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ABSTRACT OF DISSERTATION

REGULARITY AND UNIQUENESS OF SOME GEOMETRIC HEAT FLOWS
AND IT’S APPLICATIONS

This manuscript demonstrates the regularity and uniqueness of some geometric heat
flows with critical nonlinearity. First, under the assumption of smallness of renormal-
ized energy, several issues of the regularity and uniqueness of heat flow of harmonic
maps into a unit sphere or a compact Riemannian homogeneous manifold without
boundary are established. For a class of heat flow of harmonic maps to any com-
pact Riemannian manifold without boundary, satisfying the Serrin’s condition, the
regularity and uniqueness is also established. As an application, the hydrodynamic
flow of nematic liquid crystals in Serrin’s class is proved to be regular and unique.
The natural extension of all the results to the heat flow of biharmonic maps is also
presented in this manuscript.
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Chapter 1 Introduction

It is well known that for geometric nonlinear evolution equations with critical non-
linearity the uniqueness and regularity of weak solutions is often a very challenging
question. One of the most important examples is harmonic maps and its heat flows.
It is a very important object in the study of topology and geometry and provide a
rich of phenomena in both fields (see e.g. [63] and the references therein). In this
thesis, the issues of uniqueness for heat flow of harmonic maps in higher dimensions
and its applications will be investigated.

1.1 Overview of previous studies

Heat flow of harmonic maps

Let (M, g) be a n-dimensional compact Riemannian manifold possibly with OM #
() or complete Riemannian manifold with M = (), and let (N, h) C R* be a compact
Riemannian manifold without boundary. For m > 1, p > 1, the Sobolev space
WmP (M, N) is defined by

W™P(M,N) = {ve W™ (M,R*") : v(z) € N for ae. z € M}.

For any w : M — N, the Dirichlet energy is given by

1
Ei(u) = 5/M|vu|2dx.

Definition 1.1.1. A map u € W"2(M, N) is called a weakly harmonic map if it
is a critical point of the Dirichlet energy functional Fy(u) and the Fuler-Lagrange
equation of the weakly harmonic maps is

—Ayu = A(u)(Vu, Vu), (1.1)

where Ay is the Laplacian operator on (M, g) and A(u)(Vu,Vu) is the second fun-
damental form of N at u, which satisfies the following estimate

|A(u)(Vu, Vu)| < C|Vul?. (1.2)

Harmonic maps are nonlinear extension of harmonic functions and are important
objects in the study of topology and calculus of variations. They provide a rich
phenomena in both differential geometry and analysis and play a very important role
in the study of geometric analysis. It is easy to see from (1.2) that the nonlinearity
of (1.1) is critical, which makes the regularity and uniqueness of weak solutions in
higher dimensions a very challenge question. The regularity of weakly harmonic maps
has been studied in dimension two by Hélein’s famous works [33, 34, 35]. The partial
regularity of weak solutions in higher dimensions has been established by Evans [23],
Bethuel [2], Chang-Wang-Yang [9] and Riviere-Struwe [73].



The uniqueness of weakly harmonic maps is not true in general for higher dimen-
sions as pointed out in Struwe [85]. In fact, in Struwe [85] (for n = 3) and Moser
[70] (for n > 4), the uniqueness of weak solutions to (1.1) has been proved under the
following smallness assumption

1
sup —/ Vul*dr < e,
xeM,r>0T By (z)NM

for some €y > 0, where B,(z) = {y € M : d,(y,xz) < r} for x € M and d, denotes
the distance function on M induced by g.

The study of heat flow of harmonic maps began with the ground breaking work
of Eells-Sampson [20]. For 0 < 7" < +o0, the heat flow of harmonic maps u :
M x [0,T) — N is defined by:

ou — Ayu = A(u)(Vu,Vu)  in M x (0,7) (13)
u = ug on 9,(M x [0,T]) ‘

where 0,(M x [0,T]) = (M x {0}) U (OM x (0,T")) denotes the parabolic boundary
of M x [0,T], and ug : M — N is a given map. Denote

H <M x [O,T],N) - {u e W2(M x [0,T], R¥) ’ v(z,t) € N,
a.e. (r,t) € M x [O,T]}.

Definition 1.1.2. For ug € W'?(M,N) and 0 < T < +oo0, u € H'(M x [0,T],N)
is a weak solution of (1.3) if u satisfies (1.3)1 in the sense of distribution and (1.3)s
in the sense of trace.

Here we denote (-); for the i-th equation of the system (-).

For the Cauchy problem of (1.3) (OM = (), Eells-Sampson [20] have proved that
any homotopy class of maps from M to N contains a smooth harmonic mas whenever
N is nonpositively curved. More precisely, they proved the following theorem:

Theorem 1.1.3. If M 1is a compact Riemannian manifold without boundary and
the sectional curvature KV of N is nonpositive. Then for any uy € C®(M,N), the
Cauchy problem (1.3) has a unique smooth solution u € C°(M x [0,+00),N). As
t — +oo, u(x,t) converges to a harmonic map us € C*°(M, N) in C*(M, N).

Later on, the same conclusion was proved for the case of compact Riemannian
manifolds with boundary by Hamilton [31]. In [36], Hildebrandt-Kaul-Widman proved
the similar conclusion under the assumption ug(M) belongs to a convex geodesic ball
of N.

For general Reimannian manifold N, the existence of a unique, global weak so-
lution to (1.3) with finitely many singularities has been obtained by Struwe [82] and
Chang [5] for n =2, i.e,,



Theorem 1.1.4. For any ug € WH2(M,N), there exists a unique weak solution
u e HY (M x [0,T],N) satisfying the following energy inequality

T
sup / |Vu|2(t)dx+2/ ]ut|2dxdt§/ |V |? du,
M 0 M

0<t<T

and u € C®°(M x (0,00) \ S, N), where S := {(z;,T})}X, is the collection of finite
singularity points. Any (z;,T;) is characterized by

lim \Vul*(t) dz > €
T ) By (x))NM

for any r > 0 and some ¢y > 0.

The examples of finite and infinite time blow up have been established by Coron-
Ghidaglia [16] and Chen-Ding [7] for n > 3 and Chang-Ding-Ye [8] for n = 2, so that
finite time blow-ups of weak solutions to (1.3) do exist.

For higher dimensions (n > 3), Chen-Struwe [13] and Chen-Lin [11] have estab-
lished the existence of global weak solutions u € H'(M x [0,T], N) to (1.3) for any
ug € WH(M, N). Also u is smooth away from a closed set V' C M x (0, 00) with
P"(V) < 400, where P™ denotes m-dimensional Hausdorff measure with respect to
the parabolic metric §((z,1), (v, s)) = max{|z — y|, /|t — s|}.

One of the important tools in their construction is the following energy mono-
tonicity inequality which was first discovered by Struwe [83] for smooth solutions to
(1.3), ie.,

Dap(p) < Pap(r), VZER™E>0, 0<p<r<Vi (1.4)
where
Pzpp) = pz/ |Vul|?(z,t)G(x — z,t — 1) dw
R x{t—p?}
and ,
Gy, s) = ;neXp(— ﬂ), yeR", s<0
(47[s])= Afs|

is the fundamental solution to the backward heat equation on R".

Concerning the uniqueness for weak solutions to (1.3), Freire [26] first proved that
in dimension n = 2, uniqueness holds for the weak solutions whose Dirichlet energy
is monotone decreasing with respect to ¢ (see L.Wang [96] and L. Z. Lin [64] for a
new simple proof). For n > 3, there are non-uniqueness for weak solutions to (1.3)
constructed by Coron [15] and Bethuel-Coron-Ghidaglia-Soyeur [3]. In fact, Coron
[15] proved that for n = 3 and ug = o) R* — S% where ¢ : S? — S? is a
harmonic map satisfying

[ alVo(o)? asta) 20
52
there are infinitely many weak solutions to the Cauchy problem of (1.3) with ini-
tial data ug. Since ug (as a stationary weak solution to (1.3)) does not satisfy the
monotonicity formula (1.4), it is different from those constructed by Chen-Struwe.



Partially motivated by [15], Struwe [81] has raised the following question:

Struwe’s Question: For M = R", ezhibit a class of functions within which (1.3)
posses a unique solution. A potential candinate is the class of functions satisfying the
strong monotonicity formula (1.4).

To the best of my knowledge, this question is largely open. In this thesis, some
uniqueness results for the heat flow of harmonic maps (1.3) will be presented, that
may shed light on the validity of Struwe’s conjecture as above.

Hydrodynamic flow of nematic liquid crystals

As a very important application of heat flow of harmonic maps, the hydrodynamic
flow of nematic liquid crystals in R™ x [0, 77, for any n > 3 and some 0 < 7' < +o00,
is given by

u+u-Vu—Au+ VP =-V-(Vd® Vd— 1|Vd’I,) inR"x(0,7)

V-u=0 in R x (0,7) (L5)
di +u-Vd = Ad+ |Vd|*d in R” x (0,7) ’
(u, d) = (uo, do) on R" x {0}

where u : R™ x [0,7] — R™ is the velocity field of underlying incompressible fluid,
d: R"x [0,T] — S? is the director field of nematic liquid crystal molecules, P :
R™ x [0,7] — R is the pressure function, V- denotes the divergence operator on R",

Vd®@ Vd = (ﬁ . ﬁ) is the stress tensor induced by the director field d, I, is

Ox; Ox; 1<ij<n
the identity matrix of order n, ug : R® — R"™ is the initial velocity field with V-uy = 0,
and dy : R® — S? is the initial director field.

Definition 1.1.5. (u,d) € H'(R™ x [0,T],R" x S?) is a weak solution to (1.5) if
(u,d) satisfies (1.5)1-(1.5)5 in the sense of distributions and (1.5)y in the sense of
lrace.

The system (1.5) was studied by Lin [59] and Lin-Liu [61] around the 1990’s, which
is a simplified version of the Ericksen-Leslie system modeling the hydrodynamics of
liquid crystal materials proposed by Ericksen [21] and Leslie [57] in the 1960’s. It is
a macroscopic continuum description of the time evolution of the material under the
influence of both the flow field and the macroscopic description of the microscopic
orientation configurations of rod-like liquid crystals. (see [21], [57], [59], and [61] for
more details). Mathematically, the system (1.5) is a strong coupling of the Navier-
Stokes equations and the (transported) heat flow of harmonic maps into S2.

For n = 2, Lin-Lin-Wang [60] have proved the existence of global Leray-Hopf
type weak solutions to (1.5) with initial and boundary conditions, which are smooth
away from finitely many possible singular times (see Hong [39] and Xu-Zhang [97]
for related works). Here Leray-Hopf type refers to a suitable version of the following



energy inequality:

T
/(|u|2+|Vd|2) (T)dx+2/ /(M|Vu|2+|Ad+|Vd|2d|2) dadt
Q 0 Q
§/ (Juol® + |Vdo|?) du,
Q

where 2 C R™ is a bounded smooth domain. Lin-Wang [62] have proved the unique-
ness for such weak solutions. It remains a very challenging open problem to prove
the global existence of Leray-Hopf type weak solutions and partial regularity of suit-
able weak solutions to (1.5) in higher dimensions. A blow-up criterion was obtained
for the local strong solution to (1.5) for n = 3 in [46], i.e., if 0 < T}, < 400 is the
maximum time interval of the strong solution to (1.5), then

T
/ (IV x ulli= + [IVdlP) dt = +oo.
0

Recently, the local well-posedness of (1.5) was obtained for initial data (ug, dy) with
(uo, Vdo) € L} 1OC(R:‘)7 the space of uniformly locally L3-integrable functions, of
small norm for n = 3 in [38]. While the global well-posedness of (1.5) was obtained
by [95] for (ug,ds) € BMOx BMO™! of small norm for n > 3. Here for any open
set U C R*™™, BMO(U) denotes the space of functions of bounded mean oscillations:
fe€BMO(U) if

[f]BMO(U) -= Sup { ][ : \f = frel: P(z) C U} < 400,

P(z

1

where ][ = and fp,(.) = f denotes the average of f over P,(z).
Pr(z) [P (2)] P.(z) P(2)

And f € BMO (V) if

. o "L Of;

mBMO‘l(U) = inf { Z[fi]BMO(U)l fi € BMO(U) and f = Z 8:1:} < 400,
i=1 i=1 "

The existence of global Leray-Hopf weak solutions to the Navier-Stokes equations
has long been established by Leray [56] and Hopf [42]. However the uniqueness
(regularity) of Leray-Hopf solutions in dimension three remains largely open. In [78§],
Serrin proved the so called ‘weak-strong’ uniqueness, i.e., the uniqueness holds for
Leray-Hopf solutions u, v with the same initial data, if uw € LY LZ(R™ x [0,T]), where
the L] LP-space is defined by

Lng(M X [O,T],Rk> = {f M x[0,T] >R | fe Lq([O,T],Lp(M))},
and p > 2 and g > n satisfy

2 n
-+ —=1 1.6
s (1.6)



The smoothness of such solutions was established by Ladyzhenskaya in [51] for p > 2
and ¢ > n. In the fundamental work [22], Escauriaza-Seregin-Sverdk have proved the
smoothness of Serrin’s solutions for the endpoint case (p,q) = (+00,n) when n = 3
(see also [17] for n > 4). Wang [90] proved smoothness of weak solutions u to the
heat flow of harmonic maps such that Vu € LYLI(R"™ x [0,T]) with % + 5 =1for
n >4 (or ¢ >4 for 2 < n <4, see [46] for the case 2 < ¢ < 4 when 2 < n < 4).
In [46], the uniqueness of Serrin’s solutions to the heat flow of harmonic maps is also
established when p > 2 and ¢ > n. Motivated by these results, the regularity and
uniqueness of Serrin’s (p, ¢)-solutions to the system (1.5) of nematic liquid crystal
flows will be investigated in this dissertation.

Heat flow of biharmonic maps

Forn > 4and L > k > 1, let 2 C R"™ be a bounded smooth domain and
N C R be a k-dimensional compact Riemannian manifold without boundary. For
m > 1, p > 1, the Sobolev space W™P({), N) is defined by

WP (Q,N) = {ve W™ (QR"™) : v(z) €N forae. z€Q}.

On W22(Q, N), there are two second order energy functionals:

Ba) = [ 180 and Fa(w) = [ (30",

where (Au)” is the tangential component of Au to T,N at u, which is also called
the tension field of u (see [19]). A map u € W??(Q, N) is called an extrinsic (or
intrinsic) biharmonic map, if u is a critical point of Ey(-) (or Fy(-) respectively). Tt
is well known that biharmonic maps are higher-order extensions of harmonic maps,
which are critical points of the Dirichlet energy Ey(u) = [, |Vul* over W2(Q, N).
Recall that the Euler-Lagrange equation of (extrinsic) biharmonic maps is (see [89]
Lemma 2.1):

Au = Ny [u] == [A(A(w)(Vu, Vu)) + 2V - (Au, V(P(u))) — (A(P(u)), Au)] L T,N,
(1.7)
where P(y) : RET! — T, N is the orthogonal projection for y € N, and A(y)(-,-) =
VP(y)(-,-) is the second fundamental form of N at y € N. Throughout this thesis,
denote Ny [u] to be the nonlinearity in the right hand side of the biharmonic map
equation (1.7). If N = S := {y € RET!: |y| = 1}, then direct calculations yield

Npp [l = =(|Aul® + A(|Vul?) 4+ 2(Vu, VAu) )u.

Motivated by the regularity theory of harmonic maps by Schoen-Uhlenbeck [86],
Hélein [34], Evans [23], Bethuel [2], Lin [58], Riviere [72], and many others, the
study of biharmonic maps has attracted considerable interest and prompted a large
number of interesting works by analysts during the last several years. The regularity
of biharmonic maps to N = S’ — the unit sphere in R¥*! — was first studied by
Chang-Wang-Yang [10]. Wang [89, 91, 92] extended the main theorems of [10] to
any compact Riemannian manifold N without boundary. He proves smoothness of



biharmonic maps when the dimension n = 4, and the partial regularity of stationary
biharmonic maps when n > 5. Here we mention in passing the interesting works on
biharmonic maps by Angelsberg [1], Strzelecki [80], Hong-Wang [40], Lamm-Riviere
[54], Struwe [84], Ku [49], Gastel-Scheven [28], Scheven [75, 76], Lamm-Wang [55],
Moser [68, 69], Gastel-Zorn [29], Hong-Yin [41], and Gong-Lamm-Wang [30].

The initial and boundary value problem for the heat flow of biharmonic maps is
described as follows: For 0 < T' < 400, and uy € W22(Q, N), a map u € W,?(Q x
[0,T],N), i.e. Qu, V?u € L*(2 x [0,T1]), is called a weak solution of the heat flow of
biharmonic maps, if u satisfies in the sense of distributions

Ou+ A’u=Nyp[u] inQx(0,7)

T on 9,(Q x [0,7)) (1.8)
ou  Ouyg
E _E on Jf) x [07T);

where v denotes the outward unit normal of 0€2. Denote the parabolic boundary of
Q x [0,7] by 9,(2 % [0,T]) = (2 x {0}) U (92 x (0,T)). So when N =S¥, (1.8); can

be written as
O+ A%u = —(JAul? + A(|Vul?) + 2(Vu, VAu))u. (1.9)

The formulation of heat flow of biharmonic maps (1.8) remains unchanged, if €2 is
replaced by a n-dimensional compact Riemannian manifold M with boundary 0M.
On the other hand, if €2 is replaced by a n-dimensional compact Riemannian manifold
without boundary or a complete, non-compact Riemannian manifold without bound-
ary M, then the Cauchy problem of heat flow of biharmonic maps is considered. More
precisely, if 9M = (), then (1.8) becomes

Oyu + A’u =Ny [u] in M x (0,7) (1.10)
u =ug on M x {0}. '

The Cauchy problem (1.10) was first studied by Lamm [52], [53] for ug € C*°(M, N)
in dimension n = 4, where the existence of a unique, global smooth solution is es-
tablished under the condition that |lug|lw22(a is sufficiently small. For any wu, €
W?22(M, N), the existence of a unique, global weak solution of (1.10), that is smooth
away from finitely many times, has been independently proved by Gastel [27] and
Wang [93]. With suitable modifications of their proofs, the existence theorem in [27]
and [93] can be extended to (1.8) for any compact 4-dimensional Rimannian manifold
M with boundary OM, if, in addition, the trace of uy on M for uy € W>2(M, N)
satisfies ug|ay € W%’2(8M , ) (see [43]). Namely, there is a unique, global weak so-
lution u € W, (M x [0, 00), N) of (1.8) such that (i) Fy(u(t)) is monotone decreasing
for t > 0; and (ii) there exist To =0 < T} < ... < T} < Tg41 = 400 such that

k k
u€()C®(M x (T3, Tip1), N) and Vu € (|C*(M x (T;,Ti41),N), ¥ a € (0,1).

=0 i=0



For dimensions n > 4, Wang [94] established the well-posedness of (1.10) on R" for
any up : R" — N that has sufficiently small BMO norm. Moser [71] showed the
existence of global weak solutions u € W,?(Q x [0, 00), N) to (1.8) on any bounded
smooth domain Q C R" for n < 8 and uy € W?(Q, N).

1.2 Main results and structure of the thesis

Heat flow of harmonic maps

The main result of the uniqueness of weak solutions to (1.3) is the following
theorem .

Theorem 1.2.1. Forn > 2 and 1 < p < 2, there ezist ¢¢ = €o(p,n) > 0 and
Ry = Ro(M, g,€0) > 0 such that if

(1) (M, g) is a n-dimensional Riemannian manifold that is either complete noncom-
pact without boundary or compact with or without boundary;

(ii) (N,h) C R* is either the unit sphere S*=* or a compact Riemannian homoge-
neous manifold without boundary; and

(iii) u1,ug € H*(M x [0,T], N) are two weak solutions of (1.3), with u; = uy = ug
on 9,(M x [0,T]) for some ug € WH2(M, N), that satisfy

max | [ Vuillagrarxony + 10l sz arx 0y | < €0, (1.11)

then uy = uy on M x [0,T].

Here Mﬁ’/\ denote the parabolic Morrey space . For any 1 < p < 400, 0 < XA <
n+2,0< R <400, and any open set U = U; x Uy C M x R,

MPAU) = {f el (U): HfHMgA(U) < —l—oo} ,
where
R Py e
ME~(U) (2,6)€U 0<r<min{R,dy (z,0U1),v/T} Pr(a,t)NU
Here
Py (z,t) = B.(x) x (t —r*,t], with B.(z) ={y € M : d,(y,x) <r}
for (z,t) e U.

Recall that N is a Riemannian homogeneous manifold if there exists a finite
dimensional Lie group G (dim G = s < +00) that acts transitively on N by isometries.
There are two main ideas in the proof of Theorem 1.2.1:
(i) an eg-regularity theorem for the heat flow of harmonic maps that satisfy the small-
ness condition (2.22), which is new and improves the regularity theorem previously



obtained by Chen-Li-Lin [12], Feldman [25], and Chen-Wang [14]. In particular, for
i=1,2u; € C®(M x (0,7]) and satisfies the gradient estimate:

= L i), V(z,t) € M x (0,T],  (1.12)

) < DT T aan
Er:l%>2<|w,|(a:,t) —C€0<Ro+dg(x,aM) Vi

(ii) applications of (1.12), the Hardy inequality, and a generalized Gronwall inequality
type argument.
Now a few remarks are in order.

Remark 1.2.2. i) Note that by the Hélder inequality, the Morrey norm E(p) =
(IVullarery + | Ocut| arp2n(y) is monotone increasing for 1 < p < 2. The bound of £(2)
for solutions u to (1.3) holds if u satisfies

(a) a local energy inequality (assume M = R"™ for simplicity):

C R
0u2§—/ Vul?, Vx,teR”+1,0<r§—,R§\/¥,

/PTW)|t| o ), IV Ve R .
(1.13)

(b) a local energy monotonicity inequality:

R
7’_"/ |Vul? < CR—"/ IVul?, V(z,t) eR™™ 0<r< =, R<VE
P’r(xvt) PR(xvt) 2

(1.14)
Both properties hold if u is either a smooth solution (see [82] and [13]) or a stationary
solution of (1.3) (see [12], [25], and [1}]). Therefore, under (1.13) and (1.14), the
condition (1.11) is satisfied, provided that there exists Ry > 0 such that there holds

sup {Rf”/ |Vul? ‘ r € R", Ry = min{Ry, \/%}} < e (1.15)
PRl(l‘,t)

Hence Theorem 1.2.1 implies that uniqueness does hold for the class of solutions
that satisfy, in addition to (1.13) and (1.14), the smallness condition (1.15), which
partially answers the Struwe’s question.

ii) For any compact or complete noncompact (M, g) without boundary, there exists
€o > 0 such that if the initial data uy : M — N satisfies for some Ry > 0,

sup {7’2_”/ |Vul? ’x eM, r< Rg} <e,
By (x)

then as a consequence of the local well-posedness theorem by Wang [95], there exists
0 < To(=~ R2) and a solution v € C*(M x (0,Ty), N) of (1.3) that satisfies condition

(1.11).

Motivated by the proof of Theorem 1.2.1, the following convexity property of the
Dirichlet energy FE4(u) holds.

Theorem 1.2.3. Forn > 2,1 <p <2, and1 <T < oo, there exist ey = €5(p,n) > 0,
Ry = Ry(M, g,€e0) >0, and 0 < Ty = Ty(eo) < T such that if



(i) (M, g) is a n-dimensional Riemannian manifold that is either complete noncom-
pact without boundary or compact with or without boundary;

(ii) (N,h) C R* is either the unit sphere S*=* or a compact Riemannian homoge-
neous manifold without boundary; and

(iii) w € HY(M x [0,T), N) is a weak solution of (1.3), with u = ug on 9,(M x [0,T])
for some uy € WH2(M, N), that satisfies

||VUHMgg(Mx(o,T)) + HatUHMg»O?P(Mx(QT)) < eo, (1.16)

then
(i) the Dirichlet energy E(u(t)) := 5 [,, |Vul® is monotone decreasing for t > Ty; and
(i1) for any ty > t; > Ty,

[ Wttt e < cf [ vuter - [ vap].

The convexity property was first observed by Schoen [77] for the Dirichlet energy
of harmonic maps into manifolds N with nonpositive sectional curvatures. In Chapter
2, it will be shown that the convexity property is also true for harmonic maps with
small renormalized energy, which yields a new proof of the uniqueness theorem by
Struwe [85] and Moser [70].

A direct consequence of Theorem 1.2.3 is the following uniqueness of limit at
t = oo for (1.3).

Corollary 1.2.4. Forn > 2 and 1 < p < 2, there exist ¢¢ = €y(p,n) > 0, and
Ry = Ry(M, g,€0) > 0 such that if

(i) (M, g) is a n-dimensional Riemannian manifold that is either complete noncom-
pact without boundary or compact with or without boundary;

(ii) (N,h) C R* is either the unit sphere S*=' or a compact Riemannian homoge-
neous manifold without boundary; and

(iii) uw € H' (M x[0,00), N) is a weak solution of (1.3), with u = ug on 9,(M x [0, co])
for some uy € WH2(M, N), that satisfies the condition (1.16).

Then there exists a harmonic map us € C°(M,N)N W (M, N), with us = uy on
OM, such that

gg_} [u(t) — ucollwrz(y =0,
and, for any compact subset K CC M and m > 1,
i [u(t) = sy = 0,

The uniqueness of limit at ¢ = oo has been proved by Hartman [32] for the
smooth solutions to (1.3) when N has nonpositive sectional curvatures. L. Simon in
his celebrated work [79] has shown the unique limit at ¢ = oo for smooth solutions to
(1.3) into a target manifold (N, k) that is real analytic. Note that the solution u in
our theorem is allowed to be singular near the parabolic boundary 9,(M x (0,00)),
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as the initial-boundary data ug may be in Wh?(M, N). Also, the proof of Theorem
1.2.3 depends only on the smallness condition (1.16) and the small energy regularity
theorem. There are two very interesting articles by L.Wang [96] and L.Z. Lin [64],
in which Theorems 1.2.1, 1.2.3, and Corollary 1.2.4 were proven for Struwe’s almost
regular solution u to (1.3) in dimension n = 2 when the Dirichlet energy of ug is
sufficiently small. Since Struwe’s solution u to (1.3) satisfies the energy inequality,
the condition in [64] yields the global smallness:

oup () + [ ol < Bluo) < & i =0,
M x10,t]

t>0

which is stronger than (1.16) in dimension n = 2. There is also an interesting paper
by Topping [88] that addressed the rigidity at ¢ = oo of the heat flow of harmonic
maps from S? to S2.

A class of weak solutions that satisfy the smallness condition (1.16) are the so-
called Serrin (I, g)-solutions.

Definition 1.2.5. A weak solution u € HllOC(M x [0,T],N) of (1.3) is called a

Serrin (1, q)-solution if, in addition, Vu € L{LL(M x [0,T]) for some | > n and
q > 2 satisfying

2
—+-=1 1.1
4 (117)

In Chapter 2, it will be verified that if u is a Serrin (I, ¢)-solution to (1.3) with
I > n, and uly,(vrxjo,r)) = uo for a given ug : M — N with Vuy € L"(M) for some
n < r < oo, then u satisfies (1.16) for some py > 1. (For such initial and boundary
data wug, the local existence of Serrin’s ([, ¢)-solutions of (1.3) can be shown by the
standard fixed point theory. In fact, it can be verified by the argument in Fabes-Jones-
Riviere [24] §4). The following is the uniqueness result for Serrin’s (I, ¢)-solutions of
the heat flow of harmonic maps into a general Riemannian manifold.

Theorem 1.2.6. Forn > 2, 0 < T < +o0, let (M,g) be either a compact or
complete Riemannian manifold without boundary or a compact Riemannian manifold
with boundary, and N be a compact Riemannian manifold without boundary. Let
up,ug € HY(M x [0,T],N) be two weak solutions of (1.3), with uy = uy = ug on
(M x [0,T)) for some ug € WH2(M, N), such that Vuy, Vuy € LILL(M x [0,T])
for some (l,q) satisfying (1.17) with | > n,q > 2. Then uy,us € C*(M x (0,7T)),
and uy; = uy on M x [0,T].

Theorem 1.2.6 remains open for the end point case [ = n,q = +oo. Lin-Wang [62]
have proved that uniqueness holds for two weak solutions uy, us to (1.3) with the same
initial data, provided that Vuy, Vuy € C([0,T], L"(M)). Wang [90] has proved that
for any n > 4, any weak solution u € H*(M x [0, T], N) with Vu € L L"(M x [0,T])
belongs to C*°(M x (0,77). However, since ||Vu(t)| L) may lack continuity at
t = 0, the issue of uniqueness for the end point case remains unsolved.

Hydrodynamic flow of nematic liquid crystals

11



Motivated by the study of heat flow of harmonic maps, the following regularity
and uniqueness of the weak solutions to the hydrodynamic flow of nematic liquid
crystals holds for the Serrin’s solutions, which is defined as follows:

Definition 1.2.7. A weak solution (u,d) € H'(R" x [0, T],R" x S?) of (1.5) is called
a Serrin (p, q)-solution, if (u, Vd) € LY LL(R™x [0,T]) for some (p,q) satisfying (1.6).

The main result on the regularity and uniqueness of Serrin’s (p, ¢)-solutions to
(1.5) is the following.

Theorem 1.2.8. Forn >2,0<T < +o0, and i = 1,2, let (u;,d;) : R™ x [0, T] —
R" x S? be two weak solutions to (1.5) with the same initial data (ug,dp) : R™ —
R"™ x S%. Suppose, in addition, there exists p > 2 and q > n satisfying (1.6) such
that (uy, Vdy), (ug, Vdg) € LYLL(R™ x [0,T]). Then (u;, Vd;) € C*°(R"™ x (0,T]) and
(ug,dy) = (ug,ds) on R™ x [0,T].

For n = 2, Lin-Wang [62] have proved the uniqueness of (1.5) for p = ¢ = 4. More
precisely, if, for ¢ = 1,2,

u; € L*([0, 7], LA(R?,R?)) N L*([0, T], H'(R?, R?));
Vd; € L*([0,T], L*(R?)) N L*([0, T, H*(R?))

are weak solutions to (1.5) under the same initial condition, then (u1,d;) = (ug,ds)
on R? x [0,7]. For n > 3, Lin-Wang [62] proved the uniqueness, provided that
u; € C([0,T), L(R™)) and Vd; € C([0, T], L*(R™)) for i = 1,2.

Heat flow of biharmonic maps

Because of the critical nonlinearity in the equation (1.8);, the question of regu-
larity and uniqueness for weak solutions of (1.8) is very challenging for dimensions
n > 4. There has been very few works in this direction. This is one of my motiva-
tions to study these issues for the equation (1.8) in this thesis. Another motivation
comes from the study of the heat flow of harmonic maps. Similar to heat flow of har-
monic maps, several interesting results concerning regularity, uniqueness, convexity,
and unique limit at time infinity of the equation (1.8), under a smallness condition
of renormalized total energy, will be established.

The first result concerns the regularity of (1.9).

Theorem 1.2.9. For g <p<2and 0 <T < +o00, there exists €, > 0 such that if
u € Wy?(Q x [0,T],S*) is a weak solution of (1.9) and satisfies for zy = (xo,to) €
Q x (0,T] and 0 < Ry < 4 min{d(zo,0), 1o},

2
IVl srpzr (g oy + 100l arpar oy o)) < €0 (1.18)

then u € C'*° (P@(zo),SL>, and

16

‘Vmu(zo)’ < %, Vm > 1.
Ry
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To avoid conflicts, we will let Mg’)‘ denotes the Morrey space for 0 < A\ < n +4,
O<R<oo,and U =U; xUy CR" x R:

M) = {1 € L@ 1] o0, <+

A
MENU)

where

1
Hf” = < sup sup TA”A‘/ |f!p>p,
My~ (U) (z,t)eU 0<r<min{R,d(z,0U1),\/t} Pr(z,t)

and

BT(':C) = {y eR"™: |y—l’| < T}? PT(xvt) = BT(JJ) X [t_r47t]7 d(maaUl) = é%{] |$—y‘
Yy 1

Denote B, (or P,) for B,.(0) (or P.(0) respectively), and MP*(U) = MPMNU) for

R = oo.

Remark 1.2.10. It is an open question whether Theorem 1.2.9 holds for any compact
Riemannian manifold N without boundary (with p = 2).

Utilizing Theorem 1.2.9, one can obtain the following uniqueness theorem.

Theorem 1.2.11. For n > 4 and 3 < p < 2, there ezist ¢ = €o(p,n) > 0 and
Ry = Ro(2, €0) > 0 such that if uy,uy € Wy*(Q x [0,T],S%) are weak solutions of
(1.8), with the same initial and boundary value ug € W2%(Q,S*), that satisfy

?:1%}2( [HV2WHME§P(QX(0,T)) + HatuiHM%‘P(Qx(o,T))] < o, (1.19)
then uy = uy on Q x [0,T].
There are two main ingredients in the proof of Theorem 1.2.11:
(i) The interior regularity of u; (i = 1,2): u; € C*(Q x (0,T),S") and
1 1 1
my,. < _ - - i
g%lv uil(z,t) S € (RBH + (2, 09) + tT>

for any (z,t) € Q x (0,7) and m > 1.
(ii) The energy method, with suitable applications of the Poincaré inequality and the
second order Hardy inequality in Lemma 4.2.2 below.

Remark 1.2.12. (i) A nowvel feature of Theorem 1.2.11 is that solutions may have
singularities at the parabolic boundary 0,(Q2 x [0,T]) so that the standard argument
to prove uniqueness for classical solutions is not applicable.

(i1) For Q = R™, if the initial data ug : R™ — N satisfies for some Ry > 0,

sup {7’4_"/ IV2upl?: z € R, r < RO} <e,
By (x)

then by the local well-posedness theorem of Wang [94] there exists 0 < Ty(~ Rj) and
a solution u € C*°(R" x (0,Ty), N) of (1.10) that satisfies the condition (1.18).

13



Prompted by the ideas in the proof of Theorem 1.2.11, the convexity property of
the Ey-energy along the heat flow of biharmonic maps to S* can be obtained.

Theorem 1.2.13. Forn > 4, % <p<2 and1 <T < o0, there exist g = €y(p,n) >
0, Ry = Ro(2,¢0) >0, and 0 < Ty = Ty(eo) < T such that if u € W212(Q x [0,T],SF)
is a weak solution of (1.8), with the initial and boundary value uy € W>2(Q,S),
satisfying

||V2U||Mgfp(9x(o,T)) + HatUHMgg‘P(Qx(o,T)) < o,
then

(i) Eo(u(t)) is monotone decreasing for t > Ty; and
(i1) for any te >ty > T,

[ 92t = ute)l < ¢ [ 1auwP - [ jaue)r]

for some C' = C(n, €) > 0.

Schoen [77] proved the convexity of Dirichlet energy for harmonic maps into N
with nonpositive sectional curvature. The convexity for harmonic maps into any
compact manifold N with small renormalized energy was proved in [46]. In this
dissertation, the convexity for biharmonic maps with small renormalized Fs-energy
will be proved which seems to be the first convexity result for the biharmonic maps.

A direct consequence of the convexity property of Fs-energy is the unique limit
at t = oo of (1.8).

Corollary 1.2.14. Forn > 4 and % < p <2, there exist ¢g = €g(p,n) > 0, and Ry =
Ro(, &) > 0 such that if u € Wy?(Q x [0,00),S") is a weak solution of (1.8), with
the initial and boundary value ug € W22, SY), satisfying the condition (1.18), then

8uoo o 81,60
A

there exists a biharmonic map us, € C° NW?22(Q, S, with (use,
on 0, such that

PTm lu(t) = toollw22() = 0,
and, for any compact subset K CC ) and m > 1,

limn [[u(t) — uocllem ) = 0-

Remark 1.2.15. (i) If Theorem 1.2.9 has been proved for any compact Riemannian
manifold N without boundary, then Theorem 1.2.11, Theorem 1.2.13, and Corollary
1.2.14 would be true for any compact Riemannian manifold N without boundary.
(11) With slight modifications of the proofs, Theorem 1.2.9, Theorem 1.2.11, Theorem
1.2.13, and Corollary 1.2.14 remain true, if ) is replaced by a compact Riemannian
manifold M with boundary OM.

(111) If Q is replaced by a compact or complete, non-compact Riemannian manifold M
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with OM = () then Theorem 1.2.9, Theorem 1.2.11, Theorem 1.2.13, and Corollary
1.2.14 remain true for the Cauchy problem (1.10). In fact, the proof is slightly simpler
than the one here, since the Hardy inequalities are not necessary.

(iv) In general, it is a difficult question to ask whether the unique limit at t = oo
holds for geometric evolution equations. Simon in his celebrated work [79] showed the
unique limit at t = oo for smooth solutions to the heat flow of harmonic maps into a
real analytic manifold (N, h). Corollary 1.2.14 seems to be first result on the unique
limit at time infinity for the heat flow of biharmonic maps.

A natural class of weak solutions of (1.8) that satisfy the smallness condition
(1.18) is:

Definition 1.2.16. A weak solutions u € W,*(Q x [0,T],N) of (1.8) is called a
Serrin’s (p, q)-solution, if V?u € L{LE(Q x [0,T]) for some p > % and ¢ < oo
satisfying
PR (1.20)
In chapter 4, it will be proved that if u is a weak solution of (1.8) such that
Viu € LILE(Q x [0,T]) for some p > % and ¢ > 3 satisfying (1.20) and uy €
W2 (Q,N) for some r > 2, then u satisfies (1.18) for some py > 2. Thus, for
N = S%| the regularity and uniqueness for such solutions of (1.8) follow from Theorem
1.2.9 and Theorem 1.2.11. However, for a compact Riemannian manifold N without
boundary, the regularity and uniqueness for such a class of weak solutions of (1.8)

require different arguments. More precisely,

Theorem 1.2.17. Forn > 4 and 0 < T < oo, let uy,uy € W, *(Q x [0,T], N) be
weak solutions of (1.8), with the same initial and boundary value ug € W2(Q, N).
If, in addition, V*uy, V?uy € LILE(Q x [0,T1]) for some p > % and q < co satisfying
(1.20), then uy,uy € C*°(Q2 x (0,7),N), and uy = uy in  x [0, 7.

Remark 1.2.18. (i) It is a very interesting question to ask whether Theorem 1.2.17

n

holds for the end-point case p =4 and q = oo.

(i) If ug € W*"(Q, N) for some r > %, then the local existence of solutions u of (1.8)
such that V?u € L{LE(Q x [0,T1]) for some p > % and q < oo satisfying (1.20) can be
shown by the fized point argument similar to [24] §4.

The remainder of the thesis is written as follows:

e Chapter 2 is devoted to prove the regularity and uniqueness of heat flow of
harmonic maps.

e Chapter 3 is devoted to prove the regularity and uniqueness of Serrin’s (p, q)-
solutions to nematic liquid crystal flows.

e Chapter 4 is devoted to prove the regularity and uniqueness of heat flow of
biharmonic maps.
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Chapter 2 Regularity and uniqueness of heat flow of harmonic maps

In this chapter, the regularity and uniqueness of heat flow of harmonic maps (1.3) will
be considered by some new and elementary argument based on the Riesz potential
estimates between Morrey spaces, the Hardy inequality and the general Gronwall
argument. As applications, the uniqueness of weakly harmonic maps, uniqueness of
limit at ¢ = 400 of heat flow of harmonic maps and uniqueness of Serrin’s-(p, q)
solutions will also be considered.

2.1 e-regularity Theorem

This section will be devoted to establish an e-regularity theorem for the heat flow of
harmonic maps (1.3), which plays a crucial role in the proof of our main theorems.
This regularity theorem seems to be new, whose proof is rather elementary and mainly
motivated by [9]. It improves the regularity theorem previously obtained by Chen-
Li-Lin [12], Feldman [25], Chen-Wang [14] (see also Moser [67, 66] for more general
results).

Theorem 2.1.1. Assume that N is either a unit sphere S¥=1 or a compact Rieman-
nian homogeneous manifold without boundary. For 1 < p < 2 and 0 < T < 400,
there exists €, > 0 such that if u € H'(Q x [0,T], N) is a weak solution of (1.3); and
satisfies that, for zy = (xo,t) € Q x (0,T] and 0 < Ry < 1 min{d(zo, 9Q), v/},

IVullagr (Prg o) + HatUHMggP(pRO(ZO)) < & (2.1)
Then u € C*(Pry(20), N), and
4
C
V™ (z0) < R—fj, Ym > 1. (2.2)

0

Remark 2.1.2. [t remains an open question whether Theorem 2.1.1 holds for any
compact Riemannian manifold N without boundary, under the condition (2.1) for
p =2 (see Moser [65] and Moser [66] for related works.).

The proof of Theorem 2.1.1 is based on the following lemma.

Lemma 2.1.3. For any 1 < p < 2, there exists €, > 0 such that if N = S*71 or a
compact Riemannian homogeneous manifold without boundary, and v € H'(Py, N) is
a weak solution of (1.3) satisfying

sup rp_(”+2)/ (|VulP + r?|0ulP) < €. (2.3)
P (z,t)

(z,t)EP2,0<r<2
Then u € C*(Py, Sk and satisfies

||Vmu||00(p%) < C(n,p,e,m), Ym > 1. (2.4)
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Proof. The crucial step to establish (2.4) is the following decay estimate:
Claim: There exists ¢ > max{ 3, n+ 2} such that for any ¢ € (0, 1), 20 = (w0, t0) €
Py, and 0 < r <1, it holds

1 . 1 .
(07“)”4-2 /P () |u - uz0797"| < O<9 ( +2)€p + 9) (m /P( : ‘u - Uzo,r|q) q’ (2.5)
or (20 (20

where f,, , = leo)' fPr(ZO) f is the average of f over P,(z).
For 2y = (xg,t9) € Py and 0 < r < 1, since v(y, s) = u(zg + (ry,r?s)) : P -+ N
satisfies (1.3), and the condition (2.3) yields that v satisfies

sup r”("+2)/ |VolP + rP|0w]P < €. (2.6)
(z,t)eP;,0<r<1 P(z,t)

Thus it suffices to show (2.5) for zg = (0,0) and r = 2.
The proof of the Claim can be divided into two cases:
Case 1: N = S*! is the unit sphere.
Step 1. Rewriting of (1.3). Since |u| = 1, we have u'u!, = 0. Also, it follows (1.3)
(u'u!, — vu)o = v'Aw! — ! Au' = u'op? — o’
Hence we have
o' — Au' = A'(u)(Vu, Vu) = |Vul*u
= waulu' — i, = (ud, — ulul))
= | —)(u'u!, —wul)| — (v — ) (O’ — w '), (2.7)
where ¢/ € R is an arbitrary constant. For the convenience, set
WY = w'op? — o, Vaij = uzuja — ujug, 1<ij<k1<a<n.
Step 2. Construction of auxiliary functions. Let n € C5°(P,) such that
0<n<1 n=1on P, and |Vn| < C.

Define v,w : R x R, — R* by

o' — Av' = [772(uj — cj)VCijL; v e 0, (2.8)
and
o' — Aw' = —n*(u! — WY w' T 0 (2.9)
Set h =u— (v+w): P, — R*. Then
Oh—Ah =0 in P (2.10)
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Step 3. Estimation of v, w, and u. By the Duhamel formula, we have that
t
vty = [ [ He-pt- 9P -] @)
0 JR™ et
t
= [ Vb gt = R0 V),
0 Jre
where H denotes the heat kernel on R”. Then, as in [45], we have
|V90H|(x o y?t o S) 5 5(($7 t)? (y7 s))—(n-i—l)’ (:Ev t)? (ya 3) € Rn+17
where §((z,t), (y, s)) is the parabolic distance on R"™!. Hence

[0'](2,8) S Ll — V) (@, ),

where
Nt = [ st v e ),

is the parabolic Riesz potential of order 1. By the Riesz potential estimate (see [45]),
we have

[vllziryy S lvlleey) < llvllLe@n+ry

S DIl =NV LR ey D ZHV”HLP(&)HW

i,

L7L+2(p2) (211)
For w, since
t
W)=Y [ H gt P - W)
T Jo Jre

applying the Young inequality we obtain

[wllrpy < llwllpap,) < HwHLa(Rnxm 1)
< i YW < H i JdW
~ Z Hn v L1 (R x[0,1]) Z v =€l | La1(Py)
< ‘ Wi , (2.12)
L1 P2 LP(PQ)
1 1 1
where 1 < ¢; < p and ¢ > 5 L satlsfy - =—-4+—.
P @

For h, by the standard theory on the heat equation we have that for any 0 < 6 < 1,

9n+2/ |h—he| S0 ’h hal SO lvllLrpy) +H7~UHL1(P2)+Hu—U2HL1(P2] (2.13)

where f, = ITIT\ / p. | is the average of a function f over F,.
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Now we let ¢/ = ug, the average of v/ over P, and set ¢ = max{q;,n + 2}.
Combining the estimates (2.11), (2.12), and (2.13) and applying Hélder’s inequality
together yields

1 1 1
gn+2 /139 |u — ug| < gn+2 /Pe(h}’ + |wl) + g2 /Pg |h — hy|

SO ollagry + ol | +0[Iellzmy + lwll e + = vallie,

—(n ij ij 1 %
S [0+ 07D AVE vy + IV )| (572 / = usl?)

n 1 .
<cloro ] (o /P u—usf?) ", (2.14)
where we have used in the last step the condition (2.3) so that
Ve llzo ey + W7o () < Cep.
This yields (2.5). It follows from (2.3) and the Poincaré inequality that u € BMO(F2),

and )
u} ‘= sup { / U— Uy, } < (e, 2.15
[ BMO(r,) P.(2)CPy it Pr(2) | l ! ( )
By the celebrated John-Nirenberg’s inequality [47], (2.15) implies that for any ¢ > 1,
it holds . )
sup {( / U— Uy y q>q} < Cl(q [u} . 2.16
P(z)cp, SN2 PT(Z)| | (@) BMO(p,) (2.16)
By (2.16), we see that (2.5) implies that
1
— ~ U] < C (07D, +0) |u] 2.17
(r)n+2 /pgr(zo) =z orl < ( @t ) " BMO(p) (2.17)

holds for any ¢ € (0,3),20 € P1,0 < r < 1. Taking supremum of (2.17) over all
2o € Py and 0 < r < 1, we obtain

[u} BMO(r,) <O (67" e, 1) [u} BMO() (2.18)
If we choose 6 = 6 € (0,3) and €, > 0 so small that
C (eg<"”>ep + 90) < %
then (2.18) implies '
M BMO(r,) — 2 [“] BMO(py)’ (2.19)

It is standard that by iterations and the Campanato theory [4], (2.19) implies that
there exists a € (0, 1) such that u € C’O‘(P%) and

[u] Co(Py) < Clpyep).
Es
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The higher regularity and the estimate (2.4) then follow from the parabolic hole filling
type argument and the bootstrap argument (see also [45]).

Case 2: N is a compact Riemannian homogeneous manifold without boundary. We
will indicate that (1.3) can be written into the same form as (2.7). In fact, according
to Hélein [35], there exist s smooth tangential vector fields Y;,---,Y; and s smooth
tangential killing vector fields X, --- , X; on NV such that for any y € N and V' € T, N,
it holds

V= Z(V, Xi(y))Yi(y)-

Thus, as in [14] Lemma 4.2, (1.3) is equivalent to

S

dyu — Au = — Z(Vu,Xi(u»V(Y;(u))

= > div({Vu, X;(w)) (Yi(u) — ) — Z@tu, Xi(u))(Yi(u) — '), (2.20)

i=1 =1

where ¢’ € R” is an arbitrary constant. Here we have used the killing property of X;
that yields (Vu, V(X;(u))) = 0 in the derivation of (2.20). It is clear that the rest of
proof follows exactly as in Case 1. This completes the proof. 0

Proof of Theorem 2.1.1. It is easy to see that (2.1) implies

pp—(n2) / (IVulP+r?|0pul?) < &, Vz = (2,t) € Pr,
P.(z) ’

(20) and 0 <7 < %. (2.21)

Hence Lemma 2.1.3 implies that u € C*°(Pkr

20
4

(20)), and (2.2) holds. O

2.2 Uniqueness of heat flow of harmonic maps

Now it is ready to prove the main theorem on the uniqueness of weak solutions to
(1.3).

Theorem 2.2.1. Forn > 2 and 1 < p < 2, there ezist ¢¢ = €o(p,n) > 0 and
Ry = Ro(M, g,€0) > 0 such that if

(i) (M, g) is a n-dimensional Riemannian manifold that is either complete noncom-
pact without boundary or compact with or without boundary;

(ii) (N,h) C R* is either the unit sphere S¥=1 or a compact Riemannian homoge-
neous manifold without boundary; and

(iii) uy,uy € HY(M x [0,T], N) are two weak solutions of (1.3), with u1 = us = ug
on 9,(M x [0,T]) for some ug € WH2(M, N), that satisfy

meax IVuillageavaxiory + 10illaperarx oy | < €0, (2.22)

then u; = uy on M x [0,T].
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Remark 2.2.2. i) Due to technical difficulties, it is unknown whether the e-reqularity
Theorem 2.1.1 (with p = 2) holds for a general Riemannian manifold N. Hence it
is an open question that Theorem 2.2.1, Theorem 2.4.1, and Corollary 2.4.2 in the
following remain to hold for a general manifold N .

(i) The proof of Theorem 2.2.1 is based on Theorem 2.1.1, and application of both
the Hardy inequality and a generalized Gronwall inequality.

Proof of Theorem 2.2.1. For simplicity, we will focus on the case that (M, g) is a
compact Riemannian manifold with boundary and remark on the other two cases at
the end of the proof.

Assume (M, g) = (2, go), with Q C R™ and gy the standard metric. By Theorem
2.1.1, we have that u; € C*(Q x (0,7]) for i = 1,2, and

1 1 1
max { V|2, ), [Vual(z,8) } < ceo(ﬁo t it %), V(. t) € Q% (0, 7).
(2.23)
Set w =wu —v. Then w satisfies
wy — Aw = A(u)(Vu, Vu) — A(v)(Vo, Vo) in Q x (0,7 (2.24)
w=10 on d,(£2 x [0,T7). '

Multiplying (2.24) by w and integrating over 2 yields

d
a / wf? 42 / VP < C / (Vs + [V o] + / (V] + [Vual) Vo] o
dt Jq Q Q Q
< /\Vw]2+0/(\Vu1\2+]Vu2]2)\w\2.
(9] Q

By (2.23), the Poincaré inequality, and the Hardy inequality:

| s s [ vr e Hi@),
we have

d Ce lw(x |2 C’e
G L [ vk < °/| Pred [ SOl C8 [ jup
< C R—O2—|—6(2) /]Vw\2+70/|w]2.

If we choose ¢y < (2C)~ 3 and Ry > /2 C¢p, then we have C’(R2 + €0> < 1 so that

Cé?
— 220 2.25
o ol <SR [ (2.25)
d _1 2 o _ld 2 1 _3 2
G [wr) = g [l =508 [l

1\ _s
(Ceg - —) t7z [ wl* <0. (2.26)

This yields
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Thus we obtain that for any 0 <t < T,

o [ oo < tm st [ o) (2.27)
Q Q

50t

Since w(-,0) = 0, we have
w(z,s) = / w,(z,7)dr, a.e. x €
0
so that by the Holder inequality,

s_é/ lw(x, s)]* < sé/ / lw,[*(x, 7) dedr < Cs2 —0, as s | 0.
Q 0o Jo

Thus we conclude that w =0 in  x [0, 7.

When (M, g) is either compact or complete non-compact with OM = (), observe
that we can substitute d(z, 0M) = oo into the above proof and obtain the same result
without applying the Hardy inequality. This completes the proof. O

2.3 Convexity and uniqueness of weak harmonic maps

A byproduct of the proof of Theorem 2.2.1, is the convexity property on certain weak
harmonic maps that yields an alternative, simple proof of the uniqueness theorem on
the Dirichlet problem of weak harmonic maps, due to Struwe [85] for n = 3 and Moser
[70] for n > 4. Furthermore, the statement of the uniqueness theorem for N either
a unit sphere or a compact Riemannian homogeneous manifold without boundary is
an improvement of that by [85] and [70].

To do it, first recall that the Morrey spaces My (U) in R™ is defined for 1 <1 <
+00, 0 <A <n,0<R<+o0, and U CR", fe M U)iff f € L] (U) satisfies

oy =5 s [ <o,
R €U 0<r<min{R,d(z,0U)} By (x)

Denote MPA(U) = MEMNU).
For any bounded smooth domain 2 C R", the following convexity property of
Dirichlet energy holds

Theorem 2.3.1. Forn >2,§ € (0,1), and 1 < p < 2, there ezist €, = €(p,0) > 0
and R, = R(p,0) > 0 such that if u € H(Q, N) is a weak harmonic map satisfying
either

(i) ||Vu||M}2%,22(Q) < €y, when N is a compact Riemannian manifold without boundary,
or

(i) |Vulazr) < €, when N = Sk=1 or a compact Riemannian homogeneous man-
ifold without boundary. Then

/ Vo|? > / Vul|® + (1 - 5)/ V(v —u)|? (2.28)
Q Q Q
holds for any v € HY(Q, N) with v = u on 0.
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Proof. First, as observed by [85] and [70], for an arbitrary manifold N under the
condition (i), the small energy regularity theorem on stationary harmonic maps by
Bethuel [2] holds. While, for N = S*~! under the condition (ii), the small energy
regularity theorem on weak harmonic maps by Moser [65] or Lemma 2.3 is applicable.
Thus we have u € C*(2, N) and, for any = € Q, it holds

1 1
Vu|(z) < Cep(———%= +

oo ) (2.29)

Here p = 2 for an arbitrary N.
Now multiplying the equation of u by (u — v) and integrating over {2, we obtain

/QVU -V(u—wv)= /Q(A(u)(Vu, Vu),u —v). (2.30)

This, combined with (2.29), the Poincaré inequality, and the Hardy inequality, implies

‘/ )(Vu, Vu)u—v)‘ < C/|Vu]2|u—v2
/lu—vl2 —vf?
<
- d(x,00)?
< 1+— /]Vu—v
p

<! / V=) (2.31)

N|=
&
=
(o
=
w0
e
o
U‘
M'Bw
IA
=1 >
}%
=
o
w0
o
<
o
w
=

)
provided that we have chosen ¢, < (E)
and (2.31) we obtain

/|Vv|2 /]Vu|2 /|Vv—u

= /Vu Vv—u)——Q/ﬂ(A( W) (Vau, V), u — v)

2—6/\Vv—u

This clearly implies (2.28), provided that ¢ > 0 is sufficiently small. This proof is
complete. 0

Corollary 2.3.2. Forn > 2 and 1 < p <2, there exist ¢, > 0 and R, > 0 such that
if ul, uy € HY(Q, N) are two weak harmonic maps satisfying either

(i) max HVUZHMQ 2.y < €2, when N is a compact Riemannian manifold without bound-
ary,’ or

(i1) maX ||Vul||Mpp @ < €, when N = S*1 or a compact Riemannian homogeneous

mamfold without boundary
Then uy = uy in 2, provided that u; — us € W&’Q(Q,Rk).
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Proof. Choosing § = %, we can apply Theorem 2.3.1 to u; and uy by choosing

sufficiently small €, > 0 and R, > 0. Thus Theorem 2.3.1 implies

1
[1vukz [ 9P g [ v - w)
Q Q Q

1
/Q‘V’ul‘QE/QIVUQP"’_Q/Q‘V(UI_UQ)F-

Adding these two inequalities together yields

and

/ ’V(Ul - U2>’2 =0.
0
Therefore, u; = us in €. ]

2.4 Convexity and uniqueness of limit at ¢ = 400 of heat flow of harmonic
maps

Motivated by the proof of Theorem 2.2.1 and 2.3.1, the following convexity property
n (1.3) holds.

Theorem 2.4.1. Forn >2,1<p<2,and1 <T < oo, there exist ¢ = €y(p,n) > 0,
Ry = Ro(M, g,€e0) >0, and 0 < Ty = Ty(eo) < T such that if

(1) (M, g) is a n-dimensional Riemannian manifold that is either complete noncom-
pact without boundary or compact with or without boundary;

(ii) (N,h) C R* is either the unit sphere S*=* or a compact Riemannian homoge-
neous manifold without boundary; and

(iii) w € H'(M x [0,T], N) is a weak solution of (1.3), with u = uy on (M x [0, T])
for some ug € WH(M, N), that satisfies

IVullage (a1 + ||8tu||M§'o2p(M><(0,T)) < €0, (2.32)

then
(i) the Dirichlet energy E(u(t)) := 5 [,, |Vul® is monotone decreasing for t > Ty; and
(ii) for any ty > t, > Ty,

[ vt —anF <[ [ vaer - [ vuwk]. e

A direct consequence of Theorem 2.4.1 is the following uniqueness of limit at
t = oo for (1.3).

Corollary 2.4.2. Forn > 2 and 1 < p < 2, there exist ¢¢ = €y(p,n) > 0, and
Ry = Ry(M, g,€0) > 0 such that if

(1) (M, g) is a n-dimensional Riemannian manifold that is either complete noncom-
pact without boundary or compact with or without boundary;
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(ii) (N,h) C R* is either the unit sphere S*=' or a compact Riemannian homoge-
neous manifold without boundary; and
(iii) uw € H' (M x[0,00), N) is a weak solution of (1.3), with u = ug on 9,(M x [0, oo])
for some uy € WH2(M, N), that satisfies the condition (2.52).
Then there exists a harmonic map us € C°(M,N)N W (M, N), with us = uy on
OM , such that

lim [[u(t) — tso||wr2ar) = 0, (2.34)

tToo
and, for any compact subset K CC M and m > 1,

lim () — ool ) = 0. (2.35)

tToo

Proof of Theorem 2.4.1. For simplicity, we only consider the difficult case that
(M, g) is compact with boundary. First by Theorem 2.1.1, we have that u € C°°(M x
(0,7)) and

1 1

1
Vul(z,t) < C’eo(ﬁo TR S—

d(z, 0M) %» V(x,t) € M x (0,7). (2.36)

First we need two claims.
Claim 1. There exists Ty > 0 such that / |0;u(t)|? is monotone decreasing for
M

t 2 T() N
/ |0u|?(ts) + C/ |Voul* < / |Oul|®(t1), To<t, <ty <T. (2.37)
M M x [tl ,tz] M
To show it, we introduce the finite quotient for w in the t-variable. For sufficiently

small h > 0, set

u(z,t+h) —u(z,t)
h

Since u" = 0 on M, we see that u" € L?([0,T — h], H}(M)), du" € L*([0,T —
), L2(M)), and

ul(z,t) = , (x,t) € M x (0,7 — h).

=0.

lim Huh — ut‘

hi0+ L2(Mx[0,T—h])

Since u satisfies (1.3), we have

ul — Auh = %[A(u(t + R (Vult + h), Vu(t + b)) — Au(®)(Vul(t), Va(t)]. (2.38)
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Multiplying (2.38) by u”, integrating over M, and applying the Holder inequality and
(2.36), we obtain

th ’ h2 / |vuh2

< C/M W P(IVult + )P + [Vu() ) + [u"[(1Vu(t + )]+ [Vu(t)])|Vu"|
< 5 [ v [ WPVt + 1)+ Va)
<

1 |uh|2 |uh|2 |uh|2
1 Vil 2+ C 2/ ( )
z@|“|+‘hM R T @@on i

1 |uh|2 |uh|2 |uh|2
< = v h|2 C 2/ < )
= QAﬂ1”'+€°M B T@@on T

1 3
< —/ |Vuh|2—|—060/ |Vu'? < —/ (V"2
2 Jm M 4 Jm

where we have used both the Poincaré inequality and the Hardy inequality in the last
step, and chosen Ry > /€y, Ty > €y, and Cey < i' Integrating this inequality from
T(] S tl S t2 ylelds

/ |uh|2(t2)—|—0/ |Vuh|2§/ 2 (t). (2.39)
M MX[tLtQ] M

Sending h to zero in (2.39) yields (2.37).
Next we have
Claim 2. There exists Ty > 0 such that E(u(t)) is monotone decreasing for t > Ty:

/ 0u* + B(u(ty)) < E(u(ty)), To <t <ty <T. (2.40)
MX[t1 tQ]
For § > 0, let ¢5 € C5°(M) be a test function such that

0<¢s <1, ¢ps(x) =1 for d(x, 0M) > 6, |Ves| < C5 .

Since u € C®(M x (0,T)), multiplying (1.3) by d;u¢? and integrating over M x [t1, to]
, we obtain the following local energy inequality:

/ |0u|?¢3 + / (Vu(ty)|?¢3 < / |Vu(ty) 2¢5+2/ Vu - OpupsV ds.
M x [tl,tg} M x [tl,tz}
(2.41)

It is clear that (2.40) follows from (2.41), if we can show

lim Vu - @uqb(;qug = 0. (2.42)

6—0 M><[t1,t2]
To see (2.42), observe that (2.37) implies d,u(t) € Hy(M) for ¢ € [t1,t2] so that

t2
/ 0uu|Ves|® < 5_2/ / |Oul?
M x[t1,t2] t1 {zeM:d(x,0M)<d}

to
S / / |Voul> — 0, as § — 0.
t1 {zeM:d(z,0M)<é}
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It is clear that by the Holder inequality, (2.42) follows from this. Thus (2.40) holds.
Choose Ty > 0 such that both claims hold. Then by (1.3) we can estimate

/M V() — /M Vults) /M 1V (ulty) — ults))
_ /M Vults) - V(ut) — ult))

~ /M A(ulta)) (Vulta), u(t)) - (ults) — u(ts)) +2 /M ur(ts) - (ults) — u(ty))
— I+1I. (2.43)

We first estimate /. Recall that for y € N, let P*+(y) : R¥ — (T,N)* denote the
orthogonal projection from R¥ to the normal space of N at y. Since N is compact,
a simple geometric argument implies that there exists C' > 0 depending on N such
that

‘Pi(y)(z—y)‘ < Clz —y|?, V2 € N. (2.44)
Thus

15 [ 1Vult)Plults) — ult)?
M
1 1 1
< Cé — ) u(ty) —u(ty)?
- EO/M <R§ * T + dQ(x,aM)>|u( 1) —u(t)]
S Ceo [ [Vt - u(t)P
M
where we have used both the Poincaré inequality and the Hardy inequality in the last

step.
By (2.37), we have

1
/ |Ou(ty)* < / |0ul?.
M lo =11 J s o)

This, combined with the Holder inequality and (2.40), implies

1| < [[0wu(ta) || 2y llu(ty) — u(ta)l 22 an
< Vo = t|0wu(ta)|| 2 [0 L2 (v x ey 12
< [ joar
MX[tl,tQ}
<

%[/MWu(tl)I?—/M|vu(t2)|2]

Putting the estimates of I, [T into (2.43) yields (2.33) so that the conclusions of The-
orem 2.4.1 hold. The proof is now complete. O
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Proof of Corollary 2.4.2. It follows from Theorem 2.4.1 that E(u(t)) is monotone
decreasing for Ty <t < +o00. Hence

lim E(u(t)) = ¢ < +o0.

t—o0
Let {t;} be any monotone increasing sequence such that lim ¢; = +0o. Then (2.33)

i—00

implies that for any j > 1,

[ Pttt —u)P < [ [ Vel = [ Vuttg)F] -0

as i — oo. This implies that there exists a map uy, € H*(M, N), with us = ug on
OM , such that
lim / IV (u(t) — us)|* = 0.

M

t—o00

Since (2.40) implies there exists t; T 0o such that
1—00

we see that u., is a weak harmonic map. Moreover, by the gradient estimate (2.36),
we have that for any compact set K CC M and m > 1, one has that for ¢ sufficiently
large,

IV u®llcoe) < Cleo,m. K),

which clearly implies that u(t) — us in C™(K), as t — oo. This completes the proof.
U

2.5 Uniqueness of Serrin’s (p,¢)-solutions to general Riemannian mani-

fold

The following is the uniqueness result for Serrin’s (p, ¢)-solutions of the heat flow of
harmonic maps into a general Riemannian manifold.

Theorem 2.5.1. Forn > 2, 0 < T < 400, let (M,g) be either a compact or
complete Riemannian manifold without boundary or a compact Riemannian manifold
with boundary, and N be a compact Riemannian manifold without boundary. Let
up,uy € HY(M x [0,T],N) be two weak solutions of (1.3), with u; = uy = ug on
(M x [0,T)) for some ug € WH2(M, N), such that Vuy,Vuy € LILL(M x [0,T))
for some (l,q) satisfying (1.17) with | > n,q > 2. Then uy,us € C*(M x (0,T)),
and uy; = uy on M x [0,T].

The following proposition indicate that any Serrin’s (I, ¢)-solution to (1.3), under
a suitable initial-boundary data ug, satisfies the condition (2.1) for some p > 1 in
Theorem 2.1.1.
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Proposition 2.5.2. Forn > 2, 0 <T < 400, and a compact Riemannian manifold
N C R* without boundary, suppose u € H*(M x [0, T], N) is a weak solution of (1.5),
with the initial and boundary value ug : M — N satisfying Vuy € L™ (M) for some
n <r < +4oo, such that Vu € L{LL(M x [0,T]) for some (1,q) satisfying (1.17) with
[ >n,qg>2. Then

a 1
(i) Ou € L L3 (M x [0,T7); and
(ii) for any € > 0, there exists R = R(u,€) > 0 such that for any 1 < s < min{%, 4},

sup {rS—(n+2)/ (|Vul® +r°|0ul®) | (x,t) € M x[0,T], 0 <r < R} <€
Py (@,t)N(M x[0,T])
(2.45)

Proof. We consider the case that (M, g) is complete and noncompact, and leave the
discussion of the other cases to interested readers. For simplicity, assume (M, g) =

(Rn, gO) :
Let H be the heat kernel in R”. Then by the Duhamel formula, we have

u(z,t) = H(ﬁ—ya> o(y)
; / [ H( =yt = $)A()(Vu, Vu) 3, ) (2.46)

= wuy(xz,,t) + ug(z,t).

It is easy to see that

Viui(z,t) = | VoH(z —y,t)Vyuo(y).

R”

Hence by the standard integral estimates (see [24] page 234), we have

Hv%l - < 0T 5 ||V, . (2.47)
L2 L2 (R"x[0,T]) LT (R™)
For us, since
t
V(e t) = [ [ VEH@ -yt - 9A@(Tu V) 9)
0 n
we can apply the Calderon-Zgymund’s L§L? -theorey to obtain
HV%Q - < CHVu L (248
202 (R x[0,T)) L (R™x[0,T1) LILL(R™x[0,T])

a L
Substituting (2.47) and (2.48) into (2.46) yields V2u € L2L2(R™ x [0,7]). This,
combined with the equation (1.3), then implies (i).
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To see (ii), observe that by the Holder inequality, we have that for any 1 < s <

min{%,% ;
1
™) I ,
Py (z,t)N(M x[0,T]) LiLL (Pr(z,t)N(Mx[0,T1))
and )
(T2s_<n+2> / | Ms) f < ‘ ol '
Pr(z,t)N(M x[0,T]) L7 L (Pr(x,t)N(Mx[0,77))
These two inequalities clearly imply (2.45). O

Now the following is the proof of e-regularity of Serrin’s solutions to (1.3) for
any Riemannian manifold N. This need totally different argument from the cases in
former sections.

Lemma 2.5.3. There is an ¢ > 0 such that if u € H' (P, N), with Vu € L{LL(P,)
for some | > n and q > 2 satisfying (1.17), is a weak solution to (1.3) and

IVull Loy ) < €o, (2.49)
then u € C'OO(P%,N) and
||U||Cm(P%) < C(m,n,p,q)||VullL2p) (2.50)

for any positive integer m.

The following inequality, due to Serrin ([78] Lemma 1) plays an very important
role in the proof.

Lemma 2.5.4. For any open set U C R™ and any open interval I C R, let f, g,
he L2ZHYNU x I) and f € LILY.(U x I) with 1 > n and q > 2 satisfying (1.17). Then
we have

/U Xl|f||g||w|scnwumm||g||ggH%W>{ / ||f||zl(U)||guiz(U)dt} . (251

where C' > 0 depends only on n.

Proof of Lemma 2.5.3. For any (z,t) € P% and 0 < r < %, by (2.49) we have

IVull Loz (py (a0 < €o- (2.52)

Let v : P.(z,t) — R¥ solve

(2.53)

vy —Av =0, in P (x,t)
v=u, ond,P. (. t).
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Denote w = u — v. Multiplying (1.3) and (2.53) by w, subtracting the resulting
equations and integrating over P.(z,t), we obtain

sup/ P (- 8) 4+ 2 / Vol < / VPl
t—r2<s<t T(x) Pr(x,t) Pr (xvt)

< ||VU||L2 P (z,t) ||vaL2(Pr z,t) {L r2 ||Vu||Ll(B (x)) le|L2 (Br(x ))}q , <00

IVull L2 @y | VWl 2By (20 | VU Lo L (B, () q =00
(2.54)

1

where we have used (2.51) and the Poincaré inequality in last step. Since
IVull Lo (p, () < €0, we obtain, by the Young inequality,

swp [ quPs)e2 [ vup
t—r2<s<t J B,(z) Pr(x,t)

. (2.55)
{kum ey + VUL (p oy T CR N0 5,y 4 < 00
||Vw||L2(PT @t T CEOHVUHLZ(pr(m)y q =0
Choosing €, > 0 so that
q
Cef <1, q < +o0,
CEO S ]-7 q =00
we obtain
[, 190 < ol Tl ey (2.56)

On the other hand, by the standard estimate on the heat equation, we obtain that
for any 0 < 0 < 1,

(97“)”/ \Vv]Q < 0927“"/ \Vu|2. (2.57)
PBT(I t)

Pr(z,t)

(2.56) and (2.57) imply that

(97“)‘"/ [Vul? < 0(92 + 0‘”eo)r‘"/ Vul®. (2.58)
Por(,t) Pr(z,t)

For any 0 < a < 1, choose first 6y > 0 such that C63 < 162* and then

g /1
< mi —
€o < min 50 (20> ,

we obtain that for any (z,t) € Prand 0 <r < 1, it holds

(907“)_”/ |Vul? < Hgar_”/ |Vul?, (2.59)
PGUT(fvt) P’!‘O (xrt)
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Iterating (2.59), we obtain for any positive integer [,

(967“)_”/ Vul? < 98’“7“_"/ |Vul?, (2.60)
Py (x,t) Pr(z,t)

607"

It is standard that (2.60) implies

(2.61)

N | —

7’"/ Vul? < Or*™ [ |Vul?, V(z,t) € Pr, 0<r <
PT(Z‘,t) Pl 2

By (2.61), we have that Vu € M??72%(P;) for any 0 < a < 1. Now we can apply the
regularity theorem by Huang-Wang [45] Theorem 1.5 to conclude that u € C’OO(P%)

and the estimate (2.50) holds. This completes the proof. O

By suitable scaling, the possible blow-up rate of ||[Vu(t)|| L~ as t tends to zero can
be estimated as below.

Lemma 2.5.5. For T" > 0 and a compact or complete manifold (M,g) without
boundary, suppose that v € HY (M x [0,T],N) is a weak solution to (1.3), with
Vu € LILL(M x [0,T]) for some | > n and q > 2 satisfying (1.17), then u €
C>®(M x (0,T], N) and there exists ty > 0 such that

. (2.62)
LYLL(M[0,t0))

sup \/ZHVu(t)H

0<t<tg

<cfes

Loo(M

In particular,
lim ﬁ“vu(t) H —0. (2.63)
t10+ Lo (M)
Proof. For simplicity, we assume that (M, g) = (R", go). Since Vu € LILL(R™ x
[0,77]) for some [ > n and ¢ > 2 satisfying (1.17), we have that for ¢y > 0 given by
Lemma 2.5.3, there exists dg > 0 such that

1 S €0,
LiLL (Ps, (z0,to) R )

sup ’ ’ Vu ‘
(zo,to)€R™x[0,T]

In particular, for any 0 < 7 < §g and any zy € R”, we have

< 6. (2.64)

L{Li(Br (o) x[0,72])

g

Define v(y, s) = u(xg + 7y, 72 + 725) for (y,s) € P;(0,0). Then v solves (1.3) on
P;(0,0), and satisfies

v

S €0.
L{LL(P1(0,0))

Hence Lemma 2.5.3 implies

HV/UHLOQ(P% (0,0)) S CHVUHLQ(FH(O,O))' (265)
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After rescalings, (2.65) implies that u € C*°(Pz (20, 77)) and

THVUH <Ot Vu’ . (2.66)
L>=(Pg (2,72)) L2(P; (2,72))
By Hélder’s inequality and (1.17), we have
73 Vu‘ < Hvu‘ . (2.67)
L2(Pr(z0,72)) L{LL (Pr(z0,7))
Putting (2.67) together with (2.66), we obtain
THVU(T2) < CHVu‘ . (2.68)
Lo (R™) LILL (R x[0,72])

After sending 7 — 0, (2.68) clearly implies (2.63). It is not hard to see that (2.62)
also follows. This completes the proof. 0

The next lemma handles the case that (M, g) is a compact Riemannian manifold
with boundary.

Lemma 2.5.6. For T > 0 and a compact manifold (M, g) with boundary, suppose
that w € HY(M x [0,T], N) is a weak solution of (1.3), with Vu € L{L'.(M x [0,T])
for some | > n and q > 2 satisfying (1.17), then v € C*(M x (0,T],N). Moreover,
for any sufficiently small ey > 0, there exists Ty > 0 depending only on €y and u such
that

1 1
Vu(zo,to)] < C ( )
Vulwo o)l = Col g * V&
Proof. Let ¢y > 0 be given by Lemma 2.5.3. Since Vu € LIL! (M x [0,T]) with
[ >n,q > 2, there exists Ty > 0 such that

V(ZL‘Q,tO) e M x (O,To] (269)

g

S €0.
LILL (M x[0,Tv])

For any zq € M and 0 < ty < T}, we divide the proof into two cases:
(i) d(xg,OM) > \/ty; and
(ii) d(zo, OM) < Vio.
For (i), since P /;(20) C M x (0,Ty], we have |]VuHLgL;£(p\/%(ZO)) < €. As in Lemma
2.5.5, we conclude that u € C*°(P /;(20)) and

R

CEO
\Y% < —.
[Vul(z0) < N
For (ii), set ro = min{d(x¢, 0M),\/to}. Then P, (z0) C M x (0,Tp] and
IVul Lo (p,, (20)) < €0- Hence we can conclude that u € C*°(Pro (%)) and

OE() 1 1
< —X .
|VU’(ZO> T ory CEO(d(IQ,aM) * \/t())
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Thus (2.69) holds. This completes the proof. O

Proof of Theorem 2.5.1. It follows from Lemma 2.5.5 and Lemma 2.5.6 that
there exists 7 > 0 such that both the condition (2.22) of Theorem 2.2.1 and the
estimate (2.2) of Theorem 2.1.1 hold on M x [0,Ty]. Thus we can apply the same
proof of Theorem 2.2.1 to obtain that u = v on M x [0, Ty]. One can repeat the same
argument to show that u = v on M x [Tp, T. O

Copyright© Tao Huang 2013
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Chapter 3 Regularity and uniqueness for a class of solutions to the
hydrodynamic flow of nematic liquid crystals

In this chapter, the Serrin’s (p, ¢)-solution to hydrodynamic flow of nematic liquid
crystals will be studied by similar argument as the study of heat flow of harmonic
maps.

3.1 Regularity

Recall the definition of Serrin’s (p, ¢)-solution is as follows:

Definition 3.1.1. A weak solution (u,d) € H*(R™ x [0, T],R™ x S?) of (1.5) if called
a Serrin’s (p, q)-solution, if (u,Vd) € LYLI(R™ x [0,T]) for some (p,q) satisfying
(1.6).

The result concerns an €p-regularity criterion for Serrin’s (p, ¢)-solutions to (1.5).

Theorem 3.1.2. There exists ¢g > 0 such that if a weak solution
(u,d) € H'(P,(z0,t0), R x S?) to (1.5) satisfies

||u||Lng(Pr($o,to)) + ||Vd||Lng(Pr(mo,to)) < ¢€o, (3-1)

where p > 2 and q > n satisfy (1.6), then (u,d) € C*(P.

= (20, 10)), and
rllullze(p g @oton + TIVAllz= @, @oto)) < C (1ullrrace, ooy T IVl Lz, woo)) -
(3.2)

A direct corollary of Theorem 3.1.2 is the following regularity theorem for Serrin’s
(p, q)-solutions to (1.5).

Corollary 3.1.3. For some 0 < T < +oo, suppose that (u,d) € H'(R"x [0, T], R" x
S?) is a weak solution to (1.5) with (u,Vd) € LYLL(R™ x [0,T]), for some p > 2 and
q > n satisfying (1.6). Then (u,d) € C*(R" x (0,T],R" x S?).

Remark 3.1.4. (i) For the heat flow of harmonic maps and the Navier-Stokes
equations, Corollary 3.1.3 is valid for the end point case (p,q) = (+oo,n). It is
an interesting open question to investigate the regqularity of Serrin’s solutions to (1.5)
in this end point case.

(i) If (ug, Vdy) € LY (R™) for some ~y > n, then the local existence of Serrin’s solutions
in LYLY for some p > 2 and q > n can be obtained by the fized point argument (see

e.g., [24] §4).

To prove Theorem 3.1.2 and Corollary 3.1.3 for nematic liquid crystal flows (1.5),
the crucial step is to establish an ej-regularity criterion.
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Lemma 3.1.5. There exists ¢g > 0 such that if (u,Vd) € LYLL(P;(0,1)), for some
p > 2 and q > n satisfying (1.6), is a weak solution to (1.5) that satisfies

wllrra (o)) + IVAllrracpio,1y) < €o, (3.3)
then (u,d) € C™( %(O 1)), and
lull o=y 0,1 + IV elllzee(py 0,17 < Ceo. (3.4)

In the proof of this lemma, the following inequality, due to Serrin [78], plays an
important role.

Lemma 3.1.6. For any open set U C R™ and any open interval I C R, let f, g,
he L?HXU xI) and f € LYLI(U x I) with 3 < n < q < 400 and 2 < p < +oo
satisfying (1.6). Then

/U 1 F611Vh < CIV Iz llolfe ){ / 112, Rn)uguLan)dzﬁ} . (35)

where C' > 0 depends only on n.

Proof of Lemma 3.1.5. For any (z,t) € P%(O, 1) and 0 < r < , we have, by (3.3),

[l Lz zap, ey + VAl LrLap(aa)) < €o- (3.6)
The proof will be divided into two claims.
Claim 1. Vd € LV(P%(O, 1)) for any 1 < v < oo, and

IVallz ey 0.y < CONIVAl g ey 0.1 (3.7)
To show it, let dy : P.(x,t) — R3 solve

Oy — Ady = 0, in Pz, 1) -
dy =d, ond,P.(x,t). ‘

Set dy = d—d;. Multiplying (1.5)3 and (3.8) by ds, subtracting the resulting equations
and integrating over P,.(z,t), we obtain

sup / |do|?(-, 7) + 2/ |Vds|?
t—r2<r<t () Pr(z,t)

<C (lulldo||Vd] + [Vd]|do|[Vd]) = J1 + Ja.

Py (z,t)

(3.9)

By (3.5), the Poincaré inequality and the Young inequality, we have

HVdHL2 Pr xt HVd2HEQ(PT ))

1
_ i
LT O O 1 N 1 g p < +00
V| 2P, 2ip) | V2l 22 Py (1) )||U||L§°L3(PT(z,t)), p = +o0,

o
{2‘|Vd2||L2 (Pr(zt) T OEOHVd”iz(pr(;p,t)) + Ceg Hd2||%§°L§(PT(x,t))a p < +00
QHVdQHL?(PT(x,t)) + CEOHVdH%Q(PT(x,t))’ p = +00.
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Similarly, for .J5, we have
D
|J2| < {%HVCbH%Q(PT(x,t)) + CGOHVdH%Q(PT(x,t)) + Cﬁg Hd2”%f°LE)(Pr(z,t))7 p < +00
%Hvd2H%2(PT(I,t)) + CEOHVdH%Q(PT(I,t))7 p = +00.

Putting these estimates into (3.9), applying (3.6), and choosing sufficiently small €,
we have

/P - IVds|* < Ceo||Vdl2a(p, (001 (3.10)

This, combined with the standard estimate on dy, implies that for any 6 € (0, 1),
(Or) / VP < (67 + 07 ) / Vd[. (3.11)
P@r(xﬂ:) Pr(xvt)

By iterations, we obtain for any (z,t) € P% (0,1),0<r < % and 0 < o < 1,

e / Vd2 < Cr2 / Vd]. (3.12)
PT(CCJ) Pl(O,l)

Hence Vd € MQ’Q*QO‘(P% (0,1)) and
IVl yvea-zecpy 00y < ClIVAllzLs e 0,1)- (3.13)

Now Claim 1 follows by the same estimate of Riesz potentials between parabolic
Morrey spaces as in [46] (Theorem 1.5) and [62] (Lemma 2.1).

Claim 2. u € LV(P%(O, 1)) for any 1 < v < oo, and
lullz2cpy 0.1 = CNNlull zpLacpi01))- (3.14)

Let E7 be the closure in L7(R™, R") of all divergence-free vector fields with com-
pact supports. Let P : L*(R",R") — E? be the Leray projection operator. It is
well-known that P can be extended to a bounded linear operator from L7(R"™, R") to
EY for all 1 < v < 4+00. Let A = PA denote the Stokes operator.

For any (z,t) € Pi(O’D and 0 < r < 1, let n € C°(Pa(2,t)) be such that
0<n<1n=1on P(z,t), |Vn < 4 and |9y < 16r =2 Let (v,P') :
R™ x (0,1) — R™ x R solve

dv — Av+ VP = -V (772(u ®u+Vd® Vd— %\Vd|2]ln)> in R” x (0,1)

V-v=0 in R™ x (0,1)
v=>0 on R™ x {0}.
(3.15)

Define w : P,(x,t) — R" by w = u—v. Then w solves the Stokes equation in P,(x,t):

{ ow—Aw+VQ'=0 in P.(z,t) (3.16)

V-w=0 in P (z,t).
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By the standard theory of linear Stokes’ equations, we have that w € C*(P,(z,1))
and, for any 6 € (0,1),

1wl zerapy ey < CO Wl Lrrap,a)- (3.17)
To estimate v, we apply P to both sides of the equation (3.15); to obtain
1
ov—Av = —-PV- (nz(u®u+Vd®Vd—§\Vd]2]In)> in R"x(0,1); v =0o0nR"x{0}.

By the Duhamel formula, we have
! 1
o(t) = —/ e~ (t=TAPY . <n2(u ®u+Vd® Vd— 5|Vd|2]1n)> dr, 0 <t <1. (3.18)
0

Now we can apply Fabes-Jones-Riviere [24] Theorem 3.1 (see also Kato [48] page 474,
(2.3')) to conclude that v € LYLIL(R™ x [0, 1]) and

C(HWH%@?L%(RW[OJ]) + HUVdH%fLZ(R"X[O,l]))
Ceo(llull rrapo @) + IVl L2 L1y, (@,0))) - (3.19)

vl ra@expy) <
<

Putting (3.17) and (3.19) together, we have that for any 6 € (0, 1),

HuHLng(PgT(;r,t)) < 0(9 + GO)HUHLfLZ(PQT(I,t)) + C€0|’Vd|’LfLZ(P2T(m,t))- (3-2())

By Claim 1, we have that for any « € (0, 1), there exists ¢, > 0 depending on « such
that
IVl o L3Py, 2y < CTNV Lo ra(py0,1))- (3.21)

Substituting (3.21) into (3.20) yields

ull o La(py, @y < CO + €o)llullrra(py, @) + CT IVl Lrrapio,1)- (3.22)

It is standard that by choosing 6 = 60y(«) > 0 and iterating (3.22) finitely many
times, we conclude that for any (z,t) € P%, 0<r<jand0<a<l,

lullzzzs ey < C(Illizrscrnon + IVdlzrseon ) (3.23)

By Hélder’s inequality, (3.23) implies that u € M>?*72%(Ps(0,1)), and

HUHMM—M(P%(OJ)) < C[HUHLng(Pl(o,l)) + ||VdHLfLZ(P1(0,1))]- (3.24)

The higher integrability estimate of u on P%(O, 1) can be done by the parabolic
Riesz potential estimate in parabolic Morrey spaces. Here we will sketch it. Let
¢ € C’go(P%(O, 1)) such that 0 < ¢ <1,¢=1on PI%(O, 1), and

0,0| + |Vo| + [ V30| < C.
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Define @ : R™ x [0, 1] — R™ by
t
1
() = — / e~ (-TIApY . <¢2(u ®u+VdeVd - 5|vc1|2]1n)) dr, 0 <t<1. (3.25)
0

Then, as in the proof of Theorem 3.1 (i) of [24], we have that for any (z,t) € R"x (0, 1],

i) <0 [ [ s (o +oVaR s duds. (320

Recall the parabolic Riesz potential of order 1, I1(-), is defined by

L(f)(z) = / L4 pe pigey,

n+1 5”+1(z, w)

Then we have
iz, 8)] < CL(F)(,8), (x,t) € R" x (0,1], (3.27)

where

F = ¢*(|ul* +|Vd|*).
By Holder’s inequality, (3.13), and (3.24), we have that F' € M"?72*(R"™!) and
||F||M1v2*2a(R"+1) < C(HVdH%ng(Pl(O,l)) + ||u||%ng(P1(071))>' (3.28)

2—2a 2-9q

Hence, by [46] Theorem 3.1 (ii), we conclude that v € M, = (R" x [0, 1]), and

HﬁHMizgg’272Q(R"x[071}) < C”FHMI,Q—Qa(Rn+1)

< C(INdBprgeprom + 1elprgpony ) - (3:29)

As lim 229 — 400, we have that U € LW(P%(O, 1)) for any 1 < v < 400, and
ats

||ﬂ||Lw(Pl%) < C(’Y)(HVdHing(Pl(o,n) + HuHing(Pl(O,l)))‘ (3.30)
Set w = u —u on P5 (0.1). Then it follows from (1.5) and (3.25) that
O —AD+VQ=0, V-w=0 in Ps(0,1).

By the standard theory of linear Stokes’ equations, we have that w € LOO(P%(O, 1)),
and

A\

[&l ey 00y < Cll@lzes 01) < C(HUHLI(P%(UJ)) + llullzy e, (0,1)))

16 16

1
C(HVdHLsz(Pl(o,1)) + HUHLng(Pl(o,U)) . (3.31)

IN

It is clear that (3.14) follows from (3.30) and (3.31). This completes the proof of
Claim 2.
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Finally, it is not hard to see that by the Wf’l—theory for the heat equation and the
linear Stokes equation, and the Sobolev embedding theorem, we have that (u, Vd) €
LOO(P% (0,1)). Then the Schauder’s theory and the bootstrap argument can imply

that (u,d) € C*°(P1(0,1)). Furthermore, the estimate (3.4) holds. This completes

16

the proof. 0
Proof of Corollary 3.1.3: It is easy to see that when p > 2, ¢ > n, for any
(x,t) € R" x (0, T], we can find Ry > 0 such that

lwll 22 (Pry (e.t) T IV 2228 Py, () < €0, (3.32)

where ¢ is given in Lemma 3.1.5. By Theorem 3.1.2, we conclude that (u,d) €
C®(Pry (z,t)). This completes the proof of Corollary 3.1.3 O
16

3.2 Uniqueness

As a corollary of Theorem 3.1.2 and Corollary 3.1.3, the following uniqueness of
Serrin’s (p, g)-solutions to (1.5) holds.

Theorem 3.2.1. Forn >2,0<T < 400, and i = 1,2, if (u;,d;) : R" x [0,T] —
R" x S% are two weak solutions to (1.5) with the same initial data (ug,dp) : R™ —
R"™ x S2. Suppose, in additions, there exists p > 2 and q > n satisfying (1.6) such
that (uy,Vdy), (ug, Vds) € LYLL(R™ x [0,T]). Then (uy,dy) = (ug,dz) on R™ x [0, T].

To prove Theorem 3.2.1, one need the following estimate.

Lemma 3.2.2. For T > 0, suppose that (u,d) is a weak solution to (1.5) in R™ x
(0,T], which satisfies the assumption of Theorem 3.2.1. Then (u,d) € C(R" x
(0,T],R™ x S?), and there exists ty > 0 such that for 0 <t < ty, it holds

sup. V7 (I @) + VA e ) < Ol przcaecion + 19l praceecion )
<7<
(3.33)

In particular, we have

lisy VE( Jull <o) + [Vl ) = 0. (3.34)

tlo+

Proof. Let ¢ be given by Lemma 3.1.5. Since p > 2 and ¢ > n satisfy (1.6), for
any 0 < € < ¢y we can find ¢, > 0 such that for any 0 < 7 < /%,

[l 2 La@nxor2)) + IVl Lo L2 ®rxjo,r2) < €. (3.35)
For any xy € R", define

<y7 3) - TU(ZEO + yr, 87—2)
(y7 S) = TQP(;EO + yT, 87-2)
(y,s) = d(xo+ yr, sT2).

Q) '“U\ I~
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Then (u, P, d) is a weak solution to (1.5) on P;(0,1), and by (3.35),
Il e e oy + IVl Lz cpyo.1)) < €. (3.36)
By Lemma 3.1.5, we conclude that
[@(0,1)| +|Vd(0,1)] < C (HaHLfL%(Pl(O,l)) + ||VJ||L§’L3(P1(0,1))) . (3.37)
By rescaling, this implies

T (|U(950772)| + |Vd($0>72)|) <C (||U||L§’L3(Rnx[o,72]) + ||Vd||LfL2(Rnx[0,T2])) < Ce.
(3.38)
Taking supremum over all xy € R™ completes the proof. 0

Proof of Theorem 3.2.1: By (3.34), we have that for any € > 0, there exists
to = to(€) > 0 such that

2
= 37| sup VE(Juu(t) ey + V() |1 a)

—' Lo<t<to
+([[will L7 L3 (e x[0,60])) T Hde'||Lng(Rnx[o,t0])))] <e (3.39)

It suffices to show (uy,d;) = (ug,dy) on R™ x [0,t0]. To do so, let u = u; — uy and
d = dy — dy. Applying P to both (1.5); for u; and us and taking the difference of
resulting equations, we have that

;

— Au
V-u=0,
dt —Ad= [(le + de) -Vd dg + |Vd1|2d] — [u : le + ug - Vd],
(wd)| = (0,0,
t=0

\

(3.40)
By the Duhamel formula, we have that for any 0 < t < t,

t
u(t) = —/ e~ t=TAPY . (u R Uy + Uy QU
0
YVA® Vd, + Vdy ® Vd + (|Vdy| + \Vd2|)|Vd|]In> dr

t
d(t) = / e 02 ((Vdy + Vo) - Vd dy + Vi 'd — - Vg — uy - Vd) dr. (3.41)
0
For 0 <t <tp, set

(t) = ||U||Lng(Rnx[o,t})) + HVdHLfLZ(R"x[O,t})) + Oiulzt Hd('vT)HLOO(Rn)-
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By (3.41) and the standard estimate on the heat kernel, we obtain that

HVd(t)’

La(R™)

2 t
1_
gC[Z/(t—T)p YV di]| pa@m | V|| poqny dr
i=1 70
t 1 )
ldlmey [ (6= 13Vl o
0 (3.42)
t
[ =0 9l e d
0

t 1_
+/ (t—T)» IHU2HL¢I(R")||VdHLq(R”)dT]‘
0

By the standard Riesz potential estimate in LP-spaces (see [24] Theorem 3.0), we see
that Vd € LYLL(R™ x [0, to]), and

|va

2
<C [ D Vil s @exioom IVl Lo g @ xpoo)
=1

LY LE(R™x[0,t0])
+ HdHLOO(R"x[O,tO])Hle”%ng(Rnx[o,to}) (3 43)
+ IVl 2 Lo e oo 1l 22 L3 &7 x [0,80]) '

+ uzll 2 Lo e oo | VAl 22 L3 @ < [O,to])]

<CA(to)®(to).

Similarly, by using the estimate of Theorem 3.1 (i) of [24], we have that u € LY LI (R™x
0,%0]), and

[l 2 L xj0.00)) SCAlt0) P (Lo)- (3.44)
Now we need to estimate sup ||d(-, )| zm®n). We claim
0<7<to
1] oo R x (0,07 < CAlto) @ (to)- (3.45)

To show (3.45), let H(x,t) be the heat kernel of R". By (3.41), we have

|d(z, 1)

t
-| / H(z — .t —7) (Vs + Vdy) - Vd dy + [V [*d) (3, 7) dydr
0 Jrn
¢
—/ H(z—y,t—T)(u-Vd1+u2-Vd)(y,T)dydT‘
0 R”
t
SC[/ H(zx —y,t —17)K(y, ) dydr
0 Jrr

t
+ / H(z =yt = 7)| Vi Py, 7) dydr - sup ld-,7)lzegen)]
o Jrn 0<r<t
(3.46)
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where
2

K(y,m) =Y _(jwl + [Vdil)(|u] +|Vd])(y. 7).

i=1
By (3.39), we have that for any 0 < ¢ < t,

t
/ H(zx —y,t —17)K(y, 7)dydr
0 Rn
¢ 2
ynd _ eyl
gA(to)/O (t—7)727 /Rnw +|Vd]) exp ( A= T)> dydr (3.47)
<Afto)|[ (¢ — )7 [Jul + v

<CA(ty)®(to),

p

Lr=1([0,t]) Ly L3 (R™x[0,])

where we have used Holder inequality and
1

P
= 1_(n 1 p __nr__ __ P __

P ; — t(i (zgt3) 501 (1_7-> 20-Da g 200-1) (T
Lr=1([0,t]) 0

1

H(t — 7')_2%7'_2

p

1
_2
= / (1-— 7')72(1)1’*”7'72(?*” dr < +00,
0

as (i) %4—%:%, and (ii) 2<p<+ooyieldsﬁ<land2&;j)<l.
Similarly, we can obtain that for 0 <t <,
¢
/ H(z — y,t — 7)|Vei (3, 7) dydr < CA(to). (3.48)
0 Jre

Putting (3.47) and (3.48) into (3.46) and taking supremum over (z,t) € R™ x [0, ¢],
we have

sup ||d|| zoorny < CA(to)®(to) + CA*(tg) sup ||d||poo(mn)- (3.49)
0<t<to 0<t<to
Therefore, if we choose € < /55 so that CA?(ty) < Ce? < 3, then we obtain (3.45).

Putting (3.43), (3.44) and (3.45) together, and choosing € < 55, we obtain

D(ty) < CA(to)@(to) < 5P(to).

DN —

This implies that ®(¢y) = 0 and hence (uy,d;) = (ug, ds) on R"x [0, to]. If tg < T, then
we can repeat the argument for ¢ € [ty, 7] and eventually show that (uy,d;) = (us, ds)
on R™ x [0, 7T]. This completes the proof. 0

Copyright© Tao Huang 2013
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Chapter 4 Regularity and uniqueness of the heat flow of biharmonic maps

Motivated by the study of uniqueness of heat flow of harmonic maps in Chapter 2,
in this chapter, the regularity and uniqueness of heat flow of biharmonic maps (1.9)
will be discussed by similar argument based on the Riesz potential estimates between
Morrey spaces, the higher order Hardy inequality and the general Gronwall argument.
As applications, the uniqueness of weakly biharmonic maps, uniqueness of limit at
t = +oo of heat flow of biharmonic maps and uniqueness of Serrin’s-(p, ¢) solution
will also be considered.

4.1 e-regularity

This section is devoted to the proof of Theorem 4.1.1, i.e., the regularity of heat flow
of biharmonic maps to S” under the smallness condition (4.1). The idea is motivated
by [10] on the regularity of stationary biharmonic maps to S*.

The first theorem concerns the regularity of (1.9).

Theorem 4.1.1. For% <p<2and0 < T < +oo, there exists €, > 0 such

that if u € Wy2(Q x [0,T],S*) is a weak solution of (1.9) and satisfies that, for
20 = (w0, t0) € Q% (0,T] and 0 < Ry < £ min{d(zo, Q), 1o},

2
% U||Mg§P(PRO(ZO)) + ||atu||M;§P(pR0(zo)) < &, (4.1)

then v € C* (P@(zo),SL), and

16

<% g1 (4.2)
Ry

‘Vmu(zo)

Remark 4.1.2. [t is an open question whether Theorem 4.1.1 holds for any compact
Riemannian manifold N without boundary (with p = 2).

The first step is to rewrite (1.9) into the form where nonlinear terms are of di-
vergence structures, analogous to [10] on the equation of biharmonic maps to S*.
As in [10], the nonlinearities in (1.9) can be divided into four different types: for
1<a< L+1,

T = ( u§ Au u? (uf —CB))J. or <U5Aua(u5 — cﬁ)), T = <(u" c )u’Buﬁ),
j
Tsy = A ((u® \Vu\ ), Ty = A ((W° = P)Au’)
Tgy = A (u( AuP) or A (v’ (u’ — ) Au?),

T33 = ((uﬁ — Cﬁ)uf@)jn” Tfl — (uaatuﬁ _ U’Batua) (uﬁ B Cﬁ) 7

(4.3)

where the upper index «, S denotes the component of a vector, the lower index 7, j
denotes the differentiation in the direction z;, z;, ¢® € RET! is a constant, and the
Einstein convention of summation is used.

45



Lemma 4.1.3. The equation (1.9) is equivalent to
Ou® + A*u® = Fo (T2, T, TS, Tay, Toy, Taz, To), 1<a<L+1,  (4.4)

where F,, denotes a linear function of its arguments such that the coefficients can be
bounded independent of u.

Proof. We follow [10] Proposition 1.2 closely. First, by Lemma 1.3 of [10], for every
fixed «,

A (|Vul?) and (u?\Vu\z)j are linear functions of 17y, 175, Tsy, Tao, Tyy, Tss,

whose coefficients can be bounded independent of u. For 1 < a < L + 1, set 4
St =u|Auf’, S5 = 2uu (AdP) S5 = uA (|Vuf) . (4.6)
Differentiation of |u| = 1 gives
wul =0, v Au” 4 [Vul> = 0. (4.7)
By the equation (1.8), we have
w A% + w2’ = WP A + PO, 1< a,B<L+1. (4.8)

It follows from (4.7) and (4.8) that

Sa (0% [0 (03
72 =u uf(AuB)j = uf <u (AuP); —u” (Au )J>

:u? (ua(Auﬁ)j —u’ (Au®); — U?‘Auﬁ + quua) + uf (U?Auﬂ - quua>

— {(uﬂ — ) <ua(Au5)J~ — (Au®); — u?‘Auﬁ + U?Aua> }]
+ (uﬁ — cﬁ) (u“@tuﬁ — uﬁatua) + uf (u;‘AuB — U?Aua>
={(v" = ) (u*Au” — u’ Au®) }jj — {uf (u*Au® — u’BAuo‘)} '
j
-2 {(u'g - cﬁ) (u?AuB - quuo‘) } -+ uf <U?Au’3 — u?Aua> + T3
j
_ {uf (u*Auf — u%ua)} + (U?Auﬁ - quua) G (T8, T8 TS, TS,

(4.9)

J

where G, is a linear function of its arguments whose coefficients can be bounded
independent of u. By (4.5) and (4.7), we have

Sg = (u® — ) A (|Vul]?) + A (|Vul?)
=A ((u® = ¢*) |Vul?) — 2 (u?(]VuF)] — AutuP Auf + A (|Vul?) (4.10)

= — AuCuP AP + Ho (TP, TS, TS Tay, TS, Tss),
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where H, is a linear function of its arguments whose coefficients can be bounded
independent of u. By (4.10), the definition of S¢, and (4.9), we have

S+ 85 = (uAu” — uP Au®) AuP + Ho (T, Tty Tsy, Too, Ty, Tn),
= {(uo‘Auﬁ — uﬁAuo‘) uf} - (u?‘Auﬁ — quuo‘> uf

' (4.11)

— (A — wPAug ) uf + Ho(TH, T, T, Toa, TSy, Ton),

__ %%

5~ 5+ LalTi Ty, To1, Too, Ty, Ty, Thh),

where L, is a linear function of its arguments whose coefficients can be bounded
independent of u. Therefore we obtain

ST+ 83 + 585 = La(T11, 11y, Ty, To2, Ty, Tss, Ty ).

This completes the proof. OJ

Next we recall some basic properties of the heat kernel for A? in R”, and the
definition of Riesz potentials on R™™! and the definition of BMO space and John-
Nirenberg’s inequality (see [47]). Let b(z,t) be the fundamental solution of

(0 + A%)v =0 in RT.

Then we have (see [50] §2.2):

bast) =75 () with gl6) = (m) [ oo, cemer
and the estimate
’Vmb(x,t)‘ <C (|t|i ¥ \x|)_"_m, V(z,t) eER™L Y m>1  (412)
We equip R"*! with the parabolic distance §:
O((.1). (4.5) = [t = s|t + |z —yl, (2.1), (v.5) R,

For 0 < a < n + 4, define the Riesz potential of order a on (R™*!, §) by

L= [ (t=shelo=ol) 1w, @o R @y

Rn+1

For any open set U C R""! let BMO(U) denote the space of functions of bounded
mean oscillations: f € BMO(U) if

[FIBMOW) = SUP{ ][

P.(z

| f = fruo) s P(z) C U} < 400, (4.14)
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1
where ][ = — and fp, ;) = f denotes the average of f over P.(z).
pey () e Po(2)
By the celebrated John-Nirenberg inequality (see [47]), we have that if f € BMO(U),

then for any 1 < ¢ < 400 it holds

sup { (]{3 e pr\q); CBECUF<C@|flpyoe,  @19)

Now it is ready to prove the e-regularity for the heat flow of biharmonic maps to
St.

Proposition 4.1.4. For any % < p <2, there exists €, > 0 such that if u : Py — S*
is a weak solution of (1.9) and satisfies

sup 7"2p_n_4/ - (IV?ulP + r*|0ul?) < €&, (4.16)
Pr(x,t

(z,t)eP3,0<r<1

then u € C’OO(P%,SL), and

A

< > 1. 4.1
ootpy C(p,n,m), ¥ m > (4.17)

Proof. We first establish Holder continuity of w in P%. It is based on the decay
estimate.
Claim. There exist €, > 0 and 6, € (0, 5) such that

1

[u} BMO(p,,) = 2 [u] BMO(,) (4.18)

In order to establish (4.18), we first want to prove that there exists ¢ > 1 such that

1
q
7[ ’u - UPOT(ZO)‘ <C (0_(n+4)6p + 9) (][ |u — UP,(20) ’q) (4'19>
Por(20) Pr(z0)

holds for any 0 < 6 < %, 20 € P,and 0 < r < 2.

By translation and scaling, it suffices to show (4.19) for z; = (0,0) and r = 2.
First, we need to extend u from P, to R"*1. Let the extension, still denoted by u, be
such that

lu| < 2in R™™ = 0 outisde P,

and

/ V2ul? + |0l < / V2ul? + |9yl
Rn+1 P
For1<a<L+1,let wi RZ“ — R be solutions of

Opwfy + A'wfy =T in R wi=0 on R"x {0} (4:20)

ij ij
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for ij € {11,12,21,23,41}, and and wyy, : R — R be solutions of
Owp + A*wy = Ty in R’fl; wee =0 on R"™ x {0} (4.21)
for k € {2,3}. Define v : P, — RLF! by letting
v = u” — Fo(wiy, wiy, we, wae, why, was, wyy ), 1 <a < L+ 1.
Here F, is the linear function given by Lemma 4.1.3. By (4.4), we have
o+ Av=0 in P,. (4.22)

It follows from (4.21) and the Duhamel formula that for 1 <a < L+ 1,

wq- = fRnX 0.4 —y,t— s)T-"?( s), ij € {11,12,21,23, 41}, (4.23)
wkk Z, t

fR"x[Ot]( —y,t —5)Ti(y, s), k€ {2,3},

Set ¢ = u%, in (4.3). Then it is easy to see |c*| < 1. Now we can estimate w{, by
(wgy can be estimated similarly):

|U)?2(I7 t)l -

/ Vb — gt — s)(u® — ul bl (y, )
R™x[0,t]

1 —n—l 4.24
S[ (e=shrlo=sl) " e unlval Tl 4
R’VL

SIs (xpolu = up,|[Vul[VPul) (1),

where xp, is the characteristic function of P;.
By the estimate of Riesz potentials in Li-spaces (see also Proposition 4.5.5 below)

we have that for any f € L, 1 < ¢ < +oo, I,(f) € L9, where % zé i Asp >

we can check that for sufficiently large ¢; > 1, there exists ¢; > 1 such that
1 1 1 1 3

— + .
GG p 2p @ n+4

Hence we obtain

Hw?2 < C’Hu—u;>2 Vu‘ V2u < Cepllu — up, .
L1 (Py) L1 (Py) L2r(Py) Lr(P2) L1 (Py)
(4.25)
Next we can estimate w$; by (we and wgy can be estimated similarly):
w0l =| [ Ayt - 9t~ u) Val(.)
R" x[0,t]
(4.26)

1 —n—2
S [ (sl rl=a) " e un I VeP.s)
Rn+1
SE (xnu = un [ V) (2,)
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For g > 1 sufficiently large, there exists go > 1 be such that

1 1 1 2
+ .
@2 p @ n+4

Hence we obtain

g < CH - Vul? <C - : _
Hw21 P U — up, Los(py) |Vul ey = €p|lu — up, Loa () (4.27)
For w33, we have
lwss(z, )| = Abj(z —y, t — ) (W’ —ud )l (y, s)
33\, i Y, P )W \Y,
R" x0,t]
1 —n—3 4.28
s[ (e=stlo-ol) - unlval@s) 4
Rn+1
Sll (sz‘u - uPzHVUD :
For g3 > 1 sufficiently large, there exists gz > 1 such that
11 1 1
B 2p g n+d
Hence we obtain
ngs,‘ _ < CHu—uP2 VU‘ < Cepllu — up, . (4.29)
L3 () L93(Py) L2P(Py) L3 (Py)
For wg,, we have
o, + A*ws, = (uaatuﬁ — uﬁatuo‘) (uﬁ — ué) : (4.30)

By the Duhamel formular, we have

t
wi(x,t) = Z/o / b(x —y,t —s) (u“@tuﬁ - uﬁatuo‘) (uﬁ - u%) (y,s),
/8 n

L4 (R”X[O,Q]))

so that by applying the Young inequality we obtain

||w41||L‘ﬁ(R"X[O,Q]) 5 ||bHL1(R”><[0,2]) <Z H<uaatUB — uﬂatua)(uﬁ — UgQ)
a7ﬁ

5 Hatu”LP(Pz)Hu —Up, ||Lq4(P2)’ (431)
where ¢4 > p%l and 1 < g4 < p satisfy
1 1 1
— ==+
44 P 4

Set
q = max{q,q2,q3,qs} > 1 and ¢ = min{qy, @2, @3, g1} > 1.
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By (4.25), (4.27), (4.29) and (4.31), we have

1<a<L+1 3
S el + D lwwllsaey < Cellu—un o (432)
ij=11,12,21,23 41 k=2 (P2)

On the other hand, by the standard estimate on v, we have that for any 0 < 6 < 1,

(][ lv — UPQ‘QN) ' <Co <][ lv — vp1|q) ' < C’HHu — Uup,
Py Py

Adding (4.32) and (4.33) together and applying the Holder inequality, we obtain

. 4.33
. (4.33)

lu —up,| < ( |u—uP6|C7>q < 0(9_("+4)6p+9) ( |u—uP2|q>q . (4.34)
Py
This implies (4.19).
Now we indicate how (4.18) follows from (4.19). It follows from the Poincaré
inequality and (4.16) that v € BMO(Ps), and hence by (4.15) we have

Py Py

up | < C (O 4 H 435
]{oe,«(z@ U= el < O v+ 0) [ BMO(p,) (4.35)

holds for any 0 < 6 < %, 20 € P, and 0 < r < 1. Taking supremum of (4.35) over all
20 € Py and 0 < r < 1, we obtain

< C (0" e, +0) [u}

[u} BMOz,) — (4.36)

BMOr,)

If we choose § = 6, € (0,%) and ¢, small enough so that
—(n+4) 1
C (90 €p + 90) < 5,

then (4.36) implies (4.18).

It is standard that iterating (4.18) yields the Holder continuity of u by using the
Campanato theory [4]. To prove the higher-order regularity, we need the following
proposition

Proposition 4.1.5. For 0 < a < 1, if u € W,* N C%(Py, N) is a weak solution of
(1.8), then w € C*(P;,N), and

o

Vom > 1. (4.37)

€ e * s
Cco(Py) Co(Py) LIW22(Py)

Proof. By Claim 2 and Claim 3 in the proof of Theorem 4.5.3 below, it suffices
to establish that V?u € M>*1%(Ps) for some 2<a<l1,and

HV2U

. (4.38)

sy S [y |7
M2,474O¢(P%) CO((PQ) L2(P2)
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This will be achieved by the hole-filling type argument. For any fixed zg = (xo,to) €
Ps and 0 <r < 1, let ¢ € C§°(R™) be a cut-off function of B,(zo), i.e.,

0<¢<1, p=1in B,(xg), ¢ =0 outside Bo,(x9), |V"0| < Cr=™, ¥V m > 1.

Set ¢ := ][ u € R¥ . Multiplying (1.8) by (u — ¢)¢* and integrating over R, we
P’V'(ZO)

obtain
d
G Lot e2 [ Ao Aw-06) =2 [ Apylul - -0
S [ PP clot+ [ (9l (- )6t (4.39)
R R

For the second term in the left hand side of (4.39), we have

2 / Al o) Al 0)pt) =2 / V2 (u— ) - V((u — o)

n

> 9 / V2l = C [ Ju— (V2 + VY + FIVHPIVul. (4.40)
BT(ZO) R»

Substituting (4.40) into (4.39) and integrating over t € [to — 7%, ¢,], we obtain

/ (V2ul* < / lu — c|* + (2_(”+4) + Coscp,, (z)U) / |V2u?
Pr(20) Bar(wo) x{to—r*} Py (20)

+Cr" (oscp%(z())u)2 + C [1+ (0scp,, (z0)u)’] r2/ ¢*| Vul?
P2'r(20)

+C / |Vul*¢?* (4.41)
Par(20)
By integration by parts and the Holder inequality, we have

7’2/ ¢°|Vu|* < Cr? (oscp,, (z)u) / [V2ul + Cr" (OSCP%(ZO)U)2 ’
PQT(ZO) PQT(

z0)

and

JAG
Py (20)

< 99 / |V2ul? + Cr" (OSCPQT(ZO)U)4 +C (OSCPQT(ZO)U>2/ |V2ul.
Par(20) Par(z0)

Putting these two inequalities into (4.41) and using oscp,, (., )u < Cr®, we get

J/p “721L|2
P’r(z())

< (2_("+3)+0r0‘)/

P>, (20)

|V2u|? + Or™ 2> 4 C(1 + 7’2”)7"”_2/ V2|

P>, (20)

< (270 4 Or®) / |V2ul* + Cr 2, (4.42)

P>, (20)
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where we have used the following inequality in the last step:

C(1 + r2yro /

Ps.(z0)

|V2u] < 2(n+3)/ ‘VQU‘Q +CT”+2a.

Par(z0)
Choosing r > 0 so small that Cr® < 2-("*3) e see that (4.42) implies
1
r‘”/ (V2ul* < —(27‘)‘”/ |V2ul? + Cr?. (4.43)
PT(ZO) 2 PQT(ZO)

It is clear that iterating (4.43) implies that there is ap € (0,1) such that V?u €
M**7220(Ps) and

2

(4.44)

¥4 SIC S L
M2,4—2a0 (P%) Co (Pg) L2 (p2)
We can apply the estimate (4.44) and repeat the above argument to show that V2u €
MZA—400 (P3) and the estimate (4.44) holds with ag replaced by 2a. Repeating these

argument again and again until there exists & € (2, 1) such that V?u € M 2’4_4‘~’(P%)
and the estimate (4.38) holds. The remaining parts of the proof can be done by
following the same arguments as in Claim 2 and Claim 3 of the proof of Theorem

4.5.3 below. This completes the proof. U
Continued proof of Proposition 4.1.4. The higher-order regularity now follows
from the Proposition 4.1.5. After this, we have that u € COO(P% ,S*) and the estimate
(4.17) holds. O

Proof of Theorem 4.1.1. By the definition of Morrey spaces, for zo = (xq,to) €
Q x (0,T) and Ry < 5 min{d(zo, ), /to}, we have

sup T2p—(n+4)/ (‘V2u|p + 7,2p|atu|p) < 62' (4_45)
rg% Pr(z)

ZEPRO (20),
2

Consider v(z,t) = u(zo + &x,to + (H2)%) : P, — S¥. It is easy to check that v

is a weak solution of (1.9) and satisfies (4.16). Hence Proposition 4.1.4 implies that

v € C(Py,S") and satisfies (4.17). After rescaling, we see that u € (P (20), S*)
16

and the estimate (4.2) holds. O

Since biharmonic maps are steady solutions of the heat flow of biharmonic maps,
as a direct consequence of Theorem 4.1.1 we have the following e-regularity for bi-
harmonic maps to S*.

Corollary 4.1.6. For g < p < 2, there exist ¢, > 0 and ro > 0 such that if
u € WP(Q,SY) is a weak solution of (1.7) and satisfies

sup sup TQP_”/ IV2ulP < e, (4.46)
(2,09)} By (x)

€ 0<r<min{ro,d
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then u € C*>(,S*), and
1
dm(xz,00)

Remark 4.1.7. For p = 2, Corollary 4.1.6 was first proved by Chang-Wang-Yang
[10]. For biharmonic maps into any compact Riemannian manifold N without bound-
ary, Corollary 4.1.6 was proved by [89, 92] for p = 2.

V()| <(Jep< ! ) Vom > 1. (4.47)

4.2 Uniqueness and convexity of heat flow of biharmonic maps

Utilizing Theorem 4.1.1, the following uniqueness theorem is easy to be proved similar
to the case in heat flow of harmonic maps.

Theorem 4.2.1. For n > 4 and % < p < 2, there exist ¢ = eo(p,n) > 0 and
Ry = Ro(Q,€0) > 0 such that if uy,us € W;Q(Q x [0,T],St) are weak solutions of
(1.8), with the same initial and boundary value ug € W2%(Q,S*), that satisfy

?212117)2( [||VQUl||M§§p(Q><(O,T)) + HatUTHMggp(QX(O,T))] S €0, (448)

then u; = ug on 2 x [0,T7].
To prove the theorem, we first recall the second order Hardy inequality.

Lemma 4.2.2. There is C' > 0 depending only on n and Q) such that if f € WOQ’Q(Q),

< C .

Proof. For simplicity, we only indicate a proof for the case {2 = By — the unit ball in
R™. The readers can refer to [18] for a proof of general domains. By approximation, we
may assume f € C§°(By). Writing the left hand side of (4.49) in spherical coordinates,
integrating over By, and using the Hélder inequality, we obtain

‘f’ T, 9 -1 -1
n Hn
/Bl 1—|:c| //Sn1 1—r)t d (0)dr

/ /Sn V31 =) g 2Ffr" T P (n = 1) 72) dH" T (0)dr

_ / / s ffrr”_ldH”_l(H)dr
S§n—1 3 ]_ -
|f||fr!7”n e
<C/ /Sn A=) dH" 1 (0)dr

e
=</, <1 Jal)?

=¢ (/B <1’f—( |3c||2> ) </ %) '

o4

(4.50)



Thus, by using the first-order Hardy inequality, we obtain

WP o [ VIO [ o
/31 (1—|z)* — =C 5 (1= z])? = <C 5 V2 f ()] (4.51)

This yields (4.49). O
Proof of Theorem 4.2.1. First, by Theorem 4.1.1, we have that for i« = 1,2,
u; € C°°(Q x (0,7),S%), and

‘Vmui(x,t)‘ < Ck¢, (L + !

1
— =t = |, , L Q ,T), >1. (4.52
R dm(:v,é?Q)+ 4) V(x,t) € Qx(0,T), Vm (4.52)

Set w = u; — ue. Then w satisfies

Ow + AN*w = th[ul] — th[ug] in Qx(0,7)

w=0 on 9,(Q2 x (0,7)) (4.53)
v — 0 on 0 x (0,T).

Multiplying (4.53) by w and integrating over €2, by (4.60), (4.52), the Poincaré in-
equality and the Hardy inequality (4.49), we obtain that

d

G ka2 [Vl = 2 [ (W] = Ay fus) - w
Q Q Q
2

2 2
3 / ute )
~ d4 (z,00) t

Sof s / ul.
Q

If we choose €, > 0 sufficiently small and R, > ¢,, then it holds

/| CEP/ lw|?. (4.54)

< (Ce-— 1)153/ w]? < 0. (4.55)
2 0

Integrating this inequality from 0 to ¢ yields

é/ w|? < lim 2/|w|2. (4.56)
tl0t
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Since w(-,0) = 0, we have
¢
w(x,t) = / wy(x,7)dr, a.e. x €,
0

so that, by the Holder inequality,

¢
t—é/ w(z, 1)]? gté/ /|wt|2(x,7') dedr < Cth -0, ast |0,
Q 0 Jo
This, combined with (4.56), implies w = 0 in © x [0, T]. The proof is complete. [

4.3 Convexity and uniqueness of biharmonic maps

In this section, it will be shown that the convexity and uniqueness properties for
biharmonic maps with small energy holds, which are the second-order extensions of
the theorems on harmonic maps with small energy by Struwe [85], Moser [70], and in
Chapter 2.
Recall that the Dirichlet problem for a biharmonic map u € W2(2, N) is defined
by:
Au =Ny, [u] in Q

(0.2 ~(0. 222 on 00 o

where ug € W?2(Q, N) is given.

Now we introduce the Morrey spaces in R”. For 1 <[ < 400, 0 < A < n, and
0<R<+oo, fe MPQ)if fe Lj,.(42) satisfies

=0 sp i [ e
M) (2,00} B (o)

2€Q 0<r<min{R,d

The following convexity property of biharmonic maps with small energy can be
proved.

Theorem 4.3.1. Forn >4, 6 € (0,1), and % < p < 2, there exist €, = €(p,0) > 0

and R, = R(p,d) > 0 such that if u € W?*(Q, N) is a biharmonic map satisfying

either

(i) ”VQUHMQ“(Q) < €9, when N is a compact Riemannian manifold without boundary,
2

or

(ii) HVQUHM};;,;;:(Q) <'¢,, when N =St

then

/Q]AUFZ/Q|Au|2+(1—5)/Q\V2(U—u)|2 (4.58)

holds for any v € W22(Q, N) with { v, @ = | u, @ on 0f2.
v v
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Proof. First, it follows from Corollary 4.1.6 for N = S or Wang [92] that if ¢, > 0
is sufficiently small then v € C*°(€2, N), and

1
Vo)) < Ce, (s

1
— Q > 1. 4.
R;”+dm(a:,89))’vx€ , Vm > (4.59)

For y € N, let P*(y) : REF! — (T, N)* denote the orthogonal projection from R+
to the normal space of N at y. Since N is compact, a simple geometric argument
implies that there exists C' > 0 depending on N such that

Pr(y)(z —y)| < Clz —y|?, V2 € N. (4.60)

Since
th [u] L T, N,

it follows from (4.60) that multiplying (1.7) by (u — v) and integrating over Q2 yields

/QAu-A(u—v) = /th (u—w)

S /HWI V2l + [VEul® + [Vu|[Viul][u — ]
Q

R P R T

~ )y R @i, 00)

< %/ﬁv%u—wﬁ, (4.61)
Q

where we choose R, > ¢,, apply (4.59) and the Poincaré inequality and the Hardy
inequality (4.49) during the last two steps.
It follows from (4.61) that

/|Av|2 /|Au|2 /|Au—Av|2—2/Au Av—u) > C’ep/|V2

(4. 62)

Since (u — v) € W*(Q), we have that

/ A — Awf? = / V2 — )
Q Q
so that
[1aop = [ jaup = 1= ce) [ 920 -0
Q Q Q
This yields (4.58), if €, > 0 is chosen so that Ce¢, < 0. O

Corollary 4.3.2. Forn > 2 and % < p < 2, there ewist ¢, > 0 and R, > 0 such that
if up, uy € W22(Q, N) are biharmonic maps, with uy —uy € Wy (Q, REHY) | satisfying
either

(1) ?_l?}Z(HVQWHMﬁ’;(Q) < €, when N is a compact Riemannian manifold without

o7



boundary, or
(i1) max ||v2Ui||M§,2p(Q) <'e,, when N =SF,
- P

then w; = uy in €.

Proof. Choose § = %, apply Theorem 4.3.1 to u; and us by choosing sufficiently

small €, > 0 and R, > 0. We have

1
[ 1aup > [ 1anp 45 [ 930 -,

1
/Q|Au1|22/9|AUQ|2+§/Q|V2(ul—uQ)|2.

Adding these two inequalities together yields / |V2(u; — ug)|[* = 0. This, combined
0

and

with u; —uy € W02’2(Q), implies u; = uy in Q. O

4.4 Convexity and uniqueness of limit at t = 400 of heat flow of bihar-
monic maps

Prompted by the ideas of proof of Theorem 4.2.1, the convexity property of the
FEs-energy along the heat flow of biharmonic maps to S* can be obtained.

Theorem 4.4.1. Forn >4, 3 <p <2, and 1 <T < oo, there exist €g = €o(p,n) >
0, Ry = Ro(Q,e0) >0, and 0 < Ty = Ty(eo) < T such that if u € Wy *(Q x [0,T],S")
is a weak solution of (1.8), with the initial and boundary value ug € W>2(Q,S),
satisfying

’|V2U||M;§P(Qx(o,:r)) + HatUHMgO‘*P(Qx(o,T)) =< €, (4.63)
then

(1) Ex(u(t)) is monotone decreasing for t > Ty; and
(ii) for any ty > t, > Ty,

[ vt —uef < o [ 1auwR - [ jauwP] 6

for some C' = C(n, €y) > 0.

A direct consequence of the convexity property of Fs-energy is the unique limit
at t = oo of (1.8).

Corollary 4.4.2. Forn > 4 and % < p < 2, there ezist € = €y(p,n) > 0, and Ry =
Ro(, &) > 0 such that if u € Wy?(Q x [0,00),S") is a weak solution of (1.8), with

the initial and boundary value ug € W22, SY), satisfying the condition (4.63), then

there exists a biharmonic map us, € C° NW?22(Q, S, with (use, ag;o) = (uo, %>

on 02, such that
im u(t) — 209 = 0. (4.65)

28



and, for any compact subset K CC ) and m > 1,

%gjl |lu(t) — oo ||cm(xy = 0. (4.66)

To prove Theorem 4.4.1 and Corollary 4.4.2, we need the following two lemmas.

Lemma 4.4.3. Under the same assumptions as in Theorem 4.4.1, there exists Ty > 0
such that [, |Oyu(t)* is monotone decreasing fort > Ty:

/W@M%Q%+C/k Rﬁ@MZS/W@M%h%TBSHSJQST. (4.67)
9] Qx[t1,t2] Q

Proof. For any sufficiently small h > 0, set

(1) = U h})L —u@h Gy eax (0,7 h).

Then u” € L2([0, T—h], W3*(Q)), du € L*(Qx[0, T—h]), and }gror}r | u"—pul| 2 jo.r—np) =

0. Since u satisfies (1.8), we obtain
1
O+ AN = 5 (th [t + h)] — Nj, [u(t)]). (4.68)

Multiplying (4.68) by u", integrating over €2, and applying (4.60) and (4.52), we have

i /QW+2 /Qiﬁu"lQ = / (W[t + M|+ Ny [u®]]) "

< / (V2 + [Vl [VPu] + Va2 V2al]) (¢ + )P
Q

~

+/ (192 + [Vul[ V3] + [Val2]V2ul]) (8)]d"?
Q

o [ WP W P

> ) ' T d@en) T T

S o [ v
Q

provided that we choose R, > ¢, and Ty > ¢,. Since

[rveae = [ s
Q Q

d 1
E/ |uh|2+2/ IV2u"|? < (§+Cep) / |V2ul 2, (4.69)
0 0 Q

Choosing €, > 0 so that Ce, < %, integrating over Ty < t; <ty < T, we have

/Q]uh]2(t2)+0/tlt2/Q|V2uh|2§/Q|uh|2(t1). (4.70)
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Sending h — 0, (4.70) yields (4.67). O

Now we can show the monotonicity of Fy-energy for heat flow of biharmonic maps
for t > Tj.

Lemma 4.4.4. Under the same assumptions as in Theorem /.4.1, there is Ty > 0

such that / |Au(t)|? is monotone decreasing for t > Ty:
0

Q QX[tl,tQ] Q

Proof. For § > 0, let ns € C5°(£2) be such that
0<n; <1, nps=1forzeQ\Qs and |[V"ns| < C™,

where Qs = {x € Q: d(z,00Q) < §}. Multiplying (1.8) by dyun} and integrating over
Q X [t1,t5], we obtain

to
[1sup - [ 1suepa+2 [ [ ol
Q Q n Jao
to to
=— 4/ / Au - Oyu (\Vn(;]Q + 775A?75) — 8/ / A - VOunsVns.
t1 Q t1 Q

It suffices to show the right hand side of the above identity tends to 0 as 6 — 07. By
Lemma 4.4.3, we have that d,u € L?([Tp, T], W*(Q)) so that

(4.72)

to
/ / V0| Vis]? + Beul? (IVnsl* + | AnsP)
t1 Q

to
<5~ / IV huf® + 67|’ (4.73)

t1

Qs
to
§/ / IV20,ul* — 0, as § — 0.
t1 Qs
This, combined with the Holder inequality, implies that for t, > t; > Tj,
to to
—4/ / Au - Opu (IVns)® + nsAns) — 8/ / Au - Vouns;Vns — 0, as 6 — 07,
t1 Q t1 Q

Thus (4.71) follows. O

Proof of Theorem 4.4.1. First, by Theorem 4.1.1, we have that u € C*({ x
(0,7],8%), and

1 1 1
m < J— > 1. .
‘V u(x’t)‘_CEP(R;n+dm(x,aQ)+tT)’v<x’t)€QX(O’T)’vm_l (4.74)
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For ty > t; > T}, we have
/Q At / Aty — / Au(ty) — Aulty)[?
9 /Q (Auty) — Au(ts)) Au(ts)

= / (u(tr) — ul(ta)) u(ta) (4.75)
/th (t2)] - (u(t1) — ults))
=1+ 1I1.

For I1, applying (4.60), we obtain
Npplut)] - (u(th) = u(ta))| S Wpp [ulta)]llu(tr) — ults)]*.

Hence, by (4.74), the Hardy inequality and the Poincaré inequality, we have

s [ (5 + s 7))~ u)

(4.76)
<Ce, [ IV (utt) - u(ta))”
Q
For I, by Lemma 4.4.3, we have
o) ] ! ; Oyul® 4.77
t < . .
o, < g [ 1o (4.77)
By the Holder inequality and (4.71), this implies
115 [ 1owtta) Ju(t) - utes)
Q
S 0eu(ta)l 2y [[u(tr) — ulte)ll 2o
2 (4.78)

2
Va0l ([ o)
QX tl tz]
g/ O] < [/ Au(ty)] —/ |Au(t2)|2] |
QX[tl t2 Q
Putting (4.78) and (4.76) into (4.75) implies (4.64). This completes the proof. O

Proof of Corollary 4.4.2. It follows from Lemma 4.4.4 that / |Au(t)[* is mono-
Q

tone decreasing for ¢t > Ty. Hence

-1 2
c-tliglo/Q\Au(t)
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exists and is finite. Let {t;} be any increasing sequence such that lim ¢; = +00. Then
1—r 00
(4.64) implies that

[ [V (uttis) - ute)
Q

2
< C[/ |Au(tiyg)? —/ |Au(ti)|2} — 0, as i — o0,
Q Q

Ol Oug

for all 5 > 1. Thus there exists u,, € W?%2(Q,SL), with (e, W) = (uy, S

02, such that

) on

lim Hu(t) - UOOH =0
t—o00 W272(Q)

Since (4.71) implies that there exists a sequence t; — oo, such that

=0.

lim =
' W22(Q)

11— 00

('9tu(tl)

Thus 1y € W?2(Q,SY) is a biharmonic map. For any m > 1, and any compact
subset K CC (2, since

Ju)] ... <Coum K), vi=1,
Cm(K)
we conclude that
lim Hu(t) — UOOH =0,
t—o0 CM(K)
and Uy, € C°°(€,SY). This completes the proof. O

4.5 TUniqueness of Serrin’s (p, ¢)-solution to general Riemannian manifold

This section will be devoted to prove the uniqueness of Serrin’s (p, ¢)-solution to heat
flow of biharmonic maps (1.8).

For N = S%, the regularity and uniqueness for such solutions of (1.8) follow from
Theorem 4.1.1 and Theorem 4.2.1. However, for a compact Riemannian manifold N
without boundary, the regularity and uniqueness for such a class of weak solutions of
(1.8) require different arguments. More precisely, we have

Theorem 4.5.1. Forn > 4 and 0 < T < oo, let uy,uy € Wy*(Q x [0,T],N) be
weak solutions of (1.8), with the same initial and boundary value ug € W22(Q2, N).
If, in additions, V*uy, V?uy € L{LE(Q % [0,T]) for some p > % and q < co satisfying
(1.20), then uy,us € C*(2 x (0,7),N), and u; = ug in Q x [0, 7T].

First, one can verify that

Proposition 4.5.2. Forn > 4, 0 < T < 400, suppose u € Wy?>(Q x [0,T], N) is
a weak solution of (1.8), with the initial and boundary value ug € W*"(Q2, N) for
some & < r < +00, such that Vu € L{LE(M x [0,T]) for some p > % and ¢ < oo
satisfying (1.20). Then
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(i) O € LILE(Q x [0,T]); and
(i) for any e > 0, there exists R = R(u,€) > 0 such that for any 1 < s < min{%, 1},

(25— (n+4) / (IV2ul* + 72| 0ul*) < ¢, (4.79)
P (z,t)N(2x[0,17)

for any (z,t) € Q x [0,T], and 0<r < R.

Proof. For simplicity, we will sketch the proof for 2 = R”. By the Duhamel
formula, we have that u(z,t) = ui(z,t) + us(x,t), where

wn (e t) = / b~y tyuoly), (4.80)

ug(x,t) = /0 /n b(z —y,t — )Ny [ul(y, s). (4.81)

We proceed with two claims.
Claim 1. V3u € L2 L (R" x [0,T]). For u;, we have

Viuy (z,t) = Vob(z — 5, )V (y). (4.82)

R”

Direct calculations, using the property of the kernel function b, yield

lig_n
2q 2p S T4(2 r
L L (Rx[0,T])

Hv% (4.83)

V2u0‘

L (Rn)

For usy, we have
Viup(z,t) — /0 Vib(a — 1.t — )|V (A(w)(Va, Vu)) + 28 - V(P(w)]

_/0 / Vib(x —y,t — 5)Au- A(P(u))(y, s)
oo (4.84)

By the Nirenberg interpolation inequality, we have Vu € quLip(R” x [0,7]). By the

3¢ 3p
Holder inequality, we then have V(A(u)(Vu, Vu)) +2Au - V(P(u))) € L L (R" x
[0,77). Hence, by the Calderon-Zygmund L{LP-theory, we have

2 2

2q 2p  2q
3 L3 L2 (R*x[0,T])

2p
L3 L2 (R*x[0,T]

|

| ,SHV(A(u)(Vu, V) + 2Au - V(P(u))(

SJHVU

(4.85)

L2P 29 (R x[0,T7)

2
<1+ Hv%

LPLE (R x[0,77)

LPLE(Rx[0,T7)
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For M;, we have
(M) (2,8) S (|2l + Val') (2,1), (2,) € R x [0,

Recall the following estimate of I;(-) (see, for example, [24] §4):

I ‘ <H , 4.86
1(f) L2 L2 (R x[0,T]) ~ LY LG (R x[0,T]) ( )
where s, > s1 and 9 > 1y satisfy
4 4
T i< (4.87)
™ S1 ) 52
2 2
Applying (4.86) to Ms, we see that M, € L?poq (R™ x [0,T7]), and
2
HMQ _ 51+Hv% . (4.88)
L3 L7 (Rnx[0,17]) LY LE (R x[0,T7])

Combining these estimates of V3uy, My, and M, yields Claim 1.
Claim 2. Viu € Lt%[é (R™ x [0,T7]). It follows from Claim 1 that

Npplu] = [A(A(u)(Vu, Vu)) +2Au - V(P(u))) — Au- A(P(u))] € L§L§ (R"™ x [0,T7).

Since

Vi) = [ [ Vi =t = Ny lul(0.9)

we can apply the Calderon-Zygmund LgLﬁ—theory again to conclude that V4u, €
LZLZ(R™ x [0,T]). For uy, we have

V4u1(x, t) = Vib(w -, t)VQUO(y).

R

Hence, by direct calculations, we have

1 n
g p 5 TZ@*?)

LZ L2 (R"x[0,T))

oo

L(R")

Combining these two estimates yields Claim 2.
By (1.8), it is easy to see that dyu € L2 L2 (R™ x [0,T]). In fact, we have

8tu

. )QMMM_A%

LZ LZ (R"x[0,T]

Ltg Lg% (R™x[0,T7) (4 89)

2

T 79|y,

51+Hv% .

LY L3 (R x[0,T1)

This implies (i).
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(ii) follows from (i) and the Hélder inequality. In fact, for any 1 < s < min{%, 2},
it holds

1
s

(7,,28(n+4)/ \V2u|s> < |lv2u
P, (z,t)N(Q2x[0,T7)

LILE (P, (2,)N(2x[0,T1))

and )

<r4s—(n+4) / |atu|5> s < atu
Pr(z,t)N(M x[0,T7)

These two inequalities clearly imply (4.79), provided that R = R(u,€) > 0 is chosen
sufficiently small. O]

q P .
L2 LZ (Pr(z,t)N(2x[0,T7))

Now we proceed to prove an e-regularity property for certain solutions of (1.8).

Theorem 4.5.3. There exists ¢ > 0 such that if u € Wy?(Py, N), with V?u €
L{LE(Py) for some q > § and p < oo satisfying (1.20), is a weak solution of (1.8)
and satisfies

< €, (4.90)

L{LE (Py)

HV2u

then uw € C*(Py, N) and
”vmuHCO(P%) < C<m7p7 q, n)HVQUHL?Lg(Pﬂ? vom > 1. (491>

Before proving this theorem, we recall the Serrin type inequalities (see [78]) and
Adams’ estimates of Riesz potential between Morrey spaces in (R™*!,§).

Lemma 4.5.4. Assume p > § and q < oo satisfy (1.20). For any f € L{L2(Q x
[0,T]), g € LiW2*(Q x [0,T]), and h € LZW}L*(Q x [0,T]), we have

1
n T q
2p q 2
L 1S Wil oy () WMol ) (492)

and

1
n T q
2p q 2
L 1000 S Wl 90 ([ 151l
(4.93)

Proof. For convenience, we sketch the proof here. By the Holder inequality, we
have

/Q|f||9||h| < [ fllee@ gl @Rl 22, (4.94)
where 1 + 1 = % It follows from (1.20) that 2 < r < %. Hence by the Sobolev
inequalzi)ty v&jﬂe have

2 2n 2 n
ol < ol ol P, S ol ol e (4.95)
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Putting (4.95) into (4.94) yields

/ [Fllgllhl < 11|z o ||9||Lz(Q IIQHWw(Q 12| 22 (0. (4.96)
i 1 n 1 . . N . .
Since —+4——|—§ =1, (4.92) follows by integrating over [0, 7] and the Holder inequality.
q 4ap
To see (4.93), note that the Holder inequality implies
/\fI\VthI < @l Valls@llpl | 2, (4.97)
o L7-2(Q)
1 1 —2
where — 4+ — + n = 1. Since
p s 2n
L1 n n (1 2 4 (1 n\ 1
s n 2p\2 n 2p /) 2’
the Nirenberg interpolation inequality implies
IVl S ||9HL2 Q)||g|lwzz (4.98)
Putting (4.98) into (4.97) and using the Sobolev inequality, we obtain
/ IV glR] S (1l zr @ Hg||L2(Q>||g||sz oy IPllwr2(9)- (4.99)
) 1 n 1 . . .. . .
Since —+ 4——i— i =1, (4.93) follows by integration on [0, 7] and the Holder inequality.
q P

O

Now we state Adams’ estimate for the Riesz potentials on (R™!,§). Since its
proof is exactly the same argument as in Huang-Wang ([45] Theorem 3.1), we skip it
here.

Proposition 4.5.5. (i) Forany 3> 0,0 <A <n+4,1<p< 3, if f e (RN
MPAR™Y), then I5(f) € LP(R™ 1) N MPAR™1) | where p = p’\ Moreover,

A—pB"
Bp 1—8p
() onry < CNF I oo gnsy 1l pogrnsry (4.100)
I 1)l arzr@nr1y < Cl ]l arpr mn+1)- (4.101)

(zz) For any 0 < B < X < n+4, if f € LHR"HNAMA (R, then f € Lﬁ’*(R”H)ﬂ
M>? = (R”“) Moreover,

(NI 525

1_,

= C“fHMl /\(R"JFl)HfHLl Rn+1) (4102)

")

5N 2 < O\ fllarrr sy (4.103)

M:\iﬁ ’ (R7l+l)
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Proof of Theorem 4.5.3. The proof is based on three claims.
Claim 1. For any 0 < a < 1, we have that VZu € M?** **(Ps), and

1

Hv% ’ < ch% . (4.104)
M2 4-42(Pg) Li{LZ(P1)
For any 0 <r < i and zo = (2o, 19) € Pg, by (4.90) we have
HVQU”L;?L’;(PT-(Z())) Se (4.105)
Let v : P.(29) — RET! solve
O + A% =0 in P(z)
v=u on 0,P(z) (4.106)

— on IB,(x0) x (tg — ', to).

Set w = u—wv. Multiplying (4.106) and (1.8) by w, subtracting the resulting equations
and integrating over P.(zp), we obtain

sup / lw|?(t) + 2/ |V2w|?
to—r*<t<to J By (xo) Pr(z0)

=| Npplu] - w|

PT(ZO)

=] /P( ) —V(A(u)(Vu, Vu))Vw — (Au, A(P(u))) w — 2 (Au, V(P(u))) V|

< / V2] + / V||Vl Va
PT(ZO) PT(ZO)

=1 +11.
(4.107)

For I, we can apply (4.92) to get

n to
S IV2ull e cop w0 By, ) (/t . ”W“”qw(Br(xo»”w”%wr(“”)
o—T
(4.108)

For 11, by (4.93), we have

n to q
11| < ||vu||L?W§’2(Pr(ZO)HMHEW}Q(PT(ZO)) (/t \ ||V2UH%P(BT(33))HwH%Q(BT(xO)))
o—T
(4.109)
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Putting (4.108) and (4.109) into (4.107) and applying the Poincaré inequality, we

obtain
sup / lw|?(t) + 2/ |V2wl|?
to—r*<t<to J By(z0) Pr(20)

IVullawaemon IVl 2 ony (4.110)
5 (fo 4 ||V2U||Lp (Br(z0)) ||w||L2(B (900))> q : g < oo,

IVullzzwae oo Pl V2l g a= 00

Since || V2ul| LILE(P,(z0)) < €, We obtain, by the Young inequality,

sup / lw|?(t) +2/ |V2wl|?
to—r<t<to J Br(x0) Pr(20)

||V2w||?:2(PT( + e[ Vulf] +Cer  sup ||w”%2(BT(zo))7 q < o0,

L3W;* (Pr(20))

to—ri<t<tg
2 2 2 2 _
Hv wHLQ(PT +CHV UHLOOL2(BT( ))”quL%WzLQ(Pr(ZO)), q_ 0.

By choosing € > 0 sufficiently small, this implies

/ V2w|? < e/ [Vul|® + |V2ul?. (4.111)
Pr(z0) Pr(z0)

Since N is compact and u maps into N, |u| < Cy. Hence, by the Nirenberg interpo-
lation inequality, we have

/ yvu|2§/ V2| + r" (4.112)
Pr(z0) Pr(z0)

Combining (4.112) with (4.111), we have

/ IV2w|?* < e/ IV2u|? + er™ . (4.113)
Pr(ZO) Pr(ZO)

By the standard estimate on v, we have
(97’)"/ V2P < 947«“/ V2P, V6 € (0,1). (4.114)
Por(20) Pr(z0)
Combining (4.113) with (4.114), we obtain

(er)—”/ V2l < C (64 +07") 7’_”/ V2ul2 + Ceb ™, Y 6 € (0,1).
Py (20) o (

(4.115)
For any 0 < o < 1, choose 0 < 8 < 1 and ¢ such that

co <10 d e < mi ! %94a+n
5 and € < min 50 ) a0 (-
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Therefore, for any (zy) € Ps and 0 <7 < %, it holds
(QT)"/ |V2ul* < 64ar"/ |V2u|? + 0%t (4.116)
Py, (z,t) Pr(z,t)

It is standard that iterating (4.116) implies
7“_"/ |V2u)? < Ort® ( V2| + 1) (4.117)
Pr(z0) P

for any z € P and 0 < r < 1. (4.117) implies that V?u € M>*(Py), and the
estimate (4.104) holds. This proves Claim 1.

Claim 2. For any 1 < 8 < 400, V?u € LB(P%), and

2

. 4.118
LiLE(Py) ( )

|v2u

< HV2u
)

LB(Pg
6

This can be proven by estimates of Riesz potentials between Morrey spaces. To do
so, let n € C3°(P;) be such that

4
0<p<1l,p=LlinPs, |p|+> [V <C.

m=1

Let Q : R™ x [—1,00] — RET! solve
0Q+0%Q = V- (1V(AW)(Vu V) + 27 A0, V(P())) 122, AP(W)

= 0.

t=—1

Set

J =V (772V(A(u)(Vu, Va)) + 22 (A, V(P(u))>> and Jo = —n(Au, A(P(w))).

By the Duhamel formula, we have, for (z,t) € R" x (-1, 00),

V2Q(r. 1) = / V2b(e — gt~ 8) (i + o) (. 9)

R7 x[—1,t]

= /Rn . Vib(x —y,t — s) (nQV(A(u)(Vu, Vu)) + 2n*(Au, V(P(U)») (y,5)

B gt A AP )

:Kl(l‘,t) + KQ(I, t)
(4.119)

It is clear that for (z,t) € R" x (=1, 00),

K, 6) S T (0P (Ve VullV2u)) ) (2,0), [Kal(,t) < B (2 (V2 +Val)) (2, 0)
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It follows from (4.104) and the Nirenberg interpolation inequality that
Vu € M4~ 40‘(P3) and

Hqu b S HW (4.120)

M4A—da(p LILE(Py)

u>

Hence, by the Hélder inequality, we have that for any 0 < aq,as < 1,

P (IVul* + [Vul[V?ul) € M54 (R and n?(|V?uf* + [Vul') € M0 (R,

and
3 2 < 2
HT’ |VU| + |vu||v U|)H 4 ,4— 4a1(Rn+1) ~ HVUHM4,4—40¢1(P2) V UHM274_4°‘1(P2)
2
< Hv% , (4.121)
L{LE(Py)
[P+ 19ul 9y 17
Ml,474a2(Rn+1) MA4— 4a2 M2,474a2(P§)
4 4
2
< HW“‘ . (4.122)
L{LE(Py)
Now applying Proposition 4.5.5, we conclude that
_da _da 2—2a _da _2a
Ky € Mo A=ion  pamad (Rt K, € M o e R,
and
Y —2a < 2
HKl e= ca 1 (Rnt1) + HK2 Mj—%ag"‘*““?(RnH HV LILE(PY) (4.123)

Sending oy T % and ag T %, we obtain that for any 1 < 3 < +o0, K, Ky € LP(R"1),
and

Kill oy + 1Ka oy S || V2 ‘ 4124
1K o @nsry + ([ K2l Lo@niy S Lez(Py ( )
This implies that for any 1 < 3 < +o0, V2Q € L?(R"*1), and
2
v? 2
\Y% . 4.125
H Q) LB(Rn+1) ™ H “ L{LE(Py) ( )
Since (u — @) solves
(at +A2>(u ~Q)=01in P,
it follows that for any 1 < 8 < 400, V?u € LB(P%) and
Hv2 < HV2 . (4.126)
LILE(Py)

LA(Py)
T
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This implies (4.125). Hence Claim 2 is proven.

Claim 3. u € C’OO(P%,N) and (4.91) holds. It follows from (4.125) that for any
1 < B < +o0, there exist f,g € Lﬁ(P%) such that (1.8) can be written as

(O, +ANu=V-f+g.

Thus, by the LP-theory of higher-order parabolic equations, we conclude that V3u €
L’ (Piz). Applying the LP-theory again, we would obtain that Jyu, Viu € L? (Psz).
Taking derivatives of the equation (1.8) and repeating this argument, we can conclude
that u € C’OO(P%, N), and the estimate (4.91) holds. Putting together these three
claims completes the proof. O

Proof of Theorem 4.5.1. Let ¢y > 0 be given by Theorem 4.5.3. Since p > 7 and
q < 00, there exists Ty > 0 such that

max IV2uil| L3 L2 s 0,10)) < €o- (4.127)

1
This implies that for any zo € Q and 0 < ¢, < Tp, if Ry = min{d(xy,0Q),t;} > 0,
then
max V24| L3 12y (20)) < €0 (4.128)

2

Hence by suitable scalings of the estimate of Theorem 4.5.3, we have that for i = 1, 2,

u; € C°(Pry(29), N) and

1 1
V™u; Jto) < _—+ — . 4.129
V7] o o) 5 o (dm(xo,afz) " td‘) )
Using (4.129), the same proof of Theorem 4.2.1 implies that u; = uy in Q x [0, Tp).
Repeating this argument on the interval [T5, 7] yields uy = ug in © x [0, 7. O

4.6 Uniqueness of biharmonic maps in dimension four

For dimension n = 4, by applying Theorem 4.5.3 (with p = 2 (= %) and ¢ = co) and
the second half of the proof of Theorem 4.2.1, the following uniqueness result holds.

Corollary 4.6.1. For n = 4 and 0 < T < oo, there exists e, > 0 such that if
uy and uy € Wy (Q x [0,T], N) are weak solutions of (1.8), under the same initial
and boundary value uy € W?%(Q, N), satisfying

lim sup Fs(u;(t)) < Eo(u;(to)) + €1, ¥V to € 10,7, (4.130)

thtd

fori=1,2. Then u; = uy in Q x [0,T). In particular, the uniqueness holds among
weak solutions of (1.8), whose Ey-energy is monotone decreasing for t > 0.
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For the Cauchy problem (1.10) of heat flow of biharmonic maps on a compact
4-dimensional Riemannian manifold M without boundary, Corollary 4.6.1 has been
recently proven by Rupflin [74] through a different argument.

Proof of Corollary 4.6.1. Let ¢, > 0 be given by Theorem 4.5.3. Since ug €
W22(Q, N), by the absolute continuity of / |V2ug|? there exists 79 > 0 such that

2
€

max/ |V2u)? < 2.

2€Q J B, (2)nQ 2

Choosing ¢ < % and applying (4.130), we conclude that there exists 0 < ¢, < rj
such that

(4.131)

max / IV2u;(t)]> < €5, for i=1,2. (4.132)
By, (2)NQ2

2€Q,0<t<ty
1 1
Set Ry = min{ro,t;} =t; > 0. Then (4.132) implies

max

<y, for i=1,2. (4.133)
z=(z,t)€Qx|0,to]

V2Ui‘

L L (Pry (2)N(2x[0,t0]))

Hence u; and uy satisfy (4.90) of Theorem 4.5.3 (with p = 2 and ¢ = c0) on P,(2),
for any z € Q x [0, o] and r = min{Ry, d(x,dQ),t1} > 0. Hence by suitable scalings
of the estimate of Theorem 4.5.3, we have

1 1 1 1 1
m i(x,t < e —_— — < S Tm 7v 217
H}%X’V u;(x )‘ S 6o <R6n + (2, 09) + t4> S € <dm(a:,0Q) + t4) m
(4.134)

for any (x,t) € Qx[0,to]. Here we have used Ry > #1 in the last inequality. Applying
(4.134) and the proof of Theorem 4.2.1, we can conclude that u; = ug in Q x [0, o).
Continuing this argument on the interval [¢y, 7] shows u; = us in £ x [0, 7. O

Concerning the convexity and unique limit of (1.8) at ¢ = 0o in dimension n = 4,
it holds

Corollary 4.6.2. For n = 4, there exist ¢ > 0 and 17 > 0 such that if u €
W, 2(Q x (0,+00), N) is a weak solution of (1.8), with the initial-boundary value
ug € W2%(Q, N), satisfying

Ey(u(t)) <e, V>0, (4.135)
then (i) Es(u(t)) is monotone decreasing for t > Ty;
(i1) for ty > t; > Ty, it holds

/Q V2 (uty) — ulta))? < C (Baulty)) — Ea(u(ts))

for some C' = C(ez) > 0; and

Do
(iii) there exists a biharmonic map us, € C® N W22(Q, N), with (uoo,aL) =
v
auo

(uo, 8_) on 0X), such that tlim |[u(t) = tss |lw22i) = 0, and for anym > 1, K CC ,
1% —00

lim () — ooy = 0.
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It is easy to see that the condition (4.135) holds for any solution u € W,?(Q x
[0,00), N) of (1.8) that satisfies Ey(u(t)) < Es(ug) for t > 0 (e.g., the solution by [27]
and [93]) and Fs(ug) < 3.

Proof of Corollary 4.6.2. Let e > 0 be given by Theorem 4.5.3. Then (4.135)
yields

HV2U

< 6. (4.136)

L°L2(Qx[0,00))

Hence by suitable scalings of the estimate of Theorem 4.5.3, we have u € C*°() x
(0,00), N) and there exists T} > 0 such that

1 1
‘v xt‘N (dm<x TR ) Vom>1, (4.137)

holds for all z € Q2 and t > T}. Now we can apply the same arguments as in the proof
of Theorem 4.4.1 and Corollary 4.4.2 to prove the conclusions of Corollary 4.6.2. [

Copyright© Tao Huang 2013
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