ¢ = a = 2 mod 4
and b = 1mod 2 thus A = C = B = 1 mod 2. Further, we have B? — 4AC =
—(4(%) (£) —b*) = —n. Now let d = ged(A, B, C) then in particular d|B = b and
so d = 1mod 2. then d|A = §, d|C = § with d = 1 mod 2 implies d|a and d|c, thus
d|ged(a,b,c¢) = 1. Hence d = 1.

Lastly, we observe the same argument as given in the well-defined part of the proof
works for showing proper equivalence classes are respected. The caveat being we use
%IQ instead of 215.

Thus the map ( is surjective and hence is a well-defined bijection. O

Corollary 5.4.14.
Let n = 3 mod 8 then

h(—n) { 3G,(n) —3F,(n) ifn=3
Gp(n) —F,(n)  otherwise.
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Proof.

Let n be a positive integer such that n = 3 mod 8. From Lemma [5.4.13| we have
h(—n) = |H,| and |K,| is the number of proper equivalence classes of primitive
binary quadratic forms axz? + 2bxy + cy? such that ac — b*> = n and a = ¢ = 0 mod 2.
From our automorph theory (see Table [2.3)) we see when n # 3 there are no primitive
reduced binary quadratic forms with a non-trivial proper automorph. Thus every
proper equivalence class must contain exactly 6 complete equivalence classes. Thus
6/6G,(n) and therefore G,(n) is the number of proper equivalence classes of primitive
binary quadratic forms ax?® 4 2bxy + cy?. Further, since the property of having at
least one of a, ¢ odd is preserved under GLy(Z) it follows that |K,| = G,(n) — F,(n).
Now assume n = 3 then the reduced form (2,1,2) € K,, and it is primitive. This has
2 complete equivalence classes within its proper equivalence class. The only other
reduced form with ac — b* = 3 is (1,0,3) which is clearly primitive, satisfied a =
¢ = 1 mod 2 and has no non-trivial proper automorphs. Thus we deduce 6G,(n) = 8
and 6F,(n) = 6, therefore 3G,(n) = 4 and 3F,(n) = 3. Consequently |K,| =1 =
3G,(n) — 3F,(n) when n = 3.

Since Lemma [5.4.13| shows the map ( is a bijection between the sets H,, and K, when
n = 3 mod 8, our claim follows immediately. ]

Note: Lemma [5.4.13| is essentially the same as Lemma but with the added
condition that primitivity is required in both Q,, and R,,.

Lemma 5.4.15.
Let n be a positive integer such that n = 3 mod 8 then 3G,(n) = 4F,(n).

Proof.

From Theorem we have 3G(n) = 4F(n) for all positive integers n such that
n = 3 mod 8. We split the proof into two cases, namely when n is square-free and
otherwise.

Case I: n is square-free, that is n # kq? for some q # +1.

Let ax? + 2bxy + cy? be an arbitrary binary quadratic form satisfying ac — > = n
and let d = ged(a,b,¢). Then n = d?(aé¢ — b%). Since n is square-free it follows that
d = 1 and hence our initial form is primitive.

Therefore when n = 3 mod 8 and n is square-free we have 3G,(n) = 3G(n) = 4F(n) =
4F,(n).

Case 1I: n = kq¢?.

Observe n = 3 mod 8 implies ¢ = 1 mod 2 and £ = 3 mod 8. From our theory of
automorphs (see Table the only non-trivial proper automorphs are (a,0,a) and
(2b,0,2b). Since a® #Z 3 mod 8 the former cannot occur, whilst the latter may only
arise when k = 3. Consequently, when k£ # 3 we know every proper equivalence
class contains exactly six complete equivalence classes and thus 6/G(n) and 6|F(n).
Now suppose k£ = 3 then the only proper equivalence class with a non-trivial proper
automorph is that of (2¢, ¢,2¢) and it contains two complete equivalence classes. All
of the remaining proper equivalence classes contain 6 complete equivalence classes.
Thus 6 1 6G(n). However, 2|6G(n) is 2 = gcd(2,6). Also, since (2¢, q,2q) clearly has
both outer coefficients even, we see that 6|F(n).
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From this we deduce 2|6G(n) and 6|6F(n) whenever n = k¢* = 3 mod 8. We now
finish our claim by inducting on the number of (positive) divisors of g.

Base case: ¢ is prime.

Then we have

3G(kq*) = 3Gp(kq2) + 3Gy (k)
= 3G, (kq*) + 4F (k).

Here the last line follows from Case I because k is square free.

Similarly, we have 4F(kq?) = 4F,(kq*) + 4F, (k). Applying Theorem then yields
3G, (kq?) = 4F,(kq?) and our base case is complete.

Inductive Hypothesis:

Let n = kq* have M distinct divisors of ¢ and assume 3G, (kd?) = 4F,(kd?) for all
divisors d q.

Now suppose n = kq? is such that ¢ has M + 1 distinct divisors.

Then has less than or equal to M distinct divisors provided d # 1.

Thus We have

SG(0) = 36, (1) + Y36, ()

dlq
d#1
2 kq? : . .
= 3G(kq") + Z 4F,, v by our inductive hypothesis.
i1

Similarly, we have 4F (k¢*) = 4F,(kq?) Z4F ( )

dlq

d#1
Then applying Theorem we get 3G, (kq?) = 4F,(kq¢?).

Hence by induction on the number of divisors of ¢ we have 3G,(k¢?) = 4F,(kq?),
where n = k¢? = 3 mod 8.

Consequently, combining the results of Cases I and II we have 3G,(n) = 4F,(n) when
n = 3 mod 8. 0

Corollary 5.4.16.
Let n be a positive integer such that n = 3 mod 8, then

| 3F,(n) ifn=3
Sh(=n) = { F,(n)  otherwise.

Proof.
Let n be a positive integer such that n = 3 mod 8 then we have

_ »(n) —9F,(n) ifn=
Sh(=n) = { Gp(n) — 3F,(n) 0therw1se by Corollary f.4.14

12F,(n) — 9F,(n) if n =3
{ Fp(n) — 3F o(n)  otherwise by Lemma [f.4.15
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[ 3Fp(n) ifn=3
~ | Fu(n) otherwise.

Corollary 5.4.17.
Let n be a positive integer such that n = 3 mod 8, then

[ 8h(—n) ifn=3
Rs(n) = { 24h(—n) otherwise.

Proof.
Let n = 3 mod 8 and apply Lemma and Corollary [5.4.16] to get:

oy
w
2
=
=]
A
S

:2-3F,(n) ifn=3
-6-F,(n) otherwise
+2-3h(—n) ifn=3
-6 -3h(—n) otherwise
(—n) ifn=3
24h(—n) otherwise.

I I
— N AW

QOO QO 0O |

oo
>

We now provide the proof of Gauss’ Theorem (Theorem [5.4.1)).

Proof. Let n be a positive integer such that 4 { n, then applying Lemma in
conjunction with Corollaries [5.4.10], [5.4.12] and [5.4.17] yields:

6h(—4-n) ifn=1

12h(—4-n) ifn=1,2mod4,n #1
R3(n) = ¢ 8h(—n) ifn=3

24h(—n) if n =3 mod 8,n # 3

0 if n = 7 mod 8.

Letting 9,, = 1 for all positive integers n except for n = 1,3, where 6; = % and 03 = %
then yields

12-61h(—4-n) ifn=1
120,h(—4-n) ifn=1,2mod4,n#1
R3(n) = ¢ 24-63h(—n) ifn=3
246,h(—n) if n=3mod 8 n+#3
0 it n =7 mod 8.
[ 126,h(—4n) ifn=1,2,5or 6 mod 8
- { 246,h(—n) if n =3 mod 8.
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It remains for completeness to discuss the situation when n =7 mod 8 or 4 | n.

Lemma 5.4.18.
Let n be a positive integer such that 4 | n. Then there are no primitive representations
of n as a sum of three squares, that is, Rz(n) = 0.

Proof.

Let n be a positive integer such that 4 | n and write n as a sum of three squares.
Thus 22 + y? + 22 = n = 0 mod 4.

Since the squares mod4 are 0,1, it is straightforward to verify that we must have
2?2 = y? = 22 = 0 mod 4. Consequently, we have r = y = z = 0 mod 2 and thus

ged(z,y, z) > 1 so the representation cannot be primitive.
Hence R3(n) = 0 when 4|n. O

Corollary 5.4.19.
Let n and k be positive integers such that 4% | n but 4™ f n. Then r3(n) = r; (

)-

“;I:

Proof.
Let n and k be as above and let 2% +y* + 2% = J. Then (2%2)? + (2"y)? 4 (22)* = n
is a representation of n as a sum of three integer squares. Thus r3(n) > r3 :
Now let a? +b%+ ¢ = n = 0 mod 4*. In particular, 4 | n and so by Lemma we
know 2|a, 2|b and 2|c. Thus (%)2 + (3)2 + (5)2 = % is a representation of the positive
integer 7 as a sum of three integer squares. Repeating this process a total of k times
yields
(2‘2)2 + (& ) (%)2 % and thus r3 () > r3(n).

3

Hence r3(n) =r %4%) O

Lemma 5.4.20.
Let n be a positive integer such that n =7 mod 8. Then r3(n) = R3(n) = 0.

Proof.

Since the squares mod8 are 0, 1, 4, it is straightforward to verify that 22 + y? + 22 =
0,1,2,3,4,50r6 mod 8.

Thus there are no representations of n as a sum of three squares and thus r3(n) =

An interesting lemma follows immediately from Gauss’ Theorem ([5.4.1))

Lemma 5.4.21.
Let n be a positive integer such that 4tn and n # 7 mod 8. Then R3(n) > 1.

Proof.

Let n be as stated and observe the proper class number, h(—n), satisfies h(—n) > 1.
This is because the binary quadratic form 22 + ny? always exists. Then applying
Gauss’ Theorem 1)) immediately yields R3(n) > 1. O
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In other words for any positive integer n such that 4 { n and n # 7 mod 8, there is
always a way to write n = z? + y* + 2% where ged(z,y, 2) = 1.

We note that our results do not present a way for finding this representation though.
Our next lemma is a stepping stone result to deriving another well-known result due
to Gauss.

Lemma 5.4.22.
Let n > 3 be a positive integer such that n = 3 mod 8. Then F,(n) = h(—4n).

Proof.

Let n be as above and consider the set counted by F,(n). This set consists of a unique
representative for every proper equivalence class of primitive (ged(a, b, ¢) = 1) binary
quadratic forms axz? + 2bxy + cy? where n = ac — b*>. We may choose to view these as
primitive binary quadratic forms Az?+ Bxy+ Cy? with 4AC' — B? = 4n. This is done
by letting A = a, B = 2b and C' = ¢. Thus 4AC — B? = 4ac— (2b)* = 4(ac—V?*) = 4n.
Since ged(a, b, ¢) = 1 it is clear that ged(A, B,C) = 1. Thus |Fy(n)| < h(—4n).

Now let (A, B, C') be any primitive binary quadratic form that is counted by h(—4n).
We will show its proper equivalence class is in fact counted by F,(n). We have
4AC — B? = 4n and thus B? = 4(AC — n), implying 2 | B. We write B = 2b and
thus we have the binary quadratic form Ax? + 2bxy + Cy?. This satisfies ac — b* =
AC — (%)2 = %(4140 — B?) = %471 = n. Thus the proper equivalence class of this
binary quadratic form is a candidate to be counted by F,(n). To do so, it remains to
show at least one of A, C'is odd and ged(A,b,C) = 1.

We know ged(A, B,C') = 1 and B = 2b, thus ged(A,2b,C) = 1 and so at least one
of A, C must be odd. Further, let d = ged(A,b,C) then d | ged(A,2b,C) = 1 and
therefore d = 1.

Hence the proper equivalence class of the binary quadratic form Ax? + Bxy + Cy? is
counted by F,(n) and so h(—4n) < F,(n).

Consequently we have F,(n) = h(—4n). O

The following corollary is mentioned in a paragraph at the bottom of page 42 in
[Gr1985] as being known to Gauss.

Corollary 5.4.23.
Let n be a positive integer such that n = 3 mod 8. Then h(—4n) = h(—n) if n = 3,
otherwise h(—4n) = 3h(—n).

Proof.

We first deal with the case n = 3. It is straightforward to verify the only primitive
reduced binary quadratic form which satisfies b* — 4ac = —3 is the form 2%+ zy + 3%
Thus h(—3) = 1.

Similarly, we may verify the only primitive reduced binary quadratic form satisfying
b? — 4ac = —12 is the form z? + 3y®. Thus h(—12) =1 = h(-3).

Now let n > 3 be such that n = 3 mod 8. By Lemma [5.4.22 we have F),(n) = h(—4n)
and by Corollary we have F,(n) = 3h(—n). Hence h(—4n) = 3h(—n) when
n >3, n =3 mod 8. O
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Notes on Section [5.4]

In his book, [Gr1985], Grosswald leaves the reader an exercise (problem 6, [Gr1985]
p. 65]) to show Gauss’ Theorem may be stated as R3(n) = 24F(n) — 12G(n), and
thus prove Kronecker’s result. It is clear Grosswald was aware of Kronecker’s work,
however he failed to note Kronecker did not require primitivity in his work. Whereas
Grosswald requires primitivity in his book. This is why we introduced the subscripts
F, and G, before deriving the connection between Gauss’ Theorem and Kronecker’s
result.

Further, one should note Grosswald cites Kronecker’s earlier paper [Kri860], which
contained an error that was later stated correctly in [Kr1897]. This error claimed
3G(n) = 4F(n) if n = 3 mod 8, except if n = 3(2m + 1)? when 3G(n) = 4F(n) + 2.
The correct statement of the result is given in Theorem [5.2.2] Consequently, the hint
Grosswald gives the reader is incorrect.

Lastly, one should note Grosswald acknowledged the level of difficulty required to
prove some of Kronecker’s stated relationships. It is unclear whether Grosswald
supplied any proofs himself.

Copyright© Jonathan A. Constable, 2016.
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Appendices

Here we present several appendices that provide a connection between Kronecker’s
method for determining the number of representations of an integer as a sum of three
squares (see [Kr1897]), and the method given by Weil for the same problem in the
3 mod 8 case (see [Wel974]).

A.1 Ireland & Rosen Representations as Sums of Two Squares

In this appendix we give a method to calculate the number of representations of a
positive integer as a sum of two squares. This argument is an expanded version of
the exposition given in Chapter 17, §6 [IR1990, p. 278-280].

We begin with an important definition, which shall be repeatedly used within Ap-
pendices [A.1], [A.2] [A.3] |A.4] and [A.5l The notation introduced here is due to Weil
[Wel974, p. 216]

Definition A.1.1.
Let i € {2,3,4}, m € Z~( and consider the equation:

ol a2t =m, (A1)

where xj, € Z~g, v, = 1mod 2 and 1 < h < 7.
Define N;(m) to be the number of solutions (x1,xs,...,2;) to this equation under
these assumptions.

Observation A.1.2.
Clearly, N;(m) = 0 if m = 0. Recall that any odd integer k satisfies k* = 1 mod 8.
Thus we require m = ¢ mod 8 also for a solution to exist.

Definition A.1.3.
Define r;(m) to be the number of solutions to the equation m = z% + - - - + x2, where
m € Ziwo, vy € Z for 1 < h < 4.

Definition A.1.4.
An arithmetic function is a real or complex valued function that is defined on the
positive integers.

Definition A.1.5.

o
a
The formal Dirichlet series is defined as E —Z, where s > 1. This is an example of
n
n=1
an arithmetic function.

Definition A.1.6.
Let f and g be arithmetic functions. Define their Dirichlet product (or Dirichlet

convolution) to be f(d)g ™.
5o ()
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Definition A.1.7.
1, if n=1mod4
Define x(n) = ¢ —1, if n =3 mod 4
0, if n =0 mod 2.

[e.e]

Definition A.1.8.
1 1

Define the zeta function as ((s) = H 1= .
- = ns

P p*® n=1

Theorem A.1.9.
Let m € Zqg. The number of integral solutions (x1,x3) to the equation x3 + x3 = m
such that x1 > 0, xo > 0, is given by Zx(d).

dlm
The proof presented here appears in Ireland & Rosen, [IR1990, p. 279].

Proof.

Consider the ring of Gaussian integers, Z[i]. Since the units of this ring are +1, +i,
each non-zero o € Z[i] has a unique associate x + iy, x > 0, y > 0. Recalling that
Z[i] is a principal ideal domain and we have a norm N (x +iy) = 2+ y?, implies that
the number of solutions is the number of ideals () where N(a) = m.

Denote this number by a,,

Lastly, recall that every such a may be decomposed into a product of irreducibles,
which are given by 1+, 7 and ¢. Here 7 satisfies N(7) = p = 1 mod 4, p prime, and
q is any rational prime congruent to 3 modulo 4. Now we use the formal Dirichlet

00 - 1
series defined by {a,,} to get Z % = H <—1) )

m=1 () - NO®

Here the product is over all unassociated irreducibles in Z[i].
This product may then be expressed in terms of three products, one for each type of
irreducible in Z[i]. Since N(1 + i) =2 and N(7) = N(7) = p, we get the right hand

side equals
2
1 1 1
(1_L> H (1_L> H (1_L>'
2° /7 p=1mod 4 p? g=3 mod 4 q?s

Now notice 1 ——; = (1— q—lg) (1+ qis) Then applying the definition of the zeta function
(Definition [A.1.8)), we see the right hand side equals:

1 1
o 1 () I ()
pEll;J(:)d4 1- z% ngl;[om 1+ qis

Applying Definition to this yields:

1
C<S)H1_—xﬁ'

P ps
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Since x is multiplicative, it follows that this may be rewritten as

¢(s) Z X(m).

m=1 m?
[e'S) a 9] 1 ) X(m>
H h = — .
ence we nave mzz:l e mz::l me 2 me

Thus to complete the proof we need to calculate the coefficient of nis on the right
hand side. Since each of the sums in the product is an arithmetic function, we may
apply Dirichlet convolution (see Definition ) with f(m) = - and g(m) = X(m)

ms ms
to get

ymoy i
m=1 m? m=1 d|m m?
Hence a,, = Z X <%> = Z x(d) which completes the proof. ]

dlm dlm

Corollary A.1.10.
The number of solutions (x1,72) € Z X Z to x3 + x5 = m 1is given by

ra(m) =4 " x(d).

dlm

Proof.
Observe each term in Equation (A.1]) is squared and we may partition (Z x Z) \(0,0)
into a disjoint union of the following four sets:

{
{
{
{

Hence by the symmetry between x; and 5 the result follows from Theorem[A.T.9, O

cxq > 0,29 > 0},
:x1 < 0,29 > 0}

R
8
v

1 < 0,29 < 0},
x1 = 0,29 < 0}.

&
oy

8
N

(
(
(
(

8
[y
X
N
~— ~— ~— ~—

R
8
v

Corollary A.1.11. Let m be a positive odd integer. The number of integral solutions
(71,29), 1 >0, 29 > 0 to 23 + 23 = 2m is Zx(d).

dlm

Proof.
Since m is odd, 2m = 2 mod 4 which, implies that x5 cannot equal zero. By Theorem
A.1.9) the number of solutions is given by Z x(d). However, the divisors of 2m are

d|2m
the divisors d of m and 2d. Since x(2d) = 0, it follows that the number of integral
solutions is given by Z x(d). O
dlm
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We now show that it is sufficient to know Ny(m) in order to know r5(m) for all values
of m.

Observation A.1.12.

Recall any odd number when squared is congruent to 1 mod. 8. Also, any even
number when squared is congruent to either 0 or 4 mod. 8. It follows that any sum
of 2 squares is necessarily congruent to one of 0,1,2,4 or 5 mod. 8.

To prove our claim, we will need the following two lemmas.

Lemma A.1.13.
Let k € Z~q then ro(k) = ro(4k).

Proof.
Assume k = 2% + 32, then 4k = 4(2% + y?) = (27)* + (2y)?. Define the map

¢ : {solutions to x* + y* = k} — {solutions to x* + y* = 4k}
(z,y) — (22, 2y).

We will show ¢ is a bijection. Assume ¢(z,y) = ¢(u,v), then (2z,2y) = (2u,2v).
Hence x = u and y = v, so ¢ is injective.
Let (,9) be a solution to 22 + y* = 4k for some k € Z~y. Then the left hand side is

divisible by four and so we have (%)2 + (%)2 = k. Letting # = 27 and y = 2y. That
is, 2 + %> = k, Z,9 € Z~o. Hence ¢ is a surjection and thus a bijection.

Thus ro(k) = ro(4k). O

Lemma A.1.14.
Let k € Zi~q then ry(4k + 1) = r5(8k + 2).

Proof.
Suppose that 4k+1 = 22+y?, then 8k+2 = 2(4k+1) = 2(2*+¢?) = (v+y)*+(z—y)*
Define the map

7 : A = {solutions to 2 + y* = 4k + 1} — {solutions to z* + y* = 8k + 2}

We shall show this is a bijection.
Suppose 7(z,y) = ¢(u,v), then (z+y,z—y) = (u+v,u—wv). Thus x+y = u+wv and
x —1y = u —v. Adding these two equations yields 2z = 2u, i.e. x = u. Subtracting
them yields 2y = 2v, i.e. y = v. Hence 7 is injective.

Next, assume 2% + y? = 8k + 2. Consider the equations & + ¢ = z and & — § = y,
where Z,9 € Z. Then 22 = z+y and 2y = x —y, it follows that £ = x—;”’ and g = 54

Therefore we have:
2 2
2, 2 [THY =y
= () + ()
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1
= 12(1’2 +v°)

1
=—(8k+2
(8 +2)
=4k + 1.

Therefore (#,9) € A is such that 7(z,9) = (z,y). Thus, 7 is a surjection and hence
7 is a bijection.
Thus, ro(4k + 1) = r2(8k + 2). O

Lemma A.1.15.
Let m € Zwy, then ro(m) is completely determined once we know No(m).

Proof.

Let m € Z~q be arbitrary. By Lemma we may divide m by 4 as many times
as possible without changing the result. Hence we may assume m is not divisible by
4. Now consider m mod 8. By Observation it follows that ro(m) = 0 if m
is congruent to 3, 6 or 7 modulo 8. Further, observe that m cannot be congruent
to 0 or 4 modulo 8 as we assumed m is not divisible by 4. Hence we may apply

Lemma [A.1.14] and Corollary [A.1.10] to see that ro(m) is completely determined by

Lemma A.1.16.
If m € Z~o and m = 2 mod 4 then Ny(m ZX
| m

Proof.

Observe m = 2 mod 4 implies that :v2 > 0. Recalling Definition and using

Theorem |A.1.9 we have Ny(m Z x(d). Now write m = 2d since m is divisible by
dm

two.

Thus, Na(m) =Y x(d) =Y x(d), as x(2d) = 0 for all d.

dj2d dld

But this is equivalent to No(m Z x(a O

al g

Observation A.1.17.

In Observation we deduced m = i mod 8 in order for N;(m) > 0. However,
in Lemma we assume m = 2 mod 4. This does not give a contradiction for
the following reason. If m = 2 mod 4 and m # 2 mod 8, then m = 6 mod 8. Thus
m = 2m = 2(4k + 3) for some k € Z~o. Hence m is odd and so all divisors of m are
odd. Recall that if [|/m and [ = 3 mod 4 then the complementary divisor to [ is of
the form 4p + 1. Consequently for every divisor [ of 7 such that [ = 3 mod 4 there
exists a unique divisor ¢ of % such that ¢ = 1 mod 4. Since x(/) = —1 and x(¢) = 1,
we see that Z x(a) = 0 when m = 6 mod 8.

al g
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Lemma A.1.18.

n—1
If n =1mod 2 then x(n) = (—1)"z .
Proof.
Since n = 1 mod 2, ”T_l is an integer.
If n=1mod 4 then 22 =0 mod 2 and so x(n) =1 = (-1)

o= :
If n =3 mod 4 then % =1 mod 2 and so x(n) = -1 =(-1)"z . O

n—1

The following lemma will prove useful later on.

Lemma A.1.19. x(n)x(n') = (—1)"2~ whenever n=n'=1mod 2, n > 0, n’ > 0.

Proof.
Let n >0, n" > 0and n =n' =1 mod 2. Applying Lemma [A.1.18 gives:

S s e RN n—2n’ £ n—;n’ as they differ by n’ which is odd

A.2 Ireland & Rosen Representations as Sums of Four Squares

In this appendix we give an argument for determining the number of representations
of an integer as a sum of four squares. This argument is based upon [IR1990, p. 282-
284] and exercises 16-22 [IR1990) p. 295-296].

The reader will find it useful to recall Lemma before proceeding.

Proposition A.2.1.
Let n be a positive integer such that n = 4 mod 8. The number of integral solutions
(r,y,z,w), z,y,z,w > 0 and all odd, to the equation n = z* + y* + 2% + w? is

>

d|n
d odd
d>0

An immediate corollary of this is the following:
Corollary A.2.2.

Let n be a positive integer, n = 4 mod 8. The number of integral solutions (x,y, z,w),
x,y,z,w € Z and all odd, to the equation x° + y* + 2> + w? = n is given by

16 Z d.
din
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Proof.

Since each of x,y, z, w is odd, we may get a new distinct solution by changing the

sign of each coordinate independently. Thus there are 2* solutions obtainable from a

single solution (x,y, z, w).

Hence there are 16 Z d solutions in this case. O]
din

In order to prove Proposition we will need several lemmas.

Observation A.2.3.
Using Definition [A.1.1] observe Ny(n) denotes the number of integral solutions to the

problem given in Proposition [A.2.1]

Lemma A.2.4.

Let n be a positive integer such that n = 4 mod 8. Write n = 2m and observe m =
2 mod 4. Then Ny(n) is the number of solutions (x,y, z,w,u,v), where x,y, z,w, u,v
are all odd and positive, to the system of Diophantine equations:

x2—|—y2:2u
2 2 _
25+ w =2

U+v=m

Proof.
Let n =4 mod 8 and write n = 2m where m = 2 mod 4.
2?2+ + 224wt =n, x,y,2,w=1mod 2 }and

Let S = {(m,y,z,w) .y, 2w € Doy

2%+ y? = 2u, 224w =2, u+v=m

T =
(:cyyaz,w,%v) 2,9, 2,WE Ly, T=y=z=w=u=v=1mod2

By definition we have Ny(n) = |S|. We will show the following map, ¢, is a bijection.
Define

¢p: 8 —T

2+ y? 22 4 w?
2 2

Well-defined: Tt is sufficient to show v+ v = m and 2 + y? = 2u. Let (x,y,2,w) € S

then we have n = 2? + y* + 22 + w? = 2u+ 2v = 2(u+ v) and so u+v = m. Further,

z = y = 1 mod 2 implies 2?2 = > = 1 mod 4 and thus 22 + 9> = 2mod 4. Thus

u = % = 1 mod 2. A similar calculation shows v = 1 mod 2. Hence the map ¢ is

well-defined.

Injectivity: Assume ¢(z,y, z,w) = ¢(a, b, ¢, d) then we have

(z,y, z,w,u,v) = (a,b,c,d,4,v). From this we have = a,y = b,z = ¢ and w = d,

as well as 2u = 22 + 92 = a® + 0% = 24, 20 = 22 + w? = 2 + d? = 20, thus u = @ and

v = 0. Therefore the map ¢ is injective.

Surjectivity: Let (z,y, z,w,u,v) € T be arbitrary, then 22+ 3>+ 22 + w? = 2u+2v =

2(u+v) = 2m = n and the remaining properties are straightforward to verify. Hence

('r7 y7 Z? w) H ($7 y? Z? w7 ) = <x7 y? Z’ w7 u7 U)‘
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(z,y,z,w) lies in S and maps onto (z,y, z,w,u,v). So ¢ is a bijection and we have
the desired result. O

Lemma A.2.5. )
Ni(n) = S x(de) = S (=1)"2 ", where the sum is over all solutions (d,e,s,t) (all
positive odd integers) such that m = ds + et.

Proof.

By the previous lemma we will look at counting over all u +v = m, u, v odd. Note
that m = 2 mod 4 implies both v and v are odd. By Corollary [A.T.T1], we have the
number of solutions to z? + y?> = 2u (x, y both odd and positive) is equal to the
number of solutions to z? + y? = u. A similar statement holds for 22 + w? = 2uv.

By Lemma |A.1.9| the equation 2% + y? = u has Z x(d) solutions and likewise there
dlu

are Z x(e) solutions to 2% + w? = v.

elv
Further these solution pairs are independent, so by fixing a solution to 2% + 3% = u,
we get a new solution to the problem posed in Proposition each time as we run
through all the solutions to 2% + w? = v.

So in total there are x(d;) Z x(e) | +x(da) Z x(e) | +---+x(d,) Z x(e) |,

elv elv elv
where dy,--- ,d, are all the divisors of u.

Hence we have (Zeh; X(e)) <Zd‘u X(d)) solutions to the problem for fixed u and v.

We may rewrite this product of summations as Z x(d)x(e).
dlu
elv

Thus we see that

Ni(n)= > xd)x(e) |- (A.2)

U, d|u
u+v=m \ elv

Since d | u and e | v we may write u = ds, and v = et. Further because each associ-
ated divisor to d and e is unique, it follows that there is a one-to-one correspondence
between (d, e, t,s), d, e, t, s positive and odd, ds + et = m and the terms in Equation

A2).

Since y is multiplicative, it follows that Ny(n) = Z Z x(de) | =
U,V dlu
ut+v=m elv
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Z x(de), where the last sum is over d, e, t, s positive and odd such that ds+ et =
This proves the first equality.

Since d = e = 1 mod 2 we have de = 1 mod 2 and so we apply Lemma [A.T.18f0 see
x(de) = (—1)%. This supplies the second equality. ]

We now consider ) x(de), where the sum is over all (d, e, t, s) positive and odd. First
focus on the terms where d = e, so m = d(s+t) and therefore d is necessarily an odd
divisor of m. Now consider s +t = " € Z~¢. If we run through s from 1 to “ then ¢
is uniquely determined in each case. Note that 2 is even and so either both s and t
are both odd or both even. Hence there are g pairs (s,?) that satisfy s +-¢ = 2, s,
t positive and odd. Each such solution Contrlbutes 1 as x(d?) = 1 because d is odd.
Thus we get 3 solutions for each positive odd divisor d of m.

Hence there are de 5g solutions in total. Recall that m = 2 mod 4 and write
m = 2q, where ¢ = 1 mod 2. Then since d is odd, d|m implies d|q and so g = dr for
some r € N.

So our sum becomes Zd|m ;—g = de r, where m = 2dr. But it is then clear this is
equivalent to >, d.

The proof of Proposition will be complete once we show ) x(de) = 0 for
(d,e,t,s) positive, odd and d # e. We observe we may pair (d, e, t,s) with (e, d, s, 1)
to see that it is sufficient to show ) x(de) = 0 for d > e.

Lemma A.2.6.
Consider the set

J={(d,e,t,s) €Ziy|m=ds+et,d=e=t=s=1mod2,m=2mod 4}
and define the map

¢o:J—J
(d,e,t,s) — (e,d,s,t).

Then the map ¢ is a bijection.

Proof.

The map ¢ is well-defined since we re-ordered the pairs (d,e) and (s,?) in a manner
which preserves et + ds = m. Observe that ¢?(d, e, t,s) = ¢(e,d, s, t) = (d,e,t,s).
Hence by Observation |3.4.13| the map ¢ is a bijection. O]

Next, we partition the set J into the following disjoint union: J = JyUJ,UJ_, where

Jo={(d,e,t,s)|(d, e, t,s) € Jand d = e}
Jy ={(d,e,t,s)|(d,e,t,s) € Jand d > e}
J_={(d,e,t,s)|(d, e t,s) € Jand d < e}.
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Lemma A.2.7.
The map ¢ from Lemma is such that ¢(Jy) C J_ and ¢(J_) C Jy. As a
consequence we have |J| = |J_|.

Proof.

Let (d,e,t,s) € J, be arbitrary and observe ¢(d,e,t,s) = (e,d,s,t) € J_. This is
because (d, e, t,s) € J, implies d > e. Thus ¢(J;) C J_.

Next, let (z,y, z,w) € J_ and therefore z < y. Then we see ¢(x,y, z, w) = (y, z,w, 2),
thus ¢(J-) C J4.

Since the map ¢ is a bijection, it follows that |J,| = |(J_)]. O

n+1 n+2

Next, define A,, =
n n+1

>, n € Z-0. Note det(A,) =1 for all n, so A, is

!
invertible. Then define (d',¢’,t',s") by A, < Z > — ( d/ ) — ( t(n+1)+s(n+2) )

e nt 4+ s(n+1)
/ —
and At 4 _ t, _ (At —eln+2) . It is then straightforward to
"o\ e s —dn+e(n+1)

! /
cheCkAn(t d):<d, t,).
s —e e —s
Since det(A,) = 1 we see that ds+et = d's'+¢'t’ and so A, gives a map v, : Z* — Z*

that preserves m.

Observe that d', €', t" and s" are all odd since one of {n,n+1} and one of {n+1,n+2}
will always be odd. Also, d >0 and ¢ > 0 as t,s > 0.

Also observe

d=tin+1)+s(n+2)=[tn+s(n+1)]+(s+1t)>¢ (A.3)
—_——
e’ >0
Lemma A.2.8.

Given (d,e,t,s) € Jy there is a unique n € Zq such that ¥, (d, e, t,s) € J,.

Proof.

By the above comments we know that d’,¢’, ¢ and s are all odd and d’ > 0,¢’ > 0.
So we want to have ' > 0 and s’ > 0. For ¢’ > 0 we require d(n+ 1) —e(n+2) >0
which, rearranges to n > 2% — 1. Similarly, for s’ > 0 we require —dn +e(n+1) >0
which, rearranges to n < 7=.

Combining these two conditions yields 7= —1 <n < z=. Note that d — e is positive
and even, e > 0 and is odd, thus 7% ¢ Z. Hence we see there is a unique n € Zx
that satisfies this condition.

Hence there exists a unique n € Zs( such that i, (d, e, t,s) € J,. ]

We may quantify the map v, : Zy —> Z, in the following manner.
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Observation A.2.9.
Define the block matrix representation of 1, by A, = ( 0 | An ) Then

A0
d 0 0 n+1 n+2 d
i e | _ 0 0 n n+1 e
"ttt | | n+l —mn—=2] 0 0 t
S -n  n+1 0 0 S
(n+1)t+ (n+2)s
B nt+(n+1)s
| (n+1)d—(n+2)e
—nd+ (n+1)
d/
e/
= 4
S/

0 [ A\ (L0 [AN _(AAT 0\ _ (5O
Weseethat(Aglo)(A# O)_< 0 AT_LIATL)_(O 1'2).

Hence 92 = id and by Lemma [3.4.13| the map 1, is a bijection.

Now define ® : J, — J, by ®(d, e, t,s) = ,(d, e, t,s).

Lemma A.2.10.
The map

q) . J+ — J+
(d,e,t,s) — y(d, e, t,s)

is a well-defined bijection.

Proof.
First note this map is well-defined since each (d, e, t, s) has a unique A, associated to

it by Lemma [A.2.8, We show that ®? is the identity map.
Let (d,e,t,s) € Jy be arbitrary. Then

¢*(d,e,t,s) = ¢(¥n(d, e, 1, 5))
= ¢3(d7 67 t? 8)
= (d,e,t,s) as Y* = id

Hence ¢? = id so by Lemma [3.4.13| ¢ is a bijection. O]

Lemma A.2.11.

Assume m is a positive integer such that m = 2 mod 4, m = ds + et where d,e,t,s

d—e s+t

are all positive odd integers. Then <3¢ is odd if and only if 3+ is even.
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Proof.

Observe m = ds+et = 2 mod 4, thus ds+1+et+1 = 0 mod 4. Factoring then yields
(d—1)(s=1)+(e—1)(t—1)+s+d+e+t=0mod 4. Since d, s, e and t are all odd,
we see that 4[(d—1)(s—1) and 4|(e—1)(¢t — 1). Consequently s+d+e+t = 0 mod 4.
Recalling that e odd implies 2¢ = 2 mod 4. Thus, s +d + e+t — 2e = —2 mod 4.
Hence d — e 4+ s +t = 2 mod 4. Dividing by 2 yields % + ST“ is odd.

The proof is then complete since this means precisely one of d%e, St omust be odd

2
and the other even. O

We now finish the proof of Proposition |A.2.1| by showing Z x(de) = 0.
J+

Proof.

From Equation we have d' — ¢/ = s +t. From Lemma [A.2.5] we know x(de) =

(—1)%. Recalling that m = 2 mod 4 and applying Lemma |A.2.11| gives 9= is even

3
if and only if ST“ is odd. Thus:

x(de) = (=1) 7 = (=1)(=1) 2 = (=1)(=1) 2 = —x(d'¢).
Hence M = Zx(de) = —Zx(d’e’) = —M. Therefore M = 0 and the proof is
s S

complete. O

We now determine r4(m) for arbitrary m € Z-, by following exercises (16)-(22) in
[IR1990L p. 295] although we will use notation that is consistent with that found in
[Wel974].

Lemma A.2.12.
Let n € Z~q be arbitrary. Then r4(2n) = ry(4n).

Proof.
Let n be a positive non-zero integer and consider the sets

Tan ={(x1, T, T3, 74) |27 + 25 + 25 + 25 = 4n} and

Ton ={(21, 2, 23, 24)| 2] + 25 + Jc§ + 23 = 2n}.
We will show the map

¢ Tan — Ton

T1+To T1 — Ty Tz+ Ty I3—$4)

($1,$2,I‘3,SE4) f < 92 ) 2 ) 92 ) 9

is a well-defined bijection.

Well-defined: We have 2 +x3+x3+x3 = 4n, thus the left hand side is divisible by four.
Recall the squares mod4 are either 0 or 1, so it follows that either all x; = 1 mod 2
or all z; = 0 mod 2. In both situations, x;+x; and z; —x; (i, j € {1,2, 3,4}) are even,

thus ¢ produces integer values. Further, (£:5%2)2 4 (21522)2 4 (ZafEa)? 4 (2822432 —
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2 2 2 2

+a3+ad+ .
w = 2n. Hence ¢ is well-defined.
Injectivity: Suppose @(x1, 2, T3, ¥4) = ¢(&1, L2, 43, 44). Then we have Btz = fidL2
thus #1 + x9 = 27 + 7. Also 2% = 1222 and 50 17 — Ty = 1 — To. Adding these

2 2

two results yields x; = 21, while subtracting yields xy = 2.
In a similar manner we see that x3 = x3 and x4 = #4. Thus ¢ is injective.
Surjectivity: Let B2+ B9 4 32 + 4% = 2n. Take 1y = 44 + oo, 1y = Ty — ©a,
I3 — 1?3 + Zf4 and Ty = .fg - Zf4. Then

T] 4 25 + 23 + 75 = (L1 + B9)® + (71 — 72)? + (B3 + 4)° + (73 — 74)?
= 2(2n)
= 4n.

It is then straightforward to see ¢(xy, x9, T3, 4) = (L1, L2, T3, T4), thus ¢ is surjective.
Hence ¢ is a bijection and so 74(2n) = r4(4n) for any n € Z-o. O

Lemma A.2.13.

Let n € Z~q be odd. Then 16 Z d | +ra(n) =ry(4n).
dln

Proof.
Observe n = 1 mod 2 implies 4n = 4 mod 8. Thus z? + 22+ 22+ 2% = 4 mod 8 implies
that either all x; are odd or they are all even. We will show the map

4 4
¢ {(x1, 29, x3,24) | fo =n} = {(21, 22, 23, 24) | fo =4n,z; = 0 mod 2}

i=1 i=1
(xlv T, T3, m4) — (21‘17 21"2; 2'T37 21‘4)

is a well-defined bijection.

Observe ¢ is well-defined because 2z; is always even and Y (2z;)? =4 2? = 4n.
Now suppose that ¢(z1,xe,3,24) = O(Y1,Y2,Y3,ys). Then (2z1,2x9, 2x3,224) =
(2y1, 2y9, 2y3, 2y4) and so x; = y; for i € {1,2,3,4}. Thus ¢ is injective.

Lastly let (1, @, x3,24) be such that 375 2? = 4n, x; all even. Then (&,22,% o)
is well defined and satisfies > | (%)2 =n. Thus ¢(%, 2, 2, %) = (11,29, 23,24). SO
¢ is surjective and hence the map ¢ is a bijection.

From this claim it follows that ry(n) = [{(z1, T2, T3, 74) | D 2? = 4n,x; = 0 mod 2}|.

By Corollary we have

ry(4n) = 16 Z d | + {number of solutions for which z; = 0 mod 2 Vi}.
dldn

Thus, r4(4n) = 16 Zd +r4(n).

dl4dn
Now observe the positive odd divisors of 4n are exactly the positive odd divisors of
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n, hence we get our result.

ra(dn) =16 [ Y d | +ra(n). O
dln

Lemma A.2.14.
Let n be an odd integer and |S| be the number of solutions to x3 + x3 + 22 + 23 = 2n
with 1 = x5 = 1 mod 2 and x5 = 24 = 0 mod 2. Then |S| = ¢r4(2n).

Proof.

Observe n is odd and so 2n = 2 mod 4. The squares modulo 4 are 0 and 1 so we
have exactly two of the z; are odd and the other two are both even in any solution
in r4(2n).

There are ;l = 6 ways to select two of the x; to be congruent to 1 mod2. This
determines all of the x; as the others must be congruent to 0 mod2.
Hence |S] = ¢r4(2n). O

Lemma A.2.15.
If n=1mod 4 and |S| is as in Lemma|A.2.1/ then |S| = 3r4(n). Further it follows
that r4(2n) = 3ry(n).

Proof.
Since n = 1 mod 4, 23 + x3 + 22 + 23 = n must have exactly one z; = 1 mod 2, while
the rest are congruent to 0 modulo 2. So we may partition the set with cardinality
r4(n) into four disjoint sets: R}(n), R2(n), Ri(n) and Rj(n), where the superscript i
denotes that x; is odd.
It follows that there is a one-to-one correspondence between elements of R)(n) and
Ry(n) (i,j € {1,2,3,4}) via interchanging the z; with z;. Hence |R}(n)| = |R}(n)|
for all 7, 7 as above.
Without loss of generality, consider half of r4(n) via the set R}(n) U R%(n). This has
cardinality #
We will show the following map is a well-defined bijection. Define
4
¢ o (z1, 29, 73, 74)| Zx? =mn, x1 or ro = 1 mod 2, all other z; =0 mod 2 } — S
i=1
(21, 2, w3, 24) = (T1 + X2, T1 — T2, T3 + Ty, T3 — Tg).

Well-defined: The map ¢ is well-defined since x1 =25 = 1 mod 2. This is because only
one of x1, x5 may be congruent to 1 modulo 2 at anytime. Further x5+ x4 = 0 mod 2
always.
Injectivity: Suppose ¢(x1, xo, T3, x4) = &(Y1, Y2, Y3, Ys). Then the equations x1 + x5 =
y1 +y2 and x1 — 29 = y; — Yo add to give 2z = 2y; and subtract to give 2z = 2y».
Similarly, the equations x3 + x4 = y3 + y4 and x3 — x4 = y3 — Y4 give 2z3 = 2y3 and
2x4 = 2y4. Hence ¢ is injective.

__ 147> __ T3+7

Surjectivity: Let (1,72, 43,24) € S. Then define x; = 2522, 25 = "’3;’52, T3 = 3
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and x, = B-%4,

This is Well—Qdeﬁned since 21, 2o are both odd, so their sum and difference is divisible
by 2. Further the difference between their sum and difference is #5 which, is odd, so
either x; or x5 but not both must be odd. Similarly, x5, £4 are both even, so their
sum and difference is divisible by 2. Further the difference between their sum and
difference is 24, which, is even. Hence x3 and x4 are both odd or both even.

Now observe a3 + a3 + a2 + 23 = 1 (2412 + 205 + 205 + 22,%) = 22U =, thus we
see that since exactly one of the x; must be odd and we know exactly one of zq, x
is already odd, we get 3 = x4 = 0 mod 2.

Thus the map ¢ is surjective. Hence ¢ is a bijection and we have |S| = ”g—”)

By Lemma [A.2.14 we know for n odd, |S| = 3r4(2n) and so $r4(n) = ¢r4(2n). Thus
37"4(71) = 7"4(271). [

Lemma A.2.16.
If n = 3 mod 4 then ry(2n) = 3ry(n).

Proof.
Assume n = 3 mod 4, then Zle x? = n implies there is exactly one even z; and all
of the rest are odd. We partition the set with cardinality r4(n) in a similar manner
to that found in Lemma Ri(n) has solutions for which, the i entry is even.
It follows that there is a one-to-one correspondence between the elements of R(n)
and R}(n) and so these sets have the same cardinality.

ra(n) .

Without loss of generality consider Rj(n) U Rj(n) which, has cardinality ™3

Define the map

U (21, 29,13, 24) | Zx?:n, x1 or 9 = 0 mod 2, all other z; =1 mod 2 } — S

(21,22, T3, T4) V> (1 + T2, 1 — To, T3 + Tg, T3 — T4g).

We will show this a well-defined bijection.

The map v is well-defined as only one of x1, x5 may be odd, so x1 £ x5 = 1 mod 2,
r3+ x4 = 0 mod 2 as both x3 and x4 are odd. Observe that (z; + 2)? + (11 — 22)? +
(13 + 24)? + (23 —24)? = 2> 22 = 2n.

Next, the proof that v is injective is identical to that of the map ¢ found in Lemma
A2.18

We now show the map ¢ is surjective. Let (71,45, 73,74) € S be arbitrary. Let
T, = f“;“b, Ty = fl;@, T3 = f3J2”"A4 and z, = f3§f4. Then #; £+ 25 = 0 mod 2 and
23+t 24 =0 mod 2, so 1, T, x3, 4 € Z. Further, x; and x, differ by z» which is odd,
so exactly one of x1, x5 is odd and the other is even. Also, x5 and x4 differ by x4 which,
is even and so z3 and x4 are both odd or both even. However, > 2? = n = 3 mod 4
implies that there may only be one x; even and we know that exactly one of xy, x5 is
already even. Hence both x3 and x4 must be odd.
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Hence 9 (z1, x9, 3, x4) = (1,22, 73,24) and 9 is surjective. Thus the map ¢ is a
bijection.

Hence |S| = ”é"). It follows in the same manner as Lemma [A.2.15| that 3ry(n)

ry(2n). E

Lemma A.2.17.
If nis odd then ry(n) = 82 d and r4(2n) = 24Zd.
din dln
Proof.
Since n is odd, by Lemmas [A.2.15] [A.2.16| and [A.2.13| we have

3ry(n) = ry(2n) = ry(4n) = 16 Zd + 74(n).
dln
Thus, 2r4(n) = 16 Z d and hence 74(n) = 8 Z d if n is odd. O
din d|n

Lemma A.2.18.
If nis even, n =2"m, s > 1 and m odd, then r4(n) =243, d.

Proof.
We apply Lemma repeatedly to reduce to the case where n = 2m, m odd.
Then applying Lemma yields r4(2m) = 24 Zd|m d. ]

Corollary A.2.19.
Let n be a positive integer, then the number of representations of n as a sum of four
squares is given by

7”4(71) =38 (2 + (—1)”) oodd(n).

Proof.

Let n be a positive integer and write n = 2°m where m = 1 mod 2 and s is the greatest
non-negative integer such that 2° divides n but 25! does not divide n. Recall from
Definition the meaning of o,qq(n). We recall if n = 1 mod 2 then s = 0 and
o(n) = 0eaa(n) = 0doqa(m) = o(m); whilst if n = 0 mod 2 then o(n) # ooqa(n) =
Oodd(m) = a(m).

Combining the results of Lemmas [A.2.17 and [A.2.18 we get

243 ,,d n=0mod?2
7’4(n)—{ 8> gpmd n=1mod?2
| 240444a(n) n =0mod 2
| 80oaa(n) m=1mod 2.

3 ifn=0mod?2
1 ifn=1mod?2

r4(n) =8 (24 (=1)") doaa(n).

Observing (2 4+ (—1)") = {

and factoring out an 8 then yields
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Observation A.2.20.

Lemmas [A.2.12| through |A.2.18 prove Weil’s claim that r4(m) is known for all m > 0
once you know Ny(m).

A.3 Weil’s First Four Squares Proof

In this appendix we give in detail André Weil’s first proof for Ny(m) which, by Ob-
servation is sufficient to calculate the number of representations of a positive
integer as a sum of four squares. A concise version is found in [Wel974, p. 217].

Lemma A.3.1.
Let m be a positive integer such that m = 4 mod 8. Then Ny(m) = Z No(r)Nay(s),

m=r+s

r=s=2mod4,r>0,s>0.

Proof.

In the definition of Ny(m), all x; are odd, therefore if we let r = x2+23 and s = x3+273,
we see that r = s = 2 mod 4. This is because all odd numbers when squared are
equivalent to 1 modulo 4. Note that r and s are necessarily in N by the definition of
Ny(m).

Further if we run through all such r, then s is automatically defined, so we get the
number of all solutions by

Ni(m) = Y No(r)Ny(s).

7,8
r4+s=m

This is because each solution to z% + 23 = r is independent of the solution to x3 +
2
Ty 0

Lemma A.3.2.
Ny(m) =S (=1)"z", where m = 2ab+2cd, a =b=c=d =1 mod 2 and a, b, c,d > 0.

Proof.
We apply the result found in Lemma and get:

Ni(m) = Ny(r)Ny(s) by Lemma

= > [ 2Zx@] [ D_x(@ || by Lemma
r+s=m i alg clg

= > [x(@) Yo x(e) - xla) Yo x(o)
r+s=m i s cl3

= Z Zx(al)x(c) + "'+ZX<an)X(C)
rs=m | c|3 cl3
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- Z Z(_U%_F..._FZ(—D%{C by Lemma [A.T.19)

r+s=m | ¢

r+s=m
S IEIES
Note that in the second to last equality, the inner sum is over all a|j and all c|3
where 7 and s are fixed. In the last line, the sum is over all r, s such that r +s = m,
r = s =2mod 4 and all a, c such that a|5 and c|3.

By denoting the complementary divisors of a and ¢ by b and d respectively, we see
that m = 2ab + 2cd. Since 2ab = 2 mod 4 it follows that a = b = 1 mod 2. Similarly,

we obtain ¢ = d = 1 mod 2. [
Now we may define a change of variables as follows:
Let z = “T“, y=%5z= b%l and t = %. This is a well-defined change of variables
because a = b= c = d =1 mod 2. The associated change of basis matrix is given by
1 1
3 0 30
1 1
5 0 —5 0
1 1
0 5 03
1 1
0 —5 0 3

This has determinant % and hence the change of variables is invertible.
It remains to determine the conditions that apply to these new variables.

Observe a = ¢ = 1 mod 2 implies  # y mod 2. Similarly, b = d = 1 mod 2 implies
2z % t mod 2.
¢ ife<a

Since a,b,c,d > 0, we have x,z > 0 and observe that |y| = { 2
2

Elifa<ec , hence

z > |y|. In a similar manner we see z > |t|.
Observe that m =r+s=2(x +y)(z — t) + 2(x —y)(z + t) = 4(zz — yt).
Since m = 4 mod 8, this implies xz — yt = 1 mod 2 and so  Z y mod 2, z # ¢t mod 2

implies y = tmod 2 and 2 = x mod 2. Observing that y = %3¢ yields y = t =

GT’C mod 2.

Lemma then says

(x7y7z7t)

Here the sum is over all y satisfying the above relations on z,y, z and t.

We now extend this notation to allow us to consider when y is positive, negative or
Zero.
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Definition A.3.3.

Let No = > (—1)Y, Ny = > (—1)Y and N_ = > (—1)¥ where the summation is
restricted to the values of z,y, 2, t that satisfy Equation and where y =0, y > 0
and y < 0 respectively.

We first calculate N,.

Lemma A.3.4.
No =>_d where d > 0 is an odd divisor of m.

Proof.

Here, y = 0 and so m = 4xz, then m = 4 mod 8 implies ¢ = xz. It follows that 7
is not divisible by 2 else m would be congruent to 0 mod 8, a contradiction. Thus
x =z = 1 mod 2. The conditions on Equation [A.4] then state ¢ = 0 mod 2.

So if d is an odd divisor of " and hence an odd divisor of m it follows that there are
d solutions to the set of conditions on Equation [A.4] This is because the solutions
are given by y = 0,z = d,z = 5 and ¢ = ¢, where |t| < z = d. So there are exactly d
possible choices for ¢t. This is because there are 2d possible choices for t but t # z = d.
Hence, we calculate Ny by summing over all such positive odd divisors of m. This

gives
No= )Y d.

dlm
d odd

O

It is important to note that the d used to denote a positive odd divisor of m in the
above proof is different to the d used in the proof of Lemma [A.3.2]

Note that in the conditions placed on z,y, z,¢ in Equation [A.4] we may replace both
y and t by their negatives and still have a solution. This gives a bijection as we see
in the next Lemma.

Lemma A.3.5.
Let

S={(x,y,z,t)|zz —yt =1 mod 2, x # y mod 2, z # tmod 2, = > |y,
z > |t|,y =tmod 2 }

and define the map

p: 85— S
(x7yuz7t) — (l‘,—y, Z7 _t)

We will show this is a bijection. Further, define Sy C S to be those (x,y,z,t) for
which y = 0, Sy C S those where y > 0 and S_ C S those where y < 0. Then

|S4| = |S-| and consequently Ny = N_ (see Definition[A.5.5).
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Proof.

First observe zz — (—y)(—t) = zz — yt = 1 mod 2. Next, —y = y # 2 mod 2 and
—t=1t# zmod2. Also, —y =y =t = —tmod 2. Lastly, | —y| = |y| < x and
| —t| = |t| < z, hence ¢ maps into S.

Further, ¢*(z,vy, z,t) = ¢(x, —y, z,—t) = (2,9, 2,t), so by Lemma we have a
bijection.

Note that if y = 0 then ¢(z,0,2,t) = (z,0,z, —t) and so ¢(Sy) = Sp. Thus let
(x,y,z,t) € S be such that y > 0. Then ¢(z,y, 2,t) has —y < 0 and so ¢(S;) C S_.
Similarly, ¢(S-) = Sy and so |Sy| = |S_|. Finally, recall that —1¥ = —17¥ and
so each element of S, contributes the same term to N, as its image under ¢ in S_
contributes to N_. Hence Ny = N_. O

Thus, we only need to calculate N.

Lemma A.3.6.

Proof.
Assume y > 0 and (z,y, 2,t) is a solution to the set of conditions for Equation .

Then y < x implies % > 1 and since x # y mod 2, either § is not an integer (as the

denominator is divisible by 2 while the numerator isn’t) or it must be an even integer.
Therefore, § is definitely not an odd integer and so there exists a unique v € N such
that 2u —1 <& <2u+ 1.

Next define #’ = 2uz —t, ¢y = z, 2/ =y and t’ = 2uy — x.
We observe that 4(2'z" — y't') = 4((2uz — t)y — 2(2uy — z)) = 4(zz — yt) = m.
Also, observe that 2’ > 0 and so we have

¥ =2uz—t
> z+ (uz —t) as u is positive and even
>z4+2z—1t
>zas|t|<z=0<t<2zandso2z—t>0
= y,‘
Multiplying both sides by —1 yields —z' < —¢' < |¢/| and thus |¢/| < 2.

2uy —x f2uy—x >0
x—2uy if2uy —z <O0.
We observe that for y > 0, 2u — 1 < 5 implies 2uy < z +y and so 2uy —z < y.
Likewise, ¥ < 2u+ 1 implies © — 2uy <y for y > 0. Hence we see that It <y=27.

Similarly we have |t'| = |2uy — z| =

Then note that 2uz = 0 mod 2 and —t = ¢ mod 2. We therefore have ' =t # z =
v’ mod 2. Similarly, 2uy = 0 mod 2 and we get t' =z # y = 2z’ mod 2.
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By definition of z = %, b,d > 0, we see that ¢y > 0 and further because y =t mod 2,

we have y =t #£ 2 =y/.

To summarise, (z/,y', 2/, t’) is a solution to the set of conditions placed of Equation
A.4land v/ > 0, ¥ # y mod 2.

By the remark at the beginning of this proof, given (2’,%/,2',t') a solution to the
conditions placed on Equation [A.4] there is a unique value of u such that 2u — 1 <

!

z = 2wzt — 2y — L < 2u+1. Note that £ < 1 and so we recover the value of u used
in the substitution, hence we recover (z,y, z,t). So we have a bijection and thus a
permutation of the elements that contribute to NV,.

Since each pairing maps an odd y to an even y' (and vice versa), we see that each

pair of solutions contributes 0 to N,. Hence Ny, = —N, and so N, = 0. ]

Recalling that N, = N_, from this claim it follows that

Ni(m) = No+ Ny + N_ =Ny = ) d.
dd(‘;crild

This completes the proof of Proposition By Observation it follows we

can calculate r4(m) for any m > 0.

A.4 Weil’s Second Four Squares Proof

In this section we give the second of Weil’s proofs for Ny(m).

Lemma A.4.1.
Leta, b andn € Z~q. Let f(a,b,n) be the number of integer solutions to aX +bY = n,
where 0 < X <b,a<Y andY # 0mod a. Then f(a,b,n) = f(b,a,n).

Proof.

Let (X,Y’) be a solution to the problem posed in Lemma Then since a < Y
and Y # 0 mod a it follows that 1 < % and % is not an integer. Hence there exists a
unique u € Z~q such that u < % <u-+1.

Now define X' =Y —ua and Y’ = X + ub.

Claim: (X", Y”) is a solution to bX' 4+ aY’ = n where 0 < X’ < a, b < Y’ and
Y’ # 0 mod b.

We have

bX' +aY' =b(Y —wua) + a(X + ub)
=aX +bY + aub — aub

=n.

Further,u<%<u+1implie50<%—u<1, so%:%—usatisﬁesO<X7/<1
and hence 0 < X’ < a.

Also, we know v > 1 and X > 1, hence Y/ =X +ub>ub>0b. Thusb <Y’
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Lastly, Y/ = X + ub yields Y' — ub = X and so since 0 < X < b, b1Y’ — ub. Thus
btY’ thatis, Y’ # 0 mod b.

This completes the proof of the claim, so (X', Y”) is a solution to the problem. We
note this means (X', Y”) is a solution to the initial problem with the roles of a and b
interchanged.

Now observe b < Y’, b > 0 and Y’ # 0 mod b imply there exists a unique v € Z

such that v < YT/ <v+ 1L

Then we have YT/ = %( + u and note that 0 < % < 1 because 0 < X < b. So we have
X

u<%:3+u<u~l—1.

Thus it follows that v = u.

Hence given (X')Y’) we may recover (X,Y) uniquely via X =Y’ —ub and ¥V =
X'+ ua.

So for any solution to aX + 0Y = n under the conditions given in the Lemma, there
is a unique corresponding solution to bX’ + aY’ = n with the appropriately modified
conditions.

Hence we have a bijection between the two sets of solutions and so f(a,b,n) =

f(b,a,n). O

Proposition A.4.2.
With the hypotheses of Lemma we have f(a,b,n) =0 unlessn > ab+a+b and
n is a multiple of ged(a,b).

Proof.

Assume aX +bY =n, where 0 < X <b,a <Y and Y # 0 mod a. Observe X > 1
and Y > a+1. Thus n > a+b(a+1) = ab+ a+b. Further, it is clear that ged(a, b)
must divide n, i.e. n is a multiple of ged(a, b). ]

We now state and prove Weil’s Lemma 2, which plays a pivotal role in his calculation

of N3(m).

Lemma A.4.3.
Let a,b € Zwg, let m € Z and let o, f € {0,1}. Let ¢(a,b, o, f,m) denote the number
of solutions to:

aX +bY =m, | X|<ba<Y, X=amod2, Y =pmod?2 Y #amod 2a. (A.5)
Then ¢(a,b, o, B,m) = ¢(b,a, B, a,m).
Before we give the proof, we will prove the following useful proposition.

Proposition A.4.4. Let (X,Y) be a solution to Equation[A.5 Then there exists a
unique u € Z~q such that |Y — 2ual < a.
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Proof.

Given Y € Z, the division algorithm tells us there exists a unique v € Z such that
Y =wu-2a+7r where —a < r < a. Since (X,Y) is a solution to Equation we have
Y # a mod 2a and so it follows that r cannot equal a. Since 0 < a < Y it follows
that u € Z~(. Hence we have |Y — 2ua| < a. O

We now give a proof of Lemma [A.4.3]

Proof of Lemmal[A.4.5
Let (X,Y) be a solution to the problem given in Lemma Let u be the unique

positive integer such that |Y — 2ua| < @ as in Lemma
Apply the change of variables X’ =Y — 2ua and Y’ = X + 2ub.
Claim: (X', Y”) is a solution to
bX' + aY’ = m where
X' <a,b<Y'  X'=fmod2, Y =amod?2and Y' # bmod 2b.
(A.6)
Proof: We have

bX' '+ aY’' =b(Y — 2ua) + a(X + 2ub)
=aX 4+ bY — 2uab + 2uab
=m.

Further, | X'| = |Y — 2ua| < a by our choice of u using Lemma [A.4.4] We also have

Y' = X +2ub
> —b+2ubas | X| <band b€ Z
=b(2u—1)

> b as u is at least 1.

Also, X' =Y — 2ua = Y mod 2 and we recall Y = S mod 2, so X’ = [ mod 2.
Similarly, Y’ = X + 2ub = X mod 2 but X = o mod 2 and thus Y/ = o mod 2.
So (X’,Y”) is a solution to Equation This completes the proof of the claim.

Now by Lemma there exists a unique v € Z~q such that |Y' — 2vb| < b.

Claim: v = .
Proof: We have

b> Y — 2vb|
— |X + 2ub — 2vb|
= | X +2b(u —v)|.

Recalling that |X| < b, we see that as u — v € Z, we will have | X + 2b(u — v)| > b
unless © — v = 0, that is v = u. This completes the proof of the claim.
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Now define S = {(X,Y) | (X,Y) satisfies Equation and

T ={(X"Y")| (X', Y’) satisfies Equation [A.6]}.

It is straightforward to see |S| is finite because X is bounded and integer, and so the
equation aX +0Y = m implies Y takes only finitely many values. A similar argument
yields |T'| is finite.

Define amap f: S — T by f(X,Y) = (Y — 2ua, X + 2ub) where u is the unique
positive integer such that |Y — 2ua| < a by Lemma |A.4.4, By the previous part of
this proof, f is well-defined.

We now show f is injective.

Suppose f(X,Y) = f(X,Y) = (X',Y’) for some (X,Y),(X,Y) € S and (X',Y' €
T). Then by Lemma m there exist unique positive integers u, @ such that |Y —
2ua| < a and \Y — 2ua| < a respectively. We get two equations, Y —2ua =Y — 2a

and X + 2ub= X + 2ub, which yield === Y Y — 4 — 4 and X%X = u — u respectively.
Since (X".Y') = f(X,Y) € T there ex1sts a unique positive integer v such that
|Y" —20b| < b and applying the above claim, we see that v = u. But also, (X', Y") =
f (X Y) € T and so applying the claim again yields v = .

Hence v = @ and it follows that X = X and Y =Y. So f is injective.

Define g : T'— S by g(X',Y') = (Y’ —2ub, X' + 2ua) where u is the unique positive
integer such that |Y'—2ub| < b. It follows that g is injective because of the symmetry

between the functions f and g.

Hence we have an injection in each direction between two finite sets and so |S| = |T|

and we have a bijection between them. So we have ¢(a,b, o, 5,m) = |S| = |T| =
o(b, a, B, a,m). This completes the proof of Lemma |A.4.3] O]
Lemma A.4.5.

o(a,b,a, B,m) = 0 unless m is a multiple of ged(a,b) and m > a + b and m
aa + b mod 2.

Proof.

As in the proof of Lemma it is clear that m must be a multiple of ged(a,b).
Recall that both a and b are positive integers.

We know a <Y, soa+1<Y. Also |X| < b, so X > —b+ 1, thus the smallest X
can be is —b+ 1. So

aX +bY > aX +bla+1)
> a(—b+1) +ab+b

=a+b.

Lastly, we see m = aX + bY = aa + b5 mod 2 because X = amod 2 and Y
£ mod 2.

all

Lemma A.4.6.
Y # a mod 2a follows naturally if Y = f mod 2 and a #  mod 2.
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Proof.

Assume Y > a >0, Y = fmod 2 and a #  mod 2.

Then Y > a > 0 implies Y = a + k for some k € Z-o,. Working modulo 2 gives
a+ k= mod?2and a # f mod 2 implies £k = 1 mod 2. Thus Y = a+ 2¢ + 1 for
some q € Z>p and so Y — a is odd, so 2a t (Y — a), that is Y # a mod 2a. O

We now give Weil’s second proof of Proposition We begin part way through
his first proof, having already determined Ny and wishing to calculate N,. From
Equation [A.4] we have

%:mz—yt, ly| <z, |t| <z, yZaxmod2, t#zmod2, m=4mod8 (A.7)

We will show N, = 0. From the above we have N, = ) (—1)¥ where the sum is over
all z, y, z and t satisfying Equation and vy, z € Zy.

We see Equation[A.7implies y # z mod 2 due to the comment following Lemmal[A.3.2]

Next, identify aX + bY = m with the equation y(—t) + z(z) = . That is, for the
quadtuple (a,b, X,Y") take (y, z, —t, z).

Now we may apply Lemma[A.4.3|for fixed y and z values. We can do this because for
Ny we have y > 0 and z > 0 by assumption. We also have |y| < x implies y < z as
y > 0. Further, |—t| = |[t| < zand —t =¢t =y =y mod 2 and = z = Z mod 2. Note
that =t # 2z = x = Z mod 2 and so by Lemma it follows that x # y mod 2y.

Applying Lemma gives ¢(y, 2,9, z, ) solutions for each pair (y, z) € Zsg X Z
where y # z mod 2. We denote this condition by (*).

So we get

N =Y (-1'6(y. 25,7 7). (A8)
(¥:,2)

Here the sum is over all (y, z) satisfying (x) and we note that we have removed the
dependence of the sum on z and t¢.

Claim A.4.7.

The summation in Equation[A.§ is a finite sum.

Proof.

Recall Lemma says ¢(y, 2,9, 2, ) = 0 for y+2 > . Since y and z are integers,
there are only finitely many such y, z so that y + 2 < 7. Hence the summation is a
finite sum. m

Now let S = {(y,2,9,%, %) |y # 2 mod 2y, 2z € Z~o, T = yy + Zz mod 2}.
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Define ¢ : S — S by ¥(y, 2,9,2, %) = (2,9, 2,9, F) . The map 1 is well-defined and
such that ¢? = id. Hence we have

N+ = Z<_1)y¢(yuz7ga 2y )

(y,2)

m
4

= Z( 1)Yo(z,y, 2,7 %) by Lemma [A.4.3]

= Z( D" o(2, 9. 2,7, %) as y # z mod 2

= - Z Z v Ys z Z/, T)

= — N, as v is a bijection.

Thus Ny = 0 and the proof is complete using the result in the first proof that
N+ == N,.

A.5 Weil’s Three Squares Proof for m = 3 mod 8

In this appendix we give a detailed examination of André Weil’s method for deter-
mining the number of representations of an integer m as a sum of three squares in
the special case where m = 3 mod 8.

Henceforth unless explicitly stated, in this section m shall refer to a positive integer
such that m = 3 mod 8.

Recall from Definition WEeil defines N3(m) to be the number of representations
of an integer m as m = x? + 22 + 22, where z; = 1 mod 2 and z; > 0, 1 <14 < 3.

Lemma A.5.1.
7’3(77?,) = 8N3(m)

Proof.

Since m = 3 mod 8 and for any integer we have y? = 0, 1,4 mod 8, it follows that any
integer solution (y1, 42, y3) to m = y? +y3 +y2 must satisfy y;, = 1 mod 2 (1 < i < 3).
Thus no y; is zero and consequently it is sufficient to find solutions for which all
y; > 0. This is denoted by N3(m) and it follows that there are 8 ways to assign signs

0 (y1,Y2,y3). Thus rg(m) = 8N3(m). O

Hence it is sufficient for us to focus upon determining the value of N3(m).

Definition A.5.2.
Let k € Z and let H(k) denote the number of solutions (a,b,¢), a,b,c € N to

k=4ac—b*b>0,b<2a,b< 2 b=1mod 2. (A.9)

Observation A.5.3.
We observe H (k) = 0 unless k£ > 0 and k& = 3 mod 4. This is because b* < (2a)(2c) =
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4ac and 2 = 1 mod 4 for any odd integer .
We also observe if a < ¢ then we have 0 < b < 2a < 2¢. Since b = 1 mod 2 it follows
that 0 < b < 2a — 1. Consequently k = 4ac — b2 implies:

kE+1=4dac—b*"+1
> dac — (4a® —4da+1)+1, as b* < (2a — 1)* = 4a* — 4a + 1
= 4ac — 4a* + 4a
kE+1

=4a(c —a+ 1). Therefore a < %
By the symmetry of the initial conditions, if ¢ < a then we get k+ 1 > 4c(a — c+ 1)
and so ¢ < &
In each case we see that b is bounded and we conclude that ¢ or a respectively is
uniquely determined. So H (k) is finite.

Observation A.5.4.
Assume a < ¢ and that an integer solution to k& = 4ac — b? exists. Then we may

write a < ¢ = 52 and observe that for any fixed (positive) value of a, ¢ is largest

4a
when b is largest. By Observation [A.5.3| b is at most 2a — 1, thus ¢ < %‘L_DZ =

2_ . . . .
btda-—dotl — EbL 4 g — 1. This is a continuous function on the interval [1, #+]

may apply the extreme value theorem. Both endpoints have the same value,

SO we
k+1 and

taking a derivative with respect to a yields —M + 1. This is zero in our 1nterval

at a = —Vk;rl Applying the second derivative test shows this is a local minimum.

Hence we see ¢ < 2L also. Similarly, if ¢ < a then we see that a < k“ Thus any
solution (a, b, ¢) that contributes to H (k) must satisfy a < 22, b < m1n{2a 1,2¢—1},
c< %. This will be useful for any algorithm for determining the number of elements
in H(k).

Observation A.5.5.

Assume k = 3mod 8, k = 4ac — b? and b = 1 mod 2. Then it follows that 4ac =
4 mod 8 since [> = 1 mod 8 for any odd integer [. Hence ac must be odd and so both
a and c are odd.

The crux of Weil’s paper [Wel974] is the connection between N3(m) and the cardi-
nality of the set H(m) when m is a positive integer such that m = 3 mod 8. We give
Weil’s theorem below and devote the remainder of this appendix to proving it.

Theorem A.5.6 (Weil).
Let m be a positive integer such that m = 3 mod 8 then N3(m) = H(m).

The proof of Theorem requires several stages.

Lemma A.5.7.
Assume | =4 mod 8. Then Ny(l) = Z N; (l — tQ).

t>0
t=1 mod 2

276



Proof.

Assume [ = 4 mod 8 and define

S={(z,y,z,t) | * +y>+22+t* =1, x,y,2,t = 1 mod 2, x,y,2,t > 0}. Then clearly
Ny(l) = [5].

For each odd integer ¢ > 0, let S; = {(z,y,2,t) |2 + > + 22 +¢* =1} C S. If
t; # t; then Sy, NSy, = 0 because if (z,y,2,t) € S, NSy, then 2% +y? + 22 + 17 =
=2 +y2+22+ tjz» and since t;, t; > 0 it follows that ¢, = ¢;. Note that there are

finitely many non-empty sets S; since ¢ > 0 and ¢ < /1. Thus, S = U S; and this

t>0
t odd

is a disjoint union by the above.

Now observe that [S;| = N3(I —t?) as 2 + y* + 22 = [ — t? and ¢t > 0 is fixed, plus
t = 1 mod 2 implies [ — > = 3 mod 8.

Hence we have

Nihy= Y 1SI= > Ny(i-¢). (A.10)
tzltr;%d 2 tElt;lOOd 2

[]

Our next lemma is pivotal in the proof of Theorem We will give its statement
below and leave its proof until after we have proved Theorem [A.5.6]

Lemma A.5.8.
Assume | = 4 mod 8. Then Ny(l) = Z H(l—2%).
a:ElZI>nOod 2
We now prove Theorem assuming the truth of Lemma[A.5.8]

Proof of Theorem[A.5.6,

Assume Lemma has been proved. We will use induction on m where m is a
positive integer such that m = 3 mod 8.

Base Step: m =3,s04=m+1 =4 mod 8

From Lemma [A.5.7/we have Ny(4) = Y~ N3 (4 — £%) = N3(3).

t odd
t>0

By the result in Lemma |A.5.8 we also have N,(4) = Z H (4—2%) = H(3).

z odd
>0

Hence N3(3) = H(3).

Inductive Step: Suppose that for some k£ = 3 mod 8 we know N3(m) = H(m) for all
m < k, where m = 3 mod 8. We want to show this implies N;3(k + 8) = H(k + 8).
We first note that for any odd positive integer ¢ we have k +1 — (t* — 8) = 3 mod 8
as t> = 1 mod 8. We also note that for ¢ > 3, and odd, we have > — 8 > 1 and so
k+1—(t*—8) <k+1—1=k Then applying Lemmal[A.5.7 yields:

Ni((k+8)+1) =Y Ny((k+8)+1—1¢)

t odd
t>0
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=N3(k+8)+ ) N3 (k+1—(—8))

t odd
t>1

= N3(k+8) + Z H (k+1—(t* —8)) by the inductive hypothesis.

t odd
t>1

By Lemma we also know

Ni((k+8)+1)=> H((k+8)+1—a?)

z odd
>0

=H(k+8)+> H(k+1—(2*—8)).

x odd
z>1

So substituting yields N3(k + 8) = H(k + 8).
Hence Theorem is true under the assumption that Lemma has been
proved. O

We now proceed to prove Lemma [A.5.8

Notation A.5.9.
To simplify notation write [ = 4n where n = 1 mod 2.
Also, write X,, = % Z H (4n — a:Q). Notice that the terms in this summation

TEZL
=1 mod 2
are symmetric with respect to x. Thus each H(k) is counted twice. Hence X, is the

right hand side of the equation given in the statement of Lemma [A.5.§]

Notation A.5.10.

We use a modified version of the notation used in [Wel974, p. 220]. Let {R} denote
the set of relations that specify a system of equations that we wish to solve. { R} may
include equalities, inequalities and congruences as well as variables. We shall denote
the number of integer solutions to the system {R} by |R|.

Now fix n € Z~o and odd.
Using the notation already developed we may write
1

X, =+
2

% — b?
{n—ac—l— 1 ,b>0,b<2a,b<20,bzlemod2}’.

This is because | = 4 mod 8, | = 4n where n is odd, X, = 3 > H (4n — z%) where
the sum is over all odd integers, =, and H (4n — x?) is the number of solutions to

2—[92
L . Now 22 — b*> = 0 mod 4

since b,z = 1 mod 2 implies b?, 22 = 1 mod 4. The rest of the relations follow from
the previous conditions on H (Il — z?).

4n — 2% = 4ac — b?, which rearranges to n = ac +
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Next observe that b = x mod 2 implies b + x = 2y for some y € Z. Similarly we may
write b — x = 2z for some z € Z. Observe that 2% — b> = (z — b)(z + b) = —4yz, and
that b odd and b = y + z imply y # 2z mod 2. Thus we get

1
Xn:§|{n:ac—yz,y+z>0,y+z<2a,y+z<2c,y;7ézmod2}|.

Observe b = y 4 z and x = y — z imply there is a bijection between the two formula-
tions for X,,. Notice y #Z z mod 2 implies yz = 0 mod 2. Then since n = 1 mod 2 it
follows that ac = 1 mod 2 and so again we see that both a and ¢ are odd.

Notice that the conditions for calculating X, are symmetric in a and ¢ and also in
y and z. Since a and ¢ are both odd, we have ¢ = ¢ = 1 mod 2. Then y # z mod 2
implies that a — y #Z ¢ — 2z mod 2 and so a — y # ¢ — z. Thus we may partition the
solution set into those solutions that satisfy a —y < ¢ — z and those that satisfy
a —y > ¢ — z. Further, since a and ¢ are positive integers (see Definition , the
conditions y + 2 < 2aand y+ 2 < 2cimply y +z2<a+candsoy —a < c— z.

We define the sets S and 7" as follows:

S={(a,c,y,z) | n=ac—yz, y+2>0,y+2<2a,y+z<2c
yZzmod2,a—y<c—z}
T=A{(a,c,y,z) | n=ac—yz, y+2>0,y+2z<2ay+z<2c
yZzmod2,c—z<a-—y}.

We note that elements of S and elements of 1" satisfy y — a < ¢ — z, while elements
of S also satisfy a —y < ¢ — z. Thus we may replace the condition a —y < ¢ — z in
S by |a —y| < ¢ — z. We denote this condition by (7).

Define 7 : S — T by 7(a,c,y,2) = (¢,a, z,y) and define o : T'— S by o(a,c,y, z) =
(¢,a, z,y). We now show o o7 =idg and 70 0 = idy.

We note the map 7 is well-defined since a —y < ¢—z in S and ¢ — z is the new “a—y”
in (¢,a,z,y). Thus (¢, a, z,y) is a valid solution in 7. Similarly, o is well-defined since
a—y>c—zinT and ¢ — z is the new “a —y” in (¢, a, z,y). Thus (c,a,z,y) is a
valid solution in S.

Now observe o o 7(a,c,vy,2) = o(c,a,z,y) = (a,c,y,z) for any (a,c,y,z) € S and
likewise T oo (a,c,y,z) = (a,c,y, z) for any (a,c,y,z) € T. It follows that 0 o7 = idg
and 7 o 0 = idy. Therefore we have a bijection between S and 7', and so |S| = |T].

Hence we observe adding the condition @ —y < ¢ — z to the conditions in (X,,) leaves
only half of the solutions. Thus

1
Xn:§]{n:ac—yz,y—l—z>0,y+z<2a,y—l—z<20,y3§zmod2}|
={n=ac—yz,y+2>0,y+2<2a,y+2<2c,yZzmod2,a—y<c— z}
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={n=ac—yz,y+2>0,y+2<2a,y+z<2cyZzmod2|a—y|l <c—=z}.

The last line here is due to (7).

Now define the sets A and B by

A={(a,c,y,2) | n=ac—yz, 0 <y+2<2a,y+z<2cy#zmod?2,
ja -yl <c—z},
B={(a,c,y,2) [ n=ac—yz, 0<y+2<2ay#Fzmod2 l[a—y| <c—=z}.

Then A C B since (a, ¢, y, z) € A satisfies all the relations in B plus y+ z < 2¢. That
is, the set of conditions for B is less restrictive than those for A.

Next define C'= B\ A, that is

C={(a,c,y,2) | n=ac—yz,0<y+z<2a,y+z>2c,
la —y| < c—z,y # zmod 2}.

This is because y Z z mod 2 implies y + z is not even, so y + z # 2c and if y+ 2z < 2¢
then (a,c,y,z) € A.

Observe that the condition y + 2z < 2a in C' is actually a consequence of the others.
This is due to the following reasoning. Recall that a is a positive integer because
0 <y+ 2z < 2a. Further,c— 2z > |a—y| >y — aimplies ¢ — (y + 2) > —a and so

>0

¢ > —a, that is —c < a. But we also have ¢ — 2z > y — a implies c +a > y + 2z > 2¢,
so a > c and it follows that a > |¢|. Thus y + z < 2a.

This is an important result because by going from the conditions in A to those in B,
we have removed the condition that 0 < y 4+ z < 2¢ and so in B we now have the
possibility that ¢ is negative.

Further, we note the condition y # z mod 2 in { B} implies yz is even; then n = ac—yz
implies both a and c are still odd.
Now we make the following change of variables on the set B. Let

= a
a

c —Z

g < 2 o
|

=—-a +y-—=z

This change of variables has matrix representation (with respect to the above order-
ing)

10 0 O

10 -1 O

01 0 —
-1 0 1 1



This matrix has determinant 1 and so the change of variables is a bijection.
The set B is mapped bijectively onto the set D where

D = {(a,u,v,w)|n=u*+av+uw, lw| <a, [u] <v, a# wmod 2} .

This is because n = ac — yz = a(u+ v+ w) — (a — u)(u + w) = u* + av + uw and
0 < y+ 2z < 2a becomes 0 < a+w < 2a, that is |w| < a. Similarly, ¢ — z > |a — y|
becomes u + v+ w — (u+ w) > |a — (a — u)|, that is v > |u|. Lastly, y # z mod 2
becomes a — u # u + w mod 2 thus a # w mod 2.

Note that a remained unchanged, so in D we have a = 1 mod 2, then a Z w mod 2
implies w = 0 mod 2.

We now consider solutions to {D} for which v = 0. So n = av, |w| < a, v > 0 and
a Z wmod 2. So we get at least one solution for every positive odd divisor a of n
because a = 1 mod 2. Now observe that we have |w| < a and w is even, plus the value
of w has no impact on the solution when u = 0. So since there are a even numbers
w such that —a < w < a (including w = 0), we get for each positive odd divisor a of
n there are a solutions to {D} when v = 0. Thus the total number of solutions to
{D} when u=0is Z a since n = 1 mod 4 implies 4n = 4 mod 8.

a odd

By Proposition and Notation this is just Ny(4n) = Ny(m).
Now partition the set of solutions (a, u,v,w) to {D} as follows:

Dy = {(a,u,v,w) | (a,u,v,w) € D and u = 0},
D, ={(a,u,v,w)|(a,u,v,w) € D and u > 0},
D_ ={(a,u,v,w)|(a,u,v,w) € D and u < 0} .

Clearly these sets are disjoint.

We now construct a bijection 7 : D — D given by 7(a,u,v,w) = (a, —u, v, —w).
We see the map 7 is well-defined because (a,u, v, w) satisfies n = u? + av + vw =
(—u)?® + av + (—u)(—w), | —w| = |w| < a, | —u| = |u| < v and —w = w # a mod 2.
So 7 maps D to D.

Now observe 72(a,u,v,w) = 7(a, —u,v,—w) = (a,—(—u),v, —(—w)) = (a,u,v,w).

Thus 72 = id and so by Lemma [3.4.13] 7 is a bijection.

Now observe if (a,0,v,w) € Dy then 7(a,0,v,w) = (a,0,v,—w) € Dy. Further, if
(a,u,v,w) € Dy then 7(a,u,v,w) = (a, —u,v, —w) € D_ as u > 0 implies —u < 0.
Thus 7 (D4) C D_. It follows similarly that 7 (D_) C D,. Since 7 is a bijection it
follows that |D,| = |D_|.

Now consider the subset
D, = {(a,u,v,w)n =u*+ av + uw, |w| < a,v>u>0,a=1mod 2,w =0 mod 2}
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and let Y = |D|. Since |D| = |D_| it follows upon recalling that the set B is in
bijection with the set D that |B| = |Dy| + 2|D| = Na(m) + 2Y.

Our goal remains to show B is a finite set and |C| = 2Y. This will complete the

proof of Lemma [A.5.§ because
N H (m—a%) = X, = |A] = |B| = |C] = (Ni(m) +2Y) = (2V') = Ny(m).

x odd

>0
Resuming our consideration of D, we may write n — u?> = av + uw. Recalling
that n is odd, we note that if ¥ = 0 mod 2 then n — «v?> = 1 mod 2, uw = 0 mod 2,
so we require av = 1 mod 2. Noting ¢ = 1 mod 2 implies v = 1 mod 2. Similarly if
v = 1mod 2 then n—u? = — mod 2, uw = 0 mod 2 as w = 0 mod 2. Thus we require
av = 0 mod 2. But a =1 mod 2 and so v = 0 mod 2. Hence we see that u # v mod 2.

We now note n —u? = av + uw may be identified as a candidate for applying Lemma

[A:4.3] This is because we may think of “a” = u, “b” = a, “X” = w and “Y"” = v.
The conditions in {D, } translate to | X| <b,a <Y,z =0mod 2, Y =a+ 1 mod 2
—_— ~~ ~ s

lw|<a u<v w=0 mod 2 v=u+1 mod 2
and Y # a mod 2a. We observe the last two conditions follow from u # v mod 2,
—_————

vZu mod 2u
v =+ 1 mod 2 and an application of Lemma [A.4.6]

Hence we meet all of the conditions for Lemma [A.4.3] and so the number of solutions
to {D+} iS

Y=Y ¢(u,a,0u+1n—u’ (A.11)
(w,a)
where u > 0, a > 0 and a = 1 mod 2.
By the proof of Lemma |A.4.3] ¢(u,a,0,u+ 1,7 —u?) = 0 unless n — u?> > u + a.
Since n is fixed and both v and a are positive, it follows that for each u there are only

finitely many values for a and since n — u? must be positive, there are only finitely
many values for u. Hence Y is finite and so |B| = Ny(m) + 2Y is finite.

We now turn our considerations to the set C'. As discussed earlier here, we may omit
the condition 0 < y + 2z < 2a so

C={n=ac—yz,y+2z>0,y+2>2¢ |la—y| <c—z y#zmod 2}

We apply the following change of variables:

a= uU+v+w
y= u +w
zZ=—u +c
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C = C.

The associated matrix representation (with respect to this ordering) is

1 110
1 010
-1 0 01
0 0 01

The determinant of this matrix is —1 and so the change of variables is invertible.
Thus under this change of variables, the set C' is mapped bijectively onto the set E,
where

E={(u,v,w,c)|n=1"+cv+uw, w>|c|, u> |v], w# cmod 2}.

This is because n = ac—yz = (u+v+w)c— (u+w)(c—u) = u? +ve+uw, y+z > 0
implies w > —¢, y + z > 2c¢ implies w > ¢ and so w > |c|, ¢ — z > |a — y| implies
u > |v| and y # z mod 2 implies w # ¢ mod 2.

Now recalling that in C' we showed both a and ¢ to be odd. Since we have con-
structed a bijection between the sets C' and E via our change of variables, and ¢ has
not changed, we see ¢ = 1 mod 2 and consequently w = 0 mod 2. It follows that ¢ # 0.

Define 7/ : E — E by 7(u,v,w,c) = (u,—v,w,—c). We show the map 7’ is a
bijection.

Proof: 7/ is well-defined since n = u? +uw+ve = u? +uw+ (—v)(—c), | —¢| = || < w,
| —v| = |v] <wand —¢ = ¢ # wmod 2.
Next, observe that 7% = 7/(u, —v,w,—c) = (u,—(—v),w,—(—c)) = (u,v,w,c).
Hence 72 = id and so by Lemma [3.4.13] 7/ is a bijection.

0
In a similar manner to earlier, we partition the set £ according to whether c is positive
or negative :

E. = {(u,v,w,c) | n=u®+cv+uw,w>c>0,u>|v],c=1mod2,w=0mod?2}
E_ = {(u,v,w,c) | n=u®+cv+uw,c<0,w>|c|,u> v
¢=1mod 2, w = 0mod 2}.

Note for any (u,v,w,c) € Ey, we have 7'(u,v,w,c) = (u, —v,w,—c) € E_. This is
because —c < 0. So we have 7/(E, ) C E_ and a similar argument shows 7/(E_) C E,.
Since 7’ is a bijection and we have shown that ¢ # 0, it follows that |E.| = |E_]|.
Since there exists a bijection between the sets E and C, we have |C| = |E| = 2|E,|.

Letting Y = |E.|, we see that |C| = 2Y’. Now we observe n = u? + uw + vc may be
rewritten as n — u? = uw + ve and again we have a candidate for Lemma [A.4.3|

We first show a result which is needed to verify we satisfy all of the conditions for
Lemma . Recall n — u? = cv + vw, w = 0mod 2 and ¢ = 1 mod 2. Then if
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u = 0 mod 2 it follows that cv + uw = 1 mod 2 and so since uw = 0 mod 2 we must
have v = 1 mod 2. Similarly, if « = 1 mod 2 then it follows that cv + uw = 0 mod 2
and so cv = 0 mod 2 implies v = 0 mod 2. Hence we have u # v mod 2.

Now we may think of “a” = ¢, “b" = u, “X” = v and “Y” = w. Then we have
I X|<b,a<¥Y, X=b+1mod2, Y =0mod 2 and Y # a mod 2a. Here the last
—_—— N ~~ - ~~ —_———

[v|<u ce<w v=u+1 mod 2 w=0 mod 2 wZc mod 2¢

relation follows from Lemma because ¢ # w mod 2 and w = 0 mod 2.

Hence we may follow Lemma and define the number of solutions to (F,) as

Y' = Zqﬁ(c,u,u—l— 1,0,n —u?)
(cou)

where the sum is over all (¢,u) such that ¢ > 0, v > 0 and ¢ = 1 mod 2. This sum is
finite because there exists a bijection between the sets £ and C', which is a subset of
B, which we have shown is a finite set.

Now applying the result of Lemma [A.4.3] we see that

Y' = Z¢(u,c,0,u+1,n—u2)
(cou)

and this is the same as Y in Equation where ¢ plays the role of a.

Hence Y’ =Y and so |A| = [B| — |C] = Ny(l) + 2Y — 2V = Ny(1).

Thus Z H (I — 2*) = Ny(l). This completes the proof of Lemma|A.5.8|

x>0
z=1 mod 2

Hence Theorem is proven.

Copyright© Jonathan A. Constable, 2016.
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