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ABSTRACT OF DISSERTATION

Homogenization of Stokes Systems with Periodic Coefficients

In this dissertation we study the quantitative theory in homogenization of Stokes
systems. We study uniform regularity estimates for a family of Stokes systems with
rapidly oscillating periodic coefficients. We establish interior Lipschitz estimates for
the velocity and L*° estimates for the pressure as well as Liouville property for so-
lutions in R?. We are able to obtain the boundary W'? estimates in a bounded C*!
domain for any 1 < p < co. We also study the convergence rates in L? and H! of
Dirichlet and Neumann problems for Stokes systems with rapidly oscillating periodic
coefficients, without any regularity assumptions on the coefficients.
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Chapter 1 Introduction and Main Results

The theory of homogenization was introduced in part to describe the behavior of
composite materials in mechanics, physics, chemistry and engineering. Composite
materials are usually characterized by two scales, the microscopic one, describing the
heterogeneities, and the macroscopic one, describing the global behavior of the com-
posite. In a composite, the heterogeneities are small compared to its global dimension,
while from the macroscopic points of view, the composite looks like a “homogeneous”
material. The intent of homogenization theory is to replace the microscopically het-
erogeneous material by a homogenized material, whose global characteristics are a
good approximation of the initial ones.

In the study of boundary value problems in media with periodic structure, if the
period of the structure is small compared to the size of the region in which the system
is to be studied, we will use a small parameter € to denote the ratio of the period
of the structure to a typical length in the region. In mathematics terms, a family
of partial differential operators L. with rapidly oscillating coefficients, depending on

the small parameter ¢, is given. In a domain €2, we have a boundary value problem

{ Lo(u.)=F in

u. subject to appropriate boundary conditions.

Homogenization theory has shown that u. converges to uy as ¢ — 0 (with suitable

definition of weak type convergence), where vy is the solution of

up subject to the same kind of boundary conditions,

{ ,Co(U,Q) =F in Q,

where L is a partial differential operator with constant coefficients, which is called
the homogenized operator of the family L..

Specifically in qualitative homogenization theory, for the standard elliptic system
—div(A(x/e)Vu.) = F in a bounded domain € in R%, the proof of homogenization
theorem was first obtained by De Diorgi and Spagnolo [16H18,53.[54]. Here A(y) is a
matrix with periodic measurable coefficients satisfying ellipticity condition. Shortly
thereafter, Bakhvalov [8,9] and then Lions [10,40] established the same result based on
method of asymptotic expansions. Another approach to the homogenization theory,

based on compensated compactness, was developed by Murat [43] and Tartar [57].



Quantitative homogenization has been studied extensively in recent years, given
these qualitative results in homogenization for various types of equations with var-
ious boundary conditions. There are two main and natural tasks in quantitative

homogenization theory,

1. uniform regularity estimates of solutions, which are independent of the small

parameter ¢;

2. sharp convergence rates, which describe the speed of convergence.

Uniform Regularity Estimates

For uniform regularity estimates, we consider a family of standard second-order el-
liptic operator L. in divergence form with rapidly oscillating coefficients, which are
defined by

L. = —div(A(z/e)V) = _a% [agﬁ(f)a%}, e>0. (1.0.1)
with 1 <1,7,a, 8 < d, the summation convention is used throughout this thesis.
The study of uniform regularity estimates in homogenization theory was initiated
by M. Avellaneda and F. Lin in 1987. In a series of paper [3H7] from 1987 to 1991,
Avellaneda and Lin established interior and boundary Lipschitz estimates and also
WP estimates for the standard elliptic system L.(u.) = F with Dirichlet boundary
condition u. = g on 99 for C* domains, assuming the coefficient matrix A is elliptic,
periodic and Holder continuous. The approach called compactness method was used
in [3] to prove Lipschitz estimates. We should mention that the Lipschitz estimates
are sharp; in fact, even with C'*° data, one cannot expect high-order uniform estimates
for u., since Vu,. converges to Vuy only weakly.

For standard second-order elliptic system L.(u.) = F with Neumann boundary

Oue
Ove

boundary conditions are e-dependent. It was only until in 2013, in [34] C. Kenig,

condition

= g, Lipschitz estimates has been a longstanding open problem, as the

F. Lin and Z. Shen were able to extend the boundary Lipschitz estimates to Neu-
mann problems in C1* domains, with additional symmetry condition A* = A. The
breakthrough is based on the Rellich estimates obtained in [36,37] and nontangential
maximal function estimates in [34]. Sharp W estimates for Neumann problem were
also obtained.

The symmetry condition was recently removed by S. Armstrong and Z. Shen.

In [1], the uniform Lipschitz estimates and W'? estimates in C'** were obtained



for second-order elliptic system in divergence form with rapidly oscillating, almost-
periodic coefficients, with either Dirichlet or Neumann data. In contrast to papers
[3,34], the results were proved through constructive arguments, and thus the constants
are in principle computable.

In this thesis, we study the uniform regularity estimates for a family of Stokes
systems with rapidly oscillating periodic coefficients. We establish interior Lipschitz
estimates for the velocity and L* estimates for the pressure as well as a Liouville
property for solutions in R%. We also obtain the boundary WP estimates in a
bounded C! domain for any 1 < p < oo.

More precisely, we consider the Stokes systems in fluid dynamics,

{ L.(uc) + Vp. = F,

1.0.2
div(u:) =g, ( )

in a bounded domain € in R¢, where ¢ > 0 and L. is defined in (1.0.1)). We will assume

that the coefficient matrix A(y) = (a%ﬁ (y)) is real, bounded measurable, satisfies the

ellipticity condition:
ISR < )€1 < LI€P. fory R and ¢ =€) € RV (103)
where p > 0, and the periodicity condition:
Ay +2) = A(y) for y € R? and » € Z°. (1.0.4)

We note that the system ((1.0.2)), which does not fit the standard framework of second-
order elliptic systems considered in [3]34], is used in the modeling of flows in porous
media.

The following is one of the main results we obtained in [30].

Theorem 1.0.1. Suppose that A(y) satisfies the ellipticity condition and pe-
riodicity condition . Let (ug, p:) be a weak solution of the Stokes system
in B(xg, R) for some xg € RY and R > . Then, for anye <r < R,

1/2 1/2
(f wub) +(f w-f ur)
B(zo,r) B(zo,r) B(zo,R)

1/2
< C’{ <][ ’Vus|2> + 9]l oo (B(@o,r)) + R’ [g]cor(B(zo,R)) (1.0.5)
B(zo,R)

1/q
—l—C’R(][ |F\q) },
B(xo,R)

where 0 < p=1— Cé < 1, and the constant C depends only on d, p, and p.



The scaling-invariant estimate ((1.0.5)) should be regarded as a Lipschitz estimate
for the velocity and L*> estimate for the pressure down to the microscopic scale ¢,
even though no smoothness assumption is made on the coefficients A(y). In [30], we

also obtain the following boundary WP estimates.

Theorem 1.0.2. Let Q be a bounded C' domain in R? and 1 < q < oco. Suppose

that A satisfies ellipticity and periodicity conditions. Also assume that
A € VMO(RY). Let f = (f2) € LR, g € LI(Q) and h € B +9(99; RY)
satisfy the compatibility condition

/g—/ h-n=0,
Q o9

where n denotes the outward unit normal to 0. Then the solutions (ue,p.) in
Wha(Q; RY) x L4(Q) to Dirichlet problem

L.(u:) 4+ Vp. = div(f) in €,
div(us) = g in Q, (1.0.6)
us = h on 02,

satisfy the estimate

} . (1.0.7)

Vel oy + llp= = ]{2peHLq(9) <G {HfHLq(Q) Flgllzo) + 12l g o,

where C, depends only on d, pu, A, and €.

Sharp Convergence Rates

As for the second task concerning sharp convergence rates, the primary purpose is to
establish the optimal rate of convergence of solution u. to homogenized solution wuy
in L?(Q;R?) for both Dirichlet and Neumann problems.

For Dirichlet problems, consider the scalar elliptic equation L. (u.) = F in a Lips-
chitz domain §2 with Dirichlet condition u. = f on 9€). By energy estimates and maxi-
mum principle, it is well known that ||u.—uol|r2() < Ce {||Vuol|r2(0) + | Vol Le(o0) } -
More recently, using the method of periodic unfolding, Griso [26}27] was able to es-

tablish the much sharper estimate
Hu€ — uOHLQ(Q) S C&TH’U,OHHQ(Q) (108)

In the case of elliptic systems, the estimates ([1.0.8]) continue to hold under the ad-

ditional assumption that A is Holder continuous. The approach was based on the



uniform regularity estimates established in [3,37] and do not apply to operators with
bounded measurable coefficients. Recently, by using the Steklov smoothing operator,
T.A. Suslina [55] was able to establish the O(e) estimate (1.0.8) in L? for a broader
class of elliptic operators in C%! domains without any smoothness assumptions on
the coefficient matrix A.

There are relatively fewer known results for Neumann problems. Consider the
Neumann problem for the scalar elliptic equation L.(u.) = F in  with g—iﬁ; =0
on 0f), the estimate |u. — ugl|r2(0) < C¢||F| m2@) was proved by Griso [27] for
CY! domains with bounded measurable coefficients using the “periodic unfolding”
method [14,|15]. The same result was also proved by Moskow and Vogelius [42] for
curvilinear convex polygons € in R2. For the system case, consider elliptic systems
L.(u.) = F in Q with Neumann condition 2% = g on 99, C. Kenig, F. Lin and Z.
Shen [32] have shown that the estimate ( - 1.0.8) holds in bounded Lipschitz domain €2,
under additional assumption that A is Holder continuous. Also recently, by using the
Steklov smoothing operator, T. A. Suslina [56] was able to eliminate the smoothness
condition on coefficients to establish the O(e) estimate in L? for a broader
class of elliptic operators with Neumann data.

In this thesis, we study the convergence rates in L? and H' of both Dirichlet and
Neumann problems for Stokes systems with rapidly oscillating periodic coefficients in
O'! domains, without any smoothness assumptions on the coefficients.

More precisely, by the homogenization theory of Stokes systems (see [10,30]),
under suitable conditions on F', g and h, suppose (u., p.) is a weak solution of Stokes
system with either Dirichlet u. = h or Neumann ags — pe - n = h boundary

€

conditions on 0f2, it is known that
u. — ug  weakly in H*(Q;R?Y)  and p. — ][ Pe — Do — ][ po  weakly in L*(Q),
Q Q

where (ug, po) € H'(;RY) x L%(Q) is the weak solution of the homogenized problem

with constant coefficients,

Lo(ug) + Vpg = F, in €,
{ o(tto) + Vo (1.0.9)

div(ug) = g, in Q,

satisfying the same Dirichlet ug = h or Neumann % — po -n = h boundary condition

on 0§2. Our primary purpose is to study the rate of convergence |ju. — uo||r2(q) as
e — 0.

The following is the main result for Dirichlet problem we obtained in [28].



Theorem 1.0.3. Let Q be a bounded C'' domain. Suppose that A satisfies the
ellipticity condition and periodicity condition (1.0.4). Given g € H () and
h € H¥?(0Q;RY) satisfying the Dirichlet compatibility condition [, g — [,oh-n =0,
where n denotes the outward unit normal to Q. For F € L*(;R?), let (u.,p.),
(uo, po) be weak solutions of Stokes systems (1.0.2 , respectively with Dirichlet

boundary conditions u. = ug = h on 0. Then
||U€ —U()HLQ(Q) S C€||U0||H2(Q)7 (1010)
where the constant C' depends only on d, u, and €.

The next theorem is our main result for Neumann problem in [29].

Theorem 1.0.4. Let Q be a bounded C*' domain. Suppose A satisfies ellipticity
condition and periodicity condition . Given F € L*(;RY) and h €
HY2(00;R?) satisfying the Neumann compatibility condition [, F + faﬂ h =0, for

g € HY (), let (uc,p.), (uo,po) be weak solutions of Stokes systems (1.0.4 ,

8u 8u
< _ps' 0

respectively with Neumann boundary conditions —po-n=h.Then

HUE _UOHLQ < CEHU()HH2(Q), (1011)

where the constant C' depends only on u, d, and €.

The organization of this thesis is as follows. Chapter 2 contains notations and
definitions that will be used throughout the thesis. Chapter 3 is devoted to the
homogenization theory of Stokes systems, including asymptotic expansions and com-
pactness theorem. Our main results described above are presented in Chapter 4-6.
In Chapter 4 and Chapter 5, we give the convergence results in L? and H! of Stokes
system with Dirichlet and Neumann boundary conditions, respectively. Chapter 6

deals with uniform regularity estimates in homogenization of Stokes systems.

Copyright© Shu Gu, 2016.



Chapter 2 Notations and Definitions

In this chapter we first give basic notations and definitions that will be used through-
out this thesis. Then we introduce the Steklov smoothing operator and its properties,

as well as a lemma that plays an vital part in the study of convergence rates.

2.1 Notations

- 1-periodic function. We call a function f 1-periodic if it satisfies the periodicity

condition we defined in (1.0.4)), i.e.

fly+z) = fy) for a.e. y € R? and z € Z%.

- Conormal derivative. We define the conormal derivative of Stokes system ((1.0.2)
on 0f) by

Ou\* of ouf
(52) = oo =m0/ G ~pelama(e). (200)
where n = (ny,- -+ ,ng) is the outward unit normal to 0fQ.

- L'-average. We denote the L! average of f over the set E by

=l

- Holder condition. We call A(y) Holder continuous, if it satisfies
|A(x) — A(y)| < 1|z — y* for 2,y € RY, (2.1.2)
where 7 > 0 and A € (0, 1].

- Rescaling property of Stokes systems. The technique of rescaling will be used

routinely in the rest of the paper. Indeed, if (u.,p:) is a weak solution of Stokes

system (1.0.2) and v(z) = u.(rz), then

{ L) +Va=F, (2.1.3)
div(v) =g,
where
G(z) =rglrz),  F(z)=r’F(rz), (2.1.4)
and
q(z) = rpe(rzx). (2.1.5)



r-neighborhood of the boundary. For r > 0, we let €2, and SNIT to denote the
r-neighborhood of 0f2 as
Q, = {z € Q:dist(z,00) <r},

o L (2.1.6)
Q, = {xr € R*: dist(x,00) < r}.

Holder Space. The Hélder space C*A(E) consists of all functions u € C*(E) for

which the norm

HUHCW(E) = Z ||DQUHC(E) + Z [DQU]COA(E) (2.1.7)

|la|<k la|=k
is finite, where the A-th semi-norm of ¢ is denoted by

lg(z) — g(y)|

A cryyc Bandx #yp, (2.1.8)
|z —y|

[Q]COM\(E) = sup {

and C*(E) denotes the set of functions having all derivatives of order < k continuous
in B.

BMO Space. A locally integrable function f will be said to belong to BMO(RR?)

if the following norm

[ flemo = Sgp]{? Ki —]{zﬂ dx (2.1.9)
is finite.

VMO Space. A function f in BMO(RR?) is said to be VMO(RR?), the space of

functions of vanishing mean oscillation, if

lglrgo]é\f—]{?ﬂdx_o. (2.1.10)

2.2 Smoothing in Steklov’s sense

We will use this section to introduce the Steklov smoothing operator as well as its
properties, which play a crucial role in deriving convergence rates in the following
chapters. More details about Steklov smoothing operator can be found in the litera-
tures such as [45}46],5556,59].

Let S. be the operator on L?(R?) given by

(Seu)(z) = ]{/u(:c —ez)dz (2.2.1)



and called the Steklov smoothing operator. Note that

|Scull p2ay < || p2may.-

Obviously, D*S.u = S.D%u for u € H*(R?) and any multi-index a such that |o| < s.
Therefore,
[Seull prsray < [|ull s ey

The following are a few properties of Steklov’s operator; see [55]56].

Proposition 2.2.1. For any u € H'(R?) we have
[Seu = ull L2 ray < C2|Vul| 2 (ga),
where C' depends only on d.
For simplicity, we will use the notation f&(z) = f(x/¢). And we let Y = [0,1)%.

Proposition 2.2.2. Let f(x) be a 1-periodic function in R such that f € L*(Y).
Then for any u € L*(RY),

1 Seull L2@ey < N fllzonllull L2y

The following lemma gives us an estimate for integrals near the boundary, see

[55,56] for example.

Lemma 2.2.3. Let Q C R? be a bounded C* domain. Then, for any function u €
HY(Q) and for any 0 < r < diam(2),

1/2
1/2 1/2
([ tae) ™ < Cvmullo lul o, (222)

Moreover, for any 1-periodic function f € L*(Y) and u € H'(R?),

1/2
1/2 1/2 1/2
( / !f€|2!5‘su!2drc) < CVEN Il oty el e ey 1 2ty (2.2.3)
2e

where C depends only on €2 and S is the Steklov smoothing operator defined in .

Copyright© Shu Gu, 2016.



Chapter 3 Preliminaries

In this chapter we will first give a brief introduction to the homogenization the-
ory of Stokes systems, including the definition of correctors and the homogenization
theorem. Then we will formally derive the asymptotic expansion of Stokes system,
showing the intuition behind the definition of correctors and effective matrices. Then
we prove a compactness theorem for a sequence of Stokes systems with periodic
coefficient matrices satisfying the ellipticity condition (1.0.3)) with the same p. At
last, we will describe the homogenization of Stokes system with Neumann boundary

conditions.

3.1 Homogenization Theory of Stokes Systems

In this section we will give a review of homogenization theory of Stokes systems with
periodic coefficients. We refer the reader to |10, pp.76-81] for a detailed presentation.
Let © be a bounded Lipschitz domain in R¢. For u,v € H*(;R?), we define the

bilinear form as the following,

_ [ qon(T) 04O
a.(u,v) _/Qaij <6>83:j oz, dzx. (3.1.1)

For FF € HY(Q;R?%) and g € L*(Q), we say that (u.,p.) € H'(;RY) x L3(Q) is a
weak solution of the Stokes system (|1.0.2))

Ls(us) + Vp. = F,
div(u:) =g

in €, if div(u.) = g in Q and for any ¢ € C3(Q;R9),

e (e, ) — / pe div(g) = (F, o).

The following theorem gives us the existence and uniqueness (up to constants) of

weak solution of Stokes system with Dirichlet boundary condition.

Theorem 3.1.1. Let Q) be a Lipschitz domain in RY. Suppose A satisfies the ellipticity
condition (1.0.9). Let F € H-(Q;R?), g € L*(Q) and h € H/*(0Q;R?Y) satisfy the

Dirichlet compatibility condition

/Qg—/mh-n:O, (3.1.2)

10



where n is the outward unit normal to ). Then there exist a unique u. € H*(; RY)
and p. € L*(Q) (unique up to constants) such that (u., p.) is a weak solution of

in Q and uz = h on 0L). Moreover,

e[ 1 () + [Ipe — ]{)pellmm) < C{IF a1 + 1Bl grroe) + N9llr2@ )5 (3.1.3)
where C' depends only on d, p, and €.

Proof. This theorem is well known and does not use the periodicity condition of A.
First, we choose h € H(;R?) such that I =h on 99 and

1Pl @) < Cllll/2on)-

By considering u. — h, we may assume that A = 0. Next, we choose a function U (z)
in H}(2;R?) such that

divilU)=¢g inQ, and ||U|lg@ <Cl9gll2@)-

detailed proof of the existence of such functions can be found in [20]. By considering
u. — U, we may further assume that g = 0. Finally, the case h = 0 and g = 0 may
be proved by applying the Lax-Milgram Theorem to the bilinear form a.(u,v) on the
Hilbert space

V = {u € H}(QRY) : div(u) = 0 in Q}.

This completes the proof. n

Remark 3.1.2. IfQ is C™! and A is a constant matriz, the weak solution (u,p), given
by Theorem[3.1.1] is in H*(Q;RY) x HY(Q), provided that F € L*(Q;RY), g € HY(Q)
and h € H3?(0;RY). Moreover,

ull 2 () + IVl 2 @) < C {IIF N2 + N19llar@) + 1h goreon) } (3.1.4)
where C' depends only on d, u, and S (see e.g. [24)]).

Let Y = [0,1)% We denote by H! (Y;R?) the closure in H(Y;R?) of C%2,(Y; RY),

per per
the set of C* 1-periodic and R%valued functions in R%. Let

_ [ s 007 067
aper(wv(b) - /};a’ij (y) ayj ayz’

where ¢ = (¢) and ¢ = (). By applying the Lax-Milgram Theorem to the bilinear
form aper (¢, ¢) on the Hilbert space

Voer(Y) = {u € H),(Y;R?) : div(u) =0 in Y and / u =0},
Y

11



it follows that for each 1 < j, 8 < d, there exists a unique Xf € Vper(Y') such that

tper (X} 8) = —@per (P, ¢)  for any ¢ € Vper (V)

where Pjﬁ = Pf(y) = y;e? = y;(0,...,1,...,0) with 1 in the 5" position. As a result,
there exist 1-periodic functions (Xf ,wf ) € HL (RGRY) x L2 _(R?), which are called
the first-order correctors for the Stokes system ((1.0.2)), such that

Li(x]+P))+Vrl=0 inR

div(Xf) =0 inR? (3.1.5)
/Wf:()and /X?:O.
Y Y
Note that
X vy + 1175 |22y < C, (3.1.6)
where C' depends only on d and p. Let A = (Zi%-ﬂ ), where
@ = ape(X] + P X5+ P (3.1.7)

The homogenized system for the Stokes system ([1.0.2) is given by

Lo(ug) + Vpo = F,
div(ug) = g,

where Ly = —div(A\V) is a second-order elliptic operator with constant coefficients.
The constant matrix A is called the homogenized matrix or effective matrix, and

satisfies the following two properties.

Remark 3.1.3. The homogenized matriz A satisfies the ellipticity condition

plél? <afere] < gl (3.1.8)

for any € = (%) € R where py depends only on d and u. The upper bound is
a consequence of the estimate ]|foHLz(y) < C(d, ), while the lower bound follows

from
aPeoe? = ap (X0 + PDED, (X2 + PYYEY)

> / V(G + PRy
Y

> plé)?.
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Remark 3.1.4. Let x* = (X;E) denote the matrix of correctors for the system m
with A replaced by its adjoint A*. Note that by definition, X;ﬁ € Voer(Y) and

a;er(X;ﬁ7 ) = _a;er(Pjﬂﬂ ¢)

where @’ (¥, ®) = aper(@, ). It follows that

per

@ = el + B X+ PE) = a0 + P PY)
= aper(Xf + P]@’X:a + f)ia) = a (X;‘ka + -F)ia7X]@ + f’]ﬁ) (319)

per

% *or a BN % *Qu a . xB &)
_aper(Xi +Pivpj)_aper(Xi +P'7Xj +IDJ)

This, in particular, shows that (ﬁ)* = A~

Now we are ready to give the following homogenization theorem of Stokes systems
with Dirichlet boundary conditions. It shows that the limiting solutions are actually
solutions of Stokes system associated with the homogenized operator L, with the

same Dirichlet boundary condition.

Theorem 3.1.5. Suppose that A(y) satisfies ellipticity and periodicity
conditions. Let Q be a bounded Lipschitz domain. Let (u.,p.) € H'(;RY) x L*(Q)

be a weak solution of the following Dirichlet problem of Stokes system
L.(u;) +Vp. =F in §,
div(u:) = g in £, (3.1.10)
u. = h on 052,
where F € HY(Q;RY), g € L2(Q) and h € HY?(0Q;R?) satisfying the Dirichlet
compatibility condition . Assume that fﬂ p. =0, then as e — 0,

P

u. — ug strongly in L*(; RY),

ue — ug weakly in H'(Q; RY),

pe — po weakly in L*(Q),

| A(z/e)Vu, — AV weakly in L*(Q; R,

Moreover, fQ po = 0 and (ug, po) is the weak solution of the homogenized problem
ﬁo(Ug) + Vp() =F m Q,
div(ug) = g in §, (3.1.11)
ug = h on 0f2.

Proof. This homogenization theorem of Stokes systems is more or less proved in [10],

using Tartar’s oscillating testing function method. We therefore omit the details. [

13



3.2 Asymptotic Expansions

In this section we will apply the multi-scale method to the study of Stokes system.
As we mentioned earlier, two scales describe the model: the variable z is the “macro-
scopic” one, while x/e describe the “microscopic” one. Indeed, this suggests looking

for a formal asymptotic expansion of solution (u.,p.) in the form:
x x 9 x
ue(z) = ug (x,—) + euy <x,—) + e7uy (x,—) +oee
€ € €
x x
pa(x) = Do (I, g) +ep1 (l‘, g) +

where the functions u;(z,y), p;(z,y) are defined on 2 x Y and 1-periodic in y, for
any = € Q. Note that if ¢.(z) = ¢(x,y) with y = x/e, then

2= 25, (02) + g (+3)

Now if we consider the divergence-free Stokes system

(3.2.1)

'Ca u:) + Vp, = F,
(te) + VP (3.2.2)
div(u.) = 0,
which may now be rewritten as the following
[(8_2L0 +e 'L+ €0L2)u5} (x, f) + [(6_1Vy + Vx)pg] (a:, f) =F,
¢ 1 c (3.2.3)
(e div, + div,)u.] (m, g> =0,

where the operators LY, L', L? are defined by

(s -4 ()
vt 4 (20) - (005,
(0] =~ (05 ).

We identify the coefficients of the powers e 72, e71, €Y. This gives the following systems

to be solved. As of order O(¢72), we have
LO(ug) = 0, (3.2.4)
Of order O(e™!), we have

{ L0(ur) + Vypo = —L' (ug), (3:25)

divy(ug) = 0.
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And of order O(e), we obtain

{ L(u2) + Vypr = F = L (wn) = L*(uo) = Vo, (326)

divy(uy) = —div,(uo).

Using the fact that ug(x,y) is 1-periodic in y, we may derive from (3.2.4)) that ug(x,y)

is independent of y, i.e.,
o(2, y) = (). (3.2.7)

Then (3.2.5) reduces to
LO(U1> + VypO = —LI(UO).

The second condition in (3.2.6]) implies

/ [div (1) + divy (uo)] dy = 0,
Y
and since the above integral equals |Y|div(ug), one has
div(ug) = 0. (3.2.8)

Then the second condition in (3.2.6) is equivalent to div,(u;) = 0; i.e., finally for

(u1,po), we need to solve the following system (note that £; = L),

oul

LO(u1) + Vyp1 = —L°(P!
(1) + Vyp ( )éhrj (3.2.9)

J

diVy (Ul) =0

Recalling that the correctors (Xf ,Wf ) are solution to the cell problem 1} then
the general solution of (3.2.9)) is,

ou’
ur(z,y) = Xf(y)a—é(x) + T (2), (3.2.10)
and
ou’
po(w,y) = Wf(y)a—é(l’) + Po(), (3.2.11)

where 4 (x) and po(x) are independent of y. We now use the equations (3.2.10|) and
(3.2.11)) in the first equation in (3.2.6)) to obtain

Opy o5 o OO Py 0 L, OU

(LO(UQ))Q + a—ya = F*(z) +

Oy

o2l O,
_ B 0o _ Yro
[ () 0r,0r; 0z,
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The above equation can be solved in (ug, p;) if we integrate both sides in y over Y,

ul o

0, i o
ox;0x;  Oxy’

F(z) = - /Y [ai’}ﬂ () + i ()5,

where we have used the fact that fy s

;dy = 0. The above equation is nothing else
than

Lo(uo) + Vpo = F,
where £y = —div(AV) and A = (ZL\%B) defined the same as in (3.1.7) that

o’
~af af o
Ay —/Y [aij (3/)"‘%13(9) 3xjk dy.

So far by this multi-scale method, if we denote py(x) by po(x) for simplicity, we have

formally shown that the homogenization problem of Stokes system ([3.2.2) is exactly

{ Lo(uo) + Vpo = F, (3.2.12)

diV(Uo) =0.
3.3 Compactness Theorem

We now prove a compactness theorem for a sequence of Stokes systems with coefficient
matrices satisfying the same conditions and should be regarded as a compactness
property of the Stokes systems with periodic coefficients. Its proof follows the Tartar’s
oscillating testing function method found in [10] for the proof of Theorem , and

also uses the following observation.

Proposition 3.3.1. Suppose that {¢r} be a sequence of 1-periodic functions with
|0kl L2(vy < C and e, — 0, then

or(x/er) —][ dr — 0 weakly in L*(), (3.3.1)
Y
as k — 0.

Proof. Let uy, € H>,.(Y) such that

per

Auk = ¢k —][ (bk, inY.
Y

Let Uy, = Vug. Then div(Uy) = ¢r — JCY ¢ and

Vel < llde — ][ onllie < C.
Y
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Then for any ¢ € C}(Q),

/Q [fr(x/er) — ]{/ o) p(x) = —ek /Q U(x/ep,) - Vo(x) — 0, (3.3.2)

as € — 0, since
|Uk(z/ex)l 2(0) < Cl|Ukllz2(vy < C,

where we have used the periodicity of U,. We may now conclude that

o(/en) — ]{V b — 0 weakly in L*(Q),

as similarly
lpw(z/e)2@) < Clldnllr2vy < C

The proof is now complete. O
We are now ready to prove our interior compactness theorem of Stokes systems.

Theorem 3.3.2. Let {A¥(y)} be a sequence of 1-periodic matrices satisfies the el-
lipticity condition (with the same ). Let (uy,pr) € HY(Q;RY) x L2(Q) be a
weak solution of
{ —div(A*(z/e)Vug) + Vi, = Fy,
div(ug) = g
in Q, where e, — 0, F}, € H-Y(Q;R?Y) and g, € L*(Q). We further assume that as

k — o0,
)

Fy, — Fy strongly in H™'(; RY),
gr — go strongly in L*(9),

up — ug weakly in H'(Q; R,
e — po weakly in L*(€Y),

Ak 5 A,

\

where A is the coefficient matrix of the homogenized system for the Stokes system
with coefficient matriz A*(x/e). Then, A*(z/ex)Vus, — A"V uy weakly in L?(; R*4),

and (ug, po) is a weak solution of

in Q. (3.3.3)

{ —div(A°Vug) + Vpo = Fy,
div(uo) = 4Jo

17



Proof. Let A = (a**") and

v

()¢ = aiy”? ( ) ZZ’“
Note that ||(&)5 |2 < C. It suffices to show that if {&} is a subsequence of {&}
and {&y} converges Weakly to & in L2(Q; R™?), then & = A°Vug. This would imply
that (ug, po) is a weak solution of in . It also implies that the whole sequence
{&,} converges weakly to A°Vug in L?(€); R¥*9).
Without loss of generality we may assume that & — & weakly in L2(2; R¥*9).
Note that

(&, V) = (Fi, ®) + (px, div(e)) (3.3.4)
for all ¢ € HL(;RY). Fix 1 < j,d < d and ¢ € CH(R). Let

ou(2) = (P) (@) + e (@/21) ) (o),

where X?*ﬁ (and Wf*ﬁ

with coefficient matrix (A*)*(z/¢), introduced in Remark|3.1.4. A computation shows
that

(&, Vo) = (A¥(x/er) Vg, V(P (z) + exx (x/er)) - ¥)
+ (AR (z/e) Vg, (Pﬁ(x) + 5kxl?*5(:v/5k))v¢>
= (VVuy, (A*) (2/ex)V (P (x) + exx ™ (2/r)))
+ (AF (/o) Vg, (P (2) + X (x/er)) V) (3.3.5)
= (V(Yur), (A*)*(x/ex)V (P () + ex ™ (x/&fk))>
— (V) ug, (A%)(2/e) V(P () + ;™ (w/ex)))
+ (G, (P () + X (w/2x) ) V).

used in the following) are the correctors for the Stokes systems

Since
_div ((Ak)*(x/gk)v[pf(x) + gkxf*ﬁ(x/sk)]) — v [ k*ﬁ(x/gk)] in RY,
it follows that the first term in the right hand side of equals
(r42a ), divbu)) = (25 (ofe) = w7 div(pu)
Using the fact that

div(vug) = Vi - up + g — Vb - ug + gy strongly in L*(Q)
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and by Proposition [3.3.1}
W?*B(.T/E) —][ Wf*ﬁ — 0 weakly in L*(2),
Y

we see that first term in the right hand side of (3.3.5)) goes to zero. In view of the

estimate
||5kX§*B($/5k>HL2(Q) < ngHX?*B”L?(Y) < C g,
it is easy to see that for the third term in the right hand side of (3.3.5) goes to

(&0, P/ V).
To handle the second term in the right hand side of (3.3.5)), we note that again
by Proposition |3.3.1},

VP (AN (x/e)V (P () + enxt (x/er))

converges weakly in L?(£2) to

lim [ VP (Ak)*(y)V(PB + Xf*ﬁ( ))dy = lim akﬁa = g

k—o0 v k—o0 Jr

where AF = (Akaﬁ ), A” = (a ?Ja %), and we have used the definition of matrices of
effective coefficients as well as the assumption that A* — A°. This, together with

the fact that uj, — ug strongly in L?(Q; R?), shows that the second term in the right
hand side of (3.3.5) goes to

ouy
o O,Ba _ OBa Y%

where we have used integration by parts. To summarize, we have proved that as

k — o0,
o ud
(6. V60 = (. 770+ [ 50,
Finally, since ¢, — wa weakly in H}(Q; R?) and F}, — Fj strongly in H~1(£; RY),
we have (Fy, ¢r) — (Fp, Pf@/J}. Also, since diV(Xf) =0 in R4,
(P div(en)) = (P, div(PV)) + (pr, ewx; (/) VD) — (po, div(P/v)).
Thus, the right hand side of (3.3.4]) converges to
(Fo, PJ) + (po, div(P}v)) = (&0, V(P}4)) = (&, Pﬁvw + (&0, ¥V P)),
where the first equality follows by taking the limit in with ¢ = Pﬂ Y. In view
of (3 we obtain

(3.3.6)

e [ 658 = (o uvEp)

Since ¢ € C3(Q) is arbitrary, this gives (&])j = a?fag%‘?, i.e., & = A°Vuy. The proof

is complete. O
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3.4 Homogenization for Neumann problems

The homogenization theory can be extended to Neumann problem of Stokes systems,
following by an analogous argument as in Section 3.1 for Dirichlet boundary value
problems. Here we state the main results.

The following theorem gives us the existence and uniqueness of weak solution for

Neumann problem of Stokes systems.

Theorem 3.4.1. Let Q be a bounded Lipschitz domain in R?. Suppose A(y) sat-
isfies the ellipticity condition . Let F € HY(;RY), g € L*(Q) and | €
H=2(0; RY) satisfy the following Neumann compatibility condition

/QF+/th:0. (3.4.1)

Then there exist a unique (u.,p.) € H'(;RY) x L2(Q) ( unique in the sense of up
to constants), such that (ue,p.) is a weak solution of and &= —p.-n=h on

Ove
0S), where g—gz 1s defined in and n is the outward unit normal. Moreover,

e[ 1 () + [Ipe — ]{)pellmm) < C{IFa-10) + llgllz2) + hllg-1r200) } 5 (3:4:2)
where C' depends only on d, p, and €.

Proof. The existence and uniqueness of weak solutions for Neumann problem of
Stokes system can be proved again by applying the Lax-Milgram Theorem. We
skip the details here. O

Remark 3.4.2. IfQ is C*! and A is a constant matriz, the weak solution (u,p), given
by Theorem is in H*(Q;RY) x HY(Q), provided that F € L*(Q;RY), g € HY(Q)
and h € HY?(95%; R?). Moreover,

ullmz@) + VPl L2@) < C{HFHLQ(Q) + gl ) + ||h”H1/2(BQ)}> (3.4.3)

where C' depends only on d, u, and §2 (see e.g. [24)]).

The following homogenization theorem of Stokes systems with Neumann bound-
ary condition also shows that the limiting solutions are solutions of Stokes system

associated with effective coefficients with the same Neumann boundary condition.

Theorem 3.4.3. Suppose A(y) satisfies ellipticity condition and periodicity
condition . Let Q be a bounded Lipschitiz domain. Let (u.,p.) € H*(Q;R?) x
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L*(Q) to be a weak solution of the following Neumann problem of Stokes system

L.(u:)+Vp. =F in €,
diV(u€> =g m Q7 (344)
Gua—ps-n:h on 052,
v,

where F € H'(Q;RY), g € L*(Q) and h € H~'2(0Q;R?) satisfying the Neumann
compatibility condition . Assume that fQ U = fQ p. =0, then as e — 0,

.

u. — ug  strongly in L?(Q; RY),

u. — ug  weakly in H'(Q; R?),

pe — po  weakly in L*(Q),

| A(z/e)Vu, — AVuy  weakly in L2(Q; R>?),

Moreover, [oug = [opo = 0 and (ug,po) is the weak solution of the homogenized

problem
Lo(ug) + Vpg = F in €,
div(ug) = g in €, (3.4.5)
%—po-n:h on 0S).
01/0

Proof. The proof will use the same approach as in the proof of Theorem (3.3.2] Let
& = A(x/e)Vu.. Note that || ||p2) < C. We say (ue,p.) is a weak solution of

Neumann problem (3.4.4]), if
<§57 v¢> = <F7 ¢> + <p€7 dlv(¢)> + <h7 ¢>H—1/2(8Q;Rd)><H1/2(8§2;]Rd)7 (346)
for any ¢ € H'(Q;R?). By Theorem we can extract a subsequence, still denoted
by {ue}, {p:} and {& .} such that
Us — U weakly in H'(Q;RY);
P- — Do weakly in L*(€);
£ — & weakly in L*(€; R%).
Similarly, as in (3.3.5)) of the proof of Theorem we choose
o(x) = (PL(2) +ex) (2/2)) v(),
where 1 < j,d < d and ¥(x) € C3(Q) are fixed. Similarly,
(€, V) = (V(uo), A"(2/e)V (P (z) + ex} (x/¢)))
(V) A (/)Y (PA(@) + X (fe)))  (34)
+ (&, (P (2) + e} (x/2)) V).
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Since

—div (A*(x/g)v[Pf(x) +ex? (x/g)D — —Vrf(zfe) R

it follows that the first term in the right hand side of (3.4.7)) equals

(r3% (2 /), div(du.)) = (r}%(x/e) — ]{/ w7 div(Yue)).
Using the fact that
div(vu.) = Vb - u. +1g — Vb -ug +1pg  strongly in L*(Q)

and by Proposition |3.3.1},
m;” (x/e) —][ w37 = 0 weakly in L*(Q),
Y

we see that first term in the right hand side of (3.4.7) goes to zero. In view of the
estimate
1ex;” (/)| 12(0) < CellX; |2y < Ce,

it is easy to see that for the third term in the right hand side of (3.4.7) goes to

(&0, P/VY).
To handle the second term in the right hand side of (3.4.7]), we note that again
by Proposition |3.3.1},

VP A*(x/e)V (P (z) +ex}’(2/e))

converges weakly in L?(£2) to

/ VP A (y)V (P! + X (y))dy = @),
Y

where we have used the definition of matrices of effective coefficients. This, together
with the fact that u, — ug strongly in L?(; R?), shows that the second term in the
right hand side of (3.4.7) goes to

oud
Aﬁa _ Aﬁa 0
/ a uO - / w axz )

where we have used integration by parts. To summarize, we have proved that,

e
oug

S (3.4.8)

(6 V) > (€0, PITYY + 300 / p 240
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Finally, since ¢ — Pjﬁw weakly in H}(;R?), we have (F,¢) — (F, Pfiﬁ) Also,
since div(Xf) =0 in RY,

(pe, div(9)) = {po, dv(P}9)) + (pe, ;" (2/2) Vi) = {po, div(P]')).
Thus, the right hand side of (3.4.6|) converges to

(F, P)) + (po, div(P/¥)) = (&0, V(P[)) = (&0, PYVY) + (&0, WV PY),

where the first equality follows by taking the limit in (3.4.6) with ¢ = Pf Y. In view

of (3.4.8) we obtain

oug
~Ba _ B
ol R )

Since ¢ € C3(Q) is arbitrary, this gives (fo)f = aj’?f%, i.e. we have prove that
50 = A\VUO
Taking limit in (3.4.6)), we see that
<Avu07 V¢> - <F7 ¢> + <p07 le(¢)> + <h7 ¢>H—1/2(8§2;Rd)XHI/Q(QQ;Rd)7

this implies that (ug, po) is the unique solution of Neumann problem

ﬁo(Uo) + Vpo =F in Q,

div(ug) = g in €,

%—po-n:h on Of).
GVO

satisfying fQ Uy = fQ po = 0. As a result we conclude that the whole sequence u, — u
weakly in H'(Q;RY) and p. — py weakly in L*(Q). O

Copyright© Shu Gu, 2016.
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Chapter 4 Convergence Rates of Dirichlet Problems in Homogenization

of Stokes Systems

In this chapter we study the convergence rates in L? and H! of Dirichlet problems
for Stokes systems with rapidly oscillating periodic coefficient, without any regularity

assumptions on the coefficients.

4.1 Introduction

More precisely, we consider the following Dirichlet problem for Stokes systems

»Ca(ua) + Vp& = F in Q?
divu. =g in Q,
U = h on 0f),

with the Dirichlet compatibility condition

/g—/ h-n=0.
Q o0

By homogenization theorem (Theorem [3.1.5]), we have shown that
u. — ug  weakly in H*(Q;R?),
and
pe = ][ Pe = po— ][ po  weakly in L*(Q),
Q Q
where (ug, po) € H*(;R?) x L() is the weak solution of the homogenized problem

/:()(Uo) + Vp(] =F n Q,
div(ug) = g in Q,
uy = h on 0f).

The main purpose of this chapter is to investigate the rate of convergence of |ju. —

|| r2(0) as € — 0, which is stated in the following theorem.

Theorem 4.1.1. Let Q be a bounded C*' domain. Suppose that A satisfies the

ellipticity condition (m and periodicity condition (1.0.4). Given g € H'()
and f € H*?(0Q;R?) satisfying the Dirichlet compatibility condition , for
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F e L?(Q;RY), let (u.,p.), (ug,po) be weak solutions of Dirichlet problems (5.1.10}),
3.1.11]), respectively. Then

||U5 —U0||L2(Q) S C€||UO||H2(Q), (411)
where the constant C' depends only on d, u, and €.

Theorem m gives the optimal O(e) convergence rate for the inverses of the

Stokes operators in L? operator norm. Indeed, let
T.: F € L2(Q) = u.,
where
L2(Q) = {F € L*(R?Y) : div(F) =0 in Q},

and u. denotes the solution of (3.1.10) with F' € L2(;RY) and g = 0, f = 0. Then
it follows from (4.1.1)) and the estimate ||uo| g2y < C||F||12(q) that

1Tz = Toll 2 ()—r2(0) < Ck,

where Ty : F € L2(Q2) — uo.

In this chapter we also obtain O(4/¢) rates for a two-scale expansion of (u.,p.) in
H' x L2. Let (x,m) denote the correctors associated with A, defined by (3.1.5), and
S, the Steklov smoothing operator defined by .

Theorem 4.1.2. Let Q be a bounded C*' domain. Suppose that A satisfies ellipticity

and periodicity conditions. Let (us,p:) and (ug,po) be the same as in
Theorem [{.1.1. Then

||u6 — Uy — é‘XESg(Vﬂ())HHl(Q) S C\/EHUOHH?(Q); (412)
where x*(x) = x(z/e) and uy is the extension of ug defined as in . Moreover,
iof fQ Pe = fQ po = 0, then

|[pe —po — {Wgsa(v%) —][

Q

where 7¢(x) = w(x/e). The constants C in and depend only on d, p,
and 2.

78 (Vilo) Iz < OVEluollmey,  (4.1.3)

For the known results, as we mentioned earlier, consider the Dirichlet problem for
the scalar elliptic equation L.(u.) = F' in a Lipschitz domain Q with u. = f on 0.
It is well known that

HUE — UoHLQ(Q) < Ce {HVQUOHLQ(Q) + HVUOHLC’Q(BQ)} . (414)
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To see (4.1.4), one considers the difference between u. and its first order approxima-
tion ug 4+ ex*Vug and let
Ve = Uz — Ug — X" V. (4.1.5)

To correct the boundary data, one further introduces a function w,, where w, is the
solution to the Dirichlet problem: £.(w.) = 0 in Q and w. = —ex*Vug on 0f). Using

energy estimates, one may show that
[0 — well () < Cel|Vuoll 2@

The estimate follows from this and the estimate ||w.||z=@) < Cel|Vuol| L= @0)
which is obtained by the maximum principle (see e.g. [31]). More recently, Griso
[26,27] was able to establish the much sharper estimate , using the method
of periodic unfolding. We mention that in the case of scalar elliptic equations with
bounded measurable coefficients, one may also prove by using the so-called

Dirichlet corrector. In fact, it was shown in [33] that

e — 1o — {@E - x}vuonHé(m < Celluol 20y, (4.1.6)

where ®.(z) is the solution of £.(®.) = 0 in Q with ®. = = on 99Q. In the case
of elliptic systems, the estimates (4.1.6) and thus (4.1.1) continue to hold under
the additional assumption that A is Holder continuous. Moreover, if A is Holder

continuous and symmetric, it was proved in |32] that
||Ue||H1/2(Q) < C5||Uo||H2(Q)- (4.1.7)

The approaches used in [32,33] rely on the uniform regularity estimates estab-
lished in [3,]37] and do not apply to operators with bounded measurable coefficients.
Recently, by using the Steklov smoothing operator, T. A. Suslina [55,/56] was able
to establish the O(e) estimate in L? for a boarder class of elliptic operators,
which, in particular, contains the elliptic systems L. in divergence form with coeffi-
cients satisfying the ellipticity condition a%ﬂ 5?5? > pl€|? for any & = (&) € R™*.
Since the correctors y may not be bounded in the case of non-smooth coefficients,

the idea is to consider the two-scale expansion
Ve = U — ug — ex"S(Vp), (4.1.8)

where S; is a smoothing operator at scale £ defined in (2.2.1)) and uy an extension of
up to R? (also see [45,46,(59] and their references on the use of S. in homogenization).

This reduces the problem to the control of the L? norm of w,, where w;, is the solution
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to the Dirichlet problem: £ (w.) =0 in Q and w, = —ex*S:V () on 0. Next, one
considers

he = w. — ex®0-S-(Vuy),

where 6. is a cutoff function supported in an € neighborhood of 9€). Note that h. = 0
on 00 and L.(h.) is supported in an e neighborhood of 9. This allows one to
approximate h. in the L? norm by hg, using an O(y/€) estimate in H' and a duality
argument, where Ly(ho) = L.(h) in Q and hg = 0 on 0f2. Finally, one estimates the
L? norm of hy by another duality argument.

In this chapter we extend the approach of Suslina to the case of Stokes systems,
which do not fit the standard framework of second-order elliptic systems in diver-
gence form. As expected in the study of Stokes or Navies-Stokes systems, the main
difficulty is caused by the pressure term p.. By carefully analyzing the systems for the
correctors (x, ) as well as their dual (gbgfj, qiﬁj), we are able to establish the O(y/€)
error estimates, given in Theorem , for the two-scale expansions of (u,p.) in
H' x L% This allows us to use the idea of boundary cutoff and duality argument in

a manner similar to that in [55].

4.2 Convergence rates for u. in H!

From now on we will assume that () is a bounded domain with boundary of class
CYl F e L2(;RY), g € HY(Q), and h € H*2(0Q;R?). We fix a linear continuous
extension operator

Eq : H*(Q;R?) — H*(R%:RY),

and let
60 = EQUO, (421)

so that 1y = ug in  and
U0l r2ray < Clluol| m2(e), (4.2.2)
where C' depends on 2. We introduce a first order approximation of wu,,
Ve = up + ex°S:(Vp).

Let (w.,7.) € HY(Q;R?) x L*(Q) be a weak solution of

L. (w:)+Vr.=0 in Q,
div(w.) = & div(x*S-Vi) in Q, (4.2.3)
we = ex"S:(Vig) on 0.
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We will use w. to approximate the difference between u. and its first order approxi-

mation v.. To this end, for 1 <4, 7, a, 8 < d, we let
BB () — o o ()9 (418 _ 508 194
ij (y) = Q;j (y) + ag, (y)a_yk(Xj ) — Gy - (4.2.4)

Note that b%ﬁ is 1-periodic. By the definition of x and A0 e L3(Y) satisfies

) Vg

/ bfjﬂ(y) dy = 0.
Y

and, for each 1 < «, 3,7 < d,

5 5 0 ox]"
b2 () = = (a®? oy J
ayi( i <y)) O, (az] (y)) + Dy, (azk (y) Dur
0, o ( .. opP" 0
_ ( ijﬁ’(y)) _ zkv(y) J —(Wjﬁ) (4.2.5)
0y y; Oyr, o
0
=5y,
Lemma 4.2.1. There exist @Zg € HY (Y) and qiﬁj € HY . (Y) such that
peP — i(@a@) + i(q@.) and @ = _p*f (4.2.6)
Ty M Oy Kij ikj- 2.
Moreover,
||(I>2iﬁj||L2(Y) + ||QZ||L2(Y) <C, (4.2.7)

where C' depends only on d and p.

Proof. Fix 1 < i,j,8 < d. There exist f = (f”) € H2,(Y;R?) and q;; € HL.(Y)
satisfying the following Stokes system,
B B __ 1B :
Afij + tij = bij in Y,

/fédyzo,
Y

where b’fj = (b?jﬂ ). We now define

0 0
‘I)ij(y) = 5—%(1;-‘3‘-5) - —i(f;?f)

28



ap
Ofij

Clearly, (IDZYZ € Hy.(Y) and (ng = —@f‘kg. Note that, by (4.2.5) and (4.2.8), /- €
H].(Y) satisfies
( af B af
A 8fij _ 0 an'j I abij
0y; Yo \ Oy; Oy
0 ( 5 Oay
= A 4.2.9
aya <7TJ ayz ’ ( )
i Gfgﬁ =0
L aya ayz e

. el . .
It follows by the energy estimates that % is constant. Hence, by (4.2.9)) we obtain

i
that

9 apy 0 B 0 0 Lap
OYr, () = aykayk(fij ) Oy (ayk<fkj )
0
_ pap B
_bij _8_%(Qij)'

Furthermore, since || Xf | vy < C, then

\|‘I’:§HL2(Y) + g 20y < CIBY |22
<,
where C' depends only on d and p. This completes the proof. O]

Remark 4.2.2. Recall that Wf and qu are both 1-periodic. By and the fact that

are’ . aq . :
(‘% s constant, we see that Wf and 8(25 differ only by a constant. Since fy 7T§5 =0,

we obtain the following relation,

od°
7'("8 = —qz]

. 421
= By, (4.2.10)

Lemma 4.2.3. Let Q be a bounded C*' domain. Suppose that A satisfies ellip-
ticity condition and periodicity condition . Given g € HY(Q) and
h € H32(0Q; R?) satisfying the compatibility condition , for F e L*(;RY), let
(ue, pe), (uo, po) and (we, 7.) be weak solutions of Dirichlet problems (3.1.1(}), (3.1.11)
and , respectively. Then,

||U5 — Uy — &erSs(Vﬂo) + wf—:”H&(Q) < C6|’u0||H2(Q)7 (4211)

where C' depends only on d, p, and €.
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Proof. Let
Ze = U — ug — xS (Vig) + we.

Through the construction of w, in (4.2.3]), we can easily observe that
div(z:) =0 in Q,

and

zz=0 on 0N.

Now we compute L.(z.), since
Es(us) - £8<u0) = £0<u0) - ‘CE<U’0) + V(Z?o - pE)?

then by direct computation and the definition of b%ﬁ (y) in (4.2.4) we have

a__a[ps_pO'i_Ta]_ 0 ~af  _af a_uoﬁ
(Le(2:))* = Oz 0z, [a’z‘j Q;j (1'/5)] O

_|_

0 ay i B a_ g oy 8 32275
o <@ik (z/¢) D [5Xj (q:/g)} Sea j) + 68@- (aik (x/€)x] (x/E)SEaxkaxj

_ O —potr] O ([a@/f — o (afe)] [a_“g _s aﬂ@])

81‘& (9% 4 8xj 6(9_%

0 (s oul 0 [ o " 92t
o (bij (x/g)ssa_%) +€8xi (aik (/e)x; (I/g)seaxkaxj -

Using Lemma [4.2.1], we may write

0 (s dig\ 0 0 of 0 5 oul

_|_

=L+ L.
(4.2.12)
Since (ID‘,;@ = —@fki, we see that
0 Oy’ 0 0%y
I = 0 —e— | o 0
1 axlaxk (5 kzg(x/g)SE axj ) Eaxi < kzg(x/g)ssaxjaxk
0 0%y
- _ i 0| .
gaxi < kij (Z’/E)SE (9138@)
For the second term in the RHS of (4.2.12)), we have
o (0 iy 0 oy
Iy = —— B 0 ) - = | &g’ ; 0
= ( A A ]) " (q (2/2)5. 5 a%.)
(4.2.13)

=I5 —

o [ 4 0%y
oz <6qij(x/6)568$08$j '
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In view of (4.2.10)), for the first term on the R.H.S. of (4.2.13]), we obtain

. 0 8 8ﬂg o 82~B
I3 = Bz, (Wj (x/e)S: 8@-) + . (5%(:5/6) 92,0, (4.2.14)

Putting altogether, we have shown that z. satisfies

o , ou 4 0y
(Lo(2))" + o <p€ —po — T, (x/e)Sga—% — Eqij(x/s)Sgaxjaxi + 7.

:Saii<[ Y(x/e)x) (x)e) — ‘1355(‘”/5)] 83;:1%)

o [ 4 0%y
€ T <q2]<x/€)’s€a$aa$]

R Gl =) |

Since 2. € H}(Q;R?) and div(z.) = 0 in €, it follows from (4.2.15) by the energy

estimate (3.1.3)) that
2
c [ 1vafde < [ |[x(w/o)]+10G/2)]8.(9%T0)] ds
Q Q

4 e /Q ‘q(x/s)Sg(VZﬂo)Fdx
+/Q‘vu0—sa(vao)]2

Now we apply Propositions [2.2.112.2.2 as well as (4.2.2). This gives

(4.2.15)

dz.

IVzellza) < Cc (Ixllzzery + 1@l 2y + llallzzry + 1) V70| 2 ra)
< Ce|| V2t || 2 (rey
< Cel|uo|| g2 0
where C' depends only on d, p and 2. Hence we have proved the desired result,

2|3 ) < Celluollm2(o), and completed the proof. O

We choose two cut-off functions 6.(z) and 6.(z) in R? satisfying the following

conditions,
0. € C(RY), supp(d.) CQ., 0<0.(x) <1,
SR, supp(6) (x) 16)
95|89 = 17 |V95| < 5/57
and _ _ _
0. € C(RY), supp(f.) C Qo., 0<6.(z) <1,
(RY), supp(f:) C 2 (z) (42.17)

f.(x) =1forz €., |VO.|<F/e.
Now we are ready to give the proof of the H' convergence in Theorem m
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Proof of estimate (4.1.3). Lemma have shown that
[ue = uo = ex"5: (Vi) + we |y () < Celluoll w2,

therefore the problem has been reduced to estimating w. in H'. Notice that by the
energy estimate (3.1.3) and since div(y) = 0, then
lwell () < CellXSe (Vi) |12 00 + Celldiv(x"S:Viio) || r2()
< Cell0x"5:(Vao)[| @) + CellXTV S (Vo) || 2(«)-
For the first term on R.H.S. of , using the properties of cut-off function 6. in
(4.2.16]) we obtain
[0-x"S:(Vuo) |50y < IXS(Vuo) I r2@) + [(VO:)x"S:(Viio) || r2(q)
+ e H0(VX) S (Vo) [| z2(0) + X S=(VZ0)[| 22
< IXS=(Viio) [l 2(@) + IX*S: (Vo) | L2
eI S(Vito) 220y + (V)" S(Vio) |2 } -

(4.2.18)

(4.2.19)
Plug (4.2.19)) back into (4.2.18]),
Jwell o) < Ce {IIx"S=(Vo)| 2 + IX° S (Vo) || 120 }
+ C{lIx*S-(V) | 20y + (VX)) S= (Vo) || 120y } (4.2.20)

~ ~ 111/2 ~ 111/2
< C5||U0||H2(Rd) + C\/g||vuo||L/z(Rd)||VU0||};1(W)
< CVelltol| g2 (ray,

where in the second last inequality we have used Proposition for the first brace

and (2.2.3) in Lemma for the second. Therefore, by (4.2.2)) we see
[[ue —uo — ex™5: (Vo) 1) < [12:llm@) + lwellme)
< CVelluolluz (o),
where C' depends only on d, u, and 2. This completes the proof. n

4.3 Convergence rates for the pressure term

To prove estimate (4.1.3)), we first recall that if (u.,p.) € HY(;R?) x L2(2) is a weak
solution of the Stokes system (3.1.10f), then

o — ][ Pl < ClIVp iy
9]

(4.3.1)
< C{IFlas@ + e }-

where C' depends only on d, i, and € (see e.g. [58]).
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Proof of estimate . Since we are assuming

/psz/p0:07
Q Q

by applying (4.3.1)) to system (4.2.15)), we see that
Hps — Po— (7T€S€Vﬂ0 + gqg‘SEVZﬂO - Tz—:)
— ][ (WESEV% + €q€SEV2€L/O — Ts) HLQ(Q)
Q

< C|V [pa —po — 7S (Vi) — eq°Se (VQQO) + Tg] |10 (4.3.2)
< OVl z2@) + CISe (Vo) — Vol 2
+Ce ||(Ix°] + 2% + 1¢°]) S (Vo) || o

< Cellug || m2(,

where the last inequality follows from the proof of Lemma|4.2.3. Note that by Propo-

sition and (4.2.2)),

llg° 5. (V?Tp)— ][ 5. (920|220
Q

~ 4.3.
< Ce|ltol| 2 (ma) (4.3.3)

S C€||u0||H2(Q).

Also, since (w,, 7.) is weak solution of system (4.2.3]), and we applying (4.3.1) again

to obtain

n%—fmm@scwmmqm
Q
S C||VwEHL2(Q)
< CVellwollmz(,

where the last inequality follows from (4.2.20) and (4.2.2). By combining (4.3.2)),
(4.3.3) and (4.3.4), we have proved that

Ipe =0 — [w°5. (Vi) -

Q

(4.3.4)

7S. (Vo) | 20y < CvE luollieqoy.

This completes the proof. n

4.4 Convergence rates for u, in L?

To establish the sharp O(g) rate for u. in L? in view of (4.2.11)), we have already
shown that

|ue — 1o — ex®S=(Vig) + we || r2(0) < Cellug|| a2 (0)-
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By using Proposition and (4.2.2)) once again,

[x*S: (Vo) || 22) < Clix 2oy | Vo] 22 ey
< Clluo ||l g0

Therefore,
lue — wol|z2(0) < Cclluol|m2() + |wellL20), (4.4.1)

and it remains to estimate |w.||z2(q)

Lemma 4.4.1. Let Q be a bounded CY' domain. Suppose that A satisfies ellip-
ticity condition and periodicity condition (1.0.f). Given g € H' () and
h € H3?(0;R?) satisfying the compatibility condition , for F € L*(Q;RY),
let (ue,pe), (uo,po) be weak solutions of the Dirichlet problems (3.1.1(}), (3.1.11),
respectively. If 55 is the cut-off function defined as in , then

lJue — o — (1 — XS (Vo) || () < CVE|uol| 2, (4.4.2)

and

Ip- — po — [(1 — 978, (Vi) _][

8. (vao)} 2@ < OVElluoll ey, (4.4.3)
Q

where C' depends only on d, p, and S2.

Proof. We use the same argument as we did for (4.2.19) in the proof of (4.1.2)) to treat
the extra term 6.y 5. (Vi) and 0.7 5. (Viy), with 6. replaced by 0.. Explicitly,

el|6=x" S (Vo) || 11() < CellX*S=(Vlo)l| 2(0) + CllXS(V?E0) | L2(00)
+ O {IIx" S (Vo) 2 (2e) + 1(VX)*S(Vitg) |
< CVe|luoll g2
where we have used Lemma |2 and Proposmon 2.2.2] for the last inequality. This,
together with the H! convergence , gives us the estimate (4.4.2]).

Similarly, using Lemma [2.2.3] we see that

12(2) }

1/2
167 S Vo[ 120y < C (/~ |7rESE(V170)|2dx)
QZS
< OVE|Im oty IV Tl 1 gy | VTl 1

L2(Rd)
< C\/E”UOHH?(Q)

Combining with estimate (4.1.3]), gives us the proof of (4.4.3]). O
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Proof of Theorem [1.0.5 In view of (4.4.1)), it suffices to show that
[wellz2(@) < Celluoll a2 (o) -

Furthermore, let
¢a = 595X855Vﬂ0-

Since ||¢c||2@) < Celluol|p2(), it is enough to show that

17el2(0) < Celluolm2(@). (4.4.4)

where 7. = w. — ¢..
To this end, we first note that by the definition of (w., 7.) in (4.2.3)), the functions
(1, 72) € HY(Q;RY) x L2(Q) satisfy

L)+ V1. =—L(¢e) in Q,
div(n.) = ediv((1 — 0.)x*S-Vuy) in €, (4.4.5)
Ne = 0 on 0f).

additionally, we let (1o, 70) € Hg(€; RY) x L2(2) be weak solution of the corresponding

homogenized problem

,Co(T]()) + VTO = —£5(¢5> in Q,
div(ng) = ediv((1 — 0.)x*S-Vuy) in €, (4.4.6)
Mo =10 on Of.

To estimate 7. — 1, we consider the following duality problems. For any H €
L2 RY), let (pe,0.) € HY(Q;RY) x L*() be the weak solution of

L:(p:)+Vo.=H in Q,
div(p:) =0 in €, (4.4.7)
pe =0 on 012,

and (po, 00) € (H2(;RY) N HY(Q;RY)) x HY(Q) be the weak solution of

ﬁ(’;(po) + VUO =H n Q,
div(pg) =0 in Q, (4.4.8)
po=10 on 0f),

/052/0020.
Q Q
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Here we have used the notations: £: = —div(A*(z/e)V) and L = —div(;l\*V) to
denote the adjoint operator. We note that Lemma continues to hold for £}, as
A* satisfies the same conditions as A. Also, by the W?2? estimates (3.1.4)) for Stokes

systems with constant coefficients in C*! domains,

lpoll 20y + llooll ) < C |1H || L2(q)-

As a result, we have

1= = po — (1 = 02)X"S= (Vo) @) < CVelpoll e

(4.4.9)
< CVellH| 2,

and

||O’5 — 0g — (1 — 95)71'*855 (Vﬁo) - ][ 7*655 (Vﬁo)] ||L2(Q) S C\/g||H||L2(Q), (4410)
Q

where (x*, 7*) denotes the correctors associated with the adjoint matrix A*.
Let U = —L.(¢.), and

' =div(e(l — 6.)x*S-Vuy).
Note that by (4.4.5), (4.4.6)), (4.4.7) and (4.4.8]),
/QH (e —mo) = (¥, p- — P0>H—1(Q;Rd)ng(Q;Rd) - /QF(Us — 09)

:J1+J2.

(4.4.11)

For the first term of the R.H.S. of (4.4.11)), because ¥ € H~1(Q2;R?) is supported in
QE, and 1 — 55 =0in QE, we obtain
Ji = (¥, p. — po — (1 — 0)X"=S. (Vo)) i1 ety 1 () -
Therefore,
| S| < ][ a-1@llpe = po — e(1 = 0:)X™S: (Vo) | 1)
< Celluollm2o) |1H | z2(0)

where the second inequality follows from (4.4.9), and the last inequality follows from
the analog of (4.2.19) (with @; replaced by 6.). For the second term of the R.H.S. of

(4.4.11)), we recall that div(x) = 0. Hence,

00, . oul of FoRe
= —58—%Xj (m/é)Ssa—xj +e(1 = 0:)X; (x/g)Sea%axj
=T 41T,
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Since fQ I' =0, for any constant F,

ng—/F(aa—00+E)
0

= —/[Fl +F2](0'5 —O'o+E).

We split J, as two integrals, for the first integral, again since 1 — 55 =0in QE and I'y

is supported in ﬁg, just as we did for J,
_ / Ty(0. — 00+ E) = — / ) (02— 00— (1 - 8)7°5. (Vi) + ).
Q Q

Now, if we choose the constant E as E = f;, 7S, (V ), then

‘ /er(aa — 09 +E)'
e

< CIT1ll 2@,y VEIH lz2(0)
< C(Velxll Lz IVt |l i way) (VeI HI| 22 ()
< Celluo |l g2 o) |1 H || 2(0),

(4.4.13)

where we have used (4.4.10)), (4.2.2)) and Lemma m For the second integral in Js,

we have

/§2F2(05—00+E)’

< [ITall2(@lloe = o0 +7[ mS: (Vo) |20
Q

(4.4.14)

< Celluoll 2 |1 H || 2 (),

where for the last inequality we have used the fact
. = o0 + f 5. (V) 2
Q

< lo=llz2) + lloollz2) + |l ][ 7S (Vpo) [l 2 ()
Q

Therefore, by combining (4.4.12)-(4.4.14)), we have proved

/QH'(ns—no)

< Cellug||m2(l| H |12y for any H € L*(Q;R?). (4.4.15)
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By duality this implies that

7 — ol 220y < Celluol|m2(q).- (4.4.16)

Finally, the problem has been reduced to the estimate of |[7||z2(q). This will be
done by another duality argument. Let (pg, 0¢) be defined by (4.4.8). Then we split

the following estimates by three parts

/H'Uo
Q

= ’(‘1’700>H1(Q;Rd)ng(Q;Rd) - / Log
Q

/ ' oy /FQUO
i Q

where W, I',I'; and I'y are as denoted above. Notice that again by Lemma and
through the same argument of (4.2.19)), we have

(4.4.17)

< KW, po) a1 (urey < 3 (| T +

=K+ Ky + K3,

Ky < V|- @llpoll (0.
< Clebx"S= (Vo) |1 () VEl poll a2 ()
< C(Velluoll a2 ()) (Vellpolla2)

< Celluol a2 1 H || L2 ()

(4.4.18)

where we have also used the first property (2.2.2) of Lemma in the second

inequality to obtain
ool ) < CVellpoll r2o)-

Similarly, by Lemma [2.2.3 we see that

Ky < ||P1||L2(§E)||UO||L2(QE)

< OVl Lz ol 2 ) (Vo sy (4.4.19)
< Celluoll 2@ 1 H || 2 (0

and
K3 S ||F2||L2(Q)||O-O”L2(Q) S O€||U0||H2(Q)||H||L2(Q) (4420)

By combining (4.4.17))-(4.4.20)), we obtain

=

which, by duality, leads to

< Celluoll 21 H || 2 (2,

1m0l 22(0) < Celluol| m2(q)- (4.4.21)
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Hence we have proved that

||U}5||L2(Q) <. — 770||L2(Q) + ||770||L2(Q) + ||¢5||L2(Q) (4.4.22)

S CE||u0||H2(Q).

Therefore the proof of Theorem [1.0.3]is now complete. O]

Copyright© Shu Gu, 2016.
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Chapter 5 Convergence Rates of Neumann Problems in Homogenization

of Stokes Systems

In this chapter we study the convergence rates in L? and H' of Neumann problems
for Stokes systems with rapidly oscillating periodic coefficient, without any regularity

assumptions on the coefficients.

5.1 Introduction

More precisely, we consider the following Neumann problem for Stokes systems

»Ca(ua) + Vp& = F in Q7

div(u:) =g in Q,

aus—ps-n:h on 0f),
v,

with the Neumann compatibility condition

/F—i—/ h =0.
Q 19)

By homogenization theorem (Theorem [3.4.3), we have shown that
u. — ug  weakly in H*(Q;R?),

and
Pe — ][ De — Do — ][ po  weakly in LQ(Q),
0 Q

where (ug, po) € H*(€;R?) x L?*(Q) is the weak solution of the homogenized problem

,Co(Uo) + vpo =F in Q,

div(ug) = g in Q,

%—po-n:h on Of).
8V0

The main purpose of this chapter is to investigate the rate of convergence of ||u. —

uo| r2(Q) as € — 0, which is stated in the following theorem.

Theorem 5.1.1. Let Q be a bounded CY' domain. Suppose A satisfies ellipticity
condition (1.0.9) and periodicity condition . Given F € L*(Q;RY) and h €
H'Y2 (00 RY) satisfying the Neumann compatibility condition , for g € HY(Q),
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let (ue,pe), (uo,po) be weak solutions of Neumann problems . (54-9), respec-
tively. Then

[ue = ol r2) < Celluollm2(@), (5.1.1)

where the constant C' depends only on u, d, and €.

In this chapter we also obtain O(4/¢) rates for a two-scale expansion of (u., p.) in
H' x L?. Let (x,7) denote the correctors associated with A, defined by (3.1.5)), and
Se the Steklov smoothing operator defined by ([2.2.1)).

Theorem 5.1.2. Let Q be a bounded C*' domain. Suppose A satisfies ellipticity

condition and periodicity condition . Let (uc,p:) and (ug,po) be the
same as in Theorem (5.1.1). Then

I|U5 — Uy — 5)(855 (Vﬂo) ||H1(Q) < C\/g||U0||H2(Q), (512)

where x*(x) = x(z/e) and uy is the extension of ug defined as in . Moreover,
if [qpe = Jqpo=0, then

Hpg — Po — [’/TESE (Vﬂo) — ][ 7-‘-855 (Vﬂo)] ”LQ(Q) S O\/EHUOHHz(Q)a (513)
Q

where 7 (x) = w(x/e). The constants C in and depend only on p, d,
and €.

The problem of convergence rates has been playing an essential role in quanti-
tative homogenization. Most recent work on the problem of convergence rates in
periodic homogenization may be found in [26(-28] 31,32, 35,4446, 51} 52,[55,56] and
their references.

As we mentioned earlier, for the known results on L? convergence rates, there are
relatively fewer results in the case of the Neumann boundary conditions than Dirichlet
cases. Consider the Neumann problem for the scalar elliptic equation £.(u.) = F in
Q) with g—zz = 0 on 012, the estimate

lue — uol|2) < CellF ||l g2

was proved by Griso [27] for C1! domains with bounded measurable coefficients using
the “periodic unfolding” method [14L[15], and it was also proved in [42] for curvilinear
convex polygons € in R2. For the system case, consider elliptic systems L. (u.) = F
g:jj = g on 019, C. Kenig, F. Lin and Z. Shen [32]
have shown that the estimate continue to hold in bounded Lipschitz domain

in  with Neumann condition
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2, under additional assumption that A is Holder continuous. The approaches used
in [32] were based on the explicit computation of conormal derivative of v. and uniform
regularity for the L? Neumann problem obtained in [36,37]. Here v, = u.—ug—ex*Vug
is the discrepancy between solution and its first order approximation. Moreover, if
A is Hoélder continuous and symmetric, it was proved in [32] that [|vc|[pi/2iq) <
Cel[uoll2(0)-

However, the method used in [32] does not apply to operators with bounded
measurable coefficients, since the correctors xy may not be bounded. Recently, by
using the Steklov smoothing operator, T. A. Suslina [55,[56] was able to establish the
O(e) estimate in L? for a broader class of elliptic operators, which, in particular
contains the elliptic systems L. in divergence form with coefficients satisfying the
ellipticity condition a?jﬁ 5?535 > p|€]? for any & = (£2) € R™*?. Consider the following

discrepancy between u. and its first order approximation ug + ex*S: (V)
Ve = ue — ug — ex°S: (Vi) , (5.1.4)

where S, is the Steklov smoothing operator at scale € defined in and uy an
extension of ug to RY (also see [45,46,59] and their references on the use of S. in
homogenization). Relying on the sharp convergence rates for the whole space R¢ and
the estimate on the boundary layer corrector term, the O(y/¢) convergence in
H'! can be obtained. The O(g) estimate in L? then can be deduced by applying the
estimate to an adjoint problem and a duality argument.

In this chapter we extend the approach of Suslina to the case of Stokes systems,
which certainly do not fit the standard framework of second-order elliptic systems in
divergence form. As expected in the study of Stokes or Navier-Stokes systems, the
main difficulty is caused by the pressure term p.. In contrast to [55,56], we will use a
more direct approach that does not require the convergence rates in the whole space
R and thus we may avoid the estimates of boundary layer correctors. Like we did
for Dirichlet problems, by carefully analyzing the systems for the correctors (x, ) as
well as their dual (¢g£., q;-gj), we are able to establish the O(y/¢) error estimates for
the two-scale expansions of (u.,p.) in H' x L?, given in Theorem delivered by

the following key intermediate step.

‘/A‘SVUE . Vgp‘
Q

< Clluoll (e [Idiv(e)llza@ + 21Vl 2, + el Vollz@)]

for any ¢ € HY(Q;R?), and Q. = {z € Q : dist(x,00Q) < €}. This may allow us to
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apply this O(1/) estimate to solutions of adjoint problems, and further obtain the
O(g) estimate in L? by a duality argument.

We may now mention the potential applications of these results. Inspired by recent
paper of Shen [51] on systems of linear elasticity, we expect to establish the boundary
Lipschitz estimates in C** domains for Neumann problems of Stokes systems with
rapidly oscillating periodic coefficients, using convergence rates in H' and L? rather
than using the compactness method. We may also use the result to investigate the C'*,

WP and LP estimates in C'' domains with VMO or Holder continuous coefficients.

5.2 Convergence rates for u. in H'

From now on we will assume that ) is a bounded domain with boundary of class
CYl F e L*(Q;RY), g € HY(Q), and h € HY?(092; RY). For simplicity, we let

Ve = ue — ug — xS (Vi) (5.2.1)

to denote the difference between u. and its first order approximation uy+ex©S:(Vuy),
where 1 is the extension of ug in R? defined in (4.2.1)), S. is the Steklov smoothing
operator defined by (2.2.1)). In order to show

[vel[ ) < Clluollm2(0),

for 1 <1i,j,a,8 <d, we once again let

) X oy o O ~a
b ) = aif ) + il ) -(G7) -~

be the 1-periodic function defined in (4.2.4)), and let (ID‘,:Z@, qu be the functions been

introduced in Lemma (4.2.1). We will use the next lemma to show which system

should v, satisfy.

Lemma 5.2.1. Let Q be a bounded C*' domain. Suppose A satisfies ellipticity con-
dition (m) and periodicity condition . Given F € L*(;R?) and f €
H'Y2(0Q; R?) satisfying the compatibility condition, for g € HY ), (ue,p.),
(uo, po) are weak solutions of Neumann problems and , respectively. If
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v 18 defined as , then v. satisfies
( a a[ e pO] 8 ~af3 8&0 3u€
(‘CE (U€)) - axa + axl <|:a1] (I’/c‘:):| ax] axj

0 [ o 8 0%y 0 (o oy ‘
i i € b;; £a Qy
+ gaxi (azk (fL‘/E)Xj (..'L'/(“:)S 8$ka$] + ax,Z 1) ('CE/E)S ax] m

Uy

div(v.) = —ex;”(w/e)S. in {1,
J *01,01;
v\ B o B 85@ 8ug
(81/5) = nalp: po] i [aij @i <$/€)} [SE Oxj  Ox;
0? uoﬁ af 8ﬂ€
— n;b™ — Q.
\ — eniag) (x/e)x] Bx/e)S.  Drd, niby; (v/€)S: oz, on 0
(5.2.2)

Proof. Since div(u.) = div(uo), and recall that div(x) = 0, hence
2P
div(v.) = —5)(%(90/5)5E axaa(;j.

Now we compute L.(v.), by using the definition of b,

_ y
(Lelve))" = _a[(;TapO] - aii ([a%ﬁ - a?f(x/s)] gm(;)

0 [ o O 1 s oy O [ o ” R

+ 5 ( (/)5 [ @) S | g | a0/ (wfe) S
_ Ip- — po] 9 ~af of 8175 8u€
B Oxq * Ox; [aij i (x/g)] > dr;  Ox;

258 U
+58ii< (z/e)x](x/e)S ai(;;j) +a%i (bfﬁ( /€)S. 8$j>

Then we deal with the conormal derivative of v., similarly, we have

(gi)a _ nz’a?f(x/g)% _ nf?f guo n, [&%ﬂ _ a?jﬁ(x/e)] g—f
_ niaw(:v/E)ai(ﬁX] (I/5>>S€Z_Z§ eniag, (z/€)x; (afe)S. aakgi]
= o [pe — po] —n [agﬁ - a?ﬁ($/€)} {Sagix(; - 2%]
— enay (z/e)x 1% (x/€)S aakggj - nibf‘jﬁ(as/e)S&g—Zj-

Therefore we have given the system v, satisfied.
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We choose the same cut-off function 6.(x) as in Section 3.1, i.e. it satisfy the

following conditions,

0. € C3°(RY), supp(f.) C Q., 0< 0.(x) <1,
Olon =1, |VO.|<k/e.

Lemma [2.2.3] and the following lemma will be served as key ingredients in the proof

of the convergence rates in H'.

Lemma 5.2.2. Let v, be defined as in . Then, for any € H'(;RY), we

have the following estimate
(v, )| < Clluoll ey [I1div(@)llz2) + e 2IVelliz@) + el Vel (5.2.3)

where the constant C' depends only on u, d, and €.

Proof. For any ¢ € H'(€;R%), by Lemma and integrating by parts,
OvP D™ ov.\ "
= [ o =X (Lo(v)* o e) Lo
oo = [Pl GEGE = [ ey [ (G2)

oy ug | D

_ _ iv(p) — [ [a*f — a2’ ) .

= /Q(p‘E po) div(ep) /Q[a” a;; (I/E)} |:Sg oz, &E]} oz,

2~ ~B [}

—E/a(ika(l'/f) %(x/e)S. e /b%/s(x/g)sa_@uo 07
Q Q

0z, 0x; O, dx; Ox;
(5.2.4)
By Lemma [4.2.1] we may rewrite the last term in R.H.S. of as
Oty D™
B -0
/Qb” @/2)5 50 o,
) ol O™ ) Oty D
— (bOA,B Sg 0 _/ ~70
/ oz, (6 k”(a:/a)) Ox; Ox; q 07, <€q”<x/€)) 8:6] 8;1:1
- Rl + RQ.
(5.2.5)

For the first integral Ry, we integrate by parts,

_ 0 0p° 0y 0"
R, = —8/98—% ( km(x/ €)S: ) o, +€/Qq)’”](x/€) * O 0x; Ox; (5.2.6)

= Rla + Rlb-

The second term Ry, can be dealt in the same way as for the third term in ([5.2.4)),

but we will need a more delicate way to treat Ri,, recall that 1 — 6. = 0 on 0f),
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therefore

_ . [9 o O
Rla - Z':/Q 81’].3 <[96 + - }q)lm] (I’/ ) ) 0377,
_ i aﬁ 8u0 aSpa

82 Oéﬁ a;&jo o

B 0 of duy \ Op®
- 6/{28$k< (I)kz]<x/) ) 83:/

where the second term in the second equality vanish since ® is anti-symmetric. Sim-

(5.2.7)

ilarly for Ry, we split the integral into two separate integrals after integrating by

parts,

_ 0 [ s Juy | 0 / Oy 0y
= 8/@ O, <Qij(x/€)5 896]’) Jx; te | diw/os. “Oxy0x; O (5.2.8)

= Ry, + Rap.

Again, it will need some effort on the term Ray, recalling that 1 — 6. = 0 on 0f,

d ou’\ 9p°

Ryy = — /8% ([9 +1-— G}QU(x/g) 5 0) 8‘;
B o 0\ 0¢
e[ s ) 2
T / ) (w/0)5. 2 (5.2.9)

c 01,0; 4\r/e 8x]~ 7 o
B 0 8 Oty \ 0p°
= 8/98—% (96%'@/5)558—%) oz,

aﬁ
_ 5/9 aii ((1 - ee)qg(x/g)sgg—;» div(e).

By remark 4.2.2 more precisely that,

~B

Ra, = [ |5 ahte/e) = (1= 0)m)(a/2) 8. 52 vl

0%, 0 oty \ 0¢°

- —0.)¢’ = 6. Zh ) 27
/Q £| (1= 045 (@/2)S. 5 mjdw( )< /Q T <0€qw(x/5)35 mj) o
(5.2.10)

46



Therefore, we have updated as
a(ve¢) = L] + Blgl + Llgl,  forany in H'(QRY,  (5.211)
where [y, I, and I3 are defined by
el = [ o= = [(1= 607"  e6.471S.(V0) — (1 — 67 S.(V) |div();
hlgl = [ [e5:v7w)] - Vo -+ [ [@° = a5)5.9%0)] - v
- [ A 4)(5(90) - Vu)] - Ve

Ll = — / [v(geacpfsg(vao))] Vg — / [v(eegqfsg(vao))] V.
N N (5.2.12)
For the estimate on I, by the energy estimate and Proposition we use
Holder’s inequality to obtain

|11[S0]| < C||U0||H2(Q)||diV(90)||L2(Q)- (5.2.13)

Also, by Proposition [2.2.142.2.2] (4.2.2)), and Holder’s inequality, we can obtain that

|Lle]] < Ce ([IIxllzevry + 1@l 20y + gl vy + 1ol mr2ray) Vel 2

(5.2.14)
< Celluoll 2 [Vl L2 (@)
For I3, since supp 6. C ?25 and again by Holder inequality, we have
[I3[p]] < C (‘|5‘95q€S€(V60)||H1(Q) + ”geeq)ssa?(VﬂO)HHl(Q)) HVSOHLQ(Qe) (5.2.15)

< C(My + M) ||Vl 120,

The term M; and M, are treated the same way as we did in (4.2.19)) for Dirichlet
problem, indeed for M,

My = €l|0.¢°S- (V)| 1 (o) < CE{HC]ESE(V?NLO)HL%Q) +[(VO:)q" S (Vo) || 22 (o)
+ =0V S- (Vo) 2@y + 1o S (V20 1200 |
< Ce {|l¢°S=(Viio) [l 220y + la°S= (Vo) 22(0 }
+ C {6 5.(Vito) | @) + (V) S-(Vito)l (s, }
< Cel|tio| g2ray + CVelTol| g2ray
< CVel|tio || r2(ray,
(5.2.16)
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where we have used Proposition and Lemma for the second last inequality.

We can treat M, as the same manner,
M = €|6-2°5: (Vo) (o) < Cg{HCI’gSe(Vﬂo)HL?(Q) + [1(V0e) S (Vo) [| L2 ()
+ 0V R) (o) 120 + 10754 (V20) 1200 |
< Ce {078, (Ve + 187520900 |2}
+ € {19°S(V )l oy + (VOISV}
< CVellto|| 2 ey,

(5.2.17)
Substituting (5.2.16))-(5.2.17}into ((5.2.15)), by (4.2.2]), we have proved that
[ I[]| < 051/2HU0HH2(Q)||VSOHL2(Q€) (5.2.18)

Therefore, by gathering (5.2.13), (5.2.14)) and (5.2.18]) together, we have proved

|z (ve, 0)| < Clluoll a2y [lldivie)llz20) + €21Vl 2@) +ell Vel @]

where C' depends only on d, u, and ). m

Proof of estimate (5.1.2). We will now prove (5.1.2)) by energy estimates. Notic-
ing that by Lemma and (4.2.2)),

If we choose ¢ = v, in Lemma [5.2.1] therefore by ellipticity condition ((1.0.3)), (5.2.3))
and (5.2.19)), we see that

IVvelF2i0) < Clluolluzy (€2 1V el 200 + el Vel 2 @)

This implies the desired convergence rate in H*!,

[vell 1) < CVelluoll m2e), (5.2.20)

where C' depends only on d, u, and €. O

5.3 Convergence rates of the pressure term

Before proving (5.1.3)), once again we recall that if (u.,p.) € HY(Q;R?) x L*(Q) is a
weak solution of any Stokes system ((1.0.2)), then

Ip. — ][ Pl < 1Vl
<C {HFHH*(Q) + HuanHl(Q)} )

where C' depends only on d, u, and €.

48



Proof of estimate . To prove the desired estimates, we need a more precise

calculation of the pressure term associated with v, in system ([5.2.2)). Recalling from
Lemma [5.2.1] that

(Lo(ve))” = _E)[;T_apo] + 8% ([aaﬁ — a%ﬂ(x/a)} {Sggiz _ g_;fD

d 2Tl d Uy
P S —20 in Q
o ( o/epg (w/2)5e, kax]> oz, ( y @/e)seg, )
(5.3.1)
Using Lemma [4.2.1] we may rewrite the last term on the R.H.S. of (5.3.1)) as

0 [ s dig\ 0 0 af 0 5 oy
%G“Wm%ﬁ‘mO@k%ﬂﬁﬁaﬂ%W@&%;

= N; + Ns.
(5.3.2)
Since @Z‘g @f‘kﬁ], we see that
9? diy” d 9%
Ni= Ox;0xy, ( k”(x/ £)S Oz, ) _58@ ( k”(x/ £)5 &'L‘j@xk
R 0%,
- 81, <®k1] (x/5)55 81']833]9 :
For the second term in the R.H.S. of , we have
o (0 g 0 0%y
Ny =L S ae)s. 20 ) 0
Q%A%$MWW%D %&mk> w)
Vs (5.3.3)
0 o°u,
= N3 — s ; 0.
3 61’1 <€qm(l’/€)5’ axaax])
In view of (4.2.10)), for the first term on the R.H.S. of (5.3.3]), we obtain
0 o 0 0%,
N3 = g 0 )+ — 0|,
* Bz, (79 (/)3 axj> oz, (‘%(‘”/ )55 ja:m-)
Substituting N; — N3 into ([5.3.1f), we see that
o 0 5 o, 5 0%y
(Le(ve))™ + 7. (ps —Po— T, (5’7/5)558—1,3 - 5%‘(95/5)55 8xj(9(:)vi
0 0y
= o
5%G (/o (w/2) - O (w/2) | 9 %M>
0 [ s 0%y 0 ([eap s ouy ., Oy
- Ea—xi (%‘j(x/g)SEaxaaxj oz [a — Gy (55/5)] 8_1:] - Sea—xj .
(5.3.4)
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By applying 1} to system (|5.3.4]), and recall that fQ De = fQ po = 0, we see that

[wssa(vao) + squa(VQ%)] ‘

| [p- = po = 7°5.(Vio) — e0°S.(V2i00) | +][

Q L2(Q)
< |[9[p- = o - 7 5(VE) — cq°5.(V) |
H=1(Q)
< CIIVuelza@) + Ce Il a2y + 1902y + ey + 1] ol 2oy
< CVelluoll a2,
(5.3.5)

where we have used Proposition for the second last inequality, while
(5.2.20) and (4.2.2) for the last, and the constant C' is independent of €. Also,

by Proposition and (4.2.2), we see that

ellq - (Vo) — ][qssa(vgﬁo)llmm < Celfioll ey (5.3.6)

S OE||U0||H2(Q)

By combining ((5.3.5) and ((5.3.6)), we have proved the convergence rate of pressure

term

P — po — [WESs(Vﬂo) - ][ ﬁsg(vao)] 220) < CVelluoll w2(q)-

Q

5.4 Convergence rates for u. in L?

Now we assume that [, u. = [, uo = 0. To establish the sharp O(e) rate for u. in

L?, noticing that

[ue — uollz2() < [Jvellz20) + €lX*S:(Vio)|| r2()- (5.4.1)

Using Proposition [2.2.2] and (4.2.2)), we observe that

X Se (Vo) || 22 < Xl 22y [Vt | 2may

Thus, (|5.4.1)) has been reduced to prove
[v=llz2() < Celluoll r2(o, (5.4.2)

for which we will use the duality argument.
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Proof of Theorem . We consider the following duality problems, for any
H € L2(;RY), let (¢.,0.) € HY(;R?Y) x L?(Q) be the weak solution of the following

Neumann problem of Stokes system

(

ﬁ;(¢€)+vg€:H—][H in Q.
Q

div(p.) =0 in Q, (5.4.3)

(8%) —0.-n=0 on 0,
\ ays

and let (po,00) € H?(;RY) x HY(Q) be the weak solution of the corresponding

homogenized problem

¢

LE(0) + Voo = H—][H in Q,
Q

div(pg) =0 in €, (5.4.4)

<%) —og-n=>0 on 0,
\

3V0
/05:/00:0.
Q Q

Here we have used the notations: £; = —div(A*(z/e)V) and L = —div(;l\*V) to
denote the adjoint operators. We note that Theorem [5.1.2] continues to hold for £, as
A* satisfies the same conditions as A. Also, by the W?? estimates (3.4.3)) for Stokes

systems with constant coefficients in C'*! domains, we have

with

leollr20) + lloollmie) < ClIH||r2(0)-
In other words, we have obtained

- — o — ex**Se(V@o) | @) < CVelleoll w2

(5.4.5)
< OVe|Hl| 2.

where (x*,7*) denotes the correctors associated with adjoint matrix A*. Therefore

through dual pairing, and integrating by parts, we get

/ﬂve- <H —]{2}[) = (L2(e), ve) 71 ()i (rey T /QUE Vo

(5.4.6)
= ac(ve, pc) — /QOE div(v.).
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By (3.4.2) and (5.2.19)), we know that

/Q 0. div(v,)

< Cllocll Lz lldiv(ve)]| 220

54.7
< O H |20y (€l 1ol 2oy (5.4.7)

< Ce||H|| 20 |uoll a2(0)-

By choosing ¢ = . in (5.2.11]), we get
aE<UE7 SOE) =1 [st] + 12[906] + 13[906]
where I, I and I3 are defined in (5.2.12)). Since div(y.) = 0, then by Lemma[5.2.2]

|a-(ve, 02)| < Clluoll w2y [ Va2 + el Vel 2] (5.4.8)

< Celluol 2| H | 2(0) + Ce**||uoll 20y | Vel 1200,

where we have used (3.4.2)) for the last inequality and C' is independent of . Simply
by triangle inequality, we break the latter term on the R.H.S. of (5.4.8)) as

IV@ellzzioy < IV (pe — o — ex™S:(VE0)) [l 220

. N (5.4.9)
+ Vool 2.y + 1V (ex™S(VE0)) | 20 )-
Directly deriving from ({5.4.5)), we know that
IV (0 — o — ex™S(V@0)) 12000y < CVEH || 12(0)- (5.4.10)

By using Lemma [2.2.3|and (4.2.2]) again, we get

1/2
Vol 2y < C (el Vol mr oyl Vol r2))
< OVellpollne (.411)
< CVelHll 2 (-

By the same argument as in (4.2.19), by Lemma [2.2.3, Proposition [2.2.2] and
Ez3)

IV (ex™S:(V@0)) |20y < C{ I(VX)*Se(@o)ll 2@, + €H%||H2(Rd)}

< CVellpollm2()
< CVellH| 2

Substituting (5.4.10)), (5.4.11)) and (5.4.12)) into ([5.4.9), we have proved that

Vel 2. < OVellH| 2@ (5.4.13)

(5.4.12)
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Therefore,

(v 0)| < Cluollzo [l + € Pl & o)
< Cel[H|[ L2 (o |uo | 2

Hence, by using (5.4.14) and (5.4.7)), we already proved that for any H € L?*(€; R?)

‘/Qve' (H—fQH)) < Iaa(vs,cps)lJr‘/Qae div(p.)

(5.4.15)
< Ce||H|| r2(q)lluoll #2 (-
Since we assume [, u. = [, up =0,
)/UE-H‘S‘/Ua-(H—][H)‘—G—‘/Ua(][H)‘
Q Q Q Q Q
< Ce|| H|| 2oy 1ol 2o +C’/S]€X€SE(V170)(]{) H)‘ (5.4.16)

< CellH|| 2 ||uol| m20)

where we have used ([5.4.15)) for the second last inequality and Proposition for
the last, for any H € L?(Q2;R?). By duality argument, this implies

Vel 2) < Celluol|z2(0)-

where C' is independent of . Therefore we have complete the proof. O

Copyright© Shu Gu, 2016.
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Chapter 6 Uniform Regularity Estimates in Homogenization of Stokes

Systems

In this chapter, we study uniform regularity estimates for a family of Stokes systems
with rapidly oscillating periodic coefficients. We establish interior Lipschitz estimates
for the velocity and L* estimates for the pressure as well as Liouville property for
solutions in RY. We also obtain the boundary W'? estimates in a bounded C! domain

for any 1 < p < 0.

6.1 Introduction

More precisely, we consider the Stokes systems in fluid dynamics,
ﬁs(ua) + Vpa = F7
div(ue) = g

in a bounded domain 2 in R%. One of our main purpose of this chapter is to prove

the following theorem.

Theorem 6.1.1. Suppose that A(y) satisfies the ellipticity condition and pe-
riodicity condition . Let (ue, pe) be a weak solution of the Stokes system
in B(xg, R) for some 19 € R? and R > . Then, for anye <r < R,

1/2 1/2
({ wer) s+ (f w-f np)
B(zo,r) B(zo,r) B(zo,R)

1/2
< C{ ( ][( | IVuE|2) + gl o= (Bwo.r)) + B°19)co0 (B(wo.R) (6.1.1)
B mg,R

1/q
+ CR( 7[ |F|q) ,
B(zo,R)

where 0 < p=1— Cal < 1, and the constant C' depends only on d, pu, and p.

The scaling-invariant estimate (6.1.1) should be regarded as a Lipschitz estimate
for the velocity u, and L*™ estimate for the pressure p. down to the microscopic scale

e, even though no smoothness assumption is made on the coefficient matrix A(y).

Indeed, if estimate (6.1.1]) holds for any 0 < r < R, we would be able to bound

w%@m+m@@jf P

B(zo,R)
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by the right hand side of . Here we have taken a point of view that solution
should behave much better on mesoscopic scales due to homogenization and that the
smoothness of coefficients only effects the solutions below the microscopic scale (see
this viewpoint in the recent development on quantitative stochastic homogenization
in [2,25] and their references). In fact, under the additional assumption that A(y) is

Holder continuous,
[A(x) = A(y)| < 7le —y[*  for 2,y € RY,

where 7 > 0 and A € (0, 1], we may deduce the full uniform Lipschitz estimate for u,.
and L estimate for p. from Theorem [6.1.1], by a blow-up argument.

Corollary 6.1.2. Suppose that A(y) satisfies ellipticity (1.0.5), periodicity

and Holder continuity conditions. Let (u.,p:) be a weak solution of in
B(xg, R) for some xy € R? and R > 0. Then

HVUsHLoo(B(xO,R/z)) + [|pe —][ ps”L("’(B(:vo,R/?))
B(zo,R)

1/2
sc{(]i . Vi) lolimmtanm + Rl (6.1.2)
o,

1/q
+ CR( ][ ]F|q> ,
B(aﬁo,R)

where 0 < p=1— Cé < 1, and the constant C depends only on d, pu, \, T and p.

As we mentioned in the Chapter 1, for the standard second-order elliptic system
L.(u:) = F, uniform interior Lipschitz estimates as well as uniform boundary Lip-
schitz estimates with Dirichlet conditions in C1* domains, were established by M.
Avellaneda and F. Lin in [3], under conditions (1.0.3), and (2.1.2). Under the
additional symmetry condition A* = A, the boundary Lipschitz estimates with Neu-
mann boundary conditions in C** domains were obtained by C. Kenig, F. Lin and Z.
Shen in [34]. This symmetry condition was recently removed by S. N. Armstrong and
Z. Shen in [1], where the uniform Lipschitz estimates were studied for second-order
elliptic systems in divergence form with almost-periodic coefficients.

The proof of Theorem [6.1.1], uses a compactness argument, which was introduced
to the study of homogenization problems by M. Avellaneda and F. Lin [3,/6]. Let
(ue, pe) be a weak solution of the Stokes system in B(0,1). Suppose that

1/2 1/q
e { <][ |Ua|2> : (][ |F|q) : ||9||CP(B<0,1))} <1
B(0,1) B(0,1)
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where p =1 — g. By the compactness argument with an iteration procedure, which
is more or less the L? version of the compactness method used in [3], we are able to
show that if 0 < € < #*~'¢, for some ¢ > 1, then

1/2
(7[ e — (P (x) + X (x/2)) Ef (,0) — G, €)|2dx> <9t (6.1.3)
B(0,6%)

where 0 < 0 < p, and Ef(s, 0), G(g,0) are constants satisfying
B} (e.0)] +1G (e, 0] < C.

In , Pf(y) = y;(0,---,1,--) with 1 in the 8" position and x = (Xf(y)) is
the so-called corrector associated with the Stokes system . We remark that
estimate (6.1.3) may be regarded as a C'“ estimate for u. in scales larger than e.
This estimate allow us to deduce the Lipschitz estimate for the velocity u. down
to the scale e. Moreover, by carefully analyzing the error terms in the asymptotic
expansion of p., the estimate also allows us to bound

’ ][ De — ][ DPe
B(zo,r) B(zo,R)

and to derive the L estimate for the pressure p., one of the main novelties of this

thesis. We should point out that p. is related to Vu. by singular integrals that are
not bounded on L°°; Lipschitz estimate for u. in general do not imply L estimates
for p.. Also, observe that the L? formulation in appears to be necessary, as
the correctors are not necessarily bounded without smoothness conditions on A. We
further note that as a consequence of , we establish a Liouville property for
Stokes systems with periodic coefficients.

In this chapter we also study the uniform boundary regularity estimates for Stokes
system in C'! domains. The following theorem, whose proof is given in Section
6, may be regarded as a boundary Holder estimate for u. down to the scale e. We
emphasize that as in the case of Theorem [6.1.1] no smoothness assumption on A is

required for Theorem [6.1.3]

Theorem 6.1.3. Suppose that A(y) satisfies ellipticity and periodicity
conditions. Let Q be a bounded C' domain in RY. Let xqg € 02 and 0 < R < Ry,

where Ry = diam(Q2). Let (ue,p.) be a weak solution of

L(u:)+ Vp. =0 in B(xg, R) N,
div(u:) =0 in B(xg, R) N, (6.1.4)
u. =0 on B(xg, R) N oS
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Suppose that 0 < e < R and 0 < R < 1. Then

1/2 N 1/2
(f wer) so(p) (. wer) o o)
B(zor)N© R B(wo,R) N Q

where C, depends only on d, p, p, and §.

Theorem [6.1.3] is also proved by compactness method, though correctors are not
needed here. The scaling-invariant boundary estimate , combined with the in-
terior estimates in Theorem [6.1.1] allows us to establish the boundary W'? estimates
for Stokes systems with VMO coefficients in C' domains.

Let B*?(082;R?) denote the Besov space of Ré%-valued functions on 92 of order
a € (0,1) with exponent ¢ € (1,00). It is known that if u € Wh4(Q; R?) for some
1 < g < o0, where 2 is a bounded Lipschitz domain, then u|sq € Bl_%’q(aQ; RY).

Theorem 6.1.4. Let Q be a bounded C' domain in R? and 1 < g < oo. Suppose

that A satisfies ellipticity and periodicity conditions. Also assume that
A € VMO(RY). Let f = (f2) € LI(QR¥>4), g € LI(Q) and h € B ¢9(99; RY)
satisfy the compatibility condition

/g—/ h-n=0,
Q o9

where n denotes the outward unit normal to 02. Then the solutions (ue,p:) in

Wha(Q; RY) x LI(Q) to Dirichlet problem

Lc(u:) + Vp. = div(f) in
div(us) = g in Q, (6.1.6)
us = h on 082,

satisfy the estimate

IVte|| o) + llpe — ][ Pellza) < Cq {Hfllm(sz) + llgllze) + IIhIIBlfé,q(am} . (6.1.7)
Q
where C, depends only on d, pu, A, and €.

We mention that WP estimates for elliptic and parabolic equations with contin-
uous or VMO coefficients have been studied extensively in recent years. We refer the
reader to |[11H13[/21,38//48] as well as their references for work on elliptic equations and

systems, and to [3,7,/1322,23/|34,/50] for uniform W1? estimates in homogenization.
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6.2 Interior Lipschitz estimates for u.

For a ball B = B(x,7) = {z € R? : |z — x| < r} in R, we will use ¢tB to denote
B(xg, tr), the ball with the same center and ¢ times the radius of B.

We start with a Cacciopoli’s inequality for the Stokes system, whose proof may
be found in [24].

Theorem 6.2.1. Let (u.,p.) € (H'(2B;R?) x L*(2B)) be a weak solution of

{ L.(u.) + Vp. = F +div(f),
div(us) = g

in 2B, where B = B(wo,r), F € L*(2B,R?) and f € L?*(2B;R¥?). Then

/lvus|2+/|p€_][ps|2
B B B
1
<ol [ [ [l [ eeg
T JoB 2B 2B 2B

where C' depends only on d and p.

(6.2.1)

Lemma 6.2.2. Let0<o<p<landp=1-— g. Then there exist ey € (0,1/2) and
0 € (0,1/4), depending only on d, u, o and p, such that

ou? |2 1/2
(][ Ue —][ Us — <Pf(x) + 5xf(x/e)> ][ - dw)
B(0,0) B(0,0) B(0,0) Ox;
1/2 1/q
< 047 mmax { (f wk) () ,|!9||09<B<o,1>>} ,
B(0,1) B(0,1)

whenever 0 < € < &g, and (ue, p:) is weak solution of

(6.2.2)

»Ca(ua) + Vpa = F,
div(us) =g

in B(0,1).

Proof. We prove the lemma by contradiction, using the same approach as in [3]| for

the elliptic system £.(u.) = F. First, we note that by the interior C'* estimates for
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solutions of Stokes systems with constant coefficients,

1/2
ul |2
][ ‘uo —][ Uy — Pf ][ g dx
B(0,0) B(0,0) B(0,0) Oz

< OO |uol|cro(po,1/1))

1/2 1/q
< Cpf' max { (][ |U0‘2> ) (][ ’F0’q> , HQOHCP(B(O,I/%)}
B(0,1/2) B(0,1/2)

(6.2.3)

for any 6 € (0,1/4), where (ug, po) is weak solution of
—div(A°Vuy) + Vpy = F, and div(ug) = go

in B(0,1/2) and A°is a constant matrix satisfying the ellipticity condition ([1.0.3)). We
emphasize that the constant C in (6.2.3]) depends only on d and . Since 0 < 0 < p,
we may choose 6 € (0,1/4) such that

21C0° < 6°. (6.2.4)

We claim that there exists ¢g > 0, depending only on d, u, 0 and p, such that the
estimate (6.2.2) holds with this 0, whenever 0 < € < gy, and (u., p.) is a weak solution

of Stokes system (1.0.2)) in B(0,1).

Suppose this is not the case. Then there exist sequences {ex}, {A*(y)}, {ux}
and {p;} such that g, — 0, A*(y) satisfies ellipticity (1.0.3)) (with the same ;) and
periodicity ([1.0.4) conditions, such that

{ —div(A*(z/e)Vug) + Vpr = . in B(0,1), (6.2.5)

div(ug) = g in B(0,1),

1/2 g
max { (][ |Uk|2) ; (][ |Fk|Q) ; HngCP(B(D,l))} <1, (6.2.6)
B(0.1) B(0,1)

, 1/2
dr | >0+,

and

o’

U — u—Pﬁx—kexwxe 7[ —k

(J{B(o,e)‘ ‘ ]{3(0,9) ‘ < J( ) £ (w/ k)> B(0,6) Ox;
(6.2.7)

where Xf’B denotes the correctors for the Stokes systems with coefficient matrices

A¥(z/€). Note that by (6.2.6) and Cacciopoli’s inequality (6.2.1]), the sequence {uy}
is bounded in H'(B(0,1/2); R%). Thus, by passing to a subsequence, we may assume

that up — ug weakly in L?(B(0,1); R?) and up — up weakly in H*(B(0,1/2); R9).
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Similarly, in view of (6.2.6]), by passing to subsequences, we may assume that g — go
in L*(B(0,1)) and F}, — F, in LY(B(0,1);R?). Since A* satisfies the ellipticity
condition (3.1.8]), we may further assume that A* — A% for some constant matrix A°

satisfying (3.1.8)).

Since e X" (x/ex) — 0 strongly in L*(B(0,1); R?), by taking the limit in (6.2.7)),

we obtain
o B
oo
B(0,6) B(0,6) B(0,9) 81’;‘

Also observe that (6.2.6) implies

1/2 1/q
mx{(f ) (f s ,Hgo\ICP(B(o,m}Sl- (6:29)
B(0,1) B(0,1)

Finally, we note that

) 1/2
dx) > 0t (6.2.8)

[F2 —][ Prlle2B0,1/2) < Vol H-1(B0,1/2)
B(0,1/2)

< C{|IVurllz2o1/2)) + 1 Fell 180,12 }
<C,

where the first inequality holds for any pr € L?(B(0,1/2)), and we have applied
to the first equation in for the second inequality and Cacciopoli’s
inequality for the third. Clearly, we may assume [ BO.1/2) Pk = 0 by subtracting a
constant. Thus, by passing to a subsequence, we may assume that p, — py weakly
in L?(B(0,1/2)). This, together with convergence of u, F, gr, and ;17“, allow us to
apply the Compactness Theorem (Theorem of Stokes system to conclude that

—div(A°Vug) + Vpy = Fy in B(0,1/2),
div(ug) = go in B(0,1/2).

As a result, in view of (6.2.3]), (6.2.8) and (6.2.9)), we obtain

1/2 1/q
01 < Cf' max { <f IuO|2) : (][ lFo\q) , |!90HCP<B(0,1/2)>}
B(0,1/2) B(0,1/2)

which contradicts the choice of # in (6.2.4). This completes the proof. O
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Remark 6.2.3. [t is easy to see that estimate continues to hold if we replace
JCB(O g) Ue by the average

ouP
][ [u — (PP 4 exi(a/e) ][ Ue } dz.
B(0,0) B(0,0) 0T,

This will be used in the next lemma.

Lemma 6.2.4. Let 0 < o < p < 1landp=1— 2. Let (g,0) be given by Lemma

. Suppose that 0 < € < 0¥ ey for some k > 1, and

_Q

'Ca(ua) + Vpe = F,
div(us) =g

in B(0,1). Then there ezist constants E(e,l) = (Ef(e,f)) € R™ for 1 < ¢ <k,

such that
o 1/2
(][ Ue — (Pf + 5Xf(x/5))Ej6(e,£) —f [u. — (Pj@ + 5xf(x/5))Ef(e,£)] ’ )
B(0,6%) B(0,6%)

1/2 1/q
< ¢101+9) mx{(][ i) (f i) ,||g||CP<B<o,m}.
B(0,1) B(0,1)

Moreover, the constants E(e,() satisfy

1/2 1/q
|E<s,£>|scmax{(][ ) (L 1) 7||9||0P(B(o,1>>}7 (6211)
B(0,1) B(0,1)

|E(e, 0+ 1) — E(e, 0)]

) , 1/2 1/q (6.2.12)
<coemacd (£ k) (£ 1me) dalosan ¢
B(0,1) B(0,1)

where C depends only on d, p, o and p, and in particular,

Z El(e, ) = ]{9 g. (6.2.13)

(0,6%)

(6.2.10)

Proof. The lemma is proved by an induction argument on ¢. The case ¢ = 1 follows

directly from Lemma [6.2.2] with

oub
E]@<57 1) = ][ =
B(0,0) Ox;
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(see Remark [6.2.3]). Suppose that the desired constants exist for all positive integers
up to some ¢, where 1 < ¢ < k — 1. To construct E(e, ¢+ 1), we consider

w(z) = u(0's) = { PY(0%) + X} (0'2/2) } B (e, 0)
—][ [ue(e%) — {Pf(&zx) + sxf(Qex/g)}Ef(a, 6)] :
B(0,6%)
Note that by the rescaling property of the Stokes system (see in Section 2.1),

Le(w)+V {efpa(e%) — 070 (00 /) EC (e, @} — 02 F(0'e),

<
N‘m

L (6.2.14)
div(w) = 0g(0°z) — 6° Y " El(e, 1),

in B(0,1), where 7'('? is defined by (3.1.5). Since (¢/6°) < (¢/6%71) < &y, we may apply
Lemma [6.2.2] to obtain

( ]{9(0,9)

Ow”
w— (Pf + 9_46)(?(9%/5)) ][ v

B(0,6) Ox;

_][ [w — (Pﬁ + Q—Kgxﬂ(eex/s)) ][ awﬂ} de) v 6.2.15
B(0,0) ! ’ B(0,9) dz; (6:215)

1/2 1/q
S 91+U max (][ |w|2) , (7[ |Fg|qd1‘) , ||diV(1U)||Cp(B(0’1)) ,
B(0,1) B(0,1)

where Fy(z) = 0% F(0'x).
We now estimate the right hand side of (6.2.15). Observe that by the induction

assumption,

y b (6.2.16)
< 605 o { (f wk) () ,|rg||m<s<o,m}-
B(0,1) B(0,1)

Also note that since 0 < p=1— Cé,

1/q 1/q
<][ |62€F(efx)|qu) < g0+0) (][ qu) |
B(0,1) B(0,1)

In view of (6.2.14)) and (6.2.13]), we have

div(w) = #° { g(0'x) — ][B 0o g} ,
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which gives
ldiv(w)llero,1) < 0 llgllerzo)-
Thus we have proved that the right hand side of (6.2.15)) is bounded by

1/2 1/q
s mad () (1R lallesmon |-
B(0,1) B(0,1)

Finally, we note that the left hand side of (6.2.15) may be written as

( ]{B(o,eeﬂ)

u.— (P’ +ex(x/e))E (e, £ + 1)

2 1/2
dx>

(6.2.17)

e e B )
B(0,0¢+1)

with
ow?

)8%’

B _
El(e,0+1)=E(s,0)+6 571
B(0,0

Observe that by Cacciopoli’s inequality (6.2.1),

1/2
|E(e, 0 +1)— E(g,0)] < 07" (f |Vw|2)
B(0,0)

1/2 1/2 1/2
< €6~ max (][ W) | (][ |92fF<9%)|2> , <][ |div(w)|2)
B(0,1) B(0,1) B(0,1)
1/2 1/q
< C0% max { (][ |Us|2) 7 (][ ]F|q> , HgHCP(B(O,l))} ,
B(0,1) B(0,1)

where we have used the estimates for the right hand side of (6.2.15)) for the last

inequality. This, together with the estimate of F(e, 1) gives (6.2.11)) and (6.2.12)). To
see (6.2.13]), we note that by (6.2.14)) and (6.2.17]),

div(w) = ][B(O ., g(0°z)dx

B(0,0)

d d
Y Elef+1)=> Ele,()+06"
=1 =1

o
B(0,0¢+1)

This completes the proof. O

The following theorem may be viewed as the Lipschitz estimate for u., down to

the scale . Recalling in (2.1.8)), we use [g]co.,(g) to denote the semi-norm

lg(z) — g(y)|

cry2ye Fandx #yp.
|z =yl

[Q]COvP(E) = sup {
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Theorem 6.2.5. Suppose that A(y) satisfies the ellipticity condition and pe-
riodicity condition . Let (ug, pe) be a weak solution of

L.(ue)+Vp. =F
div(us) =g

in B(xg, R) for some 1o € RY and R > 2. Then, ife <r < (R/2),

1/2 1 1/2 1/q
(f wup) sofg (£ wr) wr(f i)
B(zo,r) R \J B(zo.r) B(o, F) (6.2.18)

+ |9/l o< (B(zo,R)) + Rp[g]co’p(B(me))}

where p € (0,1), p=1— Cal, and C depends only on d, i, and p.

Proof. By covering B(zg,r) with balls of radius &, we only need to consider the case
r = €. By translation and dilation, we may further assume that xro = 0 and R = 1.
Thus we would need to show that if 0 < e < (1/2),

1/2 1/2 1/q
<][ \VUEIQ) <C { (7[ !%!2) + (7[ !qu> + Hch»(B(o,l))}
B(0,¢) B(0,1) B(0,1)

(6.2.19)
We will see that this follows readily from Lemma
Indeed, let (g9,6) be given by Lemma [6.2.2] The case 0y < ¢ < (1/2) follows

directly from Cacciopoli’s inequality. Suppose now that 0 < € < f¢g, choose k > 2 so
that 0%y < e < 6% 1g,. It follows from Lemma that

(6.2.20)

1/2 1/q
SC{<J[ w) +(][ |F|q) +||g||op<B<o,1>>}.
B(0,1) B(0,1)

This, together with the Cacciopoli’s inequality (6.2.1)), implies that

1/2 1/2 1/q
(f w) so{(f w) +(f |Frq) +ugum<3<o,m}-
B(0,0k—1) B(0,1) B(0,1)

from which the estimate ((6.2.19)) follows. O

6.3 A Liouville property for Stokes systems

In this section we prove a Liouville property for global solutions of the Stokes systems

with periodic coefficient. We refer the readers to [5] for the case of the elliptic systems
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Li(u) = 0 (also see [39,41] and their references for related work). The Liouville
property for Stokes systems with constant coefficients is well known; however, we are
not aware of any previous work on the Liouville property for Stokes systems with

variable coeflicients.

Theorem 6.3.1. Suppose that A(y) satisfies the ellipticity condition and pe-
riodicity condition . Let (u,p) € HE (R%:RY) x L2 (RY) be a weak solution of

loc loc

{ Lilu) +Vp =0, (6.3.1)

div(u) = g

in R, where g is a constant. Assume that

1/2
(][ |u|2) < O R (6.3.2)
B(0,R)

for some C, >0, 0 € (0,1), and for all R > 1. Then

{u@y:H+(ﬂ%w+xﬂ@ﬂﬁ,

pla) = H + 7} (x)E} (6.3.3)

for some constants H € R, H e R, and E = (Ef) € R4 In particular, the space

of functions (u,p) that satisfy and is of dimension d* +d + 1.

Proof. Fix 01 € (0,1). Let (e0,60) be the constants given by Lemma for 0 <

o1 < p < 1. Suppose that (u,p) is a solution of (6.3.1)) in R? for some constant g. Let
w@)=uwfe) and  ple) = plafe).

Then
{ Es(ua) + Vpa = 07

div(u.) =& 'g,
in B(0,1). It follows from Lemma that if 0 < e < 6%gy for some k > 1, then

1/2
inf (][ lue — (Pf + gxf(a:/g))Ef — HP)
B(0,0%)

E:(E?)E]RdXd

1/2
S 0[(1-1—01) max (][ |ua|2) ,5_1|g| ’
B(0,1)

HeRrd
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where 1 < ¢ < k. By a change of variable this gives

1/2
in (][ fu— (P + (@) B — H|2>
B(0,e—10¢%)

E:(Ef)eRdXd

Herd (6.3.4)

1/2
< 60+ max (f |u|2) gl b
B(0,e—1)

where 0 < ¢ < #F gy for some k> 1and 1 < ¢ < k.
Now, suppose that u satisfies the growth condition (6.3.2). For any m > 1 such

that 0™+ < g, let € = ™ where £ > 1. It follows from (6.3.4]) and (6.3.2)) that

1/2
inf (][ u— (P} +xJ(2)) B} — le)
B(0,0-™)

E:(Ef)eRdXd

Herd (6.3.5)
< 9((1+01) max {O(&T_l)l+g,5_1|g|}

< 0((1—&-01) max {Oe—(m+€)(l+a)’ 9—(m+€)|g|} ’

for some constant C' independent of m and ¢. Since o1 > o, we may fix m and let
¢ — oo in (6.3.5)) to conclude that the left hand side of (6.3.5) is zero. Thus, for each
m large, there exist constants H™ € R¢ and E™ = (Ejmﬂ) € R™? such that

u(z) = H™ + (P(z) + x) () E/  in B(0,67™).

Finally, we observe that Vu = (VPJ/-B + fo)Ejﬁ and since [, fo =0,

/vu:/VPf-E;”B.
Y Y

This implies that EJT-”B = E;‘ﬁ for any m, n large; as a consequence, we obtain
H™ = H", for any m, n large. Thus we have proved that (6.3.3) holds for some
H € R? and E = (E}) € R™4, Note that if

H+ (PP +x))E} =0 inRY,

then fy VPjB . EJB = 0. It follows that Ejﬁ = 0 and hence, H = 0. This shows that
the space of functions (u,p) that satisfy (6.3.1)-(6.3.2)) is of dimension d>+d+1. O

Remark 6.3.2. Suppose that (u,p) satisfies in R? for some constant g and

that
1/2
(][ IU\Q) < C,R° (6.3.6)
B(0,R)

for some C,, > 0, 0 € (0,1), and for all R > 1. It follows from Theorem that

(u,p) must be constants.
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Remark 6.3.3. One may use the results in Theorem and a line of argument
used in [41] to characterize all solutions of in R? that satisfy the growth

condition
1/2
(f \UIQ) < C,RNY0 (6.3.7)
B(0,R)

for some C,, > 0, integer N > 2, 0 € (0,1), and for all R > 1. In particular, by
using the difference operator A;¢ = ¢(x +€;) — P(x) repeatedly, one may deduce from
the observation in Remark[6.3.9 that

ut(x) = Z E(v,a)z” + Z Wy o(T)2”,

lv|=N 0<[v|<N-1

where E(v,a) is constant and w, o(x) is 1-periodic. Hence v = (11,9, -+ ,Vq) 1S G

Vd

multi-index and x¥ = x{ xavy - - - x*. We will pursue this line of research elsewhere.

6.4 L estimates for p. and proof of Theorem [1.0.1

In this section we prove an L estimate for p., down to the scale e. We also give the

proof of Theorem and Corollary [6.1.2]

Theorem 6.4.1. Suppose that A(y) satisfies the ellipticity condition and pe-
riodicity condition . Let (ug,pe) be a weak solution of

[fs(us) + vPe = F7
div(u:) =g

in B(xg, R) for some 19 € R? and R > ¢. Then, ife <r < R,

) 1/2 1/2 1/q
(£ f wl) <c{(f wur) wr(f i)
B(zo,r) B(zo,R) B(zo,R) B(zo,R)

ot + Blglonsaieam) -
(6.4.1)
where p € (0,1), p=1— g, and C' depends only on d, u and p.

Proof. By translation and dilation we may assume that xo = 0 and R = 1. Note that

by applying (4.3.1) to the Stoke system ((1.0.2) in B(0,r), we have

| —]Z Pellz2Bor) < ClVoe|la-—180)
B(O) (6.4.2)

< C{|IVuellzsom + 1F a5y ) -
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Thus, in view of Theorem | it suffices to show that

\f fo
Or) B(0,1)

is bounded by the right hand side of (6.4.1). This will be done by using the C1@

estimate for u. down to the scale € in Lemma [6.2.2]

Let (0, ep) be the constants given by Lemma[6.2.2l By (6.4.2) we may assume that
0<e<r<ey Let OFcy < e < 6 gy and Otcy < r < 0 ¢, for some 1 <t < k. The

terms JCB(O,T) Pe — JCB(o,et)pE and JCB(O,l)pE - JCB(O,H) p. can be handled by using 1D
To deal with JCB(O o) e — JCB(O g) Pes We write

t—1

][ pa_][ Pe :Z{ 7[ pa_][ pa}- (643)
B(0,6%) B(0,0) = B(0,0¢+1) B(0,0%)

1

Let
ve = ue(x) — (P (x) + X (x/2)) EJ (¢, 0)

- uc(w) = (P (x) + exj (/) E} (¢, 0)
Jran

where E(e, () = (Ef(&t, 0)) € R4 are constants given by Lemma|6.2.4. Note that by

Lemma [6.2.4]

12 Vg (6.4.4)
< A1) maX{ <][ Iue|2) : (][ !F|q> 7H9||CP(B(071))}>
B(0,1) B(0,1)
where 0 < o < p <1, and
L-(ve) + V{pg — ﬂf(x/s)Ef(e, E)} =
_ (6.4.5)
div(vy) = ¢ —f g,
B(0,0%)
in B(0,1). Observe that for any H € R,
][ Pe _][ De
B(0,00+1) B(0,0%)
<l -/ 0]
BO6%) (6.4.6)

_|_

][ [p- — H — Wf(x/e)Ef(g, 0))dx
(0,60)

Wf(x/e)—][ l(z/e)].
B(0,0¢+1) B(0,0¢)
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Choose

H = [pe — wf (x/g)Ef(a, 0)]dz
B(0,0%)

so that the second term in the right hand side of (6.4.6)) equals zero. Using ([6.4.2)),
(6.4.5)), Cacciopoli’s inequality (6.2.1)) and (6.4.4), we see that the first term in the
right hand side of (6.4.6) is bounded by

1/2
C <][ p- — H — i (z/e)E (e, E)\zd:z:)
B(0,0¢)

< CO 2 {IV || r2mogey + I1F la-1(Bo6ey }

) 1/2 1/q
<ovrmac{ (£ ) L (f1E) oo |
B(0,1) B(0,1)

where we have also used ¢ > d, 0 <o <p=1-— g, and

1/q
1,1
IF |1 (500 < C1B(0,6)[2 " (][ |F|q)
B(0,6%)

1/q

< Cplate) (][ |F|") .
B(0,1)
Finally, we note that since Wf is 1-periodic,
7[ 'l (z/e) —][ (/)
B(0,0¢+1) B(0,6%)

5 (xP)

][B(O,elee+1) ! !

< Cee*fuwf z2(v)
< 059_‘],

+

B (nh
]{3(0,516@) Ty = {m5) (6.4.7)

where <7r38 ) denotes the average of 1-periodic function 7 over the periodic cell, i.e.,

=4 .

This, together with the estimate of the first two terms in the right hand side of ([6.4.6]),
shows that the left hand side of (6.4.3)) is bounded by

t—1

- 1/2 1/q
e verma] (£ ) (f i) gl |
I B(0,1) B(0,1)

1

1/2 1/q
<oma{ (£ ) (f150) lalermon
B(0,1) B(0,1)

This completes the proof. n
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Proof of Theorem [1.0.1]. The estimate for Vu, in (1.0.5) is given by Theorem
6.2.5] while the estimate for p. is contained in Theorem [6.4.1] ]

Proof of Corollary[6.1.2 Under the Holder continuous condition (2.1.2), it is
known that solutions of the Stokes systems are locally C'* for o < A (see [24]). In

particular, it follows that if (u,p) is a weak solution of

{ Li(u)+Vp=F,
div(u) =g

in B(y, 1) for some y € RY, then

IVulicaa + = Plieaam
B(y;1/2)

1/2 1/q
<c (][ rw) +(][ mq) +lgllore b
B(y,1) B(y,1)

where 0 < p<1,p=1-— §> and the constant C' depends only on d, u, p, and (A, T)
in (2.1.2).

To prove , by translation and dilation, we may assume that zo = 0 and
R = 1. Now suppose (u.,p.) is a weak solution of in B(0,1). The estimate
for the case ¢ > (1/8) follows directly from (6.4.8), as the matrix A(z/e)
satisfies Holder continuity uniformly in €. For 0 < ¢ < (1/8), we use a blow-
up argument and estimate by considering

(6.4.8)

u(z) = e tu(exr) and  p(x) = p.(ex).
This leads to

| Ve oo (B(y,e)) + |IPe — ][ Pellz=(Bw.e)
B(y,e)

12 1/q (6.4.9)
S O { (f ’quP) + g (f ’F|q) + ||g||Cp(B(y,2€))} R
B(y,2€) B(y72€)
for any y € B(0,1/2). In view of Theorem we obtain
IVuc || Los(B(0,1/2)) + [Ipe — ]{3( )p5||Loo(B(y’€))
€
y (6.4.10)

1/2 1/q
SC{(][ |qu|2) +(]1 |F|q) +||g||op<B<o,1>)}.
B(0,1) B(0,1)
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Finally, we note that for any y € B(0,1/2),

Pe — ][ De
B(0,1)
ps_][ De ][ ps_][ DPe ][ pe_][ De
B(y.e) B(y.e) B(y,1/2) B(y,1/2) B(0,1)
1/2 1/2
De _][ De + (][ |p€ _][ pe|2) + (][ |pe _][ ps’2)
B(y.e) B(y.e) B(y,1/2) B(y,1/2) B(0,1)

1/2 1/q
sc{(f wul) e (f ) +ngm<3<o,m}
B(0,1) B(0,1)

where we have used ((6.4.9)), (6.4.10)), Theorem [6.4.1} and (6.4.2)) for the last inequality.
This completes the proof. O

IA

+

_|_

IN

6.5 Boundary Holder estimates

In this section we establish uniform boundary Hoélder estimates for the Stokes system
(1.0.2) in C* domains and give the proof of Theorem [6.1.3]
Let ¢ : R — R be a C! function and

D, = D(r,¢) = {x = (2, 24) € R : |2/| <r and ¢(2') < x4 < ¢(2') + 10(M + 1)r},
A, = A(r, ) = {z = (2/,24) €R?: 2| <7 and x4 = ¥(2')}.

(6.5.1)
We will always assume that ¢(0) = 0 and

IV |loo < M, and |Vip(z") — V(v < w(|z’ —¥]) for any ',y € R (6.5.2)

where M > 01is a fixed constant and w(r) is a fixed, nondecreasing continuous function
on [0,00) and w(0) = 0.

Theorem 6.5.1. Let 0 < p,n < 1. Let (u.,p.) € HY(D,;R?) x L*(D,) be a weak
solution of

L.(u:)+ Vp:. =0 in D,,
div(us) = g in D, (6.5.3)
u. = h on A,

for some 0 < & <r <1y, where g € C"(D,), h € C*'(A,) and h(0) = 0. Then for
any 0 <e <t<r,

1/2
(f o)
Dy
£\ 7 1/2
SC(;) {(][ |Ua|2> +7”||9||L°°(Dr)+7“1+77[9]00m(DT)+T[h]00»1(AT)}a
D,
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where C depends only on d, p, p, n, 1o, and (M,w) in .

It is not hard to see that Theorem [6.1.3] follows from Theorem [6.5.1] and the

following boundary Cacciopoli’s inequality whose proof may be found in [24].

Theorem 6.5.2. Suppose that A satisfies ellipticity condition (1.0.3). Let (u,p) €
HY(D,;R?) x L*(D,) be a weak solution of

—div(A(z)Vu) + Vp = F +div(f)  in D,,

div(u) =g in D,,
u=nh on A,.
Then
1
[ s [ [ [ [OFe s i,
D,/s ™™ JD, D, D, D,

(6.5.5)
where C' depends only on d, p, and M.

To prove Theorem [6.5.1| we need an analogue of Theorem in the presence of
boundary. The following lemma is the compactness theorem of Stokes system with

Dirichlet boundary conditions.

Lemma 6.5.3. Let {A*(y)} be a sequence of matrices satisfying the ellipticity condi-

tion (with the same 1) and periodicity condition (1.0.4). Let D(k) = D(r,y)
and A(k) = A(r,vy), where {11} is a sequence of C functions satisfying 1% (0) = 0
and (6.5.9). Let (uy,py) € HY(D(k);R?)) x L*(D(k)) be the weak solution of
—div(A*(2 /) Vug) + Ve = 0 in D(k),
div(ug) = gr  in D(k),
up = hi,  on A(k).

where g, — 0, fr(0) =0 and

| e o)y + 1Pxll 20 ky) + Nlgrkllenoiy) + 1 hellcoramw) < C (6.5.6)

Then there exist subsequences of {AF}, {ur}, {pr}, {Wr}, {gr}, and {hi}, which we
will still denote by the same notation, and a constant matriz A° satisfying , a

function 1y satisfying ¥o(0) = 0 and (6.5.9), uy € H'(D(r,): RY), po € LA(D(r, 1)),
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go € C"(D(r,10)), ho € COL(A(r,109); RY) such that
(A 5 A0
() = wole’) and (') — Vabo(a') uniformly for ] <1,
el a(e)) = ho(a, $o(a)) uniformly for || < r,
gr(@" (")) = go(a', ¥o(a’)) uniformly for |o'| <,
W (@ 2a — Yi(a")) = uo(2, 2a — Yo(a')) weakly in H'(Q; RY),
| Pe(a, 2q — Yi(2)) = po(a', xa — Po(")) weakly in L*(Q),

where Q@ = {(2/,zq) : 2| <7 and 0 < x4 < 10(M + 1)r}. Moreover, (ug,po) is a

(6.5.7)

<

weak solution of

—div(A°Vug) + Vpo =0 in D(r, ),
div(ug) = go  in D(r,%0), (6.5.8)
Uy = ho on A(T’, wo)

Proof. We first note that follows from (/6.5.2)) and (6.5.6]) by passing to subse-
quences. To prove , let Q C Q C D(r,). Observe that if k is sufficiently large,
Q C D(r,v¢y). We now apply Theorem in Q to conclude that A*(z/e;)Vuy, —
AWug weakly in L*(Q;R¥?). As a consequence, (ug,py) is a weak solution of
—div(A°Vug) + Vpy = 0 and div(ug) = go in Q for some domain € such that
Q C D(r,1y), and thus for Q = D(r, ). Finally, let v(2/, 24) = (2, 24 + ¥(2"))
and vo(2', xq) = uo(2’, x4 + Po(x’)). That ug = ho on A(r,7y) in the sense of trace
follows from the fact that vy — vy weakly in H*(Q;R?), vi(2',0) = hy(2',9(2')) and
hi (2, x(2")) = ho(2',1o(2")) uniformly on {|z'| < r}. O

With the help of Lemma [6.5.3] we prove Theorem by a compactness argu-

ment in the same manner as in [3.

Lemma 6.5.4. Let 0 < p,n < 1. Then there exist constants o € (0,1/2) and
6 € (0,1/4), depending only on d, p, p, n, and (M,w) in (6.5.9), such that

1/2
(][ Iusl2) <6 (6.5.9)
D(6)

for any 0 < & < &g, whenever (uc,p.) € HY(Dy;R?) x L*(Dy) is a weak solution of

L(u:)+Vp.=0 in Dy,
div(u:) =g in Dy, (6.5.10)
u. = h on Ay,
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and

h(O) = O, ||h||co,1(A1) S 1,

: (6.5.11)
7[ w2 <1, gl < 1.
Dy

Proof. We will prove the lemma by contradiction. Let 0 = (14 p)/2 > p. Using the
boundary Holder Estimates for solutions of Stokes systems with constant coefficients,

we obtain
1/2
(][ |w|2) < Cr||wllce(p, ) < Cor?, (6.5.12)
if 0 <7< 1and (w,po) satisfies
[ _ div(AOVw) +Vpo =0 in Dy,
div(w) = g in Dy s,

v hon (6.5.13)
”h”COJ(Al/Q) <1, f(0)=0

7[ wlde < Dy, and [lgllcnp, . < 1,
Dy

\

where A is a constant matrix satisfying the ellipticity condition . The constant
Cp in depends only on d, u, p, n, and (M,w) in (6.5.2). We now choose
0 € (0,1/4) so small that

2007 < 6° (6.5.14)

We claim that the lemma holds for this # and some ¢y > 0, which depends only on
d, p, p, n, and (M,w).

Suppose this is not the case, then there exist sequences {e;}, {A*}, {px}, {ov},
{hx}, {16}, such that as e, — 0, A* satisfies ellipticity (1.0.3)( with the same ) and

periodicity ([1.0.4)) conditions, v, satisfies (6.5.2]),

(— div(A*(z/ep)Vuy) + Vpr, = 0 in D(k),
div(ug) = gx in D(k),

up = h, on A(k),

Pk llcoramyy <1, he(0) =0,

1/2
(][ m\?) <1, and [|gelonpimy < 1.
\ D(k)

1/2
(][ |uk|2> > 0° (6.5.16)
D(evdjk)
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where D(k) = D(1,vy) and A(k) = A(1,v%). Note that by Cacciopoli’s inequality
(6.5.5)), the sequence {||ux||m1(p(1/2,6))} is uniformly bounded. In view of Lemma
6.5.3, by passing to subsequences, we may assume that

[ Ak 5 A0
Yr — g and Vb, — Viby uniformly in {|z'| < 1},
up(z', wq — (1)) = uo(2’, xg — Yo(2)) weakly in H*(Q;R?), (6.5.17)

hu(2', r(2')) = ho(', o («)) umiformly in {|o'] <1},
L 9i (7", 24 — Y1(2")) = go(2', 24 — Yo(2)) uniformly in @,

where Q) = {(2/,24) : |2/| < 1/2 and 0 < x4 < 5(M + 1)}. Moreover, we note that
ug € HY(D(1/2,40); R?) and satisfies
—div(AVug) + Vpe =0 in D(1/2, 1),
div(uo) = g0  in D(1/2,4),
Ug = ho on A<1/2,¢0)

Observe that by (6.5.15) and (6.5.17]),

ho(0) =0, [[Rollcoraqyawony <1, llgollenpayzawy) < 1,

and

/ |u0|2 = lim |u;.c|2
D(1/2,0) k=00 JD(1/2,01)
k—o0

= |D(1,40)].
It follows that w = wug satisfies (6.5.13]). However, by (6.5.16|),

1/2 1/2
(][ |u0\2> — lim (][ my?) > . (6.5.18)
D(0,40) k=00 \J D(0,y)

Thus, by (6.5.12)), we obtain 6” < (Cy0?, which contradicts the choice of . This
completes the proof. n

Lemma 6.5.5. Fix 0 < p,n < 1. Let g and 0 be constants given by Lemma |6.5.4.
Suppose that (uz,p.) € HY(D(1,1); RY) x L2(D(1,v)) is a weak solution of

L.(u:)+Vp.=0 in D(1,4),
div(u:) =g in D(1,),
ue="h on A(1,¢),
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where g € C"(D(1,4)), h € COY(A(1,v),R?) and h(0) = 0. Then, if 0 < & < g0,
for some k > 1,

1/2 1/2
(f k) soomaxd (k) alenomo o s -
D(6F 1) D(1,9)

(6.5.19)

Proof. We will prove the lemma by an induction argument on k. The case k = 1

follows directly from Lemma [6.5.4, Now suppose that the estimate (6.5.19)) is true
for some k> 1. Let 0 < ¢ < 00, we apply Lemma to the function

w(z) = uE(ka) in D(1, %),

where ¥y (2') = 0% (0%2"). Observe that 1, satisfies (6.5.2)) uniformly in &, and

£ () + V(0. (00)) = in D(L, ).
div(w) = 0% g(0"z) in D(1, ¢y),
w = h(0"z) on A(1,y).

Since §~*¢ < €y, by the induction assumption,

1/2 1/2
(f L wk) =(f  wr)
D(6%+1 1) D(0,9r)
1/2
< 6 max (][ |w|2) 0% 9(0% ) llcnpn, [1A0%2) o aqm)
D(1,3)
1/2
< §” max { (][ |Ua|2) 0"l gllenp ) QthHCO’I(A(w»}
D(6* )
1/2
< 9D max (f IUEIZ) lgllonoaws [1Pllcoraq) ¢ -
D(1,%)

This completes the proof. O
We now ready to give the proof of Theorem and Theorem |6.1.3]

Proof of Theorem [6.5.1. By considering the function u.(rz) in D(1,,), where
¥ (2) = r~%(ra’), we may assume that » = 1. Note that

varHoo = vaHoo <M

and
IV (2') — Vb (y)] = [V (ra’) — Vi (ry)]
< w(|ra’ —ry'|)

< w(rolz’ = y]).

76



The bounding constant C will depend on ry, if o > 1.
Let ¢ <t < 1. We may assume that ¢ < g¢), for otherwise the estimate is trivial.
Choose k > 1 so that g%t < t < €0*. Since € < g,0*!, it follows from Lemma

[6.5.5] that

12 1/2
()"l
D(ty) Dyr
1/2
soekp{(]{) w) +||g||cn<Dl>+||h||co,1<m>}
1
1/2
scw’{(]{) w) +||g||cn<pl>+||h||oo,1<A1>}
1

This finishes the proof. O

Proof of Theorem [6.1.3. First, we note that by Cacciopoli’s inequality and Poincare

inequality, it suffices to show that

1/2 . 1/2
<][ Iugl2> < <E) (7[ \u5\2> (6.5.20)
B(zo,r)NQ B(zo,R)NQ

for 0 < r < cgR < Ry. By translation we may assume that xy = 0. Next, we may
assume that in a new coordinate system, obtained from the current system through

a rotation by an orthogonal matrix with rational entries,
B(0,R)NQ = B(0,R) N {(z',zq) : za > (2')}

(6.5.21)
B(0,R) N9 = B(0, R) N {(z, z4) : g = (2}

where 1 is a C! function satisfying ¢/(0) = 0 and (6.5.2). Here we have used the fact
that for any d x d orthogonal matrix O and § > 0, there exists a d x d orthogonal
matrix 7" with rational entries such that |O — Tl < 0. Moreover, each entry of
T has a denominator less than a constant depending only on d and J (see [47]).
Finally, we point out that if (u.,p.) is a solution of the Stokes system and
uP(x) = T, pv7 (y), p(x) = q(y), where T = (T};) is an orthogonal matrix and y = T'z,
then

{ —div, (B(y/e)V,v) + Vyq = G(y), (6.5.22)

divy (v) = h(y),
where B(y) = (b (y)) with

bin(y) = Tia Ty Lo Thaal (),
G'(y) = TiaF(x),
h(y)zg(fv)-
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Note that the matrix B(y) is periodic, if 7" has rational entries (a dilation may be

needed to ensure that B is 1-periodic). These observations allow us to deduce estimate

(6.5.20)) from Theorem and complete the proof. O

6.6 Interior WP estimates

In this and next sections we establish uniform WP estimates for the Stokes sys-
tem (1.0.2)) under the additional condition that A belongs to VMO(R?) (see also in

(2.1.10):
sup ][ |A —]1 Al < wi(r), (6.6.1)
yeR? J B(y.t) B(yyt)

o<t<r
where w; is a (fixed) nondecreasing continuous function on [0, 00) and w;(0) = 0.
The following two lemmas provide the local interior and boundary WP estimates

of Stokes system with variable coefficients.

Lemma 6.6.1. Suppose that A(y) satisfies the ellipticity condition and smooth-
ness condition . Let (u,p) € HY(B(0,1);RY) x L?(B(0,1)) be a weak solution
to

{ —div(A(z)Vu) + Vp = 0, (6.6.2)

div(u) =0
in B(0,1). Then |Vu| € LY(B(0,1/2)) for any 2 < q < oo, and

1/q 1/2
(][ |vu|q) <c, (f |Vu|2> | (6.6.3)
B(0,1/2) B(0,1)

where C, depends only on d, p, q, and w; in .

Lemma 6.6.2. Suppose that A(y) satisfies the ellipticity condition and smooth-
ness condition . Let (u,p) € HY(D1;R?) x L?(D) be a weak solution to
in Dy and v =0 on Ay. Then |Vu| € LY(Dys) for any 2 < q < oo, and

/g 1/2
<][ |vu|q> <C, (][ |Vu|2) . (6.6.4)
D12 D

where C, depends only on d, u, q, (M,w) in and wy in )

We remark that WP estimates for elliptic equations and systems with continuous
or VMO coefficients have been studied extensively in recent years. In particular,
estimates in Lemma and are known for solutions of —div(A(z)Vu) = 0
(see [11113,38,48] and their references). To prove Lemma [6.6.1] and [6.6.2} one follows
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the approach in [48] and apply a real-variable argument originated in [13]. This
reduces the problem to the case of Stokes systems with constant coefficients. Note
that for Stokes systems with constant coefficients, the interior estimate is well
known, while the boundary estimate in C' domains follows from [19]. We

omit the details.

Lemma 6.6.3. Suppose that A(y) satisfies ellipticity , periodicity and
VMO continuity conditions. Let (u.,p.) € H(B(xg,7);RY) x L*(B(wg,7)) be

a weak solution to

{ Le(uc) + Vp. =0, (6.6.5)

div(us) =0

in B(xg,r) for some xg € R and v > 0. Then for any 2 < q < oo,

1/q 1/2
(][ |Vu€|q> <C, <][ |Vu5|2) , (6.6.6)
B(zo,r/2) B(zo,r)

where Cy depends only on d, u, q, and w; in .

Proof. By translation and dilation we may assume that o = 0 and r = 1. We may
also assume ¢ < (1/4). The case ¢ > (1/4) follows directly from Lemmal6.6.1] as the
coefficient matrix A(x/¢c) satisfies uniformly in e.
Let
u(z) = e 'u(ex) and  p(x) = p.(cx).

Then (u, p) satisfies (6.6.2)) in B(0,1). It follows that

1/q 1/2
(f |vu€|q) <C <][ |Vu5|2)
B(0,6/2) B(0,e)
1/2
<C <][ |Vu€|2) ,
B(0,1/2)

where we have used Theorem for the second inequality. By translation the same

argument also gives

1/q 1/2
(][ yqu\Q) <C (][ \vugﬁ) (6.6.7)
B(y.e/2) B(y,1/2)

for any y € B(0,1/2). Estimate now follows from ((6.6.7)) by covering B(0,1/2)
with balls { B(yx, £/2)}, where y,. € B(0,1/2). O

The next theorem, whose proof may be found in [49|, provides a real-variable

argument we will need for the WP estimates.
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Theorem 6.6.4. Let By be a ball in R? and F € L*(4By). Let ¢ > 2 and f € LP(4By)
for some 2 < p < q. Suppose that for each ball B C 2By with |B| < ¢1|By|, there exist
two measurable functions Fg and Rg on 2B, such that |F| < |Fg| + |Rg| on 2B,

1/q 1/2 1/2
(f |RB|q) scl{(][ |F|2) ©osup (][ |f\2) }
2B c2B 4ByDB'DB B’
1/2 1/2
(][ !FB\Q) <Oy sup (f !f|2> :
2B 4ByDB'DB B’

where C1,Cy > 0,0 < ¢y <1, and ¢y > 2. Then F € LP(By) and

(f,17r) " <c { (f we) " (f, ) ”p} S (669

where C' depends only on Ci,Cy,cq,co,p and q.

(6.6.8)

We are now ready to prove the interior WP estimates for Stokes system ((1.0.2)).

Theorem 6.6.5. Suppose that A(y) satisfies ellipticity (1.0.5), periodicity and
VMO continuity conditions. Let (u.,p.) € H*(B(xg,7); RY) x L*(B(xg,7)) be

a weak solution to

L.(u.)+ Vp, = div
(u:) + Vp. = div(f) 6510
div(u:) =g
in B(xg,r) for some 1o € R? and r > 0. Then for any 2 < q < oo,
1/q 1/q
(f ) e (L e )
B(xg,r/2 B(xg,r/2 B(xzg,r/2
(zo,r/2) (zo,r/2) (zo,r/2) (6.6.11)

1/2 1/q 1/q
<ed(f ) e (L) (i)
B(zo,r) B(zo,r) B(zo,r)

where C, depends only on d, p, q, and w; in .

Proof. By translation and dilation we may assume that xo = 0 and » = 1. Note that
the estimate for p. in (6.6.11)) follows easily from the estimate for Vu. by applying

(4.3.1)) to the system ((6.6.10)). Also we may assume that g = 0 by considering u. —Vw,
where w is a scalar function such that

Aw =g in B(0,1),
w=0 on 0B(0,1).
To apply Theorem [6.6.4} for each B = B(y,t) C B(0,3/4) with 0 < t < (1/64),

we write

Us = Ve + Z¢,
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where v. € H}(4B;R?) and

L-(ve) + Vm. =div(f) in4B,
div(v:) =0 in 4B.

Note that

i;vmﬁgcf;uﬁ (6.6.12)

{ La(za) + V(ps - 7T5)
div(ze)

Also, since z. satisfies

in 4B,

=0
=0 in4B,

we may apply Lemma to obtain

1/q 1/2
<][ \Vz5|q> SC(][ ]Vzg|2>
2B 4B
1/2 1/2
sc(][ |Vug|2) +C(][ |f|2) ,
4B 4B

where ¢ = ¢ + 1 and we have used (6.6.12)) for the last inequality.
Finally, Let F' = |Vu.|, Fg = |Vu.| and Rp = |Vz.|. Note that

(6.6.13)

|F| < [Fp|+ |R3| in 4B,

and in view of (6.6.12) and (6.6.13]), we have proved that

() "o (fm) e (f, )"
(L) "<e(f )"

This allows us to use Theorem [6.6.4] to conclude that

1/q 1/2 1/q
(£ wvar) =ed (£ wer) (£ )
B(x0,1/16) B(0,1) B(0,1)

for any xq € B(0,1/2), which gives the desired estimate for Vu, by a simple covering

argument. O

6.7 Uniform Boundary W'? estimates and Proof of Theorem [1.0.2]

In this section we establish uniform boundary W1? estimates and gives the proof of

Theorem [1.0.2 Throughout this section we will assume that A satisfies ellipticity
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(11.0.3), periodicity (1.0.4) and VMO continuity (6.6.1) conditions and that 2 is a

bounded C! domain.

We begin with a boundary Holder estimate.

Lemma 6.7.1. Let xy € 092 and 0 < R < Ry, where Ry = diam(Q2). Let (u.,p.) €
WY2(B(xg, R) N Q;RY) x L*(B(zg, R) N Q) be a weak solution to

L.(u:)+ Vp:. =0 in B(xg, R) N,
div(u:) =0 in B(xg, R) N, (6.7.1)
u. =0 on B(xg, R) N oS

Then

i -emi<o (B (. we)T e

for any x,y € B(xg, R/2) N, where 0 < p < 1 and C' depends only on d, p, A and
Q.

Proof. By translation and dilation we may assume that xo = 0 and R = 1. The case
e > (1/4) follows directly from the local boundary W estimates in Lemma by
Sobolev imbedding. To treat the case 0 < ¢ < (1/4), we note that if 0 < r < ¢, we
may deduce from Lemma by rescaling that

1/2 N 1/q
(™) 26 (51
B(0,r)NQ r B(0,e)NQ

c d 1/2
<a,(9)(f  vur)
r B(0,2e)NQ

for any 2 < ¢ < oo, where we have used Holder’s inequality for the first inequality.

(6.7.3)

This, together with the estimate in Theorem [6.1.3] implies that

1/2 1/2
(][ |Vu5|2) < Cret (][ |Vu€|2) (6.7.4)
B(0,r)NQ B(0,1)NQ

for any 0 < r < (1/2), where 0 < p < 1. A similar argument gives

1/2 1/2
<][ |Vu€|2) < Cyr ! <][ |vug|2) (6.7.5)
B(y,r)nQ B(0,1)NQ

for any y € B(0,1/2) and 0 < r < (1/2). The estimate ([6.7.2]) now follows. O
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Lemma 6.7.2. Let o € 092 and 0 < R < Ry, where Ry = diam(Q2). Let (u.,p.) €
WY2(B(xg, R) N RY) x L2(B(xo, R) N Q) be a weak solution to the system (6.7.1])
given in Lemma |6.7.1. Then for any 2 < q < 00,

1/q 1/2
(][ |vu€|q> <c, (f ]Vu5|2> | (6.7.6)
B(aSo,R/Q)ﬂQ B(Io,R)ﬂQ

where C, depends only on d, p, A and Q.

Proof. By translation and dilation we may assume that xro = 0 and R = 1. Let
§(x) = dist(z,09). It follows from the interior W'* estimates in Lemma that
ue ()

|Vu(z)|%de < C
]i(yvcé(y)) B(y,2cd(y)) 5(x)

for any y € B(0,1/2) N Q, where ¢ = ¢(€2) > 0 is sufficiently small. Integrating both
sides of (6.7.7)) in y over B(0,1/2) N yields

q

dz, (6.7.7)

ue (@) |

|Vu(z)|%dx < C dx. (6.7.8)

B(0,1/2)NQ B(0,3/4)NQ ()

Finally, note that by Lemma [6.7.1

1/2

@l ey (f k) (679
B(0,1)NQ

for any x € B(0,3/4) N Q. Choosing p € (0,1) so that (1 — p)g < 1, we obtain
estimate (6.7.6)) by substituting (6.7.9) into the right hand side of (6.7.8)). O

The following theorem gives the boundary WP estimates for the Stokes system
(11.0.2)).

Theorem 6.7.3. Suppose that A(y) satisfies ellipticity (1.0.3), periodicity
and VMO continuity conditions. Let Q be a bounded C* domain in RY. Let

(ue,pe) € HY(B(xo, R) N Q;RY) x L%(B(zg, R) N Q) be a weak solution to

{ —div(A(z/e)Vu.) + Vp. = div(f),

6.7.10
div(us) =g ( )

in B(zo, R) NQ for some xg € 02 and 0 < R < Ry, where Ry = diam(2). Then for
any 2 < q < 00,

1/q 1/q
(f mw) +(][ -4 mq)
B(z0,R/2)NQ B(z0,R/2)NQ B(z0,R/2)N
1/2 1/q 1/q
e (][ IVua|2> +(f |f|) +(][ |g|q) |
B(IQ,R)HQ B(xo,R)I"IQ B(xo,R)ﬂQ

(6.7.11)
where C, depends only on d, i, q, wy in and Q.
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Proof. This theorem follows from Lemma [6.6.3 and [6.7.2 by a real-variable argument
in the same manner as in the proof of Theorem [6.6.5l We omit the details and refer
the reader to [48]. O

Finally, we give the proof of Theorem [1.0.2]

Proof of Theorem[1.0.2. Since h € Bl_%’q((‘?Q;Rd) and Q is a bounded C* do-
main, there exists H € W9(Q; R?) such that

I lbwsacey < Ul oy

Thus, by considering u. — H, we may assume that h = 0. Note that if u.,v. €
Wy?(Q; RY) satisfy

{ £5<U5) + Vpe = le(f) and { E: (UE) + Vﬂ-f = le(F) (6712>
div(us) =g div(u:) = G
in €, then
Vu. - F+ [ (p. p:) -G
fire e [, -

zﬁvwfﬁAW—ﬁm%g

This allows us to use a duality argument that reduces the theorem to the estimate

Ve[ Lae) + llpe = ][PeHLq < C{Ifllzoey + lgllzoee } (6.7.14)

for 2 < ¢ < 0o, where

EE(“E) + vp& = le(f) in Q?
div(us) =g in Q,
u: =0 on 0f).

Finally, by covering Q with balls of radius ry = ¢pdiam(2), we may deduce from
Theorem [6.6.5 and [6.7.1] that

IV llzo@) < CLIVell iy + 1] e + llglza)
< C{lfllzay + lgllzae }

where we have used the estimate in Theorem [3.1.1] as well as ¢ > 2. Also, note that

Wk—fpﬂm < OV lw-1aqey

< A{IIVuc|lra) + | fllze) }
< C{Iflzae) + lgllzae }
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where we have used Vp. = L.(u.) — div(f) in Q for the second inequality. This
completes the proof. n

Copyright© Shu Gu, 2016.
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