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ABSTRACT OF DISSERTATION

Solutions to the LP Mixed Boundary Value Problem in C''! Domains

We look at the mixed boundary value problem for elliptic operators in a bounded
CH1(R™) domain. The boundary is decomposed into disjoint parts, D and N, with
Dirichlet and Neumann data respectively. Expanding on work done by Ott and
Brown, we find a larger range of values of p, 1 < p < =%, for which the L? mixed prob-
lem has a unique solution with the non-tangential maximal function of the gradient

in LP(0R2).
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Chapter 1 Introduction

1.1 Introduction and History

In this dissertation, we will prove a result for a LP mixed boundary value problem.
This and related problems have been studied for decades. Proving existence of so-
lutions to the Dirichlet Boundary Value Problem on Lipschitz domains was done by
Dahlberg in 1976 [5]. Jerison and Kenig studied the non-tangential maximal function
in L? for the Neumann Problem for Lipschitz domains in 1981 [10]. Optimal results
have been given for the L? Neumann Problem on Lipschitz domains by Dahlberg and
Kenig in 1987 [0].

In this paper we look at the LP mixed problem on a C!'! domain. The mixed problem
has both Neumann and Dirichlet data, given as follows

Au=0 in Q
u=fp on D
%sz on N

Vu* e LP(09)

where D and N given a Lipschitz dissection of 0f), defined later. Also, Vu* is the
non-tangential maximal function of Vu and is defined in detail in the Section 1.2.
Brown and Ott proved existence of solutions to this problem on Lipschitz domains,
but did not get a specific range of p-values [11]. Brown, Ott, and Taylor, also proved
existence to this problem on Lipschitz domains with general decompositions of the
boundary, but again did not get a specific range of p-values [16]. By putting stricter
conditions on the domain, we are able to prove in this paper existence of solutions for
1 < p <. Moreover, when n = 2 this range of p-values is optimal. For our paper,
we will prove a Reverse Holder Inequality for solutions to the weak mixed problem,
which will in turn allow us to get these better results for the LP mixed problem.

The work of Cafarelli and Peral showed that we could use Reverse Holder Inequalities
to get better LP results [3]. This method was adapted to boundary value problems
by Shen, whose work we will use to prove our result [141]. We will prove our Reverse
Holder Inequality by utilizing the work by Savaré on R? [13].

1.2 Definitions and Preliminaries

We start by introducing notation and problems of interest. Given a domain, €2, we
define for k € N and 1 < p < oo, WKP(€2) to be the set of functions, u € LP(Q2), such

that for each multiindex, «, with |a| < k, the weak derivative, 2%  exists and is in

oxre )
LP(2). We define the norm on this space as follows



0%y

D

» 1/p
LP(Q) '

Note, that for our LP spaces, we use the Lebesgue measure on €2 and on the boundary
we use the surface measure, o. For D ¢ 99, we define C%5(Q) to be the set of O
functions on  that are zero in a neighborhood of D and are compactly supported.
Moreover, we let WiSP(Q2) be the closure of C%(Q) in the W*r(Q) norm. We say
that u € WE?(Q), if for each V' compactly contained in 2, u € W*P(V'). We define
CUL1 to be the set of Lipschitz functions that have Lipschitz first partial derivatives.
We say that € is a C1'! domain if locally the boundary of € is the graph of a C':!
function. We say that a matrix a is elliptic if there is a constant 6 > 0, such that

||U\|ka(m = ( Z

le|<k

¢hag > 0I¢

for almost every x € Q and all £ € R*. For all of the following we assume that
our matrix a is elliptic and symmetric with coefficients that are Lipschitz. Now we
introduce the problems of interest in this paper. Given g ¢ (VVO1 2(Q))* and fp €
tr((WhH2(Q))*), the Weak Dirichlet Boundary Value Problem is the problem
of finding a function, u in W2(Q), that is a weak solution to

(1.1)

—divaVu=g¢ in
u=fp on 0.

A function, u, is a weak solution if u — fp € Wol’z(Q) and it satisfies

f avVuv¥dz = (g,¥),
Q

for all ¥ e W,2(9).

Next, given g € (W12(Q))* and fy € tr((W2(€2))*), the Weak Neumann Bound-
ary Value Problem is the problem of finding a function, u € W2(Q), that is a
weak solution to

{—divaVu =g in ) (12)

% = fn on 0f).

A function, u, is a weak solution if it satisfies

/Q avVuVV¥dz = (g, ‘I’)Q +(fw, q’)aQ

for all ¥ e W12(Q).
One of the boundary value problems we will look at in this paper is the Weak
Mixed Boundary Value Problem. First we let D closed and N open give a



disjoint partition of 9. Given g € (W5*(Q))* and fy € tr((WS*(Q))*), we are
searching for u € W})’Q(Q), a weak solution, to

—divaVu =g in ()
u=0 on D (1.3)
% = fN on .

A function, u, is a weak solution if it satisfies

fQ aVuVV¥dz = (g, V), + (fn, ¥V)sq

for all ¥ e WA

Now to introduce a problem closely related to each of these, we need to define the
non-tangential maximal function. For a function u defined on €2, we define the
non-tangential maximal function on 02 by

u'(z) = sup |u(y)|
yel'a(x)

where T', () is the non-tangential approach region to z given by

Fo(z) ={yeQ:|z-y| < (1+a)dist(y,00)}

for some a > 0.

For this paper we use Vu* to stand for (Vu)* to simplify notation. Now we turn to
the main problem of interest for this paper. We say u € C?(2) is a solution to the
Lr-Mixed Problem, if

-Au=0 in
u=0 on D
% = fN on N (14>
Vu* € Lr(00)
where g—;‘ = v -Vu is the outward normal derivative of v and Vu is defined in the
non-tangential sense, meaning that for x € 052
Vu(z) = lim Vu(y). (1.5)

yelo(z)

In the case where N = @ and we only specify Dirichlet data, we call (1.4) the LP-
Regularity Problem. When D = @ and we only specify Neumann data, we call
(1.4) the LP-Neumann Problem.

For our problem we will consider D and N that give a Lipschitz dissection of the
boundary. To define what this means, we begin by assuming that our domain, 2,
is R7. In this case, we say that D and N give a Lipschitz dissection of the boundary
if there exists a Lipschitz function ¥ : R"2 - R such that

D ={(z1,2",0) : ¥(z") <21}



and

N ={(z1,2",0) : W(z") > 21}

where x € R"2,
Moving on to a more general case, suppose that  is a C'b! graph domain, meaning
there exists a C'b! function, ¢ : R*! - R, such that

Q={(2',2,) s 20 > (')}

where 2/ € R*~!. To have a Lipschitz dissection in this case, we require

D=0Qn{¥(z") <2}

and

N =0Qn {U(") > X},

For our general case where 2 is any C! domain, we say that we have a Lipschitz
dissection of the boundary if there exists » > 0 small enough, such that for each
x € 09, there is a C'L! graph domain, 2, such that

QnB.(x)=Q,nB,(x),

NnB.(x)=N,n B,(z),

and

DnB.(z)=D,nB.(x),

where D, and N, give a Lipschitz dissection of 0€),. For this paper we refer to
bounded C™! domains, 2, that have a Lipschitz dissection of the boundary, given by
D and N, as a standard domain.

We may fix rg > 0 small enough so that for each x € 92, we have a C'! function that
agrees with the boundary of € on B, (x). Similarly, we choose ry small enough
so that our Lipschitz function, ¢, gives a Lipschitz dissection of the boundary of a
graph domain €2, as in the definition, that agrees with 92, D, and N on B, ().
Since €2 is bounded, we have that 0€) is compact and we can guarantee existence of
such a value for ry that works for all z € 0€).

For simplification of notation, we will use the following notations for our local sets

T,.(x)=B.(x)nQ

and we define surface balls by

(r(x) = B.(x) n 0.



1.3 Main Result

The goal of this dissertation is to prove the following theorem.

Theorem 1.1 (Main Theorem). Let Q, D, and N be a standard domain, then there
exists a unique solution u to the LP Mixzed Problem (1.4) with fy € LP(N), such that

V™| zraq) < el fnllze vy

for 1<p< 2o

In the case where n = 2, we have that our range of p-values is optimal. Consider the
following example. Let 0 < o < 27. Define

Qo =B1(0)n{(r,0):0<0<a}.
We let D ={(2,0):0<x <1} and N = 9Q,\D. Consider

u(r,0) = r3a sin (01) :
2cv

The main interest of this paper is that we are able to find a larger range of p-values.
Straight forward calculation gives that Au =0 on €2,, u=0 on D and g—z e L on N.
When « = 7, it is clear that Vu* € LP(09), only if p < 2. This example proves that
our result is maximal in 2-dimensions.
We prove this theorem in multiple steps. We will show that solutions to the weak
mixed problem, which satisfy extra conditions will, in fact, be solutions to the L?
mixed problem. In Chapter 2, we will work through the proof of a Reverse Holder
Inequality for solutions to the weak mixed problem. This will utilize the work of
Savaré [13]. In Chapter 3, we will follow the work of Ott and Brown, [I1], by using
our results from Chapter 2, to prove a related Reverse Holder Inequality on the
boundary for the non-tangential maximal function. Finally, in Chapter 4, we will use
the results from Chapter 3 to prove conditions necessary for a theorem by Shen [1]
and prove our Main Theorem.

Copyright© Laura Croyle, 2016.



Chapter 2 Reverse Holder Inequality

2.1 Reverse Holder Inequality

In order to prove the main result we first need to prove a weak Reverse Holder’s
Inequality for solutions to weak mixed boundary problems. Recall that Holder’s
Inequality implies that for S with positive measure, that

( ]£|f|pdx)’1’ <(£ |f|‘1dfc);

for ¢ > p. A Reverse Holder Inequality is the same result, but in the case where p > g.
To prove our main theorem, we will prove a weak reverse Holder inequality. A weak
result refers to a local result which bounds integrals on a neighborhood by integrals
on larger neighborhoods. For instance,

(v <(f, )’

for p > q. For the duration of this paper, we will be referring to the Reverse Holder
Inequality stated in the following theorem.

Theorem 2.1 (Reverse Holder Inequality). Let x € 022 and 0 < r < ro. Suppose u

is a weak solution to our mized problem (1.3) with g =0 and fy = Kk, a constant, on
B,.(z)n N, then we have

1

(][ |Vul® dy) Sc(][ |V ul? aly)2 +c|K|
Ty 2(a) Tr(z)

for2<s< 2,
n—1

2.2 Flattening the Boundary

Before we begin our proof of the Reverse Holder Inequality, Theorem 2.1, we need
to flatten the boundary, so we can utilize work already done for R? by Savaré [13].
Although we eventually want to consider the case where g = 0 and a is the identity
matrix in (1.3) for the proof of Theorem 1.1, we are able to prove many of these
results in a more general setting. We first need some preliminary results.

Lemma 2.2. Given a graph domain, 2, given by a Lipschitz function, p : R~ :> R,
we define ® : R? - Q) by
(a', ) = (2, p(2") + xn)

where x' € R*=1. We can show that ® is a bi-Lipschitz function differentiable almost
everywhere with



detD® = 1.

Proof. (of Lemma 2.2) We begin by showing that ® is Lipschitz with a constant of
1+ M, since

() - @ (y)]

(@0 (@) +2n) = (4 0(¥') + yn)]
= |z -y) +en(p(z) - o(y)l

< e =yl +le(") - ey
< e —yl+ Mz"-y|
< (1+ M)z -y

where we use that ¢ is Lipschitz, with constant M, in the second to last step. It is
clear that ®~1: Q - R”? defined by

M (y) = W yn—e(y))

is in fact an inverse for ®. It follows similarly that ®~! is also Lipschitz with constant
1+ M, giving that ® is a bi-Lipschitz function. Since ¢ is Lipschitz, we know that ¢
is differentiable almost everywhere by Rademacher’s Theorem. Now, we see that

o _{(o,...,o,l,o,...,o,g—i) ifi%n

dz; 1(0,...,0,1) if i =n.
Hence,
(10 0 0]
0 1 0 0
D® =1 : : . : .
o o0 - 1 0
e 09 . _Op
| Oz1 Oz O0Tp-1 i
Therefore, we have that det D® = 1. n

Once we flatten the boundary and have a new mixed problem, the following lemma
will allow us to prove that the matrix in our new problem is still elliptic.

Lemma 2.3. If a matriz a is elliptic, then for an invertible matriz s, sTas is also
elliptic.

Proof. (of Lemma 2.3) Let £ €e R®. Note that

stasé - € = €TsTasE
(s§)"a(s€)
cls€f?

v



using that a is elliptic. Next note

€1 =1s7"se] < s [s€]-

Together these bounds give the result. Note that the ellipticity constant depends on
the norm of the matrix s7!. O

The following two lemmas will allow us to show that our functions in the flattened
domain lie in the correct spaces. Although we will eventually use Lemma 2.2 and have
a function with detD® = 1, we are able to prove the following results with weaker
conditions.

Lemma 2.4. Given domains 2 and €Y, u € VV&)CI(Q), and ® : Q' - Q, a bi-Lipschitz
function with
m < [detD®| < M,

we have the following chain rule

8<I>'

y] 8371

(2.1)

and uo ® e WuH(Q).

loc

Proof. (of Lemma 2.4) We will prove this result in steps.
Step 1: If ue Ce(Q2) and ® € C ('), then (2.1) holds by the chain rule for smooth
functions and the result is obvious.

Step 2: If u e C(2) and P is as in the statement of the lemma, we can choose a
mollifier, ¢, and define

D.(2) =& * ().
Since ¢ is Lipschitz,

9.0 -0 <

for all x € Q2 and ;J converges to 8 . pointwise almost everywhere. Given ¥ be a
test function in C=(Q’), we have that'

ou 0D,
T L2 gy = 1 [ o5 9%y g,
f Z(93/30 o0x; v al»%1+ /Zﬁyjo 0x;

by the Lebesgue Dominated Convergence Theorem (LDCT). By the first case and
integration by parts we have that,

0P ov
— o P, Ej\If / od,
/ Zayj ox; du ! 8x,d

Again using LDCT, we have




- lim uoq)egwdx=—[ uona\dem.

i X

This result gives (2.1). Now, we know that 22

that

(©2"). We also have

o(P).) (a@j)
8xi - (9[15Z e '
By the Lebesgue Differentiation Theorem, we have that

(8<I>j) oD,
a.fl?i € 8332

almost everywhere in 2. Lastly, since % € L>(€)) and
0P,

H( 8$Z )g L (Q) 8%2
Since u o ® is bounded as is 2% o P42 we have uo P € whi).

loc

[ o] do - ‘

Loo(ﬂ/ H al’l L (Q) ’

Step 3: For this case let © and ® be as in the statement of the lemma. Let V' cc Q
and set V' = ®(V"). Easily, this gives that V cc Q. Choose uy € C(2), where wuy, is
supported on V and u, = u on V in the W11 norm. Now we have

1
®-uod|dr= [ - d
Jy o ®—wo@lde = [ fuly) - u(w)l g v

Since uy, - uw in L1(V'), the above gives that ugo® - wo® in L1(V’). Similarly, since

Que _, Ou iy 11 and
0y By

).

Z—oq) —Z— o

dx
=1 Oy, dx; i3 Oy, 8%

Guk 0P ; _ 1
/ a__a_ (@ 1(y))‘d Do
V)j 11 9Y; Y; Z; | et |
we have that Y, ‘3“’“ (<I>) ;L T (<I>) 2 in LY(V"). Lastly, we get the result

as follows by letting U be a test functlon and getting

U mOuy L 0P
®; U dx li o ®—L dx
./ Z 0% 8951 oo V’le 0y, Ox;

= —lim Uy, ©
k— o0 \v&4

ov
- - P
./’uo 8.1'1 v

where we used Step 2 to get the second equality. O]




Next, we observe that if u € W5*(Q), then uo ® e W57 ().

Lemma 2.5. Let Q and Q' be OV graph domains and u e W5*(Q). Given ®: Q' — Q
a bi-Lipschitz function with
m < |detD®| < M

we have that uo ® e W5X(Q) where D’ = ®(D).
Proof. (of Lemma 2.5) First, since W5*(Q) ¢ W, (Q), we have by the chain rule in

loc

Lemma 2.4, that uo ® is in VV1 Y(€¥). Moreover, we have that

loc

O(uo®) & Ju 8@
N 6 2.2
axi j=1 ay] axz ( )

Hence,

Z_ O(I) 8:172

=1 Y

5

J=1

Jorve®

L2(Q’) L2(Q’)

oy
y;

IN

L2(QY)

using that the derivatives of ® are bounded by the Lipschitz coefficient M and the
triangle inequality. Changing variables gives that

2|l Ou 1
‘le(uoq)) Lo < MJZ 8y] |det DD[1/2 L)
< M ou
11055 20
< C||Vu||L2(Q).

Since this is finite, we have that (u o®) e L2(€)). Using the same reasoning we
can show that wo ® e L2(Q)). Therefore we have that wo ® € W12(Q'). To show that
uo ® has the correct boundary condition, pick {u}32, ¢ C(€Q) such that u, - u in
Wh2(Q). Now we consider uy o ®. We know that wuy is zero in a neighborhood of D,
so uy o P is zero in a neighborhood of D’. Since uy is bounded and ® is Lipschitz, we
have that uy o ® is also Lipschitz. Since the boundary of €' is C'1!) we can extend
uy o ® to a Lipschitz function in a neighborhood of € using a reflection. We call
this extended domain E(£'). It is clear that the extension of our function is still
zero in a neighborhood of D’. Next, choose € > 0 small enough so that shrinking the
extended domain by € doesn’t cut into the original domain. Now we can mollify to

give (uy o ®).,. Choosing ¢; = % will suffice, and starting at k£ > K large enough so

10



that € > % Keep in mind that we are mollifying the extension of our function. Now

we know that (uy o @), € C (E(£')) and
(ug o @), >ucd
in W1L2(€Y). This gives that uo ® € WL (). O

We are now ready to flatten the boundary, so we will define our new functions on R”.

Given a function u € W;5*(Q), 0 <7 < 7o, and = = (2/,x,) € 99, where 2’ € R*! we
define v by

¢ R” n B, .0

o) = {n(y)(u °®)(y) on Ry By (x',0) 2.3

0 else

where @7 1(y) = (v, yn — ©(y")) is the function that flattens the boundary of 2 and
n e C*(R") satisfies

n=1 on B+ (2',0)

n=0 on R”\B%(x’,O)

|Vn| <€ everywhere.

When we flatten the boundary, we will want to ensure we still have a Lipschitz
dissection of the boundary. As a result, we must choose carefully how we define the
dissection of JR?. Given our z € 02, we know there exists a Lipschitz function, ¥,
a graph domain, €2, and a Lipschitz dissection of its boundary given by D, and N,
that agree with D and N, respectively, on Bigor, (). We know D, = {(z1,2",x,) :
x1 > U (z")}. We define

D = {(x1,2",0) : 2y > U(2")}

and

N ={(z1,2",0) : 21 < ¥(z")}.

If we assume that our original function u is a solution to (1.3), we will show that v
is a weak solution to the following

—div(bVv) +v g+v inR?
v 0 on D (2.4)
o

o fN on N

v _ v,
where 5% =37 b; b, Vi

11



bemy = i|detD<I>|(aijo<D)(%oq))(a((;%ofb),

ij=1 i

—(uo @)div(bvn) - 2bV(uo ®)-vn on T (z',0)
g = +|det D®|(g o 1)

0 else,

and

I

< (uo @)ovn-v+/1+|Vpl(fyo®t) on T (2',0)
0 else.

Next, we give a careful definition of the operator (-divbVv + I) in (2.4). For v €
WE’Q(RQ), we define a map given by (2.4), denoted B : WEQ(RQ) - (WgQ(Rﬁ))*, as
follows

Bv(\I/)):/Rn(va-V\Ierv\Il)dy, e WEA(RY).

In order to prove our Reverse Holder Inequality, we want to be able to ensure that B
has a right inverse. We define B : Wh2(R?) — (W, *(R?))* as

Bu(D)) = /Rn(va-V\I/Jrv\Il)dy (2.5)

for all @ € W, *(R™). Also note that the bilinear form Bu(¥) is coercive on W, (R7) x
Wy (Ry).

Lemma 2.6. Given ue W5*(Q), a weak solution to (1.3), and a fived x = (2',x,) €
082, we have that v defined by (2.3) is in WE’Q(RQ). Moreover, v is a weak solution
to (2.4) and the matriz b is symmetric and elliptic with Lipschitz coefficients.

Proof. (of Lemma 2.6) From Lemma 2.3, we have that b is elliptic. That b is sym-
metric and has Lipschitz coefficients follows from its definition and our assump-
tion that € is C''. Now, recall that we flatten a piece of the boundary of 2 us-
ing ® : R? - €, where , is the region above the graph of a C'! function and
Qnd(R? N By (z',0)) = QN @(Bﬁ(w’,O). Define S = (R} n B (2/,0)). We know
that u € Wé’ig(S). By Lemma 2.2, we have that ® is bi-Lipschitz and detD® = 1.
Using © = Q, and €’ = R? in Lemma 2.5, we have that v € Wé’Q(Rﬁj). Now let
U e WE’Q(RQ) be a test function. Define

B (z) = {”(@_1(“?))‘1’(@‘1(:6)) on S

0 else
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Again, by Lemma 2.5, we have that ¥ e Wé’z(Q). Hence using the weak formulation
of our original mixed problem we know that

faVu-V\i/dx:[g\ifdx+ffN\ifda. (2.6)
Q Q N

We start by changing variables on the left-hand side of equation (2.6).

[aVu VU dz = [Zamgu g;p
J

Letting u = u o ® o d~1 and using the chain rule from Lemma 2.4, we have

0 (uo®) d(d1), OF
avu- v dr = f Z 0t B2 JIT 4y
f g:[ 7 oy, Ox; Ox;
Changing variables by letting x = ®(y), we get

[aVu v dg = Z(am (I))a(uo(b) (8((1) e CD)(G\IJ (IJ) dy.

®-1(8) {54 Ox; Oz,

From the definition of ¥, straight forward calculation gives that

ov 877 @(CID 1)m oV 9(d 1),
d = — 0 d].
Ox; ’ Z ( 8ym Ox; +n8ym O; ’

Using this and the definition we gave for by,,, we have
f avu- vV dx = f » )(\Ifbv(uo Q) -vn+nbV(uo®)-vV)dy
Q >-1(S

Next, subtracting and adding (u o ®)bVV¥ - Vn, we have

fQ avu-vUdr = f ) (UbV(uo ®)-Vn—(ue®)bVV-Vn
(I)—l
+(u o @)YV - Vi + nbV(uo ®) - V) dy.

Combining the last two terms in this equation gives us the following

/Q avu-vUdr = / © (UbV(uo®)-Vn—(uo®)ovV - vy
®-1
+oV(n(uoW)) - V) dy.
Recalling our definition of v, we have

[avu - v¥dr = Jo(s) (WO (uo @) - V= (uo @)ovV - Vn

2.7
+bvv - V) dy. (27)

Now, we need to work through the second term of this equation. Adding and sub-
tracting WbV (uo @) - Vn gives

13



[q)_l(s)(UOCI))bV\I/-Vndyz [I)_I(S)((uo(I))bV\I/-Vn+\Ile(uo(I>)-Vn—\IfbV(uo(ID)-Vn)dy.

Combining the first two terms of the right-hand side, we have

[ (o @vu-vydy= [ (Vo ®)¥)- Vn- bV (ue®) V) dy.
d-1(3) >-1(3)

Now using integration by parts on the first term of this equation gives

f (w0 @)V -Vndy = —f (10 ®)Udiv(bvy) dy
o-1(5) o-1(5)
+ uo ®)WbVn - vdo
[a@-l(S))( )YV
- v D) - dy.
[MS) V(uo®)- V) dy
Substituting this into (2.7), gives
faw-vxif dr = f 5y (QUDV (w0 ®) -V + (w0 B)Ueiv (b)) dy
Q o-1(S
+/ bVU-V\I'dy—f (w0 ®)UDYY - v do.
®-1(S) o(2~1(5))
By definition of 1, Vn is zero on T = (2/,0) "R} and ¥ =0 on ®~'(DnS). This

gives

Joavu-vUdr = [i g UV (ue®) vy + (uo®)Wdiv(bVn)) dy
+ o159y 0VV VO AY = [505, (w0 (uo ®)VOVY - vdo.
M

(2.8)
Using the same change of variables as earlier, but on the left-hand side of (2.6), we
get

Jog¥du+ [y fxUdo = [y det DB|(g0 &)W dy »
o ns @0 VI HIVEP(fv e @)W do.

Now, combining (2.8), (2.9), and (2.6) gives

f_ bVo-VUdy = f (VI+IVeR(fy 0 @) + (wo @)ov-v) Wdo
o-1(8) NnB .y (2/,0)

M

detD® o1y -2b D) -
# . (4etDI(g 0 @) - 260 (w0 @) - Vi
—(uo ®)div(bvn))V dy.
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Finally, recalling the definition of § and fy, along with recalling the support of v, we
have

f bVo-vUdy = fwamf G0 dy
R? N R?

for all W e Wé’Q(Rﬁ) as desired. O

It is obvious from the definition that D and N in (2.4) still give a Lipschitz dissection
of the boundary. The following Lemma will allow us to ensure that the difference
quotient of our test functions still lie in the same test space.

Lemma 2.7. Let Q2 = R? with N and D~, a Lipschitz dissection of the boundary, given
by one Lipschitz function, V. For x € D and h >0, we have that

r+haeD

for all ae {(a1,a"”,0) : ay > M|a"|}, where M is the Lipschitz coefficient for W.

Proof. (of Lemma 2.7) Let z € D, h >0, and « be as in the Lemma. First note that

T + ha

(z1,2",0) + h(ag, a”,0)
(z1 + haq, 2" + ha',0)

This gives that x + ha € IR?. Next note,

U(z" +ha') = W2 +ha') - (") + U(2")

Mh|a"| + W (")

IN

since ¥ is Lipschitz. Now, since x € D

V(2" +ha") < Mhla"|+ x4
< hOél + I
by choice of a. Hence we have that z + ha € D. O]

Remark: It is clear that we can choose a basis for OR? in {(a1,a”,0): oy > M|a''}.
We will choose such a basis later in this chapter.
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2.3 Besov Spaces

We want to show that our function, v, is in a Besov space. We begin by defining
the Besov spaces we are interested in, B;’q(RE), as the real interpolation space,

By (RY) = (LP(RY), WHP(RY))s q.

For a definition of interpolation spaces see Bergh and Lofstrom [2]. We also define
some related spaces found in Savaré [13]. For 6 > 0, define

Dip(RY) = quw e WH(RY) = sup =
k=1,...

Vw(-+ hey) -V n
(” U)( Gk) w|L2(R+)) <
n-1

For this paper, we are interested in B;/ 020 and Bg/ 020 In order to prove our function is

in one of these Besov spaces, we need an alternate definition for B;’/ 020 (R7?). We start
by proving some necessary results.

Lemma 2.8. Let {f;}7] give a basis for OR?, then

vu(-+ hB) — Vu(: .
lul s = ulwrz@y) +  sup [vu( +h5) _ UOIIERS
1o " L0 h

. . !
is an equwalent norm on D, _,.

Proof. (of Lemma 2.8) First, since we know that {ej,...,e, 1} is a basis for OR?, we
have that 3; = Y07 ¢;je;, so

n—1
[Vu(-+ 1 Y eijes) = V()] L2

j=1

IV(-+hBi) = Vu()| L2qrn)

n—1
|Vu(-+h 'Y, cije;) = Vul- + heg porena) | 2 re)
=1

+| V(- + hesparena1) = Vul(-) | r2ere)

IN

where we subtracted and added Vu(- + he; p-1€,-1) and used the triangle inequality.
Note that we can change variables on the first term using y = x + hcjp-1€,-1. 1If
Cin-1 <0, we can translate the last term as well to get the following result

n—2
|Vu(-+hB;) = Vu() | 2@ey < [Vul-+h ) cije;) = Vul) | 2
j=1

o vul +kenr) = Vu()| r2re)
+h Skli%) 10 .

Continuing in this matter for each e;, we get
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n-1 v . k . _ . ) .
V(- +hB;) = Vu() | r2mny <h? Y sup [vul + eﬂ)kevu( )2 =)
j=1 k>

From this, it follows easily that
Jul s <cluly,

The other direction follows analogously. O

In order to prove several of the following results, we need to utilize a basic result
for difference quotients found in Evans [7, p292-293|. First, we define for £ e R*~! x

{07\{0},

Teu = u(-+§) (2.10)
and
_u(+&) —ul)
Agu = A . (2.11)

Note that this notation is a little confusing, A, is not the Laplacian.

Lemma 2.9. Let v e WLP(R?) for 1 < p < oo be supported on a unit ball, then for
& e R™ with &, =0, we have

|Aev| Lo rry < | VO] Lo gny.-

Lemma 2.10. For D, defined earlier (§ = 1), we have that

W22(RY) = {u € Dy(R?) : Bue L*(RY)}
where B defined in (2.5).

Proof. (of Lemma 2.10) If u € W22(R?), easily we have that u € D,(R”) and integra-
tion by parts gives that

(Bu)(W) = [R 0(2)0(2)dz

for some ¢ € L2(R?). This is what we mean for Bu € L2(R"), which gives the first
direction.

For the other direction, suppose that u € Dy(R?) and Bu € L2(R7). We will begin
by proving that & o € L2(R7) will follow from showing that 8225;]_ e L?2(R?) for
(i,7) # (n,n). By Theorem 1 on interior H?-regularity on page 327 of Evans [7], we
have that u € W>?(R?), since Bu € L2(R7). Moreover, if ¢ € L2(R?) is the function
satisfying

(Bu)(W) - f 2)W(2)d

17



then by the remarks following Theorem 1 on page 328 of Evans [7], we have that

—-div(bVu) +u="~
almost everywhere. Writing this in non-divergence form gives
- ; —tu="/
Z ]8:70 ax] chaxk v=

4,j=1

almost everywhere. Rearranging, we have

J%*u U 0%u " Ju
b == S by Y et
2 1] k .
i+J#2n

Since b is elliptic, we know that

0<0< Q\Gn\z < Z bij(en)i(en)j = bnn

2,j=1

This gives that b,,, > 0 and therefore we can divide to obtain,

*u ~ z”: bi; 0%u N Cr ou
ox? i1 bon 02075 (74 b Ok
i+j£2n

U V4
+___
b b

almost everywhere.

Now, ¢; and b;; are in L“(R") ﬁ < %, and we know that wu, %, and /¢ are in
L*(R7). If we know that 5 “ e L2(R?) for (i,7) # (n,n), then we would have
that g;; L2(R7) and thus u € W”(R") as desired. We only need to prove that

ax B e L2(Rn7) for (i,7) # (n,n). Since u € D{(R?), we have that for ¢ # n

|Vu(-+ hei) = Vu()] 2@y <
- <
for all A > 0. Thus we have a sequence of {h}7°, for which

%('+hk€i) - a%(')
R,

converges to v;; € L2(R?) weakly. Given ® € C°(R7), we have that

@GCDCZ _ / ou lim q)(y_hkzei)_q)(y)d
R

Ry Oz Ox; Y n ij k—o0 —hy
O(y — hype;) - @(y))
= d
k1—>r2> R? 8.1'] ( —hy, Y

by the Dominated Convergence Theorem. Now changing variables gives
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ou ou
ou 0P oo W+ hies) = 52-(y)
Rn( P (y) dy

———d li
Ry Ox; 0z, 4 e —hy,

= —fRn%‘j(y)‘I’(y)dy

by weak convergence of the difference quotient. Hence the weak derivative of %,
J

namely %, is equal to v;;. Hence we have for (i,7) # (n,n) that &izgxi e L2(R?)
and so 3273 € L2(R?). This gives us the result. O

Remark: It is obvious that
WH2(RY) = {w e WH(RE) : Bue (Wy*(RY))*)

since for u € W12(R?), we know Bu € (Wy*(R?))*.

Now, we need a basic interpolation result before we can continue, but first we take the
following definition of compatible couples of Banach Spaces from Bergh and Lofstrom
[2]. We say that X, and X; is a compatible couple if there is a normed Hausdorff
topological vector space X such that Xy and X, are subspaces of X. Then, Xy + X;
and Xy n X; are also subspaces of X. We denote compatible couples by (X, X7).
The following result can be found in Theorem 3.1.2 in Bergh and Lofstrom [2].

Lemma 2.11. Suppose there exists an operator T', such that for compatible couples
(Xo,X1) and (Yo, Y1) we have

T : Xo—)}/b
T : Y=Y

then for 0 <6 <1 and 1 <p< oo, we have that

T : (XOa Xl)@,p - (%a Yi)@,p'
We also need the following Lemma from Baiocchi [1].

Lemma 2.12. Let (Xo, X1) and (Zy, Z1) be compatible couples of Banach Spaces and
A: Xo+ Xy = Zy+ Zy. Suppose a right inverse, A, to A exists such that

A:Zy > X,
A:Z, - X,
Ao A: Xy~ X,
AoA: X, > X,

Ao A =id.
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Let

Yo={ueXq:Aue Zy}
Yi={ueX;:Aue 7},

then we have for 0< 0 <1 and 1< q < oo that

(Yo, Y1)o,q = {u e (Xo, X1)oq: Au € (Zo, Z1)0,q}-
For completeness, we include the proof of this Lemma.

Proof. (of Lemma 2.12) First, to prove the forward direction of the containment, note
that we have

1: Yk - Xk
where ¢ is the natural inclusion and
A: Yk - Zk
for k=0,1 easily. Lemma 2.11 gives for 0 <6 <1 and 1 < ¢ < oo, that

Z' : (%;Yi)e,q - (X[))Xl)@,q

and
A: (}/[]7}/1)9,(1 - (ZO> Zl)@,q-

This means that if u € (Y, Y1), then u € (Xo, X1)g, and Au € (Zy, Z1)p,,. Therefore,

(Yo,Y1)o,q S {ue (X0, X1)oq: Aue(Zy, Z1)gq}-

Now to get the other direction of the containment, start by defining
P(u, f) =u-A(Au~ f).

If ue Xg and f € Zy, then Au-— f € Z,. We know by assumption that A(Au—f) € Xo,
hence

P(u, ) : Xo x Zy = Xo.

Similarly, we have that

P(u, f): X1 xZy - X;.

Next note,
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A(u—-A(Au - f))
Au—AA(Au-f)
= Au-(Au-f)

A(P(u, [))

since AA =id. Hence A(P(u, f)) = f. In either case we have that,

P: Xk X Zk - Yk
for £ =0,1. Again by Lemma 2.11, we know that

P: (Xo x Zp, X1 % Zl)e,q - (mel)@,q

for 0 <6 <1and 1 < g <oo. Let ue {ue (Xo,X1)o,: Au € (Zy,Z1)s,}, then
(u, Au) € (Xo x Zy, X1 x Z1)g,4. This means that P(u, Au) € (Yo, Y1)o,4-
Now note that P(u, Au) = u. Therefore we have that u € (Yp,Y)s,, as desired. O

Lemma 2.13. Our operator B, defined in (2.5) satisfies the conditions from Lemma
2.12. Meaning there exists a one-sided inverse, B, such that

1 B: (Wy?*(RE))* > Wy (Ry) € WH2(Ry)
2. B:L*(RFn,) - Dy(R")

3. BoB=id

4. BoB:WL2(R7) - W12(Rn)

5. Bo B: D,(R") - Dy(R")

Proof. (of Lemma 2.13) First, given f e (W, *(R?))*, Lax-Milgram gives that there
exists w € Wy >(R?) such that

(Bw)(¥) = f(¥)

for all U € Wy *(R7), since B is coercive. Define B(f) = w. Note that 1 is clear
directly from Lax-Milgram. Result 4 follows directly from 1 and the fact that

B:W(R}) > W (RD).

Next we have that, o .
B(B(f))(¥) = (Bw)(V) = f(T)

which gives 3. Now to show 5, let v :~§ o Bu with u € Dy(R?). We want to show
that v e D,(R?). By 3, we know that Bv = Bu. Hence

Bu(¥) = Bu(V) = [Rn(bw YU+ W) dy.
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Also, we know that v e W, *(R?) by definition of B. Easily, we have A¢v € W) *(R7),
so we can use it as a test function. Hence

(Bu)(Agv) = f (V0 - V(Aev) + vA) dy. (2.12)
R
Now define,

7e(Bo) (V) = fRn(Tg(bw) VU + 700 dy

and

7e(Bv)(¥) - Bu)(¥)

A¢(Bo)(V) = T

Changing variables gives,

7e(Bv) (V)

fRn(bW V(7eV) +or W) dy
(1?1;)(7_5\11)
= (Bu)(1¢¥)
Te(Bu)(V)

where we use the same reasoning for the last step as on the first two, but in the
reverse direction. Hence letting U = Acv we have that

(7e Bu)(Aev) = fRn (1e(bVV) - V(Agv) + TevAgv) dy. (2.13)
Now subtracting (2.12) from (2.13) and dividing by || gives that

(AeBu)(Acv) = é [ (Getw0) ~b90) - 9 (A0) + (760 - 0) M) dy,

Adding and subtracting (7¢b) Vv to the integrand gives

7e(bVv) - bVv (1eb)Te (V) = (1eb) VU + (1eb) Vo — bV

= (7eb)(7eVu = Vo) + (1¢b - D) V.

Hence,

(AééU)(A&U) = ‘/Rn((Tgb)V(Ag’U) : V(Ag'i}) + (Agb)VU : V(Agv) + (Ag?})(AgU}) dy

Since T¢b is elliptic, we have
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IN

min(\,1) [ (9(Ac)P +1AaP)dy < (AcBu)(Acw) - [ Adv-V(Acw)dy
(A¢Bu)(Aev)|

+ My [ Vo[ L2 ey [V (Aev) | 2wy

IN

where we use that b is Lipschitz with constant M, and Cauchy-Schwarz’s Inequality.
Next use Cauchy’s Inequality with an € on the last term to get

min(\1) [ (VAP +[AaP)dy < [(AcBu)(Aev)]+ | Vol

min(\, 1)
(A g
Combining the similar terms, we have
[ A9 ()P + 18P dy < cl(AeBu) (D) + | Tolayy  (214)

Now,

(AeBu)(Agv)]

| [ (Aeovu) - v(Aew) + Acurer) dy‘

’ fR ((rebAeTu + AbTu)V(Agv) + Aculrev) dy’

using our work from earlier. Next,

(AcBu)(Aev)] < (Bl |2 Vul 2y + Myl Vil L2y |V (Aev) | 2
+ Agu 2@y [ Aev] 22 ).

Again Cauchy’s Inequality with an e, used twice, gives

(AeBu)(Aev)l < el At oy + 1VUlTamey) + (/2)V(A) [Ty

+

+Agu| L2y | Aev || 2 rny.-

2
Hence, substituting this into (2.14) gives

[ AvacP +aaP)dy < cllAeulamy, + Vel

+|Agul 2 [A¢v] L2y + VO 22 (mny)-
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Since u € D5(R?) and v e WL2(R?), setting & = he; for i =1,...,n -1, we easily get
v e Di(R?). Hence we have 5. To show 2, let f e L2(R?). We know that for u = Bf,
that u e W, *(R?) and

[Rn(qu-V\I/+u\If)dy - [R £ dy
for all ¥ e WL2(Rn). Using+A§u for a test function g+ives
[M(qu- V(Agu) +uleu) dy = fR? fAcudy. (2.15)
Letting 7_¢A¢u be a test function and translating gives that
JA (e(07w) - 9 (Agu)reudeu) dy = JA (B dy. (2.16)

Subtracting (2.15) and (2.16) gives

/Rn((Tf(qu) - bVu) - VAgu + (teu —u)Agu) dy = /]R” F(Te(Agu) — Agu) dy.
Now the same work as before gives that
S v aa vy dy < [ 59 () dy+ | Tulsey
Fix w = A¢u and use Cauchy-Schwarz Inequality to get
fW(IVAgUI2 +1Aqul) dy < | fl 2y | A-e(w) | z2ry) + el Va2 gy
Next, using Lemma 2.9 we have that
fRn(IVAWF +|A¢ul) dy < [ f ]l r2qep | VA p2ryy + | Vuul raey).

Using Cauchy’s Inequality with an € on the first term on the right-hand side and
rearranging gives

[ (ATAuP 418t dy < el f |12z + | Vulsagen.

Since f € L*(R7?) and Vu € L?2(R?), we have that u € D) by using £ = he; for
t1=1,...,n—1. Hence we have the lemma. O

Lemma 2.14.
D§/2(Rz) = (WLQ(R?)aDé(Rz))l/Q,oo

Proof. (of Lemma 2.14) As noted in Savaré, the proof can be carried out using semi-
group theory (See Bergh and Loéfstrom) [2, p. 156]. O
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Le/mma 2.15. We have the following alternate characterization of the Besov Space,
By (RY),

BY2(RY) = {we Dy(R2) : Bu e (W2(RY), L2(R))1 200}
where B is defined in (2.5).

Proof. (of Lemma 2.15) This alternate definition for our Besov Space follows from
Lemma 2.12, Lemma 2.13, and Lemma 2.14. 0

From this definition, the following gives a norm for Bg/ 2 (R»)

{ [Vo(-+hBk = Vo))l 2@

N } (2.17)

HUHBS/EO(RE) = ||U”W1’2(Rf)+ sSup
’ k=1.2...n—1

+| Bvl| (w-r2@p),L2®2)), .00

where {0} is a basis of R"! x {0}. Next, we need a couple of basic results about
Besov spaces.

Lemma 2.16. If v € B32(R?), then Vv € B2 (R%). Moreover,

2,00

IVelpyz ey < clol gtz oy

The Lemma above is obvious and follows directly from the definition of interpolation
spaces.

Lemma 2.17. Ifve B;/i(Q) for a C' domain, 2, then for 2 < q < 2% we have

n—17

[olssc@y < el e
if v is supported on a ball. The constant, ¢, depends on this support.

Proof. (of Lemma 2.17) Theorem 2 from pg 279 of Evans [7] gives that W2(Q) -
L+ (£)), meaning for u € W12(Q) we have

lull, 2z, < clulwro)-

We also have that L2(Q2) — L?(2). Hence, by Lemma 2.11 we have that

(L2(9), W2(2))gq = (L(), L2(2))o
Recall that Bf = (L?(Q),W'2(£2))p,4. We define the Lorentz space by

LP(Q) = (L7 (Q), L7 (),

where 0 < py < p; < 00, 1 << 00, and
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p Po b1

with 0 < # < 1. Note that this is not the standard definition of a Lorentz space, but
rather an equivalent definition given by Theorem 5.2.1 on page 109 of Interpolation
Spaces by Bergh and Lofstrom [2]. In our particular case, py =2, p1 = %, 0 = %, and
q = oo. This gives us that p = 2—”1 Hence we have that

n—

1 1-60 6
+

2n

Byl = L1 (Q).

This means for u € B;/i(Q), we have that

ooy S Clull

[l 22 oy € (2.18)

1/2 .
2100 (£2)
Next we have another definition of the Lorentz Space which holds only when ¢ = oo

given by

Lr=(§0) = {f sup (m({[f] > 1})) < o0}
We define

w,07) = faup (071> 1))

and we have that W,(f) <c|| f] .= (q)-
Fix f e LP>(Q). Let E c Q be a set with finite measure that contains the support of

f. Let 2< s <p, then
|1
/|f|5dy=f3[ t~Ldt dy.
E E Jo

Next using Fubini to change the order of integration, we have

flPdy [ sts‘lf dy dt
fE| | 0 {yeExf (y)I>t}

= [ st tm {11 ) at

A 00
sfo t“m({|f|>t})dt+s/A (] > 1)) dt
< cAm(E) + WP (f) onotS_p_ldt

N

where we use that t*Pm({|f| > t}) is bounded by the pth-power of of W,(f). Hence,
we have

[E |fIPdy < cA*m(E) + cWP(f)A*P.
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Setting A = W,(f) gives

[£12s ) < W3 (F)-
Combining this with (2.18) gives the result. O

2.4 Proof of Reverse Holder Inequality

In this section, we will use a difference quotient method to prove our Reverse Holder
Inequality. To prove Theorem 2.1, we begin by assuming that r = 1.

Lemma 2.18. Assuming that our Neumann data fx has a constant value of Kk on
By (z), then for our function v, defined in (2.3), we have

ve BYL(RY).
Moreover, recalling u in the definition of v, we have

[0l g2 gy < ClVul 2eri @y + el zzeri@y + elglzzerie) + sl

Proof. (of Lemma 2.18) Recalling Lemma 2.15, we will begin by getting a bound
on the D:;/2(Rl}) norm of v and also the (W~12(R%), L2(R?))1/2,00 norm of Bu. Let
{B;}17! be a basis for OR? chosen so that each § € {(ay,a”,0) : ag > M|a"|} from
Lemma 2.7. Let h > 0. From this Lemma we easily see that v(-+hf3;) € W}D’Q(RQ). So
we can let v — 75,0 be a test function, which gives that

[ovev@-msodys [ o@w-mso)dy = [ @Gro)e-mge)dy
Fn (v = Th,v) dy.
+[va(v Thp, V) dy

Let’s look at just the first term on the left-hand side to see,

1
fw bVu-V(v—-mppv)dy = 5{/]1;{” bV (v = Thp,v) - V(v — Thg,v) dy
+[R" bV T,V - V(v = Thpv) dy
+ | bVv-V(v—Th0) dy}
R?

by straight forward calculation and utilizing that b is symmetric. Now using ellipticity
on the first term of the right-hand side gives
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Vv

1
bVv-V(v—-Thpv)dy > Q{CfRnW(U_Thﬁiv)deJrfRn bV T, v - Vo dy
—f bVThﬁ/U-VThﬂivdy+[ bvv - Vudy
R? R?

—f bVU'VThgiUdy}
R?

1
. V(o702 d —f DTy 0 Vs 0 d
Q{Cfml (v = Thgv)|* dy o VYTV Vg0 dy

+/ va-Vvdy}.
R}

Now we will focus on the last two terms on the right-hand side. By changing variables
on the last term we have that

R?

f]R“ bVv - Vudy - /Rn bV T,V - VThgv dy = fRn(b—T_hgib)Vv-Vvdy.
Altogether, we now have that
fRnW(v—Th[giv)de < C{An(T_hﬂib—b)Vv-Vvdy+QA{n(§+v)(v—Thﬁiv) dy

+2'/~ fN(v—Thﬁiv)dy—Qf U(U—Thﬁiv)d’y}.
N R?

Now, notice that

f (T_hgib—b)Vv-Vvdyéch[ |V dy
R7 RY

since b is Lipschitz. Hence,

/ |V(U—Th5iv)|2dy < c{chf |Vv|2dy+2/ (g+v)(v—Thpv)dy
R? R? R?
+2‘/~ fN(v—Thgiv)dy—Qf v(v—Thgiv)dy}
N R?
< ch/ |VU|2dy+c[ |9l|v = Thp,v| dy
R R?

+c—/Rn fN(U—ThgiU) dy

where we notice some terms cancel. For the second term, note that

IN

1G] 22z v = Thgv] L2 @y

g||v = T, v|d
Syl =70l dy

IN

1] 22 zy (ch | VU L2 (R7y)
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where we used Lemma 2.9 and the fact that v is supported in a unit ball. Next, using
that ab < 1/2(a? + b?), we have

S, Jallo =70

Hence, putting it all back together we now have

dy < ch|glGa gy + VY2 gay).

f |V(U—Thgiv)]2dy£chf ]Vv|2dy+chf |§|2dy+cf Fy(v—mhs0) dy. (2.19)
RY R? R? ORY

Now we consider the last term,

./(;R" Fv(u=mnp,v) do(y) = ./aw (uo®)bVn-v(v—Thg,) d0+/aRn R\ 1+ V2 (v—mpp,v) do

using the definition of fN. For the second term, changing variables to push the
difference onto /1 + |V¢|?, using Cauchy-Schwarz, and recalling that V¢ is Lipschitz,
gives

IN

chlrl[[v] 2 @)

/{;RN K\ 1+ |V (v —Thg,v) do

IN

chlr|? + Ch“””%%m)
where we again use that ab < $(a? + b?). By the divergence theorem we have

fa (wo ®)bVn - v(v—THpv)do = f div((uo @) (v — mp,v)bVN) dy.
R R

Straight forward calculation gives

faﬂgz(u 0 ®)bVn - v(v - Thp,v) do /Rf by - V(o ®)(v-Thsv)) dy
+ [Rn (uwo ®@)(v—Tpv)div(bVn) dy
[ (o @)v(v-ms0)

+(v =T, v)V(uo @))bVndy
+c|uo P

IN

L2(Yy/0(2,0)) ”U = Thg; U |L2(RI})

where we use the product rule in the first integral and for the second term we use
Cauchy-Shwarz and the fact that n is bounded. Again, using that ab < 1(a? +b?) on
the last term as well as Lemma 2.9, gives
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_/8 (uwo @)bVn - v(v—Tppv) do
R?

< [ (o ®)V(v=T150) + (v = 71,0) ¥ (o ©))bVndy

+ch|uo <I>||%2(T1/M(z,70)) + ch||VvH%Q(RZ).
We look at the first term on the right-hand side, to see
fRn((uo B)V (0= Ths0) + (0 — Ths,0) V(w0 B))bV dy
= fRn (wo ®)V(v—mhsv)-bVndy + [Rn(v — Thp,v)V(uo @) -bVndy

: /Rn (u °© @)V(U - Thﬁiv) bV dy + Cth(u °© ¢)||%2(T1/1\/I(37',0))

+ CthUH%Q(RQ)'

Combining these bounds with (2.19), we have

/R? V(v -Tnsv)|Pdy < ch ‘/]M Vol dy + ch /Rf lg|* dy+ch||uo<I>|\I24,1,2(T1/M($,70))

+/ (uo @)V (v - Thp,v) - bVn dy + ch|x]*.
R'fl

+

Now we turn our attention to the second to last term. Changing variables after
splitting up terms gives

[ o)V =i50) - b7ndy = [ ((wo@)pvn=7is((uo )bvm))- Tudy

Ch” (U o (I))bvnHLZ(Tl/M(:B',O)) ” Vv HLQ(RQ) .

IN

Using the same ideas as before, we have

—/RE(U 0 @)V (v = Thp,v) - bVndy < chluo (I)H%Q(TI/M(I’,O)) + ChHVUH%Q(M)-

Together we now have

[R? |V (v = Tp,v)|* dy < ch([M |Vu|* dy + /Ri‘ |G1* dy + |u o @H%,Vl,z(TI/M(z,7O)) + |/1|2).

Now, we need to deal with g term. Recalling the definition of g, we have
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IN

”(u °© ‘D)div(bvn) ||L2(T1/]W($,70)) + ||2bV(u o @) ) VTIHLQ(Tl/M(W,U))
+[|detv®|g o ¢t “LQ(Tl/M(x’,O))

cluo®|rzcr, o + | V(wo @) L2cry a0y

1G] 22 (e

IN

+CHg o ®~ HLQ(TUM(?U':O))'

Altogether now we have,

Jo [P =ria0) dy < eh (1908 ager) + 190 2 gy, o

+||uo <I>||%,V1,2(T1/M(x,’0)) + |n|2) :

Recalling the definition of v and changing variables back to €2 gives

2 2 2 2 2
L v@-maofdysan{ [Py [ vuldy gl o+ )

which gives us a bound for the D;} jp DOTT. Using the definition of the norm of the
Besov space given in (2.17), we have the result by bounding the Bu term its L? norm
and then by ||v|y12®r) and changing variables back to (2. O

To prove our Reverse Holder Inequality, we need to prove a Poincaré Inequality. The
following domains are useful in that they allow us to find a family of domains for
which the Poincaré inequality holds.

We say that () is star-shaped Lipschitz with constant M and scale r if there
is function, p: 9(By(z)) — [1, M + 1], that is Lipschitz with constant M such that

Q={y¢x:|x—y|<rp(ﬁ)}u{x}

for some x € €2, which is the domain’s center. For the following lemmas, we will
assume that our domains are centered at x = 0 to simplify the proofs.

Lemma 2.19. If Q is star-shaped Lipschitz with constant M and scale r, then there
is a bi-Lipschitz function f that maps B,(0) onto €.

Proof. (of Lemma 2.19) Define f: B,(0) —» R™ by

) yp(f’?‘) if y+0
1) {O if y=0.

If y=0, easily f(y) €. If y #0, then
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|f(y)l < |y|p(£) rp( J )
|y [yl

Hence f(y) € Q. Let z € Q. If 2 =0, then easily z is in the range of f. If z # 0, define
z
y=—
()

Since |y| < r and f(y) = z easily, we have that f is onto €. Since it is clear that y =0
is the only point that maps to 0, let y, w # 0 by two points in B,.(0) with f(w) = f(y).

Now we know that
w
yp(i) :wp(—). (2.20)
[yl |wl

Now, since p maps into [1, M + 1], it must be that y and w are in the same direction,
meaning

This gives that p(|y|) p(‘w‘) Dividing these out of (2.20), gives that y = w. Thus
we know that f has an inverse and it is given by

—~ ifz#0
1(2) = p(\?)
0 if z=0.

Now we want to show that f and f~! are Lipschitz. Let z and y be in B,.(0). Note,

oli) (i)
| (@) (i ”p(u)‘y’)(wyl)‘
el (7)o )]+t )

oo |+ (M + Dl -y

x|yl

[f(x) = f(y)]

IN

Mz

where we use that p is Lipschitz and bounded by M + 1. Now,
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@)= £ s Mpal| I s (o)
1 el e | R YR YR
vl
< M|y||x—y|+|l|yl ||96|—|y||+(]V_,+1)|L,E_y|
y
< 2M|z -yl + (M + 1)|x - y|
= (BM +1)|x -y

We have assumed that = and y are not zero, but the result is even easier if one or
both of them equal zero. Hence we now have that f is Lipscitz. Now to show that
f~1 is Lipschitz, note that p maps into [1, M + 1], so % maps into [=7,1]. Now if

T+M>
y =0 and x # 0, then

@)= W) = 1 @) = s <Je-0
o(#)

so the Lipschitz condition is satisfied. If both x,y # 0, then we have

@l =
(i) (i)
(i) -vel)

IN
&

s
==
=
N —

|

N

s
AN —
=l
N —

using that % maps into [+, 1]. Next

o) -+ () o()
“lii) i)

(BM +1)|z -y

[f7H (@) = £ ()]

IN

by the work we already did. Hence f~! is Lipschitz. This gives the result. O]
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Lemma 2.20. Suppose that u € C=(Q), where Q is star-shaped Lipschitz with con-
stant M and scale r and w =0 on S € 0¥, where S has positive measure, then

([|u|:fpdy)p Sc(/quF’dy)p
Q Q

where ¢ depends on o(S), if and only if uo f where f is from Lemma 2.19, satisfies
the same inequality on B,.(0).

3=

This result follows from a change of variables. Note that the previous two lemmas
enable us to get the desired inequality on our star-shaped domains by proving that
we have the result on a ball.
Given a set S of positive measure, we using the following notation to denote the
average value of a function over S
Ug = ][ udy.
S

Now, we introduce the following well-known result.

Lemma 2.21. Let u e C>(Q), where Q is star-shaped Lipschitz with constant M and
scalar r, then for 1 < p<n, we have

cd™
Y < -
= lisien < s [Vl

where % - % =1, d=diam(2), and S = B..().

Proof. (of Lemma 2.21) Let z € Q and y € S. By the Fundamental Theorem of
Calculus, we have

u(x)m(S)—[ y)dy = [/|y m|Vu(3:+|y x|t) é p dt dy.

Now, letting & = |y — x| and @ = | x|, we can switch to polar coordinates by using that
dy = &1 d¢ dw. Dividing by m(S) gives

T 3
o)~ fods= oy [ [, ) ot 1) xate i dode

Taking the absolute value gives
1 r €
lu(z) - as| < —f f [ V(e +10) - Grya(z +@t)| dt €7 div de
m(S) Jo Jopi(0) Jo
1 ’ ‘ o) dt €t d d
m(S)/(; ./(;Bl(o)fo lo(w+a)ldis wd

where we use that |@| = 1, set v(z) = xq(2)Vu(z), and use that d = diam(Q2), r < d.
Switching the order of integration gives,
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1 d d
-1 _ t n=Ld¢ dt da
u(r) sl < e [ o) [ e dgdra
1 ’ taQ ’ Yd¢dtd

< n- 3
- m(S) [831(0)/0 ol + w)|—/(; : Sdidw

" ’ )| dt e

- nm(S) BI(O)/ lv(z + tw)|dt dw

<
< nm(s) [Bl(o)f (e + 10)| di d

_ [ f°° [ +t0)] s gy g
nm(S) 9B1(0) -t

Letting y = x + tw and dy = t"! dt dw, we have

dn lv(w)|
nm(S) Jry |z - y|!

lu(x) - s

Define I1]v|(z) = [, ‘x”(y) dy and letting |v| = |[xqVu|, we have

y|n 1

lu(z) - us| <
'

dn
W(M”D(ﬂf)-

Use the Hardy Littlewood Sobolev Inequality from [15] to show

1119 Laqrry < c|xaVul L @n).-
Thus,

cd”
wm(S) 1119 zrrny

cd™
= IxeVul o)

m(S)
cd"

nm (S)’

IN

lu(z) - ts| Laa)

V] o)

]

Lemma 2.22. Let ) be a star-shaped Lipschitz domains with scalar M, constant r,
and centered at x. Given u € C*(Q), then if T € Q is a set of positive measure, we
have that

_ cd” s
- q S - =~ 7 NN P
|lu—r|L () nm(B,(z)) ( |T|1/q) IVl L ()

where 1 <p<n and——l:l.
n

[}
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Proof. (of Lemma 2.22) Recall S from Lemma 2.21. By the triangle inequality,

Ju=tirline) < lu=Tslo) +I7s = drlioe)
cd™
< gy Vel + 120 s - @
cd™
= v + Ql/q f - U d ‘
nm(S)” ey + [ 7, (u = ts) dy
< L Vul+ S [ u-sld
< U _— u-—-u
nm(S) ) T Jr S

where we used Lemma 2.21. On the first term, using Hdélder’s Inequality on the
second term (with u(y) — ug and 1) to gives

cd” |Q|1/‘1 (/ )1/q
-u < + — - ugl?d T|-1a
|lu UT”Lq(Q) nm(S) HVUHLP(Q) 7] T|U us|? dy |T|
cd™ Q/a
= —|V D + — - U q .

Using Lemma 2.21 on the second term gives

dm Q|/q
= ney € —5 (14 ) | gu) .
O nm(S)\" " [T )

O

-p

Lemma 2.23. If u € C~(B,.(0)) and u =0 on T ¢ 0B,(0), where T has positive

measure, then
1
np np P
ulr d <c f VulP d )
([ ol )™ ser( [ wuray

where we assume that o(T) > cor™=1.

Proof. (of Lemma 2.23) First define

T:{yeBT(O):%reT}

and for y € T, let

N

J=-=.
[yl

We first want to get a bound on #%;. By the Fundamental Theorem of Calculus we

have that
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a(rg) ~usi) = [0 (uti)) dt

Since ry € T we have that u(rg) =0, and so

u(sg):—fs 7 vu(ty) dt.

Let %T = {%y :y € T}, then we can integrate both sides over all y = sy to get

[ /Tu(sg)s"_ldsda(g) :—[ /r /r?j-Vu(tgj) dt sV dsdo (7).
=T JO =T JO s

Switching out of polar coordinates for the left-hand side and switching the order of
integration for the right-hand side gives

r t
—[ f g-w(tg)dtf U ds do ()
117 Jo 0

_finoT@'w(tg)(%tn) dtdo(y).

Switching out of polar coordinates for the right-hand side gives

ff,u(y) dy = —% ny -Vu(y) dy.

Dividing by m(T") and taking the absolute values gives

fT u(y) dy

lug| = nml(f)‘[Ty-VU(y)dy|
< s J il
<

- [|Vu|dy.
nm(T) JT

A straight forward geometric argument gives that m(7') = Zo(T). Hence we have
that

1
A < —— dy. 2.21
jual < sy J 1wl dy 2.21)
Now let ¢ = n”—f’p and we have

|ulLagB,(0y) < |v = vzl Lacs, ) + [wil Lacs,0))-

For the first term, we apply Lemma 2.21 with Q=5 = B,.(0) and T to get
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IA

1/q
c(2r)n crn
HUHLQ(BT(O)) T L+ m HVUHLP(BT(O))JFHUT”LQ(BT(O))

n \1/a
cr
c(l o) ) Tleon®

Next, from the relationship between m(T) and o(T'), as well as the fact that o(T) >
cr™ 1. we have that

+(0)))"e.

,)n’l"L

~ =

m(T)
Now using (2.21), we have

(crm)l/a
|ul e, 0)) < |Vl e(s,0)) + (1) IVl iz, 0))-

Using Holder’s Inequality on the second term gives

IN

c|Vul Ly (s, (0y)

A (B0 9l s

(crm) g5
= C+T IVl o (. (0))-

|u] LacB, o))

Note 1 + % - % = ”T‘l Hence we have

|u] La(B, (0))

c vu
(1) LP(Br(0))

e vul Loz, 0y

IN

where we once again use that o(7T") > cor™ L. O
Now, we have the tools necessary to prove the following Poincaré inequality.

Lemma 2.24. Let ), D, and N be a standard domain, x € 02, and 0 <r <rq, then
for ue W52(Q)

1

2 3
(/ lu — uw|2dy) <c (/ |Vu|2dy)
Y,/2(2) T, ()

where
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T,

ﬂ = ][Tr($) u(y)dy Br(l‘) N D - @
0 Br(w) NnND+g

Proof. (of Lemma 2.24) Since we can approximate functions in W12 by C'* functions,
we may assume that v € C'°. We will prove this result in two cases.

Case 1: Suppose that B,(z)n D # @ and assume that D = 0Qn{z; > ¥(z")}, where
¥ is the Lipschitz function with constant M that gives the Lipschitz dissection of the
boundary. This gives that

{(21, 2", 0(21,2")) = 21 > MIZ"[} 0 B (y) € D.

It is clear that this set has measure comparable to cr™~1. Hence

m(By,(2) " D) > er™ .

Now we can use Lemma 2.19, Lemma 2.20, and Lemma 2.23, to get

1
np P
ulmrd ) =c(/ VulPd )
( | vy

Setting ;2 =2 gives p = 20 and so we have

S =
S=

n+2

3 ;
([ k) <e( [ vusa)
YTaor(x) YTar(x)

For use in Hélder’s Inequality, let the first function equal |Vu|% and the second
equal to 1. For the powers, let the first by "Tﬁ and the second "T” and then Holder’s
Inequality gives

) i ) 1/2
uld ) SC(/ vul*d )
([, vy
as desired.

Case 2: Suppose that B.(x)n D = @. Note that Lemma 2.22 gives

n+2

1/2 2 n n n
(/ |u—ﬂx7r|2dy) <A (f |Vu|f+2) ’
T, (z) ner™ \Jr,.(z)

using Holder’s inequality as before gives the result. O

Now we are ready to prove our Reverse Holder Inequality.

Proof. (of Theorem 2.1) First, if we assume that r = 1, we have by Lemma 2.16 and

Lemma 2.17 along with Lemma 2.18, for 2 < p < %, and our functions v and v, that

Vol e@ey < e (IVUl 20, ) + 1@ 2ers @) + 18] -

We want to be able to apply Lemma 2.24 to estimate the L?-norm of u. If we are in
the case where the constant is not zero, we apply Lemma 2.18 with u — ¢ to get the
necessary term. In either case, we get
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Vo] ey < C(||vu||L2(T1(x)) + |/‘€|) .

Changing variables back to u on the left-hand side gives

IVl Loiry ey < ¢ (IVUll 2y @) + 151) -

Rescaling gives the desired result.

Copyright© Laura Croyle, 2016.
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Chapter 3 Main Estimate

The goal of this chapter is to utilize the Reverse Holder Inequality proved in the
previous chapter to get a related result on the boundary, which will allow us to
obtain our L? estimates in Chapter 4. This idea, of using a Reverse Holder Inequality
to get better LP results, is due to Caffarelli and Peral [3]. Shen, as well as Ott and
Brown used this idea for the LP Mixed Problem on Lipschitz domains [11, 11]. We
will work through these arguments.

3.1 Reverse Holder Inequality on the Boundary

The following lemma is our goal for this section.

Lemma 3.1. Let 2, D, and N be a standard domain for the mized problem. Let u
be a weak solution of the mized problem with Neumann data fn in L=(N) and zero
Dirichlet data. Fir q satisfying 1 < q< 5. For x € 9Q and 0 <r <rq we have

1
vus do) <C[ £ wuldy+ Ll vos |
(][;T(x)( ) T%(x)' | Y HfN”L (NnBa,(z))

The constant ¢ = % and C depends on M, n, and q.

In order to prove this lemma we must first work through some preliminary results.
First, we define

d(z) = dist(z, A) (3.1)
where A = 0D is taken in the relative topology in 0f2.

Lemma 3.2. (4.9 from Ott and Brown) Let Q, D and N be a standard domain. Let
u be a weak solution to

-Au=0
u=0 on D
%sz on N

for fx € L2(N). Given € >0, x € 99, and 0 < r < rg, such that for some A >0, we
have that 6(x) < Ar, then

vu, 251_5dagc(/ 2gte da+f Vul*67¢ d )
(v [l v dy
where ¢ = c(M,n,e, A).

Define the tangential gradient of u on 02 by
ou

Viant = VU — — - 1.

ov
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Next we introduce two lemmas needed to prove Lemma 3.2

Lemma 3.3. (4.4 From Ott and Brown) Let  be a Lipschitz domain. Let x € O
and 0 <1 <rg. Let u be a harmonic function on Y4.(x) with Vu € L?2(Y4.(x)) and
o ¢ 12(C, (2)), then

vu e L*(¢(2))

and moreover

0 1
/ (VU:)QCZUSC(/ |—u|2da+—f |Vu|2dy)
¢ (@) Car(a) OV 7 i (z)

where ¢ depends on M and n.

Lemma 3.4. (4.8 from Ott and Brown) Let Q be a Lipschitz domain. Let x € OS
and 0 <1 < rg. Let u be a harmonic function on Yy (z). If Vu € L?2(Y4.(z)) and
Viantt € L2((4r()), then Vu e L2((.(x)) and

1
vu?)? do SC([ Viantt|? do +—[ Vugd).
| @utdoyse( [ Wualdo@) - [ valdy

where the constant ¢ depends only on M.

The proof of Lemma 3.3 and 3.4 can be found in the work of Ott and Brown and
depends on the work of Jerison and Kenig as well as Rellich [11,12].

Lemma 3.5. If u=0 on Bigor, () N0, we have that Vimu =0 on Bigor, () N OS2

Proof. (of Lemma 3.5) First we define fori=1,...,n -1,

T;(z' p(z")) = e; + Op €n
axi

on Bigor, () N 0. First, we will show that 7} -v = 0. We know that

1
VI+|vel [

Now,
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|
~
o
N
N
~
8
~
~

C Dy 1 W]
Ti(z',o(z")) v = (ei+=——(2")ep)  ——=
CRED) 22 (21)e,) 1+|W|2[

- 0 ~ axl (l")
_ 1 ; azl(fc,)
| VT Ve
: V| o
/ amn—l
-6301 ('T ) | -1 i
1 8(,0 1

()

\/1 ViR on N ax@

as desired. We also easily have that the vectors {T;(P)}77' are linearly independent
and therefore form a basis of

{y:y-v(P)=0}
for P € Byoor, () n 0. Next note that

g (@' p(a")) ]

2 (47 o(a7))

Ti(z', o(2')) - (Vu(z', o(2')))

-az (mr) (9a:n (517 aSO(‘T,))

Lol (@)

81‘1‘

Using the chain rule gives

L e(@)))-

Ti(a",0(2")) - (Vu(a',p(27))) =

Since f(z',p(z")) is always zero,

Ti(x", (")) - (VS (2, (2'))) = 0.
Next, Vianu = 0, if and only if Vu — (Vu-v)r =0. Note

Ti(a",0(a")) - Vu(a', o(2'))
—(Vu(a', o(a)) - V) Ti(a", p(2")) - v

Ti(2', p(x") - Vianu(z', p(x"))
= 0.

Since Vianu-v =0 as well and {T},--,T,,_1, v} forms a basis of R", we must have that
Viantt = 0 on the boundary. This finishes the proof of the lemma. O
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Now, we want to recall the idea of a Whitney Decomposition given in Stein [15]. Let
O be an open set. Define D to be the set of dyadic cubes, @, satistying the following
condition,

dist(Q, O°)

UQ)
where £(Q) is the side length of ). Note that we can cover O by cubes in D. The
larger the cube, the further away it must be from the boundary. Now let W ¢ D

be the set of cubes that are maximal with respect to inclusion. We know that as
long as O°¢ # @, we can’t have an infinite increasing chain of cubes in D of the form

Q1EQ2€Q3...

If Q;,Qr €W, then QN Q; = 2. Let Qj be the parent of ();. We know that Qj ¢ D,
otherwise (); is not maximal. Therefore, we have that

>4

diSt(Qj7 OC)
aen
Now note £(Q;) = 2((Q;), thus we have that

<Cl'

dist(Q,, 0°)
W < 201

Now, we have

dist(Q;, 0°) < dist(Q;, 0°) +/n ((Q;)
0(Q;) B Q)
201 + \/ﬁ

using basic geometry. We say these @); € W give a Whitney Decomposition of O.
Note that we can choose C] as large as we like.

IN

Proof. (of Lemma 3.2) Note that we will be using cubes instead of balls for our local
neighborhoods. Since, every cube can be contained in slightly larger ball with their
side length and diameter ratio not depending on the original cube (and vice versa for
fitting balls into cubes), a simple covering argument concludes we can use either.
Recall from earlier, that

d(y) = dist(y, A).

Now since 0 < r < 19, we know that T,.(z) is contained in some By, (z). Now we
first consider two simpler cases, where (jo0-(2) € IV or (100-(2) € D. In either of these
cases for y € Ty, (),

d(y) = 50r.

We also have by assumption that d(z) < Ar for some A > 0. Hence
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o(y)

IN

|z =yl +d(z)
2r + Ar
(2+ A)r.

Hence,

cr <6(y) < cor.
In other words, §(y) is equivalent to r. Therefore we have that
S (TS o) < [ (vur)rdoy).

Step 1: Suppose (ipo-(z) € N. In this step, we can use Lemma 3.3 since we know
9u e L2(¢(x)) and Vu € L? giving

IN

ou
* \2 1-¢ 12,1
| s = dot) < e [ 15 dat)

1
+= f |Vul*ri= dy)
r JYs(z)

([ ko= dotw)
’ [mr(x) |VU|25(y)76 dy)

where we use that % = fy on N and again that §(y) is equivalent to r. Now we can
scale the domain and use a covering argument to get the result.

Step 2: Suppose Cio0-(2) € D. In this step we know that u =0 on (j00.(2) € D.
Again, we know that

fCT(m)(WZ(s)%(y)l‘s do(y) < Cfc

T

IN

(m)(Wi)QTl‘a do(y).

Now we use Lemma 3.4 and the fact that Vi,,u = 0 from Lemma 3.5, to give

C
Vuis)?0(y) Fdo(y) < —[ eVl dy
| ) o) < = f vl
= ¢ re¢lvul? d
er(x) |Vul* dy
<

c vVul*§(y) = d
f o) dy

where we use that 6(y) is equivalent to r. Again this will give the result.

Step 3: Now we consider the third and final case, where (i00,,(2) intersects both D
and N. Recall that A is the set where D and N meet and that we have ¥ which gives
the Lipschitz dissection of D and N. Consider
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F =R\ {(T(2"),2") : 2" e R*2}.

Let {G;} give a Whitney Decomposition of F' . Now we will map these onto the
boundary by defining

Qi ={(2", o(2")) 12" € Gi}.
Since the cubes, G;, are connected and our mapping is continuous, each @); is con-

nected too. This means d(y) never vanishes on @); and ; € N or @); € D. Since the
G;’s give a Whitney Decomposition we know,

cldiam(Gi) < dlSt(G“ FC) < ngiam(Gi)

where we can choose c; later. Recall that ¢o dependeds on ¢;. Next note, for v € A

and y € Q;,

la—y| = | =y'|+]|p(a) - o(y)
< o' =y [+ Mla' |
= (1+M)la" -y

Since this is true for all «,

6(y) = dist(y,A)

(1+ M)dist(y', F*)

(1+ M)(diamG; + dist(G;, F°))
(1+ M)(1+ ¢p)diam(G;)

(1+ M)(1+ cy)diam(Q;).

IN AN IN A

Hence,

diam(Q;) > C26(y)

1
where OQ = ) (1rca) Next,

crdiam(Q);) c1(1+ M)diam(G;)
(1+ M)dist(G;, F°)
(1+ M)dist(Q;, A)
(1+ M)dist(y,A)

(1+M)d(y)

IN AN IN NN

for y € ;. Hence

diam(Q;) < C16(y)
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where

1+M
01: il .

1

Now choose ¢, so that €} is small enough to guarantee that if Q; n B,.(z) # @, then
T(2Q;) € To.(z). Now define

T(Q) ={y e Q:dist(y,Q) < diam(Q)}.

Since we know that for y € Q;, 0(y) is equivalent to diam((Q);) we may use the same
reasoning as in either Step 1 or Step 2 to obtain

fQi(VUZa)QfS(y)l‘Eda(y) < c(szmN|fN|25(y)1-sda(y)

i

+ Yul? ‘sd).
[mg 26(y) = dy

Now sum over all @); that intersect B,(z) to get

f |w|251-8dagc( / fn[260 do + f |Vu|25‘5dy)
¢r(x) B (z)NN Yo, (z)

where we use that {T'(2Q);)} have bounded overlap. O
Lemma 3.6. Given 2, D, and N, a standard domain,
then
/ 6(y)'do < crtnt (3.2)
Car ()
for =1 <£<0. Moreover, if =2 < £ <0, we can show that
§(y) dy < ertm 3.3
fT o (y)"dy (3.3)

Proof. (of Lemma 3.6)
First to prove (3.2), define for k € Z

Se={y e Cur(z) 1 r27* D < 5(y) <270

Easily we have

U Sk = {y € (o () : 6(y) > 0}

keZ
Now,
5(y)do = f 5(y)do + f 5(y)do
—/C4T(a:) (y) {yeCar(x):0(y)=0} (y) kez; Sk (y)
= 5(y)do
> R
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Now we need to compute /Sk d(y)t do where =1 < £ <0. On Sy

r2-*+ ) < 5(y) < r27k
Thus

(r27F) < §(y)" < (r2-+D)?,

Hence

IN

fSk 5(y): do

f P L(+1) g
Sk
rf2 kD g (S)).

Now we need to get a bound on o(Sy). First note

Car(2) = {(¥',0(¥)) 1y € R"'} 0 By, ()
and

An By () ={(T(y"),y", (¥ (y").y")) :y" €R"?} 0 By (2).
Easily,

IN

6(y) (v, 9" (1, 97)) = (U ("), y", (¥ (y"),y"))

(Jyr ~ T (P +lo(yny") — (T (y"), 5" ).

Since ¢ is Lipschitz,

N9y 1/2
(s + U ()P + M2y - 0 (y")P) "
(1+ M) 2y, — B (y")].

6(y)

IN

Define for fixed y

144 144 ]' 174
Ly = {z € Cule) Iy~ '] < ool ~ )]}
If z €Ty, then

1
-2 < e - )
1 1
< ol - U+ ) - ()
1
e (COT R
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using the W is Lipschitz. Hence
|z =W (z")| > 0.
This means that z ¢ A and so AnT', =@. Now, let

z€E =By, vy (y) N (Cro (QZ))

\2(1+M2)

We want to show that z eI',. First

[y — ¥ (")

V2(1+ M?)

< ly1 — 21| +|21—‘I’(?J")|
V21 M2) 2(1+ M?)

lz—y| <

and so
ly - 2| . Izl—\lf(y”)|'
V2(1+ M%) \/2(1+ M?)

Combining the |z - y| terms gives that

~ ~ 1 |21 = W (y")]
- y'(l m) R an)

Next note that M? > 0, which gives that 1 — \/ﬁ > 0. Thus, dividing by this

|z -yl <

constant gives

]z—y| < |Zl_\p(y”)|
\/2(1 + M2) (1 - \/ﬁ)
21 - W (y")|

V20 + M2 -1

Now to bound the constant in the above term, note

(1+M)? 2(1+ M?)
(1+M) < 2(1+M?)
M < 2(1+M?2)-1

AN

IN

and so we get
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1 1

VA -1 M

From this we have that

" " |21 - \Il(y”)|
ly" - 2" <y - 2| i
which gives that z e I'y. Since I'yn A =@, and £/ cI'y, we have that
ly1 = ¥ (y")|

6(y) >

V2(1+ M?)

Combining the upper and lower bounds for §(y), we have shown that

% <o(y) </ (1+ M)y - W (y")|.

Choose N large enough so that

V2(1+ M2)< N

and so

L. 1
N = \/2(1+ M?)

Easily, we can now rewrite our upper and lower bounds for d(y) as follows

_\I] " "
w <d(y) < Nl =¥ (y")|

Now, we will define a set whose measure will be easier to determine. Define for k € Z

r2-(k+1) . .
By, ={y € (2): <y = W(y")| < Nrv}
If Y€ Sk,
2~k < 5(y) < 27Fr,
Therefore,
lyr — U(y")| < No(y) < N27Fr
and

5(y) 2Dy
_ w 7 > >
Hence y € E},. Thus,

o(Sk) <o(Ey).
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Note,

r2-(k+1)

ELc{yedQ:|a" —y"| < 4r. <y = W(y")| <r27 "N},

Thus we have our bound on ¢(S;) as follows,

A

9-(k+1)
a(Sy) <o(Ey) <er™? (r2_kN T )

N

where our constant, ¢, depends only on N and as a result depends only on the
Lipschitz coefficient, M.
Case 1: Suppose dist((y(z),A) <r. This means for y € (4,(z),

6(y)

IN

diam( By, (x)) + 7
9r < 2%

Hence S, = @ for k < -5, so

S do
JL@»<M

IN

i 2—(k+1)€7,€0.(5«k)
k=—5

i 2—(k+1)€7,Z62—k7,n—1

<
k=—5
— CT.ET.nfl Z 27k527k
k=—5
Now,
9—(k+1)¢9—(k+1) ~ —62—1
9-kl9-k - ’
since —¢ < 1 we have
27971 <1

and the ratio test tells us that the series converges. Hence

/ §(y)tdo < ertm!
Car(z)

as desired.
Case 2: Suppose dist((y-(z),A) > r. In this case for y € {4-(x), d(y) > r. Also, since

5(y) <) + o -yl <er,

we are only summing over finitely many terms and we have the same result.

51



Now to prove (3.3), define for k € Z,

Sp = {y e Tep(x) : 727D < §5(y) <r27F}.

As before we have that

Y RIORD

3 27D (Sy).

keZ

5(y)td
frw) (y)“dy

IN

To compute m(Sk), we notice that

AnBs:(z) = {(T(y"),y",0(T(y"),y")) s y" € R"?} 0 By, (x).

Therefore, we have that

6(y)

IN

(1,0 yn) = (U ("), 0" (T (y"), y")

(=) + lyn = o(y1,5") + (B (Y"),y") = (T (y"), y")I?
(=T (Y)W + 20y =y, v + 20 (1, y") = (T ("), y")P
(= Ty +20(y)? + 2M2[y, - W(y")[*)?

V1+2M2y, - W (y")|+V26(y)

)2
)2

IN N

IN

On Sk,

5(y) < V1+2M2|y; — W(y")| +V2r27".

As we did for the previous result, we define

1
Ly ={zeQ:ly" - 2" < 7ol =Wy},

but notice that this set is a subset of 2 now, not 9€2. Now let

2 € By —vimy (V).

\/2(1+M2)

Since the boundary of €2 is Lipschitz with constant M it is straight forward that z € 2.
Following the same idea as the first proved result gives
=4 < ey - (")
M
and z € I',. This gives that

ly1 = ¥ (y")|

V2(1+ M?)

6(y) >
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Altogether we now have that

= PO ) < /a0 D) — W) + Va2
V2(1+ M?)
Again choosing N >+/2(1 + M?) gives

=V < sy < Ny - )] + Va2 -

Next, if y € Sk, then

[y - W (y")|

IN

Né(y)
Nr27k.

Hence using the same ideas as before,

Spc{yed:|yr —W(y")| < Nr2™ [a" = y"| < 8r, |y — (y1,y")| <1277}

Therefore, we can get an easy upper bound for m(Sy), as follows,

cr2 kpn=2p9-k
cr™2 2k,

m(Sk)

IN

Case 1: If dist(Bs,(z),A) <, then

IN

d(y) diam(Bg,(x)) +r

= 16r+r

< 27

This means S, = @ for £ < -6. Hence

A\

/ §(y)ido < Y (cr2=®D)E(epna2k)
Tsr(2) k=5

o0
Cré+n Z 2—k€—2k ]
k=-5

Next note

2-(+1)l _2(k +1)

—£-2
Q—ke 2k =272

since £ > -2 gives 1 > 2742, Hence our sum converges and we have

5(1y)do < ertm
Jo i)

Case 2: As before, we have that only finitely many of the S; are nonempty and we
get the same result. O
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Before we can prove Lemma 3.1, we must first a couple more results.

Lemma 3.7. Let ), D, and N be a standard domain. Let u be a weak solution of
the mized problem with Neumann data fy in L*(N) and zero Dirichlet data. Fix q
satisfying 1 < q < =%5. For x € 92 and 0 <r <1y, then we have

1
qu)qu(f Vu|dy + NB(e T)
(]£7,(x)| uff do Tl67.(1)| uldy + || fn ]| L= (NaB(16r))

where C' depends only on M, n, and q.

Proof. (of Lemma 3.7) We will work through this proof in two cases: Case 1: §(x) <

8V 1+ M? and Case 2: §(x) > 8rv 1+ M?2.

Case 1: Choose 2 <p< % such that ¢ < 5. From this we have that

2 4
2-—<2-——.
q p
This means that we can choose ¢ such that
2 4
2——<e<2--—. (3.4)
q p

Now since 1 < g, we have that 0 <2 - % and therefore, € > 0. Easily, we see that

ta (1-)g (=-1)q Ya
Vul? do) = (f vul?d 2 o(y) 2 da) :

—2(’;_1) < % and n > 2 gives 2("—7:1) > 1 we can apply Holder’s

Since ¢ < %7 gives that
Inequality with % >1 and pg = Q%q to give that

1/q 1/2
(/ |Vu|qd0) < (/ |Vul2§(y)' e da)
<4r(iv) C47‘(x)
(f 5 )(52—1>qd )25
X ¢ do )
Car () Y

To compute the second integral, note by (3.4), we have that

2 4
l-—-<e-1<1--.
4q p
Multiplying by q gives

4
q—2<q(5—1)<q——q.
p

Since 2 — ¢ > 0, we can multiply by ﬁ to give

-2 -1 1 4
¢-2 _q(c-1) _ (q__CI)
2-q 2-q 2-g¢ D
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and so with simplification, we have
_1<q(5—1)< a (1—%).
2-q  2-¢ p

Now%q>0andp<%gives 1—%<%—1, so we have that

-1 1
_1<q(5 )< a (=-1)<0.
2-q 2-qg'n

Hence by (3.2),

1/!] 1/2 e—1 1 2—q
(/ |Vul? da) Sc([ [Vul2§(y)'e da) T
Car () Car ()

Now since lim Vu(z) = Vu(y),
zel'(y)

zZ—=Y

1/2
Vul’s 1‘5d0) g( f Vi) 1‘5d0)
(‘/C;lr(l') | | (y) C4r(m)( 6) (y)

Since 0(z) < Ar, we can use Lemma 3.2 to get

1/2
([ Ivaka) <o)
Car ()

1/2

IN

o( [ o) do
Csr(z)
, 1/2
+ vul?d ‘Ed)
fwg u20(y)= dy
) . 1/2
c ) _8d0)
([ 1vPo)
, 1/2
+ Yul?d ‘€d) .
( [T&_(xg 26(y)= dy

We can pull out the L* norm of fy on the first term to get

1/2
25 18da) < oo (Car(a (/ ) leda)
([ 1rvPo) Ilimein ([ 0®)

Once again using (3.4), we can show that

1/2

2 4
-——1>1-e>--1.
q p

Now since p < %, we have that

2 4
l1-—<--1.
nop

Since n > 2, we have that %—1 > 0. This means that 0 < 1-¢. Since 6(y) < 8rv1+ M?2,
we have
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o(y)

IA

6(z) + |z~ yl
&rvV1+ M +8&r

cr.

IN

Since 1 —¢ >0, we now have

S(y)' e <erte.

Hence, we can compute this integral as follows

1/2 -
([ swydr) = %ol
Csr(x)
l-e n-1
< ecrz2rz
= or'7.

Now for the second term, notice that since p > 2, we can apply Holder’s Inequality
with £ and ]% to get

p=2

1/2 % —Ep 2p
vul2s ) _ (/ Vupd) (f 5 p—?d) .
( JRZE®) ) ([ aw Eay

Since our function fy is in L*, we can still use Theorem 2.1 to obtain

1
2
VulP d )pSc(][ VuZd) +e (e ()
(7 SN N T Py
Hence
3 1
2 n n 2 n
vul*s _Ed) < ¢ rp2(f Vu2d) +rr (B (s
(frmm' Foly) ™ dy ( ngr(x)| | dy | 2o (B, (2))
2
—ep\ 2p
X 5 p-2 .
([, o)

Now, to compute the second integral note from (3.4) and the fact that -5 >0, we

have
(2—2) p < cp < P (Q—il).
q/p-2 p-2 p-2 P

Simplifying this expression gives that

(2—2) LN N (52):—2.
q p-2 p-2 p-2\p
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Therefore, we have that

0>—L 59
p—2
Hence by (3.3), we have
£ >
) pf’;) T (o)
([ o (7% +n)
= o2y

Now, putting these results together we have that

q
(f |Vul? da)
<4r(1’)
3
< (|fN||L°°(<;8r(ac))7‘2 + C(T"’_2 (/ |VUI2dy)
Tso,(2)

+r3||fN||Lw<<gr<x») ())<>

n—e ﬂ — ﬂ
= o| ]l b gonyyr T r 2 T

1
+—%2“W4%?(/ |vm%@f
T327‘ (37)

ey n_
2+2

n_n

—£
+cre 272

w3

3
<

n =1l (n-1)22
+crer z (D5 ”fNHL‘”(CgT(x))

Now to compute our powers of r we have the following simplifications

n ¢ ¢ 1 (1 1 n-—1
———+=--=+(n-1) ———):—,
2 2 2 2 q 2 q
n n € n n € 1 1 1 n-1 n
CIRE T SR TY [ Y
p 2 2 2 p 2 2 q 2 q 2
and
n_c 2_2+£_1+@,1W1_1):z;1
p 2 2 p 2 2 q 2 q

Therefore, we have

1
q n—1
( f< ()IWI%) < e fnl e oo
4r (T

+er @ r f |Vul*dy ] .
Ts2r(z)
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Thus, dividing by our powers of r gives the desired result

1 1
q 2
qudg)q<c f oo z +c(][ §7u2d )
(é,(z) | | H NHL (Ger(2)) Y30, () | | Y

Case 2: In this case, it can be show that (g.(x) ¢ D or (g.(x) ¢ N and the proof is
simpler. For more details see Ott and Brown [11].

Lastly, using the techniques of [9, p. 80-82] or [8, p. 1004-5] we can obtain the same
inequality with an L'-norm on the right-hand side and obtain the result. O]

We need one more result and we will be ready to prove the main result of this
Chapter. The proof of the following can be found in Ott and Brown [!1] and follows
from Lemma 3.2 and a theorem of Coifman, McIntosh and Meyer [1].

Lemma 3.8. For our function u and 1< q < we have that

nl’

1/q /q
(][ (Vu;f)qda) Sc{][ |Vu|dy+(][ |Vu|qda) }
Cr(z) Yar(z) Car (x)

Proof. (of Lemma 3.1) First combining Lemma 3.8 and Lemma 3.7, we have

1/q
(][( (vu;)qda) < c]g [Vuldy+ el fuli=(V 0 Buoc(e). (39
1' 167" 33

Choose {zj}7_, such that B,(z) c U Bz (z1) such that B,(zy) ¢ By (). Now

applying (3.5) on B (mk) and using a coverlng argument gives the result. O

Copyright© Laura Croyle, 2016.
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Chapter 4 Final Details

The goal of this Chapter is to prove the conditions necessary for a theorem by Shen
and then utilize his theorem to get our main result. Given (2, the graph domain
of a Lipschitz function, . We have that 09 = {(2/,¢(2") : 2’ € R*1)}. Define
U : 90 - R by

Uz x,)=2a"

We say that @ c 0f2 is surface cube if U(Q) is a cube in R"!. Note that we define
a dilation of @) by

aQ =¥ (a®(Q))

for a > 0.
The following is the theorem we will need from [/, p. 224] of Shen, modified for the
boundary.

Theorem 4.1 (Shen). Let Qg be a surface cube in OQ2 and assume that q and s satisfy
1< q<s. Suppose that F € L'(2Q0) and f € L(2Qq). Next, if for each dyadic surface
subcube Q@ of Qo with |Q| < B|Qol, there exist integrable functions Fy and Rg defined
on 2Q) such that

[F < c(lFol+[Ral), (4.1)

(][ Rgl’ da) <c1( IF|do + sup |f|d0) (4.2)

Q12Q

and

][ |Foldo < co sup |f|do (4.3)
QR1°Q Y @1

where ¢1, ¢ >0 and 0 < B <1<, then we have

(]20|F|qd0); SC(]£Q0|F|dU+(]€Q0|f|ng);) (4.4)

for some constant ¢ depending on c1, ¢1, p, q, @, 5, n, and |V .

4.1 Shen’s Result
The goal of this section is to prove a local result by utilizing the theorem from Shen,

which will enable us to prove our main theorem. Before stating this result, we need
to introduce a related non-tangential maximal function. Let § > 0. Define
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fg(O) = {(ylayn) : |y,| < Byn}

Now we can cover 0f2 by a collection of boundary cubes {Q;}",. We can choose these
boundary cubes small enough so that for each @);, we have a coordinate system and
a Lipschitz function, ¢ so that 9 is given by ¢ on Bjg,(0). Note that we have
translated our coordinate system so that is is centered at x = 0. We can also rotate
our coordinate system, so that Vi (0) = 0. Moreover, we have that

100Q; c B,,(0).
We define for x € 100Q);,
fg(x) ={z+y:ye f‘B(O)} (WzeR": z, <cyro}.

First we need to show that we can choose ¢, so that points in this set lie in Bigor, (0).
Let z € I'g(x) for z € 100Q);. First note

2] < [2] + ]2l
< =+ |2 + |z
< B(zn =) + |2 + |20

since z € I'g(z). Now since z, < ¢17y,

|z| < Bero+ (B+1)|x|+ |z
< Bero+ (B+ 1)1+ |20 — xn| + |4

where we used that x € 100Q; ¢ B(0,7¢) in the second step. Next, we can use that
z —x €I'5(0) which implies that z, —x,, > 0. This gives that

IA

Berrg + (B + 1)ro + 2z, — T + |2
Beirg + (B + 1)rg + cyro + 29
(661 + ﬁ +C1+ 3)7’0.

2]

IN

Now we want |z| < 1007y, so we can choose > 0 and ¢; such that

Ber+ B+ ¢+ 3 <100.

This means that

97—01
<
Cl+1

is needed to ensure that we can talk about ¢(2’). Now we want to show that z € Q.
First, we know that z — 2 € I'3(0) and therefore
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|2" = 2| < B(zn — xy).

Since z,, = p(z'), we have that
!/ 1 !/ !
zn>g0(x)+g|z -z (4.5)

We will prove our result by contradiction by assuming that z ¢ . This means that

Zn < 90(2,)
= p(2") = (") + (')
< V(@' +0(a" - 2))|l2" - 2+ p(a”)

for some 6 € (0,1), since ¢ is in C*. Now, since V¢(0) =0,

V(2" +0(z" = 2")) = V(0)||lz" - 2| + p(z")
M|z +0(z" = 2")||z" = 2| + p(z")

N
3
IN N

where we use that Ve is Lipschitz with constant M. It is not difficult to see that
x' +0(z' - 2") € Bigor, (0), so
Zn < 100M |z’ — 2'| + p(x'). (4.6)

Comparing (4.5) and (4.6) shows that choosing f < m guarantees that we have a
contradiction and so z € 2. Thus, we require that

O<5<min(97_c1 L )

cp+1 ’ 100MTO

Now we define our related non-tangential maximal function as follows

(4.7)

vul(z) = sup |[Vu(y)]
yel'g(x)

and

sup [Vu(y)| z€2Q;
Fz(l’) = yel's(2)
0 else.

Theorem 4.2. Let ), D, and N be a standard domain. Let u be a solution to the
weak mized problem (1.3) with g =0 and a the identity matriz. For a surface cube,

Q, small enough, 1 <t<1l+e€, and1<q< o we have

(]{2 | (Vuf)tq dU); < C{JgQ (Vuf)t do + (]gQ | fv]* da);}. (4.8)
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The following Lemma gives us a way to relate what will be our new non-tangential
maximal function and the standard one.

Lemma 4.3. For 1< p< oo, we have that

N
[Vu*lira) < e [ Fill ogan)
i=1
where ¢ depends on OS2, a, and f3.

Before we can prove this result we need to introduce a few preliminary results.

Lemma 4.4. Let ’

90 = {y e Q : dist(y, 0Q) = 50
then

N
sup [Vu(z)| < ¢ Y I Eill e o0)-
xe0f) i=1

Proof. (of Lemma 4.4) Let y € I'y(x). For x € Q;. We assume that dist(y,0€) < 2.
We assume that 7 is small enough such that

y=,0)+1)

where (', 0(y")) € 2Q;. Define dist(y, 09).
First we claim the following

13%3\/“]\42 (4.9)

We easily have that d < |y, — ¢(y")|. The other inequality follows from a geometric
argument. Now, if 8 is small enough, we have that

den—s@(y%ﬂ(g) NdQc{z:ye fﬁ(z)}

where we let g = (y', 0(y")).
By (4.9) d is comparable to |y, — ¢(y')], so

Bua(§) 000 < {z 1y e Ta(2))}.
Next note that

' =2 +]e(y’) + |p(x")]
(1+ M)y -2/l
(1+a)(1+M)d

IN N IN

since y € I'y(x). Thus,
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Bmd(g) c BCQd(:E)'

From this we have that

0(Bea(z)n{z:yels(2)}) 2 cd™ .
It follows that
< Fd 4.10
va)lsef,  vuldo (4.10)

Now,

sup |[Vu(z)| < csup ][ vu' do.
2edQ 2e90 < Bea(z)

Now since d = fracro2 and we have that

N
sup [Vu(z)| <e)] ][ vul do.
2ed0 i=1 /2@

The result follows from this. O

Lemma 4.5. IfyeT'(z) n{0(y) <2} and ¢ >0, then

N
[Vu(y)| < ey, M(E!)Yi(x)
i=1
where M is the Hardy Littlewood Mazimal function.

Proof. (of Lemma 4.5) First, we can use (4.10) from the proof of Lemma 4.4. The
result follows directly from this. ]

Proof. (of Lemma 4.3) First, by the Maximum Principle

sup [Vu(y)|= sup [Vu(y)|.
5(y)2ro/2 5(y)=ro/2

Now using Lemma 4.4, we have that

sup  [Vu(y)| <) | F] e on)-
3(y)=ro/2 i=1

Combining this result with Lemma 4.5, we have

n N
sup [Vu(y)l <) 1 Fillngony +c 3, M(F)Y(2).
yelq (x i=1 i=1

Note that the left-hand side of this equation is Vu*(x). Taking the LP(02) norm of
both sides and using the Hardy Littlewood Maximal Inequality gives the result. [
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Lemma 4.6. IfyeTs(x), |z —y| > 71, and x € Q;, then

c oy 1/q
s ([ mao)"
Vu(y) ( g T

Proof. (of Lemma 4.6) Start by defining for y € [5(z),

E,={z€2Q;:yc¢ fﬁ(z)}

Basic geometry gives that

o(EynB(z,r)) > rt

since |z —y| > r. Hence, we have

< inf F;
|VU(y)| B zeEylﬂnB(a:,r) Z(Z)
1/q
< (][ F? da)
EynB(z,r)
/g
< ( { FY da) .
2Q;nB(z,r)
Since o(B(z,r)N2Q);) is comparable to o(B(z,r)n E),). O

Lemma 4.7. Given our value for 8 from (4.7), then there exists a >0 such that

f’g(x) cTy(z).
Therefore,
vul(z) < vu* ().

Proof. (of Lemma 4.7) We have on Bjgo, () that the boundary of dS) is given by a
function ¢. We know locally that the graph of 02 is contained in

{y: lyn — (") < Mlz" - y'[}.
We also know for y € T'5(z) that

ly' = 2’| < Blyn — p(z")].

From this we see that we can choose o > 0 that give the result from this. O]

Lemma 4.8. If oy < g, then for any g >0

vuy, < eM(Vuil)(z).
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Proof. (of Lemma 4.8) If y € T, (), let § be a point on 0L, so that

ly — 9| = dist(y,00Q) = d.
By the triangle inequality

-9 < Jz-yl+|y-79l
< (1+ap)d+d
= (2+O_/2)d.

If z € B(y,a1d), then

ly—2 < ly-gl+g- 2|
< d+061d
= (1+O_/1)d.

Thus for such z, y € 'y, (2) and so we have

< inf *
V)l < jof Vg, (2)
1/q
< vur 7d )
(][B(g,ald)mafl( U5 (2))"do
1/q
< vu, 1d )
(]g(x,(a1+a2+2)d)naﬂ( s (2))"do
The result follows from this. O]

Now, we need the following theorem from the work of Ott and Brown.

Theorem 4.9. (Theorem 7.7 from Ott and Brown) Let 2, D, and N be a standard
domain, then there exists an € >0, such that for 1 <t<1+e and fy € LP(N) given,
there exists a solution u to (1.4), and the solution satisfies the estimate

IV eon) < el fn oy

The constant ¢ depends on the Lipschitz constant for the domain and the index t.

Finally, we are ready to prove that the conditions from Theorem 4.1 are satisfied.
We start by fixing a surface cube on 0f, called (). Recall that we are interested in
solutions to (1.4). Define

9 =X4Q (fN‘]{QdeO')

and
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h=fn-g.

Now by Theorem 4.9 we have for 1 < < 1+ ¢, that there exists C2?(2) functions, v
and w that solve

-Av =0 in
v=0 on D
% g on N (4.11)
vou* € LH(0N)
and
-Aw =0 in Q2
w=0 on D
g_g _h on N (4.12)
Vw* € L*(09N)
respectively. Now define for use in Lemma 4.1,
o= Il
F = (vuf)
FQ = (V’UT)t
f%Q = (Y710T)t.
Let 1<qg<s< t(nL_l) for ¢ from Theorem 4.9. We start by proving (4.1) by noting

that .
IF(y)I=( sup IVUI) = sup |Vu/
zel'g(y) zeFB(y)

since t > 1. Now noticing that v = v + w, we have that

|[F(y)l < sup |Vo+ Vuwl.
zel'3(y)

We can show easily that (a+b)? < c(af +b') for a and b positive. Hence,

IN

[F ()l sup (|Vo] +[Vuwl])!

zel'g(y)
¢ sup (|Vol' +|vuw|’).
zefﬁ(y)

IN

Again, since t > 1,
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|F(y)] C(( sup |Vo])’ + ( sup IVwI)t)

zels(y) zel'g(y)
(Vo) (y) + e(Vuw') (y)
c(Fo(y) + Ro(y))

This gives us (4.1). Next to show (4.3), note

1 ¢
]gQ]FQMU = m(20) [w(VUT) do

1 o\t
m20) ‘/2Q(Vv Ydo

where we recall from Lemma 4.7, we can choose « to guarantee that Vot < vo*. Thus,
by Lemma 3.3,

IN

¢ t
]£Q|FQ|da < m(QQ)./Ng do
¢ t
= m(2Q) .A.Q|fN| do

where we use the definition of g. The desired result, (4.3), follows from this. Now
we move on to show (4.2), the most difficult of the three conditions. Fix r; = c£(Q),
where we allow for ¢ to be chosen later and £(Q) is the side length of Q). We define
two related non-tangential maximal functions by

ul(z) = sup  Ju(y)| (4.13)
yel'g(x)NBr(x)
and
ul ()= sup Ju(y)l. (4.14)
yel's(2)\Br(2)
Now,
RQ = (VwT)t
<

(Vwi1 + VwL)t
1

IN

(Vi)' + (vul,)’

using the same ideas as before. By Minkowski’s Inequality

(]{Q |Rol® dcr)i < c((]gQ (Vwil)St da)i + (]gQ (Vw:[I da))i) : (4.15)

Now, to bound these two terms, we introduce the following lemmas.
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Lemma 4.10. Given our function w from (4.12) and 1 <p < =, we have

(]gQ (wao)p da)p < c]é:Q Vw! do + c||h|| = (q)- (4.16)

Proof. (of Lemma 4.10) Let @ c 0f2 be a surface cube with ¢(0) =0 and V(0) = 0.
We can assume that 10Q) c Q)g. Define

QO:{x:y+ten:er,yeQ0,t>0, and x,, < ro}.
Let F c QO. Define,

E:{yeQO:y+teneE’forsomet>0}.

Next, let z € E, then we know there exists y € F such that z =y +te,. It is clear that
z€I's(y). Thus

()] <ol (y).

Integrating over all z € E gives,

[e@las < [ i) s @doty).

y+tepeF
Letting £ = Y, (z). It is clear that E = (,(z). Hence

L p@ldys2r [ pi)ldo().

Dividing each side by a multiple of ™ gives

][ |Vw|dy < ¢ ][ vw! do (4.17)
Tr(x) Cr($)

We also know that

1 1
vw]. ) da)tq < (][ vw;, ) da)tq :
(]g(x)( ) <r-<r>( )

L then by Lemma 3.1, we have

If we let ¢ = 15,

1
vw! tqda)thc(][ vw|dy + | ;e )

Now assuming 0 < 2r is small enough, we have from the above equation and (4.17)

(£, vutyedo) se(f vuldosblimen) — (@13)
CT(:B) C2r(x)

68



Now, let r = ¢(Q) and ry = %, we can cover 2Q) by a finite number of balls of radius
r with centers called y; in 2Q). In this case, (o,(yx) € 4Q. Now, using the triangle

inequality

N

v, tqda)tq ¢ ([ vw! tqda)tq
(]éQ( ) (rn—l)quzl <r(yk>( )

1

N i
ey (][ (Vw} )k da) .
k-1 Gr(yk)

IN

Hence by (4.18),

AN

L N
tq
(£ utyedo)” < e (£ vuldos hlien)
2Q k=1 \YCar(yr)
vw!do + |h| e )
(£, vutdo 1hle=co

vw'do + | L )
£, vt do s [hli~uo)

as desired. O

IA
O

IN

C

Now, we turn our attention to the far-away result.

Lemma 4.11. For our function w from (4.12) and the s and t values from above,
we have

L

st st
(][ <sz+) da) < c][ vw!do. (4.19)
2Q 1 4Q

Proof. (of Lemma 4.11) Fix y € 2Q. Let z € Ts(y) and |z —y| > ;. Define

E.={£€4Q:zeTs(¢)}.

Using basic geometry, it is clear that

o(E.nB(y,r))>crit.

Now, we know that

[V(2)] < vu'(€)
for all £ € E, n B(y,r1). Hence, we have that

N

Vw(z) < inf vuw'
| ( ) EeE.nB(y,r1) (5)

1/q
c(][ (Vw')? da) :
E.nB(y,r1)

69

IN



Since r1 = cl(Q) and o(E, N B(y,r1)) > ri!, we have

[Vw(2)| < C(JgQ(VwT)q da)l/q.

Now since this is true for all such z, we now have

vw! (y) < c(]gQ(VwT)q da)l/q

for all y € 2Q). Hence integrating over 2¢), we have

(]gcz(vwﬁ)% da):t <c (]ég(VwT)qu)l/q .

We can choose ¢ = 1, which gives us the result.

Together, (4.16) and (4.19), together with (4.15), we have

t
Roldo<c( f vuldo+|hl- )
. IRoldo <c( £, vl do+ 1hlum o

Recalling the definition of h, we have

1 t
(][ |RQ|Sd0) Sc(][ Vw*da+][ |fN|dO') :
2Q 1Q 1Q
Now since t > 1,

(f ) {(J[Q vurdr) + (£, |fN|d0)t}.

Using Holder’s inequality on both terms gives

(][;Q |RQ|sd0')i < C{JgQ(Vw*)tdaJr ]éQ |fN|tda}.

Recalling that u = v + w, we have

]é:Q (VwT)t do

IN

]é:Q (VuT)t do + ]£Q (VUT)t do
c{]gQ|F|da+]£Q|f|da},

where we use the proof of the (4.3). Recalling the definitions of F', we have

]éQ (VwT)t do < c{]éQFdanL ]éQfda}

which gives (4.2). Now we are ready to prove Theorem 4.2.

IN
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Proof. (of Theorem 4.2) First, we have met the conditions of Theorem 4.1, so we

have
(]2|F|qd0); 30(]€Q|F|da+(]£Q|f|qdo);).

Now recalling the definition of F' and f, we have that

(]g |(vut)” da); < c{JgQ (vul)' do + (JQQ | fal da);} . (4.20)

]

4.2 Proof of Main Theorem

First using (4.20), we have by raising each side to the power of %

(]g|(VuT)tqda)thSc{(]€ (vul)' d ) (][ |fN|tqda) }

Letting p = tq, we have for 1 <p < -

(]{2|(VUT)pd0)’1’gc{(]€ (vul) da) (][ Ilepda) } (4.21)

Next, let {Q;}Y, be a set of cubes that cover 92 each with size equal to co(92). We
have by Lemma 4.3

(Vu* )P do g < ci (VUT)de
o9 =

Combining this with (4.21), we have

(fiera) = S, w) -(fral’}

Hence,

(£ cwrir) - C{(Jgg (vut) dn) o (f, st da);}'

Since we can bound t{ by *, we have
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(]gQ(Vu*)pda); < c{(]gQ(Vu*)t d0)1+(]€§2|fN|de');}.

Since 1 <t <1+¢€ as in Theorem 4.9, we can bound the first term on the right-hand
side as follows

1

(fuwwra) < e{(f ) «(fnrw)}

Using Holder’s Inequality on the first term gives us the desired result

(]gﬂ(vu*)pda); < c(]gﬂ |fN|pda)’1’ :

Copyright© Laura Croyle, 2016.
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Chapter 5 Future Problems

From here there are many problems of interest. For instance, our example from ear-
lier proved that our range of exponents is maximal in 2-dimensions. Determining the
maximal range in other dimensions is a question of interest. In addition, in order to
get these concrete results, we had to make our domain C1'. Can we find the maximal
ranges in the case where we only require our domain to be Lipschitz?

Some of the results that we proved in this paper do not require our problem be for
the Laplacian. We can also ask what about the case where we have a general second
order linear operator. It would also be interesting to look at other types of Mixed
Boundary Value Problems. Another problem of interest is the Robin Boundary
Value Problem. Here we are searching for a function u € W12(Q) that is a weak
solution to

o (5.1)

—divaVu=f in ()
ciu+32=0  on 02

for some given functions f € L?(€2) and constant ¢;. We could consider a Mixed
problem, where on part of the boundary we put Robin boundary conditions and the
other part Dirichlet.

We could also consider simplifying the domains further, for example, Polygonal do-
mains and see what happens to results. In general, we can continue studying for what
domains and operators we can find solutions to these problems on.

Copyright© Laura Croyle, 2016.
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