UiczY ' I d University of Kentucky
b nowe ,ge UKnowledge

University of Kentucky Doctoral Dissertations Graduate School

2010

ALGORITHMS FOR UPPER BOUNDS OF LOW DIMENSIONAL
GROUP HOMOLOGY

Joshua D. Roberts
University of Kentucky, jroberts@ms.uky.edu

Right click to open a feedback form in a new tab to let us know how this document benefits you.

Recommended Citation

Roberts, Joshua D., "ALGORITHMS FOR UPPER BOUNDS OF LOW DIMENSIONAL GROUP HOMOLOGY"
(2010). University of Kentucky Doctoral Dissertations. 104.
https://uknowledge.uky.edu/gradschool_diss/104

This Dissertation is brought to you for free and open access by the Graduate School at UKnowledge. It has been
accepted for inclusion in University of Kentucky Doctoral Dissertations by an authorized administrator of
UKnowledge. For more information, please contact UKnowledge@lsv.uky.edu.


http://uknowledge.uky.edu/
http://uknowledge.uky.edu/
https://uknowledge.uky.edu/
https://uknowledge.uky.edu/gradschool_diss
https://uknowledge.uky.edu/gradschool
https://uky.az1.qualtrics.com/jfe/form/SV_9mq8fx2GnONRfz7
mailto:UKnowledge@lsv.uky.edu

ABSTRACT OF DISSERTATION

Joshua D. Roberts

The Graduate School
University of Kentucky
2010



ALGORITHMS FOR UPPER BOUNDS OF LOW DIMENSIONAL GROUP
HOMOLOGY

ABSTRACT OF DISSERTATION

A dissertation submitted in partial
fulfillment of the requirements for
the degree of Doctor of Philosophy
in the College of Arts and Sciences
at the University of Kentucky

By
Joshua D. Roberts
Lexington, Kentucky

Director: Dr. Marian Anton, Professor of Mathematics
Co-Director: Dr. Edgar Enochs, Professor of Mathematics
Lexington, Kentucky 2010

Copyright© Joshua D. Roberts 2010



ABSTRACT OF DISSERTATION

ALGORITHMS FOR UPPER BOUNDS OF LOW DIMENSIONAL GROUP
HOMOLOGY

A motivational problem for group homology is a conjecture of Quillen that states, as
reformulated by Anton, that the second homology of the general linear group over
R = Z[1/p,{), for p an odd prime, is isomorphic to the second homology of the
group of units of R, where the homology calculations are over the field of order p. By
considering the group extension spectral sequence applied to the short exact sequence
1 — SLy - GLy — GL; — 1 we show that the calculation of the homology of SLy
gives information about this conjecture. We also present a series of algorithms that
finds an upper bound on the second homology group of a finitely-presented group. In
particular, given a finitely-presented group G, Hopf’s formula expresses the second
integral homology of G in terms of generators and relators; the algorithms exploit
Hopf’s formula to estimate Hs(G; k), with coefficients in a finite field k. We conclude
with sample calculations using the algorithms.

KEYWORDS: homology, linear groups, Quillen conjecture, finitely-presented groups,
GAP

Author’s signature: Joshua D. Roberts

Date: April 18, 2010




ALGORITHMS FOR UPPER BOUNDS OF LOW DIMENSIONAL GROUP
HOMOLOGY

By
Joshua D. Roberts

Director of Dissertation: Marian Anton
Co-Director of Dissertation: Edgar Enochs
Director of Graduate Studies: Qiang Ye

Date: April 18, 2010




RULES FOR THE USE OF DISSERTATIONS

Unpublished dissertations submitted for the Doctor’s degree and deposited in the
University of Kentucky Library are as a rule open for inspection, but are to be used
only with due regard to the rights of the authors. Bibliographical references may
be noted, but quotations or summaries of parts may be published only with the
permission of the author, and with the usual scholarly acknowledgments.

Extensive copying or publication of the dissertation in whole or in part also re-
quires the consent of the Dean of the Graduate School of the University of Kentucky:.

A library that borrows this dissertation for use by its patrons is expected to secure
the signature of each user.

Name Date




DISSERTATION

Joshua D. Roberts

The Graduate School
University of Kentucky
2010



ALGORITHMS FOR UPPER BOUNDS OF LOW DIMENSIONAL GROUP
HOMOLOGY

DISSERTATION

A dissertation submitted in partial
fulfillment of the requirements for
the degree of Doctor of Philosophy
in the College of Arts and Sciences
at the University of Kentucky

By
Joshua D. Roberts
Lexington, Kentucky

Director: Dr. Marian Anton, Professor of Mathematics
Co-Director: Dr. Edgar Enochs, Professor of Mathematics
Lexington, Kentucky 2010

Copyright© Joshua D. Roberts 2010



ACKNOWLEDGMENTS

Though writing a dissertation is, by its nature, a solitary task, a lone author cannot
assume sole credit; claims to the contrary strain credulity, at best. The author of this
dissertation makes no such claim. First and foremost, I thank my wife of 12 years
(and counting) Kelly Roberts, to whom this dissertation is also dedicated. Kelly is
my best friend and I would not have attended college let alone earned my Ph.D.
without her constant support, encouragement, and welcome distractions. I will never
be able to repay her for the sacrifices she has made to help me fulfill my dreams.

Next, I must thank my advisor, Dr. Marian Anton, and the other members of my
dissertation committee: Dr. Edgar Enochs, who also served as co-chair, Dr. Serge
Ochanine, Dr. Andrew Klapper, and Dr. Alfred Shapere. Dr. Anton has spent
countless hours patiently explaining, listening, encouraging, and critiquing. I have no
doubt that without his advice and encouragement this dissertation would not been
been written. Drs. Enochs and Ochanine graciously gave of their time (and patience)
to serve as mathematical mentors, for which I am immensely grateful. Without the
help of GAP experts from the GAP forum, Jack Schmidt being foremost among them,
writing the code would have much more difficult. I also thank Mark Dickinson who
served as a referee for the published version of Chapter |3, which can be found in
[Rob10]; his many suggestions and comments drastically improved the final result.
I also wish to acknowledge the Department of Mathematics for its financial support
in the form of teaching and research assistantships, and the Graduate School for its
support in the form of the Dissertation Year Fellowship during my final year as a
graduate student.

Mathematics is not done in a vacuum; without friends with whom I laughed,
cried, and played graduate school would have been difficult, if not impossible. I
thank my wonderful Kentucky friends (most of whom are no longer in Kentucky)
Matt Benander, Erin Militzer, Dan Pinzon, Matt and Trish Brown, Eric and Emily
Kahn, Michael Slone, Sarah Veenema, Anna Cahill, and Becky Campbell.

Thank you to you all...I couldn’t have done it without you.

il



Dedicated to Kelly.



TABLE OF CONTENTS

[Acknowledgments|. . . . . . . . ... iii
(Table of Contents|. . . . . . . . . . . . iv
[List of Figures| . . . . . . . . . ... vi
[Cistof Tabled . . . . . . . . . . .. vii
[Chapter 1 Introduction|. . . . . . . .. ... ... ... ... ... ..., 1
(1.0.1 A Conjecture of Quillen| . . . . . . .. ... ... ... .... 2

(1.0.2  Algorithmic Group Homologyl . . . . . . . ... ... ... .. 3
[Chapter 2 Background| . . . . ... .. ... ... ... ... . ... 5
2.1  Group Homology and Cohomology| . . . . . ... ... ... ..... 5
2.1.1 The Standard Resolutionl. . . . . . . ... ... ... ... .. 7

[2.1.2  Classifying Spaces|. . . . . . . . . . ... .. ... ... ..., 8

2.1.3 Plus Constructionl. . . . . . . .. ... ... oL 11

2.2 Algebraic K-Theory|. . . . . . . ... ... ... ... ... ... 12
[2.2.1 Classical K-Theory| . . . . . ... .. ... ... ... ..... 13

[2.2.2  Higher K-Theory| . . . . .. ... .. ... ... ... ..... 13
[Chapter 3 Main Results) . . . .. .. ... ... ... ... ... ....... 16
[3.0.3 A Spectral Sequence Reduction| . . . . .. ... ... ... .. 16

[3.1 Algorithms tfor Low Dimensional Group Homology|. . . . . . . . . .. 18
[3.1.1  First Homology Group| . . . . . . ... ... ... ... .... 18

[3.1.2  The First Homology Algorithm| . . . . . ... ... ... ... 19

[3.1.3  The First Homology with Coefficients Algorithm|. . . . . . . . 20

[3.1.4  Second Homology Group| . . . . . . ... ... ... ... ... 21

[3.1.5  The Tor Algorithm| . . . . . . . ... ... ... ... ..... 22

[3.1.6  The Rank Algorithm| . . . . . .. ... ... ... ... .... 24

[3.1.7  Reduce Word Algorithm| . . . . . ... ... ... ... .... 24

[3.1.8  The Find Basis Algorithm| . . . . .. ... ... ... ... .. 25

[3.1.9  The Second Homology with Coethicients Algorithm| . . . . . . 25

[3.1.10 Examples| . . . . . . . .. ... 27

(B.1.11 Discussionl . . . . . . . Lo 29

(3.2 Calculations . . . . . . . . .. 30
[3.2.1  Presentations of Groups| . . . . . ... ... ... ... .... 31

[3.2.2  Homology Calculations| . . . . ... ... ... ... .. .... 32
[Chapter 4 Conclusion|. . . . . . .. ... .. ... ... ... ... . 33

v



Appendix 1| . . . . . . . 35
[Library of Groups|. . . . . . . . . . ... 35

(The Algorithms| . . . . . . . . ... ... ... ... . ... ..., 44
[[terating Algorithm [3.1.14f . . . . . . . . . ... ... ... ... ... 51
Appendix 2[ . . . . .. L 54
Appendix 3 . . . . .. 58
[Abelianizationl . . . . . . . . . . ... 58
[Spectral Sequences| . . . . . . ... o 61
Bibliography| . . . . . . . . . 63
VTl . . o oo 66



LIST OF FIGURES

[2.1 The relationship among topology, group homology, and algebraic K-theory | 14

3.1 E” page with 7: By, — L, displayed | . . . ... ... ... ... ... 17

vi



LIST OF TABLES

[3.1  Dimensions of First Homology Groups| .
[3.2  Dimensions of Second Homology Groups|

vil



Chapter 1 Introduction

Experiment has always been at the heart of mathematics. Gauss, widely regarded as
the greatest mathematician of all time, has been quoted as saying that his technique of
arriving at mathematical truth was “through systematic experimentation”!. The im-
portance of mathematical proof cannot be overstated; however, the elegance of a proof
may conceal the necessary experimental nature of the mathematics. Computer-based
and aided experimentation has long been involved in the areas of applied mathematics
and numerical analysis. Relatively recently, more and more attention has been paid
to computer /experimental techniques applied to aspects of pure mathematics; more-
over, any constructive mathematical proof can be turned into an algorithm. The need
for algorithms in pure mathematics arises, for example, when the objects of study are
too complicated to construct or compute “by hand”. On the other hand, powerful
conjectures can be checked or even posed as a result of computations. The results in
this dissertation can be considered experimental mathematics in this sense.

This dissertation falls under the research umbrella of algebraic topology, albeit
broadly construed. Fundamentally, algebraic topology assigns algebraic invariants to
topological spaces. A primary family of invariants for a topological space X is the
(integral) homology groups, H,(X), forn =0,1,2,.... In each dimension n, one can
think of the homology group of a space as a measure for the connectedness of that
space, and the rank of the homology group as counting the number of “holes” of that
dimension in the space. For example, the homology of a torus in dimension n = 0 is
one copy of the integers Z, meaning that the space is path-connected; in dimension
n = 1 the homology is Z & Z meaning that the torus is a closed surface with two
“holes”, one bounded by a meridian and one by a latitude. With this framework,
one can focus on studying topology via algebra or algebra via topology; the results
in this work fall into the latter category.

As an example of an algebraic problem treated topologically, consider a group G
and its algebraically defined group homology H,(G). One can construct a topological
space BG, called the classifying space of GG, by taking the infinite join of G with itself
modulo the diagonal G-action. In the case that G has the discrete topology, BG
coincides with the Eilenberg-MacLane space K(G,1). The (singular) homology of

1See the Statement of Philosophy of the journal Experimental Mathematics: http://www.
expmath.org/expmath/philosophy.html
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BG is exactly the group homology of GG, meaning that there is a natural isomorphism
H,(BG) = H,(G), (1.1)

which we review in Section 2.1 Moreover, the field of algebraic K-theory was revolu-
tionized by Quillen when he gave a description, for which we was awarded the Fields
Medal, of the K-functors in terms of the homotopy groups of a certain classifying
space; we describe this construction in Section By virtue of a Hurewicz homo-
morphism from homotopy groups to homology groups, one can relate the algebraic
K-theory groups to group homology.

While the homology of a group is relatively straightforward to define, calculations
are another matter. Currently there are several algorithms and computer programs
to calculate the homology of finite groups or the homology of certain classes of infinite

groups, but there is no general algorithm to calculate the homology of an arbitrary

group.

1.0.1 A Conjecture of Quillen

A motivational problem for low dimensional group homology, which is related to
algebraic K-theory, is the study of homology for groups of the form GL;(A), where
GL; is a finite rank general linear group scheme and A is the ring of integers in
a number field. An approach to this problem is to consider the diagonal matrices
inside G'L;; let D; denote the subgroup formed by these matrices. Then the canonical
inclusions D; C GL; for j = 0,1, ... induce homomorphisms on group homology with
k-coefficients

Pl Hi(Dj(A); k) — Hi(GL;(A); k), (1.2)

where k is the field of prime order p, ¢ is called the homological dimension and j the

rank. In this context, there is the following celebrated conjecture of Quillen:
A,p
(2

phism for A = Z[1/p, (), p a regular odd prime, ¢, a primitive pth root of unity and

Conjecture 1.0.1. [Qui7l] The homomorphism p as given above, is an epimor-

any values of i and j.

Conjecture has been proved in a few cases and disproved in infinitely many
other cases. For A = Z[1/2] it was proved by Mitchel in [Mit92] for j = 2 and by
Henn in [Hen99] for j = 3. Anton gave a proof for A = Z[1/3,(3] and j = 2 in
[Ant99].



Dwyer gave a disproof for the conjecture for A = Z[1/2] and j = 32 in [Dwy9§]
which Henn and Lannes improved to j = 14 in [HLS95|; this is an improvement in
light of Henn’s result in [Hen96] that states that if Conjecture is false for 7o
then it is false for all j > jo. Anton disproved the conjecture for A = Z[1/3, (3] and
J > 27 also in [Ant99].

This conjecture was reformulated and, in a sense, corrected by Anton, and he also

conjectured the following:

Conjecture 1.0.2. [Ant03] Given p,k and A as above,
H(GLy(A)) = Hy(Dy(A)) (13)

Anton’s conjecture led to a proof of Conjecture for Z[1/5,¢5) and i = j = 2.

For a survey on the current status of conjectures|1.0.1] and |1.0.2] we cite [Ant09)].

By a spectral sequence argument applied to the group extension
1 — SLj(A) - GL;(A) = Dy(A) = 1 (1.4)

given by the determinant map, we can reformulate Quillen’s conjecture in terms
of H;(SL;(A);k). In the particular case j = 2, this homology has been studied
extensively by using the theory of buildings. However, based on this theory we can
calculate this homology only for i sufficiently large [BS76]. The problem of calculating

H;(SLy(A); k) in low dimensions turns out to be highly nontrivial even when i = 2.

1.0.2 Algorithmic Group Homology

Exploiting a classical theorem due to Hopf, we present a series of algorithms in Section
that give upper bounds on group homology in homological dimensions one and
two, provided coefficients are taken in a finite field. In particular, examples in Section
confirm the results in [Ant09], as well as give a new finding:

Theorem. The dimension of Ho(SLo(Z[1/7,(7]);F7) as a vector space over Fr is at

most six.

Since the algorithms in Section depend only upon Hopf’s formula for Hs, the
usefulness of these algorithms extends to groups beyond the scope of Quillen’s Con-
jecture. Moreover, the algorithms are distinct from existing methods of calculating
low dimensional group homology in that they find bounds on the homology of any
finitely-presented group.



As a byproduct of the calculations related to Quillen’s Conjecture we are involved
in a long term project preparing a database for low dimensional group homology
of linear groups over number fields and their rings of integers. This work will be
extended to other classes of finitely-presented groups of interest to computational
group theory and algebraic topology, and the first set of these calculations is found
in Section [3.21

The various algorithms in this dissertation are given in pseudocode and were
carried out with the computational algebra system GAP (Groups, Algorithms, and
Programming) [GAP(O7]. The GAP code used to implement the algorithms is given
in Appendix {1, as well the GAP code to input a selection of linear groups. The
calculations were carried out on a refurbished Dell SC1435 server with two Dual-Core
Opteron 2220 SE processors running at 2.8GHz with 1MB cache and 16GB of DDR2
RAM, however the memory limit of GAP was set to 2GB.

Finally, we have included Appendix [4}2 which lists some known results on the
(co)homology of linear groups, and Appendix [4]3 which explains (1) a technique of
finding the abelianization of a finitely-presented group in the context of reductions
of integer matrices to Smith Normal Form, and (2) a short description of spectral

sequences.

Copyright© Joshua D. Roberts, 2010.



Chapter 2 Background

In this chapter we recall some facts and terminology which will be used throughout
this dissertation about group homology and algebraic K-theory. For a more thor-
ough treatment of these topics, we refer the interested reader to the books by Brown
[Bro94] and Rosenberg [Ros94]. We also assume familiarity with basic ideas from ho-
mological algebra and category theory and give Lang’s excellent algebra text [Lan(02]

as a reference.

2.1 Group Homology and Cohomology

Let G be a group, given multiplicatively, equipped with the discrete topology unless
otherwise stated. Our goal in this section is to define two sequences of functors from
the category of groups to the category of abelian groups called the homology and
cohomology groups of G.

Define ZG to be the free Z-module on the elements of G. That is, an element of
ZG is a finite sum Zg ngyg, where g € G and n, € Z. Multiplication in G induces
multiplication in ZG in the obvious way which turns ZG into a ring, called the
integral group ring of G. A ZG-module is an abelian group A equipped with
a G-action. For right G-module M, the co-invariants of M, denoted Mg, is the

quotient
M

MG = 5
(mg —m)

(2.1)

where (mg —m) denotes the subgroup generated by all elements of the form mg —m
form € M and g € G. We say M is a trivial G-module if mg = ¢ for all m € M and
g€ qG.

Lemma 2.1.1. Given right G-module M, we have that Mg = M ®¢ Z. Here Z is a
trivial left G-module.

If M is a left G-module then we can build a free resolution of M by G-modules
by letting Fy be the free module on a set of generators of M and e : Fy — M the
canonical surjection. In a similar manner choose a surjection Fy; — ker(e) with Fy

free. Then we have the exact sequence

F— Fy— M — 0. (2.2)



Continuing inductively we obtain the infinite exact sequence
o= B Fp—>M—0 (2.3)

and so have the following proposition.
Proposition 2.1.2. Giwen a G-module, M such a resolution exists.

Definition 2.1.3. Let M be a G-module and P — M a resolution of M by projective
G-modules. We define the homology and cohomology of the group G with
coefficients in M by:

H,(G;M) = H,(P®gZ) = Tor%(Z,M)

(2.4)
H"(G;M) = H"(Homg(P,M)) = Exti(Z,M).

In this work, the focus will be upon H,(G;Z) or H,(G;k) for a finite field k,
where Z and k are regarded as trivial G-modules. We adopt the convention that
H,(G) denotes H,(G;Z).

Note 2.1.4. Suppose 0 : P, — P,_1. Then the induced differential § : Homg(P,_1,7Z) —
Homg(P,,Z) is defined by d(g(z)) = (g 0 9)(z) for g € Homg(P,—1,Z) and x € P,.
Also, 0®¢g 1: P, ®c¢ Z — P,_1 ®¢ Z is the induced differential on P ®¢ Z.

The following proposition is standard.

Proposition 2.1.5. Given a ring R, let P and P’ be projective resolutions of M and
M’ respectively, and let o : M — M’ be an R-linear map.

(i) There exists an R-linear chain map P — P’ which extends a. Moreover, two

such maps are chain homotopic.
(1) The induced maps on homology and cohomology are canonical isomorphisms.

Proposition implies that the homology of a group is independent of the

resolution chosen.
Example 2.1.6. If G = Z; = (t | t*) then
Z, n=0

H,(G)=< 0, neven (2.5)
Zy, n >0 and n odd.



Since Z is a trivial G-module, a free G-resolution of Z is:

1-t K 1-t €

F=-- G 7G 7G

Z—=0 (2.6)

where € : ZG — Z is the “augmentation map” ¢ — 1 and “K” denotes multiplication
by 1+t 4 -+ t*~1. Tensoring with Z over G gives the complex

F@el= —>7—>7—">7—>7—>0. (2.7)

which implies the result.

2.1.1 The Standard Resolution

The standard resolution of a group G consists of free abelian groups F;,, with basis

the (n+1)-tuples (go, g1, - - -, 9n), and diagonal G action g(go, - - -, 9n) = (990, - - -, 9gn)
for g € G. The boundary map is given by

n

0(gor-+++92) = D (=1)'(gos -+ Gis- -+ Gn)- (2.8)

1=0

As a G-module, F, has as a basis the (n + 1)-tuples whose first element is 1. We

introduce the bar notation

[g1lg2] -+~ lgn] = (1,91, 1925 - - -, G192 - - - Gn) (2.9)

and note that for n = 0, there is only one such element which is denoted [ ]. For this

basis, the boundary map is given by d = > /(—1)'d;, where

g1lg2| -+ - |gnl, i=0
dilg1] -+ |gn] = [91] - - - [9i=1|9iGir1]Giv2] - lgn], 0 <i<m (2.10)
[91] - - - [gi-1), L=n.

Example 2.1.7. For a group G, applying — ®¢ Z to the standard resolution and

looking at low dimensions gives

Pzt Pz>z (2.11)

lglh] [g]



where

A(lg[n]) = glh] — [gh] + [9] (2.12)

[h] = [gh] + [g], since Z is a trivial G-module. (2.13)

It follows that Ho(G) = Z and H,(G) = G®, where G** := G/|G, G] (see Appendix
[13), the abelianization of G.

The following theorem due to Hopf gives a useful characterization of Hs(G).

Theorem 2.1.8. [Bro94l p. 42] Let G be a group with presentation R — F — G.
Then there is an isomorphism

iy = 20D

(2.14)
where, for groups A, B C F, [A, B] is the subgroup generated by commutator elements
[a,b] = a"'b"'ab fora € A and b € B.

2.1.2 Classifying Spaces

In this section, we explain a topological definition of group homology and show the
equivalence of the two approaches. Unless otherwise stated, spaces are connected
CW-complexes and G is a group with the discrete topology. Also, since the spaces
are connected we suppress the notation of a basepoint when discussing homotopy
groups.

Given a group G, a G-bundle is a fiber bundle P — X with fiber G. A principle
G-bundle is a locally trivial fibration p : £ — B, with fiber GG, and a right G-
action ¥ x G — B. Two bundles are isomorphic if there exists a homeomorphism
f: By — FE5 such that

BB (2.15)
ml lm
B2 p
commutes.
Given a G-bundle p: E — B and a map f : A — B the fiber product

[fE:=E x; B={(a,e) € Ex B|f(a) =p(e)} (2.16)



is the pullback

EXfB——>E (217)
.
\
A B

in the category of G-bundles.

Definition 2.1.9. A classifying space for a group G is a topological space BG with
a principle G-bundle p : EG — BG where EG is contractible so that BG = EG/G.
A classifying space is universal in the sense that if ¢ : £ — B is a principle G-bundle
then there is a continuous map f : B — BG, unique up to homotopy, such that F is
the fiber product f*EG:

E--=EG (2.18)
|
B-->BG

Note 2.1.10. The universal property of classifying spaces implies that for a space
X, there is a 1-1 correspondence between isomorphism classes of G-bundles and

homotopy classes of maps X — BG. That is
(G-bundles on X/ =) < [X, BG]. (2.19)

Construction of Classifying Spaces

The most general construction of a classifying space is the so-called “join-construction”
given by Eilenberg and MacLane [EML86, p. 369] and generalized by Milnor [Mil56].

Note 2.1.11. If GG is discrete then the homotopy exact sequence of a fibration applied
to G - EG — BG gives

o 3 1 (G) = T(EG) = mn(BG) — a1 (G) — -+ (2:20)

Therefore a classifying space is the familiar Eilenberg-MacLane space K (G, 1).

Theorem 2.1.12. [f G has a presentation (F|R) then there is an inductive construc-
tion of BG by attaching cells.

Proof. Take {z,} to be a set of generators for F' and {rz} to be a set of generators
up to conjugacy for R. Let By be a one-point space and B; be the space obtained

from By by attaching a 1-cell e, for each z,. Then the fundamental group of Bj is



isomorphic to F'. Now construct By from B; by attaching a 2-cell eg for each rg such
that the attaching map is the word r3 in F'. Note that the fundamental group of B,
is naturally isomorphic to G by the van Kampen theorem.

For n > 2, inductively construct B,, from B,,_; by attaching n-cells via attaching
maps f, : Sm=1 — B,_; where each f is a generator for m,_15,_;. Applying the
van Kampen theorem again shows that 7 B, = G and by construction 7 B,, = 0 for
k > 1. Now define B = UB"‘ For a map f : S¥ — B, the image of f is contained

in some B,, since S* is compact. So f is nullhomotopic for k& > 2. Therefore B is a
K(G,1) space and, by Note [2.1.11} is a classifying space for G. ]

Example 2.1.13. If G = Z, = (t|t?) then BG = RP>

Let F' = (t) and R be the normal closure of (#?) in F. Following Theorem [2.1.12]
we construct a sequence of spaces: By is a one-point space and B; = S! since I’ has
only one generator. Next, By = B; U e? with the single 2-cell attached according
to the word t? in By, i.e., 0(¢?) = S' — B; = S! is the double cover. Therefore
B, = RP2

For Bs = By U {2-cells}, with one 2-cell for each generator of my(By) = mo(RP?)
attached along that generator, the long exact homotopy sequence applied to the
covering Zo — S* — RP? gives

el 77-2(22) — 71'2(S2> — WQ(RPZ) — 71'1(Z2) — (221>

Thus mo(RP?) = 7m9(S?) 2 Z.

Let f:S? — RP? be the generator of Z; that is, m(RP?) = ([f]). Since f is also
the double cover 5% — RP? (see [KnuOll, p. 154]) we obtain Bz = RP3; similarly
B, = RP" for n > 2. Therefore BZ, = UB" = RP* is a classifying space for

Zy. We note that the reduced integral homology of RP* is zero in even dimensions
and Zs in odd dimensions; this agrees with the purely algebraic calculation of the
homology of Zs in Example for the case k = 2.

Theorem 2.1.14. The group homology (cohomology) of G is isomorphic to the cel-
lular homology (cohomology) of BG. That is,

I

H,(G)
H"(G)

H,(BG), and

H(BC) (2.22)

I2¢

10



Proof. Let C.(EG) be the cellular chain complex of EG; so each C;(EG) is a free
Z-module with a basis element for each i-cell of EG. Note that G acts on EG by deck
transformations, i.e., by permuting cells, and therefore there is a G-action that turns
each C;(FEG) into a G-module. Note that EG, being contractible, has the homology
of a point and so C,(EG) — Z — 0 is a free resolution of Z by G-modules.

The map C,(EG) — C.(BG) gives a quotient map ¢ : C.(EG)e — C.(BG).
Note that C,(EG)s has a Z-basis with one basis element for each G-orbit of cells in
X. But C.(BG) also has a Z-basis with one element for each G-orbit of cells in X.
Then since ¢ sends basis elements in C,(EG)g to corresponding basis elements in
C«(BG) ¢ is an isomorphism.

Finally, by Lemma C«(BG) = C.(EG)s = Ci(EG) ®¢ Z. Then since
homology is independent of the resolution chosen by Proposition H.(BG) =
H.(G). The isomorphism on cohomology follows from duality.

O

2.1.3 Plus Construction

Here we illustrate a method given by Quillen whereby we kill the homotopy of a
subgroup of the fundamental group of a space while preserving the homology. The
primary application of this construction will be given in Section where it will be

used to construct the algebraic K-theory functors.

Theorem 2.1.15. [Qui75] Let X be a connected CW-complex and let  be a perfect
normal subgroup of my = m(X). Then there exists a CW-complex X+, obtained from

X by attaching only 2-cells and 3-cells, such that
(1) m(X) — m (X™T) is the quotient map m — m /7.

(it) For a m/m-module M, we have H, (Xt X; M) = 0, where M is viewed as a

local coefficient system on X .
Moreover, X is unique up to homotopy equivalence.

The proof uses methods similar to those used in the proof of Theorem [2.1.12] to
kill the generators of 7, and uses the fact that [m, 7] = 0 to restore the homology by
attaching cells of dimension three. It is a consequence of the van Kampen theorem

that attaching these 3-cells does not affect 7 or .

Theorem 2.1.16. The plus construction is functorial in the following sense: Let

f: X =Y, mx be a perfect subgroup of m(X), and wy a perfect subgroup of m(Y').

11



Then f induces a map f*: XT — YT, where X is constructed from wx and Y is

constructed from my, such that
(i) idx : X — X induces idx+, the identity on XT.

(i1) If X1y 27 then (fog)T=fTog™.

Example 2.1.17. Let X5 be the symmetric group on five letters and A5 C X5 the
alternating subgroup. We use that fact that Ay is a perfect group to construct
BYF. Noting that {+1,—1} is the group Z, written multiplicatively, there is a group
homomorphism sgn : X5 — {41, —1} sending even/odd permutations onto +1/ — 1
respectively. Since Aj is the group of even permutations, it is the kernel of sgn.
Therefore X5/ A5 = Zs.

This gives that 7, (BXY) = Z,. Since BAZ is simply connected it is the universal

cover of B4 and we have the Zy-bundle
Zoy — BAY — BXF (2.23)

where Z, discrete implies that BAZ is a covering space. And therefore the long exact

sequence
oo = T (Zy) = mo(BAY) = 7,(BYF) = mp1(Zy) — -+ (2.24)

implies that for n > 2
Ta(BEE) 2 1 (B A7) (2.25)

In particular, mo(BX3) = my( BAY). But since 71 (BAj) is trivial, the Hurewicz map

mo(BAF) — Ho(BAY) is an isomorphism; moreover
So we have that my(BYXJ) = Hy(As) and Hy(As) = Zs.

2.2 Algebraic K-Theory

Algebraic K-theory gives a sequence of functors from the category of associative,
unitary rings to the category of abelian groups. While the definitions of Ky and K,
are straightforward, several definitions of Ky were proposed and the groups K, for
n > 3 were not defined until Quillen provided a generalization of the K-groups as

homotopy groups of certain topological spaces.

12



2.2.1 Classical K-Theory

The lower dimensional K-groups are classically defined in the following way. The iso-
morphism classes of finitely generated projective modules over an associative, unitary

ring A form an abelian monoid with addition given by
[P]+[Q]:=[P&Qq)]. (2.27)

Then Ky(A) is defined as the Grothendieck group of this monoid.
For K;(A), recall that we can regard the group of n X n non-singular matrices,

GL,(A), as a subgroup of GL,1(A): if M € GL,(A) then

M 0
(0 1) € GLypii(A). (2.28)

We define the infinite general linear group as the direct limit GL(A) := %GLn(A).
A classic result due to Whitehead [Mil71, p. 25] is that the subgroup of infinite
elementary matrices E(A) is the derived group [GL(A), GL(A)] of GL(A). Then

K\(A) := GL(A)/E(A) 2 GL(A)/[GL(A), GL(A)] := GL(A)™. (2.29)

In [Mil71] Milnor eventually defined K3(A) following the work of Steinberg on the
structure of the group F(A). The so-called Steinberg group over A, denoted St(A),

maps canonically onto E(A) and then K5(A) is defined as the kernel of this canonical
map St(A) — E(A).

2.2.2 Higher K-Theory

Given a ring A as above, let us define a topological space K (A) := Ky(A)x BGL(A)*,
where K((A) has the discrete topology. Quillen in [Qui75] defined the K-theory groups
as the homotopy groups of this topological space.

Ko(A) = 1o (K (A)). (2.30)

In dimensions 0 and 1 it is clear the Quillen’s definition agrees with the classical one.

For n = 2 we examine the long exact homotopy sequence of the pair of topologi-
cal spaces (BGL(A)T, BGL(A)). Since m,(BGL(A)) is nonzero only for n = 1 the

13



sequence then becomes

0 — ma(BGL*Y) —> my( BGL*, BGL)

/

m(BGL*) m(BGL*, BGL) —=0

m(BGL)

and it is easy to see that m (BGL', BGL) = 0. Therefore we have the commutative

diagram with exact rows

O4>7T2 BGL+ 4>7T2(BGL+ BGL) 7T1(BGL)4>7Tl(BGL+)4>O

\ I

0 m(BGL", BGL) K, = GL/E——0

\/

But by definition
0— K3(A) —= St(A) —= GL(A) —= K, (A) 2= GL(A)/E(A) —=0

is exact. Thus mo(BGL(A)", BGL(A)) = St(A) and Quillen’s definition for Ky agrees
with the classical one.
Summarizing the above discussion in Figure we have the following diagram

where the arrows are functors:

(f
Bf
/B G*
N
/ N\
/ N\
/’ N\

. N
Hn (BG+) Hurewicz ™ (BG+)

Figure 2.1: The relationship among topology, group homology, and algebraic K-theory
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If G = GL(R), for some R, then the last row becomes
H,(GL(R)) < K,(R) (2.31)

by the definition of K, (R) and since H,,(BGL(R)") = H,(BGL(R)) = H,(GL(R)).

Copyright© Joshua D. Roberts, 2010.
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Chapter 3 Main Results

3.0.3 A Spectral Sequence Reduction

Given a group extension 1 - N — G — ) — 1 there is the Hochschild-Serre Spectral
Sequence [McCO1, p. 341] with

Ez,q = Hp(Q, Hy(N; k) = Hyio(G1 k), (3.1)

where we take coefficients in a field k regarded as a trivial G-module.
By letting R be a Euclidean ring we have that SLy(R) is a perfect group [Coh66].
Thus, applying the spectral sequence to the extension

1 — SLy(R) — GLy(R) — GL1(R) — 1, (3.2)

we see that the entries E? | are all 0. Thus for ¢ < 3 the E® page is equal to the E?

page. We also note that
GLi(R) = D1(R) = R*, (3.3)

where R* is the group of units of R.

Figure displays the E? page of this spectral sequence, and we have included
the transgression 7 : E§, — E, for reference. Note that since E2 = E} for all
p and for all ¢ < 3 then E2, = E>q. Then since E;, = E for p,g+ 1 < 4 and
E§y = Hy(SLy(R))Gr,(ry/Im(7) we have that

Hy(GLy(R)) = B3y & Ef | & Ej, (3.4)
= Ha(SLa(R))gr,(r)/Im(T) © Hy(GL1(R)). (3.5)

Since we have chosen field coefficients, the homology groups displayed above are

vector spaces over the field k. Then Equation (3.5 implies that

Recall from Section that the Quillen Conjecture implies that the map induced
by inclusion
Hy(D2(R)) — Ha(GLa(R)) (3.7)
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3
HQ(SLQ)
2 Ho(SLy)
1 0 0 0 0 0

0 1 2 3 4
H,(GLy)

Figure 3.1: E? page with 7 : E§’70 — E&Z displayed

is surjective. Anton’s reformulation of Quillen’s conjecture in [Ant09] and results in
[Ant03] imply that the map [3.7| factorizes thusly:

Hy(Ds) Hy(GLy) . (3.8)

~ 7

Hy(Dy)
Then Hy(D;) — Ho(GLy) is surjective and
dim Hy(Dy) > dim Hy(GLy). (3.9)
Then equations [3.6] [3.9, and [3.3] imply Conjecture [1.0.2

Hy(GLy) = Hy(GLy), (3.10)
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which, by Equation [3.5] is equivalent to
H2(SL2(R>)GL1(R) = Im(T), (311)

which is true if and only if 7 is surjective. Moreover, for Conjecture to be true,
it is sufficient for the finitely-presented group SLs(Z[1/p, (,]) to have trivial second

dimensional [F,-homology.

Note 3.0.1. The fact that dim Hy(GLs) > dim Hy(GL1(R)) follows by the spectral

sequence argument above and is independent of conjectures [1.0.1 and [1.0.2]

In this context, the purpose of the following section is to give a series of algorithms
that allow us to estimate the second homology group of any finitely-presented group.
More precisely, given a finitely-presented group G and a finite field k, the second
homology group Hy(G; k) with coefficients in k is a finite dimensional vector space
over k. Our algorithm gives an upper bound for the dimension of Hy(G; k) and, in
particular cases, the algorithm calculates precisely this dimension. This algorithm is
an improvement of existing algorithms to compute Hy(G); for example, the algorithms
included in the GAP packages “cohomolo” [Hol08] and “HAP” [EIO8|] are effective
on finite groups and certain classes of infinite groups. The algorithms presented here

effectively find a bound for the homology of any finitely-presented group.

3.1 Algorithms for Low Dimensional Group Homology

3.1.1 First Homology Group

We consider a group given by a finite set of generators and a finite set of relators. If

we denote this group by G then there is a short exact sequence
l1-R—-F—->G-—1 (3.12)

Here F' is a finitely generated free group and R is a normal subgroup of F' such
that the conjugation action of F' on R gives R the structure of a finitely generated
F-module. Here if F' and R are two groups not necessarily commutative then an

F-module structure on R is an assignment r — 7/ for r € R and f € F such that

o= (3.13)
(rre) = v (3.14)
plife = (pI)F (3.15)
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where, if not otherwise stated, all groups are given multiplicatively. As discussed in
Example [2.1.7] it is well known that the first homology of a group is just another
name for its abelianization. In particular, if we denote by H;(G) this abelian group

then there is a short exact sequence
1= R[F,F| - F — H|(G) =1 (3.16)

where [F, F] again denotes the subgroup of F' generated by the commutators in F' and
the juxtaposition R[F, F| denotes the operation of taking the subgroup generated by
the product of R and [F|, F|. Letting F' act on R[F, F] by conjugation, we recognize
that R[F, F] is a finitely generated F-module. Indeed, the commutator formula

1_-1

[y, 2] = (zy) "'z wyz = y T e wzyy T 2T yz = 2, 2]y, 2] (3.17)

proves that since F' is a finitely generated group then [F, F] is a finitely generated
F-module under conjugation and the same is assumed about R. This argument leads
to a deterministic algorithm that gives the structure of H;(G). The input is a finite
list of generators for F', say .S, and a finite list of generators for the F-module R, say
T. The output is a list of integers describing the structure of the finitely generated
abelian group H,(G).

3.1.2 The First Homology Algorithm

Algorithm 3.1.1. FIRSTHOMOLOGY (F| R)

Input: Free Group F', Relators R
Output: List of abelian invariants of the finitely-presented group F'/R

1 M := Relation matrix of F'/R
2 N := Smith normal form of M

3 return Diagonal entries of N

Note 3.1.2. The GAP command AbelianInvariants() carries out (roughly) the
above algorithm. A description of the Smith Normal Form of a matrix, and a discus-

sion of some of the applications is given in Appendix [4]3.

Theorem 3.1.3. For a finitely-presented group G, FIRSTHOMOLOGY returns the
structure of H1(G) as a finitely generated abelian group.

Proof. Recall that given a finite presentation for F'/R that consists of n generators S

and m relators T', there is the associated n x m relation matrix M whose (i, j) entry
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is the sum of the exponents of all occurrences of the jth generator in the ith relator.
Let G be a group with finite presentation F//R and A the associated relation matrix.
By Theorem [£.0.3, A can be brought to Smith Normal Form in a finite number of
steps.

The discussion immediately following Definition [4.0.4] and, in particular, Equation
imply that the diagonal entries of the Smith Normal Form of A, which are a
sequence of non-negative integers, are the abelian invariants of G/|G,G]. Then the
isomorphism

G/[G,G] = H\(Q), (3.18)

as is discussed in Example [2.1.7] gives the invariants of H;(G). The number of zeros
is the rank of H;(G) and each positive integer n corresponds to a copy of Z, in the
torsion part of Hy(G). O

This result can be extended to the case when the homology of G is taken with
trivial coefficients in a finite field say k. In this case, the first homology group of G is
denoted by Hi(G; k) and is a finite dimensional vector space over k. The algorithm
takes as input the finite lists S and T" from the previous algorithm together with the
order p of the finite field k. The output is an integer representing the dimension of
the vector space Hi(G; k).

3.1.3 The First Homology with Coefficients Algorithm

Algorithm 3.1.4. FIRSTHOMOLOGYCOEFFICIENTS(F, R, p)

Input: Free Group F, Relators R, Prime p = char(k)
Output: Dimension of the vector space k ® Hq(G; k) over k
1 A :=FIrsTHOMOLOGY(F, R)
X =]
for r € A do
if x =0 mod p then

end if

2

3

4

5 append x to X
6

7 end for

8

return Size(X) {number of elements in the list X}

Theorem 3.1.5. Let G be a finitely-presented group and k a finite field. Then
FIRSTHOMOLOGYCOEFFICIENTS returns the dimension of Hi(G; k) as a vector space

over k.
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Proof. Recall the universal coefficients [Bro94, p. 36] short exact sequence
1= k® Hi(G) = Hi(G; k) = Tor(Ho(G), k) — 1 (3.19)

where Hy(G) is the free cyclic group (see Example [2.1.7) and Tor(—, k) is a functor

vanishing on free abelian groups. Then Equation [3.19| reduces to
1= ko H(G) — H(Gk) — 1 (3.20)

Let A be the list of abelian invariants obtained from FIRSTHOMOLOGY(F, R),
where F//R is a presentation for G. Since G is finitely-presented, this list A will be
finite. For z € A, x ® k = 0 if and only if x = 0 mod p, where p is the order of k. If
we form a new list X of elements in A that do not vanish modulo p, the cardinality
of this list will be the dimension of k ® H,(G) = H,(G; k). O

3.1.4 Second Homology Group

Our investigation can be extended to the second homology group of G which is an
abelian group that we denote Ho(G). By Hopf’s formula given in Theorem this

group fits into the following exact sequence:
1= [F,R] - RN[F,F] - Hy(G) — 1 (3.21)

where [F, R] is the subgroup of F' generated by the commutators [f,r| with f € F

and r € R. The commutator formula

[z, 7] =2y ey = a2y a(yy )2 yz = [z, Y]y, 2] (3.22)

proves that [F, R] is a finitely generated F-module under conjugation. However the
intersection R N [F, F] is infinitely generated and so is not determined by any al-
gorithm, and we can only estimate the group H,(G) as a subgroup of the factor
group R/[F, R]. This factor group is abelian since [F, R] contains [R, R] and if we
let F' act on it by conjugation then this action is trivial. In particular, since R is
a finitely generated F-module it follows that the factor group R/[F, R] is a finitely
generated abelian group. Consequently, Hy(G) is a finitely generated abelian group

whose structure we would like to determine.
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We start with the following exact sequence

R F F
(FR [FF|  R[FF

1 = Hy(G) — —1 (3.23)
in which the last two terms are deterministically determined as explained above.
Moreover, starting with a finite list of generators T for the F-module R, we can
design a deterministic algorithm to find a set of generators for Hy(G).

To simplify the discussion, let k denote the finite field of prime order p and start
our investigation with the homology with trivial coefficients in k. By the universal

coefficients theorem we have a short exact sequence

whose last term can be determined as follows. For input we start with the abelian
invariants of H;(G) found by Algorithm together with the order p of the field k.
The output is an integer representing the dimension of the vector space Tor(H;(G), k)

over k. The algorithm is deterministic.

3.1.5 The Tor Algorithm

Algorithm 3.1.6. Tor(F, R, p)

Input: Free Group F', Relators R, Prime p = char(k)
Output: Dimension of Tor(H,(G), k) over k
1 A :=FIrsTHOMOLOGY(F, R)
2 X :=1]
3 for x € Ado
4 ifr#0and r=0mod p then
5 append x to X
6 end if
7 end for
8 return Size(X)

The proof of the following theorem follows immediately from the properties of the
Tor(—, k) functor.

Theorem 3.1.7. Let G be a finitely-presented group and k a finite field. Then the

ToOR algorithm returns the dimension of Tor(H,(G), k) as a vector space over k.
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The first term k ® Hy(G) of the exact sequence is a finite dimensional vector
space over k whose dimension we only know how to estimate from above by an
algorithm that we will describe next. From the exact sequence (3.23)) we extract the

short exact sequence

R R[F, F]

1 — Hy(G) — v — FF]

—1 (3.25)

whose last term is a subgroup of the free abelian group F/[F, F]. It is a standard

fact that any subgroup of a finitely generated free abelian group is free abelian and

consequently the above sequence splits. In particular, by tensoring with k we obtain
a short exact sequence of vector spaces over k:

R R[F, F]

12k HG) = k@ —=—= 2k —— —1 3.26

BILG) S e R R R (3:20)

where the last term can be rewritten as R[F, F|/RP[F,F]. Here RP denotes the

subgroup of F' generated by the p-powers of elements of R. In particular, there is a

short exact sequence of finitely generated abelian groups

R[F, F) F F

1 k
TYOIR R T RIEF REE

1 (3.27)
whose last two terms are computable by the FIRSTHOMOLOGY and FIRSTHOMOL-
OCGYCOEFFICIENTS algorithms.

Definition 3.1.8. [Fai99, p. 6] For an abelian group A, define the p-primary sub-
group of A to be

po(A) ={a € A|a”" =1 for some i > 0}. (3.28)

The order of this subgroup is of the form p°. Call e the p>*-rank of A.

The p™ rank of a finitely generated abelian group A can be calculated by taking as
input the abelian invariants of A and the prime p.
By passing to p-primary subgroups, sequence [3.27| gives another short exact se-

quence

l1=k® R[gjﬂ’;]ﬂ] —> oo (%) —poo (%) —1 (3.29)

since the first term is p-torsion. We observe that while F'/R[F, F] can be given in
terms of S and T, the factor group F/RP[F,F] can be given in the same way but
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replacing T' by TP, the finite list of p-powers of elements in T

3.1.6 The Rank Algorithm

Algorithm 3.1.9. PRIMEPRIMARYRANK(F, R, p)

Input: Free Group F', Relators R, Prime p
Output: p™-rank of F'/R
1 A :=FIRSTHOMOLOGY(F, R)

2 Y :=]]

3 for a € Ado

4 if a # 0 and a = 0 mod p then

5 y = p-adic valuation of a

6 append y to Y

7 end if

8 end for

9 s:=Sum(Y’) {s is the sum of the elements of Y'}

10 return s
Once again, the following theorem is clear.

Theorem 3.1.10. Let G be a finitely-presented group. The algorithm PRIMEPRI-
MARYRANK returns the p™-rank of G/|G, G]J.

Note 3.1.11. The GAP command PadicValuation(n,p) gives the p-adic valuation

of an integer n.

We next describe an algorithm that reduces an element of a group via a rewriting

system.

3.1.7 Reduce Word Algorithm

Algorithm 3.1.12. REDUCEWORD(F, R, Z, R, p)

Input: Free Group F, Relators R, Test Word z, Sublist R’ of R, Prime p
Output: Reduced word of z in F/[F, R|RPR’

1 G:=F/|F,R|R'R

2 RG :=Rewriting system for G

3 x :=Reduced word of (2) in the rewriting system RG

4 return z
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We use the rewriting system given by the Knuth-Bendix completion algorithm
[KB70] implemented on GAP via the KBMAG package [Hol09).

3.1.8 The Find Basis Algorithm

Algorithm 3.1.13. FINDBASIS(F, R, p, R)
Input: Free Group F', Relators R, Prime p, Sublist R’ of R
Output: Size of a generating set for [F, R|RPR'/[F, R|RP

1 X =R

2 for x € X do

3 2 :=REDUCEWORD(F, R, x, Difference(X, [z]), p) {Difference(A, B) is the com-

plement of B in A}

4 if 2’ = identity then

5 X :=Difference(X, [z])

6 end if

7 end for

8 return Size(X)

The algorithm attempts to check for linear independence of each element z of
R' with respect to R' — {z} in [F, RJRPR'/[F, RJR?. Whenever z is found by the
rewriting system to be dependent of R’ — {z}, it is removed from R’. The end result
will be a list of potentially linearly independent generators.

We conclude this discussion with the grand scheme algorithm which takes as input
a finite list of generators S and a finite list of relators T for a group G together with
a prime p and gives as output an integer d representing an upper bound for the

dimension of Hy(G; k), where k is a field of order p.

3.1.9 The Second Homology with Coefficients Algorithm

Algorithm 3.1.14. SECONDHOMOLOGYCOEFFICIENTS(F, R, p, R')
Input: Free Group F, Relators R, Prime p, Sublist R’ of R generating R/[F, R|R?
Output: An integer d such that dim (Hy(G;k)) < d

1 a:= Tor(F,R,p)

2 b:= PRIMEPRIMARYRANK(F, R[F), F|, p)

3 ¢ := PRIMEPRIMARYRANK(F, RP[F, F|, p)

4 e:= FINDBASIS(F, R, p, R')

5d:=a+b—c+e

6 return d
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Theorem 3.1.15. Let G be a finitely-presented group. The algorithm SECONDHO-
MOLOGYCOEFFICIENTS returns a non-negative integer which is an upper bound for

the dimension of Ho(G; k) as a vector space over k.

Proof. The exact sequence of vector spaces implies that
dim (k ® Ho(G)) = dim Hy(G; k) — dim Tor(H,(G), k). (3.30)
Similarly, the exact sequence |3.26| gives

dim (k ® H2(G)) = dim (k: ® %) — dim (k ® %) . (3.31)

Thus equations and together show that

dim Hy(G; k) — dim Tor(H,(G), k) = dim (k ® i) — dim <k: ®

R[F, F]
[, R] ) '

[F F]

Finally, exact sequence 3.29) implies that

Thus we can express the dimension of Hy(G; K) as

dim Tor(H, (G), )+t <%) ke <%> +dim <k 2 %> (3.34)

To summarize, let

a = dimension of Tor(H;(G), k)
b = p> -rank of W

¢ = p>-rank of m

d = dimension of Hy(G;k)

e = dimension of k ® %

where a is determined by the TOR Algorithm, b and ¢ by PRIMEPRIMARYRANK

algorithm, and e is yet to be studied. By the equations above, the following reduction
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formula holds:
d=a+b—c+e. (3.35)

The integer e is estimated from above by an integer e’ obtained via the algorithm
FINDBASIS(F, R, p, R). Thus

d<a+b—c+e¢. (3.36)

]

Note 3.1.16. It is important to note that the reduction of test words in the algo-
rithm REDUCEWORD is the word problem (for a description of the word problem
see [Bri5g]). As such, a result of a word not being the identity is an indeterminate
result. However, if GG is finite, or, more generally, if the rewriting is confluent, then
the reduction in the rewriting system is deterministic and a basis is achieved (the
confluence for finite groups is guaranteed in theory only; in practice it may take a
long time or require more space than is available [KB70]). At any rate, this is not
typically the case since the word problem is undecidable in general; thus the result of
FINDBASIS is, in general, the cardinality of a generating set that is not necessarily
a basis. Therefore in these cases we do not find the dimension of Hy(G; k), only an

upper bound.

3.1.10 Examples

In this section, we apply the grand scheme algorithm above to some select groups.
The first example is to illustrate the effect the algorithm has on groups with smallish
presentations with confluent rewriting systems. The other three examples are the
groups of primary interest since they are relevant to the conjectures discussed in

Section [1l In Section [B.1.11] we will discuss these calculations.

Example 3.1.17. The symmetric groups >5 on 5 letters:

= X

= {a,b}

{a®,b%, (a'D)*, (a*ba—?b)?}
= 2

= 2

s H »nn @
I
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Next we consider three linear groups over Z[1/p, (,|, where (, is a primitive pth-
root of unity. Presentations for groups of this from can be found in [Ant09, p. 447,
453].

Example 3.1.18.

G = SLy(Z[1/3,¢5))

S = {z,ui,a,b,by, b1, by, w}

T = {b;'2%b2%a, w2 usugus, 2°, [z, u1], [ug, uil, a*, [a?, 2], [a®, 1),
a 'zaz,a urauy, [bs, by, b2a?, b 3bobybs,
(boby a  uy)? a2 tug bz P by 2P bty )

p = 3

d = 0

where s,t € {1,2}.

Example 3.1.19.

G = SLy(Z[1/5,¢))

S = {z,uy,ug,a,b, by, by, bo, b3, by, w}

T = {b,'2%02"a, w2 ugugus, 2°, (2, ), [ui, ], a*, [a?, 2], [a®, wi],
a 'zaz, a uaug, [bs, by, b 2a?, b 3bobybabsby,
(boby a M), (boby ta ™ ug)?, (bobs ta tus)?,

boby tby tbsa M uyuy)?, (boby tby thsa tuyus)?,

boby *by tbsa M ugus)?, a2 bz 3 b by 23 b Ty, )

IS8
I
o ot

where i,5 € {1,2} and s,t € {1,2,3,4}.
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Example 3.1.20.

G = SLy(Z[1/7,¢))

S = {z,ui,ug,uz,a,b, by, by, by, bs, by, bs, bg, w}

T = {b'2"b2%a, w2 uyugus, 27, [z, w), [ui, ], a*, [a?, 2], [@*, wi),
a 'zaz,a tuaus, [bs, by, b2a?, b 3bobybabsbsbsbg, by Tw by tw,
(boby a™ )3, (boby ta ™ ug)?, (bobs tatus)?,
(boby by tbsa ™ urug)?, (boby tby thsa  urus)?, (boby tby thsa tugus)?,
(boby 105 1 b3babsby ta T ugugus)?, a A bz P g 2 b )

p =7

d = 6

where 7,5 € {1,2,3} and s,t € {1,2,3,4,5,6}.

3.1.11 Discussion

Details on the above examples are as follows:

e Example 3.1.17: The rewriting system given by the KBMAG package for 35
is confluent; therefore

The algorithm took about 50 milliseconds to run, reflecting the relatively simple

presentation.

Example [3.1.18: The rewriting system given by the KBMAG package for
SLy(Z[1/3,(3]) is not confluent; the algorithm took about six hours to finish.
In this case, the non-confluence of the system did not affect the results as the

rewriting system was able to show that all elements of R reduced to identity
modulo [F, R|R3, so

Example [3.1.19 The rewriting system given by the KBMAG package for
SLy(Z[1/5,(5]) is not confluent. As in Example 2 the non-confluence of the

system did not affect the results and
dim Hy(SL2(Z[1/5,(5]) = 0. (3.39)
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The algorithm took about two days to finish.

e Example [3.1.20 The rewriting system given by the KBMAG package for
SLy(Z[1/7,¢7]) is not confluent. In this case, the algorithm took a total of about
five days to finish. Also, in this case the non-confluence actually mattered. Since
the algorithms were not able to show that the dimension of R/[F, R]R" is 0, we
only have the upper bound

In implementing these algorithms to find a bound on H(G) it is useful to first
perform Tietze transforms on the presentations involved to attempt to simplify the
presentations. A description of Tietze transformations can be found in [LSO01, pp
89-99]. In many cases, the number of generators and relators can be reduced, thus
simplifying the calculations. In Example SLo(Z[1/7,¢7]) is given via a pre-
sentation consisting of 14 generators and 64 relators. A series of Tietze transforms,
implemented via GAP, simplifies to a presentation with six generators and 34 rela-
tors, and the GAP output of performing this operations is given in Example [4.0.2]
This significantly impacts the results of the algorithm.

Finally, we note that for Examples [3.1.19| and [3.1.20] it was necessary to run

the algorithm several times to obtain the results above since the parameters of the
KBMAG package allow a limited number of equations to be generated in the rewriting
system. Each iteration eliminated elements of R from the generating list until the
results stabilized. For instance, in Example [3.1.20] the initial iteration gave a result
of e < 16 and d < 10, the second iteration gave that e < 13 and d < 7. The third
and fourth iterations each gave a result of e < 12 and so the upper bound on d is 6.
We illustrate this process of iterating Algorithm in Appendix

3.2 Calculations

In this section we present some additional sample calculations using the algorithms
given above. Appendix [4]2 lists the homology of these groups from various sources.
We invite the reader to compare the results of our calculations with the calculations

found by other means.
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3.2.1 Presentations of Groups

The groups below are organized by the references where the presentations can be

found, and the GAP code to input the groups may be found in Appendix [41.
1. [AIp8&0]

a) SLy (Zw]) = {(a,bla® = b* = (ab)? = ¢ = (ctab)? = ¢ = (cbla)?),

[w
where w = /—1

2. [Ant09)]

a) SLy (Z[l/p, \'/ﬂ) for any odd prime p

) (Z) = Z4 *Zso ZG = <CL, b’a47 667 a? = b3>
b) SLy(Fy) = Zs x Zy = (a,bla®, b* ab~ a = b)
¢) SLy(F3) (binary tetrahedral group) = (a,b|(ab)? = a®

) SLa(

Il
Q
I

I
= S
~

SLy(F5) (binary icosahedral group) = (a, b|(ab)? = a*

4. [Johoo]
a) GLo(Z) = (a,b,claba = bab, (aba)*, ?, (ca)?, (cb)?)
b) PSLy(Z) = Zo % Zs = {a, bla2, 1)

5. [SwaTl]

a) SLy (Z[i]) = {(a,b,c,d, e, |bc = cb,a?, a central ,d®> = a, (bd)? =
(cd)? = a, (ed)? = a, (be)? = a. (ced)” = a)

)" =
b) SLy (Z[v/=5]) = (a,b,c,d, e, fla?,a central ,bc = cb,d* = a, € = a,
(bd)? = a, (de)? = a, (dcec™) = a,dfd = abfb=', cec™ fe = abfb~!)
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3.2.2 Homology Calculations

The next two tables give the results of the algorithms in Section applied to the
groups listed above. For the second table, a “less than” symbols indicates that the
rewriting system involved in the calculation was not confluent, so only an upper
bound was found. Otherwise, the rewriting was confluent and the exact dimension

was found.

Hy(—;F,) | Hi(—;F3) | H(—;Fs5) | Hi(—; Fy)
GLy(Z) 2 0 0 0
SLy(Z) 1 1 0 0
SLy(Zs) 1 0 0 0
SLy(Z3) 0 1 0 0
SLy(Zs) 0 0 1 0
SLy(Z]i]) 1 0 0 0
S Lo (Z[w]) 0 1 0 0
SLy(Z[v/-5)) 3 2 1 1
PSLy(Z) 1 1 0 0

Table 3.1: Dimensions of First Homology Groups

Hz(—;FQ) Hz(—;F:z) H2(—;F5) H2(—;F7)
GLy(Z) <4 <2 <2 <2
SLy(Z) <2 <2 <1 <1
SLy(Zs) 1 0 0 0
SLy(Zs) 0 1 0 0
SLy(Zs) 0 0 1 0
SLy(Z[i)) 1 0 0 0
SLy(Z[w]) <1 <2 <1 <1
SLy(Z[V-5]) | <3 <3 0 0
PSLy(Z) <1 <1 0 0

Table 3.2: Dimensions of Second Homology Groups

Copyright© Joshua D. Roberts, 2010.
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Chapter 4 Conclusion

In the context of Conjecture the algorithms in Chapter [3| were able to show
that the second homology of SLy(Z[1/p,(]), with coefficients in the finite field F,,,
is trivial for the cases that p = 3 and 5. If we set R = Z[1/p, (] then Equation ,
which gives that

Hy(GLy(R); Fp) = Ha(SLa(R); Fp)arym)/Im(T) @ Ha(GL1(R); Fp),
where 7 is a transgression map, implies that
dim Hy(GLy(R);F,) = dim Hy(GL1(R);F,);

thus the conjecture is true in the cases that p = 3 and 5. This confirms results found
(by other methods) in [Ant99] and [Ant09].
For p = 7, the algorithms were unable to show that SLs(Z[1/7,(;]) has trivial

second dimensional F7-homology. But the following new result was obtained.

Theorem. The dimension of Ho(SLo(Z[1/7,(7]);F7) as a vector space over Fr is at

most six.

Our future work will involve refining and improving the algorithms above. Initially
we were concerned only with writing algorithms that gave results-the efficiency of
these algorithms was not a concern. To this end we will analyze, in a rigorous manner,
the complexity of the algorithms. For the linear groups above as p increases the
number of relators grows exponentially. Going from p = 3 to p = 7, the time required
increased from several hours to several days. For p = 11 the algorithm dramatically
fails to produce significant results since the number of relators overwhelms the possible
bounds allowed by the rewriting systems utilized by the KBMAG package.

We are also developing methods for finding generators of Ho(G) and Ho (G k)
independent from those above. In particular, we attempt to find lower bounds on
the dimension of Ho(G; k). The strategies for both problems will be based on linear
algebra involving rewriting systems and will appear in a future work.

In particular, recall the general form of the decomposition above:
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where k is a finite field of coefficients and 7 : H3(GL1(R); k) — Ha(SL2(R); k) is the
transgression map. Recall that 7 is an epimorphism is equivalent to the conjecture
of Anton. In light of these facts, we are developing methods to calculate 7.
Moreover, the algorithms in this dissertation relied heavily on Hopt’s formula for
a group G given as F/R;
Ha(G) = T
In this context, we plan to investigate generalized Hopf’s formulae [Sto89] to attempt
to extend the algorithms to higher homology groups. In sufficiently high dimensions
the homology of SLy(Z[¥/1]) is computable by various spectral sequences, but in
low dimensions our calculations are new and highly nontrivial. To this end, we will
show how to obtain a finite presentation for SLy(Z[(,]) from a finite presentation of
SLy([Z]1/p, () and extend, using our algorithms, the (short) list of known homology

groups.

Copyright© Joshua D. Roberts, 2010.
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Appendices

Appendix 1

In this appendix we give the code used in GAP to input and implement the finitely-
presented groups and algorithms described in Chapter [3]

Library of Groups

Here we list the code used to input the various finitely-presented groups discussed
in this dissertation into GAP. They are given as a list of generators for a free group
followed by a list of relators. The group itself is given as a quotient. The first three

groups listed are the ones relevant to the conjectures of Quillen and Anton.

HEHS S H RS R R R
#Case p=3
F3:=FreeGroup(8);
z_3:=F3.1;
ul_3:=F3.2;
a_3:=F3.3;
b_3:=F3.4;
b0_3:=F3.5;
b1_3:=F3.6;
b2_3:=F3.7;
w_3:=F3.8;

k3:=[b0_3"-1%b_3*a_3,
bl_3"-1*xz_3*b_3*z_3*a_3,
b2_3"-1%z_3"2%b_3*z_3"2%a_3,
w_3"-1%z_3xul_3,

z_373,
z_3xul_3%z_3"-1%xul_3"-1,
a_374,
a_3"2xz_3*%a_3"-2xz_3"-1,
a_372%ul_3*a_3"-2%ul_3"-1,

z_3%a_3%z_3*%a_3"-1,
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ul_3%a_3*%ul_3*a_3"-1,

Comm (b0_3,b1_3),

Comm (b0_3,b2_3),
Comm(b1_3,b2_3),
b_3"3%a_3"-2,
b0_3%b1_3%b2_3%a_3"-2,
b0_3"-3%w_3"-1%b0_3"-1%w_3,
b1_3"-3%w_3"-1%b1_3"-1xw_3,
b2_3"-3%w_3"-1%b2_3"-1xw_3,
(b0_3%b1_3"-1%a_3"-1%ul_3)"3,
a_3"2%b_3"-1%ul_3xb_3%z_3"2%b_3"-1%b0_3"-1%z_3*b_3xz_3"2*ul_3];

G3:=F3/k3;

HHHHHHHH AR R R R R
#Case p=b
F5:=FreeGroup(11);
z_5:=F5.1;
ul_5:=F5.2;
u2_5:=F5.3;
a_b:=Fb.4;
b_5:=F5.5;
b0_5:=F5.6;
bl1_5:=F5.7;
b2_5:=F5.8;
b3_5:=F5.9;
b4_5:=F5.10;
w_5:=F5.11;

k5:=[b0_5"-1%b_5*a_5,
bl_57-1xz_b"2%b_b*z_5~2%a_5b,
b2_b57-1%z_b~4xb_b*z_b5"4%*a_5b,
b3_57-1%z_bxb_b*z_b*a_5,
b4_57-1xz_b5"3%b_b*z_5"3*a_b,
w_b"-1%z_bxul_b*u2_5,

z_575, z_5*xul_bxz_5"-1xul_5"-1,
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z_bxu2_b*z_b"-1%xu2_57-1,
ul_b5xu2_b*ul_57-1%u2_5"-1,
a_b5"4,

a_b"2xz_bxa_b"-2%z_b"-1,
a_b"2xul_b*xa_b"-2%ul_5"-1,
a_b"2xu2_b*xa_b"-2%u2_57-1,
z_b*a_b*xz_b*xa_b"-1,
ul_bxa_b*ul_bxa_b"-1,
u2_bxa_b*u2_bxa_57-1,
b0_b*b1_b*b0_5"-1%b1_5"-1,
b0O_b*b2_5%b0_5"-1%b2_5"-1,
b0O_5%b3_5%b0_5"-1%b3_5"-1,
b0O_b*b4_5b*b0_5"-1%b4_5"-1,
bl_b*b2_b%bl_5~-1%b2_5"-1,
bl_5%b3_5%bl_57-1%b3_57-1,
bl_5%b4_5%bl_57-1%b4_5"-1,
b2_b*b3_b%b2_5"-1%b3_5"-1,
b2_b*b4_b*b2_5"-1%b4_5"-1,
b3_5%b4_5*b3_5"-1%b4_5"-1,
b_5"3*%a_b"-2,
bO_b*bl_b%*b2_bxb3_b*xb4_b*a_5b~-2,
b0_5"-5%w_5"-1%b0_b*w_5,
bl_57-bxw_b"-1xbl_b*w_5,
b2_5"-bxw_b"-1xb2_b*w_5,
b3_5"-5%w_5"-1%b3_b*w_5,
b4_5"-5xw_5"-1xb4_b*w_5,
(b0_5*b1_5"-1%a_5"-1xul_5)"3,
(b0_5*b2_5"-1%a_b"-1xu2_5)"3,
(b0_5%b1_57-1%b2_5"-1xb3_b*a_5"-1*ul_5*u2_5)"3,
a_b"2%b_b"-1%ul_bxb_b*z_5"3*b_b"-1%b0_5"-1%z_b~2%b_b*z_5~4*ul_b,
a_b5"2%b_b"-1*u2_bxb_bxz_5*b_5"-1*b0_5"-1%z_5"4xb_b*z_573*u2_5] ;

G5:=F5/k5;

g
#Case p=7
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F7:=FreeGroup(14);
z_7:=FT7.1;
ul_7:=F7.2;
u2_7:=F7.3;
u3_7:=F7.4;
a_7:=F7.5;
b_7:=F7.6;
bO_7:=F7.7;
bl_7:=F7.8;
b2_7:=F7.9;
b3_7:=F7.10;
b4_7:=F7.11;
b5_7:=F7.12;
b6_7:=F7.13;
w_7:=F7.14;

k7:=[b0_7"-1%b_7*a_7,
bl_7"-1%z_T7"3%b_T7T*z_7"3*a_7,
b2_7"-1%z_T7"6%b_T*z_7"6%a_7,
b3_7"-1%z_T7"2%b_T*z_7"2%a_T7,
b4_T7"-1%z_T7"bxb_T7T*z_7"b*a_T7,
b5_7"-1%z_T*b_7*z_T*a_7,
b6_7"-1%z_T7"4xb_T*z_7 4*a_T7,
w_7"-1%z_7"4%ul _7*u2_7*u3_7,
z_ 777,
z_Txul_T7*z_7"-1%ul_7"-1,
z_T*xu2_T*z_T7"-1%u2_7"-1,
z_T*u3d_T7*z_7"-1xu3_7"-1,
ul_7xu2_7*ul_7"-1*%u2_7"-1,
ul_7xu3_7*ul_7"-1%u3_7"-1,
u2_7*u3d_7*u2_7"-1%u3_7"-1,
a_7"4,
a_T"2%z_T*xa_T " -2%xz_T7"-1,
a_7"2%ul_7*xa_7"-2%xul_7°-1,
a_772xu2_T7*a_7"-2%u2_7"-1,
a_7"2xu3_T7*xa_7"-2%u3_7"-1,



z_T*a_T*xz_T*xa_T7 -1,
ul_7*xa_7*ul_7*xa_7"-1,
u2_T*a_7*u2_7*xa_7"-1,
u3d_7*a_7*u3d_T7*a_7"-1,
bO_7*bl_7*b0_7"-1%b1_7"-1,
bO_7*b2_7*b0_7"-1%b2_7"-1,
bO_7*b3_7*b0_7"-1%b3_7"-1,
bO_7*b4_7*b0_7"-1%b4d_7"-1,
bO_7*b5_7*b0_7"-1%b5_7"-1,
bO_7*b6_7*b0_7"-1%b6_7"-1,
bl_7*b2_7*bl_7"-1%b2_7"-1,
bl_7*b3_7*bl_7"-1%b3_7"-1,
bl_7*b4d_7xbl_7"-1%b4d_7"-1,
bl_7*b5_7%bl_77-1%b5_7"-1,
bl_7*b6_7*bl_7"-1%b6_7"-1,
b2_7*b3_7*b2_7"-1%b3_7"-1,
b2_7xb4d_T*b2_7"-1xb4_7"-1,
b2_7*b5_7*b2_7"-1%b5_7"-1,
b2_7*b6_7*b2_7"-1%b6_7"-1,
b3_7xb4d_T*b3_7"-1%xb4d_7"-1,
b3_7*b5_7*b3_7"-1%b5_7"-1,
b3_7*b6_7*b3_7"-1%b6_7"-1,
b4 _7xb5_T*b4_7"-1%xb5_7"-1,
b4 _T7*b6_7*bd_7"-1%b6_7"-1,
b5_7*b6_7*b5_7"-1%b6_7"-1,
b_7"3%a_7"-2,
bO_7xbl_7*b2_7*b3_7*b4_T7*b5_7*b6_T*a_7"-2,
bO_7"-7T*w_7"-1%b0_7"-1%w_7,
bl_77-7xw_7"-1xbl_7"-1%w_7,
b2_77-7Txw_7"-1%b2_7"-1%w_7,
b3_7"-7T*w_7"-1%b3_7"-1%w_7,
bad_7"-Txw_T7"-1xb4_7"-1%w_7,
b5_7"-7Txw_7"-1xb5_7"-1%w_7,
b6_7"-7T*w_7"-1%b6_7"-1%w_7,
(bO_7*b1_7"-1%a_7"-1xul_7)"3,
(bO_7*b2_7"-1%a_7"-1%u2_7)"3,
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(bO_7#b3_7"-1%a_7"-1%u3_7)"3,
(bO_7#b1_7"-1%b2_7"-1%b3_7*a_7 " -1*xul_7%u2_7) "3,
(bO_7#b1_7"-1%b3_7"-1%b4_T7*a_7 " -1*xul_7+%u3_7)"3,
(bO_7#b2_7"-1%b3_7"-1%b5_7*a_7 " -1*%u2_7%u3_7) "3,
(bO_7#b1_7"-1%b2_7"-1%b4_T7*b5_7*b6_7"-1xa_7" -1*xul_7+*u2_7*u3_7)"3,
a_7"2x%b_77-1xul_7*xb_7*z_7"-3%b_7"-1%b0_7"-1%z_7"3*b_7xz_7"-1%ul_7,
a_7"2xb_7"-1*xu2_7xb_T7T*z_7T*b_7"-1%b0_7"-1%z_7"-1*%b_7*z_7"-2%u2_7,
a_772*%b_7"-1*%u3_T*b_7T*z_7"-2%b_7"-1*%b0_7"-1xz_7"2%b_T7*xz_7"-3*%u3_7] ;

G7:=F7/k7;

HEHH
#GL_2(Z)

Free6:=FreeGroup(3);

ab:=Freeb6.1;

b6:=Free6.2;

c6:=Freeb6.3;

R6:=[a6*b6*ab*b6~-1*%a6"-1*b6°-1,
(ab*b6*ab) "4,

c672,

(c6*ab) "2,

(c6*b6) ~2];

GL_2Z:=Free6/R6;

B b s s e s s e e T T g e e
#SL_2(Z)

S:=FreeGroup(2) ;

a:=S.1,;

b:=S.2;

rels:=[a"4,

b~6,
a~2xb~-3];

40



SL2:=S/rels;

HHSHHH R RS HF R H R SRR R R
#SL_2(Z_2)

Free0:=FreeGroup(2);

a0:=Free0.1;

b0:=Free0.2;

RO:=[a0"3,
b0~2,
a0*b0~-1*%a0*b0~-1];

SL_2Z_2:=Free0/R0O;

e e
#SL_2(Z_3)

Free3:=FreeGroup(2);

a3:=Free3.1;

b3:=Free3.2;

R3:=[(a3*b3) "2*xa3"-3,
a3”"3*b3°-3];

SL_27Z_3:=Free3/R3;

Bih iR R R R L
#SL_2(Z_5)

Freeb:=FreeGroup(2);

ab:=Freeb.1;

b5:=Freeb.2;

R5:=[(abxbb) "2*ab~-3,
ab~3%b57-1];

SL_2Z_5:=Freeb/R5;
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HEHS S H A S R R R
#SL_271

Free8:=FreeGroup(5);

a8:=Free8.1;

b8:=Free8.2;

c8:=Free8.3;

d8:=Free8.4,;

e8:=Free8.5;

R8:=[b8*c8*b8~-1*c8"-1,
a872,

d8~3*a8"-1,

(b8*d8) "2*a8" -1,
(c8%d8) "2*a8"-1,
(e8%d8) "2*a8"-1,
(b8%e8) *a8”-1,
(c8%e8*d8) "3*xa8" -1,
Comm(a8,b8),
Comm(a8,c8),
Comm(a8,d8),
Comm(a8,e8)];

SL_2Zi:=Free8/R8;

HHHHHHHH AR R R R R R
#SL_2(w), w3=-1

Freel:=FreeGroup(3);

al:=Freel.1;

bl:=Freel.2;

cl:=Freel.3;

Ri1:=[al1"3*b1"-2,
(a1*bl) "2*c17-3,
(c1”-1%alxbl)"3*c1”3,
(c1#b1”-1%xal) "3xc1°3];
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SL_2w:=Freel/R1;

L s s s s s g
#SL_2(Z[sqrt(-5)]

Free9:=FreeGroup(6) ;

a9:=Free9.1;

b9:=Freed.2
c9:=Free9.3
d9:=Free9.4,;
e9:=Free9.5
£f9:=Free9.6

R9:=[a9"2,

b9*c9*b9"-1%c9"-1,

d9"2%a9" -1,

e972%xa9" -1,

(b9*d9) "3*a9"-1,

(d9*e9) "2%a9"-1,
d9*c9*e9*c9"-1%a9" -1,
d9xfIxd9*b9*f9"-1%b9"-1%a9" -1,
c9%e9%c97-1%e9 " -1%£f9 " -1%b9*xf9"-1*%b9"-1%a9" -1,
Comm(a9,b9),

Comm(a9,c9),

Comm(a9,d9),

Comm(a9,e9),

Comm(a9,f9)];

SL_2Znegb:=Free9/R9;

Bk i i oo
#PSL_2(Z)

Free7:=FreeGroup(2);

a7:=Free7.1;

b7:=Free7.2;

R7:=[a7"2,
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b7°3];
PSL_2Z:=Free7/R7;
#H#H S S T

The Algorithms

The first set of algorithms outlined below are those discussed in Section[3.1] Following
these are two algorithms that have been useful to (i) find presentations for finite

groups and (ii) simplify presentations when one is already given.

g
#Input: Free group, relators, prime p

#0utput: Dimension of H_1(G;F_p)

FirstHomologyCoefficients:=function(Freegroup,Relators,Prime)
local Abellnv, list, x;
AblelInv:=AbelianInvariants(Freegroup/Relators);
list:=[]1;
for x in AbelInv do

if x mod Prime = O then Add(list,x);

fi;

od;
return Size(list);

end; ;

HHHHH A HHH S HHH R RS T R T
#Input: Free group, relators, prime p
#0utput: Dimension of Tor(H_1(G),F_p)

Tor:=function(Freegroup,Relators,Prime)

local Abellnv, listl, list2, x;
AbellInv:=AbelianInvariants(Freegroup/Relators);
listl:=[];

list2:=[];

for x in AbelInv do
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if x<>0 then Add(listi,x);
fi;
od;
for x in listl do
if x mod Prime = 0 then Add(list2,1);
fi;
od;
return Sum(list2);

end; ;

HHHHH AR AR R R R R R R R R R
#P-Primary Rank
#0utput: P-Primary Rank of Fp Group

PrimePrimaryRank:=function(Freegroup,Relators,Prime)
local AbelInv, listl, list2, x;
AbelInv:=AbelianInvariants(Freegroup/Relators);
listl:=[];
list2:=[];
for x in Abellnv do
if x <> 0 then Add(listl,x);
fi;
od;
for x in listl do
if x mod Prime = 0 then Add(list2,PadicValuation(x,Prime));
fi;
od;
return Sum(list2);

end; ;
HHBHFHHH B R B R R R
#The (special) Word Problem

#0utput: Reduced word

Reduce_Word:=function(Freegroup,Relators,TestWord,Sublist,Prime)
local Rel_P, GroupGen, comm, G, RG, OR;
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Rel_P:=List(Relators,x->x"Prime) ;
GroupGen:=Generators0fGroup (Freegroup) ;

comm:=ListX(GroupGen,Relators,Comn) ;

G:=Freegroup/Concatenation(comm,Rel_P,Sublist);
RG:=KBMAGRewritingSystem(G) ;
OR:=0ptionsRecord0fKBMAGRewritingSystem(RG) ;
OR.maxeqns :=500000;

OR.tindyint:=100;

MakeConfluent (RG) ;

return ReducedWord(RG,TestWord) ;

end; ;

g
#Attempts to reduce a generating set

#0utput: List of generators

FindBasis:=function(Freegroup,Relators,Prime,Sublist)

local Gen,TestWord,x,list;

list:=[];

Gen:=Sublist;

for x in Sublist do
TestWord:=Reduce_Word(Freegroup,Relators,x,
Difference(Gen, [x]) ,Prime);
Add(list,TestWord);

if IsOne(TestWord)=true then Gen:=Difference(Gen, [x]);

fi;
od;

return [Gen, Size(Gen), list];

end; ;
HHHHH S R

#Gives the estimate for H_2

#0utput: Upper bound on dimension of H_2
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SecondHomologyCoefficients:=function(Freegroup, Relators, Prime,
Sublist)

local a,b,c,d,e,f,ff,RPrime;

f:=Generators0fGroup (Freegroup) ;
ff:=ListX(f,f,Comm);

RPrime:=List (Relators,x—>x"Prime);

a:=Tor (Freegroup,Relators,Prime) ;

b:=PrimePrimaryRank (Freegroup,Concatenation(Relators,ff) ,Prime);
c:=PrimePrimaryRank (Freegroup,Concatenation(RPrime,ff) ,Prime);
e:=FindBasis(Freegroup,Relators,Prime,Sublist) ;

d:=at+b-c+e[2];

return [e[1],d,e[3]];

end; ;

HHBHHHH R R R R

The next two algorithms are useful in finding an isomorphic finitely-presented
group from a finite group and for reducing the number of generators and relators
via Tietze transformations of a given finitely-presented group. The first algorithm,
PRESENTATIONOFFINITEGROUP, receives as input a finite group G and outputs a
list {G', F, R} where G’ is a finitely-presented group isomorphic to G, and

R—F = (4.1)

is a presentation of G.

The second algorithm PRESENTATIONOFFPGROUP takes as input a finitely-
presented group G and outputs a list {¢, G’, F, R} where ¢ is an isomorphism G — G’
and

R—F =& (4.2)

is a presentation of G.

g
#Presentation of a finite group

#Output: [Isomorphic Fp Group, Free Group, Relators]
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PresentationOfFiniteGroup:=function(FiniteGroup)

local Pres, Group, Freegroup, Relators, group;

Pres:=PresentationViaCosetTable(FiniteGroup) ;
TzGoGo (Pres) ;
Group:=FpGroupPresentation(Pres) ;
Freegroup:=FreeGroup0fFpGroup (Group) ;
Relators:=Relators0fFpGroup (Group) ;

group:=Freegroup/Relators;

return[group,Freegroup,Relators];

end; ;

HAEHBH BB HAH B HAHBHHAHBHHAHBH B HAH B HAH RS HAH RS HHE

#Simplified Presenation of a Fp Group

#0Output: [("smaller") Isomorphic Fp group, Free Group, Relators]
Presentation0fFpGroup:=function(FpGroup)

local iso, range, Group, Freegroup, Relators;

iso:=IsomorphismSimplifiedFpGroup (FpGroup) ;
range:=Range(iso) ;

Group:=range;
Freegroup:=FreeGroup0fFpGroup (range) ;
Relators:=RelatorsOfFpGroup(range) ;

return[iso,Group,Freegroup,Relators];
end; ;
#HHHH A HHH G HHH R RS R R T

Example 4.0.1. A presentation for the symmetric group on five letters, which we

have denoted by X5, can be found using the following procedure on GAP.

gap> S5:=SymmetricGroup(5);
Sym( [ 1 ..51)
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gap> P:=Presentation0fFiniteGroup(S5);
#I there are 2 generators and 4 relators of total length 27
[ <fp group on the generators [ f1, f2 ]>,
<free group on the generators [ f1, £f2 1>,
[ £272, £175, f17-1*f2+f1"-1xf2*xf1"-1+f2%xf17-1*f2,
F1724 2417 -2 F2+F1 2+ F24F17-2%£2 ] ]

Therefore ¥5 has a presentation (F'|R) where F' is the free group on {z,y} and

R={y*2° (z7'y)*, («®yz%y)*} (4.3)

Example 4.0.2. As noted in Section[3.1.10] a presentation for SL, (Z[1/7,(;]), where
(7 is primitive 7th root of unity is given in [Ant09]. As given above, this presentation
has 14 generators and 64 relators. We can find an isomorphic presentation with fewer
generators and relators using the following procedure on GAP.

First, we input a presentation for SLs (Z[1/7,(;]) by letting F7 and k7 be given

as above to obtain:

gap> F7/k7;
<fp group on the generators [ f1, f2, £3, f4, f5, f6, f7, £f8, f9,
f10, f11, f12, f13, f14 1>

By using the PRESENTATIONOFFPGROUP algorithm we can find an isomorphic pre-

sentation with fewer generators and relators.

gap> P:=Presentation0fFpGroup (F7/k7);
[ [ f1, f2, £3, f4, f5, f6, f7, £f8, f9, f10, f11, f12, f13, f14 1 ->
[ f1, f2, £3, f4, f5, f1°-3xf8+f17°3*xf5"-1, f1°-3*f8xf1"3, £8,
f17°3%xf8%xf17-3, f17-1xf8*xf1, f1"2xf8xf17-2, f17-2xf8xf172,
f1xf8xf1°-1, f1 " -2xf2xf1"-1+xf3*xf4 ],
<fp group on the generators [ f1, f2, £3, f4, f5, £8 1>,
<free group on the generators [ f1, f2, £f3, f4, f5, £8 ]>,
[ f1*xf4*xf1"-1xf4"-1, f3*xf4xf3"-1+xf4"-1, f2*f3*xf2°-1*xf3"-1,
f4xf5xf4x£f57-1,
f2x£5xf2x£67 -1, f1xf3xf17-1xf3"-1, £574, f2*xf4*xf2"-1xf4"-1,
f1xf5*xf1xf5°-1, fi1xf2%f1°-1xf2"°-1, f3xf5xf3%f5°-1, f1°7,
£8xf17-1xf8%xf1xf8 " —-1xf1 " -1*x£8"-1%f1,
£8*f17-2%xf8*f172%xf87-1*%f1"-2%xf8"-1*%f172,
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f17-3%f8*%f17-1*f5 " -1%xf8*%f1 " -1*xf5"-1*xf8*xf1"3*f5,
f8xf17-3%xf8*f1"-2%xf8"-2%f1 -1 *f5 " -1*xf4*xf5"-1xf1"-1x£8"-1*f4,
f8xf17-1%x£f87-2%f1 - 1xf8*f5 " -1%f1 " 3*%f3*xf5"-1*%f1"-2xf8"-1*%£f3,
f8%xf17-1%f8%xf17-3*%f87-2%f1 - 1*f2"-1*f5"-2%xf1"-2%f8 " -1*%xf2,
f8%xf17-3%f8xf1"3*xf8 " -1*xf1"-3*%£f8"-1*%f1"3,
f17-1%f8 7 -T7xf1*f3 - 1xf1*f4 " -1%xf2"-1xf1*xf8 " -1xf1 " -1xf2xf1"-1
*xf3xf4,
£f87-T*xf37-1*f1*%f4"-1%xf27-1*f172%f87-1xf1 " -3*%f2*xf3*xf4,
f17-3%f87-7*xf1"-1*x£f37-1*xf17-2%f4 - 1%xf2"-1xf1"-1*xf87-1xf2x%
£3*f4,
f1x£87-7*£37-1%f4"-1%xf27-1*f1"3%x£8 " -1*f1"-3*%f2xf1"-1*x£3*%xf4,
f17°3%f87-7*xf37-1*f17-2%xf4"-1*f27-1%xf1"-2%x£8 -1 xf 1 xf2xf3*f4,
f172%x£8%xf17-3%xf8*xf1 " -3*xf8*f1*xf3*xf1xf8*xf1"3*xf8*f1 " -1*xf8*f57-2,
f17-3%f8*%f17-1*%f87-1*xf3"-1*f5 " -1*f8*xf1"-1*xf8"-1*xf1"-3*xf3"-1x%
£f57-1%f17-3%f8*%f1"-1%xf8"-1*f1"-3*xf37-1xf5"-1,
f17-1%f87-1%xf1"-2xf8xf1"3*%f4 -1 xf5 " -1%xf1"-1x£f87-1*xf1"-2xf8x*
f17°3%f47-1%f57-1%f1"-1%xf8"-1*xf1"-2%f8*xf1"3*xf4"-1*xf5"-1,
£87-1xf17-3*xf8*f1*xf57-1*f1"-2%f2%£87-1*f1"-3*xf8*f1"3*xf2"-1x%
£f57-1%f87-1%xf1"-3*xf8*xf1"3*%f2"-1*xf5"-1,
£87-1xf17-1%xf8*f17-2%xf8*f1 -1 *xf8 - 1*xf5"-1xf1"3*xf2*xf3*xf1" 3%
£87-1xf1xf8xf1 " 2*%f8*xf1*xf8 7 —-1*f27-1*xf57-1*f3*xf1" 3%
£87-1xf1xf8*f1 2% f8*f1*xf87-1%f2"-1*xf5 " -1x£3,
f87-1xf17-1%xf87-1xf1"-2%f8*xf1"-2%f8*xf1"-1*xf27-1*xf1 " -1xf5 " -1x%
f4xf17-3%f8xf172*%f8 -1 xf1*xf8 -1 xf1 " 2% f8*xf27-1%xf17-2%
£f57-1%xf4xf17-1*%f87-1%xf1 " -2%f8*f1"3*xf8 -1xf1 " 2%xf8*f27-1%
f17-2%xf5"-1%xf4,
£87-1xf173*%f87-1xf1 - 1%xf8*f1 -1 xf8*xf1*xf5 " -1*xf1"-2%f4*xf3*
f17-3%xf8*xf17-1*%f87-1xf1 " 2%xf8*xf1*f8 -1xf1xf4 " -1xf5 " -1x%
f3xf17-3%xf8*xf1"-1*xf87-1*xf172%xf8*xf1*xf8 " -1*xf1xf4"-1x%
£57-1%xf3x£17°3,
f1xf8xf17-3%xf87-1*f1"-3*%f8*xf1*xf2" -1 *xf1*f5 -1 *xf3*xf4*xf1"-3*%f8x*
f17-1%f87-1xf1"-1%xf8*xf1 " 3*fB*xf1"2xf8 - 1*xf1*xf8 " -1xf1"-1x%
£f27-1%f57-1xf3*%f4xf17-3*%f8*xf1"-1*x£f87-1*xf1"-1xf8*xf17 3%
f8xf172%xf8 -1 xf1*f8 - 1xf1 " -1*f27-1*x£57-1*f3*xf4*xf8 - 1%
f172%f8*f1x£8°-1]]

This new presentation has a set of 6 generators with 32 relators
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gap> Generators0fGroup(P[2]);
[ f1, f2, £3, f4, £5, £8 ]
gap> Size(P[4]);

32

and the isomorphism between the presentations is given by

gap> P[1];

[ f1, f2, f3, f4, f5, f6, f7, £8, f9, f10, f11, f12, £f13, f14 ] ->
[f1, f2, £3, f4, f5, f1°-3*xf8*xf1"°3*xf5° -1, f1°-3*%f8xf1°3, 8,
£f17°3%£8*%£17-3, f17-1%x£f8xf1, f172%xf8xf17-2, £17-2%xf8*f172,
f1xf8xf1°-1, f1°-2%f2*xf1"-1%f3xf4 ]

Iterating Algorithm (3.1.14

Here we illustrate the process of iterating Algorithm [3.1.14] and give the GAP output
for the group SLo(Z[1/5,(5]) at the prime p = 5 using the presentation given in
Example [3.1.19, We have denoted SLy(Z[1/5,(5]) by F/R.

gap> A:=SecondHomologyCoefficients(F,R,5,R);

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to

normal form.
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#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to

normal form.

[ [ £1*xf67-5xf27-1%f1"-1xf3"-1*f6%f3*£f2,
fO*f1xfOxf1xf6*f1*xf6*xf1xEf6xf1x£47-2,

f47-1%f67 - 1*f3%xf6*xf1 " -1*f6 " -1*f1 " -1*f6xf1*xf6 - 1*xf4 " -1xf1"-1%£f3,

f2+f6xf172%f67-2xf 17 2% f6*%f4 - 1xf1"-1*f2xf4"-1*xf6"-1,

f6*f17-1%f67-1*f3"-1xf1*f4 - 1%xf6xf1 " -1*xf6 -1*%f4 - 1xf1"-1*f3*xf6%
f17-1%f6"-1*f4"-1xf1"-1%£3,

f6*f172%xf67 - 1xf1 - 1xf2 - 1*f1"-1*f4 " -1*f6%xf172%xf6 - 1xf2" - 1%
f17-2+f4"-1xf6*f17 26" -1*f2"-1xf1"-2xf4"-1 ], 1,

<identity ...>, <identity ...>, <identity ...>, <identity ...>,
<identity ...>, <identity ...>, <identity ...>,

<identity ...>, <identity ...>, <identity ...>,

<identity ...>, f1*xf27-1xf4*xf1*xf2"-1xf4"-1,

f1xf3*%£67-56*x£37-1*f27-1xf1"-1xf6*f2, <identity ...>,
f1xf47-1%xf17-1xf3%f47 - 167 -1*xE3*f6*xf1"-1*xf6"-2%xf1"-1*f6,
f172%£6%xf47-1%xf17-1xf2+%f4"-1*%£6 " -1 *f2xf6%xf172%xf67-2,
f1xf37-1%f4"-1*%f6*f17-1*£f67-1*f4 " -1%f1 " -1*£3*xf6*xf1"-1%
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£67-1%xf4"-1+£3*xf17-1*xf6*xf1"-1%x£6"-1,
f172%x£6%£17 2467 - 1xf1+f27-1xf4"-1*+f67 - 1*f 17 -2%f 627 -1%f4" 1%
fExf1xf3%xf1x£37-1%xf6°-1%xf2"-1%f4"-1, <identity ...> ] ]
gap> B:=SecondHomologyCoefficients(F,R,5,A[1]);

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

#WARNING: system is not confluent, so reductions may not be to
normal form.

[ [ f1x£67-5*f27-1xf17-1*xf3"-1+f6%£3*f2,
fO*xf1xfOxf1xf6*xf1xfOXf1xf6*xFf1xf47-2,
f47-1%£67-1*f3*f6*xf1 " -1+f6"-1*f1 " -1*xf6xf1*xf6 " -1*xf4"-1xf1"-1%£3,
f2x£6x£172%xf67-2%xf1 "2+ £6+%£47-1xf 17 -1+ f2%xf4"-1xf6°-1,
f6+f17-1%f67-1+£37-1*f1*xf4 - 1xf6*f17-1+xf6"-1*f4"-1+f1"-1*x£3*

f6xf1°-1xf6"-1*%f4"-1xf1°-1%x£f3 ], O,
[ £17-1%f2%f4"-1%f1"-1*f2*%f4"-3, f1*f4 " -2xf6xf1xf6*xf1xf6xf1
*fOxf1xf6, f£17-1xf3xf4+f17-1%x£3*%f47-1,
f17-1xf2xf4*f17-1xf2%f47 -1,
f1x£37-1*%f47-1%xf6*xf1"-1*xf6"-1+f4 -1 *£17-1*£3*xf6*xf17-1*xf6"-1%
f4"-1x£3%xf17-1*xf6+f1"-1%f6"-1, <identity ...> ] ]

The first application of SECONDHOMOLOGYCOEFFICIENTS found the upper bound

Running the algorithm a second time gave the result that Ho(SLo(Z[1/5,(5]); Fs) is

trivial.
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Appendix 2

In this appendix we collect from various sources the (co)homology of various linear

groups.
1. [AIpg0]

a) H; (Z|w]) is annihilated by 24, i > 0, and

( Z n=0
Zs n=1(4)
H, (SLy(Z]w]) = Zy n=2(4)
Loy ® Zg m = 3(4)
. 0 n = 0(4)

2. [Ant99] (k = F3, A = Z[1/3,+/1],T = congruence subgroup)

a) H*(GLy(A)) = P(ca, ca) @ Aer, e3) @ Aey, €)
b) H*(GLn(A)) has torsion for n > 27

¢) Hi(D) = Zs & Zs & (0 or Zy)

d) Hy(T) = k&% = FS

e) Hi(SL2(Z[V1))) = Zs

£) Hy(SLs(A)) =0

o) Hy(SLy(A):k) = 0

h) Hy(SLy(Z[V1))) = Z4

) Hy(SLa(A), k) = 0

§) Ha(SLo(Z[V1)): k) = k

k) H3(SLa(Z[V1]); k) = Hi(SLo(Z[V1)); k) = &
1) Hy(T;k) =0
m) Hy(SLo(A): k) = 0

n) Hy(T; k) = Hy(T; k) = &3

o) Ha(SLa(A):k) = k

p) H5(SLy(A);k) =0
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q) H3(SLz(A);k) = k°

3. [Ant09)
a) Hy (SLo(Z[1/5,v/1]);F5) = 0
b) Hy (GLy(Z[1/5,V1]):F5) = (F

4. [Bro94]

5)%!

a) SLy(F,) has periodic cohomology

5. [Knu96] (F' a number field with characteristic not zero, r is the number of real

embeddings of F', and s is the number of conjugate pairs of complex embed-

dings)
a) Hy(SLy(F[t,t7]); Q) = Hy_1(F*; Q) where k > 2r + 35 + 2
b) Hy(SL(Flt,t71)) = 0
c) SLy(F) < SLy(F[t]) induces H.(SLy(F)) = H,(SLy(Ft]))
d) H.T) = H.(F*)
e) Hi(SLy(F[t,t71);Q) = Hp_1(T;Q) for k > 2r + 35 + 2
6. [KnuO1]
Z =0
a) H;(SLy(Z)) = Hi(Z12) = Z15 1 odd
0 7even
b) (p=5) HY(Z[1/p]) =
7P 7y p=1(12)
) )zt g 7, p=5(12)
72w o 7,y p=11(12)
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Ze p=1(12)
i Zo p=>5(12
HH(SLy(zl1/p))) = | 22 P =202
Zs p="1(12)
0 p=11(12)
(0 i odd
d) H'(SLy(Z[1/3])) = § Z® Zy i=2
(Z1o® 2y 1 =27, >1
(0 i odd
e) H'(SLy(Z[1/2])) = § Z&Zs i=1
(Zos® Zs i=2j,j>1

f) (k an infinite field) SLy(k) < SLo(k[t]) induces an isomorphism
H.(SLy(k)) = H.(SLa(K[t]))

g) H;(SL(Q); Q) =0,i > 2r 4+ 3s + 1 where r is the number of real embed-
dings of k and s is the number conjugate pairs of complex embeddings of

k
h) H3(SL2(Q[t, t71); Q) = Hy(Q*; Q)

i)
n H"(SLs(Z))
12m+1 | (Zy)%
12m +2 | (Zy)'™
12m +3 | (Zy)m+?
12m+4 | (Z3)* ® (Z4)* & (Z)®™
12m 45 | (Zy)om+!
12m 46 | (Zy)mH
12m+7 | (Zy)om+3
12m+8 | (Z2)* @ (Z4)* & (Zy)o™ !
12m+9 | (Zy)m*
12m + 10 | (Zy)%m+>
12m + 11 | (Z,)%m+4
12m + 12 | (Z3)* & (Z4)* @ (Zo)5™°

j) (n>3) Hy(SL,(k[t,t7]) = Hy(SL,(k)) ® k*
k) (i =2,3) Ey(R) — FE(R]t]) induces H.(Ey(R)) = H,(E(R[t]))

56



1) (i > 1) H;(SL2(Z]t])) is not finitely generated

7. [Knu0§]

a) Hy(SLo(Z[t,t71])) is not finitely-presented
b) Ho(SLy(Folt])) = A%tFs[t] & Fy & tFolt]
¢) Conjecture: For all i > 2, H;(SLy(Z[t,t™'])) is not finitely-presented.
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Appendix 3

Abelianization

Given a group G, the commutator subgroup of G, denoted [G, G|, is the group gen-
erated by all elements of the form [g1, g2] = g; 95 '9192. The abelianization of G
(also described as G made abelian) is the quotient group G** := G /|G, G] and is
the largest quotient of G which is abelian. That is, if N is a normal subgroup of G
and G/N is abelian then [G,G] C N.

In category-theoretic terms, the abelianization satisfies the following universal
property. Let ¢ : G — G® be the quotient map and f : G — H be a group
homomorphism with H abelian. Then there exists a unique group homomorphism
g : G* — H such that

G—2- e (4.4)
g
N
Joi

commutes.

As stated in Example H,(G) = G, which is the main application of the
abelianization of G with which we are concerned in this work. Let G have a finite
presentation

(F|R) = (x1, T2y ... Ty | 71,72y .o, TE). (4.5)

We describe a technique that uses (F|R) to calculate G*.

Theorem 4.0.3. Let A be an m x n matriz with entries in Z. There exists an Z-
invertible m x m matriz S and an Z-invertible n X n matriz T such that the product

SAT is the m X n matriz

ap 0 O
0 ay O
0 0 0
ar ; (4.6)
0
0 0

where a; divides a;11 for 1 <i <r.
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The matrix SAT is called the Smith Normal Form of A and the diagonal entries
a; are the invariant factors. The proof utilizes three types of operations similar to
Gaussian elimination. Let us denote the rows of A by r; and the columns by ¢; for
1<i<nand1<j<m.

e Interchange rows r; and r; or interchange columns ¢, and ¢
e Multiply r4 or ¢ by —1
e Replace ry by ri + qry or ¢ by ¢ + q¢; for ¢ € Z and k # 1

As is the case for Gaussian elimination over a field, performing one of these oper-
ations on A corresponds to multiplying by an appropriate elementary matrix; row
operations correspond to multiplying on the left and column operations correspond
to multiplying on the right. A proof of the theorem, presented as an algorithm for
reducing a matrix to Smith Normal Form, can be found in [HEOOQS, p 343].

To relate the Smith Normal Form of an integer matrix to the abelianization of a

group G, we recall the following definitions and facts.

Definition 4.0.4. Let G have finite presentation (F'|R), where F' is a rank s free
group and R is a set of ¢ relators. We define the abelianized presentation of G,
denoted Ab(F'|R), to be the quotient of F' by the relators in R made abelian. That
is, if 7 € R is the word r = f{" f3* --- f?s in F, where each f; € F and n; € Z, then
the corresponding relator in Ab(F'|R) is

Ab(r) = mfi + nafo + - 4 nafs (4.7)

It is relatively straightforward to show that G/[G, G] is isomorphic to Ab(F|R).
The task now is to deduce the abelian invariants of G/[G, G| as guaranteed by the
Fundamental Theorem of Finitely Generated Abelian Groups [DF04, p 158]. Since
G/|G,G] = Ab(F|R) it follows that G/|G, G| can be expressed as the quotient of
Z° by the subgroup K generated by the coefficients of the sums in Ab(R). More

explicitly, there is the exact sequence
7 — G/|G,G] =0 (4.8)

which we extend in the following way. Regard R as a set of generators of Z!. Define

a homomorphism from ¢ : Z! — Z* that sends
r—= Ab(r) = nifi +nafo+ -+ nsf (4.9)
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The matrix corresponding to ¢ is the relation matrix associated to (F|R). The
column and row operations to put this matrix into Smith Normal Form are equivalent
to linear automorphisms of Z* and Z! respectively.

Thus there is the commutative diagram with exact rows

7s —>7t—=G/|G,G] —=0 (4.10)

L

75 =gt —— 7! /TImg — 0,

where ¢ is ¢ composed on the left and right with the appropriate linear automorphism
applied to Z* and Z'. We deduce the structure of G/[G, G] from the invariant factors
of the matrix associated to ¢, which is the Smith Normal Form matrix associated to
. That is,

G/IG.GI=Z((a) & & (as)), (4.11)

where each a; is a non-negative integer which is an invariant factor of the matrix

associated to .

Note 4.0.5. A similar theorem holds for finitely generated modules over any principal
ideal domain. This is due to the Structure Theorem for PIDs [DF04, p 462]; the
Fundamental Theorem of Finitely Generated Abelian Groups is a special case of this

theorem

Example 4.0.6. Suppose a group GG has presentation
(F|R) = (z,y, 2z | (xy)?, (z2)"'2®, (xy*271)?). (4.12)

Then
Ab(F|R) = (x,y,2 | 20 + 2y, 2z — 2,2z + 4o — 22) (4.13)

Therefore G /|G, G] is the quotient of Z3 by the subgroup generated by

{(2,2,0),(2,0,-1),(2,4,—-2)}. (4.14)
Putting the matrix
2 0
2 0 —1 (4.15)
2 -2
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into Smith Normal Form gives

o O =
S N O

0
0], (4.16)
6

and we conclude that G/[G,G] = Zy @ Zg.

Spectral Sequences

Here we give the basic notions of a spectral sequence as used in this dissertation. We
do not explain the various ways that a spectral sequence can arise (filtrations or exact
couples) nor give examples, instead we cite [McCO1] where proofs, examples, and a

large number of spectral sequences are analyzed in detail.

Definition 4.0.7. A spectral sequence {£",d} is a sequence of bimodules EJ ,
forr =0,1,2,... and p,q € Z, each of which is equipped with a differential d, of

bidegree (—r,r — 1) such that E™™' = H(E",d,) for each r.

In the definition above, the spectral sequence is of homological type. A co-
homological type spectral sequence is similar, though, as expected, the differential
has bidegree (r,1 —r). If we impose a further assumption that EJ , = 0 for p,q < 0
then it is clear that for fixed p and ¢ that EJ , becomes fixed for r large. We denote
this limiting group by E.

Definition 4.0.8. A spectral sequence is said to converge to a graded, filtered
object H,, if when

1. 0C FY C --- C F" = H, is the filtration of H,,

2. the stable terms E°,  are isomorphic to the successive quotients F?/FP~" in

the filtration above.

Note 4.0.9. If the ground ring is taken to be a field then the modules discussed
above are actually vector spaces. Therefore the extension problems associated with

finding the convergent object H, become trivial. In this case,

H,~ P E,. (4.17)

ptg=n

The following spectral sequence is used in this work.
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Theorem 4.0.10. [Bro94, p 171] Let 1 - H — G — Q — 1 be an exact sequence

groups and let M be a G-module. Then there is a spectral sequence of the form

B2, = H,(Q. Hy(H.M)) = Hy.,(G. M). (4.18)

Copyright© Joshua D. Roberts, 2010.
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