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ABSTRACT OF DISSERTATION

THE HYDRODYNAMIC FLOW OF NEMATIC LIQUID CRYSTALS IN R3

This manuscript demonstrates the well-posedness (existence, uniqueness, and regu-
larity of solutions) of the Cauchy problem for simplified equations of nematic liquid
crystal hydrodynamic flow in three dimensions for initial data that is uniformly lo-
cally L3(R?) integrable (L3(R?)). The equations examined are a simplified version of
the equations derived by Ericksen and Leslie. Background on the continuum theory
of nematic liquid crystals and their flow is provided as are explanations of the related
mathematical literature for nematic liquid crystals and the Navier—Stokes equations.
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Chapter 1 Overview

1.1 Introduction

Liquid crystals and their mathematical description have a long and rich history dating
back over 100 years (see [28], [5]). Liquid crystals can be thought of as materials that
exhibit an intermediate phase between liquid and solid in the sense that while liquid
crystals may flow like liquids they exhibit additional structural properties.

Many chemical compounds have liquid crystal phases. For example concentrated
solutions of rigid polymers in suitable solvents, DNA, and certain viruses all exhibit
liquid crystal phases. Since there are many possible microscopic structures there are
accordingly many liquid crystal phases: nematic, smectic, cholesteric, for example.

The simplest example of a liquid crystal phase occurring in nature is the ne-
matic phase for a single chemical species. Physically, in the single-species case, liquid
crystals that exhibit a nematic phase, or nematic liquid crystals for short, are lig-
uids that are uniformly composed of rod-like molecules whose structure induce a
preferred average directional order. A historical example is the compound MBBA
N — (p — methozybenzylidene) — p — butylaniline which is in the nematic phase for
approximately the range temperatures 20°C' to 47°C' and whose length is on the scale
of Angstroms.

For the modeling of a single species of nematic liquid crystal at a fixed tempera-
ture one can consider a continuum theory which disregards the individual molecular
structure. Such a continuum assumption is valid since the distance over which direc-
tional order occurs is much larger than the molecular dimensions (that is proportional
to pum versus proportional to Angstroms) see [5].

One of the major motivations for modeling nematic liquid crystals mathemati-
cally is to better understand their defect structure and its dynamics. Defects are
discontinuities that appear in materials and break local symmetry. For example, in
solids, such defects are dislocations that break translational symmetry and introduce
plastic deformation. A continuum model for the hydrodynamic flow of nematic liquid
crystals provides the first step in such an analysis of the dynamics of the defects for
nematic liquid crystals.

This dissertation gives strong mathematical evidence for the validity (well-
posedness) of commonly used continuum models for the three-dimensional hydro-
dynamic flow of nematic liquid crystals. By well-posedness, it is meant that the
modeling equations have a unique solution that is sufficiently smooth. Since the full
continuum equations for hydrodynamic flow of nematic liquid crystals proposed by
Ericksen and Leslie are complicated this dissertation analyzes equations that retain
the mathematical difficulties and physical properties of interest.

The system of equations analyzed can be intuitively thought of as a coupling be-
tween the three-dimensional Navier—Stokes equations and the equations for the trans-
ported heat flow of harmonic maps into spheres. Here, the Navier—Stokes equations
give the velocity whereas the transported heat flow of harmonic maps into spheres



give the preferred average directional order via a unit vector. Such systems have been
widely analyzed throughout the literature, but the novel contributions of this work
is that it includes three-dimensional flows and analyzes the transported heat flow of
harmonic maps into spheres by directly enforcing the sphere constraint instead of
analyzing an approximation of this system.

1.2 Past mathematical work

Since the model that is examined in manuscript in a coupling between the Navier—
Stokes equations and the transported heat flow of harmonic maps into spheres the
following section summarizes the relevant mathematical works on Navier—Stokes and
nematic liquid crystals. The summary of past work relating to the Navier—Stokes
equation is highly selective due to the sizable amount of work in the area. An attempt
has been made to include the vital and motivating works for this dissertation.

Mathematical analysis of nematic liquid crystals

A rigorous mathematical analysis of the Oseen—Zocher—Frank continuum model for
nematic liquid crystals described in Section 2.Ilwas completed by Hardt, Kinderlehrer
and Lin in 1986 [13]. They established existence and partial regularity of minimizers
of the Oseen—Zocher—Frank functional F (see (2.1])). To be precise, the major results
of their work are summarized in the following two theorems.

Theorem 1.2.1 (Existence of minimizers). For ng : 9Q — S? a Lipshitz map, the
admissible class of minimizers

A(ng) == {u € H'(Q,S?) : ng = trace of u on 9}

is non-empty. Furthermore, for any ng : 0Q — S? there exists n € A(ng) such that

Theorem 1.2.2 (Interior partial regularity). If n € H'(Q,S?) is a minimizer of
F, then n is analytic on Q\ Z for some relatively closed subset Z of ) which has
one-dimensional Hausdorff measure zero.

Later, Lin and Liu [20] began mathematical study of the hydrodynamic flow of
nematic liquid crystals. They examined a simplified version of the Ericksen—Leslie
equations. They studied the equations

u; + (u-Viu+vAu+ Vp=-AV - (Vd e d)"
d; + (u- V)u = y(Ad - f(d)) (1.1)
V-u=0
It is noted that these equations can be derived in much the same way as the model
equations studied in this dissertation (those being (L1)-(L9)).
YThe product ® is given in components by (Vd ® Vd)¥ = V;d?V ;dq.




The full Ericksen—Leslie equations describing the flow phenomena of nematic lig-
uid crystals reduces to the Oseen—Zocher—Frank theory for nematics in the static case.
Furthermore, minimizers of the Oseen—Zocher—Frank functional are simply harmonic
maps into spheres provided the physical constants are properly chosen (see (Z.31)).
Hence, it is a helpful heuristic to consider the Ericksen—Leslie equations as a coupling
between the Navier—Stokes equation and the transported heat flow of harmonic maps
into spheres.

Lin and Liu motivated by the work on gradient flow of harmonic maps into spheres
used the standard penalty approximation to relax the sphere constraint (see [24], [3],
[4]). The difficulty with such approximations is that the convergence of solutions to
penalized problem to original problem is only understood in a few cases (see again,
241, [3)).

These issues aside, Lin and Liu proved the following theorems for the system (L).

Theorem 1.2.3 (Existence global weak solutions). Under the assumptions that
w(z) € L3(Q) and do(z) € HY(Q) with dglag € H*?(09), the system (L) has a
global weak solution (u,d) such that

uec L*0,T, H(Q)) N L>(0, T, L*(2))
de L*0,T, H*()) N L>(0,T, H(Q))

for all T € (0, 00)

Theorem 1.2.4 (Wellposedness for large viscosity). The problem (1) has a unique
global classical solution (u,d) provided that ug(x) € HYQ), do(z) € H?*(RQ),
dim(Q) = 2,3, and v > vy(A, 7, g, do).

Very recently, Lin, Lin, and Wang [19] revisited the nematic liquid crystal flow
problem for two-dimensional flows. Namely, they examined the system:

W+ (u-V)ju+rvAu+ Vp=-\V-(Vdod)
d; + (u-V)u=|Vd]*d (1.2)
V-u=0

for u: Q x (0,4+00) = RZand d : Q x (0, +00) — S? and initial data
u € H,dy € H'(Q,S?%), and dy € C*?(9Q,S*)" for some 8 € (0,1). (1.3)
Where,

H = closure of C3°(,R*)N{u:V-u=0}in L*(Q,R?),
J = closure of C3°(Q,R*)N{u:V-u=0}in H'(Q,R?), and
HY(Q,8*) = {d € H'(Q,R?) : d(z) € S* a.e. z € Q}.

Lin, Lin and Wang succeeded in proving the following theorems:

HThe Banach spaces of functions denoted with C%# will be the set of functions which have
second derivatives in the spatial variables that are Holder 5. See [I0] or [29] for a more detailed
explanation of such spaces.



Theorem 1.2.5 (Regularity). For 0 < T < 400 assume u € L*>([0,7],H) N
L*([0,T],J) and d € L*([0,T], H'(2,S?)) is a suitable weak solution of (L2) with
(I3). If in addition, d € L*([0,T], H*(Q)), then (u,d) € C=(Q x (0,T]) ﬂCé’l(Q) X
(0,77)".

Theorem 1.2.6 (Global Weak Solutions of Partial Regularity). For data satisfying
(1.3), there exist global suitably weak solutions u € L*(]0, 00), H) N L?([0, 00),J) and
d € L*([0,00), H(Q,S?)) of the equations (I.2), which has the following properties:

1. There exists L € N depending only on (ug,dg) and 0 < T} < --- <Tp, 1 <i<
L, such that

(u,d) € C=(Q2 x ((0,00) \ {T3}/21)) N O3 (2 x ((0,00) \ {T3}i1)).

2. Fach singular time T;, 1 < i < L, can be characterized by

lim inf max/ (|uf* + |Vd|*)(y, t)dy > 8, Vr > 0.
1T zeQ QNB,(z)

Moreover, there exist ', — zi € Q, t; 1 Ty, v, | 0 and a non-constant smooth
harmonic map w; : R? — S? with finite energy such that as m — oo,
(), dy,) = (0,w;) in Ci(R? %[00, 0]),
where
w (z,t) =7’ u(z! +riat 4+ (), db(z,t) =d(at, + 0, (rh)%t).
3. Set Ty =0. Then, for0 <i< L —1,
;| +|V3d| € L2 x [T3, Ty — €]), |w| + |V2u| € LY3(Q x [T}, Ti1 — €])

for any € > 0, and for any 0 < Ty < T < o0,

|dy| + |V2d| € L*(Q x [T, T]), |w| +|V?u| € LY3(Q x [Ty, T)).

4. There exzist t, T oo and a harmonic map dy € C*(Q,S?) N C+#(Q, S?) with
do = do on 9Q such that u(-,t) — 0 in HY(Q), d(-,tx) — do weakly in
HY(Q), and there exist | € N, points {z;}._, € Q, and {m;}._, C N such that

l
IVA(-, 1) Pde — |Vdoo|*dz + > 87mid,,.

i=1

HBanach spaces of functions denoted with Cé’l are anisotropic Holder spaces of functions that
have second spatial derivatives and first time derivatives which are Holder 3. See, [29].



5. If (ug,dy) satisfies
/(|u0|2 +|Vdy|*) < 8, (1.4)
Q

then (u,d) € C*(£2 x (0,00)) N CE’I(Q X (0,00)). Moreover, there exist
te T oo and dyy € C®(Q,S?) N C*P(Q,S?) with dsy = dy on O such that
(u(-,tg),d(-, tx)) — (0,ds) in C?(£2).

Remark 1.2.7. In Theorem [1.2.4 item 4. illustrates the potential failure of strong
convergence whereas item 5. gives sufficient conditions to guarantee strong conver-
gence.

Definition 1.2.8 (Suitable Weak Solutions). For 0 < T' < oo, u € L>*([0,7],H) N
L*([0,T),J) and d € L*([0,T], H(Q,S?)) is a suitable weak solution of (I2) if the
following local energy inequality holds

_/Q , T]<u’ V') +/ [(u-Vu, ) + v(Vu, Vo))

Qx1[0,7T]

= — , A Vd o Vd, ¥vVe),
5(0) / (W0, 6) + / RS

_ /Q o)+ / (0 Vd, $:6) + 1(Vd, V)

Qx1[0,7]
= —(0 d A vd|?(d
¢<>/Q< 0.6) + /W' 2(d, ¥,

for any ¢ € C=([0,T]) with ¥(T) = 0 and ¢ € J N HJ(Q,R3). Moreover, (u,d)
satisfies prescribed boundary data in the trace sense.

Mathematical analysis of the Navier—Stokes equations

As mentioned earlier, due to the size and scope of the mathematical literature ded-
icated to the study of the Navier—Stokes equations it would be nearly impossible to
give a complete overview of the literature. In what follows, the key literature per-
taining to the new results presented subsequent chapters is summarized. One explicit
goal of this subsection is to clarify the use and origin of the class L3 LY. Another
goal is to examine some of the similarities between theoretical difficulties encountered
in the analysis of the Navier—Stokes system and those encountered in the transported
heat flow of harmonic maps into spheres.

The first major mathematical work on the well-posedness of the incompressible
Navier—Stokes equations was by Jean Leray in his dissertation (published in [16]).
Leray worked on the pure Cauchy problem for the incompressible Navier—Stokes equa-
tions in all of R3, namely,

W +u-Vu—Au+ Vp=0inR® x [0,00)
V-u=0inR* x [0,00) (1.5)
u(x,0) = a(x) in R®.
BLPLI(Q x I) = LP(I,L(Q)) is a mized or anisotropic LP space.




for a a smooth divergence-free vector field in R? which has sufficient decay at infinity.
The results of Leray [16] are neatly summarized in [9]:

Theorem 1.2.9 (Leray 1934). 1. There exists T > 0 such that the Cauchy prob-
lem (I.3) has a unique smooth solution with reasonable properties at infinity.

2. The problem (1.1) has at least one global weak solutions satisfying a local energy
inequality. Moreover, the weak solutions correspond with the smooth (strong)
solution in R® x (0,T,) (and hence are unique in that domain,).

3. If (0,T.) is the maximal interval of existence of the smooth solution, then, for
each p > 3, there exists €, > 0 such that

1/p ¢
P
([ Juwnlan) > st

ast 1 T,.

4. For a given weak solution, there exists a closed set Sing C (0,00) of measure
zero such that the solution is smooth in R® x ((0,00) \ Sing). (Leray’s proof
actually gives Sing with H'/?(Sing) =0 Y).

An important generalization Theorem part 3. was provided collectively by Prodi
[23], Ladyzhenskaya [15], and Serrin [25]. Namely, as summarized by [9], the following
theorem is true.

Theorem 1.2.10 (Prodi-Ladyzhenskaya-Serrin). Suppose the initial data a for (L5
is in the L? closure of the set of divergence free smooth vector fields. Let u and v be
two Leray-Hopf solutions of the Cauchy problem (LH). If for some T > 0 the solution
u satisfies the so-called Ladyzhenskaya-Prodi-Serrin condition:

3 2
uc LELYR® x (0,7)) with = + 7= Lse (3,00), (1.6)
S

then u = v in R® x (0,T) and moreover, u is a smooth on R* x (0,T).

Later, Caffarelli, Kohn and Nirenberg expanded upon the idea of Theorem
part 4. by localizing in z. In [2], Caffarelli, Kohn and Nirenberg, building the work
of Scheffer prove a local partial regularity result for a certain class of suitable weak
solutions. Namely, they prove the following theorem for the parabolic Hausdorff
measure P° .

BFor A€ R™, 0 < s < 00,0<d < oo define the s-dimensional Hausdorff measure of A by

H'(A) = lim inf {Z |B1(0))] (dlar;cj) . Ac|JCj,diamC; < 5} .

BFor A€ R™, 0 <s<o00,0<§ < oo define the parabolic Hausdorff measure of A by

P4(A) := lim inf{er— A C UBT]. (x0) X [to — 7’J2-,t0 +7’J2-],Tj < 5} .

6—0



Theorem 1.2.11 (Partial Regularity for Navier—Stokes). For any suitable weak solu-
tion of the Navier—Stokes system on an open set in space-time, the associated singular
set S satisfies P1(S) =0

Where, a suitable weak solution was defined by the author in the following way.

Definition 1.2.12. The pair (u,p) is a suitable weak solution of the Navier—Stokes
system
w+u-Vu—Au+Vp=f~f

V-u=0
on an open set D C R3 x R with force f if the following conditions are satisfied
1. Integrability hypotheses u,p, and £ are measurable functions on D and
a) £ € LYD) for someq>5/2 and V -f =0,
b) pe LY(D),

c) for some constants Ey, FE < oo,
/ lu*dz < Ey, D; = DN (R* x {t}),
Dy

for almost every t such that D; = (), and

// \Vul*dzdt < E.
D

2. Equations u, p, and f satisfy the the above Naiver—Stokes systems in the sense
of distributions on D.

3. Generalized energy inequality For each real-valued ¢ € C§°(D) with ¢ > 0, the
following inequality is valid

2 [[19uPo < [[ulior+ 80)+ (uf? + 20096 + 2(u- 1))

Recently, Escauriaza, Seregin, and Sverak completed the end-point case for Ser-
rin’s uniqueness in their paper [9]. Namely, they proved:

Theorem 1.2.13 (L3L$° Regularity). Consider two function u and p defined in the
space-time cylinder Q = B1(0)x(0,1). Assume that u and p satisfy the Navier—Stokes
equation in ) in the sense of distributions and have the following differentiability
properties
ue L2LX(Q)N LIHL(B(0) x (—1,0)), p € L¥*(Q).
Let, in addition,
Jallzs L) < oo

Then the function u is Hélder continuous in the closure of the set

By2(0) x (—(1/2),0).



Remark 1.2.14. 1. This result is the extension of Theorem[L.2.9 part 3. to p = 3.
That is, of (0,T%) is the mazimal interval of existence of the smooth solution to
the problem (1.3) and T, < oo, then

limsup [ |u(x,t)]* = +oo.
T R3

This means that if the solution u develops a singularity (hence the existence of
a T.), then the L3-norm must blow-up.

2. The class L3 Ly° is special in the sense that finiteness in || f|| s oo rs) does not im-
ply local smallness of f despite the fact that || f|| s poo(ms) is still invariant under
the natural scalings of the Navier—Stokes equations, namely, if (u(x,t),p(z,t))
1S a solution then so is

(Mu(Az, \2t), \2p(AzA2t)).

1.3 New contributions

The new results recorded in this dissertation are for solutions u : R?* x [0,7) — R?
and d : R® x [0,7) — S? to

W +u-Vu—Au+Vp=-V - (Vdo Vd) in R® x [0,7), (1.7)
V-u=0inR*x[0,7), (1.8)

d; +u-Vd - Ad = |Vd|*d in R® x [0,T), (1.9)
(u,d)|—o = (ug, dp) in R* x {0}. (1.10)

This is the system examined by Lin, Lin and Wang in [19] for flow variable u :
Qx[0,T) — R? for Q C R?. Tt bears repeating that this system should be thought of
as a coupling being the Navier—Stokes equations and the equations for the transported
heat flow of harmonic maps into spheres. It should also be noted that this system
is the most basic form of the full continuum equations for the hydrodynamic flow of
nematic liquid crystals given by Ericksen and Leslie. The relation between the system
(C7)-(T9) and the Ericksen—Leslie equations will be examined in detail in the next
chapter.

This work demonstrates the existence, uniqueness, and regularity of solutions
to the Cauchy problem (L7)-(LI0) for initial data (ug,dy) satisfying (ug, Vdg) €
L3 (R3) x L}(R3). The definition of L3 (R?) and the precise statement of the result
are recorded now.

Definition 1.3.1. Let f € L} (R?) if

HfHL%(RS) ‘= sup HfHLS(Bl(;p)) < 0.
z€R3

The space is L} (R?) is called the space of uniformly locally L? integrable functions
on R?



Theorem 1.3.2 (Well-posedness). There exists ¢¢ > 0 and Ty > 0 such that if
up : R3 = R? and dy : R® — S? satisfy

||u0||L%(R3) + ||Vd0||L%(R3) < €, (1.11)

then there exists a unique solution (u,d) : R® x [0,Ty) — R3 x S? of (LT)-(CI0) with
the following properties:

o (u,Vd) € C([0,Tp), L} (R?));
o (u,d) € C®(R3 x (0,Tp)).
Furthermore, if Ty < 400 is the maximum time interval, then

tin (8 ey + VAL 0) > o

This theorem has many parts and so it is useful to make a rough outline of its
proof and set down a plan for the later chapters of this manuscript. The proof of
Theorem [[.3.2] has the following ingredients:

I. global and local energy inequalities for (L) -(L9);

II. a priori gradient estimates for smooth solutions (u, p,d) that have small renor-
malized energies;

III. short-time existence of classical solutions proven in [19].

Through a weak-strong type argument analogous to Leray’s proof of Theorem [1.2.9
part 2. these ingredients yield the desired well-posedness. Precise statements of the
results of L.-III. are given in the following paragraphs.

I. Global and local energy inequalities

For the system (L7)-(T.9) one has the following a priori estimates of smooth solutions.

Theorem 1.3.3 (Global L3-energy inequality). If (ug, Vdg) € L3(R3?), then any
smooth solution to (LT)-(L9) obeys:

d 3 3 2 2
L P+ 9aP 4 1= Cluli)] [
+ 1= Cllullses) + ullses | Vdlses + 1Vdlfes)|  (112)

x/ |Vd||V2d]? < 0.
R3



Theorem 1.3.4 (Local L? energy inequality). For (ug, Vdy) € L¥(R3), let ¢ €
C}(R3), then any smooth solution to (LT)-(L9) obeys:

G [+ 1vape [ V(PR + V(v
R3 R

3

<c <mP+wmva+0/me—d%2
RS

RS

2/3 2/3
AL S VAL
supp ¢ supp ¢

< [ IV PR +9(9al o)

(1.13)
+C

Lemma 1.3.5 (Local L3-pressure estimate). There ezist co € R and Cy > 0 such
that for any ¢ € C3(R?),

1/3 1/3
{/“m—%ﬁﬁ} sc%{/umﬂuvm%&}
R3 R3

I 2/3 2/3
+l{/ mﬁ+wwﬁ +%Rm{/ uw+wwﬁ ,
R supp ¢ 2€R3 Br(z)

where R > 0 s such that supp ¢ C Bsg.

II. A priori gradient estimates and regularity

The result in II. follows from building an appropriate framework for regularity. Fol-
lowing the work of Caffarelli, Kohn, and Nirenberg [2] one makes the following defi-
nition of suitable weak solutions (Definition [[.3.6]) and can prove the corresponding
generalized energy L? inequality (Theorem [[3.7)).

Definition 1.3.6. A triple (u,p,d) : Q x (0,7) — R3 x R x S? is called a suitable
weak solution to (IL7)-(T3) in Q x (0,T) if:

1. ue LPL2NL2HY Q% (0,T)), pe L2 (2% (0,T)) and d € L2H2(Q2 % (0,T), 5%);
2. (u,p,d) satisfies (LT)-(L9) in the weak sense;
3. (u,p,d) satisfies the local L* energy inequality (L3.7) for ¢ € C5°(Q x (0,T)).

Theorem 1.3.7 (Generalized L*-energy inequality). Suppose that (u,p,d) is a
sufficiently regular solution to (LT)-(L9) on Qpr = Q x (0,T7). Then for any
0<¢eC(2x(0,T)), it holds

2/ (1Vul? + [Ad + [Vd]2d?) 6
Qp

S/ (Jul?*+|Vvd[’) (<Z>t+A<z>)+/ (Ju)® + |Vd[* + 2p)u - V¢ (1.14)
Qr Q

T

+2/ (Vd ® Vd — |Vd[’I;) :v2¢+2/ VdoVd:u® V.
Qp Q

T
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With these results in hand, one can prove the following e-regularity result (The-
orem [1.2.0)) for smooth solutions over the parabolic cylinder P.(z,t) = B,(x) X [t —
r?,t + r?]. The proof of this result involves a decay lemma, iteration, and Riesz
potential estimates between Morrey spaces.

Theorem 1.3.8 (¢p-regularity). Suppose that (u,p,d) is a suitable weak solution to
(L0)-(L9). There exists € > 0 such that if

: N 13
<r‘2/ |u|3) + <7‘_2/ \p|5) +  sup < \Vd|3(t)) <e€
r r t—r2<t<t4r? B

where P, = P.(x,t), then (u,d) € C®(P,/2(x,t)). Moreover one has the estimate

H(u7 d)HCk(Pr/z(x,t)) < C(k,E(],T). (115>

III. Short-time existence of classical solution and end-game

The end-game argument for Theorem [[.3.2] includes the following steps.

1. Approximate initial data (ug,dg) by smooth initial data (uf,d}) which also

satisfy (LITI).

2. Short-time existence of smooth solutions (u*, d*) is guaranteed by the contrac-
tion mapping principle (Theorem 3.1 of [19]) in R? for initial data (uf, dk).

3. Using the above local energy inequality and pressure estimate, one finds Ty > 0,
depending on ¢y > 0, such that

k k
ogllngo [u HL%(RS) +[|Vd HL%(RS) < 2¢p.

4. Lastly, Theorem 2.0 implies ||(11k7dk)“cfoc(RSx((sxTo)) < C(9), 6 > 0. Hence,
by passing to the limit via the theorem of Arzela-Ascoli, one proves the result.

1.4 Outline of the remainder of the manuscript

The plan for the rest of this manuscripts is as follows:

e Chapter 2, “Continuum models for nematic liquid crystals,” gives a rapid in-
troduction to the continuum theory for nematic liquid crystals.

e Chapter 3, “Energy Inequalities,” is devoted to proving the energy inequalities

(L.12) and (LI3).

e Chapter 4, “Regularity,” contains the proof the generalized energy inequality
(1) and Theorem [1.2.6}

e Chapter 5, “Well-posedness,” brings together the facts from Chapters 2 and 3
and the short-time existence of [19] to complete the proof of Theorem [[.3.2]

11



The notation throughout the manuscript is standard. Since this manuscript will
examine vector fields from R® — R3-vectors, tensors, and their products will ap-
pear. Loosely, bold symbols will be used represent vectors, capital bold symbols
will represent tensors, components will be denoted with Latin superscripts, and par-
tial derivatives will be denoted with Greek subscripts. There are cases where these
convention must be violated, but care has been taken to leave few details out. As
is often necessary, the Einstein summation convention is employed throughout—that
is, repeated indices are summed. Reminders of other specific notations are made as
footnotes as to not interrupt the flow of the manuscript.

Copyright© Jay Lawrence Hineman 2012
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Chapter 2 Continuum models for nematic liquid crystals

In this chapter the full continuum equations for the hydrodynamic flow of nematic
liquid crystals are formally derived. To do so it is necessary to consider the static
continuum theory for nematic liquid crystals based on work Oseen, Zocher, and Frank.
It is then instructive to consider a short derivation of the Navier—Stokes equations
before considering the derivation of the Ericksen—Leslie equations as both are derived
from conservation laws. The critical difference between the two systems is that the
Ericksen—Leslie equations require a third balance of angular momentum not present
in the Navier—Stokes equations.

It is remarked during the derivation of the Ericksen—Leslie equations what simpli-
fications must be made to arrive at the model equations analyzed in this manuscript,
that is (L7)-(T9). The necessary simplifications are drastic and leave room for future
investigation. Finally, it is noted that the derivations in this chapter do not include
thermal effects.

2.1 Oseen—Zocher—Frank static theory

The simplest and earliest continuum theory for liquid crystals was put forth by Oseen
[22], Zocher [30], and Frank [11] (1930-1960) (see also [28]). This model applies to both
the nematic and cholesteric phase. Following Virga, to give a continuum description
for liquid crystals (of any type) one must provide a free energy functional (hence
making such a theory wariational). Excluding dependence on temperature, such a
free energy functional is the Helmholtz free energy. Let o be the free energy density
and so a free energy functional will be of the form

FIn] :/Qa(n, Vn)dV. (2.1)

Here F acts upon function n : Q — S? where Q C R? is body occupied by the liquid
crystal and S? = {z € R3: |z| = 1}. Such functions n describe the average direction
of molecules contained in (2.

To build the theory one prescribes constitutive relations that describe the me-
chanical requirements of the material. For this manuscript it is prescribed that o
have the following properties.

1. The energy density o must be frame-indifferent. o(Qn, QNQT) = o(n,N) for
neS?and N € L(n,V) Y and Q € SO(V)". That is, the free energy per unit
volume of the body must be the same in any two frames. It is noted that this
property applies to both nematics and cholesterics—that is, it is not reliant on
the material that occupies the body ). There are properties that do however
rely upon material properties (material-symmetries).

OL(n,V)={L:V —V:L"n =0}, V a vector space.
“SO(V) ={Q e L(nV):det(Q) >1,QQ" =Q"Q =1I}.
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2. The energy density o must be material-symmetric. Nematic and cholesteric
liquid crystals are differentiated at the microscopic level by which group trans-
formations they obey. Nematics, which can be visualized as ellipsoids, are left
unchanged after reflections. Cholesterics, having the shape of springs have a
chirality or handedness that changes under reflection. It is expected, that such
microscopic differences are also observed at the macroscopic scale. For nematics
it is demanded that the energy remains the same under reflections whereas in
cholesterics this is not required. Mathematically, the difference between nemat-
ics and cholestrics is that the condition that must hold for cholesterics is that
o(Qn,QNQ”) = g(n,N) forn € S? and N € L(n,V) and Q € O(V) ".

3. The energy density ¢ must be even. On the macroscopic level, the direction
n at a material point p can be interpreted in a precise sense as the average
orientation. So in this statistical sense, it is impossible to distinguish head from
tail of a molecule-that is, one cannot distinguish n from —n. So, it should be in
either the nematic or cholesteric case that reversing the direction field leaves the
energy density unchanged. That is, mathematically, o(—n, —Vn) = o(n, Vn).

4. The energy density o must be positive definite. In the absence of external forces
or boundary conditions (anchoring) that affect the orientation of the liquid
crystal, the liquid crystal reaches and undistorted ground state. It is common
assign this state zero, free energy and call such an orientation natural. This is
manifested mathematically as, o(n,N) > 0 for any n € S? and N € L(n, V).

Frank’s Formula

Under the constitutive relations discussed in the last paragraph one can determine
which energy densities obey such relations. The final form of the energy density
is known as Frank’s formula—but, similar expressions can be found in the works of
Zocher [30] and Oseen [22]. Frank gave a formal derivation of Theorem 2.1.3] using
Taylor expansion. The rigorous proof of Theorem [2.1.3] recorded here is based upon
the abstract representation Theorem 2.1.1] from the book of Virga [2§].

The physical meaning and constraints on the constants appearing in Frank’s for-
mula, Theorem 2.1.3] follow the proof in a series of remarks.

Theorem 2.1.1 (Virga [28]). For anyn € S?, let p(n, -) be the scalar-valued function
on L(n,V) defined by

©(n,N) :=k(n) + K(n) : N+ N : K(n)[N],

where k(n) is a scalar, K(n) is a tensor in L(n, V), and K(n) is a symmetric tensor
in L?(n, V) 2. The function ¢ satisfies
»(Qn, QNQ") = ¢(n,N) for all Q € SO(V)

={QeL(nV):QQ"=Q"Q=1}.
V)={L:L(n,V) — L(n,V): L Linear}

“o(v)
YL%(n
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if, and only if,

o(n,N) = ag+ aP(n) : N+ asW(n) : N + 3, (W(n) : N)?
+B2(P(n) : N)* + B3(W(n) : N)(P(n) : N)
+ 84N : N + 35P(n)N : N(P(n)).

where ag, ag, ag and P, ..., 0G5, are scalars, and P(n) and W (n) are defined by

Pn):=1-n®n"
W(n):=nAv forallveVt

Lemma 2.1.2. Let n € C*(Q,S?). The following equations hold identically in the
domain of n:

(Vn)n = —n A curln; (2.2)
Vn : Vn = tr(Vn)? + (n - curln)® + |n A curln|." (2.3)

Proof. The action of every skew symmetric W € L(V) Y may be represented as
Wo=wAv
where w is the axial vector of W. Additionally, one may prove by representing wA

as €*iw" that -
W W = (wA) - (WA) = Rk etiyt = 2w - w.

Then for the decomposition
Vn =S+ W, S symmetric and W skew (2.4)

one has that the axial vector w of W is given as
1
w=g curln. (2.5)

Now, given that (Vn)"n = 0 one has that
0= (Vn)'n=S8"n+W"n,

which is in turn,
Wn = Sn.

YThe product @ is the tensor product and is defined in components by (a ® b)¥ = a’b’.

BThe product A is the usual cross product which is defined in coordinates as (aAb)? = ¢*aibt.
“The symbols - and : denote the scalar (dot) products given by a-b = a’b’ and A : B = AY BY.
L(V)={L:V —V:Llnear }onveV
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Thus, collecting these facts, one has
1
(Vn)n =Sn+ Wn =2Wn =2 (5 curl n) An (2.6)

which is precisely ([2.2)).
For (23)), one may compute that

Vn:Vn=S:S+2S . W+W : W=S:S+W:' W

and tr(VnVn) = tr(S*> + SW + WS + W?)

tr(S?) + tr(SW + WS) + tr(W?)

tr(S?) + tr(W?)

from the decomposition Vn = S + W and the fact that SW + WS is skew. Since,
trW2=—-W : W and trS? = S : S, one has that

Vn:Vn = tr(Vn)? + 2W : W
The proof of (2.3)) is completed with the observation that
2W : W = 4w - w = curln - curln = | curln|?,

and the identity,
|curln|? = (n - curln)? + |n A curl n|?.

(The last equation may be verified quickly in component form). a

Theorem 2.1.3 (Frank [I1],[28]). Let n € C*(Q,S?) and o be the scalar-valued
function of the form

op(n,Vn) :=k(n)+ K(n): Vn+ Vn : K(n)[Vn],

where k(n), K(n), and K(n) are as in Theorem[2.1.1. Then of is frame indifferent
if, and only if, there are five scalars kq, ..., ks such that

or(n,Vn) = ki (divn)? + ky(n - curln)?
+ k3|n A curln|?® + (kg + ky)(tr(Vn)? — (divn)?),

Proof. Tt suffices to apply Theorem 2. 1.1 to or with N = Vn. For terms involving
P(n) : N, observe, from the definition of P(n), that

Pm):Vn=17:Vn+ n®n):Vn=tr(Vn) =div(n). (2.7)
Next, for terms involving W (n) : N, recall for skew matrices W and Wy, that

W1 : W2 = 2(W1/\) : (Wg/\)
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Then, making use of (2.4)) and (2.5]) one has that
1
Wn):Vn=W(n): (S+W)=W(n): W=2n- (5 curl n) =n-curln. (2.8)

Lastly, since (Vn)"n =0 and (a ® b)A = (a ® ATb), one has that

Pn)(Vn)-(Vn)P(n) = (I —n®n)(Vn) : (Vn)P(n)
=(Vn): (Vn)P(n)
=|Vn]*-Vn: (n®n)Vn
= |Vn]* - |(Vn)n]%

(2.9)

Where the last equality follows from the fact that tr(a ® b) = a - b and the identity:

(Vn)n ® (Vn)n = ((Vn)n ® n)(Vn)”
=[ne (Vo] (Vo)
[(n®n)(Vn)7]" (Vn)”

= Vn(n®n)(Vn)’.

Applying Theorem 2T Tl with ([27) - (29) yields that

or(n,Vn) = ap + (g + fsn - curln) divn + ag(n - curln)
+ ky(divn)? + ky(n - curln)? 4 ksn A curl n|? (2.10)
+ (k2 + ky) [tr(Vn)? — (divn)?]

for
Br = —ky, Bo=Fki — ko —ka, Bs=ks, Bs = ko + kg — k3. (2.11)

Now, for the desired evenness of the energy density or one has in (ZI0) that
op(—n,—Vn) — op(n,Vn) = —2(ay + f4n - curln) divn

and so one must choose ap = 8, = 0. To obtain the energy density for a nematic one
further chooses ag = a3 = 0 and considers the admissible class

n e N = set of all constant fields Q — S?

so that o vanishes on N whenever aq vanishes in (ZI0]). O
Remark 2.1.4.
e The constants ky, ..., ky in (ZI0) are known as Frank’s Constants. Some geo-

metric interpretations of the constants will be given in Remark [2.1.3.

e The term [tr(Vn)? — (divn)?] in (2.10) is a null-Lagrangian, and thus, does not
contribute to the free energy F.
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e Theorem[2.1.3 shows that an energy density that is frame-indifferent, appropri-
ately materially symmetric. and even is of the form (21I0). For an appropriate
choice of ky,...,ky it is also the case that op(n,Vn) > 0 (postive definite).
This is the conclusion of Ericksen’s inequalities [2§].

Remark 2.1.5 (Special Orientations). For special choices of orientation n the energy
density op in (2.10) is proportional to each term of op with ki, ..., ks as a constant
of proportionality.

e Splay Field: Using cylindrical coordinates (r,0, z) with origin o and coordinate
vectors e,, e, e, O consider the orientation field ng : Q\ e, — S?

n; =e,

fore,={peQ:p—o=-ze, z€ R} where p—o=re,+ze, forallp € Q\e,.
It is elementary that

1
Vn, = —ey ® ey

,
1
divn, = —
,
curln, =0
s 1
tr(Vns) = ﬁ
Thus, one concludes that
1
or(ng, Vng) = ki —.
r

That 1is, for the orientation field e,, the energy density o is proportional to
single term with proportionality constant ky. One should call such an orientation
field ng the splay field since it is the field that is purely spreading or splaying in
the plane (e, 0,e,).

e Bend Field: Using the same cylindrical coordinates, consider the orientation
fieldny : Q\ e, — S? given by

n, = €p.
Again, it is elementary that,
1
Vn, = ——e, ® ey
r
div n, = 0
1
curln, = —e,
r
1
(Vny)n, = —-e,
r
(an)2 =0.

Y (e, eq,e.) = (cosfe; + sin fey, — sin fe; + cosfes, e, = e3)
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g Making use of Lemma (211l one has that
or(n,Vn) = ]fgﬁ.

It is natural to call such an orientation field, the bend field as it measures the
bending out of the plane (e,,0,e,).

Twist Field: Consider the orientation field
n.(zq, xe, x3) = cos(Tx3 + @o)er + sin(rxs + @p)eq

for (o, e1,eq,e3) a coordinate frame, and ¢o an arbitrary initial angle. By direct
calculations, one has that

divn, =10
curln, = —mn,
(Vnc)2 = 0.

Then,
or(n., Vne) = koT?

Saddle-Splay Field: Let each p € € be represented in the coordinate frame
P — 0= T1€1 + Ta€p + T3€3

for origin o € £. Consider the level set p(x1,x2,x3) = 0 of saddle surface of §)
containing the origin given by

o(x1, T2, T3) = T3 — T1 2.
The field n, given by

Vo 1

= = —ZTg€ — T1€2 +€3).
7 Vgl x%+x§+1( )

n

is the unit normal to the surface. In the cylinder C. = {p € € : 23 + 22 < €}
one has

n, = —re; — T1€ + €3 + 0(€)
Vn,=-e ®e —e;®e — 11630 e — 12e3 ® e, + oe)
divn, = o(e)
curln, - n, = o(e)
(Vn,)n, = —x1€; — x9€q + 0(€)
tr(Vn,)? = 2 + o(€?).

Thus,
or(ng, Vn,) = 2(ky + k) + o(e).
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2.2 The Navier—Stokes and Ericksen—Leslie equations

Navier—Stokes equations for isotropic fluids

Before examining the Ericksen—Leslie equations for the hydrodynamic flow of nematic
liquid crystals it is instructive to give a brief derivation of the Navier—Stokes equations
for isotropic fluids—that is fluids in which microstructure is homogeneous. The Navier—
Stokes equations encapsulate the following physical laws:

1. mass is conserved,

2. the rate of change of momentum of a fluid parcel equals the force applied to it
(Newton’s second law),

3. energy is conserved.

Since the thermodynamic properties of liquid crystals and their flows will not be
addressed in this manuscript, only the conservation of mass and balance of momentum
are derived.

Conservation of mass is equivalent to the statement that

d
— [ p(z,t)dV = —/ pu - vdS
dt Jo o0

time change in mass in €2 = mass flowing across 0.

By the divergence theorem, the former is equivalent to

/Q [Oip+ V- (pu)]dV =0,

and since this holds for all €2 one has the corresponding differential or point-wise
version of the conservation law,

Op+ V- (pu)=0.

To derive the balance of momentum let x(t) = (z(t),y(t), z(t)) be the trajectory
of a fluid particle. Then, the velocity field is given by

u(x(t), 1) = u(x(t), y(t), 2(t), ) = (£(2),9(), 2(t)) = x(t)

and the acceleration of the fluid particle is given by

So, applying the chain rule one has

%(t) = w,d +u,y + .2 + wit
=du+ (u-V)u
_. Dug
=5
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the so called material derivative.

For any continuum, material forces are of two types: stresses where the material
is acted upon by forces across its surface by the rest of the continuum and external
or body forces which exert a force per unit volume on the entire continuum. For
the derivation of the Navier—Stokes equation one may make the following physical
assumption: for a surface of the continuum S with normal v the forces on S per unit
area are proportional to o = p(x,t)v + f(x,t) - v where f is the stress tensor.

An integral form of the balance of momentum is then

d

— pudV:—/ (p-v—1£f-v)dA.
dt Ja, o9,

Furthermore, if one makes the standard assumptions on ¢ one arrives at the following
form,

£ = \V- u)1+2uw
=2u {w — %(V : u)[} +n(V-u)l

where p and 7 are the first and second coefficients of viscosity. Applying Reynold’s
transport theorem and the divergence theorem to the integral form for the balance
of momentum one has that

Du

PDr = —Vp+ A+ p)V(V - u) + pAu;

or if the fluid is incompressible one has that

Du

— = Au.
T Vp + pAu

If p(x,t) = p is constant, it is common to rewrite the last equation as

where v = p/p is the kinematic viscosity and p = p/p. Any of the last three equations
may be referred to at the Navier—-Stokes equation.

It is common in applications to non-dimensionalize the Navier—Stokes equations.
This is done by introducing a length scale L and a velocity scale U (and hence, by
dimensional analysis a time scale T" = %) Measuring u, x, and ¢ as fractions of these
scales yields the following dimensionless quantities:

u D X t

a=—, p= x=2=, and t = —.

U Uz’ L T
YThe material or convective derivative for a general vector field v is given by % =0v+u-Vv
where u is a velocity gradient.
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These, of course, induce variable transformations u = alU, p = U?p, x = XL, and
t = tT and thus the Navier—-Stokes equation in the new variables follows from the
following elementary calculations:

a(x,1) 0%
o 0 Uo o U o o U
A ua = —.—~:———.~:——.—~:—A~
T =l o Tow oo Dowo ~ 2°W
2
VU*p(x,t) = vap

where the chain rule is calculated in the sense of Jacobians. Thus, after division by
2 . . o, .
UT the dimensionless quantities satisfy

1
u; +u-Va=-Vp+ —Au
etV P Rt (2.12)
V-u=0
where ﬁ = 7 defines the dimensionless constant, Re denoting the Reynolds number.
For the mathematical analysis of the Navier—-Stokes equation it is common to choose
U=\ L = % In this case, one has that whenever (u,p) is a solution to the
incompressible Navier—Stokes equation, then so is
(@, 5) = (Au(Ax, A%t), A*p(Ax, A°t)). (2.13)

Ericksen—Leslie equations

One is now in the position to develop a continuum theory for the hydrodynamic flow
of nematic liquid crystals. Though early dynamic theories exist for liquid crystals in
the first widely accepted theory was given by Ericksen [6] based on the static theory
(Oseen—Zocher—Frank) discussed in the earlier sections. Leslie [I7] completed the
dynamic theory by formulating appropriate constitutive relations. As discussed in
previous sections, a constitutive relation describes the mechanical properties of the
material in question (in this case different compounds exhibiting a nematic phase).
The combined work on the hydrodynamic flow of nematic liquid crystals by Erick-
sen and Leslie is often referred to as the Ericksen—Leslie equations. Since only the
isothermal case is considered in this manuscript the derivation is short (see [18], or
27)).

A nematic liquid crystal can be considered as a fluid with microstructure. It is the
goal of this section to explain how the microstructure interacts with continuum. The
Eulerian description of a fluid with microstructure employs two independent vector
fields the usual velocity field u(z,t) and the axial vector w(x,t). In the case of liquid
crystals, w is interpreted as the local angular velocity, that is, it represents the local
angular velocity of the director n. This differs from an ordinary continuum theory
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for a fluid in that only a velocity is required since the angular velocity is one-half the
curl of the velocity. Denote, the usual angular velocity as w = %V Au and set the
relative angular velocity

A —

W=w—-—w=w-—-VAuW

As in the static case, one considers orientation fields n with the property n-n = 1.
Consequently, the motion of n is rigid and one has that

Dn i A
— =wAn.
Dt

Define the following for the subsequent derivation:
- 1 ) .
S = §(VjuZ + Vu’) = rate of strain tensor = symmetric part of Vu;"

. 1 . .
W = i(Vju’ — V') = skew part of Vu;
N = w An = spin or angular velocity tensor.
A simple calculation in components shows that
N=——Wn 2.14
D n (2.14)
It can be shown, see [27] that

D
u, Vu, W, ) are not (material) frame indifferent”

and
n, N, S are (material) frame indifferent.
This indicates the variables that one should formulate constitutive relations for are
n, N, S.
As was done in the case of the Navier—Stokes equations earlier one seeks to find

balance laws for the system. For a volume of nematic liquid crystal {2 one has the
following conservation and balance laws:

1. conservation of mass

D
dV = 0; 2.15
D ).? (2.15)
2. balance of linear momentum
D
pudV pfdV + f,dS; (2.16)
Dt 0 o9
HGenerally, the symbol V,, indicates the ath component of the gradient vector.
UIn this context, frame indifferent means that under the motion x*(t*) = c(t) + Q(t ) (t),
t* =t — a a vector a and second-order tensor B must obey a* = Qa and B* = QB Q for

Qe SOW).
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3. balance of angular momentum

D
—/p(x/\u) :/p(XAfb+k)dV+/ (x AN fs +1)dS. (2.17)
Dt Jq Q o9
Where,
p = density,
X = position,
u = fluid velocity,

f, = external body force,
f, = surface force (stress),
k = external body moment, and

1 = surface moment.

From the conservation mass (2.I5]) one has using Reynolds transport theorem and

assuming p is constant that
V-u=0,

and likewise, )
S*" =tr(Vu) =V-u=0.

For v the normal vector to the surface S one has
fl=F97 and I' = LY

where F, = F is the stress tensor and L = L% is the couple stress tensor. A straight-
forward application of the divergence theorem and Reynolds transport theorem show
that (2.I6) may be written

/Q(p%—pfb—v-]?s) dv =0,
or in point-wise form,
u Du! : g
o =pfy + V- -F; or D =pfy +V,F7. (2.18)
On the other hand, applying Reynolds transport theorem to the left-hand side of

(Z17) yields that
D o DxIuF
— AudV = v
Dt /Qp xAu /Qp < Dt

o DuF
— ke d 77 V.
/Q'OE “or

where the last equality follows from the identity,

Ezﬂc uk — E”k

Dt

wub =0,
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since w/u* = u ® u is symmetric. On the right-hand side of (2.I7) one applies the
divergence theorem to find

/ €Ml frdS = / V(752 FIP) = / (€75 2/, FIP + §PFIP)dV.
o9 Q Q
Using these two facts, the balance of angular momentum (2.I7)) may be written as

/e”kz] <p7u — pff— Vkap) = /(pKZ + R FR 47 L)V
Q t v

However, (ZI8]) implies that the left-hand side of the last equation is zero and so one
has that

/ (pK' + €9 FR 4 ;L) dV = 0, (2.19)
Q
or the point-wise equation,

pK' + TR R 4 v, 0 = 0. (2.20)

The equations giving mass conservation (incompressiblity), balance of linear mo-
mentum, and balance of angular momentum can be thought of as kinematic equations.
That is, they are equations that describe motion, but they do not explain the origin of
the forces generating the motion. Dynamic equations would also include the consti-
tutive relations for the material that describe the origins of forces. One constitutive
hypothesis that can be made for the derivation of the Ericksen—Leslie equations is a
rate of work assumption. Namely,

/p(fb-u—l—k-\?v)dv+/ (f,-u+1-w)dS
@ on (2.21)

D 1
= — —pu - d Dd
Di Q<2pu u—i—a) V—i—/Q \%

where D is the rate of viscous dissipation per unit volume and op is the Oseen—
Zocher—Frank energy density.
In (2.21)) one may apply the divergence theorem to find that

/ fiu' 4 l'w'dS = / Fiu'v? + L9w'idS
o9

o0

_ / Y, (Fiiul) + V,(Lw')dV
Q

= / FOVu' + L9V w' 4 u'V,F9 4 w'V ;L7 dV.
Q

Then, using the previously derived point-wise forms of the balances of linear and
angular momentum, (2.I8) and (2.20), one sees that

/ faut + l'w'dS

o0 b (2.22)

_ / FiIN i + LV ju' + pu? (Tt - Fbl) — pw'(K' + *FF)av.
Q
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Returning to (2.21), applying Reynolds transport theorem to the energy terms yields

that D [ /1 .Du' D
u orp
Zou- dV = —dV
Dt 9(2”“ “+UF) /Q Dt

Substituting the relations (2.22]) and (2.2)) into the rate of work balance ([2.21)) yields
the point-wise relation

FiV,ul + LiVu' — w'ed* FN = —Dat "4 D. (2.23)
What remains is to find specific forms of the stress tensor F’ and the couple

stress tensor L¥. This is done using Ericksen’s identity [6]:

.. 80’ 8 : 8(7
¢ ( > T+ Vi av =+ V,n avknp) 0. (2.24)

To apply Ericksen’s identity one first need to calculate the material derivative of the
Oseen—Zocher—Frank energy density op. First, recall that

Dnt o
D:Lf = e7*wink and
Dn’ . , . DV,
\V2 {D—Z} =9,V;n' + Vjukvku] + v’kavjn’ = Dtu +V,; ukan

Then for o = op(n, Vn) one has by the chain rule, after relabeling, that
Dop  Oop Dn? N Oor DVin?
Dt — On? Dt = OVinP Dt

_ (ira {(nq@ YV, Oor )wi+nq dor Vku}’} — 802 VPV ul.

onp 8Vk P 8an1” 8Vk P

In the last expression, using (2.24]), one replaces the terms in brackets and finds that
DO’F ipq q 80F i k 00F i 80F p q

_ i i 2.25

D =€ {n PV V' — Vyn 8Vpnkw o o 5 Van'Viul. (2.25)

With ([2.25) and (223) one may express the dissipation as a function linear in w°,
V,w', and V;u', namely, one has that

D= (F” dor vmp) Vvl

oV ;np
i i 80-F i1 8UF k
+ (LJ — Eqpnqﬁjnp) V ’LU —l—w Pq (tpq — avpnkvqn ) .

Since the signs @', V;u', and V;u' are arbitrary it must be the case that the coeffi-
cients in (2.26) are identically zero. This in turn indicates that the stress tensor F%
and the couple stress tensor L“ may take the forms

80’F

(2.26)

Fil = —pgi — Vin? + F,”
s b Ovjnl’ m
L — iappa I
en o +
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Here, p is the pressure arising from incompressibility and F.” and L are the possible
dynamic contributions. Inserting the expressions for F, and LY given in (2:27) into

([220)) yields that ) _
FV o + LV i + w'e* F,Y = D, (2.28)
To see this reduction, notice in the first term of (Z26]) that pd“V v’ = pV,v' = 0

from incompressibility, and in the third term of (2.26]) that eim%:ﬁvan = 0 since

Jop
OV pnk

V,n* is symmetric in p, q.

To find constitutive relations for the dynamic terms st, L it is assumed that
the dissipation D is positive. In this case, one has from (Z28) that

FVul + LIV +w'eé* B = D > 0.

As much of this information will be discarded to get a workable model for analysis,
namely (L7)-(T9), it is expedient to simply state one of the common expressions for
the dynamic terms. The interested reader is invited consult [27] and the references
therein for a derivation of the constitutive relations along these lines. From [27], the
most widely-adopted and well-known form for the dynamic (or viscous) stress is

F," = an*S*nPnind + auN'nd + asn’ N7 + a,SY

- - (2.29)
+ azn? S"n” + agn' S’ n”.
Where, oy, ..., ag are the Leslie viscosities. It is also easy to see that if L is assumed
to not depend on V', then it must be that
LV =0 (2.30)

since V;i" does not necessarily have a single sign.

To arrive at model that retains the mathematically difficulties present in the
Ericksen—Leslie equations, but is sufficiently concise for analysis, one may make the
following simplifying assumptions. These assumptions are modeled after those made
by Lin and Liu in [20], but there are critical differences. Namely, Lin and Liu use
a Ginzburg-Landau type penalized energy for o to enforce the sphere constraint
n-n = 1. For simplicity assume that the body force f, and body moment k are zero,
and that Frank elastic constants obey

]{71 = ]{32 = ]{?3 = K and ]{74 =0 (231)
and the Leslie viscosities in (2.29) obey

ap=a5=ag =0
3 — Q9 > 0 (232)
a3+ g = 0
With the assumption (Z.31]) one may simplify the Oseen—Zocher—Frank energy density
to
K
orp(n,Vn) = 5|Vn|2.
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To derive balance of angular momentum that will be studied in the remainder of
this manuscript one will need the following calculations for the energy density o,
the stress tensor F| and the couple stress tensor L:

dop  Oop (V;niV;ni
oVn N 0an‘1 2
dop _ Jop <anqunq

on  Ong 2

) = KV u! = KVn;

) =V,;V,niV;n? = 0;
IREH = R | _psid — Oor_ Vin? + F, &
y 8anp B
— ¢k [—pé’j — KV,nPVin? + Fskj]
— ik kI (2.33)
_ ijk k. J k n7d kj
= 7" (e N"n’ + agn" N7 4+ ,S™)
= eijk(ag — ag)nkNj;
T — L UPq q__~ "~
VLY =V e (n 8anp)
= KV,;e?1(n?V;n?)
= KV ;0% P + nfV,;V;nP)
= €P1(nK AnP).

Using (2.33), the point-wise balance of angular momentum (2.20) with stress and
couple stress given by (Z27) can be written

0=—(""F} 4 v;L")
= 7k ((ag — an) N7 — KAu?)
g Dn/ : :
= ekpk [(ag — a9) (TZ — Wﬂnl> — KAUJ} .

After further simplification, one may write the last equation in the form that will be
studied in the remainder of the manuscript (see Section [[3]), namely,

d, +u-Vd— Ad = |Vd|*d.

Similarly, to derive balance of linear momentum that results from the constitutive
assumptions (2Z.31]) and (2.32) one needs only calculate that

V-F,=V,FY
— _Vip— V,(ViniV,n?) + V,E7;
= —Vip — V;(Vin?V;n?) + V; [aaN'n/ + asn’ N7 + auSy;] ;
= —Vip — V;(Vin?V;n%) + ay A’ 4+ V; [ N'n? + azn’N] ;

and form, .
Du'

Py = —Vip = Vi(Vin'Vyn?) + V5.
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Again, making further simplifying assumptions, one arrives at the form of the con-
servation of linear momentum that will be examined (see Section [[3]), namely,

u+u-Vu—Au=-Vp—-V-(Vdoe Vd).

Copyright© Jay Lawrence Hineman 2012
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Chapter 3 Energy inequalities

In this chapter inequalities that are similar to the standard energy inequalities com-
mon to the mathematical analysis of evolution problems are demonstrated for the
system ([L7)-(9).

Since the following estimates involve gradients (tensors), component notations
must be employed. The convention for this manuscript is to use superscripts with
Latin characters for components. Similarly, partial derivatives are either denoted with
subscripts or as components of the gradient via the notation V. Since constants are
unimportant to the final result C represents and absolute constant, but it may vary
from line-to-line of an estimate.

3.1 Global energy inequality

A global energy-type inequality for the system (L7)-(T9) is proven using standard
PDE and harmonic analysis tools. Namely, the following proof uses the Sobolev
embedding theorem and the Riesz transform. Note that to achieve estimates on on
the L3-norm of u and Vd one must choose appropriate test functions to multiply
against the equations (L7)) and (L9]). Unlike the strategy usually employed to arrive
at standard L? energy inequalities, it is not sufficient to just use a solution or gradient
of a solution as a test function.

Theorem 3.1.1 (Global L3-energy inequality). If (ug, Vdy) € L3(R3), then any
smooth solution to (LT)-(L9) obeys:

d 5 , ) 2
+ [1 — C([lullzsesy + lullses)|| VA sy + ||Vd||%3(R3))} 3.1)

x/ |Vd||V3d? < 0.
R3

Proof. Let d be a smooth solution of (L9, then taking the gradient and integrating
against |Vd|Vd yields that

/th:\Vde:/ V(Ad):|Vd\Vd—/ V(u-vd): |vd|vd
R3 JR3 L, JR3

J/

~~ ~~

B2, B2,

(3.2)
—/ v(|vd[2d) : [Vd|Vd
RS

62,
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On left-hand side of (3.2])

d2
/ th:\Vde:/ @{W | }|Vd\
R3 R3 2

1
- [ 5o {var)
R3
since dP dP
& |VdP = 8,(|vd|*)*? = 3(|vd| )1/28‘ | _3|Vd|a‘ © (3.3)
Next, from (3.2]), one has that
V(Ad) : |Vd|Vd:/ Ad, - |Vd|d,
R3 R3
[ dus- (VAL
R3
_ —/ dus - (IVd|des + |Vd|sd.)
R3
(3.4)
—— [ Ivapvai+ [ dud, (94
v2d : vd
— [ |V3d}|vd —/ vid:vd) - | —=——
[ 1vapvai- [ - (Foq
v2d : vd|?
— [ \veapiva - [ Vi VdE
| ivarva - [ Sg
where 1 v2d. vd
d| = d?)?=——— __VIVd?= ~——— 3.5
Integrating by parts in (3.2]), yields that
V(u-vd): |Vd|Vd:—/ (u-Vd)- V- (|Vd|Vd)
R R (3.6)

:—/ (u-Vd) - (V|Vd|)Vd + Ad|Vd])
R3
Lastly, the term (32),, is
V(|Vd|2d);|Vd|Vd:/ (V|Vd|2)d;|Vd|Vd+/ |Vd|*Vd : |Vd|*Vd
R3 R3 R3
:/ (Va\Vd|2)\Vd|Vad-d+/ vdf
R3 R3
2
- [ wavapiva, { G [ war
R3 2 R3

— [ |vd].
R3
(3.7)
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where the last holds since |d| = 1. Collecting what has been shown in (B.4)), (3.6)
and GBZZ]) one has the following estimate from (B.2)

Vid - vd
vd|® + / Vd vd IV2d|?*|Vd| < / IVd|]® + |u||Vd[*[V*d|. (3.8)
RS Cvd RS
Next, observing that
3

V|Vd]? = 5|v01|1/2V|v01|

and observing from the Cauchy-Schwarz inequality that
|V|Vd|| = |Vd|™'|V3d : Vd| < |V

one has that
[avivapep <o [ vapeae - [ aear @9
R3 R3 R3

The Sobolev embedding theorem and (3.9) imply

[ var= [ qvapey
{ [ wwarer) .10)

3
5{ |Vd||V2d|2} .
R3

By Holder’s inequality and (310

1/3 2/3 2/3
/ \Vdfs{ / \VdP} { / |Vd\3} 5{ / \Vd||v2d|2}{ / |Vd\3} .
R3 R3 R3 R3 R3

Substituting this in (3.8) with u = 0 yields
d
& [vaP+ L=l [ valviaE <o (311)
R3 R3

In the case that u # 0 Holder’s inequality, the Sobolev embedding W12(R3) —
L5(R?), and (B.9) yield that

[ IV AT < s | VA e V02 e
< [l | 1V s | V]2 V2] 2y

1/2
Sl { [ 19aI2aR L Va9l

= [|ull o) VA2 V2d] | 2 [ VA2 V2] | 2o
= |[ullzaes) | [VA]Y2V2d] ][ 7 )
YThe relation A < B indicates that A < CB for some constant C.
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Inserting this estimate into (B.8)) and using Hélder’s inequality one has that
d
g MACUE 1= C (IValZages) + allses) ) | 1IVA2IV2A sy < 0. (3.12)

Multiplying (I7) by |uju and integrate over R?, one obtains

/ u; - juju
R3

:/ Au-|u|u—/ (u-Vu)-|u|u—/ Vp-lll|u—/ (V-(Vd© Vd)) - [ufu
R3 w3 w3 w3

7

v~ g

BI3), BI3), BI3), BI3),
(3.13)
It is easy to see the left-hand side of (B.I3]) amounts to

_]' 3_]‘d 3
/Rg u; - [ufu = 3/H§38t\u\ T3 /Rg [ul™

For (B13), one has that
/ (Au) - |ujlu = / Uy, - |ulu
R3 R3

= —/ u, - u,|ul + u, - ujul,
RS

= —/ |Vul*|u| + u, - ujul,
]R3

2 ‘u‘z

:—/ Vullul+ Vo d 2L g
. 2

—— [ IVaPlual+ alV]a]- V]
RS

= [ I7uPlal+ ] Tl
R3

The term (3I3), vanishes by (L8], that is,

/RB(u -Vu) - juju = /Rg(ua“i«ﬂului

For (313)), and ([3I3), one has that

W%MUZj/pWNDM+MMVM
R3 R3

=—Agww»u
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— /RS(V (VdoVad)) - |uju= / (V- (Vid - V;d))|ulu’

RS

= /RB(Vid - V,;d)V;(Julu’)
= /Rg(vid - V,d)Vj|ulu’ 4+ (Vid - V;d)u| Vo’

/ (Vid - V,d)~ E“ u + (Vid - V;d) |u] Vo

u Vu
< [ wap i (a )

:2/ IVd|? \uuvu|.
R3

Substituting the results for (3.13), — (3.13), into (B.I3) one arrives at the inequality
1d
3dt Jps
< [ livluliul +2 [ VP val

R3 R3

uf® + / Vullu] + Jul[V]ul?
R (3.14)

Next, using Kato’s inequality |V|u|| < |Vu|, Cauchy’s inequality and Hélder’s in-
equality in (3.14) may be written as

3
s Ll [ v

< / (Ip| + 2/Vd[?)[u]| Vu
S/ (‘p|+2‘Vd| |11| /|u||vu‘2
]R3

< Cllplzs@s) + VAP Lses)) o) / [uf[Vul”.

Therefore one obtains
d
7 /R [uf’ + /R (Vul?[u] < (Iplf2s s + 1IVAP] 20 o) all s ze)- (3.15)

An estimate of the quantity ||p||ss) is needed. Taking the divergence of (7))
yields
—Ap=V-(V:-(u®u+VdoVd)) (3.16)

Set '
¢F = (u®@u+Vvdoe Vvd).

Then, '
p=—R;Ri(g"") (3.17)
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where R; is the j Riesz transform. Thus, since R; : LY(R?) — L4(R?) is a bounded

for 1 < ¢ < oo one has

1Pl 2 ey = 1R Re(97") sy S Mg Nra@ey < [llulllza@sy + [IVAP || 3.

Inserting (B.I8) into (3.IH) yields:

d
%/ |u|‘°’+/ IVul*lul < ([l Zs@s) + VAP Zs@s) 1l s @s).
R3 R3

(3.18)

(3.19)

Using Holder’s inequality, the Sobolev embedding W12?(R3) — L5(R3), and the

point wise inequality |V|u|*?| < |Vul|[u|*/? one has that

1125 sy < [ull ey [l 3o gs,

Sl s V1?1 g
Sy - / V22
RS
S P
R3
Similarly one has that

VA Zs@s) < [VAllzas) [ Vdl[7o@s)
S VAl o) | VIVAP2|[ 2 g

S IVdlisge [ (9%

Substituting (3:20) and (B.21)), into (BI9) one has that

/ ul + [ [VaPlu

S (a1 @s) + 11V AL @s) lall os)

Sl [ 190Pll + e [Vl [ ValIvEaP,

Combining (3.12)) and (3.22)) yields the general inequality:

it )
1= Cllulfi] [ VP
R3

1= Cllullsges + ullses [Vl + [9dlEe)] [ 19197
0.

+ s

N+
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Lemma 3.1.2 (Case with u = 0). There exists ¢y > 0 such that if
Vd[(0) < ¢, (3.24)
R3

then t — [0, |VA[*(t) is non-increasing. In particular, we have that,

/ |Vd(t) < € forallt €[0,T). (3.25)

R3
Proof. Set
E(t):= | |Vd[()
R3

By continuity, there exists ¢ty € (0,7") such that,

E(t) < 2E(0) = 26 (3.26)
for t € [0,ty). Assume that ty € (0,7") is the maximal time such that (B:26]) holds.
Inserting (3:26) in ([B.I1) yields the inequality:

d (Vd|® + [1—(}63}/ |Vd||V2d|* <0, for t € [0, ).
dt R3 R3

If € > 0 is chosen such that
1—Ce >0,

then
d

~ d
—E(t)=— [ |Vd]’ <0 forte 0,
GE0 =% [ IvaP <oforteo.n)
Hence, F is non-increasing in [0, tp]. This implies that
E(ty) < E(0) < € < 2€
and so t( is not the maximal time such that (8:26) holds. Thus, t, = T. O

Lemma 3.1.3 (Case with u # 0). There exists ¢y > 0 such that if
ORI RUES (3.27)
R3

then t — [oq |ul?(t) + |Vd|?(t) is non-increasing.
Proof. Set:
B(t) = [ (o) + [9dP ()
R3
By continuity, there exists to € (0,7") such that

E(t) <2E(0) = 2¢; (3.28)
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for t € [0,¢p). Then it is also true that

IVd||13(t) < €0 and |Jul|zs(t) < €. (3.29)
for t € [0,¢y). Assume that ty € (0,7") is the maximal time such that (B:26]) holds.
Inserting (3:29) in ([B.I1) yields the inequality:

iE(t)+[1—Ceg}/ |vu\2|u|+[1—0(eo+2e§)}/ |Vd||V3d]* < 0.
dt R3 R3

If g > 0 is chosen such that
1—-Ce&>0and 1—C(e+2¢2) >0,

then p J
—FE(t) = — Vd|? + [ul? <0 for ¢ tol.
i (t) i /11@3‘ I° + |ul 0 for t € [0, to]

Hence, F is non-increasing in [0, ¢p]. This implies that
E(ty) < E(0) < € < 26
and so ty is not the maximal time such that (3.28) holds. Thus, tg = 7. O
Using the monotonicity proven in Lemma [B.1.3] one has immediately

Theorem 3.1.4. There exists an ¢y > 0 such that if (ug,dg) € L3(R3 R3) x
W3(R3, 5%) satisfies

/RS [uo|* + [Vdo|* < € (3.30)

then there exists a unique global solution (u,d) in C([0,00), L3(R3) x W13(R3)) to
the system of equations given by (L9) and (LT). Moreover, e3 given by,

alt) = [ (1 + )0 (3.31)
is a mon-increasing function of t.

3.2 Local L? energy inequality

In this section, a local L? energy inequality is proven. That is, a local L3 norm
inequality for smooth solutions of (L9)-(L7) with data in L}(RR?). One should note
similarities between this inequality and the local L? inequality of Leray [16] or the
local L? inequality of Lin, Lin, and Wang [19].

As with the global L? energy inequality, one must select test functions appropri-
ately to gain local L3 norm control.
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Theorem 3.2.1 (Local L? energy inequality). For (ug, Vdy) € L¥(R3), let ¢ €
Cs°(R3), then any smooth solution to (LT)-(L9) obeys

— | (lul*+ IVd\3)¢2+/, IV ([ul20)]” + [V (IVd[2¢) ]
R3 R3

<o (f+va®)veP + ¢ / [ullP - oP'¢?
R3 R3

2/3 2/3
Uy AL e
supp ¢ supp ¢

< [ IV QPR +9(7al o)

(3.32)
+C

Here, supp ¢ is support of the function ¢.

Proof. Let ¢ € Cg°(R3). To find norm estimates for Vd the equation (L3 is differ-
entiated and integrated against |Vd|(V,d)$? over R? to obtain that

| Ve VAV =35 [ vape
~ [ (928)- [VaUT,2)0% = = [ [V.(V595)]- 1Va(V,d)0°
_ Ag(vavﬁd)vﬁ(wdwad&).
Since |d| = 1 one has that

[ IVa(vara) - [9a(v.a)e

/ [V.|Vd|?]|Vd| | " ¢ + Vod|Vd|? - |[VdA|V,d¢?
=0+ [ |Vd]’s*.
R3
Combining the last two results yields the inequality:

d
—/ |Vd|3¢2+3/ (VoVsd) - V(| Vd|V.ade?)
dt RS RS Py
@33,
3/ |Vd|5¢2+3/ (u-Vd) - Vo (|Vd|V,de?) .
R3 R3

633,

(3.33)

38



or (3:33), one sees that

(Vavﬁd) - V(|Vd|V,de?)

T

/ (V2d - Vd) - (V|Vd|)¢? +/ (V3d - Vd) - (V¢? |Vd\+/ Iv2d|? |Vd\¢
R3

-

v~ g

B39, (@Db B39,
(3.34)

Since v2d. vd

vivd| = — — '~
|Vd| vd

one has that
Vvad - Vd|2
Vvid - vd (V|Vd]) |
L R

[ (72a-va)- (vr)vd| = [ (VIVapIvaP- (76,
]Rfi R3
By putting these two identities together with (8.34]) one has that
[ (V.95d) - V4(|VaITde?)
R3
2d . d 2
- [ e [ wivanvap v + [ [vrapvale 63s)
]R3 ‘Vd| ]R3 ]R3
1
>3 [ wrapwde - [ vapver
2 R3 ]R3
Estimating (3.33]), one has that
JCRTRANATS
R3

< / ul[Vd| (|VIVA||[Vd|¢* + [Vd||Ad|¢* + [Vd[*|Ve?|)
R3

< [ 1l (TdITdPS + VAPVt + VAPV
R3

(3.36)
2/3 [l (1Vd[2V2d|¢? + [Vd[P6|Ve))
R
- / [l VA2|V?d|¢? + 2 / ullVdPe|ve.
R3 R3
@30, @),
Applying Cauchy’s inequality to (3.36]), one has that
1
2 / ul|VaP[V2d| ¢ < © / Vd||V2dPE + C / uf?Vd[*?
R3 8 Jrs o Jm ) (3.37)

-~

@), @),
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Applying Holder’s inequality to (3:30), and (B.31), yields that

1/3 1/6 1/2
3 3 9 /6 3 2
[ wiwapaver<{ [ e { [ wareth { [ wapwar)
2/3 1/3
2 3 2 3 9 /6
[ eivaps s{/swwu\} {/ﬂ@\vaw}
(3.38)

After collecting the appropriate terms one obtains the following inequalities:

[ (w 9)- V.19V

1 2/3 1/3
<1/ |Vd||v2d|2¢2+c{ / |u|3} { / |Vd|9¢6} (3.39)
4 R3 supp ¢ R3
e / VP |Vel,
RS

and

d
a / Vd*6? + / V2dP|Vd|¢?
dt RS RS

2/3 1/3
<c| |Vd\5¢2+|w\3|v¢\2+c{ / \u\?’} { / |Vd\9¢6}
R3 supp ¢ R3

(L wey s+ { [ war | [ vavaior

supp ¢ supp ¢ R3

(3.40)
Where, in the last step the following two inequalities were used:

< c/ VPV + C
R3

; . . .
{[1wapee}’ = 1Ivaitolie < IV0Vato)s = [ 1907afo)?

[vare<{[ |le|‘°’}g { |Vd|9¢6}%
<{[war} [ vovaor

To obtain norm estimates for u one multiplies (7)) by |uju¢? and integrates over
R3 to find that

and

d
L e 13 / Vu- V(julud?)
dt R3 R3
0. (3.41)
< / (Vd© Vd) : V(|ulud?) + / Vul[uf*¢? + / P — ||V (|ulug?),
R3 , R3 , \R3 .,
@D, @, @D,
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where ¢ € R is an arbitrary constant. Estimating (8.41]), from below using Cauchy’s
inequality one finds that

/ Vu - V(julug?)
R3

1
> 5 [ livare -1 [ apver
R3 R3

Whereas, estimating (3.41]), from above using Cauchy’s, Holder’s and Sobolev’s in-
equalities one finds that

/\VU||u|3¢2§i/ \uHVu|2¢2+C{/ \u\3}3/ IV([ul20) 2. (3.43)
R? R3 supp ¢ R3

Now, using integration by parts on (3.41]),, one has that

(3.42)

/ Vd e Vd : V(|Julug?)
R3
:/ V,de]de,(|u|uJ¢2)
R3
:/ Vidkvjdkviuj(|u|q52)+/ V. d*V,;d" 0V, (|u|¢?)
R3 R3
R3 R3
_ / V0"V, dbu ) 6?) — / V0"V, d" Yl [u|¢?)
R3 R3
g/ 2|Vd\2|vuuu\¢2+/ 2|Vd||V3d||ul?¢? .
\]R-‘3 ., \]R-‘3 .,
@, &),
Now, estimate ([8.44), and (3.44), as follows

1
/ 2V dP|Vulfulé? < © / | Vuls?
]R3 4 R3

1/3 1/3
el (L e (e}
supp ¢ supp ¢ R3

1
/ 2V d||V?d|[uPé < - / Vd|[V2dP s
RS 4 RS

1/3 1/3 1/3
el oo (L} L)
supp ¢ supp ¢ R3

(3.45)
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Combining (3.44) and (3.43]) and applying the Sobolev inequality yields that

Vd e Vd : V(Ju|ug?)

RS

1 1
<! / [ul[VuP? + / |Vd|[vid[ (3.46)
4 ]R3 4 R3

1/3 1/3 \ \
cef [ wary { [ weh | [ wtuiorvovaior).

Finally estimating (3.41]), from above yields that
[ 1P =el¥ - (uue?)
R3

1
<5 [ ivare o [ P cPluetac [ apver
R3 R3 R3

Combining all these estimates yields that

d
[ e [ upe?
R3 R3

1
<c / | Vo + 2 / Vd|[V2d|¢? + C / P — c?lul¢?
R3 4 Jgs R3

{/supw |u|3}2/3 + {/Supw |Vd|3}2/3] /}RSHV(IUP/%)I2 +V(IVAP2))2.

(3.48)

(3.47)

+C

Noticing that
V([ul*20)? < |u]|[Vul*¢? + [u]*| V|’
IV(IVd]*29)* < [VA[[Vid[*¢” + [Vd]*| Vo],

and, combining the estimates for u and Vd in (340) and (B.48)) yields the desired
inequality:

d
7 | (uP+]vdP)e’ +/ V() + V(I Vd[*?e)[]
R3 R3

<c / (luf® + [VaP)|Vel? + C / [ullP — ¢
R3 R3

{/supp¢|u|3}2/3+ {/Supp¢|Vd|3}2/3] /RS[|V(|uI3/2¢)|2+ (VA2

(3.49)
0

What remains is to estimate the term involving pressure—as it will be required later

to have estimates involving only u and Vd. It suffices to estimate ||(P — c)o|| 133
since from Holder’s inequality

1/3 2/3
— 242 3 1343
/RJ“HP o2 S{/SW'“'} {/RJP c\<z>} S (350)
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Estimating the commutator of the Riesz transforms R;R; one obtains the following
lemma:

Lemma 3.2.2 (Local L*-pressure estimate). There exist cg € R and Cy > 0 such
that for any ¢ € C}(R?)

1/3 1/3
{[p=are} <af [ qursivare)
R3 R3

b 2/3 2/3
—i——o{/ (\u\3+|Vd\3)} + CoR sup {/ (|u|3+\Vd|3)} .
R supp ¢ z€R3 Br(2)

where R > 0 is such that supp (¢) C Bag.

Proof. Since _
—Ap = V?kgjk in R?

where ¢/% := wiu* + V,d - Vi.d, one has that
p=—R;Ri(¢"").
for R; is the Riesz transform. Hence, for ¢ € Cg°(R?), one has that

(p(x) = co)p = —R;Ri(¢’*) — cod
= —R;Ri(¢7"¢) — [¢, RiRi)(¢") — coop
where [¢, R;Ry] is the commutator, namely,
[0, RjRi](f) = & - RjRu(f) — R;Ri(fo) f € CF(R?).
Now [¢, R;Ry](g’%) is estimated as follows
(6, R Ry (¢™)
= ¢(x)R;Ri(¢"")(x) — R; Ri((9"9)) (%)
2 — i)k — k) J i) (ko .
= o) [ I 2 iy [ I )y
R3

(3.51)

x—yl* RS x -yl
= /]R(3 ((b(X) - (b(y‘)))c(ij_‘;yj)(x -y )gjk(y)dy

so that for any x € supp ¢,

[0, R Ri)(97°) (x) + cog(x)
_ / (6(x) = o(y)) (@ —y/)(@* —y*) 5

T 9" (y)dy + cop(x)

2 (2F — k)
+ ¢(x) URS\B (@ — ') y)gjk(Y)dY+CO

x -yl
— [+ 11
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Since
[0(x) — ¢(y)| < |V ~x —y| < CR'x —y|

one has the estimate

_ J_ ||k — o)k )

cor [ B e + vy
- supp ¢ ‘X_ y|5 Y Y Y

=CR'I ((|u|2 + ‘Vd|2>Xsupp ¢>) (x),

where I; is the Riesz potential of order 1 and Xgupp ¢ is the characteristic function
of the support of ¢. Using the Hardy-Littlewood—Sobolev theorem we have that

I, : L32(R3%) — L3*(R3) is bounded, that is,
I (O llzssy < CNf Nl Lor2msy-
Since (Ju|? 4+ [VdA|?) Xsupp ¢ € L¥?(R3) we have

lsesy < CRE (1 + 94 o ) e
< CR7Y(Juf* + [VA]*) Xsupp oll L3/2(ms)

3
gcz—z—l{/ |u|3+|Vd|3} .
supp ¢

yyr
co = —/ —=g""(y)dy
R3\Bar ly|

To estimate I1, choose

so that,

1601 = ot [ (S ) gty

x—yl° Mk
1

< CRlo(x
< CRISE) R3\Byp |X — ¥[*

([u* +Vd[*)(y)dy.

In the last estimate, standard inequality of Stein (see [26])

Cx|
T x-yl!

(27 —y?) (2" —y*)  yiyF
Ix —yl[° ly[?

44

for x € BgR/Q and y € R3 \ BQR.

(3.52)

(3.53)

(3.54)



was employed. Thus, continuing the estimate,

11)(x) < CR / (Jul? + |Vd]?)(y)dy

R3\ By Ix —yl[*

1
<CR / ([l + |VAP)(y)dy
R3\ By g ly|

1

<CRS 1 / (Juf? + [VdP)(y)dy
- (kR>4 Bk+1)r\BkR

Z,%] sup [ (Juf? + |VaP) )y

) 2/3
s0sup(/ <|u|3+|Vd|3><y>dy) |
Br(z)

2€R3

Integrating /1 over Byg yields

2/3
I < Crsup ([t [9aF)may)
z€R3 B

r(2)
Finally,
' 1/3
IRl 0w < o { [ (i + 19y
R

which implies the desired estimate.

Copyright© Jay Lawrence Hineman 2012
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Chapter 4 Regularity

In this chapter it is demonstrated that suitable weak solutions exist exist for the
system (L7)-(T9). Moreover, under the additional assumption that (u, Vd) is small
in L3, it is shown that such solutions are indeed smooth.

4.1 Suitable weak solutions

The notion of suitable weak solutions was introduced by Caffarelli, Kohn and Niren-
berg [2]. In their study of the two dimension flow of nematic liquid crystals Lin, Lin,
and Wang [19] also employed a similar notion of suitable weak solutions.

Definition 4.1.1. A triple (u,p,d) : Q x (0,7) — R3 x R x 5% is called a suitable
weak solutions to liquid crystal flow equations (L7)-([L9) in Q x (0,7T) if:

1. ue LPLANLEHN Q% (0,T)), p € L2 (2% (0,T)) andd € L2H(Qx (0,T), S2);
2. (u,p,d) satisfies the liquid crystal flow equations (LT)-(L9) in the weak sense;
3. (u,p,d) satisfies the generalized energy inequality (A1) for ¢ € C§(2x (0,T)).
Lemma 4.1.2. Suppose that (u, p,d) is a sufficiently reqular solution to the equations

CD)-@3) on Q x (0,T). Then for any 0 < ¢ € C(Q2 x (0,T)), it holds

2 / (IVul + |Ad + |[VdPdP) < / (lal? + [Vd?) (6 + Ad)
Qx(0,7) Qx(

0,T)

+/ (Jul* +|vd]* + 2p)u - V¢

Qx(0,7) (41)

+2/ (Vd® Vd — |Vd|’I5) : V¢
Qx(0,T)

+2/ VdoVd: u® Vé.
Qx(0,7)

Proof. To obtain the estimates involving u multiply (7)) by u¢ and integrate to find
that

/ ut-u¢+/ (u-Vu) -up— Au-ugb—l—/ Vp-u¢
Qx(0,7) P Qx(0,7) ¥Q><(O,T) P ¥Q><(O,T) P

-~

' v~ g

@, @, @. @,

V- (VdoVd).
Qx(0,7)

- -

@,

(4.2)
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The terms ([d.2), — (.2)), simplify to

1 1 1
[ wewo= [ SodjpPe} - gluPe=— [ puPa,
Qx(0,T) Qx(0,T) Qx(0,T)
2
/ (u-Vu)-up = Viul ‘ug
Qx(0,T) axo1r) 2

= (T W)

—/ (Vu: Vu)p — Vu:u® Ve
Qx(0,T) Qx(0,T)

= —/ |Vu\2q5 - u-V,uV,¢
Qx(0,T) Qx(0,T)
2 |u|2
= — |Vul*¢ + — Ao
Qx(0,7) axor) 2
[ vpwo== [  pwe- [ paeve)
Qx(0,7) Qx(0,7) Qx(0,7)

—— [ pu-ve)
Qx(0,7)

And for the term (4.2]), one has
—/ V- (VdeVvd) up = (Vdo Vd) : V- (ug)
Qx(0,T) Qx(0,1)

:/ (Vde Vd) : (Vu)g +u®@ Vo).
Qx(0,7)

Inserting the results for (4.2), — (A.2), into ([£.2) yields that

2
[ g e - (B evers [ varo
Qx(0,T) ax(0.1) (4.3)
:/ (Vd© Vd) : (Vu)é+u® V).
Qx(0,T)

Next, to obtain estimates involving Vd differentiate the equation (L.9) and inte-
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grate against (Vd)¢, this yields that

/ (Vd), : (V)6 + / V(u-vd): (Vd)o
Qx(0,T) Qx(0,1)

-~

-~

@, @D,

:/ V [Ad + [VdPd] : (Vd)o.
Qx(0,7)

-

(4.4)

-

@D,
In ([£4), it is easy to see that

1
| ap-- [ Jvape.
Qx(0,T) Qx(0,T)

since ¢ has compact support. Using (L8) the term (£4), is

/ V(u-vd): (Vd)¢ = Vo(ud,) - dao
Qx(0,7)

Qx(0,T)

QX(O,T) QX(OvT)

d2
:/ Vu:Vd@Vd¢+/ u-V{‘v |}¢
Qx(0,7) Qx(0,7) 2

:/ Vu:Vd @ Vde — (u- Vo)
Qx(0,7) Qx(0,7) 2

Before proceeding to the term (4], recall the following point-wise identities for
harmonic maps:

[P

0=V =Vd-d
0=V-(Vd-d) =V, {(Vad')d'} = (Ad) -d + |Vd|*.
Then, integrating by parts in (£4), yields that

/ V [Ad + [Vd[]*d] - (Vd)¢
Qx(0,7)

(4.5)

_ _/ 'Ad + [Vd[2d] - ¢ [(Ad)é + Vd - V)
Qx(0,7)
_ _/ Ad + [Vd[d]?
Qx(0,7)
—/ Ad + [Vd[’d] - [Vd - V]
Qx(0,7)
+ [ [ad+|vaPd]-[[VaPd ¢
Qx(0,7)

_ _/ Ad + [Vd[2d]2 — Ad(Vd - Vo) + 0.
Qx(0,7)

Qx(0,7)
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where ({.H) has been used in the last line to arrive at

/ [Ad + |Vd|*d] - [|Vd|*d] qb:/ [—|Vd]*(Ad) - d + [Vd|*|d|*] ¢
Qx(0,T) Qx(0,1)
:/ —[Vd[* + [Vd[T] 6 = 0.
Qx(0,T)
Another integration by parts in (4.0), provides that

- / Ad(Vd - V¢)
Qx(0,T)

= —/ Vo (Vaod - Vsd) Vo +/ Vaod - VdVigeo
Qx(0,7)

Qx(0,7)
vd|?
:/ (Vd@Vd):V%— [V A
Qx(0,T) Qx(0,1) 2
2 2 [Vd|®
= (Vd® Vd — |Vd|’L;) : V3¢ + Ao.
Qx(0,7) ax@o,r) 2

Inserting these facts for (d.4), — (4.4)), into ([A.4) yields that

1 1
/ |:——|Vd‘2(¢t+A¢— —\Vd|(u~V¢)} +/ Vu: Vd® Vds
axor) L 2 2 Qx(0,T)

(4.7)

:/ (Vd®@ vd — |Vd[’;) : V¢ — |Ad + |Vd|*d|*¢.
Qx(0,T) Qx(0,7)

Combining (4.3]) and (A7) one arrives at ({Z.1). O

Corollary 4.1.3. Suppose that (u, p,d) is a suitable weak solution of the liquid crystal
flow equations in Q2 x (0,T). Then, for each t € (0,T) and each smooth, compactly
supported ¢ >0 on Q x (0,T), one has that

/ (I + |Vd[2)é + 2 / (IVuf’ + |Ad + [VdPdP)é
Qx{t} Qx(0,t)
<[ (P 9P+ 20
Qx(0,t)
T / (luf? + [Vd[ + 2p)u - Vo (4.8)
Qx(0,t)
+2/ (Vd © Vd — |Vd|*I3) : V?¢
Qx(0,t)

—|—2/ VdoVd:u® Ve.
Qx(0,t)
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4.2 L3 small solutions are smooth

In this section the Theorem is proven. The technique that is employed has two
basic parts. The first is proving a decay lemma for solutions of small renormalized
energy L3 energy (Lemma FE2T)) using a blow-up argument. The second is to obtain
estimates of Riesz potentials between Morrey spaces in the framework developed by
Huang and Wang in [14]. These estimates lead smoothness of solutions to (I.7)-(L.9)
with small renormalized L? energy.

Define optimal Sobolev embedding constant for the embedding W12(Q) < L(2)
where Q C R? by:

IV fllz2

C(3) = inf
(3)=in { e

:f#O,feCS"(RZ”)}.

It is noted that given (2 one may explicitly calculate C(3).

Lemma 4.2.1 (decay). There exist ¢g > 0 and 6y € (0,3) such that if (u,p,d) is a
suitable weak solution on P,(Xo,to) = Py, with supy, _,2<i<y, [Vd|[13(5,,)(t) < (C(3))~ —2
and

—-2/3 —4/3 _9/3
To / ||u||L3(PT()) +r0 / ||p||L3/2(Pr0) +T0 / ||Vd||L3(Pr0) < € (49)
then
(90T0>_2/3||u||L3(P907‘0) + (6907’0)—4/3HpHLg/z(R9 . + (Boro)” 2||VdHL3 (Prgro)
11 23 /3 ) (4.10)
< 5 [7"0 / HUHLS(PTO) + 7 / Hp||L3/2(Pr0) —|—r02HVd||L3(pTO)] )

Proof. The equations (L7)-(L.9) are invariant under translations and parabolic dila-
tions. Recall that
P(x,t) = (t —r* t +1?) x B,(x).

For ro > 0 and zo = (Xo, to) fixed, if (u,p,d) is a solutions of the liquid crystal flow
equations on P, (20), then (s rq, Dag.ros dz.r) given by,

Uz, (LL’, t) (SL’Q + To, t(] + Tot)
Pzo,ro (I, t) (xO + rox,to + Tot)
dZoﬂ“o (L t) = d(zo + rox,to + Tot)

Tou
2
ToD

is a solution on P;(0,0). Thus it suffices to consider 1o = 1 and 2y = (o, %) = (0,0).
Assume for contradiction that the conclusion were false. Then, there must exist
a sequence of suitable weak solutions to the equations ([.7)=(L9) on P;(0,0) such

that
1 2 1
3 3\ 3 3
</ \ui\:”) + (/ Ipi\i) + </ \Vdi|3) =¢—0 (4.11)
P1(0,0) P1(0,0) P1(0,0)
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and where for any 0 € (0, 1) one has that

[(<9>—2 /. \ui|3)% (o] mﬁ)% (o] |de-|3)%]
3 (L) () (), mar) |

Now define a new sequence (v;, g;, €;) : P1(0,0) = R? x R x R? by

v = B0 g B g - HEL— (A,

—

(4.12)

=

where (d;); d;. Then (v;, q;, e;) satisfy

_ 1
- |P1(070)‘ fPl(Ovo)

8tv2- — AVZ' -+ ti = —E[VZ' . VVZ' + V- (Vel O] Vez)]
Veovi=0 (4.13)
(%ei — Aei = EZ[|VGZ|2C]Z —V;: Vez]

It follows from (II]) that

3 D\ 5
</ |v,~|3> +</ |q,~|§) +(/ |ei|3) =1. (4.14)
Py(0,0) Py (0,0) P1(0,0)

Then for any 6 € (0, 3) it follows from (ZI2) that

1 2 1
3 -\ 3 3 1
(3‘2/ ‘Vz’|3) + (9‘2/ Iqi\ﬁ) + (0—2/ \ei|3) > (415)
Py(0,0) Py(0,0) Py(0,0)

Since (w;, p;, d;) satisfy (A.8)) one has that

sup / (\ui\2+|5di\2)+/ (IVw® + |Ad; + [Vd;[*d,[*)
2\ 2
(=2)"<t<0 B3/4(0) P374(0,0) (4.16)

<C (wil” + [Vil*) + (Ipil + wl* + [ Vi) [wi].
P1(0,0)

Rescaling (A.16]) and using Holder’s inequality with (£14) and (4.11]) one has that

sup / (|v4]® + |Vez~|2)—|—/ (|Vvi]? + ‘Aei+6i|Vdi|2d,~}2)
(%)2§t§0 B3/4(0) P3,4(0,0) (4 17)
< C/ (Vil? + [Veil”) + (] + ei|wil* + e[ Ve [*)|vi] < C.

Py(0,0)

On the other hand,

/ V2e,? < C Vei2 +C Aeil2
By2(0) B3/4(0) B3 4(0)
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Integrating the previous inequality in ¢ yields that

/ \Vzeiﬁ 5/ \Vei\2+\Aei\2
Py /2(0,0) P3/4(0,0)

Applying the point-wise inequality, |Ae;|? < |Ae; + |Ve;|2d;|* + |Ve;|?, one has that

/ \Vzei|2 5 / \Vef + |Ael + \Vei\2di\2 +/ \Vei\‘l. (418)
Py /2(0,0) P3/4(0,0) P3,4(0,0)

By Hélder’s inequality and the Sobolev embedding W12(B;) < L%(B;) with optimal
embedding constant C(3) one has that

1/2 1/2
IVeill oz < CONVesllSip Vel s

Integrating this over ¢ yields that

0 0
[ [ ver e sw Vel [ [ 9%l 49)

—-1J B —1<t< —-1JB;

Inserting the estimate (4.19) into (£I8)) one has that

|}.- <C(3)4 sup ||vez||%3(31)(t)):|/ |v26i|2
~1<t<0 Py/5(0,0)

(4.20)
5 / \Vel\2+\AeZ+\Vel\2dl\2
P3/4(0,0)
So applying (4I7) to (4.20) one finds that
/ |V2e|* < C. (4.21)
Py /2(0,0)

Combining relevant estimates from (£I7) and (£2I)) one has that

/ gl + / (vil? + Vi) + / (Ve + [V%e,P) < C. (4.22)
Py /2(0,0) Py /5(0,0) Py /(0,0

From weak compactness and (4.22)) one has that
¢ — q in L2(P1(0,0))
vi = v, Vv; = Vv in LQ(P%(O, 0))
e; —~e, Ve; — Ve, V?e; — V?e in L2(P% (0,0)).

where symbol — denotes weak convergence (likewise, the symbol — denotes strong
convergence). Sending i to oo in (AI3)) yields that

ov—Av+Vqg=0
V-v=0
ore — Ae = 0.
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Using the Sobolev embedding W2 — L% and interpolations, (£.22) implies
[ Pl Ve <c
Py /5(0,0)

Furthermore, using a Cacciopoli-type estimate one has for 6 € (0,1/2) that

9—2/ (\v|3+\q|3/2)+9_2/ Vel?
Pg(070) Pg(0,0)

gc&%[/ (VP +1aP) + [ |Ve|3] (4.23)
P1(0,0) Pl(0,0)

< CH

Recall the following lemma:

Lemma 4.2.2 (Aubin—Lions). Let Xqg C X C X; be Banach spaces such that X
15 compactly embedded in X, X is continuously embedded in Xy, and Xy, X; are
reflexive. Then for 1 < ag,a; < 00

{ue L*(0,T; Xy) : dyu € L*(0,T; X1)} is compactly embedded in L*(0,T; X).

(4.24)
Claim: v; — v in L*(P35(0,0)). From ([Z22)) one has that
Vil L2 py ) < C
||Vei||L§H;(P1/2) <C (4.25)
HVi||L§°/3L;°/3(p1/2) <C '
HveiHL%O/SL;O/S(Pl/g) <C.
So by Holder’s inequality
3/8 5/8
/ v - OV < / v / vy <c
Py Py Py
and
5/8 3/8
/ |V (VeiQVei)|5/4 S / |V2e,~|2 / |Ve,~|10/3 S C
P1/2 P1/2 P1/2
The last inequalities imply that
||€i [Vi . VVZ' + V- (Vel ® Vel)] Lf/4L2/4(P1/2) S C. (426)
From ([#26), the W2! estimate of the Stokes’ equation implies that
||atVi||L5/4(p2/5) S C. (427)
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By (#25) and (£27) the sequence {v;} is bounded in
Y, = {u € L2HN(Pys) : Opu € L§/4L§;/4(P2/5)} .

Then since ) is compactly embedded in L?L2(P/5) by the Aubin-Lions Lemma,
one has that
v; = vin L7 L2(Pys). (4.28)

Claim: Ve; — Ve in L*(Py5(0,0)). Using ([#25) and Holder’s inequality one

has that
/ “Vez|2dz}2 = / |Vei|4 S C
Py Py

Vi - Vedllgaomgp, ) < IVill s, Vel o, < C.

Using interpolation the last inequalities imply that

<C. (4.29)

H |Vel|2dl +v;- Vei]‘L30/11L§O/11(P1/2) <
With ([£29) the W2! estimate for the heat equation implies that

|9reill 20rms 2o, ) <

Since V(Lz L2 =Wy 1209 one has from the last inequality that

||8tez|| 20/11 -1, 20/9(P /s) <C. (430)

By (4.25) and (£30) the sequence {Ve;} is bounded in
Vs = {ue LEHL(Pys) : O e LW (Pyys) |
and so by the Aubin—Lions lemma, one has that
Ve; — Ve in L;L2(Pys). (4.31)
Additionally, by interpolation one can show that
v; = v,Ve; = Ve in L}L2(Pys). (4.32)

That is, for v; one has by (£28) that

1/6 5/6
Vi = Vlzzray < 1v = Ve, oIV = VI o,
1/6
< CHVZ - VHL/sz Py5)

as i — 0o. A similar result holds for Ve; via (L31]).
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From ([{.32)), for any 6 € (0,1/4) and i sufficiently large, one has by (£.23]) that

9_2/ |vl~|3 +9_2/ |Vei|3

Pp(0,0) P5(0,0)

< 9_2/ [v|? + 9_29_2/ Vel®> +o(1) < CO.
P@(0,0) P@(0,0)

Finally using the pressure estimate (£35) below with 7 = 6%, r = 6 one has that

(0°) / |qi|3/2so{e—4 / (i + [Veu) + 6 / |qz~|3/2]
P, (0,0) PQ(0,0) PQ(0,0)

[4

(4.33)

for 6 € (0,1/4). Using (£.32) and (£.22) the last inequality implies that
2\ -2 3/2 2g3 O
(6%) / G2 < ¢ [9— 6 + ﬁ} <. (4.34)
12(0,0)
Combining (4.33)) and (4.34]) with sufficiently large ¢ = i(6) yields that
672 [l Vel + laf? < o,
02(0 0)

This last inequality contradicts (Z.13]). O

Lemma 4.2.3. Suppose that (u,p,d) is a suitable weak solution of the liquid crystal
flow problem on P.(x¢,t9). Then for any 7 € (0, %), it holds that

1
-2 . \p|3/2
T(:co7,ﬂt0)2 X 31 (435)
<C {(—) —2/ (lu = g (D + [Va?) + (£) —2/ |p\3/2}
T/ T JPr(x0.to) 77T J Pr(xo,t0)
where Uy, . ( \Br Sl fBr(xo x,t)dx for ty —r? <t < tyg. In particular, it holds
that
1 ) 3/4
L e a M ) vl
T P-,—(xo,to) T to—r2§t§t0 BT Xo Pr(xo t())
o [<f>2%/ war+ ()’ / s
T/ T7 JPr(x0,t0) Pr(x0,t0)
(4.36)
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Proof. By rescaling it is assumed without loss of generality that » = 1 and (xg,%y) =
(0,0). Using the divergence-free condition on u

divdiv{(u —up:(t)) ® (u—ug:(t))}
—V V { u—u01( )) u—u01 t j}
—Vj{u—u()l()) u—u01t J}
=V, {(u—up (1)) (Vi) }
= {V;(u =g (1) (Vaw!) } + {(u— 1.1 ())(V; Vi) }
= {(V;u')(Viw') }
= VjVi(uiuj)
= divdiv(u ® u).
Taking the divergence of (7)) yields the pressure Poisson equation:
Ap = —divdiv{(u—ug;(?)) ® (u—ug:(t)) + Vd ©® Vd}.
Let n € C5°(R?) be a cut-off function of By/»(0). That is, 0 < n < 1,7 =1 on
Bi/2(0), n = 0 outside B;(0) and |Vn| < C. Define p by
px,t) =

V2G(x—y):n*(y) {(u—u:1(t) ® (u—ugs(t)) + Vd © Vd} (y,t)dy

R3

where G is a fundamental solution of Laplace’s equation on R3. Thus, integration by
parts twice yields that

Ap
- /11@3 AG(x —y)divdivy*(y) {(u —up1(t)) @ (u —ug:1(t)) + Vd © Vd} (y, t)dy

T /]R 3(x —y) divdivy*(y) {(u — w1 () @ (u — woa(t)) + Vd © Vd} (v, t)dy
=divdiv{(u—ug;1(t)) ® (u—up;(t)) + Vd © Vd} .

Using the L? Calderon-Zygmund inequality one has that

/ \ﬂww2s/meW2
B+(0) R3

<C | PPllu—1ue1(t) ® (u—ugi(t)) + Vd © Vd[*/?

R3

S C/ (|u — Ll()71(t)|3 + |Vd|3) .
B1(0)

By integrating the last inequality over ¢ € (—72,0) one has that

1 C
= |mw_.2/‘ (lu — wos (O + [Vd[®). (4.37)
P, (0,0) T JPi(0,0)

T2
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The function g := p — p € L*?(P,(0,0)) satisfies
Aq(t) = 0in By/2(0)

for t € [-1/4,0]. Now, by the Harnack inequality,

q*? < CT3/ |q|*?

By 2

gcﬁ[ 2+ [ \ﬁP/Q]
B1 Bl

< cr [ P+ [ o= v + |Vd|3] .
By

1

2
T /B,

By
Integrating this inequality over ¢ € [—72, 0] implies that
1
T2 P;(0,0)

The inequality ([E35) follows from adding the inequalities (£37) and (£38) and ob-
serving that 7 € (0,1/2). That is, from (£37) and (£38)) one has that

<o [[ P [ e ur+vap). sy
P1(0,0) Py(0,0)

1 32 o 1 3/2 3/2
= P = |q1”* + 1p]
Pr (070) Pr (070) (4 39)
< CT_2/ |p\3/2+C'7'3/ lu—ug, () + |Vd]*.
P1(0,0) P1(0,0)
Using interpolation and the Sobolev inequality one has that
3 3
3 2\’ 6"
[u—ug,[” < ( [u—ug,| ) ( [u—ug,| )
b o b (4.40)

ol w) (o)

Inserting, (4.40) into (£39)) yields the estimate (4.30]). O

Corollary 4.2.4. Under the same assumptions as Lemma [{.2.1], there ezists o €
(0,1) such that for any 0 < T < r, it holds that

1 1/3 1 2/3 1 1/3
() ) (o)
T J Pr(x0,t0) T J Pr(xo,to) T7 J Pr(xo,to)

()

1 1/3 1 2/3 1 1/3
I YA T L
T J P (x0,t0) = J Pr(x0,t0) T2 J Pr(x0,t0)

(1.41)

X
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Proof. Let P, = P,(xo,ty) and define ® by

. 1/3 . 2/3 . 1/3
e T I Y T B Y
P~ Jp, p=Jp, P~ Jp,
Let €y be given by Lemma .21l Then Lemma B2 implies that there exists 6, €

(0,1/2) so that
B(0or) < %(I)(r) < %eo (4.42)

for 6 € (0,1/2). Iterating (£42) k-times yields:
d(OFr) < 2770 (r). (4.43)

Now setting 7 = @57 one has that

1
2—k — (210g2(T/7‘)) logz%l/e) — (Z) logg (1/6)
r

where o = m € (0,1). Thus, from (4.43) one has the desired result. O

The last step in proving the smoothness of solutions to (L7)-(L9) will use esti-
mates of Riesz potential between Morrey spaces. Here, the framework of Huang and
Wang [14] is used. For other applications of Morrey spaces see the survey by Adams
and Xiao [1], the book by Morrey [21], or the book of Giaquinta [12].

Definition 4.2.5 (Morrey Spaces). For U C R*™ 1 <p < +o00, 0 < X < 5, define
the Morrey Space MPA(U) by

MPNU) = {f € Lipo(0) : 1f oy = sup M—*"/P() U|f|” < oo}. (4.44)
r(2)N

zeU,r>0

Theorem 4.2.6. Suppose that (u,p,d) is a suitable weak solution to (LT)-(T3).
There exists €g > 0 such that if

1 2 1

3 3 3
Qﬁ/ wﬁ +Qﬁ/ mﬁ +Qﬁ/ Wmﬁ <4
Prq(x0,to) Py (x0,t0) Py (x0,to)
and
sup /
to—rg<t<tg B

then (u,d) € C®(P,,/2(X0,%0)). Moreover one has the estimate:

1/3
Ileg(t)> <C(3),

70

|| (117 d) ’|Ck(Pr0/2(X0,t0)) S C(]{?, €0, 7’0). (445)
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Proof. By Corollary 4.2.4]
u, Vd € Mm330-) (P,,/Q(xo,to)) , for some 0 < a < 1.
Writing the equation for the director d as
od—Ad =f, f:=(|Vd]*d —u-Vd)
it is seen from (4.40) that

f e M3/230-a) (PT/Q(Xo,to)) , for some 0 < o < 1.

Now as in [14] let n € C5°(R**!) be a cutoff function of P, s(xo, o) and set w

Then one has that
ow — Aw = n*f + [0* — An*ld — 2Vn? - Vd = F

One immediately has the that F € M3/230=2)(R3+1) with the estimate:
HFHMS/Q,S(lfa)(RnJrl) <C [1 + ||f||M3/2,3(17a)(Pr/z(xO7t0))i| .
Following [14] define the parabolic metric § : R3™! x R3*1 — R by
B((x,1). (. 8)) = max {x v, /It =] .

Immediately from Lemma 3.1 [I4] one has that

IVI(x, )] <

C 3+1
B 6((X7 t)7 (0, O))3+1 for all (X7 t) eR

where T is the heat kernel in R3. By Duhamel’s formula, and (4.49),

Vw(x, )] < / / VI(x—y.t— 8)|[F(y, s)]

\F y,
<o [ sl

— CT(IF)(x, t)

where I is the Riesz potential of order 8 € [0,5] on R**! defined by

= l9(y,s)| o/ P31
b0 = [ s o €L E

Now by Theorem 3.1 of [I4] one concludes that Vw € M E= (R3*™!) and that

HVWH 3(1 a)( R S C||F||M3/2,3(17a)(Rn+l).

99

(4.46)

= nd.

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)



3(1—a)

S5 = 100, one sees that

Observing that lim,,, 1

Vd € L™ (P, ja(x0, 1)) forall 1 <m < oo. (4.53)
For equation (IL7), consider the auxiliary Stokes equation in R3*!, that is,

Ov—Av+Vqg=-V-[*(VdeoVd+u®u)] inR*x (0,0c0),
V-v=0 in R* x (0, c0), (4.54)
v(,t)=0 in R?,

A similar estimate to (4.50)) is obtained for the Oseen kernel [16], namely,

t X097
Vot < [ S S = RN ), (4.55)

where X = n?(Vd ® Vd +u®u). As above, X € M3/23(1-a)(R3+1) and
Xl as3/20-e0 g1y < C [1Vallagsso-or(, smpton + llars30-000e, agroie)]

Again by Theorem 3.1 of [14], v € MR (R*1) and,

IVl 5522 ) S O lagsaats-or o (4.56)

3+1)

In particular, v € L™ (R*™) for 1 < m < oco. Note that w = u — v satisfies the
homogeneous Stokes equation in P, /3(X, o), that is,

ow —Aw+V(p—q) =0, V-w =01n P,/5(xo, o)
It is well-known that w € L>(P,4(Xo,%)). Therefore we conclude that
ue L™ (P,,/4(X0,t0)) for 1 <m < oo. (4.57)

The higher order regularity of (u,d) follows from linear theory, namely, the WW2>'-
theory. O
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Chapter 5 Well-posedness

In this final chapter, the proof of the main result of this manuscript is completed.
The proof relies upon the short time existence and uniqueness theorem for smooth
initial data of Lin, Lin, and Wang [19].

Theorem 5.0.7 (LinLin-Wang, [19]). For any o > 0, if uy € Co*(R? R?) with
V-u=0 and dy € C**(R* R?), then there exists T > 0 depending on |[ug||cz.o(rs),
|dol|c2.e(rsy such that there is a unique smooth solution (u,d) € C2(R*x[0,T), R?® x
S?) to the initial value problem (L7)-(T3).

The existence and uniqueness claimed in Theorem is proven by a weak-
strong type argument. Such an argument exploits the relationship between weak and
strong solutions. This line of reasoning was first employed by Leray in [16] for the
Navier—Stokes equations and was also employed in the recent work of Lin, Lin, and
Wang [19]. In the case at hand, Theorem [5.0.7 guarantees the existence of unique
strong solutions to (L17)-(L9) for smooth data. One may then construct a sequence of
smooth solutions arising from smooth data that converge to solutions of (IL7)-(LI0).

To start the weak-strong argument, let (uo, dy) satisfy

o[ L2 ®s) + [[Vdol| 2 @3y < €o-
Let 1 be a standard mollifier and define the sequences
ub := 1y * ug and dff == nyx * do. (5.1)
It follows from Young’s inequality that
(uf,d%) — (ug,dy) in Lj (R?) x W3 (R?)

loc loc

and
[ug |l s rey + VG 23 ey < ol s re) + Vol g s) < €o-

For all € R3 one has that
dist(dg(x), S?) < |myx * do(x) — do(y)| for all y € By ().

Then by integrating over Bj(x) and applying the modified Poincaré inequality one
has that

dist(d}(x), S?) < ][ m1/k * do(z) — do(y)|dy
Bi(x)

S ][ (Vdy(y)|dy
Bi(x)

S IVl 238, @)
< IVdol| 3 g3y
S €0.
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Since df remains close to S? it may be projected onto S?. Define H§ by H§ = 7(df)
where 7 : R® — §% by 7(x) = 5. One has that
[Vd§| = [Vr(d§) V| < C|Vdj] (5.2)

and so by the dominated convergence theorem

vdl — Vd, in L} (R?).

Next, characterize the lifespan of smoothed initial data, that is:

Lemma 5.0.8 (Lifespan characterization). Let (ug,dg) be smooth initial data of

LD)-C9) satisfying

oy + IV oy = sup [ fuof? + [Vl < e
z€R? J By(x)

There exists T > 0 depending only on €y and a unique solution (u,d) to (L1)-(T9)
such that

sup sup / lul® + |Vd|® < 263
Bi(x)

0<t<T zeR3

Proof. By Theorem [5.0.7] there is T > 0 and a smooth solution to (LL7)-(L9) with
initial data (ug,dp). Let 0 < ¢* < T be the maximal time such that

sup sup/ ([ + |Vd[*)(- 1) < 26 (5.3)
B (x)

0<t<t* xeR3

Since t* is the maximal time

smg/()UuP+dewaf>=2£. (5.4)
Bi(x

x€R3

For x € R3, let ¢ € C}(B(x)) be a cut-off function such that
0<¢p<1, ¢=1o0n Bi(x), p =0 outside By(x), and |V¢| < 4 (5.5)

Define
E;u>:1/ (a® + Vd)é] (o), (5.6)
Bs(x)

then the local energy inequality (B.32) implies that

GEEO +(1=Cd) [ V(PP + v(vaLro)

<C [ (uf+ [9aP)Top +C [ fullp - e 1)
R3 R3

< Cﬁg + C||u||L3(Bz(X))HP - CH%3(BQ(X))
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for 0 <t < t*. While Lemma [3.2.2] implies
1P = el Za a0y < Clllul + VA 76(5, ) + Ceo-
Using norm interpolation and the Sobolev inequality one has that
[[ul + ‘VdHriG(B;;(x))
< [l + [VAlll s sacop I1ul + [VA[l[70(5,x0)
S Mal + 1Vl s 1V ()] + [V (VAP 225, 00)-

From (5.8)) and (59) one has in (5.7)) that

d X 2 3/2\|2 3/2\|2
P2+ —Ceo)/Bl(x)[IV(lul PP+ v (IvaP?)P

< O + Cllluf + VA2 o) 1V ()] + [V (VAP Z2(3, 00

Integrating with respect to ¢ € [0,t*] yields that

t*
EX () + (1 - C&) / / IV )R+ 9(vaf o)
0 Bi(x
.
<cqrvod [ [ V(PR +T1vaTR + B )
0 By(x)

Taking the supremum over x € R3 in the last inequality,

()] + VA 175 @)

+(1 - Cep) Sup/o /B( )[IV(IUI3/2¢)|2+ V(IVd[*2¢)[]

x€R3

t*
< Ot + O sup / / Va4 9V +
0 By(x

x€R3
Since By(x) can be covered by finite number of balls of radius one,

sup / / IV (uP2e)? + V(1 Vd>20))
0 By (x)

x€R3

< 4 sup / / ( )Hv<|u|3/2¢>|2 + [V(IVd]?))).

x€R3

With €y > 0 small enough, (512) yields that
Ia()| + [VdE) 75 g < Ceat™ + €5

By the choice of t* the last inequality provides a lower bound for t*, that is,

1

— <t
c S

e < Cet' =
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Finally, all the pieces are in place to prove:

Theorem 5.0.9 (Well-posedness). There exist ¢ > 0 and Ty > 0 such that if uy :
R3 — R3? and dg : R® — S? satisfy

o[ 23 @s) + [[Vdo|| 3 re) < €o,

then there exists a unique solution (u,d) : R? x [0,Ty) — R3 x S? of ([L7)-([L9) with
the following properties:

o (u,Vd) € C([0,Tp), L} (R?));
e (u,d) € C*(R3 x (0,Tp)).
Furthermore, if Ty < 400 is the maximum time interval, then

lsn [u(®) 30 + VA0 ) > o

Proof. One may apply the Lemma [5.0.§] to mollified initial data described earlier in
the section. The lemma implies that there exists a sequence of smooth solutions
(u*,d*) corresponding to the initial data (uf, dk) existing on [0, Tgy] (T independent
of k) and such that

sup sup / [uf P+ |[Vd* | < 26,
0<t<Ty xeR? J B (x)

Theorem implies that for all R > 0 and 0 < 9§ < Ty
1(0*, %)l c2(Bpx.m) < C(R, D).
The Arzela-Ascoli Theorem implies, after taking possible subsequences, that
(u*,d*) — (u,d) € C? (R x (0,Ty)).
Since (u,d) must also satisfy the hypotheses of Theorem one has that

(u,d) € C®(R? x (0, Tp)).
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Chapter 6 Conclusions

It is worthwhile to reiterate the main result and discuss possible future directions re-
lated to systems discussed in the dissertation—namely the system (L7)-(L9) and the
Ericksen—Leslie system. There are many other future directions in the mathematical
analysis of liquid crystals that are not taken up here. For example, the mathematical
analysis of model equations more tightly coupled with the molecular structure (mi-
croscopic structure) such as: Ericksen’s variable degree of orientation theory [7], de
Gennes’ order-parameter (@Q-tensor) theory [5], and the micropolar continuum theory
of Eringen [8].
It has be proven in previous chapters that the system

w+u-Vu—Au+Vp=-V-(VdeVd) in R® x [0,7), (6.1)
V-u=0inR*x[0,7), (6.2)

d; +u-Vd - Ad = |Vd|*d in R® x [0,T), (6.3)
(u,d)|—o = (ug, dp) in R* x {0}. (6.4)

is well-posed for u : R3 x [0,7) — R® and d : R® x [0,T) — S? and moreover that
one has the following theorem

Theorem 6.0.10 (Well-Posedness). There exists ¢ > 0 and Ty > 0 such that if
uy : R3 — R3 and dg : R — S? satisfy

ol s rsy + | Vdol| 13 3) < €o, (6.5)
U U

then there exists a unique solution (u,d) : R? x [0,Ty) — R3 x S? of (6.1)-(6.4) with
the following properties:

e (u,Vd) € C([0,Tp), L3(R3));
o (u,d) € C*(R3 x (0,Tp)).
Furthermore, if Ty < 400 is the maximum time interval, then

gTTI; Ja(®) | s sy + [IVA@)]| £33y > €o-

The Cauchy problem (6.I)-(6.4) was chosen for a number of both physical and
mathematical reasons. Furthermore, many compromises have been made between
physical accuracy and mathematical tractability.

Physically, the most general fluid motions occur in three-dimension, hence the
formulation in R3-however, for tractability, this work has been completed in all of
R3 so to allow access to tools like the Riesz transform. Similarly, as has been already
noted in many places throughout this manuscript, the system (6.1))-(6.3]) is a drastic
simplification of the Ericksen—Leslie equations. It does however, retain enough struc-
ture to suggest the plausibility of a similar treatment for Ericksen—Leslie equations.
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Finally, this analysis was done with the equation (6.3]) and not the penalized system
of Lin and Liu [20], because though it is an extremely interesting problem to pursue
the limits of their approximation, this problem seems much more difficult.

As for future directions the first is to tie up loose ends. Most glaringly is that
the decay lemma (Lemma [£2.T]) required an assumption about the optimal Sobolev
embedding constant. This was technical and for reason of controlling certain powers of
the gradient of the of the rescaled director in the blow-up argument. This assumption
should be able to be removed. After this, an obvious line of research would be to
reintroduce enough terms to get the Ericksen—Leslie equations. This extension could
be two-fold since strong simplifying assumptions have been made about both Frank’s
constants and the Leslie viscosities. In another direction, it would be very useful to
revamp these solutions for bounded domains (here boundary conditions would have
to be determined).

Copyright© Jay Lawrence Hineman 2012
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