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ABSTRACT OF DISSERTATION

DECAY ESTIMATES ON TRACE NORMS OF LOCALIZED FUNCTIONS OF
SCHRODINGER OPERATORS

In 1973, Combes and Thomas discovered a general technique for showing exponential
decay of eigenfunctions. The technique involved proving the exponential decay of the
resolvent of the Schrodinger operator localized between two distant regions. Since
then, the technique has been been applied to several types of Schrodinger operators.
This dissertation will show that the Combes—Thomas method works well with trace,
Hilbert—Schmidt and other trace-type norms. The first result we prove shows expo-
nential decay on trace-type norms of a resolvent of a Schrodinger operator localized
between two distant regions. We build on this result by applying the Combes-Thomas
method again to prove polynomial and sub-exponential decay estimates on functions

of Schrodinger operators localized between two distant regions.
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Chapter 1 Introduction

We start our discussion not by dazzling the reader with the most general version of
our results, but rather by introducing the most basic form of a Schrodinger operator.

Define the Schrodinger operator as,
H=-A+V

acting on the space of functions L?(R%), an infinite dimensional linear vector space.
The Laplacian, A := Zizl 38_:52,3’ is a second order partial differential operator, and
V :R? = R is an operator that acts by pointwise multiplication. The Hamiltonian
H represents the total energy of a quantum mechanical system with —A representing
the kinetic energy, and V'(x) represents the potential energy. The eigenvalues of
H represent real energy states in quantum mechanics. We require that H be self-
adjoint on its domain to guarantee real energies. The Laplacian is formally self-adjoint
because of integration by parts, but what condition on V' is there to make sure H is

self-adjoint? A theorem by T. Kato and F. Rellich[9] gives us this condition.

Theorem 1.1 (Kato—Rellich). Let A be a self-adjoint operator on its domain D(A),
and B be a symmetric operator with D(A) C D(B). If there exist positive real

constants a,b and a < 1 such that
| Bu|| < allAul|| + b||u||  for w in the domain of A

then A+ B 1is self-adjoint on the domain of A.
If the above inequality is true for some constants a,b we say that B is relatively

A bounded with relative bound a.

Because of the Kato—Rellich theorem, we require that the potential V' be relatively
Laplacian bounded. Two common examples of this kind of potential are a Coulomb
potential or a bounded potential. If V' is relatively Laplacian bounded with relative

bound less than 1, then H is an unbounded self-adjoint operator on the Hilbert space

L2(RY).



For linear operators with infinite dimensional domains, the eigenvalue problem
becomes more complicated. Typically we ask, for what complex number z is the
operator H — z not invertible. However, it can be that H — z is invertible, but the
inverse is not a bounded operator. We say that z is in the spectrum of H if H — z does
not have a bounded inverse. The set of all z € C such that z is in the spectrum of H
is a closed set that we denote as o(H) C C. Since H is self-adjoint, the spectrum is
in fact a closed subset of the real line. As a complementary definition, the resolvent
set is defined as the set of all complex numbers 2z for which the operator H — z has
a bounded inverse. This open set is denoted as p(H). And for each z € p(H), the
operator (H — z)~! is called the resolvent of H and is denoted Rpy(z). For a given
z € p(H) we use 1, to denote the distance of z to o(H).

In the Combes-Thomas method, they introduce another operator that acts by
pointwise multiplication, U, : R? — C defined as U,(x) = €'*® with a € R We
use U, by considering U, HU 1. This operator is denoted H,. The Combes-Thomas
method asserts that H, is an analytic family of operators in a when we extend «
from merely being vector in R? to an open subset of C?. Since H, is an analytic
family, the resolvent of H, is also bounded holomorphic for || small enough.

To define a trace norm on an operator that acts on an infinite dimensional vector
space we must wrestle with three restrictions. First, does the operator have any
eigenvalues? The prototypical operator that has eigenvalues is one of finite rank.
What’s more, finite rank operators can approximate the class of compact operators
which have discrete eigenvalue except possibly at 0. As for the next two problems,
there are many non zero operators that have a trace of zero, and the trace may not
even be real. To fix these for some bounded operator A, we choose an associated
operator that is both symmetric and positive definite. We choose A*A, where A* is
the adjoint of A. The operator A*A is bounded self-adjoint and always has positive
real eigenvalues. If A is compact, the n'* singular value of an operator is y,(A) =

VA (A*A), where \,(A*A) is the n'" eigenvalue of A*A. For 1 < p < oo the pt



trace norm is defined as,
1/p

1Al = [Zuk(A)p

When p = 1, the norm is called the trace norm. When p = 2, it is called the Hilbert-

Schmidt norm. To localize the resolvent, let y : R — R act as an operator by
pointwise multiplication. Also, let x have compact support inside a ball of radius
one centered at the origin. Let the sup norm of x be less than 1. And let x be
infinitely differentiable. Furthermore, for p,q,w € R% let x,(w) = x(w — x) and
Xy(w) = x(w —y).

In this thesis, we prove the following basic result that gives exponential decay in

trace norm extending the operator norm result of Combes—Thomas.

Theorem 1.2 (Basic Result). Let V' be a real valued potential that is relatively Lapla-
cian bounded with relative bound less than 1 and z € p(H). There exists positive
integers k,m and d such that k > %, and there exists real positive finite constants,

C and c, that depend on m,d,k,z,x and V' so that,

IXa B3 ()Xl < Cemevelle=

Functions of Schrodinger operators

The resolvent may be thought of as a function of a Schrédinger operator. That is, let
G.(xr) = (x — z)~'. Then Ry(z) = G,(H). The exponential decay in Theorem
is allowed because of the particular form of the resolvent illustrated by G,(z). If we
want to generalize Theorem to functions of Schrodinger operators, we will very
likely lose the exponential decay. To this end, define a set of functions called slowly
decreasing smooth functions by choosing f : R — C to be infinitely differentiable

functions such that,




for some ¢, < co and all x € R and all n = 0,1,2,... When the imaginary part of z
is not 0, then G.(x) is a slowly decreasing smooth functions.

A paper by F. Germinet and A. Klein [0] studied functions of Schrodinger operator
by using what is known as the Helffer-Sjostrand formula. I follow their approach
but instead apply a p'* trace norm. In the following theorem, the price we pay for
generalizing Theorem is trading exponential decay for polynomial decay. In the
next two theorems a basic quantity we will need is M a real number such that —M

is below the infimum of the spectrum of H.

Theorem 1.3. Let k and m be an integer such that k > %. Let f be such that
f(@)(x+ M) is a slowly decreasing smooth function for x > —1, then x,f(H)x, has
a finite m*" trace norm. And there exists a constant C' that depends on d, k,V, f and
f’s derivatives such that

C

“pr(H)Xqu < m

The next result I prove explores what happens when f is close to an analytic
function.

In a paper by J. Bouclet, F. Germinet and A. Klein [3] the L'-Gevrey class of
order a > 1 is used with the Helffer—Sjostrand formula to show sub-exponential decay
in the operator norm. We say a function is Gevrey class of order a > 1 if for each

compact subset K C R there are constants, C, that depend on K such that,
1f™M(z) < C(C(n+1)Y)" with z€ Kandn=0,1,2,...

Recall that a function is real analytic if and only if there exists a positive real constant

C that depends on the compact subset K C R such that for each n and every z € K,
|f® ()] < Gl

We see, after using Stirling’s formula on n!, that when a = 1 the Gevrey class of
functions are analytic. Mixing the idea of slowly decreasing functions with the Gevrey

class, L'-Gevrey is defined as follows.



Definition 1.4. Let I be an open interval and a > 1, f € C*°(R). The function f is
L*-Gevrey of class a on I if for all k = 0,1,2, ... there exists a constant C greater

than one that depends on f and I such that

/I £ () [{u) L < Cp 1 (Ca (K + 1))

In my research, I apply the techniques of Bouclet—Germinet—Klein[3] and use the

p'" trace norm of an operator to obtain sub-exponential decay in the following result.

Theorem 1.5. Let f be a function such that f(x)(z + M)* is L'-Gevrey Class of
order a > 1 when x > —M. Let d,m and k be integers such that k > d/2m. There
exists real positive constants, C' and c, that depends on d,m,k,a,V and f and a

constant v € (0, 1] that depends on a, such that

XS (H)Xgllm < Cecllp—all™

The constant v = 1 corresponds to when a = 1. Therefore the above theorem

gives us back exponential decay when a = 1.

Copyright© Aaron D. Saxton, 2014.



Chapter 2 Trace Ideals

2.1 Brief Introduction to Operators

Good references for an introduction to functional analysis are, [12] [14] and the ap-
pendices of [§]. Everything stated in this section can be found in one or more of these
sources.

We start our discussion by defining the objects that we are operating on. A
Banach space is a complete, normed, linear vector space over a field. The field we
will exclusively use is the complex numbers. Let X denote a Banach space. An inner
product on X is a complex valued function on X x X with the following properties.

For every z,y,z € X and a € C,
o (v,2) >0
e (r,z) =0if and only if z =0
o (x+y,2)=(r,2)+ (y,2)

o (ar,y) = afz,y)

e (v,y) = (y,)

Remark 2.2. The above choice of axioms for the inner product make it linear in the
first argument, and conjugate linear in the second. That is, for § € C, (x,ay+ fz) =
a(z,y) + Bz, 2)
A Hilbert space is a Banach space with an inner product that is complete in the
induced norm. The induced norm on H is || f||y = \/m . All Hilbert spaces in
this document are separable. See [12] for more details.

An operator is a linear map on a Hilbert space into another. We will usually
work with operators that are maps on a Hilbert space into itself. To fully define an
operator one must take care, for it may be that the operator is not “compatible”

with every element of its Hilbert space. Take for example the derivative operating



on L*(RY). There are plenty of elements of L?(R?) that are not differentiable. But,
there is a linear subspace that is compatible, namely L*(R¢) N C*(R%). Notice that
LA(RY) N CY(RY) is dense in L*(R?). When one defines an operator, they must define
the map, the Hilbert space it operates on, and a linear subspace that the operator is
defined on. The linear subspace for which an operator is defined is call the domain.
Let A be an operator form H into itself. We denote the domain of A as D(A). The
domain of all operators in this document will be dense subspaces.

Next we define some properties that combine an operator with the inner product.
Let A and B be some operators on the Hilbert space H. Fixing A we define B in the
following way. Let the set D(B) be all g € H for which there exists h € H such that

(Af.g) = (f,h) forall fe D(A)

and define the action of B as Bg := h. We call B the adjoint of A. And denote the

adjoint of A as A* := B. In compact notation, the definition of adjoint is written as
(Af,g) = (f, A%g) forall feD(A) and g€ D(A")

Remark 2.3. One may think that the above definition of adjoint is overly complicated
because the Riesz representation Theorem tells us that the h always exists. But we
have not distinguished between bounded and unbounded operators yet. The Riesz

representation Theorem does not apply if A is an unbounded operator.

The utility of the adjoint will become apparent later. Now we define some prop-

erties of an operator that involve the adjoint. An operator, A, is symmetric if

(Af,g) = (f,Ag) forall f, g€ D(A)

Remark 2.4. Notice that this implies that D(A) C D(A*) because A* will agree with
Aon D(A), thus A= A* on D(A). But, A* may still be defined outside of D(A).

Taking the definition of symmetric one step further, an operator is self-adjoint if
it is symmetric and D(A) = D(A*).
Given a fixed Hilbert space, the set of all operators is divided into two classes,

bounded and unbounded. A bounded operator is one that is defined on all of H and



there exist a positive real constant C' such that,
[Afll < Cllflle forall feH
The operator norm is defined as,
[A]] = inf{C" € [0, 00) [ [Af [l < C|Ifl[n, for all f € H}
An operator is called semi-bounded if there exists a positive real number C' such that,
—C(f, f) < (Af, ) forall feH
We say A is a positive operator if 0 < (f, Af) for every f in the domain of A.

Example 2.5. Consider the Hilbert space of C* complex valued differentiable func-
tions on a closed interval [0,1] C R. For f,g € C'([0,1]), define the inner product on

this space as X
(19) = [ f@lgayts
0

Since the space that an operator acts on and the domain of an operator can be
different, the question of invertibility becomes a bit more complicated. The inverse
of an operator is the map, A~!, such that AA~! is the identity in the linear subspace
that is the range of A. And, A7 A is the identity in D(A). However, if one is able to
find an inverse map, that does not mean that an operator is invertible. An operator
is invertible if an inverse for A exists, so A is injective, and it is a bounded operator
on the range of A that extends to a bounded operator on L?(R?).

The set of all z € C such that A — z is invertible is called the resolvent set of
A. To reiterate, that means that an inverse exists and it is a bounded operator. We

denote the resolvent set as p(A) C C. The resolvent of A is denoted as
Ra(z) == (A—2)"!
The resolvent has a couple of interesting properties that will be of great use.

Lemma 2.6 (First resolvent formula). Let A be a linear operator on a Banach space

X. Then for u, X € p(A),

Ra(A) = Ra(p) = (A = ) Ra(N) Ra(p)



Proof. Since p1 and A are two complex numbers that are in the resolvent set. Then,

by definition, A — u and A — A are invertible. Then we can write,

Ra(A) = Ra(p) = Ra(W[(A—p)Ra(p)] — [Ra(A)(A = N)]Ra(p)
= RaN[(A—p) = (A= N)]Ra(p)

]

This first resolvent formula can be used to prove two convenient results; that
RA(N) and Ra(p) commute, and p(A) is open. Another useful result, and one we will

be using frequently, is

Lemma 2.7 (Second resolvent formula). Let A and B be two linear operators on a

Banach space X. Then for z € p(A) N p(B),
R4(z) — Rp(z) = Ra(A)(B — A)Rp(n)
Proof. This proof is very similar to the first resolvent formula’s proof.

Ra(z) = Rp(z) = Ra(2)[(B = 2)Rp(2)] — [Ra(2)(A - 2)|Rp(2)
= Ra(x)[(B —2) — (A - 2)|R5(2)
= Ra(2)[B - AlRp(2)

Compact Operators

In a certain sense, compact operators are operators that most resemble matrices
operating on a finite dimensional vector space.

Let {f.} be a sequence in H. Then {f,} is said to converge strongly to f in H if
| — fllae — 0. And {f,} is said to converge weakly to f in H if (f,, o) — (f, ¢) for
each ¢ € H. There are many equivalent definitions of compact operators. The one

we choose to begin our description of compact operators with is the following.

Definition 2.8. A bounded operator A on a Hilbert space is compact if for every

weakly convergent sequence {f,} in H, then Af, is a strongly convergent sequence.



The set of all bounded linear operators, £(H), forms an algebra. An ideal is a
subring such that if y € Z, then zy € Z,, and yz € Z, for all x € L(H). Let Z, be
the set of all compact operators. Then Z, is an ideal inside of L(H).

Singular Values and Trace Ideals

Let S be a compact operator acting on a Hilbert space. We define the trace ideals
and trace norms as they are described in Simon’s book Trace Ideals and Their

Applications [14]. We summarize the definitions in the following list.

e Denote A\, (5) as the n’th eigenvalue of S.

Define 11, (S) := \/A(S*S) as the n’th singular value of S.

Define ||S]|1 := > _,_; #n(S) to be the trace norm of S.

e For any real p > 0, Define the p'th trace norm of S as ||S||, := {>°, _, 1n(S)P}/P.

In the special case when p = 2, we call ||S||s the Hilbert Schmidt norm of S.

Denote Z,, as the set of all operators such that ||S||, < oco.

Theorem 2.9. If p > 0 is a real number then I, is an ideal in the algebra of bounded
operators L(H).

In Simon’s book [14] he goes on to describe the complete structure of ideals in L(H).
Three interesting features of Z,, are the following. First, Z, C Z., for every p > 0. It
turns out that when H is infinite dimensional then Z, is the largest proper ideal in
L(H). Second, if 1 < p < g then Z, C Z,. And third, if A and B are in some ideal for
a large p, then the product AB is in some smaller ideal. Formally, if we raise A to
higher and higher powers, then A™ will be in smaller and smaller ideals. This third

fact is precisely stated in the next theorem which can be referenced in [14], p21].

Theorem 2.10 (Abstract Holder’s inequality). Suppose that A € Z,, and B € 1I,,.
Let p,q and r be positive real number such that
1

1 1
4+ ==
P q r

10



Also suppose that A € T, and B € Z,. Then AB € 1, and

IAB] < |All,[|Bllq

Compact Operators of the Form f(z)g(—iV)

The typical Schrodinger operator, H = —A + V', is not bounded, much less compact.
Therefore the object we will be studying is the resolvent of H, Ry(z). Unfortunately
Ry (2) still has a problem, it is not compact. Many of the techniques we will use
localize the resolvent by multiplying it by some bounded function that has compact
support. So the general form of many operators we will be working with is f(x)g(—iV)
where f is chosen to be some localization function. Once we localize the resolvent,
it will be important to know which trace ideals it belongs to. Chapter 4 of [14] is
dedicated to this question. A key result from that chapter is,

Theorem 2.11. If f,g € LP(R?) for 2 < p < oo, then f(x)g(—iV) € Z, and,

1 (2)g (=), < @)~ flpllgll, (2.1)

2.12 Magnetic Schrodinger Operators

From Chapter 1 we know that a Schrodinger operator is the negative Laplacian plus a
scalar potential V. The scalar potential allows us to study many interesting phenom-
ena in electrostatics using the Coulomb potential. If we want to study magnetism,
we must modify H. Let a(z) be a vector potential from RY — R?. Then the magnetic

Schrodinger operator is,

H,=(—iV—a)}+V

Once again, we are challenged with the question of what trace ideal is Y Ry, (z) in? To
answer this, we start by defining a pointwise bound between two compact operators

and state the diamagnetic inequality [14], p. 24] and [I], p. 850].

11



Definition 2.13. Let A and B be bounded operators on L*(R?) then we write A < B
if and only if
|(AR) ()| < (Blh])(x)

for all h € L*(R?).

Theorem 2.14 (Diamagnetic Inequality). If a € L%OC(]Rd), Hy = —A and H,, =
(—iV — a)? then

_Hao < _HO

(& = €

What is more, from Simon’s [15] Theorem 1 and Theorem 3 and the Diamagnetic

Inequality above, we can prove that

—Hag+V < ,—Ho+V

€ (&

This result will let us prove the next technical lemma.

Lemma 2.15. Ifa € L?OC(Rd), H=-A+V and Hy=(—iV—a)?+V and x is a

positive bounded function with compact support then,
xR, (2) = xR (2)
for z € p(H) N p(H,) and Re(z) < 0.
Proof. Notice that we can write,
YR (2) = x /Oo =1 o=t Hag +V) y—t(=2) gy
0

and

XRE(Z> _ X/ tm—le—t(Ho-l-V)e—t(—z)dt
0
Then for ¢ € L*(R?) and Re(z) < 0, we can write the first expression as
XRE)ol < x [ et gl Reong
0

~Hag+V < o—Ho+V

Then use the pointwise bound e to show,

XRR()6] < x [ttt Reong
0

12



So,

|XREaO+V(Z)¢| < XREO+V(Z)|¢| when Re(z) <0
L]

The next result is from [14], p. 24] and tells us that if xR}}(2) is in a certain trace

ideal then so is xR (2).

Theorem 2.16. If n > 1 is an integer, A < B, and B € Iy, then A € Iy, and
[All2n < [|Bl[2n

Therefore, if we can show that xR7;(z) is in a particular trace ideal, then xRy, (2)
will be also for Re(z) < 0. Lastly we can use the first resolvent formula, R4({) =
Ra(z) + (z = Q)Ra(2)Ra(C), to show xR (z) is in a particular trace ideal for every
z € p(H)Np(Hy).

Copyright© Aaron D. Saxton, 2014.
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Chapter 3 Combes-Thomas Method With Trace Norms

In this chapter we generalize Theorem from the introduction. That is, H is no
longer the simple H = —A + V acting on L?(R?) but rather we use the magnetic

Schrodinger operator as it was defined in the previous chapter,
H:=(—iV—-a)’+V

acting on L2(R?), and with a € Lfoc(]Rd). This result will also expose a more precise
rate of decay than just /7. that was stated in Theorem . To this end, define the
constants v and v, as follows. Choose 7 be a real number such that 0 <y < 1. Let v,
be a positive real constant that is a function of z and also depends on ~, the potential

V', and and vector potential a, then

3:9V1—a
vV, =
8v/M: + |2 + b

Theorem 3.1. Let s and p be positive real numbers such that p > 1 and s > 2%. Let

with 7, = dist{z,0(H)}

0<vy<1. Letz,y € RY, s, Xy - R? — R be functions with compact support, bounded
by 1, and the support of X., x, contain x,y € R? respectively. Then x,R3(2)x, is
in the pth trace ideal for z € p(H). And there exists a constant that depends on
v,d,p,s,V,z such that,

s s,d) —v,|lz—
HX:CRH(Z)Xpr < C’(y,V,)ze lz—yll

Proof of Theorem [3.1]

Because of Lemma [2.15) we can assume H = —A 4 V with out loss of generality.

As with Germinet and Klein’s paper [6], and Combes, Thomas paper before that
[4], we consider the operator U, = e¢"** that acts by multiplication on a function
feH™ as (Uyf)(x) = e f(x). If a € R? then U, is a unitary operator on H™.

The operator U, will be the source of exponential decay in this result. We follow the
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Combes-Thomas method that uses U, with a Schrodinger operator H to build the
family of operators U, HU;! parameterized by . Then analytically continue o so
that (U,HU;! — 2z)~! remains a bounded operator for z € p(H).

To this end we define H(a) := U,HU; ! and first write,

H(a) = — (U, VU +V
Computing U, VU, ! gives
U VU =V —ia
Then H(«) becomes,
H(a)=—-A+2ia-V+|a)?+V
Then we have,
H(a) =z
= H—z+2ia - V+|af
= [1+2ia-VRy(z) + |a|*Ru(z)] (H — 2) (3.1)

We want to know for what « is the operator Ry, (2) is bounded on L*(R?%). Or
in other words, when is H(«) — z invertible. We assumed z € p(H), therefore (H — z)

is invertible. So we concern ourselves with the first multiplicative term on . Let
B(a, 2) := 2ia - VRy(2) + |a|* Ry (2)
We establish when the first term is invertible through the Neumann series
(1—3)1—§iBm
m=0

This series converges if and only if |B|] < 1. We want to find the a’s for which

| B|| < 1. To bound the first term of B we prove the following technical lemma.

Lemma 3.2. Let V be A bounded with relative bound a < 1, and let z € p(H).

Then
1 /m.+1z]+0b
VR < —y = 3.2
IVER(I < —y B (32)

where b is defined in Theorem [1.]]
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Proof. See appendix. O]

Next we introduce another parameter v that o will depend on and 0 < v < 1.
This parameter is the radius of a closed ball in the algebra of bounded operators on

which the Neumann series converges. Therefore we are searching for an « such that,
[B(a, 2)|| <7 <1 (3.3)

There is a constant, v, that will depend on 7, z, the potential, the coefficient matrices

K, R and will bound |«|. It is defined as,

U — 3772'7\/1_@
o 8/, +|z| +b

Lemma 3.3. Let a € C¢, z € p(H), and V be a potential that is relatively A bounded

with relative a < 1. Then Ry (2) is a bounded operator on L*(R?) when |a| < v,
Proof. See appendix. n

For v € R, let Rya) = Rp(a)(2). Next, we apply the Combes-Thomas method
to xo B3 (2)xy-
XxRSH(Z)Xy = XanRiI(a)U;1Xy

Without loss of generality, we may assume s is an even integer. If s is odd use
s-1 s—1
fq(a) = RHQ(OC)RH(Q)RHZ(&) below. So we assume that s € N is even. Because the

trace norm has a Holder type inequality it will be useful to write,

S s/2 s/2 —
XaRy(2)xy = XanRfé(a)Rf;(a)Uale

Since Ry (q)(2) is a bounded, but not necessarily a compact operator our strategy
centers around getting functions with compact support to act on the resolvent. We
choose,

J(x), J(x) € C5°(RY)
such that,
J(@)xo(x) = Xa(2) and  J(2)xy(z) = xy(2)
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Then we write,

Xa B3 (2)xy = XU 2Ry

R UL X (3.4)
The next thing to do is commute the .J’s past the resolvents so that J%/2R*/? become a
product of s/2 JR’s. A technical result found in S. Nakamura’s paper [I1, Appendix
A] will help us do just that. This lemma allows us to exchange the power s/2 from
JS/QRZ(QQ) into a product of s/2 JRy)@’s, where @ is a bounded operator. In
the following proof, @ will come from commuting J past Rp(,). This will produce
an extra resolvent and gradient. The proof will show how resolvents and gradients
combine so that we indeed do get a bounded operator Q).

The bounded operator ) will be made up of the following parts. Choose a
J € CP(RY). Let J be a linear subspace of C*°(R?) generated by linear com-
binations of {&/J}, derivatives on .J. Define Q;, i = 1,2,3,4 to be the following
{@1 = Ru(a); Q2 = VRR), Q3 = Ru()V, Qs = VRy@)V}. Let R = Rya(2) for
z € p(H), |a] < v,. Define an algebra Q generated by polynomials of Q1, Q2, @3, Q4
and the identity with coefficients from J U C. Note that the elements of Q depend

on z.

Lemma 3.4. For an integer s > 2 there exists J,s € J and Qs € Q such that,

N s
S Rig(a) = Z H Jss Rir(a)Q@ps (3.5)
5=1 f=1

Formally that is, one may exchange powers on J°R® for a product of s many JRQ)

terms.

As an example, we compute J?R?, where R = Ri(a)(2), to understand where Qs

comes from. With the Hamiltonian H = —A + V/, start by commuting .J past R,
JR = RJ+[J,R]
= RJ+R[J,H(a)|R
Notice that [J, H(«)] is a first order differential operator that is localized on the right.
J,H(a)] = 2V-VJ+AJ -2 -VJ
= V-hi+h—aJ (3.6)
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The first term has a gradient that must be combined with a resolvent on the right

to make a bounded operator. .J; in the first term must be commuted past another

resolvent to do this.

[/, B]

JJRR

J?R?

RV - LR+ R(J, —io- J1)R

RVR-J, + RV - [J;,R] + R(Js —ia- J))R

RVR-J,

+RV -R(V - Jy+ Js —ic- Jo)R

+RJ,R — Ria- J|R

RQ)s - Sy

+RQuJoR+ RQs - JsR + RALR

—RQ, -iaJyR — Ria- IR (3.7)

(recall Q1 = R)

JRJR + J[J,R|R

JRIR+ JRQ2- IR

+JRQ4JoRQ1 + JRQ - J3RQ1 + JRI,RQy

—JRQs - iaJyRQ; — JRia - JyRO, (3.8)

6 2
Z H J(HRQ(SW

6=0 v=0

With Qu = 1,012 = I,Qn = Q2,02 = I,Q5 = @4, @32 = Q> etc.
Continuing with the general case, the next lemma establishes that @1, Q2, @3, Q4

are bounded operators, and thus @ is indeed an algebra of bounded operators.

Lemma 3.5. Let y be as defined above in ({3.3)), then

and

1
Ry (?)|| £ ———
IR () < s

1 n,+|z| +0b
< .
19 iy () < sy L (3.10)
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Let VV be relatively bounded with respect to A with bounding constants a,b. Then,

P b 1 . bl1 ) b b
IVRa(:)v| < BTl 1 Jntlel b L fne by b
(1—a)n, . 1—a N, 1—a i

and
9 A2 3 1=y
VRV < — + |14+ -——— | |lARKA|.
Proof. See appendix. O

With the previous result we can rewrite (3.4]) as,

S 8/2 8/2 TS
XaUad PRy Rty 7 Uaixy

N /2 N s/2
= Xan Z H J’yéRH(a)Q'yJ Z H Q'«/éRH(oz) J’yé Uosz
6=1 v=1 6=1 v=1

where Q.5 € Q is the result of commuting J past R. Then using Hélders inequality

s times we do the following. Let p be such that ps > g. Then,

X R xyllp
N ||s/2 N || s/2
< xUall YOI o Ru@o|| DT @oRu@Ts||  1Uaxyl
6=1 ||y=1 /2 6=1 ||y=1 /2
Then consider just one of the products,
s/2 s/2
I FoRu@@s| < [h6Ruw@sll,, | 1T FoRa @y (3.11)
=1 /2 =2 p(s=2)

If one continues to iterate Holders inequality through the above product, we see how

to construct the following inequality.

Xz B Xyl
N /2 N s/2

< [x2Ual Z H [y Rt () llpss | Qs l Z H 1Qrslll Rer(a) vollpss | [[Uaxyll
5=1 v=1 5=1 =1

19



From the above inequality, the next task is to study which trace classes that each
JysRp (o) is in. The main tool we have to study an operators of this form is result
from B. Simon’s book [I4, Chapter 4]. We apply the Theorem by letting

1
f(x) = J(x) and g(z) = g.(z) ;== ———. Let’s investigate the LP(R?) norm ||g.|[?
2 —z

Lemma 3.6. Suppose x € RY, z € C—[0,00), and p > d/2. Then, g.s(z) € LP(RY).

Furthermore, if Re(z) > 0 there exists a constant, C’d,p, that depends on d,p, such

that, R
Cd ‘Z’d/2
P < SerE 3.12
lo-1i < T (312
If Re(z) < 0 there exists a constant, Cqp, that depends on d,p, such that,
Cap
g1} < BIEE (3.13)

The above result illustrates the character of the singularity of g,, which further
reflects the spectrum of —A. Meaning, —A has a spectrum that is the positive real
axis. When z gets close to the spectrum of —A, the estimates get larger. Lemma (3.6

is what causes the behavior in the following result.

Corollary 3.7. Let p > 2 and p > d/2. Then xRy is in the p-th trace ideal.
Also there is a constant, Cyp, that depends on d and p such that,

C
IxRo(2)lp < wfdfﬂp (3.14)

when Re(z) < 0.
And there is a constant, CN’d,p, that depends on d and p such that,

éd,p 2| 4/2p

m(2)| (3.15)

[XRo(2)]l, <
when Re(z) >0

The Hamiltonian we want to work with is more complicated than just —A, so we

wish to extend the trace ideal results to xRy (2) and xRp(a)(2).
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Corollary 3.8. Assume the hypothesis from Lemma and Corollary[3.7. Then for
a < v, XRu(2) and, xR (2) are all in the pth trace ideal for p > d/2 and p > 2.
And they have the following estimates.

Re(z) <0 (3.16)

a(n: +12|) +b]

< %P 11
IXRu (), < 2]/ [ R G

QWVW%{ ol B b

Re(z) >0 (3.17)

Cap(l+17)
xR (2)llp < WD%%V Re(z) <0 (3.18)

C~Yd,p|’2’d/2p
[ Im(z)]

_ a(n, + |z]) +b) 2 In. + |z| +b
DZ,’%V a (1 " nz(l - a) ) (1 - nz(l - 7) l-a ) (320)

Corollary [3.7] and [3.§] tells us precisely which trace ideals a cutoff function acting

IR () < D.ov  Re(z) 20 (3.19)

With,

on a resolvent will be in. And furthermore how they depend on z € p(H).
The next result we state for convenience in proving later results and to summarize

what we have shown so far. It can be proven by looking at how we iterated Hloders

inequality in and using Corollary [3.8

Lemma 3.9. Recall « € C¢ and that s and r are integers such that r > d/s. Let

C’S{ﬁff) be a positive constant that depends on vy, the potential V', s, d,z and r. Then

5/2 8,d,m)| _ia-x
IxaUa Rl < CED | (3.21)
and
s/2 - S,d,’l" —ia
||Rf;(a)Ua 1Xy||7" < Cs,v,z)|e Yl. (3.22)
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Let n = ﬁ From lemma , let o € C? with a = iv,n. Then using lemma
3.9 and Holder’s inequality write,

S s/2 m/2 _
e Rixulle < IxeUa R 12| Ry Us Xall2p

(m,d,p) | icvx || —ia-y
S C’y,V,z |€ | |6 |
(m,d,p) —vyx v ﬁ,y
< C%V,z e “rer
< C(myd:p)efl/z\\yfzﬂ

v,V,z

Copyright© Aaron D. Saxton, 2014.
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Chapter 4 Polynomial Decay

In the previous result a lot of effort was put into analytically continuing Ry q)(2) in o.
When we allowed « to be complex then [|x,Us, || gives us exponential decay. The price
we payed was that there was an additional U;! that had to combine with another
operator, namely the resolvent of H, and still stay bounded when we analytically
continued in «. In the next two chapters we generalize the previous main result and
replace the resolvent of H with a function of H. To illustrate this we consider only
the most basic ingredients.

Let H = —A and f : R — R be a L?(R) function with compact support. Define
f(x) := f(2?). Then formally, f(H) = f(—iV). We apply the Combes-Thomas
method to x,f(—iV)x, in the following way,

Yo F(—iV)xy = XUaUS ' f(—iV)ULUS My,

And so,
X2 f(=1V)xy s < IXUalllUZ F(=iV)Ualls1UZ X

Now, when we analytically continue in «, say o = zﬁ then

(y—z)y

: ORI : _
IXaf (=iV)xylls < Ce =T JU f(=iV)Usllse™ T

< Ce " YNUF(=iV)Ua|s

We still need to know if U, ! f(—iV)U, has an analytic extension in « and is in the
right trace class. For that we use Theorem [2.11] again.

The resolvent may be thought of as a function of a Schrodinger operator. That
is, let G.(z) = (z — 2)~'. Then formally Ry(z) = G,(H). As it was described in
the previous chapter, the Combes-Thomas method is about analytically continuing
the family of operators Rpy(q) from a € R? into o € C% This was done by using a
Neumann series. Therefore, the reason we were able to analytically continue Ry (q)

is because the form of G,(x) allowed us to use a Neumann series. The next result
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replaces G,(z) with a more general class of functions. Fortunately, this class of
functions is tailored so that we may use the Helffer-Sjostrand formula as found in
[5]. As a result we will still be able to apply the Combes-Thomas method but we
will not be able to get exponential decay. To this end, we define a set of functions
called slowing decreasing smooth functions. Just as in [0], slowly decreasing smooth

functions will be used with the Helffer-Sjostrand formula as found in [5].

Definition 4.1.

e For a function f : R — C, define the following norms,

= Z/|f gy, n=1,2, . (4.1)

e Wesay f: R — Cis a slowly decreasing smooth function if it is infinitely

differentiable and ||| f|||,, is finite for every n.

In order to extend the domain of a slowly decreasing smooth function to the

complex plane, we use the following extention.

Definition 4.2. Let z = u + iv and 7(¢) be some even function on R that is equal

to 1 when ¢ < 1/2 and 0 when ¢ > 1. Define an almost analytic extension as,

{Zf (1w /r'} o(u,v), o(u,v):=7(v/(u)) (4.2)

The derivative of an almost analytic extension is,

of(z) _ [ .of
i)

1
- 5 { f(T ZU /T"} {O'U(U, U) + iUU(U, U)}
1
7 ) () () o u,v) (4.9
In the coming proofs, an important feature of f (z) and i(,z) is their support. In

Figure the support of o(u,v) is the entire colored region. The support of M

are the two blue bands above and below the real axis.
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Figure 4.1: Tllustrates the support of o(u, z), the union of the red and blue regions,
and %, the blue region, when f has non-compact support.

For z = w + v, the Helffer-Sjostrand formula is,

f(H) = l/@@f(Z) (H — 2) 'dvdu (4.4)

™ 0z
Theorem 4.3. Let k and p be positive real numbers such that k > d/2p. Let V
be relatively —A bounded with relative bound a < 1 and M be the lower semi-bound
of H such that —o0o < —M < H. Let f be such that f(u)(u + M)* is a slowly
decreasing function, then x. f(H)x, is in the p trace ideal. There exists a constant C

that depends on d,k,p,V and M such that

[1f (w) (u 4 M)* |42
(. —y)*

Ixaf (H)xylly < C (4.5)

Remark 4.4. If f has compact support, then the integral in (4.6 is over a bounded

set in C and ¥ is bounded. If one skips approximating e ?I*=¥l and performs the

calculations up to (4.10) and (4.11)), then one would discover that ||x,f(H)xyll, <

Cecl==¥ll for some positive nonzero constants C, c.
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Proof of Theorem 4.3

Since V' is relatively —A bounded, H has a lower semi-bound, —M € R. Let f be a
slowly decaying function. Let m be an integer greater than d/2p. Now if m is even,

insert the operator H + M into x,f(H)x, in the following way,
Xef (H)xy = Xo(H +M)™™2(H + M)™?f(H)(H + M)"?(H + M)"",,.
If m is odd then write,

Xef (H)Xy = Xo(H + M)_(m_l)/Q(H + M)(m_l)/Zf(H)

X(H+M)(m_1)/2<H+M)_(m_1)/2xy

Without loss of generality, we consider the m is even case. The m odd case is a
straight forward reprise of the even case.
Let g (u) = (u+ M) f(u). Apply the Helffer-Sjostrand formula, and write the

following,

Xef(H)xy = XoRE*(—=M)gn(H)RY*(—M)x,

1 m g m
- - / XIRH/Q(—M)QL_(Z)RH(,Z)RH/Q(—M)Xydvdu.
™ Jc 5’2

Just as for Theorem we consider the unitary operator U, with a € R? and
from continuing a to C? we require |a| < v,. However, the above equality contains
resolvents that are evaluated at two different points in the resolvent set, one is from
inserting powers of (H+M)~" and the other comes from the Helffer-Sjostrand formula,

(H — 2)7!. Let v, be defined as before,

- 3n.yv1—a
o 8/, +|z| +b

Since both Rpa)(2) and Rpq)(—M) will be analytically continued, we choose

la] < U :=min{v_p,v,}
We write,

X (H)Xy = XaUaRm) (—=M)gas (H(a)) Ryy2 (—M)U ' x,,

—_ m/2 m/2 —1
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Then, for |a| < 7, we use Holder’s inequality to obtain the upper bound,

m/2
af (0l < = [ Va3l |50

Then use and Lemma to get,

N Ry (DR (—M)U xy lapdvdu

/ Coyi eIl | 9y (2)
C nz(l - 7)

0z
We must show that the integral of (4.6) is finite. To control the behavior of n—lz we

dvdu (4.6)

use e “IP=4ll and bound it in the following way. If k is a positive integer then
¢ b k1.k
e §t—k,where b, = e"k".

Then choose k to be a positive integer such that £ > m. Also notice that when

z € p(H) then n, > |v|. Write,

b O i (2)
barEl, < [ g 229
o c Pl —yll*lol(t=~) | 0z
(m,d,2p) .
v / L |99u(z) dvdu (4.7)
(1 =)llz =yl Je o*o] | 0z
Davies’ book [5], p.25] gives us an estimate on agg{(z Let C be a constant that

only depends on 7 from equation (4.2)).

’ g (2)

0z

<C {Z %\g&( )| |<U|> } xa(u,v) + Qimyg(M”“)(u)Hv\”XB(u,v) (4.8)

r=0

Where A and B are sets in C such that
A= {%(u) < |v| < (u)} and B ={0<|v|] < (u)}.

The supports of o, and o, lie in A and the support of ¢ lies in B where o, o, and
o, are defined in (4.2). In the Figure A corresponds to the bands above and
below the real axis and B corresponds to the entire colored region. x4 and yp are
the corresponding characteristic functions.

In the integral of notice that 7 depends on z. In some regions of C v_; > v,

and in other regions v_y; < v,. Divide the integral in equation (4.7)) into two cases:
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v_y < v, and v_pr < v,. The final result will be the max of the two cases. First
suppose that v_y; < v,. Then I is constant with respect to z.

Combine (4.8), (4.7) and consider the integration only over region A.

VD [ ol gy (w)
C V=M Ium dvdu 4.9
DD s 1l W s (4.9)

r=0

Combine the constants C, Cﬁ,d?@, <, 1 —~ and the 2 into the constant C and do

the following computation with ([£.9),

n

A v 1’9M< )|
E dvd
¢ r'ux—yuk/ > -

r—1
T r—1y

n

bkcr > r— r
< CZM ka/ (u) wgﬁ}(u)\du
r+1
withcy =In2, and ¢, = otherwise
~ bic,
< oo HkZ [ ”|g (w)]du (4.10)
|z -y

Again, we combine (| . . ) then consider region B.

C——— /U” L) gmt+D) dvdu
el MU E AR

(recalln > 1) = C’LZ/ 2 —(u)" g( +1)( )|dvdu

nlflz —yl* n
~ by, /Oo (n+1)
= C—Fn g dvdu 4.11

The estimate (4.10]) together with (4.11)) show that

bk Cn

IXaf (H)xyllp < C*Wlllf( w)(u+ M) |

. ~ ~ iz .
Next consider the case v_p; > v,. Then ¥ depends on z as ¥ = V10 Gince
84/ M=+|z|+b

from (4.7) we must integrate over u and v, we will want to manipulate © so that it is

explicitly in terms of u and v. From Theorem [3.1, we may choose v to be any number
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between 0 and 1. Following the same technique from [6] we let v depend on z and
choose v = (24 /n.)~" which gives,

3.1 —a
8(\/M=+2)\/m: + |2| + b

Notice that 1, > |v| for every z € p(H). Since v increases with respect to 7, the first

v =

estimate we do on 7 is,
3lv|v1—a
8(+/|v| +2)v/|v| + |2| + b

Just as before, combine (4.8)), (4.7) and consider the integration only over region
A just like in (4.9). In this region, we remind ourselves that (u) < |v| < 2(u). Now,

V>

let’s derive a lower estimate on © that is specific to A. Since (u) < |v|, then v > 1
and u? < v? — 1. Also |z| = V2 + u2. Therefore |z| < v/2|v|. And we also get that,
3v|vV1—a
8y/ol(1 +2/ /oDy Iol(L + V2 + b/ o))
3lv[v1—a
8-3lv[vV1+v2+b
V1i—a
8v3+b

Or in other words, 7 is bounded below by a constant that is greater than 0. Therefore,

vz

v

one may repeat the calculation for (4.10) and conclude that

~ bkcn . > -1
4.9) < Co—————— / w) g™ (w)|du
2n|Hx_ka; 700( > | ( )|

Lastly, we consider combining (4.8]), (4.7) then integrating over region B with

v = v. Just as in the previous calculation we have that
3lv|vV1—a
8(v/|v| +2)v/|v] + |z] + b

Since z is in the region B recall that |v| < 2(u). We will also need the estimate

V>

|z| < 3(u) which we derive in the following way,

2] < V2402 < u? 4 4u)?
< Vu+4(1+u?) < V5(u)
< 3u)
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Another inequality we use is for two positive numbers, say x and y. There is the

fundamental inequality 2zy < 2? + y?. With the above inequalities we may write,

- 3lv[v1—a > 3lv|v1—a
8(v/2(u) +2)4/5(u) +b T 8L[(v/2(u) 4+ 2)2 4 5{(u) + b]
3\v\m - BIU\M

>

= 832w + 2/200) + 4+ 50u) + 8]~ BL15(u) 1 b
> lv[v/1—a

8(u)[8 + b
Use the above estimate while combining , . Recall that we chose v =
(2+ /7:) 7", therefore v < 1. This give the following estimate,

b CU )
(1= 7)2n!|lz — yl|*

(m,d,2p) k n—1—
S / SCRN I
dnlf|z — y||* 3Vi—a) (Wt

In the above estimate we are consolidating the constants into C. In order for the

1
/ L0 () o dud

5 V¥[v]

integration in the v variable to be finite, we require that n — 1 — k > 0.

/ / |'U‘n 1k n+1( )\dvdu
n'H:v—yH’“

n!(n — )Hx_ynk/_ (u)"|g" ™ ()| du

Then we choose n = k + 1 and obtain our result.

Copyright© Aaron D. Saxton, 2014.
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Chapter 5 Sub-Exponential Decay

The next result explores what happens when f is close to an analytic function. In
a paper by J. Bouclet, F. Germinet and A. Klein [3] the L'-Gevrey class of order
a > 1 is used with the Helffer-Sjostrand formula to show sub-exponential decay in
the operator norm. We say a function is Gevrey class of order a > 1 [3] if f € C*(R)
and for each compact subset K C R there is a constant, C', that depend on K such
that,

1f™M () < C(Cn+1)Y)" with z€ Kandn=0,1,2,...

Recall that a function is real analytic if and only if there exists a positive real constant

C that depends on the compact subset K C R such that for each n and every z € K,
|f™) (@) < O™l

To see this, Taylor’s theorem with remainder says that a real function with & + 1

derivatives can be written in a series with a remainder as

'L ™ (a (k+1)
=5 £ S

Then using |f™(z)| < C"'n!, and apply it to the remainder, we can see that the
remainder converges to 0 for a certain radius of convergence. Therefore f has a power
series about the point a, and thus f is analytic.

We see, after using Stirling’s formula on n!, that when a = 1 the Gevrey class
of functions are analytic. Mixing the idea of slowly decreasing functions with the

Gevrey class, L'-Gevrey is defined as follows.

Definition 5.1. Let I be an open interval and a > 1, f € C*(R), and Cf; be a
constant greater than one that depends on f and I. The function f is L!-Geuvrey of

class a on I if for all k =0,1,2,... we have

79 Ny = [ 190 < ConCrath + 1) G)
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Our final result we prove by following the proof from [3]. For a function f that is
L'-Gevery, we prove a sub-exponential result of the form |x,f(H)x,l, < Ce v
for some « € (0,1] that depends on a and x,, x, are the same localization functions

as in the previous chapters.

Theorem 5.2. Let I C R be an open interval that contains the spectrum of H. Let
z,y € RY such that |x —y| > 1. Let M be a positive real number such that —M < H.
And, let m,p be positive real numbers such that m > d/2p. Then, given a real number

a > 1, we have:

o [fa>1, then for each a’ > a there exists Co o1 > 0 such that for f such that

fu)(u+ M)™ is L'~ Gevrey of class a on I,

2a’

gl a —a 1
e F ()Xol < Coror(eCrr P-4 exp (— 2=yl 1n|x—y|) (5:2)

Also, there exists a constant Cy o 15 > 0 and cq e > 0 such that,
1
X6 () Xallp < Coot.g ex0 (—Carlz = 917 ) (5.3)

o [fa=1, then there exists Cr,c; > 0 such that for all L'- Gevrey functions f of

class a on I

Crr{r —y)

Cr
+f(H <COp——= — — 4
Al < G o (o sl —al) (54)

Proof of Theorem [5.2]

Notice that if a function is L'-Gevrey then it is also slowly decreasing. Therefore we
may apply the Helffer-Sjostrand formula the same way we did in proving Theorem
[1.3] As before we let gp(u) = (u+ M)™f(u). Then apply the Helffer-Sjéstrand
formula to g(u). Since g(z) may not be analytic when the imaginary part of z is zero,
the main idea in the proof is to divide the complex plane into two regions: a region

close to the real axis, and everything else.
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Figure 5.1: € Region

To this end let € > 0 and recall z = u + iv. Then,

gu(H) = 6954( %) Rz )dvdu

T Jc
= // agM Ry (z)dvdu
Jv]<e(u
// 8gM Ry (z)dvdu
[v]>e(u

= I+1I

In Figure region I is the area between the two black lines that surround the
real axis and region II is everything outside. To prove our result we tackle I and II

by themselves in the next two lemmas.

Lemma 5.3. There exists C,c > 0 that depend on I such that,
—m/2 —m/2 Ce" (n+1)
I (H -+ M) 2L 4+ M), < = |9+ 0w

s

foralln>1,0<e<1/2, and v,y € R4
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Proof. Let € < 1/2 so that we are integrating I in the region that o(u,v) = 1 and
ou(u,v) = o,(u,v) = 0. Therefore (4.3) just becomes,

04(z) 1

be = 0w 55)
Then,
e+ ML) I 4+ A1)

m 1 n )" .

N //|< /2 M>§9 H(U>—( n') RH(Z)RH/2(—M)XydUdu
v 6 ! ,
m/2 m/2 Fm )2

< —_—
= 27rn|//vl<€u ( H ( M)J Xy2

X Jg" () ()" | [ R (2)]] dvdy
Using an earlier result from Corollary and Lemma 3.4 one can show

a2 R )| <l | 72 R0 | < O

2p

Then we can write,

o (H + M)y"™21(H + M)y=™/2y |, < / / 1 (w)[o] dvdu
2mn! /1 Jij<etu

S /|gn+1 n du

- G g e

n! ”Ll

]

Next we address II which deals with integrating % in the complex plane but away
from the real axis. See Figure 5.1} In this region we will apply the Combes-Thomas

method and will be able to show exponential decay.

Lemma 5.4. There exists constants C,c > 0 such that

e (H + M)™™2IL(H + M) "2, |,

"1 C
< Oe—C'l’—y'ZF Hf(")<u>"‘1HL1(I)+Ee‘“'m—y' ||f(”“)<u>”||L1(I) (5.6)
7! [

Foralle >0,n>1,z,y€R?
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Proof. We start our calculation,

I (H + M) PIL(H + M) "2, ||,

I 1 Jdo(u,v)
< il (r) r| 22\ )
< QWZT! [, e |27

// o (u, )¢ (w)|[v]" - Z dvdu
27T’I’L' |v|>e(u)
with  Z = ||\ (H + M) Ry (2)(H + M)~"x, ||,

- Z dvdu

Just as in the proof of Theorem we apply the Combes—Thomas method to Z to
obtain,

7 < ge—ﬁ\m—y\
Uz

where C' does not depend on z or z,y. Therefore,

”Xx(H + M)_m/zﬂ(H + M)l

Z // ‘|v\ Jdo(u,v)
r! o|>e(u UE 0z
U v (n+1) ‘ | —V|ac yl dvdu
tam | [ ol @

9o (u,v)
3

e 1=l dudu

< % where

Next notice that from the definition of o(u,v) we can estimate

C' only depends on 7(t). Also notice that since € < 3 the support of ‘%8—%”) and
o(u,v) allow us to write,
HX:::(H + M)im/QH(H + M)im/QXpr
< oyl stes
< Z r‘/ [ (u)] 0. e dvdu
2
/ / n+1 | |U‘ —V|x—y| dvdu
27Tn' .
On the domain of integration from II, we can compute that % v. Furthermore,
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since |v| > e(u) we have € < 7u- Also notice that (u) < |v| <n,. Then,

X2 (H + M)_m/QH(H + M)_m/QXpr

Cle3zlz—l
Zr‘/ / 19 (w)]|v]" dvdu

—€lz—y|
—1—06—'// gD () [|v]" ! dvdu

Ce—ﬁ‘x yl Ce—e\x Yl
CoY g ol s S [l

To lemma and we apply the L!(I)-Gevery of class a estimates to write,

HX:cf(H)Xy”p

—C|T— . 1 T r— C n —CE|T— n n
< Ce y‘Zﬁ 9@ )] 1 gy + nl [e" e g )
r=0

- Ce_dx_yz(?g,f(Cg,f?f:"“) i +€ [ + =] Cy 1(Cpa(n+2))

(r+1

Next we want to estimate . Use Stirling’s approximation we know r! > (r/e)"

for r > 1. Therefore, (Ttll) < < (T:;I) . To estimate % we start by looking at

the series expansion of the exponential function to see 1+ % < er. Then

111(744_1)§l and further (T+1) <e.

T r r

But then (r +1)™ < e, so M < etyrlal),

To estimate (n + 2)%™+Y /p™ and show (n + 2)°"+D /nm < elapaH)=n potice
that it is equivalent to (n + 2)*"*1) < elapa(+1) then start with the inequalities
1+ n_+1 < < et and n+ 1 < 2n. Therefore 1+ 2/n < e™H or ”TH < e+, With

a little more algebra it is clear that (n + 2)4"* /pn < efapartD=n Now we can

estimate ||x.f(H)xyl/, in the following way,

IS (H) Xyl
< C«e—c|ac—y\ chgc«r eaerrr(a 1) + C [En + e—ce\x—yq Cg’lcg?le4aenna(n+l) n
r=0
< Ce™ clz— y\ acg Ic«nleaennna 1) +C [€n+€fce\xfy|} C Cn+1€4a€nnann(a 1)
< 064(1 [enlne + efce|a:7y\ +efc|x7y\] (60 >n+2 alnn+(a—1)nlnn (57)
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Since the Gevrey class of functions is supposed to be analytic functions when a = 1,
we expect to recover exponential decay in the above estimate and when a > 1 we do
not. To this end, we consider two cases.

In the first case take a = 1. Fix e. We will let n depend on x and y and let it
grow as d|z — y|. Formally we write n = 0|z — y| so n is the smallest integer that is

greater than d|z — y|. So,
e f (H)xylly < Cn(eCy )™ [emetl 4 enine 4 emede] (5.8)

The term (eC, )2, by itself, does not exponentially decay. So it must be com-
pared agains each of the terms e cP~4 4 enlne 4 e—cdle=vl Notice (eC,)""? =
(eCy.1)%em(eC.0)  Comparing to the first term means § must be such that & In(eCy ;) <
c. Comparing to the second term means we must choose € such that In(eCy ;) < —Ine.

So let e = Comparing the third term, 0 and ¢ must be chosen so that

L
e2Cy. 1"
dIn(eCyr) < ce. We can combine these estimates and see that we can choose
0 = (el RO CI)GQC -. With our choice of §, € and n = §|x — y| the equation (5.8)
9, g,

can be written

||X$f(H)Xy”1 < Cn(ec’gJ)TH-?enlne

Then feeding §, € and n = d|x — y| into the above will yield our result.

Next let a > 1. The sub-exponential decay of Theorem centers around using
our control over n and € to simultaneously cause the following expressions from the
exponents of (5.7), (a —1)nlnn —c[p—gq|, (e — 1)nlnn+nlne, and (a — )nlnn —
celp — q|, to be negative.

For 5,6 > 0 pick n ~ |z — y|° then we formally choose n = |z — y|° and let
s/6

€ = |z —y|7*. Or, formally, we can write n'/? = |z — y|. So furthermore, € = n~

Then we have

S (H) Xyl
< Ona(ecgJ)n—i—Q [e(a—l)nlnn—cnl/‘s _}_e(a—l)nlnn-‘r—Tsnlnn _}_e(a—l)nlnn—cn(l’s)/é]
— —enl/d _ =s — —en(1—9)/8
< C«(ecvgJ)n—l—Q |:ealnn+(a nlnn—cn +ealnn+(a Dnlnnt= nlnn+€alnn+(a Dnlnn—cn ]
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In this case we look at each term of

1/6

_ _ _ —s _ o (1—5)/6
6aLlnn-‘,—(a nlnn—cn +6a1nn+(a Dnlnnt= nlnn+€alnn+(a )nlnn—cn

/8 dom-

and examine how the exponent causes it to decay. But in the first term, cn
inates over nlnn provided 1/6 > 1. Similarly for the last term (1 —s)/0 > 1. The
middle term is what gives us our slowest decay. Observe that (a —1) —s/d < 0 comes
from the middle term. Define v and o’ as v = a’ — a > 0. Use v to consider the

following equalities,

1—s S 1

5 =1+v and (a_l)_5:_§V
and you will discover that 6 = 1/a’ then 1 —s = 1/a2+_1’;"1 Since the middle term above

had the slowest decay, we substitute back in §, 1 — s, and n = |z — y|"/* to get

! (lfa/ a/ . a/
||pr(H)XQ||p < Ca,a’cslfj_y‘l/ +26( 2 >|I*y|1/ In |z—y[!/

Copyright© Aaron D. Saxton, 2014.
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Chapter 6 Appendix

Proof of Lemma [3.2] and related results.
Lemma Let V' be A bounded with relative bound less than 1 and let z € p(H).

Then
T I 41zl +0b
[VRu(2)|| < nz\/ - (6.1)

Proof. First, because Vis A bounded we can write
Vull < all = Aul] + bljull
where v € H*(RY) and a,b € R. Let u = Ryv with v € L?*(R?%). Then
IVRu(2)|| < al| ARy (2)|| + bl R (2)]] (6.2)
Add and subtract V' — z between A and Ry(2) to compute
ARy(z) =1—-VRy(2) 4+ zRy(2)
ARy ()| <1+ [V Ea(2)[ + |2[[[Ra(2)]] (6.3)

Recall that ||Ry(2)|| < n% and combine (6.2)) and (6.3]) to write

alz b
VR < a+ al VR + 22 4 2
and so,
aln, + [2]) + b
VR <
VA < UL

Next is to show ||V Ry (2)]| < =4/ We start with |V Ry (2)[? = [|(VRu(2))"V Ru ()],

IVRa(I? = [Rua(x)W Rir(a)]
< %HWRH(z)n

= (1+ Wra+ )

4 z

1 <1+a<nz+|z|>+b+m>
UP nz(l_a) UZ

n. + |z +0b
n2(1 —a)

IN

IA
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And so

L [m.+ 2| +0
< — ==
IVRE(2)]| < V1.

Lo 3n.vV1—a
8+ |2+ b

Lemma Let a € C4, z € p(H), and V be a potential that is relatively A bounded

Recall that,

with relative a < 1. Then Ry (2) is a bounded operator on L*(R?) when |a| < v,

Proof. Recall B = 2iao- VRy(z) + |o|Ru(z). We wish to bound ||B]| <y < 1.

1B < 2flec- VRu(2)|| + el | Bu (2)] (6.4)

Let C := \/%. Then || B|| is bounded by,

1 2
IB]| < |af*~ +|a]—C

z z

We use the parameter 0 < v < 1 and stipulate that,

1 2
la]*— +|a| =C < vy
Uz P
Fix the potential V', A, and z. Let v be a free parameter, then « will be constrained
by solving,
1 2C
laf* = +Ja|— -7 <0

To which we get,

2

Letﬂ::C[,/l—i—’g—;—l} and we will use \/1+x21+%x—%x2,0<x,then,

[1n.y 12y

12C? 8 (4
1n, 1n,

= -7 {1——”71 (6.5)

o] < C 1+77”—1}

v > C

2 C 4 C?

{75; in the above expression. Write
UZ Nz + |Z| +b
1—a l—-a
"= 2
C
1—a

1.7 (1—a)y 1
< X T Z
107 1 (< )

We want to estimate

IA

IN
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Feeding this estimate back into (6.5 we can write,

5 > L {1_M}

2 C 4
S 3
- 8 C
]
Lemma Let v be as defined above in (3.3)), then
B ()] <~ (6.6)
a)\Z)|| = .
e n-(1 =)

and

1 In. + |z| +b
VR < .

Let V'V be relatively bounded with respect to W with bounding constants a, b, Then,

. b 1 [n, b1 [n, b b
IVRy()A| < MetlEb L jntlel bl fnet el +b, b
(1_a)772 UZ 1—-a UE 1—a 1.

9 2 3 »
IVRy@V| < —— +G+~—Jﬂ——ywmww

= 161—v 4/, + [ +b

and

Proof. The first result,
1

1:(1 =)
follows almost immediately from (3.1]) and the Neumann series.

[ R ()] <

For the bound on ||ARpa)(2)|| we start with the second resolvent formula,
Rir(e)(2) = R (2) + Ria(w) BRu. (6.8)

Where,
B :=2ia -V + |af?

Then,

VRuw(?) = VRy(z)+ VRywBRy
VRuw)(2)(1 — BRy) = VRy(2).
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But, we have already chosen a so that BRy < v < 1. So we can invert, and take an

operator norm to get,

1
IV Bra ()] = SHVRH(Z)H

1 In, + |z| + b
<

Next, we prove the bound on |[VRg(2)V||. Let Ry = Ry(2).

or

VRyV = ARy +V[Ry, V]
= ARy + VRy[V,V|Ry
— ARy — VRyVVRy

a and b are the relative and operator bounds for VV. Also we know how to bound

ARy form (6.3). Therefore,

IVRaV|| < [[ARg[| + [[VRull|[VV Ryl

< |IARul + IV Ryl [a ARy + 5] R

Next, revisit (6.3) to get a bound on ||ARg||.

|ARy|| < 1+||[VRyu| + |2|[|Rull
.+ |z
< =L ARy + b Ral
n. + |z +b
< = .
S (6.9)
So then,
n.+ |z| +b 1\/77Z+|z|+b 1\/77z~|—]z\+b~ b
Sl BN T /T ol B N P L i B ST
IVEVI < (1—a)n. +nz l—a ue l—a a+nz

To show the bound on ||V Ry ) V||, recall the 2nd resolvent formula . Then
VRuwV = VRpw(2ia-V+|af)RyV + VRV
= |af*VRy@RuV + (I + 2ia) VRV
IVRu@VIl < v?|VRu@lllIVRu| + (1 +2v)|VRaV||

9 3 1.7
— T 1+ ) VRV
61— ( ) VRV

IN
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1

2_ 2

92(3:) -

Proof of Lemma [3.6]

Let

Lemma Suppose x € R?, z € C —[0,00), and p > d/2. Then, g.(x) € LP(RY).
Furthermore, if Re(z) > 0 there exists a constant, C’d,p, that depends on d,p, such
éd |Z|d/2
P < 6.10
lo-lf < T2 0T (6.10)

that,
(6.11)

Cap
g5 < |Z|p—d/2

If Re(z) < 0 there exists a constant, Cqp, that depends on d,p, such that,

cq be the volume of a unit d — 1 dimensional sphere.

Proof. Compute ||g.|b. Let
1

P d

||gz||p Cd /Rd |$2 _ Z|p £

Let z = v +wi. Then |r? — 2|2 = (12
o0 d—1
- Cd/ —dr
o (rt—2rfv+v?+w?)?

9117
Cdq oo
0 ( rt 27“221) 1)%

G

Now suppose that Re(z) < 0. Then —% > 0. So
4 0 Td_l
gz p S _/ dr
ol = g )y e

,
\/mandgem
oo d—1),1%L,12
W P el

Cd /
0 (ut+1)2

p
lo-ll < 1

Make the substitution u =

A
)
3

(6.12)



For the above integral to converge, we must stipulate that 2p —d+1 > 1 or p > d/2
Next suppose that Re(z) > 0. Recall z = v+ iw. Then |r? — z| > |v|. Also, since
|72 — 2| > |r? —wl, so |[r? — z|7! < |w|™ and |r? — z|7! < |r? — v|7!. So write the

integral,

2o+ /|w] -1 00 =1
lo-ly = | -

——dr
0 r? — zfp ot/ 12 = 2[P
= I+1I

For 0 < 7 < 2y/v++/|w| we use |[r? — z|7! < |w|™! so the first integral is bounded by,

2vo+y/lw] -1
I < / —dr
0

jwl?

2y + V]w)!

N dfwl?

As for the region 24/v + 1/|w| < r < 0o we use |r? — 2|7t < |r? — v|™! so the second

integral II is bounded as,

00 ~,.d—1
< / %
2o/l [T2 = 0P

CY,Up—d/Q
< —|w
VP72

|d/2—p

Therefore, combining I and II we get,
Capm(2V/0 + 1/w])?
|wl?

édm,m | Z|d/2

|w|?

g=mllh <
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Proof of Corollary
Corollary Assume the hypothesis from lemma and corollary . Letp > d/2.

Then xRu(z) and, XRuw)(2) are all in the p-th trace ideal. And they have the

following estimates.

Cd,p

IRl < s 1+ Re(z) <0 (6.13)

a(n: + |z[) +b}
nz(l - a)

Re(z) >0 (6.14)

S d/2p b
IxRu(2)]l, < SarlZ { L alnt ) + 1

|[Im(z)]| n:(1 —a)
Cap(1+17)
IXRr(a) (2)|lp < WDz,v,v Re(z) <0 (6.15)
(jd’ | z|4/%P
xR (2)]lp < WDM,V Re(z) 2 0 (6.16)

With,

_ a(n. +[z[) +b) 2y naA 2|40
Doy = (H n:(1 —a) ) (Hm(l—v) 1-a ) (617)

Proof. To prove this, combine 3 things: Corollary Lemma [3.2] and the second
resolvent formula, Ry — Ry = RoV Ry and Ry — Ry o) = 2iac- RuV Ry(a).
First, use Ry — Ry = RyV Ry to do the computation,

XRH = XRo(l—VRH)

IxBully < IXBollpll(1 =V Em)|

a(n. +1z]) +b)
R < R 1
Il < sl (14+ “EEDS

Then apply Corollary [3.7] with m = 1 to get the result.

Next, use Ry — Rp(a) = 2iac - RyV Rp(q) to do the following computation,

XRa@w) = xRu(l —2ia- VRH(Q))

IXRawlly < IxRully (1+27|VRaw)
a(n: + |z]) +b) 2y [metla[+D
Ri(a < R 1 1
Bl < ol (1 VXD (g et
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Thus proves our result. O]

Proof of Lemma [3.4]
Lemma For an integer s > 2 there exists J,5 € J and Q.5 € Q such that,

N s
J*Rija) = Z H Jas R (0)@ss (6.18)

5=1 B=1

with B = 2ia -V + |af* and H(a) = H + B. Formally that is, one may exchange
powers on J°R® for a product of s JRQ) terms.
Proof. The proof goes by induction. The statement trivially holds for the m = 1

case. We assume that the following is true.

N m
JmRﬁ—i—B == Z H J'75RH+BQ’Y(5
6=1

y=1

and we want to calculate JJ" R}, gRyyp, or,

N m
JI" Ry gRuvp =Y J [H JosRiry8Qys | Ruyn (6.19)
5=1 Lé=1
Considering one additive term from above,
JJ 1 R+ Qy1 [H JysRiy Qs | Ruyn (6.20)
5=2

Further consider JJis Ry pQ1s, and commute J past Ry, p to get,

= Jis(RJ + RQ2J1)Q15 +
JLg(RJQR + RQ2J3R + RQ4J4R + RQQJ&QR + RJ67aR)Q1,5 (621)

The second additive term above is exactly what we want. Feed it back into (6.20))
then into (6.19)) to see that you get m + 1 more mutiplicative terms, and N + 4 more
additive terms. Let’s focus on Ji 5(RJ + RQ2J1)Q1 5, and commute J, past (1 5.

Jis(RJ + RQ2J1)Q15
= Ji5(RQ15J + RQ2Q15)1) + J15(R[J, Q1] + RQ2[J1,Q15])  (6.22)
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Computing [J, Q1] and [J1, Q1] amounts to computing [J,Q;], i = 1,2,3,4. You
can appeal to appendix A in [11] lemma 14 to see [J,, @], but we’ll write it here for

convenience. Assume R = Ry ()(2)
[J,Q1] = RQJ3+ RJIR+ RQ2J4R+ RQy - J5R

+RQ2C¥ : J6R + Ro - JQR (623)
[J, Q2] = J.R+ QZ{QQJ* + R+ QQJ*R + Q4J*R

a-[QaJ. R+ J.R]} (6.24)
[J,Qs] = RJ.+ Qs{Q3J. + J.Q3 + RJ.Qs + RJ.Qs + RJ.Q3
o - [RJ,RV + J.RV]} (6.25)

The calculation of [J, Q4] is similar to the above comutators.
We appeal to appendix A in [I1] lemma 14 to calculate [J,, Q.]. The lemma says
that

(1, Q] =) QiSi+ > QiJi (6.26)

where S, is as we defined it before, S, = J,RB,. Feed (6.22) and (6.26] back into
(6.21)) and (6.20]), reindex Q., J, and expand another multiplicative term from (6.20))

to get,
N m—+1
6.20 Z S, Jo1 T2 RQs H TsRQys + > ] 7-6RQus (6.27)
y=N+1 6=1 y=1

To the first term of (|6 -7 we play the same game that happened after (6.20). Repeat
this process, and observe from ((6.22) and ((6.26]) that at the end of this process,

6.20 [HS

Recall form (6.19), Ry p multiplies on the right side, and this gives us our result. [

N m+1

Mt Z H JwRQW

6=1 =1

Copyright© Aaron D. Saxton, 2014.
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